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Abstract

Load-sharing systems arise in many different reliability applications, for instance,
when modeling tensile strength of fibrous composites in textile industry or lifetimes
of redundant technical systems in engineering. Sequential order statistics serve as a
flexible model for the ordered component failure times of such systems and allow
the residual lifetime distribution of the components to change after each component
failure. In a proportional hazard rate setting, the model consists of some baseline dis-
tribution function and several model parameters describing successive adjustments
of the hazard rates of the operating components. This work provides nonparametric
confidence bands for the baseline distribution function, where the model parameters
may be known or unknown. In case of known model parameters, we show how to con-
struct exact confidence bands based on Kolmogorov-Smirnov type statistics, which
are distribution-free with respect to the baseline distribution. If the model parameters
are unknown, finite sample inference turns out to be infeasible, and asymptotic con-
fidence bands for the baseline distribution function are derived. As a technical tool,
we extend the existing asymptotic theory of semiparametric estimators based on the
profile-likelihood approach.
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1 Introduction

In many complex technical systems, load is shared among multiple components, and
the failure of one part increases the stress on the remaining components. Examples
include manufacturing systems (Arabzadeh Jamali and Pham 2022), solar panels of
satellites (Yang et al. 2015), power transmission lines (Jia et al. 2023), redundant
micro-engine systems (Zhang et al. 2020), and composite materials (Smith and Daniels
2014). To understand the reliability properties of these load-sharing systems, various
statistical models have been proposed. In this paper, we study sequential order statistics
(SOSs), which have been introduced by Kamps (1995a,b) as an extension of common
order statistics and allow for a more flexible modelling of ordered component lifetimes
in many reliability and engineering structures as, for instance, load-sharing systems,
k-out-of-n systems, or accelerated lifetime tests; see, e.g., Cramer and Kamps (2001),
Balakrishnan et al. (2012), and Bedbur et al. (2015). Going beyond the possibilities
of order statistics, SOSs enable for adjustments of the residual lifetime distribution
of the operating components upon each component failure. We illustrate the model
by means of an example of a load-sharing system in textile industry; see Smith and
Daniels (2014) and the references therein. Suppose that a steady tensile load is put
on a bundle of n identical textile fibers. Moreover, let Fi, ..., F, denote cumulative
distribution functions (cdfs) satisfying Fl_l(l—) < ... < Fn_l(l—) for technical
reasons, and let F be the initial lifetime distribution (time of tearing) of any of the n
fibers. After observing the first tear of some fiber at time x1, say, the lifetime distribution
of the intact n — 1 fibers changes from F7 to (F2(-) — F2(x1))/(1 — F2(x1)) to model
different stress conditions imposed on the remaining fibers. At time x», say, of the
second fiber tear, the lifetime distribution of the still withstanding fibers changes to
(F3() — F3(x2))/(1 — F3(x2)), and so on. Finally, the whole bundle is torn at time of
the n'™ fiber tear.

While the general SOSs model is very flexible, restricted formulations allow for
improved statistical inference. In particular, a semiparametric SOSs model with pro-
portional hazard rates is obtained by setting F; = 1—(1—F)%,1 < j < n, for some

absolutely continuous cdf F with density function f and positive numbers o1, . . . , ot.
The hazard rate of F; is then given by A F; = ojhF, where A g denotes the hazard
rate of F. In this context, F is also referred to as baseline cdf, and «y, ..., «, are

termed model parameters and describe the load-sharing characteristics of the system.
For example, o; < ;11 means that the failure of the 7™ component puts increased
stress on the remaining components, thus leading to a higher failure rate.

In the distribution-theoretical sense, the proportional hazards SOSs model coincides
with the model of generalized order statistics (GOSs) based on F, introduced by Kamps
(19954, b), in virtue of a bijective transformation of their parameters. GOSs represent a
unifying approach for various different models of ordered random variables allowing,
among others, for a simultaneous probabilistic treatment. They are defined via the
joint density function of random variables X!V < ... < X involving a baseline
cdf F and positive parameters y1, . . ., ¥,. Respective choices of yy, . . ., y, then result
in densities corresponding to well-known models of ordered random variables, such
as order statistics, record values, or progressively type-II censored order statistics. In
particular, setting y; = (n — j + Dea;, 1 < j < n, gives the joint density function in
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the proportional hazards SOSs model as described above. Both models are therefore
equal in distribution and only differ in terms of their parametrizations. For more details
on GOSs, see Kamps (2016) and the references therein.

Distribution theory and statistical inference for the proportional hazards SOSs
model have mostly been studied in the literature in fully parametric settings, where
the baseline cdf F is assumed to be known or to belong to some parametric class
of cdfs; for an overview, see Cramer (2016) and, e.g., Bedbur et al. (2019), Bedbur
and Mies (2022), Pesch et al. (2023), and Pesch et al. (2024) for some more recent
works. The literature on nonparametric inference for SOSs is rather limited. Respec-
tive accounts are provided by Kvam and Pefia (2005), Beutner (2008, 2010a,b), and
Mies and Bedbur (2020) with a focus on estimation and hypotheses testing in case
that F is unknown and «q, ..., «, are known or unknown.

In this paper, we derive semiparametric confidence bands for a nonparametrically
specified baseline cdf F, where the model parameters o7, ...«, (or, equivalently,
Y1, - .., ¥n When using the GOSs parametrization) are assumed to be either known or
unknown. In contrast to pointwise confidence intervals for F(x), such a confidence
band is a random set in the two-dimensional plane that contains the entire graph of F
with a specified probability. The proposed bands are based on the Nelson-Aalen type
estimator F for F and the corresponding profile-likelihood estimator y for the vector
y of load-sharing parameters, as introduced by Kvam and Pefia (2005). Building on the
material in Mies and Bedbur (2020), we first construct exact confidence bands for F for
finite (small) samples by making use of certain Kolmogorov-Smirnov type statistics
with distributions independent of F. In case of unknown model parameters, however,
the construction turns out to be intractable, and we therefore pursue an asymptotic
approach to address the problem. While the limit theory for F and ¥ has been put
forward by Kvam and Pefia (2005), we found the need to extend it in two relevant
ways: (i) We develop the asymptotic theory for F and ¥ based on all observations,
whereas former results require some artificial type-I censoring of the data (using only
information up to a fixed time point) for purely technical reasons. (ii) We fully specify
the asymptotic covariance structure of /M (F — F), which is known to converge
weakly to a Gaussian process as the sample size M tends to infinity. The refined
asymptotic theory is then utilized to construct asymptotic confidence bands for F' on
the whole real line.

As the proportional hazards SOSs model is used in various reliability applications,
the proposed bands provide different insights, depending on the context of the exper-
iment. In a progressively type-II censored lifetime experiment, where a fixed number
of intact components is removed from the experiment after each component failure,
the model parameters are completely determined by the censoring scheme and thus
known, such that the bands of Sect. 3.1 are applicable to assess the underlying lifetime
distribution of the components. On the other hand, when describing the component
lifetimes in some step-stress experiment in accelerated life testing, the model param-
eters correspond to different stress levels and are usually unknown. In this case, the
bands of Sect.4.2 apply and yield information about the component lifetime distri-
bution under normal operating conditions. In the following, we shall stay within the
interpretation in terms of load-sharing systems.
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The remainder of this paper is structured as follows. Upon a concise introduction to
GOSs in Sect. 2, we show how to obtain exact confidence bands for F via test inversion
in Sect. 3. Section4.1 then describes the construction of asymptotic confidence bands
for F if y is known, and Sect.4.2 presents respective bands in the practically most
relevant situation of unknown load-sharing parameters. Here, we also provide the
extended asymptotic theory for F and ¥ (Theorem 5). The methodology is briefly
illustrated in Sect. 5 by means of two data examples. All proofs and several auxiliary
results are postponed to the Appendix for readability.

2 Generalized order statistics

Let F denote some absolutely continuous cdf with corresponding density function f,
and let y, ..., y, denote positive numbers. Then the random variables XV < ... <
X are called GOSs based on F and y = (y1, ..., y) if their joint density function
is given by

o = T]w | [T]A=Fep?7m =" fixp) ey
j=1

J=1

forx = (xg,...,x) € X ={(y1,...,y) e R : F104+) <y < -+ <y <
F~1(1-)}; see Kamps (1995a,b). Here, F~! denotes the quantile function of F, and
we set y,-4+1 = 0 for a closed representation.

Several important models of ordered random variables are included in the model
of GOSs in the distribution-theoretical sense by respective choices of y. For y; =
n—j+1,1 <j <r,formula (1) is the joint density function of the first  out of n
(common) order statistics based on F', while for y; = 1, 1 < j < r, the joint density
function of the first  (common) record values based on F is obtained. As pointed out
in the introduction, setting

where a1, ..., a, denote positive numbers, formula (1) represents the joint density
function of the first 7 out of n SOSs based on the cdfs F; = 1 — (1 — F)% with hazard
rates ij =oajAip forl < j < n.Here, A\ = f/(1 — F) denotes the hazard rate of

F with corresponding cumulative hazard rate Ar = —log(l — F). In what follows,
we refer to F as baseline distribution and to yy, ..., ¥, as load-sharing parameters,
indicating their relation to the multipliers «1, ..., ¢« of the baseline hazard rate and

the use of GOSs as a model for load-sharing systems, here.

Throughout the paper, we assume that the baseline cdf F' has support [0, 0o), which
implies that F is strictly increasing on [0, 0co) and satisfies ' (0) = 0. The collection
of all absolutely continuous cdfs with that property is denoted by F. The GOSs model
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is then in one-to-one correspondence with the counting process
r
N@ =) 1{xV <1}, 1>0,
Jj=1

with cumulative intensity

t
L) =/ y($)hp(s)ds, 120,
0

where
,
p(s) = Y ylXUD <5 < XD} = yyp. 520, )
Jj=1

and X© = 0; see Kvam and Pefia (2005), Beutner (2008), and Mies and Bedbur
(2020). Here, y (s) denotes the load parameter y; which is active at time s. Moreover,
we use the notation 1 A for the indicator function of set A.

3 Exact confidence bands

We assume to have M independent vectors X; = (Xl.(l), el Xfr)), 1<i<M,of
GOSs based on F € F and y with density function (1), each. For 1 <i < M, let

.
N =Y 1{x{” <1}, 120,
j=1
denote the counting process associated with X; having instantaneous load parameter
r . .
)/(l)(S) — Zyj]l{X,‘(j_l) <5 SXI'(j)}y s>0, (3)
Jj=1

where X [.(0) =0.
It is well-known that the transformed random vectors

Ui=w®, .. u")y=FxD), . FX"), 1<i<M, @

are distributed as M independent vectors of GOSs based on G and y, where G denotes
the cdf of the standard uniform distribution with hazard rate Ag (1) = 1/(1 — u) and
cumulative hazard rate Ag(u) = —log(l — u) for u € [0, 1). In particular, we have
the relation

Ap(t) =Ag(F(1)), 1=0.
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3.1 Known model parameters

For known y, exact confidence bands for (the graph of) F can be constructed based
on the Nelson-Aalen estimator

Fo=1- ] (1—Y,~U)), >0,

XD <

for F with

—1

M
0 _ _ . .
= (Z yNk(Xf”—>+1) , 1=j=r, 15i=M,
k=1

which is proposed in Kvam and Pefia (2005). Since F' is strictly increasing on [0, 00),
we obtain the useful identity

Fy(t) = Gy(F@t)), =0, ©)

where Gy denotes the Nelson-Aalen estimator (of G) based on Uy, ..., Uy cf.
formula (10) in Mies and Bedbur (2020).

Theorem 1 Let g € (0, 1) and H : R*> — R be a continuous mapping. A confidence
band with level q for the graph gr(F) = {(t, F(t)) : t > 0} of F € F on (0, 00) is
given by

By = {(x,y) € (0,00) x [0, 1) : H(Fy(x),y) = ¢y (@)},
where cy, (q) is the q-quantile of the statistic

K, = sup H(ay(u),u),
ue(0,1)

which is distribution-free with respect to F.

For H(y, z) = |y —z|, By is a Kolmogorov-Smirnov type band with vertical width
not larger than 2cy (¢) at every x > 0. Alternatively, we may consider a function of
the form H(y, z) = h(y)|y — z| for some weighting function #, suitable choices of
which will be discussed in Sect. 4 below.

Remark 1 When GOSs are utilized as a load-sharing model, the model parameters
Y1, - .., ¥r Will typically be unknown and the results of this Section, and Sect. 4.1 are
therefore not be applicable. However, there are other applications of GOSs, where the
model parameters are determined in advance.

In a progressively type-II censored lifetime experiment, for instance, n units are
put on a life test, where a fixed number R; € Ny of intact units is removed from the
experiment at time of the j th ynit failure, 1 < Jj < r.Thatis, we observe r unit failure
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times, and Z;z | Rj = n — r unit failure times are (progressively type-II) censored.
Progressively type-II censored order statistics based on F then serve as a model for
the data thus obtained, the joint density function of which results by setting

,
yi=Y Ri+1)., 1<j<r.
i=j

in formula (1); see Kamps (1995a). Here, the model parameters of GOSs are com-
pletely specified by the applied censoring scheme (Rj, ..., R;). For an extensive
account on progressive censoring, we refer to Balakrishnan and Cramer (2014).

As another example with specified model parameters of GOSs, the joint density
function of so-called k-record values based on F' appears in formula (1) by choosing
yi =k, 1 < j <r,for some fixed k € N; see Kamps (1995a). In this context, the
data consist of 7 successive k-largest values of an infinite independent sample from
F. The case k = 1 then corresponds to (common) record values based on F. k-record
values are useful, for instance, when describing claims in non-life insurance. For a
monograph on records, see Arnold et al. (1998).

3.2 Unknown model parameters

If y is unknown, constructing an exact confidence band for F € F is complicated.
First, let us assume that y; = n to guarantee that F and y», ..., y, are identifiable. As
a starting point, we consider a statistic of type

Try = sup H(Fy (1), F(1)) (6)
>

for some continuous function H : R> — R, which forms a pivotal quantity for F in
case of y being known; see the proof of Theorem 1 in the Appendix. In Kvam and
Pefia (2005), a profile-likelihood estimator  for y is proposed, which is shown to be
distribution-free with respect to F' in Mies and Bedbur (2020), Theorem 1. Inserting
for y in formula (6), the distribution of Tr 3 would be free of F as well but still depend
on y. As the asymptotic covariance of ¥ derived in Kvam and Pefia (2005) suggests,
there is no simple way to obtain a pivotal statistic from it.

In the context of testing a simple null hypothesis Hy : F = Fy for some given
Fy € F, Mies and Bedbur (2020) remove the dependence (in distribution) of a respec-
tive test statistic on the unknown nuisance parameter y by constructing a test with
Neyman structure. Here, the basic idea is to use that, in case F is known, the maximum
likelihood estimator p ., say, of p is a sufficient statistic for y and has a distribution
not depending on F; see, e.g., Cramer and Kamps (1996). Hence, the conditional dis-
tribution of Tr 5 . given y p = 5 and thus also its g-quantile ¢, () do neither depend
on F nor on y. The test statistic for Hy : F' = Fy is then defined as TF,, Pry and, in
case that Hy is rejected for large values of Tg, 5 o’ the acceptance region of the test
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with level 1 — g is given by
A(F) = {Try 3, < g )}
Inverting the acceptance region now yields that
B ={FeF: Try, =cqVr) (7

forms a confidence set for F' € F with exact level g. Although Theorem 4 in Mies and
Bedbur (2020) can be applied to obtain the quantiles of the conditional distribution
via Monte Carlo methods, the implicit and complicated representation of the set in
formula (7) seems to be too cumbersome for users, which gives rise to an asymptotic
approach in a later section.

4 Asymptotic confidence bands

We now turn to the construction of asymptotic confidence bands for F € F. For y
being known, asymptotic bands for F are developed in Sect.4.1 and seen to require
less computational effort than the exact counter-parts in Sect. 3.1, thus constituting
practical competitors if the number M of samples is large. Section4.2 then offers
asymptotic bands for F under the assumption that y is unknown, in the case of which
simple exact procedures are not available; see Sect.3.2.

4.1 Known model parameters

If the load-sharing parameters y1, ..., ¥, are known, the cumulative hazard rate A
may be estimated nonparametrically by the step function
- LdN
AF(I)=/ _—(S), t>0, (8)
o V()
with

M M
1 . — 1
7e) = o Zl y@D(s) and  N(s) = ~ Zl Ni(s), s>0,

having jumps at Xi(j), 1 <j<r,1<i< M;seeKvam and Péna (2005, equation (5))
and Beutner (2010b, 2008). As M — oo, Kvam and Pefia (2005) have established
the functional weak convergence

VMR p@) — Apt)) = Wy(1) )

in the space D[0, T'] of cadlag functions on [0, T'], where T is such that E(y(T)) > 0
and W) (t), t > 0, is a zero-mean Gaussian process with independent increments and
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variance function

ds, t > 0.

AF(s)
Var(W. =
ar(Wy (1) /0 E(y ()

The jump-sizes of A £ (t) only depend on the ranks of the failure times X fj ), 1<j<r,
1 <i < M, among all failure times, and we may write

Ar(t) =AG(F(r)), >0, (10)

where XG denotes the estimator of A basedon Uy, ..., Uy, as defined in formula
(4). As a consequence, a quantity of the form

sup [H(Ap (1), F()) — H(Ap (1), F(t))]

t>0
= sup |H(AG(F(1), F(1)) — H(Ag(F (1)), F(1))|
1>
= sup |H(Ag().u) — H(Ag(u). u)| (11)

uel0,1)

is distribution-free with respect to the baseline cdf, where H is any appropriate func-
tion for which the supremum is finite. However, its distribution does depend on y
influencing the distribution of the ranks of X l.(] ), I<j<r,1<i<M.

To construct an asymptotic confidence band for F, we therefore study the limit
process in formula (9) for a standard uniform baseline distribution in more detail. The
quantity E(y (s)) in the associated variance function

L[ G
vy () = /0 E(y(s))ds’ uel0,1], 12)

of Wy, (u), u € [0, 1], can be determined by means of Monte-Carlo simulations. In
case of pairwise distinct model parameters, a useful representation can be derived

analytically.

Lemma 2 Let the baseline distribution be a standard uniform distribution,

YiFEVvi, L <i,j<r, i#], (13)

and y (u), u € [0, 1], be the corresponding instantaneous load parameter as defined
in formula (2). Then, we have that

E(y@) =Y c(y)(I—wh, uel01], (14)

i=1
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where

-1

r k k
acm =Y (T1v|l Tl wi-w| . iett,....r}. (9

k=i \j=I J=lj#i

In case that formula (13) is true, Lemma 2 removes the need for Monte-Carlo
methods, and some numerical integration scheme may then be applied to obtain the
value of the integral

r -1
— Y () — ! . _ qyitl
vy (1) _/0 ]E(y(s))ds _/O <i§c,(y)(1 5) ) ds (16)

as a function of u € [0, 1], which is crucial for determining the confidence band.
In particular, the lemma applies to common order statistics and progressively type-II
censored order statistics.

Remark 2 1t we drop assumption (13) and allow for y; = y; forsome 1 < i, j <r
with i # j, Lemma 2 is in this form no longer valid. However, it can be extended to
this edge case, since the mapping y +— E(y (1)) is continuous. In particular, E(y (u))
is still of the form in equation (14) for appropriate coefficients ¢;(y), 1 < i < r,
different from those in formula (15).

Now, recall that the functional weak convergence in formula (9) holds true on any
compact interval [0, T] with E(y (T")) > 0. In case of a standard uniform baseline cdf,
the condition simplifies to 7 < 1 by using formula (3). This finding can be utilized to
state the following asymptotic result.

Theorem 3 Let g € (0, 1) and the function g : (0, 00) — R be such that g > ¢ for
some ¢ > 0 and /x loglogx/g(x) — O for x — oco. Moreover, let

VM |[F(x) -]
gy (F(x)) 1—F(x)

B;(’M) = {(x,y) €(0,00) x (0, 1) : <d(q)

with F = 1— exp{—KF} and vy as in formula (12), where d(q) denotes the q-quantile
of the real-valued random variable

[Wi(2)|
sup
7€(0,00) g(2)

for a standard Brownian motion W,. Then é}(,M)

F e F with asymptotic level q in the sense that

is a confidence band for the graph of

VR>0: MliinooP({(t, Ft)): 1€ (0, R]} C é;””) > q. (17)
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As simple candidates for g in Theorem 3, we may consider functions of the form
gx)=x%4+b,x >0, forsomea > 1/2and b > 0,0r g(x) = /xloglx + 1) +c,
x > 0, for some ¢ > 0. In cases (a) and (c) of Fig. 1, the asymptotic confidence band
is shown for these choices of g and particular values of a, b, and c.

It is evident how the choice of g affects the shape of the confidence band as it
distributes the size of the procedure across the real axis. As the asymptotic variance
of f(x)/(l — ﬁ(x)) is vy (F (x)), the choice g = y/x would lead to a confidence band
whose width is proportional to the pointwise uncertainty. However, this does not yield
a valid simultaneous confidence band due to the testing multiplicity of the pointwise
intervals, which is particularly severe for x &~ 0. For this reason, g(x) = /X is not
admitted in Theorem 3. Instead, the requirement g(x) > /xloglogx as x — oo
is reminiscent of the law of the iterated logarithm of the limiting Brownian motion.
In view of these considerations, a weighting g(x) which is close to /x yields bands
whose shape have high similarity with the corresponding pointwise, non-simultaneous
confidence intervals. Note that a uniform width of the band is not desirable, since the
shape of the band should also give an indication of the statistical uncertainty of the
baseline estimator F. For small values of x, this uncertainty is much lower. This
motivates the specification g(x) = /xlog(x + 1) +c.

Remark 3 Note that property (17) is generally weaker than
lim P({(t, F(t):t>0) C B;M>) >q,
M— o0

which corresponds to the common definition of an (asymptotic) confidence band for
F e F. This restriction arises from the fact that the weak convergence in formula
(9) only holds true on compact intervals, while the limiting process W, is basically
a Brownian motion on [0, c0). The weaker asymptotic formulation (17) is easier to
verify and also sufficient for many applications, where failure times beyond a certain
time horizon are not of practical relevance.

Remark 4 Once having computed the quantile d(g), it can also be used to state an
asymptotic confidence band for the quantile function F~! of F € F. Inspecting the
proof of Theorem 3 and letting R = F~!(p), we may rewrite

wp —YM__IFO-FOI _ - VM FF ) —ul
re.r] 8y (F (1)) 1—F() ue(, p] &y (u)) 1 —u

’

and, by introducing the random set

VM |F(z) - ul
g, ) 11—

0" = {(u,z) € (0, pl x (0,00) : 5d<q>},

it follows that

Vpe©l): A}igloop({(u, F'w): ue,pl) C Q;M”’)) > q.
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(a) Known ~; (b) Unknown ~;
weighting g(z) = %7 + 0.5. weighting g(z) = z%7° + 0.5.
° 0.0 0‘5 1.0 ) 0.0 0‘5 10
(¢) Known ~; (d) Unknown -y;

weighting g(z) = y/zlog(z + 1) + 0.02. weighting g(z) = y/zlog(z + 1) 4+ 0.02.

Fig. 1 Baseline estimators (black) and asymptotic confidence bands (grey) based on M = 40 sequential
4-out-of-10 systems with y = (10, 9, 11, 13) and standard exponential baseline cdf F' (blue dashed). The
bands have asymptotic confidence level 90%

Since F is a step function, it might occur for small sample sizes that the set {z :
(u,z) € Qg,M’p)} is empty for some u € (0, p]. This problem can be solved by
either interpolating F' or by continuing the envelope as a step-function at empty cross
sections.

4.2 Unknown model parameters

The confidence band constructed in Theorem 3 is infeasible if the load-sharing param-
eters y1, ..., ¥r are unknown, as both the estimator A r as well as the distribution of
the statistics in formula (11) depend on p. Of course, we can plug-in some estimator
for y, but it does not seem to be possible to derive pivotal statistics for finite samples.
Asymptotic confidence bands, however, can be constructed and are the subject matter
in what follows.

Throughout this section we again assume that y; = r to guarantee identifiability
of F and y», ..., yr. In that case, Kvam and Pefia (2005) suggest a profile-likelihood
approach to estimate y by maximizing the function

1 Moer 4 r _
WTW:@Z/O logy<l>(s)dNi(s>—/0 log7(s)dN(s).  (18)
i=1
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The solution ¥ = argmax, £,(7'; y) may then be used to estimate the cumulative
hazard rate of F in formula (8) by

L I [ ,
Arei = [ = Wit Y6 = 5 3NN =) - 1.

i=1 j=1
In Lemma 4, some useful properties of £, are stated.

Lemma4 Any stationary point of £, is a global maximizer, and the maximizer is
almost-surely uniquely determined. Moreover, £, is almost-surely strictly concave as

a.funCtion 0f(ﬁ2, sy ﬂi‘) = (log VZ, L] log Vr)

Maximizing formula (18) leads to the equivalent estimating equations
U;yr); =0, j=2,...,r, (19)
with

y;i8;(s)

dN;(s),
7(s>} ©

) Ry
Uy =vj- a—yjfp(t;y) = MZ/O [851)@)—
i=1

where

M
ajf')(s) =1{Nis)=j—1}, 1<i<M, and 8;(s) = %Zsjf')(s) (20)
i=1

for 2 < j < r. Note that the integrand is upper bounded by 1, and that Ny, ..., Ny
have finitely many jumps, such that U (oo; y) is well-defined. In Kvam and Pefia
(2005), the asymptotic distribution of Y7 is derived for T < oo with E(y (T)) > 0.
However, this estimator does not use all the information in the sample, as the cutoff
at T corresponds to a type-I right censoring of the data. This censoring serves no
statistical purpose, but only simplifies the asymptotic analysis of the estimator. In
the sequel, we extend their work by studying the estimator ¥ = ¥, and by giving
a refined description of the limit distribution. For this, we introduce the notation
diag(d,, ..., dy) for a diagonal (k x k)-matrix with entries dy, ..., d; and Ny (a, A)
for the k-dimensional normal distribution with mean vector a and covariance matrix
A.

Theorem 5 Forany T* € (0, oo], the estimating equations (19) have a unique solution
Y 7+ with probability tending to one as M — 00, which is consistent, i.e., Yy« — y
in probability for M — oo. Moreover, for any T € (0, 00) with P(N(T) =r) < 1,
we have

Py diag(y», . .., yr) Wa(T*)
\/M A[AF(’) - AF(I)]IE[O,T] = Wl(’)te[O,T] o s
[Ar.714) = AF O] 0.1 Wi () reo, 1) + ¥ (@ p)diag(ya. . ... v ) Wa(T*)
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in the product space R—1x DI[0, T]x D[0, T]as M — oo. Here, the vector W(t; y)
has components

o [TEG ) . o . .
\U(t,y)jfl—/(; —E(y(s)) ds with 8j(s) =1{N(s)=j—1} forj=2,...,r,

the limit W1 is a centered Gaussian process with independent increments and variance
function

t

Var(Wi(t)) = t(t; ) = f dAF(s),

o Ey(s)
and Wo(T*) ~ N,_1(0, (T*; y)~") is a random vector independent of Wy, where
the matrix X (t; y) has entries

ViEG ) yiEG () EG ()
E(y(s) E(y(5)?

t
S 9)j 1kt =f0 [11{j=k} }E(y(x))dz\pm,

forj,k=2,...,randt > 0. In particular, T(T; y) and X(T*; y) are finite.

The benefit of Theorem 5 is that it not only shows the asymptotic variance but
also the asymptotic autocovariance structure of Ar(t, Y r+), which improves upon
previous results in the literature; see Kvam and Pefia (2005), Theorem 2. In particular,
the limit process does not have independent increments due to the estimation error
in . A second, even more important distinction is that we allow for T # T* and
T* = oo, whereas former statements require 7 = T* < oo. The latter restriction
has been introduced for purely technical reasons to derive a functional central limit
theorem for A F(1). In statistical practice, however, we want to set 7* = co and use
all available data to estimate y. Theorem 5 now reveals that the joint limit theory
holds in essentially the same way. Moreover, choosing 7* = oo yields the smallest
asymptotic variance of ¥ 7« and should therefore be considered the default (¥ = ¥ ).
To allow for comparison with the literature, the formulation of Theorem 5 also covers
the suboptimal case 7* < oo.

For the construction of asymptotic confidence bands for F' below, it is essential
to choose T* independently from 7. Here, our aim is to give a modified version of
Theorem 3 that is applicable if p is unknown. For this, let the quantities ¥ (u; p),
3 (00; ¥), and t(u; y) in Theorem 5 for a standard uniform baseline cdf G be denoted
by W (u; ), L (¥), and 176 (u; ¥) (= vy (1)), which may be determined computa-
tionally by using the formulas

E@jw) =PNu)=j—-1)
B -1

1 J J
[In X TI v—wo| a-wr. 2<j=<r

J
k=1 i=1 \k=1,k#i
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and

-1

r J
E(y ) =Y (1 —u)VfZ ]"[yk [T -

i=1 j=i \k=1 k=1,k#i

for u € (0, 1); see Lemma 2 and its proof. These formulas also extend continuously
to the case that y; = y4 for some i # k, see Remark 2.

Theorem 6 Let g € (0, 1) and the function g : (0, 00) — R be such that g > ¢ for
some ¢ > 0 and /x loglogx/g(x) — 0and g(x) — oo for x — o0. Moreover, let

B VM [Fx) -y
= {(x,we(o,oo)x(o, 1) : ) 1-F® < e5(q)

(M)

B

with F(t) = 1 — exp{—KF(t; YL Y = Voo and vy as in formula (12), where ey (q)
denotes the q-quantile of the real-valued random variable

| Wi (vy () + Wi (u; p)diag(ya, ..., y) W|
uE(O 1 gy (u))

1)

for a standard Brownian motion W, and W ~ N;_1(0, Ec;(y)_l). Then E(M)
confidence band for the graph of F € JF with asymptotic level q in the sense that

VR>0: W}@OOP({@, F(t)): 1€ (0,R]} C B(M)) 7.

Application of the confidence band in Theorem 6 to some data set x, say, requires
to compute the quantity e5(g). Upon realizing the estimator ¥ based on the given
data, ey (x)(g) can be approx1mated computationally via Monte Carlo simulations of
the random variable in formula (21) for fixed y = P (x). A closed-form expression for
e, would of course be preferred, but seems to be analytically intractable to derive.

Finally, to illustrate the asymptotic confidence band in Theorem 6, we return to the
example at the end of Sect.4.1 and add the cases (b) and (d) in Fig. 1, forming the
counterparts to the cases (a) and (c) for known load-sharing parameters. A comparison
of both shows that accounting for the sampling error in estimating y does not alter the
shape of the bands, but makes them slightly wider. This corresponds to the fact that the
quantile ey, (¢) is larger than the quantile d(q). Using the quantiles and estimator for
unknown load-sharing parameter y, Fig.?2 illustrates the behavior of the confidence
bands as the sample size M increases. We see that the nonparametric estimator of F
is consistent, and that the confidence bands are increasingly narrow.
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0.5
L

(a) Sample size M = 20;
weighting g(z) = z°7 + 0.5.

(b) Sample size M = 20;

weighting g(z) = v/z log(z + 1) + 0.02.

0.5
L

(c) Sample size M = 80;
weighting g(z) = z°7° + 0.5.

(d) Sample size M = 80;

valog(z + 1) + 0.02.

weighting g(z) =

° T

0.0 0.5

(e) Sample size M = 160;
weighting g(z) = %% + 0.5.

° T

1.0 0.0 0.5 1.0

(f) Sample size M = 160;

weighting g(z)

= y/zlog(x + 1) + 0.02.

Fig. 2 Baseline estimators (black) and asymptotic confidence bands (grey) based on simulation of M
sequential 4-out-of-10 systems with true but unknown load-sharing parameter y = (10,9, 11, 13) and
standard exponential baseline cdf F (blue dashed). The bands have asymptotic confidence level 90%

5 Data example

We illustrate the proposed confidence bands by means of two data examples from the
literature.

First, we consider a generated data supplied by Kvam and Pefia (2005), which
is supposed to describe pixel failures in plasma displays. Here, observations from
M = 20 independent 1-out-of-3 systems are obtained by simulations of the model
estimated in Bae and Kvam (2004). The load-sharing parameters are unknown and
estimated via the profile-likelihood method described in Sect.4.2 with T* = oo as
Yre = Voo = (3,2.62,1.25) resp. @ = (1, 1.31, 1.25). Note that y; = 3 resp.
a1 = 1 is fixed by model assumption to allow for semiparametric identification of
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05

° T T T T © T T T T

0 1000 2000 3000 3500 ] 1000 2000 3000 3500

(a) Weighting g(z) = z*7 +0.1. (b) Weighting g(x) = x + 0.05.

° T T T T
0 1000 2000 3000 3500

(c) Weighting g(z) = \/xlog(z + 1) + 0.2.

Fig.3 Estimated baseline cdf and confidence bands for F' with nominal confidence level 90% for different
weighting functions g based on the data example in Kvam and Pefia (2005) consisting of observations from
20 independent 1-out-of-3 systems

the baseline cdf F'. In contrast, the estimates reported by Kvam and Pefia (2005) are
agp = (1,1.64,1.11). The difference may be explained by the fact that they need a
smaller T* < oo for their asymptotic theory, i.e., they artificially censor the data on
the right, which is in fact not necessary as our extended theory reveals. Unfortunately,
Kvam and Pefia (2005) do not state the value of 7* used for their reported estimates.

As described in Sect. 4.2, the estimated load-sharing parameter ¥, is used as plug-
in to nonparametrically estimate the baseline cdf F', depicted as solid line in Fig. 3. Our
construction of confidence bands takes the statistical error in the estimated load-sharing
parameters into account; see Theorem 5. For a nominal confidence level of 90%, the
resulting confidence bands are shown in Fig.3 for different weighting functions g,
where the quantiles ey (0.9) are determined via 10° simulations of the asymptotic
distribution. From the figure, it is evident that the choice of the weighting function
affects the exact shape of the band, as every g balances the type-I error differently
across the real axis.

Secondly, we apply the same methodology to study a ReliaSoft data set (ReliaSoft
R&D staff 2002) which has previously been analyzed by Sutar and Naik-Nimbalkar
(2014), Kong and Ye (2016), Bedbur et al. (2019), and Mies and Bedbur (2020). The
data includes failure times of M = 18 independent 1-out-of-2 systems with two con-
tinuously operating motors each, such that 36 failure times are observed in total. The
load-sharing parameters are estimated as ¥ o, = (2, 2.51) resp. @s = (1, 2.51) indi-
cating some load-sharing effect (o # 1), which was statistically confirmed by a test
with significance level 5% in Mies and Bedbur (2020). Using the statistical procedures
developed in Sect. 4.2, we are now able to construct semiparametric confidence bands
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° T T T T T T T ° T T T T T T T
0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350

(a) Weighting g(z) = %7 +0.1. (b) Weighting g(z) = x + 0.05.

° T T T T T T T

0 50 100 150 200 250 300 350

(c) Weighting g(z) = \/zlog(z + 1) + 0.2.

Fig.4 Estimated baseline cdf and confidence bands for F' with nominal confidence level 90% for different
weighting functions g based on the two-motors data example in ReliaSoft R&D staff (2002) consisting of
observations from 18 independent 1-out-of-2 systems

for the baseline cdf, which are depicted in Fig.4 for a nominal confidence level of
90% and different weighting functions g.

6 Conclusion

Confidence bands for the nonparametric baseline distribution function of a load-
sharing system described by sequential order statistics can, in principle, be obtained by
inverting exact finite sample tests. However, in case of unknown load-sharing param-
eters, the inversion is untractable, while asymptotic tests may be easily inverted. By
introducing a suitable weight function, we can design the shape of the confidence band,
effectively allocating the type-I error across the support of the baseline distribution.
In particular, we may construct the bands to be tighter for small survival times. The
rigorous treatment of the asymptotic confidence bands is enabled by a refined limit
theory for the semiparametric estimators of the model, closing some current gaps in
the literature.

@ Springer



Simultaneous nonparametric confidence bands for load-sharing. ..

Appendix: Proofs and auxiliary results

Proof of Theorem 1 Applying formula (5), we have
P(gr(F) C By) = P (sugH(fy(t), F(1) < Cy(Q))
>

=P (sup H(éy(F(t))a F()) < Cy(Q))

t>0

= IP’( sup H(ay(u),u) < Cy(‘]))

ue(0,1)
=dq

forevery F € F. O

Proof of Lemma 2 According to Cramer and Kamps (2001, Theorem 2.5), the marginal
density function of the k™ GOSs U® based on a standard uniform distribution and y
is given by

k k
(k) .
0 = 1| 2oa®a-wr =t uelo,
j=1 i=1

where the numbers aik), ey aﬁk) are defined by al.(k) = H’;zl,#i 1/(y; — vi) for

I <i <kand1 <k < r. Applying Cramer and Kamps (2003, Corollary 2.6), we
obtain

Eyw) =Y wPU* D <u<v®) =3 pnPO*" <u)-PWOY <u)

k=1 k=1
r r k k

=Y a-w"w =3 | [Tw ) Xa® a-w
k=1 k=1 \j=1 i=1
r r k r

=SS v | a® a-wr =Y ama-w?, uwep, .
i=1 k=i \j=1 im1

Proof of Theorem 3 First, note that the assumptions on g ensure that

SUP,¢(0,00) | W(2)1/8(2) < oo almost-surely, since the law of the iterative logarithm
ensures that limsup__, o |Wx(2)|/+/2zloglogz = 1 almost-surely. Let R > 0 and
p=F(R) € (0,1). For G = 1 — exp{—Ag}, formula (9) along with the functional
delta method yields that

VM (Gw) —u) = (1—u) Wy(u) = (1 — u) Walvy (), (1)
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in the space DIO, p] of cadlag functions on [0, p], where W, denotes a standard
Brownian motion. By using formula (10) and that v, is increasing, it follows that

FOO _ VM |F@) - F)
y.R = Sup = =
teO,R1 8y (F (1)) 1 —=F(1)
VM |G@) — ul
= sup — =
ue(©,p] 8y (GW))) 1—Gu)
N [Wi(vy ()] _ [We(2)]
ue0,p] 8y W) 2e.0y ()] 8(2)

the g-quantile of which will be denoted by d), r(q). Here, the weak convergence is
true by virtue of the continuous mgpping theorem, since v/M (@(u) —u) = (1 -
u)Wy (vy (u)) by formula (1) and G(u) = u, and this convergence holds jointly
because the second limit is not random. Finally, since dy r(q) < d(q),

A}i_r)nooIP’({(t, F(t)): 1€ (0,R]} C B;M>) = Jim_ ]P’(T( ><d(q))

v

lim ]P’(T( ) <dy, R(q))

M—00
O

Proof of Lemma 4 We first show that the right-hand side of equation (18) is a concave
function of B = (B2, ..., B;), where B; = logy;, 1 < j < r (B1 = logn). Since
log y(i)(s) is linear in B for s € [0, T] and 1 < i < M, the first summand in equation
(18) is linear in B as well and thus also concave as a function of B. It is therefore
sufficient to show that log ¥ (s) is a convex function of 8 for s € [0, T], as this yields
concavity in f8 of the second summand in equation (18). To this end, note that log 7 (s)
can be represented as h(f) = log Z;zl Z;(s)exp(B;) with nonnegative random
variables Z;(s) = Zf‘i] 1{N;(s) = j — 1}/M for 1 < j <r. The Hessian matrix of
h then has the entries

82
—h =Y 1{i=k YiYe, 2<i,k<r,
0B Ope B w 1{i } =YYy <i r
with
Z
v = _ Zeesp(B C eies

Y1 Zjexp(Bj)

satisfying Y ; _; Yx = 1, and it is positive semidefinite, because for a; = 0 and every
vectora = (ap, ..., a,) € R'1

r

Z [aﬂl 96 (’3)] i ai; = ZakYk— (ZaM) - 0
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by using Jensen’s inequality. Here, the inequality is strict unless Y; = 1 for some
k € {1,...,r}, which, in turn, is equivalent to Z; = O for all butone j € {1,...,r}.
Hence, the right-hand side of equation (18) is strictly concave in B unless at all jump
times s* of N(s), Zj(s*) = 0 for all but one j e {1,...,r} (all systems are in
the same state). However, for r > 2, this event has probability zero, since almost-
surely no two of the counting processes Ny, ..., Ny jump at the same time due to
the continuity of F' € F. Now, since the right-hand side of equation (18) is almost-
surely strictly concave as a function of 8, it has at most one stationary point, which
is a global maximum in case of existence. The same is then also true for the mapping
y = (T p). mi

Lemma7 Forany T € (0, 00) withP(N(T) =r) < l and any T* € (0, 0o], we have
VM[Ap@, P)icory, UTH 9] = (Wiepo,r1. Wa(T™))
in the product space D[0, T] x R” ~Las M — oo, where Wi and W1 are independent

centered Gaussian processes with independent increments in dimension 1 resp. r — 1,
and

Var(Wi(1)) = (1) = /Ol Ey ) dAF(s)
and
Cov(Wa (1)) j—1.k—1 = Z(D)j-1,k-1
- [ [ B

forj,k=2,...,randt > 0. In particular, T(T) and Z(T*) = (X(T*)j_1,x—1) are
finite.

Proof of Lemma 7 First, we show that, for any ¢ € [0, o0], (VM U (t; y)) — X(t) in
probability as M — oo. According to Kvam and Pefia (2005), Lemma 1, we have the
identity

. _ 1 L (@) ngj(s) @)
Utsy)j = M;/o [5,- (S)_W (dNi(S)_V (S)dAF(S)).

This is a martingale, and its predictable quadratic variation is

) ! N T G) 3 8 (s) - vidi(s) | _
(Vitven) = [11{] =K sl R{OIZVACH

for j,k =2,..., M; see the proof of Lemma 2 in Kvam and Pefia (2005). Moreover,
the authors prove that (v M U (¢t; y)) — X(t) in probability as M — oo, for any ¢
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such that infyeo,r 2 ¥;P(N(s) = j — 1) > 0. Since y; > Ofor 1 < j <r, the
latter condition is equivalent to P(N (¢) = r) < 1, and also equivalent to E(y (t)) > O.
However, it can be shown that this limit holds for all ¢ € [0, co]. To this end, note that
by formulas (8), (3), and (20), we find

M

76 = 2D Y N =~ 1) = Yy

i=1 j=1 j=1

and thus

B|(Vitveep), | - (ViTUay)

jl,kl'

j=Lk=
<k [ |1y =0 VO IAD 4
t 7 (s) 7 (s)
(0.¢]
< [ EGE)ar)
' oo
= [ Eoveydnre
' (0.¢]
< (max yj)/ P(N(s) <r) dAp(s)
I<j=<r t
00 ~
= (max yj)/ P(N(Ap(s)) < r) dAF(s)
I<j=r t
00 ~
= (max yj)/ P(N(z) <r)dz, 2
I<j=r AF(t)
where N is the counting process corresponding to GOSs with a standard exponen-
tial baseline cdf and load-sharing parameter y1, ..., ;. Note that the waiting times
Ly, ..., L, say, between jumps of N are independent exponential random variables
with rate parameters yq, ..., ¥. Hence, we obtain

P(N(@) <r) < Xr:TP’(Lj > f) = Xr:exp(_ % ’
j=1 j=l

and the integral in formula (2) is seen to be finite and vanishes for t — oo. This
establishes the convergence (VMU ; y)) — X(t) in probability as M — oo, for
any t € [0, oo].

To obtain the limit of A F, we consider the decomposition

VM (Ap(t,y) — Ap(1)) = A(t) — B(1)
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with
A = VM / M (dN(s) = ¥(s)dAr(s))  and
B(t) = W/O 1{y(s) = 0}dA£(s).
We may bound the second term as
E(B(1)) = \/M/OZ P(Ni(s)=r,...,Ny(s) =r) dAp(s)

<M Ap(t)P(N(T) = r)M.

AsP(N(T) =r) < 1, the latter term tends to zero for M — oo. Regarding the local
martingale A(?), it is shown in Kvam and Pefia (2005) that

t
1
(A(t)) — / ——— dAF(s) inprobability as M — oo
o E(y(s)
and

(A@®),U(t;y)j-1) =0, j=2,...,r

(A(t) coincides with the term W3, therein). Since the jump sizes of A rand U(t; y)
tend to zero, Rebolledo’s martingale limit theorem (see, e.g., Andersen et al. (2012),
I1.5.1) yields that

VM (Ap(min(r, T), y) — Ap(min(r, T)), U(t; y))
= (Wi(min(z, T)), Wa(t))ie0,74] -

te[0,T*]

This immediately proves the claim of the lemma for 7% < oo. The case T* = oo
follows from formula (2), which implies lim sup,,_, .. VM|U(t; y)—U(oo; )| — 0
in probability as t — oo. O

Lemma8 Forany T € [0, o0] and any compact set K C {r} x (0, 00) 1, it holds
that

sup *U(T Y —Z(T;y*)j k| —> O in probability as M — oo
y*ek Yy
with limit
2Ty o — r E@3(s) % YiEE (s)E(Sk () & JA
( Y )],k - f ]E(]/ ( )) {J }+ E(y*(s))z (]/(S)) F(S),

@ Springer



S.Bedbur et al.

for j.k =2,...,r, and the matrix L(T; y*) = (Z(T; ")) € RU=Dxt=1 ¢
regular:

Proof of Lemma 8 Setting Z(T; YDk = 8/8yk* UT;y")jforj,k=2,...,r,we
find

= . o [Ty _ T_ _
Z(T; y*)ju = — / LT N Gs) =/ £ AN ()
vy Jo V() 0
with
= 5j(s) . Y}8;(s)8k(s)
) = — Loy
2 = = Sh =k +

Since the function y* - Z(T; y*) is Lipschitz-continuous on K uniformly in M, it
suffices to establish the pointwise convergence Z(T'; y*) — Z(T,y*) as M — oo
for fixed y*. For this, let

T
Z(T;y")jk = /O Ci )TV (s)dAF(s)

for j, k =2, ..., r,whichdepends on the true parameter y viay (s). By the arguments
in the proof of Lemma 7, we obtain E|| (Z(T; y*) — Z(T; PNl < C/\/M for some
C > 0, and thus E|Z(T; y*) — Z(T; y*)|> = 0 as M — oc.

The uniform Glivenko-Cantelli theorem yields that for j = 1,...,r

1 M 1 M
) N (=1
i El HNi(s) = J 1}——M Ell{Xi > s}
1= 1=

‘ J
— PV 25 =Y E@s)).
k=1

in probability uniformly in s and, hence, sup,, ) |5 j(s) —IE(;(s))| — 0in proba-
bility as M — oo. This implies 7*(s) — E(y*(s)) and ¥ (s) — E(y (s)) uniformly in
probability for M — oo. Moreover, since E i, «(8) < max;<;< (1/y), the dominated
convergence theorem yields Z(T; y*) —> Z(T; y*)as M — oo forany T € [0, 00).
To draw the same conclusion for 7' = oo, note that for any j, k =2,...,r,

o0
E | Z(co; Y9jx— Z(T; )’*)j,k| < (111<11§ii(r l/yi*)/;_ E(y(s))dAfp(s) — 0 forT — oo

by using formula (2). Thus, we have shown that Z(T; y*) — Z(T; y*) in probability
as M — oo forall T € [0, co] and all y* € (0, 00)"~!, which extends to uniform
convergence in y* € K via Lipschitz continuity.
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What is left to show is that Z(T'; y*) is a regular matrix. For this, let

. VEG;6) o
r](s)— W, ]—1,...,7',

and note that Z§=] rj(s) = 1. As in the proof of Lemma 4, it can be shown that the
matrix A(s) € RC=D*0=D with entries

AS)j—1,k—1 = —1jL{j =k} +r;j(s)re(s), Jok=2,...,r,
is negative semidefinite for each s such that E(y*(s)) > 0. Since F has support [0, 00),

it holds that IE(§;(s)) > 0 and thus r;(s) > Oforall j =1, ..., r. This implies that
A(s) is strictly negative definite, and the same holds for the matrix

T
ZNT: y*) = / A(s) E(y (s)) dAF(s),
0
which is thus regular. Therefore,
Z(T:y) =Z'(T; y) diag(1/v5, ... 1/¥))
is also regular. O
Proof of Theorem 5 From Lemma 7 and Lemma 8, the existence and consistency of
¥ r+ follows from standard results on estimating equations; see, €.g., Appendix A in
Mies and Podolskij (2023). These results also yield the asymptotic normality of ¥ 7«

via the following technique: For some ¢ between Y« and y, we have the Taylor
expansion

U(T*y) =UT"y) = U ¥r:) = DUT ) (¥ = P1+)
where D denotes the Jacobian operator. Consistency of Y7« implies that £ — y
in probability as M — oco. Moreover, by Lemma 8, we have that DU (T*; y*) —
Z(T*; y*) locally uniformly in probability as M — oo, and the limit is regular. Thus,
DU(T*; ¢) is invertible for sufficiently large values of M, and continuity arguments
then yield that DU (T*; ;)_1 — Z(T*, y)_1 in probability and, thus,
VM P —y) = —DUT* ) ' VMUT* y) = —LT* y) ' Wo(T*)
as M — oo. Since Z(T*; y) diag(yz, ..., yr) = X(T*), we have
v Mdiag(VZ’ ey Vr)_l (?T* - y)
= I WAT) = WaT") ~ Nt (05757
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Now, we may follow the same steps as in the proof of Theorem 2 in Kvam and Pefia
(2005) to find that

VM[Apt,P7+) — Ap®)] = VM [Rpt,y) = Ap®)] — VM Y@ Gre —p) + n(@).

where sup, ¢ 77 [6m (£)| — O in probability as M — oo. O

Proof of 'Qreorem 6 LetR > 0,p = F(R) € (0, 1), and G denote the standard uniform
cdf. For G = 1 —exp{—Ag}, Theorem 5 along with the functional delta method yields
that

VM (6(14, y) — u) = (1—-u) W(u, y)
in the space D[O0, p] of cadlag functions on [0, p], where
W y) = Walvy @) + We (s p)diag(na, . ... y) Z6(p)~2W,

for W ~ N,_1(0, I _1)x(—1)) following a standard multivariate normal distribu-
tion. Here, since 76 (u; ) = vy, (1) by formula (16), we have used that Wy (u; y) =
W, (vy (1)) in distribution for a standard Brownian motion Wi. In virtue of formula
(10) and the continuous mapping theorem (cf. the proof of Theorem 3), it follows that

PO _ g M P = FO)
v 1e,R] §Wy(F(1:9)) 1 —F(t;y)
wup VM |6<u;j) — ul

ue©0,p) 8y (Gu; ¥))) 1 —Gu;y)

Wyl . -
ue(0,p] g(Uy(u)) e

=

Note that the assumptions on g and the law of the iterated logarithm, i.e.,

limsup,_, o, |W.(¢)|//tloglogt = V2, imply that

W (u; )|
we(0.1) &y ()’

~ p—1 ~
Iy, — 1Ty =

Next, we show that y +— fy is suitably continuous. To this end, first note that the
mappings y +> vy () and y > Ws(-; ) are continuous w.r.t. the supremum norm

on [0, p] and that y — ¢ (y)~ /2 is continuous, such that, for any p € (0, 1) and
any fixed y,
sup Ty”,, - fy/,p‘ —> 0 in probability as § — 0.
ly'—yl=<s

Moreover, by using that all components of W ¢ (u, y) are bounded from above by
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1/minj<j<, y; and thus ||Wq(u; p)|| < /7 — 1/ minj<;<, y;, we find

o W (u; )|
M) = D oy @)

up Loy U V= LI Yy )12y, W)
= = . G
ue(p.1y 8y u)) g(vy(p)) minj<;<, y;

W (t C _
oy OL €
1>vy (p) g() g(Uy(P))
with
Vr— 1maxo<i<r ¥ _
Cly) = — DTN P
min;<;<r y;
where g(p) = infy>, g(y), ||EG(}')_1/2||2 denotes the spectral norm of 251/2, and

y — C(y) is continuous on (0, 00)"~!. For any compact set K C (0, 00) 1, we
have

[Wi(t)]  CH(K)IW|
N K) = N < — ,
1K) s:g i) t;l,l}zm g() glvg(p))

3)

for C*(K) = SUp, cg C(y) < 00, and vk (p) = inf,cg vy (p). Moreover, by setting
c(y) = maxi<j<, ¢i(y) > 0 and y = min<;<, ¥, we obtain from formula (12) and
Lemma 2 along with Remark 2 that

p P r -1
i=l

/p [rE(y) (1 —5)77"’1]_1 ds = w —> oo forp — 1.
0 re(y)y

v

In view of formula (3), this yields that n(p; K) — 0 for p — 1, and thus

sup Ty,p - Ty‘ < n(p; K) —> 0 in probability for p — 1.
yek

For any compact set K with inner point y and for sufficiently small § > 0, we have

Ty/,p - 7iy,p‘ +2n(p; K),

sup
ly'=vl=<s

Ty =Ty

< sup
ly'=vli<é

and, hence, for any ¢ > 0 and any p € (0, 1),

Ty — Ty

lim sup P sup
§—0 ly'—yl=s
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< lim sup IE”( sup T},/,p - Ty,p} > 8/2) +P2n(p; K) > ¢/2)

50 Iy —»l<s
=P(p; K) > ¢e/4).

Sending p — 1 then gives

sup
ly'—vli<é

T, — Ty) —> 0 in probability as § — 0. ()

This continuity result now enables us to show that B™ has asymptotic level g for F'.
For every €1, &5 > 0, we find

lim ]P({(t, F(t)): 1€ (0,R]} C E(M))
M—o0

. ~(M
= lim P (T}E’R) < ey(q))

M—>00
> lim [IE” (T%) <ey(g—e1)— 82) —Pley(g—e1)—e2 > e?(q))] :
To show that the second probability vanishes as M — co, we observe
eylg —e1) —e2 = ey (q)
= P(fy =eplg—en—e)zq
= P(Ty =eyq—e0—e22) +P(IT, ~ Tyl z&2/2) = g

= q-a+P(IT, - Tylze2) = q ®)

By virtue of formula (4), there exists some (¢, &2) > 0 such that inequality (5) does
not hold for ||y — p’|| < 8(s1, €2). Hence,

lim IP’({(t, F(t)): 1€ (0,R]} C E(M))
M— o0
> lim [P(FR < eyl —en—e2) = PUP =71l > 81, e2)]

T M—oo

z]P’(Ty <ey(g—en) —82) :

The distribution of Ty is known to be absolutely continuous; see Lifshits (1984). Thus,
since €1, &, are arbitrary, we may let ¢ — 0 and find that

- M)

A/Ili_r)nooIP)({(t,F(t)): te(,R]) C B ) > P(Ty sey(q—el)) =q—e.

Sending &1 — 0 completes the proof. O
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