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1. Introduction

The Hall polynomials form a generalization of the Littlewood-Richardson coefficients
that provide the structure constants of the classical Hall algebra in the basis of Hall-
Littlewood polynomials; these structure constants (which are polynomial in the Hall-
Littlewood parameter) are known to enjoy a very intricate combinatorics [36, Chapters
II, I11]. Indeed, the Hall algebra and its generalizations in terms of quivers turn out
to encode a host of combinatorial, algebra-geometric, and representation-theoretic data
[4,36,48,55]. Recently, Korff introduced an affine analog of the Hall polynomials; these
arise as structure constants of a t-deformation of the fusion ring (a.k.a. Verlinde algebra)
for ;[(n)c—Wess—Zumino—Witten conformal field theories with respect to a natural basis
built from cylindric Hall-Littlewood polynomials [28]. While to date the precise geometric
and/or representation-theoretic interpretation of this ¢-deformed fusion ring has yet to
be disclosed, indications of an intimate relation with the deformed Verlinde algebras in
[52,53] have been noticed [21,28,43].

At t = 0 the Hall-Littlewood polynomials become Schur polynomials. The correspond-
ing Littlewood-Richardson coefficients [36, Chapter 1.9] and their affine counterparts,
which arise as fusion coefficients for f/,\[(n)C-Wess—Zumino—Witten conformal field theo-
ries [14, Chapter 16], have received massive attention across the mathematics literature
because of their rich combinatorics and profound applications in representation the-
ory and Schubert calculus, cf. e.g. [17] and [20,18,29,40] as well as further references
therein. Korff’s t-deformation is different from the g-deformed fusion ring in [16], which
recovers the g[(n)c—Wess—Zumino-Witten fusion ring at the value ¢ = 1. Of special inter-
est is in this connection the well-known fact that the closely related g[(n)c—fusion ring
amounts to a ¢ = 1 degeneration of the small quantum cohomology ring of the Grass-
mannian of n-dimensional linear subspaces in C™*¢ [3,6]. The structure coefficients of
this small quantum cohomology ring in the basis of Schubert classes, the genus zero
3-point Gromov-Witten invariants, can be computed as quantum counterparts of the
Littlewood-Richardson coefficients for Schur polynomials [5,18,25,46,50,51,54,56]. Vari-
ous other combinatorial constructions related to the computation of genus zero 3-point
Gromov-Witten invariants have been considered in the literature, e.g. via the structure
constants of algebras of symmetric polynomials in bases of cylindric Schur polynomials
[45,39], in bases of k-Schur polynomials [32,30,31], or in bases of noncommutative Schur
polynomials in variables from a plactic algebra [29], respectively.

If at least one of the two factors in the Littlewood-Richardson product consists of a
Hall-Littlewood polynomial attached to a partition with only a single column, then the
explicit form of the pertinent Hall polynomials is given by the Pieri formula [36, Chapter
II1.3]. The affine analog of this Pieri formula for cylindric Hall-Littlewood polynomials
can be found in [28, Corollary 7.4]. The purpose of the present work is to generalize the
affine Pieri formula in question from s?[(n)c to the case of an arbitrary affine Lie algebra
§ [26], excluding those of type BC,, = Agi) . In other words, g is assumed to be untwisted
or to be the twisted counterpart of an untwisted affine Lie algebra.
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Let us recall at this point that from the perspective of Lie algebras the Hall-Littlewood
polynomials in n variables are associated with sl(n). The corresponding generalization
of these polynomials to simple Lie algebras of arbitrary type is given by the Macdon-
ald spherical functions [37,42,44,49], which were constructed originally by Macdonald as
spherical functions on p-adic symmetric spaces [34]. With the aid of suitable representa-
tions of the affine Hecke algebra, the Pieri formula for the Hall-Littlewood polynomials
was generalized to a Pieri formula for Macdonald spherical functions of arbitrary simple
Lie type in [11]. The key to achieve an analogous generalization of the affine Pieri formula
in [28] is to connect with the work in [9]. To this end, we will detail briefly how affine
Pieri formulas arise in the context of [9], while also emphasizing in which sense these
differ from the usual Pieri formulas for the Hall-Littlewood polynomials in [36].

Associated with the standard unit basis eq,...,e, for Z™ C R™ ¢ C", let us denote
gg=e —+(er+-+e) (j=1,...,n)andw, =& +---+¢& (r=1,...,n—1). For
Ae Al = {miwi + -+ + Mp_1wp_1 | M1,...,My_1 € Z>o} the sl(n) Hall-Littlewood
polynomial Ry(z;t) with variable © = (x1,...,z,) and parameter ¢ is defined by the
explicit formula

R)\(Ivt) = Z C(x1717' s 7xl7n;t)xf);i e zé:’
ocESy,

where

1—tz._1xk
C(x1,...,xn;t) = H —Jl

)
Tk

1<j<hen 17T
L . 12 .. .
and the summation is meant over all permutations o = (01 S a" ) of the symmetric

group S,. When p = w,, the corresponding t-deformed Littlewood-Richardson coeffi-
cients

Ry\R, = > K, (R,  (ApeA)
veAn)

are given explicitly by the Pieri rule [36, Chapter I11.3]

1 —th=itt
RaR., = cu (1) > Raie, |l T3 (1.1)
JCA{1,...,n}, | J|=r 1<j<k<n
Aéesen™ Ji;f,zli\éiJ
Here €5 = > ,c;€;, |J| denotes the cardinality of J, and cy, (t) = S;(t)Sn—r(t) with

Sn(t) = H1§j<k§n lfi%

Given a positive integral level ¢, an affine analog of the Pieri formula (1.1) valid for
A e Alme) = {mywy + -+ mp_1wn1 € A | my+--- +m,_; < ¢} follows from [9,
Theorem 5.1]:
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RYRY) = (12)

. R(C) 1— tk—j—‘,—l 1— tn+1_k+j
Cu, (1) § Aées H 1 _ ¢k H 1 _ tn—k+j
JC{1,...,n},|J|=r 1<j<k<n 1<j<k<n
= (n,c) JEJ, kEJT i€J, ked
Ateseh X=X A=A be

Here Rf\c) : X(m¢) 5 C refers to the Hall-Littlewood polynomial Ry viewed as a function
on a discrete set X9 = X(e)(t) € T" = {(z1,...,2,) € C" | |zj| = 1,5 = 1,...n}.
This set consists of points x,(t), 1 € A(™¢) that depend analytically on the Hall-
Littlewood parameter ¢ € (—1,1). Specifically, for u € A and t € (—1,1) the point
z,(t) is of the form (%!, ..., e"") with the vector of angle coordinates & = ,(t) being
defined as the unique global minimum of the radially unbounded strictly convex Morse
function V,S"’C) :R" = R

§i—Ek
Vl(]”c) (&) = Z / x)dx + Z m(p; + NJ)£J> (1.3)
1<j<k<n 1<j<n

where p = w1 + -+ + wp—1 and v(x dy. This Morse function can

fO 1— 2tco:a(y +t2
be loosely thought of as an analog of the fusion potential, cf. [18,8]. It is known that
the Hall-Littlewood polynomials R&C), A e A9 form a linear basis for the algebra of
functions f : X(™¢) — C (cf. [9, Theorem 5.2]), which gives rise to the following affine

analog of the Littlewood-Richardson coefficients for the Hall-Littlewood polynomials:

RORY = S KW9MRY (A peAm9), (1.4)
veA(n.e)

For pt = w,, the explicit form of c:’ﬁf) (t) is given by the affine Pieri rule in Eq. (1.2).
The structure constants c)\’(c)( t) (1.4) constitute a t-deformation of the fusion coef-

ficients for the genus zero 5[( )~ Wess-Zumino-Witten conformal field theories, which
are recovered at t = 0. Indeed, sx(x) = Rx(x;0) is given by the sl(n) Schur char-
n+c ~(p + ). The coordi-
nates of the points in X ("jc) = X((0) are thus given by explicit roots of unity:
z,(0) = enfe(Pti) — (e%(”l"’“l),...76%(””“‘”")), p e A™O) . The basis functions
s(;) : X0 5 C, X e A given by

acter and the vector of coordinate angles becomes &,(0) =

27i

53 () = sa(eFFCHI) (A pe A9,

and the associated structure constants

S&C)Sff) = Z c';\”gf)sl(,c) (\pe A("’C))
veA(n.c)



J.F. van Diejen et al. / Advances in Mathematics 392 (2021) 108027 5

for the algebra of functions f : X(™¢ — C in this basis, provide a well-studied combi-
natorial model for the genus zero sl(n).-Wess-Zumino-Witten fusion ring [14,18,20,26,
27,29]. In particular, the corresponding ¢t = 0 specialization of the affine Pieri formula
(1.2):

S&C)sgj? = Z SE\CJ)réJ (1.5)
JC{1,...,;n}, [J|=r
Ae en™e)

is well-known in this context, cf. e.g. [2, Equation (3.2)], [14, Equations (16.112),
(16.121)], [18, Equation (3.6)], [20, Proposition 2.6], and [47, Theorem 6.2].

It is important to emphasize at this point that the deformation of the genus zero ;I(n)c—
Wess-Zumino-Witten fusion ring stemming from Eq. (1.4) is not constructed in exactly
the same manner as in [28, Section 7]. In a nut-shell: both deformations are related via
level-rank duality [14,20,41], which has not been established for ¢ € (—1,1) \ {0} and
thus a priori gives rise to two dual choices for the Hall-Littlewood deformation of the
fusion ring.

In order to generalize the affine Pieri formula (1.2) from ;[(n)c to other affine Lie
algebras, we present an affine counterpart of the Pieri formula for Macdonald spherical
functions of arbitrary simple Lie type from [11], which stems from the implementation
of periodic boundary conditions. The underlying representations of the affine Hecke
algebra that lead to this affine Pieri formula are inspired by previous constructions for the
graded affine Hecke algebra that were developed in the context of the study of quantum
integrable particle models, cf. [22,15] and references therein. From this perspective, a
partial construction for twisted affine Lie algebras can be found in [12]; here we apply
these techniques to present a combinatorial model to compute the structure constants of
deformed genus zero Wess-Zumino-Witten fusion rings for both twisted and untwisted
affine Lie algebras (excluding those of type BC, = Agi), cf. [10]). In line with was
remarked at the end of the first paragraph for g[(n)c, we expect that these deformed
fusion rings are isomorphic to deformed Verlinde algebras from [52,53]; for ;[(2)C this
isomorphism is manifest from the explicit construction in [1, Appendices A and B].

The material is organized as follows. Section 2 presents our deformation of the genus
zero Wess-Zumino-Witten fusion ring, which is built from a basis of periodic Macdonald
spherical functions. The main result is an affine Pieri rule that permits to compute
the structure constants for the multiplication in the periodic Macdonald spherical basis
by basis elements attached to weights that are either minuscule or quasi-minuscule.
After setting up some further notational preliminaries concerning the affine Weyl group
in Section 3, the pertinent structure constants are exhibited in Section 4. When the
deformation parameter vanishes, one finds a corresponding Pieri formula and structure
constants for the genus zero Wess-Zumino-Witten fusion ring itself. The bulk of the
paper is devoted to the proof of our Pieri rule via a suitable representation of the Hecke
algebra of the affine Weyl group. Specifically, the affine Hecke algebra is first employed
in Section 5 to construct an affine intertwining operator acting in the space of complex
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functions over the weight lattice. Via a standard construction involving the idempotent
associated with the trivial representation of the Hecke algebra of the finite Weyl group,
the periodic Macdonald spherical functions arise in Section 6 upon acting with the affine
intertwining operator. In Section 7 it is shown that the periodic Macdonald spherical
functions give rise to a basis for a finite-dimensional algebra of functions supported
on critical points of a ‘fusion potential’ of the type in Eq. (1.3). We apply the affine
intertwining operator so as to derive a family of difference operators diagonalized by the
basis of periodic Macdonald spherical functions. The action of these difference operators
permits us to compute the corresponding structure constants associated with this basis.
In Section 8 the computation in question is carried out explicitly for the particular case
of the Pieri formula, and Section 9 outlines how to recover the structure constants more
generally from the action of the difference operators.

2. Affine Pieri rule
2.1. Macdonald spherical functions

Let V be a real finite-dimensional Euclidean vector space with inner product (-, -)
spanned by an irreducible reduced crystallographic root system Ry. We write @, P, and
W, for the root lattice, the weight lattice, and the Weyl group associated with Ry. The
semigroup of the root lattice generated by a (fixed) choice of positive roots R(J{ is denoted
by Q" whereas P stands for the corresponding cone of dominant weights (see e.g. [7,24]
for more details concerning root systems).

The dual root system Ry := {aV | a € Ry} and its positive subsystem R;'" are
obtained from Ry and R(J{ by applying the involution

x—axY = 2x/{x, 1) (x e V\ {0}). (2.1)

Definition 2.1. For A € P*, the Macdonald spherical function My : V — C is the
Wo-invariant trigonometric polynomial given explicitly by

My(€) = D Clug)els (2:2)
veWy
with
1 —tae &)
a€RY

Here t : Ry — C is a root multiplicity function such that t,, = t, for every w € Wy
and o € Ry.

For our purposes the range of the root multiplicity function will be restricted such
that t : Ry — (—1,1) \ {0}.



J.F. van Diejen et al. / Advances in Mathematics 392 (2021) 108027 7
2.2. Basis of periodic Macdonald spherical functions

Let ¢ and 9 denote the highest root and the highest short root of Rar , respectively.
We fix an admissible pair (R, ]%0) with PEO being equal either to Ry or to u, Ry, where
2

Up = 750y and with the positive system }A%(J{ obtained from RO+ . In particular, for simply-

laced Ry we have that Ry = RY. For a € Ry, let & := oV if Ry = Ry and let & = u,o
if Ry = u,Ro. Then oV = myd with m, = 2(a, &)™, ie. my = 1 if Ry = Ry and
Me = % if Ry = uy,Ro. It follows that {ma}acr, = {1, ms}.

We denote the highest short root of ]:Zg’+ by —ag = 9(RY), so in particular ag = —0 if
Ry = RY and ag = —¢ if Ry = u,Ro. We also write Q, QV, P and PV for the root lattice,
the co-root lattice, the weight lattice and the co-weight lattice of Ro, respectively. In this
setup it will turn out natural to extend the domain of the root multiplicity function in
a straightforward manner: ¢ : Ry U RY U Ry — (—1,1) \ {0} such that t4 = tov =t for
all @ € Ry.

Given a fixed positive integer ¢ > 1, we consider two affine alcoves in P and P:

P..={AeP|0<(\B)<c V3eR}}, (2.4)
P.:={pueP|0<(ua)<c Yac RS}, (2.5)

and an associated set of nodes P, := {fu | pe Pc} Here &, = &,(t) (1 € P) is defined
as the unique global minimum of a radially unbounded strictly convex Morse function
Vy : V — R of the form

Vu(f) =

N O

€02+ + ¥ 7 [ el (2.6
0

a€ERY

N A X d
where p:= p(Ro) = %Zaeég o and v, (x) == (1 —t2) [, m

Let C(P.) denote the algebra of functions f : P, — C. For any A € P, the periodic
Macdonald spherical function M ic) € C(P.) is given by the restriction of M) to the nodes

P..

Theorem 2.2 (Basis). The periodic Macdonald spherical functions Mic), A€ P, forma
basis of C(Pe.).

Remark 2.3. In Sect. 6 we will introduce the Wy-invariant affine Macdonald spherical
functions ®¢ € C(P). It will be seen that, for £ € P, the lattice function ®; is periodic
with respect to translations over elements in ¢Q¥ C P and that M>(\c) (&) = Pe(N) for
A € P, (see Remark 6.5 for more details).
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2.3. Structure constants

Theorem 2.2 gives rise to an affine analog of the (t-deformed) Littlewood-Richardson
coefficients:

MOMO =3 SOOMO  (\ueP). (2.7)
veP,

When p is minuscule or quasi-minuscule we have an explicit expression for the structure
constants ¢ ’(C)( t). Let us recall in this connection that a weight p € P is called minuscule
if 0 < {u, > <1forall ac R(J{ and quasi-minuscule if 0 < (u,a¥) <2 for all a € R(J{
with the upper bound being realized only once (i.e., the quasi-minuscule weight is unique
and equal to the highest short root ).

To formulate this explicit expression for the corresponding structure constants let us

put:
Y &M (AeP eV,
veWpA
and
Py o= tay é(—ay)) (2.8)
with
R Av7 RY _A¥7 ; v ~
&.(n) = tffs n)tfap( 0)=pdm) _ H tgnﬁ )/2 (neqd) (2.9)

BERT

and where p,; = %ZaeWo%Raf &Y € PV (so &(n) is a Laurent polynomial in ,, cf. e.g.

[35]).

Theorem 2.4 (Affine Pieri rule). For A € P., £ € P. and w € Pt minuscule or quasi-
minuscule, we have that

my, (€)M (€) = Un (MO (©) + Y Van ()M, (6). (2.10)
veWjow
AtveP,.
Here
1—tge4(8 1 —tgheéy(—f
I 211
peht R
(\.8)=0 (A >:
(v,8)>0 (v,8)<0

and the coefficient Uy ., (t) is given by Eq. (4.1) below (which implies in particular that
Uxw(t) vanishes when w is minuscule).
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To state the exact expressions for the coefficient Uy () in (2.10) and for CK:ELC) (t)
in Eq. (2.7) when p is (quasi)-minuscule, some more notation regarding the underlying
affine Weyl group and affine root system is required. (A more thorough discussion can

be found e.g. in [7,24,38]).
3. The affine Weyl group

The affine root system R associated with the admissible pair (Rg, Ro) is the set of all
affine roots &V +marc = my(&+rc) (o € Ro,r € Z). An affine root a = a¥ +marc € R
will be regarded as an affine linear function a : V' — R of the form a(z) = (z,a") + rc
(x e V,a € R, r €Z), and gives rise to an affine reflection s, : V' — V across the
hyperplane V, := {& € V | a(x) = 0} given by s,(x) := = — a(x)a. The choice of
positive roots R(J{, with a simple basis a1, ..., a,, determines the set of affine positive
roots Rt := R U{a¥ + marc | a € Ry,7 € N} and a corresponding basis of affine
simple roots ao, ..., a, of the form ay := a + ¢ and a; := ajV for j=1,...,n. Heren
denotes the rank of Ry (= dim V). Notice that these conventions imply that the affine
root system R is of twisted type iff Ry = uyx Ry is not simply-laced and of untwisted type
otherwise.

The affine Weyl group W is defined as the group generated by the affine reflections
Saq, @ € R and contains the finite Weyl group Wy as the subgroup fixing the origin. It is
an infinite Coxeter group with the simple affine reflections s; := 54, (j = 0,1,...,n) as
generators and subject to the relations

(sjs)™ik =1, j,ke{0,...,n} (3.1)

Here mj, = 1if j = k and mj, € {2,3,4,6} if j # k (and the provision that for n =1
the order myp = mo1 = 00). In particular, any w € W can be decomposed as

W =85 """ Sjes (3:2)

with ji1,...,J¢ € {0,...,n}. The length £(w) is defined as the minimum number of reflec-
tions s; (j = 0,1,...,n) involved in any decomposition (3.2) of w. Any decomposition
(3.2) with £ = ¢(w) is called a reduced expression of w.

A fundamental domain for the action of W on V is given by the dominant Weyl alcove

A.={zeV]0<(z,8) <c VB eRS}. (3.3)

Furthermore, since our positive scale parameter c is integral-valued the weight lattice
P C V is stable with respect to the action of W and P, (2.4) is a fundamental domain
for this restriction. Given xz € V', we will also write w, € W for the unique shortest affine
Weyl group element such that

Ty 1= weT € A (3.4)
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For any A € P let

A= ] t (3.5)

where (o + mgrc) = aV denotes the differential and
R[N :={a€ R"|a(\) <0} (3.6)

The action of w € W on V induces a dual action on the space C(V) of functions
f:V — C given by

(wf)(z) := fw ') (weW, feCV),zeV). (3.7)
In Section 4 we will use that C(P) is an invariant subspace under this action.

4. Affine Littlewood-Richardson coefficients and fusion rules

We are now in the position to make the coefficient Uy ,,(¢) in Theorem 2.4 explicit:

U= > thA+v]+0—t;") > da, (4.1)

veWow veEWow
()\+l/)+:)\ ’w>\+,,)\:)\
where
O + v)e (—v)RE D iy e Wow
dy, = AT V=0 nrETo (4.2a)
0 otherwise
(with the convention that sign(0) := 0) and
hy ==ty ei(—ap) with e(v) := H t&”’“v>/2, (4.2b)
a€RY
(cf. Eq. (2.9)). Here 6 : P — N U {0} denotes the function
O(A) = Ha € R* [a(N) = —2}|. (4.2¢)

Remark 4.1. Observe that d , is also a Laurent polynomial in t,, o € Ry. We will also
see in Lemma 8.2 that §(A+v) = 0 if v is in the orbit of a minuscule weight and therefore
it is also possible to write dy, = 0(A + V)et(—u)hilgn(o"y M,

A function t : W — (—1,1) \ {0} satisfying tyg = twte if (ww) = L(w) + £(W)
is called a length multiplicative function. We compatibilize this function with the root
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multiplicative function by setting t; := t;, = to, for j = 0,1,...,n. For any finite
subgroup G C W we consider the generalized Poincaré series

Gt) =) tu (4.3)

wedG

of G associated with the length multiplicative function ¢.

Corollary 4.2 (Affine Littlewood-Richardson coefficients). If w is a (quasi)-minuscule
weight and \,v € P., then the affine Littlewood-Richardson coefficients in (2.7) are
given by

Wouw () (Unw(t) = Upw(t) if XA=v,
KOt = § Wow (O)Va-a(t) if v —\ € Wow, (4.4)

0 otherwise.
Here Wy, (t) refers to generalized Poincaré series (4.3) of Wy, ={w € Wy | ww = w}.

Proof. Applying Theorem 2.4 with A = 0 and using that My(§) = Wy(t) and Vo e(t) =
Wo(t)/Wo.s(t) yields the identity M (&) = Wow(t) (my, (%) — Upw(t)). Combining this
with Theorem 2.4 entails the desired result. O

When Ry is of type A, _1 and w is minuscule, Corollary 4.2 reproduces the affine Pieri
rule in Eq. (1.2).

At t, = 0 (o € Ry) the Macdonald spherical functions M) (2.2) specialize to the
Weyl characters

A =07 Y (—nfmleitweAte - (xe P, (4.5)
weWy

where p = p(Rp) and 6(&) denotes the Weyl denominator

5€) = 3 (~)eituen = T (efee)/2 — gmilea)/2), (4.6)

weWy aERS—
The nodes P, are in this situation given explicitly by

Zpn) (web), (4.7)

fu(()) =

where h = h(R) =1 — (p,ay) denotes the Coxeter number of the affine root system R.
Indeed, lim;—,o &, (t) = £,(0) by Lemma 6.2 and Eq. (6.8) below, since p,(§) = h¢ for
to = 0 in view of Schur’s lemma.
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The corresponding parameter degeneration of the structure constants in C(P,),

O = D O €)  (Ane P, P, (4.8)

veP,

model the fusion rules of the genus-zero Wess-Zumino-Witten conformal field theories
associated with the affine Lie algebra § of type RY = {2a/(a/,d) | a € R} [14,23,26] (cf.
also Remark 4.3 below). Corollary 4.2 gives rise to the following Pieri rule in the fusion
ring for 4 = w € P™ minuscule or quasi-minuscule:

Xw (€)X (&) = (NO,w - NA,w)XA(g) + Z Xa+v () (A€ P, £ €Pe),

veWow
At+veP.

with
Nxw ={a; | aj(A) =0 and a; € Wow}|

(so Ny = 0 if w is minuscule). When Ry is of type A,,_1 and w is minuscule, this Pieri
rule amounts to Eq. (1.5).

To infer the boxed Pieri rule, one first observes that lim,,oVy,_a(t) = 1,
lim_,0 Wo..,(t) = 1, and

—limy_ot; e (—v if v € Ry N Wy and (\, ) = 0,
lim(1—t5 ) dy, =4 0 el-v) ifveRy NWob and (A7)
t—=0 —limypei(—apg —v) ifv € Rf NWod and (N, 7) = ¢,
and where R = —R(J{ = RO\R(J{. Since lim;_,q t;let(a) =1lifae R(J{ is a simple root
and 0 otherwise, this shows that lim;_,o Uy ., (t) = —Ny ., in view of Lemma 8.2 below.

The asserted Pieri rule in the fusion ring is now immediate from Corollary 4.2.

Remark 4.3. If, following [38, Chapter I], we denote by S(Rp; ¢) = Ro+cZ the (untwisted)
affine root system associated with Ry. Then the following table identifies the Dynkin type
of the affine root system R and of the affine Lie algebra § in terms of the admissible pair
(Ro, Ro), via the classification in [38, Chapter L3]:

(Ro, Ro) R g
(o, B) | _S(R0) S0
(R()yu(pRO) S(RO?C/utp) S(Rmc/“w)

Remark 4.4. If § is untwisted (i.e. (Ro, Ro) = (Ro,uy,Ro)), then CK:S;:) (0) is a nonnegative
integer. The same is true when § is twisted (i.e. (Ro, Ro) = (Ro, RY) with Ry not simply-

laced) provided c is not an integer multiple of i‘g’gg € {2,3}. If g is twisted and c is an
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integer multiple of %’Zﬁg € {2,3}, however, then ci:f;)(o) = Now — Nxy = —1 when

X € P, is chosen such that a;(X) = 0 for all j € {0,1,2,...,n} with a; € Wyd. This
state of affairs is in agreement with prior observations in [19] regarding the occurrence

of negative structure constants in the genus-zero Wess-Zumino-Witten fusion ring when
the underlying affine Lie algebra § is twisted.

Remark 4.5. Recently in [10] a deformation of the Wess-Zumino-Witten fusion ring of
type EE’H = Aéi) was derived, based on a diagonalization of a finite ¢g-boson model with
diagonal open end boundary conditions obtained in [13]. The approach in [13] does not
use affine Hecke algebras and hinges instead on Sklyanin’s quantum inverse scattering
method (a.k.a. the algebraic Bethe Ansatz method) for the diagonalization of quantum
integrable eigenvalue problems with boundary conditions.

5. Affine intertwining operator

The remainder of the paper is devoted to the proofs of Theorems 2.2 and 2.4 with the
aid of the affine Hecke algebra H. By definition, H is the unital associative algebra over

C with invertible generators Ty, T} ..., T, such that the following relations are satisfied
(T —t)(T+1)=0  (0<j<n), (5.1)
07T - =TTy, - - - (O <j#k< TL), (52)

mjy, factors mjy, factors

where the number of factors m;j on both sides of the braid relation (5.2) is the same as
the order of the corresponding braid relation (3.1) for W (see e.g. [24,38]).

For a reduced expression w = s;, - - - 8;,, let Ty, :=Tj, ... T}, (which does not depend
on the choice of the reduced expression by virtue of the braid relations). It is known that
the elements T,,, with w € W, form a basis for H over C.

The subalgebra of H generated by T4, ...T, is referred to as the finite Hecke algebra
Hy (associated with Wy and t).

To define the affine intertwining operator we need the following integral-reflection
representation of H.

Proposition 5.1. The following defines an action of H on C(P):
Ef: (tj5j+(tj71)‘]j)f (fGC(P),j:O,,TL), (53)

where J; : C(P) — C(P) denotes the operator given by

W FA—kay)  ifai(A) >
(L)) =<0 if a;(\) =

VT PN kay)  ifai (V) <

(5.4)

o o o

)
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Proof. For any k € {0,1,...,n} consider the (finite dimensional) parabolic subalgebra
Hy, of H generated by Ty, T1,...,Tk—1,Tk+1,-- ., In. The idea of the proof is to show
that, for any (fixed) k, T; — I;, j # k extends to a representation of Hy on C(P). Here
I; :==tjs; + (t; — 1)J; denote the operator on the right-hand side of Eq. (5.3). The fact
that H is generated by Ty, ..., T, subjected to the braid relations and quadratic relations
implies then the proposition. For this let us introduce the vertices v = 0,v1,...,v, of
the alcove A. (3.3), so in particular

aj(vg) = bk, for all j # k. (5.5)

We fix a k € {0,1,...,n} and consider the finite subsystem obtained from R by consid-
ering the vertex vy as the “new origin”™: Ry, = {(a¢’)" | a € R,a(vy) = 0}. Then a — d
defines a root system isomorphism from the parabolic subsystem {a € R | a(vy) = 0}
of R onto R). The root system Ry is a finite root system of rank n in V, although
not necessarily irreducible. A basis of simple roots for Ry is given by «;, j # k. The
map s; s; = Say, j # k defines a group isomorphism from the parabolic subgroup
Wi = (s; | j # k) of W to the finite Weyl group Wy(Ry) of Rj. This isomorphism
induces a natural isomorphism from the parabolic subalgebra Hy = (T} | j # k) of H to
the finite Hecke algebra Ho(Wo(Ry)) associated with Wo(Ry) and t;, j # k.

From Ry C Ry follows that P C P(Ry), where P(Ry) denotes the weight lattice of
Ry,. We will also need the (—vy)-translation Py, := —vy +P C P(Ry) of P. For any j # k
consider the integral-reflection operator I} : C(P(Ry)) — C(P(Ry)) associated to the
finite root system Ry, i.e. I} = t;s} 4 (t; —1)J; where J} is given by the same expression
as (5.4) but with a;()) replaced mechanically by (a, A). Observe that C(Py) is invariant
under the operators J; and I}, j # k. The linear isomorphism ¢ : C(P) — C(F) defined
by (bxf)(y) = f(vr +y) satisfies £y(s;f) = sile(f), l(J;f) = Jilw(f), and therefore
also £ (I, f) = T (f), for all j # k.

By [11, Lem. 4.2], applied to the finite root system R} and restricted to the finite Hecke
algebra part, it follows that T} +— I7, j # k, defines a representation of Ho(Wo(R)) on
C(P(Rk)) (see also Remark 5.2 below). Since C(P)) is an invariant subspace under this
representation it follows that 7} +— I}, j # k extends to a representation of Ho(Wo(Rx))
on C(P}). Using the above mentioned isomorphisms from Hj, to Ho(Wy(Ry)) we deduce
that T +— I7, j # k extends to a representation of Hj, on C(F;). By taking the pullback
of the linear isomorphism ¢; we conclude that T; — I;, j # k extends to representa-
tion of Hy on C(P). Since k was arbitrary this finishes the proof, as indicated in the
beginning. O

Remark 5.2. In [11, Lem. 4.2] it was assumed that the underlying finite crystallographic
root system R was irreducible and of full rank. However, the proposition holds for all
finite crystallographic root systems of full rank. If R is decomposed into disjoint, irre-
ducible and orthogonal subsystems Ry U- - -U Ry, then Hy(Wy(R)) ~ Hy(Wo(R1))®+ - ®
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Ho(Wy(Ry)) and the action of the integral-reflection representation also decomposes on
C(P) ~C(P(R1)) ®---®C(P(Ry)), which yields immediately the result.

Alternatively, the proof of [11, Lem. 4.2] works verbatim if the requirement that R be
irreducible is dropped.

The affine intertwining operator J : C(P) — C(P) is now defined as follows:

(THA) =t (Twn /) As)- (5.6)
Proposition 5.3. The operator J is invertible.

Proposition 5.3 is a direct consequence of Lemma 5.4 below. Given v, w € W we recall
that v < w in the Bruhat partial order on W if v may be obtained by deleting simple
reflections from the reduced expression of w (see [38, Sec. 2.3]). For € V, we denote
by [z] the finite set {y € V | y4 = x4 and w, < w,} and by Conv [z] the convex hull of
[x]. Now we consider the following partial order < on P:

Yu, A€ P X Niff (i) A — p € @ and (ii) Conv [u] C Conv [A]. (5.7)
Lemma 5.4. The action of J is triangular with respect to the above partial order:

THN =Y Iufw),  (feC(P)reP) (5.8)

HEP, p=A
for some coefficients J ,, € C and with Jy x = t{A\]71.

Proof. We observe that t[A\] = t,, and proceed inductively in the length of wy. For
l(wy) = 0 clearly (Jf)(A\) = f(XA). Next, assuming £(wy) > 0 let j be such that wys; <
wy. Hence

(THO) =t (T HHO) = 5 s, N 7 T, T3 ((350)+4)
Bt S T @HW = Y T, (5.9)

HEP, p=s;\ HEP, u=X\

where the step IH hinges on the induction hypothesis and the last equality is due to the
fact that the convex hull of Conv [s;A] and s;(Conv [s;A]) is contained in Conv [A] since
[sjA] U s ([s5A]) € [A]-

The diagonal coefficient of

Yo Tl TN

HEP, p=s;A

corresponds to term with p = s;A and the coefficient of f(A) in (T f)(s;A) is equal to 1
when s;A < X (by Egs. (5.3), (5.4)). Hence, upon comparing the coefficients of f(A) on
both sides of (5.9) it is seen that Jy x = tJ-_lJSjA7Sj>\, which proves the lemma. O
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To prepare for the next section, we finish with a convenient characterization of the
W -invariant subspace of C(P) in terms of H and J.

Lemma 5.5. The W -invariant subspace
CP)W = {feC(P)|uwf=f weW} (5.10)
consists of the functions f: C(P) — C that satisfy
IT; TN =t,f (j=0,...,n).
Proof. For any f € C(P), j € {0,...n} and A € P we have

(T TH M=t (T, T3T ) (A4)

_ {t[A]*(TWjJ-lf)(M) if a;(3) = 0
N (6 (Tuns, TN + (5 = DT T i a;(A) <0

=t it N7 (T, T ) (4)
+ O (L (T, T O) =t Ty T 1)) )
=t;f ) + 5 ((553) = FV).
Here x denotes the characteristic function of [0, c0) and we also used that

T Tws, if l(ws;) = l(w) + 1,
4T, + (b — DTy if £(wsy) = £

the relation ¢(wys;) = £(wy) + 1 if a;(A) > 0, l(wrs;) = £(wy) — 1 if aj(A) <0, and the
observation that

tls, (Tuney ) = s (T P As).
Hence, f is W-invariant if and only if JT;J ' f=t;f. O
6. Periodic Macdonald spherical functions

For a £ € V we define the affine Macdonald spherical functions function in C(P):

D¢ = J¢e with ¢g:= Y T,e”, (6.1)

veWy

where e% denotes the plane wave function e*¢(\) := ¢* M8 (X € P).
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The plane waves decomposition for ¢¢ (6.1) in the next theorem is a known result,
see [33, Thm. 1] and (with more details) [34, (4.1.2)] or also [42, Thm. 2.9(a)] and [44,
Thm. 6.9]). To keep our presentation self contained we include a brief verification based
on the representation from Proposition 5.1. For any w € W we define the finite set

R(w):=RTNnw ' (R7)

with R~ = —R™ = R\R™. Let us observe that the cardinality of R(w) is equal to the
length of w and that for any A € P we have that R(wy) = R[] (the reader may consult
[38, Section 2.2] and [38, (2.4.4)], respectively). It is also clear that for any w € Wy one
has R(w) = Rf Nw™(Ry) and where (recall) Ry = —R{.

Proposition 6.1. The function ¢¢, for
EE€E Vi ={6cV|(&a) g 2nZ, Ya € RS}, (6.2)

decomposes as the following linear combination of plane waves

dbe= D Cluwg)e™, (6.3)
weWy
with
1 —toe H&®)
a€RY

In particular, ¢e¢(N) = Mx(§) (A € PT,£ € Vieg).

Proof. From the action of Tj (j = 1,...,n) (5.3) we have that for any £ € Vieg
Tje™ =b;(s;€)e’ +cj(s;€)e’® = b;(—€)e + c;(—&)eis, (6.5a)

with

1— tje*i(iaaﬂ
c;(§) = T i b;(€§) =t; —¢;(§) =c; (=€) — 1.
Since the stabilizer of € V;g for the action of Wy x 2rQY is trivial, all the vectors w¢,
for w € Wy, are different to each other modulo 27rQ". Then, for any £ € V;eg the plane
waves e™¢ w € Wy, are linearly independent in C(P). Therefore, the function ¢¢ may
be written as

de= > Cu(€)e™, (6.5b)

weWy
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for some unique coefficients C\, (&) € C.
It follows from Eq. (6.5a) that for any reduced expression w = s;,...s;, € Wy the
action of T, on e* is of the form

Ty = H Ci (8j, -+ 55,55,€) | € +1o, (6.5¢)
1<k</

for some coefficients c¢;, and l.o. is a linear combination of plane waves e?** with v < w
in the Bruhat partial order on Wj.

Let wg be the longest element of Wy. Applying the above identity to a reduced ex-
pression wy = 8j, ... 8, (so ¢ =#RJ) we conclude that

1—t), U831 85855y Uiy, )

Cuy (6) = H Cjk(_sjk—l e SjZSjlﬁ) = H

1— 67;<£,5j15j2"'5jk_10‘jk>

1<k<t 1<k<t
1 —tneitee
- 11 TG C (=€) = C(wof).
a€RY

In the last equality we have used that Ri = R(wg) and in the third that (see e.g. [38,
(229)]) ]’20+ = R(U}O) B {8j1$j2 Y TR 7% | k= ]., 2, . ,E}
Let us denote the trivial idempotent

w:=» T, (6.6)

veWy

having then ¢¢ = 19 €. Since Tjig = tj10 we have that Tj¢e = t;jd¢ for j =1,...,n. It
follows from Eq. (6.5a) and the linear independence of the plane waves that for £ € Vg

Cs;w(€)cj(wg) = Cy(&)c;(—wE) for allw € Wy, je{l,...,n}. (6.7)

On the other hand, from the product formula in Eq. (6.4) it follows that for any
g € ‘/reg

C(sj€)cj(§) = C(&)cj(=§) forall j e {1,...,n}.

Hence, C(w¢) also satisfies the recurrence relation in Eq. (6.7). Finally, by downward
induction with respect to the Bruhat order starting from the initial condition Cy,(§) =
C(wo€) (and using that ¢;(€) # 0), we conclude that C,(§) = C(w€) for all w € Wy and
any € € Vieg. D

Before stating the next results, let us recall that the nodes P, are given by the unique
global minima stemming from the strictly convex Morse functions V, (2.6), u € B, (2.5).



J.F. van Diejen et al. / Advances in Mathematics 392 (2021) 108027 19

Given p, the existence of the global minimum is guaranteed because V,(§) is smooth
and V,(§) = +oo for & = oo. Since &, is a minimum of V,,, it is a solution for VV, = 0:

€t po(&u) =2m(p+p)  where py(8) = Y val(& ). (6.8)

a€RY

Lemma 6.2. The critical points £, i € P, are all distinct and belong to the open alcove
(with respect to the affine action of Wy x 2rQY on V')

A={£eV]|0< (£a) <2m Vae RS} (6.9)
Moreover, the position of §,, depends analytically on the parameters to € (—1,1).

Proof. From Eq. (6.8) it is clear that one can recover p from the value of ,,, thus &, # &
if 4 # A Also, for any 8 € RJ we have that

&y B) + (pv(&u), B) = 2m(p + p, B). (6.10a)

Since v, (x) is an odd function it follows moreover that

(B =5 Y (vallEma)) — vallsp&uad)(@p).  (6.10b)
aERy
(aV,8)>0

From Eqgs. (6.10a), (6.10b) one deduces that (€,, ) > 0 for u € P.. Here one exploits
that v, (x) is strictly monotonously increasing and that

(€ur @) = (387 &p, @) = (€, B) (@, BY). (6.10¢)

Moreover, from Egs. (6.10b), (6.10c) with 8 = ¢ and the quasi-periodicity of the
function v, (x) one deduces that for (¢, p) > 27 we would have

O(\/

c<§H’ <P> + <ﬁv(£u), 90> > 2re+m Z <Oé, 90\/><90’ —>:27T(1 +tc+ <ﬁa Q0>)> (610d)

Mq
a€RY

where in the last connection we used that for any root multiplicity function ¢ : Ry — C
and root f € Ry we have

S talfa¥)(a, 8Y) :% St (6.10¢)

QGRS— aERy

(which follows from the Schur’s lemma, cf. the proof of [15, Lem. 10.1] and [12, Rem. 7.4])
and that
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(b, ¢ Z—

aeR

Now by combining the Eq. (6.10d) with Eq. (6.10a) for 8 = ¢, we would have

ct (D) +1<(p+p,0) = (1, 0) + (D, ),

which contradicts our assumption that u € B, Hence, one must have that (£, ¢) < 2,
ie &, € A

Finally, it is clear that the critical equation (6.8) is analytic in the parameters t, €
(—1,1). Since the Jacobian of the critical equation is invertible, the implicit function
theorem now ensures that the dependence of the critical point &, is also analytic in these
parameters. O

Proposition 6.3 (Periodic Macdonald Spherical Function). For every u € P, the function
D¢, belongs to the W-invariant subspace C(P)"

Proof. Since Tji9 = tji0 for j =1,...,n (see Eq. (6.6)), we have that
IT;T 10 = TTie = ;T de = t;Pe. (6.11)

Hence, by Lemma 5.5, we only need to prove that J7pJ ~'®¢ = to®¢, or equivalently
Toge = tope. For £ € Vieg, the decomposition in Eq. (6.3) together with the explicit
action of Ty on €% (cf. Egs. (5.3)-(5.4)) gives us that

lo v 1_t061(v§, o0} zcv ap) ,iv
Boe- ¥ s 3 L g oo i

vEW) veEW)y

Now, by comparing with the corresponding decomposition of tg¢¢, we have that Th¢e =
toge if for £ € Ve

et — C(shv€) 1 — toetlvé—ao)
ic{v€,—ag) _ 0
‘ = CE) f et e

By substituting the product expansion for C(-) over R (cf. Eq. (6.4)) we have

C(Sag) _ H 1— ta€i<§’a>
0(6) et to — ei(&,a)
atclig
(—ap,a¥)>0

1 — tget(&—ao) 1 —t, el (me0®)
o to — et(§,—ao) H ( ta — ei(§,a) ) ’

a€RF\{—ao}
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where we used that (—ag, &) € {0,1} for all « € R{ \ {—ag}. The relation now may be
written as

< > 1t eitga (Tvaod)

ic{,—vag) __ [¢]

getevan) = [ <6i<§77a>_ta) . Yeew,, (6.12)
a€ERY

by using that an overall flip of the signs in the factors at the right-hand side cancels out
because ]_[Oleég(fl)wv’“> = (—=1){8"22) = 1 for all 8 € R,.

To finish this proof, let us observe that if we multiply Eq. (6.10a) by the imaginary
unit and exponentiate both sides, using that

1+tq (1 —te™
Vo (x) = 2arctan(li_ta tan (g)) = zlog(ﬁ)7

then it follows that &, is indeed a solution for Eq. (6.12). O

Remark 6.4. In [11, Eqn. (5.12a)] a Macdonald spherical function ®¢ € C(P)"° was
introduced in terms of an intertwiner operator built up (essentially) from an integral-
reflection representation of the finite Hecke algebra Hy. In contrast, the affine Macdonald
spherical function ®¢ € C(P)"° (6.1) is based on the affine intertwiner operator J (5.6),
built up from the integral-reflection representation of the affine Hecke algebra H.

Remark 6.5. For y € V, let us denote by 7, : V' — V the translation determined by the
action 7,(z) := « +y. Then the affine Weyl group admits the alternative presentation
W =W, KT(CQV) because Sov SqVtm,re = Terav for a € Ry, r € Z. Because of the above
proposition it follows that ®¢, (1 € ]50) is Wo-invariant and ¢QV-periodic, explaining
the name periodic Macdonald spherical function for ®¢,.

Remark 6.6. From the proof of Proposition 6.3, it is clear that for every u € P the vector
§ = &, solves the following algebraic system of equations of Bethe type

L ip av 1 — t,ei6) \ (@,8Y) .
ic(€,8Y) _ ST
¢ = 11 (s — ) vBe k.
a€ERY

Indeed, at € = £, Eq. (6.12) is satisfied and the short roots of Ry generate Ry over Z.
7. Proof of Theorem 2.2 (basis)
For any w € P* we consider the free operator L1 : C(P) — C(P) given by

(Luaf)N) = > fA+v) (7.1)

veWow
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and the operator L, : C(P) — C(P) given by
Ly =JLynJ " (7.2)

For the isotropy group Wy of A € P. in W, Macdonald’s product formula for the
generalized Poincaré series of the Coxeter group associated with the length multiplicative
function ¢ [35] tells us that

1-— taét(a) 1-— ta?ltét(—a)

£) = by = - " tatt\Y A S 7.3

) Z H 1- et(Oé) H 1-— htét(*a) ( )
weWx a€RY aERY
(A,)=0 (X, a)y=c

with A, and é; given by (2.8), (2.9). Armed with this identity, we can readily infer that for
any pu € P, the function P, is nonzero in C(P,) = C(P)". Indeed, from Proposition 6.1,
Lemma 6.2, Proposition 6.3 and the trivial action of J on C(P.), it follows that

Be(N) = My(€) = MV(€) for any £ € P, and A € P, (7.4)

In particular, at A = 0 this yields that

1— toe —i(v€,a)
@E(O) = Z C(’Uf Z H 1—et (v€, a)
vEW)y veWo acRY
. 1 —tqer(a)
= t’U = _ s
2 =11 =2y >0
veWy aER(T

where we used Macdonald’s identity from Ref. [35, Thm. (2.8)] for the * equality.

Proposition 7.1 (Completeness of the periodic Macdonald spherical functions). The re-
striction of the functions ®¢,, p € P, constitutes a basis for C(P.) that diagonalizes the
commuting operators Ly, simultaneously:

L,®¢, =m, ()0,  (we P uep). (7.5)
Proof. For any w € P* the action of L., on a plane wave yields
L€' = my,(e%)e™s (v e Wy).
Hence, given p € P, it follows that at £ = ¢ P
Ly®¢ = TLun T ' Tbe = T Lujnde = mo () 0.

The upshot is that the nontrivial eigensolutions ®¢,, u € P, in Eq. (7.5) must be lin-
early independent in C(P.), in view of Lemma 6.2 and the well-known fact that the
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Wo-invariant trigonometric polynomials m,,(¢?), w € PT, separate the points of the
fundamental alcove A.

To finish the proof, it suffices to verify that dimC(P.) = |P.| = |P,|, for this con-
firms that the eigenfunctions ®¢, (u € P.) form a basis of C(P,). To this end we first
observe that P, consists of all nonnegative integral combinations ciwy + - -+ + ¢,wy of
the fundamental weights of Ry satisfying cymi + -+ 4+ ¢ym, < ¢, where the positive

integers my, ..., m,, refer to the coefficients of the highest root —ay of Ry in the simple
basis Y, ...,aY of RY. Similarly, P, consists of all nonnegative integral combinations
c1w1 + - - - + ¢y, of the fundamental weights of Ro satisfying c1mq + -+ -+ ¢y, < c and
where the positive integers 1, ..., M, now refer to the coefficients of ¢ in the simple
basis &Y,...,aY of RY. If Ry = u,Ry then clearly 7i; = mj for all j and if Ry = Ry
then the My, ..., 7, are a permutation of the mq,...,m,. So in both cases |P.| = \156|,

which completes the proof of the proposition. O

Proposition 7.1 guarantees that the square matrix {M ic) (fu)} _is of full rank,

AEP.,ue P,
which finishes the proof of Theorem 2.2.
8. Proof of Theorem 2.4 (affine Pieri rule)

For any function f € C(P)V, w € Pt (quasi)-minuscule and A € P. we have that

(Lwf)()‘):(jLw;lj_lf)()‘):(Lw;lj_lf)()‘)
= > (T 'HA+v)

veWow

= 3 D fO ) +dan (1t .

veWow

The last equality hinges on the following lemma (whose proof is delayed until subsection
8.2):

Lemma 8.1. For any f € C(P), A € P. and v € P; := {wn | w € Wy andn €
P is a minuscule or quasi-minuscule weight}, one has that

(T OO+ ) =t + vl f (A +v) +dau (L= t57) f(V),
where dy ,, is taken from (4.2a).

Since f is W-invariant, it follows that

L)) =| DO th+v+0—t5") > dan | FON) (8.1)
veWow veWow
A+v)p=A
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+ 0y St f(A+v).

veWow neWow
A+vEP: (An)4=A+v

The action of L, on f is therefore of the form

(Lo N = Uru®f )+ D Vau®)f(A+v).

veWow
ArveP,

The computation of the coefficients Uy ,,(t) and V3 ,,(¢) hinges on the following lemma
(whose proof is relegated in turn to subsection 8.1):

Lemma 8.2. For A € P, and v € P}, we are in either one of the following two situations:
i) When (A +v)y = A, then w\ v = a; for some j € {0,...,n} with t; = to and
O(A+v)=0.

i) When (A +v)+ # A, then way, € Wi and 0(A+v) =1 if v € Ry N Wyt and
(\D)y =0, orif v € RS NWod and (\, D) = ¢, while (A +v) = 0 otherwise.

Indeed, the asserted expression for Uy ,, in (4.1) is immediate from Eq. (8.1) and the
lemma, while the coefficient V) ,(¢) of f(A + v) in Eq. (2.11) is retrieved after a short
computation:

> tAbnl = D tul = Walt)/(Wa nWan) (1) = Vau(8),
neWow HEW N (A+v)
(Atn) 4 =A+v

where in the last step Macdonald’s product formula (7.3) was used.
Upon combining with Eq. (7.5) and recalling that for A € P, and p € P.: e, (N) =
My(&,) = M5(&,) (cf. Eq. (7.4)), the Pieri formula in Eq. (2.10) readily follows.

8.1. Proof of Lemma 8.2

Let p € P\P.and j € {0,...,n} such that a; € R[] (recall (3.6)). Then w, = w,,s;
with f(w,) = l(ws,;,) + 1, and thus R[u] = s;R[s;ju] U {a;} (cf. [38, (2.2.4)], although
it is only stated for non-twisted types, it is actually true also for twisted types). From
(4.2¢) it follows that

o) = {e@m 1 ifa(n) = -2, 52)
0(s;p) if a;(p) # —2.

Let us consider the situation A € P, v € Py and A+v ¢ P.. If for any j € {0,...,n} such
that a; € R[A + v] we define ¥ := s;(A+v) — A (having s;(A +v) = A+ 1), then we are
in one of the following cases and thanks to (8.2) we have the corresponding expressions
for (A +v)
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(A) aj(A) = 0 and (v,af) = —1 (so aj(A +v) = —1). Then s; € Wy, so # = s’v and
O+ v)=0(\ + sjv).

=0 and (v,a)) = =2 (so a;(A +v) = —2). Then s; € Wy and v = —a;, so

(C) a;(\) = 1 and (v,a]) = =2 (so a;j(A +v) = —1). Then v = —qa; and ¥ = 0, so
Wx4r = 85 and (A 4+ v)=0(X) = 0.

Cases (B) and (C') only occur when v € Wyd. If furthermore j = 0, then also ag = —9
(so we are necessarily in the untwisted case Ry = RY).

When A + v € P, the lemma is trivial. Let A + v ¢ P, and a decomposition wy4, =
8j, -85, with £ = l(wyy,) > 1, we define vy == v, v = s) vy (for b = 1,...,0),
bo := aj, and by = B) +rpmgc:=sj, -+ 55, a4,,, (for k=1,...,£—1). This means that
RA+v] = {bo,...,be—1} (cf. [38, (2.2.9)]). By considering the three aforementioned
possible cases we have

841 Sig Sig—1
)\+I/:)\+I/0—>>\+I/1—>"' — /\+I/g_1,

where all these steps involve only (A) or (B), while (C) can only occur at the final step

Aver B a=(0\+v)y, (8.3)
or does not occur at all
Aveer B4 =O+v),. (8.4)

In situation (8.3) we have that s;,wx4, =55, , 55, € Wx, (A+v)4 = A, and tj, = to.
Even more, we have s w), v = vy_1 = —aj,, which implies —v = (s w} ) "oy, =
(85, 8%, @) = Be—1, thus

— (A vY) +remmye = beo1(A) = ((sj,0a40) ™ a5,)(A)

= aj, (sjl—l TS5 )‘) = aj, ()‘) y
hence
Y+ (1 + (\vY)) =bi_1 € R\ + V). (8.5)

On the other hand, in situation (8.4) we have that wy4, € Wy and (A +v)4 # A.

In order to compute 8(A + v) let us notice that it has to be the number of times that
the case (B) occurs in the steps above, since 8((A+v)4) = 0. In other words, the number
of times that (vy,aj,, ) =—2for k=0,...,¢' 1, with ¢’ = £ — 1 in situation (8.3) and
¢’ = { in situation (8.4). Since for k=10,...,¢ —1:

<Vk’a}/k+1> =-2& <Vaﬁl¥> =28 v=—0,
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and
(A BY) +mpree = be(X) = (55, 85,05y ) (V)
=aj,, (85,85 A) = aj,,, (A) =0,
then
B — (N BY) =br € RIA+ 1.

Hence, (X + v) is equal to 1 or 0 when —v¥ + (\,v¥) € RA+v] or —v¥ + (\,vY) &
R[\ + v], respectively. In situation (8.3) we have that (A +v) = 0, because by Eq. (8.5)
we have (\, V) +1 € mycZ and if —v¥ + (A\,vY) € R[]A+v] C R then (\,v¥) € m,cZ,
this would contradict that ¢ > 1.

For (A +v) =1 we have —v¥ 4+ (A\,v¥) € RT, and therefore v € RyN Pj = Wy and
(A, V) € mycZ. On the other hand we have that [(\,vY)] = |(\,m,D)| < myc for all
A € P, proving my(\, ) = (\,vY) € {myc,0} if O(X + v) > 0, and this concludes the
proof of the lemma.

8.2. Proof of Lemma 8.1
It will be more useful to use the following reformulation:

(Tuss ) A+ 1)1) = FO+v) = dro (1= t51) f(N).

For f € C(P), p € P, j =0,...,n with 0 < a;(p) < 2 the action of T} is given
explicitly by

ti f(u) if aj(p) =0
(Tif) () = < f(sip) = f(u—aj) if a;(p) =1. (8.6)
flp—=205) = (t; = 1) f(n—ay) if aj(p) =2

Now we proceed by induction on ¢(wy1,). For A+v € P, the result is trivial. Let assume
that f(wx+,) > 1 and s; (0 < j < n) such that a; € R[A+v], then {(wxrt,s;) =
l(wxy,) — 1. By the observations made at the beginning of Section 8.1 we have that
Wr+u8j = W, (A ty) With either s;(A +v) = A + sjv (cases (A) and (B)) or s;(A+v) =
A(€ P.) (case (C)). In the case (C') we have wyi, = s; and the statement to prove is
just the case a;j(p) = 1 of Eq. (8.6) with p = A. Furthermore, for the cases (A) and (B)
we have

(Twry, (A +1)4) = (Tw,\+59uij)(()‘ + 89V)+)

= (T )N+ sjv) = da (1= 15 ) (T;/)(N)
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by the induction hypothesis and the fact (A + siv)+ = (A +v)4.

If we are in the case (A) then we have (T} f)(A+sjv) = f(A+v) and (T; f)(A) = t; f(\)
by the situations a;(1) = 1 and a;(u) = 0 of Eq. (8.6), respectively. This finishes the
induction step since d>\7s/jy = dA,th_l. For v € P;\Wy¥ this follows from dA,s’ju =dy, =
0, while for v € Wo? it follows from (A + sjv) = 0(A + v) and that for j > 0 we have
ec(s;v) = er(v)t; and (A, s;0) = (s])\ D) = (A, D), while on the other hand, for j = 0 we
have e;(shr) = e;(v + ag) = e;(v)h; 'ty and (if O(\ 4 v) > 0) also (A, shi) = (shA, ) =
(A cag, D) = (N, D) + clag, D) = (A, D) — ¢ and therefore sign((\, s(p)) = sign((\, D)) —
(cf. Lemma. 8.2).

If we are in the case (B) then we have that v € Wot), t; =ty and (T;f)(A + sjv) =
FO+v) —to(1—ty") f(N) because of the case a;(1) = 2 of Eq. (8.6) for = A+ siv. We
also have d 5, = 0 because 0 < (A +sjv) < 0(A+v) < 1. To complete the induction it
remains to prove that dy , = ty. For this observe that (A + v) = 1 and when j > 0 we

have e,(=v) = ex(ay) = t; = ty (as e;(ay) = ex(s;a5)t "™ = e(—a;)2 = 12 /eq(ay))
and (A, 2) = —(X\,&;) = 0, while for j = 0 we have e,(v) = e;(—ap) = e,(I) = hi/ty
(since in this case ap = —9, cf. Lemma 8.2) and (\,0) = —(\, &) = —(\,a) =

—apg(A) +c=c¢> 0.
9. The structure constants revisited

The computation in the previous section produces the coefficients of the Pieri rule
from the action of L, (7.2) in C(P,). In principle the same strategy can be followed to
compute the structure constants c>\7(c)( t) (A, p,v € P.) more generally. To this end one
starts with the monomial expansion of the Macdonald spherical function My (§), A € PT:

M= S mumu(e), (9.1)

pEPT, u<X

where we have employed the dominance partial order on P: p < X iff A\—pu € Q. With
the aid of the expansion coefficients ny ,(t) one defines the following operator-valued
Macdonald spherical function My (L) : C(P) — C(P) via the formula:

My(L)= > mau(t)L, (9.2)
HEPT, u<X

(cf. Egs. (7.1), (7.2)). For A € P., the operator-valued Macdonald spherical function
My (L) (9.2) acts as a linear difference operator in the invariant subspace C(P)"V = C(P,)
with coeflicients given by the structure constants C)\’(C)( t) (p,v € Pe).

Theorem 9.1 (Structure constants). For any A € P., the action of My(L) on f € C(P.)
is given by

(M = A0, (9.3)

veP,
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with ci’ﬁf) (t) as defined in Eq. (2.7).

Proof. By linearity, it suffices to verify Eq. (9.3) on the basis of Macdonald spherical
functions ®¢, £ € P.. To this end we compute for £ € P.:

Eq.(9.2 P 7.1 i
My(L)de "L > muLude E o mau(t)my(e)Pe
HEPT, u<X HEPT, u<X

PO A (€)De = MO (€) .

Evaluation of this identity at u € P. with the aid of Eq. (7.4) entails the desired formula
for f = ®¢:

(Ma(L)®e)(1) = MO (€)e () = M7 (€)M () = 3 0o (e)

veP,
= Z CV C)‘bg O
veP,

Acknowledgments

We thank the referee for the helpful constructive remarks and suggesting some im-
provements concerning the presentation.

References

[1] J.E. Andersen, S. Gukov, D. Pei, The Verlinde formula for Higgs bundles, arXiv:1608.01761.
[2] H.H. Andersen, C. Stroppel, Fusion rings for quantum groups, Algebr. Represent. Theory 17 (2014)
1869-1888.
[3] S. Agnihotri, Quantum cohomology and the Verlinde algebra, PhD thesis, University of Oxford,
1995.
[4] N. Bartlett, S.O. Warnaar, Hall-Littlewood polynomials and characters of affine Lie algebras, Adv.
Math. 285 (2015) 1066-1105.
[5] A. Bertram, Quantum Schubert calculus, Adv. Math. 128 (1997) 289-305.
[6] A. Bertram, I. Ciocan-Fontanine, W. Fulton, Quantum multiplication of Schur polynomials, J.
Algebra 219 (1999) 728-746.
[7] N. Bourbaki, Groupes et Algébres de Lie, Chapitres 4-6, Hermann, Paris, 1968.
[8] P. Bouwknegt, D. Ridout, Presentations of Wess-Zumino-Witten fusion rings, Rev. Math. Phys. 18
(2006) 201-232.
[9] J.F. van Diejen, Diagonalization of an integrable discretization of the repulsive delta Bose gas on
the circle, Commun. Math. Phys. 267 (2006) 451-476.
[10] J.F. van Diejen, Deformation of Wess-Zumino-Witten fusion rules from open g-boson models with
diagonal boundary conditions, J. Phys. A 53 (2020) 274002.
[11] J.F. van Diejen, E. Emsiz, Unitary representations of affine Hecke algebras related to Macdonald
spherical functions, J. Algebra 354 (2012) 180-210.
[12] J.F. van Diejen, E. Emsiz, Discrete harmonic analysis on a Weyl alcove, J. Funct. Anal. 265 (2013)
1981-2038.
[13] J.F. van Diejen, E. Emsiz, Orthogonality of Bethe Ansatz eigenfunctions for the Laplacian on a
hyperoctahedral Weyl alcove, Commun. Math. Phys. 350 (2017) 1017-1067.
[14] P. Di Francesco, P. Mathieu, D. Sénéchal, Conformal Field Theory, Graduate Texts in Contemporary
Physics, Springer-Verlag, 1997.


http://refhub.elsevier.com/S0001-8708(21)00466-7/bib8A25C6734D0A4F958373F3941A4CFDCBs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib9BE0616FFC0D95F0B0B872F450AC1E87s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib9BE0616FFC0D95F0B0B872F450AC1E87s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib641B8B04428ABB5B6CBC9E69FCE1AB2Ds1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib641B8B04428ABB5B6CBC9E69FCE1AB2Ds1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib8ED838C2B5BB2F8B87C193E0492249E3s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib8ED838C2B5BB2F8B87C193E0492249E3s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib5C7E9FD0F1C62C2622261A3274CE39CEs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib29F3DD04E2A86793712E1FD5D58B4E24s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib29F3DD04E2A86793712E1FD5D58B4E24s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibA976E3CBCF3A143D566033C0E1E4738Ds1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib633903ABF3A694649A3186F4E283659Ds1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib633903ABF3A694649A3186F4E283659Ds1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib9BFB7A1BA4181EDB2C538EE41786F3A8s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib9BFB7A1BA4181EDB2C538EE41786F3A8s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib1AF5FA0CC558BF4C597F793F304A25DBs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib1AF5FA0CC558BF4C597F793F304A25DBs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibC277B8AE7051094B4456556AD82B436As1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibC277B8AE7051094B4456556AD82B436As1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib07C1BFC76A38060F7979DB4D6A8582DAs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib07C1BFC76A38060F7979DB4D6A8582DAs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib73CE4906DA7EC91F738C88252C43A8F9s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib73CE4906DA7EC91F738C88252C43A8F9s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib0D5AD0D09056EB402EC2184CB321FE25s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib0D5AD0D09056EB402EC2184CB321FE25s1

J.F. van Diejen et al. / Advances in Mathematics 392 (2021) 108027 29

[15] E. Emsiz, E.M. Opdam, J.V. Stokman, Periodic integrable systems with delta-potentials, Commun.
Math. Phys. 264 (2006) 191-225.

[16] O. Foda, B. Leclerc, M. Okado, Y. Thibon, Ribbon tableaux and g-analogues of fusion rules in
WZW conformal field theories, in: T. Lulek, B. Lulek, A. Wal (Eds.), Symmetry and Structural
Properties of Condensed Matter, World Scientific, Singapore, 1999, pp. 188-201.

[17] F. Fulton, Young Tableaux. With Applications to Representation Theory and Geometry, London
Mathematical Society Student Texts, vol. 35, Cambridge University Press, Cambridge, 1997.

[18] D. Gepner, Fusion rings and geometry, Commun. Math. Phys. 141 (1991) 381-411.

[19] A. Ginory, Twisted affine Lie algebras, fusion algebras, and congruence subgroups, arXiv:1811.04263.

[20] F.M. Goodman, H. Wenzl, Littlewood-Richardson coefficients for Hecke algebras at roots of unity,
Adv. Math. 82 (1990) 244-265.

[21] S. Gukov, D. Pei, Equivariant Verlinde formula from fivebranes and vortices, Commun. Math. Phys.
355 (2017) 1-50.

[22] E. Gutkin, B. Sutherland, Completely integrable systems and groups generated by reflections, Proc.
Natl. Acad. Sci. USA 76 (1979) 6057-6059.

[23] J. Hong, Fusion rings revisited, in: N. Jing, K. Misra (Eds.), Representations of Lie Algebras,
Quantum Groups and Related Topics, in: Contemp. Math., vol. 713, Amer. Math. Soc., Providence,
RI, 2018, pp. 135-147.

[24] J.E. Humphreys, Reflection Groups and Coxeter Groups, Cambridge Studies in Advanced Mathe-
matics, vol. 29, Cambridge University Press, Cambridge, 1990.

[25] K. Intriligator, Fusion residues, Mod. Phys. Lett. A 6 (1991) 3543-3556.

[26] V.G. Kac, Infinite-Dimensional Lie Algebras, third edition, Cambridge University Press, Cambridge,
1990.

[27] A.A. Kirillov Jr., On an inner product in modular tensor categories, J. Am. Math. Soc. 9 (1996)
1135-1169.

[28] C. Korff, Cylindric versions of specialised Macdonald functions and a deformed Verlinde algebra,
Commun. Math. Phys. 318 (2013) 173-246.

[29] C. Korff, C. Stroppel, The ;[(n)k-WZNW fusion ring: a combinatorial construction and a realisation
as quotient of quantum cohomology, Adv. Math. 225 (2010) 200-268.

[30] T. Lam, L. Lapointe, J. Morse, M. Shimozono, Affine Insertion and Pieri Rules for the Affine
Grassmannian, Mem. Amer. Math. Soc., vol. 208, Amer. Math. Soc., Providence, R.I., 2010.

[31] T. Lam, L. Lapointe, J. Morse, A. Schilling, M. Shimozono, M. Zabrocki, k-Schur Functions and
Affine Schubert Calculus, Fields Institute Monographs, vol. 33, Springer, New York, 2014.

[32] L. Lapointe, J. Morse, Quantum cohomology and the k-Schur basis, Trans. Am. Math. Soc. 360
(2008) 2021-2040.

[33] I.G. Macdonald, Spherical functions on a p-adic Chevalley group, Bull. Am. Math. Soc. 74 (1968)
520-525.

[34] I.G. Macdonald, Spherical Functions of p-adic Type, Publ. of the Ramanujan Inst., vol. 2, Ramanu-
jan Institute, Madras, 1971.

[35] I.G. Macdonald, The Poincaré series of a Coxeter group, Math. Ann. 199 (1972) 161-174.

[36] I.G. Macdonald, Symmetric Functions and Hall Polynomials, second edition, Clarendon Press, Ox-
ford, 1995.

[37] I.G. Macdonald, Orthogonal polynomials associated with root systems, Sémin. Lothar. Comb. 45
(2000/2001) B45a.

[38] I.G. Macdonald, Affine Hecke Algebras and Orthogonal Polynomials, Cambridge University Press,
Cambridge, 2003.

[39] P. McNamara, Cylindric skew Schur functions, Adv. Math. 205 (2006) 275-312.

[40] J. Morse, A. Schilling, A combinatorial formula for fusion coefficients, in: 24th International Con-
ference on Formal Power Series and Algebraic Combinatorics (FPSAC 2012), Nagoya, Japan, 2012,
pp. 735-744, hal-01283115.

[41] T. Nakanishi, A. Tsuchiya, Level-rank duality of WZW models in conformal field theory, Commun.
Math. Phys. 144 (1992) 351-372.

[42] K. Nelsen, A. Ram, Kostka-Foulkes polynomials and Macdonald spherical functions, in: C.D. Wens-
ley (Ed.), Surveys in Combinatorics, in: London Math. Soc. Lecture Note Ser., vol. 307, Cambridge
Univ. Press, Cambridge, 2003, pp. 325-370.

[43] S. Okuda, Y. Yoshida, G/G gauged WZW-matter model, Bethe Ansatz for g-boson model and
commutative Frobenius algebra, J. High Energy Phys. 2014 (2014) 3, https://doi.org/10.1007/
JHEP03(2014)003.

[44] J. Parkinson, Buildings and Hecke algebras, J. Algebra 297 (2006) 1-49.


http://refhub.elsevier.com/S0001-8708(21)00466-7/bib4A1E207EEFEF4DA8A6152ACEA2E4B6D3s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib4A1E207EEFEF4DA8A6152ACEA2E4B6D3s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib00C83C780D379EE62698890D130A0365s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib00C83C780D379EE62698890D130A0365s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib00C83C780D379EE62698890D130A0365s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibD8EA9A9F90C8AF6CD352708DE76EA546s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibD8EA9A9F90C8AF6CD352708DE76EA546s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibCC0C5D8BCC326054BC6EB746952B5B79s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib6CA73A2FEDED77BA34722D0668E733DCs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibF6BAACB00BB948C2D5E47FC2EC7E32AEs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibF6BAACB00BB948C2D5E47FC2EC7E32AEs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib999FEB1E1E45406A65838218BA7CBA35s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib999FEB1E1E45406A65838218BA7CBA35s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibA6CA0FF410270B75B88950BA4D8BCBF0s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibA6CA0FF410270B75B88950BA4D8BCBF0s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib02BF41A249F6D6893CA2339B0635E597s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib02BF41A249F6D6893CA2339B0635E597s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib02BF41A249F6D6893CA2339B0635E597s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib301DF9DBC4C05817DBF1653D14BBE8CBs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib301DF9DBC4C05817DBF1653D14BBE8CBs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibBBC5D85BC0A71822FEB61953400DB066s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib4DC833194C01DA86A23982C06ED8EEAEs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib4DC833194C01DA86A23982C06ED8EEAEs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibEF5A1132A23E39304565BDB88A633164s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibEF5A1132A23E39304565BDB88A633164s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib50A54CB1AE84707E5DCC64D2C83EBFACs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib50A54CB1AE84707E5DCC64D2C83EBFACs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibE1508D615BE9BC3F1B145F534A6F1173s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibE1508D615BE9BC3F1B145F534A6F1173s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib6CEFB2CBB241D55FC9BE9473A38D36A7s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib6CEFB2CBB241D55FC9BE9473A38D36A7s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib0AA1C4B1166ACA13CB0032269322AD5Bs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib0AA1C4B1166ACA13CB0032269322AD5Bs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibE1CC9DE347CF85D63173F546B3431C35s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibE1CC9DE347CF85D63173F546B3431C35s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib49D332F4863225440E1A1C1B11CAD1C8s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib49D332F4863225440E1A1C1B11CAD1C8s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibE47E6E5F53956A833155261FDFBE6B8Fs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibE47E6E5F53956A833155261FDFBE6B8Fs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibC10584088679E99AE8AC3ED4B3E5B5D0s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib1CA79289EC09153BC476893A899D78BBs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib1CA79289EC09153BC476893A899D78BBs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibFA6F3DDF9ABD8FB72E005AFCCAF39CE4s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibFA6F3DDF9ABD8FB72E005AFCCAF39CE4s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibDEC366B5D6576FC647D41F52216C74CEs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibDEC366B5D6576FC647D41F52216C74CEs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib0F4B122A51DD4F9A2A2CC398A1E16C62s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib9F64E34F8327D72B8E5441ED3C33E9EAs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib9F64E34F8327D72B8E5441ED3C33E9EAs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib9F64E34F8327D72B8E5441ED3C33E9EAs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibE16298764B14E9AB38B01636100391F3s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibE16298764B14E9AB38B01636100391F3s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib18FF69EA2C416B2DFB8F1E26B9D0E14Bs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib18FF69EA2C416B2DFB8F1E26B9D0E14Bs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib18FF69EA2C416B2DFB8F1E26B9D0E14Bs1
https://doi.org/10.1007/JHEP03(2014)003
https://doi.org/10.1007/JHEP03(2014)003
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib3E528F7D46776604CCF28516E4D1C31As1

30 J.F. van Diejen et al. / Advances in Mathematics 392 (2021) 108027

[45] A. Postnikov, Affine approach to quantum Schubert calculus, Duke Math. J. 128 (2005) 473-509.

[46] K. Rietsch, Quantum cohomology rings of Grassmannians and total positivity, Duke Math. J. 110
(2001) 523-553.

[47] O. Saldarriaga, Fusion algebras, symmetric polynomials, and S-orbits of Z%;, J. Algebra 312 (2007)
257-293.

[48] O. Schiffmann, Lectures on Hall algebras, in: M. Brion (Ed.), Geometric Methods in Representation
Theory. II, in: Sémin. Congr., vol. 24-11, Soc. Math. France, Paris, 2012, pp. 1-141.

[49] C. Schwer, Galleries, Hall-Littlewood polynomials, and structure constants of the spherical Hecke
algebra, Int. Math. Res. Not. (2006) 75395.

[50] B. Siebert, G. Tian, On quantum cohomology rings of Fano manifolds and a formula of Vafa and
Intriligator, Asian J. Math. 1 (1997) 679-695.

[61] H. Tamvakis, Gromov-Witten invariants and quantum cohomology of Grassmannians, in: P. Pragacz
(Ed.), Topics in Cohomological Studies of Algebraic Varieties, in: Trends Math., Birkh&user, Basel,
2005, pp. 271-297.

[62] C. Teleman, K-theory and the moduli space of bundles on a surface and deformations of the Verlinde
algebra, in: Topology, Geometry and Quantum Field Theory, in: London Math. Soc. Lecture Note
Ser., vol. 308, Cambridge Univ. Press, Cambridge, 2004, pp. 358-378.

[63] C. Teleman, C.T. Woodward, The index formula for the moduli of G-bundles on a curve, Ann.
Math. (2) 170 (2009) 495-527.

[64] C. Vafa, Topological mirrors and quantum rings, in: S.-T. Yau (Ed.), Essays on Mirror Manifolds,
Int. Press, Hong Kong, 1992, pp. 96-119.

[65] M. Wheeler, P. Zinn-Justin, Hall polynomials, inverse Kostka polynomials and puzzles, J. Comb.
Theory, Ser. A 159 (2018) 107-163.

[66] E. Witten, The Verlinde algebra and the cohomology of the Grassmannian, in: S.-T. Yau (Ed.),
Geometry, Topology, & Physics, in: Conf. Proc. Lecture Notes Geom. Topology, vol. IV, Int. Press,
Cambridge, MA, 1995, pp. 357-422.


http://refhub.elsevier.com/S0001-8708(21)00466-7/bibAC809A0249967103DEA20F5CEF044040s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib6DA9E1C0786DAA82D899EBC2D7463EEBs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib6DA9E1C0786DAA82D899EBC2D7463EEBs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibF3714F5F67E8DD798C9EB9DFC1B232BAs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibF3714F5F67E8DD798C9EB9DFC1B232BAs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib7965384DBFD4514416CE96303820578As1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib7965384DBFD4514416CE96303820578As1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibC81014A0EC2A1B5B00CD398156682EC2s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibC81014A0EC2A1B5B00CD398156682EC2s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibEDAF79B1262E9B36C5498F7F2064DBC5s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibEDAF79B1262E9B36C5498F7F2064DBC5s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib3DDE51CE1379A35C3928E5CC67EEA47Bs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib3DDE51CE1379A35C3928E5CC67EEA47Bs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib3DDE51CE1379A35C3928E5CC67EEA47Bs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib408EF9AC8FE17138D7C89CD4A62B5EFBs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib408EF9AC8FE17138D7C89CD4A62B5EFBs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib408EF9AC8FE17138D7C89CD4A62B5EFBs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib90FB5237CE238CC963D0435AD7A4CE94s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib90FB5237CE238CC963D0435AD7A4CE94s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibE8D07703B5942B0C8EF7AD6C8988D18Fs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibE8D07703B5942B0C8EF7AD6C8988D18Fs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibDE358B506DC8BE6655CE1911E9B40B27s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bibDE358B506DC8BE6655CE1911E9B40B27s1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib6E0ADC1610113B07696BE804A5DD24CFs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib6E0ADC1610113B07696BE804A5DD24CFs1
http://refhub.elsevier.com/S0001-8708(21)00466-7/bib6E0ADC1610113B07696BE804A5DD24CFs1

	Affine Pieri rule for periodic Macdonald spherical functions and fusion rings
	1 Introduction
	2 Affine Pieri rule
	2.1 Macdonald spherical functions
	2.2 Basis of periodic Macdonald spherical functions
	2.3 Structure constants

	3 The affine Weyl group
	4 Affine Littlewood-Richardson coefficients and fusion rules
	5 Affine intertwining operator
	6 Periodic Macdonald spherical functions
	7 Proof of Theorem 2.2 (basis)
	8 Proof of Theorem 2.4 (affine Pieri rule)
	8.1 Proof of Lemma 8.2
	8.2 Proof of Lemma 8.1

	9 The structure constants revisited
	Acknowledgments
	References


