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Introduction

Quad-rotor drones are the first drone configuration that comes to mind when thinking of small UAVs.
Their ability to perform agile manoeuvres and perform stationary flight has seen their popularity explode.
However, their wingless configuration severely limits their energy efficiency and thus their range. This
is why work has been performed on tail-sitter aircraft that have the benefit of being able to perform
more efficient horizontal flight as well as stationary flight. The typical tail-sitter has two fixed rotors and
controls itself through differential thrust for yaw control, and uses its flaps for pitch and roll. The problem
with this configuration is that the maximum pitch and roll moments that can be achieved are limited by
the airspeed over the aerodynamic control surfaces. Additionally, a complete loss of control authority
for pitch and roll can be caused by descending fast whilst hovering as the airflow over the wing would
be reversed.

The proposed solution to this problem is removing the aerodynamic control surfaces and purely con-
trolling the tail-sitter through two tilt-rotors. This removes the dependence of pitch and roll control on
airspeed and greatly increases the moments that can be generated which facilitates general control of
the drone but also the transition from hover to horizontal flight. For a better idea of the configuration, a
picture of the drone can be seen in Figure 1.1.

Figure 1.1: Tilt-rotor Tailsitter MAV

Some issues do arise from such a configuration. Mainly, the largely nonlinear behaviour of the system
and the difficulty in modelling aerodynamic forces. To mitigate these issues and start developing a



controller for this configuration, Incremental Nonlinear Dynamic Inversion was used to control the atti-
tude in [1]. This acceleration-based controller allows for the system to be controlled by only needing a
simplified model of the system and a control effectiveness matrix. The incremental nature of the control
in turn deals with modelling discrepancies and external disturbances such as wind [2].

The novelty and new work that will be performed in this thesis will be related to figuring out the best
way to implement acceleration control for the drone.

Research Objective:
To design and implement a global acceleration controller for a novel tilt-rotor tailsitter MAV.

Research Questions:

1. How can the acceleration of a tilt-rotor tailsitter MAV be controlled?

2. To what extent does the proposed acceleration controller for the tilt-rotor tailsitter MAV exhibit
global effectiveness?

3. How can the global acceleration controller be practically implemented on the tilt-rotor tailsitter
MAV?

Structure

In chapter 2, the academic paper summarising the main results from this thesis can be found. The
paper can be read as a standalone document. Following the paper in chapter 3, the initial literature
study is presented. Next in chapter 4, the results from a verification of the dynamics model used in the
academic paper are shown. To finish, the main findings and answers to the research questions are
summarised in chapter 5.
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Tilt-rotor Tailsitter Global Acceleration Control:
Behavioural Cloning of a Nonlinear Model
Predictive Controller

A.JR. van Wissen, Z. Ma, and E.J.J. Smeur,
Delft University of Technology, 2628HS Delft, The Netherlands

Abstract—Capable of both vertical take-off and landing and
forward flight, tail-sitters are a versatile class of UAVs with
a large range of potential applications. A variant of tailsitters
using tilt-rotors instead of ailerons for pitch and roll control
has been proposed to mitigate the reduced control authority at
low to zero velocities. The control of the translational dynamics
for this platform is uniquely challenging. The extended flight
envelope requires the controller to be able to perform hover and
forward flight which are two flight phases with very different
dynamics. Additionally, the tilt-rotor mechanism used to control
the system is highly nonlinear which adds to the challenge. This
paper presents a novel acceleration controller using Nonlinear
Model Predictive Control (NMPC) in addition to the use of
behavioural cloning to mimic the NMPC using a feedforward
neural network. It is shown that behavioural cloning does
successfully transfer general flight characteristics but that the
performance is degraded with respect to the NMPC. Additionally,
a sensitivity analysis was performed to investigate the effects of
improper parameter estimation on controller performance. The
most interesting result from this analysis is the strong sensitivity
of both controllers to changes in centre of gravity location and
mass.

Index Terms—UAV, Tailsitter, Tilt-rotor, Acceleration Control,
Nonlinear Model Predictive Control, Behavioural Cloning

I. INTRODUCTION

There has been a surge in the use of micro air vehicles
(MAVs) over the last few years with uses spanning a spec-
trum of civilian and military applications including inspection
services, crop monitoring and surveillance tasks [1]. Some
of these applications necessitate the combination of features
seen in fixed-wing MAVs, such as long-range flight and high
endurance, with the hovering and vertical take-off and landing
abilities typically associated with rotorcraft. Hybrid MAVs
cover these requirements by combining the ability to hover
with a wing to have an efficient forward flight. A specific
type of Hybrid MAV called tailsitter rotates their whole body
90 degrees to transition between flight phases. According to
[2], this reduces the mechanical complexity of the system
and adds minimal dead weight thanks to the use of fixed
rotors and aerodynamic control surfaces. However, the use
of aerodynamic control surfaces limits the ability to control
roll and pitch at lower airspeeds. To resolve this issue, the
addition of tilt-rotor mechanisms to the propellers and the
removal of the ailerons has been proposed in [3], removing
the dependence on airspeed for pitch and roll control.

Controlling such a system is difficult in part due to the
large flight envelope that includes hover, transition and forward

flight which means that the flight dynamics vary substantially.
Adding to this, a nonlinear tilt-rotor control mechanism that
has to control both attitude and position, the selection of a
control method should take these challenges into account.

In [4], a fused-PID velocity controller was developed to
control a tilt-rotor Vertical Take-Off and Landing (VTOL)
drone. Two different PID controllers had to be designed to
deal with hover and forward flight and were fused to deal with
transition flight. This highlights a weakness of PID control
where highly nonlinear systems require the design of multiple
PID controllers to deal with the system dynamics.

In [5], the outer-loop control of a tilt-rotor drone was
designed using a state-dependent LQR trajectory controller
that controls the angular rates and thrust. The low-level control
is made of multiple PID controllers requesting moments to
achieve these angular rates. Although this method achieved
moderately aggressive trajectories, the use of PID controllers
in the low-level control would be challenging for this highly
nonlinear platform.

Incremental Nonlinear Dynamic Inversion (INDI) is a good
candidate for acceleration control thanks to its successful
implementation on multiple similar fixed-rotor tailsitters. In
[6], two INDI controllers controlling attitude and velocity indi-
vidually were combined in a cascaded structure to successfully
control a fixed-rotor tailsitter in all phases of forward flight.
Additionally, in [7], an adaptation of INDI using differential
flatness was successfully implemented to perform accurate and
aggressive uncoordinated flight manoeuvers. The use of INDI
was tested, but after several trials, a cascaded INDI approach
showed difficulties in controlling the drone adequately. It can-
not be guaranteed that it is impossible to use such an approach
but the difficulties encountered were most likely caused by the
high coupling between translational and rotational control on a
tilt-rotor control mechanism. For example, using the tilt-rotor
mechanism to fulfil an immediate acceleration requirement
may be possible but could negatively affect the attitude of the
drone in the future. It therefore became apparent that a solution
that can deal with this coupling is needed to control this drone.
Model Predictive Control is one such method that can optimise
the control outputs to follow acceleration requirements without
jeopardising its ability to do so in the future. The system
being highly nonlinear warrants the use of Nonlinear Model
Predictive Control (NMPC) [8].

To the best knowledge of the author, NMPC has not been
used for the control of a tilt-rotor tailsitter before. NMPC



is an elegant solution to the problem of controlling a tilt-
rotor tailsitter thanks to its ability to follow objectives such as
acceleration defined in a cost function. The nonlinear solver
then minimises the value of the cost function to find the
required control inputs. Through some initial testing, it became
apparent that the NMPC may have difficulties running in real-
time on hardware that can be placed on the drone.

Imitation learning is a method that can be used to solve
this issue as explained in [9] where the behaviour of an expert
NMPC controller was replicated using a neural network. A
neural network can run substantially faster than the NMPC on
much less powerful hardware. This is called imitation learning.
Imitation learning at its core aims to replicate the behaviour
of an expert controller which in this case is the NMPC
mentioned previously. In a survey summarising the different
imitation learning methods [10], three different techniques
were identified: Behavioural Cloning, Direct Policy Learning
and Inverse Reinforcement Learning.

Behavioural Cloning is the most straightforward method
where the expert controller is used to generate input-output
data pairs which the neural network will then try to replicate
through training. Direct Policy Learning starts identically as
Behavioural Cloning by training an initial policy but can
request additional expert controller input-output pairs in sit-
uations where the original policy performs poorly. Inverse
Reinforcement Learning consists in learning a reward function
from expert demonstrations which in this case is the NMPC
to then apply this reward function in a normal reinforcement
learning framework.

For this work, Behavioural Cloning will be used as a frame-
work for imitation learning thanks to its simplicity. This means
that a feedforward neural network will be built and trained on
input-output pairs generated by an NMPC controller.

The contribution of this paper is the development of an ac-
celeration controller using nonlinear model predictive control
for a tilt-rotor tailsitter simulation. Additionally, due to its high
computational requirements, behavioural cloning is proposed
and tested to mimic the behaviour of NMPC allowing it to be
run on hardware that can be placed on the tilt-rotor tailsitter.

This paper is structured as follows. To start, the design
of the vehicle simulation along with some definitions and
conventions will be detailed in section II. Then, the reasoning
behind the design of the general control structure is outlined
in section III. The design of the NMPC and the NN used for
behavioural cloning are outlined in section IV and section V
respectively. Next, the performances of both controllers are
assessed in section VI. Following this, a sensitivity analysis is
performed in section VII. To finish, the results are discussed
in section VIII and conclusions made in section IX.

II. VEHICLE SIMULATION

The vehicle simulation will base itself on the tilt-rotor
tailsitter shown in Figure 1 which was developed in [3]. The
model will be used to test the developed control methods and
will be composed of three major components: the aerodynam-
ics model, the thrust model and the actuator dynamics.

Fig. 1. Tilt-rotor tailsitter MAV [3].

A. Definitions and Conventions

Before diving into the modelling of the system, some
definitions and conventions need to be defined.

Firstly, the inertial reference frame that is used is the North-
East-Down (NED) reference frame. The cube in Figure 2
illustrates this, the positive X-axis points North, the positive
Y-axis points East and the positive Z-axis points Down.

-10

Fig. 2. Modelling reference frames: inertial reference frame (bottom left cube)
and body reference frame (drone model).

Secondly, the body reference frame of the drone is centred
at its origin with the positive direction of its X-axis pointing
towards the nose of the drone and the positive direction of the
Y-axis pointing perpendicularly along the wing. The Z-axis
completes the right-handed axes. These axes are represented
in Figure 2.

Finally, the representation of Euler angles in plots will not
use the standard ”ZYX” rotation sequence but the "ZXY”
rotation sequence to avoid issues with representing attitude
during hovering phases of flight.

B. Aerodynamics Model

In [7], a fixed-rotor tail-sitter was successfully controlled
using INDI and differential flatness. The aerodynamic model
used in this paper called ¢ theory is a singularity-free model
that has been expressly developed for the “algorithmic flight



control of tail sitters” [11]. The objective of this model
is not to be more accurate than other models but instead,
trade some accuracy for a more consistent and numerically
stable model. The authors of [11] also conclude that this
model effectively captures the main dynamic characteristics
throughout the whole range of flight conditions. This last point
is important as it implies that if the ¢ theory model parameters
are properly identified, the model will depict the main flight
characteristics of the drone. The aerodynamic model

. 1 -
Fag = 5pSVee ™V, (M

where ﬁas is the aerodynamic force vector in the body refer-
ence frame, p is the air density, S the wing surface area, V,
the free-stream velocity, (™) the aerodynamics coefficients
matrix and Vg the air velocity in the body reference frame.

The aerodynamic coefficients matrix (V)
Cgy, O 0
™M= 0 ¢, 0 : )
0 0 CL +C4y,

where C|_ s the lift coefficient slope, Cq, is the minimum
drag coefficient and Cy, the minimum lateral force coefficient.

C. Thrust Model

The thrust model consists of three steps. First, the static
thrust Tp is calculated using

To =5 10~%w? 0.0008w + 0.1034, (3)

where the propeller angular velocity w is the input. This
equation was determined experimentally by G.H.L.H. Prescod
in [3].

Static propeller thrust is not what is experienced during ac-
tual flight as the inflow velocity of the air reduces the capacity
of the propeller to produce force. Modelling this effect can be
done by using the relationship shown in Equation 4 which is
adapted from [12]. The effective thrust 7t is calculated using

Ve U

Tc = To ) (4)

Ve

where 7p is the static thrust discussed previously, ve the trans-
lational velocity and v the inflow velocity. The translational
velocity ve shown in

w
2m
depends on the propeller angular velocity w and propeller pitch
Pp . It can be described as the velocity at which the propeller
would progress in a viscous liquid. Finally, inflow velocity
v is the velocity of the airflow perpendicular to the plane of
rotation of the propeller. With the estimation of the effective
thrust performed, the force vector in the body reference frame
ﬁTBI;r can be calculated using

Pe, &)

Ve =

. TBI;r Cos(al;r)
Fro,, = 0 , ©)
TBI;r Sln(al;r)

where Tp,., is the effective thrust of the propeller and «y;r is
the angle of the propeller nacelle. [ and r subscripts denote the
left and right propellers. Figure 3 shows the positive definitions
of Tg,., and ay;r in a simplified side view of the drone. The

final thrust force ﬁTB is calculated using

FTB = FTB. + FTB.— . 7)

Fig. 3. Simplified drone side view: definition of Tg,., and ;- in the body
reference frame.

D. Actuator Dynamics

The actuators in this system are composed of the propeller
motors of which the angular velocities are denoted w and
the tilting mechanism servos whose angles are denoted «.
Including actuator dynamics in the simulation is important as
in real life, control inputs are not replicated instantly in the
system. Simple first-order dynamics will be used to model the
actuators using the transfer function H(s) shown in

1
Ts+1’
where 7 is the time constant. This also means that the actuators
are now part of the state vector and the control inputs become
commands for these actuators to follow. As an example,
the calculation of the derivative of the left propeller angular
velocity wy using Equation 8 is shown in

1
W =—(w, w) 9
T

H(s) = ®)

where w), is the commanded angular velocity and wj is the
current angular velocity of the propeller. The same method is
used for the remaining actuators wy, oy and ayr. As the focus
of this work is not on complete modelling accuracy with the
real-world drone, all actuators will have the same first-order
dynamics for this proof of concept. The equation for these
dynamics (Equation 8) uses 7 which is the time constant and
for this simulation is set to 0.04 seconds. This means that its
settling time, which is the time it takes for the state to reach
95% of the commanded value, is 0.12 seconds.

E. Integrated Model

To summarise, both the aerodynamics and thrust model
forces are combined to produce the equations of motion of
the system. The translational equations of motion are defined
in

o 0

Vy = fR|B(FTB + FaB) + 0
m

)74 g

;o (10)



where ﬁTB and ﬁaB are the thrust forces and aerodynamics
forces in the body reference frame, Rg the reference frame
transformation matrix from body reference frame to inertial
reference frame and g the Earth’s acceleration. The rotational
equations of motion are defined in

b 1 - _ . B .
q = T(DCP FaB+ Z DTi FTiB I )a (1)
T

i=lr
where [ is a 3-by-3 matrix containing the moments of inertia
of the drone around the x-, y- and z-axis on the diagonal of the
matrix and  the angular velocity vector hp, ¢, ri. Equation 11
can be simplified to

B 1 - q . .
¢ | =5WDcp  Fag+ D Dr, Frp)  (12)

T i=lr

where the term I is ignored as its contribution compared
to the other terms is much smaller due to the low angular ve-
locities expected in the simulation. Additionally, the following
notation Da indicates a vector starting at the centre of gravity
and ending at position A. Performing the cross product of this
distance vector with the force applied at the end of it generates
vector moments in the respective axes. C'P stands for Center
of Pressure. In general, the Center of Pressure is not a fixed
point, but the aerodynamics model [11] used in this paper
calls for a fixed point at which the aerodynamic forces are
applied and thus ﬁcp is constant. 7 designates the points at
which the propellers generate their force. 7 refers to the left
propeller and 7} the right propeller.

For further reference, the full state X and control inputs U
of the system are defined

X :ﬂhxvvqu 7w|awl’7a|7al’l ; (13)

U = hUJIC»Wrw 0[|C, Oércl

where Z is the position vector hz, y, 21, V the velocity vector
hVx, Vy, V21, ¢’ the quaternion vector Ngo, gx, gy, ¢z 1 and finally
hwi, wr, ar, arl the actuator states. As for the control inputs,
wr;r, denotes the propeller angular velocity and o:r. the pro-
peller nacelle tilt angle. Additionally, the ¢ subscript indicates
that the value is the commanded value and not the actual state
of the actuator.

F. Unmodelled effects and forces

As the objective of this work is to investigate the ability
of the developed control methods to handle the main dynamic
properties of a tilt-rotor tailsitter, some effects and forces were
left unmodelled. The addition of these forces to the controllers
in the future will be beneficial for modelling accuracy. This
section will discuss these forces and how not modelling them
affects the results that will be shown later.

1) Prop-wash: Determining the effects of prop-wash for
a tilt-rotor tailsitter is difficult due to its novel nature and
thus a lack of experimental data from the literature. The
forces generated by the prop-wash differ greatly depending on
the angle of the propeller nacelle. This can be visualised in

Fig. 4. Simplified prop-wash side view visualisation (dashed lines represent
region affected by prop-wash).

Figure 4. The figure depicts a side view of one of the tilt-rotor
propellers with two different angles of the propeller nacelle.
The dashed lines represent approximately the regions where
the flow has been accelerated based on propeller momentum
theory [12]. The two different propeller nacelle angles generate
vastly different regions affected by prop-wash which will
interact with the wing differently. Modelling of prop-wash-
induced forces is thus recommended for future work.

2) Propeller Angular Acceleration: Propeller angular ac-
celeration generates torques that are not modelled in this
simulation. The effect on the overall system is expected to
be low due to the small inertia of the propellers. Therefore for
this paper, it can be left unmodelled.

3) Propeller Nacelle Angular Acceleration: The rotation
of the propeller nacelle is what makes this drone a tilt-
rotor drone. In the model developed in this paper, the torque
required to rotate the propeller nacelles is not modelled and
therefore no torques are applied to the body of the drone when
rotating the nacelles. This torque should be added to the model
in further work.

4) Inflow Velocity to Drone Angular Velocity: Currently, the
inflow velocity to the propellers is only calculated based on the
point mass velocity of the drone. For steady-state flight, this
does not cause any errors. However, because the propellers are
not positioned at the centre of gravity of the drone when the
drone rotates, this causes the propellers to move at different
velocities than the centre of gravity. This effect should be
modelled if aggressive manoeuvres are performed but this is
not the case in this paper.

III. CONTROL STRUCTURE

As the objective of this work is to develop an acceleration
controller, the general control structure should be designed
around this. The structure should also allow for easy switching
between the NMPC controller and the neural network designed
to mimic the NMPC. The proposed general structure is given
in Figure 5. To calculate the target acceleration dyref, a
proportional controller calculates the error between the target
velocity Vref and the actual velocity V and multiplies it by
a gain Ky = 0.8 which was determined through trial and
error. The components of dyer are limited between -5 and
5 m/s? to avoid large acceleration requirements from large
velocity errors. The acceleration controller then takes this
target acceleration along with additional states from the drone
X to calculate the control actuation required to achieve that
acceleration. This is a very modular structure which allows for



different acceleration controllers to be implemented as long as
they have the same inputs and outputs.

Velocity Target Altitude
Reference
Generator Zref
Te
‘/ref 7‘/7‘6f> <I/;‘€f) +
T Y z

a
v ref

Acceleration
—>» Controller (NMPC or

NN)
e U
A 4
Drone Dynamics

Fig. 5. General overview of control structure.

The velocity reference Vief is generated by combining two
different controllers. On the right in Figure 5 an altitude
controller calculates the error between the drone z position
and the target altitude zref Which is then multiplied by a gain
K; = 0.2 (determined through trial and error) to get Vies,.
To generate the velocity references hVyer, , Viet, i, a waypoint-
based method is used. Figure 6 illustrates how this is done.
A line is drawn between the drone position and the waypoint
location. Then, a unit vector can be built on this line and scaled
depending on the desired target velocity which finally creates
thefX; Vrefy i.

T

Y I/Tefz
Vre, I : : {(Vietor Vies,)
RRIY Ve ~
VA 1”} \
[REN \
I

Fig. 6. Velocity reference generator.

The velocity reference generator switches to the next way-
point once the drone is within 7, distance of the current

waypoint. Additionally, first-order dynamics in the same form
as Equation 8 were added to the velocity reference Vref to
avoid large sudden changes. The time constant used for these
dynamics is 0.5 seconds. One of the benefits of this overall
structure is that minimal planning is needed for a mission. All
that is needed is a target velocity and the location and order
of the waypoints.

IV. NONLINEAR MODEL PREDICTIVE CONTROL (NMPC)

To define the Nonlinear Model Predictive Controller, a few
elements are needed. The dynamics model, the cost function,
the constraints of the system and the prediction parameters
(Prediction horizon and sample time). The dynamics model
used has been previously defined in section II. The cost
function value J is defined as

J=Ka ae+ Kpgr e

Keross He, (14)

where ae is a term penalising acceleration error, ¢ penalises
excessive angular rates and He ensures the drone aligns its
body XZ-plane with the reference velocity vector. Terms
starting with Ky are simple weights used to balance the error
terms. ae is calculated using

p
— 2 2 2
e = Z (axrefi axi) + (a‘)’refi G’Yi) + (a’Zrefi azi) 9
i=1

15)
where the x,y, and z accelerations are subtracted to their
respective reference values denoted ay,., then squared. The
subscript ¢ denotes the specific timestep and p is the prediction
horizon which in this case is 10. The term ¢ is calculated
using

e= > f +qf +1d), (16)
i=1
where the angular rates p, q and r are squared and summed
over all timesteps in the prediction horizon.  was required in
the cost function as without it, the NMPC has no incentive to
find a stable attitude. This term being a secondary objective is
weighted less than the acceleration error. The final term called
He and which is defined in

H. = diag(1,1,0) ‘fref pTijyO:B)i an
= ||||diag2,1,0) Veer|| [|projey (o)

was designed to make the drone align its XZ-plane in the
body reference frame with the current reference velocity
vector. To make sure the alignment calculation works in all
circumstances, a vector-based method is devised. Two vectors
are built to calculate He. First, on the left side of the cross
product in Equation 17, the x- and y-components of the
reference velocity vector are extracted, and then this vector
is normalised. On the right side of the cross-product, the y-
axis of the drone in its body reference frame is projected onto
the inertial xy-plane and then normalised. The cross product
of both these vectors is taken then the norm of the results is



summed for each timestep. The norm of the cross product of
both these vectors produces the largest value of 1 when they
are perpendicular and O when they are parallel. As this value is
subtracted from the cost function, the solver will aim to keep
the vectors perpendicular which is the desired behaviour. This
current implementation can be adapted to take into account
wind by modifying the diag(1,1,0) Vier term with the x
and y wind components.

It should be noted that no terms governing pitch or roll were
added to the cost function. The reasoning behind this is that
forcing the drone into specific attitudes may be less optimal
than leaving the freedom to the solver to determine the best
attitudes to minimise the cost function.

The next step to describe the NMPC is to set constraints
on the system. Being able to set explicit constraints on both
the state and control inputs is a big reason for the success
of NMPC [12]. In this case, setting constraints on the control
inputs is essential as there are physical limits to the capabilities
of the actuators.

wir 2 [100,1400], (rad/s)
wir 2 [ 500,500], (rad/s?) 13
are2 [ /4,74 (rad) (18)
air 2 [ 7/9,7/9), (rad/s)

Equation 18 summarises the constraints applied to the
actuators. This minimal set of constraints also has its use in
terms of improving computational performance. This has been
shown in [13] where an initial set of nonlinear constraints
was aggregated into a smaller number of nonlinear constraints
which had the effect of saving significant computational time.

Finally, the prediction parameters which are the prediction
horizon and the sample time are discussed. The main driver of
computational complexity for model predictive control is the
amount of decision variables [14]. The amount of decision
variables is calculated by multiplying the control horizon ¢
with the number of control inputs which in this case is 4. As
in this work, the control horizon is equal to the prediction
horizon, p can be used to calculate the amount of decision
variables. Selecting the prediction parameters is therefore
a balancing act between the controller and computational
performance.

Through trial and error, a prediction horizon of 10 and a
sample time of 0.1 seconds struck a good balance between
computational performance and controller performance bring-
ing the number of decision variables to 40.

A. Sub-stepping

It has been mentioned previously that the sample time for
the NMPC was set to 0.1 seconds. In its current implementa-
tion, this means that the open-loop prediction of the NMPC is
simulated at 10 Hz, which in this case causes issues related to
the stability of the dynamics which causes the solver to crash
in certain cases. This was confirmed by keeping the 0.1-second
sample time for the NMPC but sub-stepping the integration
steps at 0.01 seconds. Solver crashes were not detected after
implementing this change. Further references to the NMPC
using sub-stepping will be called Sub-stepping NMPC. It is

important to note that all simulations were run at 100 Hz and
that it only is the internal prediction model of the NMPC that
was run at 10 Hz.

B. Real-time Performance

Applying this controller in real-time requires that the pro-
cessing time of the whole control algorithm shown in Figure 5
must at least be less than the sample time § of the NMPC.
In practice, the objective is to get the processing time much
smaller than the sample time. This is because the control input
that is calculated is optimal for the system state at time ¢
but due to the processing time, the state has changed and the
control input is no longer optimal.
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Fig. 7. Control loop processing time as a fraction of sample time overview.

The average optimisation time for the NMPC takes about
0.7 seconds with maximums reaching about 1 second. The
hardware used is a desktop Intel® i5-12400 CPU. It is thus
expected for hardware that can be placed on the drone to have
difficulties running the NMPC in real-time. As mentioned in
the introduction, a successful method of solving this issue
is explained in [9] where the behaviour of an expert NMPC
controller was replicated using a neural network. This method
is called imitation learning and will be discussed next.

V. IMITATION LEARNING NEURAL NETWORK

The neural network (NN) used in this work is a feedforward
network with three hidden layers. An overview of the structure
is shown in Figure 8. The design choices will be divided into
three parts: the NN inputs, the activation functions and the NN
size.
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Fig. 8. Neural network structure diagram.

1) NN Inputs: The input used in the NN consists of states
of the drone whose values affect the forces applied to the
drone. This includes the velocity vector V, the quaternion
attitude vector ¢ and the angular rates ~. The reasoning behind
this is that the NN needs to have access to the states of
the drone that affect the forces applied for it to be able to
control acceleration. This is why position is not an input to
the NN as it does not influence the acceleration in the model.
Additionally, as this is an acceleration controller, the current
acceleration @ and reference acceleration dref are added to
the input. One would be tempted to subtract the acceleration
a from the reference acceleration Gres to reduce the number
of inputs of the NN. However, this was implemented and hurt
controller performance. This is possibly explained by the loss
of information that using the acceleration error causes as the
absolute values of the acceleration and reference acceleration
are lost.

2) Activation Functions: Looking at Figure 8 it can be
seen that two different activation functions were used in the
NN. For the hidden layers, ReLU activation was used as it
is the first go-to activation function for hidden layers [15].
As for the activation of the output layer, a required property
of the activation function is that it should be bounded. This
is to ensure that the outputs of the NN do not exceed what
the actuators can physically achieve. Therefore, a Sigmoid
activation function was used and its output was scaled to fit
the range of values the actuators may take.

3) Hidden Layers and Neurons: Choosing the number of
hidden layers and neurons was performed through trial and
error and ended up with three fully connected hidden layers
with 128 neurons each.

A. Training data generation

The initial training data generation objective was to gener-
alise as much as possible. This meant randomly sampling the
drones’ possible states as well as the reference accelerations
that are used as input. The NMPC would then calculate the
optimal control output for this situation and a data point would
be generated.

Provided enough samples of the state and references to
follow are generated, it was assumed that the network could
learn from this and generalise. This was however not the
case, the network could not learn from this random sampling
method. A possible reason for this is that generalised random
sampling over all states and reference accelerations may
require substantially more training data than was generated
for the neural network to be able to generalise. Therefore, it
was decided to create a method that generates more specific
training data to reduce the amount of data generation required.
This method involved the generation of randomised flight
scenarios. The basic design of these scenarios is for the drone
to start in a randomised orientation and follow a randomised
velocity vector. The drone is given a set amount of time to
reach this velocity, then the velocity reference is set to zero for
which it has the same amount of time to reach. By generating
a large number of scenarios, the neural network should be able
to generalise and perform scenarios that it has not encountered
in the training data.

TABLE I
TRAINING DATA GENERATION SCENARIO INFORMATION.

Velocity Range 1 | Velocity Range 2
Target Velocity
Range [m/s] [0.5, 5] [5, 11]
Number of 4454 3895
Scenarios [-]
Number of
Generated
Input-Output 356560 389500
Pairs [-]
Scenario
Time [s] 8 10
Starting Yaw _ _ - -
Range [rad] [ =2 =2] [ =2 =2
Starting Pitch _ _ _ _
Range [rad] [ =4.3 =4] [ =4.3 =4]
Starting Roll
Range [rad] [0.0] [0.0]
Reference Flight Path
Angle Range [ =2, =2] [ =8, =8]
[rad]

Table I summarises the scenario parameters used to generate
the data. Overall, the training data covers target velocities
starting at 0.5 m/s up to 11 m/s by combining two different
ranges of training data shown in Table I. The training data
does not go beyond 11 m/s for practical reasons linked to the
time it takes to generate the training data. The training data
summarised in Table I took about 80 hours to generate.

What both target velocity ranges have in common are the
initial attitude ranges. The idea behind randomising the initial
attitudes is simply to generate more diverse training data for
the NN to train on.



The use of different reference flight path ranges depending
on the target velocity has to do with the flight envelope used
for the performance tests presented later in this paper. All
tests have a constant altitude hold which means that the flight
path angle for all tests is technically zero. In practice, the
NN controller needs to be able to correct for vertical error so
training data where the flight path angle is non-zero needs to
be generated. At slow velocities in the range of 0.5 to 5 m/s,
the limits on flight path angle are [ 7/2, 7/2] radians which
essentially means no limits. This was done to allow the NN to
move the drone in any direction during hover. For the range of
5 to 11 m/s, the flight path angle range was reduced to [ /8,
/8] radians to improve training data generation efficiency.

B. Training

With the NN defined and the training data generated, the NN
can now be trained. Setting up the training of a neural network
requires the definition of multiple settings. These are the loss
function, optimiser, learning rate, batch size and number of
epochs. The loss function used to calculate the error between
the prediction of the NN and the output of the NMPC is the
Mean Square Error (MSE) defined in

n
MSE =2 > 1) (19)
=i
with n being the number of samples, Y the predicted output
and ¥ the true output. It was selected due to its common use
in feedforward neural networks used for regression tasks [16,
17, 18].

After calculating the MSE, the weights and biases of the
neural network are updated using the Adam optimiser which
is a gradient-based optimiser known to be able to deal with
problems involving large amounts of data whilst remaining
efficient computationally [19]. Additionally, [19] recommends
a learning rate of 0.001 as a good starting point.

The batch size and number of epochs were determined
through trial and error. A summary of these training settings

Training Average Loss | |
Test Average Loss

Loss value []
= (6] (o]

w

Epoch [-]

Fig. 9. Average training and test loss plot.

C. Real-time performance of onboard hardware

The development of this neural network was done in the
interest of real-time performance. Therefore, it is necessary
to test its real-time performance on hardware that could be
placed onboard a drone. In this case, the neural network was
tested on a Raspberry Pi® 4 Model B with 4 Gigabytes of
RAM.

The model in its PyTorch format is first converted to ONNX
(Open Neural Network Exchange) format for performance
improvements. At this time, the ONNX Runtime module for
Python has better-optimised inference for the ARM-type pro-
cessor of the Raspberry Pi 4 than PyTorch itself. The converted
model is then run 1,000,000 times and the computational time
for each inference is recorded. The results of this test are
presented in Table III.

TABLE III
NEURAL NETWORK REAL-TIME PERFORMANCE TESTING RESULTS ON
RASPBERRY PI14B.

Value Unit
Mean 9:402% 5 | s
Standard Deviation | 1:6026e 3 | s
Maximum 1:1261e 3 | s

is presented in Table II.

TABLE II
NEURAL NETWORK TRAINING SETTINGS.
Value
Loss Function Mean Square Error (MSE)
Optimiser Adam [19]
Learning Rate 0.001
Batchsize 512
Number Epochs | 50

The final step before training the model is to divide the data
into training and test datasets. According to [20], an 80%/20%
split is commonly used in machine learning and thus is used
as a good starting point. Splitting the data is done to verify
the generalisation ability of the network throughout training. If
the test average loss starts to diverge from the training average
loss it is a possible sign that the NN is starting to overfit the
training data. The resulting loss plot for the NN used in this
paper is shown in Figure 9.

Typical control loops run at about 100-200 Hz which gives
0.005 to 0.01 seconds as maximums for computational time.
The maximum computational time of 1.1261le 3 seconds
which is the worst-case scenario is still smaller than these
values. This leaves a safety factor and room for the neural
network to grow in size if needed. It should be noted that
the tests were performed with no other processes being run
on the Raspberry Pi. If other tasks need to be run alongside
the inference, this testing should be performed again as the
additional load might affect performance.

VI. PERFORMANCE COMPARISON

This section will assess the differences in performance be-
tween the expert NMPC and NN controller. The performance
of the Sub-stepping NMPC will be succinctly discussed for
each test but not compared in depth with the NMPC and NN
as it was not used for the generation of the training data.
Additionally, test failures will be classed into three types:
Solver, Performance and Crash failure. Solver failure is only



relevant to the NMPC and indicates that the test failed because
the solver did not converge to a solution. Performance failure
indicates that a waypoint was missed or that the drone is
circling around waypoints before reaching them. Crash failure
indicates that the controller no longer had control of the drone
and crashed. For each test, a table with the maximum velocities
each controller could perform the test up to is presented. An
additional column contains the failure mode of the controller
when that maximum velocity is surpassed.

A. Maximum Forward Velocity

This first simple test will assess the maximum forward
velocity in the X-direction the controllers can achieve. The
results are summarised in Table IV.

TABLE IV
MAXIMUM FORWARD VELOCITY EXPERIMENT: NN, NMPC AND
SUB-STEPPING NMPC RESULTS WITH FAILURE MODES PAST THE
MAXIMUM VELOCITIES

Velocity [m/s] | Failure Mode
NN 8 Crash
NMPC 19 Solver
Sub-stepping NMPC | 24.5 None (Actuator Saturation)

It is important to note that the training data generated for
the NN only included scenarios with velocities up to 11 m/s
which would make it very unlikely for the NN to fly past
this velocity. In this maximum velocity test, the NN is able to
reach around 70% of this maximum theoretical velocity.

The NMPC and Sub-stepping NMPC reach higher velocities
as they are not limited by the training data velocity ranges.
The NMPC cannot make it past 19 m/s due to the solver not
converging and the Sub-stepping NMPC stops accelerating
at 24.5 m/s due to the saturation of the propeller angular
velocities.

To assess the transfer or flight control logic between the
NMPC and the NN, the maximum velocity of the NN will
be used as the target velocity for both. Looking at Figure 10,
the NMPC reaches the target velocity faster and settles to the
target velocity after 5 seconds. Its attitude also remains very
flat with no yaw or roll to be seen. In comparison, the NN
takes about 4 seconds to reach the target and remains slightly
offset from the target velocity. It also does not fly completely
flat with small variations in yaw and roll throughout.

Both controllers show very smooth changes in actuator
states as shown in Figure 11. For the NMPC this is not
surprising as rate limits are applied when calculating the values
for the actuators. For the NN, behaviour is learned through
the training data and thus shows that it is able to mimic the
behaviour of the NMPC.
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Fig. 10. Maximum forward velocity experiment: velocity and Euler angles
of the NMPC and NN.
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Fig. 11. Maximum forward velocity experiment: control actuator states.

B. Hover to Forward Flight back to Hover

This test involves finding the fastest forward velocity at
which the controller can accelerate to then slow back down to



hover. The results are summarised in Table V.

TABLE V

HOVER TO FORWARD FLIGHT TO HOVER EXPERIMENT: NN, NMPC AND
SUB-STEPPING NMPC RESULTS WITH FAILURE MODES PAST THE
MAXIMUM VELOCITIES

Velocity [m/s]

Failure Mode

NN 8 Crash
NMPC 8 Solver
Sub-stepping NMPC | 24 None (Actuator Saturation)

Both the NN and the NMPC managed to perform this task
up to 8 m/s. This is one of the rare cases where the maximum
target velocities are identical. The Sub-stepping NMPC having
the advantage of not experiencing solver issues manages to
perform this test up to 24 m/s. It does not have a failure mode
because it simply cannot reach 25 m/s as previously seen in
the maximum forward velocity test.

Just like the maximum forward velocity test, the NN can
perform this test over about 70% of the velocity range it was
trained on. It can be argued that although its maximum velocity
is lower, the fact that it can slow back down to a hover from its
maximum velocity is safer than a system such as the NMPC
which can fly much faster but not safely slow down.
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Fig. 12. Hover to forward flight to hover experiment: velocity and Euler
angles.

Looking at Figure 12, some assessments on control logic
transfer can be made. The NN reached the target velocity
with about a 1-second delay compared to the NMPC. This
is reflected in Figure 13 where the sharp change in control
inputs for the slow-down procedure is delayed over that of the
NMPC. Interestingly, the velocity profile and control inputs of
the NMPC and NN are similar up until about 2 seconds when
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the NN starts to deviate and slows down when approaching the
target velocity. Additionally, the NN never slows back down
to zero velocity after it has reached the target velocity. This
slower response with respect to the NMPC shows degradation
of the NMPC control logic through the imitation learning
process. This strengthens the need to improve the cloning
process of the NN.
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Fig. 13. Hover to forward flight to hover experiment: control actuator states.

C. Circular Waypoint Following

This test will investigate the ability of both controllers to
perform a more complex trajectory. This trajectory is a circle
with a radius of 40 meters and is composed of 14 waypoints
for the drone to follow. The waypoint radius ry is 5 metres.

TABLE VI
CIRCULAR WAYPOINT FOLLOWING EXPERIMENT: NN, NMPC AND
SUB-STEPPING NMPC RESULTS WITH FAILURE MODES PAST THE
MAXIMUM VELOCITIES

Velocity [m/s] | Failure Mode
NN 6 Crash
NMPC 10 Solver
Sub-stepping NMPC | 11 Performance

The NN has managed to complete this test up to 6 m/s after
which the drone would lose control and crash. As summarised
in Table VI, the NMPC and Sub-stepping NMPC performed
similarly but past these velocities failed very differently. The
NMPC fails by missing a waypoint, after which, the solver
fails and the simulation stops. The Sub-stepping NMPC does
not experience a solver failure but instead misses the waypoint



and circles around it until it reaches it. It then moves to the
next waypoint where it does the same.

To properly compare the NMPC and NN, the maximum
velocity of the NN will be used as the target velocity for
comparison in this test.
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Fig. 14. Circular trajectory experiment: velocity and acceleration errors.
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Fig. 15. Circular trajectory experiment: NMPC and NN Euler angles. NN
flies upside down after t=25 seconds.

A general characterisation of the NMPC performance is that
it has accurate tracking of the succeeding waypoints confirmed

11

by small velocity and acceleration errors seen in Figure 14.
Along with a smooth continuous change in yaw around the
circle visible in Figure 15 in the top plot.

Fig. 16. Circular trajectory experiment top view (target velocity = 6m/s, circle
radius = 40m).

The NN, relative to the NMPC, performs worse. It cannot
maintain a constant altitude and is not as consistent in tracking
the waypoints as visible in Figure 16 and Figure 17. This
is characterised by larger velocity and acceleration errors
shown in Figure 14. Both controllers present recurrent sudden
changes in velocity errors in the X and Y directions. This
is likely due to the waypoint velocity reference generation
system. With these peaks showing in both controllers and the
periods between peaks also being similar between controllers,
the switching of the current waypoint to the next waypoint
would explain the spikes in velocity errors and the periodic
nature of these spikes explained by the equal distance between
waypoints.

Interestingly, looking at Figure 15, the progression of the
Euler angles for the NN during the test is very different than
the NMPC. At the XY coordinates [-25 -70] in Figure 16, the
NN has the drone flying in knife-edge flight. It then reaches the
leftmost part of the circle where it flips and starts to fly upside
down. This can be observed in Figure 15 in the bottom plot.
Between 28 and 32 seconds, the pitch is near vertical which
is when the drone is flying at knife edge. After 32 seconds,
the pitch continues to increase indicating that it is now fully
flying upside down.

This type of behaviour is not unexpected from either con-
troller. For the NMPC, this can be explained by the fact that
there are no terms in the NMPC governing attitude, the NMPC
will simply try to minimise acceleration error. Adding to this
that the model is symmetrical, there is no performance benefit
for the NMPC to fly "upright” and thus will fly upside down
when needed. The training data used for the NN has an equal
amount of “upright” flight scenarios and upside-down flight
scenarios. Thus confirming that the ability of the NN to fly
upside down is inherited from the NMPC.
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Fig. 17. Circular trajectory side view (target velocity = 6m/s, circle radius = 40m).

D. Rectangular Waypoint Following

This test continues the evaluation of both controllers in more
complex trajectories. In this case, a rectangular trajectory to
test the ability of the controllers to perform 90-degree turns.
The waypoint radius ry is 5 metres.

TABLE VII
RECTANGULAR WAYPOINT FOLLOWING EXPERIMENT: NN, NMPC AND
SUB-STEPPING NMPC RESULTS WITH FAILURE MODES PAST THE
MAXIMUM VELOCITIES

Velocity [m/s] | Failure Mode
NN 5 Crash
NMPC 8 Solver
Sub-stepping NMPC | 24 Performance

Looking at the summarised results in Table VII, the NN has
only managed to perform this trajectory up to 5 m/s which is
less than half the range of velocities included in the training
data. The NMPC is again limited by a solver failure that can
be mitigated by the use of sub-stepping. Concerning the Sub-
stepping NMPC, what is meant by "Performance” as a failure
mode in Table VII is related to the physical limits of the
system. It has been calculated that the minimum turning radius
the drone can perform at 24 meters per second is around 56
meters. With the distance between waypoints being 40 meters
and in perfect circumstances, a minimum turning radius of
56 meters, the tracking of the waypoints is degraded as the
distance between waypoints is too small for this velocity.
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Fig. 18. Rectangular trajectory experiment: NMPC and NN Euler angles. NN
flies upside down after t=8 seconds.
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Fig. 20. Square trajectory side view (target velocity = Sm/s, square size = 40m).
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Fig. 19. Rectangular trajectory experiment: velocity and acceleration errors.

Using as target velocity the maximum velocity of the NN
for this test, the NMPC and NN are compared. Both controllers
present large pitch-up movements at around 8 seconds in
Figure 18 which coincide with large X and Y acceleration
errors in Figure 19 caused by the change in waypoint as
mentioned in the circular test. A possible explanation for this
effect is that the drone is not required to maintain the target
velocity that is given. This means that to transition to a new
velocity vector, the controller may slow down the drone to
then turn and accelerate to the desired speed. If smooth turns
by banking the drone are required in future work, the NMPC
will have to be adapted to perform this new behaviour.

Looking at Figure 20 and Figure 21, the NN does not
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Fig. 21. Square trajectory top view (target velocity = 5m/s, square size =
40m).

smoothly reach each waypoint. This difficulty is reflected in
the velocity errors shown in Figure 19. The controller manages
to correct large disturbances but has trouble reducing them to
zero like the NMPC can and therefore shows some offsets.
These are most noticeable in Figure 19 in the Y Velocity Error
plot.

Finally, looking at Figure 18 and the pitch angle of the
NN, it can be seen flipping to upside-down flight just like the
circular test. Most likely for the same reason as the previous
test. To perform turns, the controller pitches up the drone
significantly. In this case, over 90 degrees to a point where
the controller transitions to upside-down flight.

VII. SENSITIVITY ANALYSIS

The sensitivity analysis will assess the effect of improper
parameter estimation on controller performance. One way to
perform a sensitivity analysis for a model-based controller
such as NMPC would be to change the parameters used in
the NMPC internal model and keep the simulation model
parameters constant. However, this is not possible for the NN



as it is trained with the original parameters from the NMPC.
Therefore, the simulation model parameters will be changed
instead to assess the effects on performance. A flight path
including a 90-degree turn and half a circle path will be used
to compare performance between the simulations. Simulations
where there are no changed parameters are called nominal. A
top view of the waypoints defining this flight path is presented
in Figure 22 depicted with magenta-coloured circles along
with the nominal trajectories of the NMPC and NN.

y [m]

Fig. 22. Waypoint top view with nominal trajectories.

The parameters that will be analysed are summarised in
Table VIII with their initial value, the percentage change that
will be applied (if applicable) and the equivalent value of
this percentage change. These parameters are the aerodynamic
coefficients C , Cq, and Cy,, the wing surface area S, the
mass m, the moments of inertia Ixx, Iyy and I, and the x-
position of the center of gravity CGx (in the body reference
frame).

TABLE VIII
SENSITIVITY ANALYSIS PARAMETERS.

Parameter Value % Change | Value Change
CL [ 4 10 0:4

Cay [ 0.05 10 0:005

Cy, [-] 0.05 10 0:005

S [m?] 0.26 5 0:013

m [kg] 1.27 5 0:0635

Ixx [kg:m?Z] | 0.065 10 0:0065

lyy [kg:m2] | 0.009 10 0:0009

1z [kg:m?] | 0.0662 10 0:00662
CGx [m] 0 N.A. 0:01

To assess the results of these simulations, two tools will be
used. First, visual results are presented as two figures depicting
the trajectories of each simulation, the first of which Figure 23
shows an overview of all the NMPC trajectories and the
second Figure 24 shows all of the NN trajectories. Secondly,
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a performance metric based on the error between the desired
velocity and the actual velocity of the drone will be calculated
for each simulation and presented in Table IX. Using a metric
based on position would not be consistent across tests due to
the waypoint-based method of generating velocity references.
First, a Mean Absolute Error (MAE) velocity vector VM AE
for each simulation is calculated using

—

n — —
Z ‘Vrefi Vl
Vmag ="

n
where n is the total amount of timesteps in the simulation,
‘_/}-ef the reference velocity vector and V' the drone velocity
vector. From these MAE vectors, a velocity error metric ey

can be calculated using

(20)

3
ey = Z(VMAEt WMAEMi>
i=1

where the sum from ¢ = 1 to 3 simply means adding the

components of the vector, the subscript ¢ in VM AE, denotes the

MAE for the simulation with the modified parameters and the

subscript m in VM AE,, denotes the simulation where there is

no difference between the controller parameters and simulation
parameters.

The velocity error metric for each parameter change is
documented in Table IX for both the NMPC and NN. As
each cell containing the error metric represents a simulation,
a colour will be assigned to each cell based on the success or
failure of the simulation. Each colour will now be explained:

1) -: Mission completed. All waypoints were

reached and performance remained acceptable.

2) |Performance Failure : Reaches all waypoints but in a

“non-direct” way. An example of this type of failure is

the purple trajectory in Figure 24.
3) ﬁ: Drone stays in flight but does not complete
waypoints
grarIBEliel: Crash / Drop out of the sky

NIVGE I The NMPC solver cannot converge to
a solution and fails

2D

4)
5)

TABLE IX
SENSITIVITY ANALYSIS RESULTS.

Parameter
CL [

CL [
Cq, [-]

Cyq, [-]

CYO [-]

CYO [-]

S [m?]

S [m?]

m [kg]

m [kg]

Ixx [kg:m?]
Ixx [kg:m?]
lyy [kg:m?]
lyy [kg:m?]
122 [kg:m?]
12z [kg:m?]
CGx [m]
CGx [m]

48.8413
4.7458
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y[m]

Fig. 23. Overview of all NMPC trajectories. Different coloured lines represent simulations with different parameters changed.

z[m]
o

10 —
-50

x [m] 50 90

y [m]

Fig. 24. Overview of all NN trajectories. Different coloured lines represent simulations with different parameters changed.

A first look at Figure 23 and Figure 24 shows that out of the
simulations that succeeded, the vertical variation in trajectories
for the NN is much smaller than for the NMPC compared
to their respective nominal trajectories. This is reflected in
Table IX where it can be seen that the ey for NN is either
similar to that of the NMPC or substantially smaller in the
case of C_ and S. However, although the NMPC shows more
impact on performance when changing parameters, it succeeds
in having the least failures overall.

Both controllers have similar low sensitivity to changes
in Cy,, Cy, and the moments of inertia. However, some
interesting results show up when looking at C_ , S and m.
The NMPC is substantially more sensitive to C\ and .S which
directly affect the aerodynamic lift force but the NN fails the
tests where the mass is changed. Finally, both the NMPC and
NN are very sensitive to changes in the centre of gravity due
to both centre of gravity changes causing failures.

VIII. DISCUSSION

The current formulation of the NMPC provides a simple so-
lution to the acceleration controller. However, the NMPC used
to generate the training data used an integration timestep equal
to the sample time of 0.1 seconds. This had as consequence
that the main limits in performance for the NMPC were caused
by solver crashes due to instability in the prediciton model.
This was confirmed by introducing sub-stepping integration
timesteps of 0.01 seconds which stopped solver failures and

increased performance in all experiments. This Sub-stepping
NMPC should be used in future work to generate the training
data.

Considering the flight characteristics of the NMPC, if these
need to be changed, an updated formulation of the cost func-
tion would be needed. In the rectangular trajectory experiment,
the drone pitches up substantially and slows down to make
turns. Enforcing a target velocity in the cost function could
possibly push the NMPC to perform a smoother turn.

Concerning the NN, behaviours seen in the NMPC such as
the pitch up to slow down for turns and the ability to fly upside
down are transferred successfully from the NMPC to the
NN. However, the NN shows some performance degradation
with respect to the NMPC. The NN manages to follow
general velocity requirements but does not settle for the actual
requested value. This is reflected in the hover test where once
it slows back down after having reached the target velocity, it
does not manage to slow down to 0 m/s completely, or in the
maximum velocity test where it does not settle to the target
8 m/s. The more complex circular and rectangular trajectory
tests show the ability of the NN to perform turns which is a
task not included in the training data. These trajectories were
achieved up to about half the maximum velocity included in
the training data (11 m/s). Increasing the maximum velocity
these trajectories can be performed at could be done by
increasing the velocity range included in the training data
and/or adding more specific training data that includes turns.



From the sensitivity analysis, the NN shows reduced sensi-
tivity to changes in parameters that affect lift generation (C_
and S) over the NMPC. It is difficult to say, however, if this
reduced sensitivity will remain once the performance of the
NMPC and the training of the NN have been improved.

Looking at both controllers as a whole, the trade-off the NN
proposes is very attractive. Velocity and acceleration errors
are relatively worse but it solves the main issue of the NMPC
which is its difficulty to run in real-time. From the inference
speed test results shown in Table III, the NN can comfortably
run onboard the drone.

One of the main problems when talking about validating
the controllers on the real drone is that the NMPC has
difficulties running in real-time. This is why a NN was trained
to mimic the behaviour of the NMPC. This makes identifying
reasons for issues in the validation results very difficult. Poor
performance of the NN controller on the real drone could result
from issues at any stage of the design process. This issue is
amplified by the time it takes to perform a design iteration.

The training data generation took about 80 hours and the
training of the neural network around 10 minutes. Any change
to the model parameters requires a re-generation of all the
training data and retraining of the neural network. The main
limiting factor for the amount of time it takes to perform a
design iteration is therefore the generation of the training data.
An idea to get around this issue is to set up a reinforcement
learning framework to continue the training of the neural
network after it has been trained on the NMPC training data.
This is called pretraining the network and has been shown to
significantly improve reinforcement learning performance for
an autonomous driving application in [21].

The validation process may also require improvements to
the underlying dynamics model. The sensitivity analysis gives
an initial idea of the parameters that will require the most
attention. Mainly the position of the centre of gravity, the mass
m, the wing surface S and the lift coefficient slope C_ . The
centre of gravity location is the most sensitive out of these
mentioned parameters. This is most likely a consequence of the
NMPC being a model-based controller. Changing the position
of the center of gravity changes the moment arm lengths of
all the applied forces creating a substantial mismatch between
the controller internal model and the simulation model.

For future work, before testing the NN in real flight, it
is recommended to perform an additional design iteration
using the Sub-stepping NMPC to generate the training data.
Additionally, it would be beneficial to expand the velocity
ranges included in the training data and add scenarios which
include turns. With this newly trained NN, real flight tests
should be performed and compared to simulation to start the
validation process of the controller.

IX. CONCLUSION

This paper demonstrates the ability to transfer complex
acceleration control logic from an expert controller using
Nonlinear Model Predictive Control to a neural network using
a process called behavioural cloning. In addition, it provides
insights on how to improve the framework and improve
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controller performance. In its current formulation, the NMPC
that was used to generate the training data shows an ability to
control this complex platform up to 19 m/s in forward horizon-
tal flight and perform circular and rectangular trajectories up to
10 and 8 m/s respectively. These performances were mainly
limited by an issue in the prediction model where a large
integration timestep was used which caused model instability.
The use of sub-steps to reduce the integration timesteps fixed
this issue and extended the performance of the NMPC.

Behavioural Cloning of the NMPC acceleration controller
using a feedforward neural network has shown successful
transfer of general flight behaviours but does show perfor-
mance degradation with respect to the NMPC in all tests
performed. An expansion of training data and variety of the
training data is required to improve the learning transfer.

Although the NMPC controller performance has probably
not reached its limits, if new formulations require substantially
more computational time, a practical limit may be reached
with regards to the time it takes to generate training data. With
the current training data taking around 80 hours to generate,
design iterations are slow and are substantial decisions to
make. A proposal to mitigate this issue is to use the neural
network trained with the NMPC data as a pre-trained network
for a reinforcement learning framework.
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ILWHUDWXUH 6WXG\5HVHDUFK 4XHVWLRQV
7KH OLWHUDWXUH VWXG\ ZLOO DLP WR DQVZHU WKH IROORZLQJ UHVHDUF

' KDWDUHWKHGLITHUHQW RXWHU ORRI®V¥ R ¥ /IUARIDERHW R B GRVFO R B KL BU INC
UHIHUHQFHVY JHQHUDWHG E\WKH WUDMHFWRU\WUDFNLQJ FRQWUROO

D:KDWDUH WKHEHQHILWYVY RI XVLQJ WKLV PHWKRG"

E:KDWDUH WKHOLPLWDWLRQV RI WKLV PHWKRG"
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D:KDWDUH WKHPDLQ PHWKRGV RIPRGHOOLQJ SURSHOOHU WKUXVW
E, WLVNQRZQ WKDW ZLQG VSHHG DQG GLUHFWLRQ DIITHFW SURSHOO
PHWKRGV RI PRGHOOLQJ WKHVH FKDQJHV"

:KDWDUHFXUUHQWO\WKHGLIITHUHQWWUDMHFWRU\WUDFNLQJPHWKR
WUDMHFWMBW\ IRU

D:KDWDUHWKHEHQHILWYV RI XVLQJ WKLV PHWKRG"

E:KDWDUH WKHOLPLWDWLRQV RI WKLY PHWKRG"

F,VWKHPHWKRG IHDVLEOH WR LPSOHPHQW LQ WKH WLPHIUDPH RI W
G'RHV WKHPHWKRG UHTXLUH GDWD WKDW FDQQRW EHDFTXLUHG LQ "

6WDWH RIWKH )LHOG
7KLV FKDSWHU ZLOO GLVFXVV WKH VWDWH RI WKH ILHOG IRU WKH WRSLFV
UHVHDUFK TXHVWLRQV 7KH RUGHU LQ ZKLFK WRSLFV DUH GLVFXVVHG LG
RUGHU WKH\DSSHDU LQ WKH UHVHDUFK TXHVWLRQV



6WDWH RIWKH )LHOG

2XWHU ORRS &RQWWOR®VRI +\EULG
7KLY VHFWLRQ ZLOO H[SORUH GLIITHUHQW RXWHU ORRS FRQWURO PHWKR
0$9vy DQG KRZ WKH\ ZHUHLPSOHPHQWHG LQ WKH OLWHUDWXUH

3,"&RQWURO

3, VWDQGV IRU 3URSRUWLRQDO ,QWHJUDO 'HULYDWLYH DQG LV D FRQW
WR FRQWURO LQSXWV YLD D FRPELQDWLRQ RI SURSRUWLRQDO LQWHJUD
GHSLFWHGDVOLR Q

7t
UO = Kpe()+ Ki e )d + KT

0
7KH HBORW GHIL@HG B y(t) ZKHUB LV WKH UH I H (B QFKHDRXG UH QW VW D W H
WKH VA\WWWHKHPKy DUHJDLQV WKDW FDQ EH WXQHG WRLPSURYH WRKRH SHUIRUP
LVWKHFRQWURO RXWSXW WKDW WKHHTXDWLRQ FDOFXODWHV DQG WKDW
HUURUFRQWURO KDV WKHDGYDQWDJHRIQRW UHTXLULQJDQ\PRGHOOLQJ
LWV RULJLQDIDRULRIHUIRUPY YHUN SRRUO\VIRU KLIKO\QRQ OLQHDU V\VW
FDQ EH WDNHQ VXFK DV JDLQ VFKHGXOLQJ EXW WKDW LV D WLPH LQWHQVL

&KLDSSLQHGOLARSBOBEBHQYWHG D 3, FRQWUROOHUWKDW WUDQVODWHG WKH
IRUZDUG IRUFH ZKLFK LV W K& RAMRKQHNVDDXRMDKLRQUBVX SWU3R SYRAVAHRGFD. WA WVFHR@ WU RO VIV
IRUWKHLU WLOW URWRU 972/ 9HUWLFDO 7DNH 211 DQG /DQGLQJ GURQH
RI'WKH SUREGHFRQMWKRO ZKLFK LY WKH GLIITLFXOW\RI GHDOLQ@ZLWK QRC
WZR GLIBH'FHRRQWUROOHUV DUH GHYHORSHG WR GHDO ZLWK ERWK KRYHU D (
WUDQVLWLRQ EHWZHHQ IOLJKW FRQGLWLRQV LV WKHQ GHDOW ZLWK E\ IX
DGGLQJPRUHLPSRUWDQFH WR RQHRU WKHRWKHUGHSHQGLQJRQ YHORF

/45 &RQWURO

/45 RU /LQHDU 4XDGUDWLF 5HJXODWRU FRQWURO LV D IRUP RI RSWLPDO V
WKH RSWLPDO JDLQV UHTXLUHG WR KDYH D VWDEOH DQG KLJK SHUIRUPDQ
RV45DUH SRVVLEOH IRUVLPSOLFLW\WKHIRUPXODWLRQ WKDW ZLOO EH G
DQG LQILQLWH KRUL]RAS | RIWLPKD D WLLPGI RIQYDULDQW VWDWH VSDFH V\VWH
(TXDWLRQY QHHGHG

X = Ax + Bu; x(0)= Xxog

7TKHQ DV WKH REMHFWLYH RI WKHIHHGEDFN FRQWUROQLWWB 6BX6 R WBEH
XVLRIXDWLRQ@KLVY FOHDUOVYBRRYDWWDWH IHHGEDEM PIOW®ROWNFRPELQDW|
RI WKH WWRD WHW VI\VWHP

u=Kx
7TRVWDUW FROBXGRMWUFOQFWLRQTXDGHIRQHG LQ
A
Jeost = (XTQx + uTRu)dt

0

"KHUHDQREDUH VTXDUH SRVLWLYH PDWULFHV RI VLIHRIWKH QXPEHU RI VW
LQSXWV UHVSHFWLYHO\ 7KH RSWLPDOKFR@PWUROHH EEECHN Q@B G @ NW DM B
(TXDWLRQ

K = R IB'P
:KHUH 3LV D SRVLWLYHPDWUL[DQG FDQ EHIRXQG E\ VRXDPMWLRWQKH 5LFDW

Q+ATP+PA PBR B"P=0
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/45 KDV VXFFHVVIXOO\ EHHQ LPSOHPHQ@VDN®DIODRZHQHVHR® HIGARFE W\ FRQW
$5 'URQH TXDGFRSWHU FRPELQHG ZLWK D QRQOLQHDULQYHUVHNLQHPDW
UHIHUHQFHMBBRRRYWHW ROOHU WR IROORZ

,Q® D VWDWH G4bSWMQOQBMIPMNVRUN FRQWUROOHU ZDV GHYHORSHG DV RXWFH
GURQH /LPLWDWLRQVIURP WKLY PHWKRGLQYROYHQRWEHLQJDEOHWR.
WKKH5 FRQWUROOHU LV VWDWH GHSHQGHQWDQG FRQFHUQLQJ WKH IOLJK\
VLYH WUDMHFWRULHY FRXOG EHDFKLHYHG

7KH PDLQ SURE/@BR\Z MAKOW LW LV PRGHO GHSHQGHQW FRQWURO DQG WK
DIIHFWV WKH HITHFWLYHQHVV RIWKHFRQWURO VHYHUHO\LIWKHUHDUH P
$GGLWLRAGDRDM RQO\ JXDUDQWHH VWDELOLW)\ IRU OLQHDU V\VWHPV  7K|
QRQOLQHDU VIVWHPV DQG LV PDGH VWDWH GHSHQGHQW WKH VWDELOLW
MXVW DV PHQWB.RQHG LQ >

,1', &RQWURO

,QFUHPHQWDO 1RQOLQHDUI'QDWDPRYIHUFDWQRQ RI 1IRQOLQHDPU '\QDPLF
WKDW UHGXFHVY WKH GHSHQGHQF\RI WKHFRQWURO PHWKRG RQ WKH PRGH
LEX', FUHDWHY D OLQHDU PDSSLQJRILQSXWV WR RXWSXWV IURP WKH QRQ
DOLQHDU FRQW @BRGDMEWBEHLQJ DSSOLHG WR PXOWLSOHDLUF@DIW IRU IC
1',ZDV GHHPHG QRW UREXVW HQRXJK DV SHUIRUPDQFH RI H[DFW G\QDPLF
VHQVRU QRLVH DQG PRGHO@LQKIKQRHBWBICQW\GFUHPHQWDO FKDQJHV WI
EDVHG RQ OLQHDUDQG DQJXODU DFFHOHUDWLRQ PHDVXUHPHRWY 7KLV ¢
HI[WHUQDO GLVWXUEDQFHVY DQG PRGHOOLQJ XQFHUWDLQWLHYV DUH PLWL.

7R XQGHUVWDQG WKH EPLV,L /& H LGHU ISYOD@VILRRIQDL DHQHUDO QRQOLQHDU V\V\
GHWDLOHG 7R VWDUW DJHQHUDO QRQOMQHRIMU VIVWHP LV GHILQHG LQ

x = f(x;u)

‘KHWHLY WKH VWDWH YMPAWMRIFRQ®URO LQSXW YHFWRU $ 7D\ORU H[SDQVLF
DUR ¥Q;80] ZKHUBDXEVFULSW LQGLFDWHYV WKH ODWHVW DYDLODEOH LQIRU
FRQWURO LQSXWYV D QGXQURLQENVFOUI B WWRKWH YDOXHV LQ WKH QH[W WLPH VV
SUHVHQWHK®GWQRQ

x f(xo;up)+ A@f(é(:U) (X Xo)+ 7@%;“) (U ug)+ hot:
X=Xp,U=Ug X=Xp,U=Ug
X Xp+ F(Xo;ug)(x Xp)+ G(Xp;up)(u up)

7KH QRWDEOH VLP $DXDVFDRIURIQVKHUHPRYDO RI WKH Kl KBEQ®RNMEHU WHL
LQET XD W L RiQxo;Ug) FDQ EH UHZ W WPRHIX DWKH U VXP®QRYRPH DGGLWLRQDO
DVVXPSWLRQV FDQ EH WDNHQ %DVHG RQ WKH DVVXPSWLRQ WKDW WKH F
SOLQJWLPHDQG WKHDVVXPSWLRQRILQV® WMXWYEHRBRRXV RRK@W/URND LI DHAK
X Xo DQG WEDM 7KLV UHVXTEDW LRQ

X = Xg + G(Xg;Ug)(u up)

(TXDWLRADQ WKHQ EH UHDU U D Q¥6E G LWRXRIOMDHOSO D F HE ZEMKY WKH YLUW XC
FRQWURO LQSXW WKDW KDV WR EH GHVLJQHG DQG LV HVVHQWLDOO\ WKH |

u=uo+ G Y(xo;uo)(  Xo)

7R WKH EHVW NQRZOHGJH Rl WKH DXWKRU WKHUH LV QR OLWHUDWXUH F
WLOW URWRU WDLO VLWWHU VSHFL!LIFDSIOHP H Q WD RRGIV ZH Q O IDROQAR RIR !
FRQILIXUDWLRQ WKDW ZDV XV @GL L, MWKHPSDSHPWH QWHG IRU D IL[HG URWR
ZKHUH WZERQWUROOHUVY ZHUH GHVLJQHG WR FRQWURO DWWLWXGH DQG
GHVFULEHG HDUOLHU ZKLFK PDNHV XVH RI WKH FRQWURO HIIHFWLYHQHV\
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$Q DOWHUQDWLYH LP S'OHWP HRS/DHW HR@ RNK DVSUHPRYHV WKH QHHG WR ORF
WKH G\QDPLFV DQG LQYHUW WKH FRQWURO HIITHFWLYHQHVV PDWUL[ RI WK
GLIIHUHQWLDO IODWQHVV WUDQVIRUP RI WKH WDLO VLWWHUfV QRQOLQH
QDPLFVPR@®HOKLY LPSOHPHQWDWLRQ VKRZHG DFFXUDWH WUDMHFWRU\ "
QDWHG IOLJKW PDQRHXYUHV

$HURG\QDPLFV DQG 7KUXVW ORGHOOLQJ
7ZRNH\FRPSRQHQWV IRUUREXVWFRQWURODUHWKHDFFXUDWHPRGHOOLI
VHFWLRQ ZLOO FRYHU PHWKRGV XVHGLQ WKHOLWHUDWXUHDQG GLVFXV

$HURG\QDPLFV ORGHOOLQJ

'XHWRWKHODUJHIOLIKWHQYHORSHWDLO VLWWHUV HQFRXQWHU LWEH
IRUFHV RIDOO IOLJKW SKDVHYV 7KLV VHFWLRQ ZLOO ORRN DW WKH FXUUH
QDPLFVRIWDLO VLWWHUVDQG GLVFXVV WKHLU EHQHILWVY DQG OLPLWDW

6WDWLF )RUFH $HURG\QDPLF ORGHO

,Q>@ D YHU\VLPSOHDSSURDFK WR WKHDHURG\QDPLFV PRGHO LV WDNHZC
DQJOH LV DOZD\V JHUR 7KLV PHDQV WKDW RQO\JUDYLW\QHHGV WR EH FI
WKUXVW $VLPSOH IXQPAWDMWRRBRRAPKHY EH XVHG WR HVWLPDWH OLIW

L()= 981VKQ)m; 2] E;O]

:KHUHLY SLWFK D@JOHWIKH;PDVY RI WKH GURQH $V IRU WKUXVW LW LV L
FRPSHQVDWHV IRU GUDJZKDMKLBRBVXOWYV LQ

T()= 981FRVmM; 2] E;0]

7TKHVHHTXDWLRQV SURYLGHD YHU\VLPSOH PRGHO WR LPSOHPHQW IRU W
> @ ZHUH VXIILFLHQW WR SHUIRUP KRULJIRQWDO IOLJKW IRUD IL[HG URWI
VRPHOLPLWDWLRQV 7KHDVVXPSWLRQ WKDW WKHIOLJKW SDWKDQJOH LV
UDWH ZKHQ WKHWUDMHFWRU\ SHUIRUPHG E\WKHGURQHLV QRW KRUL]RQ
WKUXVW DOZD\V FRXQWHUV WKH GUDJ DOVR OHDGV WR VLJQLILFDQW LQD
JRUWKHWHVWYV SH@ | KRNPRQGHO ZDV JRRG HQRXJK WR SHUIRUP KRUL]RQ
HISHFWHG WKDW VXFKD VLPSOH PRGHO ZRXOG QRW EH VXIILFLHQW IRU IR

6LQJXODULW\ J)UHH $HURG\QDPLF ORGHO

7KLV PHWKRG ZDV GH@HWR SWRYQGH D VLPSOH VLQJXODULW\ IUHH DHURG
SXUSRVHV RI WDLO VLWWHUV ,W LV LPSRUWDQW WR QRWH WKDW WKH PI
PRVW DFFXUDWHDHURG\QDPLFPRGHO EXWWR SURSRVHD PRGHO WKDW L
ZRUN ZLWK 7KHJHQHUDO SURS R \ R %IPHMMRKZRG U\H V IOR D QGHEY K HWZ\L Q J
VXUIDFHD WHKOH ITUHH VWURPWKHYRPIRFLW) YHFWRU LQ WKH ERG\ UHIHUHC
WKH DHURG\QDPLFV FRHIILFLHQWY PDWUL[P2ROWHG ZLWK WKH PRGHO Z}

1
F'Baero = é SV]_ (fV)VB

YRUX® V\PPHWULFDG" IFDFRUPHVG H I (PMBVELR Q

31 O 33

8VLQJ WKLQ DLUIRLO WKHRU\ DGGLWLRQDO FRHIILFLHQWY FDQ EH UHPR"
HVWLPDWHG ZLWKRXW WKH XVH Rl ODUJH DPRXQWYV RI ZL&'G WKRWHO WH"
FDQ EH XVHG LV(VKRINLREKHUH WKH RQO\ FRHIILFLHQWZW KBPRVLMWXHH G H ¢
PLQLPXP GUDJ FRHIVFIRWWHHGHG DV LW FDQ EH DVVXPHG WKDW ODWHUT
PLQLPDO FRPSDUHG WR ORQJLWXGLQDO IRUFHV IRUDLUFUDIW WKDW KDY
WLOW URWRU WDLOVLWWHU
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2
Cs, O 0

V=4 0 C, 0o
0 0 2 +Cq

7TKH UHVXOWLQJ PRGHD SSHRMLYGIHVLM) VREXVW PHWKRG RI FDOFXODWLQJ O
IRUFHV DQG ZKLOH WKH PRGHOOLQJDFFXUDF\LVY ORZHU WKDQ RWKHU PH)
FHVVIXO E\ LW@X\KHU®®» WDLO VLWWHU SHUIRUPHG DJLOHDQG DJJUHVVL
NQLIH HGJHIOLJKWDQG WUDQVLWLRQIURP NQLIH HGJH IOLJKW WR KRUL]

3DUDPHWHU /HDUQLQJ $HURG\QDPLFV ORGHO

$QRWKHU RSWLRQ WR PRGHO WKHDHURG\QDPLFIRUFHV LV WKURXJK SDU
EHHQ GRQHaLRBK-HUH SDUDPHWULVHG IXQFWLRQV DUH XVHG WR GHVFULEH
IRUFHVY 7KHQ WKURXJK JDWKHULQJ GDWD IURP RQERDUG VHQVRUV D S
DSSOLHG WR HVWLPDWH WKH EHVW YDOXH IRU WKHVH FRHIILFLHQWYV 2V
KRZHYHU SDUDPHWHU OHDUQLQJ ZDV FKRVHQ IRUWKLV DSSOLFDWLRQ W|
RUV\UHTXLUHPHQWY FRPSDUHG WR WKH RWKHU PHWKRGV >

7KH PRGHO GHILQHY WKH DHURG\QDPLF IRUFIRY, L DWKM FERBOQABQHUHQFH
WLRQ ZKHB;H DQIGrag DUH WKH SDUDPHWULVHG IXQFWLRQV IRU OLIWDQG G
IXQFWLRQV RI DQJOKRHDMWMWDBBN YOHOREKRW LV FDOOHG WKHDYHUDJH SU
fa ZKLFK LV GHflLl-QH&fPD)R2 ZKHYW Qe DUH WKH OHIWDQG ULJKW SURSHOOHU |
WDQW WR QRWH WKDW WKH SUHVHQFH RI WKHDYHUDJH SURSHOOHU IRUF|
LQFOXGHVY WKUXVW IRUFH LW PHDQV WKHDHURG\QDPLFIRUFHV LQGXFHC
Fe.o = Fit (GV1ifa) O Faag(;Viyifa) |
7KH SDUDPHWHUL‘F|HGD(&K3rEg\/\/D_lRlQGHILQTH((E)WQ)R(ZKHUH WKH FRHIILFLHQWYV
QHHG WR EH OHDUQKG DUHGHQRWHG

Firt (;V1;fa)=(ki VEQFRW? + kiz VLQ*)V2 + kisf o

Farag (;V 1 5fa) = (ka1 VEQ* FRV) + ka2 FRV)V{ + kaafa

7KH LPSOHPHQWDWLRQ RIQWAKKLNWUMRD HOH® URWRU WDLO VLWWHU ZDV VX
VKRZHG JRRG WUDFNLQJ SHUIRUPDQFH VXSSRUWYV WKH SRWHQWLDO XVH
GURQH 7KLV LV IXUWKHU VXSSRUWHG E\ WKH IDFW WKDW ZLQG WXQQHO
IURP RQERDUG VHQVRUV FDQ EH XVHG WR WUDLQ WKH PRGHO ,PSOHPHQ
UHTXLUH WKHDGGLWLRQ RIDWHUP UHODWHG WR WKHDQJOH RI WKH SUR
LVH[SHFWHG WKDW WKLV DQJOH VLIJQLILFDQWO\DIIHFWY WKHDHURG\QD

TKUXVW ORGHOOLQJ

, QWKHFRQWH[WRIWKHWLOW URWRUWDLOVLWWHU GURQH DFFXUDWHP
IRUHIITHFWLYH FRQWURO RI WKH VA\VWHP DV WKLV LV WKHVROHFRQWURO I
VHFWLRQ ZLOO GHWDLO GLITHUHQW WKUXVW PRGHOOLQJPHWKRGYVY WKDW

,Q>@ D YHU\VLPSOH PRGHO IRU WKUXVW D/WMHEKBQ@ G ¥ WWKKRAQVL Q
WKH SURSHOOHU DQ J¢t ODKIHYW RRXVY W\FIRMGILFLHQW ZKLFK ZDV REWDLQHG
EDODQFH EHQFK WHVW

T=cr!?

7KHVLPSOLFLW\RI WKLV PRGHO LPSOLHVY WKDW D ORW RIDHURG\QDPLF HI
DFFXUDF\LV OLPLWHG +RZHYHU WKLV PRGHO Z@VZXXRAHD VI KFD® U RRGROHY
VLWWHU SHUIRUPHG DJLOH XQFRRUGLQDWHG IOLJKW VXFK DV NQLIHYV HC
PRGHO PLJKW EH VXIILFLHQW IRU WKLV UHVHDUFK ,Q WKHFDVH WKDW WK
RI'WKLVYUHVHDUFK DGGLWLRQDO PRGHOV DUH SURSRVHG
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6HSDUDWH 7KUXVW DQG 3URSHOOHU $HURG\QDPLFV ORGHOOLQJ

7KUXVW FRHIILFLHQWY DUH W\SLFDOO\ FDOFXODWHG EDVHG RQ EHQFK W
SURSHOOHU URWDWLRQD[LVY 7KHUHIRUH WKHDFFXUDF\RIWKHVHFRHIIL
QRQ D[LDO DV WKH QRQ D[LDO YHORFLW\ FRPSRQHQWY JHQHUDWH DGGL'
WDNHQ LQWR DFFRXQW LQ WKHVH FRHIILF L KQXWH V7 K X \PWAY IDRBLEBG B SR V H ¢
WKUXVW PRGHO EXW DGGV FRUUHFWLYH IRUFHV ZKHQ WKH DLUIORZ UHOT
7KH WKUXVW PRGHO X VXD ML RIIKHD HY WKH WK WX WK HRWREH XVW FRHIILFLI
WKH DLU G MKHLSW RSHOOHU D QJX WK BSH®B HIOWMHUQGLD PHWHU

T=c! °D*

,Q>@ WKH WKUXWWYIRHIHWEBQMWG RQ W KH KA ¥ K Q FHGUHD TRLERG LLRQ
ZKHWHLY WKH QRUPDO YHORFLW\ FRPSRQHQW RI WKH IORZ ZLWK UHVSHFV
WKPWV D IXQFWYRQ@RI)LQGLQJWKH R BM DFIXHQFWN.RGRQH@ESXVLQJ
EODGH HOHPHQW PRPHQWXP WKHRU\DQG LQ SDU&LFXODU XVLQJ WKH 352

Wn

D

1RZ WKDW WKH WKUXVW LV PRGHOOHG IRU D[LDO IORZ WKH PHWKRG SUF
SUHVHQWB®W LRQKHE{ LV WKHFRUUHFWLYHIRUFHLQ WKHVDPHD[LV DV W
D[LVLVY ZKDW LV FDOOHGWKHSURSHOOHU VROLGLW\ ZKIgHK/IGAQYBPLFDWLR
SUHVWWIHYVY WKH SURSHOOHU GLMWFWKHIDIFIHHRUMDLIW FXUYHGO{ORSH ZKLF
WKH GUDJ FREJWKHQWIOH RIWKHIORZ ZLWK UHV S KFMWWRKW IO BUBRSH® O
OLIWFRHIILFLHQW ZKDFBWNVREHILQHG LQ

J =

quisc
2

Ziwg = (CI + ;LJ q:Q"'(jz))"' jcd) prop

2 J
“T+cC
quisc d)

,Q KRYHUDQG QHDU KRYMDWRRGDWQRQYVEH XVHG ZKLFK LV ZK\ ZKHQ WKH
VLWLRQV WR KRYTHKWDVOLUR QY IKWMRIJUHVVLYHQTXDMWLRKGHKHWR LV DQ

HPSLULFDO FRHIILFLHQW WKDW FRUUHFWV IRU UHGXFH@ +OLRZWKH QL QJ
IUHHVWUHDP YHORFLW\ FRPSRQHQW LQ WKH GLWNSOW QH @ LFEGDQ EH FI
Wo LV WKHLQGXFHG YHORFLW\FDXVHG E\ WKH SURSHOXBPWGRQLQJ KRYHU

ci= ()

Ziwr =  Khwr (WoAdisc)V1 T

S

T

Wp =
0 2A disc

7KH PDLQ OLPLWDWLRQ RI WKLVPHWKRGLVDFTXLULQJWKHGDWD UHTXLL
WLRQ RIWKHDGYDQFH UDWLR $ VROXWLRQLY SURSRVHG E\ XVLQJ WKH 3
WR HVWLPDWH KRZ PXFKWLPHLWZRXOG WDNHRULILWZRXOGEH SUHFLV
WKH 3523, FRGH DQRWKHU PHWKRG ZLOO QRZEH SURSRVHG WKDW LV SK\

BK\WLFV %DVHG 7TKUXVW ORGHO

7TRDYRLG HIWHQVLYH WHVWLQJWRDFFXUDWHOBB®RG WG M B K WHKHEIXW R/| R W
SURSRVHD SK\VLFV EDVHG PRGHOWRDFFXUDWHO\SUHGLFW WKH WKUXV\
ZDV FRPSDUHG WR H[SHULPHQWDO WHVW UH VDRUWNWKIHOW KRUXI'WK D/R EGQ BE
FDOFXODWH WKH WKUXVW XVLQJ WKLY PRGHO DIHZYDOXHVY QHHG WR EH
RI'WKH SURSHOOHU EODGHV DiQEWHKHVH DUH VKRZQ LQ
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7DEOH 5HTXLUHG BURSHOOHU 'DWD

1DPH 6\PERIO)XQFWLRQ RI

&KRUG c 5DGLDO 3RVLWLRQ
&KRUG OLQH 3LWFK $QJGBGLDO 3RVLWLRQ
=HUR /LIW $QJOH RI $WWDGEGNDO 3RVLWLRQ
"/LIW &XUYH 60|RaSH 5SDGLDO 3RVLWLRQ
"'UDJ &RHIILFLHGQW 5SDGLDO 3RVLWLRQ

ccccc

,WLVLPSRUWDQW WR QRWIB BVKHDW W& H YBDQGBBDWHR/QLWKH UDGLDO SRVLWL
EXW WKLV ZLOO QRW EH VKRZQ LQ IXUWKHU H(ITXDMLRRI® H H 8 \F BVQRFEID D W F
QXPHULFDOO\LQWHJUDWHG VWDUWLQJMRW@XKHYGIGRX D \R IWKKHSSIRRSIHIIX
7KHYDULDEOHYV QR WEDGIMLIR D HE G VORH WXPEHUMNR I WE&BGHRSHOOHU DQJX
YHORFRWG WKH LQIGRZZBE&I@MHOR Z, DLQ/IOHI L Q H G, BYWHD\D)/('r ) ZKHUH

Vi LV WKH YHORFLW\FRPSRQHQW RI WKH I[UHHVWUH D RQRUR BI® WFGWKHG U
YHORFLW\

1 Xe 2

T=1n 2 (ﬁc(a( o n) CaWDR) r

2

r=rp

$00 YDULOEO@MWLR@KRXOG EHNQRZQ DOUHD@G\WW[FNROWHBURU HDFK VHFWL
WKH SURSHOOHU UDGLXV EA\VROYLQJWKH DRDWILRA QG MROXWILRQ % URWY H (
VKRXOG UHVSHFW WKH IROKXORZLQRIJ ERXQGDULHYV

INc (a( o in) CaWDiQ=8 VLRI WDQ W)

:KLOVW WKLV PHWKRG SURSRVHV D ZD\WR HVWLPDWH JHQHUDWHG WKU X\
UHTXLUHVY PHDVXUHPHQW DQG HVWLPDWLRQ RI WKH SURSHOOHU FKDUDF
DYDLODEOH IURP WKH PDQXIDFWXUHU ZRXOG WDNH D VXEVWDQWLDO DPR

7TUDMHFWRU\ 7TUDFNLQJ
7TUDMHFWRU\WUDFNLQJLQYROYHVHQVXULQJWKDW WKH V\VWHP WKDW L
VLIQHG WUDMHFWRU\ 7KLV PHDQV WKDW PHWKRGVLQYROYHGLQ WUDMH!
RI WKH VA\VWHP EXW DUH QRW OLPLWHG WR WKLY DQG FDQ DGGLWLRQDO((
VIVWHP )RU WKLV UHDVRQ SXUHO\NLQHPDWLF WUDMHFWRU\ WUDFNLQJ
7TUDFNLQ) DRIGGDQFH WKHQ PHWKRGV LQYROYLQJ ERWK NLQHPDWLFV D
'LITHUHQWLDO )ODWQHVV DQG ORGHO 3UHGLFWLYH &RQWURO

:D\SRLQW 7UDFNLQJ

:D\SRLQW WUMmRFNY@UREDEO\ WKH VLPSOHVW IRUP RI WUDMHFWRU\ WUDF|
VWDUWLQJ SRLOQW IRU WKLV VHFWLRQ ,WLVFRQVLGHUHG VLPSOH DV LW
WKH YHKLFOHDQG WASLFDOO\UHTXLUHV OLWWOHLQIRUPDWLRQ WR IXQF

9HFWRU )LHOG *XLGDQFH

$V WKH QDPH LPSOLHY YHFWRUILHOG JXLGDQFH JHQHUDWHV DILHOG RI Y
SRVLWLR@ IRU>H[DPSOH HDFK SRVLWLRQLQVSDFHJLYHVDEHDULQJYDO.
DQG L@>HDFK SRVLWLRQ LQ VSDFH RXWSXWV WKH GHVLUHG YHORFLW\ Y}
WKHUH LV QR VWDQGDUG IRUPXODWLRQ IRU JHQH@DALO@IEHIBHE B H QW H G
(TXDWLRQ7KH GHILQLWLRQV R[TWKOHW.\RERQ ¥ HQR XQEQ

p - -
“o jDerKe(' 1 '"R)j sign(Dcr)

min (1; D7)

a="T7T%*
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7DEOH 'HILQLWLRQ RI YyIRERQR @ Q@

6\PER/OHILQLWLRQ
Der &URVV WUDFN HUURU
Dt "LVWDQFH IURP WDUJHW
T "HVLUHG EHDULQJ
T %HDULQJ IBRPWRKWMKH GHVWLQDWLRQ ZD\SRLQW
"R %HDULQJIURP WKH SUHYLRXV ZD\SRLQW WR WKH GHVWLQ!
Kb 3DWK UHDFKLQJ JDLQ
Kc &URVV WUDFN HUURU JDLOQ
'D\SRLQW EHDULQJJDLQ

JURPTXDWLRQ@ZD\SRLQW IROORZLQJFDQ EHDFKLHYHG DQG JHQHUDWHYV D
JLIXUH> @ ZKLFK VWDUWV RQ WKHOHIWDQG HQGV RQ WKH ULJKW ZD\SRLC

JLIXUH :D\SRLQW 9HFWR& )LHOG >

$OWHUQDWLYH WUDMHFWRULHY FDQ EH JHQHUDWHG VXFK DV ORLWHULQ
DFKLHYH WL VWWICH>H T X Q W ORRODWUR @DV UHS O DAXG WL R Q

"a= "1+ r min (jDcT ch;ﬁ) sign(DcT)
,0>@ WKHORLWHULQJYHFWRUILHOGLVJHQHUDWHG E\GHIDXOW E\ WKH I
DUH QHHGHG WR DFKLHYH ORLWHULQJDQG ZD\SRLQW QDYLJDWLRQ FDQ EH

SRVLWLRQV 7KLVFDQEHGRQHDV WKHJIJHQHUDWHG YHFWRUILHOG LV JOI
$Q H[DPSOH RID ORLWHULQJ SDWWHUXQ YHFNE,R® ILHOG FDQ EH VHHQ LQ
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JLIXUH /RLWHULQJ 9HFW®WRU )LHOG >

L *XLGDQFH

L; IXLGDQRHLY D QRQ OLQHDU JXLGDQFHPHWKRG WKDW JHQHUDWHV D ODV

RQDUHIHUHQFH SRLQW RQ WKH GHVLUHG WUDMHBEXDMRUR Q/KG DWQWXYDO OR
UHSUHVHQWDWLRQ Rl WKHO®RHL REALY VKRZQ LQ

V2
as,_ =2L—1 VLQ

KHUa,, LV WKH FRPPDQGHG O DWW WX Y HKH.& 19 bl DLW IHR@Y K B O N H\WW R B LEAH\

WZHHQ WKH YHKLFOH DQG W K HLWHWH B HBQZRHO § FALHQWVZIB] @030 W KAHK HHYFHACRRUF L W\
YHFWRU

JLIXUH *XLGDQFH /RJLF 'L@JUDP >

7KLY QRQOLQHDU PHWKRG RIITHUV VHYHUB O BRI QRV®DAHYV\R Y)HL U WW DV K M/
SURYLGHV WKUHHDGYDQWDJHV

SURYLGHV D KHDGLQJ FRUUHFWLRQ
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JRUVPDOODQJOHV WKHFRQWUROOHU EHKDYHV OLNHD 3'FRQWURODO

$V WKHWHFWRU HVVHQWLDOO\ ORRNVY DKHDG RI WKH GHVLUHG WUDMHF
SDWRU\DFFHOHUDWLRQ IRUWXUQV LQ WKHUHIHUHQFH

6HFRQG WKH PHWKRG GRHV QRW UHTXLUH DQ\ NQRZOHGJH RI WKH G\QDP
WKDW WKH FRQWUROOHU XW R VWK YLHOKHLUA® HDRCH DIDOYRFK AW LW FDQ GHDO Z
EDQFHV VXFK DV ZLQG

L LVDZHOO HVWDEOLVKHG JXLGDQFH PHWKRG DQG LV LPSOHPHQWHG LQ
DWB; DQHBUGXSL®PERGWMLWLRQDOO\ WKHUHDUHPXOWLSOH SDSHUV DGGUHVYV
HIWHQGLQJ LWV FDSDELOLWLHYV

JRUH[DPS@HS®RSRVHY VROXWLRQV IRUVPBO®®™ WREHA DEQ R MR [KIQ BLOH V
ORLWHUUDGLLDQG KLIJKZLQGYV 7RIKIXPCZWDQFBCOVRGWHW UDKQLFD/&HX
RQWKHNQRZOHGJH WKDW WRRRW®W &RE LD/ AMDJGFOHH \R{A RDDG® AW ISRHFKWL J K

ZLQGV ZKHQ WKH ZLQG YHORFLW\ H[E$HOE K AVIKHDDMLEVOHWERIIM&BRZLQJC
WUDMHFWRU\GHSHQGV RQ WKHEHDULQJRIWKHZLQG 7KLVLV ZK\DEHDU]
7KH ORJLF EHKLQG LWLV WKDW ZKHQ WKH GHVL UHBROWDIMHFMWRUZ ILO @ HXHX
QRUPDOO\ %XW ZKHQ WKH GHVLUHG EHDULGNQAMMQRW OHEKROLEIHL WK R E M
ZKDW LV FDO@®@ WKHQ&EDIHW 2EMHFWLYH ZKLFK LV LQ WKH IHDVLELOLW\ Ut

,Q>@ VHYHUDO LPSURYHPHQWY DUH SHUIRUPHG VR WKDW WKH JXLGDQFF
LQYROYHV DGGLQJ DGGLWLRQDOWHRUIEFRSRUFDIQHORWIEH GHILQHG DV WKH C
YHKLFOH WR WKH WUDMHEWRIUY WD Q B J HUIWKDBIQ RWKWH WR LPSURYH VWDE
GRZQZLQG WUDMHFW RY IZHW DVKHSWHQYHOK RDOFXODWHG EDVHG RQ LWV JU
(TXDWLR@KHUHLY HYVHQWLDOO\D ORRN DKHP GWWRH 1 QR¥FR Y SN DR G W :
FRQFOXGH®@ WEDW IRUDQDGHTXDWH WUDQWL W&®XHE ER QWHO WEKWW D OW E
WKH UROO UHVSRQVH ODJ

Li=TV,

6RPH OLPLWDWKXRQGDRFH ZLOO QRZ EH GLVFXVVHG )LUVW WKH PHWKRG C
WKH G\QDPLFV RI WKHV\VWHP LWLVFRQWUROOLQJ 7KLV KDV WZRLPSOLI
DFWHULVWLFVLWFRXOGRYHUVKRRWDV WKHFRQWUROOHUDVVXPHV WKI
DSSOLHG LQVWDQWDQHRXVO\ 7KH VHFRQG LPSOLFDWLRQ LV WKDW DV W
LQWR DFFRXQW ZKHQ JHQHUDWLQJ WKH WUDMHFWRU\ LW LV SRVVLEOH W
WR IROORZ SURSHUO\

6HFRQG WKH PHWKRG GRHVY QRW FRQWURO WKH FRPSOHWH YHORFLW\ Y|
SHUSHQGLFXODUDFFHOHUDWLRQ WR WKH YHORFLW\ YHFWRU )XUWKHUP
(TXDWLR@D\V WKDW WKH ODWHUDO DFFHOHUDWLRQ LV ]JHUR 7KLV PHDQV
QHHGV WR EHLPSOHPHQWHG

)LQDOO\ WKH PHWKRG QHHGYVY DGGLWLRQDO ORJLF WR GHDO ZLWK SUREO
WKH YHKLFOHDQG WKHFORVHVW SDUW RI WKEHLWUDMHFWRU\LV IXUWKHU

7JUDMHFWRU\ 7UDFNLQJ 8VLQJ 'LIIHUHQWLDO )ODWQHVV
'LITHUHQW L DO @IDW.@HMV\BH Ol QRW D FRQWURO PHWKRG EXW D FKDUDFW F
VLPSOLILHV WKHLU FRQWURO @ Z30IQ GHWAHRWDILOHG E4 $HQHUDO QRQOLQ
LQTXDWLRQV GLIIHUHQWLDOO\ IODW LI WKHUH H[LVWV RXWSXWV FDOOH
(TXDWLR@XFK WIOMWFDQ EH H[SUHVVHG PNXDRRRRL Q

x=f(x;u);x 2R";u2 R"

KWWSV S[ LR
KWWSV DUGXSLORW RUJ
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y = y(X;U_;:::;U(p));y 2 Rm;pz Z .

x = x(y;y;uny@yu = uly;y;ony@);q22 o
7TKHLPSOLFDWLRQV RIVXFKDV\VWHP DWH YWKUH IDOWD RXWDEMKWRAY GELQHG
ZKLFK PHDQV WKDW GHILQLQJ WKLV IODW RXWSXW LV WKH VDPHDV GHILQ
XQLTXH VHW RI VWDWHV DQG LQSXWV FDQ EH FDOFXODWHG WR DFKLHYH
DQGDJIJUHVVLYHPDQRHXYUHV WR EH SH@I RURIHVGP B RKW ® RQYDEOQON GQVKH |
wDLO VLWWHU WR SHUIRUP D VWDEOH NQLIHHGJH IOLJKWDQG WUDQVLW
IOLJKW ZKLOVW DOVR SHUIRUPLQJ D JWXUQ ,WVKRXOGEHQRWHG WKD
LVQRW FRPSOHWHO\WKDQNV WR GLITHUHQW, LD ORIW O W@RHD/Y EJ® D YINXPRDR
FHOHUDWLRQ FRQWURO WKDW FDQ GHDO ZLWK H[WHUQDO GLVWXUEDQFH"

7TKHDELOLW\WR SHUIRUP DJJUHVVLYH DQG DJL@® AHKE UHKGWL LM IKXHIQWKIHDJOVIXO
DQA',ZHUHDSSOLHGWRD TXDGURWRWRWKPW IIRRKERYHWIDRD WUDFNLQJDQ
DFFHOHUDWLRQV RI XS WR J

8VLQIJGLIITHUHQWLDO IODWQHVV IRUFRQWURO GRHVY SURYH WR KDYH VRP
WKH VA\VWHP LV GLITHUHQWLDOO\IODW FDQQRW EH JXDUDQWHHG 7KLV L\
VWDWHV DQGLQSXWV WR WKHIODW RXWSXWYV FDQ EH GLIILFXOW RULPSR
GLIIHUHQWLDOO\IODW

$GGLWLRQDOQVUV >XIRRINRLQWD/WRXOG EH QRWHG WKDW WKHUH DUH OLPLWDW
WRU\ WKDW FDQ EH GHVLJQHG Dx FQUWOE N DOMILHYI WWKHH G/RXLBELW BMRLY HV R |
GHILQHG WUDMHFWRU\ PXWWHHIVGLITHUHQWLDEOH

ORGHO 3UHGLFWLYH &RQWURDO

$Q03&LV DQ DGYDQFHG FRQWURO PHWKRG WKDW W\SLFDOO\ PDNHV XVH R
WR FDOFXODWH WKH RSWLPDO FRQWURO LQSXWV WKH VIVWHP QHHGV WR
JLIXUHGHSLFWYV D VAFESWFIKHAB ZKHUH WKH VI\VWHP FRQVLVWYV RI RQH LQS
6WDUWI=k) BMIB&ZLOO FDOFXODWH WKURXJK WKH XVH RI DQ REMHFWLYH
LQSXW WR PLQLPLVH WKH HUURU EHWZHHQ WKH SUHGLFWHG RXWSXW LQ |
7KH RXWSXW Rl WKH RSWLPLVDWLRQ LV WKH SUHGLFWHG FRQWURO LQSX
LQSXW WKH YHKLFOH ZLOO DKS*SLON R/ WHK A RIG\WD O ROMVRISR W RHQ RQH VDP SOH
ILUVW RSWLPLVDWLRQ LW ZLOO SHUIRUP WKH VDPH SURFHVV RYHU DJDLQ

JLIXUH 6LQJOH ,QSXW 6L0@&Q[H PXW B@RW

$QDGGLWLRQDO FRQFHSW WKXWHLW WKW GERQMFWRHGKIRUL]IRQ 7KH FRQWUF
DOZD\VEHHTXDO WR RUVPDOOHU VK DKQHNFKRH SWHGLK VU R/ Q BUWIF\ R QW HV W



5HVHDUFK *DS &RQFOXVLRQ

WLPHVWHSV RYHU ZKLFK WKH FRQWURO LQSXWV PD\YDU\ 3DVW WKH FRQ
VDPHDV WKHODVWLQSXWRIWKHFRQWURO KRUL]JRQ 7KLVWUDQVODWHYV
RI'WKHRSWLPLVDWLRQ SUREOHP

,Q>@ DYHUVLRQ RIORGHO 3UHGLFWLYH &RQWURO FDOOHG 6XFFHVVLYH/
6/03& ZDV XVHG WR IROORZ D UHIHUHQFH WUDMHFWRU\IRU D TXDGURWRU
VLYH OLQHDULVDWLRQ LQGLFDWHY WKDW WKH PRGHO LV OLQHDULVHG D
RSWLPLVDWLRQ HYHQ WKRXJK WKH VI\VWHP LV @BR®IILDODEGRAKH KREOHP
VRPHZHDNQHVVHYV )LUVW WKHPHWKRG GHVFULEHGLVQRWDJHQHUDO F
VLWWHUDQG ZRXOG UHTXLUH H[WHQVLRQVIRUWUDQVLWLRQDQG KRUL]R
DUHDVVXPHG WREHNQRZQLQ WKHVLPXODWLRQV WKDW ZHUH SHUIRUPH
HVWLPDWHG GXULQJ WKH IOLJKWLQ UHDO ZRUOG FRQGLWLRQV

$QRWKHU SRWHQWLDO PHWKRG RI GHDOLQJ ZLWK QRQOLQHDU V\VWHPV L
WLYH FRQWURO :LWK D SURSHU PRGHO WKLV HQVXUHV WKDW PRGHO LQ
WKH QRQOLQHDU QDWXUH RI WKH V\VWHP PHDQV WKDW D QRQOLQHDU VR
JOREDOO\RSWLPDO VROXWLRQ FDQQRW EH JXDUDQWHHG DQG DOVR VLJIQ|
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JURP WKH UHVHDU F KVSFHW RR@HCWRWKH EHVW NQRZOHGJH RI WKH DXWKR
JXLGDQFHRIDWZLQ WLOW URWRU WDLO VLWWHU KDV QRW \HW EHHQ DFK
VXFK DV ILIHG URWRU WDLO VLWWHUV KDYH EHHQ VXFFHVVIXO DQG SRLQ
WRQRPRXVIJIXLGDQFHIRUD WLOW URWRU SODWIRUP $V WKHQRYHOW\ OL
ERG\RIOLWHUDWXHRW [E@QROHGFHUYH DV IXLGDQFHIRUWKHEHVWZD\WRD
7TKHOLWHUDWXUH UHVHDUFK H[SORUHG WKHWRSLFV RIK\EULG O0$9 FRQWL
WUDMHFWRU\ WUDFNLQJ (DFK WRSLF KDG PXOWLSOH PHWKRGYV DYDLODE
IURP HDFK WRSLF ZLOO EH VHOHFWHG WR EHLPSOHPHQWHG 7UDMHFWRL
FRQWURO PHWKRG WKDW ZLOO EH FRPELQHG ZLWK WKLV DQG ILQDOO\ WK
EHXVHGLQ WKHFRQWURO PHWKRG ZLOO EH FKRVHQ

TUDMHFWRU\ 7UDFNLQJ

7R WKH EHVW NQRZOHGJH RI WKH DXWKRU QRQH RI WKH WUDMHFWRU\ WU
EHHQ DSSOLHG WR WKH VSHFLILF WZLQ WLOW URWRU WDLO VLWWHU SO
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'LITHUHQWLDO IODWQHVY KDV SURYHQ WR EH HIFHOOHQW IRU DJLOH PDQ
PDLQ LVVXH FRQFHUQLQJ WKH DSSOLFDWLRQ RI WKLY PHWKRG LV WLPH

WR VLPSO\LPSOHPHQW ,1', DWWLWXGH VWDELOLVDWLRQ RQ WKH SODWIR
QRW UHDOLVWLFWRDVVXPH WKHIXOO LPSOHPHQWDWLRQ RI WKLV PHWKF

&RQFHUQLQJO03& WKHWZRDYDLODEOHRSWLRQV DUHG6/03&DQG QRQOLQ!
WR SHUIRUP ZHOO EXW ZRXOG UHTXLUH PRGHO HIWHQVLRQV IRUWUDQVL
WRR PXFKWLPH 7KHVHFRQG DVLWLY VROYHG E\D QRQOLQHDU VROYHU
OHPV 7KH FRPSXWDWLRQDO SRZHU UHTXLUHG FRXOG EH WRR KLJK IRU V|
VROXWLRQV DUH QRW RSWLPDO ZKLFK FRXOG VHYHUHO\DIIHFW WKH SHUI

7KHUH QRZ UHPDLQV :D\SRILQ WXTLGDRNIHY J D\GKRLQW 7UDFNLQJ LV HVVHQWL
WUROOHU ZKLFKIRUD KHDYLO\QRQOLQHDU VIVWHP ZRXOG PRVW OLNHO\ |
UHTXLUHGIRUWKHV\VWHP WR SHUIRUP FRUUHFWO\ )RUWKLV UHDVRQ Wt
WKDW GHVSLWH WKH SUDFWLFDO DGDSWDWLRQY WK IG B B WH R GOXTHEHE X WHR
IRUWUDMHFWRU\WUDFNLQJ GXH WR WKH VLPSOLFLW\DQG UREXVWQHVV
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Verification

This chapter is dedicated to verifying the simulation model used to simulate the behaviour of the tilt-rotor
tailsitter MAV. This will be done in two steps. First, the calculation of the state derivatives will be verified
by comparing manually calculated derivatives with the derivatives calculated by the developed function.
Finally, some full simulation verifications will be performed where specific simulation scenarios will be
performed and the outputs analysed to check that the expected behaviours and outputs are observed.

4.1. Model Verification

The states and control inputs of the model will be referred to multiple times in this chapter therefore to
avoid repetition, the units for each symbol will be summarised here in the following tables. The units
for the states are shown in Table 4.1, the units for the corresponding state derivatives are presented in
Table 4.2 and finally, the units for the inputs of the model are shown in Table 4.3.

X =hx;Y;Z;Vx; Vy; Vz; Go; Ox; Oy; 0z; P; 0; 1

O=hl;t 15 v 1)

Table 4.1

Symbols | x |y [z |[Vx |[Vy [Ve |G |ax|a|a|p|a]r

Units | [m] | [m/s] \ [ ] | [rad/s]
Table 4.2
symbols | x |y [z |V |V [ V% || ax |y |a|p]a]r
Units | [m/s] | [m/s’] | [] | [rad/s?]
Table 4.3
Symbols [ 1, | ! | | «

Units | [rad/s] | [rad]

4.1.1. Manual Verification of State Derivatives

A simple first verification that can be done is to check that the function calculating the state derivatives
is producing the right values. To do so, some simple states can be generated. The derivatives can then
be calculated manually and then compared to the output of the state derivatives function. For each test,
the inputs to the function will be described in an equation similar to Equation 4.1 except the symbols will
be replaced with numerical values, then a table will detail the "Expected” values calculated manually
and the values produced by the "Simulation” function. An error will also be calculated if there is any.
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Test 1

This first test has the drone flying in the x-direction at 10 m/s with zero yaw, pitch and roll. This means it
is completely flat and aligned with the velocity vector. Additionally, both propellers are spinning at 1000
rad/s and tilted upwards by 10 degrees. An overview of these values is shown in Equation 4.2.

X =h0;0;0;10;0;0;1;0;0;0;0;0; 01

U = h1000; 1000; 15; 151

(4.2)
The results of this test in Table 4.4 show no error between the expected and simulation values. Fur-
thermore, the system behaves as expected, there is an acceleration in the x-direction \/x caused by the
propellers and a reduction of gravity’s acceleration in the z-direction \/, due to the tilting of the propeller
by 10 degrees. The tilting of the propellers also generates a moment around the y-axis which generates

a positive angular acceleration g.

Table 4.4: Verification Test 1 Results

Derivatives | X |y | z | \Vx Vy |\, Qo | Ox [Qy Q- | P | Q r
Expected 10 |0 | 0| 2:7953 | 0 | 9:2066 |0 | O | O |0 |0 11:4956 | O
Simulation 10 |0 | 0| 2:7953 | 0 | 9:2066 |0 | O | O | O |0 11:4956 | O
Error 0 |[0|0|0O 0 |0 0|0 |0 |0 |0O]O 0

Test 2

For this test, the drone will have a yaw and pitch of 90 degrees with zero degrees of roll. Values for
position have been given to simply check that they do not affect calculations of the derivatives. A
velocity of 5 m/s will be given in the y-direction and no velocity in other directions. As for the propellers,
the only change is that  will now be negative. These values are shown in Equation 4.3.

X =hl10;10;10;0;5;0;0:5; 0:5;0:5;0:5;0;0;0i

4.
U = h1000; 1000 i (4.3)

'18) 18
Before looking at the results, some predictions about the derivatives can be made. First, because the
drone is perpendicular to the velocity, a large deceleration should be expected in the y-direction due
to the force produced by the aerodynamics model. This deceleration will be slightly complemented by
a differential in actual thrust produced by the propellers. This is caused by the difference in propeller
inflow velocity experienced by each propeller. Indeed, | being negative points the propeller into the
flow increasing the inflow velocity and reducing its thrust whereas | points away from the flow having
an equal but opposite inflow velocity increasing its thrust. The result is an additional deceleration in the
y-direction. Secondly, a reduction of gravitational acceleration should be expected. Thirdly, p should
be positive due to the opposite angles of the propellers, q should be large and negative due to the large
aerodynamic moment and finally r should not be zero but positive because a moment is generated due
to the differential thrust caused by the different inflow velocities.

Table 4.5: Verification Test 2 Results

Derivatives | X |y |z | Ux | \y \, o | Ox | Qy [ 92 | P q r
Expected 0/(510|0 12:7467 | 3:136 | O 0 0 0 6:8979 25:9105 | 1:65
Simulation 0|5(|0]0 12:7467 | 3:136 | 0 | O 0 0 | 6:8979 25:9105 | 1:65
Error 0j0|0]|0O0 0 0 0 0 0 0 0 0 0

Looking at Table 4.5, the results match up exactly when rounded to the fourth digit. In practice, the
results still match past four digits but for presenting the results four has been deemed sufficient.

Results of State Derivatives Verification
The results of both tests performed in this section give sufficient proof that the calculation of the state
derivatives is performed correctly and thus is verified.
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4.1.2. Full Simulation Verification

This section is dedicated to verifying the implementation of the full simulation. This entails verifying
that the flight characteristics and behaviour of the drone in different scenarios is what is expected. The
tests will consist of two drop tests with no thrust and a vertical spin test with thrust. The first two tests
with no thrust aim to verify the correct behaviour of the aerodynamics model and the vertical spin test
aims to verify the correct behaviour of the thrust force calculations. Before the results of each test, the
expected flight characteristics of each test will be detailed and then compared to the actual results in
the figure. For a better understanding of the tests, the starting orientations of the drone in each test are
shown in Figure 4.1.

B

(a) Flat Drop (b) Sideway Drop (c) Vertical Spin

Figure 4.1: Starting Orientations of the Different Verifications

Flat Drop Test

The flat drop test is performed to verify the aerodynamic behaviour of the drone, more specifically, the
lift and drag implementation from the aerodynamic theory model from [19]. The starting orientation of
the drone is depicted in Figure 4.1a. As the centre of pressure is behind the centre of gravity, the drone
is expected to drop and start pitching downwards once it has attained some downwards velocity. This
pitching movement should oscillate a bit but should stabilise to 90 degrees which is pointing straight
down. Additionally, due to the drag force, the Z acceleration should tend to zero with increasing vertical
velocity.

Looking at the results in Figure 4.2 the drone indeed pitches forward and within three seconds is pointing
straight down with a pitch value of 90 degrees. No velocity or acceleration in the y-direction can be
observed which is expected as no forces are produced in that direction. Furthermore, the acceleration
in the z-direction can be seen approaching zero after 10 seconds. The velocity at which the drone
should no longer accelerate in this situation or in other words its terminal velocity is around 39:5559
m/s. Simulating this test up to 20 seconds, the velocity in the z-direction has a value of 39:551 m/s
and an acceleration of 0:00249 m/s? which slowly pushes the velocity to the expected terminal velocity
confirming the proper implementation of the drag element of the aerodynamics.
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Figure 4.2: Flat Drop Test
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Sideway Drop Test

The flat drop test has verified the implementation of the aerodynamic lift and drag force, this sideway
drop test is designed to verify the proper implementation of the lateral aerodynamic force implemen-
tation. The starting orientation of the drone is shown in Figure 4.1b. With no thrust during this test,
the drone is expected to start falling and then with the velocity increasing the lateral force should start
to rotate the drone around its z-axis as depicted in Figure 4.1b. The lateral force coefficient is much
smaller than the coefficient generating lift, therefore slower and larger oscillations around the z-axis of
the drone are expected.

The results of this test in Figure 4.3 indeed show an increase in velocity in the z-direction along with
a large oscillation and slow oscillation of roll. The reason that it is roll that is oscillating and that yaw
and pitch have large jumps in values at the start is due to the ambiguity of the definitions of these Euler
angles when the drone is positioned with 90 degrees of roll as shown in Figure 4.1b. Changing the
rotation sequence back to the more popular ZYX rotation sequence would not help much in terms of
clarity as this test also has the drone rotate directly downwards which is ambiguous for this sequence
as well. To clarify, it has been verified that this oscillation in roll translates to an oscillation around the
body z-axis depicted in Figure 4.1b which is what is expected.
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Figure 4.3: Sideway Drop Test

Vertical Spin Test

This vertical spin test is designed to verify the proper behaviour of the thrust model. The propeller
angular velocities will be set to 1300 rad/s with each nacelle pointing 5 degrees in the opposite direction
of each other. These values are shown in Equation 4.4 using the previously mentioned format.

U = h1300; 1300; (4.4)

36' 36
With near full throttle, the drone is expected to start flying up even though the propellers are slightly
angled. Furthermore, this vertical acceleration is expected to tend to zero as the inflow velocity will
increase, decreasing the thrust. Due to the propeller nacelles being angled in opposite directions, the
drone is expected to start spinning around its x-axis shown in Figure 4.1c. No aerodynamic forces
due to drone rotation have been implemented, therefore there will be no resistance to rotation so the
angular velocity of the drone should linearly increase. Furthermore, the angular velocity of the drone is
not taken into account when calculating the inflow velocity of the propellers. This means no reduction
in thrust should be expected due to the increasing spin of the drone.

Looking at Figure 4.4, the previously made predictions are correct. The drone slowly stops accelerating
vertically and reaches a stable velocity and also starts spinning. However, the spin behaviour shown
in Figure 4.4b is odd. The yaw rate slowly starts increasing progressively faster but then starts to slow
down when it is expected to linearly increase. The slowing down of the yaw rate can be visualised by
the slope of the yaw plot or by the increasing distance between the sharp peaks.
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Figure 4.4: Vertical Spin Test

To investigate this issue, Figure 4.5 was created to compare the angular rate calculated by the equations
of motion preq and the angular rate actually displayed by the quaternion attitude pguat. The left plot in
Figure 4.5 shows both values evolve over the simulation time and shows the origin of the angular rate
slowdown observed in Figure 4.4b. The right plot shows the error evolves with increasing preg. This
error has been identified as a quaternion dynamics integration error. This has been verified by reducing
the timestep and observing a reduction in the error. Although in this scenario the errors get very large,
it should be noted that such large angular velocities are typically never reached. To give a better idea
of the magnitude of the error at more reasonable speeds, the error at 360 degrees per second is about

5 degrees per second.
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Figure 4.5: Quaternion Integration Angular Rate Error

It can be concluded that although in this specific scenario, the error gets very large, in practice, these
angular rate values are never reached and therefore the error stays minimal. Additionally, the aerody-
namic drag caused by the spinning of the drone is not modelled which means that during real flight, the
angular velocity would never reach such high values. Therefore, no changes have to be made but this
source of integration error should be checked if changes to the integration scheme are made.



Conclusion

Tailsitter hybrid MAVs offer the ability to fly in hover and horizontal flight allowing them to perform
tasks that require hovering and the increased energy efficiency of using a wing for horizontal flight. A
novel tilt-rotor tailsitter using leading-edge tilting propellers has been proposed in [1]. The replacement
of ailerons by tilt-rotors is to tackle the reduced control authority of ailerons for pitch and roll control
at lower to zero velocities. The work focused on attitude control of the platform using Incremental
Nonlinear Dynamic Inversion which successfully followed commanded attitudes over the entire flight
envelope. Using a simulation of this same platform, this thesis aims to develop a method of controlling
the acceleration of this tilt-rotor tailsitter MAV which can then be used for position control of the drone.

Based on the previous success of [1] to control attitude using INDI and [17] using a cascaded INDI
structure to control the acceleration of a fixed-rotor tailsitter, initial developments investigated the use
of a cascaded INDI structure to control the platform. Issues were encountered when implementing this
method which led to a change of methodology and was not further investigated. The new proposed
method to control acceleration is a Nonlinear Model Predictive Controller. Using a model of the system
and some high-level objectives defined in a cost function, this controller can calculate the optimal control
input that minimises the value of the cost function.

Several simulations were performed to assess the performance of the NMPC. The first simulation
tested the maximum forward velocity which the NMPC managed to get to 19 m/s. The second simulation
tested the ability of the controller to slow back down to hover from a certain forward velocity. It managed
this up to a velocity of 8 m/s which is significantly lower than the maximum forward velocity from hover.
More complex tests were simulated namely a circular and square trajectory. The maximum velocities
achieved for both tests were 10 and 8 m/s respectively. These performances were mainly limited by
an issue in the prediction model where a large integration timestep was used which caused model
instability. The use of sub-steps to reduce the integration timesteps fixed this issue and extended
the performance of the NMPC. After the implementation of this fix, the Sub-stepping NMPC, as it will
be referred to, flew to a maximum of about 24.5 m/s in the maximum forward velocity test where the
controller could no longer accelerate due to the saturation of the propeller motors. The hover to forward
flight to hover test was performed up to 24 m/s and was limited by the previously mentioned maximum
forward velocity. As for the circular and square trajectories, maximum velocities increased for both up
to 11 and 24 m/s respectively. Most importantly, failures past these velocities were no longer caused by
the solver crashing but by performance failures. Based on the limitations of the Sub-stepping NMPC
being caused by actuator saturation for the maximum forward velocity and the hover to forward flight
to hover test, the Sub-stepping NMPC does show global effectiveness for acceleration control.

In terms of practical limitations, it was determined that in its current form, the NMPC would have
difficulties running on hardware that is small enough to be placed on the drone such as a Raspberry Pi.
To mitigate this, a feedforward neural network that can run much faster on a Raspberry Pi was trained
using a process called behavioural cloning. Using training data from the NMPC, the neural network
managed to approximate the complex control logic used by the NMPC. When comparing the NMPC
and the NN using the same target velocities in the simulation, performance was reduced in all tests but
the neural network showed similar general behaviour to that of the NMPC. This points to behavioural
cloning being an effective method of transferring computationally intensive control logic to a neural
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network that can run faster.
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Literature Study Initial Proposal

A.l. Proposed Kinematic Controller: Three-Dimensional L; Path

Following

Traditional L, guidance is made to be implemented in the horizontal plane and only gives a reference
lateral acceleration that the vehicle should follow. This means that the third dimension which is altitude
is controlled separately. To the best knowledge of the author, converting this method to follow a three-
dimensional trajectory has not been performed. The advantage of doing so would remove the separate
altitude control and result in a simple kinematic controller for three-dimensional trajectories.

This method will be called 3D L; Path Following and will now be explained. Looking at Figure A.1, the
3D variant of L; path following makes use of the same concepts as its two-dimensional counterpart. In
Figure A.1, the blue dotted line is the desired trajectory the drone needs to follow and in the scenario
depicted in the figure, the desired trajectory is at a higher altitude than the drone currently is. Just
as in the two-dimensional scenario, the angle is calculated between the velocity vector V and L;.
Using this, the magnitude of the lateral acceleration a;mgq can be calculated using Equation A.1. The
additional challenge for 3D L; comes from generating the a.mng vector in the correct orientation.

v
——————

Figure A.1: 3D L; Path Following Overview
To start, the magnitude of acmg is calculated in the same way as Equation 3.29 but for clarity, Equa-
tion A.1 is given in the context of magnitude of vectors.

2
v

Acmd = 2 sin (A.1)

L1
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What is left to calculate is a unit vector in the direction of a;mq, then multiply it by the required magnitude.
There are multiple ways to do this, the method that will be described here uses vector operations and
quaternion rotation of vectors. Some important information about acnq is known. First, the vector lies
in the plane generated by V and ;. Second, a.mq is always perpendicular to V in the plane mentioned
previously. Finally, the 90-degree rotation from V to a.mq is always performed in the direction of [;
with respectto V.

Knowing this, a vector R is calculated in Equation A.2. This vector will serve as the vector around which
the quaternion rotation will be performed. It should be noted that the vector is normalised for it to work
in the quaternion rotation.

r=_v L1 (A.2)
vV [

Next, in Equation A.3, the setup of the different quaternions for the rotation can be found. gy is built
using the Xx;y;z components of V. gr and grs are built using the x;y;z components of R and the
magnitude of the desired rotation ~which in this case will be .

Qv = [O;vx;vy;vz]
gr = [cos(3); Rx sin(3); Ry sin(3); Rz sin(3)] (A.3)

gr' =[cos(3); Rxsin(3); Rysin(3); Rzsin(3)]

With the quaternions set up, all that is left is to multiply them together using Equation A.4 where H
stands for a Hamilton product.

Gfinal = H(H(Or; v ); dr’) (A.4)

Extracting the last three components of gfinal gives a vector U in the desired orientation. However, this
vector still has the magnitude of V so it must be normalised, then multiplied by agmg-

o
acmd (A.5)

Qcmd =

A.2. Proposed INDI Controller Derivation

The controller deals with linear accelerations and thus only requires knowledge of the sum of forces
applied to the body. To this effect, the sum of forces in the Inertial Reference Frame (IRF) which is F
is given in Equation A.6 where T, is the thrust in the IRF, F,ero the aerodynamic forces in the IRF and
Fg is the gravitational force in the IRF.

>
Fi =Fg+ T +Faero (A.6)

To get acceleration, both sides are divided by the mass as is shown in Equation A.7.

1
a=g+ E(TI + I':aero) (A.7)

Now, both T, and Fgero Will be expanded. First, T, is defined in Equation A.8 where Tg is the thrust
vector in the body reference frame (BRF) and M}, is the transformation matrix from BRF to IRF (See
Equation A.11). Tg consists of a single component in the z axis. It is important to note that for vectors
with subscripts X; y or z this indicates that the value of the respective component is taken and is a scalar
value and not a vector. This means that Tg, is the scalar value of the z component of Tg.

2 3
0

TI=MiTe=ML4 0 S (A.8)
Ts

z
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Next, Faero Which is the aerodynamics model is explained. The aerodynamics model is based on -
theory developed in [19] and applied in [18] for a fixed-rotor tail-sitter. The model only requires C,,
and Cp,, which are the lift and drag coefficients respectively.

2 3
(2 +Cq,)Va,
Faero = Mg 4 0 S Vg (A.9)
Cy, Vs,
Finally, g is simply the acceleration caused by gravity in the NED inertial reference frame which means
the acceleration is in the z-component of the vector as is shown in Equation A.10.

2 3

0
g=4 0 5 (A.10)

9:81

2
cc ssSs CS sC +scCs
Mt=4cs +ssc cc ss scc O (A.11)
cs s cc

With the thrust and aerodynamics forces defined. The model can be expressed in the form a = f(x; 1)
and is shown in Equation A.12. Before applying INDI to this system, the inputs and states need to

be identified. The variables that are being controlled and thus are inputs are Tg,; ; ; sod =
[Te,; ; ; 17. As for the states, theseare simply the components of the wind velocity in the BRF.
Thus, x =[Vg,;Vp,;Ve,]" and Vg = VZ +V§ +Vg .

2 3

(cc $Sss )2 +Cy)Vs, VB +(sc +scs )Teg, +Cq4Ve, Vs )
1
a=g+m§ (cs +ssc )2 +Cqy,)Vs, VB +(SsS scc )Te, +Cy,Ve, VB ) z (A.12)
( cCS )(2 +Cd0)VBX VB +(C c )(TBZ +Cd0vBZ VB )

From this point, the Taylor expansion of a can be performed around (Xg; tp) and the general method
described in Equation 3.2.1 can be followed.



Model Identification

Table B.1: Model Constants Required for Simulation with their Source

Symbol | Name Value Units Source
CL Lift Coefficient Slope 4 [-] [35]
Cd, Minimum Drag Coefficient | 0.05 [-1 [35]
Cyo Lateral Force Coefficient 0.05 [-] [36]
S Wing Surface Area 0.26 [m?] Drone Spec Sheet
g Gravity Acceleration 9.81 [m/s?] -
m Mass 1.27 [ko] Measured
Air Density 1.225 [kg/m3] | ISA Sea Level Density
| Inertia Matrix diag(0:065; 0:009;0:0662) | [kg m?] | [1]
Pp Propeller Pitch 0.127 [m] Propeller Spec Sheet
Dcp Vector from CG to CP [-0.015,0,0] [m] See B.1
D, Vector from CG to T, [0.135,-0.3,0] [m] Measured
Dr, Vector from CG to T, [0.135,0.3,0] [m] Measured

B.1. Distance between centre of gravity and centre of pressure

Estimating the location of the centre of pressure is a complex task as it requires aerodynamic modelling
of the drone over multiple flight conditions as the centre of pressure moves with changing angle of attack.
As this work is mainly interested in evaluating the ability of controllers to control the main dynamic
characteristics of this drone, such accurate modelling is not necessary. The location of the centre of
pressure is thus assumed to be fixed at a location of 1:5 centimetres behind the centre of gravity.
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Initial Investigation

This section is dedicated to documenting the other methods that were evaluated/tested to control this
drone configuration but failed. These are a cascaded INDI configuration and a combination of differ-
ential flatness and INDI. Additionally, a differential flatness derivation was performed to investigate the
possibility of generating feedforward control inputs based on a desired trajectory.

C.1. Longitudinal Model

The simplified tail-sitter model used to test the previously mentioned control algorithms is constrained
to two dimensions of motion with z pointing down and x being horizontal and positive to the right.
Additionally, the tail-sitter may rotate around its centre of gravity which means it can change its pitch
angle . The states and inputs of the system are detailed in Equation C.1 where x and z are the
horizontal and vertical positions respectively, Vx and V, are the inertial velocities in their respective
axes, is the pitch angle and ! is the pitch rate. Finally, T and + are the thrust and thrust angle
respectively.

X =hXy; Vs Vg 5 1
o =hT; Ti

Using these states and input, the derivatives of each state can be defined to be able to model the
system. These derivatives are shown in Equation C.3.

(C.1)

Y Z

Figure C.1: Diagram of longitudinal tail-sitter model

The forces in Figure C.1 are detailed in Equation C.2 where Fy is the force caused by gravity, m
is the mass of the drone, g is the acceleration caused by gravity, Fg, and Fg, are the aerodynamic
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forces using the singularity-free model developed in [19] expressed in the BRF, is the air density, S
the wing surface area, Vx and V, the inertial velocities, Cq, the zero-lift drag coefficient, C_ the linear
lift-curve slope, Vg, and Vg, the drone velocities in the BRF.

F(pz mg
Fe, = é) S V2 +V2Cqy, Ve, (C.2)
Fe, = 3 S VZ+VACL +Cq)Ve,
2 3 2 3

)_( Vx
z V,
i 4 _ L(Tcos( ++ ) Fg,cos() Fg,sin()) (C.3)
V, 7R g+X( Tsin( 1+ )+Fg,sin() Fg,cos()) ’

1
L(Tsin( 1)de Fg,d)

C.2. Cascaded INDI

Attempts to control the acceleration of the longitudinal model previously mentioned using cascaded
INDI have proven to be unsuccessful. In a minority of scenarios, the controller can follow acceleration
references but in most cases, the controller fails. An overview of the control loop is presented in
Figure C.2.

Starting from the top, an acceleration reference is given to the Linear Acceleration INDI controller.
This controller calculates using INDI a command thrust T, and pitch angle . whilst assuming that the
thrust angle + is constant for that time-step. The commanded thrust is sent to the actuator and the
commanded attitude is given to the Angular Acceleration INDI controller that will calculate the thrust
angle _ to achieve the commanded pitch angle.

Looking at the control loop overview, the calculation of T and 1 are separate. This is troubling as
both controls are extremely coupled. A change in one inherently changes the efficacy of the other. This
is further compounded by the separation of Linear and Angular acceleration calculations. As the thrust
is calculated with as objective to follow a desired linear acceleration, it is possible that this objective
does not always coincide with the objective of the angular acceleration controller that calculates the
value of 1. The suspected issue here is essentially that a multi-objective problem is being solved as
two separate single-objective problems whilst having controls that are extremely coupled.

Another proposal to solve the control issue for this drone is to skip the Angular Acceleration INDI
and directly calculate the thrust T and thrust angle 1 based on the required linear accelerations.
Mathematically, this is possible as there are two states and two control inputs which means the system
is solvable. Practically, this does not work due to the following.

Through the fundamentals of INDI, it is possible to deduce that having T and 1 as the output of
the Linear Acceleration INDI would mean that the aerodynamics of the system would be completely
ignored in the calculation of these control inputs which leads to poor controller performance.

C.3. Differential Flatness combined with INDI

With cascaded INDI not working, the next idea was to adapt the work done in [18] where differential
flatness was combined with INDI to control a fixed-rotor tailsitter. Adapting the method used in [18]
which in itself is a cascaded approach to the control problem is possible but practically does not work.
A critical assumption in the work done in [18] is that the orientation of the total thrust vector remains
constant in the Body Reference Frame. This is obviously not the case of the drone where any change
of propeller nacelle angle changes the orientation of the total thrust vector in the BRF.

It is technically possible to assume that for each timestep the total thrust vector is constant based
on the current nacelle angles. This allows for the desired attitude and total thrust to be calculated.
However, to achieve the desired attitude a combination of differential thrust and more importantly a
change in propeller nacelle angles are required. This of course breaks the initial assumption that the
total thrust vector is constant in the BRF and invalidates the calculations made in the first step.

This highlights the advantage of having control actuators that have minimal overlap over the states
that they control. The use of ailerons purely for attitude control is most likely what allows [18] to make
the necessary assumptions to use differential flatness in this scenario.
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Figure C.2: Cascaded INDI: Control Loop Overview

C.4. Feedforward Control Input Generation Through Differential Flat-

ness
Finally, it was investigated whether feedforward control inputs based on a desired trajectory could be
calculated using differential flatness. If possible, a feedback control law could potentially be designed
to control the drone as was done in [37].

y=[xz]" (C4)

Assuming that the flat output y consists of the states x and z in the longitudinal model. Derivatives
of this flat output can be taken to make y.

- X _ Vx
y= 3 =y (€5)
- X _ Mk
y= 3 = (€6)

At the second derivative of the flat output y, expressions for x and z are available from Equation C.3
as these are the equations for linear acceleration. Theoretically, T and t could be solved at this point
as all other variables are known states. This is not typically done as this method does not impose
any constraints on the attitude and its derivatives which is undesirable for the general controllability
and stability of the drone. Therefore, additional derivatives are taken until the angular acceleration
appears from the equations.
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y'= e ST 1010 7V b Vg Vzi Mz Va5 ) (C.7)

Looking at Equation C.7 it can be seen that the second derivative of the pitch angle appears which
is the angular acceleration. can be calculated using Equation C.8 and then replaced in Equation C.7

=1= IE(T sin( t)dy Fg,d) (C.8)

With replaced using Equation C.8, Equation C.7 can be solved for T and +. This can be done as
the derivatives of the states can be measured and estimated and actuator dynamics can be added to T
and 7 to get their respective derivatives. Assuming that all the variables of f are calculated properly,
the solutions T and 1 should ensure the system follows the flat output and its derivatives.

Implementation

Theoretically, this method can work for this system, however, practically, some issues arise. Taking
the time derivative twice of the acceleration equations generates a large expression with many terms.
The expression for the fourth derivative is still not too large but once this expression is solved for T
and then consequently t, the expressions become very large. After solving for T in Maple 2022 [38],
the resulting expression contains over 270000 characters. This expression then needs to be used to
be able to solve for 1 by replacing all instances of T in the next equation with this large expression.
Additional manipulation of this expression will only make it larger and solving for 1 which is contained
in either sine or cosine functions will make it very difficult to solve.

Additionally, issues related to the terms calculated also arise such as some of the states being
raised to the power of 10. This is not necessarily a problem if it only concerns a few terms, but the
combination of a very large amount of terms combined with these large powers could quickly cause
overflow errors during the calculations.

Finally, it is very important to notice that this derivation is for the simplified longitudinal system which
only contains six states and two inputs. For every extra state and input added to the system, an extra
term is added due to its dependency on time. The 6 degree of freedom model used in this paper has
20 states and 4 control inputs which increases the amount of variables dependent on time by 16. With
this, it is expected that the already large expressions will become significantly larger.
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