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 a b s t r a c t

Nanopositioning systems frequently encounter limitations in control bandwidth due to their lightly damped res-
onance behavior. This paper presents a novel Non-Minimum-Phase Resonant Controller (NRC) aimed at active 
damping control within dual closed-loop architectures, specifically applied to piezo-actuated nanopositioning 
systems. The control strategy is structured around formulated objectives for shaping sensitivity functions to 
meet predetermined system performance criteria. Leveraging non-minimum-phase characteristics, the proposed 
NRC accomplishes complete damping and the bifurcation of double resonant poles at the primary resonance 
peak through a constant-gain design accompanied by tunable phase variation. The NRC demonstrates robust-
ness against frequency variations of the resonance arising from load changes and is also capable of damping 
higher-order flexural modes simultaneously. Furthermore, by establishing high gains at low frequencies within 
the inner closed-loop and integrating it with a conventional PI tracking controller, the NRC achieves substan-
tial dual closed-loop bandwidths that can exceed the first resonance frequency. Moreover, the NRC significantly 
diminishes the effect of low-frequency reference signals on real feedback errors while effectively rejecting dis-
turbances proximate to the resonance frequency. All contributions are thoroughly formulated and exemplified 
mathematically, with the controller’s performance confirmed through an experimental setup utilizing an in-
dustrial nanopositioning system. The experimental results indicate dual closed-loop bandwidths of 830 Hz and 
755 Hz, characterized by ±3 dB and ±1 dB bounds, respectively, that surpass the resonance frequency of 710 Hz.

1.  Introduction

Nanopositioning stages are employed for high-resolution position-
ing tasks, ranging from subnanometers to a few hundred micrometers 
(Fleming & Leang, 2014). These systems find applications in various 
fields, including scanning probe microscopy (SPM) (Clayton & Devasia, 
2009; Shan & Leang, 2013; Tuma et al., 2013), imaging using atomic 
force microscopy (AFM) (Maroufi et al., 2014; Rana et al., 2014; Yong 
et al., 2012a), wafer and mask alignment in lithography (Lan et al., 
2007; Li et al., 2006), and even micro/nano-manipulation in biological 
processes such as DNA sequencing (Hyun et al., 2013).

Depending on the specific task within an application, nanoposition-
ing systems are required to track various types of references, such as 
periodic or arbitrary signals. However, all require a fast response to the 
controlled inputs. To ensure accurate reference tracking, these systems 
typically employ sensor-based feedback control architectures that mit-
igate errors arising from excited system dynamics or external distur-
bances (Devasia et al., 2007). In response to the growing demands for 
higher throughput and resolution, often exceeding the sub-nanometer 
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level, considerable emphasis has been placed over the past two decades 
on designing optimized systems and closed-loop control architectures to 
maximize control bandwidth (Chen et al., 2021; Gu et al., 2014; Huang 
et al., 2024; Yong et al., 2012b).

Section 1.1 provides an overview of the typical system design and 
the associated challenges. Section 1.2 offers a concise overview of the 
various control approaches developed in the state-of-the-art to address 
these challenges. Finally, Section 1.3 outlines the contributions made in 
this work, which will form the foundation of this paper.

1.1.  System design architecture and dynamics

As illustrated in Fig. 1, typical single-degree-of-freedom nanoposi-
tioning stages comprise a moving platform displaced laterally by the 
force generated by the actuator. Most of these stages employ piezo-
electric stack actuators because of their advantageous properties, such 
as generating large forces, high stiffness, bandwidth, and resolution. 
The design integrates parallel flexures as a guiding mechanism for 
the platform, providing several benefits, including zero backlash and
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\begin {equation}\omega _c:= \{ \omega \in \mathbb {R} \mid \omega \geq 0 \text { and } |T_{xr}(s)|_{\omega > \omega _c} < 1 \}. \label {Xeqn11-11}\end {equation}
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Fig. 1. A system design schematic of piezo-actuated nanopositioners.

Fig. 2. Schematic of the typical frequency response of a piezo-actuated nanopo-
sitioning system.

frictionless operation. To measure platform displacement, position sen-
sors, such as dual-plate capacitive sensors, are employed, where the ca-
pacitive change due to the platform’s movement produces an output 
voltage, which for a few micrometers the range of motion is highly lin-
ear (Fleming & Leang, 2014).

To enable high control bandwidths, the design specification of 
nanopositioning stages is to have a very high first resonance frequency 
(𝜔𝑛) in the actuation direction, which can be obtained by highly stiff 
stage-guiding flexures (𝑘𝑠). However, this inevitably results in a much 
shorter range of motion (𝑟 ∝ 1∕𝑘𝑠) (Yong et al., 2012a). Thus, this of-
ten leads to a trade-off in which the stiffness of the guiding flexures, 
made of materials with an inherent low structural damping coefficient 
(𝜁𝑛 ≈ 0.01), is compromised to produce a sufficient travel range. The 
typical mass-spring-damper configuration of the stages is represented 
by second-order frequency dynamics:

𝐺(𝑠) =
𝑔𝜔2

𝑛

𝑠2 + 𝜂𝑛𝑠 + 𝜔2
𝑛
, (1)

where, 𝑠 = 𝑖𝜔 denotes the Laplace variable, with 𝑖 and 𝜔 being the imag-
inary number and frequency, respectively, and 𝜂𝑛 = 2𝜁𝑛𝜔𝑛.

The flexures also exhibit additional bending modes, observable by 
the sensor, which leads to the appearance of higher-order modes in the 
system frequency response, as illustrated in Fig. 2, which, if excited by 
the high-frequency components of the reference signal, will further de-
teriorate the positioning accuracy. Additionally, voltage amplifiers are 
often employed in conjunction with the stage to drive the actuators 
with high voltages, resulting in a low-pass filtering effect due to the 
series configuration of the piezo-actuator’s capacitance with the ampli-
fier’s input resistance. In addition, the need for high-resolution analog-
to-digital conversion (A/D) and filtering for capacitive sensor signals 
to achieve sub-nano resolution digital displacement signals inevitably 
results in a significant delay (San-Millan et al., 2015). Consequently, 
the system exhibits substantial phase lag within the frequency range 
of interest (𝜔 < 𝜔𝑛). Therefore, a general representation of the system 

Fig. 3. (a) Conventional feedback control architecture, (b) Dual closed-loop 
control architecture incorporating active damping control.
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, (2)

where, 𝑚 represents the higher-order modes, 𝜔𝑎 = 𝑅 ⋅ 𝐶, with 𝑅 being 
the amplifier input impedance and 𝐶 being actuator capacitance, 𝑔 is 
the amplifier gain, and 𝜏 is the time delay.

1.2.  State-of-the-art feedback-control methods

Conventionally, simple linear proportional-integral (PI) controllers 
have been primarily utilized to track references in a sensor-based feed-
back control architecture, as presented in Fig. 3(a). However, the band-
width that such controllers can achieve is severely limited to less than 
2% of the dominant resonance frequency of the system due to the highly 
low-damped nature of the system resonance peak (Fleming, 2009). To 
overcome this limitation, inversion techniques, such as notch filters, are 
often combined with tracking controllers to suppress the resonant dy-
namics, allowing for a higher bandwidth (Abramovitch et al., 2008; Feng 
et al., 2017). However, implementing such filters requires a very accu-
rate representation of the system model and proves to be highly sensitive 
to variations in the system dynamics due to changing payload mass.

Alternatively, active damping control has been researched and de-
veloped, where damping control is implemented in an inner feedback 
loop within a dual-loop architecture, as illustrated in Fig. 3(b). Different 
techniques, including positive position feedback (PPF) (Li et al., 2015; 
Moon et al., 2017), integral resonant control (IRC) (Al-Mamun et al., 
2013; Fleming et al., 2009), resonant control (RC) (Das et al., 2014; 
Ling et al., 2019), positive velocity and position feedback (PVPF) (Rus-
sell et al., 2015), positive acceleration, velocity, and position feedback 
(PAVPF) (Babarinde et al., 2019; Li et al., 2017), integral force feed-
back (IFF) (Fleming, 2009; Teo et al., 2014), etc., have been shown to 
provide good damping performance with modest insensitivity to vari-
ations in resonance frequency. However, for instance, in PPF, an ar-
bitrary configuration of the resonant poles cannot be realized in the 
s-plane while ensuring stability. IFF requires the addition of force sen-
sors, etc. (Feng et al., 2022). In IRC, if designed to consider model uncer-
tainty in the control design, the system robustness needs to be improved
(Feng et al., 2023). Additionally, when the system, damped with most 
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of these methods, is included in an integral tracking loop to obtain high 
gains for reference tracking, the system is still limited by a low gain 
margin (Fleming, 2009). In summary, these low-order fixed-structure 
controllers are minimum-phase, with inherent gain-phase coupling that 
constrains damping performance in order to maintain closed-loop stabil-
ity. Advanced strategies such as 𝐻∞ control or adaptive model-matching 
techniques can provide improved damping performance under uncer-
tainties; however, they are typically associated with high-order trans-
fer functions, which increase complexity and pose challenges for high-
sampling-rate implementation, low computational cost, and practical 
hardware deployment (Chen et al., 2021).

1.3.  Research contributions

The paper initially formulates objectives and guidelines to shape de-
sired sensitivity functions in dual closed-loop control architectures. In 
line with these, this paper presents a novel non-minimum phase reso-
nant controller (NRC) for active damping control with application to a 
piezo-actuated nanopositioning system. The main contributions of this 
work are as follows.

1. The controller leverages the characteristics of a non-minimum phase 
system to enable a constant-gain controller with tunable phase vari-
ation to dampen the first resonance peak completely. Additionally, 
the controller not only dampens the double resonant poles but also 
effectively splits them in the frequency domain. These aspects are 
discussed in detail in Sections 3 and 3.1.

2. The controller’s damping performance, tuned for the unloaded sys-
tem, is robust to variations in the system’s resonance frequency due 
to load variations and ensures complete damping of resonant poles. 
This is demonstrated in Section 3.2.

3. The controller, aimed at damping the dominant resonance peak, is 
also capable of sufficiently damping the higher-order flexural modes 
of the system. This is formulated in Section 3.3.

4. The controller facilitates the creation of low-frequency high gains in 
the inner closed loop. In conjunction with a standard PI tracking con-
troller, it enables the achievement of high closed-loop bandwidths, 
characterized by both ±1dB and ±3dB crossings, which can also ex-
ceed the system’s first resonance frequency. This aspect is detailed 
in Section 4.2.

5. The proposed NRC, in dual closed-loop control architecture, reduces 
the contribution of the low-frequency reference to the real feedback 
errors accumulated in the system while effectively rejecting distur-
bances around the resonance frequency. This is also discussed in
Section 4.2.

The rest of the paper is outlined as follows: Section 2 presents a 
perspective on sensitivity shaping for general dual closed-loop control 
architectures, Section 3 presents the proposed NRC for active damping 
control with tuning guidelines, robustness to load variations, multimode 
damping and high-frequency taming. Section 4 presents the combina-
tion of NRC with a conventional PI tracking controller and its tuning for 
desired dual closed-loop performance requirements. Section 5 presents 
the experimental setup and results with the proposed method, which 
demonstrate compliance with the analytical study and show improve-
ment over standard methods. Finally, Section 6 concludes this paper.

2.  Dual closed-loop control architecture

In conventional closed-loop structures, as illustrated in Fig. 3(a), the 
sensitivity of the system output has been extensively analyzed in the 
literature, demonstrating its correlation with closed-loop performance 
under various system inputs (Schmidt et al., 2020). Within the dual 
closed-loop control architecture that incorporates active damping, it 
is imperative to understand how the sensitivity functions evolve and 
can be delineated. In this section, the sensitivity functions are specified 

for a general dual closed-loop control architecture (Fig. 3(b)), relating 
the measured and actual positions (Sections 2.1 and 2.2, respectively). 
Moreover, based on general dual closed-loop performance objectives, 
guidelines for shaping these sensitivities are provided in Section 2.3.

2.1.  Redefined sensitivities

The primary variables that serve as input within the system include 
the reference 𝑟, the process disturbance 𝑑, and the output disturbance 
𝑛. Sensor noise within the measurement system is incorporated into 𝑛, 
thus characterizing the system output 𝑦 as the measured output.

The damping controller 𝐶𝑑 (𝑠) and the tracking controller 𝐶𝑡(𝑠) col-
laboratively enhance bandwidth in the dual closed-loop system. In 
Fig. 3(b), the dual closed-loop transfer function 𝑇𝑦𝑟(𝑠), mapped from 
reference 𝑟 to position output 𝑦, is given by:

𝑇𝑦𝑟(𝑠) =
𝐺(𝑠)𝐶𝑡(𝑠)

1 + 𝐺(𝑠)
(

𝐶𝑡(𝑠) + 𝐶𝑑 (𝑠)
) . (3)

The dual closed-loop transfer function 𝑆𝑦𝑛(𝑠), widely known as the 
sensitivity function, mapping from the output disturbance 𝑛 to the mea-
sured output 𝑦 can be expressed as:

𝑆𝑦𝑛(𝑠) =
1

1 + 𝐺(𝑠)
(

𝐶𝑡(𝑠) + 𝐶𝑑 (𝑠)
) . (4)

Subsequently, the dual closed-loop transfer function 𝑃𝑆𝑦𝑑 (𝑠), known 
as the process sensitivity function, mapping from the process distur-
bance 𝑑 to the measured output 𝑦 can be expressed as:

𝑃𝑆𝑦𝑑 (𝑠) =
𝐺(𝑠)

1 + 𝐺(𝑠)
(

𝐶𝑡(𝑠) + 𝐶𝑑 (𝑠)
) . (5)

Dual closed-loop functions in (3) and (4) lack complementarity, un-
like standard feedback architectures. By examining the interaction be-
tween the tracking and damping controllers, control strategies can be 
optimized for reference tracking, disturbance rejection, and noise atten-
uation.

2.2.  Real feedback error sensitivity

The three dual closed-loop functions defined in Section 2.1 depict 
the impact of any of the inputs on the measured output 𝑦. However, in 
reality, the actual positioning error 𝑒𝑟 = 𝑟 − 𝑥 is of greater interest and 
importance than the control error 𝑒 = 𝑟 − 𝑦, where 𝑥 is the actual or real 
position of the system (Schmidt et al., 2020). Thus, it is worthwhile to 
investigate how the real error 𝑒𝑟 maps to different inputs in the system to 
understand and compute the contribution of each of these inputs to the 
real error. Since 𝑒𝑟 is concerned with the 𝑥, the dual closed-loop transfer 
functions mapping from the inputs 𝑟, 𝑑, and 𝑛 to 𝑥 are first defined as 
follows:

𝑇𝑥𝑟(𝑠) =
𝐺(𝑠)𝐶𝑡(𝑠)

1 + 𝐺(𝑠)
(

𝐶𝑡(𝑠) + 𝐶𝑑 (𝑠)
) = 𝑇𝑦𝑟(𝑠). (6)

𝑃𝑆𝑥𝑑 (𝑠) =
𝐺(𝑠)

1 + 𝐺(𝑠)
(

𝐶𝑡(𝑠) + 𝐶𝑑 (𝑠)
) = 𝑃𝑆𝑦𝑑 (𝑠). (7)

𝑆𝑥𝑛(𝑠) =
−𝐺(𝑠)

(

𝐶𝑡(𝑠) + 𝐶𝑑 (𝑠)
)

1 + 𝐺(𝑠)
(

𝐶𝑡(𝑠) + 𝐶𝑑 (𝑠)
) ≠ 𝑆𝑦𝑛(𝑠). (8)

According to (4) and (8), the primary distinction becomes evident 
in the dual closed-loop sensitivity function concerning input 𝑛. Conse-
quently, 𝑥 can be articulated as:
𝑥 = 𝑇𝑥𝑟(𝑠)𝑟 + 𝑃𝑆𝑥𝑑 (𝑠)𝑑 + 𝑆𝑥𝑛(𝑠)𝑛. (9)

Using linear time-invariant system theory and applying a statistical 
addition assuming that the signals 𝑟, 𝑑, and 𝑛 are uncorrelated, 𝑒𝑟 can 
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be expressed as (Schmidt et al., 2020):
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(

𝐺(𝑠)
1 + 𝐺(𝑠)

(

𝐶𝑡(𝑠) + 𝐶𝑑 (𝑠)
)

)2

𝑑2+

(

−𝐺(𝑠)
(

𝐶𝑡(𝑠) + 𝐶𝑑 (𝑠)
)

1 + 𝐺(𝑠)
(

𝐶𝑡(𝑠) + 𝐶𝑑 (𝑠)
)

)2

𝑛2 ⟹

𝑒𝑟 =
√

(

𝑇 ′
𝑥𝑟(𝑠)𝑟

)2 +
(

𝑃𝑆𝑥𝑑 (𝑠)𝑑
)2 +

(

𝑆𝑥𝑛(𝑠)𝑛
)2.

(10)

Note: It should be emphasized that in such dual closed-loop control 
architectures, the pairs of transfer functions 𝑇𝑦𝑟(𝑠) = 𝑇𝑥𝑟(𝑠), 𝑇 ′

𝑥𝑟(𝑠), and 
𝑆𝑦𝑛(𝑠), 𝑆𝑥𝑛(𝑠) are complementary functions.

2.3.  Shaping sensitivities for dual closed-loop control

The objectives of the dual closed-loop control system can be formu-
lated in the frequency domain by defining the desired shapes of the 
closed-loop and open-loop transfer functions. Although loop-shaping 
guidelines have been presented in the literature for independently track-
ing controllers and damping controllers (Dastjerdi et al., 2018; Kacz-
marek & HosseinNia, 2023; Wang & Chen, 2017), we focus on the in-
teraction of these two in a dual closed-loop architecture. As established 
in 2.2, what actually matters is to look at the real error feedback sen-
sitivity functions, namely 𝑇 ′

𝑥𝑟(𝑠), 𝑃𝑆𝑥𝑑 (𝑠), and 𝑆𝑥𝑛(𝑠), and reduce their 
contributions to 𝑒𝑟 in the system. Thus, in this section, the objectives 
to shape the dual closed-loop transfer functions and, subsequently, the 
tracking (𝐶𝑡(𝑠)) and damping (𝐶𝑑 (𝑠)) controllers will be presented.

Note: Three notation to be used are defined as follows:

• Dual Closed-Loop Control Bandwidth 𝜔𝑐

𝜔𝑐 ∶= {𝜔 ∈ ℝ ∣ 𝜔 ≥ 0 and |𝑇𝑥𝑟(𝑠)|𝜔>𝜔𝑐
< 1}. (11)

• Tracking Controller Frequency 𝜔𝐶𝑡

𝜔𝐶𝑡
∶= {𝜔 ∈ ℝ ∣ 𝜔 ≥ 0 and |𝐶𝑡(𝑠)|𝜔<𝜔𝐶𝑡

≫ 1}. (12)

• Dual Open Loop 𝐿𝐷(𝑠)

𝐿𝐷(𝑠) ∶= 𝐺(𝑠)(𝐶𝑡(𝑠) + 𝐶𝑑 (𝑠)). (13)

The dual closed-loop shaping objectives and the guidelines to 
achieve them are discussed below:

1. 𝑂1: Maximizing Dual Closed-Loop Control Bandwidth
The system should be able to track references (𝑥 ≈ 𝑟) up to as high 
frequencies as possible. Due to the complementary nature of 𝑇𝑥𝑟(𝑠)
and 𝑇 ′

𝑥𝑟(𝑠), it also results in low real errors due to reference signals. 
The objective can thus be defined as:

max𝜔𝑐
|

|

|

|𝑇 ′
𝑥𝑟(𝑠)| ≈ 0 ⇔ |𝑇𝑥𝑟(𝑠)| ≈ 1 ∀ 𝜔 ≤ 𝜔𝑐 . (14)

This is achieved by ensuring |𝐺(𝑠)𝐶𝑑 (𝑠)| = 1 and ∠𝐺(𝑠)𝐶𝑑 (𝑠) =
±𝜋 ∀ 𝜔 < 𝜔𝑐 (10). Thus, |𝐶𝑑 (𝑠)| ∀ 𝜔 < 𝜔𝑐 should be a constant gain 
equal to |𝐺−1(0)| as |𝐺(𝑠)| = |𝐺(0)| ∀ 𝜔 < 𝜔𝑛.

Fig. 4. Illustration of the dual closed-loop shaping for a 2nd-order lightly-
damped system.

2. 𝑂2: Maximizing Low-Frequency Disturbance Rejection
The system should be able to minimize the influence of low-
frequency disturbances on the real error, implying a good distur-
bance rejection performance. The objective can thus be defined as:
max𝜔𝐶𝑡

|

|

|

|𝑃𝑆𝑥𝑑 (𝑠)| ≪ |𝐺(𝑠)| ∀ 𝜔 < 𝜔𝐶𝑡

⇔ |𝑆𝑦𝑛(𝑠)| ≪ 1 ∀ 𝜔 < 𝜔𝐶𝑡
.

(15)

Taking into account 𝑂1, this is achieved by ensuring |𝐶𝑡(𝑠)|𝜔<𝜔𝐶𝑡
≫ 1.

3. 𝑂3: Maximizing Active Damping Performance
The system resonance peak should be damped as much as possible to 
enable higher control bandwidths and to avoid excessive excitation 
of disturbances at that frequency. The objective can thus be defined 
as:

max |𝐿𝐷(𝑠)|𝜔=𝜔𝑛
|

|

|

|𝑃𝑆𝑥𝑑 (𝑠)| ≪ |𝐺(𝑠)| at 𝜔 = 𝜔𝑛

⇔ |𝑆𝑦𝑛(𝑠)| ≪ 1 at 𝜔 = 𝜔𝑛.
(16)

This is achieved by ensuring |𝐿𝐷(𝑠)|𝜔=𝜔𝑛
≫ 1 and preferably 

∠𝐿𝐷(𝑠)𝜔=𝜔𝑛
≈ ±𝜋.

4. 𝑂4: Maximizing Noise Attenuation Performance
The system should be able to minimize the influence of high-
frequency noise on real error, implying good noise attenuation per-
formance. The objective can thus be defined as:
min |𝐿𝐷(𝑠)|𝜔≫𝜔𝑛

|

|

|

|𝑆𝑥𝑛(𝑠)| ≈ 0 ∀ 𝜔 ≫ 𝜔𝑛

⇔ |𝑆𝑦𝑛(𝑠)| ≈ 1 ∀ 𝜔 ≫ 𝜔𝑛.
(17)

This is achieved by ensuring |𝐿𝐷(𝑠)|𝜔≫𝜔𝑛
≪ 1. Thus, |𝐶𝑡(𝑠)| ≪ 1 and 

|𝐶𝑑 (𝑠)| ≪ 1 ∀ 𝜔 ≫ 𝜔𝑛.

For dual closed-loop stability, there should be a sufficient phase 
margin 𝜙𝑚𝑖

 at all three crossover frequencies 𝜔𝑐𝑓𝑖
|

|

|

|𝐿𝐷(𝜔𝑐𝑓𝑖 )| = 1; 𝑖 =
{1, 2, 3}.

However, there are some fundamental limitations with such a linear 
dual closed-loop control system, as discussed below.

1. The frequencies (𝜔𝐶𝑡
) up to which the tracking controllers have 

high gains cannot be pushed to be arbitrarily large. From a stability 
perspective, the dual closed-loop control system should have suffi-
cient stability margins to ensure robustness. Typically, high gains are 
obtained using integrators, where increasing integrator frequency 
(𝜔𝑖 ≈ 𝜔𝐶𝑡

) adversely affects stability margins. From a hardware per-
spective, the control inputs to the actuators cannot be arbitrarily 
high and fast due to the saturation and bandwidths of the actuators 
(Wang & Chen, 2017).

2. While maximizing the reference tracking performance by maximiz-
ing the dual closed-loop control bandwidth (𝜔𝑐) ensures minimal real 
error accumulation due to references (|𝑇 ′

𝑥𝑟(𝑠)| ≈ 0) in the frequency 
regime of interest (𝜔 ≤ 𝜔𝑐), it results in an inevitable trade-off of er-
ror accumulation due to noise (|𝑆𝑥𝑛(𝑠)| ≈ 1). This fundamental limi-
tation, known as the waterbed effect, transpires from Bode’s integral 
theorem (Schmidt et al., 2020).
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Fig. 5. Frequency response of Non-Minimum Phase Resonant Controller 𝐶𝑑 (𝑠)
for 𝑘 = 1.

Fig. 4 elucidates the concept of dual closed-loop shaping objectives 
and limitations, as previously delineated. Although the state-of-the-art 
damping controllers introduced in 1.2 adhere to this dual closed-loop 
shaping framework, their performance is restricted due to the interde-
pendence of their gain and phase. Recognizing this, the present paper 
introduces and implements a novel active damping controller character-
ized by a constant-gain design and a tunable phase. This approach up-
holds the dual closed-loop shaping guidelines, exceeds the performance 
of existing state-of-the-art methods, and exemplifies the contributions 
presented in 1.3.

3.  Non-minimum-phase resonant controller (NRC)

In this section, we present a novel Non-Minimum-Phase Resonant 
Controller (NRC) for active damping control, described by the transfer 
function:

𝐶𝑑 (𝑠) = 𝑘 ⋅
(

𝑠 − 𝜔𝑎
𝑠 + 𝜔𝑎

)

, (18)

where 𝜔𝑎 signifies the tuned corner frequency of the controller, and k
represents the controller’s gain. Fig. 5 illustrates the frequency domain 
plot of the described controller. A distinctive characteristic of this con-
troller is its constant gain across all frequencies, which is expressed as:
|

|

𝐶𝑑 (𝑗𝜔)|| = 𝑘 ∀ 𝜔 ∈ [0,∞). (19)

The phase response of the controller is defined as:

∠𝐶𝑑 (𝑗𝜔) = −2 tan−1
(

𝜔
𝜔𝑎

)

. (20)

Notably, the phase of the controller transitions from 180◦ to 0◦ as the 
frequency varies from 0 to 2𝜔𝑎, and provides the −90◦ phase at 𝜔𝑎. The 
controller consists of one pole in the left half-plane (LHP) at 𝑠 = −𝜔𝑎
and a zero in the right half-plane (RHP) at 𝑠 = 𝜔𝑎, resulting in a non-
minimum-phase characteristic.

3.1.  Active damping control with NRC

Active damping is implemented by placing the proposed NRC in a 
negative feedback loop, as illustrated in Fig. 3(b).

The controller parameters are parameterized in terms of the general 
system model (1) to facilitate an easy tuning process. The controller 
corner frequency is expressed as 𝜔𝑎 = 𝑛𝜔𝑛, where 𝑛 represents the nor-
malized corner frequency with respect to the natural frequency of the 
plant:

𝑛 =
𝜔𝑎
𝜔𝑛

. (21)

The controller gain 𝑘 is defined as
𝑘 = 𝛾|𝐺(𝑠)|−1𝑠=0 = 𝛾𝑔−1 ∀ 𝛾 ∈ (0, 1], (22)

such that the loop DC gain follows 0 < |𝐺(𝑠)𝐶𝑑 (𝑠)|𝑠=0 ≤ 1, ensuring 
closed-loop stability, as detailed later.

The inner closed-loop transfer function from the input disturbance 𝑑
to the system output 𝑦 can be formulated as

𝐺𝑑 (𝑠) =
𝐺(𝑠)

1 + 𝐺(𝑠)𝐶𝑑 (𝑠)

=
𝑔𝜔2

𝑛
(

𝑠 + 𝑛𝜔𝑛
)

𝑠3 +
(

𝑛𝜔𝑛 + 2𝜁𝑛𝜔𝑛
)

𝑠2 +
(

2𝜁𝑛𝑛𝜔2
𝑛 + (1 + 𝛾)𝜔2

𝑛
)

𝑠 + 𝑛(1 − 𝛾)𝜔3
𝑛
.

(23)

The inner closed-loop characteristic equation thus comprises three 
poles (𝑝1,2,3) and one zero (𝑧1). For any 𝜔𝑎 > 0, 𝑧1 lies in the LHP, en-
suring minimum-phase behavior of the closed-loop function 𝐺𝑑 (𝑠).

The NRC parameters (𝑘, 𝜔𝑎) influence the frequency response char-
acteristics of the inner closed loop. The DC gain of 𝐺𝑑 (𝑠) is given by

|𝐺𝑑 (𝑠)|𝑠=0 =
𝑔

1 − 𝛾
. (24)

3.1.1.  Inner closed-loop stability
The characteristic equation for the inner closed loop is given by

𝑠3 +
(

𝑛𝜔𝑛 + 2𝜁𝑛𝜔𝑛
)

𝑠2 +
(

2𝜁𝑛𝑛𝜔2
𝑛 + (1 + 𝛾)𝜔2

𝑛
)

𝑠 + 𝑛(1 − 𝛾)𝜔3
𝑛 = 0. (25)

The stability conditions can be determined by applying the Routh-
Hurwitz criterion to (25). The first two rows of the Routh-Hurwitz array 
are filled with these coefficients as follows:
𝑠3 1 2𝜁𝑛𝑛𝜔2

𝑛 + (1 + 𝛾)𝜔2
𝑛

𝑠2 𝑛𝜔𝑛 + 2𝜁𝑛𝜔𝑛 𝑛(1 − 𝛾)𝜔3
𝑛

𝑠1 𝜔2
𝑛
(

2𝜁𝑛𝑛2+2𝛾𝑛+4𝜁2𝑛 𝑛+2𝜁𝑛(1+𝛾)
)

𝑛+2𝜁𝑛
0

𝑠0 𝑛(1 − 𝛾)𝜔3
𝑛 0.

(26)

To ensure stability, the first column of the Routh array must be pos-
itive (Åström & Murray, 2021). For 𝑛, 𝜔𝑛, 𝜁𝑛, 𝛾 > 0, the first three terms 
are always positive based on (26). Hence, the following condition must 
be satisfied for the fourth term:
(1 − 𝛾)𝑛𝜔3

𝑛 > 0, (27)

and (22) and (27) together imply that stability is preserved for 0 < 𝛾 < 1.
Marginal stability for 𝛾 = 1: If the controller gain 𝑘 exactly inverts the 

system DC gain (𝑘 = 𝑔−1), one root of the characteristic equation  (25) 
is at 𝑠 = 0, similar to that of a pure integrator, making the closed loop 
marginally stable.

3.1.2.  Tuning NRC gain
From the inner closed loop function (23), it is evident that tuning 𝛾

strongly influences the frequency response characteristics of the inner 
closed loop. Motivated by the dual closed-loop shaping guideline (15), 
presented in Section 2.3, to reduce the effect of the input reference 𝑟
on the real error 𝑒𝑟, 𝛾 is tuned to unity such that |𝐺(𝑠)𝐶𝑑 (𝑠)| = 1 and 
∠𝐺(𝑠)𝐶𝑑 (𝑠) = 𝜋 for 𝜔 ≪ 𝜔𝑎.

As established in Section 3.1.1, tuning 𝛾 = 1 results in a pole located 
at 𝑠 = 0, yielding marginal stability. However, it will be shown later in 
Section 4.1.1 that the tracking controller 𝐶𝑡(𝑠) in the outer loop can be 
tuned to guaranty sufficient stability margins.

Fig. 6 illustrates the inner closed-loop magnitude response as the 
normalized controller frequency 𝑛 varies for the NRC tuned with 𝛾 = 1. 
It can be deduced that, for a fixed 𝛾, the controller frequency 𝜔𝑎 must 
be further tuned to achieve inner closed-loop damped poles.

3.1.3.  Tuning NRC corner frequency
Here, the achievable closed-loop damping is evaluated as a function 

of 𝜔𝑎 for the gain condition established in Section 3.1.2. For 𝛾 = 1, the 
three poles of 𝐺𝑑 (𝑠) are located at
𝑝1 = 0,

𝑝2,3 =
−
(

2𝜁𝑛𝜔𝑛 + 𝑛𝜔𝑛
)

±
√

(

2𝜁𝑛𝜔𝑛 + 𝑛𝜔𝑛
)2 − 4

(

2𝜁𝑛𝑛𝜔2
𝑛 + 2𝜔2

𝑛
)

2
.

(28)
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Fig. 6. Frequency response magnitude |𝐺𝑑 (𝑠)| vs. 𝑛 for 𝛾 = 1. The dashed blue 
line depicts |𝐺(𝑠)|.

Fig. 7. Root locus schematic of inner closed-loop double resonant poles 𝑝2,3.

From (28), it can be deduced that this specific tuning of the damp-
ing controller manifests an integrator effect in the inner closed loop by 
placing a pole at zero, while the locations of the remaining two poles 
depend on 𝜔𝑎.

The primary objective of the damping controller in this study is to 
effectively introduce damping to the lightly damped poles inherent in 
the plant dynamics. This is achieved through strategic manipulation of 
the inner closed-loop poles, facilitating a shift towards the left-half plane 
(LHP) and consequently increasing the negative real part of these poles. 
The damping ratio 𝜁𝑑 of the closed-loop double poles is characterized 
by

𝜁𝑑 = −cos
(

∠𝑝2,3
)

, (29)

where ∠𝑝2,3 is the angle of the line connecting the pole to the origin in 
the 𝑠-domain, measured clockwise from the negative real axis.

Fig. 7 provides a schematic representation of the typical root locus 
trajectory associated with the double resonant poles 𝑝2,3. In a lightly 
damped system, these poles start as complex conjugates residing in the 
LHP, with their real parts becoming increasingly negative as the param-
eter 𝑛 increases. However, at a certain 𝑛 = 𝑓 (𝜁𝑛), these double poles coa-
lesce and subsequently bifurcate along the negative real axis, signifying 
complete damping (ℑ(𝑝2,3) = 0). Subsequently, they follow an opposite 
trajectory along the real axis. Thus, the condition for completely damped 
poles is given by

𝑛 ≥ 2(
√

2 + 𝜁𝑛). (30)

Thus, for 𝑛 ⪆ 2
√

2 (for a small damping ratio 𝜁𝑛 ≈ 0.01), the double 
resonant poles 𝑝2,3 can achieve complete damping. It should be noted 
that this condition is valid for the case 𝛾 = 1. Fig. 8 illustrates the vari-
ation in the closed-loop frequency response 𝐺𝑑 (𝑠) as 𝛾 varies for a fixed 
𝑛 = 3.

Effect of damping ratio: Despite the dependence of the damping ratio 
of the damped poles 𝜁𝑑 on the normalized corner frequency 𝑛, its impact 
remains negligible for typically lightly damped plants (𝜁𝑛 ≈ 0.01). Fig. 9 
underscores the minimal influence exerted by the plant damping ratio 
on the root locus of the double resonant poles.

Fig. 8. Frequency response magnitude |𝐺𝑑 (𝑠)| vs. 𝛾 for 𝑛 = 3. The dashed blue 
line depicts |𝐺(𝑠)|, the solid blue line depicts |𝐺𝑑 (𝑠)| when 𝑛 = 3, and the black 
line traces the resonance peak magnitude |𝐺𝑑 (𝑠)|𝜔=𝜔𝑛

.

Fig. 9. Influence of plant damping on the root locus of resonant poles 𝑝2,3.

Fig. 10. Inner closed-loop poles 𝑝1,2,3 and zero 𝑧1 as a function of the tuned 
controller normalized corner frequency 𝑛.

3.1.4.  Effect of closed-loop zero
From (23), it is evident that the inner closed-loop transfer function 

consists of three poles (𝑝1,2,3) and one zero (𝑧1). The phase response of 
the inner closed-loop system depends on the positioning of these poles 
and the zero within the frequency domain. Although the closed-loop 
zero remains fixed for a constant controller corner frequency, it was pre-
viously demonstrated that the double poles follow a specific trajectory 
and split as 𝑛 increases. In scenarios characterized by low plant damping 
values, the split poles remain consistently lower in frequency than the 
zero frequency, with one pole situated closer to the zero frequency, as 
shown in Fig. 10.

The additional −90◦ phase shift introduced by the pole at a higher 
frequency is approximately counteracted by the +90◦ phase shift from 
the zero near its frequency. Consequently, in the absence of system de-
lay, the inner closed-loop response transitions from −90◦ to −180◦ as the 
frequency increases. Once again, the system damping ratio has a mini-
mal influence on the relationship between the closed-loop pole and zero 
frequencies. Henceforth, for the sake of mathematical convenience, the 
plant under consideration will be simplified as an undamped (𝜁𝑛 = 0) 
second-order transfer function.
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Fig. 11. Illustration of the effect of delay on inner-loop stability. (a) Open-loop 
frequency response 𝐺(𝑠, 𝜏)𝐶𝑑 (𝑠) for varying time delay 𝜏 and 𝑛 = 3, (b) open-loop 
frequency response 𝐺(𝑠, 𝜏)𝐶𝑑 (𝑠) for varying 𝑛 and fixed 𝜏 = 3 ms.

3.1.5.  Effect of delay
As discussed in Section 1.1, the dynamics of the nanopositioning sys-

tem often contain significant delays that can be attributed to the ex-
tremely high resolution of the analog-to-digital conversion process and 
signal filtering. Thus, taking delay into account, the system dynamics 
can be represented as

𝐺(𝑠, 𝜏) =
𝑔𝜔2

𝑛

𝑠2 + 2𝜁𝑛𝜔𝑛𝑠 + 𝜔2
𝑛
𝑒−𝜏𝑠, (31)

where 𝜏 is the time delay in seconds.
To investigate the influence of delay on stability, Fig. 11(a) presents 

the inner open-loop response 𝐺(𝑠, 𝜏)𝐶𝑑 (𝑠) as the time delay 𝜏 increases. 
Following the loop-shaping guideline presented in Kaczmarek and Hos-
seinNia (2023), the stability condition is evaluated at the crossover fre-
quencies defined as

𝜔𝑐𝑖 ∶= 𝜔 ∣ 𝜔 ∈ ℝ and |𝐺(𝑗𝜔𝑐𝑖 )𝐶𝑑 (𝑗𝜔𝑐𝑖 )| = 1, 𝑖 = 1, 2. (32)

Accordingly, for closed-loop stability, the open-loop system must sat-
isfy the following phase conditions for 𝑘 ∈ ℤ and 𝜔𝑐1 < 𝜔𝑐2 :

∠𝐺(𝑗𝜔𝑐1 , 𝜏)𝐶𝑑 (𝑗𝜔𝑐1 ) + (2𝑘 − 1)𝜋 ≤ 0,

∠𝐺(𝑗𝜔𝑐2 , 𝜏)𝐶𝑑 (𝑗𝜔𝑐2 ) + (2𝑘 + 1)𝜋 ≥ 0.
(33)

As shown in Fig. 11(a), for 𝜏 = 3 ms, the stability condition is violated 
at the second crossover frequency, resulting in instability when 𝐶𝑑 (𝑠) is 
tuned to the nominal value 𝑛 = 3. To account for the delay and avoid 
instability, the parameter 𝑛 can be increased, thereby shifting the phase 
lag such that the stability conditions in (33) are satisfied. Fig. 11(b) illus-
trates this effect, showing that higher 𝑛 values enhance stability margins 
and consequently improve damping performance around the crossover 
frequency.

Fig. 12. Illustration of the robustness of NRC to variations in resonance fre-
quency. Dotted lines depict 𝐺̂(𝑠) and solid lines depict 𝐺̂𝑑 (𝑠).

3.2.  Robustness to resonance frequency variations

Often, samples or payloads must be positioned using nanoposition-
ing stages. The associated payload mass (𝑚𝑝) changes the resonance fre-
quency (𝜔𝑛 ∝

√

𝑘
𝑚𝑠+𝑚𝑝

), where 𝑘 and 𝑚𝑠 denote the flexural stiffness and 
the stage mass, respectively. Although typical damping controllers are 
tuned for the identified nominal (unloaded) system, their closed-loop 
damping performance can be severely affected when the resonance fre-
quency varies significantly. In such cases, more advanced adaptive al-
gorithms for real-time tuning are usually required (Yong et al., 2012a).

This subsection examines the robustness of NRC with respect to vari-
ations in resonance frequency. The altered frequency is denoted by 
𝜔̂𝑛 = 𝜂𝜔𝑛, with 𝜂 ∈ (0, 1), and the loaded plant is modeled by 𝐺̂(𝑠) =

𝑔𝜔̂2
𝑛

𝑠2+2𝜁𝑛𝜔̂𝑛𝑠+𝜔̂2
𝑛
. For NRC tuned with 𝛾 = 1 and 𝜔𝑎 = 𝑛𝜔𝑛 in the unloaded 

state, the resulting inner closed-loop transfer function is given by

𝐺̂𝑑 (𝑠) =
𝑔𝜔̂2

𝑛
(

𝑠 + 𝑛𝜔𝑛
)

𝑠3 +
(

𝑛𝜔𝑛 + 2𝜁𝑛𝜔̂𝑛
)

𝑠2 +
(

2𝜁𝑛𝑛𝜔𝑛𝜔̂𝑛 + 2𝜔̂2
𝑛
)

𝑠
. (34)

The condition for complete damping, as derived from (28) and (30), 
is

𝑛 ≥ 2𝜂(
√

2 + 𝜁𝑛). (35)

Since 𝜂 < 1, any 𝑛 that satisfies (30) also satisfies (35). Hence, an 
NRC set for the nominal system achieves complete damping across the 
considered loaded systems, demonstrating its robustness to changes in 
resonance frequency. This behavior is illustrated in Fig. 12, where an 
NRC tuned for the unloaded case (𝜂 = 1) is used to dampen two loaded 
conditions (𝜂 = 0.75, 0.5).

3.3.  Damping multiple resonant modes

The use of NRC to actively damp the first dominant resonance mode 
has been extensively discussed in Section 3.1. However, as briefly out-
lined in Section 1.1, higher-order modes in the vicinity of the dominant 
resonance mode can further deteriorate the position accuracy. This mo-
tivates the additional damping of these modes. In this subsection, we 
show that the NRC used for the first mode can also induce damping in 
significant higher-order modes in the vicinity.

For simplicity, an undamped system with two modes is considered 
for the analysis. Based on the theory of modal decomposition, the system 
𝐺2(𝑠) can be expressed as

𝐺2(𝑠) =
𝜔2
𝑛

𝑠2 + 𝜔2
𝑛
+ 𝛽

𝜔2
2

𝑠2 + 𝜔2
2

=
(1 + 𝛼2𝛽)𝜔2

𝑛𝑠
2 + 𝛼2𝜔4

𝑛(1 + 𝛽)
𝑠4 + (1 + 𝛼2)𝜔2

𝑛𝑠2 + 𝛼2𝜔4
𝑛

,

(36)

where 𝜔2 > 𝜔𝑛 is the resonance frequency of the second mode, and the 
factor 𝛽 ∈ (0, 1) relates the high-frequency contribution of the second 
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Fig. 13. Illustration of the frequency response of 𝐺2(𝑠) as a function of 𝛼 and 𝛽.

Fig. 14. Illustration of the frequency response of 𝐺2𝑑 (𝑠) as 𝑛 varies relative to 
𝛼.

mode to that of the first mode. A parameter 𝛼 > 1 is introduced to nor-
malize 𝜔2 with respect to 𝜔𝑛, as 𝜔2 = 𝛼𝜔𝑛.

The sum of the two modes leads to a double zero 𝜔𝑧 being cre-
ated such that 𝜔𝑛 < 𝜔𝑧 < 𝜔2, the location of which is given by 𝑠 =
±𝑖𝛼𝜔𝑛

√

1+𝛽
1+𝛼2𝛽 . The DC gain is 𝐺2(0) = 1 + 𝛽. Fig. 13 illustrates the fre-

quency response of 𝐺2(𝑠) as the parameters 𝛼 and 𝛽 vary.
The inner closed-loop transfer function 𝐺2𝑑 (𝑠) with an NRC tuned to 

damp the first resonance mode (𝑘 = 𝛾
1+𝛽 ) is symbolically computed as

𝐺2𝑑 (𝑠) =
((1 + 𝛼2𝛽)𝜔2

𝑛𝑠
2 + 𝛼2𝜔4

𝑛(1 + 𝛽))(𝑠 + 𝑛𝜔𝑛)
𝑐5𝑠5 + 𝑐4𝑠4 + 𝑐3𝑠3 + 𝑐2𝑠2 + 𝑐1𝑠 + 𝑐0

where,

𝑐5 = 1; 𝑐4 = 𝑛𝜔𝑛;

𝑐3 = ((1 + 𝛼2) + 𝑘(1 + 𝛼2𝛽))𝜔2
𝑛;

𝑐2 = ((1 + 𝛼2) − 𝑘(1 + 𝛼2𝛽))𝑛𝜔3
𝑛;

𝑐1 = 𝛼2𝜔4
𝑛(1 + 𝑘(1 + 𝛽));

𝑐0 = 𝛼2𝑛𝜔5
𝑛(1 − 𝑘(1 + 𝛽)).

(37)

The magnitude of 𝐺2𝑑 (𝑠) at 𝜔2 is obtained by substituting 𝑠 = 𝑖𝛼𝜔𝑛
and simplifies to

|𝐺2𝑑 (𝑠)|𝜔=𝛼𝜔𝑛
= 1

𝑘
=

1 + 𝛽
𝛾

. (38)

When comparing (38) with |𝐺2(𝑠)|𝜔=𝛼𝜔𝑛
≈ ∞ for 𝜁𝑛 ≈ 0, the reduc-

tion in magnitude indicates that damping is achieved in the second 
resonance mode. However, the second resonance peak frequency 𝜔̂2 in 
closed loop can differ from 𝜔2 depending on the relation between 𝑛 and 
𝛼, such that (a) if 𝑛 = 𝛼, then 𝜔̂2 = 𝜔2; (b) if 𝑛 < 𝛼, then 𝜔̂2 > 𝜔2; and (c) 
if 𝑛 > 𝛼, then 𝜔̂2 < 𝜔2, as illustrated in Fig. 14. It should be noted that 
delay in the system affects the magnitude of the induced damping, as 
highlighted in Section 3.1.5.

Fig. 15. Illustration of the variation in the frequency response of 𝐺𝑑𝑡 (𝑠) as the 
parameter 𝑙 varies. 𝐺𝑑 (𝑠) is presented as a black solid line for comparison.

Fig. 16. Root locus trajectory of double resonant poles 𝑝2,3 when (a) 0 ≤ 𝑛 ≤ 3
and complete damping is achieved for higher 𝑙, (b) 0 ≤ 𝑛 ≤ 4.5 and complete 
damping is achieved for smaller 𝑙.

3.4.  Taming NRC

The NRC lacks roll-off at high frequencies owing to its constant gain 
characteristic. As a result, when it is augmented by the amplifier, noise 
is fed back into the closed-loop system, which can potentially lead to the 
accumulation of real errors due to the significantly higher-order modes 
present. Mathematically, the NRC output signal 𝑣 (see Fig. 3(b)) can be 
represented as 𝑣 = 𝐶𝑑 (𝑠) ⋅ 𝑦 = 𝐶𝑑 (𝑠) ⋅ (𝑥 + 𝑛). At high frequencies, where 
noise typically becomes predominant due to system roll-off (𝑥 ≈ 0 as 
lim
𝑠→∞

𝐺(𝑠) = 0), the noise entering the amplifier through the inner feed-
back loop can be expressed as
𝑣 = lim

𝑠→∞
𝐶𝑑 (𝑠) ⋅ 𝑛 ≈ 𝑘 ⋅ 𝑛. (39)

Eq. (39) emphasizes the importance of high-frequency roll-off in 
𝐶𝑑 (𝑠) to attenuate transmitted noise, if significant. Motivated by the 
dual closed-loop shaping guideline (17), presented in Section 2.3, the 
NRC can be tamed using a simple 1st-order low-pass filter to achieve 
|𝐶𝑑 (𝑠)| ≪ 1 ∀ 𝜔 ≫ 𝜔𝑛. However, such taming can affect the damping 
performance in the closed-loop system, depending on the filter taming 
frequency 𝜔𝑙, as further investigated in the following. The taming fre-
quency is parameterized by normalizing with respect to the resonance 
frequency as 𝜔𝑙 = 𝑙 ⋅ 𝜔𝑛.

The tamed NRC filter can be expressed as

𝐶𝑑𝑡 (𝑠) = 𝑘
(

𝑠 − 𝜔𝑎
𝑠 + 𝜔𝑎

)(

𝜔𝑙
𝑠 + 𝜔𝑙

)

. (40)

Thus, the inner closed-loop transfer function of the tamed NRC 
(tuned for 𝛾 = 1) in feedback with a 2nd-order undamped system can 
be written as

𝐺𝑑𝑡 (𝑠) =
𝜔2
𝑛(𝑠

2 + (𝑛 + 𝑙)𝜔𝑛𝑠 + 𝑛𝑙𝜔2
𝑛)

𝑠(𝑠3 + (𝑛 + 𝑙)𝜔𝑛𝑠2 + (𝑛𝑙 + 1)𝜔2
𝑛 𝑠 + (𝑛 + 2𝑙)𝜔3

𝑛
. (41)

The denominator of Eq. (41) simplifies to a quartic equation with 
a zero constant term, introducing the 4th pole (𝑝4) via the taming fil-
ter. The damping of the double resonant poles (𝑝2,3) now depends on 
the parameter 𝑙. Fig. 15 shows how the inner closed-loop frequency re-
sponse 𝐺𝑑𝑡 (𝑠) varies when the tamed NRC 𝐶𝑑𝑡 (𝑠) is tuned for 𝑛 = 3 (30) 
as 𝜔𝑙 changes, highlighting the variation of the damping performance. 
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Thus, 𝑙 directly affects the achievable damping performance. To ensure 
complete damping, 𝑛 must be re-tuned based on 𝑙.

Fig. 16(a) shows the root locus trajectory of the double resonant 
poles when 0 ≤ 𝑛 ≤ 3 and 𝑙 is varied. It can be observed that, for com-
plete damping to be achieved without re-tuning 𝑛, 𝑙 needs to be signif-
icantly increased. However, as illustrated in Fig. 16(b) (when 0 ≤ 𝑛 ≤
4.5), if 𝑛 is re-tuned to slightly higher values, complete damping can be 
achieved for much smaller 𝑙.

4.  Dual closed-loop control based on NRC

This section presents the combination of NRC with the conventional 
PI tracking controller and the controller tuning in the outer loop for 
desired dual closed-loop performance requirements.

4.1.  Motion tracking control loop

In nanopositioning systems, a tracking controller 𝐶𝑡(𝑠) is used to 
ensure accurate reference tracking. It is typically designed using loop-
shaping techniques in the frequency domain. A Proportional-Integral 
(PI) controller is commonly employed to set the desired bandwidth and 
ensure zero steady-state error. Its transfer function is given by

𝐶𝑡(𝑠) = 𝑘𝑝 ⋅
(

1 +
𝜔𝑖
𝑠

)

, (42)

where 𝑘𝑝 denotes the proportional gain, and 𝜔𝑖 represents the integrator 
corner frequency.

When an active damping controller is integrated in a dual closed-loop 
structure, as depicted in Fig. 3(b), the design of the tracking controller is 
typically based on the dynamics of the inner closed-loop system. In the 
following, the controller design process is outlined for the case where 
the inner loop features the NRC for active damping.

4.1.1.  Proportional gain
If the inner loop provides an integrator effect, the outer tracking loop 

can be implemented with a proportional gain 𝑘𝑝 only. This configuration 
can still achieve zero steady-state error in the dual closed-loop system, 
provided that the proportional gain is selected based on a specified open-
loop bandwidth 𝜔𝑏. The proportional gain is chosen as

𝑘𝑝 =
|

|

|

|

1
𝐺𝑑 (𝑠)

|

|

|

|𝜔=𝜔𝑏

. (43)

The choice of the desired bandwidth 𝜔𝑏 is critical for satisfying the 
required gain margin (GM) and phase margin (PM) specifications for 
robustness, namely
GM ≥ 6 dB,
PM ≥ 60◦.

(44)

Consequently, the outer open-loop transfer function 𝐿(𝑠) (with the 
inner closed-loop), mapping from the reference input 𝑟 to the output 𝑦, 
is expressed as
𝐿(𝑠) = 𝑘𝑝 ⋅ 𝐺𝑑 (𝑠)

= 𝑘𝑝 ⋅
𝐺(𝑠)

1 + 𝐺(𝑠)𝐶𝑑 (𝑠)

= 𝑘𝑝 ⋅
𝜔2
𝑛(𝑠 + 𝜔𝑎)

𝑠
(

𝑠2 + 𝜔𝑎𝑠 + 2𝜔2
𝑛
) ,

(45)

where 𝑘𝑝 = |

|

|

𝐺𝑑 (𝑠)−1
|

|

|𝜔=𝜔𝑏
. Thus, at the 0 dB crossover frequency 𝜔𝑏, it 

holds that |𝐿(𝑠)|𝜔=𝜔𝑏
= 1. The phase of 𝐿(𝑠) at 𝜔𝑏 can then be simplified 

and expressed as

∠𝐿(𝑠)𝜔=𝜔𝑏
= tan−1

(

𝜔𝑏
𝜔𝑎

)

− 𝜋
2
− tan−1

(

𝜔𝑎𝜔𝑏

2𝜔2
𝑛 − 𝜔2

𝑏

)

. (46)

Fig. 17. Illustration of the solution space (shaded light blue) to tune 𝑛 for a 
specific 𝜈 to ensure a 60◦ phase margin.

Using 𝜈 = 𝜔𝑛∕𝜔𝑏 and 𝑛 = 𝜔𝑎∕𝜔𝑛 to normalize (46) and enforcing 
PM ≥ 60◦ allows the condition to be rewritten as

tan 60◦ ≤ 𝑛 ⋅ 2𝜈3

𝑛2𝜈2 − 2𝜈2 + 1
. (47)

For a selected 𝜔𝑏 (and thus 𝜈), the parameter 𝑛 can be tuned to satisfy 
the above inequality. The corresponding feasible region in the (𝜈, 𝑛)-
plane is illustrated in Fig. 17 and is defined by
1.75𝜈2𝑛2 − 2𝜈3𝑛 + 1.75

(

1 − 2𝜈2
)

≤ 0. (48)

From this relation, it can be inferred that, to obtain a high 𝜔𝑏 (or low 
𝜈), a lower 𝑛 must be chosen, leading to a trade-off in the achievable 
damping performance.

4.1.2.  Integrator requirement in tracking controller
Eq. (23) shows that perfectly matching the controller gain with the 

plant’s DC gain causes an integrator effect by placing a pole at zero 
in the inner closed-loop (𝑝1 = 0). However, exact gain matching is im-
practical due to limited numerical precision in discrete-time controller 
implementations.

For an undamped second-order system, assume that an NRC is tuned 
so that the controller gain is 𝑘′ = 𝑘 + Δ𝑘, where Δ𝑘 < 0 is infinitesimally 
small compared to unity but not zero (|Δ𝑘| ≈ 0). Note that for 𝛾 = 1
and Δ𝑘 > 0, 𝐶𝑑 (𝑠) becomes unstable, requiring careful tuning with 𝛾 ⪅ 1
in practice. Consequently, 𝐶 ′

𝑑 (𝑠) = 𝑘′(𝑠 − 𝜔𝑎)∕(𝑠 + 𝜔𝑎). Then, the inner 
closed-loop function from 𝑑 to 𝑦 can be expressed as

𝐺′
𝑑 (𝑠) =

𝐺(𝑠)
1 + 𝐺(𝑠)𝐶 ′

𝑑 (𝑠)

=
𝜔2
𝑛(𝑠 + 𝜔𝑎)

𝑠3 + 𝜔𝑎𝑠2 + (2 + Δ𝑘)𝜔2
𝑛𝑠 − Δ𝑘𝜔2

𝑛𝜔𝑎
.

(49)

When |Δ𝑘| ≠ 0, the closed-loop characteristic equation has a small 
finite root instead of 𝑠 = 0. Therefore, when 𝐶𝑡(𝑠) = 𝑘𝑝, the dual closed-
loop system cannot achieve zero steady-state error. Mathematically, for 
a reference input 𝑟, the Laplace domain representation of the error 𝑒 can 
be written as
𝐸(𝑠) = 𝑅(𝑠) − 𝑌 (𝑠)

=
1 + 𝐺(𝑠)𝐶𝑑 (𝑠)

1 + 𝐺(𝑠)(𝐶𝑡(𝑠) + 𝐶𝑑 (𝑠))
𝑅(𝑠).

(50)

The steady-state error 𝑒𝑠𝑠 for a step reference input (𝑅(𝑠) = 1∕𝑠) is 
then given by the final value theorem as

𝑒𝑠𝑠 = lim
𝑠→0

𝑠𝐸(𝑠) = 2
2 + 𝑘𝑝

≠ 0, (51)

where

𝑘𝑝 =
|

|

|

𝐺−1
𝑑 (𝑠)||

|𝜔=𝜔𝑏
≈
|

|

|

|

|

𝜔2
𝑛 − 𝜔2

𝑏

𝜔2
𝑛

|

|

|

|

|

. (52)

If the inner closed-loop lacks an exact integrator, the tracking con-
troller must incorporate one to ensure zero steady-state error in the dual 
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Fig. 18. Influence of the integrator frequency 𝜔𝑖 on the open-loop stability mar-
gins of 𝐿(𝑠).

closed-loop system. In this case, the tracking controller 𝐶𝑡(𝑠) is given by
(42), but the integrator can have a very small corner frequency.

Fig. 18 illustrates the impact of the integrator corner frequency 𝜔𝑖
on the open-loop phase margin, following the tuning guidelines outlined 
above. As 𝜔𝑖 increases relative to the tuned open-loop bandwidth 𝜔𝑏, the 
phase lag introduced by the integrator becomes more pronounced, re-
ducing the phase margin evaluated at 𝜔𝑏. At the same time, this increase 
in 𝜔𝑖 also results in higher loop gains, as depicted in the magnitude 
plot, which helps to achieve better disturbance rejection (objective 𝑂2
in (15)). However, a trade-off arises, since higher 𝜔𝑖 can lead to a viola-
tion of upper bounds for dual closed-loop bandwidths (such as ±1 dB or 
±3 dB) due to lower phase margins, as illustrated in the following sec-
tion. For this illustration, the following parameters are chosen: 𝜈 ≈ 1.33
and 𝑛 = 2.2 (resulting in a sufficiently damped resonance), which will 
also be used in the subsequent study.

4.2.  Dual closed-loop shaped sensitivities

In this section, different dual closed-loop transfer functions are il-
lustrated for the proposed control architecture with a conventional PI 
controller 𝐶𝑡(𝑠) and the NRC 𝐶𝑑 (𝑠) in feedback. The tuning of each con-
troller follows the guidelines elaborated in Sections 3.1 and 4.1.

The purpose of employing the NRC is to completely damp the res-
onance peak and enable the dual closed-loop system to achieve high 
bandwidths. Fig. 19(a) shows the dual closed-loop frequency response 
𝑇𝑦𝑟(𝑠) for a second-order system incorporating this control architecture 
and the associated tuning guidelines. The effect of the integrator fre-
quency 𝜔𝑖 within 𝐶𝑡(𝑠) is included for demonstration. As 𝜔𝑖 increases, it 
can be observed that the dual closed-loop bandwidth 𝜔𝑐 (defined via the 
±1 dB or ±3 dB bounds around 0 dB) may be reduced or these bounds 
may be violated. Therefore, to meet stringent closed-loop tracking per-
formance requirements, it is advisable to use an integrator with a rela-
tively low 𝜔𝑖 to ensure zero steady-state error, while the high loop gain 
requirement is primarily provided by the integrator effect of the inner 
closed-loop. It should be emphasized that, with suitable tuning of 𝜈 and 
𝑛, it is possible to achieve a dual closed-loop bandwidth 𝜔𝑐 (for both 
±1 dB and ±3 dB bounds) that is higher than the first resonance fre-
quency 𝜔𝑛 of the system (𝜔𝑐 > 𝜔𝑛). This, however, comes at the expense 
of not achieving complete damping of the resonance peak, although the 
peak remains sufficiently well damped for practical purposes.

In the complementary function 𝑇 ′
𝑥𝑟(𝑠) (Fig. 19(b)), it is observed that 

even without a pronounced integrator in the outer loop, lower sensi-
tivity gains are achieved at low frequencies. This is primarily due to 
the tuning of NRC to achieve |𝐺(𝑠)𝐶𝑑 (𝑠)| = 1 and ∠𝐺(𝑠)𝐶𝑑 (𝑠) = 𝜋 for 
𝜔 ≪ 𝜔𝑎, as discussed in Section 3.1.2. In contrast, for the conventional 
case (Fig. 3(a)), attenuation is limited to a smaller range of frequencies 
due to lower bandwidths. The proposed method can further enhance 
this performance by slightly increasing 𝜔𝑖 of the outer-loop integrator, 
achieving even lower gains at low frequencies. However, it is crucial 
to tune this parameter carefully to balance the trade-offs with other 

Fig. 19. Illustration of dual closed-loop frequency response as 𝜔𝑖 varies: (a) 
𝑇𝑦𝑟(𝑠) ∶ 𝑟 ↦ 𝑦, (b) 𝑇 ′

𝑥𝑟(𝑠) ∶ 𝑟 ↦ 𝑒𝑟.

Fig. 20. Illustration of the dual closed-loop frequency response 𝑃𝑆𝑦𝑑 (𝑠) ∶ 𝑑 ↦

𝑦 (or 𝑥 or 𝑒𝑟) as 𝜔𝑖 varies.

sensitivity function gains at relevant frequencies, as highlighted in Sec-
tion 2.3.

Although tracking performance in the frequency domain is illus-
trated in Fig. 19, it is also crucial to understand how loop tuning impacts 
disturbance rejection and noise attenuation in the frequency domain. 
Typically, noise dominates at high frequencies, while process distur-
bances can span from low to high frequencies, depending on the system, 
its environmental conditions, and the specific application. Additionally, 
internal couplings within the system often introduce disturbances to the 
motion axis being controlled, particularly at the system’s resonance fre-
quencies. Consequently, reducing the sensitivity gains at the relevant 
frequencies is essential, with a particular focus on the problematic fre-
quency regimes.

The effect of NRC in providing a well-damped response is evident 
from the flat gain in the process sensitivity function 𝑃𝑆𝑦𝑑 (𝑠) around the 
resonance frequency, as illustrated in Fig. 20. However, the integrator 
effect provided by the inner closed loop does not offer any particular 
advantage at low frequencies with respect to disturbance rejection. This 
could be a concern in applications where the system is subject to low-
frequency disturbances, such as floor vibrations. As shown in Fig. 20, the 
process sensitivity gains at low frequencies can be significantly reduced 
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Fig. 21. Illustration of dual closed-loop frequency response as 𝜔𝑖 varies: (a) 
𝑆𝑦𝑛(𝑠) ∶ 𝑛 ↦ 𝑦, (b) 𝑆𝑥𝑟(𝑠) ∶ 𝑛 ↦ 𝑒𝑟.

by incorporating a more pronounced integrator in the outer tracking 
loop. As discussed earlier, this adjustment comes at the expense of re-
duced dual closed-loop bandwidth.

Similarly, in the noise sensitivity function 𝑆𝑦𝑛(𝑠), a deep notch-like 
behavior indicates substantial noise attenuation near the resonance fre-
quencies, implying a reduced influence of noise on the measured posi-
tion 𝑦. Again, the low-frequency sensitivity gains can be decreased with 
a higher integrator corner frequency 𝜔𝑖, if necessary (Fig. 21(a)). How-
ever, when evaluating the influence of noise 𝑛 on the real error 𝑒𝑟 via 
𝑆𝑥𝑟(𝑠), it can be observed that, even with a pronounced integrator, the 
low-frequency noise attenuation is not significant (Fig. 21(b)). This fol-
lows from the inherent limitations of linear control, as highlighted in 
Section 2.3. In practice, this is typically not an issue, since noise tends 
to dominate at high frequencies, where the system gains naturally roll 
off.

Thus, this section highlights the importance of shaping these dual 
closed-loop sensitivity functions to minimize the real error within the 
controlled system. By combining the advantages of the proposed con-
trol method with the known limitations of linear control theory, there 
is considerable flexibility to effectively balance the trade-offs between 
achievable damping and reference tracking, disturbance rejection, and 
noise attenuation over the relevant frequency ranges.

4.3.  Controller tuning guidelines

This subsection summarizes the controller tuning process and pro-
vides general guidelines, illustrated in Fig. 22, to be followed for tuning 
the controllers.

5.  Experimental setup and results

This section presents the experimental setup, which incorporates the 
industrial nanopositioning system, to experimentally demonstrate the 
damping performance of the proposed NRC and the dual closed-loop 
performance achieved by shaping different sensitivity functions.

Fig. 22. Controller tuning guidelines for dual closed-loop framework.

5.1.  System description

Presented in Fig. 23, the experimental setup utilizes a commercial 
P-621.1CD PIHera linear precision nanopositioner with a travel range 
of 100µm. The single-axis positioning stage incorporates a ceramic-
insulated multilayer piezo-stack actuator, a flexure-based mechanism-
guided platform, and a high-resolution capacitive sensor. The stage uti-
lizes a voltage amplifier and sensor signal conditioning modules inte-
grated within the modular E-712 piezo-controller. The commercial hard-
ware is integrated with an NI CompactRio chassis with an embedded 
FPGA, facilitating actuation signals and control for external control. The 
chassis includes 16-bit analog input-output modules that enable trans-
mission and reception of signals to implement the control approach. The 
control scheme is implemented using the NI LabVIEW software, which 
interfaces the host computer and the nanopositioner. The actuation volt-
age ranges from 0 to 10V, and the sampling time 𝑡𝑠 of the FPGA-based 
control loop is set to 30 𝜇s. The high sampling frequency 𝑓𝑠 = 33.33 kHz 
yields a Nyquist frequency of approximately 16.66 kHz, which is more 
than six times higher than the frequency range of interest (0-3000 Hz) 
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Fig. 23. Experimental setup of a piezo-actuated nanopositioning system (a) Ex-
perimental platform (b) System workflow.

for system identification and control. For controller implementation, the 
bilinear transform (Tustin discretization) is employed. The FPGA imple-
mentation uses a 64-bit double-precision floating-point numerical data 
type in LabVIEW, providing approximately 15 decimal digits of accu-
racy to ensure precise discrete-time control implementation. Further-
more, the LabVIEW program is optimized to guarantee that the FPGA 
loop rate matches the sampling rate, thereby preventing any data loss. 
The synthesized FPGA design occupies a total of 9608 slices, comprising 
30,780 slice registers and 22,820 slice look-up tables (LUTs), and addi-
tionally utilizes 8 Block RAMs and 129 DSP48 digital signal processing 
units.

5.2.  System identification

A sinusoidal chirp signal (0.75 to 1V) was generated with LabVIEW 
and sent to the piezo-actuator for system identification. The capacitive 
sensor measured the position output, and the input-output signals were 
imported into MATLAB for analysis. The transfer functions were esti-
mated using MATLAB’s signal processing toolbox. A high sampling fre-
quency 𝐹𝑠 of 33.3 kHz provided sufficient data for accurate identifica-
tion.

The dominant resonance peak 𝜔𝑛 is at 710 Hz, with the second mode 
𝜔2 nearby at 1150 Hz (see Fig. 24). A notable phase delay occurs due to 
actuator-amplifier dynamics and system time delay, even at frequencies 
below 𝜔𝑛. Higher modes appear around and beyond 2000 Hz. Pole-zero 
interlacing indicates the system’s collocated nature.

5.3.  Experimental inner closed-Loop frequency response

With the identified system frequency response of the piezoelectric 
nanopositioning stage, the NRC is designed and implemented to dampen 
the dominant resonance and extend the system bandwidth. According 
to the design guidelines presented in Section 3.1, a normalized corner 

Fig. 24. Identified frequency response of the nanopositioning system 𝐺(𝑠).

Fig. 25. Experimentally identified inner closed-loop frequency response 𝐺𝑑 (𝑠).

frequency of 𝑛 ≈ 3 should ensure complete damping of the resonance 
peak. However, due to the significant phase lag occurring below 𝜔𝑛, 𝑛
is re-tuned to achieve a sufficiently damped peak (see Section 3.1.5). 
Implementing the NRC also provides damping in nearby higher-order 
modes (see Section 3.3). As shown in Fig. 25, while the dominant res-
onance is effectively suppressed, the second mode at 𝜔2 = 1150 Hz also 
exhibits noticeable damping, which increases as 𝑛 increases. For 𝑛 = 10, 
the second resonance peak is reduced by approximately 6dB. It should 
be emphasized that this increase in 𝑛 comes at the cost of an additional 
phase delay for 𝜔 ≤ 𝜔𝑛. This additional phase lag must be carefully con-
sidered during the tuning process to ensure that the tracking controller 
preserves the required stability margins.

Thus, based on the corner frequency tuning shown in Fig. 25 and 
the controller gain derived from (22), the damping controller is imple-
mented with 𝑛 = 10 and 𝑘 = 1.7658 (for 𝛾 = 0.995). Owing to the high 
resolution of the capacitive sensor, analog modules, and ADC/DAC con-
version, the taming of NRC is not implemented in this work.

5.4.  Experimental dual closed-loop frequency response

In this dual closed-loop control approach, a feedback tracking con-
troller handles tracking errors. As discussed previously, a proportional-
integral (PI) controller is designed based on the inner closed-loop dy-
namics (𝐺𝑑 (𝑠)) to achieve the highest possible dual closed-loop band-
widths. However, in practical systems like this, higher-order modes, if 
not adequately suppressed, can lead to significant closed-loop gains at 
their corresponding frequencies. Furthermore, high-frequency noise is a 
common issue that must be attenuated. To address these challenges, the 
tracking controller, in this case, is designed as a series combination of a 
PI controller, a notch filter targeting the dominant higher-order mode, 
respectively, and a low-pass filter to mitigate high-frequency noise.

The implemented tracking controller 𝐶𝑡(𝑠) is expressed as follows:

𝐶𝑡(𝑠) = 𝑘𝑝 ⋅
(

1 +
𝜔𝑖
𝑠

)

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
Proportional
Integral Term

⋅ 𝑁(𝑠)
⏟⏟⏟
Notch
Filter

⋅
(

𝜔𝑙
𝑠 + 𝜔𝑙

)

⏟⏞⏞⏞⏟⏞⏞⏞⏟
Low-Pass
Filter

, (53)
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Fig. 26. Experimentally identified dual closed-loop frequency response 𝑇𝑦𝑟(𝑠).

where the notch filter 𝑁(𝑠) is as follows:

𝑁(𝑠) =
⎛

⎜

⎜

⎝

( 𝑠
𝜔𝑁1

)2 + ( 𝑠
𝑄1𝜔𝑁1

) + 1

( 𝑠
𝜔𝑁1

)2 + ( 𝑠
𝑄2𝜔𝑁1

) + 1

⎞

⎟

⎟

⎠

(54)

The tracking controller is tuned to achieve an open-loop bandwidth 
𝜔𝑏 of 282 Hz, with gain and phase margins of 6dB and 59◦, respec-
tively, ensuring sufficient robustness. The tuning parameters are as fol-
lows: 𝑘𝑝 = 0.9722, 𝜔𝑖 = 14.6 Hz, 𝜔𝑁1

= 1250 Hz, 𝜔𝑙 = 5000 Hz, 𝑄1 = 1.2, 
𝑄2 = 1. The parameters of the notch filter are designed to achieve suffi-
cient attenuation of the higher-order resonance at the shifted closed-
loop resonant frequency, while avoiding degradation of the control 
bandwidths due to excessive phase lag introduced by the filter. For dual 
closed-loop stability, the phase margins 𝜙𝑚𝑖

 at all crossover frequencies 
𝜔𝑐𝑓𝑖

|

|

|

|𝐿𝐷(𝜔𝑐𝑓𝑖 )| = 1 are evaluated and validated.
After implementing the tuned controllers, the dual closed-loop fre-

quency response 𝑇𝑦𝑟(𝑠) is experimentally estimated through a closed-
loop system identification process, as shown in Fig. 26, where it can 
be observed that both the crossings ±1 dB and ±3 dB occur beyond the 
resonance frequency 𝜔𝑛 = 710 Hz, specifically at 755 Hz and 830 Hz 
(𝜔𝑐), respectively. These experimental results clearly show that effec-
tively tuning the dual closed-loop incorporating the proposed NRC en-
ables the system to achieve dual closed-loop bandwidths that surpass 
the dominant resonance frequency.

5.5.  Experimental dual closed-loop sensitivities

This subsection reflects on experimentally identified sensitivities to 
dual closed-loop shaping guidelines (see Section 2.3) and those shaped 
using the proposed NRC (see Section 4.2). The experimental sensitivity 
magnitudes are shown in Fig. 27. It is crucial to assess the impact of in-
put signals 𝑟, 𝑑, and 𝑛 on both the measured position 𝑦 and the real error 
𝑒𝑟 in the dual closed-loop system. Sensitivities are shaped to minimize 
the impact of these signals on 𝑒𝑟 in relevant frequency regimes.

As shown in Fig. 26, 𝜔𝑐 exceeds 𝜔𝑛, aided by the NRC (𝐶𝑑 (𝑠)) tuning, 
so that |𝐺(𝑠)𝐶𝑑 (𝑠)| = 1 and ∠𝐺(𝑠)𝐶𝑑 (𝑠) ≈ 𝜋 up to 𝜔 ≈ 𝜔𝐶𝑑

. The 0dB cross-
ing of 𝑇 ′

𝑥𝑟(𝑠) near 𝜔𝐶𝑑
 implies minimal influence of 𝑟 on 𝑒𝑟 for 𝜔 < 𝜔𝐶𝑑

.
The NRC ensures a well-dampened peak, as shown by flat gains 

around 𝜔𝑛 in the process sensitivity function 𝑃𝑆𝑦𝑑 (𝑠). To reduce the 
low-frequency gains of 𝑃𝑆𝑦𝑑 (𝑠) and ensure zero steady-state tracking, 
the integrator in 𝐶𝑡(𝑠) is tuned according to 𝜔𝑖 = 𝜔𝑏∕20. Increasing 𝜔𝑖 de-
creases 𝜔𝑐 and slightly amplifies the dynamics around 𝜔𝑛. The system’s 
high-frequency gain roll-off and low-pass filter in 𝐶𝑡(𝑠) ensures suffi-
ciently low gains for 𝑆𝑥𝑛(𝑠). However, limitations in Section 2.3 prevent 
attenuation of contributions of 𝑛 to 𝑒𝑟 at low frequencies. The experi-
mental findings align with the guidelines and analysis presented in this 
paper.

Fig. 27. Experimentally identified (𝑇𝑦𝑟(𝑠), 𝑃𝑆𝑦𝑑 (𝑠), 𝑆𝑦𝑛(𝑠)) and estimated 
(𝑇 ′

𝑥𝑟(𝑠), 𝑆𝑥𝑛(𝑠)) dual closed-loop sensitivities.

5.6.  Experimental evaluation against benchmark methods

This subsection elaborates upon the preceding subsection by provid-
ing an experimental evaluation that demonstrates the efficacy of the pro-
posed method in comparison to benchmark methods. Two specific cases 
are considered for this benchmarking process: (1) a classical single-loop 
control architecture (see Fig. 3(a)), wherein the tracking controller 𝐶𝑡(𝑠)
comprises a series configuration of a standard Proportional-Integral (PI) 
controller and two notch filters designed to suppress the two primary 
resonant peaks, and (2) a dual closed-loop control architecture akin to 
that of the proposed method, wherein a widely utilized positive position 
feedback (PPF) controller is employed for active damping. It is notewor-
thy that the majority of active damping controllers documented in the 
literature adhere to a loop-shaping methodology analogous to that of 
PPF.

As illustrated in Fig. 28(a), which corresponds to the closed-loop fre-
quency response 𝑇𝑦𝑟(𝑠), the attained ±3 dB closed-loop bandwidth for the 
PI+NRC configuration (830 Hz) significantly surpasses those achieved 
with the PI+Notch (153 Hz) and PI+PPF (274 Hz) configurations, re-
spectively. This result clearly indicates the capability to accurately track 
reference signals at frequencies exceeding the system’s resonance fre-
quency, whereas in alternative configurations, this capability is confined 
to a fraction of the system’s resonance frequency.

Furthermore, Fig. 28(b) presents the closed-loop frequency response 
𝑃𝑆𝑦𝑑 (𝑠), comparing the three cases. It is apparent that in the case in-
volving PI+Notch, the method does not succeed in suppressing the reso-
nance frequency, thereby highlighting its ineffectiveness in rejecting dis-
turbances around that frequency. The PI+PPF scenario performs com-
paratively well by providing a reasonable level of attenuation at the peak 
frequency. The PI+NRC scenario, in contrast, exhibits a flat response at 
that frequency, demonstrating its ability to completely dampen the res-
onance mode and reject disturbances around the resonance frequency. 
Nevertheless, this performance incurs a trade-off at lower frequencies, 
where the attenuation is reduced compared to the other two scenar-
ios. This phenomenon arises because, in this case, a very low integrator 
frequency 𝜔𝑖 is applied to optimize 𝜔𝑐 . As alluded to in the preceding 
sections, based on the system requirements and the frequency distribu-
tion of deterministic disturbances, this low-frequency performance can 
be traded off against peak attenuation at 𝜔𝑛 in 𝑃𝑆𝑦𝑑 (𝑠) to a significant 
extent. One possible approach would be to increase the integrator gain 
in the tracking controller or to employ an inversion-based feedforward 
controller to enhance sensitivity at low frequencies. The potential in-
tegration of disturbance observers in combination with damping con-
trollers could also be investigated; however, this lies beyond the scope 
of the present work.

5.7.  Reference tracking time-domain performance

The nanopositioning stage aims to accurately follow predefined tra-
jectories, typically periodic ones. Fig. 26 shows its ability to track refer-
ences up to dual closed-loop bandwidths in the frequency domain. This 
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Fig. 28. Experimental frequency response comparison of measured sensitivities: (a) 𝑇𝑦𝑟(𝑠), and (b) 𝑃𝑆𝑦𝑑 (𝑠), with benchmark methods.

Fig. 29. Reference tracking performance for sinusoidal inputs (a-c) and triangular inputs (d-f) at selected frequencies. Each subplot illustrates the reference signal 
( ), the measured output using PI+Notch control ( ), PI+PPF control ( ), and PI+NRC control ( ).

Table 1 
Comparison of tracking performance for different inputs and frequencies.

Frequency (Hz)
Sinusoidal Triangular

 PI + Notch  PI + PPF  PI + NRC  PI + Notch  PI + PPF  PI + NRC
𝑒max 𝑒rms 𝑒max 𝑒rms 𝑒max 𝑒rms 𝑒max 𝑒rms 𝑒max 𝑒rms 𝑒max 𝑒rms

 1  0.062  0.019  0.126  0.048  0.055  0.014  0.051  0.018  0.107  0.047  0.057  0.013
 2  0.062  0.022  0.107  0.041  0.060  0.014  0.057  0.021  0.094  0.039  0.055  0.013
 5  0.047  0.017  0.087  0.030  0.077  0.022  0.061  0.017  0.077  0.030  0.082  0.020
 10  0.047  0.018  0.033  0.008  0.084  0.035  0.076  0.019  0.040  0.008  0.102  0.030
 20  0.077  0.026  0.040  0.010  0.101  0.044  0.115  0.032  0.055  0.012  0.091  0.036
 50  0.164  0.089  0.064  0.029  0.091  0.035  0.198  0.086  0.098  0.032  0.077  0.026
 100  0.144  0.068  0.113  0.061  0.080  0.024  0.193  0.096  0.142  0.060  0.077  0.022
 200  0.697  0.459  0.187  0.106  0.104  0.024  0.838  0.400  0.347  0.126  0.150  0.040
 300  0.960  0.649  0.454  0.304  0.189  0.068  1.019  0.532  0.572  0.255  0.226  0.082
 400  1.077  0.729  0.590  0.395  0.252  0.091  1.121  0.605  0.728  0.341  0.202  0.082
 500  1.145  0.778  0.621  0.401  0.212  0.058  1.185  0.644  0.723  0.338  0.255  0.090
 600  1.189  0.813  0.572  0.347  0.369  0.148  1.204  0.665  0.704  0.307  0.325  0.129
 700  1.204  0.822  0.468  0.272  0.324  0.114  1.238  0.690  0.590  0.231  0.272  0.101
 800  1.155  0.788  0.748  0.470  0.475  0.245  1.199  0.660  0.899  0.432  0.535  0.229

section evaluates time-domain performance, with the system subjected 
to sinusoidal and triangular references, with frequencies spanning from 
1 to 800 Hz.

It is important to note that the phase lag increases with increas-
ing frequencies in the dual closed-loop system. Perfectly delayed track-
ing is often implemented in typical periodic scanning applications, pro-
vided the delay is well known. Thus, phase lags are removed using post-
processing techniques to reasonably represent the tracking performance. 

The known phase lag 𝜙𝑙 (in degrees) at the corresponding frequency 𝑓
(in Hz) is utilized to compute the resulting time delay 𝑡𝑑 , given by:

𝑡𝑑 =
𝜙𝑙

𝑓 ⋅ 360
. (55)

Subsequently, the shifted outputs 𝑦∗(𝑡) can be computed as follows:

𝑦∗(𝑡) = 𝑦(𝑡𝑖+𝑁𝑑
∶ 𝑡𝑁 ) for 𝑖 = [1, 𝑁] and 𝑖 ∈ ℤ. (56)
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In discrete time, phase lags are compensated by shifting 𝑁𝑑 =
⌊|𝑡𝑑 |∕𝑡𝑠⌉ samples, where 𝑡𝑠 is the sampling time, and ⌊⋅⌉ is the round 
function. Fig. 29 shows the phase-corrected system tracking response 
for amplitude references from 7.5 µm to 10 µm.

To assess the tracking performance, we consider two common in-
dices: the maximum tracking error (𝑒𝑚𝑎𝑥) and the root mean square 
tracking error (𝑒𝑟𝑚𝑠).
𝑒𝑚𝑎𝑥 = max

(

|

|

|

𝑦
(

𝑡𝑖
)

− 𝑟
(

𝑡𝑖
)

|

|

|

)

, (57)

𝑒𝑟𝑚𝑠 =

√

√

√

√
1
𝑁

𝑁
∑

𝑖=1

(

𝑦
(

𝑡𝑖
)

− 𝑟
(

𝑡𝑖
))2, (58)

where 𝑟(𝑡𝑖) and 𝑦(𝑡𝑖) represents the reference signal and output signal at 
discrete time step 𝑖, respectively, and 𝑁 is the total number of samples, 
with 𝑖 = 1, 2, 3,… , 𝑁 .

Table 1 illustrates the calculated tracking errors, facilitating a com-
parison between the two benchmark methods and the proposed NRC-
based method. The results indicate that the system achieves minimal er-
rors for reference signals up to 800 Hz in the proposed method, whereas 
alternative methods are only capable of accurate tracking within the 
limits of their respective closed-loop bandwidth frequencies. However, 
performance degrades for frequencies beyond this point, aligning with 
the drop in sensitivity gains as frequencies exceed the dual closed-loop 
bandwidth 𝜔𝑐 . It is important to note that these error magnitudes can 
vary depending on the actual tuning of all controller parameters, which 
are adjusted based on specific application requirements. The presented 
values indicate the system’s tracking capabilities up to 𝜔𝑐 .

6.  Conclusions

This paper introduces a novel Non-Minimum-Phase Resonant Con-
troller (NRC) tailored for active damping control in dual-closed-loop 
architectures, applied to piezo-actuated nanopositioning systems. The 
NRC leverages non-minimum-phase characteristics to achieve complete 
damping and the bifurcation of the double resonant poles of the primary 
resonance peak through a constant-gain design with a tunable phase, en-
suring robustness even under varying load conditions. In addition, the 
paper demonstrates the controller’s capability to dampen higher-order 
flexural modes. In alignment with the dual closed-loop shaping guide-
lines delineated in this paper, the proposed NRC can provide high gains 
at low frequencies within the inner loop, which, complemented by a 
standard PI tracking controller, facilitates the system to achieve high 
dual closed-loop bandwidths that potentially surpass the primary reso-
nance frequency. Furthermore, the NRC minimizes the impact of low-
frequency reference signals on real feedback errors and ensures robust 
disturbance rejection near the resonance frequency. Experimental re-
sults validate NRC performance, demonstrating dual closed-loop band-
widths of 830 Hz and 755 Hz (within ±3 dB and ±1 dB bounds, respec-
tively) that exceed the first resonance frequency at 710 Hz, even amidst 
significant system delay, a performance level unattainable with the 
benchmarked methods employed for comparison. These outcomes un-
derscore the potential of the NRC for high-performance, precise nanopo-
sitioning applications.
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