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Summary

Solid-liquid suspensions are abundant in our daily lives, in nature, and in industry. The
industrial application that we focus on in this work is extrusion-based 3D printing, where
suspensions can be used to print for instance: food, metal, or energetic materials. When
printing energetic materials, performance requirements dictate that the solid content should
be as high as possible. This high solid load creates a challenge to maintain flowable con-
ditions. Additionally, this high volume fraction can create problems with blocking of the
nozzle if a contraction is used at the end. Next to the flowability, the homogeneity of
the suspension plays an important role, where shear stresses and gravity tend to cause
an inhomogeneous microstructure. These aspects relate to the suspension rheology, i.e.,
the response of the suspension to imposed stress or strain. A good understanding of the
rheology is critical to be able to design, optimize, and use printing systems and composi-
tions for energetic materials. The goal of this research is to gain more insight into and to
improve modeling of the rheology of dense suspensions for the application in UV-assisted
Liquid Deposition Modeling.

In the printing process, 4 different stages can be distinguished: (1) stationary suspen-
sion in the reservoir and tubes of the printer when idle, (2) suspension flowing through
the supply tube of the printer when active, (3) suspension flowing through the nozzle con-
traction, and (4) suspension deposited on the printing platform. We employed particle-
resolved Direct Numerical Simulations (PR-DNS) to study the suspension rheology un-
der conditions that mimic stages (1) and (2) of the printing process. In the PR-DNS, the
full Navier-Stokes equations are solved for the fluid phase, combined with the Newton-
Euler equations for the motion of the particles, including a frictional soft-sphere colli-
sion model for particle collisions and prolonged contacts. A computationally efficient
Immersed Boundary Method is employed for the fluid-solid coupling.

We started our study by simulating dense suspensions sedimenting in narrow tubes
in the viscous regime. This flow condition mimics stage (1) of the printing process. We
studied both the settling of a single particle and the sedimentation of dense particle sus-
pensions in the volumetric concentration range of 0.05 < ¢, < 0.3. The influence of confine-
ment was investigated for the range of D/d = 2-11, where D and d are the tube and parti-
cle diameter, respectively. By analysing the sedimentation dynamics in terms of, among
others, the mean and root-mean-square (rms) particle velocities, the radial particle distri-
bution, particle dispersion characteristics and particle clustering in the vertical direction,
we obtained both a clear picture of the macroscopic suspension behavior as well as in-
sight in the underlying suspension microstructure. We found that the mean sedimenta-
tion velocity in narrow tubes can be accurately described by a modified Richardson-Zaki
correlation for hindered settling in which the terminal velocity for a single particle set-
tling in free space is replaced by the Francis correlation for settling in a narrow tube. For
the ratio of the particle rms to the mean sedimentation velocity, we found a clear scaling
with qSé/ 3(D/d)?3, with a deviation from this scaling for D/(qul:l/ %) < 2.5. Furthermore,
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for D/d = 6 and ¢}, = 0.2, we observed a peak in the radial velocity distribution at a dis-
tance of ~ 1.4d from the tube wall, that resembles a streaming-like behavior with elongated
dense particle clusters sedimenting faster than the surrounding more dilute regions. For
the studied concentration and tube-to-particle diameter ratios, we concluded that confine-
ment has a strong influence on the sedimentation behavior, with a change in the scaling
behavior observed for D/(d¢;1/3) <25and D/d < 4.

Second, we studied the rheology of dense suspensions in simple shear flow to get a
better insight into the modeling of suspension rheology for stage (2) of the printing process.
We compared two different frameworks for describing the rheology of suspensions: (1)
the ‘viscous’ framework in terms of the relative suspension viscosity, 7,, as a function
of the reduced solid volume fraction, ¢3/¢,,, with ¢,, the maximum flowable packing
fraction, and (2) the ‘frictional’ framework in terms of a macroscopic friction coefficient,
4, as a function of the viscous number, I, defined as the ratio of the viscous shear stress
to the wall-normal particle stress. We focussed on the effect of Coulomb friction between
particles, considering three different Coulomb sliding friction coefficients: . = 0, 0.2, and
0.39, and varied the bulk solid volume fraction from ¢, = 0.1 to 0.6. We found that 7,
scales well with ¢p/¢,,, with ¢,, obtained from fitting the Maron-Pierce correlation to the
numerical results. We also found that u scales well with I,. Furthermore, we found a
monotonic relation between ¢/¢,, and I,, which depends only weakly on p.. Since 7, =
u/L,, we thus found that the two frameworks are largely equivalent and that both account
implicitly for the influence of Coulomb friction on the suspension rheology. However, we
found that the normal particle stress differences, N; and N,, when normalized with the
total shear stress and plotted against either ¢,/¢,, or I, remain explicitly dependent on
U in a manner that is not yet fully understood.

Third, we simulated pressure-driven flow between two parallel plates to study the ef-
fect of heterogeneous shear on the suspension rheology. We varied the bulk solid volume
fraction between ¢, = 0.2 and 0.6, and the Coulomb friction coefficient was set to either
le =0 or 0.5. The main objectives were to unravel the influence of (1) ¢, and p, on the flow
development time and of (2) heterogeneous shear on the steady-state suspension rheology.
Starting from an initially homogeneous distribution, the particles showed shear-induced
migration toward the core until equilibrium was reached. The flow development time de-
cays exponentially with increasing ¢;,/®g, where ®p, is a friction-dependent reference bulk
concentration beyond which particle contacts cause a rapid increase in the particle stress.
The steady-state rheology was studied by means of the ‘viscous’ and ‘frictional’ rheology
frameworks. Excluding the central core and wall regions, the data for the local relative
suspension viscosity collapsed onto a single curve as a function of the normalized local
concentration ¢/¢,,, where ¢, is the friction-dependent maximum flowable packing frac-
tion. The frictional rheology showed ‘subyielding’ at low viscous number I, in the core
region, where the macroscopic friction coefficient i drops below the minimal value found
for homogeneous shear flows. A modified frictional rheology model was presented that
captures subyielding. Finally, a model was presented for ¢/ $mp as a function of I,,, where
$mp is a modified maximum flowable packing fraction. It captures both ‘overcompaction’
in the core beyond ¢,, at high ¢, and maximum core concentrations below ¢,, at lower

Pp-

Finally, we considered the implications of our findings for printability of dense sus-
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pensions in Liquid Deposition Modeling. Utilizing the results from the PR-DNS studies,
our approach gives more insight into the fundamental aspects of suspension rheology.
However, PR-DNS simulations under these flow conditions are not feasible for day-to-day
operations due to the high computational costs and the requirements of computational
resources. We identified the important rheological parameters for Liquid Deposition Mod-
eling as the yield stress, the shear-thinning behavior, the viscoelasticity, the thixotropic
time, and the stability. We estimated the yield stress from our DNS results and showed
that this yield stress can be used in a dimensionless number that shows the printability of
suspensions. Furthermore, we described the steps that need to be taken to use our DNS
results in regime maps for printability. This is possible using our PR-DNS if the correct
flow conditions are implemented, such as oscillatory shear. Additionally, we analysed the
extrusion pressure required for 3D printing, and showed that this can be estimated by
fitting a Power-law fluid model to the DNS data. This model is capable of accurately cap-
turing the apparent shear-thinning behavior of the suspensions due to particle migration
under heterogeneous shear. Lastly, the stability during printing was examined in terms
of particle sedimentation in the supply tube of an idle printer. This showed that the sed-
imentation distance for typical suspensions is limited. However, our results showed that
heterogeneity and particle clusters develop at shorter time scales, potentially affecting the
suspension rheology when, e.g., printing is resumed after an idle state. Another factor for
the stability is shear-induced particle migration, as observed in pressure-driven flow. We
showed that, under typical printing conditions, complete migration can happen in tubes as
short as 25cm. Moreover, heterogeneity in the particle distribution is already significant
at much shorter lengths. The analysis of the results obtained in this work in terms of the
printability underlines that a good understanding of the parameters affecting the rheology
of dense suspensions is key to develop both equipment and formulations for 3D-printing.
Our findings aid to the understanding of the fundamental suspension dynamics for
sedimentation in the strongly confined regime, the effect of solid friction on the suspension
rheology, and the difference in rheology for homogeneous and heterogeneous shear flow.
Furthermore, we showed that these findings can be used in the application of 3D-printing
using the Liquid Deposition Modeling technique, through assessment of the printability.






ix

Samenvatting

Suspensies van vaste deeltjes in een vloeistof komen veel voor in ons dagelijks leven, in
de natuur en in de industrie. De industriéle toepassing waarop we ons in dit werk rich-
ten, is extrusiegebaseerd 3D-printen, waarbij suspensies bijvoorbeeld gebruikt kunnen
worden voor het printen van voedsel, metaal of energetische materialen. Voor het prin-
ten van energetische materialen moet de belading van de suspensies zo hoog mogelijk
zijn om de kwaliteitseisen van het product te behalen. Deze hoge concentratie van vaste
deeltjes zorgt ervoor dat de vloeibaarheid van de suspensie omlaag gaat, wat een uitdaging
vormt tijdens het printen. Daarnaast kan er verstopping van de printkop ontstaan als deze
een vernauwing bevat. Naast de vloeibaarheid speelt de homogeniteit van de suspensie
een belangrijke rol, aangezien schuifspanningen en zwaartekracht de neiging hebben om
een inhomogene microstructuur te veroorzaken. Bovengenoemde aspecten worden weer-
spiegeld in de reologie van de suspensie, i.e. de reactie van de suspensie op opgelegde
spanning of vervorming. Een goed begrip van de reologie is cruciaal voor het ontwerpen,
verbeteren en gebruiken van printsystemen en samenstellingen voor energetische materi-
alen. Het doel van dit onderzoek is om meer inzicht te krijgen in en om de modellering te
verbeteren van hoogbeladen suspensies voor het gebruik in UV-assisted Liquid Deposition
Modeling.

In het printproces kunnen 4 verschillende fases gedefinieerd worden: (1) stationaire
suspensie in het reservoir of de buizen van de printer, (2) stromende suspensie in de toe-
voerbuis van de printer, (3) suspensie die door de printkop met een contractie stroomt en
(4) de uitstroom van de suspensie op het printbed. We hebben particle-resolved Direct
Numerical Simulations (PR-DNS) gebruikt om de reologie van suspensies te bestuderen
met stromingscondities die fase (1) en (2) van het printproces nabootsen. Met deze si-
mulatietechniek worden de Navier-Stokes vergelijkingen opgelost voor de vloeistof en de
Newton-Euler vergelijkingen voor de deeltjes, waarbij we gebruik maken van een fric-
tional soft-sphere collision model voor botsingen tussen deeltjes en van deeltjes met de
buiswand. Een rekenkundig efficiénte Immersed Boundary Method is gebruikt voor de
koppeling tussen de vloeistof en de deeltjes.

Het eerste deel van deze studie bestond uit simulaties van hoogbeladen viskeuze sus-
pensies die sedimenteren in smalle verticale buizen. Deze stromingsconditie bootst fase
(1) van het printproces na. We bestudeerden zowel de sedimentatie van een enkel deel-
tje als de sedimentatie van suspensies met een bulk volume concentratie (¢;) van 5 tot
30 procent. Het effect van de smalle buis is onderzocht in het bereik met D/d = 2 - 11,
waarbij D de buisdiameter is en d de deeltjesdiameter. De dynamica van de sedimente-
rende suspensies is geanalyseerd in termen van onder andere de gemiddelde snelheid en
snelheidsfluctuaties, de radiéle verdeling van de deeltjes, de dispersie van de deeltjes, en
de clustering van deeltjes in de verticale richting. Hiermee hebben we een goed beeld
gekregen van het macroscopische gedrag van de suspensie en inzicht in de onderliggende
microstructuur. Uit onze analyse bleek dat de gemiddelde sedimentatiesnelheid in smalle
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buizen nauwkeurig kan worden beschreven door een aangepaste Richardson-Zaki corre-
latie waarin de eindsnelheid voor een enkel deeltje dat in de vrije ruimte bezinkt, wordt
vervangen door de Francis-correlatie voor sedimentatie in een smalle buis. Voor de ver-
houding tussen de RMS-waarde en het gemiddelde van de sedimentatiesnelheid vonden
we een duidelijke schaling met ¢11;/ 3(D/d)*?3, met een afwijking van deze schaling voor

D/(d¢;1/3) s 2.5. Verder observeerden we, voor D/d = 6 en ¢, = 0.2, een maximum in de
radiale snelheidsverdeling op een afstand van ~ 1.4d van de buiswand, die wijst op een
streaming-gedrag waarbij langwerpige dichte deeltjesclusters sneller sedimenteren dan
de omringende, meer verdunde gebieden. We concludeerden dat de dynamica van de se-
dimenterende suspensie in het bestudeerde regime sterk wordt beinvloed door de smalle
buis, met een verandering in schalingsgedrag bij D/(d¢l;1/3) s25enD/d < 4.

In het tweede deel van dit werk hebben we de reologie van suspensies in een afschuif-
stroming bestudeerd om een beter inzicht te krijgen in de modellering van de suspensie-
reologie voor fase (2) van het printproces. We hebben twee veelgebruikte beschrijvingen
voor de reologie van suspensies vergeleken: (1) de viskeuze beschrijving die de reologie
uitdrukt in termen van de viscositeit als functie van de genormaliseerde volume fractie
(¢p/Pm) waarbij ¢, de maximale volume fractie is waarbij de suspensie nog vloeibaar
is, en (2) de beschrijving gebaseerd op wrijving die de reologie uitdrukt in termen van
de macroscopische wrijvingscoéfficiént (i) als functie van het viskeuze getal (I,) dat is
gedefinieerd als de verhouding tussen de viskeuze schuifspanning en de wandnormale
deeltjesspanning. De focus lag hierbij op het effect van wrijving tussen deeltjes met drie
verschillende Coulomb wrijvingscoéfficiénten: p, = 0, 0.2, en 0.39. Daarnaast hebben we
de concentratie van deeltjes gevarieerd over een bereik van ¢ = 0.1 tot 0.6. We ontdekten
dat de relatieve viscositeit (77,) goed schaalt met ¢p/@,,, waarbij ¢,, is verkregen door de
Maron-Pierce correlatie te fitten aan de DNS data. We stelden ook vast dat y schaalt met I,.
Verder observeerden we een monotoon verband tussen ¢/, en I,, dat slechts zwak athan-
kelijk is van de Coulomb wrijvingscoéfficiént. Aangezien 7, = yi/I,, concludeerden we dat
de twee beschrijvingen grotendeels equivalent zijn en dat beide impliciet rekening houden
met Coulomb-wrijving. We constateerden echter dat de normaalspanningsverschillen, Ny
en N,, wanneer genormaliseerd met de totale schuifspanning en uitgezet tegen ¢/¢,, of
I, expliciet athankelijk blijven van . op een manier die nog niet volledig begrepen is.

Het derde deel van deze studie bestond uit simulaties van drukgedreven stroming tus-
sen twee vlakke platen om het effect van heterogene afschuiving op de reologie van de
suspensie te bestuderen. We varieerden de volumefractie van de vaste stof tussen ¢, = 0.2
en 0.6, en de Coulomb-wrijvingscoéfficiént werd ingesteld op . = 0 of 0.5. De belangrijkste
doelstellingen waren het ontrafelen van de invloed van (1) ¢, en y. op de ontwikkelings-
tijd van de stroming en van (2) heterogene schuifspanning op de reologie van de suspensie
voor een volledig ontwikkelde stroming. Uitgaande van een aanvankelijk homogene ver-
deling vertoonden de deeltjes schuifspannings-geinduceerde migratie naar het midden van
het kanaal totdat evenwicht werd bereikt. De ontwikkelingstijd van de stroming neemt
exponentieel af met toenemende ¢,/Pp, waarbij O een wrijvingsathankelijke referentie-
concentratie is waarboven deeltjescontacten een snelle toename van de deeltjesspanning
veroorzaken. De reologie voor een volledig ontwikkelde stroming werd bestudeerd met
behulp van de ‘viskeuze’ en ‘wrijvings’ beschrijvingen van de reologie. Met uitzondering
van de kern- en wand-gebieden vallen de gegevens voor de lokale relatieve suspensievis-
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cositeit samen op één enkele curve als functie van de genormaliseerde lokale concentratie
(#/¢pm). De wrijvingsreologie vertoonde ‘subvloeien’ bij een laag viskeus getal in het kern-
gebied, waar de macroscopische wrijvingscoéfficiént onder de minimale waarde daalt die
gevonden wordt voor homogene schuifstroming. We presenteerden een aangepast wrij-
vingsreologiemodel dat subvloeien beschrijft. Ten slotte presenteerden we een model voor
P/ Pmp als functie van I, waarbij ¢,,, een aangepaste maximale vloeibare concentratie is.
Het model beschrijft zowel ‘overcompactie’ in de kern voorbij ¢,, bij hoge ¢}, als maximale
kernconcentraties onder ¢, bij lagere ¢y,

Ten slotte hebben we de implicaties van onze bevindingen voor de printbaarheid van
hoogbeladen suspensies in Liquid Deposition Modeling (LDM) overwogen. Onze aanpak
met behulp van directe numerieke simulaties geeft meer inzicht in de fundamentele aspec-
ten van de reologie van suspensies. PR-DNS-simulaties onder deze stromingscondities zijn
echter niet bruikbaar voor dagelijkse werkzaamheden door de grote rekenkracht die ver-
eist is om zulke simulaties uit te voeren. We hebben de belangrijke reologische parameters
voor Liquid Deposition Modeling geidentificeerd als de vloeigrens, het schuifverdunnings-
gedrag, de visco-elasticiteit, de thixotrope tijd en de stabiliteit. We hebben de vloeigrens
afgeschat op basis van onze DNS-resultaten en laten zien dat deze vloeigrens kan worden
gebruikt in een dimensieloos getal dat de printbaarheid van suspensies beschrijft. Ver-
der beschreven we de stappen die nodig zijn om onze DNS-resultaten te gebruiken in
regimekaarten voor printbaarheid. Dit is mogelijk met onze PR-DNS als de juiste stro-
mingscondities worden geimplementeerd, zoals oscillerende schuifspanning. Daarnaast
hebben we de extrusiedruk in beschouwing genomen en aangetoond dat deze kan worden
beschreven door een Power-law vloeistofmodel aan de DNS-gegevens te fitten. Dit model
is in staat de schijnbare schuifverdunning van de suspensies, veroorzaakt door deeltjesmi-
gratie onder invloed van heterogene afschuiving, nauwkeurig te beschrijven. Ten slotte
werd de stabiliteit tijdens het printen onderzocht in termen van deeltjessedimentatie in
de toevoerbuis van een stilstaande printer. Dit toont aan dat de sedimentatieafstand voor
typische suspensies beperkt is, maar onze resultaten laten zien dat heterogeniteit en deel-
tjesclusters zich ontwikkelen op kortere tijdschalen. Een andere factor in de stabiliteit is
schuifspannings-geinduceerde deeltjesmigratie, zoals waargenomen in drukgedreven stro-
ming. We hebben aangetoond dat onder typische printomstandigheden volledige migratie
kan plaatsvinden in buizen met een lengte van slechts 25 cm. Bovendien is de heteroge-
niteit in de deeltjesverdeling al significant bij veel kortere lengtes. De analyse van de in
dit werk verkregen resultaten met betrekking tot de printbaarheid onderstreept dat een
goed begrip van de reologie van suspensies essentieel is voor de ontwikkeling van zowel
apparatuur als formuleringen voor 3D-printen.

Onze bevindingen dragen bij aan het begrip van de fundamentele suspensiedynamiek
voor sedimentatie in smalle buizen, het effect van wrijving tussen deeltjes op de reologie
van de suspensie en het verschil in reologie voor homogene en heterogene schuifstroming.
Daarnaast hebben we aangetoond dat deze bevindingen kunnen worden gebruikt bij de
toepassing van 3D-printen met behulp van de Liquid Deposition Modeling-techniek door
de printbaarheid te beoordelen.






Introduction

In this chapter we introduce the use of suspensions in 3D-printing applications and define
the type of suspensions that we study in this work. The literature is reviewed to highlight
the importance of the rheology for this application. Furthermore, we look at the factors that
affect the rheology of suspensions and how these factors are included in the description of the

rheology. From this literature review we identify the gaps and define the research questions
that we want to answer in this work.



2 1 Introduction

If we look around us, we can find numerous examples of solid particles dispersed in a
liquid. Solid-liquid suspensions are commonly encountered in daily life, in our house we
can find them as, for example: solid particles in toothpaste, fruit pieces in yoghurt, and
pigments in paint. In our environment, these suspensions appear as sediment in rivers,
fresh concrete for construction projects, and solid waste in sewer systems. Next to that,
suspensions play an important role in many industrial processes, such as dredging, food
processing, and chemical reactors. Some of these examples are shown in Figure 1.1.

(@) A (b)

Figure 1.1: Examples of solid-liquid suspensions in our daily life, in the environment, and in industry: (a) fruit
pieces and seeds in yoghurt [1], (b) sediment discharge from a river into the sea [2], (c) pouring of fresh concrete
for construction work [3], and (d) spraying of a sand/water mixture for land reclamation [4].

These examples span a wide range of length and timescales, and the properties of
the suspensions vary tremendously. If we consider dredging and sediment transport, the
density ratio is usually large and the flow rates are typically high, leading to turbulent
conditions. In contrast, cosmetic products usually need to be stable over a long period of
time, requiring a small density ratio or a high viscosity carrier fluid to avoid sedimenta-
tion. To be able to design, produce, and transport these suspensions while maintaining
the desired properties, a thorough understanding of the suspension rheology is required,
i.e., the behavior of the suspension under imposed flow conditions.



The imposed flow conditions that we consider in this work are those of an application
that is not typically associated with suspensions, namely 3D-printing. In 3D-printing,
suspensions can be used to improve the material properties or to add functionality to oth-
erwise simple materials, and even to enable printing with new materials [5]. Improving
material properties can be done by adding fillers to a matrix to enhance the mechanical
strength, as is done with glass- or carbon fiber in polymer matrices [6]. Adding function-
ality to 3D-prints can be done for instance by adding conductive particles to the polymer,
such as carbon nanotubes or ceramic particles. If these filled materials are then printed at
specific locations during the printing process, conductive paths can be created in a product
[7]. Examples of printing with new materials, such as paper pulp and energetic materials,
are shown in Figure 1.2.

(b)

(© (d)

Figure 1.2: Examples of printing methods that utilize suspensions as a printing material: (a) pasta dough [8], (b)
paper pulp [9], (c) energetic materials [10], and (d) metal [11].

Different additive manufacturing techniques have their own advantages and limita-
tions when they are used in combination with suspensions. For example, in Stereolithog-
raphy (SLA), a printing method in which a UV laser is used to cure layers of liquid pho-
topolymer resin in a vat, the solid volume fraction can not be too high as the material
needs to flow into a narrow gap between the previous layer and the build platform. Fused
Deposition Modelling (FDM) with suspensions requires composite filaments, which al-
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ready contain the filler, that are heated in order to flow and fuse together on a print bed.
Challenges in printing with composite filaments are for example that the filament melting
behavior is influenced by the filler, or that hard fillers cause more wear on the equipment
due to their abrasiveness [6]. A method that is more compatible with dense suspensions is
Direct Ink Writing (DIW) or Liquid Deposition Modelling (LDM), where a fluid-like mate-
rial is extruded onto the print bed after which it transitions to a solid state. This transition
can happen by several different mechanisms, for example: solvent evaporation [12, 13],
gelation [14], uv-curing [12, 13, 15], or heat-curing [16].

The printing application of interest in this work is used to print energetic materials
(such as propellants, explosives, or pyrotechnics), which are generally unstable at high
temperatures as used in FDM. Performance requirements of energetic materials dictate
that the solid content should be as high as possible. This high solid load creates a chal-
lenge to maintain flowable conditions. Additionally, this high volume fraction can create
problems with blocking of the nozzle if a contraction is used at the end. Next to the flowa-
bility, the homogeneity of the suspension plays an important role, where shear stresses
and gravity tend to cause inhomogeneous microstructures. The desire to print gradients
in solid content, accompanied by rapid changes in suspension properties and flow condi-
tions, poses an additional challenge. To solve these technical challenges, TNO (Nether-
lands Organization for Applied Scientific Research) has developed a new 3D-printer to
print energetic materials at high solid loads [17]. The technique used in this printer can be
best described by UV-assisted Liquid Deposition Modelling (UV-LDM), in which a highly
filled UV-curing resin is extruded through the printing nozzle where it is illuminated by
a UV light to start the photopolymerization. In this printing method, the viscosity, yield
stress, and shear modulus affect the print quality [13, 15]. These parameters are captured
by the rheology of the material, making it very important to understand the rheology of
dense suspensions. When changing compositions or materials, a solid understanding of
the rheology can help guide choices and adjustment of printing parameters. It may even
be possible to change the properties of the suspension components to reach a certain de-
sired rheology that is needed for the printing application. Although the rheology (or fluid
mechanics) is an important aspect in the printing process, the chemistry and solid me-
chanics should not be overlooked. These aspects play a role in the curing behavior of the
polymer matrix after extrusion and in the mechanical properties of the printed product,
respectively. The current work was part of a larger program, where one PhD project fo-
cussed on the solid mechanics and stability of 3D-printed energetic materials, whereas the
current project focussed on the fluid mechanics aspect of the printing application. More
specifically, this work focussed on the challenges related to the flowability and homogene-
ity at high packing fractions. In other words, the rheology of dense suspensions.

Before we can discuss the current understanding of suspension rheology, we first need
to distinguish which kind of suspensions we consider. Therefore, we first outline the dif-
ferent types of suspensions. Suspensions are typically categorized by a number of criteria.
The first distinction we make is by particle size [18]. Suspensions with small particles
(d s 1um) are classified as colloidal, whereas suspensions with larger particles (d » 5um)
are classified as non-colloidal. This classification is often expressed using the Péclet num-
ber (Pe), defined as the ratio of advective transport by (shear) flow and diffusive transport



by Brownian motion. Therefore, the Péclet number is a function of the particle diameter
(d), the fluid viscosity (1), the temperature (T), and the shear rate (y): Pe =371 yd>/(kgT)
with kg the Boltzmann constant. The second distinction can be made based on the carrier
fluid being Newtonian or non-Newtonian. For Newtonian carrier fluids, the suspensions
will exhibit Newtonian rheology at low solid volume fractions and non-Newtonian rhe-
ology will come into play at increasing solid volume fractions due to hydrodynamic and
contact interactions between particles. In contrast, non-Newtonian carrier fluids interact
differently with particles depending on their properties, typically the addition of particles
enhances the non-Newtonian characteristics of the fluid [19]. Third, the particle shape
and size distribution affect the particle-fluid and particle-particle interactions. The parti-
cle shape affects the microstructure of the suspension, which in turn has a strong influ-
ence on the rheology [20]. Particle size distribution also affects the rheology. A broader
particle size distribution typically leads to a lower viscosity at constant solid volume frac-
tion [21], and shifts the onset of shear-thickening to higher values of critical shear rates
due to changes in particle interactions [22]. Finally, the density difference of the solid
and the fluid phase, p, - p¢, influences the tendency for the particles to settle down (or
float) under the action of gravity. The sedimentation dynamics of a single particle are
governed primarily by the Galileo number (Ga), defined as the particle Reynolds number
based on the particle diameter and the inertio-gravitational velocity scale [23], and scales

with the square root of the particle-fluid density difference: Ga = \/ (pp = pp)gd>(prno)-

For Ga » 155, which corresponds to the inertial flow regime, the sedimentation dynamics
are also directly influenced by the particle-fluid density ratio; for the same Ga value, the
settling path and wake structure of the particle may be very different dependent on the
density ratio [23]. In this work, we consider non-colloidal suspensions, for which Pe » 1,
in a Newtonian carrier fluid with spherical particles that are monodisperse in size. The den-
sity ratio is either set to 1 (i.e., neutrally-buoyant particles with Ga = 0) in our rheology
studies or set to 1.05 (typical for plastic particles in water) in our sedimentation study
(with Ga = /18), as described in more detail below.

The rheology of such suspensions has been studied extensively for many years since
pioneering work by Albert Einstein [24, 25], who introduced a relation for the relative
shear viscosity of a dilute suspension of spheres as a function of the solid volume fraction.
A good overview of the subject is given in several review articles [19, 26, 27]. Relative to
the viscosity of the carrier fluid, 7y, suspensions show an increase in shear mixture viscos-
ity, n, for increasing bulk solid volume fraction, ¢;,. Typically, three different regimes are
distinguished, dependent on the bulk solid volume fraction: the dilute regime for ¢;, < 0.05,
the semi-dilute regime for 0.05 < ¢}, < 0.2, and the dense regime for ¢, > 0.2. In the dilute
regime, the particles only interact with the fluid matrix, while not interacting with each
other. The relative viscosity, 1/n, for this regime was theoretically derived by Einstein
[24, 25]: n/ng = 1+(5/2)¢y. This theoretical relation was later expanded to include second-
order interactions by Batchelor and Green [28], which describes the relative viscosity up to
the semi-dilute regime. In the dense regime, the particle interactions become increasingly
important and particle contacts come into play. For this regime, theoretical relations are
not feasible anymore due to the many-body interactions, forcing the community to revert
to empirical correlations to describe the suspension viscosity [29, 30, 31]. These relations
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show that close to the jamming limit, ¢, — ¢,, with ¢,, the maximum flowable packing
fraction, the relative viscosity can be accurately modelled as a function of ¢/¢,, (or, alter-
natively, as a function of ¢, — ¢, [32]). Figure 1.3 shows the relations mentioned above,
experimental data [33, 34], and numerical results [35, 36, 37, 38, 39, 40] from literature for
simple (i.e., homogeneous) shear flows of a homogeneous suspension.
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Figure 1.3: Relative shear viscosity of a homogeneous suspension in simple shear flow as a function of the (a)
bulk solid volume fraction, and (b) the normalized bulk solid volume fraction. Data is compiled from various
experimental [33, 34] and numerical [35, 36, 37, 38, 39, 40] studies in literature.

This shows that the relative viscosity can be scaled for a large variety of suspension
compositions with different carrier fluids and particles characteristics. However, for all
these conditions ¢,, is different and depends on the properties of the suspension. There-
fore, in the dense regime, the particle characteristics, such as shape, roughness, and size
distribution, are very important. Literature shows that the maximum flowable packing
fraction depends on the particle size distribution [41, 21] and the interparticle friction co-
efficient [37, 38, 42]. A remaining question is, however, which particle characteristics are
accounted for in ¢,,,, and if this scaling extends beyond the shear viscosity to, for instance,
normal stresses.

The suspension shear viscosity does not provide a complete description of the sus-
pension rheology as dense suspensions can also exhibit shear-rate dependent behavior
such as yield stresses [43], shear thinning [18, 44], and (dis)continuous shear thickening
[45, 38, 46, 47]. Furthermore, normal stress differences are observed for dense suspensions
[19]. The origin of normal stress differences lies in the microstructure of the suspension,
i.e. the spatial distribution of particles in the carrier fluid. The resulting normal stress
differences, N; = 11 — 293 and N, = 3,, — 333, are not completely understood and there
is no clear consensus in literature about the sign and magnitude. The lack of consensus
also leads to inconsistency in models to describe the normal stress differences. Figure 1.4
shows the normal stress differences compiled from various experimental [33, 34] and nu-
merical [35, 37, 40, 48] studies in literature. The spread of the data shown in this figure
illustrates that more work needs to be done to understand the normal stress differences
in order to improve constitutive modelling.



0.5

0 ] »
LN
% . aas
0.1 ¥ .
* a & .
#* * An l’ . ®
-0.2
x,ta * e,
- * N - % Ak
*
= 0 D o 503 K oe
= R PPV = VR
LI Y :*, > > * @“ A
hic dddad 047 o Peerbooms et al. (2024) +
u Gallier et al. (2014) .

o Peerbooms et al. (2024) # Dbouk et al. (2013) 05|+ Zaraga et al. (2000) Lo

u Gallier et al. (2014)  » Seto & Giusteri (2018) [ Dbouk et al. (2013)

+ Zarraga et al. (2000) A Badia et al. (2022) 4 Badia et al. (2022) M

05 0.6
0 01 02 03 04 05 06 07 01 02 03 04 05 06 07
o3 ®
(a) (b)

Figure 1.4: Normal stress differences of a homogeneous suspension in simple shear flow (a) N; and (b) N,, both
normalized by the total shear stress (7, the sum of the viscous and the particle shear stress), and shown as
a function of the solid volume fraction. Data is compiled from various experimental [33, 34] and numerical
[35, 37, 40, 48] studies in literature.

An alternative description to the viscous rheology framework, which describes the rhe-
ology in terms of the suspension viscosity, is the frictional rheology framework introduced
by Boyer et al. [32]. Herein, the rheology is described as a function of the viscous number,
IL,, which effectively captures the ratio of the viscous shear stress and particle pressure,
which is crucial for describing the rheology of these systems. The resistance to flow is
described using the macroscopic friction coefficient, p(1,), which is defined as the ratio of
the total shear stress, 7, to the particle pressure. This frictional rheology description has
shown to work well for homogeneous shear flows; however, the application of the frame-
work to inhomogeneous shear flows, such as pressure-driven flow, has only recently re-
ceived more attention [49, 42]. One of the main challenges in extending the framework is
how to account for non-local phenomena such as subyielding (i.e., a vanishing shear stress
at a finite local normal stress) and overcompaction (i.e., a local packing fraction exceeding
the maximum possible value in simple, homogeneous, shear flows) [50, 51]. Nevertheless,
being able to describe the rheology of dense suspensions in non-homogeneous shear flows
is of great importance to be able to tackle real-life flow conditions (such as encountered
in 3D-printing) where inhomogeneous shear is often encountered.

The discussion above highlights that the microstructure is very important for the sus-
pension rheology, influencing for instance the viscosity and normal stresses. In turn, the
microstructure depends on the solid volume fraction, particle properties, and flow condi-
tions. Under homogeneous shear conditions, suspended particles do not show a collective
net displacement. While this can be the case for inhomogeneous shear conditions, such as
oscillatory flow, or pressure-driven flow. In pressure-driven tube flow, for which the flow
experiences varying shear dependent on the radial position, the particles tend to migrate
resulting in an inhomogeneous concentration distribution (even if the initial distribution
was homogeneous). For dense suspensions at low Reynolds numbers, shear-induced mi-
gration resulting from particle-particle interactions causes the particles to move to low-
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shear zones until an equilibrium is reached. This means that the particles move towards
the centerline of the tube [52, 53], which is often described using the suspension balance
model (SBM) [54, 55, 56]. At higher Reynolds numbers, inertial effects may induce lift
forces resulting in migration such as the tubular pinching effect related to particle-fluid in-
teractions. For increasing concentration, this is overwhelmed by shear-induced migration
from particle-particle interactions [57]. The latter may be augmented by inertia, dubbed
as inertial shear thickening by Picano et al. [58, 59].

The microstructure is also affected by the tendency of particles to settle under the influ-
ence of gravity. The effect of solid volume fraction on the sedimentation velocity has been
studied extensively, where for dense suspensions hindered settling plays an important role
[60, 61]. The mean sedimentation velocity can be described by empirical correlations for
hindered settling [60, 61, 62, 63]. Furthermore, in the tubes of a 3D-printer, which may
be narrow when compared to the largest particle diameter in the suspension, the effect of
confinement needs to be taken into account. The effect of confinement has been studied
over a wide range of confinement ratios, A = d/D with D the tube diameter, and Reynolds
numbers, leading to correlations that take confinement into account for the sedimenta-
tion velocity [64, 65, 66, 67, 68, 69, 61]. However, for dense suspensions in narrow vertical
tubes, the dynamics are not fully understood yet. Moreover, the effect of sedimentation
on particle velocity fluctuations, and the inherent effect on the microstructure, have long
been topic of discussion [70, 71, 72, 73, 74, 75]. More research is needed to understand
how these factors affect 3D-printing of dense suspensions.

The goal of this research is to gain more insight into and to improve modeling of
the rheology of dense suspensions for the application in UV-assisted Liquid Deposition
Modelling. Therefore, we identified multiple stages in the printing process: (1) stationary
suspension in the reservoir and tubes of the printer, (2) suspension flowing through the
supply tube of the printer, (3) suspension flowing through the nozzle, and (4) suspension
deposited on the printing platform. In this work we focus on stages (1) and (2), that pertain
to the flow behavior and rheology of dense suspensions. The main research questions that
we want to answer are:

1. What is the effect of the tube-to-particle diameter ratio on the sedimenta-
tion dynamics in a viscous fluid?
The stability of suspensions is a concern in 3D-printing, as settling of particles can
create inhomogeneous distributions when the printer is idle. Therefore, we focus on
the effect of tube-to-particle diameter ratio in narrow vertical tubes. The dynamics
are considered in terms of the mean sedimentation velocity, velocity fluctuations,
and suspension microstructure.

2. How does solid (interparticle) friction affect the rheology in simple shear
flow?
Rheology is often studied under well-controlled flow conditions, of which simple
shear flow is common in experimental and numerical studies. To get a better under-
standing of the suspension rheology we study the effect of the interparticle friction
coefficient. Common frameworks that are used in the literature to describe the rhe-



ology of dense suspensions are compared to answer the question: Are the viscous
and frictional rheology frameworks fully equivalent?

3. How does the suspension rheology under heterogeneous shear differ from
the suspension rheology under homogeneous shear conditions?
The flow in the tubes of an LDM 3D-printer is typically forced by a moving piston
or an applied pressure difference. This flow condition results in an applied heteroge-
neous shear rate. We varied the solid volume concentration and the interparticle fric-
tion coefficient to investigate the scaling of the rheology under these conditions. As
discussed above, particles migrate under the applied flow conditions leading to the
question: How do these parameters affect particle migration? Additionally,
we study the steady-state rheology where we are interested in: Can the frictional
rheology framework developed for simple (homogeneous) shear flows be
extended to pressure-driven flow?

We employ particle-resolved Direct Numerical Simulations (PR-DNS) to study the sus-
pension rheology under conditions that allow us to answer these questions. In the PR-
DNS, the full Navier-Stokes equations are solved for the fluid phase, combined with the
Newton-Euler equations for the motion of the particles, including a frictional soft-sphere
collision model for particle collisions/contacts [76, 57]. A computationally efficient Im-
mersed Boundary Method is employed for the fluid-solid coupling [77, 78]. In our first
study, we consider the sedimentation of dense suspensions in narrow vertical tubes. In our
second study, we consider simple shear between two parallel plates. In our third study, we
consider pressure-driven flow between two parallel plates. These conditions are schemat-
ically illustrated in Figure 1.5. For all these conditions, we use spherical particles of a
single diameter at slow flow conditions, resembling a viscous carrier fluid. We vary the
solid volume concentration and the interparticle friction coefficient to assess the effect on
the suspension rheology. The results are analyzed in terms of velocity profiles, concentra-
tion profiles, microstructure, and stress contributions, among others. These properties are
then used for modelling of the rheology of dense suspensions. Modelling of the rheology
of dense suspensions is important to be able to predict the properties and therewith the
printability of compositions.

The results are presented and discussed in the following chapters, which are structured
as follows. In Chapter 2, the sedimentation of dense suspensions in narrow vertical tubes is
discussed. In Chapter 3, the rheology of the suspension is discussed based on simulations
done in plane Couette flow conditions. In Chapter 4, the particle migration and rheology
are discussed for pressure-driven channel flow. Chapter 5 outlines how the results of our
research can be used to improve and optimize 3D-printing of dense suspensions by LDM.
And to conclude, Chapter 6 contains the conclusions we draw from our research and the
recommendations for future work.
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Figure 1.5: Schematic representation of the three conditions used to investigate the rheology of dense suspen-
sions: (a) sedimentation in narrow vertical tubes, (b) plane Couette flow, and (c) pressure-driven plane channel

flow.
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Viscous sedimentation of dense
suspensions in narrow vertical tubes

Sedimentation of dense suspensions has been widely studied in systems that are large com-
pared to the size of the particles. Much less is known about sedimentation in small systems,
where the presence of walls has a pronounced effect on the dynamics. The objective of the
present study is to gain understanding of the influence of confinement on sedimentation of
dense suspensions of non-colloidal particles in narrow vertical tubes in the viscous flow regime.
To this purpose, we have employed particle-resolved Direct Numerical Simulations (DNS)
based on a computationally efficient Immersed Boundary Method (IBM) for the fluid/solid
coupling and a frictional soft-sphere collision model for particle contact. We studied both the
settling of a single particle and dense particle suspensions in the bulk concentration range of
0.05 < ¢y, < 0.3. The influence of confinement was investigated for the range of D/d = 2 - 11,
with D the tube diameter and d the diameter of the spherical particles. The mean sedimenta-
tion velocity, Vg, can be accurately described through a modified Richardson-Zaki correlation,
with a prefactor k ~ 0.8 and with the terminal settling velocity for a single-settling particle in
free space replaced by the Francis correlation for settling in a narrow tube. The particle rms
velocities appear to scale with ngzﬁllj/s(D/d)Z/3 for D/(dng;lB) z 2.5, while for smaller tubes
the scaling behavior is very different due to strong confinement effects on the particle mi-
crostructure. For D/(d¢;1/ %)z 2.5, the Lagrangian lengthscale of correlated particle motions
in the axial direction is proportional to D¢I;1, and much larger than the Lagrangian length-
scales in the other two directions, suggesting the presence of elongated vertical structures. All
simulations showed a pronounced concentration peak at the wall, originating from particle-
wall layering. The layering appears to extend into the tube with a second and smaller peak
at a distance of = 1.4d. Interestingly, the particles around the internal concentration peak
appear to settle significantly faster than the particles near the wall and in the core, espe-
cially for ¢, = 0.2 and D/d = 6 for which the pdf of the vertical particle velocity also exhibits
super-Gaussian behavior. This is indicative for streaming-like behavior of rather stable and
vertically elongated particle clusters.

This chapter is based on: Wouter Peerbooms, Antoine van der Heijden, Wim-Paul Breugem; Viscous sedimenta-
tion of dense suspensions in narrow vertical tubes. Manuscript in preparation. The data supporting the findings
in this chapter are available online [1].
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2.1 Introduction

Sedimentation (i.e., the collective settling of solid particles suspended in a fluid) is relevant
to many different natural and industrial processes. The present study is motivated by
extrusion 3D printing of dense suspensions in additive manufacturing of, e.g., ceramics,
metals and energetic materials [2, 3, 4]. Unwanted sedimentation may take place in the
print head and supply tube when the printer is idle, resulting in inhomogeneities in the
final product when printing is resumed.

Sedimentation phenomena have been studied since many years already, both in the
viscous [5, 6] and the inertial flow regime [7]. From a fundamental point of view, the com-
plexity of sedimentation arises from long and short-range hydrodynamic multi-particle
interactions and particle collisions. In the present study, we consider the influence of con-
finement (i.e., the influence of the tube wall) on particle sedimentation, which complicates
matter and, as will be discussed below, is not well understood yet.

We consider the gravitational settling of a suspension of spheres in a vertical narrow
cylindrical tube with a diameter D. The spheres are monodisperse with diameter d and
have a mass density p,. They are suspended in a Newtonian liquid with dynamic viscosity
n¢ and mass density py. Furthermore, the spheres are non-colloidal and non-Brownian
(i.e., molecular forces between particles are negligible and d » 1 pym such that the Péclet
number based on the Brownian particle diffusivity is much larger than 1 [8]). Under these
conditions, the sedimentation dynamics is governed by 4 dimensionless numbers: (1) the

Galileo number, Ga= [|p-1|gd3/ ijc, where g denotes the gravitational acceleration mag-

nitude and vy = n¢/py is the kinematic fluid viscosity, (2) the particle/fluid density ratio,
p = pp/ps, (3) the particle-to-tube diameter ratio, A = d/D, and (4) the bulk solid volume
fraction, ¢,. We remark that sedimentation is often considered as dynamically similar to
fluidisation [9, 10], assuming that the particle-mean settling velocity in sedimentation is
equivalent to the superficial fluid velocity in fluidisation at the same ¢;,. While this is
true for A « 1 (i.e., negligible wall effects), the similarity breaks down in narrow tubes:
even when the relative particle/fluid velocity would be matched, the relative fluid/wall
and particle/wall velocities will still be different between the two processes.

Single settling particle The presence of a wall has a retarding effect on sedimentation.
This has been well documented for the case of a single settling sphere. For a sphere falling
along the axis of a tube in the Stokes regime, exact analytical solutions have been derived
for the ratio of the bounded, V7, to the unbounded terminal settling velocity, V = Vp(1 —
0). These solutions are either valid for sufficiently small A [11] or for A — 1 [12]. Francis
[13] proposed an empirical correlation that has a rather simple form:

Vr 1-2 \*

— == . (2.1)

Vo \1-04751
Interestingly, in his experiments on a steel ball settling in glycerol, he observed that the ball
always settled along the wall instead of along the centerline of the tube, and that the ball
was rotating along a horizontal axis such that the local ball velocity was highest at the side
closest to the tube wall. Eccentric settling and rotation of the sphere was also occasionally

observed in experiments by others, which for high A was partially attributed to geometrical
imperfections of the tube [14]. Nevertheless, Francis’ correlation compares well with later
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experiments of Fidleris and Whitmore [15] up to at least A = 0.4. Moreover, his correlation
appears also in good agreement [16] with a more complex algebraic analytical expression
derived by Haberman and Sayre [17] for a concentrically falling sphere, accurate up to
A~ 0.5 [18, 19]:

Vi 1-2.10501+2.0865A% — 1.70681° +0.726037°
Vo 1-0.758571° ’

(2.2)

The presence of a tube wall delays the transition from the viscous-dominated to the inertia-
dominated regime. Based on a significant loss of fore-and-aft symmetry of the flow around
a settling sphere in a tube, Coutanceau [18, 20] proposed an empirical correlation for the
critical particle Reynolds, Rer. = Vr.d/vy, for the breakdown of the Stokes flow regime:

20
Rere=—(1- N0 275  (1<08). (2.3)

Chhabra et al. [21] used a different criterion for Rer., based on a significant deviation of
the measured Vp from Equation (2.2). Their tabulated results for Rey, vary from Rep, =
0.018 for A = 0 to Rep = 0.031 for A = 0.5 (using Equation (2.2) to relate Rer, to their critical
values for Rey = Vyd/vy, the terminal Reynolds number of a single particle settling in free
space). These values are considerably smaller than the values predicted from Coutanceau’s
correlation, Rer. = 0.11 and 1.46, respectively.

Beyond the Stokes regime, the retarding effect of the wall decreases for increasing
Reynolds number, related to a more axially elongated wake structure. Several correlations
for V/V, exist for the inertial regime, which agree reasonably well with experimental data
for specific ranges in Rer and A [15, 21]. Worth noting, in this respect, is the correlation
proposed by Di Felice [22] for the entire Reynolds number range and A < 0.9, which proved
to be reasonably accurate compared to other correlations for the inertial regime [21]:

* 33+0.85Re,
with = ———2 (2.4)

Vr ( 1-1
- 10 + Rey

Vy \1-0331

We remark that Re, can be related to Ga through Rey = (2/ \/?Cd)Ga with C; = C4(Rey) the
drag coefficient of a sphere in free space. For A — 0 and Rey — 0, Equation (2.4) reduces
to Vp/Vy = 1-2.2A, which is fairly close to V/V, ~ 1 -2.1A predicted from Equations (2.1)
and (2.2) for the Stokes regime.

Collective settling of spheres Except for ¢}, < 0.01 at Ga z 155 [23, 24, 25], the col-
lective settling of spheres in a suspension is characterized by hindered settling, i.e., a re-
duction in the particle-averaged settling speed, Vi, with increasing particle concentration
[10, 26, 5, 27]. A widely used correlation for hindered settling is the one proposed by
Richardson and Zaki [9]:

Vs =kVo(1-¢p)", (2.5)

with k = k(1), and n = n(Rey, A). The coefficient k was found to be different for sedimenta-
tion as compared to fluidisation. According to Richardson and Zaki [9]:

k=1 for sedimentation, (2.6a)
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k=104 for fluidisation. (2.6b)

Furthermore, for Rej < 1, the following correlations were proposed for the exponent n:
Rey <02 @ n=4.65+19.51, (2.7a)

02<Rey<1 @ n=(435+17.51)Re]®. (2.7b)

Note that these correlations for n are discontinuous at Rey = 0.2. Furthermore, A was
smaller than 0.04 in the experiments of Richardson and Zaki for the range of Rey < 1.
Also, no measurements were performed in the dilute regime; the values for kV and n
were obtained from fitting Equation (2.5) for ¢}, = 0.05, and dividing kV; by a theoretical
estimate of Vj to estimate k.

Garside and Al-Dibouni [26] critically evaluated the Richardson-Zaki correlation and
proposed new correlations for k and n that more accurately capture the abundance of
experimental data:

k=(1+2351)7"1, (2.8a)
5.1+0.27Re}’
n=——— 1 (2.8b)
1+0.1Rey

where Rer was determined from Retr = kRey, using k from Equation (2.8a) and estimat-
ing Rey from drag correlations for a single settling sphere in free space. Differences of
their modified correlation with the original Richardson-Zaki correlation are that k < 1 and
decreases with increasing A without making distinction between fluidisation and sedimen-
tation, and that n depends only on Ret instead of on Rey and A. As explained before, the
presence of a wall breaks the similarity between fluidisation and sedimentation, and it is
therefore counter-intuitive that the same correlation holds for both flow types.

Di Felice and Parodi [28] noticed that Equation (2.7a) is actually the result of a poor
correlation. By neglecting two outliers in the underlying dataset, they concluded that
n is hardly affected by A and in the range of n ~ 4.7 - 4.9. In addition, they performed
experiments in the Stokes regime for both low concentrations (¢ = 0-0.05, the range not
measured by Richardson and Zaki) and high concentrations (¢, = 0.1 - 0.35). For the low
concentrations, both n and k sharply decreased with A, with n varying from n ~ 6.5 at
A=0.05to n~23atA=0.2,and k » V3/Vy with V/V, given by Equation (2.1). In contrast,
for the high concentrations, both n and k were nearly independent of A, with n ~ 4.6 - 4.8
and k ~ 0.8. Although the value found for n is in agreement with the redetermined value
for n from the data of Richardson and Zaki, the value of k is significantly lower than k » 1
as suggested by Richardson and Zaki for sedimentation. Furthermore, the findings of Di
Felice and Parodi contradict the correlation for k proposed by Garside and Al-Dibouni,
Equation (2.8a), which predicts the same dependence on A for the entire concentration
range.

Particle velocity fluctuations Sedimenting suspensions are characterized by rela-
tively strong particle velocity fluctuations akin of turbulent convection [29]. The influ-
ence of confinement on particle velocity fluctuations and related particle self-diffusion,
has received considerable attention in literature, especially for dilute suspensions in the
Stokes regime [6]. This was triggered by theoretical predictions [30, 31, 32] and Lattice-
Boltzmann simulations of sedimentation in a triply periodic domain [33, 34] that for a
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random particle distribution, the velocity variance diverges linearly with the size of the
system in which the sedimentation process takes place. The divergence originates from
long-range hydrodynamic interactions between particles, which scale with ~ V;d/r in the
Stokes regime, where Vs; = (1/18)(p), —pf)gdz/ryf is the Stokes velocity for a single sphere
settling in free space and r denotes the radial distance from a particle to a neighboring par-
ticle. In contrast, sedimentation experiments by Nicolai and Guazzelli [35] showed that
the fluctuations are independent of system size for L/d in the range of = 25-100 (with L the
shortest horizontal dimension of the rectangular containers used). The apparent contro-
versy between theory, simulations and experiments has become known as the ‘divergence
paradox’.

The conceptual theory of Hinch [31, 6] provided already a clue to resolve the contro-
versy. He postulated that sedimentation is characterized by ‘blobs’ of correlated particle
motions. For a random particle distribution, the number of particles in a spherical blob
with size [ is expected to exhibit a Poisson distribution with a mean of N = ¢,(I/d)* and
a standard deviation proportional to VN [36, 37, 38]. The fluctuations in the number of
particles within the blobs are responsible for density fluctuations, causing heavier blobs
to sink and lighter blobs to rise with respect to the mean sedimentation speed. By bal-
ancing the blob weight with Stokes drag acting on the blob, he found that the velocity
fluctuation of a blob scales as ~ Vg, \/¢pl/d. This finding suggests that the particle veloc-
ity variance scales linearly with the shortest system size L as this limits the maximum
possible blob size, in agreement with the theoretical prediction of Caflisch and Luke [30].
Interestingly, Hinch suggested that the scaling with system size only holds for the initial
stage of sedimentation. He speculated that ‘after some time’ convective motions would
‘remove’ large-scale density variations down to an ‘irreducible’ scale on the order of the
interparticle distance ~ (d/ 2)(]5;1/ 3, thus independent of system size. His speculation was
later supported by experimental results of Guazzelli [39] for sedimentation of dilute sus-
pensions in a large container (L/d ~ 500 and ~ 675 for the two different particle batches
used). While the initial fluctuating particle motions exhibited a lengthscale on the order of
the system size, the lengthscale was found to decrease over time down to a characteristic
blob size of 15 to 20 times (d/ 2)¢I;1/ 3 at flow equilibrium.

Lattice Boltzmann simulations by Ladd [40] and Nguyen and Ladd [41] of sedimenta-
tion in a rectangular container at ¢, = 0.13 and, respectively, a Reynolds number Vd/vy =
0.2 and 0.06, highlighted the importance of impenetrable bottom and top walls on the
particle velocity fluctuations. While the particle rms velocity was found to diverge with
increasing container width when periodic boundary conditions were used in the vertical
direction, the rms velocity reached a constant value for sufficiently large container width
when no-slip walls were used in the vertical direction [40]. The presence of the bound-
ing walls was shown to gradually reduce the particle rms velocity until equilibrium was
reached [40] and to strongly damp large-scale horizontal density fluctuations over the
course of the sedimentation process [41]. They suggested that the initial large-scale den-
sity fluctuations are convected towards either the bottom or the top of the sedimenting
suspension and adsorbed by the density gradient at the interface with, respectively, the
bed and the supernatant, in line with the speculation made earlier by Hinch [31].

For dilute suspensions in the Stokes regime, Segré et al. [42] found a profound influ-
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ence of container size on the rms of the particle velocity fluctuations according to:

Vrms

= 1 [1- exp(-LI(Cy(d12), ")), (2.9)

where C; and C, are constants with C; ~ 1 for horizontal and ~ 2 for vertical velocity
fluctuations and C, ~ 60, and L denotes either the container width or radius dependent on
the container shape (rectangular or cylindrical) in their sedimentation experiments. For a
given bulk concentration, confinement is thus responsible for a reduction in the relative
rms velocity with respect to the asymptotic value for very large containers. Equation
(2.9) fitted well with previous experimental results of Nicolai et al. [35] and Ham and
Homsy [43] for relatively small containers. Finally, for L > 150(d/2)¢7l:1/ 3 it was found
from a spatial correlation analysis that the blobs have a column-like shape with a height
of » 22(d/2)¢;1/3 and a diameter of ~ 27(d/2)¢;1/3, implying that in large systems the blobs
contain ~ 3000 particles on average, irrespective of the bulk concentration.

Surprisingly, Segre et al. [42] obtained their correlation by equating the system size
L in Equation (2.9) to the largest horizontal dimension (width) of the rectangular con-
tainers used in their experiments. As pointed out by Brenner [44], the blob dimensions
determined for the largest containers always exceeded half the value of the shortest hor-
izontal dimension (half-depth) of the containers, suggesting a non-negligible effect from
the walls. Assuming that the blobs are traversing across the depth of the container, Bren-
ner proposed an alternative theory that reproduces the power-law scaling of the blob size
and the relative rms velocity in the bulk concentration as found by Segrée et al. [42] for
their largest systems, but which does include a dependency on the system depth.

Segre et al. [45] extended the conceptual theory of Hinch [31] to the dense regime by
(a) replacing the Stokes velocity by the actual sedimentation velocity, (b) replacing the fluid
viscosity by the suspension viscosity, and (c) by accounting for an excluded volume effect
in the estimate of the fluctuating mass of a blob. Their model showed good agreement
with measured rms velocities of sedimenting particles in a large container (large in terms
of the criterion proposed by Segré et al. [42]), and captured the fairly constant relative
rms velocity over a large range in concentration and the decrease at very high concentra-
tions beyond ¢, = 0.3. Furthermore, a spatial correlation analysis of the particle velocity
fluctuations indicated that the characteristic blob dimensions in the dense regime are iden-
tical to blob dimension in the dilute regime, a remarkable and unexpected result [46]. In
contrast, Snabre et al. [47] measured a strong increase in the spatial correlation length for
concentrations beyond ¢, = 0.5, indicative of a jamming transition. They attributed this
to the smaller particle/fluid density difference in their experiments as compared to Segre
et al. [45].

Inertial effects A number of studies addressed the influence of inertia when the par-
ticle Reynolds number is gradually increased beyond the Stokes regime, using theory
[31, 48, 44], numerical simulations [49, 50, 51, 52, 53, 7] and experiments [37]. Lattice-
Boltzmann simulations by Yin and Koch [51] highlighted the importance of wake-induced
particle-particle interactions and related drafting-kissing-tumbling behavior [54] at finite
particle Reynolds number in dilute suspensions, which were held responsible for the ob-
served deviation of the microstructure from an isotropic ‘hard-sphere’ distribution [55, 8].
For dilute suspensions, Sungkorn and Derksen [53] and Yin and Koch [52] reported a
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decrease in the relative rms velocity with increasing particle Reynolds number beyond
Rer ~ 0.1. Furthermore, Sungkorn and Derksen [53] found that the relative particle rms
velocity can be described well with Equation (2.9) combined with empirical power-law
expressions of the coefficients C; and C, as function of Rer and ¢;,. Worth mentioning
is also their finding that the relative particle rms velocity reached a constant value for
sufficiently long simulation time and for sufficiently large size of the triply periodic cubic
domain used.

Bergougnoux and Guazzelli [37] performed experiments on dilute sedimenting sus-
pensions with very low Rer pertaining to the Stokes regime, but with Re; = Rer(L/d) in
the range of 0.01 - 24.1. The suspension microstructure was found to clearly depart from
a random (Poisson) distribution for increasing Rej, while the characteristic blob size re-
mained constant at 15 to 20 times (d/ 2)¢I;1/ 3, Interestingly, beyond Rej, = 0.1 the relative
particle rms velocity started to decrease from the plateau value for the Stokes regime ac-
cording to ~ Re;*!. The conceptual theory of Hinch [31] was adjusted by accounting for
weak inertial effects and captured the observed drop in the rms velocity fairly well.

In a recent study on inertial effects in sedimentation, Shajahan and Breugem [7] distin-
guished between a dilute (¢, < 0.02), moderately dense (0.02 < ¢, < 0.1) and dense suspen-
sion regime (¢, 2 0.1), each characterized by a different microstructure and sedimentation
dynamics. Remarkably, their particle-resolved Direct Numerical Simulations (DNS) for
the range of Ga = 144 - 210 showed little influence of inertia when ¢, 2 0.02, which was
attributed to the ‘obstruction and perturbation of the particle wake by neighboring par-
ticles’. Drafting-kissing-tumbling was found to dominate the suspension behavior in the
moderately dense regime and responsible for a preferential settling of particles in hori-
zontal pairs at a distance of ~ 1.5d. In contrast, a nearly isotropic hard-sphere distribution
was observed in the dense regime, dominated by short-range (lubricated) multi-particle
interactions.

Intrinsic convection Finally, sedimenting suspensions in closed containers are prone
to a phenomenon known as intrinsic convection, at least in the dilute regime [56]. In-
trinsic convection originates from the presence of buoyant particle-depleted wall layers
[57, 58, 59], causing a reduced sedimentation velocity of the particles near the container
walls. Mass conservation requires an enhanced sedimentation speed in the core. Peysson
and Guazzelli [60] found evidence for intrinsic convection at ¢, = 0.1 and 0.2 in the Stokes
regime, but much weaker than predicted by theory for dilute suspensions [61, 62]. It was
suggested that this is an effect of the observed concentrated particle-wall layers and re-
lated particle-particle and particle-wall interactions in the experiments, which is not fully
accounted for in the theory. If intrinsic convection is present, then an inhomogeneous
particle velocity distribution may be expected, dependent on the distance to the nearby
wall(s).

From the above literature review, it is clear that the effect of confinement on particle
sedimentation is far from understood. Conflicting correlations have been proposed for n
and k. Furthermore, the presence of convection structures and the heterogeneous spatial
particle distribution complicate the sedimentation dynamics in confined geometries. Fi-
nally, little research has been performed yet on sedimentation under strong confinement
(i.e., for the range of relatively high A).

The objective of the present study is to gain understanding of the influence of con-
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finement on sedimentation of dense particle suspensions in narrow vertical tubes in the
viscous flow regime. To this purpose, we have employed particle-resolved Direct Numer-
ical Simulations (DNS) based on a computationally efficient Immersed Boundary Method
(IBM) for the fluid/solid coupling [63] and a frictional soft-sphere collision model [64]
for particle collisions. We studied both the settling of a single particle and the sedimen-
tation of dense particle suspensions in the concentration range of 0.05 < ¢, < 0.3. The
influence of confinement was investigated for the range of D/d = 2 - 11 corresponding to
0.091 < A < 0.5. Furthermore, for the chosen parameter ranges, D/(0.5d¢;1/3) varies from
1.5 (for ¢, = 0.05 and D/d = 2) to 12.9 (for ¢, = 0.2 and D/d = 11). The tube diameter is
thus always smaller than the characteristic blob size of 15 to 20 times (d/ 2)¢)I;1/ 3 reported
in literature for unconfined sedimentation [37, 65]. Hence, a strong effect of the tube wall
may be expected on the sedimentation dynamics as well as a radially dependent particle
concentration and velocity distribution. The sedimentation dynamics is analyzed in terms
of particle statistics, including the mean and rms particle velocities, the radial particle
distribution, particle dispersion characteristics and particle clustering in the vertical direc-
tion. With these statistics we obtain both a clear picture of the macroscopic suspension
behavior as well as insight in the underlying suspension microstructure.

The remainder of this chapter is organized as follows. In Section 2.2, the governing
equations are introduced and details of the contact model are given. In Section 2.3, the
numerical method and computational setup are described. In Sections 2.4.1 and 2.4.2, the
DNS results are presented for, respectively, the settling of a single sphere and the sedimen-
tation of a dense suspension in a narrow tube. Finally, in Section 2.5, the main findings
are summarized, followed by a discussion and recommendations for future research.

2.2 Governing equations and contact model

The fluid phase is governed by the incompressible Navier-Stokes equations that are made
dimensionless with the following reference scales: Lep = d, Upef = \/ﬁ, and fref = Lo/ Uref.
This leads to the following equations:

V-u=0, (2.10a)

Jdu |p__ 1| 2
— +V-uu=-Vpy -Vp+ ——V*u, (2.10b)
ot Ga

in which u is the velocity, p, represents the linearly varying part of the absolute pressure
(pabs) over the tube height related to the presence of particles, and p is the modified pres-
sure defined by p = p,ps — pr — - X with g = g/|g| the unit vector pointing in the direction
of gravity. The gradient in pj, is dynamically adjusted to enforce that the overall mixture
bulk velocity is zero; this mimics sedimentation in a closed tube. Based on an overall ver-
tical force balance, Vpy, balances the submerged weight of the particles in suspension, the
fluid wall shear stress and possible solid friction from particle/wall contacts.

The translational (u,) and the angular particle velocity (@) of the spherical particles
are determined from solving the Newton-Euler equations, respectively:

T _dup

” ~
6 dr T iv("f’n)d"‘*g((”p‘1)~g-vph)+Fc, (2.11a)
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T _da)p
< Wziva(af-n)dA+Tc. (2.11b)

The fluid stress tensor is defined as o= -pI+(/|p-1/Ga) ((Vu) + (Vu)T), where n is the
outward pointing normal vector on the particle surface oV, and r is the position vector
with respect to the particle centroid. F, and T, are, respectively, the force and torque
working on the particle as a result of collisions with other particles or the tube wall.

The fluid and particle equations are coupled with each other through the no-slip/no-
penetration condition at the surface of the particles:

u=u,+@,xr on dV. (2.12)

Particle collisions and contacts are modelled through a frictional soft-sphere collision
model [64]. This is a linear spring-dashpot model in which the rigid particles are numer-
ically allowed to overlap slightly. For each colliding particle pair, the collision force is
computed from the overlap between the two particles and their relative velocity. The
model accounts for stick/slip transition dependent on the ratio of the tangential to the
normal collision force component. The expressions for the normal and tangential force
components are given by, respectively:

F,=-k,6,-nyu,, (2.13a)

F; = min (|| - k8, - npugll, || - pFyll) t. (2.13b)

Here, 8, is the overlap between the two particles, u,, is the relative normal velocity, k,, is
the normal spring stiffness coefficient, and 5, is the normal damping coefficient. Similarly,
8, is the tangential displacement between the particles in their point of contact, u; is
the relative tangential velocity, k; is the tangential spring stiffness coefficient, 7, is the
tangential damping coefficient, and t is the tangent unit vector that indicates the direction
of the tangent collision force. Once the collision force is computed, the collision torque is
calculated according to T, = r x F;, where r denotes here the radius vector pointing from
the particle centroid towards the point of contact between the particles.

The collision parameters k,, 1, k;, and 1, are determined from analytical expressions
that depend on the reduced mass of the particles, the tangential and normal dry coeffi-
cients of restitution (e; and e,, respectively), and the collision time (AT,). The latter is
a numerical parameter; this allows for artificially stretching the collision time in order
to avoid excessively small time steps for resolving collision events. Similar to the values
used in the DNS studies of Hogendoorn et al. [66] and Shajahan et al. [67], we used
e; = 0.1, e, = 0.97 and AT, = 8At, where At is the computational time step. Furthermore,
the Coulomb friction coefficient is set to g, = 0.39.

2.3 Numerical method and computational setup

In the DNS, the governing equations for the fluid phase are solved on a fixed Cartesian
grid with a second-order accurate finite-volume/central-differencing scheme. A computa-
tionally efficient Immersed Boundary Method (IBM) [63] is employed for the fluid/solid
coupling, in which the no-slip/no-penetration condition at the surface of the particles is en-
forced by good approximation by locally adding forces to the right-hand side of Equation
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(2.10b). The IBM makes use of a Lagrangian grid attached to the surface of the particles
and a regularized Dirac delta function to interpolate values from the Eulerian fluid grid
to the Lagrangian particle grid and vice versa. As in previous particle-laden pipe flow
studies [66, 67], a volume-penalization IBM [68] is adopted for imposing the no-slip/no-
penetration condition on the tube wall. The Navier-Stokes and Newton-Euler equations
are integrated in time with the third-order Runge-Kutta 3 (RK3) scheme using the same
computational step for both the fluid and the particle phase. For more details and vali-
dation of our approach, the reader is referred to [63, 66, 67]. For the present study, we
used a uniform grid resolution of d/Ax = 16, which corresponds to 746 Lagrangian grid
cells on the surface of each particle. The time step is fixed at At./g/d = 5.1-1073. Finally,
we add a lubrication force correction to the right-hand side of Equation (2.11b) when two
neighboring particles are separated less than one grid cell apart to compensate for the lack
of local grid resolution [64, 69, 70]. The correction is based on an asymptotic solution for
the normal force on two approaching particles in the Stokes regime. The diverging behav-
ior of the force correction is capped when the distance between the particles drops below
1073d, which, from a physical point of view, mimics the effect of typical particle surface
roughness on the lubrication dynamics.

The initial particle positions were randomly distributed inside the tube by inserting
particles into the pipe one after the other, while ensuring no overlap between the parti-
cles and between the particles and the tube wall. The particles and the fluid were initialized
with zero velocity in the entire domain. Directly at the start of the simulations, the parti-
cles are allowed to settle under gravity in the vertical direction. To prevent the influence
of the periodic boundary conditions imposed in the vertical direction, a sufficiently long
vertical pipe was used in the DNS, varying in length from L, /d = 105 to 420 between the
different cases. The background pressure gradient in Equation (2.10b), Vpy,, was dynam-
ically adjusted to enforce a zero mixture (fluid + particles) bulk velocity in the vertical
direction. This mimics the presence of a bottom wall in our setup.

In our simulations, the density ratio and Galileo number were fixed at p = 1.05 and
Ga = 18 ~ 4.2, respectively. These values are representative for polystyrene particles
with a diameter of 0.33 mm in water at room temperature. We note that the Galileo num-
ber Ga = /18 corresponds to a Reynolds number V;d/ vf = 1 based on the Stokes veloc-
ity, which is the very same Reynolds number considered by Kuusela et al. [50] in their
study of sedimentation of dense sphere suspensions between two parallel plates. Using
Beard’s correlation [16] for the sphere drag coefficient in the range of 0.01 < Rey < 20,
Cy = (24/Rep) - (1 + 0.1315Re£0'82_0'05w]) with w = log, , Rey, our value of the Galileo num-
ber corresponds to an estimated Reynolds number of a single settling particle in free space
of Rey ~ 0.893. Though this value of the Reynolds number pertains to the weakly inertial
regime, the effective particle settling Reynolds number in our simulations is considerably
lower due to effects of both confinement and hindered settling at finite concentration. The
reasons for choosing here Ga = O(1) instead of Ga « 1, are to avoid an excessively small
computational time step and an excessively long simulation time for the system to reach
equilibrium.

In the present study, we consider both the settling of a single particle for tube-to-
particle diameter ratios in the range of D/d = 2-20 (A = 0.05 - 0.5), and the settling of
dense particle suspensions in the range of D/d = 2-11 (A = 0.091-0.5) and ¢, = 0.05-0.3.
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In total 12 different simulations of sedimenting suspensions were conducted. Table 2.1
displays an overview of the different cases and simulation parameters. There are three
things to note for these cases. First, for D/d = 2, the highest investigated concentration is
¢p = 0.1925. This value is slightly below the value of 0.2 used for the higher D/d values.
This was due to the small tube diameter in this case, for which we did not succeed to
create a random initial distribution of particles at ¢, = 0.2 with our injection approach.
In the analysis of the results, we grouped this case with the other cases with ¢, = 0.2 in
order to study the effect of confinement on the sedimentation dynamics at constant bulk
concentration. Second, ¢;, = 0.3 was simulated only in combination with D/d = 4 as this
concentration could not be realized for lower D/d values with our injection method and
since it was computationally expensive for higher D/d values. Third, dependent on the
value of D/d, we varied the length of pipe in the vertical direction. For D/d = 2, a long
pipe length was chosen to increase the number of particles in the domain and to improve
statistical convergence of the computed particle statistics. For increasing D/d, a shorter
pipe length was selected to limit the computational costs of the simulations.

For each simulation case, Table 2.1 also shows the Reynolds number based on the tube
diameter and mean sedimentation velocity in the statistically steady state of the simula-
tion, Rep = V;D/vy. Additionally, the table contains a proxy for the vertical decorrelation
lengthscale normalized by the particle diameter, V77, ,,/d, where Vg is the mean vertical
velocity of the settling particles and 77, is the integral timescale obtained from the time
integral of the temporal autocorrelation of the vertical particle velocity fluctuations with
respect to the mean vertical particle velocity. This proxy for the decorrelation length is
used to check, a posteriori, that the chosen domain length was indeed sufficiently long
to exclude any interaction of particles with themselves across the periodic boundaries in
the vertical direction. Finally, the last four columns of Table 2.1 indicate the simulation
timestep, development time, duration of the statistically steady state of the simulations,
and the sampling interval for steady-state statistics.
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Table 2.1: Parameters of the DNS cases of sedimenting dense suspensions in a narrow tube: D/d is the ratio
between the tube diameter (D) and particle diameter (d), ¢, is the bulk solid volume fraction, L,/d is the non-
dimensional length of the domain in the direction of gravity, N, is the number of particles, Rep = V;D/v¢ is
the tube Reynolds number based on the tube diameter and mean sedimentation velocity, V7;,,,/d is the integral
lengthscale, Aty;,,/ts; is the simulation timestep, t4,,/ts; is the flow development time, ty,;s/ts; is the duration of
the statistically steady state of the simulations, and Aty /¢, is the sampling interval for steady-state statistics.

Did| ¢ |Lyd| N, | Rep | | S|l ]l | S
2 0.05 420 126 | 0.0121 16.6 | 0.00054 | N/A | N/A | N/A
2 0.10 420 252 | 0.0054 3.5 0.00054 | 1074 | 343 | 0.269
2 0.1925 | 420 485 | 0.0048 1.6 0.00054 | 322 408 | 0.269
4 0.10 210 504 | 0.0436 5.9 0.00054 | 537 241 | 0.269
4 0.20 210 | 1008 | 0.0286 2.0 0.00054 | 376 311 | 0.269
4 0.30 210 | 1512 | 0.0158 1.1 0.00054 | 215 305 | 0.269
6 0.10 210 | 1134 | 0.0931 7.3 0.00054 | 430 214 | 0.269
6 0.20 210 | 2268 | 0.0570 2.6 0.00054 | 430 214 | 0.269
8 0.10 210 | 2016 | 0.1388 6.8 0.00054 | 430 214 | 0.269
8 0.20 210 | 4032 | 0.0859 2.8 0.00054 | 430 214 | 0.269
11 0.10 105 | 1906 | 0.2066 6.7 0.00054 | 430 214 | 0.269
11 0.20 105 | 3812 | 0.1264 34 0.00054 | 430 214 | 0.269

2.4 Results and discussion

2.4.1 Settling of a single sphere

In the single-particle simulations, a particle was placed at the center of a long tube and
allowed to settle under gravity. The simulations were stopped when the particle reached its
final equilibrium velocity. In all cases, the particle remained at the tube centerline. Figure
2.1 shows the terminal settling velocity of the particle as a function of the tube-to-particle
diameter ratio D/d. The lines show various correlations from the literature, and the legend
shows the corresponding values of V;/Vs; determined from a least-squares fit to the DNS
data, where Vj is the settling velocity for D/d — oo and Vg, is the Stokes velocity.

As expected, the particle settles faster (V; becomes more negative) for increasing D/d.
Over the entire D/d range investigated, our data shows good agreement with the correla-
tions proposed by Francis [13], Haberman and Sayre [17] and Di Felice [22] as given by,
respectively, Equations (2.1), (2.2), and (2.4). The correlations proposed by Richardson and
Zaki [9], Equation (2.6b), and Garside and Al-Dibouni, Equation (2.8a), do not describe our
data well over the entire range of D/d considered in this work.

Finally, the good agreement of our data with the empirical correlation of Francis [13]
and the analytical expression of Haberman and Sayre [17], both established for the Stokes
regime, indicates that the influence of confinement on the sphere settling velocity is stronger
than possible inertial effects for the weakly inertial regime.
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Figure 2.1: Terminal settling velocity of a single particle settling in a vertical tube, normalized by the Stokes
velocity and shown as a function of tube-to-particle diameter ratio (D/d). The symbols represent the DNS results.
The lines show various correlations from the literature with the corresponding values of V,/ Vs, determined from
a least-squares fit to the DNS data.

2.4.2 Sedimenting suspensions
Time-averaged quantities were calculated for the statistically steady state of the simu-
lations. The start of the steady state was determined based on the development of the
particle-averaged vertical velocity, the rms of the vertical particle velocity, and the mean
radial position of the particles. These quantities are shown in Figure 2.2 for the cases with
D/d = 4 as an example, with vertical lines indicating the start of the steady state. The time
is normalized with the Stokes time defined as t;; = (d/2)/ V. This figure shows that the
transient is longer for lower solid volume fraction. Table 2.1 lists the development time for
each case, as well as the duration of the steady state used for the calculation of statistics
in the remainder of this work. For D/d = 2 and ¢}, = 0.05, the transient stage took long and
the simulation was aborted before the steady state was reached.
To gain insight in the spatial particle distribution during the flow development,
a visual representation of the suspensions is made. Figure 2.3 shows a series of snapshots
of the sedimenting particles at a bulk volume fractions of ¢, = 0.1 (a,b,c) and 0.2 (d,e,f), in
a segment of the tube with a height of 50 particle diameters. Three diameter ratios are
shown: (a,d) D/d =2, (b,e) D/d = 4, and (c,f) D/d = 8, each at 5 different time instants (from
left to right in each subfigure: t = 0, t = 0.25¢4,,,, t = 0.5tg¢y, t = 0.75¢ 4., and t = t4,,). The
colors of the particles indicate the relative velocity fluctuations of the particles, defined as
o1 = (V= Vinean)! Vems, Where positive values of V/,; correspond to particles sediment-
ing slower than the mean particle velocity and negative values correspond to particles
sedimenting faster than the mean particle velocity. This coloring highlights clusters of
particles that sediment with the same velocity to be able to see emerging structures in
the suspension. It is interesting to note that, in the vertical direction, the sedimenting
suspensions form clusters and depleted zones despite the random initial positioning. This
effect is strongest for the small diameter ratio cases and becomes less distinct at larger
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Figure 2.2: Temporal evolution of the particle-averaged vertical velocity (a), the rms of the vertical particle
velocity (b), and the mean radial position of the particles (c) for the cases with D/d = 4. The vertical lines specify
the start of the steady state.

diameter ratio. Next to the longitudinal clustering, the figure shows lateral movement of
the particles. The particles collectively move closer to the wall over time, and locally it
can be seen that there is a variation in particle concentration in the horizontal plane (XZ-
plane). From Figure 2.3a (D/d = 2 and ¢}, = 0.1), it becomes clear that, in this very narrow
tube, single particles and pairs of two particles fall slightly faster than the mean, whereas
clusters of three or more particles fall slower than the mean. In Figure 2.3b (D/d = 4 and
¢p = 0.1), some larger clusters with the same color can be observed, as well as preferential
alignment in the vertical direction. For instance, in the third time instant (¢ = 0.5t4,,), a
vertical train of bright yellow particles can be seen in the lower half of the tube. These
particles settle with a velocity of up to V,eqn — 3V, ms,» Which is more than double the
mean velocity. In Figure 2.3c (D/d = 8 and ¢}, = 0.1), preferential alignment in the vertical
direction is also clearly visible. Additionally, larger clusters with the same color can be
observed, which seem to locally span across the entire pipe cross-section. For the cases
with higher bulk particle concentration, Figure 2.3d (D/d = 2 and ¢}, = 0.2) shows similar
behavior as observed for the lower concentration, with clusters falling slower than the
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mean and single particles and doublets falling faster than the mean, with some particles
exceeding velocities of V,,eqn — 3V, ms. The clusters that occur are larger in the vertical
direction and consist of more particles as expected for a higher bulk volume concentra-
tion. Figure 2.3e (D/d = 4 and ¢}, = 0.2), also shows vertical alignment of particles with
the same velocity, comparable to the lower concentration case. Additionally, some larger
clusters can be observed that occupy more of the tube cross-section. The case shown in
Figure 2.3f (D/d = 8 and ¢, = 0.2) exhibits a clear core-shell structure in which the particles
near the wall sediment with velocities close to the mean, whereas the particles in the core
sediment at either much faster or much slower velocities. This seems to happen in large
vertical structures, specifically at ¢ = t4,,,.
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Figure 2.3: Instantaneous particle positions for the cases with (a) D/d = 2, (b) D/d = 4, and (c) D/d = 8 for a
volume concentration of ¢, = 0.1, and (d) D/d = 2, (e) D/d = 4, and (f) D/d = 8 for a volume concentration of
¢y, = 0.2 at five different time instants from left to right corresponding to t = 0, t = 0.25t4,,, t = 0.5t4,, t = 0.7524,,,,
and t = t4,,, respectively. Colors show the relative velocity fluctuations V/,; = (V = Vj0,)/ Vy s, Where negative
values indicate particles settling faster than the average settling velocity. The black color for ¢ = 0 represents the

initial condition, where particles have zero velocity.

The relative velocity fluctuations, visualized by the colors in Figure 2.3, have been

2
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quantified by determining the probability density function (PDF), as shown in Figure 2.4.
The PDF of the cases with D/d = 2 is not smooth, which is likely due to a lack of statistical
sampling in these cases. Nevertheless, 3 distinct peaks can clearly be observed, of which
2 large ones are close to the mean and 1 smaller one corresponds to particles falling much
faster than the mean. The sharp peak in between V/,, = -1 and 0 and the small peak in
between V/,; = -3 and -2 for D/d = 2 in Figure 2.4a appear to be related to, respectively,
the bright-blue colored particle doublets and the bright-yellow colored isolated particles in
Figure 2.3a. Interestingly, most particle doublets settle predominantly with a horizontal
orientation, which suggests that a vertical orientation is unstable. For the larger diam-
eter ratios, the PDF appears much smoother, a confirmation of statistical convergence.
A distinct difference is visible between the two bulk volume fractions, where the PDF
for ¢y, = 0.1 is negatively skewed with the peak at V/,, ~ 0.5 (particles falling somewhat
slower than the mean) and a long tail towards negative values of V,; (particles falling
much faster than the mean). The shape of the curve is the same for all diameter ratios
of D/d = 4. The skewed PDF is a sign of particle clustering and shows similarities to the
PDF found for unbounded sedimentation of dilute suspensions in the inertial regime at
high Ga [7, 25]; in fact, this is a strong indication that the skewness originates from the
previously observed preferential alignment in the vertical direction and the presence of
vertical particle trains in Figure 2.3b. In contrast, the PDF for ¢, = 0.2 is symmetric and has
a super-Gaussian shape. Additionally, the PDF is dependent on the diameter ratio, with
increasing peak height for larger D/d. This increase in peak height and corresponding
lengthening of the tails seems to indicate collective movement of the majority of particles
in rather stable clusters, based on the similarity with the super-Gaussian PDF for horizon-
tal velocity fluctuations for unbounded sedimentation of moderately dense suspensions
in the inertial regime [7]. This is confirmed by Figure 2.3, which shows an increase in
collective movement and cluster size with increasing tube diameter for ¢, = 0.2.
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Figure 2.4: Probability density function (PDF) of the vertical velocity fluctuations V/,; = (V = Vyyeqn)/ Vypms, cal-

culated for the steady state of the simulations. Negative values of V,; indicate particles settling faster than the
average settling velocity.

The particle-averaged velocity in the steady state was used to determine the mean



2.4 Results and discussion 33

sedimentation velocity, Vj, of the suspensions by averaging over time. This sedimentation
velocity shows good agreement with the correlation developed by Richardson and Zaki
[9], Equation (2.5). Figure 2.5 shows the natural logarithm of the sedimentation velocity
normalized by the Stokes velocity, In(|Vs|/Vs;), as a function of the natural logarithm of the
void fraction, [n(1- ¢p). The dashed lines show the Richardson and Zaki correlation fitted
to the DNS data. The slope of the fits corresponds to the exponent, n, in the Richardson
and Zaki correlation. The intercept of the fits with the line [n(1- @) = 0 yields a proxy for
the terminal settling velocity of a single particle, V4, _,o. To determine the prefactor, k,
in the Richardson and Zaki correlation, we first replaced the velocity V; for an unbounded
domain in Equation (2.5) by Vr for a bounded domain. Next, k was computed from k =
Vs.6,—0/ V1. The actual terminal settling velocity for a single particle, V7, is indicated by
the black markers in Figure 2.5. The values we found for n and k are shown in Figures
2.6a and 2.6b, respectively. Figure 2.6a shows that n is approximately 4.1 for the cases
with D/d = 4 to 11, indicating that the scaling of the sedimentation velocity with volume
fraction is not strongly affected by the diameter ratio for the range investigated here. In
contrast, the case with D/d = 2 shows a distinct difference where n ~ 1. Comparing this
to the correlations and values from literature shows that our data for D/d = 4 is very
close to the value found by Yin and Koch [51]. The correlations proposed by Richardson
and Zaki [9], Equations (2.7a) and (2.7b), show values that are much larger and diverge
from our findings with decreasing D/d. Equation (2.8b) is closer to our results, but still
overestimates the value of n and doesn’t capture the decrease in n for D/d = 2. From Figure
2.6b we observe that k = 0.78 for D/d = 6, which is very close to the value of 0.8 reported by
Di Felice and Parodi [28]. For the case with D/d = 4, we see a slight deviation to a smaller
value of k = 0.73, whereas the deviation is larger with a value of k = 0.4 for the case with
D/d = 2. This deviation indicates that the dynamics are different for the case with D/d = 2
and that there appears to be a transition around D/d = 4. The relation proposed by Garside
and Al-Dibouni [26], Equation (2.8a), gives a reasonable description of our data; however,
the plateau around k = 0.78 starts at smaller D/d than is captured by the correlation. The
correlations by Francis [13] and Di Felice [71] show a stronger decrease of k at small D/d,
underestimating the value for k up to D/d ~ 10.

From the results shown in Figure 2.6, we can conclude that the coefficients in the
modified Richardson and Zaki correlation, n and k, are only affected by confinement for
very small D/d ratios. Based on this and the earlier observation that the Francis correlation
accurately captures the effect of confinement for a single settling particle, we propose the
following modified correlation for the sedimentation velocity in a vertical tube:

V, = kVy(1- gy ——2 4 2.14)
s = KV =9\ 75787 (@

where V ~ —0.96Vg,, n =~ 4.12 for D/d = 4, and k ~ 0.78 for D/d = 6 in the present study.
The finding that n and k are constant, indicates that the effect of confinement appears
only as a wall effect on the velocity of a single settling particle for D/d = 6. Figure 2.7
shows the mean sedimentation velocity as a function of the tube-to-particle diameter ra-
tio for all different volume concentrations, including the single particle simulations. The
dashed line shows the Francis correlation for the single particle sedimentation, while the
solid lines show the model in Equation (2.14) for the different solid volume fractions. This




34 2 Viscous sedimentation of dense suspensions in narrow vertical tubes

0 T T
L J D/d:2 1
¢ D/d=14 [
05" -t
D/d=6 _-2Z-"s
» D/d=8 Pt
-1 <« D/d=1 TR ]
= ----Eq (255) _ozZEIT T
S 15 PP 1
>~ _ozEl T ="
=z 2r__z= .-~ =" .
o L= e
— - -
250 1
————— .'—~—~—~—~
3= - - ,
-3.5 : : :

-04 -035 -03 -025 -0.2 -0.15 -0.1 -0.05 0

ln (1 — ¢b)
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8 — 1
B S
T 08 . = T
6r E o ST
5¢ 06 o
77777777777777777 *~ - — g — il
S 4 s > e )
,
3l e DNS 1 0.4r o 7 e DNS
n=4.12 é // k=0.78
—— - Eq. (2.7a) / — -~ Eq. (21) for k
2r Eq. (2.7b) 1 | /) Eq. (2.6b)
Eq. (2.8b) 0.2 / Eq. (2.8)
1r . ———.n =418, Yin and Koch (2007) , / — ==k =0.92, Yin and Koch (2007)
=-=-=w.n = 4.7, Di Felice and Parodi (1996) // ===k = 0.8, Di Felice and Parodi (1996)
o . . . . , 0 . . . . ,
0 2 4 6 8 10 12 0 2 4 6 8 10 12
D/d D/d
@ (b)

Figure 2.6: Exponent n (a), and prefactor k (b) in the Richardson and Zaki correlation, Equation (2.5) with V
replaced by V7 for the DNS data, as a function of the tube-to-particle diameter ratio D/d. Markers indicate the
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clearly shows that the sedimentation velocity increases with increasing diameter ratio for
all concentrations. The increase in velocity levels off towards larger diameter ratio. Based
on Equation (2.14), for tube diameters larger than 20.8 particle diameters (A < 0.048), the
effect of confinement on the sedimentation velocity is less than a 10% reduction. Addi-
tionally, the sedimentation velocity is higher for a lower solid volume concentration. This
difference seems to get smaller with decreasing diameter ratio and is almost absent for
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D/d = 2, suggesting that the effect of confinement is dominant over the effect of particle
concentration in this very narrow tube. The modified hindered settling equation captures
both the effect of confinement and the effect of concentration on the sedimentation veloc-
ity very well. It is worthwhile to mention that the trends we observe do not always seem
to hold. For example, in the experiments of Heitkam et al. [72], stabilization of convection
structures causes the mean sedimentation velocity for a suspension in a narrow tube to
exceed the Stokes velocity under certain conditions. This effect is said to occur at very low
Reynolds number and is strongest in capillaries of diameters from 5 to 20 times d qﬁl;l/ 3. We
did not expect to observe this phenomenon in our simulations, due to the higher Reynolds
number and smaller tube diameters considered in our study.
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Figure 2.7: Mean sedimentation velocity as a function of tube-to-particle diameter ratio (D/d), using V, =
-0.96Vs;, n = 4.12, and k = 0.78. The solid lines show the modified correlation for the sedimentation velocity,
Equation (2.14). The dashed line shows the Francis correlation, Equation (2.1), for a single settling particle.

In the following, we take a closer look at the particle velocity fluctuations to gain
further insight into the particle dynamics. Figure 2.8a shows the root-mean-square (rms)
of the vertical particle velocity normalized by the mean sedimentation velocity and shown
as a function of D/(dgb;l/ 3). Interestingly, for sufficiently large tube diameters, the data
can be described by a correlation of the form 0.28¢117/ 3(D/d)*?, shown by the solid lines. For
the smaller tube diameters, a change in scaling is observed, and the rms velocity appears to
scale with O.52¢}J/ %, indicating a difference in dynamics for small tubes with D < 2.5d gbl;l/ 3,
If we now normalize the rms velocity by ¢117/ 3(D/ d)Z/ 3 asisshownin Figure 2.8b, it becomes
clear that this scaling holds for the rms in all three directions when a different pre-factor
is applied. The magnitude of the rms is larger in the vertical direction compared to the
radial and azimuthal directions. Furthermore, we can clearly see that the deviation for
small tube diameter ratios starts at D s 2.5d¢;1/ 3,

We also studied the temporal autocorrelation of the particle velocity fluctuations in
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Figure 2.8: (a) rms of the vertical particle velocity normalized by the mean sedimentation velocity and (b) scaled
rms of the velocity fluctuations for all directions, as a function of D/(d ¢;1/ ®).

the vertical (y), radial (r), and azimuthal () directions. The autocorrelation is defined as:

p(7) = (Vi() = Vi D)(Vi(t + 1) - Vm,i)’ 2.15)
(Vi(#) = Vi 1)?

where V; denotes the velocity in direction i, V}, ; the mean particle velocity in direction
i, and the averaging is done over time and all particles in the system. Figure 2.9a shows
the autocorrelation for the vertical direction, where the lag time, 7, is normalized by the
Stokes time, tg;. This figure shows that the correlation is dependent on the bulk volume
fraction, with faster decorrelation for higher solid volume fraction. Furthermore, for ¢, =
0.1 (solid lines), the dependency on the tube diameter is visible, with faster decorrelation
for larger tube diameter. On the contrary, for ¢, = 0.2, the influence of tube diameter
appears negligible for D/d = 4. Also, the results for ¢, = 0.2 (excluding the case with
D/d = 2) and ¢, = 0.3 nearly collapse, indicating a difference in sedimentation dynamics
between the low (¢, = 0.1) and higher concentrations (¢, = 0.2 and 0.3). Figure 2.9b shows
a pretty good collapse of the data when scaling the lag time with 7,,, where 7,, is defined

by:

Dg;?
T =

Vrms,y

(2.16a)

Figures 2.9¢c and 2.9d show the temporal correlation for the radial velocity component,
with the time lag time normalized by, respectively, ts; and 7, defined as:

-1/3
_D¢,

Vrms,r

(2.16b)

Tr

Interesting, both normalizations of the lag time yield a similar collapse of the correlation
profiles for D/d = 4, indicating that 7,/ts; is approximately constant in this range. Finally,
Figures 2.9e and 2.9f show the temporal correlation for the azimuthal velocity component,
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with the time lag time normalized by, respectively, tg; and 7y defined as:

D2/3d1/3¢1;1/3

(2.16C)
Vrms,@

T9 =

For D/d = 4, the normalization of the time lag with 7y yields clearly a better collapse of
the correlation than when using tg;. The opposite is true for D/d = 2, where normalization
with tg; yields an almost perfect collapse of the two profiles for lag times up to = 50ts;.
For all three coordinate directions, the correlations for D/d = 2 strongly deviate from the
correlations for D/d = 4, indicating a clear difference in the sedimentation dynamics.
From the particle rms velocities and temporal autocorrelations, the particle diffusivi-
ties can be computed according to 9; = 2 Vrzm&i?]i with 7; = f;o pi(t)d7 the integral timescale
[7, 73, 74]. This has been used to define a Lagrangian lengthscale of correlated particle
motions according to &£; = 2/ V, ;15 i = 2V, ;7. The result is shown in Figure 2.10, as a

function of D/(d ¢;1/ 3). Note that the Lagrangian lengthscale is normalized with Vims,iTi-

The data shows a plateau for D/(d (/’J,;l/ %) 2 2.5 with the following scaling relations for the
vertical, radial, and azimuthal directions, respectively:

£, ~0.091D¢,", (2.17a)
Z, ~0.009D$; >, (2.17b)
Fy~0.019D¥3d1 34,153, (2.17¢)

The constants are determined by the best fit to the data for D/(d qﬁl:l/ 3)>2.5. Itis interesting
to note that the Lagrangian lengthscales in the axial and the radial direction do solely
depend on the tube diameter and the concentration, while there is also a weak dependence
on the particle diameter in the azimuthal direction. The typical lengthscale of correlated
particle motions is thus primarily controlled by the tube diameter, as expected for the
small tube diameters considered in the present study. Interestingly, while &, and £y are
of comparable magnitude, &), appears much larger for the parameter ranges considered in

the present study. Based on Equations (2.17a) and (2.17b) and for the range of D/(d ngl;l/ 3>
2.5, the ratio &£/, varies from = 17 (for D/d = 4 and ¢, = 0.3) to = 49 (D/d = 11 and ¢, =
0.1). This indicates the presence of vertically elongated structures of correlated particle
motions, consistent with the preferential alignment of particles in the vertical direction as
previously discussed after Figure 2.3.

To gain additional insight in the particle dynamics, we also analyzed the temporal de-
velopment of the spatial particle distribution within the pipe along the vertical direc-
tion. To this purpose, we computed the spatiotemporal evolution of the horizontal plane
average particle concentration, ¢;,.q;(y, t). Figure 2.11 shows the plane-averaged concen-
tration as a function of height and time for all cases considered, where t/t5; = 0 denotes
the start of the simulation with an initially random particle distribution. The color shows
the local volume concentration normalized by the bulk volume concentration, where the
dark brown and dark blue spots show clusters and voids respectively. The black dashed
lines indicate the mean sedimentation velocity. Starting at the smallest diameter ratio of
D/d = 2, the figures show that there is a strong tendency to form persistent clusters that
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Figure 2.9: Temporal autocorrelation of velocity fluctuations in the vertical (a,b), radial (c,d), and azimuthal (e,f)
directions. Note the difference in normalization of the time lag.

can be seen from the dark brown streaks. Between the clusters, the blue areas show that
there are voids in the domain where no particles are present. The downward propaga-
tion of the clusters is slower than the mean sedimentation velocity, which can be seen by
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Figure 2.10: Normalized Lagrangian lengthscale as a function of D/(d QS;U ®). Lines indicate the best fit to the data
for D/(d¢;,"?) > 2.5.

comparing the slope of the dark brown streaks to the slope of the black dashed line. The
clustering seems to change from a small number of relatively large clusters to a larger num-
ber of clusters with increasing bulk volume concentration. The cases with D/d = 4 show
less distinct clustering, however, the continuous streaks indicate that the clusters exist for
extended periods of time. Propagation of the clusters is not solely downwards for these
cases, as the streaks have a positive slope for the higher bulk volume fractions, ¢; = 0.2
and 0.3. This does not mean that particles move upwards, but that there is a supply of
faster falling particles from the top and a loss of particles at the bottom of a cluster. This
behavior is consistent with the presence of the vertically propagating kinematic waves,
a well-known feature of sedimenting suspensions both in the viscous and in the inertial
regime and related to the concentration-dependent sedimentation velocity [75, 7]. In gen-
eral, we can say that when the diameter ratio and/or the bulk concentration are increased,
the tendency for clustering decreases, possibly caused by enhanced dispersive damping of
kinematic waves at the higher concentrations originating from short-range multiparticle
interactions [7]. This is clearly visible in the decrease of dark brown streaks; however,
clusters are still present but seem less persistent. Meaning that the clusters form, but also
break up within the timespan of the simulations. As mentioned before, a long transient
is visible for the case with D/d = 2 and ¢, = 0.05, which is longer than the extent of the
simulation, exemplifying why this case was not taken into account for the calculation of
steady-state statistics.

In order to investigate whether the behavior of particles in clusters is determined by
the local volume fraction or the tube-to-particle diameter ratio, the conditionally av-
eraged vertical velocity has been calculated as a function of the local plane-averaged
concentration. The result is shown in Figure 2.12. The left column shows V/V; as a func-
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Figure 2.11: Height-time plot of the horizontal plane average particle concentration for all cases considered.
Color shows the local volume fraction normalized by the bulk volume fraction. Black dashed line indicates the
mean sedimentation velocity. Subfigures (a,b,c) show D/d = 2, (d,e,f) show D/d = 4, (g,j) show D/d = 6, (h,k) show
D/d = 8, and (i,l) show D/d = 11.

tion of ¢jycq;, While the right column shows the same data but zoomed in the range of
V/V, €[0.8 : 1.3] and with the local concentration normalised by the bulk concentration,
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Plocal/ Pp- The datapoints at the left and right ends of the series that strongly deviate from
the trend are prone to larger statistical uncertainty, as these local volume fractions are less
frequent. Looking at the right column we observe that for D/d = 2 the settling velocity
decreases with increasing ¢jycq1/Pp for @rocai/dp = 1. For D/d = 4, the dependence of the
velocity on the local volume fraction seems to change with bulk volume fraction. At a bulk
volume fraction of ¢, = 0.1, the velocity increases slightly towards high local volume frac-
tion, whereas the velocity increases towards low local volume fraction for ¢, = 0.2 and 0.3.
In contrast, for D/d = 6, the settling velocity only has a very weak dependence on the local
volume fraction. This weak dependence seems to contradict the findings from Figure 2.11,
where streaks or wave-like patterns are observed travelling at velocities different from
the mean sedimentation velocity. However, as indicated earlier, the propagation velocity
of these streaks does not correspond to the particle velocity within these streaks. Fur-
thermore, the nearly constant vertical velocity seems consistent with the aforementioned
loss of spatiotemporal coherence of the streaks for the larger tube diameters and higher
concentrations.

Figure 2.12 also provides information about the density of the clusters that are visible
in Figure 2.11. The highest local volume fraction present in the suspensions is at least 1.5
times higher than the bulk concentration for all cases. For the cases with D/d = 2, the
maximum in ¢@j,.,; seems independent of the bulk volume fraction, which indicates that
the clustering is governed by the diameter ratio for this narrow tube. For the wider tubes,
the maximum local volume fraction is dependent on the bulk concentration, indicating
that the cluster density is not solely dependent on the diameter ratio. It is interesting to
note that the range of local volume fractions observed in the system becomes smaller for
increasing diameter ratio until D/d = 8 for which the range stays the same.

To assess the heterogeneity of the particle distribution in the radial direction, we
computed the mean radial position of the particles at statistically steady state. This is
plotted in Figure 2.13. The dashed line indicates the expected mean radial position for a
homogeneous particle distribution, 7/((D - d)/2) = 2/3. Comparing the mean positions to
the expected position for a homogeneous distribution shows that the particles are closer to
the wall for all cases. The mean radial position becomes closer to that for a homogeneous
distribution for larger D/d. This figure shows that the mean radial position of the particles
decreases with larger diameter ratio. Additionally, the effect of the volume concentration
seems to be small; however, the effect of the solid volume concentration seems to increase
slightly with increasing diameter ratio. At D/d = 2, the particles appear to be touching
the tube wall, according to the mean radial position of 7#/((D - d)/2) ~ 1. This is probably
caused by the formation of clusters within which particles tend to align horizontally and
the limited space in the radial direction leads to a large number of particles touching the
wall.

Next to the mean radial position, the radial distribution of the particles was analyzed.
This is done by calculating the number fraction of particles within a certain radial position,
which was then normalized by the expected number fraction for a homogeneous suspen-
sion. The radial distribution of particles is shown in Figure 2.14, where (R - r)/d shows
the distance from the tube wall in particle diameters. The data is grouped by the tube-to-
particle diameter ratio, with increasing ratio from top to bottom. Note that the y-axis is
on a logarithmic scale for all cases and has a larger extent for the cases with D/d = 2. This
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figure shows the change in distribution that causes the change in mean radial position that
was observed in Figure 2.13. The radial distribution of all cases shows a peak near the tube
wall ((R-r)/d = 0.5 as this is based on the particle centroid and particles cannot overlap
with the wall), meaning that there is a larger fraction of particles at the tube wall than
is expected for a homogeneous distribution. This is indicative of preferential alignment
of particles along the tube wall, which can also be observed from Figure 2.3 after close
inspection. The radial distribution of particles becomes closer to that of a homogeneous
suspension with increasing diameter ratio, as was also observed in the mean radial posi-
tion. However, there is still a large difference close to the wall, where particles appear to
accumulate.

Looking closer at the individual cases, there are some interesting results to note. The
cases with D/d = 2 show a decreasing particle fraction towards the core, which even van-
ishes for values of (R - r)/d < 1. This indicates that there are no particles near the center-
line of the tube. The cases with D/d = 4 show an additional peak at a radial position of
(R-r)/d = 1.4, which is stronger for a higher bulk volume fraction. The radial position of
this peak is slightly higher than the secondary peak of (R-r)/d = 0.5(1 + v/8/3) ~ 1.3 for
a hexagonal close packing of spheres. This internal peak in the concentration is also ob-
served for larger D/d, but becomes less sensitive to the bulk concentration. In addition, the
difference between the concentration in the tube core and the internal peak concentration
diminishes for increasing D/d values. A similar observation holds for the local minimum
in the concentration in between the internal concentration peak and the concentration
peak at the wall: the local minimum becomes less distinct, although it remains dependent
on the bulk concentration. To conclude, from these distributions it becomes clear that
the radial distribution of particles is not homogeneous, with the presence of two distinct
peaks in the concentration near the wall. For increasing D/d, there is a tendency towards a
more homogeneous distribution but with the exception of near-wall region, where particle
alignment along the wall and related concentration peaks are expected to remain present.
The latter is also referred to as an ‘excluded volume effect’ in literature [56], originating
from the constraint that particles cannot overlap with the tube wall and hence tend to
align themselves along the wall, which changes the local suspension microstructure with
respect to the core region far away from the wall.

In a similar way, we computed the vertical particle velocity as a function of the
radial position of the particles, as is shown in Figure 2.15. The velocity is normalized by
the mean sedimentation velocity, in order to make a fair comparison between the cases.
For D/d = 2, the particles close to the wall, where the concentration has a large peak, move
approximately at the mean sedimentation velocity. For D/d = 4 and ¢}, = 0.1, the velocity
profile is uniform over almost the entire tube and higher than the mean velocity, while the
concentrated layer of particles close to the wall moves significantly slower. Interestingly,
at D/d = 4, a change in the velocity profile is observed for ¢, = 0.2 and 0.3 as compared
to ¢y, = 0.1: a local velocity maximum is present centered around (R - r)/d ~ 1.4, while the
velocity near the centerline and in the wall region is close to the mean sedimentation veloc-
ity. This local maximum occurs at the observed interior concentration peak for D/d = 4 in
Figure 2.14, and which is more pronounced for ¢}, = 0.2 and 0.3 as compared to ¢, = 0.1. For
the cases with D/d = 6, there is also a clear distinction between ¢, = 0.1 and 0.2. The cases
with ¢, = 0.1 show a velocity approximately equal to the mean sedimentation velocity for
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Figure 2.14: Radial distribution of particles normalized by the expected radial distribution for a homogeneous
suspension, where (R - r)/d shows the distance from the tube wall in particle diameters. Data is grouped by the
tube-to-particle diameter ratio, which is increasing from top to bottom. Note that the y-axis is on a logarithmic
scale for all cases and has a larger extent for the cases with D/d = 2.

the core region of the tube and the velocity decreases sharply near the wall. On the con-
trary, the cases with ¢}, = 0.2, have a velocity lower than the mean in the core region, with
a gradual increase to a maximum larger than the sedimentation velocity at (R-r)/d ~ 1.4,
followed by a decrease to a local minimum near the tube wall. It is interesting to note that
this peak in velocity again, just as for D/d = 4, corresponds to the internal concentration
peak for these cases as observed in Figure 2.13. The velocity profiles for ¢, = 0.2 cannot
be explained by the intrinsic convection pattern found for dilute sedimenting suspensions
as discussed in the introduction, since (a) the velocity has a minimum in the core, and (b)
the local concentration largely exceeds the bulk concentration near the wall in our simu-
lations; the latter is consistent with the observation of concentrated particle-wall layers
in the experiments of Peysson and Guazzelli [60]. We speculate that the observed veloc-
ity profile for ¢}, = 0.2 is related to the presence of concentrated particle clusters around
the internal concentration peak, which causes a rather stable streaming-like pattern as
also were observed in, e.g., polydisperse suspensions consisting of a bidisperse mixture
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of heavy and light particles (heavy streams that are falling faster, lighter streams that are
falling slower than the average sedimentation velocity). The rather stable streaming pat-
tern might explain the super-Gaussian behavior of the PDF for ¢}, = 0.2 as observed before
in Figure 2.4.

2.5 Conclusions

We performed particle-resolved Direct Numerical Simulations to gain understanding of
the influence of confinement on sedimentation of dense particle suspensions in narrow
vertical tubes in the viscous flow regime. The Galileo number used in this study was
Ga = /18, corresponding to a Reynolds number Vs, d/ vf =1 based on the Stokes velocity.
The range of tube-to-particle diameter ratios studied is D/d = 2 to 11, while the bulk solid
volume concentration was varied from ¢y, = 0.05 to 0.3. The sedimentation dynamics was
analyzed in terms of particle statistics, including the mean and rms particle velocities,
temporal particle velocity correlations, particle clustering in the vertical direction, and
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the radial particle concentration and particle velocity distributions. With these statistics
we obtained both a clear picture of the macroscopic suspension behavior as well as insight
in the underlying suspension microstructure.

Single particle simulations showed that the effect of D/d can be described very well
using the Francis correlation [13]. This indicates that, due to the retarding effect of the
tube wall on the sedimentation, the Reynolds number is decreased to a value well within
the Stokes regime.

The effect of the volume concentration on the mean sedimentation velocity is de-
scribed well by the Richardson and Zaki correlation [9], but modified to include a prefactor
k and replacing the terminal velocity of a single settling particle in free space by the Fran-
cis correlation [13]. We found k ~ 0.78, close to k = 0.8 experimentally determined by Di
Felice and Parodi [28]. Furthermore, we found n ~ 4.12 for the exponent of the hindered
setttling function, which matches well with the value of n ~ 4.2 reported by Yin and Koch
[51] for their case with Ga = /20.8. It is worth mentioning that the mean sedimentation
velocity is smaller for smaller D/d and larger ¢;,. Thus, no evidence is found for possible
enhanced settling as observed in the experiments of Heitkam et al. [72].

The vertical particle velocity fluctuations exhibit a non-Gaussian behavior, a sign
of particle clustering: for ¢, = 0.1, the pdf is negatively skewed, while for ¢;, = 0.2 the
pdf shows super-Gaussian behavior. For D/(dd);l/ %) 2 2.5, the particle rms velocities scale
with ngbll,/ 3(D/d)*3. The fluctuations are anisotropic, being significantly stronger in the
axial than in the radial and the azimuthal directions. For D/(d t/’J,;l/ %) < 2.5, the scaling of
the rms velocities is very different, which we attribute to the strong effect of confinement
on the particle microstructure in this range.

The temporal autocorrelations of the particle velocities show clear scaling behav-
ior with the characteristic correlation times expressed by Equations (2.16a), (2.16b), and
(2.16c), for the vertical, radial, and azimuthal directions, respectively. From the rms veloc-
ities and the temporal correlations, we determined the Lagrangian lengthscales of corre-
lated particle motions. The axial lengthscale appears to be much larger than the length-
scales in the radial and azimuthal direction and is proportional to D¢I;1, see Equations
(2.17a) to (2.17¢). This is indicative for large and vertically elongated structures that are
primarily limited in extent by the tube diameter and particle-particle interactions.

We observed vertical concentration heterogeneity in horizontal plane averages,
which shows that there is a strong tendency for clustering in the narrow tubes. The particle
clustering in the vertical direction is reminiscent of vertically travelling kinematic waves,
see, e.g. Shajahan and Breugem [7]. The clusters become smaller and less persistent with
increasing tube-to-particle diameter ratio, which means that the clusters form and break
up over smaller timescales. Our evaluation of the results showed that the dynamics are
governed by the local concentration for narrow tubes, while this is not the case for wider
tubes. We observed that, for D/d = 2, the settling velocity decreases with increasing local
volume fraction. For D/d = 4, the dependence of the velocity on the local volume fraction
seems to change with bulk volume fraction, whereas, for D/d = 6, the settling velocity only
has a very weak dependence on the local volume fraction.

The radial particle distribution also shows heterogeneity, where the wall-region
shows a concentration peak at a distance of ~ 0.5d from the wall due to particle-wall lay-
ering as particles cannot overlap with the wall (excluded volume effect). A second and
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weaker concentration peak is present at a distance of = 1.4d. For D/d = 6, this is followed
by a uniform particle distribution in the core at a concentration significantly below the
bulk concentration. The particles around the internal concentration peak appear to settle
significantly faster than the particles near the wall and in the core, especially for ¢ = 0.2
and D/d = 6 for which the pdf of the vertical particle velocity also exhibits super-Gaussian
behavior. This is indicative for streaming-like behavior of rather stable and vertically elon-
gated particle clusters, somewhat alike the streaming patterns that have been observed in
sedimentation of polydisperse suspensions [5].

We speculate that the enhanced settling of the particles at the location of the inter-
nal concentration peak originates both from the higher mixture density with respect to
the lighter core and from interparticle shielding from the return flow caused by vertical
alignment [76]. For future research it is recommended to explore this in more detail, e.g.,
through a detailed study of the local particle microstructure. Furthermore, an analysis of
the forces acting on the particles may reveal why the particles in the dense particle-wall
layer settle less fast than the particles in the internal layer around that second concentra-
tion peak. When particle-wall friction appears important, this could be further explored
by varying the Coulomb coefficient of sliding friction.

For the entire range of tube-to-particle diameters studied, we observed a profound ef-
fect of the tube wall on the sedimentation dynamics. Going down in tube diameter we
see a change in sedimentation behavior for D/d < 4 with respect to the larger tube diam-
eters. The dense suspension at ¢;, = 0.2 at the largest tube diameter studied, D/d = 11, is
still within the strongly confined regime as D/(0.5d ng;l/ %) = 12.9 is smaller than the char-
acteristic blob size reported in literature for unconfined suspensions. Therefore, for future
research it is recommended to explore the transition from strongly confined to unconfined
suspension in more detail, and the according change in the suspension dynamics. Finally,
it would be interesting to explore the influence of polydispersity in particle size as this is
common in applications in practice.
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Interparticle friction in sheared dense
suspensions: Comparison of the viscous
and frictional rheology descriptions

In the literature, two different frameworks exist for describing the rheology of solid/liquid
suspensions: (1) the viscous’ framework in terms of the relative suspension viscosity, 1., as a
function of the reduced solid volume fraction, ¢/ ¢,,, with ¢,, the maximum flowable packing
fraction, and (2) the ’frictional’ framework in terms of a macroscopic friction coefficient, p,
as a function of the viscous number, I,,, defined as the ratio of the viscous shear to the wall-
normal particle stress. Our goal is to compare the two different frameworks, focusing on the
effect of friction between particles. We have conducted a particle-resolved Direct Numerical
Simulation study of a dense non-Brownian suspension of neutrally buoyant spheres in slow
plane Couette flow. We varied the bulk solid volume fraction from ¢, = 0.1 to 0.6 and consid-
ered three different Coulomb friction coefficients: y, = 0, 0.2, and 0.39. We find that n, scales
well with ¢/P,,, with ¢, obtained from fitting the Maron-Pierce correlation. We also find
that u scales well with I,,. Furthermore, we find a monotonic relation between ¢/¢,, and I,,,
which depends only weakly on y.. Since n, = p/I,,, we thus find that the two frameworks are
largely equivalent and that both account implicitly for Coulomb friction. However, we find
that the normal particle stress differences, N; and Ny, when normalized with the total shear
stress and plotted against either ¢/¢,, or L,, remain explicitly dependent on . in a manner
that is not yet fully understood.

This chapter is based on: Wouter Peerbooms, Tim Nadorp, Antoine van der Heijden, Wim-Paul Breugem; Inter-
particle friction in sheared dense suspensions: Comparison of the viscous and frictional rheology descriptions.
J. Rheol. 1 March 2024; 68 (2): 263-283. https://doi.org/10.1122/8.0000729 [1]. The data supporting the findings
in this chapter are available online [2].
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3.1 Introduction

In many industrial processes, solid-liquid suspensions play an important role, such as in
food processing, 3D printing of solid rocket fuels, and solid-liquid fluidized-bed reactors.
Next to that, suspensions are commonly encountered in daily life as, for example, in cos-
metic products, paints, and fresh concrete. To be able to produce and transport these
suspensions in an efficient manner, a thorough understanding of the suspension rheology
is required, i.e., the behavior of the suspension under imposed shear.

The rheology of suspensions has been studied extensively for many years since pio-
neering work by Albert Einstein [3, 4]. A good overview of the subject is given in several
review articles [5, 6, 7]. Suspensions show an increase in mixture viscosity, with respect to
the viscosity of the carrier fluid, for increasing solid volume fraction. Dense suspensions
can exhibit shear rate dependent behavior such as yield stresses [8], shear thinning [9, 10],
and (dis)continuous shear thickening [11, 12, 13, 14]. The focus of the present study is on
the rheology of monodisperse suspensions of spheres in a Newtonian carrier fluid subject
to simple shear. We consider high concentrations but well below the jamming limit. In
this case, the suspension viscosity, 1, depends on a number of physical parameters, such
as the densities of the fluid (py) and solid phase (p,), the dynamic fluid viscosity (r), the
sphere diameter (d), the number density of particles per unit volume (n), parameters re-
lated to frictional particle contacts (especially the Coulomb coefficient of sliding friction,
Ue), the thermal energy kT (with k the Boltzmann constant and T the temperature), the
imposed shear rate (y), and the time passed since the moment this shear rate was imposed
() [5],

n=f(ps.pp. 1o, d,n,pie, kT, 7, 1). (3.1)
Based on dimensional analysis, these physical parameters can be combined to form the
following dimensionless groups:
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(3.2)
where ¢ is the particle volume fraction, Pe)-, is the Péclet number, and ReY is the particle
Reynolds number based on the applied shear rate. In this work, we will consider neutrally
buoyant particles for which p, = 1, non-Brownian particles for which Pe; » 1, simple
shear in the Stokes regime at Re; = 0.1, and steady-state conditions #, > 1. Given these
assumptions, dimensional analysis thus suggests that the relative viscosity depends only
on ¢ and .,

nr = f($.pe). (3.3)
In his seminal work in the early 1900s, Einstein [3, 4] showed theoretically that for very
dilute suspensions up to ¢ = 0.05, when hydrodynamic and contact particle interactions
can be ignored, the relative viscosity increases linearly with the particle volume fraction.
It was many years later that Batchelor and Green [15] extended his work to moderate
concentrations up to ¢ ~ 0.1 by including hydrodynamic interactions, resulting in a second-
order correction term in the expression for the relative viscosity. For simple shear flows
the result is given by

5
n, = 1+§¢+5.2¢2. (3.4)
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For concentrations higher than ¢ = 0.1, contact particle-particle interactions cannot be ne-
glected anymore and become increasingly important with increasing concentration. For
very high concentrations, the suspension viscosity diverges toward a state in which the
suspension stops to flow, known as the jamming transition. The divergence of the viscos-
ity is described by several empirical correlations [16, 17, 18] of which the Maron-Pierce
correlation works particularly well for high volume fractions [17],

nr= (1 - %)Z (3.5)

Here, ¢,, is the maximum flowable packing fraction or the volume fraction at which the
suspension ceases to flow as the relative viscosity diverges. The maximum flowable pack-
ing fraction typically has a value of ¢,,, = 0(0.58 - 0.65), while the precise value is usually
adjusted to provide a best fit with experimental data. Note that the Maron-Pierce corre-
lation does not explicitly depend on p, as one would expect based on Equation (3.3) for
the dense regime where particle contacts are frequent. However, this dependency is gen-
erally assumed to be implicitly contained in ¢,,, whose value is typically lower for higher
values of p, [12, 13]. Furthermore, we remark that the Maron-Pierce correlation does
not recover Einstein’s analytical expression for the dilute regime, and it suggests, though
counter-intuitive, that there is still a dependency on ¢,, in this limit. On the other hand,
the Krieger-Dougherty [18] relation for the suspension viscosity

) ¢ -2.5¢n
et

does recover the Einstein viscosity in the dilute limit but appears less accurate in the very
dense regime. Equations (3.5) and (3.6) are equivalent if and only if the maximum flowable
packing fraction ¢,, = 0.8, although actual values are closer to 0.6.

For spherical particles, which we consider in this work, the relative viscosity has been
extensively studied both experimentally [19, 20, 21, 22] and numerically [23, 24, 25, 26, 27,
28, 29] over the years. This has led to a large amount of data for various kinds of particles
with different size, roughness, and friction coefficients. The literature has shown that the
data collapse fairly well to a master curve when the volume fraction is normalized by
the maximum flowable packing fraction ¢,,, which is dependent on the properties of the
particles. The rheology described as a function of the normalized volume fraction ¢/¢,,
will be referred to as the viscous rheology in the remainder of this work.

In experiments, it is difficult to independently vary the solid friction of the particles;
therefore, numerical simulations provide useful insight into the effect of solid friction on
the relative viscosity. Sierou and Brady [23] used accelerated Stokesian Dynamics to in-
vestigate the flow of hard spheres in shearing flow, reaching volume fractions of up to
60 volume percent. They concluded that the microstructure and rheology are extremely
sensitive to particle contacts. Additionally, they observed ordering at volume fractions
over ¢ = 0.5, which affected the relative viscosity. The layering of particles decreased the
relative viscosity at these volume fractions with respect to a disordered suspension. Yeo
and Maxey [24] performed fully three-dimensional Direct Numerical Simulations (DNS),
employing a force-coupling method to study the rheology of suspensions without solid
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friction. For the core region of the planar Couette geometry, the relative viscosity showed
good agreement with the Eilers correlation [16]; however, for the wall region layering
of particles caused disparate results. Gallier et al. [25] studied the effect of the solid fric-
tion coefficient on the rheology using DNS, employing a fictitious domain method, finding
that the viscosity increases with increasing Coulomb friction coefficient. By separating the
hydrodynamic and contact contributions, they showed that the strong increase in relative
viscosity near jamming is caused by the contact between particles. More recently, Chévre-
mont et al. [29] used Discrete Element Method (DEM) simulations to study the effect of
friction by solving for the particle contact and lubrication forces based on the assumption
that the long-range hydrodynamic interactions do not play a role at high volume fractions
[27]. They found a similar dependence of the rheology on the friction coefficient and good
agreement with previous simulations. Additionally, the experimental data of Boyer et al.
[21] showed good agreement with their simulations when a solid friction coefficient of
U =~ 0.5 was used.

The relative viscosity is not sufficient to describe the complete rheology of suspensions
and is, therefore, not sufficient for constitutive modeling. The microstructure induces
anisotropy in the particle stresses under shear, which leads to non-Newtonian behavior
[6]. Therefore, the normal stress differences are important for the description of the sus-
pension rheology, which are defined as Ny = 211 -2y, and Nj = 35, — 335 for the first and
the second normal stress difference, respectively. Here, the subscripts 1, 2, and 3, refer to
the direction of the mean flow, velocity gradient, and vorticity, respectively. The normal
stress differences are difficult to measure, explaining the sparse experimental literature
data and the large discrepancies among different datasets. Experiments [19, 30, 31, 20] and
numerical simulations [32, 23, 24, 25, 28] are largely in agreement for the second normal
stress difference Ny, which is negative and increases in magnitude with increasing volume
fraction. There is, however, less consensus on the first normal stress difference N;. Large
variation between datasets and experimental uncertainty give rise to inconclusive results
on the sign of Ny, but for low solid fractions, the magnitude is much smaller than that of
N,. Some results show a strong increase in magnitude at higher volume fractions, either
to positive or negative values. Gallier et al. [26] showed that the large positive values at
high volume fraction are caused by wall effects in confined suspensions. Recently, Badia
et al. [33] made an effort to develop a continuum model for suspension flow. In that work,
they deduced material functions from simulation data in the literature, which include poly-
nomial descriptions of the contact normal stresses and normal stress differences. These
polynomials are a function of the normalized volume fraction ¢/¢,, and provide a good fit
to a set of data compiled from multiple literature sources [25, 34, 10], suggesting that the
normal stresses scale with the normalized volume fraction.

An alternative description of the rheology, not hampered by the divergence of the
viscosity near jamming, was introduced by Boyer et al. [21] using insights from the gran-
ular flow community. This description, which we will refer to as the frictional rheology,
describes the suspension rheology in terms of the macroscopic friction coefficient p and
the viscous number I,,. Here, p is defined as the ratio between the total shear stress and
the wall-normal particle stress, p = 013/0 52, and I, is defined as the ratio of the viscous
shear stress over the wall-normal particle stress, I, = 19 J/0,22. Using a custom pressure-
imposed shear cell on a rheometer, Boyer et al. [21] performed experiments measuring the
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contribution of the particles to the wall-normal stress. The shear cell was designed such
that the fluid was able to pass through the top plate while keeping this top plate freely
moving to impose a normal force to the suspension. Based on the experimental results,
Boyer et al. [21] proposed the following relation for the macroscopic friction coefficient:

He—H
1+1y/1,

5
H(L) = py + +1,+ Efﬁmlyz’ (3.7)
where p; = 0.32, yy = 0.7, and I = 0.005 are empirically determined constants. In Equa-
tion (3.7), the first two terms correspond to the contact contribution, whereas the last
two terms correspond to the hydrodynamic contribution. Furthermore, they proposed a
relation between the solid volume fraction and the viscous number,

Pm

Ty

(/J)(Iv) = (3:8)
The frictional rheology is related to the previously discussed viscous rheology through
1, = p/L,, and from Equations (3.7) and (3.8), Einstein’s relation can be recovered in the
limit of very large I, or very small ¢. Note that this frictional description of the rheology
does not explicitly account for interparticle friction. However, both p and I, are strongly
influenced by interparticle friction in the dense regime, and it is thus assumed to be im-
plicitly accounted for.

Following the introduction of this frictional rheology framework, attempts have been
made to improve the model description by adapting the contributions of the hydrodynamic
and contact interactions [25, 35, 29]. Gallier et al. [25] took a different approach to ob-
tain the hydrodynamic contribution to the macroscopic friction coefficient, based on the
rheological model of Krieger-Dougherty [18], giving

Pm

C1+Ir

ph=1,+[nlg k" and 4 (3.9)

with [n] » 2.4 and n = 0.4. Lecampion and Garagash [35] adapted both contributions to the
macroscopic friction coefficient without significantly changing the total, leading to

p(P) = g + %’" (1 - %) + <1v + (gqﬁm + z) 13”) (1 - %)2 (3.10)

with = 0.158, py = 0.3, and ¢,,, = 0.585. Chévremont et al. [29] proposed changes to the
hydrodynamic component of the model by Gallier et al. [25],

~[n]

1
1_¢m_l , (3.11)
1+

_ H2—H
H=Hk+ 1+ /1, +1y
with p = 0.36, iy = 0.7, Iy = 0.0133, and [5] = 5/2. Chévremont et al. [29] found very good
agreement with existing data for an I, range of 5 decades. The literature shows that the
frictional rheology is suitable to describe the relation between the shear stress and the wall-
normal particle stress for different suspension characteristics and particle properties, with
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slightly altered model coefficients. Nevertheless, the frictional rheology framework is, to
our knowledge, not thoroughly tested against the normal stresses and stress differences
which are needed for a full constitutive set of equations for suspension rheology.

In this chapter, particle-resolved DNS is used to study the rheology of dense non-
Brownian suspensions of neutrally buoyant spheres in a Newtonian carrier fluid in plane
Couette flow. The Navier-Stokes equations are solved for the fluid phase and the Newton-
Euler equations for the solid phase, where the coupling between the phases is numerically
accomplished through a computationally efficient Immersed Boundary Method (IBM) [36].
The aim of this study is to compare the viscous to the frictional rheology, i.e., the scaling
of the rheology with ¢/¢,, and the viscous number, respectively.

One of the main novelties of our work lies in the advanced numerical method used
to investigate the suspension rheology. We use particle-resolved DNS combined with
a frictional soft-sphere collision model for particle contacts, which has been extensively
validated against experimental data for oblique particle-wall and particle-particle colli-
sions in viscous fluids [37]. Compared to the previous particle-resolved DNS study of
Yeo and Maxey [24], our contact model includes tangential friction and stick/slip transi-
tion behavior. Gallier et al. [25] used a similar contact model compared to ours in their
particle-resolved DNS study, but with a subtle difference in the definition of particle con-
tact related to particle roughness, and their contact force expressions are different from
our model except for the Coulomb friction force in the slip regime. Furthermore, we use a
larger domain size in our simulations (domain height of 13.5 vs 10 particle diameters) and
consider a wider range of bulk solid volume fraction (¢, = 0.1 - 0.6).

In our study, we consider three different values for the Coulomb coefficient of sliding
friction, y, = 0, 0.2, and 0.39, to investigate to what degree ¢/¢,, and I, account for varia-
tions in interparticle friction. The results are used to perform a comprehensive comparison
with previous work for the microstructure, stresses, shear rheology, and frictional rheol-
ogy. To our knowledge, such comprehensive comparison has not been performed since
the work of Gallier et al. [25], after which new models were introduced for the frictional
rheology [35, 29]. We consider the separate contributions from hydrodynamic and contact
interactions to the rheology modeling and investigate in what way the solid friction coef-
ficient affects these contributions. This shows the nuances of modeling the rheology for
both the dilute regime, where hydrodynamics dominates, and the dense regime, where the
contact interactions are most important. The presentation of our results as a function of
both ¢/¢,, and I, provides insight into the relation between the two rheology descriptions.

3.2 Methods

3.2.1 Governing equations and contact model

The fluid phase is governed by the Navier-Stokes equations that are made dimensionless
with the particle diameter as a length scale, [ = d, the reciprocal of the shear rate as a
time scale, fef = 1/y, and the fluid density, p¢. These primary scales can be used to derive
a velocity scale, uf = yd, and a stress scale, o, = pfd2 2. This leads to the following
nondimensional equations:

V-u=0, (3.12a)
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Ju r

<—+V~uu) =-Vp+—V-u, (3.12b)
at Re},

in which u is the velocity, and p is the pressure. The motions of the spherical particles are

governed by the Newton-Euler equations

da, 6
par =5 (9, ormani) (3.130)
p
dpmbow, 60
p,T=; ﬂgA rX(af-n)dA+TC , (3.13b)
p

in which u, and w, are the translational and rotational velocity of a particle, respectively;
. . 1 . L
the fluid stress tensor is defined as o y = —pI+ o ((Vu) + (Vu)T); n is the outward pointing
v

normal vector; r is the position vector with respect to the particle centroid; and the final
terms, F. and T, are the force and torque working on the particle as a result of contacts
with other particles or the channel walls. The fluid and solid phase are coupled through a
no-slip/no-penetration condition on the surface of the particles

u=uc+w.xr on A, (3.14)

Contact between particles is handled using a soft-sphere contact model, including lubri-
cation corrections for short-range particle-particle and particle-wall interactions, which
is described in detail by Costa et al. [37]. This contact model is based on a linear spring-
dashpot model in which rigid particles are computationally allowed to slightly overlap.
The normal contact force is determined using [37]

Fijn=—knbijn—nnijn, (3.15)

where §;; ,, is the overlap distance between two particles, u;; , is the relative normal ve-
locity of the particles, k, is the normal spring coefficient, and 7, is the normal damping
coeflicient. The effect of solid friction is incorporated in the tangential contact force, which
accounts for stick/slip transition according to [37]

Fyj, = min (|| - k8, - noug ol |- 1Fijall) ). (3.16)

Here, §;;; is the tangential displacement, u;;; is the relative tangential velocity, k; the
tangential spring coefficient, 7; the tangential damping coefficient, y. the Coulomb coef-
ficient of sliding friction, and t;; is the surface tangent unit vector.

The contact model coefficients ky, k;, 1,, and 1;, depend on the dry normal (e,) and
tangential (e;) coefficients of restitution and the contact time (T,,) [37]. In the present
DNS study, we have fixed the latter at e, = 0.97, ¢; = 0.1, and T,,, = 4At with At the
computational time step. To improve the temporal resolution at which the lubrication
and contact forces are resolved, substepping is employed [37] with the number of substeps
within a computational time step set to 40 in the current simulations.

We have extensively validated our contact model against experimental data for oblique
particle-wall and particle-particle collisions in viscous fluids in a previous study [37]. Our
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model is more advanced compared to the work of Yeo and Maxey [24] as it includes also
tangential friction. Gallier et al. [25] used a similar contact model, in the sense that their
model does include tangential forces and stick-slip transition behavior. However, there is
a subtle difference in the definition of particle contact related to particle roughness, and
their contact force expressions are different from our model except for the Coulomb fric-
tion force in the slip regime. They define the start of particle contact by the moment when
the distance between the centroids of two spheres drops below d + h,, with h, the particle
roughness height, while in our case, we assume particle contact to happen when the dis-
tance drops below d. In our model, the effect of particle roughness is included explicitly
in the lubrication force corrections and implicitly in the parameters of the collision model,
notably the Coulomb friction coefficient.

3.2.2 Numerical method and computational setup

The governing equations for the fluid phase are solved on a fully staggered, Cartesian grid
using a finite-volume/central-differencing approach combined with a predictor/correcter
and third-order Runge-Kutta 3 (RK3) scheme for integration in time. This method is ex-
plained in detail by Breugem [36]. For the present simulations in the Stokes regime, the
semi-implicit Crank-Nicolson scheme was implemented for integrating the diffusion term
in Equation (3.12b). An efficient IBM is used for the fluid/solid coupling, by means of
locally adding forces to the Navier-Stokes equations near the boundary of a particle, to
enforce Equation (3.14) by good approximation. In the present simulations, this coupling
is semi-implicit based on the approach of Tschisgale et al. [38].

The integration of the Newton-Euler equations for the solid phase is performed using
the same RK3 scheme. For particles in close proximity, lubrication force corrections are
used to account for subgrid hydrodynamic interactions, for which a contribution is added
to the contact force. This lubrication force is capped for interparticle distances smaller
than the particle roughness, which is assumed to be 0.001d. The grid resolution used for
the simulations is d/Ax = 16, meaning there are 16 grid cells for the fluid phase over one
particle diameter. This resolution was successfully used in the rheological study by Picano
et al. [39] in the weakly-inertial regime.

In this work, we consider neutrally buoyant spherical particles, p, = 1, that are monodis-
perse in size. The main parameters that we vary are the bulk volume fraction, which ranges
from ¢, = 0.1 to ¢, = 0.6, and the Coulomb coefficient of sliding friction, which is set to
Ue =0, g =0.2, and g, = 0.39. The value of y, = 0.39 is based on the value measured for
polystyrene spheres in recent tilted-flume experiments by Shajahan et al. [40]. This gives
a total of 24 cases, as specified in Table 3.1. The same friction coefficient is used for inter-
particle and particle-wall contacts. The computational domain is a rectangular box with
dimensions: Ly = L, = 13.5d and Ly, = 27d. A schematic of the computational domain is
shown in Figure 3.1. The domain is periodic in the x and y directions, while a no-slip/no-
penetration boundary condition is imposed on the walls. The shear Reynolds number is
set to Rey = 0.1 for this study. This value is chosen to be in the Stokes regime while still
being high enough to allow particles to move over sufficiently large distances during the
course of a simulation such that the flow and spatial particle distribution become indepen-
dent from the initial condition. The particles are initialized by a random positioning in
the domain, while making sure there is no overlap between particles and of particles with
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the wall. For concentrations above 30%, this random initialization is not feasible anymore.
Therefore, a body centered cubic (BCC) structure, with random perturbations in the par-
ticle positions, is used for the higher concentrations. The spacing of the BCC structure
is adapted to fit the desired number of particles in the domain. The flow is initialized by
imposing a linear velocity (plane Couette) profile in the streamwise direction over the en-
tire domain. The initial translational and angular particle velocities are set to the local
fluid velocity and half of the local fluid vorticity at the position of the particle centroid.
Parameters for the computational setup, as well as derived quantities, are listed in Table

3.1.
/ ~top

X Vbottom
—20rom

Ly

Figure 3.1: Schematic representation of the computational domain indicating the velocities of the top and bottom
wall. The numbers along the coordinate axes denote the flow (1), velocity gradient (2), and vorticity (3) directions.

3.2.3 Statistical averaging

The data from the DNS consist of detailed 3-dimensional velocity and concentration fields.
These fields need to be averaged over space and time to gain useful insights into the flow
dynamics. For plane Couette flow, the mean flow only varies in the wall-normal direction.
Therefore, we apply plane-averaging over planes parallel to the walls, followed by averag-
ing over time. For the so-called superficial average of the velocity, this can be expressed
as

1
L.L,

@(2) = Z Z uf(x, ¥, 2,t) (1 -a(x,y,z, t)) AxAy, (3.17a)
x y

@(z) = % Zx: Zy: up(x, vz, t)a(x,y, z, t)AxAy, (3.17b)

X"y

for the fluid and solid phase, respectively. The brackets and bar denote the spatial aver-
aging and ensemble averaging of samples collected over time, respectively. Here, « is the
solid phase indicator function (0 in the fluid and 1 in the particle phase), which is also used
to determine the mean local concentration as a function of the wall-normal coordinate us-
ing

() =

1
Z Z a(x,y,z, ) AxAy. (3.18)
LxLy %y
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Table 3.1: Parameters of the simulated cases: y, is the Coulomb coefficient of sliding friction, ¢, is the bulk solid
volume fraction, N, is the number of particles, t,y is the transient time of the simulation until the flow is fully
developed, t;y is the duration of the simulated steady-state, L., is the width of the core region, L, is the
width of the wall region, ¢, is the average solid volume fraction in the core region, and y, is the average shear
rate in the core region.

He Db Np ty | &Y | Leore/d | Lwan/d e vely
0 0.1 940 94 102 2.5 5.5 0.104 | 0.980
0 0.2 1880 | 94 102 2.5 5.5 0.208 | 0.980
0 03 | 2819 | 63 53 25 5.5 0.309 | 0.969
0 04 | 3759 | %4 61 2.5 5.5 0.410 | 0.901
0 0.45 | 4229 | 109 | 105 2.5 5.5 0.454 | 0.876
0 0.5 | 4699 | 125 | 89 2 5.75 0.486 | 0.831
0 0.55 | 5169 | 156 | 83 1.6 5.95 0.517 | 0.974
0 0.6 5639 | 125 | 114 1.6 5.95 0.565 | 0.939

0.2 0.1 940 94 94 2.5 5.5 0.109 | 0.963

0.2 0.2 | 1880 | 94 94 2.5 5.5 0.210 | 0.971

0.2 0.3 2819 | 63 61 2.5 5.5 0.312 | 0.954

0.2 0.4 | 3759 | %4 52 2.5 5.5 0.410 | 0.885

0.2 | 0.45 | 4229 | 109 | 97 25 5.5 0.458 | 0.817

0.2 0.5 | 4699 | 94 | 120 2 5.75 0.503 | 0.719

0.2 | 055 | 5169 | 125 | 84 1.6 5.95 0.504 | 0.834

0.2 0.6 | 5639 | 125 | 55 1.6 5.95 0.561 | 0.879

039 | 0.1 940 94 | 102 2.5 5.5 0.105 | 0.975
039 | 0.2 | 1880 | 94 | 102 2.5 5.5 0.210 | 0.971
039 | 03 | 2819 | 55 44 2.5 5.5 0.312 | 0.948
039 | 04 | 3759 | 63 55 2.5 5.5 0.414 | 0.860
0.39 | 0.45 | 4229 | 109 | 105 2.5 5.5 0.460 | 0.788
039 | 0.5 | 4699 | 94 66 1.8 5.85 0.510 | 0.644
0.39 | 0.55 | 5169 | 156 | 83 1.6 5.95 0.523 | 0.473
039 | 0.6 | 5639 | 188 | 45 1.6 5.95 0.580 | 0.771

Using the superficial averages and the mean local concentration, the intrinsic (phase-
averaged) velocities can be computed as

(up)f = %f; (3.192)
(u,)P = ? (3.19b)

In addition to the averaging, the superficial (macroscopic) particle stresses need to be
computed to describe the rheology of the suspensions. The microscopic particle stress
distribution within the particles is not explicitly solved in the DNS as this is not required
for rigid particles. However, it can be approximated from the average microscopic stress
within a particle, based on the stress distribution on the particle’s surface and the contact
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forces acting on the particle according to

6

Opij® — (‘/#A rjofinidA+ Z erc,i>s (3.20)
P

T

where the surface integral is equal to the hydrodynamic particle stresslet for freely rotating
particles with zero net torque and the summation accounts for the contribution from the
particle contacts. Similar to the superficial velocity averages, the superficial particle stress
can be determined as a function of the wall-normal coordinate using

_ 1
(ap,ij)(z) = rLy Z ap,,-j(x, vz, Hal(x, y, z, )AxAy. (3.21)
x,y

Note that 0}, ;; at the right-hand side of Equation (3.21) is approximated by the average
stress within a particle and may, therefore, deviate from the actual local stress within a
particle when the particle stress distribution is strongly heterogeneous. As a result, the
particle stress profiles may show artificial fluctuations near the wall where the gradients
in the solid volume concentration are large due to particle layering. Nonetheless, in the
present study, we focus on the rheology in the homogeneous core region of the channel
for which Equation (3.20) is a good approximation.

3.3 Results

The best way to get a first insight into the suspension behavior is to look at the particle po-
sitions and velocities in the domain. A snapshot of the simulations with ¢; = 0.5 is shown
in Figure 3.2 for a time instance at which the flow is fully developed. The figure shows
the spatial particle distribution and particle velocities in a 3D-slab and two perpendicular
cross-sections of the flow domain, for a friction coefficient of y. = 0 (a) and g, = 0.39 (b).
As is visible from the colors, the particles at the top of the domain move in the positive
y-direction with the wall velocity and the particles at the bottom move the opposite way
with the same velocity. The particles in the interior show a smooth velocity gradient from
the bottom to the top of the domain with a velocity close to zero at the centerline. Figure
3.2a, corresponding to a friction coefficient of y. = 0, shows that there is a clear particle
layering along the walls that extends into the domain over a distance of approximately
4 particle diameters, after which the layering is less distinct. Furthermore, outside this
region of particle layering, the particles align in trains that are oriented approximately
from the top left toward the bottom right of the domain. This alignment is along the com-
pressional axis of the flow which is the direction in which the most particle contacts are
expected for a random particle distribution under shear. The addition of solid friction,
shown in Figure 3.2b, results in less distinct wall-induced layering that extends into the
domain over a distance of approximately 2 particle diameters. The alignment of particles
along the compressional axis is, therefore, also more clearly visible, as the region of the
domain where this occurs is larger in this case.

Figure 3.3 shows a snapshot of the particles in the flow for the case with ¢}, = 0.6 and
1 = 0.39. This case shows a pronounced wall-induced layering that extends throughout
the entire domain, where the layers of particles at the wall are very neatly aligned in the
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Figure 3.2: Visualization of the particles in a 3D-slab and two perpendicular cross-sections of the flow domain
for the cases with ¢, = 0.5 and a friction coefficient of . = 0 (a) and p, = 0.39 (b). The particles are colored by
their centroid velocity in the flow direction normalized by the wall velocity.

flow direction. Around the centerline of the channel the layers are somewhat distorted but
remain clearly visible. The alignment of the particles in the streamwise direction differs
strongly from the case with ¢, = 0.5 where the alignment of the particles is along the
compressional axis of the flow, indicating a change in dynamics when the solid volume
fraction is high enough for the wall-induced ordering to span the entire domain. Moreover,
looking at the xz-plane shown in the right pane of Figure 3.3, additional structuring of the
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particles is visible. In this plane, the particles are arranged in a hexagonal packing, which
is clearly visible in the entire domain.
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Figure 3.3: Visualization of the particles in two perpendicular cross-sections of the flow domain for the case
with ¢;, = 0.6 and a friction coefficient of p, = 0.39. The particles are colored by their centroid velocity in the flow
direction normalized by the wall velocity.

As explained in Section 3.2.3 on statistical averaging, the results of the simulations
are plane-averaged in planes parallel to the channels walls. This leads to statistics as a
function of the wall-normal coordinate in the channel, which are then time-averaged over
the simulated time period in which the flow is fully developed. The resulting concentra-
tion profiles are a good way to get an overview of the effect of volume fraction and solid
friction on the particle distribution in the suspensions. Figure 3.4 shows the concentra-
tion profiles for all cases. These profiles affirm the observation we made in Figure 3.2
that there is particle layering near the wall. The layering is more severe with higher bulk
volume fraction and extends into the domain with multiple clear layers for ¢ > 0.4. For
the cases with a concentration of ¢; = 0.55, the layering even extends throughout the en-
tire domain, as was also observed in Figure 3.3 for the highest concentration. In addition,
the concentration profiles show that the wall-induced layering changes from ¢;, = 0.55 to
¢p = 0.6, for . = 0.39. This can be seen from the number of peaks in the profiles, equal to
15 and 16 peaks (versus 23 and 24 at the start of the simulation) for ¢, = 0.55 and ¢;, = 0.6,
respectively. This is in line with the hexagonal packing that was observed in Figure 3.3.
The change in layering occurs at a lower volume fraction, between ¢y, = 0.5 and ¢, = 0.55,
for the suspensions with a lower friction coefficient, showing that the layering is partially
mitigated by the increase of solid friction. The increase in friction coefficient also leads to
less distinct peaks near the wall, which was previously observed by Gallier et al. [26].

Next to the concentration profiles, we also look at the velocity profiles. The mean in-
trinsic fluid velocity normalized by the wall velocity is shown in Figure 3.5 for all three
friction coefficients. The fluid velocity for the cases without friction shows a slight depen-
dence on the solid volume fraction. For increasing volume fraction, the velocity gradient
or shear rate decreases for the region around the center of the channel. This effect is
stronger with increasing friction coefficient and clearly visible at p, = 0.39. There is a min-
imum in the shear rate as a function of the bulk volume fraction after which the shear
rate increases again. This increase corresponds to the cases with layering throughout the
entire domain, showing that this also affects the fluid velocity profile.

In Figure 3.6, we compare the mean intrinsic fluid and particle velocity profiles for the

ﬂ
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Figure 3.4: Mean solid volume fraction for cases with . = 0 (a), g = 0.2 (b), and g, = 0.39 (c) as a function of the
wall-normal coordinate.

n,=0 =02 y g =0.39

Figure 3.5: Mean intrinsic fluid velocity normalized by the wall velocity for cases with p, = 0 (a), pi. = 0.2 (b), and
He = 0.39 (c) as a function of the wall-normal coordinate.

cases with ¢, = 0.4 and for friction coefficients of y. = 0 and . = 0.39. While in the core
region, the particle and fluid velocity are almost exactly equal, macroscopic particle/fluid
slip is observed in the wall region, which is more clearly illustrated in the inset. At the
wall (z/d = 0) the fluid moves with the velocity of the wall due to the no-slip condition that
is enforced there. The particle phase does not have to obey a no-slip condition and shows
a slightly lower velocity at the wall. Moving away from the wall the profiles fluctuate
somewhat until a position of z = 1.25d where the velocity profiles coincide again, showing
that the slip only occurs in a thin layer near the wall with a thickness on the order of a
particle diameter. Even though the velocity profiles change with friction coefficient, the
slip velocity is very similar as well as the width of the layer where the slip occurs for both
friction coefficients shown in Figure 3.6.

From the concentration and velocity profiles, we conclude that there is a distinct dif-
ference in suspension dynamics between the wall region and the core of the channel. The
first notable difference is the wall-induced layering, which originates from the constraint
that particles cannot overlap with the flat solid walls and which is amplified by the perfect
monodispersity of the spheres. Second, there is significant macroscopic particle-fluid slip
in the wall region. This is caused by the no-slip condition for the fluid, while the particles
are allowed to slip. The choice of monodisperse spheres and flat walls in the present study
was motivated by the simplicity of the system and of the related implementation in our
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Figure 3.6: Mean intrinsic velocity normalized by the wall velocity for the fluid and solid phase as a function of
the wall-normal coordinate, shown for the cases with ¢, = 0.4 and for friction coefficients of . = 0 and p, = 0.39.
The black dashed line indicates the single phase reference, and the inset shows the slip between phases close to
the wall.

in-house particle-resolved DNS code. In the analysis of the suspension rheology, we care-
fully distinguished between the wall-affected layers on the one hand and the core region
with a homogeneous mean concentration and linear mean velocity profile on the other
hand. Furthermore, as wall-induced layering becomes progressively more important for
increasing bulk concentration, we ignored the cases with the highest bulk concentrations
where a homogeneous concentration in the core is absent. In the literature, different meth-
ods have been used to counteract the tendency of particle layering along the walls, such
as (1) using a bidisperse or polydisperse particle size distribution as these are naturally
less prone to ordering [41, 42], (2) exchanging the flat walls for walls with a roughness on
the order of the particle size, which is widely used in suspension rheometry [43, 44, 45]
and also applied in numerical investigations [46, 47, 48], and (3) using Lees-Edwards (pe-
riodic and sliding) boundary conditions [49, 50, 51] for the particles, which removes the
constraint that particles cannot overlap with the walls. The use of such methods is recom-
mended for future research, in particular to extend the currently explored range of bulk
concentrations in our rheology analysis toward the jamming limit.

The width of the core region, L.,,./d, is defined around the centerline with a value set
to Leore/d = 2.5 for the cases up to ¢y, = 0.45, while set somewhat smaller for the cases with
¢p = 0.5, see Table 3.1. We would like to stress the fact that splitting the domain in a wall
and a core region makes it possible to obtain an accurate description of the suspension
rheology in the statistically homogeneous core with a uniform concentration profile. The
cases with ¢, = 0.55 for which the wall-layering extends throughout the entire domain are
excluded from the analysis and model fits. Figures 3.4 and 3.5 show that the concentration
and shear rate in the core region differ slightly from the bulk quantities. For the core,
we, therefore, determined the average shear rate (y.) and average concentration (¢.), of
which the values are also listed in Table 3.1. The cases with ¢}, = 0.4 will be used as an
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example throughout this work because these cases nicely illustrate the suspension in the
dense regime.

In order to investigate the suspension microstructure in the core region, we computed
the Particle Pair Distribution Function (PPDF). This expresses the likelihood of finding a
neighboring particle at a certain distance and orientation, r, with respect to an arbitrary
reference particle in the core region

VIVyox
g(r) = mzz5<r—(xpd—xp)), (3.22)

P Pa

where V is the total volume of the core region, V,,,, is the voxel volume of the regular
voxel grid used for the calculation, N is the total number of particles in the core region,
x,, is the centroid position of the reference particle, and x,,, is the centroid position of
the neighboring particle. The function § gives a value of 1 if the particle centroid of the
neighboring particle is in the voxel of interest and 0 otherwise. In Equation (3.22), g(r)
is normalized such that g(r) = 1 for a statistically homogeneous particle distribution in
space. Figure 3.7 shows the PPDFs for a selection of cases with a bulk volume fraction
up to ¢ = 0.5 and for friction coefficients of y, = 0 and p, = 0.39, calculated for the core
region of the domain. The color shows the probability of finding another particle centroid
at that location, with blue being a lower than average probability and red being higher.
Note that the scale of the colorbar is split in two parts at a value of 1, with both red and
blue scaling linearly but with different factors. The top row shows the cases with y. =0,
while the bottom row shows the cases with p, = 0.39. The bulk volume fraction increases
from left to right. The PPDFs obtained from our simulations show good qualitative agree-
ment with the experiments of Parsi and Gadala-Maria [52] and Blanc et al. [53], obtained
using a Couette rheometer. Our results are also in good agreement with the Stokesian
Dynamics simulations of Foss and Brady [54], for their high Péclet cases, and of Sierou
and Brady [23]. From the figures, it becomes clear that fewer particles reside near the
reference particle in the extensional flow direction, in the so-called depletion zones. The
size of these zones becomes smaller with increasing volume fraction and shifts to a posi-
tion closer to 45° from the positive y-axis. Furthermore, the spots of high probability at
r = 1d become more prominent with higher volume fraction and shift toward the y-axis,
indicating more frequent contact of particles in this direction. This corresponds to the
snapshots of the spatial particle distribution and the concentration profiles shown before.
For the dense cases, secondary rings of higher than average probability appear at a posi-
tion of r = 2d corresponding to multiparticle interactions. These secondary rings are more
clearly visible in the compressional quadrants of the figure, corresponding to the particle
trains that we observed in Figure 3.2. Additionally, in the cases without friction horizontal
streaks of higher probability are visible for ¢; > 0.3 showing the preference of particles
aligning parallel to the wall. It is important to note that this effect is much stronger in the
cases without friction, showing that solid friction decreases the tendency for wall-induced
layering in dense suspensions.

A convenient way to compare the PPDFs of different cases is to radially average over
a thin shell between 1 < r/d < 1.05 around the particle as a function of the position on
the particle. This gives a good indication of the position on the particle where close inter-
actions with neighboring particles occur. Figure 3.8a shows the PPDFs in this thin shell
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Figure 3.7: PPDF shown for the core region and shear plane. The different panels correspond to different concen-
trations (¢, = 0.2 - 0.5, increasing from left to right) and different friction coefficients (. = 0 for top and g, = 0.39
for bottom panels). The black disc denotes the reference particle. The shell of 0.5 < r/d < 1 is blanked out as it is
an excluded volume inaccessible to neighboring particles. Note that the scale of the colorbar is linear, but split
in two parts, with an eleven times steeper increase for values above 1 than for values below 1.

for the same cases that are shown in Figure 3.7. The angle 6 is defined clockwise from
the negative y-axis, as depicted in the figure. The first feature that stands out is that the
lower theta-bound of the depletion zones (g < 1) coincides for all the volume fractions
investigated, with and without friction, and is located at approximately 37/4 and 77/4,
respectively. The width of this depletion zone decreases with increasing volume fraction
but seems insensitive to the friction coefficient. Following this depletion zone, a peak
develops at 0 = 7 with increasing volume fraction. This peak indicates the alignment of
particles parallel to the walls. This alignment is stronger for the cases without friction,
which is evident from the larger peak amplitude. The plateaus that are visible for all cases
correspond to the compressional quadrants of the shear flow. In this plateau, the proba-
bility increases with increasing volume fraction and is mostly insensitive to the friction
coeflicient. Figure 3.8b shows the PPDF in the shell for the cases with ¢;, = 0.4 over a range
of 0 < 6 < 7. The numerical results of Gallier et al. [25] and Yeo and Maxey [24] are shown
for comparison. Our data show very good agreement with the data from the literature.

The applied shear results in stresses inside the microstructure of the suspensions, which
can be used to determine the rheology of the suspension. The total shear stress is defined
as [cf. Eq. (4.1) in Batchelor [55] and Eq. (7.3) in Guazzelli and Morris [56]]:

1 d(vp)
(o12) = Re. dz +(0p12) ~{vEwp) = pr{vpWp), (3.23)
v

where the first term on the right hand side is the viscous shear stress with m = @+@
the mixture velocity, the second term on the right hand side is the particle shear stress,
and the last two terms on the right hand side correspond to the Reynolds stresses from
fluctuating fluid and particle motions, respectively. The Reynolds stresses are very close to
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Figure 3.8: PPDFs in the core region, averaged over a thin shell around the reference particle (1 < r/d < 1.05) and
shown for a selection of cases with bulk volume fractions up to ¢, = 0.5 (a) and comparison of the cases with
¢p = 0.4 with the literature (b).

zero for the present simulations, as expected in the Stokes regime, and are hence omitted in
our analysis of the stresses. Figure 3.9 shows the shear stresses for the cases with ¢}, = 0.4.
Comparing the total stress of the three friction coefficients shows that the shear stress
increases with increasing friction coefficient. For all three cases, the total stress is constant
in the core region, as expected for a fully developed flow, but fluctuations are observed
in the wall regions. The fluctuations are caused by the approximation of the microscopic
particle stress within the particles by the particle-averaged value, resulting in a bias when
the stress distribution is strongly inhomogeneous as is the case in the wall regions, see
the discussion in Section 3.2.3. Irrespective of the friction coefficient, the largest part of
the shear stress is the particle stress. This particle stress also accounts for the increase
in total stress with increasing friction coefficient, as the viscous stress is similar for all
three cases. The particle stress consists of two separate contributions originating from the

.. . hyd .
hydrodynamic interactions (o ’31}2 ") and the contacts (0595/%") between particles. These

are shown in Figure 3.9 as the dashed and dotted line, respectively. The hydrodynamic
contribution is larger than the contact contribution for the cases with p. = 0 and p, = 0.2,
whereas the two contributions are equal for the case with y. = 0.39. By increasing the
friction coefficient, only the contact contribution to the particle stress increases. This
shows that the increase in total shear stress is completely caused by the stress originating
from the particle contacts.

Next to the shear stress components, the normal stress components are important for
the description of the suspension rheology. Figure 3.10 shows the wall-normal stresses for
the cases with ¢;, = 0.4. The total wall-normal stress is defined as

(022) = ~(pf) +{0p22), (3.24)

where the first term is the fluid pressure and the second term is the wall-normal particle
stress. We remark that in the DNS a zero reference pressure at the walls is used. Similar
to the shear stress, the total stress magnitude increases with increasing friction coeffi-
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Figure 3.9: Mean shear stresses {(o;,) for the cases with ¢, = 0.4 for a Coulomb friction coefficient of y, = 0
(@), ge = 0.2 (b), and p. = 0.39 (c), plotted as a function of the wall-normal coordinate. Dashed lines show the
decomposition of the particle stress in a hydrodynamic and contact contribution.

cient. The particle stress provides the largest contribution to the wall-normal stress and
moreover is the term that increases with increasing friction coefficient. Decomposing the

particle stress into the hydrodynamic contribution (0;,1’ }2)2 ro) and the contact contribution

(Jﬁ&%t“Ct), shown as the dashed and dotted line, respectively, shows that the contacts give
the largest contribution to the particle stress. Moreover, the hydrodynamic contribution
has the opposite sign to the total particle stress and is close to zero.
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Figure 3.10: Mean wall-normal stresses (o; ) for the cases with ¢, = 0.4 for a Coulomb friction coefficient of
se =0 (a), . = 0.2 (b), and . = 0.39 (c), plotted as a function of the wall-normal coordinate. Dashed lines show
the decomposition of the particle stress in a hydrodynamic and a contact contribution.

From the stress budget in the shear plane we can determine the relative viscosity using
the total shear stress divided by the viscous shear stress

o,
l_1+ ( p,12>

(3.25)

oo L)
Rey 2z

Doing this, for all the cases, we can determine the relative viscosity as a function of the

volume fraction, which is shown in Figure 3.11a. Our data are shown together with the

numerical results of Yeo and Maxey [24] and Gallier et al. [25], as well as the experimental
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data from Zarraga et al. [19] and Dbouk et al. [20]. We observe good agreement between
our simulations and the results from the literature up to volume fractions of ¢;, = 0.5; how-
ever, the experimental results show consistently higher relative viscosity over the entire
range. The dashed lines show the relative viscosity derived from the frictional rheology
model and will be discussed later. The analytical result of Batchelor and Green [15], valid
for concentrations up to ¢ = 0.1 and defined in Equation (3.4), is shown for reference as the
dashed-dotted line. We observe that our results at ¢, = 0.2 are only slightly higher than
predicted from this relation, suggesting a still minor role of contacts at this concentration.
From Figure 3.11a we observe that the data does not collapse onto a single curve. A clear
influence is present of the friction coefficient, in line with Equation (3.1) based on dimen-
sional analysis. It is only for the lower concentration range, where contacts play a minor
role, that the data seem to collapse. For the cases with ¢;, = 0.55, we observe a deviation
from the trend with a decrease in relative viscosity. This deviation can be explained by the
layering of particles that we observe for these cases. The particle layering makes it easier
for particles to slide past each other, decreasing the resistance to shearing motion and,
therefore, decreasing the relative viscosity. The deviation from the trend at high volume
fraction is even more visible in Figure 3.11b. This figure shows the relative viscosity as
a function of the volume fraction normalized by the maximum flowable packing fraction
¢m. The maximum flowable packing fraction is determined by fitting the Maron-Pierce
correlation [17], given by Equation (3.5), to the data, excluding the cases with layering
throughout the domain. All data collapse to a single curve, showing that the effect of
solid friction can be accounted for using the maximum flowable packing fraction. The
values of the maximum flowable packing fraction that we find are ¢,, = 0.70, ¢,, = 0.66,
and ¢y, = 0.64 for the cases with p, =0, g, = 0.2, and p, = 0.39, respectively. These values
are somewhat higher than those of the experimental datasets from the literature but are in
line with the values reported in the numerical studies of Yeo and Maxey [24] and Gallier et
al. [25]. It is worthwhile to note that the values for ¢, do not change significantly when
the cases with ¢, = 0.5 are excluded from the fit, indicating that the core region of these
cases is not affected by wall-induced layering.

Figure 3.12 shows the decomposition of the relative viscosity into the hydrodynamic
and contact components, where the hydrodynamic part is the sum of the contribution
from the viscous stress and the hydrodynamic contribution to the particle stress. The
lines show the relative viscosity derived from the frictional rheology model and will be
discussed later. In Figure 3.12a it can be seen that for low volume fractions the hydrody-
namic component accounts for the largest part of the viscosity. With increasing volume
fraction the contact part becomes more important and accounts for the strong diverging
nature close to the maximum flowable packing fraction. The effect of friction is not visi-
ble in the hydrodynamic part, for which the data overlap in the range of volume fractions
considered here. For the contact part, it becomes clear that friction causes a divergence of
the relative viscosity at a lower volume fraction. For the frictionless case, it is interesting
to note that the hydrodynamic contribution is the largest over the entire range of volume
fractions investigated. On the contrary, for the cases with friction the contact contribu-
tion exceeds the hydrodynamic contribution for ¢, z 0.45. This figure also shows that
the breakdown of the diverging trend for the high volume fractions originates primarily
from the contact contribution, which decreases for the cases with pronounced layering in
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Figure 3.11: Relative viscosity as a function of the volume fraction (a) and the volume fraction normalized by the
maximum flowable packing fraction (b), where ¢,, is determined by fitting the Maron-Pierce correlation [17],
Equation (3.5), to the data indicated by the solid line. Colored markers show our data, where the open markers
indicate the cases with ¢, = 0.55, exhibiting pronounced particle layering, that were excluded from the fit. Black
markers show data from the literature [24, 25, 19, 20]. The dashed lines show the relative viscosity derived from
the frictional rheology model defined in Equation (3.30) using 7, = p/I,,.

the core region. We again included the analytical expression of Batchelor and Green [15],
Equation (3.4), for reference as the dashed-dotted line. The close agreement between our
data and this relation at ¢, < 0.2 indicates that at low volume fractions the hydrodynamic
contribution can be described using this relation. Additionally, this close agreement sug-
gests that the hydrodynamic contribution scales with ¢, rather than ¢./¢,,. Figure 3.12b
shows the decomposition of the relative viscosity as a function of the normalized volume
fraction. The normalization causes a collapse of the contact part up to ¢./¢,, ~ 0.7, while
the effect of the friction coefficient now becomes apparent in the hydrodynamic part of
the relative viscosity. This shows that although the relative viscosity collapses with ¢./¢,,,
the separate contributions do not completely collapse.

As discussed in the Introduction section, an alternative way to describe the shear rhe-
ology of suspensions is using the frictional rheology description, where the macroscopic
friction coefficient p is expressed as a function of the viscous number I,,. These can be de-
termined from our simulations using the viscous shear stress over the wall-normal particle
stress o

1 Hvp)
I,=—2— (3.26)

-<0p22>

for the viscous number and the total shear stress over the wall-normal particle stress

v T
Rey oz +<O-p’12>
H= s (3.27)
—<Up,22>

for the macroscopic friction coefficient. Figure 3.13a shows the macroscopic friction coef-
ficient as a function of the viscous number. Our data are denoted by the colored markers,
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Figure 3.12: Decomposition of the relative viscosity into the hydrodynamic and contact contribution as a function
of the volume fraction (a) and the volume fraction normalized by the maximum flowable packing fraction (b). The
markers show the DNS results, where the open markers indicate the cases with ¢, = 0.55, exhibiting pronounced
particle layering. The lines show the relative viscosity derived from the frictional rheology model defined in

Equation (3.30) using #, = p/I,.

the colored lines present a model description of our data, and the black lines are models
from the literature [21, 25, 35, 29]. Comparing our data to the models from the literature
shows good agreement at low viscous number (high solid volume fraction); however, at
high I, there is only a qualitative agreement between our data and the models. At these
high viscous numbers, our simulations give a consistently higher macroscopic friction
than the models predict, for which the model of Gallier et al. [25] is the closest match.
The deviation of our data from the models might be caused by the choice for the particle
pressure when calculating the viscous number and macroscopic friction coefficient. In the
experiments of Boyer et al. [21], a constant particle pressure is imposed; however, it is not
entirely clear whether this corresponds to the full normal particle stress or only the con-
tact contribution. Gallier et al. [25] noticed that the agreement between their simulations
and the model by Boyer et al. [21] is better when using only the contact contribution to
the normal stress. To check the effect on the frictional rheology modeling we tried using
the complete wall-normal stress, the wall-normal particle stress, and the contact contribu-
tion to the wall-normal particle stress. We decided to use the wall-normal particle stress,
based on the results shown in Appendix 3.A. Finally, we note that the deviation seen for
high viscous number from the model of Gallier et al. [25] might also be related to subtle
differences in the contact modeling; both y and I, are normalized with the wall-normal
particle stress, which becomes small for high I, and, hence, is sensitive to how particle
contact is dealt with.

A slight deviation from literature models is also present for the relation between the
solid volume fraction and the viscous number, as shown in Figure 3.13b. Here, the model
of Gallier et al. [25] matches the closest to our data; however, there is still a slight deviation
that increases with increasing friction coefficient and is more visible toward the high and
low end of the viscous number range. The relations used by Lecampion and Garagash
[35], and Chévremont et al. [29] are identical to the original model proposed by Boyer
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et al. [21], defined in Equation (3.8). To model our results, we start with this relation
between the viscous number and the solid volume fraction, which we determine by fitting
the relation used by Gallier et al. [25] to our data

Pm

:1+I"}'

[0 (3.28)

Here, ¢, and n are the fitting parameters. To see how well the viscous number collapses
the data, we fit Equation (3.28) to each friction coefficient separately. The fits are shown
in Figure 3.13b as the colored solid lines, and the fitting coefficients are listed in Table 3.2.
The results for all three friction coefficients can be modeled very well separately using this
relation, giving values for ¢,, (see Table 3.2) that are slightly higher than those determined
using the Maron-Pierce correlation [17] for the relative viscosity (see legend of Figure
3.11b). However, the similarity in fitting coefficient n indicates that our data might also
be modeled using a single value for n.

To model the relation between the macroscopic friction coefficient and the viscous
number, the macroscopic friction coefficient is decomposed into its separate contributions.
The hydrodynamic part ,uh is shown in Figure 3.13c, together with the corresponding con-
tribution of the literature models. Here, we can see that the model of Gallier et al. [25]
shows the best agreement to our data, especially for low I,. With increasing viscous num-
ber, we see that the hydrodynamic contribution is underestimated by all models. Using
the model of Gallier et al. [25], as defined in Equation (3.9), we can fit the hydrodynamic
contribution to the macroscopic friction coefficient ,uh. Here, ¢,,, and n are already deter-
mined, leaving [#] as the only fitting coefficient. This fit gives the values of [] for all three
solid friction coefficients, which are also listed in Table 3.2. The colored solid lines in Fig-
ure 3.13c show that these fits provide a very good description of our data. It is interesting
to note that the effect of friction plays a role in the hydrodynamic contribution at low vis-
cous numbers, showing that the hydrodynamic part of the particle shear stress decreases
with increasing friction coefficient. At high viscous numbers the fits overlap and show
that solid friction does not affect the hydrodynamic contribution in the dilute limit, as ex-
pected. The contact part pi€ is shown in Figure 3.13d, which only shows weak dependence
on the viscous number over the range investigated in this work. However, the plateau
that exists at high viscous number depends on the Coulomb coefficient of sliding friction
.. This contradicts the results of Chévremont et al. [29], who found a plateau value of 0.7
irrespective of the solid friction. They did observe a deviation from the master curve for
cases with a low i, at lower viscous numbers. There is a limited agreement between our
data and the models, which seem to have the right shape but not the right coefficients to
describe our data. Our data on the contact contribution show a dependence on the solid
friction coefficient, which was also found by Chévremont et al. [29] but dismissed in their
modeling. To be able to fit the contact contribution defined as

¢ +l12—ll1
e L

(3.29)

we need to choose appropriate values for y; as we have no data at very low viscous num-
bers. To do this, we used the result of Chévremont et al. [29] by looking at the low I,
plateau in the contact contribution. The values we chose are y; = 0.2, iy = 0.3, and p; = 0.36
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for the cases with p, = 0, p1. = 0.2, and . = 0.39, respectively. The resulting fits are shown in
Figure 3.13d, and the fitting coefficients y; and I are listed in Table 3.2. The figure shows
that Equation (3.29) is able to describe our data very well with fitting coefficients that are
of the same order as those found in the literature. Adding the two contributions together
provides a description of the complete macroscopic friction coefficient as shown in Figure
3.13a. The colored solid lines are the result of fitting the separate contributions to the con-
tact and hydrodynamic parts, which shows very good agreement to the data. The model,
which is essentially the one proposed by Boyer et al. [21] with adjusted coefficients, only
shows dependence on the solid friction coefficient in the limit of low viscous numbers.
The decomposition of u shows that the effect of friction is present in both the hydrody-
namic and contact contributions, whereas the total does not show this dependence due to
compensating effects of friction that cancel each other.

Table 3.2: Fitting coefficients for the frictional rheology model compared to the coefficients found in literature.

DNS Boyer Gallier Chévremont
He=0 | =02 | p.=0.39 | etal. [21] | etal [25] et al. [29]

bm | 072 0.69 0.67 0.585 0.64 (o)

n 0.3664 | 0.3421 0.3309 0.5 0.4 0.5

(7] 3.53 3.27 3.07 2.5 24 2.5

I 0.2 0.3 0.36 0.32 0.32 0.36

Ho 0.71 0.88 1.04 0.7 0.7 0.7

Iy | 0.0194 | 0.0368 0.0584 0.005 0.005 0.0133

Using Equations (3.9), (3.28), and (3.29), we can derive a relation for the relative viscos-
ity based on the frictional rheology model

¢ h -1
et H . Ha =t s 9
" T - DT G-V W(l ¢m) '

This results in a relative viscosity that is not only a function of ¢/¢,, but also depends
on the model coefficients that are, in turn, a function of the solid friction. Equation (3.30)
does, however, provide a very good description of the relative viscosity as a function of
the solid volume fraction, as can be seen from the dashed lines in Figure 3.11a. At low
volume fractions, Equation (3.30) nearly coincides with the Batchelor and Green relation
[15], shown by the dashed-dotted line, although in the limit of ¢ — 0 our model does
overpredict the Einstein viscosity since [f] > 2.5. Normalizing the volume fraction by
¢, found by the Maron-Pierce fit to the data also shows a collapse for Equation (3.30);
however, this does not result in a single curve for different solid friction coefficients, as is
shown by the dashed lines in Figure 3.11b, although the difference is small.

The relative viscosity derived from the frictional rheology model can also be decom-
posed into two separate contributions, with the first two terms in Equation (3.30) account-
ing for the contacts while the final two terms account for the hydrodynamic contribution.
The result of that decomposition is shown as the lines in Figure 3.12. The good agreement
between the model and the data show that the frictional rheology and viscous rheology
are equivalent with regard to the relative shear viscosity; since r, = /I, and ¢/¢,, is a

(3.30)
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Figure 3.13: Frictional rheology with (a) the macroscopic friction coefficient, (b) the normalized volume fraction,
(c) the hydrodynamic part of the macroscopic friction coefficient, and (d) the contact part of the macroscopic
friction coefficient as a function of the viscous number. Colored lines show fits to the data, and black lines
show models from the literature [21, 25, 35, 29]. Open markers indicate the cases exhibiting pronounced particle
layering in the core and were excluded from fits.

monotonically decreasing function in I,, which is only weakly affected by p, the two
frameworks are actually interchangeable. Moreover, the decomposition shows that the
hydrodynamic contribution can be described using Equation (3.4) for low volume frac-
tions. Nevertheless, a more detailed investigation on the effect of the Coulomb coefficient
of sliding friction on the frictional rheology model is needed. Specifically, investigating
how the fitting coeflicients change for different Coulomb coefficient of sliding friction.
Having concluded that the frictional rheology and viscous rheology are equivalent
with regard to the relative shear viscosity, we turn our attention to the normal stresses.
Looking at all three normal stress components, we observe non-Newtonian phenomena
that occur in suspensions, which are the anisotropy in the normal stresses and the related
anisotropy in the microstructure. Figure 3.14 shows the mean normal particle stresses
in the core region of the channel normalized by the mean total shear stress and plotted
as a function of the normalized solid volume fraction. The chosen normalizations are
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consistent with the viscous rheology framework, noting that the total shear stress scales
with the viscous shear stress times a function of ¢./¢,, as found above from the shear

rheology analysis. Looking at the three different components of the normal stress, (o), 11),

(0p,22), and (0, 33) in Figures 3.14a, 3.14b, and 3.14c, respectively, it becomes clear that
the normal particle stresses are anisotropic. The effect of friction does not seem to be
accounted for in the normalization of the solid volume fraction, ¢./¢,,, as the data of the
three friction coefficients does not collapse to a single curve, except for the wall-normal
particle stress (0),22). Plotting the normal stresses as a function of the viscous number
would also not result in a collapse of the data with different solid friction coefficients, due
to the monotonic relation between ¢./¢,, and I, that is only weakly dependent on p. as
observed from Figure 3.13b. We remark that the normalization of the normal stresses
with the total shear stress is also consistent with the frictional rheology framework, as the
total shear stress scales with the wall-normal particle stress times a function of I, as earlier
found from the shear rheology analysis. The effect of layering in the domain is best visible

in Figure 3.14a for the streamwise particle stress (o), 11), where the cases with ¢, = 0.55,
indicated by the open markers, show a clear deviation from the trend. The lines in the
figure represent polynomial fits to the data based on the work of Badia et al. [33] who
used these correlations to describe the normal contact stresses in a continuum modeling
approach for the suspension rheology. The correlations are defined as

(op11) . (ﬁ)az .
(o12) o $m/) 31
(0p22)  {Opa1) ( g (¢c )2)
= by +b,— + by | — , .31b
(o12) (o12) 1 2¢m ’ Pm (3310
4
—(%> = —<%> <cl +CZZ—; +c3 (j—;) ) (3.31¢)

The fitting parameters used to describe our data are shown in Table 3.3 for each of the
friction coefficients together with the parameters used by Badia et al. [33] to fit data from
the literature. There is some deviation from the coefficients found by Badia et al. [33],
which might be caused by the fact that we use the total particle stresses, whereas the
original authors used the correlations for the contact part of the stresses. This should
only amount to a slight difference as we have seen that, for ¢;, = 0.4, the particle stress is
almost completely governed by the contact contribution. Figure 3.14d shows the normal

stress ratios Ay = (0p22)/{(0p11) and A3 = (0,33)/{0p11) as a function of the normalized
volume fraction. This figure shows that the normal stress ratios are similar for all friction
coefficients, but do not completely collapse on a single curve. Additionally, A, shows an
increase with increasing volume fraction for all three friction coefficients, whereas A5 is
more or less constant around a value of 0.5 with a slight increase at high volume fractions.

A common way to describe the anisotropy in the normal particle stresses is using the
mean normal stress difference

Ni =(0p,11) —(0p22), (3.32a)
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Table 3.3: Fitted coefficients of the correlations for the mean normal stresses given by Equations (3.31a) to (3.31c).
The columns show the results for y, = 0, y. = 0.2, and p, = 0.39 and reference values from Badia et al. [33].

te=0 | p.=02 | p.=0.39 | Badia et al. [33]
a; | —2.3022 | -2.3305 | -2.3648 —-2.4247
a 2.7915 2.9724 3.0688 4.1280
by 0.9717 0.5938 0.3792 0.3750
by | -2.0377 | -0.2760 0.4415 0.0366
bs 2.5687 0.9074 0.3524 0.4846
G 0.5895 0.4977 0.3361 2.1446
¢ | —0.5932 | -0.3755 | -0.0983 -2.7234
c3 1.8373 1.2661 1.0189 1.5759
N; =(0p22) =(0p33)- (3.32b)

Figure 3.15 shows the mean normal stress differences, normalized by the mean total shear
stress and plotted as a function of the normalized solid volume fraction, together with
data and models from the literature. The dashed lines show the mean normal stress differ-
ences computed from the fits of Equations (3.31a) to (3.31c) to our data. The first normal
stress difference, shown in Figure 3.15a, is slightly negative for volume fractions up to
¢¢/dm = 0.8 after which there is a strong increase to high positive values. For low volume
fractions, our data show good agreement with numerical results from the literature [25, 28]
and qualitative agreement to the polynomial description of Badia et al. [33] represented by
the solid black line. The shift toward positive values is also present for the literature data
and the model; however, the strong increase in our data is caused by the particle layering
in the domain at high volume fractions affecting (0}, 11). The first normal stress difference
computed from the normal stress fits, shown by the dashed lines, shows good agreement
with our data and clearly highlights the effect of friction. With increasing Coulomb fric-
tion coefficient, N; becomes less negative and the upswing toward positive values is less
strong. The second normal stress difference, shown in Figure 3.15b, shows a clear trend
toward negative values for high volume fractions. The effect of friction is clearly visible,
resulting in a more negative N, with increasing friction coefficient, which is stronger at
higher volume fractions. This is in good agreement with the data from the literature [25].
Furthermore, the data for the cases with y, = 0.39 coincide with the polynomial descrip-
tion of Badia et al. [33], shown by the solid black line, up to the point where the model
shows an upswing. The volume fraction at which this happens corresponds to our cases
exhibiting a strong layering effect, preventing a good comparison to the model this close
to the maximum packing fraction. The second normal stress difference, computed from
the normal stress fits and shown by the dashed lines, also shows good agreement with our
data. The upswing in the model at high volume fractions is outside the range of our data;
however, this upswing is similar to that of the fit of Badia et al. [33] and shifts to lower
volume fraction for lower friction coefficient.

The viscous and frictional rheology frameworks fail to collapse the data to a master
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Figure 3.14: Mean normal stresses (0}, ;;) normalized by the mean total shear stress and plotted as a function
of the normalized volume fraction. Lines show fits of Equations (3.31a) to (3.31c) to the data. Open markers
indicate the cases with ¢, = 0.55, exhibiting strong particle layering in the core and were excluded from the fits.

curve for the normal stresses and, therefore, the normal stress differences, as observed
in Figure 3.15 and noting from Figure 3.13b that the monotonic relation between ¢/¢,,
and I,, depends only weakly on the friction coefficient. Considering the normalized wall-

normal particle stress component (0 52)/{0712), we do observe from Figure 3.14 a well-nigh
collapse as a function of normalized volume fraction, ¢./¢,,, for the three friction coeffi-
cients. In passing, we remark that this is consistent with the collapse for p as a function

of I, in the frictional rheology framework, as y = (012)/(022) is actually the inverse of
the normalized wall-normal particle stress. The other two normal stresses do not collapse
as a function of normalized volume fraction, with (0, 33) showing the largest effect of the
Coulomb friction coefficient. The effect of friction on the normal stress differences we
observe matches with data from the literature [25, 28], where there is also no collapse
with maximum flowable packing fraction. To complete the description of the suspension
rheology, the effect of friction on the normal stress differences needs to be studied in more
detail.
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Figure 3.15: Mean normal stress differences N (a) and N, (b), both normalized by the mean total shear stress and
plotted as a function of the normalized solid volume fraction ¢./¢,,. Our data are shown by the colored markers
and the dashed lines are the normal stress differences calculated from the fits of Equation (3.31). Black markers
indicate data from the literature [25, 28, 33] and the solid line gives a polynomial fit used by Badia et al. [33].

3.4 Conclusions

The particle-resolved simulations of dense suspensions in plane Couette flow performed
in this study give a detailed insight into the microstructure and stresses that occur in
these suspensions. The effects of solid volume fraction and Coulomb coefficient of sliding
friction were shown while comparing the data with experimental and numerical data from
the literature. Moreover, we commented on the use of the maximum flowable packing
fraction to account for particle characteristics and compared this approach to the frictional
rheology framework.

From our results, we can conclude that wall-induced particle layering extends into the
entire domain for the cases with volume fractions of ¢, = 0.55. This layering affects the
rheology by changing the microstructure in a way that particles can slide over each other
more easily, lowering the relative viscosity and breaking the diverging trend of the sus-
pension viscosity with increasing concentration. We observed that increasing the solid
friction coefficient partially mitigates the layering, which we can see from both the con-
centration profiles and the PPDFs.

The total shear stress increases with increasing solid volume fraction and increases
with increasing friction coefficient. Considering the separate contributions to the total
shear stress, we can see that the particle stress accounts for the largest part. This particle
stress consists of two parts of which the hydrodynamic part is larger for the low volume
fractions, while the contact part dominates for higher volume fractions. The volume frac-
tion at which the contact part becomes larger than the hydrodynamic part decreases with
increasing friction coefficient. This can also be seen in the decomposition of the relative
viscosity, where the divergence at the lower volume fraction is caused by the increase in
the contact particle stress. The relative viscosity, which is in good agreement with the
literature, can be collapsed using the maximum flowable packing fraction determined by
fitting the Maron-Pierce correlation [17].
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The normal stresses show anisotropy leading to nonzero normal stress differences. The
normal particle stresses can be described using polynomial fits used by Badia et al. [33] and
only show a collapse in ¢./¢,, for the wall-normal direction. The normal stress differences
show good agreement with the data from the literature, where Nj is slightly negative for
volume fractions up to @./¢,, ~ 0.8 after which it becomes positive with a large magnitude
due to pronounced wall-induced layering. Increasing the friction coefficient decreases the
magnitude of N; as was also observed in the literature. N, is negative over the entire range
investigated here and increases in magnitude with volume fraction. The effect of friction
is opposite for Ny, increasing the magnitude with increasing friction coefficient.

Our data can be described using the frictional rheology model from Gallier et al. [25]
with adapted fitting coefficients. Additionally, the solid friction coefficient should be taken
into account when using the frictional rheology model, and further investigation is needed
to incorporate this into the model. The effect of friction is visible when the macroscopic
friction coefficient is decomposed into the hydrodynamic and contact parts. These are
modeled individually and show that friction slightly lowers the hydrodynamic contribu-
tion while it increases the contact contribution. Therefore, the total macroscopic friction
coefficient shows the collapse of the data, due to compensating effects of friction on the
two individual contributions, with a slight deviation at very low viscous numbers. The
relative viscosity derived from the frictional rheology model gives a very good agreement
with our DNS data. This indicates that the viscous and frictional rheology frameworks are
largely equivalent, primarily because the relative volume fraction ¢./¢,, is a monotonic
function of I, and depends only weakly on the friction coefficient. Both frameworks cap-
ture the effect of solid friction on the shear rheology. This is, however, not the case for
the streamwise and spanwise normal particle stresses as well as the normal particle stress
differences, which still show a significant dependency on the friction coefficient that is
not yet fully understood.
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Appendix
3.A On the normalization with the normal stress in the

frictional rheology framework.
The deviation of our DNS results for the frictional rheology from models proposed in the
literature might be partially explained by the different choices made in the literature for
the normalization with the wall-normal particle stress. In the experiments of Boyer et al.
[21], a constant particle pressure is imposed; however, it is not entirely clear whether this
corresponds to the full normal particle stress or only the contact contribution. Gallier et
al. [25] noticed that the agreement between their simulations and the model by Boyer et
al. [21] is better when using only the contact contribution to the normal stress. To check
the effect on the frictional rheology modeling we tried using the full wall-normal stress
(given by Equation (3.24)), the full wall-normal particle stress, and the contact contribution
to the wall-normal particle stress. Figure 3.16a shows the results for the volume fraction
in the core region, ¢, as a function of viscous number based on the three different choices
for the wall-normal stress. The colors represent the different stress contributions and
different symbols are used to distinguish between frictionless and frictional particles. The
figure shows that all stress contributions give comparable results. The normalization of the
viscous number with the full wall-normal stress, shows the closest match with the model of
Boyer et al. [21]; however, toward low viscous number the deviation increases. Using the
wall-normal particle stress results in a relatively good agreement with the model of Gallier
et al. [25] over the entire range of viscous numbers investigated. The normalization of the
viscous number with the contact contribution to the wall-normal particle stress shows
the largest deviation from the models at both high and low viscous numbers. At the low
viscous number, the deviation might be caused by the pronounced wall-induced layering.

Figure 3.16b shows the macroscopic friction coefficient as a function of the viscous
number, where both y and I, are defined based on either the full wall-normal stress, the
full wall-normal particle stress, or the contact contribution to the wall-normal particle
stress. Here, the contributions again give similar results. The particle stress and the con-
tact contribution follow the same curve except at very low I,,. At the high viscous number,
the best match with the models is found when using the full wall-normal stress.

Our comparison study shows that the wall-normal stress contribution that is used to
determine the frictional rheology has an effect on the results for the frictional rheology,
although this effect is limited. Since the flow dynamics in the DNS depends on the pres-
sure gradient instead of pressure itself, and the mean value of the pressure at the walls is
arbitrarily set to zero in our simulations for reference, we have chosen not to use the full
wall-normal stress but the wall-normal particle stress in the definition of y and I,.
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Figure 3.16: Core volume fraction (a) and macroscopic friction coefficient (b) as a function of the viscous number,
based on three different choices for the normalization of the wall-normal stress and shown for cases with y, = 0
and p, = 0.39. The different colors denote normalization with the full wall-normal stress (green), the full wall-
normal particle stress (purple) and the contact contribution to the wall-normal particle stress (red). Dots and
diamonds denote i, = 0 and p, = 0.39, respectively. Only data for cases with ¢, = 0.1-0.5 is shown, due to the
pronounced wall-induced layering observed in the cases with ¢, = 0.55.
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Transient behavior and steady-state
rheology of dense frictional suspensions in
pressure-driven channel flow

Results from particle-resolved Direct Numerical Simulations are presented for dense suspen-
sions of frictional non-colloidal spheres in viscous pressure-driven channel flow. The bulk
solid volume fraction varies between @y, = 0.2 and 0.6, and the Coulomb friction coefficient is
either . = 0 or 0.5. The main objectives are to unravel the influence of (1) ¢}, and i, on the
flow development time and of (2) heterogeneous shear on the steady-state suspension rheol-
ogy. Starting from an initially homogeneous distribution, the particles show shear-induced
migration toward the core until equilibrium is reached. The flow development time decays
exponentially with increasing ¢,/®g, where O is a friction-dependent reference bulk con-
centration beyond which particle contacts cause a rapid increase in the particle stress. The
steady-state rheology is studied by means of the “viscous’ and frictional’ rheology frame-
works. Excluding the central core and wall regions, the data for the local relative suspension
viscosity collapse onto a single curve as function of the normalized local concentration ¢/ ¢,y
where ¢, is the friction-dependent maximum flowable packing fraction. The frictional rheol-
ogy shows ‘subyielding’ at low viscous number I,, in the core region, where the macroscopic
friction coefficient p drops below the minimal value found for homogeneous shear flows. A
modified frictional rheology model is presented that captures subyielding. Finally, a model is
presented for qg/qﬁmp as function of I,, where ¢y, is a modified maximum flowable packing
fraction. It captures both ‘overcompaction’ in the core beyond ¢,, at high ¢, and maximum
core concentrations below ¢,,, at lower ¢,

This chapter is based on: Peerbooms, W., Heijden, A.v.d. & Breugem, WP. Transient behavior and steady-state
rheology of dense frictional suspensions in pressure-driven channel flow. Acta Mech 236, 5681-5714 (2025).
https://doi.org/10.1007/s00707-024-04106-7 [1]. The data supporting the findings in this chapter are available
online [2].
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4.1 Introduction

The rheology of dense suspensions is of interest due to the occurrence of suspensions
in many natural and industrial applications. One of these applications is the use of sus-
pensions in additive manufacturing, such as for 3D-printing of concrete, metals, food, and
energetic materials. The desired solid volume concentration is typically very high for these
applications. The complex suspension rheology makes it difficult to control the print qual-
ity, especially when the solid volume fraction approaches the maximum flowable packing
fraction, ¢p,.

In the present study, we consider the rheology of monodisperse suspensions of non-colloidal
and rigid spheres in a Newtonian fluid. Molecular forces, such as Van der Waals forces,
electrostatic forces, and Brownian forces, are assumed to be negligible. Such suspensions
may exhibit a yield stress, an anisotropic particle stress tensor with normal stress differ-
ences, and shear-thickening behavior at high volume fractions [3]. These phenomena are
strongly dependent on the solid volume fraction, ¢, relative to the maximum flowable
packing fraction [4]. The closer the volume fraction is to the maximum flowable pack-
ing fraction, the more dominant particle contacts are with respect to particle-fluid and
hydrodynamic particle-particle interactions. Therefore, particle size, shape, and surface
properties become more important in the very dense regime. In this chapter, we focus
on the influence of solid friction between particles, which is known to have a significant
impact on the rheology of dense suspensions [5, 6, 7, 8, 9, 10]. Friction also strongly af-
fects the shear-thickening behavior of suspensions [8, 9]; however, we will not address
the shear-rate-dependent rheology in the current work. The relative suspension viscos-
ity, n/no with 1y the viscosity of the carrier fluid, is affected by the solid friction through
the maximum flowable packing fraction, as the suspension viscosity diverges at a lower
solid volume fraction with increasing Coulomb friction coefficient, p, [8]. This is in line
with the lower maximum packing fraction for particles with a higher friction coefficient
[11, 12].

Many studies have shown that the relative viscosity as a function of solid volume concen-
tration collapses onto a single curve when the concentration is scaled by the maximum
flowable packing fraction [13]. Several models for the relative viscosity have been devel-
oped over the years. For dilute suspensions, particle-particle interactions are negligible.
The theoretical relation for the relative viscosity by Einstein [14, 15] for dilute suspensions
gives a linear dependence on the solid volume fraction:
12 (4.1)
Mo 2
For suspensions above a volume fraction of ¢ ~ 0.05, hydrodynamic particle interactions
need to be taken into account. This was analyzed by Batchelor and Green [16], who ex-
tended the relation of Einstein with an additional term accounting for hydrodynamic par-
ticle pair interactions:
I
Mo
where & = 5.2 for simple shear flows and & = 7.6 for pure straining flow. However, this
relation fails to capture the strong increase in relative viscosity for ¢ z 0.1 [13]. For these

5
1+5¢+§¢2, (4.2)
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higher volume fractions, a theoretical derivation of the relative viscosity becomes increas-
ingly difficult due to the many-body hydrodynamic interactions and contacts.

For the higher volume fractions, quite many empirical correlations exist, such as the rela-
tion proposed by Krieger and Dougherty [17]:

_2~5¢m
(™

where ¢,, is typically obtained from a best fit with experimental data. This relation recov-
ers the Einstein viscosity for low volume fractions, but appears not accurate in the very
dense limit. Eilers’ relation [18] is in good agreement with empirical data for a large range
of volume fractions:

2
5¢/4
7. (1+ L) . (4.4)
Mo 1- ¢/
Furthermore, the Maron-Pierce correlation [19] yields good results, especially for high
volume fractions [20]:
-2
l=<1—i) , (4.5)
Mo ¢m

which is similar to the Krieger-Dougherty relation when ¢,, = 0.8, but does not recover
Einstein’s relation in the dilute regime when ¢,, # 0.8.

Due to the diverging nature of the relative viscosity at high volume fractions, it is diffi-
cult to accurately describe the suspension rheology close to the maximum packing frac-
tion. Therefore, Boyer et al. [20] adopted a frictional rheology description from granular
mechanics to describe the dense regime of suspension rheology, introducing the viscous
number I, as the governing parameter. The viscous number is defined as the ratio of the
viscous shear stress over the wall-normal particle stress, I, = —1y/0p 2, with y the im-
posed shear rate and oy, 3, the normal particle stress in the shear plane. Combining this
viscous number with a macroscopic friction coefficient, u = -013/0, 25, defined as the ratio
of the total shear stress (o1,) over the wall-normal particle stress, results in a description
of the rheology that is not hampered by the divergence in the relative viscosity close to
the maximum packing fraction. Boyer et al. [20] proposed an empirical relation between
the solid volume fraction and the viscous number:

Pm

1+I7

¢(1) = (4.6)
with n = 0.5 based on a best fit to their experimental data. Furthermore, Boyer et al. [20]
proposed a model for the macroscopic friction coefficient according to:

Ho— 1 5 1/2
L)=pm+——+1,+—-0¢,1,%, 4.7
Au(v) H1 1+IO/Iv v 2¢mv ( )
with p; = 0.32, iy = 0.7, and I = 0.005. In Equation (4.7), the first two terms correspond to
the particle contact contribution, ¢, whereas the last two terms correspond to the hydro-

dynamic contribution, z/.
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Based on the rheological model of Krieger-Dougherty [17], Gallier et al. [7] took a different
approach to obtain the hydrodynamic contribution to the macroscopic friction coefficient,
which for large values of I, is approximately given by:

Hh =L+ [’7]¢m11}7n’ (4.8)

with [57] » 2.4 and n = 0.4. The value of n = 0.4 is also used by Gallier et al. [7] in the relation
between the solid volume fraction and the viscous number given by Equation (4.6).

The ‘viscous’ and ‘frictional’ descriptions of the suspension rheology can be related to each
other through n/nq = p/I,. By construction, the model of Boyer et al. [20], Egs. (4.6) and
(4.7), recovers the correct Einstein limit for ¢ — 0 (I, — oo0) and approaches the Maron-
Pierce correlation times the constant y; for ¢ — ¢, (I, — 0). Interestingly, based on a
Taylor expansion it can be shown that their model also recovers the relation of Batchelor
and Green, Eq. (4.2), for simple shear flows (¢ = 5.2) when ¢,, = 0.697. The model of Gallier
et al. for the hydrodynamic contribution, Eq. (4.8), does not perfectly recover the Einstein
limit for small ¢ as the value for [7] is slightly smaller than 2.5, although their model
yields a better fit with their data for the higher range of volume fractions considered in
their study.

The frictional rheologies of Boyer et al. [20] and Gallier et al. [7] are well defined for simple
shear flows, with a uniform shear rate such as encountered in plane Couette flow. How-
ever, when pressure-driven channel or tube flow is considered, the shear rate becomes
spatially heterogeneous, leading to more complex suspension behavior. Moreover, for an
initially homogeneous suspension under shear in the Stokes regime, irreversible multipar-
ticle interactions are responsible for shear-induced particle migration from the high-shear
regions at the walls toward the low-shear region around the centerline. This process con-
tinues until it is counteracted by particle diffusion in the opposite direction [21]. The
shear-induced migration is captured fairly successfully by the Suspension Balance Model
(SBM) [22, 23, 24]. From a continuum perspective, the particle migration is driven by wall-
normal gradients in the wall-normal particle stress [10]. However, literature seems to be
inconclusive about the precise origin of the particle stress. For instance, Jamshidi et al.
[25] make distinction between the particle-presence stress from hydrodynamic particle
interactions and the particle-contact stress from direct particle contacts, and claim that
these stresses originate from averaging the momentum equation for the fluid and the par-
ticle phase, respectively. This is conceptually different from Morris and Boulay [23], who
consider the entire particle stress, including the contribution from hydrodynamic interac-
tions such as lubrication forces, as the result from averaging of the momentum equation
for the solid phase only. Furthermore, the SBM relies on the rheological correlations used
for the shear and normal particle stresses. In the ‘classical’ SBM formulation [22], the use
of the correlations proposed by Boyer et al. [20] and Morris and Boulay [23] results in an
equilibrium concentration distribution with a peak at the centerline equal to the maximum
packing fraction, contrary to data from experiments and numerical simulations [10]. As
will be discussed later, several remedies have been proposed to overcome shortcomings
of the classical SBM formulation [26, 27, 28, 29]. Already in the original manuscript in
which the SBM was introduced for the first time, Nott and Brady [22] proposed an alterna-
tive constitutive relation for the suspension pressure as function of the square root of the
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granular temperature (a measure for particle velocity fluctuations) to accommodate non-
local suspension behavior in the mean shear rate. This was shown to prevent jamming
at the channel centerline, where the mean shear rate reaches zero while the suspension
temperature and thus the suspension pressure remain finite.

Next to the modeling of shear-induced particle migration, pressure-driven suspension
flows have been studied experimentally for many years [30, 31, 32, 33, 34, 35, 36]. Hamp-
ton et al. [30] used Nuclear Magnetic Resonance (NMR) imaging to study the migration
of particles in pressure-driven tube flow at bulk concentrations up to ¢;, = 0.5 and for two
different particle-to-tube radius ratios. Particle migration toward the core was responsible
for blunting of the streamwise velocity profile. The streamwise development lengths of the
velocity and concentration profiles were found to rapidly decrease for increasing concen-
tration and radius ratio, with a more rapid development of the velocity profile compared
to the concentration profile. Lyon and Leal [31, 32] used Laser-Doppler Velocimetry (LDV)
combined with density and refractive-index matching of the particles with the suspend-
ing fluid, in order to investigate the particle migration in plane channel flow. They found
good agreement between the experimentally observed velocity profiles and the model pre-
dictions; however, the concentration profiles showed larger deviations, especially close to
the channel walls, although this was partially ascribed to the inaccuracy of LDV in these
regions. Gao et al. [34] used confocal laser scanning microscopy to study the anisotropic
suspension structure for pressure-driven flow in microchannels. They found that pair dis-
tribution functions obtained from the experiments, were largely in agreement with results
from Stokesian dynamics simulations. Evidence was also shown of local ordering (crystal-
lization) of a fraction of the monosized spheres in the core of the channel, where the solid
volume fraction reached a peak value of ¢ = 0.564. Using Magnetic Resonance Imaging
(MRI), Oh et al. [35] performed velocity and concentration measurements on suspensions
in pressure-driven pipe flow for bulk solid volume fractions up to ¢}, = 0.55. Evidence
was reported of compaction of the central particle plug beyond the value of the maximum
flowable packing fraction, ¢,, ~ 0.58, at the plug boundary up to a random close packing
fraction, ¢,y ~ 0.64, at the plug center. Moreover, a model was presented for the con-
centration and velocity profiles based on the mixture momentum balances for the axial
and radial directions. A frictional rheology model was employed for the particle stresses,
where compaction in the pipe core was accounted for [27]. The model predictions agreed
well with the measured blunted velocity profiles and showed compaction of the central
particle plug beyond the maximum flowable packing limit, but failed to capture the shape
and extent of the central particle plug. More recently, Rashedi et al. [36] used Particle
Image Velocimetry (PIV) combined with a refractive-index matching technique, to record
the axial development of the concentration profile in a channel flow for concentrations
ranging from ¢, = 0.1 to 0.5. Their experiments showed that the maximum volume frac-
tion at the centerline increases with bulk volume fraction and saturates at ¢ = 0.6 for bulk
volume fractions beyond ¢, = 0.3. These findings also highlight the discrepancy with the
‘classical’ Suspension Balance Model, which predicts a centerline volume fraction equal to
the maximum packing fraction, ¢,,, irrespective of the value of ¢y,.

Numerical simulations of suspension flows have become more feasible over recent years
related to the ever increasing computing power, allowing to perform particle-resolved
numerical studies on shear-induced particle migration. Yeo and Maxey [37] used a force-
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coupling method to study the dynamics in plane Poiseuille flow for suspensions of fric-
tionless particles with a bulk concentration in the range of ¢, = 0.2 - 0.4. They observed
good agreement of the concentration profiles between their numerical results and the ex-
periments of Hampton et al. [30], Lyon and Leal [31], and Gao et al. [33, 34]. Additionally,
they showed reasonable agreement between the relative viscosity as a function of the lo-
cal volume fraction and the earlier mentioned correlations of Krieger and Dougherty [17]
and Eilers [18]. A striking observation was the puzzling presence of a negative (positive)
particle shear stress just below (above) the channel centerline, opposite to the sign of the
local shear rate, and which originated from a negative (positive) contribution from the
hydrodynamic particle stresslet. The extension to polydispersity in particle size was stud-
ied by Chun et al. [38], using the Lattice-Boltzmann method to simulate segregation of a
bidisperse suspension in plane Poiseuille flow at a bulk concentration of ¢;, = 0.3. For all
investigated particle size and volume fraction ratios, they found that the larger particles
preferentially migrate toward the core compared to the smaller particles. The timescale of
particle segregation appeared to be 5-8 times longer than the timescale for overall particle
migration, with the latter comparable to the time scale for particle migration in the corre-
sponding monodisperse systems. Di Vaira et al. [39] studied polydisperse systems using a
coupled Lattice-Boltzmann/Discrete-Element method. Interestingly, they observed a clear
difference in particle segregation for the low and high bulk concentrations investigated:
while the larger particles preferentially accumulated in the channel core for ¢, < 0.3, there
was an increasing preference for the smaller particles to accumulate in the core for ¢;, = 0.4.
The latter was ascribed to the higher shear-rate fluctuations of the smaller particles, which
dominate the particle motions in the dense central plug region where the mean shear rate
vanishes.

These experimental and numerical studies did not yet lead to a complete description of
the suspension dynamics in pressure-driven flows. However, the effort made by Lecam-
pion and Garagash [27] to apply the frictional rheology proposed by Boyer et al. [20] to
pressure-driven channel and pipe flow, introduced a clear phenomenological picture of
the suspension behavior. Their idea of suspension compaction in the core region was cor-
roborated by the experimental work of Oh et al. [35]. In order to describe this compaction,
Lecampion and Garagash [27] proposed a different form of the macroscopic friction coef-
ficient, extending the relation past the maximum flowable packing fraction to account for
a jammed particle plug in the center of the channel or pipe:

p(¢)=y1+¢;7m(1—q;im)+<lv+<g¢m+2>lﬂ/2)<l—%)2, (4.9a)
1v<¢<¢m>=(%"’—1)2 and 1,($ = gn) =0, (4.9b)

where f = -d¢/dy for y — iy represents the so-called compressibility coefficient and is
given a value of 0.158 based on a best fit with experimental data in the dense regime. This
model allows p to decrease below u = y; by means of a linear extrapolation of the ¢(y)
relation for a dense suspension under homogeneous shear toward p = 0. The maximum
possible packing fraction of the particle plug is found from substituting y = 0 and I, =
0 into Eq. (4.92): ¢pcp = ¢ + Py For ¢y = 0.585, f = 0.158 and py = 0.3 (based on a
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best fit with experimental data), ¢, ~ 0.632, a value representative for a random close
packing of monodisperse spheres. More recently, Chévremont et al. [40] showed that the
separate hydrodynamic and contact contributions to Equation (4.9a) do not provide a good
description of the frictional rheology in simple shear flow, although the total macroscopic
friction coefficient agreed quite well with their numerical simulations.

Based on their proposed frictional rheology model, Lecampion and Garagash [27] also
presented analytical solutions for the equilibrium concentration and velocity profiles in
fully developed channel and pipe flows. Furthermore, they numerically studied the ax-
ial flow development from an initially homogeneous concentration distribution toward
equilibrium. The results of these numerical simulations were compared to an analytical
expression for the development length, based on the gap-averaged diffusivity evaluated
at the channel entrance,

L 20(80Sé) H’
SRS

with d the particle diameter, H the channel half-width, ¢; the bulk solid volume fraction,
S(¢) = —(u/Pp)(dP/dy) the so-called inelastic storage coefficient, and k(¢) = 2f(¢)/9¢ the
normalized permeability. The function f(¢) is based on the empirical hindered-settling
function proposed by of Richardson and Zaki [41] and has the form f(¢) = (1- ¢)" with
n = 5.1 used by Lecampion and Garagash [27] for the Stokes regime. Equation (4.10)
showed good agreement with the numerical results over the entire range of solid vol-
ume fractions. However, comparison to the experimental pipe flow data of Hampton et
al. [30] was less successful for the smaller pipe-to-particle diameter ratio and the lower
bulk concentrations, ascribed to a too small particle plug in the pipe core and the related
breakdown of the continuum model.

(4.10)

Gillissen and Ness [28] highlighted the two main problems of extending the conventional
rheology descriptions for homogeneously sheared flows to flows under heterogeneous
shear. For pressure-driven channel flow, flow symmetry and the streamwise momentum
balance dictate, respectively, a zero mean shear rate and zero mean total shear stress at the
channel centerline. According to the frictional rheology model of Boyer et al. [20] given
by Eq. (4.7), this would imply jamming at I, = 0, ¢ = ¢, and p = py, while experimental
observations show subyielding with u < py for I, > 0 as well as possible overcompaction
with ¢ > ¢,,, in the channel core. Gillissen and Ness [28] proposed a rheological model that
incorporates shear stress fluctuations to accommodate subyielding and overcompaction,
which was in qualitative agreement with particle-based simulation results.

From the above discussion of the literature, it is clear that the rheology of dense suspen-
sions under heterogeneous shear is far from being fully understood. In the present study,
we present results from particle-resolved Direct Numerical Simulations (DNS) for dense
suspensions in viscous pressure-driven channel flow. The DNS code is the same as used in
our previous study on the rheology of dense suspensions under homogeneous shear [13].
It is based on an efficient Immersed Boundary Method for the fluid/solid coupling [42]
and a frictional soft-sphere collision/contact model for particle contacts [43]. We varied
the bulk solid volume fraction between ¢}, = 0.2 and 0.6. Furthermore, the Coulomb fric-
tion coefficient is either y, = 0 or 0.5, corresponding to frictionless and frictional particles,
respectively. Our main objectives are to gain insight in the influence of (1) ¢}, and g, on
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the flow development time and length, and of (2) heterogeneous shear on the steady-state
suspension rheology.

This chapter is organized as follows. In Section 4.2 we present the governing equations
for the suspension flow, the contact model, the numerical method and the computational
setup, and we explain the statistical averaging of the DNS data. In Section 4.3 the results
are presented. In the first part, we discuss the transient flow behavior and related particle
migration toward the core, and we analyze the flow development time and length until
statistical equilibrium is reached. In the second part, we discuss the steady-state rheology.
We present results for the mean concentration and velocity profiles, the suspension mi-
crostructure, and the stress balances for the streamwise and wall-normal directions. We
then analyze the ‘viscous’ suspension rheology in terms of the local relative shear viscos-
ity, n/no, as a function of the normalized local mean concentration, ¢/@,y,. This is followed
by a discussion of the ‘frictional’ rheology in terms of the macroscopic friction coefficient,
Ue, as a function of the viscous number, I,. We compare our results with data and models
from literature. We present a modified frictional rheology model that accounts for sub-
yielding in the channel core. Furthermore, we introduce a model to relate the local mean
concentration to the viscous number through normalization with a modified maximum
packing fraction, which can capture possible overcompaction in the core region. Finally,
in Section 4.4 we summarize our main findings and give recommendations for future re-
search.

4.2 Methods

4.2.1 Governing equations and contact model

The fluid phase is governed by the continuity and Navier-Stokes equations that are made
dimensionless with the following reference scales': Lor = d, Uref = W fref = bref/ Urer, and
Myef = Pf d?, where d is the particle diameter, v, is the bulk mixture velocity, and p ¢ is the
fluid phase density. This leads to the following equations:

V-u=0, (4.11a)

<au v ) Vpe-V - 4.11b
or M) T TPV R ey (4.11b)
in which u is the velocity, Vp, is the pressure gradient used to drive the flow at constant
bulk velocity, p is the total pressure minus p,, and Rej, is the bulk Reynolds number defined
as Rep = prw,2H/ny where 2H = L, is the channel height. The particle Reynolds number
is based on the wall shear rate of single-phase channel (Poiseuille) flow, y,, = 3v,/H, and
the particle diameter, and relates to the bulk Reynolds number in the following way:

rwd® 3 d\*
Rep = M = EReb(E) . (4.12)
Mo

“The inertial scaling of the governing equations in the DNS code was chosen merely for pragmatic reasons as we
force a constant bulk velocity in our simulations, hence a normalized bulk velocity equal to one. The obtained
DNS data was rescaled afterwards in a viscous manner as appropriate for Stokes flow from a physical standpoint
(for example, normalization of stresses by 1,7, instead of ps vd).
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The particle phase is governed by the Newton-Euler equations:

du 6
prd_f’ - — (3€ (o-f.n)dA+FC), (4.13a)
t T A,
dw 60
prd_f’ - — (3& £ x (af-n)dA+TC), (4.13b)
t V1 A,

in which p, is the ratio between the fluid and solid density; u, and ,, are the translational

and rotational velocity of a particle, respectively; oy = —pI + u+VuT) is the

1
Reb(d/ZH) (v
fluid stress tensor; n is the outward pointing normal vector; and r is the position vector
with respect to the particle centroid. F, and T, are the force and torque acting on the
particle as a result of contacts with other particles or the channel wall.

The fluid and solid phase are coupled through a no-slip/no-penetration condition on the
surface of the particles:
u=u,+w,xr on A, (4.14)

Contact between particles is handled using a soft-sphere contact model including lubrica-
tion corrections for short-range particle-particle and particle-wall interactions, which is
described in detail by Costa et al. [43]. This contact model is based on a linear spring-
dashpot model in which rigid particles are computationally allowed to slightly overlap.
The normal contact force is computed from [43]:

Fijn==knbijn—nnWijn, (4.15)

where §;; ,, is the overlap distance vector between two particles, k,, is the normal spring
coefficient, 7, is the normal dashpot coefficient, and u;; , is the relative velocity vector
of the particles in the direction parallel to the line of centers. The effect of solid friction
is incorporated in the tangential contact force, including the transition from stick to slip
behavior when the tangential-to-normal force ratio exceeds a threshold value [43]:

Fyjo = min (|| - k8~ noug ol |- Fij ol ). (4.16)

Here §;;; is the tangential displacement, u;;, is the relative tangential velocity, k; is the
tangential spring coefficient, 5, is the damping coefficient, p is the Coulomb coefficient
of sliding friction, and t;; is the surface tangent unit vector.

4.2.2 Numerical method and computational setup

The governing equations for the fluid phase are solved on a fully staggered, Cartesian grid
using a finite-volume/central-differencing approach combined with a predictor/correcter
scheme and the third-order three-step Runge-Kutta (RK3) scheme for integration in time.
This method is explained in detail by Breugem [42]. For the present simulations in the
Stokes regime, the semi-implicit Crank-Nicolson scheme was implemented for integrating
the diffusion term in Equation (4.11b). An efficient Inmersed Boundary Method is used for
the fluid/solid coupling, by means of locally adding forces to the Navier-Stokes equations
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near the boundary of a particle, to enforce Equation (4.14) by good approximation. As in
our previous rheology study [13], the coupling is semi-implicit based on the approach of
Tschisgale et al. [44]. The integration of the Newton-Euler equations for the solid phase
is performed using the same RK3 scheme, but with substepping for the integration of the
contact force and torque to increase the temporal resolution at which particle interactions
are resolved [43, 13]. For particles in close proximity, lubrication force corrections are used
to account for sub-grid hydrodynamic interactions. Interference of the external shear flow
with the local lubrication flow is ignored in these force corrections, since the time scale of
the external shear flow is much larger than the characteristic time scale for the lubrication
flow. Furthermore, as in our previous study [13], the diverging nature of the lubrication
force corrections is capped for interparticle distances smaller than 1073d to mimic the
effect of surface roughness on the lubrication flow.

The spatial resolution used for the simulations is Ax/d = 1/16. This resolution was success-
fully used in the rheological study by Picano et al. [45] for the weakly-inertial regime and
in our previous work on plane Couette flow in the Stokes regime [13]. The time step used
for integration of the Navier-Stokes equations over one full Runge-Kutta integration cycle,
was chosen sufficiently small to capture the relevant physical time scales in the suspen-
sion flow: Aty,, = 1.56-1072 and Ati]g/(pfdz) =1.56-1073. Estimating ;. ~ y(d/Ax)*?
as the typical shear rate of the lubrication flow in between two particles moving at a rel-
ative normal velocity ~ yd and at one grid cell apart, it follows that Aty;,;, ~ 1 in our
simulations. Interparticle lubrication is thus resolved in time down to gap widths of ~ Ax
as desired. To further increase the temporal resolution, substepping has been employed
with Atg,;, = At/40 for the integration of the lubrication force correction (for interparticle
distances well below Ax) as well as for the contact force and the contact torque [43, 13].

In this work we consider neutrally buoyant spherical particles that are monodisperse in
size. The main parameters that we vary are the bulk volume fraction, which ranges from
¢p = 0.2 to ¢y, = 0.6 with increments of 0.1, and the Coulomb coefficient of sliding friction,
which is set to p, = 0 and y, = 0.5 for frictionless and frictional particles, respectively. As
specified in Table 4.1, this gives a total of 10 cases. The same friction coefficient is used
for particle-particle and particle-wall contacts. The computational domain is a square
box with dimensions: L, = L, = L, = 20d. A schematic of the computational domain is
shown in Figure 4.1. The domain is periodic in the x and y directions, while having a
no-slip/no-penetration boundary condition in the z-direction. The flow is forced by an
applied pressure gradient in the y-direction that is dynamically adjusted to enforce a con-
stant mixture bulk velocity. For clarity, the directions are numbered using (1) for the flow
direction, (2) for the wall-normal or velocity gradient direction, and (3) for the spanwise
or vorticity direction as indicated in the figure. The particle Reynolds number is set to
Re;, = 0.1 (Rep, = 6.67) for this study. This value is chosen to be in the Stokes regime while
still being high enough for computational efficiency. The particles are initialized by a ran-
dom positioning in the domain, while making sure there is no overlap between particles
and with the wall. For concentrations above ¢, = 0.3, this random initialization is not
feasible anymore. Therefore, a body-centered cubic (BCC) structure, with random pertur-
bations in the particle positions, is used for the higher concentrations. The spacing of the
BCC structure is adapted to fit the desired number of particles in the domain. The flow is
initialized by prescribing a parabolic velocity profile for the fluid and particles correspond-
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ing to single-phase plane Poiseuille flow. Additionally, the angular particle velocity is set
to half the local fluid vorticity.

The DNS code is written in modern FORTRAN with the MPI extension for parallel comput-
ing on multi-core systems with distributed memory. The parallelization consists of a 2D
pencil decomposition of the computational domain with a controller-worker technique for
handling of the particles. The present simulations were partly run on the Dutch National
Supercomputer Cartesius and its successor Snellius and partly on an in-house computer
cluster, using 100 and 50 CPU cores per simulation, respectively. In total about ~ 2 million
CPU hours were used to run all ten simulations and subsequent postprocessing of the data.

Figure 4.1: Schematic of the computational domain with dimensions: L, = L, = L, = 20d. Directions are num-
bered using (1) for the flow direction, (2) for the wall-normal or velocity gradient direction, and (3) for the
spanwise or vorticity direction.

4.2.3 Statistical averaging

The data generated by the numerical method consist of detailed 3-dimensional velocity
and concentration fields. These fields are averaged over space and time to gain useful
insights into the mean flow dynamics. For fully-developed pressure-driven channel flow,
the mean flow and concentration will vary only in the wall-normal direction. Therefore,
we apply averaging over thin horizontal slabs with a thickness of 1 grid cell in the wall-
normal direction. The so-called superficial averages of the fluid and particle velocities are
denoted by brackets and defined by, respectively:

(u_f)(z) = Z Zuf(x V.2, t)(l a(x,y,z, t)) AxAyAz, (4.17a)

LyLyAz

<up>(z)

LoL,Az ZZup(x, ¥, z, Ha(x,y, z, ) AxAyAz, (4.17b)
y

where the bar denotes ensemble averaging of samples collected over time. Here « is the
solid phase indicator function, which is also used to determine the mean concentration
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Table 4.1: Parameters of the simulated cases: p. is the Coulomb coefficient of sliding friction, ¢, is the bulk
solid volume fraction, N, is the number of particles, t,,,v;/d is the total simulated time, t4,,v;/d is the estimated
flow development time, “steady state” indicates whether or not fully developed flow was reached, Ny;c1q is the
number of sample fields in steady state used for statistical averaging, t;,;v,/d is the time interval between the
consecutive sample fields, a is the mean solid volume fraction in region i (wall, intermediate, or core region),
and z.,,./d is the wall-normal position at which the core region starts (the upper end of the core region is given
bY (Lz - Zcore)/d)'

e 0 0.5
o 0.2 0.3 0.4 0.5 0.6 0.2 0.3 0.4 0.5 0.6
Np 3056 4584 | 6112 | 7639 | 9167 | 3056 | 4584 | 6112 | 7639 | 9167
trotVp/d 3125 5208 | 5208 | 2604 | 2083 | 3125 | 5010 | 3125 | 2083 | 1562
tievVp/d 12490 | 11554 | 4243 | 1885 | 1164 | 10382 | 4599 | 2276 | 1054 | 458
steady state | no no yes | yes | yes no yes | yes | yes | yes
Nfields 180 | 130 | 170 80 | 150 | 200 | 200
tintVp/d 521 | 521 | 5.21 521 | 521 | 521 | 5.21
Prvall 0.28 | 040 | 0.55 0.20 | 0.28 | 0.38 | 0.49
Dinter 039 | 049 | 0.61 030 | 039 | 048 | 0.61
m 0.52 | 0.59 | 0.62 0.41 | 0.51 | 0.58 | 0.64
Zeoreld 6.91 | 653 | 478 734 | 6.66 | 541 | 3.10
profile as a function of the wall-normal coordinate using:
- 1
o(z) = —LxLyAz Zx: zy: a(x,y,z, )AxAyAz. (4.18)

Using the superficial averages and the concentration profile, the so-called intrinsic (phase-
averaged) averages can be computed:

(up)f = % (4.192)
(u,)P = %. (4.19b)

In addition to the averaging, the particle stresses need to be computed to describe the
rheology of the suspensions. The microscopic particle stress is not explicitly solved in the
DNS, but the averaged value within a particle can be computed from the stress distribution
on the particle’s surface according to:

6
%ij= P, rioramdAs > riFei) (4.20)
14

where the surface integral is equal to the hydrodynamic particle stresslet for freely rotating
particles with zero net torque and the summation accounts for the contribution from the
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particle contacts. Similar to the superficial velocity averages, the superficial particle stress
can be determined as a function of the wall-normal coordinate using:

_ 1
(Gp)ij)(z) =— Z Gp),-j(x, vz, Ha(x, y,z, )AxAyAz. (4.21)
LxLyAz Xy

Note that o), ;; at the right-hand side of Equation (4.21) is approximated by the average
stress within a particle and may therefore deviate from the actual local stress within a
particle when the particle stress distribution is strongly heterogeneous. As a result, the
particle stress profiles show artificial oscillations near the wall where the gradients in the
solid volume concentration are large due to particle layering.

4.3 Results and discussion

The investigation of the rheology and the effect of solid friction in pressure-driven plane
channel flow can be split in two parts: the transient in which particle migration takes place,
and the fully-developed flow after the migration is completed. The effect of friction on the
particle migration will be discussed first. In this part, we will look at the development
of the concentration and velocity profiles as well as the timescale of particle migration.
The second part will focus on the description of the rheology of the suspensions in fully-
developed flow and the effect of solid friction on the rheology. The rheology is studied
in terms of velocity and concentration profiles, particle pair distribution functions, stress
balances, relative viscosity, normal stress differences, and the frictional rheology.

4.3.1 Particle migration

The migration of particles in our numerical simulations becomes evident when looking at
the spatial particle distribution over time, as shown in Figure 4.2. These figures show the
particles in a yz cross-section of the domain at a fixed x-position for the case with ¢, = 0.4
and p, = 0. The time instants for these snapshots are given as a fraction of the time, 4.,
for the suspension to become fully developed; the precise definition will be given later.
In this case t = 0.2t4,,, t = 0.6t4.,, and t = t4,,, are chosen to show the migration of the
particles from an initially homogeneous distribution at t = 0. At t = 0.2¢y,,, it is already
visible that the core of the channel is more densely populated by particles, showing that
the particles migrated toward the core region where the shear rate is lower. From 0.2t4,,,
to 0.6t 4., the most noticeable change is the drop in the number of particles in contact with
the wall and the compaction of the suspension in the center of the channel. The color of
the particles indicates their streamwise centroid velocity with respect to the mixture bulk
velocity. This shows a plug of nearly constant velocity in the channel core, consistent
with the high local particle concentration and related suspension viscosity. The core plug
becomes thicker over time due to shear-induced particle migration. Outside the plug the
particle velocity gradually varies to nearly zero at the walls. Additionally, particle trains
are visible where multiple particles are in contact and aligned in an elongated structure.
Near the walls, these trains are oriented horizontally as the particles cannot overlap with
the wall. Away from the walls, the trains have a predominantly oblique orientation that




106  Transient behavior and steady-state rheology of dense frict. susp. in pressure-driven channel flow

is caused by the shear-induced interactions between the particles. Close to the centerline,
a tendency for a more horizontal alignment is observed again, caused by the low shear
rate and larger solid volume fraction in this region. This indicates a microstructure that
changes depending on the wall-normal coordinate, which will be investigated in more
detail later.
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Figure 4.2: (a) Particles in a yz cross-section of the domain at a fixed x-position, shown at three different time
instants during the development of the flow for the case with ¢, = 0.4 and y, = 0. Time is indicated as a fraction
of the development time and particles are colored by their streamwise centroid velocity normalized with the
mixture bulk velocity. (b) 3D particle distribution around the cross-section shown in (a) at ¢ = tg,,,.

Using averaging over slabs parallel to the walls, we obtained spatially averaged particle
concentration and velocity profiles as a function of the wall-normal coordinate that rep-
resent the suspension at a particular time instant. From these profiles, the temporal de-
velopment of the velocity and concentration profiles can be analyzed. For the cases with
¢p = 0.4, which are used as representative cases to show the results throughout this work,
the development of the concentration profile is shown in Figure 4.3 for frictionless (a) and
frictional (b) particles. The volume fraction is normalized by the bulk volume fraction. In
both cases, there is a distinct particle layer at the wall. At this bulk volume fraction this
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layering does not extend into the domain as is the case for higher bulk volume fractions,
which will be discussed later. Friction seems to have a pronounced effect on the parti-
cles at the wall. In the case with friction, more particles are expelled from the wall layers
leading to a lower peak in concentration close to the wall. As seen in the snapshots of
Figure 4.2, the particles migrate toward the center. The resulting concentration peak in
the core is somewhat steeper for the case with friction; however, the development of the
peak and its height are similar in both cases. The development of the profiles is in good
qualitative agreement with recent results obtained by Orsi [29] for frictional bidisperse
sphere suspensions.

/P
o/ dp

z/d z/d
(a) (b)

Figure 4.3: Temporal development of the normalized concentration profile, ¢(y, t)/¢;, for the cases with ¢, = 0.4,
and p. =0 (a) and . = 0.5 (b).

To gain more insight into the development of the local solid volume fraction, Figure 4.4
shows the local solid volume fraction as a function of the dimensionless time. Three dif-
ferent locations are shown: (1) z/d = 0.5, corresponding to the local concentration peak
near the wall in Fig. 3, (2) z/d = 5, representative for the intermediate region in between
the wall and the channel core, and (3) z/d = 10, corresponding to the channel centerline.
The vertical dashed line shows the overall development time as determined from the evo-
lution parameter discussed later. These figures show that the particle layer at the wall first
becomes more densely populated before the local concentration decreases, which is most
pronounced for the case without friction. The local concentration in the intermediate re-
gion slightly decreases over time as the result of particle migration toward the core. At the
centerline, the volume fraction gradually increases until the maximum value is reached,
with a faster development for the case with friction related to stronger shear-induced par-
ticle migration. Our results are in good qualitative agreement with the recent work of Orsi
[29] for frictional bidisperse sphere suspensions.

The temporal development of the intrinsic fluid velocity profile is shown in Figure 4.5 for
the cases with ¢, = 0.4. The velocity profile for single-phase Poiseuille flow is shown by
the black dashed line as a reference, which is also the initial condition for the suspension
velocity. This profile adapts quickly in the first part of the simulations due to the non-
zero particle stress distribution as compared to the single-phase counterpart, followed
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Figure 4.4: Temporal development of the normalized concentration profile, ¢/¢y, for the cases with ¢, = 0.4, and
Le =0 (a) and p. = 0.5 (b), shown for three positions in the domain.

by a slow development due to particle migration. The velocity profile for both cases is
blunted with respect to the single-phase profile. Looking more closely at the difference
between the two cases, it can be seen that up to 0.2, the case without friction has a
slower initial development compared to the case with friction. The blunted profile shows
an area in the center of the channel where the velocity gradient is close to zero, indicating
a plug flow behavior. In the case with friction, this plug appears to be slightly wider and
has a somewhat lower velocity at all times shown here. Furthermore, these figures show
that the development of the velocity profile is much quicker than the development of the
concentration profile, as the velocity profile hardly changes anymore after 0.6¢4,,. The
development of the profiles is in good qualitative agreement with recent results obtained
by Orsi [29] for frictional bidisperse sphere suspensions.
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Figure 4.5: Temporal development of the intrinsic fluid velocity profile for the cases with ¢, = 0.4, and p, = 0 (a)
and p, = 0.5 (b).
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From the concentration and velocity profiles we observe that the development of the sus-
pension is affected by the friction coefficient. However, we only looked at a single bulk
volume concentration so far. To quantify the effect of the bulk concentration and solid
friction on the shear-induced particle migration we analyze the time it takes for the sus-
pension to reach a fully developed state. The development time (t4,.,) can be determined
by means of an evolution parameter defined in a similar way as in Hampton et al. [30]:

E

a LLZJ $-Pp

- *dz. (4.22)

This evolution parameter measures the deviation of the actual concentration profile from
a uniform distribution with a concentration equal to the bulk volume concentration ¢p.
The evolution parameter can be calculated as a function of time, which is shown in Figure
4.6 for the cases with ¢, = 0.4. To determine the time it takes for the flow to fully develop,
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Figure 4.6: Evolution parameter as a function of time for the cases with ¢, = 0.4. Dashed lines show fits of
Equation (4.23) to the data.

we fitted a curve to the data of the form:
Eppip = oq (1- %) + a3, (4.23)

where t denotes the time normalized with d/vj, and «; are the fitting coefficients. The
fitted values of «; are shown in Table 4.2. As can be observed from Figure 4.6, Equation
(4.23) provides a very good fit to the temporal evolution of E,, from which the long-term
behavior can be determined even when a simulation is not run until the flow is fully devel-
oped. Following Hampton et al. [30], we define the development time as the moment for
which the evolution parameter reaches 95% of its long time plateau value E, o, = g + as.
The development time is shown in Figure 4.7a as a function of the bulk volume concen-
tration. This shows that the development is faster for the cases with a friction coefficient
of p, = 0.5 compared to the cases without friction. Furthermore, the development time
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Table 4.2: Fitting coefficients for the evolution parameter as defined in Equation (4.23).

He 0

b 0.2 0.3 0.4 0.5 0.6
(o4t 0.1732 0.2768 0.1665 | 0.0831 | 0.1052
ap | 0.00021 | 0.00024 | 0.00063 | 0.0012 | 0.0020
az | 0.0922 | 0.0592 | 0.0640 | 0.0844 | 0.1045

He 0.5

o 0.2 0.3 0.4 0.5 0.6
ap | 0.1663 | 0.1876 | 0.1561 | 0.0896 | 0.0385
ap | 0.00024 | 0.00059 | 0.0012 | 0.0023 | 0.0040
az | 0.0972 | 0.0605 | 0.0555 | 0.0703 | 0.0855

appears to decay exponentially with the bulk concentration according to:

e 4.24)
=aqae "R, .
4H3/(vpd?) (

where 4H3/(d?v}) is used to normalize the development time based on scaling arguments
of Nott and Brady [22], a is a dimensionless constant and @y, is a reference bulk volume
fraction that depends on the Coulomb friction coefficient. Based on a least-squares fit
to the data with p. = 0.5, we find that a = 12.5. Using this value for a, a least-squares
fit gives ®p = 0.165 for frictionless and ®p = 0.127 for frictional particles. For ¢; » @,
t4y drops significantly below the value tg,, = 12.5-4H>/(vyd?) for small ¢;. The values
found for ®p are consistent with the characteristic concentration of roughly 0.1 beyond
which particle-particle interactions cannot be ignored anymore and are responsible for
the rapid increase in the particle stresses with increasing concentration. As expected, a
higher Coulomb friction coefficient corresponds to a lower value of ®p, related to faster
shear-induced migration due to an enhanced particle stress.

From the development time, the flow development length can be obtained by multiplica-
tion with the mixture bulk velocity, Ly, = Vptgey. This is normalized with 4H3/d? [22]
and plotted as a function of ¢;,/®p in Figure 4.7b. Here we also include the analytical
expression of Lecampion and Garagash [27] given by Eq. (4.10), the experimental data
from Hampton et al. [30] for pipe flow, and the numerical results from Miller and Morris
[26] for channel and pipe flow. The corresponding values of @ have been obtained by
fitting Eq. (4.24), with a = 12.5 fixed, to the data points and are listed in Table 4.3. Follow-
ing Lecampion and Garagash [33], the development length for pipe flow was multiplied
with a factor two for comparison with the channel flow data. Figure 4.7b shows good
agreement between the literature data and our numerical results for the range of volume
fractions investigated. The analytical expression of Lecampion and Garagash, Eq. (4.10),
is in reasonable agreement with the data 2 < ¢,/®p < 4, but large deviations are present
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outside this range. Lecampion and Garagash [27] indicate that this discrepancy is caused
by the low H/d ratio and low ¢, in part of the experiments of Hampton et al. [30] and the
related breakdown of the continuum model for the central plug region. However, even for
the larger H/d ratio and larger ¢, we see better agreement of the experiments with our
fit from Equation (4.24) than with their model. This indicates that the development length
for shear-induced particle migration can be described by an exponential decay function
in the bulk concentration normalized by an appropriate reference volume fraction. Be-
ing able to predict this development length is crucial for the design of experiments or
numerical simulations where the aim is to study the steady-state behavior of suspensions
in pressure-driven flow. Our scaling indicates that Lg,,d%/(4H>) = 12.5exp(-¢,/®pg) is
solely a function of ¢;,/®g and implicitly accounts for Coulomb friction through the value
of ®p. Dependent on the bulk concentration and the Coulomb friction coefficient, the de-
velopment length may be well over a factor of 100 smaller for dense suspensions near the
jamming limit (¢, ~ 0.6) compared to dilute suspensions for which ¢, « ®g.
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Figure 4.7: Timescale of particle migration as a function of the bulk solid volume fraction (a) and development
length as a function of normalized bulk solid volume fraction (b). Development length is compared to the model
prediction by Lecampion and Garagash [27] given by Equation (4.10), experimental results from Hampton et
al. [30] for pipe flow, and numerical results from Miller and Morris [26] for pipe and channel flow. Following
Lecampion and Garagash [27], the development length for pipe flow is rescaled to channel flow according to

Ldev,channel = 2Ldev,pipe'

According to the Suspension Balance Model [22, 23, 24], shear-induced particle migration
is caused by the divergence of the wall-normal particle stress, which acts as a force that
tends to drive the particles in the direction down the gradient in the absolute stress (i.e.,
in the direction of the channel core). Therefore, we want to see if there is a difference
in this stress for the cases with and without friction, explaining the faster development
for the cases with friction. Figure 4.8 shows the development of the wall-normal particle
stress profiles for the cases with ¢, = 0.4. The stress profiles are averaged over 7 sample
fields of the flow around the indicated time spaced 1000 timesteps apart, corresponding
to an averaging time of 0.009t4,, and 0.016t,4,, for the frictionless and frictional case,
respectively. This averaging is performed to eliminate the largest fluctuations in the stress
profiles for the benefit of showing the mean trend over time. The first clear observation
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Table 4.3: Values used for normalization of the solid volume fraction with ®p for the different datasets in Figure
4.7b. R denotes the pipe radius in the pipe flow cases.

Dataset dr
e =0 0.165
e =0.5 0.127
Lecampion and Garagash [27] 0.132
Hampton et al. [30] R/d =19.5 0.136
Hampton et al. [30] R/d =8 0.188

Miller and Morris [26] H/d =9 0.150
Miller and Morris [26] H/d = 20 0.163

Miller and Morris [26] R/d = 8 0.181
Miller and Morris [26] R/d = 20 0.106

is that the magnitude of the wall-normal particle stress is larger for the case with friction.
Moreover, the gradients in stress are larger for the case with friction and remain slightly
larger when approaching fully developed flow. This would indicate a stronger driving
mechanism for migration toward the core for the cases with friction, which is in line with
our observation for the development length. The development of the wall-normal particle
stress shows good qualitative agreement with the results of Orsi [29] obtained for similar

suspensions.
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Figure 4.8: Development of the superficial wall-normal particle stress profile over time for the cases with ¢, = 0.4,
and p, = 0 (a) and g, = 0.5 (b). The stress profiles are averaged over 7 sample fields of the flow around the
indicated time spaced 1000 timesteps apart, corresponding to an averaging time of 0.009t4,., and 0.016t,,,, for
the frictionless and frictional case, respectively.
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4.3.2 Steady-state rheology

Using the development time determined in the previous section, we can define the moment
at which the flow reached a statistically steady state in the simulations in order to study the
steady-state rheology of the suspension flow. The steady-state statistics presented in this
section are obtained by time-averaging of the plane-averaged fields over a time interval
Nfieldstine specified in Table 4.1. This table also specifies which cases are included in the
analysis of the steady-state rheology as it was computationally not feasible to run the cases
with the lowest volume fractions until the flow was fully developed. The development time
increases exponentially for lower bulk volume fraction and/or higher ®p, as is clear from
Equation (4.24); therefore, we are not able to include the cases with ¢}, = 0.2 and the case
with ¢y, = 0.3 and p, = 0.

Steady-state concentration profiles as a function of the wall-normal coordinate are shown
in Figure 4.9. In these figures, the concentration is normalized by the bulk concentration
for easy comparison between the cases. This shows that the peak in the center of the
channel deviates more from the bulk volume fraction for lower values of the bulk volume
fraction. Furthermore, we observe a stronger wall-induced layering of particles with in-
creasing bulk volume fraction. This layering extends through the entire channel for the
cases with ¢, = 0.6. For ¢, = 0.6 and p, = 0.5, there is even a crystal structure visible in
the center of the channel, which is different than the layering observed at the wall. The
crystal structure in the center of the channel corresponds to a body-centered cubic particle
arrangement This actually resembles the initial particle arrangement with superimposed
random perturbations in the particle positions for the cases with ¢;, > 0.3, see Section
4.2.2. This shows that at very high bulk concentration, the particles in the channel core do
not rearrange but compact into the initial crystal structure. The strong particle layering
across the domain severely affects the rheology of the suspensions and is not the focus of
the present study. Therefore, we exclude the cases with ¢, = 0.6 from the analysis of the
suspension rheology in the remainder of this work.

o =04
¢ =05
o = 0.6

0 ;') 1‘0 1‘5 20 0 é 1‘0 1‘5 20
z/d z/d
(@) (b)

Figure 4.9: Steady-state solid volume fraction ¢/¢;, as a function of the wall-normal coordinate for g, = 0 (a) and
p1e = 0.5 (b).

Steady-state velocity profiles for the same cases are shown in Figure 4.10. These figures
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show that the velocity profile becomes more blunted and has a lower peak value for higher
volume fraction with respect to the parabolic profile for a single-phase flow indicated by
the dashed line. The region in the center of the channel, where the velocity gradient is zero,
is wider for the cases with friction, showing that these suspensions exhibit a stronger plug
flow effect. It is interesting to see that the strong layering for the case with ¢, = 0.6 and p, =
0 results in a velocity profile closer to parabolic. This might be because the particle layers
can more easily slide past each other resulting in a lower particle shear stress and hence
suspension viscosity, as was also observed for strongly layered suspensions in simple shear
flow [13].
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Figure 4.10: Steady-state intrinsic streamwise fluid velocity (vf)f /vy as a function of the wall-normal coordinate
for . = 0 (a) and p, = 0.5 (b).

From the concentration and velocity profiles, three distinct regions in the flow can be
distinguished. There is a wall region where particle layering, induced by the flat walls,
has a large effect on the local concentration. Moving away from the wall toward the
center, there is an intermediate region where wall layering is not present and the intrinsic
streamwise velocity increases toward the maximum at the centerline. Finally, in the center
of the channel, there is a high local concentration and a constant velocity, which is defined
as the core region. To take a closer look at the microstructure of the suspension in these
three regions, we have computed the particle pair distribution function (PPDF) defined by:

VIViox

0= YN-D ; % 8(r=Gep, %), (4.25)

where V is the total volume of the region of interest, V,,,, is the voxel volume of the
regular voxel grid used for the calculation, N is the total number of particles in the region
of interest, Xp is the centroid position of the reference particle, and x,,, is the centroid
position of a neighboring particle. The function § gives a value of 1 if the particle centroid
of a neighboring particle is in the voxel of interest and 0 otherwise. First, we divide the
domain in the three regions mentioned above: the wall region, the core region, and an
intermediate region that lies between the two former regions. Based on Figures 4.9 and
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4.10, the size of the wall regions is set to three particle diameters from the wall. This is
done since wall effects are most pronounced in this region and to ensure that wall effects
have minimal effect on the PPDFs of the other two regions. The core region is defined by
the plug flow behavior observed in the velocity profiles. The edge of the core region is
defined by the position, z.,,., at which the absolute value of the wall-normal derivative
of the plane-averaged streamwise velocity drops below 0.04. This position differs for each
case and is therefore determined for all cases separately. An example of the determination
of the regions is shown in Appendix 4.A for the case with ¢, = 0.4 and p, = 0. The PPDFs
of the suspensions are calculated for each region separately, where the PPDF for the wall
region has been computed for the reference particle located between 1.25 < z/d < 1.75,
approximately corresponding to the second particle layer from the wall. Due to mirror
symmetry in the horizontal mid-plane of the channel, the intermediate and wall region
PPDFs are mirrored and averaged over the corresponding regions.

The PPDFs for the case with ¢, = 0.4 and . = 0 are shown in Figure 4.11, where the red
color denotes a higher probability of finding a particle at this position, while the blue color
denotes a lower probability relative to a statistically homogeneous particle distribution.
Note that the colorbar is split at a value of 1, where the parts above and below both scale
linearly but with different factors. The pixelated appearance of the figures stems from the
voxel resolution used in combination with the finite number of statistically independent
samples.

The PPDF of the wall region nicely illustrates what we observed in the concentration
profiles of Figure 4.9. By choosing the position of the reference particle in the second layer
from the wall, we obtain a clear streak of higher probability at z/d ~ -1 corresponding to
the layer of particles aligned along the wall. For positive z/d we do not observe layering
anymore, as expected from the concentration profile for this case in Figure 4.9a, but we find
a higher probability in the compressional quadrant of the flow similar to the intermediate
region in Figure 4.11b. The intermediate region shows clear depletion zones along the
extensional axis of the flow around the particle, similar to what is observed from PPDFs
for simple homogeneous shear flow [46, 13]. Additionally, a lighter streak is visible at a
radial position of r/d ~ 2 that indicates interactions between multiple particles. This streak
is stronger for positive z-coordinates in this figure meaning positions closer to the core of
the channel where the suspension is more dense. The PPDF of the core region in Figure
4.11c shows high probability zones close to the particle in both the streamwise direction
and the wall-normal direction, indicating that contact occurs mostly in these directions.
Furthermore, the locally higher probability at r/d = 2 extends around the entire particle
in this region, consistent with the nearly homogeneous concentration in the central plug
region.

A convenient way to compare the shear-plane PPDFs of different cases is to radially av-
erage the PPDF over a thin shell between 1 < r/d < 1.05 around the particle as a function
of the azimuthal position of the radius vector. This is shown in Figure 4.12 for all three
regions along the surface of the particle in the shear plane. The cases with ¢;, = 0.6 are
omitted due to strong wall and initial condition effects, as mentioned before. From the
results for the wall region, depicted in Figure 4.12a, it is clear that particle layering be-
comes stronger with increasing bulk volume fraction, which can be seen by the higher
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Figure 4.11: Steady-state Particle Pair Distribution Functions (PPDFs) depicted for the shear plane for ¢, = 0.4
and y, = 0, shown for the wall (a), intermediate (b) and core region (c). The black circle in the center marks the
reference particle. The white area around this marks the excluded volume where no other particle centroids are
found as particles do not overlap. For the wall region PPDF, z/d = —1.25 marks the location of the wall when the
reference particle is located at a distance of 1.25d from the wall, therefore z/d < -1.25 is colored blue.

peaks at 0 = 0, 7, and 27. It seems that the layering starts to become more prominent for
¢p > 0.4, as the results for lower volume fractions show similar behavior. For the cases
with ¢, = 0.5, the frictionless case has higher peaks, indicating stronger layering when fric-
tion is absent. Common for all cases is a depletion zone around 6 = 37/4, which coincides
with the extensional quadrant of the flow. If we look at the intermediate region, depicted
in Figure 4.12b, the first thing that stands out, is that most lines coincide at 6 = 37/4 and
0 = 7n/4. This marks the edge of the depletion zones in the extensional direction of the
shear flow, which is very similar to results obtained for simple shear flow [13]. In the
depletion zones it can be seen that increasing bulk volume fraction results in a less low
probability. Furthermore, the increase in peak height at 8 = 0, 7, and 27 with bulk volume
fraction shows that there is more alignment of particles in the streamwise direction with
increasing volume fraction. The effect of friction is not very pronounced in this region,
although a slight difference in peak height can be observed, indicating that the friction-
less cases exhibit a somewhat stronger alignment in layers. Moving on to the core region,
shown in Figure 4.12c, we can see a different structure emerging. The depletion zones are
absent, and there is a strong increase in peak height for increasing volume fraction. The
absence of depletion zones can be explained by the plug flow behavior that we observed
in the velocity profiles, corresponding to a zero mean shear rate in the core. This results
in the collective movement of particles with the mean flow, instead of particles moving
past each other in layers with different velocities. The higher peaks at § = 0, z, and 27
with increasing bulk volume fraction show that there is stronger alignment of particles
in the streamwise direction. There seems to be no difference with regard to friction, indi-
cating that the microstructure is similar in the core region of the flow for frictionless and
frictional cases.

From the mean concentration profiles and the suspension microstructure, it becomes evi-
dent that the suspensions are not uniformly distributed. This inhomogeneity complicates
the calculation of the rheology of the suspensions, because the rheology is dependent on
the volume fraction, which changes throughout the channel. Therefore, we study the local
rheology of the suspensions in relation to the local volume fraction. To calculate the local
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Figure 4.12: Steady-state Particle Pair Distribution Functions (PPDFs) in the shear plane, averaged over a thin
shell around the reference particle (1 < r/d < 1.05), shown for all cases in the wall (a), intermediate (b), and core
(c) regions.

rheology, the stresses as a function of the wall-normal coordinate are required. For the
Stokes flow regime, the stress balance for the streamwise direction can be written as (see,

e.g., [10]):

AT P ( )ape 4.26
Rey(d/2H) 0z +<0'p,12)— Z= Zcore ay’ (4.26)

where the left-hand side is the total shear stress, {o7,), consisting of the viscous and the
particle shear stress, respectively, and v,, = (v¢)+(v,) is the mean mixture velocity of the
suspension. The different stress contributions in this equation are shown in Figure 4.13a
as a function of z/d for the case with ¢, = 0.4 and p. = 0, where the stress is normalized
using the viscous wall shear stress for single-phase Poiseuille flow (1, 7,,). The total stress
coincides with the expected stress determined from the pressure gradient in almost the
entire channel, with small deviations close to the wall related to a bias in the reconstruc-
tion of the particle stress in a strongly heterogeneous flow, as discussed in Section 4.2.3.
The particle stress (oy,12) has the largest contribution to the total shear stress in this case,
in particular in the core region where the particle concentration is highest. As in our
previous study on simple shear flows [13], the particle stress can be decomposed into a

. . . hyd . . .
hydrodynamic contribution, (crp,)fz ), and a contact contribution, (oﬁ"’{ét), which are shown

by the dashed and dotted line, respectively. Here the lubrication force corrections, dis-
cussed in Section 4.2.1, are included in the hydrodynamic contribution of the stress. The
hydrodynamic contribution dominates over the contact contribution in the wall region,
while the opposite is true for the dense core region where the contact contribution is high-
est. Contrary to the findings of Yeo and Maxey [37] for frictionless particles, we do neither
observe a transition from positive to negative particle shear stress in the core region below
the channel centerline nor an accompanying sign change in the hydrodynamic contribu-
tion; the particle shear stress only changes sign at the channel centerline. The reason for
the different findings of Yeo and Maxey [37] for the particle shear stress remains puzzling.

The frictional case with ¢, = 0.4 and . = 0.5 is shown in Figure 4.13b. The shear stress
shows a small increase in the presence of particle friction for this case. This increase is
caused by the increase of the contact contribution of the particle stress, which is still more
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or less uniform in the intermediate flow region but has a larger magnitude compared to
the case without friction. Looking at the stress balance for the other cases (not shown),
we observe a larger magnitude of the total shear stress for higher bulk volume fraction,
resulting from a larger contribution of the particle stress component and with a stronger
effect in the cases with friction resulting from an increase in the contact contribution.
These stress profiles show good qualitative agreement with the results of Orsi [29] for
frictional bidisperse suspensions.
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Figure 4.13: Steady-state mean superficial shear stress m as a function of the wall-normal coordinate for
¢p = 0.4 with p, = 0 (a), and . = 0.5 (b). Different colors indicate the various stress terms, while the dashed
and the dotted line show the hydrodynamic and the contact contribution to the particle stress, respectively. The
dash-dotted line shows the total shear stress distribution expected from the balance with the mean streamwise
pressure gradient, (z - z¢re)9Pe/dY.

From the shear stress balance, we can determine the relative shear viscosity of the suspen-
sions as a function of the wall-normal coordinate. The relative shear viscosity is defined
here as the local total shear stress over the local viscous shear stress according to:

1y, Mol (4.27)

o _r |‘9ﬂ

Rey(d/2H)' oz
For the calculation of the relative viscosity, a region of 2 particle diameters wide is excluded
near the channel walls, which is affected by the nearby presence of the wall. Additionally,
the region where the viscous shear stress becomes close to zero near the centerline is
excluded as well. An example of the relative viscosity calculation is shown in Appendix 4.B
for the case with ¢;, = 0.4 and y, = 0. Knowing the relative shear viscosity and the local solid
fraction as a function of the wall-normal coordinate, we can combine the two to obtain the
relative shear viscosity as a function of the local solid volume fraction. This is shown in
Figure 4.14a. This shows that the cases with different bulk volume concentration exhibit
similar relative viscosity curves if the local volume fraction is considered. The viscosity
diverges at high volume fractions and this divergence occurs at lower local volume fraction
for the cases with solid friction. These results are in line with results for the relative
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viscosity found in literature for simple shear flows [10, 13]. Looking at the range of local
volume fractions observed in each case, we can see a shift to higher local volume fractions
with increasing bulk volume fraction. As discussed in the introduction section, it is well
known from literature that the relative shear viscosity collapses onto a single curve when
the volume fraction is normalized by the maximum flowable packing fraction. To test this
for our data, we fitted the Maron-Pierce correlation [19], Equation (4.5), to all data for
each friction coefficient to determine the maximum flowable packing fraction. From the
results, shown in Figure 4.14b, we observe excellent collapse onto a master curve when
the volume fraction is normalized by ¢,,. The maximum flowable packing fractions are
¢m = 0.69 for the frictionless cases and ¢, = 0.62 for the frictional cases, indicating that
the maximum flowable packing fraction decreases with increasing friction coefficient, as
expected [13]. These results are in line with results from literature and show that the local
relative viscosity in the intermediate regions (i.e., between the core and walls) of pressure-
driven channel flow behaves similar to the relative viscosity behavior observed in simple
shear flow [13].
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Figure 4.14: Local relative shear viscosity as a function of the local volume fraction (a) and as a function of
the local volume fraction normalized by the maximum flowable packing fraction (b). The maximum packing
fraction is determined by fitting the Maron-Pierce correlation [19] given by Equation (4.5) to all data with the
same Coulomb friction coefficient.

To investigate the divergence of the relative viscosity at large concentration and the effect
of friction more closely, the contributions to the total shear stress are separated in the
calculation of the viscosity. This results in a hydrodynamic (i.e., the contributions from
the viscous stress and the hydrodynamic part of the particle stress) and contact contribu-
tion, which are shown in Figure 4.15. The hydrodynamic part coincides for all cases as a
function of the local volume fraction as shown in Figure 4.15a, whereas the contact part
falls onto two different branches corresponding to the two different values of the solid fric-
tion coefficient. When the local volume fraction is normalized by ¢,,, as done in Figure
4.15b, the hydrodynamic part shows a poorer collapse while the contact part shifts toward
a single curve. This shows that the hydrodynamic part scales with the local volume frac-
tion itself, irrespective of the solid friction, whereas the contact part scales with the local
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volume fraction normalized with ¢, and is strongly affected by solid friction. From this
figure, it is also clear that the contacts start to dominate the rheology at a volume fraction
of ¢/@p, = 0.7, which is in line with previous observations for simple shear flow [13].
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Figure 4.15: Decomposition of the local relative shear viscosity into a hydrodynamic and a contact contribution
as a function of the local volume fraction (a) and of the local volume fraction normalized by the maximum
flowable packing fraction (b).

To obtain more insight in the suspension rheology, we also studied the normal stresses
and in particular the wall-normal stress. The stress balance for the wall-normal direction
is written as:

—@ +(0p,22) = const, (4.28)

where the left-hand side represents the total normal stress, (o95). The fluid pressure is

defined relative to the average wall pressure in the simulations, hence (p) = 0 at the walls,
and the constant in Equation (4.28) is thus equal to the wall-normal particle stress at the
walls. Figure 4.16 shows the pressure and the wall-normal particle stress for the cases
with ¢;, = 0.4. Here we observe that the total normal stress is constant in the center of the
channel, as expected, while oscillations are visible near the walls related to the bias in the
reconstruction of the particle stress mentioned before. A more accurate determination of
the particle stress at the wall, based on the average particle/wall contact force per unit
area, is shown by the black dash-dotted line and shows perfect agreement with the value
of the wall-normal stress in the core. The total normal stress is dominated by the contri-
bution from the normal particle stress, while the contribution from the fluid pressure is
comparatively smaller in magnitude and has the opposite sign. The decomposition of the
particle stress shows that the contact contribution is dominant, while the hydrodynamic
part has the opposite sign and is of the same order as the fluid pressure. The magnitude of
the total wall-normal stress increases in the presence of solid friction, as shown in Figure
4.16b. This increase is mostly accounted for by an increase in the contact contribution
to the particle stress, as observed before for the increase in the total shear stress in the
presence of solid friction. Looking at all the cases (not shown), we observe that the mag-
nitude of the wall-normal stress increases with increasing volume fraction and the effect
of friction is present for all volume fractions considered here.
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Figure 4.16: Steady-state mean superficial wall-normal stress (0, 5,) as a function of the wall-normal coordinate
for ¢}, = 0.4 with p, = 0 (a), and y, = 0.5 (b). Different colors indicate the various stress terms, while the dashed
and the dotted lines show the hydrodynamic and the contact contribution to the particle stress, respectively. The
black dash-dotted line is the wall-normal stress computed from the average particle/wall contact force per unit

wall area.

The anisotropy of the microstructure of the suspension induces anisotropy in the normal
particle stresses [10], a feature of non-Newtonian behavior. The local normal particle
stresses normalized by the local total shear stress are shown in Figure 4.17 for all three
directions. Correlations introduced by Badia et al. [47] are fitted to the data and are given

by:
(op.11) ( é >a2
— =a | > (4.29a)
o\ fm .
(0p22)  (op11) é ( é )2
— = bi+by—+bs| —| |, (4.29Db)
|<012>| |<U12>| ' 2¢m ’ ¢m
(0p33)  (op11) é ( é )‘*
— = ——|ate_—+o|—] | (4.29¢)
o) ool \ " % 0m 2\ 4 ¢

Here a;, b;, and c; are the fitting coefficients for which the values are shown in Table
4.4. The values for ¢,, are based on the fit of the Maron-Pierce correlation shown in
Figure 4.14b. The correlations are fitted to the data for y, = 0 and g, = 0.5, which are
shown in Figure 4.17 as the dashed and solid black lines, respectively. These fits show a
good description of the data with some deviations at high volume fractions. However, the
distinction between the two solid friction coefficients is captured well. Figure 4.17d shows
the ratios of the normal stress components, A; = (0,,22)/{(0,11) and A3 = (0},33)/{0p 11)-
These ratios show little dependence on the friction coefficient and more or less collapse
to a single curve. Both A, and A3 increase with increasing volume fraction, with A, being
consistently larger than Aj.
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Figure 4.17: Normal particle stresses (o, ;;) as a function of the normalized local solid volume fraction in the
streamwise (a), wall-normal (b), and spanwise (c) directions, as well as the ratios A, and A3 (d). Lines indicates
fits of Equation (4.29) to the data with p. = 0 (dashed) and with p. = 0.5 (solid).

From the normal stresses, the normal stress differences can be determined. These are
defined as:

Ny =(0p11) = {0p22), (4.30a)

Nz =(0p,22) —{0p33)- (4.30b)

Figure 4.18 shows the local normal stress differences normalized by the local shear stress
as a function of the normalized volume fraction. The data fall on two separate master
curves for the two solid friction coefficients. For the first normal stress difference, shown
in Figure 4.18a, we observe slightly negative values with an increase at high volume frac-
tion going to positive values. This behavior was also observed for simple shear flow [13],
which is shown as the colored dashed lines. The blue dashed line corresponds to simple
shear flow of frictionless particles [13] and matches very well with our data. The same
holds for the frictional case shown by the red dashed line, even though the friction coef-
ficient is slightly different in those simulations with . = 0.39. From the correlations in
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Table 4.4: Fitting coefficients for the correlations describing the normal stresses as defined in Equation (4.29)
compared to the coefficients found in previous work on simple shear flows by Peerbooms et al. [13] and by
Badia et al. [47].

DNS Peerbooms et al. [13] Badia et al. [47]
He=0 pe =05 pHe=0 He=02 | p.=0.39
ai -2.9046 | -2.6033 | -2.3022 | -2.3305 | -2.3648 -2.4247
as 3.8209 3.7262 2.7915 2.9724 3.0688 4.1280
by 5.6457 0.8698 0.9717 0.5938 0.3792 2.1446
by | -15.4846 | -0.6578 | -2.0377 | -0.2760 0.4415 -2.7234
bs 12.0409 0.9583 2.5687 0.9074 0.3524 1.5759
1 2.0493 | -0.1410 0.5895 0.4977 0.3361 0.3750
Cy -3.4621 0.6552 | -0.5932 | -0.3755 | -0.0983 0.0366
c3 3.5545 0.5564 1.8373 1.2661 1.0189 0.4846

Equation (4.29), we can also compute the normal stress differences, shown here by the
dashed and solid black lines for frictionless and frictional cases, respectively. These show
a somewhat less accurate match with the data compared to the data from simple shear
flow, especially for the case without friction. Looking at the second normal stress differ-
ence, shown in Figure 4.18b, the distinction between the two friction coefficients is very
clear. N, is negative with increasing magnitude for increasing volume fraction. The nor-
mal stress differences computed from the fits of Equation (4.29) show very good agreement

with the data, showing that the correlations for (o, 25) and (o), 33) are accurate. The lines
describing the simple shear flow [13] show good agreement for low volume fractions but
show a stronger upswing close to the maximum packing fraction. The dash-dotted line
shows a correlation by Badia et al. [47] that was fitted to data compiled from a number
of literature sources [7, 48, 49], which matches the general behavior of our data for both
normal stress differences quite well.

As discussed in the introduction section, an alternative method to describe the rheology
of suspensions was introduced by Boyer et al. [20], in which the so-called viscous number
is used as a governing parameter to describe the rheology. We can apply this frictional
description of the rheology to pressure-driven channel flow in a similar way as we did for
the relative viscosity, by looking at the local values. The viscous number is defined as the
local viscous shear stress over the local wall-normal particle stress according to:

1 |aC;§|
Rey(d/2H)' 9z

I, = —
—<0p22>

(4.31)

In this approach, a macroscopic friction coefficient y is used instead of the shear viscosity
of the suspensions. This friction coefficient is defined as the local total shear stress over
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Figure 4.18: First (a) and second (b) normal stress difference as a function of the normalized local solid volume
fraction. Black dashed and solid lines show normal stress differences based on fits of Equation (4.29), colored
dashed lines are results from Peerbooms et al. [13] for simple shear flow, and the dash-dotted line shows a
correlation from Badia et al. [47].

the local wall-normal particle stress according to:

1 |¢9<Vm>
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(4.32)

For the evaluation of the u(I,) rheology, a region near the walls of 2 particle diameters
wide is excluded to eliminate wall effects, as we also did before for the evaluation of the
relative suspension viscosity. Contrary to the calculation of the relative viscosity, the
core of the channel is included for the frictional rheology description because the normal
particle stress remains finite (nonzero) throughout the domain.

The macroscopic friction coeflicient as a function of the viscous number is shown in Figure
4.19a. This shows that each case describes a viscous number range that shifts toward lower
I, with increasing volume fraction. With this shifting range, the data of the different
simulation cases collectively describe a curve similar to the models proposed in literature
[20, 7, 40], shown by the black lines. However, there is a deviation from the models at
low viscous number for all the cases, corresponding to the core region. For small I, 1 <
11 = 0.3 and the macroscopic friction coefficient is thus lower than the minimum value
found for simple shear flows, which is referred to as “subyielding” by Gillissen and Ness
[28]. Subyielding starts at lower I, for higher ¢, and higher ., related to a stronger
wall-normal particle stress and hence lower I, at the edges of the core region where the
homogeneous shear flow rheology based on the mean shear rate breaks down. The model
fitted in our previous work to DNS data for simple shear flow [13], shown by the colored
dashed lines, shows a better agreement for high viscous numbers, but follows the same
trend as the other models from literature. The colored solid lines show the result from a
modified model, which will be discussed later.
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Figure 4.19b depicts the normalized local volume fraction as a function of the viscous
number. Over the entire range of viscous numbers, the data show a behavior similar to
the models in literature [20, 7, 40], with a collapse of the data for high viscous numbers.
However, the deviation of our data from the model predictions is also evident here for
low viscous number. For the case with ¢, = 0.5 and yi, = 0.5, ¢/, = 1.027 > 1 for small
L,, thus indicating the presence of “overcompaction” [28] in the core. For the other cases
shown in Figure 4.19b, the maximum concentration is lower than ¢,,. This indicates that
for lower ¢;, and/or lower p, shear migration is not strong enough to cause jamming
of the suspension flow in the core, contrary to the jamming prediction of the Suspension
Balance Model as discussed in the introduction. The modified frictional rheology model of
Lecampion and Garagash [27], given by Equations (4.9a) and (4.9b), allows for subyielding
and overcompaction, but suffers from the problem that it always results in overcompaction
in the core region, irrespective of the values for the bulk volume fraction and Coulomb
friction coefficient (see, e.g., Fig. 6b in their manuscript).

The scatter at low viscous number in Figures 4.19a and 4.19b, is caused by the dense par-
ticle plug in the center of the channel that has developed due to shear-induced particle
migration, with a maximum local volume fraction that does not scale with the maximum
flowable packing fraction. Inside this plug, the mean shear rate approaches zero at the
centerline, decoupling the behavior in the plug from the maximum flowable packing frac-
tion ¢, that is used to scale the rheology in the model of Boyer et al. [20]. To possibly
improve the extension of the homogeneous frictional rheology model to pressure-driven
channel flow with heterogeneous shear, we first need to know the cause of the deviation
of our data from existing homogeneous shear rheology models. Therefore, similar to the
decomposition of the relative shear viscosity shown in Figure 4.15, we decomposed the
macroscopic friction coefficient into the hydrodynamic part, i, and the contact part, y°,
which are shown in Figures 4.19c and 4.19d, respectively. The hydrodynamic contribu-
tion shows a very good collapse of the data down to low viscous numbers, where there
is a larger spread on the data, but no clear consistent deviation from the existing models;
the presence of two different branches in our data points for small I, is related to a small
asymmetry and slight lack of statistical convergence of the flow in the core region. It
appears that our data for the hydrodynamic part can be well described by the model of
Gallier et al. [7] given by Equation (4.8). The value of ¢, used in this model, is based on
the Maron-Pierce fit to the relative shear viscosity shown in Figure 4.14b. The fits to the
model of Gallier et al. [7] are shown in Figure 4.19¢c by the dashed and solid black lines
(without markers) for yi, = 0 and g, = 0.5, respectively, and show a good description of the
data. The model coefficients are shown in Table 4.5.

Looking at the contact contribution in Figure 4.19d, it immediately becomes clear that the
deviation from the homogeneous shear rheology at low I, is caused by a strong decrease in
1€, Where the contact contribution in simple (homogeneous) shear flow reaches a constant
plateau value at low viscous number, which is described in existing models by means of a
normalized yield stress py, this plateau is not visible in our data. The easiest modification
we can make, is to eliminate the lower plateau from the homogeneous shear rheology
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model of Boyer et al. [20] leading to:

P
c )

o i, (4:33)
where the superscript p denotes pressure-driven flow. Fitting this equation to the different
simulation cases gives a reasonable description of the data that accounts for the decrease
at low I, and is shown by the colored solid lines in Figure 4.19d. Equation (4.33) captures
the behavior of y well for low I, and reasonably well for the intermediate I,, range where
the transition occurs toward subyielding. The values of the model coefficients, pg and Ié7 ,
are given in Table 4.5. Together with the model of Gallier et al. [7] for the hydrodynamic
part, our modified model for the contact contribution is able to describe the macroscopic
friction coefficient as a function of the viscous number across the entire channel, as shown
by the colored solid lines in Figure 4.19a, including subyielding in the core region:

i

= —=— I, +[n]d, I " 434
1+I(‘;)/Iv v ’7¢mv ( )

JT;

Our model predicts that subyielding sets in below a critical viscous number given by:

IP
Igub ~ 0 ,
(W5 14t - 1)

where /1{1 denotes the limiting value of y for small I, in the case of homogeneous shear
flow and where we assumed that the hydrodynamic contribution is negligible for small

(4.35)

I,. Furthermore, for Iv/IéD « 1, subyielding is characterized by an approximately linear
relationship for the macroscopic friction coefficient given by:

p
p==I, (4.36)
I
The fitting parameters Ié’ and ,ng vary with the bulk solid volume fraction and the solid

friction coefficient. Figure 4.20a shows that I(‘f can be described by an exponential decay
as a function of ¢,/ ¢, with a collapse of all cases:

Iéﬂ = ae P/ Pm) (4.37)

with a = 4.62-10% and b = 20.1 coefficients obtained from a least-squares fit to the data.
Figure 4.20b shows that ,15 decreases linearly with the bulk solid volume fraction:

b = agy+ b, (4.38)

with a = -4.53 and b = 2.93 coefficients obtained from a least-squares fit to the data. Inter-
estingly, we can also describe the centerline value of the solid volume fraction by a linear
relation with the bulk solid volume fraction, as shown in Figure 4.20c. A least-squares fit
to the data yields:

$p=ady+Db, (4.39)
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Figure 4.19: Local frictional rheology as a function of the viscous number I,.. (a) Macroscopic friction coefficient
1. (b) Normalized solid volume fraction ¢/¢,,. (c) Hydrodynamic contribution to the macroscopic friction coeffi-
cient, ph, and (d) contact contribution to the macroscopic friction coefficient, °. Lines show model descriptions
as specified in the legends of the figures.
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Figure 4.20: Scaling of the fitting parameters, (a) I’ and (b) 15 for the modified frictional rheology model and (c)
the peak solid volume fraction in the core, ¢,.
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Table 4.5: Fitting coefficients for the frictional rheology model for pressure-driven channel flow compared to the
coefficients for simple shear flow from previous work [13] and literature [20, 7, 40].

DNS Peerbooms et al. [13]
He = He =105 He=0 | p.=02 1| p.=0.39
¢y | 04 0.5 03 | 04 | 05
Om 0.69 0.625 0.72 0.69 0.67
n 0.272 0.209 0.366 0.342 0.331
(7] 4.27 3.91 3.53 3.27 3.07
I 0 0 0 0 0 0.2 0.3 0.36
Ho 1.112 0.711 1.598 1.078 0.648 0.71 0.88 1.04
Iy 0.0526 | 0.0032 | 0.262 | 0.0154 | 2.5e-4 | 0.0194 | 0.0368 0.0584
Boyer et al. [20] | Gallier et al. [7] | Chévremont et al. [40]
o))
P 0.585 0.64 F(ue)
n 0.5 0.4 0.5
(1] 2.5 2.4 2.5
1 0.32 0.32 0.36
1 0.7 0.7 0.7
Iy 0.005 0.005 0.0133

where a = 0.87 and b = 0.21 coefficients obtained from a least-squares fit to the data. Instead
of using the bulk volume fraction, we can therefore use Equation (4.39) to express Ié) asa

function of ¢,/¢,, and ¢, and /1’20 as a function of ¢,

To complete the description of the frictional rheology for pressure-driven channel flow,
a relation between the volume fraction and the viscous number is needed. The existing
models from literature based on Equation (4.6), with ¢,, obtained from fitting the Maron-
Pierce correlation to the relative shear viscosity data, do not satisfy our data due to the
deviation at low I, as is clear from Figure 4.19b. Inside the central plug region the local
volume fraction is independent of I, and given by Equation (4.39), while outside the central
plug region the model of Boyer et al. [20] for homogeneous shear flow, Equation (4.6),
provides a good description of the data. Because the transition to the plateau value is
smooth and occurs at different I, and ¢ for each simulated case, it is not straightforward to
accurately define the edge of the plug from Figure 4.19b. Instead, we turn to the suspension
behavior itself to define this transition.

Inside the central plug region, the mean shear rate goes to zero when approaching the
centerline, while shear stress fluctuations remain present. This motivates to introduce an
‘rms shear’ viscous number, ©,,, based on the rms of the fluctuating viscous shear stress
with the rms shear rate estimated from the ratio of the square root of the so-called gran-
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ular temperature, ,/T,, and the particle diameter, d; this proxy is similar to the ‘granular
fluidity parameter’ in the study by Zhang and Kamrin [50]. In non-dimensional form, ©,,
is given by:

o JTe/(Rey(d/2H))

v

(4.40a)

—(O'p,22>

where it is noted that /T, is normalized with v, and 0}, 5 is normalized with p vi. The
granular temperature is a measure for the kinetic energy per unit mass of the fluctuating
particle motions and defined as:

T, = O-S(uj%,rms + Vj%,rms + Wj%,rmsl (4.40Db)

where ujz,)rms = {((up - (up)P)Z)P is the variance of the particle velocity in the x direction,
and Vf),rms and Wjir ms are the variances in, respectively, the y and the z direction and de-
fined in a similar way. In Figure 4.21a, the ‘rms shear’ viscous number (0,) is plotted as
a function of the ‘mean shear’ viscous number (I,). For sufficiently high I, ®,, increases
nearly linearly with I, related to stronger particle velocity fluctuations for higher mean
shear rate, and is independent of the Coulomb friction coefficient. For small I, corre-
sponding to the central core region, ®, is constant in I,,, with the constant being smaller
for higher ¢, and higher .. The plateau value is plotted in Figure 4.21b and appears to
decay exponentially as a function of ¢/¢,,. Based on Figures 20a and 20b, we model 9,
according to:

0.30(1;)*8  for I,<I

= s 441a
Vo l030(1,)°%  for I,=1I (4.41a)

where I, is the value of I, at which ©,, undergoes a transition from a constant value to a
power-law function in I,. I is given by:

()

-13.
I, =480.6e  m. (4.41b)

Interestingly, I(;) in the frictional rheology model appears closely related to I, according
to:
¥ = 0.44(I;)15. (4.42)

Figure 4.22a confirms this correlation, except for the case with ¢, = 0.5 and p, = 0.5, which
clearly deviates from the trend. In Figure 4.22b, I}, and I34b from Equation (4.35) are de-
picted as a function of ¢p/¢,,. Both I, and IS*? show the same decaying trend for increas-
ing bulk concentration. I is roughly a factor 15 larger than 134 for ¢p = 0.2 - 0.4, while
at ¢p = 0.5 and p. = 0.5 they collapse. It is not clear what causes the deviation for the
case with ¢, = 0.5 and . = 0.5 in Figures 4.22a and 4.22b, but it might be related to the
overcompaction that is observed only for this particular case.

In Figure 4.23, the normalized local mean volume fraction, ¢/¢,,, is plotted as a function of
0,,. Outside the central core region, the data collapse onto a single curve, as expected since
both $/¢,,, and @, scale with I, here. However, in the central core region, corresponding
to the low I, range in each dataset, the data do clearly not collapse.
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Figure 4.22: (a) I(‘)D as a function of I, and (b) I; and I{*" as a function of ¢;/¢,,. Note that I, and I;“® coincide for
the case with ¢}, = 0.5 and p, = 0.5.

Interestingly, we found that the data for the local mean volume fraction can be collapsed
by introducing a modified maximum flowable packing fraction given by:

0,\? 0,\?
son=tu(=(3:) ool

where ©,/I, is a proxy for the ratio of the rms to the mean shear rate and where q is an
adjustable parameter. In Figure 4.24, ¢/ $mp is plotted as a function I, for g = -0.3. We
find that this value for g yields the best collapse of the data onto a single curve given by
Equation (4.6) with ¢, replaced by ¢,

(4.43)

(4.44)
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Figure 4.23: Local mean volume fraction normalized with the maximum flowable packing fraction, ¢/¢,,, as a
function of the ‘rms shear’ viscous number, ©,,.

Based on the parameterization of ©, as a function of I,, Equation (4.43) for ¢,,,, can be

12 T T T

Figure 4.24: Local mean volume fraction normalized with the modified maximum flowable packing fraction,
B/ Pmp, as a function of the ‘mean shear’ viscous number, I,..

rewritten according to:

Bp-144(dp - $u)TPOPEP for s
= v T (4.45)
" S+ (B~ ) [1-1.44100%5) for =1

In the limit of I,/I,” — 0, ¢y — ¢,. For L,/I," = 1 and I, = 1, $pyp = ¢, when ¢y, = 0.55
for u, = 0 and when ¢}, ~ 0.48 for p, = 0.5. It thus appears that I, = I, marks the transition
between the central core region with low mean shear and possible overcompaction (such
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as for the case with ¢, = 0.5 and p, = 0.5), and the ‘flowable’ region in which the rheology
is similar to the rheology for homogeneous shear flows.

4.4 Conclusions

We have presented results from particle-resolved DNS of dense frictionless and frictional

suspensions of non-colloidal, monodisperse and neutrally buoyant spheres in viscous pressure-

driven channel flow. The channel height was equal to 20 particle diameters. The bulk solid
volume fraction was varied in the range of ¢, = 0.2-0.6 and two different Coulomb friction
coefficients were considered, y. = 0 and 0.5. In our study, we focused on the influence of
¢p and . on the flow development and on heterogeneous shear effects on the steady-state
rheology. Our main findings are summarized below.

Starting from an initially homogeneous particle distribution and the pure fluid flow veloc-
ity profile, the particle phase showed shear-induced migration toward the core till equi-
librium was reached with a concentration peak at the channel centerline and a blunted
mean velocity profile. From the concentration profile, the flow development time, .,
was determined by introducing an evolution parameter and fitting an exponentially de-
caying function in time to the data in a similar manner as in Hampton et al. [30]. The
development time scales with H®/(v;(d/2)?) and decays exponentially with increasing
bulk concentration normalized with a friction-dependent reference concentration, ¢,/®g,
where ®p ~ 0.165 for p, = 0 and ®g ~ 0.127 for p, = 0.5. The reference concentration is
interpreted as the bulk concentration beyond which particle contacts are responsible for
a rapid increase in the wall-normal particle stress with increasing ¢, resulting in faster
shear-induced migration.

At statistically steady state, three distinct regions can be distinguished in the flow: a
wall-affected region with a thickness of 2 - 3 particle diameters and characterized by pro-
nounced particle layering induced by the wall flatness, a dense plug (low-shear) flow re-
gion in the core, and an intermediate shear region in which the mean velocity and con-
centration are gradually increasing from the wall toward the core region. For the highest
investigated bulk concentration (¢, = 0.6), wall-induced layering extended throughout the
entire domain, and hence these cases were ignored in the analysis of the suspension rhe-
ology. Furthermore, for the lowest investigated bulk concentrations (¢, = 0.2 & ¢}, = 0.3
with p, = 0), the flow development time was too long and the simulations had to be stopped
before statistical equilibrium was reached. Hence, the steady-state rheology analysis was
based only on bulk concentrations in the range of ¢;, = 0.3-0.5.

Based on the Particle Pair Distribution Function (PPDF), the suspension microstructure in
the intermediate region was found to be similar to the PPDFs found for simple (homoge-
neous) shear flows and characterized by clear depletion zones along the extensional axis of
the flow around the particles. These depletion zones are absent in the microstructure in the
core region, related to the nearly uniform (low-shear) plug flow here. Furthermore, in the
core, the particles preferentially align themselves in the streamwise direction for ¢ = 0.4
without a discernable effect of particle friction, likely related to the collective motion of
the particles.
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We have analyzed the ‘viscous’ rheology for the intermediate region. In this flow region,
the local relative shear viscosity, n/ng, scales well with the local concentration normal-
ized with the maximum flowable packing fraction, ¢/¢,,, similar to the scaling observed
for simple shear flow. Based on fitting the Maron-Pierce correlation to the DNS data, we
obtained ¢,, = 0.69 for p. = 0 and ¢,, ~ 0.62 for y, = 0.5, consistent with the values we pre-
viously found for plane Couette flow [13]. The contribution from particle contacts to the
relative shear viscosity is dominant beyond ¢/¢,, = 0.7. The hydrodynamic contribution
dominates for smaller volume fractions. This contribution actually scales better with ¢
rather than ¢/¢,, over the entire range of volume fractions, and is independent of .

In the intermediate region, the normalized normal stress differences, N; and N, divided
by the local total shear stress, appear to scale fairly well with ¢/¢,,, but remain explic-
itly dependent on y.. The results are generally in good agreement with previous results
obtained for plane Couette flow [13], though a stronger decrease toward more negative
values is observed for high volume fractions in the N, data. We also fitted empirical corre-
lations proposed by Badia et al. [47] to the normal stresses, from which the normal stress
differences can be fairly well estimated, in particular N;. The normal stress anisotropy
coefficients, A, and A3, both scale fairly well with ¢/¢,, and show little dependence on .

We have analyzed the ‘frictional’ rheology for the combination of the intermediate region
and the core region. For the higher viscous number (I,) range, the macroscopic friction
coefficient (i) exhibits similar behavior as in simple shear flow. However, for low I, ‘sub-
yielding’ is present with y decreasing approximately linearly with decreasing I, at fixed
¢p and pi. Similarly, for the higher I, range, ¢/¢,, scales with I, as in simple shear flow,
while for I, — 0 the behavior of ¢/¢,, is different from simple shear flow. In the core
region, we observed ‘overcompaction’ beyond ¢,, for the case with ¢, = 0.5 and y. = 0.5,
while for the other cases at lower ¢;, and/or p. = 0 the maximum core concentration is
lower than ¢,,.

From the decomposition of ;i into a hydrodynamic and a contact contribution, we found
that subyielding at low I, originates from a change in the contact contribution with respect
to simple shear flow. We presented a modified frictional rheology model that accounts for
subyielding in the core region. The macroscopic friction coeflicient y is given by Equation
(4.34). Correlations for the model coefficients, Iéj and p’zo , are given by Equations (4.37)
and (4.38), respectively. The relation between the local solid volume fraction and the vis-
cous number I, is described well by Equation (4.44), where ¢, is the modified maximum
flowable packing fraction defined by Equation (4.43). Based on our results, ¢,,, can be
modelled according to Equation (4.45), combined with Equation (4.39) for the maximum
core packing fraction, ¢,, and Equation (4.41b) for L. This closes our frictional rheol-
ogy model for pressure-driven channel flow. This model is able to capture both possible
overcompaction in the core region as well as maximum core concentrations below the
jamming limit for lower bulk volume fractions.

Compared to frictional rheology models for simple shear flows, key features of the present
model for pressure-driven channel flow are: (1) the absence of a yield stress for I, — 0,
(2) the inclusion of the mean-to-rms shear-rate ratio, I,,/0,, into the model to distinguish
between the low-shear plug flow in the core region and the sheared suspension flow in the
intermediate region. The transition between the two regions is effectively controlled by
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the I," parameter, which represents the value of I,, below which shear-stress fluctuations
become decoupled from the local mean shear rate.

In order to validate our proposed frictional rheology model further, a larger range of the
Coulomb friction coefficient may be investigated. This would improve the accuracy of the
parameterization of the model coefficients. Also, the effects of polydispersity in particle
size and shape would be interesting to examine, to be able to model more realistic suspen-
sions in the future. Furthermore, the influence of the particle-to-channel size ratio should
be explored further. For the steady-state rheology, we do not expect a strong effect of
particle size on the suspension rheology in the intermediate channel region, where the
suspension behavior is similar as in homogeneous shear flows. Particle size is expected
to have an influence though on wall layering and the central core region as well as on the
granular temperature [22].

Finally, it would be interesting to use the modified frictional rheology description to im-
prove the Suspension Balance Model (SBM) discussed in the introduction. To compare
SBM predictions with the DNS results, still a carefully validated constitutive model for
the normal particle stress is required. Our DNS results indicate non-local suspension be-
havior in the channel core, where the wall-normal particle stress remains nonzero while
the ‘mean shear’ viscous number (I,) approaches zero at the centerline as dictated by sta-
tistical flow symmetry. It is precisely for this reason that the classical SBM formulation
predicts a peak volume fraction at the channel centerline equal to the maximum flowable
packing fraction. Interestingly, our results show that the ‘rms shear’ viscous number (©,,)
based on the square root of the granular temperature, does remain nonzero, and we pro-
posed a correlation for the plateau value reached in the central core region, see (4.41a).
Furthermore, outside the central core region, the rms shear viscous number appears fully
correlated with the mean shear viscous number through a power-law relation. These find-
ings support the suggestion of Nott and Brady [22] to base the constitutive relation for the
wall-normal particle stress on the fluctuating shear rate, \/Tg/ d, instead of the mean shear
rate, |0v,,/0z|, or, alternatively, as a function of both. This requires the extension of the
SBM with an additional energy equation for the granular temperature. This approach has
been shown already to overcome the problem of the classical SBM with the packing frac-
tion at the channel centerline [22]. It is left for future study to explore such constitutive
modeling and validation of the SBM in more detail.
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Appendix

4.A Example of determination of different flow regions
for calculation of the PPDFs

Figure 4.25 shows the determination of the different flow regions in the domain for the
calculation of the PPDF for the case with ¢, = 0.4 and p, = 0. Figure 4.25a shows the
mean intrinsic fluid velocity and its wall-normal derivative. The edge of the core region
is defined as the location where |8((Vf)f /vp)/d(z/d)| drops below 0.04. In Figure 4.25b,
this region is displayed on the concentration profile, together with the edge of the wall
region at three particle diameters from the wall. The intermediate region is defined by
3<z/d < zeopeld.
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Figure 4.25: Determination of the different flow regions in the domain for calculation of PPDFs for the case with
¢p = 0.4 and p, = 0. (a) The mean intrinsic fluid velocity and its wall-normal derivative used to determine the
extent of the core region. (b) The mean solid volume concentration as a function of the wall-normal coordinate
with the vertical lines delineating the boundaries of the different flow regions.

4.B Example of local relative viscosity calculation

For the case with ¢, = 0.4 and p, = 0, Figure 4.26 shows the relative shear viscosity as a
function of the wall-normal coordinate for the region considered for the calculation (a)
and the corresponding concentration profile in blue with a smoothed profile shown in red
(b). The smoothing of the concentration profile is done using a moving average with a
width of one particle diameter. This smoothing is also used for the stress profiles in the
analysis of the frictional rheology. The region that is excluded near the wall, is 2 particle
diameters wide to avoid contamination of the results by wall layering effects. The width
of the excluded region in the center of the channel is determined by the local value of
the viscous shear stress. The viscous shear stress goes through zero in the center of the
channel, causing a singularity in the relative viscosity as can be seen from Equation (4.27).
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To avoid this we have chosen to exclude the region where the viscous shear stress drops

below a value of [(oy;sc12)|/M0 Yo < 9€7°.
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Figure 4.26: Relative shear viscosity as a function of the wall-normal coordinate for the case with ¢, = 0.4 and
e =0, shown for the regions that are included in the calculation (a), and the corresponding concentration profile

in blue with a smoothed profile in red for the included regions (b). Smoothing of the concentration profile is
done using a moving average with a width of one particle diameter.
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Printability of dense suspensions in Liquid
Deposition Modelling

The research outlined in this dissertation was conducted with the goal of improving the un-
derstanding of the suspension rheology for the purpose of 3D-printing. The previous chapters
show that the rheology of suspensions is complex and many parameters affect the rheology.
We focussed completely on the flow inside the printer; however, this is only one part of the
process in 3D-printing. The deposition of the materials in complex shapes consisting of multi-
ple layers also puts requirements on the rheology of the materials. In this chapter, we give an
overview of the important properties and parameters that need to be considered when looking
at the printability of dense suspensions and take a look at methods and models that have been
proposed in literature. We evaluate how the outcome of our research can be implemented in
these models for the benefit of 3D-printing of dense suspensions for energetic materials. Addi-
tionally, we will describe what steps need to be taken to use the results in everyday practice.
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5 Printability of dense suspensions in Liquid Deposition Modelling

The printer that is developed and used at TNO (Netherlands Organization for Applied Sci-
entific Research) to print energetic materials using an extrusion based technique is shown
in Figure 5.1. The printer is equipped with two pistons that can push a syringe loaded with
the printing suspension. Around the exit of the nozzle, a circular UV-light is placed for di-
rect curing of the extruded material. In the picture, a co-extrusion die is installed, however,
the two pistons can also be used side-by-side and equipped with a standard nozzle. The
printing method that is employed in this printer can be best described by UV-assisted Liq-
uid Deposition Modelling (UV-LDM)[1]. Standard LDM, without UV-curing, relies heavily
on the rheology of the printing liquid. Considering dense suspensions used as the printing
liquid, the printability is governed by a number of rheological factors [2, 3]:

Yield stress: a sufficient yield stress is desired to maintain the shape of the filament
after deposition, while for some printing methods the yield stress is also necessary
to stop outflow at the nozzle when printing is stopped.

Shear-thinning behavior: shear-thinning is desired for flowability of the suspen-
sions, especially when high printing speeds are required the extrusion pressure/force
needed increases significantly if the material is not shear-thinning. Additionally,
when a contraction is used at the nozzle, the shear rates increase possibly leading to
jamming in suspensions that are not shear-thinning.

Viscoelasticity: the suspension should exhibit elastic properties in order to main-
tain shape after deposition, while the viscous component is important during the
flow inside the printer. The shift from elastic to viscous behavior should ideally oc-
cur within the window of shear stresses applied during printing.

Thixotropic time: the thixotropic time is important for materials that gain their
stability from the build-up of a particle network. These networks are typically broken
down when shear is applied, i.e. during printing, and should recover fast enough
after deposition to maintain the shape of the filament.

Stability: stability is important for a homogeneous particle distribution. If the parti-
cles settle or segregate over time, this inhomogeneity can impact the printing as well
as the product performance. Stability is not only important at quiescent conditions
but also under flowing conditions.

In the following sections these factors will be used to discuss the assessment of printability
in terms of the yield stress, regime maps, the pressure drop, and the suspension stability.
Additionally, we will discuss how this applies to the UV-LDM printing method.
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Figure 5.1: Picture of the 3D-printer that is developed and used at TNO to print energetic materials [1].

5.1 Yield stress

These rheological factors indicate that the liquid should be fluid enough to be extrudable
through the nozzle, while it should also be rigid enough to maintain its shape after ex-
trusion. To maintain shape after extrusion, the yield stress of the material should be high
enough to overcome the force of gravity and capillary forces, trying to deform the filament
[4]. A dimensionless number was introduced by M’Barki et al. [4] that shows the balance
between these forces:
O_Dyn
s— (5.1)
deozzle +psgh

[1]

where 0'5 ™ is the dynamic yield stress that the material exhibits after cessation of flow,
yd;;z 21 corresponds to the stress exerted by surface tension (where y is the surface ten-
sion coefficient and d,,,,,j. the nozzle diameter), and pgh denotes the stress due to gravity
(where p is the density of the material, g the gravitational acceleration and h the typical
height of the printed material). Their results showed that, for Boehmite suspensions in
deionized water, E = 1 indicates a clear limit of printability, as objects printed with = < 1
significantly deform after deposition. In order to use this non-dimensional number with
our results, we first need to establish a yield stress for the suspensions that we considered.
We did not explicitly measure the yield stress, however, the steady-state velocity profiles
from Chapter 4 show that we have three different regions of flow behavior. The core of
the channel shows a plug flow where the shear is minimal, whereas the flow outside the
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core, i.e. in the intermediate and wall regions, shows a varying shear rate. The yield stress
can be defined as the total shear stress at the edge of the plug where the shear rate tran-

sitions, 03? I = o12(y = ¥n), where yy, is a threshold shear rate arbitrarily set to a small
value equal to 0.04v,/d to define the edge of the plug region (with v;, the bulk velocity
and d the particle diameter). We found that both the total shear stress and the velocity
profile are dependent on the bulk solid volume fraction, ¢, and the Coulomb coefficient
of sliding friction, yi.. The resulting yield stresses for all conditions are shown in Figure
5.2 as a function of ¢/, and listed Table 5.1. These yield stresses are normalized with
the fluid viscosity, 7y, and the wall shear rate for a Poiseuille flow, y,, = 3v,/H with v
the bulk velocity and H half of the channel height. From Figure 5.2, we observe that the
yield stress as a function of the normalized solid volume fraction can be described using
the Maron-Pierce correlation [5],

Dyn -2
O- 0.
y_'=L"0<1_ﬂ) , (5'2)
NoVw  MoVw Pm

where y,, is the wall shear rate, 7, the fluid dynamic viscosity, ¢, the bulk solid volume
fraction, and ¢,, the maximum flowable packing fraction (varying between 0.625 and 0.69
in our simulations, dependent on Coulomb friction coefficient, y., for particle contacts).
This finding is similar to the experimental results of Mahaut et al. [6], where they used the
Krieger-Dougherty correlation [7]. From a least-squares fit, we find that o), 4/, = 0.15.

Table 5.1: Yield stress, Uf 7" 1o s> determined from the DNS results obtained for pressure-driven channel flow
in Chapter 4.

He ) Pm G}?yn/UO Vw
0.4 0.69 0.95
0.5 0.69 2.00
0.5 0.3 0.625 0.56
0.5 0.4 0.625 1.25
0.5 0.5 0.625 3.67

To apply Equation (5.1) to a 3D-printing scenario, incorporating the yield stress we just
determined, we need to make the stress dimensional. To calculate a dimensional yield
stress, we need to make some assumptions about the printer geometry, the printing con-
ditions, and the suspension properties. If we take an extrusion velocity v,, = 20 mm/s
though a nozzle with diameter d,,,,,;. = 2 mm, and we take into account that the nozzle
has a contraction from a tube diameter d;,;, = 5 mm, we find a velocity in the tube of
Vp = Vox(dnozzie! drube)? = 3.2 mm/s. We take a fluid viscosity of 7y = 10 Pas and the tube
diameter is taken equivalent to the channel height, such that H = d;,./2 = 2.5 mm. The
resulting y,, = 3.84 s ! and the dimensional yield stress in Pa is thus:

¢ -2
oy = 5.76(1 - ¢—b> Pa. (5.3)

m
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Figure 5.2: Dimensionless yield stress, 0'3? 7" Il - as a function of the normalized bulk solid volume fraction,
¢p/ P The markers are based on the DNS results from Chapter 4 and the dashed line gives a fit of Equation (5.2).

The suspension properties are based on the printing application at TNO, where RDX
(Research Department Explosive) is used in an acrylate binder. RDX has a density of
pp=18 g/cm® and we assume an acrylate binder with a density of pf =09 g/cm® and a
surface tension of y = 70 mN/m. We define the suspension density as ps = ¢pp, +(1-¢p)py.
Using this information we can calculate Z as a function of ¢, as shown in Figure 5.3a for
h = 2 mm, the height of the print. For the calculation of the yield stress from Equation
(5.3) a value of ¢,, = 0.625 is used according to the results obtained for frictional particles
in Chapter 4. Figure 5.3a shows that, for the conditions specified above, E = 1 for ¢, = 0.43,
meaning that the extruded filament maintains its shape for suspensions with a solid vol-
ume fraction of ¢, » 0.43. It is important to note that this value is very much dependent on
the assumptions made for the printer geometry, the printing conditions, and the suspen-
sion properties. Nevertheless, this exercise shows how valuable a dimensionless number
like E can be to determine the printable regime of conditions when the suspension prop-
erties and the printing conditions are known. Figure 5.3b shows the contribution of each
term in Equation (5.1) as a function of ¢, for the case with A = 2 mm. This shows that
the surface tension stress dominates until the yield stress increases strongly for the higher
volume fractions. The surface tension dominates due to the small diameter of the extruded
filament. If a larger object were considered, the gravitational stress would increase and
become dominant over the effect of surface tension.

The evaluation of E for h = 2 mm shows that the suspension is printable, in the sense
that the filament maintains its shape after extrusion, at ¢/, > 0.69. We note that this
threshold value for the volume fraction ratio is sensitive to our choice of the threshold
value for the shear rate used to define the edge of the plug region in the flow. A lower
threshold value for the shear rate will yield a lower estimate of the yield stress and result in
a higher estimate of the required bulk solid volume fraction. This might partially explain
why our estimate of @p/@,, = 0.69 is significantly lower than the printable region in the
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Figure 5.3: (a) E as defined in Equation (5.1) and (b) the separate stress contributions as a function of the bulk
solid volume fraction, ¢.

solid volume fraction that was found by Griebler et al. [8]. They evaluated dense pastes
for direct ink writing by small-amplitude oscillatory shear rheometry. They found that the
pastes are printable if the solid volume fraction is between ¢/ ¢,, = 0.9 and 0.94. Below this
range the suspensions were runny, while above this range the suspensions were jammed.
The discrepancy between the results might also be caused by the use of a different metric
to determine printability. We looked at the shape retention of a single extruded filament
of small diameter, whereas Griebler et al. [8] looked at the slumping of a printed cone of
undefined height. To approach the value of ¢;/¢,, = 0.9 at E = 1, we need to increase the
print height in our calculation to & = 30 mm, as is also shown in Figure 5.3a.

5.2 Regime maps

Another tool that can be used to assess printability in a quick way is a regime map that
shows printable regions as a function of rheological parameters. Regime maps for print-
ability of suspensions are typically based on the storage modulus and either the yield
stress or the bulk flow stress [9, 10]. In order to use our results for a regime map, some
more work needs to be done. The rheology results presented in Chapter 3, are measured
at a single shear rate in steady flow conditions. To be able to make the map of bulk flow
stress and storage modulus, oscillatory shear flow should be studied. Using our method,
the effect of friction coefficient and solid volume fraction on the visco-elastic properties
of the suspension can be studied. Together with criteria for printability, for example the
criteria summarized by Rau et al. [10], the regimes can be distinguished as a function
of the friction coefficient and solid volume fraction. Determining the needed rheological
properties can be done by simulating the O.R.O (oscillation-rotation-oscillation) method
introduced by Ji et al. [11]. This experimental method enables efficient characterization
of dense suspensions by combining various flow conditions in a single test. The alternat-
ing blocks of oscillatory and linear shear allow for full characterization of the relevant
rheological properties, such as the storage and loss modulus, and thixotropic time.
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5.3 Pressure drop

Next to the printability of the suspension itself, the equipment specifications are important
for 3D-printing. The force or pressure that is needed to extrude the material can be derived
from the rheological properties of the material. The initial pressure difference needed to
overcome the yield stress is defined as [12]:

4L

APmin = <B>O'y, (54)
where L and D are the length and the diameter of the tube, respectively. Our analysis of the
yield stress and Figure 5.2 show that this pressure difference will be a function of ¢;/¢,,
and can be described using a Maron-Pierce type correlation. The result of Equation (5.4) is
shown in Figure 5.4, using Equation (5.2) to model the yield stress. After overcoming this
initial yield stress, the pressure difference needed is lower. The extrusion pressure drop
for steady flow can be estimated using the Hagen-Poiseuille equation with the viscosity
accounting for the suspension properties [see Eq. (3.219) in Morrison [13]]:

_ 32’7(¢b’,uc)LV

AP 5

, (5.5)
where V is the bulk velocity and 5(¢p, 1) is the suspension viscosity that is a function of
the bulk solid volume fraction and the Coulomb coeflicient of sliding friction for particle
contacts. Figure 5.4 also shows the pressure drop per unit tube length as a function of the
normalized solid volume fraction based on Equation (5.5). This pressure drop is based on
the frictional rheology model from Chapter 3, a fluid viscosity 5, = 1 Pas, a tube diameter
D =5 mm, and an extrusion velocity v, = 1 mm/s. The figure shows that the pressure
drop is gradually increasing with volume fraction until it diverges at the approach of the
jamming limit.

Equation (5.5) assumes a homogeneous suspension. However, Chapter 4 shows that shear-
induced migration leads to heterogeneous particle distributions and the emergence of a
plug flow. The development of a plug flow and the resulting velocity profile can be used to
obtain a more accurate estimate for the extrusion pressure that is needed for such suspen-
sions. The velocity profile for the region outside the plug flow, can effectively be described
by a Power-law model [14, 15] for a shear-thinning fluid*:

o=Ky" (5.6)

The fitting was done using a least-squares method and the resulting values for K and n
are shown in Table 5.2. Figure 5.5 shows the shear stress as a function of the shear rate
from the DNS results of Chapter 4. The solid lines depict the fit of Equation (5.6) to the
DNS data. We see that the Power-law model describes the shear stress very well. If we
plot the fitting parameters as a function of ¢,/¢,,, as done in Figure 5.6, we can see that K
increases with increasing ¢p/¢$,,, whereas n decreases with increasing ¢;/¢,,. The latter

“The origin of the shear-thinning behavior of the suspension is the shear-induced particle migration leading
to a gradient in local solid volume fraction. This gradient follows the variation in the shear rate causing the
emergence of an apparent shear-thinning, instead of an actual shear-thinning of the fluid.
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Figure 5.4: Pressure drop per unit length of tube as a function of solid volume fraction, calculated using Equations
(5.4), (5.5), and (5.7). We assumed a fluid viscosity 7, = 1 Pas, a tube diameter D = 5 mm, and an extrusion velocity
v, =1 mm/s.

shows that the apparent shear-thinning becomes stronger with increasing ¢p/¢$,,. Using
the fitted model parameters, the pressure drop per unit length of tube can be determined
for each case using [see Eq. (7.92) in Morrison [13]]

AP /3n+1\" KQ"
7 =255 g P G7)
where Q is the volumetric flow rate in m®/s. These values are also given in Table 5.2 and

plotted in Figure 5.4. The pressure drop increases with increasing ¢p/ @,

Table 5.2: Values for K and n found by fitting the power-law model to the DNS data from Chapter 4.

He b K n AP (Pa/m)
0.4 4.96 0.50 1985
0.5 8.81 0.45 3587
0.5 0.3 4.21 0.63 1594
0.5 0.4 5.95 0.49 2391
0.5 0.5 10.90 0.33 4637

If we compare Equations (5.4), (5.5), and (5.7) there are some interesting things to note.
Equations (5.4) and (5.5) result in very similar curves where the pressure drop based on
the Hagen-Poiseuille equation (Equation (5.5)) is slightly lower than the pressure drop
based on the yield stress (Equation (5.4)). As expected, the pressure drop diverges at the
jamming limit for both results. In contrast, the pressure drop based on the Power-law
model (Equation (5.7)) shows a more gradual increase with ¢/¢,,. This is caused by the
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Figure 5.6: Power-law fit parameters (a) K and (b) n as a function of ¢,/¢,,.

stronger apparant shear-thinning for larger ¢;/¢,,. The magnitude of the pressure drop for
Equation (5.7) is similar to that determined using Equations (5.4) and (5.5) for ¢y/¢,, = 0.5,
but due to the more gradual increase the pressure drop is a factor 2.5 lower for ¢p/¢p,, =
0.8. In order to improve the usability of these results, the effect of polydispersity can be
incorporated in ¢,, using the work of Desmond and Weeks [16] and the work of Pednekar
et al. [17]. This is useful as monodisperse suspensions, as the ones used in our work, are
not common in applications.
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5.4 Suspension stability

So far, we have not considered the stability of the suspensions in the above analysis. Stabil-
ity is defined here in the sense that the particle distribution should remain homogeneous
during the printing process. In Chapters 2 and 4 we have seen that the particle distribution
tends to deviate from being homogeneous under certain conditions. When the printer is
idle the suspension is stationary in narrow tubes, which are usually vertical or at steep
angles. Our results show that bulk sedimentation is slow, especially when the tubes are
narrow and the solid loading is high. We can use our findings to calculate the distance that
a suspension would sediment over time. Let’s consider spherical particles with a diameter
d = 250 pm and a density p, = 1.5 g/cm>. The fluid has a viscosity 1y = 1 Pas and a density
pr=1gl/ cm® We use the Stokes velocity to determine the settling speed of a single particle
in free space and the modified correlation for the sedimentation velocity found in Chapter
2,
4

1-2
Vi=kVi(1-¢p)"| ———— ) , 5.8
Sl ey 65
to calculate the sedimentation velocity of the suspension under the given conditions. With
this velocity the sedimentation distance can be plotted as a function of time, as done in
Figure 5.7. The effect of solid volume fraction and printing tube diameter are shown in
the figure by considering three tube diameters and two bulk volume fractions. The figure
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Figure 5.7: Sedimentation distance, L, as a function of the idle time of the printer, ¢, calculated using Equation
(5.8) established in Chapter 2 for a particle diameter d = 250 um, a particle density p, = 1.5 g/cm?®, a fluid viscosity
1o = 1 Pas, and a fluid density p; = 1 g/cm®.

shows that the distance that the particles travel is only 5 mm, in the worst case considered
here, after an hour of the printer being idle. However, in Chapter 2, we have observed
inhomogeneity in the microstructure due to particle clustering at much shorter timescales.
This could have an effect on the suspension rheology when printing is resumed, but could
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also cause practical issues like blocking when a cluster reaches the contraction at the
nozzle.

Additionally, we have observed particle migration towards the core of the channel under
pressure-driven flow. This creates a variation in solid volume fraction over the radius of
the tube. We can use the development time established in Chapter 4 to estimate the length
of tube that is needed to reach a fully developed concentration profile. This development
length can be written as:

50D°

dev = €_¢b/0‘127, (5.9)
for frictional particles with y, = 0.5. Figure 5.8 shows the development length for the same
suspension as above with d = 250 ym and various tube diameters as a function of the bulk
volume fraction. We see that, for example, for a suspension with ¢, = 0.5 and a printer
with D = 2.5 mm a length of tube of 25 cm is long enough for complete particle migration.
For very narrow tubes (with respect to the particle diameter) and higher volume fractions
the migration happens over even shorter distances. It is important to note that this length
scale gives the fully developed concentration profile, while the inhomogeneity already
starts at shorter lengths. In Chapter 4, we observed that the centerline concentration
already reaches 1.4¢, at approximately 0.25Lg,,, indicating that inhomogeneity due to
shear-induced migration sets in quickly.
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Figure 5.8: Length of tube needed for complete shear-induced particle migration, Ly, in Equation (5.9), as a
function of the bulk solid volume fraction, ¢, assuming a particle diameter of d = 250 ym.

5.5 Application to UV-LDM

If we consider the application that is used at TNO for the 3D-printing of energetic materials
using dense suspensions, UV-curing resins are used as a binder material. This enables the
use of a UV-light source to start polymerization of the matrix directly after extrusion,




152 5 Printability of dense suspensions in Liquid Deposition Modelling

solidifying the material. This could be incorporated in a non-dimensional number, such
as E in Equation (5.1), by an additional term in the numerator that takes into account the
strength of the solid binder parts. Such a modification might be done as such:

B (1 - C)O'y,s + CO—y,UV
© yRl+pgh

(1]

uv (5.10)

where C is the curing fraction, oy, is the suspension yield stress, and oy, ;v is the yield
stress of the UV-cured binder. The literature shows that this binder yield stress is a function
of the light intensity and the curing time [18]. Solidification by polymerization softens the
criteria for the suspension rheology on dynamic yield stress, elasticity, and thixotropic
time to maintain shape after extrusion. However, due to the very high loading required
for this application, the criteria on static yield stress and shear-thinning behavior are more
stringent to keep the material extrudable. This underlines that a good understanding of the
parameters affecting the rheology of dense suspensions is key to develop both equipment
and formulations for 3D-printing.

5.6 Concluding remarks

The rheological factors affecting the printability of dense suspensions discussed in this
chapter show that the printability should be assessed for the complete printing process.
In the literature, the slumping or dimensional stability of a printed part is often considered.
However, our work shows that the flow inside the printer has a large impact on the rheol-
ogy, and therefore on the printability, of dense suspensions. As discussed in this chapter,
more work needs to be done to translate our findings to a comprehensive assessment of
the printability, in terms of for instance a regime map. Nevertheless, the insight from our
DNS simulations can be used as input for rheological modelling of some of the most im-
portant factors in 3D-printing of suspensions, as shown in this chapter for the yield stress,
shear-thinning behavior, and suspension stability.
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Conclusions and Recommendations

In this chapter we revisit the research questions posed in Chapter 1. These questions have been
addressed in several chapters in this work and we highlight the main findings and conclusions.
This shows that the rheology of dense suspensions is very complex and more work can be
done to improve the understanding of this topic. Therefore, we also describe a number of
recommendations to continue and expand on the results that we obtained.
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6.1 Conclusions

The goal of this research was to gain more insight into and to improve modelling of the rhe-
ology of dense suspensions for the application in UV-assisted Liquid Deposition Modelling.
The stages in the printing process that we focussed on were: (1) stationary suspension in
the reservoir and tubes of the printer, and (2) suspension flowing through the tubes of the
printer. For stage (1), we simulated dense suspensions settling under the action of gravity
in narrow vertical tubes, varying the solid volume concentration and the tube-to-particle
diameter ratio. For stage (2), we simulated simple shear flow and pressure-driven flow
between two parallel plates, varying the solid volume concentration and Coulomb coef-
ficient of sliding friction. Using these simulations, we gained more into the suspension
dynamics and rheology in order to answer the following research questions:

What is the effect of the tube-to-particle diameter ratio on the sedimentation dy-
namics in a viscous fluid?

In Chapter 2, we considered the sedimentation of suspensions in narrow vertical tubes
in the viscous regime. Single particle simulations showed that the effect of the tube-to-
particle diameter ratio, D/d, can be described very well using the Francis correlation [1].
For suspensions, the effect of the volume concentration on the mean sedimentation veloc-
ity is described well by the Richardson and Zaki correlation [2], but modified to include a
prefactor k and replacing the terminal velocity of a single settling particle in free space by
the Francis correlation [1]. We found k ~ 0.78, close to k = 0.8 experimentally determined
by Di Felice and Parodi [3]. Furthermore, we found n = 4.12 for the exponent of the hin-
dered settling function, which matches well with the value of n = 4.2 reported by Yin and
Koch [4] for their case with Ga = 1/20.8. Furthermore, we find a scaling relation for the rms
velocity normalized by the mean sedimentation velocity of the form C g{)},/ 3(D/d)*3, where
C ~0.28, 0.125, and 0.15 for the vertical, radial, and azimuthal directions, respectively. For
the velocity fluctuations, there is a deviation from the trend for D/(d 45;1/ %) < 2.5, indicat-
ing a change in dynamics for a very small tube-to-particle diameter ratio resulting from
very strong confinement. The temporal autocorrelation of the particle velocity shows
clear scaling behavior with Equations (2.16a), (2.16b), and (2.16c), for the vertical, radial,
and azimuthal directions, respectively. From the rms velocities and the temporal corre-
lations, we determined the Lagrangian length scale of correlated particle motions. The
Lagrangian length scale follows the scaling relations defined in Equations (2.17a), (2.17b),
and (2.17c), for the vertical, radial, and azimuthal directions, respectively. Where the scal-
ing in the axial and the radial direction do solely depend on the tube diameter and the
concentration, while there is also a weak dependence on the particle diameter in the az-
imuthal direction. We observed vertical concentration heterogeneity in horizontal plane
averages, which shows that there is a strong tendency for clustering in the narrow tubes,
reminiscent of vertically propagating kinematic waves. The clusters become smaller and
less persistent with increasing tube-to-particle diameter ratio, which means that the clus-
ters form and break up over smaller timescales. Our evaluation of the results showed that
the dynamics are governed by the local concentration for narrow tubes, while this is not
the case for wider tubes. We observed that, for D/d = 2, the settling velocity decreases
with increasing local volume fraction. For D/d = 4, the dependence of the velocity on the



6.1 Conclusions 157

local volume fraction seems to change with bulk volume fraction, whereas, for D/d = 6,
the settling velocity only has a very weak dependence on the local volume fraction. The
radial particle distribution also shows heterogeneity, where the wall-region shows peaks
in concentration due to an excluded volume effect. Combining this with the radial velocity
distribution shows that the particles at the wall sediment slower than the mean, whereas
the internal concentration peak corresponds to a maximum in sedimentation velocity for
D/d = 4 and ¢}, = 0.2. This might correspond to a stable streaming-like pattern where the
dense clusters around this concentration peak fall faster than the more dilute core region.

How does solid (interparticle) friction affect the rheology in simple shear flow?
In Chapter 3, we studied the suspension rheology in plane Couette flow and compared the
viscous and frictional rheology frameworks. Our analysis of the simulations shows that
the particle stress accounts for the largest part of the total shear stress. This particle stress
consists of two parts of which the hydrodynamic part is larger for the low volume frac-
tions while the contact part dominates for higher volume fractions. The volume fraction
at which the contact part becomes larger than the hydrodynamic part decreases with in-
creasing friction coefficient. We find that the relative viscosity, 1, = n/ng, scales well with
¢/ P, with ¢, obtained from fitting the Maron-Pierce correlation. For the friction rhe-
ology framework, we found that the macroscopic friction coefficient, p, scales well with
the viscous number, I,. Furthermore, we find a monotonic relation between ¢/¢,, and
I,, which depends only weakly on the Coulomb coefficient of sliding friction, .. Since
1, = p/I,, we thus find that the two frameworks are largely equivalent and that both ac-
count implicitly for Coulomb friction. However, we find that the normal particle stress
differences, N; and N,, when normalized with the total shear stress and plotted against
either ¢/¢,, or I, remain explicitly dependent on . in a manner that is not yet fully un-
derstood.

How does the suspension rheology under heterogeneous shear differ from the
suspension rheology under homogeneous shear conditions?

In Chapter 4, we studied the suspension rheology in pressure-driven channel flow. First,
we looked at the transient of the flow, focussing on the effect of solid volume fraction
and friction coefficient on the particle migration timescale. The flow development time
decays exponentially with increasing ¢;,/®g, where @y, is a friction-dependent reference
bulk concentration beyond which particle contacts cause a rapid increase in the particle
stress. Second, the steady-state rheology was studied by means of the ‘viscous’ and “fric-
tional’ rheology frameworks. Excluding the central core and wall regions, the data for the
local relative suspension viscosity collapse onto a single curve as a function of the nor-
malized local concentration ¢/@,,, where @, is the friction-dependent maximum flowable
packing fraction. The frictional rheology shows ‘subyielding’ at low viscous number I,
in the core region, where the macroscopic friction coefficient p drops below the minimal
value found for homogeneous shear flows. A modified frictional rheology model is pre-
sented that captures subyielding. Finally, a model is presented for ¢/ Pmp as a function of
I,, where ¢, is a modified maximum flowable packing fraction. It captures both ‘over-
compaction’ in the core beyond ¢,, at high ¢; and maximum core concentrations below
¢ at lower ¢@p.
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Printability of dense suspensions in Liquid Deposition Modelling

The answers to the above research questions give more insight into the fundamental as-
pects of suspension rheology. However, PR-DNS simulations under these flow conditions
are not feasible for day-to-day operations. In Chapter 5, we discussed how our results
can be used to assess printability of dense suspensions. We identified the important rheo-
logical parameters for Liquid Deposition Modelling as the yield stress, the shear-thinning
behavior, the viscoelasticity, the thixotropic time, and the stability. We estimated the yield
stress from the DNS results in Chapter 4. This shows that the yield stress is a function of
¢p/Pm and can be described by a Maron-Pierce [5] equation. Substituting this yield stress
in the dimensionless number =, introduced by M’Barki et al. [6], shows the printability
of the suspension with E > 1 for printable suspensions. The volume fraction where = =1
shifts depending on the printing conditions and the suspension properties, highlighting
that this is a great tool to assess the printable region. Another tool used to assess print-
ability are regime maps, which are typically based on the storage modulus and yield stress
of a suspension. We are not able to make a regime map based on these properties, as we
did not study the shear-rate dependent rheology. This is possible using our PR-DNS if
the correct flow conditions are implemented, such as oscillatory shear. Furthermore, the
extrusion pressure was analyzed in relation to the shear-thinning behavior of the suspen-
sion. A power-law model was fitted to the flow curves obtained for plane-channel flow in
Chapter 4. This shows the dependence of the required extrusion pressure on the solid vol-
ume fraction and Coulomb coefficient of solid friction. The stability during printing was
examined in terms of particle sedimentation in the supply tube of an idle printer. This
shows that the sedimentation distance for typical suspensions is limited; however, Chap-
ter 2 shows that heterogeneity and particle clusters develop at shorter timescales. Another
factor in the stability is shear-induced particle migration, as observed in Chapter 4. We
showed that, under typical printing conditions, complete migration can happen in tubes
as short as 25cm. The results from Chapter 4 show that heterogeneity is already signifi-
cant at much shorter lengths. The analysis of the results obtained in previous chapters in
terms of the printability underlines that a good understanding of the parameters affecting
the rheology of dense suspensions is key to develop both equipment and formulations for
3D-printing.

6.2 Recommendations

The questions we answered in this study are only a small part of the open questions on
this topic. The rheology of dense suspensions is very complex and this work again shows
that there are many factors that affect the rheology. In this section, we describe a number
of recommendations to continue and expand on the results that we obtained.

To validate the results of our DNS study, experiments can be performed under similar
flow conditions. The sedimentation can be experimentally studied using particle track-
ing, which has already been used for such experiments [7, 8, 9, 10] of settling particles
at varying concentration and tube-to-particle diameter. The simulations on simple shear
between parallel plates can be experimentally mimicked in a Taylor-Couette setup, or us-
ing a pressure-imposed shear cell [11]. Pressure-driven flow could be studied using for
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example MRI, which gives insight into the particle velocities as well as the microstructure
of the suspensions [12].

As discussed in Chapter 5, printability is strongly dependent on the shear-rate dependence
of the rheology [13]. In this work we investigated the rheology at fixed shear rate to
study the effect of solid volume fraction and friction coefficient. Extending the models we
developed with a shear-rate dependence would be very useful for predicting printability.
This expansion might be possible by combining existing models with our results; however,
it is also possible to use our PR-DNS approach to study the effect of shear rate on the
rheology of dense suspensions [14].

Another interesting aspect is the effect of polydispersity in particle size and shape. In
reality, suspensions rarely have a monodisperse particle size, creating a need for models
incorporating the effect of polydispersity. This topic has already received attention in the
literature [15, 16], however, more work is needed to translate the suspension dynamics
into constitutive rheological models. This topic is of interest specifically for 3D-printing
of energetic materials as changing the particle size distribution and particle shape can act
as a strategy to increase the maximum flowable packing fraction, and thus increasing the
maximum printable solid volume fraction.

With respect to the timescale of particle migration in pressure-driven flow, it would be
interesting to study the effect of Reynolds number on the migration behavior and its
timescale. This is directly related to the migration in 3D-printing through the printing
speed and the fluid phase viscosity of the suspension.

A related topic is the implementation of our modified frictional rheology model, estab-
lished in Chapter 4, in the Suspension Balance Model. To compare SBM predictions with
the DNS results, still a carefully validated constitutive model for the normal particle stress
is required. Our DNS results indicate non-local suspension behavior in the channel core,
where the wall-normal particle stress is correlated to the ‘rms shear’ viscous number (©,,)
based on the square root of the granular temperature. Furthermore, outside the central
core region, the rms shear viscous number appears fully correlated with the mean shear
viscous number through a power-law relation. These findings support the suggestion of
Nott and Brady [17] to base the constitutive relation for the wall-normal particle stress
on the fluctuating shear rate, \/Tg/ d where Tg is the granular (suspension) temperature,
instead of the mean shear rate or, alternatively, as a function of both. This requires the ex-
tension of the SBM with an additional energy equation for the granular temperature. This
approach has been shown already to overcome the problem of the classical SBM with the
packing fraction at the channel centerline [17]. The SBM would be a useful tool to predict
migration time and particle concentration distribution if the description of the rheology
can indeed be improved.

As discussed in Chapter 1, we identified multiple stages in the printing process: (1) station-
ary suspension in the reservoir and tubes of the printer, (2) suspension flowing through
the supply tube of the printer, (3) suspension flowing through the nozzle, and (4) suspen-
sion deposited on the printing platform. In this work we focussed on stages (1) and (2),
that pertain to the flow behavior and rheology of dense suspensions. A logical next step
would be to look at stage (3): suspension flowing through the nozzle. The effect of a con-
traction in a channel/tube should be studied, as it may have a large impact on the particle
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distribution, as well as on the printability due to clogging of the nozzle [18, 19, 20]. Next
to that, Chapter 5 shows that the suspension rheology is paramount to the shape retention
in stage (4). This should also be taken into account in future work to be able to assess all
aspects of the printability of suspensions.



161

(1]

(2]

(3]

(4]

References

Alfred W Francis. Wall effect in falling ball method for viscosity. Physics, 4(11):403—
406, 1933.

JF Richarson and WN Zaki. Sedimentation and fluidisation: Part 1. Trans. Ins. Chem.
Eng, 31:35-53, 1954.

Renzo Di Felice and Enrico Parodi. Wall effects on the sedimentation velocity of
suspensions in viscous flow. AIChE journal, 42(4):927-931, 1996.

Xiaolong Yin and Donald L Koch. Hindered settling velocity and microstructure
in suspensions of solid spheres with moderate reynolds numbers. Physics of Fluids,
19(9):093302, 2007.

Samuel H Maron and Percy E Pierce. Application of ree-eyring generalized flow
theory to suspensions of spherical particles. Journal of colloid science, 11(1):80-95,
1956.

Amin M’barki, Lydéric Bocquet, and Adam Stevenson. Linking rheology and print-
ability for dense and strong ceramics by direct ink writing. Scientific reports, 7(1):6017,
2017.

S Heitkam, Y Yoshitake, F Toquet, D Langevin, and A Salonen. Speeding up of sedi-
mentation under confinement. Physical review letters, 110(17):178302, 2013.

Hélene Nicolai and Elisabeth Guazzelli. Effect of the vessel size on the hydrodynamic
diffusion of sedimenting spheres. Physics of Fluids, 7(1):3-5, 1995.

Laurence Bergougnoux and Elisabeth Guazzelli. Non-Poisson statistics of settling
spheres. Physics of Fluids, 21(9), 2009.

Laurence Bergougnoux and Elisabeth Guazzelli. Dilute sedimenting suspensions of
spheres at small inertia. Journal of Fluid Mechanics, 914:A33, 2021.

Francois Boyer, Elisabeth Guazzelli, and Olivier Pouliquen. Unifying suspension and
granular rheology. Physical review letters, 107(18):188301, 2011.

Willian Hogendoorn, Wim-Paul Breugem, David Frank, Martin Bruschewski, Sven
Grundmann, and Christian Poelma. From nearly homogeneous to core-peaking sus-
pensions: Insight in suspension pipe flows using mri and dns. Physical Review Fluids,
8(12):124302, 2023.

Romain Mari, Ryohei Seto, Jeffrey F Morris, and Morton M Denn. Shear thicken-
ing, frictionless and frictional rheologies in non-brownian suspensions. Journal of
Rheology, 58(6):1693-1724, 2014.

Elisabeth Lemaire, Frédéric Blanc, Cyrille Claudet, Stany Gallier, Laurent Lobry, and
Francois Peters. Rheology of non-brownian suspensions: a rough contact story. Rhe-
ologica Acta, 62(5):253-268, 2023.




162

References

[15]

[16]

[20]

Sidhant Pednekar, Jaehun Chun, and Jeffrey F Morris. Bidisperse and polydisperse
suspension rheology at large solid fraction. Journal of Rheology, 62(2):513-526, 2018.

Nathan J Di Vaira, Lukasz Laniewski-Woltk, Raymond L Johnson, Saiied M Aminos-
sadati, and Christopher R Leonardi. Influence of particle polydispersity on bulk mi-
gration and size segregation in channel flows. Journal of Fluid Mechanics, 939:A30,
2022.

Prabhu R Nott and John F Brady. Pressure-driven flow of suspensions: simulation
and theory. Journal of Fluid Mechanics, 275:157-199, 1994.

Alvaro Marin, Henri Lhuissier, Massimiliano Rossi, and Christian J Kahler. Clogging
in constricted suspension flows. Physical Review E, 97(2):021102, 2018.

Mathieu Souzy, Iker Zuriguel, and Alvaro Marin. Transition from clogging to con-
tinuous flow in constricted particle suspensions. Physical Review E, 101(6):060901,
2020.

Alvaro Marin and Mathieu Souzy. Clogging of noncohesive suspension flows. Annual
Review of Fluid Mechanics, 57, 2024.



163

Acknowledgments

While putting the finishing touches on this dissertation it is a good time to reflect on the
journey that brought me here. And what a journey it has been. From living in a caravan to
buying a house, from bugs in numerical code to a pandemic with lockdowns, from lonely
nights in my apartment to sleepless nights with a newborn. I have learned a lot and have
grown even more, this has been the best education in perseverance that I could wish for.

Now we are here, dissertation finished and many people to thank for that. Finding the
right words to express my thanks is not my strongest point, but I will give it a try.

I would like to start by expressing my gratitude towards my supervisors Wim-Paul, An-
toine, and Lorenzo. Wim-Paul and Antoine, your support and guidance have helped me
develop as a scientist and as a person. I deeply appreciate our discussions on the various
aspects of rheology, fluid-mechanics, numerical methods, and many more. Your combined
expertise has been invaluable to the outcome of this project. Lorenzo, thank you for the
insightful discussions during my research and for stepping in as promotor when the need
arose.

Next I would like to thank Tim Nadorp, it was a pleasure to work with you during your
master thesis. Your research has been a valuable contribution to this work.

I also want to thank everyone I have met at the laboratory for fluid mechanics and mul-
tiphase systems. In particular: Mike and Tariq for welcoming me to your office when
I first started and helping me navigate the first year of my project; Yavuz we started our
projects around the same time and I enjoyed your company on this journey from confer-
ences to courses and boulders to beers; Bob, Lina, Jesse, Lyke, Nicola and Rens for the
great atmosphere in the new office, with a good balance of laughter and hard work.

I'would also like to thank my colleagues at dsm-firmenich Biomedical division for the time
and support to finish this dissertation.

Furthermore, I want to thank my friends Niels, Chantal, Wesley, Sophie, Noud, Aniek,
Dennis, and Bas for their support, advise, and all the good times we had over the last 14
years.

Ik wil ook graag Familie Huijssoon bedanken voor jullie interesse, jullie gastvrijheid en
het altijd blijven vragen of ik al een datum had.

In het bijzonder wil ik mijn familie bedanken: Pap en Mam, dankjewel voor alle mogeli-
jkheden die jullie me gegeven hebben, zonder die vrijheid had ik dit nooit kunnen bereiken;
Vivian, dankjewel voor onze intellectuele rivaliteit en het samen kunnen klagen over pro-
moveren; Klement en Marjanne, dankjewel voor het tweede thuis dat jullie me gegeven
hebben; Jan-Jaap, Jarno, Sharon en Erik, dankjewel voor de steun, oprechte interesse
en gezelligheid.



164 Acknowledgments

Als laatste, Lynette, jou moet ik nog het meest bedanken. Dankjewel dat we onze plan-
nen voor de toekomst konden aanpassen toen ik deze kans kreeg. Dankjewel voor het
vertrouwen en de steun die je me gegeven hebt om deze droom waar te maken. Dankjewel
voor de tijd en energie die jij en Sam me gegeven hebben om dit proefschrift af te maken.

Wouter Peerbooms
Oirsbeek, March 2026



165

15-03-1994

2006-2012

2012-2015

2016-2018

2019-2023

2024-now

Curriculum Vitee

Wouter Peerbooms

Born in Brunssum, The Netherlands

Gymnasium
Trevianum Scholengroep, Sittard, The Netherlands

BSc in Mechanical Engineering
Eindhoven University of technology, Eindhoven, The Netherlands
Thesis: Mechanical properties of PC/PMMA blends

MSc in Mechanical Engineering
Eindhoven University of technology, Eindhoven, The Netherlands

Thesis: Effect of process conditions on material properties in UV-
curing methacrylate resin.

PhD researcher
Delft University of Technology, Delft, The Netherlands

Thesis: Rheology and sedimentation of dense suspensions in con-
fined geometries Insights from particle-resolved direct numerical sim-
ulations

Promotors: Dr.ir. W.P. Breugem & Dr. A.E.D.M. van der Heijden

Associate Scientist

dsm-firmenich | Biomedical division, Geleen, The Netherlands






167

Scientific Contributions

Journal publications

1.

2.

3.

Wouter Peerbooms, Antoine van der Heijden, Wim-Paul Breugem; Viscous sedimentation
of dense suspensions in narrow vertical tubes. Manuscript in preparation

Peerbooms, W., Heijden, A.v.d. & Breugem, WP. Transient behavior and steady-state rhe-
ology of dense frictional suspensions in pressure-driven channel flow. Acta Mech 236, 5681—
5714 (2025). https://doi.org/10.1007/s00707-024-04106-7

Wouter Peerbooms, Tim Nadorp, Antoine van der Heijden, Wim-Paul Breugem; Interparti-
cle friction in sheared dense suspensions: Comparison of the viscous and frictional rheology
descriptions. J. Rheol. 1 March 2024; 68 (2): 263-283. https://doi.org/10.1122/8.0000729

Conference contributions

1.

Oral presentation at Burgers Symposium 2023, Lunteren, The Netherlands: Influence of solid
friction on the rheology of dense suspensions in plane Couette flow; W. Peerbooms, T.
Nadorp, A.E.D.M. van der Heijden, W.P. Breugem

. Oral presentation at the 14th European Fluid Mechanics Conference 2022, Athens, Greece:

Rheology of dense suspensions in pressure-driven channel flow: influence of solid friction; W.
Peerbooms, A.E.D.M. van der Heijden, W.P. Breugem

. Oral presentation at Burgers Symposium 2022, Lunteren, The Netherlands: Influence of solid

friction on the rheology of dense suspensions in pressure-driven channel flow; W. Peer-
booms, A.E.D.M. van der Heijden, W.P. Breugem

. Poster presentation at Physics at Veldhoven 2022, Online: Sedimentation of dense suspensions

in narrow tubes; Wouter Peerbooms, Antoine van der Heijden, Wim-Paul Breugem

. Oral presentation at IECEM 2021, Online: Sedimentation of Dense Suspensions in Narrow

Tubes; Wouter Peerbooms, Antoine van der Heijden, Wim-Paul Breugem

. Project pitch at TNO PhD conference 2021, Eindhoven, The Netherlands

Datasets

1.

Peerbooms, Wouter; van der Heijden, Antoine E. D. M.; Breugem, Wim-Paul (2026): Data
corresponding to the research: ”Viscous sedimentation of dense suspensions in narrow verti-
cal tubes”. Version 1. 4TU.ResearchData. dataset. https://doi.org/10.4121/21564105

Peerbooms, Wouter; van der Heijden, Antoine E. D. M.; Breugem, Wim-Paul (2024): Data
corresponding to the publication: “Transient behavior and steady-state rheology of dense
frictional suspensions in pressure-driven channel flow”. Version 1. 4TU.ResearchData. dataset.
https://doi.org/10.4121/e7c86771-72bb-48da-b9f9-6c0857655404.v1



168 Scientific Contributions

3. Peerbooms, Wouter; Nadorp, Tim; van der Heijden, Antoine E. D. M.; Breugem, Wim-
Paul (2024): Data corresponding to the publication: “Interparticle friction in sheared dense
suspensions: Comparison of the viscous and frictional rheology descriptions”. Version 1.
4TUResearchData. dataset. https://doi.org/10.4121/bbb1d553-7230-4a60-80a2-23d5697d89a5.v1



