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SUMMARY

The main concern of this thesis is applying statistical methods to tackle
some issues that arise from specific cases where data are hard to obtain,
spatiotemporal, or non-normal. The range of such potential applications
is huge. These hard-to-solve problems often necessitate innovative strate-
gies, prompting the development of novel statistical models and methods.
While the subjects covered in this thesis are diverse, they consistently
revolve around the modeling methods in Statistics for complicated data
structures, where traditional methods fail to provide viable solutions.
Among the topics presented, we have the optimization for a computa-
tionally expensive black-box function based on limited data; predicting a
spatiotemporal flow at a new input using the data stored as a tensor; the
evaluation of a manufacturing process considering non-normal data and
asymmetric tolerances; and, in the presence of dependence structures,
defining the joint distribution of multivariate Poisson counts.

In this thesis, we separate all topics into two kinds of issues and propose
several tailored statistical methods. First, we consider the case where
the process of acquiring data is intricate. Two specific examples are
considered, including the optimization for black-box functions and the
prediction for spatiotemporal flows. In these two cases, data are both
expensive and time-consuming to obtain. Therefore, the key is to achieve
specific goals while minimizing collection costs. We design proper inputs
to feed and apply the Gaussian process model as a surrogate model.
Then, some customized methods are employed. For black-box functions,
where no explicit expression is available, the optimal approach is to
select inputs that are as close as possible to the true optimum. Thus,
a sequential design based on Gaussian process models is conducted.
It will explore the whole feasible region and find a local area close to
the true optimum, only based on limited inputs. Then, more points
will be chosen over this region to find the optimum. When predicting
flows, the scenario is notably distinct due to the multi-scale nature of the
limited data in both spatial and temporal dimensions, which are typically
collected and represented as a tensor. Directly applying surrogate models
is not feasible because there are plenty of data observations for training,
leading to extremely high computational complexity. To handle such
data, a tailored multi-output Gaussian process via a compression method
is used to extract spatial and temporal basis functions, along with low-
dimensional input-dependent coefficients, respectively. Then, surrogate
modelling is implemented based on input-dependent features, allowing
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Xii Summary

for accurate and fast predictions of unobserved flows.

Next, we address the challenge of analysing non-normal data, which
includes both continuous and discrete scenarios. The former occurs when
assessing the manufacturing processes, and the latter involves analysis of
multiple dependent Poisson counts. We handle non-normal distributions
based on the following fact: applying the cumulative distribution function
(CDF) of a random variable to that random variable yields a uniformly dis-
tributed random variable on [0, 1], assuming that this CDF is continuous.
When evaluating a manufacturing process, some data on a characteristic
of interest are collected first. Then, the process capability indices (PCls)
can be calculated for the quality control. We focus on the case where
there are asymmetric tolerances to define PCls, and the characteristic
follows an unknown continuous univariate distribution. Two tailored PCls
are proposed, with an inverse transformation introduced to handle non-
normal data. We estimate the underlying CDF of the data via B-splines,
transforming the data to be normal. Then, our PCls can be used to assess
the capability of an in-control production process in manufacturing con-
forming products based on non-normal data. Furthermore, when dealing
with multiple Poisson counts, it is essential for both the marginal and
joint model specifications to accurately capture the random behavior of
the variables. Although there has been a growing interest in this type of
data across various scientific fields, models that account for multivariate
Poisson distributions remain relatively uncommon. To address that, we in-
troduce a novel multivariate Poisson distribution, leveraging multivariate
reduction technology and copula methods, which offers unprecedented
flexibility in modeling joint distributions and dependence structures. Vari-
ous probabilistic properties and several estimation techniques are also
explored.

In summary, this thesis makes significant contributions to the field
by advancing statistical modeling techniques, particularly in addressing
complex and challenging data scenarios.



SAMENVATTING

De kern van dit proefschrift is het toepassen van statistische methoden
om problemen aan te pakken die zich voordoen in specifieke situaties
waarin gegevens moeilijk te verkrijgen zijn, ruimte-tijdgebonden zijn of
geen normale verdeling volgen. De reikwijdte potentiéle toepassingen
is aanzienlijk. Deze moeilijk oplosbare problemen vereisen vaak inno-
vatieve strategieén, wat aanleiding geeft tot de ontwikkeling van nieuwe
statistische modellen en methoden. Hoewel de behandelde onderw-
erpen in dit proefschrift divers zijn, draait het steeds om statistische
modelleringsmethoden voor complexe gegevensstructuren, waarbij tra-
ditionele methoden tekortschieten. Onder de besproken onderwerpen
vallen onder andere: de optimalisatie van een computationeel dure ‘black-
box’-functie op basis van beperkte gegevens; het voorspellen van een
ruimte-tijdgebonden gegevensstroom bij een nieuwe invoer met behulp
van als tensor opgeslagen data; de evaluatie van een productieproces
waarbij geen normale verdeling en asymmetrische toleranties in acht
worden genomen; en het definiéren van de gezamenlijke verdeling van
multivariate Poisson-aantallen in aanwezigheid van afhankelijkheidsstruc-
turen.

In dit proefschrift worden deze onderwerpen onderverdeeld in twee
soorten problemen, waarvoor telkens op maat gemaakte statistische
methoden worden voorgesteld. Als eerste beschouwen we het geval
waarin het verzamelen van gegevens complex is. Twee specifieke voor-
beelden worden behandeld: de optimalisatie van ‘black-box’-functies
en de voorspelling van ruimte-tijdgebonden gegevensstromen. In beide
gevallen zijn gegevens duur en tijdrovend om te verkrijgen. Het belan-
grijkste doel is dan om gewenste resultaten te behalen met minimale
verzamelkosten. Hiervoor ontwerpen we geschikte invoerwaarden en
passen we het Gaussian Process-model toe als surrogaatmodel. Vervol-
gens worden aangepaste methoden ingezet. Voor ‘black-box’-functies,
waarbij geen expliciete vorm beschikbaar is, is de optimale aanpak om
invoerwaarden te selecteren die zo dicht mogelijk bij het werkelijke opti-
mum liggen. Daarom wordt een sequentieel ontwerp uitgevoerd op basis
van Gaussian Process-modellen. Dit verkent de volledige realiseerbare
ruimte en identificeert een lokaal gebied dicht bij het ware optimum,
enkel gebaseerd op beperkte invoer. Vervolgens worden extra punten
binnen dit gebied geselecteerd om het optimum te nauwkeuriger te
benaderen. Bij het voorspellen van stromen is het scenario wezenlijk
anders vanwege de multi-scale aard van de beperkte gegevens in zowel
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ruimtelijke als temporele dimensies, die doorgaans als een tensor worden
opgeslagen. Het direct toepassen van surrogaatmodellen is hier niet
haalbaar vanwege de grote hoeveelheid waarnemingen, wat leidt tot
een zeer hoge computationele complexiteit. Om dergelijke gegevens te
verwerken, gebruiken we een aangepast multi-output Gaussian Process
via een compressiemethode om ruimtelijke en temporele basisfuncties
te extraheren, samen met invoerafhankelijke coéffici€nten in een lage
dimensie. Daarna wordt het surrogaatmodel toegepast op basis van deze
invoerafhankelijke kenmerken, wat nauwkeurige en snelle voorspellingen
van niet-geobserveerde stromen mogelijk maakt.

Vervolgens behandelen we de uitdaging van het analyseren van niet-
normale gegevens, waaronder zowel continue als discrete scenario’s
vallen. Het eerste geval doet zich voor bij de evaluatie van productiepro-
cessen; het tweede bij de analyse van meerdere afhankelijke Poisson-
aantallen. Niet-normale verdelingen worden aangepakt op basis van
het volgende principe: het toepassen van de cumulatieve verdelings-
functie (CDF) van een stochastische variabele op zichzelf resulteert in
een uniforme verdeling op het interval [0, 1], mits we aannemen dat de
CDF continu is. Bij de evaluatie van een productieproces worden eerst
gegevens verzameld over een belangrijke karakteristiek. Vervolgens kun-
nen procescapaciteitsindices (PCls) worden berekend ten behoeve van
kwaliteitscontrole. Wij richten ons op de situatie met asymmetrische
toleranties, waarbij de karakteristiek een onbekende continue univari-
ate verdeling volgt. Hiervoor worden twee aangepaste PCls voorgesteld,
met een inverse transformatie om met niet-normale gegevens om te
gaan. We schatten de onderliggende CDF via B-splines en transformeren
de gegevens naar een normale verdeling. De voorgestelde PCls kun-
nen vervolgens worden gebruikt om de geschiktheid van een stabiel
productieproces te beoordelen voor het produceren van conforme pro-
ducten op basis van niet-normale gegevens. Bij de analyse van meerdere
Poisson-aantallen is het van essentieel belang dat zowel de marginale
als gezamenlijke modelaannames het willekeurige gedrag van de vari-
abelen accuraat weergeven. Ondanks de toenemende interesse in dit
type gegevens binnen diverse wetenschappelijke domeinen, blijven mod-
ellen voor multivariate Poisson-verdelingen relatief zeldzaam. Om hieraan
tegemoet te komen, introduceren we een nieuw multivariaat Poisson-
model dat gebruik maakt van multivariate reductietechnieken en copula-
methoden. Dit model biedt ongeévenaarde flexibiliteit bij het modelleren
van gezamenlijke verdelingen en afhankelijkheidsstructuren. Verschil-
lende probabilistische eigenschappen en schattingstechnieken worden
eveneens onderzocht.

Samenvattend levert dit proefschrift een belangrijke bijdrage aan het
vakgebied door de ontwikkeling van geavanceerde statistische model-
leringsmethoden, in het bijzonder voor het analyseren van complexe en
uitdagende gegevenssituaties.
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2 1. Introduction

The use of statistical methods to face the complicated nature of data
is a major challenge. To name a few pertinent examples, complex
issues may occur when data are costly to gather, rendering the analysis
based on comprehensive data unaffordable or extremely difficult to
conduct. The data may also encompass spatiotemporal characteristics
inherent to fluid flow dynamics, exhibit non-normal distributions, or
comprise correlated Poisson random variables. Traditional models may
lack efficiency when analyzing them. This thesis aims to address specific
types of complex data by developing tailored statistical models and
methods.

1.1. LIMITED DATA SETS

Although a vast number of measurements for various variables can
now be obtained effectively and at a lower cost than in the past, data
collection can still be challenging in some situations. This section
examines two issues that are motivated by such a case.

1.1.1. OPTIMIZATION FOR BLACK-BOX FUNCTIONS

In numerous engineering optimization scenarios, a black-box function
refers to a mathematical relationship whose explicit analytical form
remains inaccessible. Unlike parametric functions defined by tractable
expressions, these systems are often characterized implicitly through
complex simulation frameworks, experimental measurements, or heuristic
rules. A critical challenge arises from the inherent constraints on
function evaluations, which are frequently limited by time or cost, thereby
restricting the available data for analysis. It presents a significant
challenge for global optimization, as traditional machine learning-based
approaches heavily rely on extensive function evaluations, leading
to prohibitive computational overhead. Additionally, gradient-based
methods are infeasible due to the unavailability of analytical derivatives.
To address these limitations, Bayesian optimization frameworks have
emerged as a principled solution. These approaches assign a prior
stochastic model, capturing prior beliefs on the objective function,
which is usually a Gaussian process model (also known as a kriging
model). The posterior distribution is iteratively refined through sequential
new points using observed data points, enabling the construction of a
surrogate response surface. Such points are selected by some sampling
criteria-acquisition functions derived from the posterior distribution—that
balance exploration of the unknown feasible space and exploitation of
regions with high potential. As the cycle goes on, the fitted model is
more and more accurate, providing a reliable estimated optimum of the
black-box function.

Among the well-established acquisition strategies, the expected
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improvement criterion remains the most widely adopted due to its
closed-form expression and computational tractability. However, its
greedy exploitation bias tends to concentrate sampling efforts near
the current surrogate optimum, potentially neglecting comprehensive
exploration of less promising regions. A further limitation is its
sequential nature: traditional acquisition functions suggest only one
query point per iteration. This approach may not fully leverage modern
computational architectures that support parallel simulations. Given
the increasing availability of high-performance computing resources,
there is a pressing need to develop parallel Bayesian optimization
strategies capable of identifying multiple query points simultaneously,
thereby reducing computational overhead. Such advancements would
significantly enhance the optimization of black-box systems in real-world
engineering applications.

11.2. PREDICTION FOR SPATIOTEMPORAL OUTPUTS

In engineering and scientific research, physical experiments often
encounter challenges when characterizing complex systems or extreme
operating conditions. To address these limitations, high-fidelity numerical
simulations have emerged as critical tools for quantifying spatiotemporal
dynamics. For instance, in computational fluid dynamics, parameterized
time-dependent partial differential equations solved via finite element
or finite volume methods are widely used to model transient flow
phenomena across multiple scales. However, these high-fidelity
simulations impose significant computational burdens, particularly
for multi-query applications such as design optimization, uncertainty
quantification, and control systems development, which require repeated
evaluations across broad parameter spaces.

To address this, Gaussian process models have proven effective
as surrogate modelling tools for interpolating complex parametric
relationships, providing fast and reliable predictions even with limited
data. However, traditional Gaussian process frameworks face inherent
limitations when applied to spatiotemporal flows. This is because the
parameter space contains only a few outputs that are high-dimensional
in both space and time, exceeding the computational tractability of
standard Gaussian process implementations. For example, simulating ten
parameter configurations could produce millions of spatiotemporal data
points, rendering direct application of Gaussian process models infeasible.
To mitigate these challenges, reduced-order modelling techniques
have been introduced to compress spatiotemporal dynamics into
low-dimensional representations. By projecting full-order solutions onto
orthogonal basis functions (e.g., via proper orthogonal decomposition),
they enable computationally efficient approximations while maintaining
physical fidelity. However, existing frameworks struggle to address two
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critical challenges: the multiscale nature of fluid dynamics and the
sparse sampling of parameter space due to costly simulations. This gap
highlights the need for a novel framework that combines reduced-order
models to handle spatiotemporal features with Gaussian process models
for fast and accurate predictions, enabling data-driven analysis of
complex dynamic flows under resource constraints.

1.2. DATA WITHOUT NORMALITY

In real-world applications such as epidemiology, environmental monitoring,
and industrial systems, observed datasets often exhibit distributions
that significantly deviate from normal distribution assumptions. A
prime example arises in discrete count data, where outcomes represent
non-negative integers such as patient admissions in healthcare systems
or rainfall events in hydrological studies. While Bayesian hierarchical
models offer greater flexibility in modelling non-normal data, their
implementation often demands substantial computational resources and
careful calibration of prior distributions, which hinders their widespread
adoption. To address these gaps, this research focuses on two problems:
non-normal continuous variables in process capability evaluation and
multivariate Poisson counts.

1.2.1. CONTINUOUS UNIVARIATE DISTRIBUTIONS

A motivating example of non-normally distributed continuous data arises
in process capability analysis, a critical aspect of statistical process
control. In manufacturing and service industries, quality specifications
are typically defined by engineering tolerances or customer requirements,
which establish acceptable ranges for critical product characteristics.
A capable production process must ensure that measured quality
attributes consistently align with these specifications. Consequently,
after collecting data on these features, the process capability index
has been introduced to provide objective measurements of quality
control standards. It provides quantitative assessments of how well a
process meets predefined tolerances, offering objective benchmarks for
evaluating conformance to specifications. For enterprises seeking to
optimize operational efficiency and mitigate financial risks, such indices
are essential.

Early developments in the process capability index assumed that
quality characteristics follow a normal distribution. However, modern
manufacturing systems often generate data with non-normal features
such as skewness due to complex interactions between process
parameters, material variations, or environmental factors. Still using
traditional methods based on the normality assumption may cause a
misleading assessment as well as potential losses. Existing methods



1.3. Thesis outline 5

for non-normal data either aren’t interpretable enough or lack flexibility
for various kinds of distributions. Meanwhile, it seems unfair to assign
equal costs to differences solely based on their equal values, as these
differences may occur in different directions, resulting in asymmetric
tolerances. To address these issues simultaneously, flexible process
capability indices and efficient methods for non-normal data need to be
developed.

1.2.2. MULTIVARIATE POISSON DISTRIBUTIONS

Multivariate count data arise across diverse scientific disciplines, including
demography, epidemiology, and sports analytics. However, unlike normal
distributions, constructing joint distributions for multiple Poisson counts
is more challenging, as it requires both marginal and joint specifications
to accurately represent the stochastic behaviour of count variables.
Additionally, the dependence structures among these variables must be
precisely captured.

To address these challenges, several techniques have been proposed
for constructing multivariate models capable of accommodating Poisson
margins. A frequently adopted strategy involves multivariate reduction
frameworks, where shared latent variables are introduced to define
dependence. This approach is based on the fact that a Poisson random
variable can be decomposed into sums of independent Poisson variables.
The primary limitation of such a model is that it can only capture
some positive dependence structures. Subsequent advancements,
including comonotonic shock models and copula-based approaches,
have expanded modelling capabilities but still lack the flexibility to
characterize diverse joint distributions. These limitations underscore the
critical need to develop an interpretable and flexible multivariate Poisson
modelling framework that can accurately capture dependence structures
across a broader range of joint distributions than current state-of-the-art
approaches.

1.3. THESIS OUTLINE

In this thesis, several tailored statistical models and methods are
proposed for different kinds of complicated data sets. The thesis is
organized as follows. In Chapter 1, a brief introduction to the subject is
given.

Chapter 2 explores the optimization of expensive black-box functions
when data acquisition is difficult and budget-limited. Traditional Bayesian
optimization methods for this problem, such as expected improvement,
evaluate only one point at a time, which is not efficient enough and
can easily be trapped in a local optimum. This chapter introduces
a novel parallel Bayesian framework based on the minimum energy
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criterion to enhance single-point strategies. The proposed framework
aims to generate multiple points, thereby reducing the number of
iterations and avoiding the risk of becoming trapped in local optima
through parallel exploration of the feasible space. Additionally, a
shrinkage-augment strategy is introduced to refine the surrogate model
of the black-box function, further enhancing optimization efficiency.
Numerical experiments and a real example are presented to showcase the
superiority of the proposed method over existing Bayesian approaches.
These experiments demonstrate the framework’s ability to effectively
manage limited data and achieve superior performance over existing
methods in global optimization tasks.

Chapter 3 focuses on analyzing dynamic datasets from flow fields,
represented as tensors, to make spatiotemporal predictions. These
datasets typically originate from high-fidelity simulators, which have
become crucial for understanding complex systems as alternatives
to physical experiments. This chapter proposes a tailored multi-
output Gaussian process surrogate model for spatiotemporal emulation,
incorporating uncertainty quantification. Our approach leverages singular
value decomposition to project high-dimensional spatiotemporal data into
a low-dimensional latent space, with explicit analysis of decomposition
errors. This reformulates the multi-output Gaussian process as a
linear combination of independent Gaussian processes, each modeling
the relationship between projection coefficients and simulator inputs.
The resulting surrogate achieves reliable prediction of unobserved
fluid dynamics while significantly accelerating computation, facilitating
efficient design exploration. Validation through numerical experiments
and real-data case studies demonstrates superior accuracy and efficiency
over existing methods.

The next two chapters focus on the analysis of non-normal data.
Chapter 4 addresses the challenge of process capability analysis using
process capability indices for asymmetric tolerances and non-normal
data. To the best of our knowledge, there is no method considering these
two issues together, which are often involved in real-world scenarios.
We introduce two new classes of process capability indices designed
specifically for asymmetric tolerances, discuss practical estimation
methods, and establish confidence intervals based on asymptotic
variance. To address the non-normal distributions of data, we propose
constrained B-spline regression to estimate the cumulative distribution
function directly, transforming the data to be normal via a tailored inverse
transformation procedure. Some asymptotic results for the estimator are
also studied. Through numerical simulations and a real-world case study,
we illustrate the effectiveness of these indices in accurately handling
asymmetric tolerances and non-normal data sets.

Chapter 5 proposes a multivariate model for multiple dependent Poisson
count data. In this chapter, we define an intuitive and interpretable
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multivariate Poisson distribution, allowing for more flexibility than existing
models in terms of joint distributions and dependence structures. Our
proposed model generalizes existing methods by reducing itself to them
when some of our model’s parameters are preset. We establish several
essential probabilistic properties and present a set of propositions that
underscore our model’s novelty. We also provide an extensive discussion
on maximum likelihood estimation, inference function for margins, and
the expectation-maximization algorithm. To validate the performance
of our model, we conduct simulations and illustrate its practical utility
through a real-world example.

Chapter 6 concludes the thesis, and Chapter 7 consists of some
supplemental materials containing technical details and additional
simulation results.






2

APARALLELFRAMEWORKFOR
BLACK-BOXOPTIMIZATION

Parts of this chapter have been published in Journal of Statistical Computation and
Simulation, 93(17): 3104-3125, 2023.
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2.1. INTRODUCTION

In many applications, it is difficult to solve the following black-box
optimization problem:
x* =argminG(x),
xeQ

where G(x) is a single-objective black-box function and it is assumed to
have only one optimum, x € RP is a p-dimensional input variables, and
Q C RP is the related feasible domain. The term "black-box function"
is commonly defined as a complex, large-scale system that involves
numerical simulations or experimental measurements. Unlike traditional
functions, these systems lack explicit mathematical expressions for
their input-output relationships or gradients, making the use of classical
gradient-based algorithms impractical. Moreover, evaluating black-box
functions is computationally expensive due to the significant time
required for simulations or measurements. For instance, models
used in wind plant control strategies [1] or high-resolution reservoir
engineering models [2] can take hours or even days to evaluate once.
Thus, evolutionary algorithms and swarm intelligence algorithms, which
typically require a large number of function evaluations to produce
reliable results, are often not well-suited. This inherent complexity
and computational cost make black-box functions a critical challenge in
optimization problems.

To deal with this problem, some Bayesian optimization (BO) methods
have been proposed. These methods regard the objective function G as a
realisation of a stochastic process. An initial surrogate model G(x), which
is usually easy and quick to evaluate, is first built via some previously
evaluated samples to approximate G(x). In each iteration, an infill
sampling criterion or an acquisition function based on G is used to select
a candidate point, maximally reducing the uncertainty about the location
of the optimum of the objective function. The point is then evaluated
using G and used to update the surrogate model. The sequential
sampling process goes on until some stopping condition is met. Queried
points will improve the accuracy of G(x), especially over the domain
around x*. Thus, the optimum of the surrogate model x* can be used as
an estimate of the global optimum. In the literature, many surrogate
models and acquisition functions have been proposed. About the former,
the most popular one is the Gaussian process (GP) [3]. Meanwhile, the
typically used acquisition function is the expected utility of a new point
given the observed data. [4] proposed the expected improvement (El)
method, which is one of the most popular BO approaches, by introducing
a simple closed-form acquisition function. [5] studied the convergence of
the El method under the assumption that the covariance function of the
surrogate model is non-degenerate.

Despite the popularity of El, there are still some drawbacks. [6]
noted that conclusions of [5] are misleading in some applications. They
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extended the result to more general settings, showing that there exist
some smooth functions for which El can not find the global optimum. [7]
further pointed out for which El over-exploits the fitted model on G(+)
and under-explores optimization space Q. To address that, some studies
have been proposed in the literature. [8] improved the El by setting
the infill criterion as the expected value of I9(x) with an integer-valued
g, where I(x) denotes the improvement at x. The larger the value of
g is, the more exploration of the feasible region that the algorithm will
encourage. [9] introduced a weight into El to adjust the trade-off between
exploration and exploitation. [7] proposed the hierarchical expected
improvement (HEI) with a hierarchical Bayesian approach to encourage
global exploration. Other than El, BO methods have also considered
other acquisition functions, including upper confidence bound [10-12],
Thompson sampling [13], and predictive entropy search [14]. Most of
them are one-point methods, only querying one point in each iteration. It
may not be efficient enough, especially when parallel calculations are
feasible.

To address that, some parallel frameworks have been established
in the literature. For example, [15] proposed the g-El infill criterion,
generating multiple points in each iteration. However, the criterion
is extremely time-consuming to calculate due to the high-dimensional
integrations involved. Instead of solving g-El exactly, [16] recommended
using two heuristic strategies: Kriging Believer (KB) and Constant Liar
(CL). Subsequently, several studies have explored parallel optimization
approaches, including [17-21]. However, these methods primarily
focus on selecting multiple points for evaluation rather than balancing
exploitation and exploration. This limitation reduces their applicability
and efficiency, as they may not achieve optimal performance in complex
and computationally expensive optimization problems.

For Bayesian optimization, we find that although numerous methods
have been developed, there remains an outstanding question of
proposing a parallel BO framework. The method should work well for
considering parallel simulation, exploration-encouraging, and cost-saving
simultaneously. In this chapter, we propose a new parallel method using
the minimum energy criterion to overcome this challenge. The new
method is able to query multiple points using a black-box function near
the global optimum. At the same time, it will explore the optimization
space better due to the characteristics of the minimum energy criterion.
Since the new method considers the El or HEI criterion as the charge
function, it preserves the desirable properties of the El or HEI. Additionally,
the parallel strategy can reduce the number of iterations. It makes a
better trade-off between exploitation and exploration. To improve the
prediction of the surrogate model for the black-box function, a heuristic
shrinkage-augment strategy is also presented. It can place more points
near x* and fit a more accurate local surrogate model. We integrate
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the new parallel method and the shrink-augment strategy as a new
framework. It can encourage exploration and find a better estimation of
the global optimum. Finally, some numerical and illustrative examples
are presented to demonstrate the superiority of the proposed framework.

The remainder of this chapter is organised as follows. Section 2.2
reviews the GP model and two existing one-point infill acquisition
functions, ElI and HEI. The parallel method based on the minimum
energy criterion is presented in Section 2.3. This section also presents
the proposed heuristic shrink-augment strategy and the new efficient
optimization algorithm. Section 2.4 performs a comparative study for
benchmarking purposes. Some numerical simulations are conducted
to compare the new method with some existing methods. Further, an
application to the optimization problem of a wind plant is presented.
Finally, the conclusions are drawn in Section 2.5. Additional simulation
results are shown in Section 7.1.

2.2. REVIEW ABOUT THE GP MODEL AND EI/HEI CRITERIA

2.2.1. GP MODEL

We first use the following GP model [3] as the surrogate model for the
black-box objective function G:

G(x) = u(x) + Z(x) = F T (x)B + Z(x), (2.1)

where pu(x) is the mean function of the process, f(x) = (fi(x)...fa(x))"
are d known basis functions and B € R? are corresponding unknown
coefficients. Z(x) ~ GP(0, 02K) is a stationary Gaussian process. K(-, -)
denotes the correlation function of GP, and o2 is the process variance.
Model (2.1) is called the universal kriging model in geostatistics [22]. It
reduces to the ordinary kriging model if there is a constant mean, i.e.,
FT(x)=1.

Let D, = {(x;, yl-)}[n:l, where x; is the input of the black-box function
and y; is the corresponding response. Let y, = (y1--+,yn)" be the vector
of observed responses. According to the GP model, correlation between
Z(x;) and Z(x;) only depends on the distance between x; and x;, which
means that K(x;, x;) = R(Hj) with some unknown parameters, where
Hij = |Ix; — xj||> with the Euclidean norm || - ||>. There are several families
of commonly used correlation functions, such as the Gaussian family and
Matérn family. In this chapter, we use the latter, which is defined as

R(H) = (24 VH)VB,(24/VH)

r(v)2v-1

where B, is the modified Bessel function of the second kind, and v
represents a smoothness parameter. Let Kn(x) = (K(x, xl-))?=1 be the
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correlation column vector between the new query point and observed

points, f, = (f(x1), .-+, f(xn))T be values of the basis functions at the
observed points, and R, = (K(x;, xj)):."'j=1 be the correlation matrix of the

observed points. Denote the parameters in correlation function K(-,-)
and 02 as k. [3] showed that the posterior distribution of G(x) at an
unobserved input x, given k, can be derived as

[G(X)IDn] ~ N (g(x), s2(x)),

where g(x) = fT(x)B+ K (x)R-1(y, —f] B) is the best linear unbiased
prediction (BLUP) of G(x) and B = (f'R-1f,)~'f R1y,. The posterior
variance at an unobserved point is derived as

s2(x) =02 [1- K] (x)R-1Kn(x) + h"Q71h],

where h = f(x)— fI R-1K;(x) and Q = f] K-1f,. Note that k needs to be
estimated from the observed data. The most popular method is maximum
likelihood estimation (MLE) (see [3] for more details). Via estimated K,
the corresponding estimated posterior mean is G, the empirical best
linear unbiased prediction, and estimated posterior variance is $2.

2.2.2. EI AND HEI

When a surrogate model is constructed, the following important step in
Bayesian optimization methods is querying new points according to an
appropriate acquisition function. [4] proposed the most popular El infill
criterion, which can be described as follows. Let gmin be the minimum
function value at the observed points, i.e., gmin =)r(2i)p{G(x)}, where

Xn={x1,---,xn}. The improvement at the point x can be defined as
I(x) = max {gmin— G(x),0}. Taking the expected value with respect
to the posterior distribution of G(x), we can obtain the El acquisition
function as follows

EI(x) = ELI00)] = (gmin — G(x))@ (w) + é(x)«p(M), (2.2)

$(x) 5(x)

where ¢ and ¢ are the cumulative distribution functions and probability
density function of the standard normal distribution, respectively. Then,

X = arg max EI(x) is the best next query point. We can see that in (2.2),
xeQ
there are two parts that indicate the trade-off between exploitation and

exploration. For points x with a smaller posterior means G(x), the first
term in (2.2) will be large, which implies the exploitation. For x with
larger posterior variances 5(x), the second term in (2.2) will be large,
which implies the exploration. Several studies have noted that El shows
over-greediness because ¢(-) in the second term of (2.2) converges to 0
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more quickly than ®(-). As mentioned before, there exist some functions
such that El may fail to find any global optimum [7].

To overcome this drawback of El, [7] proposed an HEIl acquisition
function via a hierarchical GP model. In [7], the unknown coefficients B
are assigned non-informative priors. The process variance o2 is assigned
a conjugate inverse-gamma prior, which is

[B] x1, (2.3a)
[02] ~IG(a, b). (2.3b)

Under model assumption (2.3), [7] showed that the posterior distribution
of G(x) is A
[G(X)|Dn] ~ T1(2a+ n—d, G(x), 5°(x)),

where T1(n,7¥,Z) is a 1-dimensional non-standardized t-distribution
with degrees of freedom n,location vector ¢y and scale matrix Z,
§2(x) =62[1— KT (x)R-1Kn(x) + hTQ~1h], 62 = (2b+n6)/(2a+(n—d)),

and 62 is the MLE of g2. Then, deriving the expectation of I(x) under
hierarchical prior, we have the HEI criterion as

gmin—é(x)

5(x) mn8(x)

9min — é(x))

HEI(x) = (gmin — G(x)) &y, ( ) + MpS(X)Pv,—2 (

where m, and v, are corresponding parameters in [7]. When a < d/2,
52(x) is larger than $2(x), which implies that the HEI indeed encourages
exploration. It is worth noting that these two methods are both
non-parallel and require many iterations to obtain a good solution. In the
next section, a parallel framework will be proposed for improving such
one-point acquisition criteria.

2.3. APARALLEL BAYESIAN OPTIMIZATION FRAMEWORK

In this section, one novel parallel framework will be proposed based
on the minimum energy criterion. Because of the advancement of
supercomputers, it is now possible to run multiple complex models
simultaneously with no increased costs. When the objective function is a
time-consuming black-box function, selecting a batch of points once is
more appropriate, as noted by [17].

To address that, we propose a new sampling method for Bayesian
optimization. We show that it is a parallel version of the one-point
acquisition criteria. The sampling function is straightforward to
understand and implement. And it can handle a high number of
simultaneous evaluations. By involving one-point criteria such as El and
HEI, the proposed method could preserve the desirable properties of the
original El or HEI. Moreover, it makes an interpretable trade-off between
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exploration and exploitation. Then, we apply a shrink-augment strategy
to shrink the feasible area sequentially, encouraging the exploitation. A
final two-stage parallel framework is established. It can find a better
optimal estimation solution without too many greedy calculations.

2.3.1. A PARALLEL METHOD BY USING MINIMUM ENERGY CRITERION

By maximising the El or HEI function, we acquire the most valuable point,
update the surrogate model, and iterate. Finally, we are going to get
an estimation of the minimum. From (2.2) and (2.3), we can see that
there are two parts in the El or HEI acquisition function: exploitation
and exploration. According to the first term, the points with smaller
predicted values will have larger El or HEI values. On the other hand, the
latter term assigns greater values for points from the area in which there
are fewer queried points. The points with smaller responses and high
prediction variances should be considered at the same time to reduce
iterations. Therefore, there is a strong need to query multiple points at
each iteration based on the current fitted surrogate model. A natural idea
is to query points that have higher El or HEI criteria. However, these
points with larger El or HEI values usually concentrate in a local area.
When the surface of the El or HEI criterion has a very sharp peak, it
doesn’t balance exploitation and exploration very well. This is a waste in
terms of objective function evaluations.

Figure 2.1 gives an illustrative toy example. We construct a Gaussian
process model, as depicted in Figure 2.1(a), based on ten space-filling
points. These points are arranged to be uniformly distributed within the
design region. Such uniformity can be defined by certain distance-based
or discrepancy-related criteria. Then we need to select a batch of points
based on the El curve, which is presented in Figure 2.1(b). One natural
idea is to choose peaks of the El curve. However, there are still some
drawbacks. For instance, the first and second peaks will be selected
according to Figure 2.1(b) if we need two points in each iteration, They
will be too close to each other, which means the information provided
by them is similar, being unfavourable for searching the whole feasible
region. Meanwhile, these two points may result in a singular correlation
matrix and an unstable GP model. To select separated points with larger
El values, we develop a method to choose any number of space-filling
points with relatively high criterion values.

For the El or the HEI curve, the region we are interested in is the whole
feasible domain. Meanwhile, points with high acquisition function values
should also be considered. Inspired by [23], we apply the minimum
energy criterion to query points of particular interest in the feasible
space. A parallel sampling method is then proposed. Based on this
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(a) The solid line represents an objective (b) The expected improvement function
function that has been sampled at ten when only ten points have been sampled.
points shown as dark green circles. The

dotted line is the fitted Gaussian process

model.

Figure 2.1: A toy example

method, the points can be obtained by minimising the following criterion

q(xi)q(x;))
d(xi, xj)
where q(x) is called a charge function and d(x; x;) is the distance
measure between x; and x;. We take the charge function g(x) = 1/v(x),

where y(x) denotes the value of the acquisition function at x. Then, it is
equivalent to query xgq by maximizing the following criterion

’

E(xq) = max
i#f

W(xq) = n[ﬂ#ijn Y(x)v(x))d(x;, x;). (2.4)

The intuitive explanation about (2.4) can be described as follows. We
assume that the related optimization region is a bounded box and regard
every point as a charged particle. We set these points with the same
sign; each point will repel the other as much as possible. Moreover,
these particles will occupy positions inside the box to minimise the total
potential energy. Consequently, the desirable queried points consist
of the positions occupied by particles. This is the so-called ‘repulsion
principle’. It requires all particles to have charges with the same
sign, which is easy to accomplish because El or HEI itself is always
non-negative. By maximising the product of the charge function and
distance, points with high acquisition values will be located in the whole
feasible region. We can not only find the global maximum of El or HEI
but also explore regions with high uncertainty. Unlike choosing peaks,
this criterion takes into account the distance. Also, it spreads out the
queried points in the region of interest to avoid a local optimum. This
physical analogy helps to improve sequential designs. It balances the
criteria values and distance in a physical and interpretable way.
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Figure 2.2 shows some batches of points selected (red circles) with
different numbers by the proposed sampling method. As shown in
Figure 2.2(a), the highest peak is selected as the first point. By integrating
the El function into the parallel method, the first point selected will
be the same as the one selected by El. It suggests that our sampling
method won't be worse than El or other one-point criteria. According to
the first peak, the next points are sequentially selected based on the
criterion (2.4). Figure 2.2(b) shows the second point to query. We can
see that even if the second peak is higher, it is not chosen to query
because it is so close to the first peak. By contrast, the third-highest
peak is regarded as the second point due to a greater distance. The
proposed method first chooses the points with the highest El value in the
sense of considering the best possible performance. Then it will put more
weight on areas with high uncertainties. As a result, a highly valued
point that is far away from the first point will be chosen. Therefore, as
a parallel method, it indeed considers exploitation and exploration at
the same time. For the case where five points are queried during each
iteration, the chosen samples are shown in Figure 2.2(c). The second
peak is still not queried to make sure the points selected are spread out,
which encourages exploration a lot. Meanwhile, all points are located
near different peaks. Corresponding larger El values result in efficient
exploitation. To sum up, the sampling method measures the average
performance and the uncertainty in a comprehensive way. Figure 2.2(d)
shows the flexibility with respect to the number of points. Not limited
by the peaks, we can query any number of points during each iteration,
depending on the resources we have to make parallel simulations. As
the number of points g increases, the samples via the minimum energy
criterion constitute a space-filling design, which is also noted by [23].

As introduced before, it is clear that our proposed sampling criterion
will place queries as far apart as possible. At the same time, it selects
more points from the area with high acquisition function values. In other
words, the query points will either have smaller objective function values
or depart from the observed points. These points are calculated using
G in parallel to enrich D, and update the surrogate model. Note that
both the ElI and HEI acquisition functions are closed-form. Therefore,
choosing the next query point by maximising criterion (2.4) is not difficult.
Furthermore, [24] presented a fast algorithm to optimise (2.4). An R
package called mined is also provided. By integrating El or HEI, we still
try to generate points with these infill criteria. This suggests that the new
method still has its desirable properties. Beginning with the point that
has the maximal criteria value, our parallel framework won’t be worse
than El or HEI. In addition, the minimum energy criterion can not only
guide sampling multiple points at the same time but also make sure that
points will be apart to encourage exploration.
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Figure 2.2: Different batches of points to be queried (solid line: El curve,
red circles: selected points).
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2.3.2. A SHRINK-AUGMENT STRATEGY

As more and more points are queried, the region where the El or HEI
acquisition functions are positive narrows because the El or HEI values at
the observed points are 0. The surrogate model could be unstable, owing
to the singularity of the correlation matrix. In this case, the parallel
method can only find the same point as the iteration progresses, which is
inefficient for updating G(x). Recall that there is only one global optimum
of G. In the optimization problems, our major interest centres around the
area that includes the global optima. Therefore, we need a local method
to further explore the feasible region and acquire a better estimated
optimum x*.

To perform a local optimization, we draw inspiration from a trust region
Bayesian optimization in [25]. Unlike choosing the trust region at the
beginning, we decide to scale the feasible domain when the optimum
of the surrogate model converges or our framework can’t find multiple
points. Benefiting from the proper balance made by our new sampling
algorithm, we have confidence in the final surrogate model to some
extent. That is why we apply the information inside G(x) to develop a
shrink-augment strategy. In this strategy, we first determine the best
point based on the current observations and the surrogate model. Next, a
hyperrectangle centred on the best solution is created. Then, we rescale
it and query new points in the new feasible sub-domain.

For the size of this hyperrectangle, it should be sufficiently large to
contain good solutions and be small enough to find the true optimum
as well. Here, we let it contain enough points of D, to recreate a local
surrogate model, usually between 5p and 10p. With these experimental
points, we don’t need to make calculations at new points. It saves the
time a lot, especially for an expensive black-box function. Then, we
rescale this local rectangle to be a larger one. In this way, the region
around the best solution will be less sharp and easier to explore. The
parallel sampling algorithm is again applied for a further search. If the
updated x* makes some progress, it suggests that the local area around
the current optimal solution is proper. If not, the hyperrectangle may be
too small to improve optimal solutions. Then we expand it to contain
double the number of experimental points in D,. So far, we have detailed
a single local shrink-augment strategy. For the case where the objective
function has multiple minima, we can create multiple regions based on
Dn and G. In this chapter, we only focus on single-objective problems.
The details of the strategy are as follows (take the feasible region [0, 1]°
as an example).

1. The point with the minimum posterior mean value is searched based

on the current surrogate model, that is Xx* = arg min G(x).
x€[0,1]P

2. Determine a hyperrectangle region Q* that includes m already
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chosen points {x1,--+,Xm} centring around X* in Dp.
3. Update the observation data as Dy = {(x;, G(x[))}?ll.

4. Rescale O* to [0, 1]° and define it as a new feasible domain; at
the same time, transform Dy, identically and update the surrogate
model.

5. Get the updated optimum via parallel searching. If it is not better,
let m=2m, back to Step 2.

2.3.3. THE TWO-STAGE PARALLEL FRAMEWORK

In this subsection, the parallel sampling method is integrated with the
shrink-augment strategy. Finally, we establish a new parallel efficient
global optimization framework. Without loss of generality, we present
it by choosing the El acquisition function, which is referred to as PMEI.
The details of the framework are presented in the following Algorithm
1. During the optimization, the feasible domain is assumed to be a
unit hyperrectangle, [0,1]°. In Algorithm 1, Steps 6-15 query new
points sequentially in a parallel sampling way to enrich observation data
Dn. Steps 5 and 16-24 adjust the feasible domain according to the
shrink-augment strategy. The steps for the PMHEI, which chooses the HEI
acquisition function as y(:) in (2.4), are similar.

2.4. NUMERICAL EXPERIMENTS

In this section, we perform a comparative study to present the
performance of our new parallel framework. To illustrate the benefits,
we implement El and gEl. The latter is based on two heuristic ways. As
noted by [16], CL can perform comparably with g-El. Therefore, only CL
with the minimum and maximum of the calculated responses are chosen,
denoted as CLmin and CLmax. Also, the parallel algorithm involving HEI is
considered to present the flexibility of our framework. Finally, a practical
optimal example of the windmill is presented. All implementations have
been done in the R environment [26]. We use the packages DiceOptim
for El and CL, mined for minimum energy criterion, MaxP ro for initial
design, and DiceKriging for the surrogate model.

2.4.1. SIMULATION-BASED BENCHMARKING

We consider three benchmark problems to show some visualised results.
The three optimization functions are described as [27]

e Three-hump camel (function of two input variables on domain
Q=[-2,2]°)
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Algorithm 1: Two-stage Parallel Framework PMEI.
Input:
G:p-dimensional real black-box function;
n: initial sampling size;
g: number of points chosen during each iteration;
m: number of existing points in the shrunk region.
Output: Predicted optimum x*.

1 X, « ninitial data in [0, 1]°;

2 yn « parallelly calculate G(x), x € &j;

3 Q«[0,1]5;

4 repeat

5 Rescale Q to [0, 1]° and transform X, identically;

6 repeat

7 Dp — {(Xi, y)|xi € Xn,yi €Yn, i=1,---,n};

8 Omin < get min yp;

9 G(-) « create a surrogate model based on Dp;
10 Xq < generate q points by choosing y(:) in (2.4) as El;
11 yq < parallelly calculate G(x), x € Xy;

12 Xp — Xp U AG;
13 Yn<=YnUyq:
14 n—n+agq;

15 until PME| finds the same point;
16 X* — argmin G(x);

xeQ
17 repeat
18 Q* « arectangular centering at x* including m observed
points;
19 nem;
20 Xn < m existing points in Q*;
21 yn < corresponding responses of Xj;
22 me2m;
23 X4 — update x*

24 until xY is better than x*;
25 until Budget reaches or x* converges;
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x* =(0.20169,0.150011, 0.476874,0.275332, 0.311652, 0.6573),
G(x*)=—3.32237.

Corresponding visualisations are available at the virtual library. The
surface of the Three-hump function is easy to explore. It is proper to
demonstrate the efficiency of our shrink-augment strategy. The Griewank
function has many widespread local minima, which are used to test
whether optimization methods can find the global optimum. The Hart6
function produces a high-dimensional surface with some local optima,
which denotes a more complicated feasible region. They assess how
optimization methods perform when the problem is tractable, has many
local solutions, or involves high-dimensional feasible regions. All feasible
regions will be rescaled to be [0, 1]° in simulations.

As the dimension of functions increases, the objective function surface
becomes more complicated. In practice, a complex function usually costs
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a lot to evaluate once. It is not trivial to calculate it many times. To
find the optimal solution quickly, more points at one iteration should be
queried. Thus, we set different g and iteration times for all benchmark
functions. Let g =5, 10 for 2-dimensional cases, and g =20, 30
for the 6-dimensional case. The total number of iterations is set as
40, 40, 20, respectively. We also compare PMHEI, PMEI, El, and HEI
to show the flexibility of our proposed method. We are interested in
both the optimum provided by surrogate models and observed data.
Hence, we calculate logo(|G(x*)— G(x*)|) to show the accuracy of G
using different methods, and log1o(|G(x*)— gminl) to indicate the quality
of the query points. When considering the computational cost, given
that the time required for calculating the benchmark function is nearly
negligible, the number of evaluations of G can be utilised as a measure.
Note that one-point methods share the same number of evaluations in
each iteration as methods that select multiple points due to the parallel
calculation. Thus, the number of evaluations is directly proportional to
the number of iterations, and we employ the latter for our comparison.
Given an acceptable error bound, more iterations mean more time costs.
All average simulation results over 20 replications are presented.

Based on 40 iterations, numerical results for 2-d benchmark functions
are shown in Figure 2.3. For the Three-Hump function, the logarithm
gaps based on G and Dj suggest that PMEI outperforms other methods.
Meanwhile, it indicates that the proposed framework considers the
current optima very well. Furthermore, due to multiple points queried at
one time, PMEI finds a better solution than El. It can improve El in terms
of accuracy. In the first few steps, CL and PMEI both output similar results.
As the iteration proceeds, PMEI begins to shrink the feasible region. The
error for PMEI drops sharply while other methods begin to stagnate. This
shows that the heuristic strategy appears to benefit the optimization.
In addition, it seems that PMEI-10 converges more rapidly because it
stops at the 18th step with the lowest gap. Moreover, given an error
tolerance of about 10>, PMEI and CL both spend about three iterations.
However, El needs four times the costs to get similar solutions, which
suggests that PMEI can save time and costs by reducing iterations. For
a friendly search landscape, each method can provide an appropriate
solution. Because of the shrinkage-augment strategy, PMEI sets more
points around x* and provides a better result.

Figures 2.3(c) and 2.3(d) demonstrate the performance in dealing with
the situation where there are lots of local optima. PMEI could explore
the whole region during each iteration. It still queries more points
with higher qualities while El gets trapped in a local optimum. This
suggests that PMEI can correct over-greediness and enhance El in terms
of exploration-encouraging. With the same g, PMEI performs better in
creating an accurate surrogate model. CLmin queries a closer point to the
true optimum, which PMEI also selects the point with comparable quality.
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Figure 2.4(a) presents the points produced by the CLmin, CLmax, and
PMEI. We can see that there are many local optima near x* = (0.5, 0.5).
CLmax and CLmin are both attracted by local optima and query fewer
points around x*. By contrast, PMEI-10 tends to explore the optimization
space better. According to the minimum energy criterion, it queries the
most points that cluster around x*. As a result, a better estimation of
the optimum is provided. Additionally, the points by PMEI appear to be
space-filling. It means that our framework balances exploitation and
exploration well. Since the solution based on G of PMEI is better, our
method outperforms the other three methods. Regarding 10~ as the
error tolerance again, it takes PMEI about 21 iterations to satisfy the
tolerance, while other methods almost fail. For error tolerance 10~4, PMEI
spends about 20 iterations while others need at least 30. Particularly,
PMEI appears to get similar solutions via 5 iterations while El needs 40. It
suggests that PMEI can improve the one-point method by saving time
and finding a better solution. For an objective function involving many
local optima, our framework can encourage exploration and avoid the
local optimization trap.

For a more complicated feasible space, Figure 2.5 demonstrates the
logarithm gap for the Hart6 function. It suggests that PMEI provides an
efficient and stable decrease in error with fewer iterations. In Figure
2.5(a), CL and El seem to keep searching the landscape. Their errors
still fluctuate, while the error for PME| reaches approximately 10796,
From Figure 2.5(b), all methods appear to find points with similar quality
except El. CL queries better points than PMEI at the beginning. However,
it may focus more on exploration, leading to a not accurate enough
surrogate model. On the other hand, PMEI makes a better trade-off,
exploring the feasible region in the early stage and quickly querying
points locally. It is worth noting that CL and PMEI perform similarly after
20 iterations, but there are huge fluctuations in the gaps of CL during the
first 15 iterations. It may indicate that CL is not efficient if there are
limited calculations because it sets a minimal or maximal value of y, as
the virtual response, which is not accurate enough. In other words, CL
can provide good results at last. But it seems to need lots of iterations,
which is not applicable when the objective function is very expensive to
calculate. As a comparison, PMEI finds an estimation of the optimum
more efficiently. Considering time costs again, CL and PMEI perform
similarly. PMEI appears to reach a smaller error with a step advance than
CL. Additionally, it indeed saves lots of steps than El.

We also compare the PMHEI, PMEI, HEI, and El with the Griewank and
Hart6 benchmark functions. The results are shown in Figure 2.6. There
are similar trends in PMEI and PMHEI. The accuracy indeed improves due
to the minimum energy criterion. PMEI and PMHEI both provide a better
solution for these two functions. Additionally, HEI seems to perform
comparably for the Hart6 function. But PMEI and PMHEI converge more
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Figure 2.5: Logarithm optimal gaps for high-dimension benchmark
functions via El, CLmin, CLmax and PMEI.

quickly. This suggests that PMEI and PMHEI can find similar solutions with
HEI and save 3/4 time. In summary, our proposed framework is suitable
for both infill criteria. With a parallel query, it explores the optimization
space better and can also reduce the number of iterations.

Further, we consider more benchmark functions introduced by [27],
with visualisations available at the virtual library. 109719(IG(X*)— gminl) is
calculated here to evaluate the methods. Most of them have many local
minima and only one global optimum. For low-dimensional problems, 40
iterations are implemented to find the optimal solution with g =5, 10, 15.
Three kinds of high-dimensional problems are conducted to compare
PMEI with CL. A total of 300 points are queried with g =10, 10, 15,15
for p=4,6,8,10. All results are shown in Section 7.1, suggesting that
the proposed PMEI method yields better or comparable results than the
others. In the next subsection, the whole framework is applied to deal
with a more complicated benchmark application.

2.4.2. A REAL-CASE EXAMPLE

In this subsection, we investigate the performance of PMEI through an
optimization problem of wind plant annual energy production (AEP). In
wind plant modelling, the main aim is to maximise AEP through layout
changes. In this problem, wind turbines can affect other turbines because
of their wakes. This interaction lowers the plant’s overall energy output
on a wind farm. By locating the turbines properly under the most
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common wind conditions, the adverse conseguences of this aerodynamic
interaction can be reduced. The key idea of wind plant wake control was
initially introduced in [28]. By coordinating the control operations across
the wind turbines, wake losses can be minimised. Also, the performance
of the wind plant as a whole can be enhanced. A review of the literature
on various wake control strategies can be found in [29]. According to
[30], it’s a proper benchmark to show how our framework holds up
against a more complicated and time-consuming problem.

We use a wake simulator called FLORIS to acquire AEP. Given the wind
farm layout, it outputs AEP based on some initial wind conditions over a
year. Two important factors are wind speed and wind direction. During
a whole year, the simulator assumes that the direction condition is a
vector containing kinds of angles from 0 to 360. For the speed, there is
a preset value based on measurements. Because of the measurement
error, it is introduced by randomly generating from a normal distribution.
As noted by [30], it looks at productions in different combinations of wind
directions and speeds. The final AEP is outputted as the average power
over them. More combinations mean that the whole simulation process
will be more expensive to run. In addition, the cost depends on the
number of wind turbines, taking more time to search best locations for
more turbines. For simplification, we try to find the best locations for two
turbines. We implement the Python script via R, and experiments take
about 2 minutes per run. The final objective problem is to minimize

* * * * oy ; _
(571,515, 551-555) = argmin AEP(s11, 512, 521, 522),

si€[0,1],ij=1,2

where (s;1, $i2) is the location of one turbine. It is worth noting that there
are some constraints in this problem. Similar to [30], we set the response
to be 0 if two turbines are too close to each other. We begin with a
space-filling design with 30 samples and compare PMEI with CL and El.
Totally 200 points are queried during 20 iterations.

The application results based on the same initial design are shown in
Figure 2.7. We are interested in querying points by different methods, so
here we do not consider initial points. In Figure 2.7(a), the best points
found by CL and PMEI are comparable. Furthermore, it suggests that
PMEI is more efficient and can find a better solution via fewer iterations.
Regarding the time costs, El needs about 100 iterations and takes about
3.5 hours to converge and find an optimal solution. By contrast, PMEI
needs about 2 iterations to find a similar one and spends about 5
minutes. This means that PMEI can save about 3 hours more than El by
reducing iterations. Meanwhile, PMEI finally provides a better solution,
which suggests that PMEI can improve El to some extent. The right
panel shows the mean responses of queried points using CL and PMEI as
the iteration progresses. In the beginning, three algorithms all select
points with comparable qualities. Then, there is a peak at the eighth step
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of CLmin, which suggests that CLmin queries some points with higher
values. It seems that CLmin is attracted by a local minimum while the
other two are still searching the region. By setting the virtual value as
the maximum of calculated responses, CLmax has more potential to
encourage exploration. PMEI tends to continue querying better points
when CLmax begins to stagnate. It suggests that PMEI can find some
better points than other methods.

cccccc
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e N /

200

100 150 10
Number of points selected Number of iteration

(a) Minimal responses of queried points by (b) Mean responses of queried points by
El, CLmin, CLmax and PMEI. CLmin, CLmax and PMELI.

Figure 2.7: Queried results by El, CLmin, CLmax and PMEI for windmill
optimization problems.

2.5. CONCLUSIONS

In this chapter, we proposed a parallel Bayesian framework using the
minimum energy criterion for the optimization of an expensive black-box
objective function. It improves existing one-point acquisition criteria,
such as El and HEI, in terms of time-saving, parallel simulation, and
exploration-encouraging. This novel framework is flexible for various
one-point infill criteria and also preserves their desirable properties.
Regarding these criteria as charge functions, we proposed the efficient
global optimization methods—PMEI and PMHEI. These methods can
balance the exploitation and the exploration well. Also, they can enhance
efficiency by generating more points of high quality at one time. To
place more queries in the local area around the global optima, we
tried to apply the information provided by the surrogate model. Then
we presented a shrinkage-augment strategy that could overcome the
unstable surrogate model problem during the optimization. We measured
the progress resulting from the strategy to make sure the size of the
local area centred at the best solution ever found was suitable. Two
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two-stage frameworks, PMEI and PMHEI, were finally established. Some
benchmark test functions were presented to evaluate their performance.
The numerical results suggested the superiority of our frameworks over
some existing Bayesian optimization methods, such as El, HEI, CL-min,
and CL-max. Considering the acquisition function values and space-filling
property, our methods presented an efficient and stable decrease of gaps
with fewer iterations. An application about windmills was also presented.
In practice, the proposed method found a better solution via fewer steps.
It can save more time and costs than one-point methods. In the future,
the global convergence rates of our methods should be studied.
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3.1. INTRODUCTION

In industrial applications, various complex systems and physical
phenomena, including aircraft-UAV collisions [31] and reservoir fluid
dynamics [2], are extensively studied to understand their dynamic
behaviour and inform scientific decisions. For these systems, conducting
traditional physical experiments is challenging because of constraints
related to environmental, safety, and economic factors. As an
alternative, a series of partial differential equations (PDEs), which serve
as the underlying governing equations, are often utilized as simulators.
Computing high-fidelity spatiotemporal solutions for different simulator
parameters is computationally demanding, as it depends on capturing
the complex flow field information spanning a broad range of length
and time scales. Furthermore, exploring this simulator parameter space
(which typically includes physical properties, geometric configuration,
initial conditions, and boundary conditions [32]) requires numerous
simulations, amplifying this computational burden. For example, the
large-eddy simulation (LES) technique requires approximately 500,000
CPU hours on a grid comprising 4 million mesh points [32].

In the literature, researchers have proposed various surrogate models
as a more efficient approach to address these issues, including the radial
basis functions [33], neural network [34], splines [35], and Gaussian
process (GP) [36, 37]. Such methods often struggle with high-dimensional
fluid dynamics problems due to unaffordable computational costs. Some
studies have employed local approximation techniques [38, 39] to handle
large-scale datasets. These methods construct local Gaussian process
(GP) models that select relevant data points near unobserved inputs.
However, this approach presents two key limitations for spatiotemporal
flow prediction. First, fitting numerous independent GPs for each unique
combination of spatial coordinates and time points incurs prohibitive
computational costs, especially in design exploration tasks [40]. Second,
local approximations fail to leverage global spatiotemporal correlations
across length and time scales, which remains a critical challenge
for dynamic systems. [41] proposed a multi-output surrogate model
relying on the eigendecomposition of the covariance matrix to handle
spatiotemporal data. However, this approach becomes computationally
infeasible for problems with a large number of observations, rendering it
unsuitable for our case.

Reduced-order models (ROMs) are a widely used approach for handling
spatiotemporal data by projecting the full-order system onto a reduced
space. This enables the reconstruction of high-dimensional solutions
through linear combinations of basis functions. The relationship between
projection coefficients and input parameters is then approximated,
allowing the prediction of unobserved flows for new parameters via
interpolation or regression. ROMs can be categorized as intrusive
or non-intrusive. Intrusive ROMs rely on access to the underlying
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PDEs to enforce physical constraints and preserve dynamic structures
[42]. Examples include projection-based reduction [43, 44], empirical
interpolation [45], and subspace prediction [46]. However, they require
intrusive modifications to the simulator code and significant expertise,
making them impractical when governing equations are unavailable or
inaccessible. Non-intrusive ROMs, driven by data availability and the
frequent absence of known governing equations, construct reduced bases
directly from simulation data. Representative techniques include the
eigensystem realization algorithm [47], dynamic mode decomposition
[48], and Koopman operator methods [49], though these are often
limited to linear systems. In addition, some studies have attempted to
establish an optimal subspace by the tensor compression, as described
in [50]. However, such an approximation does not always exist [51], and
determining the rank is also a significant challenge [52].

Proper Orthogonal Decomposition (POD) is one of the most commonly
used methods for extracting basis functions and building surrogate
models [53]. For instance, [32, 54] proposed the common POD (CPOD)
for the LES of the injector. They extracted spatial information using
POD modes and modelled the corresponding parameter-dependent
time-varying coefficients with GPs. [55] and [56] enhanced CPOD
using kriging-based weight functions and the Hadamard product. These
methods rely on the assumption of independence between time steps,
leading to plenty of GP models to fit and encountering challenges in
predicting flows accurately. Other POD variants [57-62] often analyze
flows for different simulator inputs separately, hindering the identification
of a unified low-rank subspace and robust quantification of projection
errors.

Machine learning methods, such as self-attention mechanisms with au-
toencoders [63] and recurrent neural networks with stochastic processes
[64], show promise for spatiotemporal forecasting. Nevertheless, they
face persistent training challenges like vanishing gradients and conver-
gence degradation [65], limiting their efficiency for tasks requiring rapid
predictions or uncertainty quantification. Additionally, Physics-Informed
Neural Networks (PINNs) [66] have also been proposed to solve the PDEs,
which incorporate physical principles into surrogate models. But such
methods remain computationally inefficient for applications requiring
repeated training (e.g., optimal control, inverse problems, uncertainty
quantification, and design optimization).

Despite these advances, there remains a critical need for compu-
tationally efficient statistical emulators that accurately approximate
spatiotemporal flows in the absence of expert knowledge about
underlying PDEs. To address this gap, we propose a multi-output
surrogate model desighed for rapid and reliable prediction. Our key
contributions are: (1) We propose a tailored multi-output Gaussian
process (MOGP) for expensive spatiotemporal simulators, reformulated
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via a non-intrusive ROM approach using Nested Decomposition (ND). This
leverages two-stage Singular Value Decomposition (SVD) to project data
into a low-dimensional latent space. (2) The proposed model operates
without knowledge of governing PDEs, making it suitable for diverse
dynamics. (3) Unlike existing methods, the new method simultaneously
captures correlations among spatial coordinates, temporal steps, and
simulator parameters, improving prediction reliability. (4) Our method
avoids fitting numerous GPs, significantly reducing model training time
and making it ideal for design exploration (e.g., sequential design). (5)
We establish bounds for ND errors and provide comprehensive uncertainty
quantification for flow predictions.

The rest of this chapter is organized as follows. In Section 3.2,
we propose a tailored surrogate model, defined as the MOGP via the
ROM based on ND (NDROM), for expensive spatiotemporal simulators.
We also discuss the compression error of NDROM and the uncertainty
quantification of the predicted flow. In Section 3.3, we conduct several
numerical experiments to evaluate the performance of the proposed
model. Section 3.4 further presents the applicability of our model
using two real examples. Finally, Section 3.5 concludes this study with
a summary and directions for future work. All technical details and
additional simulation results are provided in the supplementary material.

3.2. ANDROM-BASED SURROGATE MODEL

In this section, we introduce a new multi-output surrogate model based
on nested SVD. Let w(:) represent the complex and expensive PDE-based
simulator, whose input is a p-dimensional vector u € Q and output is a
spatiotemporal flow. Let Sy = {u31, -+, un} represent the set of design
points at which high-fidelity solutions will be obtained using finite element
methods. Additionally, let {xi}?;‘l C X represent ny spatial coordinates,
and {t“j}J'.Z1 C T represent n; time points. The response of the expensive
simulator at ux is Yi = [w(x tj;"k)]lS[SnXI 1<j<n k=1,---,n. By
combining the outputs from all design points over parameter space, we
can obtain a tensor dataset denoted as Y € R™ /x>t

As mentioned before, such high-fidelity solutions require plenty of time
and computational resources. GPs serve as surrogate models, providing
the best linear unbiased estimators (BLUE) and enabling uncertainty
quantification through appropriate posterior distributions. While applying
independent GPs per spatial-temporal point (x,t) with input u is
natural [67, 68], it becomes computationally prohibitive for large ny
and n;. Alternatively, the MOGP leverages inherent spatiotemporal
correlations [69]. It applies multivariate normal distributions to account
for the correlations among vector-valued outputs of Gaussian processes.
However, under this framework, spatiotemporal data across all locations
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and time points are treated as vector-valued outputs, leading to an
extremely large correlation matrix, which is computationally infeasible for
our study.

In this work, we model the spatiotemporal flows as

Gi1(x1,t1,u)  ---  Gin(x1,tn, u)
Gny,1(Xny, t1, U) -+ Gny,n(Xny, th,, U) Ny X Ne

where G;; are GPs, i=1,---,nx, j=1,---,n¢. Then, inspired by
the work of [70] and [71], we aim to reformulate model (3.1) using
fewer independent GPs, i.e., Y(u) = AN(u), where A is a low-rank
transformation matrix, and N(u) is a GP matrix that incorporates a
reduced set of independent GPs to maintain computational feasibility.

3.2.1. A NDROM-BASED MOGP

To find A and the corresponding GP matrix N(u), we begin by translating
the tensor Y into a matrix using a tensor unfolding tool. A general
definition of unfolding can be found in [72]. More specifically, the
tensor is transformed by concatenating all Y; column-wise into a unified
matrix, which is denoted as Y = [Y1|---|Yn]nxxmn. The unfolding strategy
depends on the relative sizes of nyx, nt, and n. If max{ny, n} < ng,
row-wise concatenation improves efficiency. This study assumes
max{ng N} < ny.

We perform singular value decomposition (SVD) on Y for reformulating
model (3.1),

Y=U [ ER1xR1 ORy x (nen—R1) ] T
A O—R1)xR1 O(ne=R1)x(nen—R1) I xpen  MEMXNEN°

where U and V are orthogonal matrices, and & = diag(A1,...,ARr;)
contains singular values A1 > --- = Agr, > 0. For dimensionality
reduction, we retain only r; < R1 singular values, approximating Y as
Y=Upxr,&rxn V| By the Schmidt-Eckart-Young theorem [73], this

CoL rixnen’
minimizes the projection error

R1
1Y = V12 = min IV = WWTYIZ= > A7, (3.2)

i=r1+1
with W= {W e R"™x*"1 : WWT =1}. The rank r1 is selected via a threshold
€1 on the retained energy ratio Zﬁl)\i/zgl)\[. Let ¢; = U; be the
basis vectors, then each column Y’i of Y; can be approximated as a
linear combination. Specifically, le. ~ Z,Cl:l a(tj, udPy, i=1,...,n,j=
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1,...,nt, where ar(t;, uj) = [ax(t1, u1), ---, ak(tn,, u,)]" is the ith column
of zfl”lvrTlxntn' Note that Z indicates the inherent structure of the data
via singular values, not depending on locations and time points. The

MOGP model can then be reformulated as

g911(t1,u) --- gin(tn, u)

Y=A ’ A=Unxxrlzr1xr1, (3.3)

grlll(tlr u) e grl,nf(tnt, u)

where g;; are GPs. However, n may still remain very large in practical
applications; for example, ng = 6500 in the simulation of flow past an
infinite rectangular prism [74]. While Model (3.3) provides a reduced
representation, it still requires an excessive number of GPs. Following
the same approach used to determine A, we reorganize each column
of V into matrix-valued outputs and apply SVD again to achieve further
simplification of the GP matrix.

Thus, the ith column of Vp,nxr, is rearranged into the matrix by aligning
elements according to subscripts, i.e.,

Vi(t1, u1) Vi(t, uz) -+ Vi(t1, up)
B = : : . :
Vi(tnt, u) Vi(tnt, uz) --- Vi(tnt' un) nexn

fori=1,---,r1. SVD is then applied for each [Bﬁnxn as

B ~P D Q" ,i=1,--,nm.

nexn nexry rhxrh Trhxn’

Each number of modes during the second step, ré, is selected similarly
to r; with a given siz. As mentioned before, the Schmidt-Eckart-Young
theorem ensures that the columns of P! ; can define a subspace that

Nxxry

achieves the minimal approximation error for [qutxn. The columns of

Q;xri represent the projection coefficients that depend on u.
2
Leveraging tensor unfolding and nested decomposition with the SVD

tool, we extract the U and P!, obtaining parameter-dependent projection
coefficients Q! as well. Finally, we establish an upper bound for the
proposed ND-based ROM with the following proposition.

Proposition 1. According to (3.2), the decomposition error of the nested
SVD framework is not greater than

R1 rn Rz

}:A§+Z]§:Aﬁyﬁug

i=r1+1 i:1j=r§+1
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where Uf’”;. is the maximal value of ith column of U, and )\; is the singular

values generated during the decomposition of B.. Therefore, the accuracy
of the proposed ND-based ROM framework can be controlled.

Finally, the surrogate model for the spatiotemporal simulator can be
formulated as

Y(u)nxxnt =Up,xrnZrixn N(u),
1 1 A 1T 9T
[P lDr%xr%Q(u)r%xl]

ntxrz (3 4)
N(u) = : , '
T
r ~ r T
[P ! r lel r Q(u) }1 ]
ngxr, ryxry ry x1 r1xne

where Qs are assumed as independent GPs. Note that training
independent GPs in this study, instead of the MOGP, reduces computation
time with minimal accuracy loss, as widely adopted [32, 55, 62, 75].

3.2.2. PREDICT THE PROJECTION PARAMETERS BASED ON GP
The relationships between the projection coefficients and simulator
parameters need to be fitted. Let g/ be the jth column of Q;xri, assume

2

that N N - .

Q) = + Z¥),i=1,---,r,j=1,---, rt2,
where ub/ is the unknown mean parameter, Z%(u) ~ GP(O, cl.zjK"'/'(-, )
is a zero-mean Gaussian process with process variance ol.zj and the
correlation function K%(.,.). Specifically, K(u;, u;) = C(H;;) with some
unknown parameters, where H;; = ||u;— u;|[> with the Euclidean norm
|+ ]l2. There are several families of commonly used correlation functions,
such as the Radial Basis Function (RBF) family and Matérn family.

According to [3], under a Gaussian prior, the posterior distri-
bution of g“(u) at an unobserved input u can be derived as

[qY(w)Dp] ~ N(g¥(w), s2(w)), where Dy = {(u,q)}0_), g¥(u) =
uld + Ki'j(u)TRU_l(qir{_—u"'fl), qi = [qil’j-o- ,q¥17 is the vector of re-
sponses, K“(u) = (K"(u, ux));_, is the correlation vector between the
prediction and g%/, RY = (K“(ug, ul))gj=1 is the correlation matrix of the
observed points, 1 is the n-dimensional column vector of ones and sfj(u)
is corresponding posterior variance,

(1—1TRVKbi(u))?

1TRV'1 (3:5)

sy =07, | 1— KU TR KU (u) +
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For GP models, there are some unknown parameters to estimate,
including u%, ol.zj, and the hyperparameters associated with the

correlation function K“(:,:). Such parameters can be estimated by
likelihood-based or Bayesian approaches (see [3] and [36] for more
details). One can then plug in these estimates to obtain the posterior
mean §“/(u) as the prediction ¢“/(u), along with the prediction variance
§§j(u).

For every i=1,---,r1, the parameter-dependent coefficients can

be predicted as 6‘1 i = [63(u), -+, 4"2(u)], and then we have
xr

—~ ; ; —iT . :
B =P D! ,Q' ..Consequently, the discrete solution at a new
ngx1 nexry o ryxry T ryx1
. . ~7 _ AT
point u can be approximated as Y, xn.(U) = Un,xrBrixn Vi . where

Vixr, = [BY]---|B1]. The corresponding 95% credible interval is derived
in Proposition 2.

Proposition 2. Given a Gaussian prior and estimated parameters, the
prediction at the kth location and the [th snapshot yx; at a new input u

follows a Gaussian distribution. Specifically, [yi,i1Pn] ~ N (yx,i(u), 32 (u)),
where Vi (u) =Uyx, x Ex (V)T and

rn "é
& (u) = ZZ§§j(u)(uk,l-zi,iP;,jD,‘-,,-)Z,

i=1j=1

with $;;(u), the estimated posterior standard variance based on (3.5).
Accordingly, the 95% confidence interval is [y (u)—1.965k ((u), Yk, ((u) +
1.965k (u)].

Remark 1. v captures parameter-dependent dynamics. Combined with
U and P!, the MOGP (3.4) reconstructs solutions at new points via basis
functions, quantifying u’s effects on spatial and temporal flow patterns.
During SVD, U, P!, and Q' are orthogonal, ensuring small r1 and r;
for simplicity, efficiency, and intuitiveness. However, GP predictions as
expansion coefficients need not be orthogonal.

The whole framework based on the proposed MOGP, denoted as
D-SVD, is presented in Algorithm 2, which includes tensor unfolding,
ND-based decomposition, and multi-output surrogate modelling. A total
of Zf;l r‘2 independent GP models are trained using parameter-dependent
expansion coefficients as responses. For new simulator parameters,
high-fidelity solutions are recovered by multiplying basis functions with
predicted projection coefficients.
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Algorithm 2: Proposed framework for spatiotemporal predictions
(D-SVD).
Input: w(-): p-dimensional spatiotemporal computer model; QP: design
space; u: a new design point.
Output: Predicted flows Y at u.
1 n<10p;
2 Generate n space-filling design points over QP as initial inputs
Sp={u1,---,un};
Run w(-) at these inputs, collecting spatiotemporal matrices as Y1,-:-, Yn;
nt < the number of snapshots when outputs are simulated;
nx <« the number of locations where outputs are simulated;
Y < [Y1|---[¥n];
r1 < minimal number of modes with given threshold €1;
Y~ Up xrBrxr V] via SVD;

rixnng
fori—1tor; do

1 | V| ., < theith column of Van.xry;

11 [B;hxn «— matrix via transformation of such vector with the alignment
criteria;

12 rg «— minimal number of modes with given &3;

13 Biwtxn ~ Pﬁrtxré Dlrgxré lrzxn by SVD;
14 forj— 1 to ré do '
15 q"/ — the jth column of Q|

© O N O U MW

xri;
2
16 g% (-) < a Gaussian process model created with S, and q/;
17 gt = §ti(u);
18 end
Ai ~il adriq.
19 1xr£¢—[q‘ s, gl

20 i ~ P! D! Q[T

(D Qi
nex1 nexry, = rixry r2x1

21 end
22 Vp,xr, < [BY]---|B"];
Y=Unxxrlzr1xrlvT

23 rixneg’
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3.3. NUMERICAL EXPERIMENTS

In this section, several numerical experiments are conducted to evaluate
the performance of the proposed model. To evaluate our model’s accuracy
and efficiency, we compare it with existing order-reduced methods: IGP,
LaGP [38], CPOD [32], KPOD [55], and TPOD [76]. Thresholds are set as
follows: for DSVD, €1 = 0.99 and 6‘2 =€> =0.999; for CPOD and KPOD,
the threshold is 0.99; and for TPOD, thresholds are 0.99, 0.999, and
0.9999.

Remark 2. Given that the prior knowledge of the underlying PDEs is
unknown, intrusive methods are excluded. As noted in Section 3.1,
machine learning methods are omitted due to inefficiency. Additionally,
the approach in [41] fails for extremely high-dimensional outputs
(e.g., 80,000 for the Burgers equation), while [39] addresses time
series responses rather than spatiotemporal flows, rendering SVD
implementation infeasible. Thus, both methods are excluded.

IGP builds independent GPs per location-time combination instead of
MOGP, following [67]. LaGP fits local GPs for spatiotemporal prediction,
training on subsets of (u,x,t) data. Among POD-based ROMs, we
compare with TPOD, which applies POD to each Y;, decomposes bases
twice for subspace identification, and models coefficients via a third POD.
The method in [56] needs extra modes due to non-orthogonal bases, so
only CPOD and KPOD are retained. CPOD derives common bases and
models coefficients with GPs, while KPOD performs POD on each Y; and
predicts basis functions and coefficients via GPs together. Both CPOD
and KPOD assume temporal independence; see [32] and [55] for more
details.

The performance of various methods is evaluated using two metrics:
prediction accuracy and computational cost. Prediction accuracy is
assessed via the average mean relative error (AMRE) and proper scoring
rule (PSR) S(u) [39]. Specifically,

ii lw(x;, tj; u) — W(x;, tj; u)|

AMRE(t) = x 100%
NeNx (3312 lw(x;, tj; u)|
and
x, 3t (w(x;, tj;u)—W(xi, tj;u))z Nx Dt
S(u) = ~ Iogs (u),
nxn rlzlzjzlz 87w " nen tlzlzjzl:

where lower values indicate superior performance. Note that PSR
assumes normally distributed predictions and is thus unsuitable for KPOD.

For the computational cost, the total time for the entire procedure,
including decomposition and GP model training, is recorded, and the
number of GPs trained is also tracked. Two types of PDEs are considered
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in the numerical experiments: the Burgers equation and the nonlinear
Schrodinger equation. Additional benchmarking PDEs and simulation
results are presented in Chapter 7.2. All implementations and analyses
are conducted in the R environment [77].

3.3.1. THE BURGERS EQUATION
Firstly, we consider the Burgers equation

ow ow
—+w— =0,
ot X

w(t=0,x)=Asin(nx), w(t,x=0)=w(t,x=2),

where te€[0,2],x€[0,2] and A€[0,1]. By combining nonlinear wave
motion with linear diffusion, the model analyzes the combined effect of
nonlinear advection and diffusion. Parameter A controls the amplitude
at the initial time. There is only one input in this benchmark problem,
which simplifies the predictions. We choose 10 space-filling design points,
(0.1,---, 1), for training with ny = 200 and nyx = 400. Flows with another
100 inputs are used for testing.

Taking the spatial extraction as an illustration, the approximation
results of the ten training data sets and the spatial modes based on SVD
are shown in Figure 3.1. This indicates that, with only four modes, SVD
provides reliable approximation surfaces for the training data, resulting in
relatively small AMREs. As seen, columns of U share variation patterns
concerning x with flows presented in Figure 3.1. They are all smooth
but have a jump at x = 1. Therefore, it is reasonable to assume that U
consists of basis functions of x.

AMRE(%)

o iETy

Figure 3.1: The visualization examples of SVD. Left: the AMREs of
low-rank approximations for 10 data sets; middle: the density
map of the solution at A =0.5; right: columns of U varying
with x.

Furthermore, Figure 3.2 presents prediction performances with various
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K(-,-), including RBF, exponential, Matérn (5/2) and Matérn (3/2), taking
€1 =0.99 and €; = 0.999 as an example, and different thresholds given
Matérn (5/2) correlation function. It suggests that for the Burgers
equation, such four correlation functions yield comparable predictions
while GP based on Matérn (5/2) is relatively better. For the threshold, all
AMRE values are acceptable. As such two thresholds increase, the AMRE
tends to be smaller.

AMRE ! -

2 32 4 4

AMRE

1

m Bk

0 0.80
Matérn (5i2)  Matérn (3/2) RBF Exponential 0.80 085 0.90 095 1.00
Correlation Function X

Figure 3.2: AMRE values of D-SVD based on 100 testing data with
different correlation functions (left) and thresholds (right) for
the Burgers equation, respectively. Red rhombus denotes the
average AMRE.

Table 3.1 compares methods across 100 test datasets. IGP and
LaGP incur high computational costs despite competitive AMRE values,
requiring 80,000 independent GP models. This burden escalates with
spatiotemporal resolution, making them impractical for high-fidelity
analysis. In contrast, CPOD, KPOD, and TPOD achieve AMRE values
of 1.77%, 4.79%, and 1.03% in 3.36 seconds, 3.27 seconds, and 1.04
seconds, respectively, while significantly reducing GP model counts.
D-SVD delivers superior accuracy (0.36% AMRE) in about 1 second
due to its multi-output GP formulation. For PSR, D-SVD outperforms
TPOD, while LaGP yields the lowest score (15.61). IGP and CPOD fail to
provide meaningful PSR in 98/100 and 3/100 cases, respectively, due to
zero-variance predictions at certain coordinates, reflecting oversimplified
modelling of x-t correlations. Notably, solving the Burgers equation
requires 2.43 seconds versus D-SVD’s prediction time of 0.02 seconds.
D-SVD demonstrates overall superiority in accuracy, efficiency, and
uncertainty quantification.
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Table 3.1: Computation time (in seconds), number of GPs, aver-
age AMRE with standard deviation in parentheses,
and average PSR over 100 test data sets with six
methods for the Burgers equation.

Time Number Average AMRE Average PSR
D-SVD 1.11 37 0.36% (0.32%) 592.03
CPOD 3.36 600 1.77% (0.14%) NA
KPOD 3.27 420 4.79% (4.19%) —
IGP 475.42 80000 0.14% (0.30%) NA
LaGP 1040.12 80000 5.87% (5.68%) 15.61
TPOD 1.04 18 1.03% (0.69%) 3628.71

NA: the result is not available; —: the result is not suitable.

3.3.2. THE NONLINEAR SCHRODINGER EQUATION

Next, the Schrédinger equation is used to evaluate how various methods
handle the nonlinear case. Such equations with default zero-gradient
boundary conditions [78] are

ow  *w
— =i— + {w|°w,
at  ax?

w(t=0,x)=f(x,a)+ f(x—25,b),

where t € [0,40], xe[—20,80],a,be[0,1], i= +—1, wis complex and

gx) = f(x,0) =exp(0.560 x i x x) x g(v0.5x).

exp(x) + exp(—x)’
Here we focus on the absolute value. This equation is one of the
fundamental equations of quantum mechanics, modelling solitons in
optical fiber pulse propagation. As an initial condition, a and b are used
to estimate the profile for one soliton.

We set up two scenarios to assess the performance of these methods
with different nx and n:. The first scenario (N1) involves 400 snapshots
and 200 locations, while the second scenario (N2) has 400 snapshots
and 400 locations. A space-filling design involving 20 points is used for
training, and 1000 data sets are used for testing. Obtaining a solution
required approximately 0.97 seconds for N1 and 1.18 seconds for N2,
exceeding the D-SVD prediction time (0.02 seconds). Performance
metrics for D-SVD under varying correlation functions and thresholds
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are detailed in the supplementary material. Despite achieving high
prediction accuracy, IGP and LaGP were excluded from further analysis
due to prohibitive computational costs.

Results are summarized in Table 3.2. The increased complexity of this
dynamic system substantially elevated computational demands and the
number of required GP models. Specifically, CPOD and KPOD incurred
significant computational burdens due to their time-independence
assumptions, necessitating large numbers of GP models. In contrast, our
framework effectively reduced computational costs while maintaining
accurate and reliable predictions. This advantage became more
pronounced with increasing ns: at ny = ny = 400, CPOD and KPOD
required 38 and 78 seconds, respectively, whereas D-SVD required only
17 seconds. Furthermore, D-SVD achieved the lowest average AMRE and
PSR under both scenarios. Although TPOD was faster than D-SVD, its
inferior prediction accuracy and inadequate uncertainty quantification
result in higher PSR values. Consequently, for complex non-smooth
flows, our model delivers substantial computational savings with effective
uncertainty quantification while ensuring reliable predictions.

Table 3.2: Computation time (in seconds), number of GPs, average AMRE
with standard deviation in parentheses, and average PSR
over 1000 test data sets with four methods for the nonlinear
Schrodinger equation.

Scenario Time Number Average AMRE Average PSR

D-SVD 16.43 1123 56.60% (15.31%) 3.98

N1 CPOD 24.31 1600 125.35% (9.79%) 6.93x 10’
KPOD 44.57 3080 93.52% (160.64%) —
TPOD 12.54 825 59.98% (15.26%) 10.48
D-SVD 17.25 1134 54.90% (15.72%) 0.74

N2 CPOD 38.13 3200 124.83% (9.36%) 1.11x108
KPOD 78.55 6300 81.51% (32.31%) —
TPOD 13.49 826 58.53% (15.59%) 9.52

—: the result is not suitable.

3.4. REAL DATA ANALYSIS

In this section, we extend our analysis by comparing existing methods
with our proposed approach using two different types of real data sets.
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3.4.1. DAM DATA

A dam is a structure constructed across a river to obstruct, redirect,
or slow down its movement. To analyse the water flow over a dam,
[79] modelled it as the flow of water over a vertical obstacle using
the Navier-Stokes equations. At low Reynolds numbers, the fluid’s
motion is primarily influenced by viscous forces, causing it to flow
vertically down the dam. As the flow speed increases, inertial forces
become more significant, leading to the formation of a jet. Gravity
then causes the fluid to fall towards the boundary, where collisions
create a reverse flow that impacts the dam with a velocity greater
than that of the incoming flow. Consequently, the dam flow data set
is valuable for studying how well models can learn to handle flows
with varying viscous and inertial forces. For additional details about
the data, please refer to [79]. In such a data set, there are 50
flows with different parameters h € {0.11,0.12,0.13,0.14,0.15} and
we {0.01,0.02,---,0.1}, involving 100 snapshots (t € [0, 10]) and 4096
2-dimensional locations (x € [0, 1.5], y €[0, 0.4]). We select 30 flows as
training data and the rest 20 for testing.

Outputs with h =0.13 and w = 0.04 at four snapshots are presented in
Figure 3.3, showing how flood varies with time. Table 3.3 demonstrates
the superior performance of our model. Specifically, KPOD incurs high
computational costs (40 minutes) due to per-dataset ROM construction.
CPOD improves speed but sacrifices accuracy. Our NDROM-based MOGP
achieves both the smallest AMRE values (5.86%) and PSR scores (1.26)
in relatively small costs. It suggests that our model can handle the
spatiotemporal structure well for dam data based on the Navier-Stokes
equations, yielding rapid and reliable predictions.

var I i
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Figure 3.3: Time evolution of the dam flow with t = 0.1 (top-left), t =1
(top-right), t =5 (bottom-left) and t = 10 (bottom-right).
h=0.13, w=0.04.
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Table 3.3: Computation time (in seconds), number of GPs,
average AMRE, and PSR with four methods for the
dam data.

Time Number Average AMRE Average PSR

D-SVD 47.88 3787 5.86% 1.26
CPOD 139.83 700 10.70% 25.87
KPOD 2667.39 1300 12.59% -

TPOD 47.80 3341 9.93% 7.46

—: the result is not suitable.

3.4.2. PETROLEUM INDUSTRY DATA

The second case is about the petroleum industry, which has a
fundamental research area called reservoir simulation. Generally, a
reservoir model with higher resolution is considered more realistic,
especially when it is built upon a solid foundation of geological knowledge.
This level of detail allows for more credible and accurate calculation
results. Nevertheless, computer models based on reservoir geology can
be computationally intensive, involving millions of blocks and taking
hours, or even days, to complete simulations. The Delft Advanced
Research Terra Simulator (DARTS) in [80] is employed as a simulator. Our
investigation centres on two pivotal parameters: permeability, spanning
a range from 200 to 800, and porosity, characterized by a range within
[0,0.5]. A total of 21 experiments are collected, each taking about 20
seconds to run. Outputs encompass 60 snapshots across varying time
intervals (t = (30,60, ---,1800)), and span 1800 2-dimensional locations
(x €[0,60], y€[0,30]). We combine these spatial locations into a
unified index and use the leave-one-out cross-validation for the case
study.

Take the case where permeability is 500 and porosity is 0.3 as
an example, Figure 3.4 illustrates the surface at four distinct time
points. As time goes on, there is a larger and larger flow. Via the
leave-one-out cross-validation, computation time, average number of
GPs, average AMRE, and PSR based on 21 validations are shown in
Table 3.4. D-SVD achieves the most accurate predictions with an average
AMRE of approximately 9% while maintaining computational efficiency
(7.8 seconds). It significantly outperforms other methods with the
lowest AMRE and PSR values and enables rapid predictions in 0.02
seconds, orders of magnitude faster than DARTs. This demonstrates our
framework’s capability to efficiently capture spatiotemporal structures.
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Figure 3.4: Time evolution of the reservoir simulation with t = 30
(top-left), t = 600 (top-right), t = 1180 (bottom-left) and

t =1740 (bottom-right). Permeability is 500, and porosity is
0.3.

Table 3.4: Computation time (in seconds), average number of GPs,

average AMRE, and PSR with four methods for the petroleum
industry data.

Time  Average number Average AMRE Average PSR

D-SVD  7.80 35.10 9.05% 1.03
CPOD 10.12 120 10.11% 3.23
KPOD 140.60 160 10.57% -

TPOD 6.78 35.09 10.18% 2.08

—: the result is not suitable.
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3.5. CONCLUSION

In this work, we presented a new multi-output surrogate modelling frame-
work for expensive spatiotemporal simulators to emulate spatiotemporal
flows. An innovative non-intrusive NDROM approach via two-stage SVD
was employed to reformulate such a model with a series of independent
GPs. This approach achieves accurate predictions of unobserved flows
while maintaining computational efficiency. Furthermore, we developed
a theoretical error analysis for the NDROM and provided uncertainty
quantification results in the prediction of our model. Six benchmark
PDEs across diverse scenarios demonstrate the superior performance of
our method compared to existing methods. Two practical applications
further illustrate the model’s capability to deliver accurate spatiotemporal
predictions while simultaneously reducing both the number of required
surrogate models and computational time.

Future research directions present several promising opportunities,
including the integration of boundary and initial conditions, along with
the incorporation of alternative surrogate models beyond GPs, which will
require the development of advanced surrogate techniques specifically
designed for physical dynamic flows. These advancements will further
enhance our framework and contribute to the field's progression.
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4]1. INTRODUCTION
4.1.1. BACKGROUND

The advent of innovative technologies has consistently driven the
expansion of the industrial sector, fostering a highly competitive
landscape that underscores the imperative of delivering superior-quality
products and services. For organisations striving to enhance their
manufacturing efficiency and mitigate potential operational risks, the
accurate assessment of process capability indices has become a
crucial prerequisite for maintaining competitive advantage and ensuring
sustainable production performance. Process capability refers to the
capability of an in-control production process in manufacturing conforming
products. For a given product, there are usually various requirements
on its quality determined by customers’ needs and/or engineering
tolerances, and they are called specification limits. A capable production
process should have the distribution of its quality characteristic lie almost
completely within the specification limits. The process capability analysis
has been performed by most manufacturing companies worldwide, and
its importance is significantly increasing due to the role of product quality
in the modern competitive market. For example, consider a furniture
manufacturer that produces tables. To ensure a consistent level of
comfort and customer satisfaction, the company sets a specification
limit for the height of its tables between 100 and 105 centimetres.
This range is determined based on ergonomic studies and customer
feedback. To select a production process that can consistently meet
these requirements, the company conducts a process capability analysis.
This analysis helps them determine whether the variation in table heights
falls within the acceptable range and whether the process is capable of
producing tables that meet the desired specifications.

In practice, process capability is often quantified by using process
capability indices (PCIs). Customers rely on them to make informed
decisions about accepting or rejecting supplier products, while engineers
use them to continuously improve production processes to meet
consumer expectations. They have been widely applied in a variety of
industries to evaluate the machining process quantitatively [81-84]. One
of the key advantages of the PCI lies in its simplicity, both in terms of
computation and interpretation. It is important to emphasise that a low
PCI value indicates that the process fails to meet customer requirements,
reflecting inadequate capability, and a high PCI value signifies superior
process quality. For a univariate quality characteristic, such as the height
of the tables in the previous example, it is often assumed to follow a
normal distribution N(u, 02). Based on customer requirements, such as
the height needing to fall within the range [100, 105], we define the
lower and upper specification limits as LSL and USL, respectively. The
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earliest PCls are Cp and Cpk, which are defined as

USL—LSL
= 60
. (USL—p p—LSL
Cpk=m|n{ , }
30 30

Generally speaking, Cp measures the manufacturing tolerance relative
to the spread of the distribution as a measure of process precision.
Assuming that the mean of X is centred at (LSL + USL)/2, a larger PCI
indicates reduced variability and, consequently, an improved production
process. However, such an assumption is not common in practice. Cpx
is then defined to take both the centre and spread of the distribution
into account. On the other hand, customers may have an expectation of
the quality characteristics of the products. The manufacturing process
must attempt to obtain the required mean as well as maintain reduced
variability to be within the tolerances. Following the previous example,
one may prefer the height of the table to be 102.5 centimetres. Thus,
with the same variability, the process whose products’ heights are closer
to 102.5 is better. To take the target value T into account, Cpm and Cpmk
were further developed and they are given by

c Cp USL—LSL
pm = = ,
‘/1_'_(/%7-)2 64/ 02+ (U—T)?
Cpk _ USL — yu—LSL
Comic = =ml 2 2’ 2 2 [
1+(M%T)2 3024+ (u—T)2 3y/o2+u—T)

It is clear that these two PCls are adapted from Cp and Cpk, but they
further reflect the extent to which the process mean differs from the
target value.

It is important to note that the above-mentioned classical PCIs rely on
two assumptions. Firstly, the quality characteristic X is assumed to be
normal. Although this assumption is widely adopted in the PCI literature,
it may not be appropriate for a variety of quality characteristics [85, 86].
Some examples include the measurements of metallic impurities in silicon
wafers [87], the weights of rubber edges [88], and the capacitances of
non-polarised capacitors [89]. When the normality assumption is violated,
the classical PCls cannot reflect the process capability. This is because
these indices are based on the idea that the range [u— 30, u+ 30]
covers approximately 99.73% of the data, resulting in a long-term defect
rate of fewer than 3.4 defects per million opportunities. However, if
the underlying distribution deviates from normality—for example, if it is
heavy-tailed or skewed—the 60 range may no longer correspond to the
expected defect rate. In such cases, directly applying the 60 rule can be
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misleading, as the actual proportion of defects may significantly differ
from the theoretical value derived under the normality assumption.

Secondly, the target value T is implicitly assumed to be in the
middle point of the specification limits, i.e., T = (USL + LSL)/2. In the
presence of asymmetric tolerances about the target value, Cpm and
Cpmk Will produce unsatisfactory results as they cannot reflect process
performance relative to the process characteristic staying within the
tolerances. The asymmetric tolerance is, however, not uncommon in
real applications when customers have different preferences in the two
directions from the target value [90]. Using the table production example
again, even though the height of the tables should fall within the range
[100, 105] centimetres, the company prefers the height to be closer to
the upper limit (e.g., 104 centimetres) for easier maintenance. In such
cases, it is unfair to assign equal costs to deviations from the target
value solely based on their magnitude, as the direction of the deviation
(whether above or below the target) may have different implications.
For instance, a height below the target might lead to usability issues,
while a height above the target might only slightly affect maintenance
efforts. Moreover, asymmetric tolerance naturally arises when data
transformation is performed to achieve approximate normality.

There have been a variety of PCls proposed in the literature to deal
with non-normal data and asymmetric tolerances, but few studies have
considered these two important issues simultaneously. In the next
subsection, we give a literature review of the existing PCls.

41.2. LITERATURE REVIEW

For concise presentation, we first introduce the following superstructure
proposed by [91], which unifies the four classical PCls

d—ulu—M|

, (4.1)
302+ v(u—T)2

Cp(u,v)=

where u, v>0,d = (USL—LSL)/2,and M = (USL+LSL)/2. Itis easy to see
the following two subsections, we review the existing PCls for asymmetric
tolerances and non-normal process data, respectively.

PCIS FOR ASYMMETRIC TOLERANCES

The determination of target values is typically established at the
midpoint value within the specification limits. This conventional
approach is predominantly adopted to optimise manufacturing efficiency
by minimising the probability of non-conforming product generation
beyond the prescribed tolerance boundaries. Nevertheless, in specific
engineering applications, non-central target values are deliberately
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implemented to enhance assembly compatibility or mitigate potential
challenges in subsequent manufacturing operations. Consequently, this
practice leads to asymmetric tolerances. Under the normal distribution,
adjusting asymmetric specification limits and then using classical PCls
on the new specification limits is one of the earliest ways to deal
with asymmetric tolerances. [92] considered shifting one of the two
specification limits and applied (T —d*, T + d*) instead of the true limits

(T—D, T+ Dy), where Dj=T—LSL, D,=USL—T and d* = min{D;, D,}.

The PCls can then be obtained by replacing d by d* in the superstructure
(4.1). By confining the process to a subset of the real specification
range, these indices provide an approximate quantification of the process
capability. For instance, the limits are 100 and 105, and the target
value is 104. One can use [103,105], [100,108] or [101.5,106.5] to
introduce a symmetric case. However, depending on such virtual limits,
those PCls can not evaluate the manufacturing process exactly according
to customers’ needs.

The other category of methods is to propose tailored PCls to address
the asymmetric tolerances [93-98]. For example, [94] considered the
effects of the direction between u and T, and proposed the PCls by
adding the term |u—T| to the numerator of (4.1). The so-obtained
PCls cannot reach the maximum at u =T, which is not practical since
a process that meets the exact target value should be the best. [95]
further proposed another class of PCls as

a* —uF*
3vo2 + vFZ

Cg(u, V)= (4.2)

where

7

Dy D,
d*(u—T) d*(T—pu)
F* = max , .
Du D[
This superstructure obtains its maximum at u =T and is not symmetric

around T, which reflects the customers’ preference towards different
directions from the target value. More recently, [98] noted that C;(u, V)
is zero at both specification limits, which may not be reasonable as PCls
at the closer limit to T should have a higher value. Toward this end, the
authors proposed Cg, replacing F* by

{d(u—T) d(T—u)}
F=max ,

, W=T) (T —u)?
and F by
A d(u—T) d(T —u)

I{u>T}y+ —I{u<T}.
D,



56 4. PCls for Asymmetric Tolerances and Non-normal Data

To the best of our knowledge, these PCls are by far commonly used when
there are different preferences on the direction of the process mean from
the target value. However, as we will demonstrate, there are still some
drawbacks when using them.

PCIS FOR NON-NORMAL DATA

There are broadly two approaches to developing PCIs when the quality
characteristic is not normally distributed. The first approach is the
percentile-based PCls, originally proposed by [99]. The 60 range can
be replaced with distribution percentiles. Specifically, after fitting the
data to an appropriate probability distribution, the discrepancy between
the 0.135% percentile and the 99.865% percentile can be used as an
alternative measure. Subsequent research has expanded this framework
in multiple directions. For instance, [100] enhanced its applicability
by incorporating fuzzy sets to better handle data uncertainty and
imprecision. Additionally, adaptations to specific probability distributions,
such as the Rayleigh [101], gamma [102], logistic-exponential [103],
and inverse Gaussian [104], have further improved its flexibility and
accuracy within defined distribution families. Furthermore, recent
studies have emphasised the construction of confidence limits for
percentile-based PCls, contributing to their robustness and reliability
[105-107]. Despite these advancements, the effectiveness of this
approach remains contingent on the accurate selection and estimation
of an appropriate distribution, which can be challenging in practical
applications.

The second approach is the data-transformation method, which
has gained increasing attention in recent years as an alternative
to the percentile-based approach. Instead of fitting the data to a
specific distribution, this method transforms the original data into a
normally distributed form, allowing existing PCls to be directly applied.
Commonly used transformations include the logarithmic transformation
[108, 109], the Box-Cox transformation [110, 111], and the inverse
normal transformation [112, 113]. However, a key challenge of this
approach is the difficulty in interpreting the results in the original
data scale. To address this issue, [114] proposed a transformation
based on the cumulative distribution function (CDF), and demonstrated
its applicability to any continuous process data while preserving a
quantitative interpretation of process capability.

4.1.3. AIMS AND OUTLINE

Despite extensive research on PCls, a unified and versatile framework
that accommodates both different tolerance structures (symmetric or
asymmetric) and data distributions (normal or non-normal) remains
lacking. In particular, as will be discussed later, existing PCls for
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asymmetric tolerances often lack key desirable properties, while kernel
estimation methods for the inverse transformation in non-normal data
are prone to substantial bias near the boundaries of the data range.
To address these shortcomings, this study proposes new capability
indices together with a novel inverse transformation method based
on constrained B-spline regression. This approach not only resolves
the limitations in handling asymmetric tolerances but also offers a
more robust solution for non-normal data. Importantly, our unified
framework remains applicable even when tolerances are symmetric
and data are normally distributed, ensuring consistent performance
across various settings. Consequently, it simplifies decision-making and
enhances process capability assessment in a wide range of manufacturing
scenarios.

The rest of this chapter is organised as follows. In Section 4.2, we
first give an in-depth discussion on the desirable properties of PCls for
the asymmetric tolerances, based on which two novel superstructures
are proposed. Moreover, their relationships with the process centring
and with the process yield are established. Section 4.3 provides
comparison studies between the proposed PCls and the existing ones
through extensive simulations. Building on the idea of inverse CDF
transforming, the non-normal issue is considered in Section 4.4. We
propose a constrained B-spline regression model to obtain a smooth and
non-decreasing estimator of the CDF and compare it with some existing
methods. A real example is used for illustration in Section 4.5, and
concluding remarks are made in Section 4.6. All technical proofs and
additional simulation results are shown in Section 7.3.

4.2. NEW PCIS FOR ASYMMETRIC TOLERANCES

In this section, we first give a thorough analysis of the existing PCls
for asymmetric tolerances and elucidate the essential properties that
effective PCls should embody. Subsequently, we introduce two new PCls
that encompass all discernible properties identified during our analysis.
Throughout this section, we assume that the quality characteristic X
follows a normal distribution N(u, 02).

4.2.1. EXISTING PCIS FOR ASYMMETRIC TOLERANCES

As reviewed in Section 4.1.2, two useful PCls for asymmetric tolerances
were developed in [95] and [98], and their motivation is based on two
deficiencies of the previous PCls. Firstly, these indices are not maximised
when u =T for a given o, which is undesirable. This is because a process
whose mean (u) aligns with the target value (T)—meaning the products
fully meet customers’ needs—should be considered better than other
processes with the same variability (o). Therefore, the corresponding PCI
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values should be the largest in such cases. Consequently, the application
of conventional PCls may lead to suboptimal process selection decisions,
potentially resulting in significant quality-related losses and compromised
operational efficiency. Secondly, they do not reflect the directions of
U towards T, consequently limiting their applicability in assessing the
process’s ability to precisely satisfy customer-specific requirements and
preferences. For illustration, consider a manufacturing scenario where
LSL =100, USL =105, and T = 103. In this case, two distinct processes
- one with y =102 and another with u =104 - yield identical Cp(u, v)
values. Nevertheless, from a quality control perspective, the process
with u =102 demonstrates superior performance as it generates a
statistically lower expected proportion of non-conforming units compared
to its counterpart.

In contrast, Figure 4.1 shows how these two PCls change with u when
(LSL, T, USL) are setas (8, 9.5,13),0=1and u=v =1. As seen, both
PCls are maximised at u =T and they are not symmetric about T.

LSL T uUsL LSL T uUsSL

0.4-

< o 0.2-
(@)

0.2
0.0-

R~ R A=
Y™ TSR <

0.0 —-0.2-
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u M

(a) Values of Cg for different u. (b) Values of Cg for different u.

Figure 4.1: C;, CI‘D‘ values with 0 =1, T=9.5 and u ranging between the
specification limits (8, 13).

One major problem with CIF), as noted by [98], is that it does not
credibly quantify the shifts from the target value. Take Figure 4.1 as an
example, the PCI at LSL should be larger than the PCI at USL since T is
closer to LSL and the process has the same yield at u=USL and u = LSL.
This deficiency is remedied by Cé, which yields different values at USL
and LSL. However, Cg will be negative for a certain range of u, which
brings difficulty in interpreting the process yield. Moreover, unlike other
PCls, C;‘ does not (4.1) when the process is symmetric, i.e., T =M, which
further restricts its applications in practice.
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Based on the preceding analysis, we systematically summarise the
essential properties of PCls that are particularly relevant for asymmetric
tolerance scenarios. These properties encapsulate the collective
advantages of existing PCls when applied to non-symmetric processes,
as outlined below.

(i) PCls should be maximised at u=T. This reflects the fundamental
principle that a process is at its best when it consistently meets the
desired target, assuming the same level of variability o.

(ii) PCIs should decline more steeply as u shifts from T to the closer
specification limit. This design captures the preference for focusing
more on the direction that is more critical to customer requirements.

(iii) PCls should be smaller on the further specification limit to T than
those on the closer specification limit.

(iv) PCls should be non-negative since negative values lack practical
interpretation.

(v) As a broadening version of the traditional case, PCIs should
degenerate to the classical ones when the tolerance is symmetric.
In other words, PCls can be utilised for both kinds of tolerances.

Table 4.1 summarizes the existing PCls for asymmetric tolerance
and their properties, where S(x,y) = ®~1(®(x)/2 + ®(y)/2) with the
cumulative distribution function of the standard normal distribution .
As seen, none of them satisfy all five properties, which motivates us to
propose new PCls.

4.2.2. PROPOSAL I: Cpn1(U, V)
From Table 4.1, we can see that Cg(u, v) meets all the desired properties

except for the third one. Based on the formula of Cg(u, v) in (4.2), it

is readily seen that F* is equal to d* when u=1 and u=LSL or USL,
making Cg(l, v) = 0 at both specification limits. To make Property (iii)

hold, we add an additional term d* = max{D, D,} to the denominator of
F*, and the corresponding PCls are

Com( ) d* —uFt
1 ulv :—r
- 3V 0%+ vF?
where
{d(u—T) d(T—u)}
F = max , ,
Du D[
2d*(u—T) 2d*(T—u)
F* = max , .
dt + Dy dt + Dy
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Table 4.1: Summary of existing PCls for asymmetric tolerances; x denotes

n violation of a certain property.

PCls Form (i) (ii) (iii) (iv) (v)
. USL—T T—LSL

[92] min{=—, =52} X X x

[93] (st u-Lsty y y y
d=|u=M|=ulu—T|

[94] W e X X N

[95] C; X

[96] | [1—max{gsr 55 x

[97] 1— mOX{d*(IJ_T){}ID*u,d*(T—[J)/Dl} x

A
o8] Co X X
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Because F and F* are always non-negative, Cpn1(u, v) reaches its
maximum when F = F* =0, which corresponds to the case of u=T.
Secondly, by retaining D; and Dy in F*, Property (ii) holds for Cpn1(u, v)
when u, v > 0. Thirdly, F* is equal to d* on the further limit, and it is
less than d* on the closer limit. As a result, Cpn1(u, v) remains 0 on
the further limit and is strictly positive on the closer limit, which makes
Property (iii) hold. Based on the above discussion, Property (iv) also holds
for Cpn1(u, v) when 0 <u<1. Lastly, we have Dj=D,=d* =d* =d
and max{y—M,M—pu} = |u—M| when T =M. Therefore, Cpn1(U, V)
degenerates to the classical superstructure Cp(u, v) in (4.1). In summary,
Cpn1(u, v) meets all the five properties for any u€[0,1], v=>0.

RELATION TO PROCESS CENTRING

Process centring is the ability of processes to congregate around the
target value T, which can be measured as the distance between u and T,

e., |[u—T]. It can reflect the variation from the target value, which is
also a guiding principle in measuring quality improvement. For instance,
a higher PCI value coupled with a greater |u— T| suggests that there may
be more products exceeding the specified limits, or that the PCI might
overestimate the process capability. For the tailored PCls for asymmetric
tolerances, it is important to link them with the process centring. Given
Cpni1(u, v) = ¢, where c is often determined by engineers or customers in
their purchasing contract, it is readily seen that

d* —uFt d* —uFt

c= < .
3vo?+VvF? 3V VF?
When u > T, we have
d* —ugBs-(u—T)
c<
31/_D—U(IJ_T)
and hence
d*
[J—T < é)\]_.

3c/Vg, + UugHp:
Similarly, when u < T, we have
d*
T—u< — =AL
3C‘/_ d++D
Thus, the mean is bounded by
T—A]SUST+Ar

Note that we assume that u # 0 in the derivations, which is also adopted
in [98].
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RELATION TO PROCESS YIELD

Another major role of PCls is to infer the process yield, which is
defined as the percentage of products that pass inspections, i.e., the
probability of the quality characteristic that is within the specification
limits. In practice, the process yield is often quantified by using
the percentage of non-conforming (NC) products, which is given by
NC =P(X < LSL)+ P(X > USL). We aim to build the relation between
Cpn1(u, v) and NC here.

Recall that T—)\'1 <U<T+ ;. If the target is closer to the upper
limit (i.e., T > M), we have more non-conforming products when u>T.
Therefore, given Cpn1(u, v) = ¢, we have

NC < 2P(X > USL)=2[1—P(X < USL)],

o227
oo %2)]

Note that such an upper bound can also be used as a metric of quality

* .
assurance for customers. From (2?) we have c < g—o, and hence o is

bounded by %. As a result, the upper bound of NC is

Ncsz[l—cp(%)}

Similarly, if the target is closer to the lower limit, i.e., T < M, then we
have more non-conforming products when u <T.

[ (LSL—pu
NC < 2P(X < LSL) =2 <1>( )}
B g

[ —LSL
e

o
<2 1_¢(M)],
L d*

4.2.3. PROPOSAL II: Cpn2(U, V)

Our second proposal of the PCls for asymmetric tolerances is based on
the classical superstructure (4.1). The major difficulty of the construction
lies in Property (ii). To make the PCls asymmetric about T, we introduce
a ratio Ry = min{T/u, u/T} as a function of u. It is easy to check
that R1(T + €) is larger than R1(T —€) for any € > 0. Therefore, R; is
asymmetric about T, and it is suitable for the case of T < M. Moreover, to
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make PCls unequal at the two specification limits, another ratio function
R> = DyDy is further introduced. Taken together, the second proposal
Cpn2(u, v) for T < M is constructed as

Di—uR2|u—T]|
Cpn2(u, v) = x T, (4.4)
3y/02 + v(u—T)>2

whereZ=I{T <M} xR1+I{T =M} and I is the indicator function. When
T > M, given the sample Xi,---, X, with the specification tolerances
(LSL, T, USL), we can apply the transformation L — X3, -+, L— X, with a
constant L > max{Xzy,---,Xn}. Then, the transformed target value and
middle point satisfy L—T < L— M, making (4.4) applicable. Without loss
of generality, we only consider the case of T <M for Cpn2(u, v) in this
study.

It remains to verify that Cppn2 satisfies Property (i), (iv) and (v). Firstly,
when u =T, Ry is a constant and R; reaches its maximal value. Thus,
Cpn2 is maximized at u=T. Secondly, D, is always larger than Rz with
u<1, and 7 is always positive. As a result, Cpn2 is always non-negative.
Lastly, when T =M, we have Dij=Dy=d, R, =1 and Z=1, and hence
Cpn2 degenerates to (4.1).

RELATION TO PROCESS CENTRING
Given Cpn2(u, v) =cand T <M, we have

Di—ugl x|u—T| T Di—uplxu=Tl

CS X —1 7
302+ v(u—T)2 H 3¢/ v(u—T)?

which indicates that

D,
m=Tls upt+3c/v
Therefore, the range of u is symmetric about T, which is
Dy Dy

- <u<T+—. (4.5)
u%+3cﬁ u%+3cﬁ

Based on the derivation in Section 4.2.2, the range of u given Cpp1 =¢
and T <Mis

b <u<T o

— SULST+ .

3c/VE + upes 3c/VE- + upt

Because d/D, < 1, the upper bound of u based on Cpp2 is smaller
than that based on Cpp1. On the other hand, Cpn1 gives tighter lower
bound than Cpn2 as 2D/(Dy+ D{) > Dy/Dy and d/D; > 1. The detailed
comparison is given in Section 4.2.4.
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RELATION TO PROCESS YIELD

Similar to Cpn1, we can also derive the relation between Cpn2 and NC.
Under the assumption of normal distributions and T < M, we have

LSL—u
NC52P(X<LSL)=2[<I>( 5 )}

oo (2]

Based on the lower bounds of u in (4.5) and the similar upper bound of ¢
as in Cpp1, we have

Dy

Compared with (4.3), this upper bound on NC is more conservative as
the lower bound of u based on Cpp2 tends to be smaller.

4.2.4. COMPARISON STUDIES

In this subsection, we demonstrate the properties of the two proposed
PCIs by comparing them with C; and Cg. We use the same settings

as in Section 4.2.1, i.e., (LSL, T, USL)=(8, 9.5, 13) and o=1. All
implementations and analyses are carried out in the R environment
[77]. Figure 4.2 shows how the four PCls vary when u € [8,13] at
(u,v)=(0,0),(0,1),(1,0) and (1,1). When (u, v) = (0, 0), it is observed
that Cpn1, Cg and Cg are the same constant because they all reduce to

d*/(30), which does not depend on u. This is undesirable because the
difference between T and u cannot be reflected. On the other hand,
because of the term Z, Cpn2 is able to take the direction of the departure
from the target into account, and it is maximised at u=T. Therefore,
Cpn2 is the only suitable PCI for asymmetric tolerances when u=v = 0.
Under the other three settings of (u, v), the four PCls are all maximised
at u=T and asymmetric around T. Because of the intimate relation
between Cpn1 and C;, it is not surprising to find that they perform

similarly in all the cases. In fact, they are identical when u > T, but Cpn1
improves C; by imposing the positive value at u=LSL as T is closer to
LSL than to USL. It is worth mentioning that Cg is also able to reflect
the differences at the two specification limits, but it is the only one that
yields negative values, violating Property (iv).

We then compare these four PCls in terms of their relations with
process centring and process yield. Because the bounds based on Cﬁ

are not well defined when u =0 [98] and the bounds based on Cpn1 and
Cpn2 are invariant to index values when v =0, we only consider the
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case (u, v) =(1, 1) here. Figure 4.3 shows the bounds of u and NC given
different PCls when u=v =1. As seen from the left panel, the trends
of the bounds from all four PCIs are consistent: both the upper and
lower bounds get tight first and then become loose, and the smallest
gap is achieved when u =T as the PCls are maximised at u=T. Among
the four PCls, the lower bound based on Cpn2 seems to be the most
conservative, but the upper bound is the tightest. On the other hand,
Cpn1 performs more similarly as C; and Cg. Notably, the bounds based

on Cg fail to contain the true mean when u is large. This is because CA

becomes negative at large u (see Figure 4.2), which further indicates the
importance of Property (iv). On the other hand, the upper bounds of NC
are conservative based on all the considered PCls. Between the proposed
Cpn1 and Cpn2, Cpn1 performs better and it is comparable to C;. The

bound based on Cg again has an irregular trend when u is large because
of the negative values of Cg.
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Figure 4.3: Upper and lower bounds of u (left) and upper bounds of NC
(right) given different PCls. LSL =8, USL=13,T=9.5,0=1
andu=v=1.

Our comparative analysis demonstrates that the proposed Cpn1 and
Cpn2 effectively address the limitations of C; and Cg. Both indices

evaluate whether manufactured items meet asymmetric specifications by
credibly capturing process variability, yet they exhibit distinct behaviours,
particularly in terms of process centring and yield. As highlighted
by [115], selecting an appropriate PCI is crucial in process capability
studies. To guide this selection, we provide practical recommendations
based on specific scenarios. For instance, as shown in Figure 4.2, Cpn2
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yields higher values when u is closer to the LSL, thus offering a more
conservative overall assessment. Consequently, Cppn2 is recommended
when asymmetric tolerances exist and the cost implications of deviations
in either direction are similar; it is also the sole meaningful index when
u=v=0. Conversely, if the primary concern is process centring and
yield, Cpn1 is preferable. In summary, the two proposed PCls are designed
for different application contexts, which provide a comprehensive and
flexible framework for assessing process capability across diverse
manufacturing scenarios.

4.3. STATISTICAL INFERENCE

In practice, the proposed PCls have to be estimated based on the
observed data. Let x =[x1,...,xn]" be a vector of random copies of
the quality characteristic X. This section proposes point and interval
estimation procedures for Cpp1 and Cpn>.

4.3.1. MAXIMUM LIKELIHOOD ESTIMATION

Recall that X ~ N(u, 02). The maximum likelihood (ML) estimators of
pand ogare i=x= Zfﬂ xi/n and 62 = Z?=1(xi—>'<)2/n. Based on the
invariance property of ML estimators and the plug-in method, the point
estimators of Cpn1 and Cpp2 are

o | d* — uf+
pn1(U, V) = ——,
3V 62 + VvF? (4.6)
. Di—uR2|a—T]| .
Cpn2(u, V)= XI

3162+ v(1—T)2

where

’

Du D[
2d* (—T) 2d*(T—m}
dt+Dy, ' dt+D

R1=min{T/0, {/T}, R, =DyYDy, and Z=I1{T <M} x Ry +I{T =M}.

On the other hand, the confidence limits of the PCls are often of
more interest in practice. There has been a multitude of studies
addressing interval estimation in the literature [116-118], but few studies
have investigated PCls for asymmetric tolerances. Because of the
complex forms in (4.6), the exact variance of Cpp1(u, v) and Cpn2(u, v)
cannot be analytically derived. However, their asymptotic variance
can be readily obtained by using the asymptotic variance of 4 and 62.

Note that +/n(— u) 4, N(0, 02) and +/n(62 —0?) 4, N(0, 20%), where 4,

. {d(/fl—T) d(T—ﬂ)}
F=max ,

Ft = max{
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denotes convergence in distribution. Meanwhile, such two estimators are
independent, which means the vector /n[(d—pu), 62 —02]7 4, N(O, ),

where
o2 0
= ( 0 20% )
Given a function g(x, y) with the continuous first partial derivatives, the
delta method yields that [119]

/A%, 62)— g(u, 02)] 3 N([0, 01T, va(u, 02)=(vau, o)),

with
og 39)

glx,y) = (ax oy

In terms of the proposed PCls, we focus on the T < M case, and
confidence limits for the T > M case can be constructed similarly. To meet
the conditions on the derivatives, we derive the function gi1(x, y) for
Cpn1(u, v) and g2(x, y) for Cpn2(u, v) by considering three cases: x > T,
x =T and x < T. More specifically, we have

2d* (x—T
Di—u*G&5r
gii(x, y) = x>T,
34y + V(E (x—T))2
D,
X, y)= X, x=T,
g1(x,y) =1 g12(x, y) = 3/_
2d* (T—x)
Di—u=g5,
913(x, y) = — - x<T.
34/y + V(& (T —x)
And
Dl—u%(x—T) T
921(x,y) = x— x>T,
3Vy+v(x—T)2 X
(x,y) x,y)= o T,
X,y) = X, x=T,
920X,y g22(Xx,y 31/_
Di—upt(T—x)  x
g923(x, y) = X — <T
3yy+v(x=T)2 T

The delta method can then be invoked in each scenario, and the unknown
parameters can be replaced by their ML estimators. In summary, the
asymptotic variance of Cppi(u, v), i =1, 2, can be consistently estimated
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by
v ol 6)E(van(d 6°)T A>T,
N DIZ
Vi= 1=T, (4.7)
) 1862 =1

v 9, 62)E(va(d, 62)T a<T.

Although the delta method is primarily tailored for smooth and
differentiable functions, its potential applicability in this context merits
consideration. Considering various samples, corresponding estimators
and functions g1 and g, emerge, each associated with distinct scenarios,
all maintaining continuity and differentiability. For example, when 1> T,
the resulting index values manifest as g11({, 62) and g>1({, 62). Notably,
both previously introduced functions, g11 and g»1, demonstrate suitability
for the delta method. Given a confidence level 1 — a, the asymptotic

confidence interval can be obtained as épn[(u, V)£ Zap2V Vi/n, i=1,2,
where z4/2 is the critical value of the standard normal distribution.
Note that such an interval will contain the true parameter value with a
probability of 1 —a as n — + .

4.3.2. SIMULATION STUDY

A simulation is conducted to assess the performance of the pro-
posed confidence intervals. We consider the asymmetric tolerance
(LSL, T, USL) = (20, 26, 40) and u=v =1. Based on (4.7), three
scenarios u<T, u=T and u>T are simulated. Under u<T (u>T),
we fix 0 =1 and construct 95% confidence intervals with u e [LSL, T)
(ue(T,USL]). For u=T, a sequence of o involving 30 different values
from 0.3 to 9 is considered. The coverage probabilities based on
10000 replications for the three scenarios are shown in Figures 4.4-4.6,
where n =40, 80,120, 160, 200 are considered. As seen, the coverage
probabilities are generally close to the nominal level in all the cases, and
confidence limits are asymptotic with the sample size n. These results
indicate that the proposed methods can be credibly used to construct
confidence intervals of Cpp1(u, v) and Cpn2(u, v).

4.4. THE NON-NORMAL CASE

The proposed PCls are under the assumption that the process
characteristic X follows a normal distribution. In this section, we aim to
extend the proposed PCls to the non-normal case using transformation
methods. As previously discussed, one effective way involves using
the inverse transformation with the CDF, offering a versatile means to
convert the data into a normal distribution. Assume that X is continuous,
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Figure 4.4: Coverage probabilities for 95% confidence interval with
LSL =20, USL =40, T =26, o0=1 and different n e
{40,80,120,160,200} when u <T. (left:Cpp1, right:Cpn2)
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and let F(-) be its CDF. It is well known that F(X) follows the standard
uniform distribution U(0, 1), and ®1(F(X)) ~ N(0, 1), where &~1(.) is
the quantile function of N(0,1). Consequently, our focus shifts to the
estimator of F(-) based on the available data.

One well-known nonparametric way to estimate F is to use kernel density
estimation. More specifically, once the kernel density estimator fy(x) is
obtained with a suitable bandwidth h, the kernel distribution estimator is
simply Fr(x) = ffoofh(t)dt. This idea has been employed to construct
PCls for non-normal continuous data [114]. Despite its widespread use,
kernel estimation is not robust for the inverse transformation because it
may exhibit substantial bias near the boundaries of the data range [120].
This bias can result in invalid transformed data, as will be demonstrated
later, which limits the applicability of the method proposed by [114]
for non-normal data. To overcome these shortcomings, we propose an
alternative approach to estimate F using constrained B-spline regression.

4.4.1. THE PROPOSED METHOD

Suppose there is a set of random samples denoted as x = [x1, -+, Xn] ",
representing the quality characteristic X which is drawn from an unknown
distribution. To estimate F, a practical nonparametric approach is to
use the empirical cumulative distribution function (ECDF) denoted as
Fn(-). Specifically, Fn(x) is defined as Z?=1I(x,- <x)/(n+1)[121], where
I represents the indicator function. According to the Glivenko-Cantelli
theorem, F, converges to F uniformly with probability 1. However, it is
important to note that Fj, is a step function, jumping with size 1/(n+ 1)
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at each x;. Directly using F, is impractical and not accurate enough
since F is typically continuous. To overcome this limitation, we opt for a
continuous approximation of F and introduce a smooth estimator denoted
as Fp.

Regarding {Fn(x;)}[f;l as responses from a regression model, we have

Fn(xi) =F(x{) + €, i=1,---,n, (4.8)

where €;'s are zero-mean error terms. Such a formulation naturally
motivates the use of regression techniques to estimate F and perform
the inverse transformation. [122] employed spline regression due to its
superior flexibility over conventional polynomial or linear approximations
[123]. Spline functions strike an optimal balance between local
adaptability and global smoothness by utilising carefully constructed
basis systems. Although various basis functions, such as I-splines [124],
are available, their scope is relatively limited. In contrast, B-splines (BSs)
offer the significant advantage of compact local support, meaning that
their nonzero values are confined to specific intervals. This localisation
not only improves local fitting accuracy but also enables the capture of
global functional behaviour through coefficient patterns. As a result, F(x)
can be expressed as

L
FOO) = > BiBIX), (4.9)
=1
where B(:) are B-splines (BSs), L is the total number of BSs and
B=I[B1,---,B.L]" is a vector of unknown parameters. Then, a smooth
and monotone estimator of F(:) is produced by employing constrained
regression with BSs (CBS) on n pairs {(x;, Fn(x;))};;l.

However, the estimator suffers from three limitations. Firstly, it relies
on the unweighted least squares method, which may not be appropriate
due to the heteroscedasticity in the regression model. Specifically, as
indicated by the central limit theorem, the error term asymptotically
follows a normal distribution, namely

V(Fn(x) — F(x)) 3 N(O, FO)(L — F(X))). (4.10)

Since the variance varies with x, the weighted least squares (WLS)
estimation should be employed [125]. Secondly, the estimator deviates
from the desired range of [0, 1], which can result in failures during
the inverse transformation, leading to infinite values. Thirdly, BSs are
generally unsuitable for extrapolation. When the specification limits
extend beyond the range of available samples, the estimates of F(LSL)
and F(USL) may lack accuracy.

To address these issues and ensure reliable estimators, we propose
incorporating ECDF values of the specification limits and transforming
Fn(x;) before applying WLS. Instead of regarding {Fn(xi)}7=1 as
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responses, we propose to use transformed pseudo-observations yn(x;) =
IN[Fr(x;)/(L—Fn(x:))], i=1,---,n, to estimate y(x) = In[F(x)/(1—F(x))].
Due to the definition of Fh(x), yn(x;) for i=1,---,n are always well
defined. This one-to-one transformation allows us to obtain the estimated
CDF Fp(x) as follows

e)A/(X)

ey 41’

where y(-) represents a smooth estimator of y(-). By employing this
approach, the estimate will always fall within the range of [0, 1], ensuring
that Fp(-) is a valid CDF estimator. Subsequently, the corresponding
regression model is given by

Fn(x{)
1—Fn(xp)

Fo(x) =

yn(Xf)=In[ }=y(x[')+e[-, i=1,---,n. (4.11)

For simplicity, we still use €; to denote a zero-mean term.

Similar to (4.8), we employ the BSs to approximate y(x) in (4.11).
Defining BSs involves dividing the interval over which F is approximated
into m+ 1 subintervals using a sequence of knots or breakpoints denoted
as Tm. Specifically,

Tm={mMin{x} =50 <S1-* <Sm+1 =max{x}}.

Within each interval, polynomial functions of a specified order k (with
a degree of k— 1) are employed to generate BSs. However, such
basis functions have a limitation: they contribute only within the
range of [so,Sm+1] and are zero elsewhere, which becomes an issue
when LSL < sg or USL > sp+1. To overcome this, we define a new
sequence over [min{LSL, so}, max{USL, sm+1}] instead of [so, Sm+1],
which is also denoted as 1, for simplicity. Two additional corresponding
transformed pseudo-observations, y,(LSL) and y,(USL), are introduced
for regression. Note that F,(LSL) will be 0 if LSL < sg, and hence we set
it as Fn(sp) to ensure y,(LSL) will not be —oo. Afterwards, estimates of
F(LSL) and F(USL) can be obtained even if LSL and USL are beyond the
range of samples.

Regarding the choice of the spline order k, [126] observed that for
k > 4, the resulting expansions tend to be similar, with cubic B-splines
(i.e., k = 4) being a conventional choice. Therefore, we adopt k = 4, which
results in a total of L = m + k B-spline basis functions. The parameter m
is selected either to achieve the desired smoothness or based on model
selection criteria, such as the AIC. Using these B-splines, the regression
model is formulated as

L
y(x) =Y BiBi(x).
(=1
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We then apply WLS with the weight function defined by the variance
function G(x). By employing (4.10) and the delta method, it can be
shown that the errors €; in (4.11) are independent and asymptotically
normal with mean zero and variance 1/{nF(x;)[1—F(x;)]}. Consequently,
the weight function is set as

G(x) = ,
nFn(x)[1—Fn(x)]

where Fn(x) denotes the ECDF. The variance-covariance matrix of the

error term Z. is defined as a diagonal matrix with the principal diagonal

elements given by

[G(x1), -+, G(xn), G(LSL), G(USL)].

As previously mentioned, if LSL < sg, Fh(LSL) is set as Fp(so) to prevent
—oo. Additionally, we enforce a monotonicity constraint to ensure a
reliable estimator, given that F, as a CDF, is inherently non-decreasing,
akin to the approach in [122]. Following [127], a sufficient condition for
Z[L=1 BBi(x) to be non-decreasing is Bi—1 < B;for[=2,---,L. Denoting
BL as the set of all [B1, -, B.] € RL satisfying Bi—1 < B, the estimates of
B via WLS can be obtained by

. 0 (yn(Xi) — X g BiBI(X0))?

B= ar;_zjergrlin 2, GO0
L
, Un(USL)— 3, BiBUUSL))? (4.12)
G(USL)
(Vn(LSL)— 3, BiBI(LSL))?
G(LSL) '

The final smooth and monotone estimator I:'p(-) is then given by

exp(3_; BiBi(x))
exp(Xi_, BiB(X)) + 1

Based on & 1(Fp(x))), i=1,---,n, & 1(Fp(LSL)), & 1(Fp(T)) and
<I>_1(F'p(USL)), the estimates of two proposed PCls can be readily
obtained.

It is worth noting that [112] also applied BSs and inverse transformation
for non-normal data. Their method sought a transformation s(:), with a
form similar to (4.9) and involving BSs, such that s(X) follows a standard
normal distribution. Specifically, they considered the relationship
gz = s(gx), where gx and g, denote the percentiles of the distribution

Fo(x) =

(4.13)
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F and the standard normal distribution, respectively, with the ECDF F,
substituting for F when it is unknown. However, because s(:) should be
non-decreasing and its range must lie within [0, 1], the lack of such
constraints in their model leads to potential issues. In contrast, our
method explicitly incorporates these constraints, thereby ensuring a
more reliable and appropriate inverse transformation.

To analyse the efficiency of the proposed estimator, asymptotic
properties are studied here. This analysis becomes particularly insightful
as the sample size grows, offering a deeper understanding of the
estimator’s behaviour and facilitating the identification of corresponding
confidence regions [128]. Here, we consider the asymptotic normality of
B. Assuming that the true underlying function is fully represented by
the chosen B-spline basis, we derive the asymptotic distribution of y.
Define ||¢||2 = E[ ¢(x)?], the rate of convergence of our estimator is also
shown in the following theorem and corollary. Assumptions and proofs
are presented in Section 7.3.

Theorem 1. Under assumptions (1)-(5) in Section 7.3, it follows that
y(x)— y(x
y(x)—y( )iN(o, 1,
o(x)
Iy — yll = Op(m™* + Vm/n),

where 02(x) = B(x)T(bTVb)™1B(x), B(x) = [B1(X),:-+,B.(X)]T, b =
[b1,---,b ], by =[Bi(x1),:--,Bi(xn), Bi(LSL), B(USL)]T, and V = Zgl.
Here, Wn = Op(an) means given a sequence of positive number an,

JLrgo IlmnsupP(|Wn| >cap) =0,

holds for all ¢ > 0.
Corollary 2. Under assumptions (1)-(5) in Section 7.3, it follows that

ﬁp(x)_F(x)iN(o 1
or(x) Y

where
02(x) = F(x)(1 — F(x))o?(x).

In addition, the convergence rate of I:'p is not slower than y’s convergence
rate when n is sufficiently large.

4.4.2. COMPARISON STUDIES

In this subsection, we conduct some simulation studies to assess the
performance of our proposed estimator, denoted as Fp. Furthermore,
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we incorporate several existing methods into our comparative studies,
including the kernel estimator Fj, ECDF estimator Fe, and the estimator
based on constrained regression with BSs in [122] F,. We utilize specific
R packages, namely splines2 for BSs [129], Rsolnp for estimating
B [130], and ks for the kernel estimator of CDF [131].

We choose three different distributions for X, including the Weibull
distribution WB(k, 1) with shape k and scale 1, the log-normal distribution
LN(u, 1) with location u and scale 1, and the gamma distribution GA(6, 2)
with shape 6 and rate 2. These three distributions are commonly used
and recognised as applicable models for the process data [115]. The USL
and LSL are set as the 0.99 and 0.01 percentiles of the true distribution,
and the target value T is set as T =M = (LSL + USL)/2. Hence, the
inverse transformation will lead to asymmetric tolerances. Taking Cpn1 as
an example, the corresponding index values based on estimated CDF are
denoted as €, €¢ \, €P | and Cpn1- We repeat the simulation 1000
times by independently regenerating the data for two different scenarios.
Various estimators are evaluated by two kinds of log mean squared error
(LMSE), which are given by

1000

LMSEcosm.= l0g10 Z(F(xu)—chu)) :

1000
] 2
LMSEpct = 1000 Z l0g10 [(Cpnl_ciynl) ]’

where F(-) is the estimator, F(-) is the true distribution function, and Cpp1,
Cpn1 are corresponding estimated and true PCl values based on them.

In the initial phase of our comparison studies, we set k=1, u=0,
and 6 = 1, estimating F across 20 different sample sizes ranging from
50 to 1000. The average LMSEcpr is illustrated in Figure 4.7, where our
method stands out as the most accurate among all examined approaches.
This superiority can be attributed to two pivotal factors. Firstly, our
estimation directly targets the CDF using B-splines via ECDF values.
Secondly, our utilisation of transformed pseudo-observations ensures a
performance advantage over the estimator based on CBS. Specifically,
the CBS-based Fp occasionally yields estimates outside the valid range
of [0, 1], resulting in elevated LMSE values. In contrast, our proposed
estimator guarantees that the estimated CDF remains within the valid
range. Additionally, despite Fp and Fe both being based on the ECDF, our
method, employing the WLS method, provides a continuous estimator.
This contributes to higher accuracy compared to using the ECDF directly,
as evident in the lower LMSE values for our proposed estimator.

We extend our evaluation to assess the performance of estimators
concerning PCls, and the results are illustrated in Figure 4.8. Notably,
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anl encounters challenges across all three distributions considered.

CBS, being insensitive to the range of the CDF, leads to infinite
values after data transformation, rendering the method impractical
for PCI calculations. This issue is particularly pronounced in the case
of the gamma distribution GA(1, 2), as detailed in Table 4.2, where
CBS fails in the majority of replications across various sample sizes
n. The results underscore the significance of employing transformed
pseudo-observations in our proposed method. Consequently, for LMSE
evaluation, we only consider € ., C¢ ., and €7, Notably, €7 . exhibits
some missing points, indicating potential limitations in small sample
sizes, particularly when USL surpasses the sample range, leading to
Fr(USL) =1 and transformed USL being +oo0, rendering it unsuitable
for evaluation. As a comparison, our proposed (fgnl demonstrates

robustness, with estimates based on (4.13) consistently falling within
the range of (0, 1). Furthermore, the results suggest that our method
provides reliable estimates at specification limits, even if they are beyond
the range of available data.

-+ Proposed = CBS -+ ECDF -® Kernel

Weibull LMSE Log—normal LMSE Gamma LMSE

LMSE

LMSE

LMSE
|

250 500 750 1000 250 500 750 1000 250 500 750 1000

Figure 4.7: The average LMSEcpr of different methods based on 20
different sample sizes n € {50, 100,---,1000} for WB(1, 1),
LN(0,1) and GA(1, 2).

In the second scenario, we set the sample size to 100 and vary the
values of k, u, 6 as 0.5, 1, ---, 5. As shown previously, our method can
estimate the CDF accurately. Thus, four methods are only evaluated in
terms of PCls. Similar to the first scenario, the LMSEs based on PCI values
of all methods except CBS are presented in Figure 4.9. The results suggest
comparable performances. However, the kernel estimation, like CBS, also
encounters difficulties in dealing with the inverse transformation. Taking
GA(6, 2) as an example, the number of failures when calculating PCls in
1000 replications for different 8 are presented in Table 4.3.

While the kernel and CBS methods can provide good estimators of the
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Figure 4.8: The average LMSEpc; of different methods based on 20
different sample sizes n € {50, 100,---,1000} for WB(1, 1),
LN(O, 1) and GA(1, 2).

Table 4.2: Number of failures using F'b to calculate PCl values with
different n for GA(1, 2).

The number of failures of CBS for GA(1, 2)

n 50 100 150 200 250 300 350 400 450 500
Number 383 624 714 796 851 866 921 941 961 979
n 550 600 650 700 750 800 850 900 950 1000

Number 983 982 992 987 992 998 1000 999 996 1000

== Proposed ECDF -+ Kernel
Weibull LMSE Log-normal LMSE Gamma LMSE
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Figure 4.9: The average LMSEpc based on different methods for WB(k, 1),
LN(u, 1) and GA(6, 2) with different parameters ranging from
0.5 to 5 and the same sample size of 100.
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Table 4.3: Numbers of failures using Fx and £} to calculate PCI values for
GA(6, 2) with n=100.

Numbers of failures of kernel and CBS for GA(6, 2)
] 0.5 1 1.5 2 2.5 3 3.5 4 45 5
kernel 259 133 103 56 36 22 11 14 7 7
CBS 254 269 229 227 224 206 236 241 204 217

CDF, it seems that sometimes they yield undesirable estimates for PCls
at some x or the specification limits. The reasons for the failure of these
two methods appear to be different. The kernel estimator fails when the
sample size is small or the distribution has a heavy tail. In such cases,
the specification limits often fall beyond the range of the available data,
causing the kernel estimation to yield 0 or 1. On the other hand, the
number of failures for £y increases with larger sample sizes. In contrast,
our proposed method incorporates transformed pseudo-observations and
is based on a new sequence of knots that encompasses the specification
limits, making it more suitable for the inverse transformation.

4.5. ILLUSTRATIVE EXAMPLE

In this section, we apply the proposed two PCls along with the normalised
method to the weight (in grams) of powder juice packages. According to
the standards established by the National Institute of Metrology, Quality
and Technology in Brazil, LSL and USL are assumed as 18 and 22,
respectively [102]. The target value is the midpoint between the two
specification limits, which is 20. A total of 50 samples from two different
processes are presented in Table 4.4.

We commence our analysis by examining the data from the first
process, denoted as P;. The left histogram in Figure 4.10 shows that
the original samples follow a skewed distribution, which motivates the
use of the transformation method. We start by computing the ECDF
from the data of process P;. The transformed pseudo-observations,
defined in (4.11), are then used as the responses in the spline regression
model. Consistent with our comparison study, knots are selected at
the 1/11,.--,10/11 quantiles of the P; data to construct the BS basis
functions. The WLS approach, as described in (4.12), is used to estimate
the coefficients B. The corresponding estimated CDF, Fp, given in (4.13)
and shown in Figure 4.11, closely aligns with the ECDF points, capturing
the overall trend effectively. Finally, the data from P; is transformed
using <I>—1(I:'p(-)) to achieve normality.
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Figure 4.10: Histograms of original samples from P; (left) and transformed
samples (right).
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Figure 4.11: Estimated CDF via the proposed method and the ECDF based
on data from P;.
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Table 4.4: Weight (in grams) of powder juice packages from two different
processes.

20.587 21.784 21.088 20.997 21.100
22.155 21.116 20.707 20.413 20.822
Py 20.883 20.930 20.908 20.897 20.486
20.935 21.867 20.814 20.795 21.520
20.537 21.438 20.621 20.975 20.919

21.583 21.813 22.025 20.892 20.241
21.816 21.232 21.730 20.529 21.435
P, 21.106 20.519 21.263 20.684 21.233
19.624 21.150 20.962 21.024 20.316
21.942 21.495 20.819 20.973 21.115

The right panel of Figure 4.10 suggests that the transformed data
approximately follows a normal distribution. In addition, we perform a
Shapiro-Wilk test, obtaining p =5.518 x 10~/ before transformation and
p = 0.999 afterwards. Subsequently, the new specification limits LSL,
T, and USL are determined as 9.617, 9.728, and 11.264, respectively,
indicating that the new target is not centred between the new limits.
Therefore, we apply the proposed PCl measures to evaluate process
P1. Similarly, we transform 25 observations from the second process,
P>, leading to asymmetric tolerances. The Shapiro-Wilk test yields a
p-value of 7.682 x 10~/ before transformation, which increases to 0.995
afterwards.

The results of applying the proposed PCls to the two processes are
summarised in Table 4.5. These findings indicate minimal differences
between the two PCI measures, both consistently suggesting that the first
process exhibits higher quality. It is worth noting that all upper bounds
of NC based on our PCls are 100% for both processes. Meanwhile, PCI
values are very close to 0, indicating relatively poor quality products. As
highlighted by [102], neither process meets the requirements, aligning
with the conclusions drawn from the proposed PCls. In summary, our
proposed PCls, along with the normalised method, effectively account for
both non-normal data and asymmetric tolerances. These indices serve as
valuable tools for evaluating production processes in quality.

4.6. CONCLUSIONS

This study addressed two critical issues simultaneously: asymmetric
tolerances and a non-normal quality characteristic, offering a compre-
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Table 4.5: Points estimates and 95% confidence intervals of two proposed
PCls, along with the corresponding upper bounds of non-
conforming (NC) percentage.

PCls Estimate 95% confidence interval Upper bound of NC

p Cpn1 0.032 [0.023, 0.040] 100%
1

Cpn2 0.030 [0.024, 0.037] 100%

p Cpn1 0.050 [0.035, 0.065] 100%
2

Cpn2 0.048 [0.037, 0.059] 100%

hensive evaluation of an actual manufacturing process. While most
existing articles focus solely on one of these issues, we handle them
at the same time. Initially, we summarised the essential properties
of PCls in the presence of asymmetric tolerances and normal data.
Notably, we found that none of the currently available PCls satisfy all
these desired properties. To bridge this gap, we introduced two novel
classes of PCls, complete with parametric estimation procedures and
asymptotic confidence limits. A comparative analysis with existing PCls
was then presented, encompassing estimators and their relationships
to process centring and yield. Transitioning to the realm of non-normal
distributed characteristics, we employed constrained B-spline regression
on transformed pseudo-observations to estimate the CDF. Additionally,
we proposed a tailored inverse transformation to normalise the data.
Demonstrating the efficacy of our approach, we conducted simulation
studies that underscored its superiority. In the final phase of our
investigation, we successfully applied the proposed PCls and the
transformation method to a real data set, providing practical illustrations
of their applicability.
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5.1. INTRODUCTION

Poisson distributions are commonly used to model event occurrences
over a fixed period, such as random arrival streams [132] and customer
counts [133]. In situations involving multiple dependent variables,
however, the multivariate Poisson distribution remains under-explored
and inadequately defined in the literature. This is surprising given
the practical significance of multivariate Poisson variables, which
arise in various real-world applications. For example, the monthly
number of notifications of hepatitis C [134], the crash data [135], and
the surveillance of legionellosis [136] all involve multiple dependent
Poisson variables. A key challenge in specifying these models lies in
accurately defining the joint distribution while incorporating marginal
distributions and adequately capturing the dependence structures among
the variables. Existing models often fail to address this challenge with
sufficient flexibility. In the following, we review some common models for
multivariate Poisson variables, focusing on their dependence structures,
which are typically measured by the Pearson correlation coefficient.

Suppose we have d dependent Poisson variables, Xi,:--,Xq, with
positive marginal parameters A1,-:-,A4. A widely used approach to
model the joint distribution is the multivariate reduction (MR) technique,
which relies on the convolution property of independent Poisson random
variables. In this framework, each X; can be expressed as X; =Y;+ Y for
i=1,---,d, where Y; and Y are mutually independent Poisson random
variables with positive parameters a;, i=1---,d, and B. Because the
sum of independent Poisson random variables is again Poisson distributed
[137], X; follows a Poisson distribution with the marginal mean A; = ao; + (.
When d = 2, the model simplifies to the classical bivariate Poisson
distribution described in [138], commonly referred to as the trivariate
reduction (TR) model. Various researchers have further developed the
multivariate extension of this model for Poisson variables, including [139]
and [140]. In the MR model, the correlation coefficient pfj between X;

and Xj is given by pfj = B/4/AiAj. As seen, one notable limitation is that
it imposes a structural constraint on the joint distribution, restricting
the correlation between the Poisson variables to be non-negative, which
may limit its applicability in scenarios where negative correlations are
observed [141].

To address this limitation, [142] and [143] extended the TR model
to allow for joint distributions with negative correlation coefficients.
This extension relies on the comonotonic random variables, which
are represented by the same uniform random variable defined over
the interval [0, 1]. Specifically, let F;l(y):=inf{xe N : Fx(x) >y} for
y €[0,1], where F) denotes the cumulative distribution function (CDF)
of a Poisson random variable with parameter A and N is the set of
non-negative integers. The trivariate reduction extension (TREx) model
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proposed for two dependent Poisson variables is given by

X1=Y1+ F;)%l(U), X2=Y2+ F;,\lz(U) if p)1(,2 >0,

-1 -1 e X (5.1)

X1=Y1+ FvAl(U)' Xo=Yo+ Fy/\z(l —-U) if Py, < 0,
where U is uniformly distributed over [0, 1], Y1 and Y> are independent
Poisson variables with marginal expectations (1 — y)A1 and (1 — y)A2,
and v € [0, 1] controls the strength of correlation. As noted by [144], the
range of attainable correlation coefficients given A1 and A> between two
Poisson variables is

[Corr(F;1(U), F; (1= U)), Corr(F; 1 (U), Fy H(UN)].

Thus, the joint CDF defined by Model (5.1) is capable of capturing the

full range of attainable correlation coefficients as y varies from 0 to 1.

Recent studies, such as [145] and [146], have extended this model to
the multivariate setting. However, limitations remain when employing
comonotonic variables. In particular, when modelling more than two
Poisson variables, the limited number of parameters defining the CDF
restricts the range of dependence that can be captured. Moreover,
this approach does not accommodate negative correlations effectively,
rendering it unsuitable for scenarios where multiple Poisson variables
exhibit negative dependence.

Several alternative methods have been proposed for modelling
multivariate Poisson variables, among which copula-based approaches
are particularly flexible for constructing joint distributions from specified
marginals [147]. Copula methods have attracted significant attention
in the literature, as demonstrated by recent studies such as [148],
[149], [150], and [151]. According to Sklar’s theorem [152], any joint
distribution can be decomposed into its marginal distributions and
a copula function that captures the dependence structure. Among
various copula families, the Gaussian copula is frequently employed due
to its versatility in modelling dependencies among Poisson variables
[153]. However, the Gaussian copula may not adequately capture
certain dependence structures, such as those characterized by high
upper-tail dependence, and identifying a suitable parametric family
can be challenging. Moreover, while the copula is unique when all
marginal distributions Fi,...,Fy are continuous [e.g., 154, Theorem

2.4.1], this unigueness does not extend to cases with discrete marginals.

Alternatively, multivariate Poisson distributions can be constructed using
mixture models, as discussed in [155] and [156]. For a comprehensive
review of multivariate Poisson models, see [157] and [158].

Although several existing methods offer considerable flexibility in
modelling dependencies, the resulting distributions are often complex
and challenging to interpret in practice. A key unresolved issue in the
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literature is the development of an intuitive and interpretable multivariate
Poisson model that flexibly captures the underlying dependence structure.
In response to this challenge, we revisit traditional MR techniques
and propose an innovative approach that integrates the MR model
with a Gaussian copula, rather than relying solely on the convolution
of independent Poisson variables. As we will demonstrate, the
proposed model not only provides enhanced flexibility in modelling
joint distributions and capturing complex dependencies but also yields
a clear and intuitive interpretation of both the marginal distributions
and the dependence structure. This dual advantage significantly
improves the theoretical robustness and practical applicability of our
approach. We rigorously investigate the probability properties of the
model and introduce a series of propositions to highlight the novelty
and contributions of our approach. Some methods, including maximum
likelihood (ML) estimation and inference function for margins [159], are
explored, and a tailored expectation-maximization (EM) algorithm is
proposed to obtain estimators.

The remainder of this chapter is organized as follows. In Section 5.2,
we present the formulation of the proposed model and provide a detailed
exploration of its probabilistic properties. Section 5.3 extends this
discussion and demonstrates the novelty of our approach by comparing
it with existing models. In Section 5.4, we discuss the methods
for parameter estimation and the corresponding asymptotic analysis.
Section 5.5 provides numerical simulations to illustrate the advantages of
our model, while Section 5.6 presents an application of the model using
bike rental data. Finally, concluding remarks are presented in Section 5.7.
Technical proofs and additional simulation results are given in Section 7.4.

5.2. PROPOSED MODEL

Consider d dependent Poisson random variables, X1, ..., Xq, each with
positive marginal parameters A1,..., Ag. As previously mentioned, while
the TR and TREx models rely on independent Poisson variables to
model dependence, they struggle to accommodate negative correlations.
Although the Gaussian copula can capture a broader range of dependence
structures, it is ineffective to model tail dependence and extreme
co-movements, which may result in an inadequate representation of joint
distributions. To address these shortcomings, we propose a generalized
model that integrates the strengths of both approaches. Our model
incorporates multiple dependent normal variables along with additional
parameters, and hence accommodates a wider range of distributions and
captures a more comprehensive dependence structure.

Let P(A) denote the univariate Poisson distribution with parameter
A > 0. By extension, we define P(0) to be the Dirac distribution at 0, i.e.,
the distribution of a random variable that is constant with the value 0.
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The corresponding CDF is denoted by Fg, which is such that Fo(x) = lx>0,
with an indicator function 1. Let & denote the CDF of the standard
normal distribution. Let Z=[Z1,:--,Z4]" follow a multivariate normal
distribution Ny(0, R) with a correlation matrix R =[pjjldxqd, assumed to
be invertible. This means that Z3,...,Z4 are standard normal random
variables and p;j € [—1, 1] are the correlations between Z; and Z;. We
propose our multivariate Poisson model as

X=[X1,-, Xg]T=[Y1+ V1, -, Ya+ VqlT, (5.2)

where Yi,...,Yq are mutually independent Poisson variables with
parameters a; > 0, independent of Z, and V; := ngl(cb(Zi)) with B; = 0.
As a particular case, remark that with our conventions, Y;:=0if a; =0
and V;:=0 if B; = 0. In this sense, our proposed model introduces latent
Poisson (Y1,...,Yq) and Normal (Z1,...,2Z4) variables, allowing us to
define the joint distribution based on a Gaussian copula while preserving
the probabilistic structure. This enables the accurate modelling of
discrete Poisson variables and hence extends the copula framework
effectively to the discrete setting.

It is well known that &(Z;) follows the standard uniform distribution
2(0,1) and FEI1(<I>(Z[)) ~ P(Bi). Since Y; and Z; are independent, the
marginal distribution of X is also Poisson with rate a; + B;, i.e. X;i ~P(A;)
where A; := a; + B;. Let pfj be the correlation coefficient between X; and

Xj, given by
o ELXX 1 —ELXJELX;]  ELFR (8(Z0)F5 1 (2(Z))] - Bifj
= J@+ B +B) V(@i+ B)(aj+ B)) '

The presence of normal variables in our model allows for pairwise
correlations spanning the entire attainable range. When B;=8; =0 or
pij = 0, X; and X; are independent, whereas the condition a; = a; = 0 and
pij = 1 produces the maximal correlation. Between these two extremes,
varying these five parameters results in a wide range of attainable
dependence structures, which we explore in greater detail in Section 5.3.

The proposed model reduces to the TREx model when the following two
conditions are satisfied: p;j € {—1, 1} for all i, j; and there exist y € [0, 1]
such that a; = (1 —y)A; and B; = yYA;. Additionally, it encompasses the

(5.3)

original MR models when 1 =8, =--- =34 and R is the identity matrix,
ensuring the generalization of traditional methods. Furthermore, in the
special case where a1 = a; =--- = ag = 0, the model simplifies to a

Gaussian copula. This flexibility highlights the strength of our approach,
as it not only subsumes existing models but also extends them by
allowing for more complex dependence structures with the same marginal
distributions. In this way, the proposed model provides greater generality
without sacrificing the features of established convolution models. More
detailed comparisons and discussions are provided in Section 5.3.




88 5. Modeling Joint Distributions for Dependent Poisson Data

5.2.1. DISTRIBUTION FUNCTION AND PROBABILITY MASS FUNCTION
The CDF of V=[V1, -+, V4] T can be expressed as
Fg(v;R)=Pr(V1 < vy, -, Vg < vq)

= Pr(F;1(#(Z1) < v, -+, F;H(#(Zd)) < Va)

=Pr(Z1 < & 1 (Fp,(V1)), -+, Za < 1 (Fp,(va)))

= ®R(®™H(Fpy (v1)), -+, @1 (Fpy(Va)))

&1 (Fpy (V1)) &~ 1(Fg, (va)) 1 ( ZTR—lz)d
= DY —ex —_— z,
(21T)d/2|R|1/2 P 2

—00 —00

where &gr denotes the CDF of Ay(O,R), z =[z1,---,2z4]", v =
[vi, -+, vglT €N9 and B=[B1,:-+,B4]". Note that this equation also
holds whenever some of the B; are zero, since $1(0) = —c0 and

®~1(1) = +00, with the convention that f__oc:g = 0 for any function g.
Moreover, the probability mass function (PMF) of V is
fB(v;R)=Pr(Vi=vy,--, V4= vq)

= Pr(F;(8(Z1)) = v1, -+, F51(2(Za)) = Va)

=Pr(Fg(vi—1) < ®(Z) < Fp(v), i=1,---,d),

=Pr(® Y(Fg(vi— 1)) < Z; < & 1(Fg(v)), i=1,---,d)

& 1(Fg; (V1)) =1 (Fpy(va)) 1 z'R 1z
— —exp(——)dz.
L—l(Fpl(vl—l)) f a=1(Fp, (va—1)) (2T)¥2|R[/2 2

Note that Fg(v;R) is piecewise constant in v since it is the CDF of
a multivariate discrete random vector. Therefore, some additional
formulas have to be adapted to deal with the discontinuities. Denote
0 = (a, B, p) as all the unknown parameters, where a =[az, -+, aq]"
and p=[p1,2,01,3, " ,pd_l,d]T. Based on the above expressions, the
CDF of the proposed model for any x =[x1,...,xq]" € N? can be derived
by conditioning on V as follows

Fo(x) =Pr(X1 <x1,:++,Xad £ Xq)
Pr(Y1+ V1 <Xx1,++, Y4+ Vg < Xq)

X1 Xd

Z Z Pr(Y1+ v1 <Xx1,---,Ya+ Vg < Xq)fp(V;R)
v1=0 vg=0

X1 Xg d

= > o >0 [ [Falxi— vifs(viR)

v1=0 vg=0i=1

X1

Xg d
= Z Z l_[fai(xi—vi)Fp(V; R),

v1=0 vg=0i=1
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where f is the univariate Poisson PMF given by fi(x) = e *AX/x! for
xeN if A >0 and fa(x) =lx=0 if A =0. In addition, the PMF of the
proposed model is

X1 X4 d
fox)= > oo > | [falxi— vi)fg(viR). (5.5)

V1=0 Vd=0 =1

Recurrence relations can be derived to simplify the calculation of the
PMF. In classical MR models, the joint distribution is constructed using
a single variable Y, which allows for conditional independence and
facilitates the derivation of recurrence relations. However, the proposed
model introduces more complex structures to increase flexibility, making
the computation of recurrence relations less straightforward. Recall
that the univariate Poisson distribution has the simple recurrence
relation fa(x) = W/x)fa(x—1), for x € {1,2,---}, and f,(0) =e~*. The
multivariate PMF of X satisfies a similar relationship given by

fo(x1—1,x2,+++,Xq)
X1

=> . Z For(x1—1— vl)]_[fa,(xl vfg(v;R)
v1=0 vg=0

IR I Vg G m )| Jfaxim vidfavi R)

v1=0 vg=0 =2
_felx) &, X [T, fai(xi— vfp(ViR) (5.6)
T m vlz_o vdz_o("l = fo(x)

fe(X) Pr(Yi=xi— Vi Vi=v; i=1,---d)
Z Z (x1—v1) .
Pr(Xi=x;, i=1,---d)

v1=0 vg=0
=fe( )

a1

E[Y1lXi=x; Vi=1,---,d],

assuming a3 > 0. Other recurrence relations can be derived similarly.

5.2.2. MOMENTS AND CORRELATIONS

Using the proposed model, the marginal means and variances are given
by ai+ @i fori=1,---,d. To analyze the correlation between X; and Xj,
the key is to compute the term E[V;V;]. This can be formalized through
the following theorem.

Theorem 3. Assume that Model (5.2) holds. Then E[VV;] is given by

+00 400 +oo +oo
Pr(Zi > @71 (Fp,(0). Z; > 7L (Fg,(K))) = D D Pr(Vi> [+ 1,V; > k + 1).
(=0 k=0 (=0 k=0
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This theorem, combined with Equation (5.3), gives

X e 20 Zico %0, (8 (Fa (), 2 (F (k) — Bif)
v J@i+ Baj + B))

where &, (X, y) := f;oo f;oo(Zn(l —/ol.’j))_lexp(—(zl.2 —2pijzizj+ zj2 )/ (2—
2p[.2j))dz,-dzj. This expression involves summing over an infinite number
of terms. To make computations feasible, it is beneficial to truncate this
summation while ensuring that the sum remains sufficiently accurate. In
this chapter, we achieve this by using some upper bounds in the indices,

denoted by L and K, typically chosen as large (e.g., 99%) quantiles of
P(Bi) and P(B;), respectively. Finally, the correlation coefficient pfj is

(5.7)

approximated by pf(jL K defined by

LK _ Do Do Bou (07 F(D), 7 (Fyy (K)) — Bify
o V(@i + B)(aj + B)) '

Recall that p;; denotes the correlation between two standard normal
variables Z; and Z;. Some properties related to pfj are summarized in the

following propositions.

Proposition 3. The function pf(j = pfl‘j(a,-, aj, Bi, Bj, pij) is continuous on
the domain (0, +©)% x (—1, 1).
Proposition 4. Assume that a;, aj, B; and B; are all fixed.

e The function pfj is nondecreasing in p;j€[—1,1].

e When p;j < (=)0, Corr(V;, V;) < (=)0. In particular, Corr(V;, V;) is
minimal, maximal and 0 when p;; is -1, 1, and 0.

These results illustrate how p;; affects the correlation structure of
Poisson variables. For parameters a and B8, analogous results are given
in the following proposition.

Proposition 5. pXj is a strictly decreasing (increasing) function in a; > 0

or aj > 0 if other parameters are fixed and p;j > 0 (p;j < 0). In addition,
E[ViV;] is a strictly increasing function for B; > 0 or Bj > 0 if other
parameters are fixed.

The proposition illustrates how a captures the independent component,
while B indicates the significance of V;. For example, setting a = 0 and all
pij = 1 achieves the maximum correlation. There is numerical evidence
suggesting that pfj is a non-decreasing (non-increasing) function of B; or

Bj when the other parameters are fixed and p;; > 0 (p;; < 0). Although
theoretical proof remains elusive, this behaviour appears intuitive, as
increasing the dependent component will enhance the correlation.
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5.3. PROPERTIES AND COMPARISONS

In this section, we present a comprehensive comparative analysis of our
proposed model and existing approaches, emphasizing the key properties
that distinguish our framework from conventional methods.

A key property of our proposed model is its ability to achieve the full

range of pairwise correlations pfj given the marginal means A; and A;.

By setting a; = aj =0, B; = A;, and Bj = Aj, our model can attain any
feasible pX by varying p;; over the interval [—1, 1]. This capability is
guaranteed by Propositions 3 and 4, which show that pX is a continuous

and non-decreasing function of p;j on [—1, 1], ensurlng that a solution
exists for any given pairwise correlation. On the other hand, TREx and
the Gaussian copula approach can also accommodate the full range of pfj

by adjusting parameters y and p;, respectively, while the TR model is
limited and cannot capture the complete range, particularly the negative
correlations.

Secondly, our proposed model can capture a wider range of dependence
structures than TREXx, particularly in high-dimensional settings. Since our
approach generalizes TREX, it is capable of representing all dependence

structures achievable by TREx while overcoming some of its limitations.

To illustrate this, consider the case with d = 3. We define
py; = Corr(F;1(L), F;jl(U)) and Bf,(,- = Corr(F; 1(V), F;jl(l —U)),

which represent the maximum and minimum attainable correlations
between X; and Xj, respectively. For example, our model can yield
correlation vectors such as:

® [p;.(,Z' P)1(I3, P§,3] =[0,0, ﬁ)z(,:g]' [0, ﬁ;_(,:;' 0], or [ﬁ)l(,Z' 0,0];
° [p)l(,Z’p)l(,S’p)2<,3] =[0,0, 2)2(,3]' [0, £)1<,3’ 0], or [B)1<,2’ 0,0].

To see why TREx fails in such cases, we present the following
proposition:
Proposition 6. Let U be uniformly distributed on [0, 1], and let X; ~ P(A;)
and Xj~P(Aj) fori,j=1,...,d, i #j. Then,
XY = -1 -1
Corr(X;, X;) = Corr(F;1(U), F )

if and only if (X;, X;) has the same distribution as (F;(U), F; (1)), i.e.,
the maximum possible correlation between X; and X; is attained. A
similar result holds for the minimal attainable correlation.

According to Proposition 6, if p)1<3 is maximal, then the parameter
Y in the TREx model must be set to 1, forcing X1 = F;ll(U) and
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X3 = F;31(U). Since all pairwise correlations are governed by v in (5.1),
this constraint forces the remaining correlations to be either maximal or
minimal, limiting the flexibility of TREx. In contrast, our model, with its
additional parameters, can readily accommodate a broader spectrum
of dependence structures. For instance, by setting all a’s to 0 and
letting B; = A, for i=1, 2, 3, if we specify [p1,2,01,3,02,3] =[0,1,0] in
our model, the resulting correlations [p5 ,, o5 5, p% ;] become [0, 5 5, 0].
This example clearly demonstrates the s(Jperibr ﬂe'xibility of our appfoach
in capturing a full range of dependence structures compared to TREX.
Notably, while the Gaussian copula shares some fundamental properties
with our model, its one-to-one mapping between p;; and pfj yields a

unique joint distribution for any given set of marginals and dependence
structure. In contrast, our model can generate infinitely many joint
Poisson distributions for fixed marginals and a prescribed correlation
matrix. To illustrate this novelty, we present the following proposition.

Proposition 7. For d = 3, there exist parameters A1, A2, A3 € (0, +0)
and target correlations p)l(,Z’ p)1<, 3 p)2<, 5 €(0, 1) such that there are infinitely
many joint Poisson distributions with marginals P(A1), P(A2), P(A3) and
correlation matrix X N
)% P, P 13
P 12 )1( P33
P13 Py 1

This proposition demonstrates that, even when the marginal
distributions and the correlation matrix are fixed, the joint Poisson
distribution is not unique. In our model, given the marginal means A;
and A;j and the target correlations pfj for ,j=1,...,d, we determine
parameters a;, aj, B;, and Bj such that a;+ B; =A; and a;j+ Bj = Aj.
Propositions 3 and 4 ensure that the corresponding correlations p;; are
uniquely determined by these parameters. Thus, by varying the values of
a; or B; while keeping their sum fixed, our model can generate infinitely
many joint Poisson distributions with identical marginals and dependence
structures. This capability enables our approach to capture a wider range
of joint distributions than the Gaussian copula.

To further illustrate this property, consider a two-dimensional case with
correlated Poisson variables having marginal means A1 =2 and Ay = 1.
By varying the parameter vector @ within our model, we generate a
diverse set of Poisson distributions. We then fit a Gaussian copula to
match the preset marginals and correlations, and compare the resulting
PMFs. As shown in Figure 5.1, although the joint distribution defined
by the Gaussian copula may appear similar to that produced by our
approach, the two distributions are distinct. This example highlights that
our model can effectively capture joint distributions that the Gaussian
copula is unable to describe.



5.4. Estimation 93

Figure 5.1: Comparison study between our model and the Gaussian
copula. Left: the PMF based on our model (cool colors)
with a@ =[0.42,0.41]T, B =[1.58,0.59]T and p12 = 0.99,
alongside the PMF defined by Gaussian copula (warm colours)
with A1 =2 and A, = 1; Right: the absolute gap between such
two PMFs.

In conclusion, our proposed model offers significant improvements over
existing methods across several key dimensions. It is capable of attaining
the full range of pairwise correlations, including negative values—a

feature that traditional models such as TR cannot accommodate.

Moreover, the model demonstrates superior flexibility in high-dimensional
settings, effectively capturing diverse dependence structures that may
be missed by TREx. Unlike conventional approaches, our model can
generate infinitely many multivariate Poisson distributions for a given set
of marginals and dependence structure, thus overcoming the limitations
of both TR-based methods and the Gaussian copula. Collectively, these
features underscore the model’s versatility and broad applicability in
modelling complex multivariate Poisson distributions.

5.4. ESTIMATION

Let x =[x1,--+,Xn]' represent n random samples, each of dimension
d, where x; =[xi1,+++,Xig]" fori=1,---,n. The goal of this section is
to estimate the model parameters 0 = (a, B, p) within the parameter
set @ := (0, +0)29 x C, where C represents the set of distinct elements
in d-dimensional correlation matrices, i.e., square matrices of size d
which are positive semidefinite with ones along the diagonal. Note that
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R =[pjkljk=1,-d With pjx = pk,j and p;;=1. Since this chapter focuses
on multivariate Poisson variables, we assume both B and p are nonzero.
In this section, various estimation methods that provide consistent
estimators for @ are explored, including ML estimation and inference
function for margins. A tailored EM algorithm is further proposed to ease
the computational difficulties.

5.4.1. MAXIMUM LIKELIHOOD ESTIMATION

The likelihood function is L(0;x) = ]_[?Zlfg(xil,--- , Xig), and the corre-
sponding log-likelihood is, according to (5.5),

l(6;x) = Z Info(Xi1, -+, Xid)

i=1

n Xi1 Xid
=Z|n{ Z Z l_[forj(xtj Vj)fp(V R)}

i=1 v1=0 vg=0j=1

(5.8)

The ML estimate of @ can be derived by setting the derivative of (5.8),
which is known as the score function, to 0. Since the PMF based on
our model can be viewed as a weighted sum of the probability density
function (PDF) of the underlying multivariate normal distribution, it is
easy to derive all derivatives. Beginning with a, the derivative of fo(x;)
with respectto aj, j=1,---,d, is given by

ofe(xi) i % afa/(xtj

aa;

d
) l_[ for X,k — vi)fp(v; R).

v1=0 vg=0 aj k=1,k#j

Since
=V o i Viema)
of o (Xij V/) 9 a;°

oa; aaj [xij— vj]!

= fo;(Xij— Vj— 1) = fo; (Xij — V),

one can proceed to differentiate fg(x;) by

afe(xl Xi1 Xid

Z Z foy(Xij—vj—1) l_[ SfarXik — vi)fp(v;R)
aa] vi= =0 Vg= 0 k= 1/(#]
Xi1 Xid
- Z Z fay(Xij—vj) l_[ fa (Xik — vi)fp(v;R)
vi=0  vg=0 k=1,k#j

=fo(xi, -+, Xij— 1, -+, Xig) —fo(Xi1, *** , Xid).
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The score functions based on (5.6) are

oUe;x) G 1 9fe(xi)
oa; - l.zlfe(xi) Elef
_&fe(xi, e, Xij— 1,0+, Xig) — fo (X))
= fo(xi)
0 E[Yjlxij, j=1,--+,d]

= —nN.
aj

In addition, the derivative with respect to g; is

az(e x) I 1 ofe(x) & Xa Lig fp(v R)
Zfe(xo 26; Zfe(x.)Z Zl_[f“’(x” B

/ i= i=1 v1=0 vg=0 =1

where
afg(v;R) 9 ~1(Fp, (V1)) o~ 1(Fpy(va)) 1 zTR-12
B—' = e —exp(_—)dz
3B, Bj Jo1 -1 SIRIZ 2 '
J ] J & (Fgy(va—1)) e~ 1(Fpy(va—1)) (2m)2|R|2

In principle, such derivatives can be derived explicitly, using the
derivative of an integral with two variable limits and the derivative of
inverse functions. In addition, the derivative with respect to R, which is
invertible, is also a multiple integration of ¢r, which is the joint PDF of Z.
According to the matrix differential methods [160], we have

0 ) aln aln 1
Pn _ O0n PR PR or_ ¢r-—R I (R—zz")R™!,
3R alngr oR aR 2

where z is a column vector containing z1, -+, Zg. Via the Leibniz integral
rule, it follows that

2l(0; x)
oR

Xi1 Xid afp(v R)

Z Z l_lfor,(xzj Vj)———

V1 0 Vg= 0]

Il
s EMD
\h

Xi1 Xid

(Xij—V))
i=1 (xl) v1=0 vg=0j=1

o~1(Fp; (V1)) ~1(Fp1(va)) 1
f J or-—R I(R—zz")R1dz,
&~1(Fp, (vi—1))  J & 1(Fp, (va—1)) 2

which is a function of p. As demonstrated, the computation of all
derivatives is feasible but requires multidimensional integration. This can
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be accomplished using numerical integration methods, such as Monte
Carlo mtegratlon [161].

Let [a, B, p]" represent the ML estimators. Under standard regularity
conditions, these estimators are consistent and asymptotically normal,
expressed as

vyn([& B, pl"—[a,B.p]")~ N(0,Z71(8)), n— oo,

where 7Z(0) denotes the Fisher information matrix and “~" denotes
convergence in distribution. The asymptotic variance can be estimated in
practice using the bootstrap method. Despite this, such multi-parameter
numerical optimization remains challenging due to the repeated need
for optimization during the bootstrap process. To address this issue,
the inference function for marginals (IFM) is introduced in the next
subsection.

5.4.2. INFERENCE FUNCTION FOR MARGINS

IFM, as a two-stage estimation method, originates from the general
framework in [162] and [163]. Some recent studies include [164] and
[165]. The procedure first estimates the d marginal distributions, and
in the second stage, it maximizes the likelihood with respect to the
remaining parameters. More specifically, by rewriting the joint PMF in a
slightly different manner, we have

Xi1 Xid

fox)= > -+ > l_[fa,(xu v/)fg(v;R)

V10 vg=0j=1

= l_[for,ﬂ;](XU) X % % l_[f“/(xll vj)fg(v;R)

v1=0 vg=0 j=1 for,-+,8,-(xi,j)

= l_[fa,wj(xi,j) x w(xi;0), i=1,---,n,
j=1

where w(x;; 8) = Y70 -+ 301 l_[jq:lfaj(xi,j — Vj)fp(V: R)/fa;+p;(Xi ). Re-
mark that the log-likelihood function can be rewritten as

n d n d
(8; %) = > > Infir(xi)) + D Inw(xi; 0) = > (A;; X) + la+1(x; 0),
i=1j=1 i=1 j=1
where [j(Aj; x) denotes the marginal likelihood and lg+1(x; @) encompasses
the correlations. The IFM approach is outlined as follows.

(S1). Estimate A = ()\1, -+,Ag) by maximizing marginal likelihood
lj()\j,x) for j=1,---,d, resulting in the vector of sample means
= (X1, , Xa).
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(S2). Estimate the remaining parameters by maximizing [, (x; 8) with the
constrainta+ B = x.

This procedure is easier to implement than the ML estimation due to
the reduced complexity of the search space, which benefits from the
incorporation of marginal means. Denote the IFM estimator as [A, B, 8]".
According to Page 404-405 in [159], the limiting distribution is normal,

Yn([A, B.AIT—[A,B.p]1T)~ N(O, W), n— o, (5.9)

with the asymptotic covariance matrix W given in Section 7.4.

5.4.3. EXPECTATION-MAXIMIZATION METHOD

Due to the large number of parameters, directly maximizing the full
log-likelihood (see Section 5.4.1) or even the likelihood after marginal
estimation (see Section 5.4.2) becomes impractical. Therefore, in this
subsection, we employ the EM algorithm to obtain the estimators.
The EM algorithm is widely used for estimation in the presence of
missing data [e.g., 166-168]. In our framework, we treat the latent
variables V; := F/;jl(fb(Zj)),j =1,---,d, as unobserved components. The

corresponding unobserved data can be represented as an n x d matrix
v=[vy,-,vy]T, where vi=[v;1,+++, Vig]". The complete dataset is
{(xij, vij) }i=1,--,n, j=1,--,d, OFf which only the x;; are directly observed.

To obtain estimates via such data, two steps, including the E-step and
the M-step, are employed iteratively. In the kth E-step, we compute
the conditional expected value Q(0; 8(K)) of the complete log-likelihood
function ((0; x, v) given the observed dataset x under the distribution
corresponding to the current estimate 8(K) of the parameters. In the kth
M-step, the algorithm updates the parameter estimates to maximize
the expected complete log-likelihood function Q(@; 8)) computed in
the E-step over 8. This involves solving an optimization problem,
often done efficiently using standard optimization techniques. In
other words, starting from an initial value 8(°), the algorithm iterates
6(k+1) = arg max Q(8; 6)).

6e€0
Following the above general procedures, the complete density function

is given by

fe(x, v)

d
= l_[fai(Xi —Vv)fp(v;R)

=1

exp(———)dz,

®~1(Fg, (v1)) o~1(Fp,(va)) 1 zR™ 12T
[ e
@ 1(Fg,(va—1)) (27)2|R|2

i=1 ¢~1(Fp, (v1—1))
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and the conditional density of v given x is

fo(v|x) =Pr(Vi=v1,---,Vg=vy|X1=X1,++, Xa = Xq)
Pr(Vi=vy, -, Vag=Vvg, X1 =X1, -+, Xad = Xqd)

Pr(X1 =x1,:+, Xd =Xq)
Pr(Yi=x1—V1,:+,Ya=Xg— Vg, V1=V1,++,Vg=Vq)

Pr(X1=xX1,++, Xd = Xqa)
1—[;’:1 Pr(Yj =xj— vj))Pr(V1i=v1,--+, Vg = Vvq)

Pr(X1 =x1,-++, Xd = Xq)
This conditional density can be obtained by calculating the numerator

and rescaling it by the corresponding sum. Since the samples are i.i.d.,
the complete log-likelihood is given by

n n d
1(8;%,v) = > Infp(vi; R) + > > Infa;(Xij— Vi)

n n d
=>Infp(vi; R)+ > > [—0j + (xij— vij) In o — In((xi,— vi )],
i=1

i=1j=1
Thus, the function Q can be computed by

Q(8; 6%)) = Ef(vx)[ 1(8; x, v)| 6% ]

n Xa Xid .
=>" >+ > Infg(vi; R)f(vilx; 6X))
i=1Vva Vid
n d y y
+ > {—ag+ (xij— E[vijlx; 681) Inaj — E[In((x; — vi ) x; 6601}
i=1j=1

In order to compute 8*+1), which is the maximizer of Q(-; 8K)), we
start by maximizing in a. This computation is straightforward and yields
alktl) = x — %Z?ﬂ E[ vi|x; 8], where x is the vector of coordinate-wise
averages of X;; and (B*+1, Rk+1)) is the maximizer of

QB R;60):= max Q(a,B,R;6K)

ae(0,400)d

n Xpa Xid y n d 1 n ]
=2 D vis R v 69 + 33 { = (3 Y EL vyl 6)

s v i=1j=1 =

M o1& N N
+ 0cj = ELviIx; 6991 In (3% — — > ELviIx; 6001) — ELIN(0xe — vi )t e(k)]}.
i=1
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Note that the expectations involved in the previous equations can be
computed easily as

E[vijlx; 6997 = vy Pr(Vij = vijlx; 6%)

=>vij >, Pr(Vi1=vi1, -+, Vid = Viglx; 8X)
Vili/,l'/#j

=>vij > fvi, e, viglx; 69).

\ s

In this chapter, we apply derivative-free optimization methods for the
maximization of Q(-; 8%)), i.e., for the computation of (B+1), Rtk+1)),
The EM algorithm can then be iteratively executed until convergence is
achieved based on a specified criterion, such as when the L; distance
between the parameter estimates in two successive iterations falls below
a predefined threshold. The following result shows the convergence of
the EM algorithm to stationary points of the log-likelihood function ((8; x).
The proof can be found in Section 7.4.

Proposition 8. All limit points of the sequence {6} are stationary
points of the log-likelihood function ((0; x) defined in (5.8).

5.5. NUMERICAL EXPERIMENTS

In this section, we present a comprehensive series of numerical
experiments, all of which are based on artificial data sets. These
experiments have been carefully designed to illustrate the novelty of our
proposed model. We incorporate several well-established methods into
our comparative studies, including TR, TREx, Gaussian copula (GC), and
a t-copula with four degrees of freedom (TC-4). To ensure a thorough
evaluation, we set different marginal means and correlation matrices
with diverse dimensions. All of the implementations and analyses are
carried out within the R environment [77]. A few specific R packages
have been utilized in our study: Rsolnp [130] for the optimization,
and mvtnorm [169] for the computations involving multivariate normal
and t distributions. The performances of various methods are assessed
and compared using Kullback-Leibler (KL) divergence between estimated
PMF f and true f. Specifically, D(fIIf) = Syenz fF(X) INF(x)/f(x). Take
two dependent Poisson variables as an example, let testing points be a
Cartesian product of two integer sets {0,:--,M} and {0,---,N},

X_OO---Olll---MT
t=fo 1 --- NO 1 2 --- N |~

where M and N are 99% percentiles of two marginal Poisson distributions
during the simulation, respectively. Then, the KL divergence can be

approximated as D(f||f) = erth‘(X) Inf(x)/f(x).
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5.5.1. POSITIVELY-CORRELATED BIVARIATE POISSON RANDOM
VARIABLES

We begin by considering two positively correlated Poisson random
variables, X1 and X3, to demonstrate our model’s performance in settings
where the data are well-suited to all methods. To further showcase
the model’s flexibility in capturing various distributions, we generate
additional datasets using a range of copulas, including Clayton, Frank,
Gumbel, Ali-Mikhail-Haq, and Joe, via the copula package. For each
copula-based data generation mechanism, we define four scenarios by
selecting four distinct sets of parameter values (detailed in Section 7.4),
each representing a different data type. In each scenario, we conduct 100
independent simulation replications, with each replication generating 100
two-dimensional Poisson observations. We then compute the average KL
divergence to compare performance. In every replication, the models TR,
TREX, GC, TC-4, and our proposed method are applied to capture the joint
distribution and dependence structure of the data.

All results are provided in Section 7.4. Figure 5.2 visually summarizes
the average KL divergences computed from data generated by the TR,
TREx, GC, and TC-4 models under four different parameter scenarios.
Under conditions of positive correlation, all methods perform well in
capturing the full range of p)l(z, except for TR. TR has the simplest

form, and its parameters are easy to estimate. However, it struggles to
handle certain types of positive correlations, while the other methods
demonstrate better performance in modelling all positive correlation
structures. In addition, each existing method produces distinct PMFs,
meaning that none of these approaches works universally well except
when the data are generated from their respective models. In contrast,
our proposed model consistently ranks second in performance across all
scenarios. Although our model extends the TR, TREx, and GC frameworks,
it does not simply replicate their results; the additional parameters
can sometimes yield higher likelihood values at the cost of divergent
parameter estimates. Nonetheless, the KL divergences of our model
remain comparable to those of the original models.

Table 5.1 provides detailed results via 100 replications for a specific
scenario across various data sources. While all methods demonstrate
reasonable performance, our proposed model consistently achieves
a low KL divergence, comparable to the true model and superior to
other approaches. This highlights our model’s enhanced flexibility in
modelling positively correlated Poisson variables, particularly when the
true PMF is too complex for the TR, TREx, GC, and TC-4 models. By
incorporating additional parameters, our model exhibits an improved
ability to accommodate a wider variety of distributions.
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Figure 5.2: Box plots of average KL divergence across different parameter

values for five methods.

Four groups of two-dimensional

positively correlated Poisson data are generated using TR
(top-left), TREXx (top-right), GC (bottom-left), and TC-4 (bottom-
right), each with distinct parameter sets.
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Table 5.1: Average KL distances for five methods.

Two-dimensional

positively correlated Poisson data are generated from nine
generation mechanisms.

Data Source Marginals Parameter TR TREX GC TC-4  Proposed

TR [2,1] B=0.9 0.006 0.024 0.012 0.018 0.009
TREX [2,1] ¥y=0.8 0.032 0.005 0.011 0.011 0.008
GC [2,1] p=0.9 0.068 0.021 0.006 0.012 0.007
TC-4 [2,1] p=0.9 0.065 0.020 0.020 0.013 0.017
Clayton [1,2] 6=4.5 0.064 0.061 0.039 0.045 0.039
Frank [1,2] 6=9 0.041 0.021 0.016 0.020 0.017
Gumbel [1,2] 6=5 0.191 0.021 0.011 0.009 0.012
Amh [1,2] 6=0.91 0.012 0.015 0.011 0.014 0.009
Joe [1,2] 6=5 0.146 0.034 0.036 0.028 0.030

5.5.2. TRIVARIATE POISSON RANDOM VARIABLES

In this subsection, we investigate more complex three-dimensional
Poisson variables, X1, X2, and X3, with marginal means fixed at 1, 2, and
3, respectively. For data sets with all positive correlations, we generate
samples using the TR, Clayton, Frank, Gumbel, and Joe copulas, whereas
those with all negative correlations are produced using the Gaussian
copula. In cases where only one pairwise correlation is negative (e.q.,
p)l(2 < 0), we employ the t copula with 4 degrees of freedom. Additionally,
we use TREx with 1— U to construct joint distributions featuring two
negative correlations with only p)1<2 > 0. Various scenarios (as presented
in Section 7.4) are considered by configuring the correlation matrix R
differently. Note that the Ali-Mikhail-Haq copula is bivariate and is
therefore not used in this subsection. For each scenario, 100 samples
are generated, and each simulation is repeated 100 times. Average KL
divergence is used again to evaluate the performance.

As shown in Figure 5.3, when all correlations are positive, all methods
provide accurate estimates of the joint distribution, with TR performing
best since the data are generated from it. However, in the presence of
negative correlations, the TR model fails to capture the joint distribution
adequately, leading to higher KL divergence values. Although TREXx
performs well when two correlations are negative, it struggles when
only one or all three correlations are negative. This limitation arises
because TREXx relies solely on U and 1— U to model negative dependence:
including one or two 1—U terms in (5.1) induces two negative correlations,
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while the absence or inclusion of three 1 — U terms results in only positive
correlations. Consequently, TREx is unable to flexibly accommodate
mixed dependence structures. In contrast, the GC, TC-4, and our
proposed model effectively capture a variety of dependence patterns.
Notably, our model demonstrates robust performance across different
types of PMFs, consistently achieving low KL divergences and handling a
broader range of dependence structures.
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Figure 5.3: Box plots of average KL divergence across different scenarios
for five methods. Four different correlation structures are
considered, including all positive generated by TR (top-left),
one positive p)l(2 > 0 by TREx (top-right), all negative

by GC (bottom-left), and one negative p)l(2 <0 by TC-4
(bottom-right).

Table 5.2 summarizes the estimation results for data generated by
various methods; additional details are provided in Section 7.4. Overall,
both the GC model and our proposed approach yield comparable KL
divergence values, and our method generally performs better across a
wider range of cases. Notably, when Poisson variables are generated
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using the TC-4 mechanism, our method estimates the PMF more
accurately than GC-even though our proposed model is based on a
Gaussian copula. This finding suggests that the inclusion of the parameter
vector a enhances the model’s ability to capture diverse distributions,
particularly those with heavy-tailed PMFs.

Table 5.2: Average KL divergence for five methods. Three-dimensional

correlated Poisson data are generated from eight generation

mechanisms.

Data source Parameter TR TREX GC TC-4  Proposed

TR B=0.4 0.016 0.027 0.028 0.042 0.018
TREX 6=0.3 0.391 0.022 0.056 0.121 0.034
GC p=[-0.2,—-0.3,—-0.4] 0.381 0.112 0.014 0.027 0.016
TC-4 p=1[0.3,0.6,—0.5] 0.214 0.700 0.065 0.041 0.049
Clayton 6=0.25 0.067 0.016 0.016 0.029 0.015
Frank 6=0.5 0.101 0.011 0.014 0.032 0.009
Gumbel 6=1.2 0.054 0.012 0.021 0.036 0.016
Joe 6=1.2 0.084 0.012 0.021 0.032 0.009

5.5.3. BIVARIATE POISSON RANDOM VARIABLES GENERATED VIA
THE PROPOSED MODEL

In this subsection, we illustrate the performance of our proposed EM
estimation procedure using bivariate Poisson random variables generated
by our model. For this experiment, we fix the marginal means at
1 and set the sample size to n = 100. The data generation process
proceeds as follows. First, we generate n = 100 two-dimensional samples
from a bivariate normal distribution with mean vector [0,0]7, unit
variances, and a preset correlation coefficient p;,2. These samples form
an nx 2 matrix z=1[z;;], where i=1,...,n and j=1,2. Second, we
generate another n x 2 matrix y = [y; ;] consisting of independent Poisson
random variables with predetermined marginal expectations a; > 0 and
az > 0. Finally, we construct the two-dimensional dependent Poisson
variables via x;j 1= yij + Fg ! (#(2i)), i=1,...,n, j=1,2, where g; > 0 is
predetermined and F) denotes the CDF of a Poisson random variable with
parameter A. To generate a diverse set of data, we vary the parameters
P1,2, aj, and Bj. In particular, to illustrate positive dependence, we let
p1,2 vary over {0.1,0.2,...,0.9}, set a; to values in {0.15,0.3,...,0.9},
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and define B =1—a;. This configuration yields a total of 324 distinct
scenarios. The entire simulation procedure is carried out 100 times.

Table 5.3 summarizes the biases and the mean squared errors (MSEs) of
estimates computed in 100 replications for different combinations of as
and p1,2. Specifically, [a1, a2] =[0.15,0.15], [0.30, 0.15], [0.45, 0.15],
with Bj=1—a; for j=1,2 and p € {0.8,0.9}. Additional results are
provided in Section 7.4. Our analysis indicates that the proposed EM
algorithm yields accurate estimates, particularly when the values of 8
and pi,2 are larger. Moreover, Figure 5.4 shows the KL divergences for
different values of p1,2, demonstrating that the differences between the
true PMF and the estimated PMF remain relatively low. These findings
further confirm the effectiveness of the proposed EM approach.

Table 5.3: Average biases and MSEs (in parentheses) of estimates
computed from 100 replications. S1-S2: a; = 0.15, a = 0.15,
p € {0.8,0.9}; S3-S4: a; =0.30, ap =0.15, p€ {0.8,0.9};
S$5-56: a1 =0.45, a =0.15, p € {0.8,0.9} with B; =1— a; for

j=1,2.
a1 a2 B1 B2 P1,2

s1 0.040 0.066 -0.040 -0.073 0.100
(0.030) (0.033) (0.034) (0.043) (0.021)

<o 0.007 -0.004 -0.012 -0.023 0.026
(0.019) (0.018) (0.030) (0.022) (0.006)

s3 -0.009 0.048 0.016 -0.037 0.060
(0.047) (0.040) (0.046) (0.050) (0.022)

4 -0.050 0.015 0.054 -0.015 0.004
(0.035) (0.025) (0.038) (0.031) (0.008)

<5 -0.048 0.023 0.054 -0.020 0.053
(0.072) (0.049) (0.069) (0.059) (0.022)

6 -0.061 -0.017 0.050 0.010 0.012

(0.044) (0.027) (0.048) (0.033) (0.010)

5.6. CASE STUDY

In this section, we extend our analysis by performing a comprehensive
comparison between existing models and our proposed model, using data
from BIXI, which is Montréal's bike-sharing system providing open access
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Sl R
— B=—

p\l‘ 2

Figure 5.4: Boxplots of average KL divergence across a; €
{0.15,0.3,...,0.9} and Bj=1—aj, j=1,2, for different
values of p1,2. Poisson data are generated from our model.

to detailed bike usage data. The raw data, available through BIXI, records
each bike rental occurrence, including specific details such as the exact
date and time of departure, the departure station, the destination station,
the arrival date, and time, the total duration of the bike rental, and a
binary variable indicating whether the rider was a BIXI member. For this
analysis, we focus on daily rentals over three months for BIXI members
at three distinct departure stations. These stations are strategically
located at the intersection of St. Charles and Charlotte Street (Station 1),
the Jewish General Hospital (Station 2), and Place Longueuil (Station 3).
During data collection, three Poisson random variables, X1, X2, X3, from
three stations on the same day are recorded. Each of them has 56 daily
bike rental data x;x, k=1---,56, as detailed in Table 5.4.

First, we assess whether the data satisfy the marginal Poisson
assumption. Using a chi-squared goodness-of-fit test, the p-values for
data from the three stations are 0.780, 0.135, and 0.349, respectively,
indicating that there is no evidence to reject the Poisson assumption.
Additionally, the QQ plots in Figure 5.5 confirm that X1, X2, and X3
approximately follow Poisson distributions.

Next, we estimate the correlations among the data collected from the


https://montreal.bixi.com/en/open-data
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Table 5.4: Real data of bike rental information during 56 days.

5 3 3 1 1 2 1 1 2 0 1 0 2 1

. 2 2 0 0 3 0 0 1 1 0 1 2 1 2
Station 1

2 2 1 1 1 1 5 1 3 0 2 O 1 1

5 0 4 1 2 0 0 1 2 0 1 2 1 2

3 5 6 5 6 10 9 4 4 3 6 8 8 9

. 6 4 4 3 8 6 10 6 5 7 9 7 16 10
Station 2

9 5 2 5 12 8 6 8 7 4 8 12 3 11

0O 12 11 11 4 4 5 13 13 2 5 3 10 6

0O O 1 2 1 1 1 1 5 1 2 1 1 0

. 0O O 0 0 0 1 0 0 1 0 1 O 1 0
Station 3

0O O 0 0 0 2 0 0 0O 4 1 O 1 0

0O O 2 2 1 1 5 0 1 1 2 O 0 0

Quantiles
Quantiles
Quantiles

Figure 5.5: QQ plots assessing the marginal Poisson assumption for
variables X (left), X2 (middle) and X3 (right).
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three stations using the sample correlation coefficient, defined as

2l k= x) (X k— X))

Pii= T se _ 12556 2

\/Zkzl (Xik=X)* 2221 (Xjk = X;)

where X; denotes the sample mean for station i. The estimated
correlations are pf , =—0.117, pf ; =—0.183, and p5 ; =—0.124. As
observed, all three variables exhibit negative correlations. Consequently,
we focus our further analysis on methods applicable to handle negative
dependence, namely GC, TC-4, and our proposed model.

Table 5.5 summarizes our case study results on the BIXI dataset,
including the number of estimated parameters, parameter estimates,
log-likelihood, Akaike Information Criterion (AIC), Bayesian Information
Criterion (BIC), and Hannan-Quinn Information Criterion (HQ). Our
proposed model achieves a higher log-likelihood and lower AIC, BIC,
and HQ values compared to other methods, indicating more accurate
modeling of daily bike rental counts across the three departure stations.
These improvements enable a more reliable estimation of rental patterns,
which play a critical role in operational decision-making. In practice, such
enhanced modelling can inform better resource allocation, maintenance
scheduling, and service planning in bike-sharing systems, ultimately

providing valuable management insights for optimizing urban mobility
services.

ilj = 1/ 2/ 3r

Table 5.5: Summary of three methods for modelling bike rental data.

Number Estimates Log- AIC BIC
likelihood

A=[1.428,6.893,0.786]"

GC 6 -304.63 621.26 640.01 628.87

p=[—-0.117,—-0.183,—0.124]7

A=[1.428,6.893,0.786]7

TC-4 6 -307.67  627.35 646.10 634.96

p=[-0.117,-0.185,—0.125]7

& =[1.258,6.803,0.063]"7

Proposed 9 B=[0.171,0.089,0.722]T  -242.28  502.56 530.67 513.97

p=[-0.112,—-0.197,—0.789]7

B5.7. CONCLUSION

In this study, we proposed a novel model for handling multivariate
Poisson variables that overcomes key limitations of existing methods such
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as TR, TREx, and the Gaussian copula. Our model serves as a generalized
framework, encompassing these traditional approaches as special cases
through specific parameter configurations. By introducing additional
parameters, it offers greater flexibility in modeling joint distributions,
particularly capturing a broader range of dependencies—including
negative correlations—that are challenging for conventional methods.
Our theoretical analysis demonstrates that the proposed model can
represent a wider variety of joint distributions. We also developed
efficient estimation techniques, including a tailored EM algorithm, to
facilitate practical implementation. Simulation results validate the
effectiveness of our approach, and a case study further shows that our
model achieves superior log-likelihood values and information criteria
(AIC, BIC, and HQ) compared to established methods.

Future research can build on our work by addressing several key
challenges to further enhance the modeling of dependent data. First,
while our proposed model demonstrates flexibility in capturing a wide
range of dependence structures, its framework can be extended
to incorporate additional copula families or alternative regularization
schemes. Such extensions could improve the model’s ability to handle
extreme tail dependence and non-standard correlation patterns often
encountered in high-dimensional applications. Second, although our
study focuses on multivariate Poisson distributions, many practical
problems involve mixed data types (e.g., combinations of continuous
and count data). Extending our framework to jointly model such
mixed-type data would broaden its applicability and provide deeper
insights into complex real-world systems. Finally, given the computational
efficiency demonstrated by our approach, developing distributed or
parallel algorithms specifically tailored to our model could significantly
enhance its scalability, facilitating the analysis of massive datasets
common in contemporary applications.







CONCLUSION

In this dissertation, we addressed several complex problems arising from
data analysis, focusing on scenarios with limited and expensive data,
spatiotemporal tensor data, non-normal continuous data, and multivari-
ate Poisson data. Each chapter presented novel methods that not only
address specific challenges but also contribute to complex modeling.

Chapter 2 considered an optimization problem of black-box functions
whose derivatives are unknown. Such functions are also expensive to
run, leading to limited data. Due to budget restrictions, we proposed
a parallel sequential design using minimum energy design to estimate
the optimal solution by selecting valuable points to calculate. This new
approach, combined with GP models, surpasses existing one-point-at-a-
time strategies like El and HEI due to its advantages in several key areas,
including time-saving, parallel simulation, and exploration-encouraging. A
shrinkage-augment strategy was proposed to select more points located
in the local area around the global optimum, ensuring the estimates are
more reliable. Simulation and case studies show that our method can
estimate the true optimum better with less time, compared with some
existing methods.

Chapter 3 focused on limited data with spatiotemporal fluid flows stored
as a tensor. Due to the complex nature of the data, including high di-
mensionality and information on spatial and temporal scales, directly
applying GP models for fast predictions is not feasible. To address that,
a multi-output Gaussian process via the tensor unfolding and SVD was
used for the spatiotemporal data, predicting an unobserved flow with
fixed spatiotemporal modes and predicted coefficients based on GP mod-
els. Some benchmark problems and two real data sets show that our
method outperforms others in terms of more accurate predictions with
less computation cost.

Chapter 4 and Chapter 5 considered continuous and discrete data that
are not normally distributed, respectively. They both defined the specific
distributions via the fact that the CDF follows a uniform distribution over
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[0,1]. According to Chapter 4, data are collected to evaluate a manufac-
turing process. Two issues were addressed together, involving asymmetric
tolerances and a non-normal quality characteristic. We summarized some
necessary properties of a proper PCI for asymmetric tolerances and nor-
mal data. Based on such properties, two novel process capability indices
were defined. We also discussed the parametric estimation procedure
and asymptotic confidence limits. Note that such proposed PCls are still
based on normal variables. To free the normality assumption, we used
B-Splines to estimate the underlying unknown CDF of the data and intro-
duced a tailored inverse transformation to normalize the data. Such a
non-parametric estimator is suitable for all kinds of CDFs, with asymptotic
properties also studied. Then our PCls can be utilized to evaluate the
manufacturing process regardless of the data distribution. We conducted
some simulation studies and employed a real data set to show the novelty
and efficiency of our method.

When there are some Poisson counts, Chapter 5 developed a new multi-
variate Poisson model based on MRT technology and a Gaussian copula.
It was demonstrated that via our model, pairwise correlations can vary
across the entire spectrum, from complete independence to maximal
positive or negative correlation. This flexibility allows for a nuanced repre-
sentation of different levels of dependence. Some distribution properties,
like the PMF and Pearson correlation coefficient, were derived from our
model. We also introduced some propositions to further highlight the nov-
elty compared with existing methods. Three estimation procedures were
explored, along with asymptotic results for corresponding estimators. The
proposed model was shown to perform well through several simulations
as well as real data analysis.

In conclusion, this dissertation provides a comprehensive set of tools
and frameworks for addressing a variety of complicated data structures.
The proposed methods not only improve upon existing approaches but
also open new avenues for research in the fields of statistical modeling
and data analysis.

In the future, the analytical frameworks developed in this thesis can
be extended to investigate more complex problems. For instance, in
scenarios involving limited datasets that follow multi-dimensional discrete
distributions, a tailored PCI could be defined using joint discrete distribu-
tions. This approach, when integrated with GP models that can generate
more valuable data, is beneficial for comprehensive process evaluation.
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7.1. SUPPLEMENT TO CHAPTER 2

Additional simulation results considering more benchmark problems are
shown in Tables S1, S2, S3 and 5S4.

Table S1: Logarithm optimal gaps between true optima and estimated
values by different methods for some low-dimensional bench-
mark problems. g =5 for CLmin, CLmax and PMEI.

Benchmark p El CLmin-5 CLmax-5 PMEI-5
Drop-wave 2 -0.47 -0.99 -0.99 -1.10
Levy N.13 2 0.25 -0.70 -0.70 -0.95
Schaffer 2 -0.75 -1.11 -1.11 -1.31
Bohachevskyl 2 1.72 -0.77 -0.77 -0.49
Bohachevsky2 2 1.72 -1.00 -1.00 -1.13
Bohachevsky3 2 1.72 -0.64 -0.64 -1.34
Booth 2 -3.72 -3.39 -3.39 -9.23
Matyas 2 -2.58 -5.81 -5.81 -9.48
McCormick 2 -2.31 -3.89 -3.89 -4.11
Six-hump 2 -1.52 -4.01 -4.01 -4.17
Michalewicz 2 -0.62 -3.84 -3.84 -5.42
Sphere 3 -1.43 -3.48 -3.31 -6.24
Hart3 3 -4.32 -4.74 -5.15 -4.72
Rotahted 3 -1.93 -1.00 -1.83 -3.29
Zakharov 3 0.49 0.04 0.49 0.25
Rosenbrock 3 0.15 -1.86 -1.66 -2.35

7.2. SUPPLEMENT TO CHAPTER 3

7.2.1. PROOF OF THE PROPOSITION 1

Denote V as the approximation during the second step. Given rp
and r‘2 for i=1,.--,r, the decomposition error for ) is defined as
Ed = ||y—3"2||,2:, where Y is the final low-rank approximation. Via unfolding
and transforming the vector to a matrix, the error is identical. Thus, we
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Table S2: Logarithm optimal gaps between true optima and estimated
values by different methods for some low-dimensional bench-
mark problems. g = 10 for CLmin, CLmax and PMEI.

Benchmark p El CLmin-10 CLmax-10 PMEI-10
Drop-wave 2 -0.47 -1.07 -1.07 -1.22
Levy N.13 2 0.25 -1.25 -1.25 -1.06
Schaffer 2 -0.75 -1.52 -1.52 -1.33
Bohachevskyl 2 1.72 -0.21 -0.21 -4.55
Bohachevsky2 2 1.72 -0.92 -0.92 -2.27
Bohachevsky3 2 1.72 -1.28 -1.28 -2.33
Booth 2 -3.72 -3.63 -3.63 -14.96

Matyas 2 -2.58 -4.63 -4.63 -13.89

McCormick 2 -2.31 -3.94 -3.94 -4.11
Six-hump 2 -1.52 -4.49 -4.49 -12.61
Michalewicz 2 -0.62 -3.75 -3.75 -5.47
Sphere 3 -1.43 -3.81 -3.49 -7.80
Hart3 3 -4.32 -4.60 -5.25 -6.27
Rotahted 3 -1.93 -1.65 -1.26 -6.05
Zakharov 3 049 -1.67 -0.21 -0.92
Rosenbrock 3 0.15 -2.17 -2.35 -3.80
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Table S3: Logarithm optimal gaps between true optima and estimated
values by different methods for some low-dimensional bench-
mark problems. g =15 for CLmin, CLmax and PMEI.

Benchmark p El CLmin-15 CLmax-15 PMEI-15
Drop-wave 2 -0.47 -1.08 -1.08 -1.45
Levy N.13 2 0.25 -1.47 -1.47 -2.27
Schaffer 2 -0.75 -1.49 -1.49 -1.94
Bohachevskyl 2 1.72 -0.50 -0.50 -8.81
Bohachevsky2 2 1.72 -0.77 -0.77 -2.96
Bohachevsky3d 2 1.72 -1.04 -1.04 -3.51
Booth 2 -3.72 -2.87 -2.87 -19.54
Matyas 2 -2.58 -3.83 -3.83 -19.29
McCormick 2 -231 -3.41 -3.41 -4.11
Six-hump 2 -1.52 -3.91 -3.91 -17.07
Michalewicz 2 -0.62 -3.49 -3.49 -5.40
Sphere 3 -1.43 -3.44 -3.08 -10.67
Hart3 3 -4.32 -4.15 -4.45 -6.61
Rotahted 3 -1.93 -0.38 -1.31 -8.11
Zakharov 3 049 -2.24 -0.19 -1.96
Rosenbrock 3 0.15 -1.87 -2.12 -3.36




7.2. Supplement to Chapter 3 117

Table S4: Logarithm optimal gaps between true optima and estimated
values by CLmin, CLmax and PMEI for some high-dimensional
benchmark problems. g =10, 10, 15, 15 for p=4,6, 8, 10.

Benchmark p CLmin CLmax PMEI
Ackley 4 -0.28 -0.25 -0.29
6 -0.14 -0.12 -0.14

8 0.09 0.08 -0.06

10 0.08 0.07 0.04

Griewank 4 -1.06 -1.15 -1.81
-0.72  -0.57 -0.87

-0.36 -0.38 -0.88

10 -1.02 -1.06 -2.09

Schwefel 4 271 -2.15 -2.62
-2.54 2,50 -2.61

-1.77 -1.70 -1.88

10 -1.61 -1.56 -1.64
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have the equivalent error given by

€4 =lY—UEVT|2
<Y =YIIZ+ 1Y —bUzV |2

R1

< > AZ+|UEVT —UEVT||2
i=r1+1
R1

< D0 AZ+UE(VT—VT)|2
i=r1+1
R1 ry

< QL AT+ DIUE (VI =VDIZ
i=r1+1 i=1
R1 ry

< 20 AT MUV = VDI
i=ri+1 i=1
R1 ry

< 3 NI AUTIVT VT2
i=ri+1 i=1
R1 ry . LT

< >0 A2+ > a2um|Bi-PiD'Q |2
i=ri+1 =1
R1 r R2 .

S IR WEH NN
i=ri+1 =1j=rit1 '

with Y, the low-rank structure after the first decomposition.

7.2.2. PROOF OF THE PROPOSITION 2

Denote the ith row of a matrix A as A, ., the jth column of a matrix A as
A, and the element of A in ith row and jth column as A;;. Let the ith
element of a vector A be A;. As introduced before, for a new input u, the
prediction at the kth location and the lth snapshot yy; is

Vki=Uk, xEx (V).
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Note that ¥ =[yx] for k=1,---,nx and [=1,---,n¢. Specifically, we
have

Z11 Vi1
Yt =[Uk1,++, Ukr ] x x|
Zrl,rl Vl,r1
r
= Z UkiZiiVi,i
i=1
ry )
= > UkiZi, B!
i=1
rn 5! ) ‘
= UkiZii » Pt DK Ql(u
Z ki l,lz Lj J,JQI( )
=1 Jj=1
rn ré
_ 5. .pi pk Ai
- ZZUI([Z[,(PL/D]’/OJ(“)/
i=1j=1

where O}(u) is the prediction at the unobserved input of the GP model,

which is also §Y(u) introduced previously, and other quantities are
all known according to the SVD. As seen, every element of the final
prediction matrix Y is a linear combination of predictors. Then the
corresponding variance can be expressed as

ry ré
A _ a2 5. .pl i 2
var(yi) = ;; W)Ukl D! )2,

with the estimated posterior standard variance $;;(u). Thus, the pointwise
95% confidence interval of an unobserved spatiotemporal surface at a
new design point can be computed readily.

7.2.3. SIMULATION RESULTS FOR OTHER TYPES OF PDES
FOUR BENCHMARK FUNCTIONS
Four other benchmark PDEs in [78] used here are

e The wave function.

2w 262
—=Cc"—,
ot2 9ax?
Z0,x)=0
- IX = 7
ot

w(0, x) = exp(=Ax2),
w(t, —o00) = w(t,0) =0,
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where t € [0,40], x € [—40,40], A €[0,1] and c€[0,1]. 20
space-filling design points are conducted for training data, along
with 400 locations and 200 snapshots. Flows with another 1000
inputs are used as testing data.

The heat function, t € [0,5] and x € [0, 1], with the input D € [0, 1],

Y 3%y

—=D——,

at ax2

Y(t,x=0)=0, Y(t,x=1)=1,
Y(t =0, x) = sin(mx).

10 space-filling design points are conducted as training data, with
nx =100 and n =501. Another 100 data sets are used for testing.

The Laplace’s equation , x € [0,1] and y € [0, 1], with the input
ae[0,1.5],

2w 3w 0

—+ —=0,

ax2  ay?
wx=0,y)=w(xy=0)=0,
ow ow

— =0, — = sin(a x mx) sinh(m).
oy y=0 oy y=1

10 space-filling design points are conducted for training data,
involving 100 xs and ys. w with 100 values of a are used as testing
data.

The one-dimensional Brusselator function from the chemical
reactions, t € [0,10] and x € [0, 1], with inputs a €[0.9,1.2],
be[0.5,1.5]and ce€[0.5, 2],

0X1 2 2
¥=DX15 X1+1+X1X2—4X1,
oX> _ 5 5
y—szb' X2+3X1—X1X2,

X1(t=0,x)=1+sin(2nx), X2(t=0,x) =3,

where the diffusion coefficient D is taken to be 0.02, and we take
for the boundary concentrations a value of 1 and 3 for X; and Xz,
respectively. Two responses are predicted here, namely X; (denoted
as Brusselator-1) and X2 (Brusselator-2). Data at 50 locations and
101 snapshots with 30 space-filling design points are collected for
training, while the other 1000 flows are used for testing.
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RESULTS

All results, including computation time (in seconds), number of GPs,
average AMRE, and proper scoring rule (PSR), are presented in Tables S5
and S6. Overall, D-SVD can balance the costs and accuracy well, and
provide valid predictions with less computation time.

Table S5: Computation time (in seconds), number of GPs, average
AMRE with standard deviation in parentheses, and
average PSR over 1000 test data sets with four methods
for the wave function.

Time  Number Average AMRE Average PSR
D-SVD 9.64 626 84.80% (41.99%) -0.21
CPOD 53.97 4200 100.54% (50.46%) 296.81
KPOD 100.46 7920 150.27% (89.07%) —
TPOD 6.99 454 86.06% (43.99%) 0.87

NA: the result is not available; —: the result is not suitable.

7.2.4. CREDIBLE INTERVAL RESULTS

In this section, we use the Burgers equation and the wave function as an
illustration.

Figure S1 shows the true solution and the predicted results using D-SVD
at A= 0.55 while Figure S2 presents the point-wise credible intervals at
a fixed time snapshot. These intervals exhibit relatively small widths,
indicating low posterior variance. These results reveal that the predicted
flow can closely approximate the true solution. This success can be
attributed to the proposed MOGP, which is reformulated as a series
of independent GPs via the nested compression. Further, the cover
probabilities (CP) of whether the 95% credible region contains the true
value over 100 testing data sets at each x and t are calculated. The
average CP over all combinations of x and t is 95.64%. The absolute gap
between CP and 95% is shown in Figure S3. Almost all values are close to
0, further interpreting the results presented in Proposition 2.

Figure S4 provides the performance for the wave function. The
proposed framework excels in predicting spatiotemporal characteristics,
although it encounters challenges when there are sharp changes. This
limitation is further illustrated in Figure S5. On the one hand, the worst
prediction, associated with the largest MRE, shows that the credible
intervals generally encompass the true values, except in regions around
the two peaks. On the other hand, our model tends to perform well for
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Table S6: Computation time (in seconds), number of GPs, average
AMRE with standard deviation in parentheses, and average
PSR over test data sets with four methods for different
benchmark functions.

Heat Laplace Brusselator-1  Brusselator-2
D-SVD 0.41 0.22 4.73 3.04
Time CPOD 4.24 0.82 3.93 4.17
KPOD 7.31 2.34 8.89 6.21
TPOD 0.30 0.11 3.11 2.72
D-SVD 15 8 164 105
Number CPOD 501 100 202 202
KPOD 1022 220 393 262
TPOD 10 7 117 72
D-SVD 0.13% 0.18% 4.67% 2.59%
(0.12%) (0.07%) (3.21%) (1.66%)
CPOD 3.11% 6.30% 9.12% 32.68%
Average (0.49%) (3.99%) (3.79%) (1.26%)
AMRE KPOD 0.36% 2.37% 15.97% 33.42%
(0.24%) (2.09%) (77.87%) (148.08%)
TPOD 0.56% 1.47% 5.42% 2.62%
(0.20%) (0.47%) (3.21%) (1.65%)
D-SVD 119 6339 -0.55 -1.03
Average CPOD NA 1.24x10%  2.36x10’ 1.49x1023
PSR KPOD - - - —
TPOD 5318.08 1.61x10® 8.56x1072 0.54

NA: the result is not available; —: the result is not suitable.
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Figure S1: The distribution of the true solution (left) and predicted
flows using the D-SVD (right) for the Burgers equation when
A =0.55.

Figure S2: The true curve w (red solid line), prediction (blue dashed line),
95% credible interval (gray shadow) the Burgers equation
when A = 0.55 at the snapshot with the largest MRE (left) and
the smallest one (right).
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S

0.00 0.25 0.50 0.75

2.0

15

+ 1.0

0.5

0.0

0.0 0.5 1.0 15 20

Figure S3: The absolute gap between the cover probabilities (CP) and
95% over 100 data testing sets at each x and t for the Burgers
equation.
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a single peak. It appears that extracting the main information through
SVD may potentially discard some uncommon information, such as
sudden spikes at only a few locations. Consequently, predictions and
corresponding credible intervals are not accurate enough but still reliable.
Similar to the Burgers equation, the average CP is 93.23% and the small
absolute gap between CP and 95% over 1000 test data sets in Figure S6,
both coinciding with Proposition 2.

w
0.00 0.25 0.50 0.75

40 40

30

Figure S4: The distribution of the true solution (left) and predicted flows
via the D-SVD (right) for the wave function when A =0.475
and ¢ =0.825.

-40 -20 0 20 40 -40 -20 0 20 40

Figure S5: The true curve w (red solid line), prediction (blue dashed line),
95% credible interval (gray shadow) for the wave function
when A = 0.475 and ¢ = 0.825 at the snapshot with the largest
MRE (left) and the smallest one (right).
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Figure S6: The absolute gap between the cover probabilities (CP) and
95% over 100 data testing sets at each x and t for the wave
function.

7.2.5. PREDICTION ACCURACY WITH DIFFERENT THRESHOLDS AND
CORRELATION FUNCTIONS

In this section, we present the average mean relative errors (AMRE)
of D-SVD for the nonlinear Schrédinger equation. Various K(:,:) are
considered, including RBF, exponential, Matérn (5/2) and Matérn (3/2),
taking €1 = 0.99 and €; = 0.999 as an example. Meanwhile, different
thresholds given Matérn (5/2) correlation function are also used to show
how the proposed model performs with different thresholds.

Results are shown in Figures S7 and S8. Note that there seem to be
ill-conditioned problems when using RBF and exponential correlation
functions, so corresponding AMRE values are not available. Matérn
correlations are more robust and provide comparable predictions. Similar
to the Burgers equation, all combinations of thresholds can yield reliable
predictions.

7.2.6. PREDICTIONS FOR THE BOUNDARY AND INITIAL CONDITIONS

In this section, we apply the Burgers equation to present how the
proposed method performs when predicting the boundary and initial
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Figure S7: AMRE values of D-SVD based on 1000 testing data with
different correlation functions (left) and thresholds (right) for
N1, respectively. Red rhombus denotes the average AMRE.
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Figure S8: AMRE values of D-SVD based on 1000 testing data with
different correlation functions (left) and thresholds (right) for
N2, respectively. Red rhombus denotes the average AMRE.

conditions. Firstly, Figure S9 show predictions when A = 0.55. As seen,
the predictions at x =0 and x =1 are almost the same, coinciding with
the initial conditions relatively. Meanwhile, the predicted w(t = 0, x) via
our method is very close to the true boundary condition. Secondly, the
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mean absolute gap (MAP)

1o
— > iy, x = 0) = W(tj, x = 2)|
tj=1

and the mean absolute error (MAE)

1 X
— > 1W(0, x) — w(0, x))|
Nx i1

are calculated for each testing data set. The average MAP and MAE over
100 testing data sets are 1.22 x 10~1> and 0.004, respectively. These
findings indicate our data-driven method achieves comparable accuracy
for initial and boundary conditions.

7.3. SUPPLEMENT TO CHAPTER 4

7.3.1. NOTATIONS

We assume that the characteristic X ranges over X, a compact subset of
some Euclidean space. In what follows, via the sequence of knots 1, BSs
with degree k—1 forms a linear space with dimension L = m + k, denoted
as G& = G(k, Tm). For any g1,92 € G, set (g1, g2) = E[91(x)g2(x)] and

(91, 92)n = 2L, [91(x1)g2(x)1/n.

7.3.2. ASSUMPTIONS
We need the following technical assumptions for our results.

(1) The distribution function y is k times continuously differentiable for
some k > 2, and has bounded (k — 1)th derivative.

(2) The density of X is bounded away from zero and infinity on X.

(3) The knot sequence Tm = {So <S1--- <Sm+1} has a bounded mesh
ratio. That is, there exists a constant ¢ such that

Max Sit+1—Si
0<i<m
<c.

min s 1—S;
0<i<m

And max |hi+1 — hil = o(m~1) with h; = s;—si—1.
1<i<m

(4) m > Ccn¥(2k+1) for some constant C > 0.

(5) m— o and as n — o, m/n — 0, n¥/k+1)/| 0, and Llogn/n — 0.
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Figure S9: Predicted initial conditions (top) and the comparison between
true and predicted boundary conditions (bottom) for the
Burgers equation. A =0.55.
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7.3.3. PROOF OF THEOREM 1

As noted by [122], asymptotic properties are the same whether the
constraints of monotone non-decreasing are applied or not. Therefore,
we consider an unconstrained estimator here, which is also denoted as y.
Regarding the transformed ECDF introduced in Section 4.4 as responses,

we have .
B=(b"Vvb) b Vy,,

where b=[by,---,b.],
b, =[Bi(x1), -+, Bi(xn), Bi(LSL), B,(USL)]T,

V=271, and yn = [yn(x1), -+, ¥n(Xn), yn(LSL), yn(USL)]T.
First, we consider the asymptotic distributions, the estimator y(-) is
given by

L
yx) = BiBi(x) = BTB(x),
=1

where B=[F1,---,B.1T and B(x) =[B1(x), ---,B.(x)]T. Denote the true
coefficients as B=[B1,--+,B.]", we have

E[y(x)— y(x)] = E[BTB(x)— BT B(x)]
=E[(B—B) " B(x)]
=((b"Vb)'bTVE[y,] — B)"B(x)
=((b"Vb) 'b"VbB—B)"B(x)
= 0.
Thus, y(-) is an unbiased estimator. It then follows that

Var[y(x)—y(x)] = Var[y(x)]
=B(x)"Var[(b"Vb) 1b"Vy,1B(x)
=B(x)"(b"Vb) tbTVVar[y,]Vb(b"Vb) 1B(x)
=B(x)"(b"Vb) 'bTE 5. Vb(b"Vb) 'B(X)
=B(x)"(bTVb)B(x).
Under assumptions (1)-(5), Theorems 3.1 and 4.1 in [170] indicate that
the first conclusion follows.
Secondly, consider the linear space g,’;, and define y = E(y|x), we have
the decomposition
y=y=[y—-yl+[y—yl
where y—y and y—y are referred to as the approximation and estimation
errors, respectively. Denote CX(X) as a set of functions that are k times
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continuously differentiable on X for some k> 2. For y € CK(x), [171]
indicates that there exista g € g[; and a constant ¢ such that

—k
19— Yl <cm™",

where |[¢(X)||e = Supxey $(x) for any function ¢ € CK(x). According to
Lemma 5.1 and Theorem 5.1 in [172], it then follows that

Iy = ¥lleo < inf [Ig=¥lleo < cm™*.

gegk

Therefore, ||y — yllo = Op(m™%). Based on Corollary 3.1 in [172],
we have y(x)—y(x) = Op(v¥m/n) uniformly in x € X. Therefore,

Y — ¥l = Op(m—k + +/m/n). The result on the L, norm follows directly
from the one on the supremum norm.

7.3.4. PROOF OF COROLLARY 2

Via the asymptotic normality of y, one can easily obtain the asymptotic
distributions of Fp, based on the delta method. Even though the

convergence rate of F'p is more complicated due to the transformation
y(x) =In[F(x)/(1— F(x))], we can demonstrate that it is not slower than
y when n is sufficiently large. Let h(y) = exp(y)/(1 + exp(y)), we have

, . h(y1) —h(y2) exp(y)
h'(y)= lim = <
yi-y21-0  y1—y> (exp(y) + 1)2

Thus, there exists § > 0 such that if [y1—y2| <6, |h(y1)—h(y2)| < |ly1—y2|.
According to the proof of Theorem 1, for Ve; > 0, there exists a sufficient
large constant C > 0 and N1 > 0, such that Vn > Ny and Vc > C

supP(ly(x) —y(x)| = C\lﬁ) <e,
XEX n

where X ranges over X. Under the assumption (5), for Vey/c > 0, there
exists a sufficient large constant N, > 0 such that Vn > N3, vm/n < &3/c.
Thus, when |y(x) — y(x)| < min{é, €2/c}, there exists N > max{N1, N>}
such that

Su)gP(IY(X)—Y(X)I >min{é, e2}) < €1,

implies
su}e P(IFp(x)—F(x)| = min{s, £2}) < €1.
xXe

This completes the proof.
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7.3.5. SIMULATION RESULTS
In this section, three types of distributions are considered.

e Weibull Distribution: We evaluate WB(k,A) with shape k €
{0.5,1,2} and scale A € {1, 2}. This selection captures the different
PDF shapes that arise when k <1 versus k > 1.

e Gamma Distribution: We consider GA(6,n) with shape 6 €
{0.5,1,2} and rate n € {1, 2}, since the gamma PDF also varies
significantly based on whether 6 > 1.

» Log-normal Distribution: We analyze LN(u, 02) with u € {0, 1}
and scale o € {0.5,1, 2}, recognizing that the scale parameter
strongly influences the PDF’s shape.

For each of these distributions, we consider 20 sample sizes
(ne {50,100,...,1000}), resulting in a total of 360 simulation scenarios.
This comprehensive setup ensures a thorough evaluation of our method
under a wide range of conditions. We also consider ECDF, kernel
estimation, and CBS in [122] as competitors. The complete set of PCI
results is presented in Figures S10, S11, and S12. All results show that
kernel estimation can not provide PCIs for three distribution types with a
small sample size, while CBS fails for all scenarios. This occurs primarily
because they tend to introduce biases near or beyond the data range
boundaries, leading to oo during the inverse transformation. Although
ECDF exhibits greater robustness, its accuracy remains limited for small
sample sizes. The reason is that in such cases the tolerances are out
of the data range and ECDF can not estimate F(LSL) and F(USL) very
well. It is worth noting that ECDF achieves comparable LMSEs to our
proposed method for large sample sizes with heavy-tailed distributions,
as illustrated in Figure S12. This suggests that ECDF can effectively
capture the inherent shape of the CDF given sufficient data. Our method,
grounded in sufficient conditions for nonnegativity and monotonicity,
may exhibit slight deviations in localised regions such as the tails of the
CDF under specific conditions. Nevertheless, it offers distinct advantages
in terms of flexibility and robustness, consistently providing reliable
PCI values across diverse scenarios. This comprehensive performance
establishes our approach as a more versatile and practical choice for
real-world applications.

7.4. SUPPLEMENT TO CHAPTER 5

7.4.1. PROOF OF THEOREM 3

Without loss of generality, we can assume that d = 2. The main tool of
the proof is the probability-generating function (see e.g. [173]). Itis

defined as G(s1,52) = E[sy'sy°] = > Z].Jr:g sishPr(Vi=i Vo =)).
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-o Proposed CBS ECDF ‘® Kernel
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Figure S10: The average LMSEpc; of different methods based on 20
different sample sizes n € {50,100,---,1000} for various
Weibull distributions.
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-e- Proposed CBS ECDF e Kernel
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Figure S11: The average LMSEpc; of different methods based on 20
different sample sizes n € {50,100,---,1000} for various
gamma distributions.
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-o Proposed CBS ECDF ‘® Kernel
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Figure S12: The average LMSEpc; of different methods based on 20
different sample sizes n € {50,100,---,1000} for various
log-normal distributions.
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To calculate the joint probabilities of two Poisson counts Pr(V1 =i, V, =),
we rewrite them in terms of the complementary CDF. In particular, for

any i, jeN,
Pr(Vi=iVa=j)=Pr(Vi=2{V22j)+Pr(Vi=2i+1,V,>j+1)
—Pr(Vi=i+1,V>2)—Pr(V1=>iV22>j+1).

Recall that (V1, V2) := (F5, (8(Z1)), F5, (#(Z2))), it then follows that

t0400
DS Pr(viz i Va2 ))
=0 j=0
t0400
=> > st s, Pr(Zy > @71 (Fp, (i— 1)), Z2 > 871 (Fp,(/— 1))
=0 j=0
= 5959 Pr(Z1 > &7 1(Fp,(—1)), Z2 > & (Fp,(—1)))
+00 +00

+ 37575t Pr(Zy > @71 (Fp, (i— 1)), Z2 > ¢ (Fg,(— 1)))

i=1j=1

+00
+ Zs‘lsg Pr(Z1 > & (Fp,(i— 1)), Z2 > &7 1(Fp,(—1)))
i=1

+oo
+ 2,515, PriZ1 > 971 (P, (-1)), 22 > @7 (Fp, (= 1))
=1
+00 4+ 00 )
=1+ > sl Pr(Zy > @71(Fp, (D), Z2 > 71 (Fp, (1))
i=0j=0

+00 Ry
+ D SHIPH(Zy > 97N (F, (D)) + 55 Pr(Za > 71 (F, (1)),
i=0 j=0

Similarly, we have

+00 +00 o

DS Pr(vi i+ 1, V22 )

i=0 j=0
too+o00

=>.> st s, Pr(Zy > 7 (Fp, (1), Z2 > 72 (Fp,(/— 1)))
i=0j=0
+00 +00

= ZZS&% Pr(Zy > & 1(Fp,()), Z2 > 1 (Fp,(— 1))

i=0j=1

+00
+ > st sOPr(Z1 > @7 (Fp, (D), Z2 > @7 (Fp,(—1)))
i=0
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+ 00 4+ 00 .
=S S sl Pr(zy > 971 (Fp, (), Z2 > 971 (F, (1))
i=0j=0
o
+ s‘l Pr(zZ, > <I>_1(F/31(i)))_
i=0

And

+00 + 00

SN SlL Pr(viz i V2 2+ 1)

=0 j=0
tooto0

=> > sish Pr(Z1 > 71 (Fp, (D), Z2 > 71 (Fp,(/— 1)))
i=0 j=0
+00 +00

=33 st Pr(Z1 > 971 (Fp, (D), Z2 > 71 (Fp, (1))

i=0 j=0

+00
+ >, Pr(Z2 > @71 (Fg, ().

j=0
Combine them all, and it follows that
G(s1,52) =E[sy'sy°]

+00
=1+ (s1—1) > s! Pr(Z1 > &7 1(Fp, (1))

i=0
+00
+(s2—1) D55 Pr(Z2 > 8 1(Fp,()))
j=0
+00 + 00 :
+ D> (51— 1)(s2 = 1) Pr(Z1 > 871 (Fp, (D), Z2 > 7 (Fp,(1))).
i=0 j=0

It is straightforward to verify that

32G(s1,52)
0510S2

+00 +00
D> Pr(Z1 > 7N Fp (D), Z2 > 97 (FR, (D)) (7.1)
i=0j=0
+00 400
=> > Pr(Vizi+1,Vo2j+1)

i=0j=0

E[V1V2]

S1=s>=1
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7.4.2. PROOF OF PROPOSITION 3
To establish the continuity of the function pfj fori,j=1,---,d, i<}, it

is sufficient to demonstrate the continuity of the function E[V;V;] with
respect to p;j, B; and Bj. According to (7.1), it follows that

+00 400

ELViVi1 =" > &, (371 (Fai()), @71 (Fg;(K)))
l Ok 0

Z Pr(Vi>(+1,V;>k+1).
O =

Firstly, we show that &,,,(®~1(Fg,(1)), @ 1(Fg,;(k))) is continuous, which
is straightforward due to the facts that g — Fg, 1, and p;; — ®,,; are
all continuous. Secondly, we prove that the infinite sum converges to
E[ViV;] in a uniform way. Note that for any i and j
1 ©o —v2
Pr(Vi=l+1,Vi2k+1)<Pr(Vi>l+1)= — 1x ez dv;
‘ : ‘ V21 Jin ‘

1L (* v i
< — x e 2 dv;
V21 Ji+1 [+1

1 _(+1)2 (l+1)2
2 <e~ <e

T vz

NM—I
X
)
\N‘~

for(=0,1,:.--. Since Z o €xp(=l/2) = 1/(1 — exp(—1/2)), convergence
of the inﬁnite sum is umform according to the Weierstrass M-test. Finally,
we conclude that E[V;V;] is continuous on the domain (0, +0)* x (—1, 1),
combining with the dominated convergence theorem.

7.4.3. PROOF OF PROPOSITION 4
Via our model, we have

Corr(Xy, X)) = Cov(Vi, V) orr(V,, V) VBiB; .
T Ve B B T (ac+ Bo(a+ B

Proving the property of Corr(X;, Xj) is equivalent to showing Proposition 4
holds for Corr(V;, V;). Adapting Propositions 1 and Theorem 1 in [174] to
the case of Poisson marginals, it is straightforward that Corr(V;, Vj) is
nondecreasing in p;j € [—1, 1] and p;j < (=)0 if Corr(V;, V;) £ (=)0. Via
Proposition 2 in [174], Corr(V;, V;) will be minimal, maximal and 0 when
pijis -1, 1, and 0. This completes the proof.
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7.4.4. PROOF OF PROPOSITION 5

The first part of the proposition is straightforward since a; and a;
are both in the denominator. For the second part, we know that
E[ViV)] = 30020 2020 PriZi > @71 (Fg(m)), Zj > @7 1(Fg(n))). As seen,
®p,; (X, y) > @p (X", y") if x <x’ and y <y’, and &71(x) < &71(x’) if
x < x’. Therefore, it is equivalent to prove that Fg,(m) or Fg;(n) is strictly
decreasing with respect to B; or B;. Take the former as an example,

Fp(m)=e"Fi3"  BX/k!. It then follows that

OFpm) _ g, © p Bl
9Bi B o k!
= Bi Bi L a—Bi —Bi l
—ePi—e ePit+e
k=1 iz (k—1)!
pgm
=—eBiL <,
m!

which completes the proof.

7.4.5. PROOF OF PROPOSITION 6

<: If (Xi, X;) has the same distribution as (F;l,l(U), F;jl(U)), i.e.,

Pr(X;=m, Xj=n) =Pr(F,*(U) =m, F;jl(U) =n), m,n €N, then
[E[X[Xj]—)\[)\j

Yy vVar(Xpvar(Xx;)

_ 2m2nMnPr(Xig=m, Xj=n)—AiA;j
- JVarXovar(x;)
Zm Zn mn PI’(F;il(U) =m, F}le(U) =n)—AiAj
B JVar(F HW)var(F H W)
= Corr[F, 1 (U), F MWL,

Corr(X;, Xj) =

=: If Corr[X;, Xj] = Corr[F)_\il(U), F)_\jl(U)], we obtain E[XX;] =
E[F;il(U)F;jl(U)] since these have the same marginal distributions
(and therefore the same expectations). Hence, we have

+00 400 +0 +00
Z Z mnPr(X;=m,Xj=n)= Z Z mnPr(F YUY =m, FL(U)=n). (7.2)
m=0n=0 m=0n=0 ‘ ’

Via Lemma 2.2 and Theorem 2.5 in [144], (F;il(U), F)_\jl(U)) has the
CDF H* such that Pr(X;=m, X; =n) < H*(m,n) forany m,n=0,1,---.
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Combining this with (7.2), it follows that Pr(X;=m, X;=n) = Pr(F)_wl(U) _
m, F)_\jl(U) = n). That completes the proof.

7.4.6. PROOF OF PROPOSITION 7

We begin the proof with a simple model inspired by the TR model.
Assuming d = 3, let

X1=Y1+Y1,2+Y1,3+Y1,23,
Xo=Y2+Y12+Y23+Y1,23, (7.3)
X3=Y3+Y13+Y23+7Y1,23,

where Y71, Y32, Y3, Y1,2, Y1,3, Y2,3 and Yi,2,3 are mutually independent
Poisson variables with parameters ni, n2, ns3, ni2, N1,3, N2,3 and
n1,2,3. According to the infinite divisibility of Poisson distributions, X1,
X2 and X3 are positively correlated Poisson counts with parameters
ni+ni2+n1,3+nN1,2,3, N2+N1,2+N2,3+nN1,2,3and Nn3+n1,3+n2,3+nN1,2,3.

Given marginals A1, A2 and A3, and correlations falling in (0, 1), namely
p)l(,Z’ p)l(,3 and p)2<,3, we have

ni+ni2+n1,3+n01,23=A1
n2+ni2+n2,3+nN1,23=A2
N3+ niy,3+n23+N1,23=A3,

N2 +N1,2,3 =P} ,VA1A2,
N3 +N1,2,3 = 0] 3VA1A3,
N2,3+M1,2,3 = P 3V A2A3.

Then it is easy to show that solutions are

N1,2,3=1N1,23,
X s
N1,2 =p7 ,VA1A2—1N1,2,3,

N3 = Pfg/m_ n1,2,3,

n2,3 =P)2(,3\/F)\3—I71,2,3, (7.4)
ni=A1— P)l(,z m—P)l(j\/r)\?& n1,2,3,

n2=»A2— Pf,zm—9§,3m+ n1,2,3,

N3 =A3—p% 3V A1A3—p% ;v A2A3+ N1,2,3.



7.4. Supplement to Chapter 5 141

To ensure all parameters are positive, it follows that

N1,2,3 £ min {P)l(,z \/)\1)\2,/0)1(,3 \/)\1)\3,P)2(,3\/m'
=1+ 05, VAN + 0f 3V A,
— X2+ 0¥ ,VAA2 + 05 3V A2Xs,
=23+ 05 3VA123 + 05 5/ A2As).

Under such a constraint, if

min {p)l(,z \/)\1)\2,/0{,3\/)\1)\3,9)2(,3 V223,
=1+ 05, VA2 + 0Y 5V A,
=2+ p5 ,VATA2 + 05 5V A20s,
— A3+ 0% 3V AA3 + 0% ;v A003) > 0,

there will be an infinite number of solutions to match the given marginals
and correlations. Note that the inequality (7.5) is not difficult to satisfy,
so there are many cases for which this can happen.

To show that these infinite joint distributions are indeed all different,
we can prove that pgoo = Pr(X1 =0, X2 = 0, X3 = 0) is different for these
different solutions.

pooo =Pr(Y1=0,Y2=0,Y3=0,Y1,2=0,Y1,3=0,Y23=0,Y1,2,3=0)

= Pr(Y1 =0)(Y2 =0)Pr(Y3 = 0)Pr(Y1,2 = 0)Pr(Y1,3 = 0)Pr(Y2,3 = 0)Pr(Y1,2,3 =0)

=exp[—(n1+n2+n3+n1,2+n1,3+n23+n1,23)].

According to (7.4), it is straightforward to see that pggo is a function
of n12,3 given correlations and marginals. Thus, we conclude that in
some cases defined by model (7.3), there are several possible joint
distributions when marginal distributions and correlations are preset.

7.4.7. DERIVATION OF W IN (5.9)

For a d-dimensional Poisson random vector, there are a total of
D = (d? + 3d)/2 parameters to estimate. The corresponding Fisher
information matrix for [A, B, p]T can be decomposed in blocks as

hap hiz - hyg -+ Iip
. . . . hap hiyz -+ hg Ig*
Ti=|Ig1 Igz -+ Igg - Igp| =] : : : : : ,
) . . . Igim Ig2 -+ Igg  Igg~
Igx1 Ig=2 - Igrg Ig+g*
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where Iig+ is a (D — d)-dimensional row vector for i=1---,d, Iy*j
is a (D—d)-dimensional column vector for j=1,---,d, Ig*xg* is a
(D—d) x (D—d) matrix and d* =d + 1.

Let s; be the score function associated with the ith univariate marginal
log-likelihood function, and define J;j := Cov(s;, sj) for 1 <i,j<d. It
follows that J; ; is the Fisher information from the marginal log-likelihood
of Xi, i=1,---,d. Let @;:=—I3. Ig+ i for i=1,---,d. Similar to Z, W
can also be defined as a block matrix, which has (i, j)th element J;; ji,,J;jl
for 1 <i,j<d; (i, d*)th element j;l.l 27=1ji,ja}r for 1<i<d; (d*,d*)th

—1 d d 1. T . . _
element I Jy. +2>,_, >, alija;. Take two Poisson variables (d =2,
D =5 and d* = 3) as an example, we have elements of W as
Wii=J75 =21, Wo2=/5% =2z,

Cov(—1+ 4%, —1+%2)

— — A
Wiz =J7312055 =M o 2222 = Cov(X1, X2),

Cov(X1, X2)

-1 T,\]
AAs (—13303,2) A2

2
1
Wis=J71 > Jyal =\ [A—l(—lggrmm +
j=1
=—[A1l1,3 + Cov(X1, X2)I2,3115 3,
Cov(X1, X2)

2
W3 =51 Jral =2z [
2,2; jq; Ao

1
(—I33,1) A+ )\—2(—l§,1313,2)T)\2]

=—[Cov(X1, X2)I1,3 + A1l2,3] 1513

2 2
W3 =%+ > > ajyal =155+ 5 [Als1013 + 2Cov(X1, X2)I3,102,3 + A2l3,212,3] 15,

i=1j=1
with two row vectors W73 and W53, and a 3 x 3 matrix W3 3. As a
symmetric matrix, W can be readily obtained.

7.4.8. PROOF OF PROPOSITION 8

Our result is a consequence of Theorem 2 in [175]. We only need to

verify that their assumptions are satisfied. Condition (5) in [175] is
o : d(d-1) . . .
satisfied since © c R2%*~ 2 . For this, we use the canonical embedding

d(d—1)

5”; c R™ 2 which identifies a d-dimensional correlation matrix with the
(flattened) vector containing the @ correlations. Condition (6) is
satisfied since yj is compact, lis continuous and [(@) tends to —oo when
min(a, B) — +00. Condition (7) is straightforwardly satisfied since [ is
differentiable on © as a finite sum of differential functions. Condition
(10) is also satisfied since Q is continuous as a finite sum of continuous
functions. This means that Theorem 2 of [175] can be applied, which
completes the proof.
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7.4.9. SIMULATION RESULTS

This section presents additional simulation results. For two positively
correlated Poisson counts, we generate 100 samples from different
models with varying marginal means, as illustrated in Table S7. Each
model is tested across four distinct scenarios. Table S7 displays the
average KL divergences between the predicted and actual PMFs over
100 replications. Next, three correlated Poisson counts are generated
based on the eight models listed in Table S8. TR, Clayton, Frank, Gumbel,
and Joe each define three positive correlations, while TC-4 specifies one
positive correlation. TREx outlines two positive correlations, and GC
specifies three negative correlations. Marginal means are set at 1 and
2. We consider various scenarios for different dependence structures.
Each simulation is executed 100 times, producing 100 samples for
each scenario. The results are summarised in Table S8. These tables
emphasise our model’s ability to capture a range of distributions and
dependence structures.

We proceed by employing two-dimensional Poisson data from our
model to demonstrate the effectiveness of the EM estimation method.
The marginal means are both set to 1. We generate 100 samples with
correlation values p1,, =0.1,0.2,---,0.9, a; =0.15,0.3,---,0.9 and g;
is 1 —aj. This entire simulation procedure is carried out 100 times. The
Euclidean norm of biases between the estimated parameters 6 and the
true parameters @ is computed from 100 replications. Corresponding box
plots across different as and s with different p;,, values are presented
in Figure S13. The results indicate that the estimates are dependable,
with relatively low biases.
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Table S7: Average KL distances based on 100 replications for two
positively correlated Poisson counts with various methods.

Data source Marginals Parameter TR TREX GC TC-4  Proposed
(1,2) 3=0.8 0.006 0.014 0.008 0.012 0.009
TR (1,2) B=0.9 0.006 0.024 0.012 0.018 0.008
(2,1) B=0.8 0.006 0.014 0.008 0.013 0.009
(2,1) B=0.9 0.006 0.024 0.012 0.018 0.009
(1,2) 6=0.6 0.008 0.004 0.006 0.009 0.007
TREX (1,2) 6=0.8 0.033 0.006 0.012 0.012 0.008
(2,1) 6=0.6 0.009 0.005 0.007 0.010 0.008
(2,1) 6=0.8 0.032 0.005 0.011 0.011 0.008
(1,1) p1,2=0.4 0.005 0.005 0.005 0.008 0.005
GC (1, 1) p12=0.6 0.007 0.007 0.006 0.010 0.007
(2,1) p1,2=0.8 0.021 0.015 0.006 0.012 0.007
(2,1) p1,2=0.9 0.068 0.021 0.006 0.012 0.007
(1,2) p1,2=0.8 0.031 0.020 0.022 0.015 0.020
TC-4 (1,2) p1,2=0.9 0.066 0.021 0.022 0.015 0.020
(2,1) p12=0.8 0.029 0.017 0.020 0.012 0.017
(2,1) p1,2=0.9 0.065 0.020 0.020 0.013 0.017
(2,1) 6=1.5 0.021 0.031 0.020 0.024 0.021
Clayton (2,1) 6=2.5 0.031 0.045 0.027 0.032 0.027
(2,1) 6=3.5 0.045 0.054 0.034 0.038 0.033
(2,1) 6=4.5 0.064 0.061 0.039 0.045 0.039
(2,1) 6=3 0.008 0.009 0.008 0.011 0.009
Frank (2,1) 6=5 0.013 0.012 0.009 0.013 0.010
(2,1) 6=7 0.025 0.016 0.012 0.016 0.013
(2,1) 6=9 0.041 0.021 0.016 0.020 0.017
(2,1) 6=2 0.020 0.009 0.012 0.009 0.011
Gumble (2,1) 6=3 0.069 0.016 0.013 0.011 0.014
(2,1) 6=4 0.132 0.020 0.011 0.010 0.011
(2,1) 6=5 0.191 0.021 0.011 0.009 0.012
(2,1) 6=0.28 0.005 0.005 0.006 0.009 0.005
Amh (2,1) 6=0.46 0.006 0.006 0.006 0.009 0.006
(2,1) 6=0.64 0.007 0.008 0.006 0.010 0.006
(2,1) 6=0.91 0.012 0.015 0.011 0.014 0.009
(2,1) 6=2 0.023 0.015 0.023 0.019 0.015
Joe (2,1) 6=3 0.059 0.026 0.035 0.029 0.027
(2,1) 6=4 0.099 0.030 0.034 0.027 0.028
(2,1) 6=5 0.146 0.034 0.036 0.028 0.030
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Table S8: Average KL distances based on 100 replications for three
correlated Poisson counts with various methods.

Parameters TR TREX GC TC-4  Proposed
B=0.4 0.016 0.027 0.028 0.042 0.018
TR B=0.6 0.029 0.053 0.051 0.065 0.054
B=0.8 0.042 0.100 0.088 0.104 0.086
6=0.3 0.391 0.022 0.056 0.121 0.034
TREX 6=0.4 0.425 0.013 0.045 0.105 0.026
6=0.6 2.289 0.011 0.325 0.434 0.133

p=[-0.2,—-0.3,—0.4]T 0.381 0.112 0.014 0.027 0.016

GC  p=[-0.2,—-0.3,-0.5]T 0.475 0.172 0.012 0.027 0.014
p=[—0.2,—0.4,—0.5]T 0.598 0.246 0.016 0.030 0.016
p=[0.3,0.3,—0.5]T 0.131 0.394 0.048 0.029  0.040

TC-4 p=[0.3,0.6,—0.5]T  0.214 0.700 0.065 0.041  0.049
p=[0.4,0.5-05]T 0.187 0.646 0.065 0.041  0.056

6=0.25 0.067 0.016 0.016 0.029 0.015

Clayton 6=0.5 0.047 0.033 0.029 0.051 0.031
6=1.75 0.072 0.113 0.099 0.133 0.070

6=0.5 0.101 0.011 0.014 0.032 0.009

Frank 6=2 0.047 0.012 0.019 0.036 0.010
6=5 0.028 0.023 0.038 0.079 0.019

6=1.2 0.054 0.012 0.021 0.036 0.016

Gumbel 60=3.6 0.509 0.060 0.092 0.132 0.043
60=3.8 0.696 0.055 0.089 0.122 0.042

6=1.2 0.084 0.012 0.021 0.032 0.009

Joe 0=2.2 0.059 0.059 0.113 0.146 0.046

0=2.6 0.103 0.068 0.139 0.166 0.069
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Figure S13: Box plots of biases across a; € {0.15,0.3,...,0.9} and
Bi=1—aj, j=1,2, for different values of p1,>. Poisson data
are generated from our model.
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