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A B S T R A C T

Finite element (FE) simulations of structures and materials are becoming increasingly accurate, but also more 

computationally expensive as a collateral result. This development occurs in parallel with a growing demand 

for data-driven design. To reconcile the two, a robust and data-efficient optimization method called Bayesian 

optimization (BO) has been previously established as a technique to optimize expensive objective functions. The 

mesh width of an FE model can be exploited to evaluate an objective at a lower or higher fidelity (cost & accuracy) 

level, which is the domain of multi-fidelity BO (MFBO) applications. However, BO and MFBO are usually not 

directly compared in the literature. Moreover, sampling quality and assessing design parameter sensitivity are 

often underrepresented parts of data-driven design. This paper combines global sensitivity analysis and (MF) BO 

into a novel, efficient Bayesian data-driven framework. We compare the performance of BO with that of MFBO 

by maximizing the energy absorption (EA) problem of spinodoid cellular structures. The findings show that 

similar or better designs are suggested by MFBO with 16% fewer expensive objective evaluations compared to 

BO when maximizing the EA. The results, which are made open-source, serve to support the utility of multi-fidelity 

techniques across expensive data-driven design problems.

1 . Introduction

Energy-absorbing structures, such as crumple zones, are essential in 

applications like vehicle safety, where their primary function is to con­

vert kinetic energy into plastic deformation to protect occupants. By 

minimizing the forces experienced during collisions, these structures 

play a crucial role in the crashworthiness of vehicles, a key consider­

ation in design and manufacturing. Traditionally, materials like steel 

and aluminum have been used in these applications. With advancements 

in 3D metal printing [1], this process of additive manufacturing allows 

for the creation of complex prototypes that enhance energy absorption 

efficiency. More recently, however, there has been a shift towards us­

ing advanced composite materials and architected metamaterials, such 

as cellular structures [2] and shell-based structures [3,4], that offer 

superior strength-to-weight ratios and improved energy absorption.

With the development of materials science, mechanical metamateri­

als have emerged as a promising solution for lightweight and efficient 

energy absorption (EA). Architected materials, including periodic struc­

tures like the aforementioned cellular solids, offer unique mechanical 

advantages but are often limited by stress concentrations that lead to 

premature failure. Innovations such as triply periodic minimal surfaces 

(TPMS) [5] introduce doubly curved, non-self-intersecting structures 

that distribute stress more evenly. However, while TPMS provides higher 

material stiffness, the aperiodic spinodoid metamaterials [6] are more 

robust against imperfections in fabrication.

Optimization of these complex energy-absorbing structures may re­

quire a strategic approach to balance multiple conflicting objectives, 

such as maximizing EA while minimizing peak forces (PF) experienced 

during impact. Conventional design methods often rely on trial-and-

error or topology optimization [7–9]. Meanwhile, topology optimization 

iteratively redistributes material within a design domain but can pro­

duce geometries with sharp angles and irregularities that complicate 

fabrication. With both of these traditional methods having major draw­

backs, data-driven design is a strong contender to address this type of 

optimization problem.

One of the cornerstones of the data-driven design process is design 

space sampling. Popular examples include grid sampling [10], uniform 

random sampling, and Latin hypercube sampling. While these meth­

ods have proven to be effective in some use cases, Sobol’ sampling has 

proven to be more effective in gaining insight when data is scarce due to 
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an expensive objective: by using Sobol’ samples, it is possible to perform 

variance-based sensitivity analysis of the objective with respect to the 

design parameters.

However, sampling alone is not sufficient to provide a robust ob­

jective optimization scheme. In literature, data-driven optimization 

approaches leverage machine learning models as surrogates for costly 

simulations. Among them, Bayesian optimization (BO) with Gaussian 

process regression has gained traction for optimizing meta-material 

structure designs with high computational cost [11–13], including spin­

odoid structures [14]. BO is a popular data-efficient objective optimiza­

tion methodology. It aims to leverage the proven regression capabilities 

of Bayesian machine learning methods to assess the likelihood of the op­

timum location. This leads to a delicate balance between exploring new 

regions of high uncertainty where the black box function may have a 

global (or at least a better local) optimum, and exploiting regions where 

an optimum is already expected to be present. The core of BO consists 

of first training a surrogate model on a set of training data, populated 

by evaluated design experiments, and subsequently optimizing a proxy 

belief model based on the surrogate regression model – also called an ac­

quisition function. The design that is found through this process is then 

evaluated and augmented to the original training data, after which the 

cycle starts anew. See Fig. 1 for a schematic overview of BO.

BO can be flexibly adapted to settings with data that adhere to 

particular input or output structures. Multi-fidelity BO (MFBO), which 

relies on surrogate models that handle the cost-accuracy trade-off be­

tween low- and high-fidelity data, allows for accelerated convergence by 

leveraging inexpensive approximations alongside selective high-fidelity 

evaluations. This approach enables more comprehensive exploration of 

the design space while maintaining the accuracy needed for realistic 

applications. Numerous successful mechanical engineering design op­

timizations have been performed by using MFBO. These cases include 

mathematical and physical phenomena with complex behavior, such 

as inverted pendulums [15], fractional advection-dispersion equations 

[16], haemodynamics [17], and non-linear state-space models [18]. 

Additionally, engineering design processes have been developed with 

MFBO, including the design of antennas [19], fixed-wing drones [20], 

helicopter blades [21], aerofoils [22–24], flip-chip packages [25], hori­

zontal road alignment [26], and analog circuits [27].

The multi-fidelity techniques have proven particularly useful when 

the objective functions are provided by finite element (FE) simulations, 

where the fidelity trade-off is intuitively encoded by the mesh size 

[28,29]. By incorporating elastic-plastic material behaviors into quasi-

static FE compression simulations, complex structural responses under 

compression can be captured. The positive track record of MFBO ap­

plications renders the EA optimization problem a suitable problem to 

tackle with a multi-fidelity optimization methodology.

This work aims to present an investigation into two gaps within the 

current practice of data-driven design optimization. Firstly, a notable 

lack in the literature exists with regard to an integrated Bayesian frame­

work to perform robust and efficient data-driven design. This is partly 

due to the under-explored role of design space sampling in sensitivity 

analysis. Secondly, to the authors’ knowledge, there is no precedent 

towards any direct comparisons between MFBO and its single-fidelity 

counterpart, especially in the context of applications to solve expen­

sive engineering problems. The core motivation to present such a direct 

comparison is the authors’ belief that it is possible to make savings in 

computational expense made by single-fidelity BO by exploiting trans­

fer learning in the multi-fidelity setting. Achieving this will underscore 

the potential of using MFBO as a key contender to perform robust and 

efficient data-driven design.

In order to address both issues, this paper introduces a novel 

two-stage approach: first, Saltelli sampling is used to perform global, 

variance-based sensitivity analysis of the EA objective across two fidelity 

levels. This offers key insight into the importance of each design param­

eter with respect to the objective. Subsequently, both BO and MFBO are 

applied to optimize spinodoid topologies for EA, enabling a rigorous, 

side-by-side evaluation of optimization performance.

Our work combines Sobol’ sensitivity analysis (Section 2.1) and 

Bayesian optimization (Section 2.2) into one Bayesian data-driven 

framework. See Fig. 2 for a schematic overview of the framework.

Remark that the individual parts of the Bayesian framework have 

previously been described and applied in literature, while the framework 

as a whole is a novel development to promote robust and efficient data-

driven design practice. Another novel element of this framework is the 

reuse of the Saltelli samples as the initial DoE for (MF)BO, removing 

additional computational expense to sample such a DoE separately.

Fig. 1. Flowchart diagram of BO.

Fig. 2. Flowchart diagram of the Bayesian data-driven framework, which includes BO (Fig. 1).
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This study is among the first to demonstrate the practical benefits 

and trade-offs of MFBO in complex, physics-driven design spaces, as 

an alternative to single-fidelity BO. To support transparency and repro­

ducibility, all code and data are made openly available via GitHub. The 

manuscript concludes with a critical analysis of MFBO’s applicability to 

safety-critical materials design, outlining future directions for advancing 

multi-fidelity optimization strategies.

2 . Data-driven methodology

2.1 . Sobol’ sensitivity analysis

Let 𝑓 ∶ [0, 1]𝐷 → R be an objective function of the design parameters 

𝑥1, 𝑥2,… , 𝑥𝐷. Our final goal is to find a global optimum (maximum) of 

𝑓  on the scaled design space, which is the unit cube. This can be written 

as:

Maximize 𝑓 (𝑥)

Subject to 0 ≤ 𝑥𝑖 ≤ 1, 𝑖 = 1,… , 𝐷
(1)

To gain an initial insight into the response of 𝑓  across the (scaled) design 

space, it is essential to know how much 𝑓  varies by perturbing the design 

parameters. This is precisely the goal of sensitivity analysis, which is a 

common technique used in practice when phenomena involving expen­

sive or scarce data are concerned, such as hydrology [30] and financial 

decision-making [31]. Indeed, a review of various methods and applica­

tions identifies sensitivity analysis as part of the best practices to ensure 

modeling quality in general [32].

Originally introduced by Sobol’ [33], the Sobol’ sensitivity anal­

ysis (SSA) approach treats the objective and design parameters 

𝑓 (𝑋1,… , 𝑋𝐷) = 𝑌  as fully stochastic, with 𝑋1,…𝑋𝐷, 𝑌  being modeled 

as random variables. Next, let 𝐼 = {𝑖1,… , 𝑖𝑑} ⊂ {1,… , 𝐷} be a subset 

of size 𝑑, also called a 𝑑-set. Define X𝐼 ∶= (𝑋𝑖1 ,… , 𝑋𝑖𝑑 )
⊤. By the law of 

total variance,

Var(𝑌 ) = E(Var(𝑌 |X𝐼 )) + Var(E(𝑌 |X𝐼 )), (2)

which splits the total, unconditional variance of the dependent variable 

𝑌  into its unexplained and explained components with respect to the 

selected design parameters according to the indices in 𝐼 .

By dividing the explained variance component Var(E(𝑌 |X𝐼 )) by the 

total variance of 𝑌 , one obtains a normalized variance metric, also called 

the Sobol’ sensitivity index [34,35] with respect to X𝐼 :

𝑆𝐼 ∶=
Var(E(𝑌 |X𝐼 ))

Var(𝑌 )
. (3)

The special univariate case where 𝐼 = {𝑖} for some 𝑖 ∈ {1,… , 𝐷},

𝑆𝑖 ∶=
Var(E(𝑌 |𝑋𝑖))

Var(𝑌 )
, (4)

is called the first-order sensitivity index with respect to the design 

parameter 𝑋𝑖, and it is of particular interest.

Dual to the first order index 𝑆𝑖 is the concept of total effect index with 

respect to 𝑋𝑖, defined as the ratio between the unexplained variance of 

all design variables except 𝑋𝑖, and the total variance:

𝑆𝑇𝑖 ∶=
E(Var(𝑌 |X∼𝑖))

Var(𝑌 )
= 1 −

Var(E(𝑌 |X∼𝑖))
Var(𝑌 )

, (5)

where ∼ 𝑖 ∶= {1,… , 𝐷}∖{𝑖}.
Calculating the required statistical moments for 𝑆𝑖 and 𝑆𝑇𝑖  generally 

implies the calculation of multiple intractable integrals, and is therefore 

almost always approximated in literature. Several established methods 

exist to calculate 𝑆𝑖 and 𝑆𝑇𝑖 , for example, by using Gaussian quadrature 

in the context of Gaussian process regression [36]. This method uses 

Latin hypercube sampling to approximate the integrals needed to cal­

culate the statistical moments corresponding to the sensitivity indices. 

However, a more commonly used approximation to evaluate the expres­

sions in Eqs. (4) and (5) is given by Saltelli et al. [37], as briefly described 

in Appendix A. Importantly, Saltelli samples are quasi-random in nature. 

This means that they can be appended in a space-filling fashion without 

the risk of clustering, which is a potential issue when building accu­

rate surrogate models. An existing open-source implementation of SSA 

with Saltelli samples in Python called SALib [38] is used throughout the 

manuscript.

2.2 . Single- and multi-fidelity Bayesian optimization

The core of Bayesian optimization is to solve the optimization prob­

lem posed in Eq. (1) by transforming a surrogate model into knowledge 

about a candidate design that is believed to evaluate to a better objective 

value. The most popular type of surrogate model is a Gaussian pro­

cess regression model [39], which gives rise to a regression-predictive 

normal distribution with probability density function 𝜙̂(𝑖) at Bayesian 

optimization iteration 𝑖. A more detailed exposition can be found in 

Appendix B.

It is possible to shape the information that 𝜙̂(𝑖) provides into a de­

sign selection policy that suggests a candidate x(𝑖) ∈ [0, 1]𝐷 for objective 

evaluation. In short, this is achieved by means of a so-called acquisition 

function or infill function 𝛼 ∶ [0, 1]𝐷 → R, which intuitively assigns a 

measure of belief 𝛼(x; 𝜙̂(𝑖)) to the design x ∈ [0, 1]𝐷 that 𝑓 (x) can achieve 

a better optimum than 𝑓 (z) for any design row z⊤ in X(𝑖−1).

As 𝛼 expresses a level of belief across the design parameter space, 

design selection takes place by locating such x ∈ [0, 1]𝐷 at which 𝛼 is 

maximized: see Eq. (6). 

x(𝑖) ∶= argmaxx∈[0,1]𝐷𝛼(x; 𝜙̂
(𝑖)) (6)

Popular examples of acquisition functions 𝛼 are the expected improve­

ment (EI) acquisition [40] and the upper/lower confidence bound (UCB) 

acquisition [41]. See Eqs. (7) and (8) respectively.

𝛼EI(x; 𝜙̂(𝑖)) ∶= 𝜎̂(𝑖)(x)(𝑧(𝑖)(x)Φ̂(𝑧(𝑖)(x)) + 𝜙̂(𝑧(𝑖)(x))) (7)

𝛼UCB(x; 𝜙̂(𝑖), 𝛽) ∶= 𝜇̂(𝑖)(x) + 𝛽𝜎̂(𝑖)(x) (8)

In the UCB acquisition function, 𝛽 is a hyperparameter, usually set 

to 2 to refer to a 95% confidence interval.

In practice, a logarithmic variant of the EI acquisition function 

(LogEI) is used due to numerical stability during optimization [42]. The 

derivations and intuition behind these formulations can be referred to 

in Refs. [43,44].

The BO schematic introduced in Fig. 1 is summarized in Algorithm 1 

when GPR is used as a surrogate modeling methodology.

In step 8 of Algorithm 1, the Rec function returns the recommended 

design-objective pair that is found throughout the optimization process. 

This corresponds to the design that achieves the optimized objective 

throughout all of the iterations.

The goal of (single-fidelity) Bayesian optimization is to optimize an 

objective function 𝑓 . When there are 𝑀  objectives 𝑓1,… , 𝑓𝑀 , ordered in 

Algorithm 1 Bayesian optimization with Gaussian process regression 

(BO).

Require: Design of training experiments D(0), covariance function 𝜅, 

acquisition function 𝛼, number of iterations 𝐼
1: for 𝑖 = 1,… , 𝐼  do
2:  𝜽̂(𝑖)

MLE ← argmin𝜽∈T𝜅 ln(det(K𝜽(X(𝑖−1)))) + y(𝑖−1)⊤K−1
𝜽 (X(𝑖−1))y(𝑖−1)

3:  𝜙̂(𝑖) ← 𝜽̂(𝑖)
MLE

4:  x(𝑖) ← argmaxx∈[0,1]𝐷 𝛼(x; 𝜙̂(𝑖))
5:  𝑦(𝑖) ← 𝑓 (x(𝑖))
6:  D(𝑖) ← (D(𝑖−1) , (x(𝑖)⊤ , 𝑦(𝑖)))⊤

7: end for

8: (xrec , 𝑦rec) ← Rec(D(𝐼))
9: return (xrec , 𝑦rec)
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increasing levels of fidelity, the commonly assumed goal is to optimize 

only 𝑓𝑀  [45–48]. In particular, the interest does not lie with optimizing 

𝑓1,… , 𝑓𝑀−1, and data acquired from any of these 𝑀−1 objectives merely 

serve an auxiliary purpose to transfer knowledge to fidelity level 𝑀 . 

This draws an important distinction between multi-output BO (MOBO) 

and BO that utilizes MOGP regression models, which is called multi-

fidelity Bayesian optimization (MFBO): while MOBO tries to optimize 

the various objective functions simultaneously [49–51], MFBO leverages 

the knowledge transfer facilitated by MOGPR to optimize 𝑓𝑀 , and is the 

focal point of this manuscript. In particular, multi-task Gaussian process 

regression is used as the MOGPR method of choice. More details can be 

found in Appendix B.

In the context of multi-fidelity Bayesian optimization, it is important 

to address the literature surrounding acquisition functions capable of 

handling multi-fidelity data sets. A large class of acquisition functions 

involves the arithmetic combination of functions that pertain to various 

factors involving the design space and/or the fidelity space. In partic­

ular, ideas from single-fidelity acquisition functions get exploited and 

augmented to handle multiple levels of fidelity. This is similar to how 

constrained EI [52] or local penalization of generic acquisitions [53] is 

constructed in the single-fidelity scenario.

An example of a multiplicative acquisition is an augmented ver­

sion of the EI acquisition function based on multi-fidelity sequential 

kriging optimization [54], also called variable-fidelity EI (VF-EI). It 

is possible to modify VF-EI by using the logarithmic EI acquisition 

function instead [42], giving rise to VF-LogEI. This multi-fidelity acqui­

sition function multiplies the EI function applied to the highest fidelity, 

with fidelity-dependent parameters such as the ratio of computational 

cost and correlation between the highest fidelity and the fidelity in 

question. Other similar multi-fidelity acquisition functions built on top 

of single-fidelity improvement-based acquisitions include extended ex­

pected improvement [55], variable-fidelity probability of improvement 

(VF-PI) [56], and variable-fidelity upper confidence bound (VF-UCB) 

[47]. For this manuscript, the main focus will be on the VF-(Log)EI and 

VF-UCB. See Eqs. (9) and (10).

𝛼VF-LogEI(x, 𝑚; 𝜙̂(𝑖)) ∶= 𝛼LogEI(x; 𝜙̂(𝑖)
𝑚 ) ⋅ CR(𝑚) ⋅ 𝜌(𝑚); (9)

𝛼VF-UCB(x, 𝑚; 𝜙̂(𝑖)) ∶= 𝜔1 ⋅ 𝜇̂
(𝑖)
𝑚 (x) + 𝜔2 ⋅ 𝜎̂

(𝑖)
𝑚 (x) ⋅ CR(𝑚). (10)

Here, CR(𝑚) stands for the cost ratio, i.e., the ratio of (computational) ex­

pense of one evaluation of 𝑓𝑚 compared to one evaluation of 𝑓𝑀 , and 𝜙̂(𝑖)
𝑚

is the 𝑚-th fidelity regressive-predictive normal distribution at iteration 

𝑖 with mean 𝜇̂(𝑖)
𝑚  and standard deviation 𝜎̂(𝑖)𝑚  (Eq. (B.24)). Furthermore, 

in the case of 𝑀 = 2, 𝜌(𝑚 = 1) is the Pearson correlation coefficient 

between the low- and high-fidelity objectives, otherwise 𝜌(𝑚 = 2) = 1. 

Finally, in the case of VF-UCB, 𝜔1, 𝜔2 are weights that depend on the co­

efficients of variation related to 𝑓𝑚 throughout the entire design space. 

The weights 𝜔1 and 𝜔2 are given by

𝜔1 ∶=
𝑐1

𝑐1 + 𝑐2
, 𝜔2 ∶=

𝑐2
𝑐1 + 𝑐2

, (11)

with

𝑐1 ∶=

(

∫[0,1]𝐷 𝜇̂2
𝑀 (x)d𝑥 −

(

∫[0,1]𝐷 𝜇̂𝑀 (x)d𝑥
)2

)1∕2

∫[0,1]𝐷 𝜇̂𝑀 (x)d𝑥
(12)

𝑐2 ∶=

(

∫[0,1]𝐷 𝜎̂2𝑀 (x)d𝑥 −
(

∫[0,1]𝐷 𝜎̂𝑀 (x)d𝑥
)2

)1∕2

∫[0,1]𝐷 𝜎̂𝑀 (x)d𝑥
(13)

as the coefficients of variation of the posterior (or regressive-predictive) 

mean and standard deviation, respectively. These can be approximated 

numerically by means of sampling the design space.

The Bayesian optimization algorithm in the multi-fidelity scenario is 

largely similar to Algorithm 1, and is presented in Algorithm 2.

Algorithm 2 Bayesian optimization with MFGPR (MFBO).

Require: Design of train experiments D(0), covariance function K, 

model parameter vector domain T , acquisition function 𝛼, number 

of iterations 𝐼 , cost function 𝑐, budget 𝐵
1: 𝑏 ← 0
2: for 𝑖 = 1,… , 𝐼  do

3:  if 𝑏 > 𝐵 then

4:  break

5:  end if
6:  𝜽̂(𝑖)

MLE ← argmin𝜽∈T ln(det(K𝜽(X
(𝑖−1)))) + y(𝑖−1)⊤K−1

𝜽 (X (𝑖−1))y(𝑖−1)

7:  𝜙̂(𝑖) ← 𝜽̂(𝑖)
MLE

8:  (x(𝑖)⊤ , 𝑚(𝑖)) ← argmaxx∈[0,1]𝐷 ,𝑚∈{1,…,𝑀}𝛼(x, 𝑚; 𝜙̂(𝑖))
9:  𝑦(𝑖) ← 𝑓𝑚(𝑖) (x(𝑖))

10:  𝑏 ← 𝑏 + 𝑐(𝑚(𝑖))
11:  if 𝑚 = 𝑚(𝑖) then

12:  D(𝑖)
𝑚 ← (D(𝑖−1)

𝑚 , (x(𝑖)⊤ , 𝑦(𝑖)))⊤

13:  else

14:  D(𝑖)
𝑚 ← D(𝑖−1)

𝑚
15:  end if

16: end for

17: (xrec , 𝑦rec) ← Rec(D(𝐼))
18: return (xrec , 𝑦rec)

Table 1 

Design parameters for the 4D EA optimization problem.

Design parameter Lower bound Upper bound

𝜌 0.3 0.6

𝜃1 0◦ 90◦

𝜃2 0◦ 90◦

𝜃3 0◦ 90◦

One main difference between single- and multi-fidelity BO is the aug­

mentation of the data set at each fidelity, showcased by steps 11–15. 

If fidelity 𝑚 is selected to represent the fidelity level to sample at for 

iteration 𝑖, only D(𝑖)
𝑚  is updated, while all the data sets at the other 

fidelities remain unchanged. Similar to single-fidelity BO, the multi-

fidelity counterpart has a recommendation function that depends on the 

final multi-fidelity data set after the final iteration 𝐼 . This recommender 

returns the largest value among {𝑓𝑀 (x∗1), 𝑓𝑀 (x∗2),… , 𝑓𝑀 (x∗𝑀 )} and the 

corresponding design parameter vector, where x∗𝑚 is the incumbent 

maximizer of 𝑓𝑚 after iteration 𝐼 .

3 . Problem description and data analysis

3.1 . Finite element analysis and objective description

To optimize the energy absorption objective of the spinodoid struc­

ture according to the data-driven framework in Fig. 2, four relevant 

design parameters have been identified, along with their domains. See 

Table 1 for an overview.

From a physical point of view, 𝜌 represents the relative density of 

the structure as a material-to-air ratio, and the cone angles 𝜃1, 𝜃2, 𝜃3 give 

rise to the configuration of the structure itself [57,58]. See Fig. 3 for an 

illustration.1

Varying the values of 𝜃1, 𝜃2, 𝜃3 will lead to different material struc­

tures and interconnections. Some example structures are visualized in 

Fig. 4.

As can be observed from Fig. 4, different sets of angular param­

eters can yield qualitatively distinct structures, especially when the 

cone angles are at or near 0◦. A small 𝜃3, for example, yields a 

columnar structure, which represents an interconnected network of 

pillars (Fig. 4(a)), while small values of 𝜃1 and 𝜃2 yield a lamel­

lar material configuration, consisting of connected layers (Fig. 4(d)). 

1 It should be noted that the depicted structure serves as a visual aid and 

the values of 𝜌 are kept constant throughout the structure for any data-related 

results.
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Fig. 3. Spindoid structure with varying levels of 𝜌 ∈ [0.3, 0.6], increasing from left to right, for fixed values 𝜃1 = 90◦, 𝜃2 = 0◦ and 𝜃3 = 0◦.

Fig. 4. Spinodoid structures with 𝜌 = 0.3. Each caption includes the class name of the structure and the 𝜃-angles that yield the structure.

In the extreme case where 𝜃3 is near the maximum value, the spinodoid 

structure becomes cubic in nature (Fig. 4(b)), while equal cone angles 

yield a more isotropic material configuration (Fig. 4(c)).

The spinodal structures, generated by means of a MATLAB script, are 

subjected to one-dimensional compressive loading simulations. These 

simulations are handled by the ABAQUS Explicit FE solver with tetra­

hedral (C3D4) elements. The simulation setup includes two rigid plates. 

One plate, acting as a loader, moves until a maximum strain of 50% 

is achieved, while the other serves as a stationary anvil. In addition, 

general contact is defined to simulate interactions between the plates 

and the structure as well as self-contact, enabling densification and 

preventing self-interaction during deformation. The constitutive model, 

which underlies the FE model, relating the Young’s moduli, Poisson’s 

ratios, and shear moduli, has been used before in literature. In prac­

tice, fused deposition modeling (FDM) is used to fabricate the structure. 

This type of additive manufacturing induces directional dependency into 

the material as the layers are printed. To capture this anisotropy, an or­

thotropic model is used, which allows the definition of Young’s modulus 

along the printing (longitudinal) direction, as well as in the transverse 

direction. To capture the effect of plasticity, the Hill anisotropic crite­

ria are used to determine the onset of plastic yielding. A comprehensive 

description is beyond the scope of this manuscript and can be found in 

the work by Kansara et al. [59].

As the compressive loading simulation is performed, a force 𝑃  is ap­

plied across a displacement 𝑥 until a threshold 𝛿max is achieved. From 

this, a force-displacement behavior 𝑃 (𝑥) can be observed. The relevant 

data-driven objective related to the scope of this problem is the nor­

malized energy absorption value, which equals the integral of the force 

across the continuous displacement variable, divided by the EA value 

obtained from a cube made out of solid material with relative density 𝜌, 
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denoted as EA𝑠. 

EA = 1
EA𝑠 ∫

𝛿max

0
𝑃 (𝑥)d𝑥. (14)

It has been experimentally observed that the amount of energy 

that the spinodoid material can absorb behaves non-trivially as a func­

tion of the 𝜃-values [59]. For example, EA reaches a local maximum 

when 𝜃1 and 𝜃2 are around 45◦, given 𝜃3 = 15◦. The spinodoid 

structure’s energy absorption is therefore a suitable objective func­

tion 𝑓  to consider as the target of an optimization (maximization)

problem.

3.2 . 4D data

The starting point of this data-driven analysis is the sampling of ob­

jective data. The sampling is performed such that it is compatible with 

performing SSA.

Naturally, the computational cost depends on the mesh resolution 

at which the spinodoid structure is generated; it is expected that the 

fine mesh (Fig. 5(b)) simulations will take longer than the coarse mesh 

(Fig. 5(a)) simulations. The mesh resolution is a dimensionless number 

that is used directly in the FE solver, where higher numbers indicate finer 

meshes. For this application, a bi-fidelity scenario is assumed, where 

the low-fidelity model corresponds to a mesh resolution of 20, and the 

high-fidelity one has a resolution of 30.

It should be noted that the simulation cost depends on the design 

parameters. To empirically estimate how much the computational cost 

differs between the objectives at the two fidelity levels, sets of Saltelli 

samples are used to generate a statistic of computational run times, pre­

sented in Fig. 6. For the high-fidelity objective, 96 design samples are 

used, whereas the low-fidelity objective is evaluated on the same de­

sign samples, along with an additional 288 samples, for a total of 386 

samples.

Fig. 6 shows that the outliers in both fidelity cases are all located 

above the upper whisker. This underlines the high computational costs 

associated with simulating the loading experiment. Given the long sim­

ulation times compared to the duration of a BO iteration with the same 

computational power, it makes sense to consider Bayesian data-driven 

techniques to optimize the spinodal structural design for its energy 

absorption.

Fig. 5. Spinodal structure meshes at two different mesh resolutions for fixed values 𝜌 = 0.3, 𝜃1 = 15◦, 𝜃2 = 15◦, and 𝜃3 = 0◦. The coarse mesh represents the low-fidelity 

model, while the fine mesh is considered high-fidelity. Intuitively, a low value for 𝜃3 arranges the structure into columns aligned in the loading direction.

Fig. 6. Box plots of the distribution of simulation times for mesh resolution 20 (left) and 30 (right). The median simulation time when the coarser mesh is applied is 

251 s, much lower than the median simulation time of the high-fidelity samples (2300 s). In each box plot, the blank dots correspond to the outliers, which do not 

fall within the 1.5-interquartile range with respect to the median.
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Our data-driven workflow continues with SSA based on the previ­

ously obtained samples. It should be noted that the dimensionality of 

the design space (four) is low. Nonetheless, performing SSA is of vital 

importance because the relative density of the material 𝜌 is a design pa­

rameter. Due to mass scaling effects [60] in finite element analysis, a 

significant reduction in computational time can be achieved. Combined 

with the fact that 𝜌 can affect the energy absorption capabilities of the 

spinodoid structure, it is relevant to quantify the sensitivity of the objec­

tive towards this design parameter, also in comparison with the angular 

design parameters 𝜃1, 𝜃2, 𝜃3.
To perform SSA thoroughly, sufficient samples are needed. To as­

certain that this condition is met, the Saltelli samples are cumulatively 

applied to the analysis, giving rise to the sensitivity index convergence 

plot shown in Fig. 7.

It can be concluded from Fig. 7 that the sensitivity indices are stabi­

lizing when more than 150 design samples are utilized. The sensitivity of 

both low- and high-fidelity EA objectives with respect to 𝜌 is approach­

ing 1, while the 𝑆𝑖 and 𝑆𝑇𝑖  values of 𝜃1, 𝜃2, 𝜃3 approach 0. This means 

that the material’s energy absorption is highly dependent on its relative 

density, especially compared to the geometric parameters.

3.3 . 3D data

Given the findings related to the 4D design space SSA shown in 

Fig. 7, the angular design parameters do not clearly affect the objec­

tive. Therefore, the next step is to select a fixed value for 𝜌 to observe 

the residual variance-based sensitivity among 𝜃1, 𝜃2, 𝜃3. From a physics-

driven perspective and previously established numerical experiments 

[59], BO will quickly converge to designs with a value of 𝜌 = 0.6, due to 

those allowing for high values of energy absorption. This is confirmed 

by additional data analysis in Fig. C.15. However, a higher value for 

𝜌 corresponds to computationally more expensive FE simulations due 

to mass scaling. For this study, therefore, the value 𝜌 = 0.3 is chosen. 

After sampling the reduced 3D design space, it was found that the me­

dian high-fidelity simulation time equals 780 s, while the low-fidelity 

simulations take 150 s on average. This allows for the faster procure­

ment of data-driven results, while acknowledging that the optimization 

of 𝜌 is trivial.

The fixture of 𝜌 reduces the 4D optimization problem to one with a 

3D design space. This new design space is treated with the same sensi­

tivity index convergence analysis method that gave rise to Fig. 7 in the 

4D scenario. Due to the perceived lack of sensitivity of EA with respect 

to 𝜃1, 𝜃2, 𝜃3 from Fig. 7, even more samples are expected to be required 

to achieve stabilizing sensitivity indices. The resulting observations are 

shown in Fig. 8.

From Fig. 8, it can be seen that the angular design parameters that 

give rise to the spinodal structure are all approximately equally sensi­

tive towards energy absorption. Moreover, it is noted that the sensitivity 

indices take longer to stabilize. With both mesh resolutions, the indices 

only stabilize when more than 400 design samples are used, a significant 

increase compared to the 150 needed for the case with the 4D design 

space. This indicates the difficulty for the SSA procedure in determining 

the sensitivity indices due to less structure in the overall data.

Furthermore, for the sake of applying the VF-EI acquisition function 

(Eq. (9)) during MFBO, it is of interest to investigate the global level of 

correlation between the low- and high-fidelity data points. In order to 

ensure the absence of any bias, this inter-fidelity correlation is calculated 

once, before the optimization procedure. See Fig. 9.

As is visible from Fig. 9, a cluster of designs with low-fidelity EA 

values at around 0.018 exists due to a numerical artifact resulting from 

the FE meshing procedure, resulting in the same EA value for a range 

of different 𝜃-values. This cluster was removed before the correlation 

coefficient was calculated. Furthermore, a moderate level of (linear) cor­

relation between the low- and high-fidelity objectives can be observed. 

This motivates the application of multi-fidelity Bayesian techniques, due 

to the transfer learning potential from the low- to high-fidelity levels. 

The high computational cost, in addition to the observed non-triviality of 

the EA objective landscape with respect to the angular design parameter, 

makes the reduced three-dimensional problem interesting for Bayesian 

optimization.

Fig. 7. First (S1) and total (ST) order Sobol’ sensitivity indices and corresponding bootstrapped confidence interval per design parameter as a function of the number 

of Saltelli designs.
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Fig. 8. First (S1) and total (ST) order Sobol’ sensitivity indices of the 3D EA objective (fixed 𝜌 = 0.3), and corresponding bootstrapped confidence interval per 

design parameter as a function of the number of Saltelli designs. The discrepancy between the first and total-order indices for all design parameters indicates that 

higher-order joint effects are statistically significant with respect to varying the objective.

Fig. 9. Low- and high-fidelity EA values at the coincident 3D Saltelli design samples used in Fig. 8. The correlation coefficient between the two sets of data points is 

approximately 0.68.

4 . Optimization results

BO (Algorithm 1) and MFBO (Algorithm 2) are applied to optimize 

the reduced, 3D spinodoid material design. A total of four combina­

tions of (base) covariance functions (Matérn kernel, RBF kernel) and 

(single- or multi-fidelity) acquisition functions (Logarithmic EI, UCB) 

are applied to maximize the normalized (high-fidelity) EA. The Adam 

optimizer shall be used with 10 random restarts to resolve the inner 

optimization loops, i.e., the numerical optimization of the likelihood as 

well as optimization of the acquisition function. All design parameter 

and objective data are assumed to be normalized to conform to the zero 

mean assumption of any (MF) GPR model.

It should be noted that the selection of these hyperparameters is 

not, by any means, based on the recommendations of any hyperparame­

ter optimization scheme. This reasoning stems from the primary nature 

of the comparison between BO and MFBO: similar kernel and acquisi­

tion types are used throughout the optimization experiment runs, so the 

single- and multi-fidelity optimization schemes are being compared on 

an equal footing.

Furthermore, the stopping criterion of (MF)BO as described in 

Algorithms 1 and 2, is solely based on a budget of high-fidelity equiv­

alents. It is possible to define a stopping criterion that is based on 

the convergence of the incumbent optimum objective value. However, 

the focus of our work is placed on the comparison between single- 

and multi-fidelity optimization methods in a real-world, high-cost, and 

budget-constrained scenario. Furthermore, since the optimized value 

of the EA objective is unknown, it is infeasible to assess at which 

level this convergence threshold should be located. Hence, no explicit 

convergence criterion was used throughout the optimization runs.
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For this experiment, the computational expenditure for the initial 

DoE D(0) is equivalent to 160 high-fidelity evaluations, while the opti­

mization budget is 𝐼 = 50 high-fidelity equivalents. The samples that 

populate this DoE are reused from the 3D sensitivity index convergence 

analysis performed in Fig. 8 of Section 3.3. The optimization histories 

are shown in Fig. 10.

Fig. 10 shows the expended cost on the horizontal axis per 

unit of time needed to perform one high-fidelity FE simulation. 

While this unit is not a constant value, as Fig. 6 shows, an 

average (median) wall-clock simulation time of 2300 s can be

assumed.

As explained in Section 3, it is possible to exploit the cost-accuracy 

trade-off that naturally arises with mesh resolution when FE simula­

tions are concerned. This corresponds to a small low-to-high fidelity 

cost ratio of 0.19, which is obtained by dividing the average sim­

ulation time of a low-fidelity (150 s) and a high-fidelity simulation 

(780 s). It is therefore sensible to use multi-fidelity Bayesian opti­

mization (Algorithm 2) for solving the energy absorption maximization

problem.

The goal of this numerical experiment is to compare BO to MFBO, 

so a total computational cost equivalent to 160 high-fidelity evaluations 

is spent on the initial DoE D(0). Eighty samples are inherited from high-

fidelity Saltelli designs used in the initial DoE D(0) of the single-fidelity 

BO scenario. Four hundred samples are reused from the previously ob­

tained Saltelli samples that resulted in the low-fidelity EA sensitivity 

analysis of Fig. 8. The same optimization budget 𝐵 of 50 high-fidelity 

evaluation equivalents is used, compared to the single-fidelity BO experi­

ment in Fig. 10. Lastly, since 𝐵 is in units of high-fidelity evaluations, the 

cost function 𝑐 and the cost ratio CR are equal: i.e., 𝑐 (𝑚 = 1) = 0.19 and 

𝑐 (𝑚 = 2) = 1. The multi-task Bayesian optimization (MTBO) objective 

histories are shown in Fig. 11.

Resolving the likelihood optimization problem to train each MTGPR 

at every MTBO iteration took, on average, 10 wall-clock seconds. This 

is insignificant compared to the expensive FE simulations, even in the 

low-fidelity scenario.

The resulting optimized designs by the BO and MFBO runs after the 

computational budget was expended are reported in Table 2.

Fig. 10. Several standard BO histories (colored dots) and each cumulative maximum (colored dashed line). The black dots correspond to the common initial DoE, 

whereas the vertical thick red dashed line indicates the cost value at which BO was initiated. The optimization was allowed to run for a computational cost equivalent 

to 50 high-fidelity evaluations.

Fig. 11. Several EA optimization histories with multi-task Bayesian optimization. The solid dots indicate high-fidelity data points, while the faded dots correspond to 

low-fidelity data. The evaluated EA value is plotted across the expended computational cost in units of high-fidelity data points. The black dots represent the initial 

high-fidelity data, shared across all BO runs.
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Table 2 

Optima to the 3D EA optimization problem found by various single- 

and multi-fidelity BO configurations. The best single- and multi-

fidelity designs are indicated in boldface.

Acquisition Kernel Optimized values

𝜃1 𝜃2 𝜃3 EA (normalized)

𝛼LogEI 𝜅Mat 46.6◦ 56.5◦ 10.0◦ 0.038139

𝜅RBF 41.7◦ 56.7◦ 0.0◦ 0.037146

𝛼UCB 𝜅Mat 36.8◦ 62.9◦ 0.0◦ 0.037123

𝜅RBF 𝟑𝟕.𝟔◦ 𝟔𝟏.𝟕◦ 𝟎.𝟎◦ 0.039517

𝛼VF-LogEI 𝜅Mat 44.1◦ 46.2◦ 8.9◦ 0.040766

𝜅RBF 𝟒𝟒.𝟒◦ 𝟒𝟑.𝟗◦ 𝟐.𝟒◦ 0.044007

𝛼VF-UCB 𝜅Mat 41.6◦ 50.2◦ 3.9◦ 0.040872

𝜅RBF 44.2◦ 45.2◦ 6.0◦ 0.038878

From Table 2, it can be seen that the values that multi-task BO 

recommends are generally better than the single-fidelity BO counter­

parts. Importantly, it can be seen that there is an 11% overall increase 

in the optimally located normalized EA value across all kernels and 

acquisitions, while there is an average 8.6% increase among methods 

with the same covariance and acquisition function types. This latter fact 

can likely be attributed to the knowledge transfer that occurs from low- 

to high-fidelity. Barring the possibility that this improvement falls within 

the numerical uncertainty due to the FE simulation procedure, this is 

supported by the substantial correlation between the low- and high-

fidelity data, as noted from Fig. 9. Moreover, it should be noted that 

three out of four values in Table 2 resemble columnar structures, with 

optimal values of 𝜃3 = 0◦. This stands in contrast to the slightly higher 

values of 𝜃3 found by all of the multi-task Bayesian optimizers (2◦ ∼ 9◦). 
These values for 𝜃3 could be indicative of some degree of horizontal 

reinforcement between the column-like structures. These structures are 

bending-dominated structures, which are known to be more compliant 

and dissipate energy more evenly in the loading direction [61]. In partic­

ular, the horizontally reinforced structure will buckle in a progressive, 

sequential manner. This is a desirable property for energy absorption, 

compared to the other spinodoid structure classes (such as a lamel­

lar configuration) that exhibit strong deformations under similar load

paths.

The previously presented results show a benefit in the energy absorp­

tion when MFBO is applied. To investigate whether the multi-fidelity 

optimization method converges faster than its single-fidelity counter­

part, Fig. 12 shows a direct comparison between the histories of the 

best-performing BO algorithm and the best-performing MFBO algorithm.

Fig. 12 encapsulates the main motivation to use MFBO over BO. It 

takes 46 high-fidelity cost units for the best-performing BO scheme to 

achieve (negligible) improvement in the EA value with respect to the 

initial data. However, the best-performing MTBO scheme can suggest a 

similar (or superior) design within 5 cost units. Moreover, it can suggest 

four more designs with a better EA value within the subsequent 30 units 

of cost. On average, MFBO achieves these design parameters after 33 

cost units, while it takes BO to reach its top five design recommenda­

tions after 41 cost units. This corresponds to a difference of 8 cost units 

on a budget of 50, i.e., an efficiency gain of 16%. In summary, MFBO 

Fig. 12. The EA-optimal spinodoid structures and 𝜃-values (Tables 2) found by the best-performing BO (top right) and the best MTBO (top left) schemes, superimposed 

with the optimization histories. Low-fidelity EA evaluations during the MTBO run are indicated with the smaller orange dots.
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can outperform BO in terms of computational efficiency, given the same 

budget.

5 . Future work

While the novel Bayesian data-driven framework has yielded promis­

ing results, we recognize various potential extensions to this research. 

These are suggested below.

• Expanding the optimization benchmark, This paper presents a 

comparison between single- and multi-fidelity BO. The results show 

the effectiveness of MFBO to solve a multi-fidelity design prob­

lem by leveraging transfer learning from a lower fidelity level. 

However, it is possible to expand this framework to more crit­

ically assess the benefit of multi-fidelity methods. Apart from 

single-fidelity BO, there exist several popular global, gradient-free 

optimization methods that can be used. Examples include schemes 

such as Nelder-Mead [62] or evolutionary algorithms. One of the 

most promising such heuristics, called the covariance matrix adap­

tation evolution strategy (CMA-ES) [63], has previously received 

accolades in competitive objective optimization settings [64].

• Empirical-statistical validation. The results presented in Figs. 10 

and 11 are based on single optimization runs. Despite the observed 

increase in EA values found by the best-performing MFBO scheme, 

this does not warrant the conclusion that it outperforms the single-

fidelity counterpart. This is partly due to the lack of multiple 

optimization runs per optimization type: a different initial DoE 

might show a more modest improvement by using multi-fidelity. 

Performing similar optimization procedures on several different 

initial DoE configurations will be able to provide more meaningful 

statistical insight into whether MFBO outperforms BO in terms of 

objective value or computational efficiency.

The discretization of the low-fidelity FE model has led to data 

clustering, as shown in Fig. 9. This could potentially be a nega­

tive influence on the quality of the MOGPR models used during 

MFBO. The authors recommend the consideration of data filtering 

to alleviate such clustering effects.

• Experimental validation. The optimized results in this manuscript 

have been purely based on simulation results. Given the prece­

dent concerning additively manufactured spinodoid structures [1], 

it is desirable to experimentally validate the optimized design pa­

rameters by means of a real-life loading test on a manufactured 

spinodoid sample.

• Design and fidelity space considerations. Following the most 

popular convention in multi-fidelity literature, a total of 𝑀 = 2
fidelity levels were assumed to be part of the multi-fidelity data 

structure. However, the effect of an increase in 𝑀  is yet to be stud­

ied in the context of the energy absorption maximization problem. 

For example, how do the MTBO results presented earlier compare 

to a scenario with an intermediate fidelity level (𝑀 = 3)?

Furthermore, the Sobol’ sensitivity analysis on the 4D case 

has showcased a significant skew towards reliance on the relative 

density of the material. While this allowed for the simplification 

of the design problem at hand, it will be especially interesting 

to apply MFBO to a design problem with a higher design space 

dimensionality. One possibility is to consider graded spinodoids 

[65].

• Multi-objective considerations. While BO and MFBO have 

proven to optimize the energy absorption fairly well across the de­

sign space, it is not the only objective of interest in this class of 

material design problems. Minimizing the peak force (PF) that the 

material bears during loading is another important objective. One 

way to handle multiple objectives by means of a single-objective 

method is by scalarizing the EA and PF values into one objective 

[66,67]. This scalarized objective can then be optimized by way of 

a single-fidelity or multi-fidelity BO method.

Lastly, owing to the success of applying multi-objective 

Bayesian optimization to cooling duct design [68] and a similar 

spinodoid design problem [59], it has been of interest to combine 

multi-fidelity and multi-objective BO (MOBO) into one framework. 

Previously, literature has shown that it is possible to translate 

an MFBO problem into an MOBO problem by introducing a trust 

function [69]. Heuristically speaking, a trust function measures 

the level of validity to use a low-fidelity objective to model a 

high-fidelity objective, similar to the usage of Pearson’s correla­

tion coefficient in Fig. 9. In addition, the correlation between the 

objectives at different fidelity levels might be dependent on the 

individual design parameters, whereas this study makes use of 

a global measure of linear correlation to estimate the similarity 

between low- and high-fidelity EA.

6 . Conclusions

This work introduces a practical, robust, and efficient Bayesian data-

driven design framework. This novel framework combines proven and 

established Bayesian methods, variance-based sensitivity analysis, and 

BO into one unified pipeline. This framework is used to provide a di­

rect comparison between the performance of BO and MFBO with similar 

kernel and acquisition types. The engineering use case to which this is 

applied pertains to optimizing the energy absorption of spinodoid struc­

tures. To this end, a potential set of design parameters is established, 

and variance-based sensitivity analysis shows that the dimensionality of 

the design space can be reduced due to the strong and monotonous de­

pendency of EA on the density 𝜌. Subsequently, on the reduced design 

space by fixing 𝜌 = 0.3, both BO with GPR as well as MTBO are applied to 

search for the design configuration with the highest energy absorption, 

given an initial DoE containing samples that have also been used for 

SSA. It is shown that, with the given computational budget constraints, 

MTBO is able to yield similar results or outperform single-fidelity BO 

across all the hyperparameter variations that have been probed. This 

raw improvement in terms of EA value cannot be decisively ascribed to 

transfer learning due to stochastic effects. However, even if the EA val­

ues found by the best performing BO and MFBO schemes are the same, 

the multi-fidelity scheme can achieve this with an average 16% cut in 

terms of high-fidelity cost units.
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Appendix A . Saltelli sampling

Let x1, x2,… , x𝑁 ∈ [0, 1]2𝐷 be the first 𝑁  terms of a 2𝐷-Sobol’ se­

quence. To be explicit, let x𝑗 ∶= (𝑥𝑗,1, 𝑥𝑗,2,… , 𝑥𝑗,2𝐷)
⊤ be the components 

of x𝑗  for any 𝑗 ∈ {1,… , 𝑁}. Next, define

A ∶= (a⊤1 ,… , a⊤𝑁 )⊤where a𝑗 ∶= (𝑥𝑗,1,… , 𝑥𝑗,𝐷)
⊤, (A.1)

B ∶= (b⊤
1 ,… ,b⊤

𝑁 )⊤where b𝑗 ∶= (𝑥𝑗,𝐷+1,… , 𝑥𝑗,2𝐷)
⊤. (A.2)

Next, for any 𝑖 ∈ {1,… , 𝐷}, define the matrix A(𝑖)
𝐁  as the 𝑁×𝐷 matrix 

containing coordinate-wise cross-combinations of rows that populate A
and B:

(A(𝑖)
𝐁 )𝑗,𝑘 ∶=

{

𝑎𝑗,𝑘, 𝑘 ≠ 𝑖,
𝑏𝑗,𝑘, 𝑘 = 𝑖,

(A.3)

where 𝑗 ∈ {1,… , 𝑁}, 𝑘 ∈ {1,… , 𝐷} and the component notations are de­

rived from a𝑗 =∶ (𝑎𝑗,1,… , 𝑎𝑗,𝐷)
⊤ and b𝑗 =∶ (𝑏𝑗,1,… , 𝑏𝑗,𝐷)

⊤. See Fig. A.13 

for a graphic illustration on how to construct A(𝑖)
B .

Finally, let A(𝑖)
𝐁 ∶= (c(𝑖)⊤1 ,… , c(𝑖)⊤𝑁 )

⊤
 be decomposed into rows. Then, 

the following approximations hold:

Var(E(𝑌 |𝑋𝑖)) ≈
1
𝑁

𝑁
∑

𝑗=1
𝑓 (b𝑗 )(𝑓 (c

(𝑖)
𝑗 ) − 𝑓 (a𝑗 )), (A.4)

E(Var(𝑌 |X∼𝑖)) ≈
1
2𝑁

𝑁
∑

𝑗=1
(𝑓 (a𝑗 ) − 𝑓 (c(𝑖)𝑗 ))

2
. (A.5)

Moreover, the statistical confidence of these approximations can be 

numerically tested by means of bootstrapping [35,70].

An aggregate of all design samples necessary to perform SSA, i.e., 

A,B and A(𝑖)
B  for all 𝑖 ∈ {1,…𝐷}, is called a collection of Saltelli samples, 

where it should be noted that the quantity of these samples is always a 

multiple of 𝐷 + 2. An example of two-dimensional Saltelli sampling is 

given in Fig. A.14.

From Fig. A.14, it can be seen that the sequentially dependent distri­

bution of the Saltelli samples fills the space. This makes Saltelli sampling 

the preferred method to access samples, not only to perform sensitivity 

analysis, but also to be used as a data set to build a regression model on, 

particularly as a central step in the Bayesian optimization algorithm.

Appendix B . Gaussian process regression

In literature, a wide variety of regression models exist to model the 

relationship between X and y. In terms of complexity, models range from 

linear ones such as ordinary least squares, ridge [71] or lasso [72] re­

gression to the highly non-linear artificial neural network (ANN) models. 

Among these, some regression models have been successfully employed 

from which posterior information can be extracted in order to suggest 

Fig. A.13. A schematic construction of A(𝑖)
B  given A and B.

Fig. A.14. Saltelli sampling on a unit square with 32, 64, and 128 subsequent samples (different colors and shapes). These samples are respectively based on 8, 16, 

and 32 subsequent Sobol’ samples in 4D space.
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new data in the Bayesian optimization. Examples include random for­

est regression [73], tree-structured Parzen estimators [74], and Bayesian 

ANNs (BNNs) [75]. However, as the prominent reviewers of Bayesian op­

timization methods have iterated [43,44], the Gaussian process model 

is the most popular type of model used in practice to perform regression 

within the Bayesian optimization context.

B.1 . Single-fidelity Gaussian process regression

Given a design of experiments D with 𝑁  experiments, it is assumed 

that X is an independent variable with respect to an explanatory model, 

while y is a dependent variable.

In the context of Bayesian statistics, it is assumed that any given 

set of evaluations of 𝑓  is the realization of a jointly distributed random 

variable. Specifically, 𝑓  could be modeled as a Gaussian process (GP) 

with zero2 prior mean. Concretely, for any x ∈ [0, 1]𝐷, it is assumed that 

𝑓 (x) is a random variable with E(𝑓 (x)) = 0 and prior covariance function 

or kernel 𝜅; for any u, v ∈ [0, 1]𝐷, the defining property is as follows:

𝜅(u, v) ∶= Cov(𝑓 (u), 𝑓 (v)). (B.1)

Let 𝜃1,… , 𝜃𝑇𝜅  be the GP model parameters, collected into a model 

parameter vector 𝜽 = (𝜃1,… , 𝜃𝑇𝜅 ). Since 𝜽 contains precisely the model 

parameter coordinates on which 𝜅 depends, the notation 𝜅(u, v) =
𝜅𝜽(u, v) arises.

A popular type of prior covariance function is the radial basis kernel 

(RBF) kernel [39,77,78], given by:

𝜅RBF,𝜽RBF
(u, v) ∶= 𝑐 ⋅ exp

(

−
‖u − v‖2

2𝜆2

)

+ 𝑠2𝛿(u − v), (B.2)

where 𝑐 is called the amplitude parameter, 𝜆 is the length scale parame­

ter and 𝑠2 is the aleatoric noise variance parameter. The noise variance, 

as the name suggests, only affects the scenario in which the covari­

ance is calculated for u = v as indicated by the Dirac-𝛿 function. In 

summary, the GP model parameters associated with the RBF kernel are 

𝜽RBF ∶= (𝑐, 𝜆, 𝑠2)⊤.

As dependent variables in a Bayesian context, it is assumed that y
is a realization of a random vector Y, and that any model parameter 

vector 𝜽 is a realization of a random vector 𝚯. The Gaussian process 

assumption implies that Y follows a multivariate normal distribution 

when a model parameter vector 𝜽 is established. In statistical terms: the 

prior distribution of Y conditioned on 𝚯 = 𝜽 is given by

Y|(𝚯 = 𝜽) ∼ N (0,K𝜽), (B.3)

with covariance matrix K𝜽 = K𝜽(X) ∶= (𝜅𝜽(x𝑖, x𝑗 ))𝑖,𝑗=1,…,𝑁 .

For any given x ∈ [0, 1]𝐷, it is now of interest to find the distri­

bution of 𝑓 (x) given y and 𝜽, which is also called the (parameterized) 

posterior distribution. Here lies the crux of assuming 𝑓  to be a GP, since 

(Y⊤, 𝑓 (x))⊤ is another multivariate normal random variable. Then, fol­

lowing some mathematical manipulations [39,79], it can be shown that 

the parameterized posterior is also multivariate normal:

𝑓 (x)|(Y = y,𝚯 = 𝜽) ∼ N (𝜇𝜽(x), 𝜎2𝜽(x)), (B.4)

where

𝜇𝜽(x) ∶= 𝜅𝜽(x,X)⊤K−1
𝜽 y, (B.5)

𝜎2𝜽(x) ∶= 𝜅𝜽(x, x) − 𝜅𝜽(x,X)⊤K−1
𝜽 𝜅𝜽(x,X), (B.6)

with 𝜅𝜽(x,X) ∶= (𝜅𝜽(x, x1),… , 𝜅𝜽(x, x𝑁 ))⊤ as a column vector of length 

𝑁 . It is also convenient to denote 𝜇𝜽(Z) ∶= (𝜇𝜽(z1),… , 𝜇𝜽(z𝑃 ))⊤ as a 

2 This is a simplifying assumption in concordance with 𝑓  being standardized. 

However, it is not strictly necessary [39,76].

column vector of length 𝑃  whenever Z = (z⊤1 ,… , z⊤𝑃 )
⊤
 is a column of 𝑃

design rows. The same notation is introduced for 𝜎2𝜽.

While Eq. (B.4) provides a closed form description of the (parameter­

ized) posterior distribution of 𝑓 (x)|(Y = y,𝚯 = 𝜽), it is desirable to obtain 

the distribution of 𝑓 (x)|(Y = y), also called the posterior predictive 

distribution (PPD), independent of the model parameter vector 𝜽.

In practice, the PPD cannot be calculated analytically [39]. In or­

der to handle this, the dependency on the model parameter vector 

𝜽 of the intermediate posterior predictive distribution is removed by 

approximating it with a point estimate.

One choice for such an estimate, in the context of Gaussian pro­

cess modeling, is the maximum (log) likelihood estimate (MLE) [39]. 

By defining the model parameter likelihood function as

𝓁(𝜽;D) ∶= 𝑝(Y|𝚯 = 𝜽)[y], (B.7)

the MLE is given by

𝜽̂MLE = argmin𝜽∈T𝜅 ln(det(K𝜽(X))) + y⊤K−1
𝜽 (X)y, (B.8)

where T𝜅 ∶= 𝑃1 × 𝑃2 ×⋯ × 𝑃𝑇𝜅 ⊂ R𝑇𝜅  is the 𝑇𝜅 -dimensional domain of 

model parameter vectors 𝜽 and where 𝑃𝑡 ⊂ R is defined to be the domain 

of all permissible values of 𝜃𝑡, 𝑡 ∈ {1,… 𝑇𝑘}.
Because 𝓁 equals the probability density function of a normal distri­

bution as a function of y, this likelihood function can also be referred to 

as a Gaussian likelihood function.

Some calculations yield the following approximation for the PPD 

density:

𝑝(𝑓 (x)|Y = y)[𝑦] ≈ 𝑝(𝑓 (x)|Y = y,𝚯 = 𝜽̂MLE)

[𝑦] = 𝜙𝜇̂(x),𝜎̂2(x)(𝑦) =∶ 𝜙̂(𝑦; x, y, 𝜅), (B.9)

where

𝜙𝜇,𝜎2 (𝑧) ∶=
1

𝜎
√

2𝜋
exp

(

−1
2

( 𝑧 − 𝜇
𝜎

)2
)

denotes the normal probability density function with mean 𝜇 and 

variance 𝜎2. Furthermore, the notations

𝜇̂ ∶= 𝜇𝜽̂MLE
, 𝜎̂2 ∶= 𝜎2

𝜽̂MLE
(B.10)

are used for the optimized parameterized posterior parameters in 

Eqs. (B.5) and (B.6).

Commonly, it is assumed that the model parameter likelihood 𝓁, 

Eq. (B.7), is differentiable with respect to the model parameter vector 

𝜽. Then, due to the differentiable nature of the optimization problem in 

Eq. (B.8), it is most often solved by using gradient-based methods such 

as L-BFGS or Adam.

B.2 . Multi-output Gaussian process regression

Given the scarcity of data to construct a design of experiments D, 

a common solution is to acquire higher-throughput data, at a risk of 

such data having larger (aleatoric) uncertainty or inherent biases com­

pared to D. The trade-off between these levels of fidelity gives rise 

to a data structure that consists of a large volume of low-cost, low-

accuracy data and a limited volume of high-cost, high-accuracy data 

[80]. Prioritizing efficiency over accuracy can be achieved by experi­

mental [29,81], computational [82,83] or analytical strategies [84,85]. 

The assumption throughout this manuscript will be such that there are 

an 𝑀  number of such trade-offs, each of which is associated with a 

single-output objective function 𝑓𝑚 ∶ [0, 1]𝐷 → R, where 𝑚 ∈ {1,… ,𝑀}. 
The utilized convention is that 𝑓1 has the lowest fidelity (i.e., cost and 

accuracy), and 𝑓𝑀  has the highest fidelity. The data structure of a multi-

fidelity design of experiments will be generically written as a vertical 

concatenation D ∶= (D1,… ,D𝑀 )⊤ of 𝑀  DoEs, ordered by increasing 
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levels of fidelity. Similar notation for the multi-fidelity input data X ∶=
(X1,… ,X𝑀 )⊤ and multi-fidelity output data y ∶= (y1,… , y𝑀 )⊤ are in­

troduced, where D𝑚 ∶= (X𝑚, y𝑚) for 𝑚 ∈ {1,… ,𝑀}. It is furthermore 

assumed that X𝑚 consists of 𝑁𝑚 designs with 𝐷 design variables, and 

therefore has dimensions 𝑁𝑚 ×𝐷, while y𝑚 is correspondingly a column 

vector of length 𝑁𝑚 consisting of the (realized) values 𝑓𝑚(X𝑚).
A single-output objective 𝑓  can be treated like a (single-output) GP 

(SOGP). This can be generalized to handling a multi-output objective 

f ∶= (𝑓1,… , 𝑓𝑀 )⊤. In the case of an SOGP model, the covariance kernel 

𝜅 is a real-valued function. A multi-output Gaussian process (MOGP) 

model with 𝑀  outputs generalizes 𝜅 to an 𝑀 ×𝑀  matrix-valued func­

tion: K(⋅, ⋅) ∶= (𝜅𝑖,𝑗 (⋅, ⋅))
𝑀
𝑖,𝑗=1. As with the SOGP case, the covariance K is 

dependent on a vector of model parameters 𝜽, which for the sake of no­

tational clarity will be suppressed for the remainder of this subsection. 

Each component 𝜅𝑖,𝑗  is to be interpreted as the (single-output) covari­

ance function between fidelities 𝑖 and 𝑗. For example, if u is a design to 

be evaluated at fidelity 𝑖 and v at fidelity 𝑗,

𝜅𝑖,𝑗 (u, v) ∶= Cov(𝑓𝑖(u), 𝑓𝑗 (v)). (B.11)

Following similar reasoning as for SOGP models, the parameter­

ized posterior distribution is an 𝑀-dimensional multivariate normal 

distribution,

f(x)|(Y = y,𝚯 = 𝜽) ∼ N (𝝁(x),𝚺(x)), (B.12)

which models each fidelity simultaneously. The parameterized poste­

rior distribution comprises 𝝁(x) = (𝜇1(x),… , 𝜇𝑀 (x))⊤ as the posterior 

𝑀-dimensional mean and 𝚺(x) = (𝜎2𝑖,𝑗 (x))𝑖,𝑗=1,…,𝑀
 as the 𝑀 × 𝑀  poste­

rior covariance matrix, whenever x ∈ [0, 1]𝐷. The components of these 

statistical parameters are readily interpretable as follows: 𝜇𝑚(x) is the 

mean and 𝜎2𝑚(x) ∶= 𝜎2𝑚,𝑚(x) is the variance at fidelity 𝑚 ∈ {1,… ,𝑀}.
Despite the introduced complexity compared to SOGP, their ex­

pressions in terms of the prior covariance function K are similar, cf. 

Eqs. (B.5) and (B.6):

𝝁(x) = K(x,X )⊤K−1y, (B.13)

𝚺(x) = K(x, x) −K(x,X )⊤K−1K(x,X ). (B.14)

In the MOGP scenario, the covariance matrix

K ∶=
⎛

⎜

⎜

⎝

K1,1(X1,X1) … K1,𝑀 (X1,X𝑀 )
⋮ ⋱ ⋮

K𝑀,1(X𝑀 ,X1) … K𝑀,𝑀 (X𝑀 ,X𝑀 )

⎞

⎟

⎟

⎠

(B.15)

has dimensions (𝑁1 + ⋯ + 𝑁𝑀 ) × (𝑁1 + ⋯ + 𝑁𝑀 ). This matrix is to 

be interpreted as having an 𝑀 × 𝑀  block structure with blocks of size 

𝑁𝑖 ×𝑁𝑗  for any fidelity levels 𝑖, 𝑗 ∈ {1,… ,𝑀}. Each block is defined as:

K𝑖,𝑗 (X𝑖,X𝑗 ) ∶=

⎛

⎜

⎜

⎜

⎝

𝜅𝑖,𝑗 (x𝑖,1, x𝑗,1) … 𝜅𝑖,𝑗 (x𝑖,1, x𝑗,𝑁𝑗
)

⋮ ⋱ ⋮
𝜅𝑖,𝑗 (x𝑖,𝑁𝑖

, x𝑗,1) … 𝜅𝑖,𝑗 (x𝑖,𝑁𝑖
, x𝑗,𝑁𝑗

)

⎞

⎟

⎟

⎟

⎠

. (B.16)

Furthermore,

K(x,X ) ∶=
⎛

⎜

⎜

⎝

𝜅1,1(x,X1) … 𝜅1,𝑀 (x,X1)
⋮ ⋱ ⋮

𝜅𝑀,1(x,X𝑀 ) … 𝜅𝑀,𝑀 (x,X𝑀 )

⎞

⎟

⎟

⎠

(B.17)

is an (𝑁1 + ⋯ + 𝑁𝑀 ) × 𝑀  matrix consisting of stacked column vectors 

of length 𝑁𝑚, 𝑚 ∈ {1,… ,𝑀}, defined by

𝜅𝑖,𝑗 (x,X𝑖) ∶=
⎛

⎜

⎜

⎝

𝜅𝑖,𝑗 (x, x𝑖,1)
⋮

𝜅𝑖,𝑗 (x, x𝑖,𝑁𝑖
)

⎞

⎟

⎟

⎠

. (B.18)

There exist several methods in the literature that attempt to relate 

the covariance functions 𝜅𝑖,𝑗  to one another based on an underlying 

structure. One way is the linear auto-regressive model [86,87], which re­

quires the discrepancy between the fidelities to be modeled as a Gaussian 

process. However, this method is not commonly used in combination 

with Bayesian optimization. This is because the subsequent design ma­

trices need to be nested to obtain the model parameters of 𝜅𝑖,𝑗  accurately, 

i.e., X0 ⊃ X1 ⊃ … ⊃ X𝑀 . This is a highly restrictive condition to perform 

optimization, which requires appending the design matrix with a new 

candidate design at any arbitrary fidelity level.

A structural assumption that is compatible with Bayesian opti­

mization is the multiplicative separation between design and fidelity 

[88]. Since multi-task Bayesian optimization [50] is a well-established 

method, which has also been implemented in Python [89], it was se­

lected as the reference multi-fidelity Bayesian optimization method for 

our investigation.

Given a single-output covariance function 𝜅 and a positive semi-

definite matrix B ∶= (𝑏𝑖,𝑗 )𝑖,𝑗=1…,𝑀 , it can be postulated that K ≐
KMT(𝜅) = (𝜅𝑖,𝑗 )𝑖,𝑗=1,…,𝑀  where

𝜅𝑖,𝑗 (u, v) ∶= 𝑏𝑖,𝑗 ⋅ 𝜅(u, v) (B.19)

for any designs u, v ∈ [0, 1]𝐷. In practice, the positive semi-definiteness 

of B is ensured by defining it as a Gram matrix B = A⊤A+diag(a), where 

the model parameters in the low-rank matrix A and the non-negative 

vector a can be learned by optimizing a likelihood function (see below, 

Eq. (B.22)).

The resulting type of MOGP is called a multi-task GP (MTGP). As 

a consequence, Eq. (B.15) can be rewritten as a block-wise Hadamard 

product,

K =
⎛

⎜

⎜

⎝

𝑏1,1K(X1,X1) … 𝑏1,𝑀K(X1,X𝑀 )
⋮ ⋱ ⋮

𝑏𝑀,1K(X𝑀 ,X1) … 𝑏𝑀,𝑀K(X𝑀 ,X𝑀 )

⎞

⎟

⎟

⎠

= B ⊙ KHad, (B.20)

where KHad ∶= (K(X𝑖,X𝑗 ))𝑖,𝑗=1…,𝑀  is a block matrix with blocks defined 

in the sense of Eq. (B.3).

Furthermore, if all input designs for each fidelity are homotopic, i.e., 

X1 = … = X𝑀 =∶ Xhom, this implies that

K =
⎛

⎜

⎜

⎝

𝑏1,1KKro … 𝑏1,𝑀KKro
⋮ ⋱ ⋮

𝑏𝑀,1KKro … 𝑏𝑀,𝑀KKro

⎞

⎟

⎟

⎠

= B ⊗ KKro (B.21)

as a Kronecker product instead, where KKro ∶= K(Xhom,Xhom), again 

defined in the sense of Eq. (B.3).

The benefits, with regards to regression, are twofold: KKro is much 

smaller than the block matrix KHad, which speeds up the calculation of 

the covariance matrix inverse K−1 for the calculation of the maximum 

likelihood estimate (Eq. (B.22)), and also parameterized posterior mean 

(Eq. (B.13)) and variance (Eq. (B.14)). Meanwhile, the calculation of 

the inverse itself is also simplified by the fact that K−1 = B−1 ⊗ K−1
Kro. 

These advantages have been recognized by various authors, and MTGPs 

have been successfully used as regression models in practice, such as 

biomedical applications [90,91], assessing machine translation quality 

[92], and school exam data analysis [93].

However, in the context of data with varying levels of cost, it is 

not sensible to assume homotopical designs across all fidelity levels. 

This drawback reduces the gain in computational efficiency to a side 

note, and an MTGP will be constructed using the block-wise Hadamard 

product within the context of this manuscript.

Similar to single-fidelity Gaussian process regression, the goal of 

MOGP regression (MOGPR) is to find the maximum likelihood model 

parameter vector 𝜽̂MLE for a supposed covariance kernel. The expression 

for the maximum likelihood estimate of the model parameter vector is 
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similar to the single-fidelity GP regression scenario in Eq. (B.8):

𝜽̂MLE = argmin𝜽∈T ln(det(K𝜽(X ))) + y⊤K−1
𝜽 (X )y. (B.22)

After locating 𝜽̂MLE, the posterior predictive distribution of f(x)|(Y =
y) can be approximated by a regression-predictive, multivariate normal 

distribution with probability density function 𝜙̂, in a similar fashion to 

the single-fidelity scenario, cf. Eqs. (B.9) and (B.10):

𝑝(f(x)|Y = y)[𝑦] ≈ 𝑝(f(x)|Y = y,𝚯 = 𝜽̂MLE)[𝑦] = 𝜙𝝁̂(x),𝚺̂(x)(𝑦) =∶ 𝜙̂(𝑦; x,D,K),

(B.23)

where

𝜙𝝁,𝚺(z) ∶=
1

(2𝜋)𝑀∕2√det(𝚺)
exp

(

−1
2
(z − 𝝁)⊤𝚺−1(z − 𝝁)

)

denotes the multivariate normal probability density function with mean 

vector 𝝁 and covariance matrix 𝚺. Furthermore, 𝝁̂ ∶= 𝝁𝜽̂MLE
 (Eq. (B.13)) 

and 𝚺̂ ∶= 𝚺𝜽̂MLE
 (Eq. (B.14)) are the mean vector and covariance matrix 

of the posterior distribution, parameterized by the maximum likelihood 

model parameter vector. Finally, it is useful to define

𝜙̂𝑚 ∶= 𝜙𝜇̂𝑚(x),𝜎̂2𝑚(x)
. (B.24)

Appendix C . Spinodal design parameter sensitivity

Section 3 introduced the global, variance-based sensitivity analy­

sis of the EA objective with respect to the 4D design space and the 

subsequently reduced 3D design space. These analyses were able to yield 

a comprehensive insight into the design parameter effects. As a confir­

mation of the conclusions drawn from those insights, one could consider 

visualizing the effect of each design with respect to the objective. Such 

an overview is obtained by projecting each EA value down onto the 

individual design parameter axes. This results in the scatter plots in 

Fig. C.15.

The leftmost scatter plot in both Fig. C.15(a) and Fig. C.15(b) ap­

pears to show a strong relationship between 𝜌 and the normalized EA 

value, whereas the projections onto the 𝜃-dimensions exhibit much less 

structure. This holds for both the low- and high-fidelity objectives. 

This reaffirms the physical intuition of the strong dependence between 

the energy absorption of a spinodoid material and its relative density. 

Moreover, it legitimizes Sobol’ sensitivity analysis as an effective tool 

to discover dependency patterns between design parameters and the 

objective, as the conclusion from Fig. 7 shows.

Similar to the 4D case, a coordinate-wise projection scatter plot was 

produced for the reduced 3D design space, as shown in Fig. C.16.

This confirms the difficulty for the SSA procedure in determining the 

sensitivity indices due to less structure in the overall data in the reduced 

design space, as was concluded from Fig. 8.

Fig. C.15. The collection of Saltelli samples used in Fig. 6 and their normalized EA value projections onto the design parameter axes.
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Fig. C.16. The collection of 980 Saltelli samples (each fidelity) and their normalized EA value projections onto the remaining design parameter axes when 𝜌 = 0.3 is 

fixed.

Data availability

All presented data and the implemented workflow in this manuscript 

are open-source and accessible via GitHub: https://github.com/llguo95/

MFB.
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