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Abstract

The goal of this study is to understand the processes and wing characteristics that influence lift
generation of a flapping wing, and apply the acquired knowledge in an optimization setting to
obtain an optimal wing thickness distribution which maximizes effective wing lift. To achieve
this, an extensive literature survey was conducted to identify geometrical characteristics of the
wing that are known to help maximize wing lift, and loading conditions under which a given
wing design must be numerically studied. Additionally, a cubic pressure load distribution
was developed to approximately mimic the aerodynamic pressure acting on the surface of
the wing. Changes were made to the research code, Charles, to achieve some of the desired
features. Using some of the identified parameters and load cases, an optimization problem
was formulated and thickness distributions were obtained for two wing planform shapes with
uniform initial thicknesses. The optimized rectangular wing planform achieved an angle of
attack of 43.15 deg at the wing tip under high magnitude inertial loads whereas the hawkmoth
wing shape achieved an angle of 39.81 deg at 60% of the wing span under the same load.
The results were compared and discussed for different load cases, and general patterns were
identified which give insight on flapping wing design.
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To my parents and friends.

“To invent an airplane is nothing. To build one is something. To fly is everything.”
— Otto Lilienthal





Chapter 1

Introduction

This chapter aims to provide a basic overview of the history of flapping wing flight and also
shed light on more recent developments in the field. The important role of tiny, autonomous
drones in the future is described and the applications of Flapping Wing Micro Air Vehicles
(FWMAVs) are listed. A short description of the Atalanta project, of which this study is a
part, is given and certain key characteristics of the Atalanta bug are showcased. Finally, a
summary of the unsteady aerodynamic phenomena that govern flapping flight is given.

1-1 Flapping Wing History

Throughout history, scientists and engineers have been deeply fascinated with the flight of
birds, insects and even bats. Probably the most famously recognized documented instance of
this fascination is the ornithopter design drawn in detail by Leonardo da Vinci in 1485 [3].
What set apart da Vinci’s design from previous attempts was that the machine would be able
to carry a human being while also being powered by the person. After da Vinci, however, not
much progress was made in flapping wing aviation until the 19th century [3].

In the 17th century, Italian physicist Giovanni Borelli published his famous book De Motu
Animalium detailing the flapping wing flight of birds. He showcased his understanding of the
complex aerodynamics through sketches of birds changing horizontal direction (i.e., yawing)
by beating one wing at a different rate than the other. The observations made by Borelli were
similar to those made by da Vinci earlier and were important contributions to understanding
the mechanics of avian flight.

In 1902, Edward Frost built an ornithopter using materials like willow, silk, and feathers [4].
Although his designs imitated the the appearance of birds, the contraption was too heavy to
achieve lift. Belgian engineer Adhemar de la Hault built a very complex machine that would
imitate the flight of birds. Historical records show [5] that in 1908 his invention was able to
lift off the ground for a moment. However, it appears that subsequent experiments fell prey
to the machine’s mechanical part failures.
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2 Introduction

In recent times, many projects involving flapping wing drones have been launched and realised
such as the Phoenix bird [6] which is a larger bird-like ornithopter capable of carrying payloads
of approximately 400 g, and the Harvard Robotic Fly [7] which is a biologically inspired at-
scale insect drone weighing a mere 60 mg. The Delfly project [8] resulted in a 3.07 g FWMAV
with an optic-flow based control implementation, and the ongoing Atalanta project under
which this thesis project was carried out, utilizes a chemical-based actuator which is posed
to provide efficiency advantages.

Insect-like microbots, initially developed for defense and espionage purposes, have vast appli-
cations in fields ranging from farming to topographical mapping operations [9]. For instance,
a swarm of Micro air vehicles (MAVs) could be used to transport items between places, spray
pesticide over large swathes of farmland, aid in survey for conducting rescue operations, in-
spect structures for preventative maintenance, and even enter areas hazardous to humans.
The future of humanity is closely linked with the development of such robots which can aid
in day-to-day activities. Given the nascent nature of this technology, there is still a lot of
research to be done in the field. One of these research areas is the design of a wing for appli-
cation in Flapping Wing Micro Air Vehicles (FWMAVs), which is what this project is focused
on.

1-2 Key Aspects of Flapping Wing Flight

The fundamental difference between fixed and flapping wing lift generation is derived from
the aerodynamic phenomena harnessed by them. Fixed wings use steady mechanisms to
achieve lift whereas flapping wings use unsteady mechanisms such as wake capture, leading
edge vortices, and circulation effects [10, 11, 12] to produce lift. These effects are discussed
in further detail in subsequent chapters. One argument is that these effects harnessed by
flapping wings leads to energy being wasted in generating vortices in the wake of the wing
[13]. However, studies [1] have shown that the scaled propulsive efficiency of flapping wings are
higher than fixed wing counterparts. The ability of flapping wings to achieve reduced power
consumption at low cruising speeds [1] and hover conditions results in better maneuverability
and efficiency in confined spaces.

The graphs in Fig 1-1 illustrate the important advantage that flapping wing flight holds.
However, the comparison was made between living organisms that have evolved over millenia
to be as efficient as possible, and man-made fixed wing based transportation technology.
Therefore, truly realising the advantages offered by flapping flight requires much more research
and study. When it comes to insect flight, certain aspects can already be mimicked with a lot
of success. For instance, hovering insects often exhibit a symmetric, periodic back and forth
wing motion [14]. Such a motion could be replicated by resonant mechanisms such as the
compliant mechanism developed by Bolsman et al [15]. The advantage of utilizing resonance
is that the same motion can be produced while having lower power consumption.

For long range, higher speed flights, fixed wings still hold a significant advantage as compared
to flapping wings. The maximum lift-to-drag ratios noted for birds and other natural flappers
were lower than those of scaled down aircraft [1]. This may be due to higher induced drag
effects for flapping flight which is caused due to a non-linear interaction of the wing surface
with the surrounding wake. At smaller scales, fixed wing flight requires higher velocities to
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1-3 Atalanta Project 3

(a) Scaled cruise velocity (b) Scaled cruise power

Figure 1-1: A comparison between fixed wing and flapping wing flight based on scaled parameters
conducted by Liu et al [1] shows how the cruise velocity and power relate to the scaled weight
of each of the systems studied. The low cruising velocity combined with reduced cruise power
makes flapping wing flight highly advantageous in confined space situations.

maintain the required lift. This is due to the high induced flow required over the wings. Thus,
although fixed wing and rotary wing MAVs have become ubiquitous in recent times, there is
significant merit to studying flapping wing flight.

1-3 Atalanta Project

The Atalanta project, kickstarted under the Devlab group, aims to build a mechatronic bug
which can fly in different environments and be completely self-supporting in terms of energy
consumption and navigation. It uses a novel chemical-based actuator that poses a lot of ad-
vantages and an optic flow based control system. The prototype bug shown [15] in Fig 1-2 is
designed with a wingspan of 100 mm and a maximum combined load of 4 g.

Some aspects of the Atlanta bug have been worked on and these have been mentioned below.

• Actuator: Conventional motors exhibit various issues like reduced power density when
scaled down. Hence, the Atalanta project is driven by a hydrogen peroxide based
actuator which harnesses chemical energy [16] to power the bug. A key characteristic
of this is that the weight of the bug decreases as the fuel is consumed.

• Drive Mechanism: The insect thorax constitutes the power source and drives the
movement of the wings in an elastic manner. Some insects use resonance to help reduce
the inertial cost of wing movement and thereby decrease energy consumption. Thus, the
drive mechanism can be seen as a tuned spring-mass-damper system. Different drive
mechanisms were designed using compliant elements [15] to simulate the behavior of
the insect thorax to achieve a similar result.
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4 Introduction

Figure 1-2: Designed by Bolsman [15], the Atalanta drone uses compliant mechanisms to achieve
insect thorax-wing resonance thereby driving wing movement. Photo obtained from [15].

• Flight Navigation: There are two aspects that are tackled under navigation.

– Sensing - Standard image processing and data transmission electronics would add
excessive weight due to the large number of onboard components required. Hence,
a novel optic flow based sensing method was developed [17] which allowed for usage
of a lightweight six optic sensor.

– Control - The compliant mechanisms and elements used by the Atalanta team for
the drive mechanism needed a new way to actively manipulate those components
in order to achieve directional control. The approach used was to control the wing
kinematics by tuning the local structural properties of the wing. The feasibility
of various methods was tested and it was concluded that piezoelectric polymers
and electrostatic softeners could theoretically be used [18] to realize the required
property changes.

• Wing Design: In order to design flapping wings, a quasi-steady model was devel-
oped by Wang et al [19] that attempts to describe the unsteady aerodynamic effects
experienced by the wing without using many empirical parameters. The results from
this model are used to generate loads for optimization studies, which are described in
subsequent chapters.

1-4 Governing Aerodynamic Mechanisms

Understanding the unsteady aerodynamic processes and how they interact with each other
to produce lift is a necessary step before a flapping wing can be designed. The interaction
between the wing and the surrounding fluid is highly complex and the timing of these inter-
actions has significant impact on the lift generated. The flow around the wings of insects is
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1-4 Governing Aerodynamic Mechanisms 5

generally unsteady and incompressible and is characterized by intermediate Reynold’s num-
bers [15]. Conventional steady-state theory fails when it comes to explaining the high forces
produced by flapping wings [11]. Some of the essential unsteady aerodynamic mechanisms
that significantly affect lift and thrust production in flapping wings are listed below.

• Leading Edge Vortex: When the wing moves through the surrounding fluid, a stable,
expanding vortex [10, 12] is generated at the leading edge of the wing. This vortex is
formed on top of the wing and has high rotation leading to high velocities. The high
velocity leads to a pressure differential which results in a low pressure region on the
wing surface. The presence of this low pressure region on the wing surface results in
the generation of lift. Once the vortex is shed, the lift also drops in a similar manner.
The LEV is stable for a large range of flying insects.

• Rotational Circulation: This effect is present only during stroke reversal. During stroke
reversal, the rotational velocities are large; There are some vortices generated and shed
when the wing rotates and the wing must then interact with the flow field induced by
these vortices. By varying the wing rotation timing (e.g., when the wing flips from
pronated to supinated) the lift generated can be tuned. The effect is very similar to
the Magnus effect, which makes a spinning ball curve from it’s path. If the wing flips
before direction reversal, lift is produced [11]. On the other hand, if the wing flips after
reversing direction, then a downward force is generated.

• Wake Capture: The flow generated during a stroke can increase the surrounding fluid
velocity at the start of the next stroke and thus potentially increase the lift force gen-
erated in the subsequent strokes. There are also vortices shed during a stroke that the
wing surface interacts with during the succeeding stroke resulting in elevated drag forces
at the start of each translational stroke. The wake capture effect is most pronounced
during the stroke reversal phase of the motion. Although the timing of wake capture is
constant on average, the magnitude and direction can be varied. If wing rotation occurs
before stroke reversal, positive lift is generated. However, if the wing flips after stroke
reversal, the wing intercepts its own wake at an angle that produces negative lift [11].

• Clap and Fling: There are additional mechanisms that have been identified like the
clap and fling effect [14, 20]. Towards the end of the upstroke, the wings go further
and touch each other above the insect body in a clapping motion. This is followed by
a downstroke in which the wings are rolled open rapidly. It is theorized that this effect
kickstarts the formation of leading edge vortices which helps generate lift for insects
with smaller wing strokes. There are other interpretations which suggest [21] that the
wings touching could also be a consequence of the insect maximizing the space swept
by the wing thereby generating more lift.

• Added Mass Effects: Another effect identified is that of the influence of surrounding
fluid viscosity on the wing kinematics. The fluid in the immediate vicinity of the wing
is affected by the rapid acceleration and deceleration of the wing. The viscosity of this
fluid influences the area around the wing and the surrounding fluid moves along with
the wing acting as an added mass [22]. This "virtual mass" adds to the effective inertia
of the wing and its magnitude is sometimes comparable to the mass of the wing itself.
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6 Introduction

A crucial realization is that the above described mechanisms interact and influence each
other in an intricate manner. For instance, when timed correctly, the wake capture force
increases following a prominent rotational circulation effect [11]. This highlights how insects
are able to harness the energy of the wake generated by their own movement. An insect has
the ability of recovering energy that it lost during the previous stroke from its surroundings,
greatly improving the efficiency of force production. If we are to replicate the energy efficiency
of insect flight, we need to be able to model the unsteady phenomena that govern it with
reasonable accuracy. This was done by Wang et al [19], and the results from this model are
used in this study.
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Chapter 2

Wing Design Methodology

In this chapter, different approaches for modelling the unsteady aerodynamic mechanisms gov-
erning flapping flight are discussed, and their advantages listed. The quasi-steady aerodynamic
model developed by Wang et al [19] is described. A flapping wing’s geometrical characteristics
and the unique form of loading which it experiences are detailed and the implications for an
optimization study are analysed. A few of the software options available to conduct such a
study are briefly mentioned. Finally, research questions are formulated for the thesis project.

2-1 Modelling of Aerodynamic Phenomena

The design of flapping wings for FWMAVs is a complicated subject. Insect wings have evolved
over millions of years to perform a specific task or action efficiently. Consider the wings of
a butterfly, a dragonfly and a common housefly; It is apparent that the wings of each of
these creatures is perfectly suited for their unique activities. Therefore, it is understandable
that the analytical modelling of wings that take into account the diverse flapping kinematics
and dynamics is a necessary task. Much work has been done to understand and model
the aerodynamics that govern flapping flight. There are three major modelling approaches,
namely - steady-state, quasi-steady, and unsteady models.

Steady-state models Steady-state models do not account for transient forces that occur
during the stroke of the wing and instead give us an idea of the average force production of
flapping flight. Steady-state models tend to overestimate the average lift produced and fail
to make accurate predictions in most cases. This is due to the fact that they do not account
for transient drag forces which are high when the wing undergoes stroke reversal.

Quasi-steady models Quasi-steady models generally leverage experimental results and in-
corporate empirical parameters in the model to more accurately predict flight performance.
This does result in accurate predictions of stroke-averaged values for mean lift production.
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8 Wing Design Methodology

Figure 2-1: A study conducted by Ellington et al [23] compares the wings of the (a) green
lacewing (Chrysopa carnea) and the (b) drone-fly (Eristalis tenax). The wing of the drone-fly
has fewer venations than the lacewing. It can also be seen that the shape of the wing planform
differs in subtle ways.

However, many of them fail to capture the transient peaks in drag and lift accurately and
generally underestimate the mean drag coefficient [24]. A limitation of many existing quasi-
steady models is that the wing pitching motion of insects is generally not incorporated, while
it is known [25, 26] that for steady-state flying or hovering, the wing pitching is passive.

An additional limitation is that of accurately modelling coupling effects. Recent work by
Whitney and Wood [27] proposes a quasi-steady model that includes aerodynamic loads due
to wing rotation and translation, and also incorporates the added virtual mass effect through
the use of empirical parameters. However, the coupling effect between the translational load
and the rotational load was not included in their study. Experiments show [22] that the
coupling effect and the pitching motion of the wing are of high importance and significantly
affect the loads generated by the flapping wings. Thus, it is necessary to include both of
these effects in a quasi-steady model. The dependence of many of these models on empirical
parameters limits their application to general flapping wing analyses.

Unsteady models Finally, unsteady models attempt to model the unsteady flow phenomena
without actually conducting numerical simulations that directly solve the complex Navier-
Stokes equations. Although these models are successful in modelling the changing flow field
during flapping flight, they are computationally very expensive and carrying out optimization
studies using such models would require a lot of processing power. The Kutta condition states
that the circulation for a body with a sharp trailing edge travelling through a fluid adjusts
itself so that the rear stagnation point holds itself at the sharp end of the trailing edge. This
condition is usually employed and satisfied [28] by most unsteady models. This condition
holds true when there is minimal wing pitch reversal however, during stroke reversals of a
flapping wing, the pitch maneuvers in such a manner that the fluid flows around the trailing
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2-2 Wing Nomenclature 9

edge rather than along it, questioning the applicability [28] of the Kutta condition.

2-2 Wing Nomenclature

Some basic nomenclature for a simple rectangular wing is shown in Fig 2-2. The spanwise
and chordwise directions are used to describe various geometrical properties of the wing.

Figure 2-2: The standard nomenclature for different parts of the wing is shown here. Spanwise
directions usually indicate aspects of the wing in-plane with the wing planform like the shape of
the wing. Chordwise descriptions usually indicate cross-sectional attributes of the wing along the
chord direction.

For instance, the shape of the wing planform is described by the Spanwise Area Distribution
(SWAD). The shape of the wing may be characterized differently depending on the type of
wing. For instance, a Beta probability density function may be used to attain the shape
of a hawkmoth wing [23]. The Chordwise Area Distribution (CWAD), on the other hand,
describes the shape of the wing cross section. Similarly, the Spanwise Mass Distribution
(SWMD) and the Chordwise Mass Distribution (CWMD) are also useful functions to describe
wing morphology. The rotation of the wing about an axis parallel to the chordwise direction
is called sweeping and the rotation of the wing about an axis parallel to the spanwise direction
is called pitching. The sweeping axis in this study, passes through the wing root. Pitching of
the wing allows it to attain a certain angle of attack and this angle has a large influence on the
amount of lift generated. The above-mentioned terminology is used extensively throughout
the report.

2-3 Existing Quasi-Steady Aerodynamic Model

It is clear from the previous section that the best option would be to opt for a quasi-steady
aerodynamic model which does not have a heavy dependence on empirical parameters. Wang
et al [19] developed an analytical quasi-steady model for flapping wings that aims to quickly
evaluate the aerodynamic performance of a given wing design. In this model, the flow is
assumed to be incompressible and the flapping wing is modelled as a series of rigid chordwise
strips as shown in Fig 2-3. This allows for simplification of the aerodynamic pressure load
into a point force for each chord.
The model was then used to carry out optimization studies of certain aspects of the wing
geometry such as the wing root stiffness, the young’s modulus of the wing, and pitching axis
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10 Wing Design Methodology

Figure 2-3: Blade element method used by Wang et al[2] assumes each infinitesimal chordwise
strip to be rigid. This allows for simplifcation of the force distribution and easier analytical
modelling of the wing twist.

orientation. However, these optimization studies were carried out by decoupling different
behavioural aspects of the wing. For instance, the root stiffness of the wing was decoupled
from the rest of the wing’s stiffness. This allowed for an optimized root stiffness that could be
achieved by means of a torsional spring at the wing root. The study also looks at different wing
SWADs and compares their performance, resulting in the observation that the hawkmoth wing
profile with an optimized pitching axis location results in the largest effective lift as compared
to other wing shapes. The CWAD was also studied by using a function to describe a kite
profile for the CWAD and comparing it with a uniform CWAD. A similar approach was used
for the mass distribution in the chordwise and spanwise directions wherein a function was
used to describe different profiles but none of these aspects were optimized.

The geometric aspects of the wing that were optimized, such as the pitching axis orientation,
are taken into account as parameters for wing design evaluation which is described in the
review paper included in this report as Chapter 3.

2-4 Design Optimization Approach

The aim of this study is to optimize certain aspects of the wing in order to maximize its
lift production. as the wing performs a flapping stroke, it experiences high inertial surface
loads and also aerodynamic pressure loads. Under these changing load conditions, the wing
needs to be able to remain stiff so as to harness the transient forces, while at the same time
maintaining a certain angle of attack at the tip. Lift-maximizing angles of attack are known
to be between 30 and 45 degrees at the wing tip.

Essentially, a wing design needs to be optimized such that under certain load cases, the wing
is stiff in bending but is still able to twist. For the purpose of this study, the shape of the wing
planform is kept constant. The factors that can be tuned in this study are thus - the chordwise
area and mass distributions, and the spanwise mass distribution. All of these parameters are
linked to the thickness distribution of the wing. Rather than use each of them as separate
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design variables, the design variable is instead chosen to be the thickness of each element as
this simplifies the problem considerably. Hence, the aim is to obtain a thickness distribution
that satisfies certain constraints to achieve high bending stiffness under applied loads, while
having a lower rotational stiffness to maintain the angle of attack.

When it comes to the applied loads, the aerodynamic model developed by Wang et al [19]
assumes rigidity in the chordwise strips and this allows for the pressure distribution along
the chord direction to be simplified into a point load acting at a certain center of pressure
along each chordwise strip. Thus, the aerodynamic pressure load was converted to a simpler
force distribution along a line from the wing root to the tip. This approximation is no longer
valid for the current study as the entire structure is modelled to be flexible. Hence, a process
was developed to design a surface load which is a reasonable approximation of the actual
aerodynamic load. This has been described extensively in Chapter 3.

Figure 2-4: The material distribution of a simply supported beam is optimized using the 99 lines
of code published by Sigmund [29]. As can be seen, the penalization exponent is set such that
the resulting design is black-white, i.e., there are no areas with grey/intermediate material.

Optimization problems like these are usually carried out using the SIMP (Solid Isotropic
Material with Penalization) approach. This uses a penalized pseudo-density term for each
element on the structure which encourages the optimizer to achieve a solid-void type design
as shown in Fig 2-4. An option considered was to use a similar approach and implement a
pseudo-thickness for each element but the deformation profile of the current problem is highly
nuanced. The wing is expected to twist and stretch under the applied loads, which means that
this problem involves membrane and bending deformations. Further, the slender nature of
the structure, indicated by the high chord to thickness ratio, means that the membrane forces
that the wing would experience under such loading conditions would not be insignificant as
membrane action tends to take over with reducing thickness. More details on the optimization
approach for the wing design problem are given in Chapter 4, which presents a technical paper.
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12 Wing Design Methodology

Available Software Solutions Certain software solutions such as COMSOL and Altair Op-
tiStruct are capable of performing thickness distribution optimization using their shape opti-
mization framework. However, their applicability for slender structures experiencing compli-
cated loads hasn’t been tested.

Research Questions Based on the above, a set of research questions was established and is
listed below.

• How can we evaluate and qualitatively compare one wing design from another for ap-
plication in a Flapping Wing Micro Air Vehicle?

– Which phases of the flapping stroke are the most critical to study with respect to
wing lift generation?

– Once critical phases of the flapping stroke have been identified, what evaluation
parameters can be used to compare generic wing designs?

• Can we set up an optimization algorithm that outputs an optimal thickness distribution
for a wing?

– How do we implement sensitivities for thickness distribution optimization of ex-
tremely slender structures?

– Can the selected critical load cases be used in combination with some of the eval-
uation parameters to formulate a wing design optimization problem?

To answer the above research questions, two papers were written. The first paper, which is a
review paper, addresses the first main research question based on evaluation and comparison
of existing wing designs. A second technical paper leverages the load cases and parameters
identified during the review to formulate an optimization problem that outputs thickness
distributions on a given wing shape under certain loading conditions.
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Chapter 3

Review Paper

This chapter preents a review paper that was written as a part of the thesis project. The
paper aims to identify parameters that influence lift generation of a flapping wing to enable
qualitative comparisons for general wing designs. Additionally, given the sensitivity of the
wing to loading conditions, an aerodynamic load surface was developed to apply a required net
force on the wing. Finally, different phases of a flapping stroke cycle are compared and key
regions of the stroke are highlighted as load cases for wing evaluation.
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A Simple Qualitative Review and Evaluation of Flapping Wing Design
A. Narayanan, Dr. ir. J.F.L. Goosen and Prof. dr. ir. A. van Keulen

A R T I C L E I N F O
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flapping wing
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lift generation
load cases

A B S T R A C T

This study looks at the design of a flapping wing for use in micro-air vehicles from a qualitative
perspective. The different existing aerodynamic models used to predict lift generation of flapping
wings are briefly discussed, followed by a detailed look at the geometric factors that influence lift
generation. The importance of correctly modelling slender flapping wings by including membrane
deformations is decribed and the triangular shell element developed by Keulen et al [20] is highlighted
as it satisfies these requirements. Finally, load cases are defined which can be used to evaluate a given
wing design using a set of parameters.

1. Introduction
The last few years have seen a significant uptick [9] in

the number of autonomous robots and drones. These drones,
initially focused towards defense and espionage purposes,
have vast applications in fields ranging from farming to topo-
graphical mapping operations. Micro air vehicles (MAVs)
could be used to transport items between places, inspect struc-
tures for preventative maintenance, and enter hazardous ar-
eas to carry out tasks.

The fundamental difference between fixed and flapping
wing lift generation is based on the aerodynamic phenom-
ena harnessed by them. Fixed wings use steady mechanisms
to achieve lift whereas flapping wings use unsteady mecha-
nisms such as wake capture, leading edge vortices, and cir-
culation effects [8, 6, 19] to produce lift. It could be argued
[15] that the unsteady aerodynamics harnessed by flapping
wings leads to energy being wasted in generating vortices
in the wake of the wing. However, studies [13] have shown
that the scaled propulsive efficiency of flapping wings are
higher than fixed wing counterparts. The ability of flapping
wings to achieve reduced power consumption at low cruis-
ing speeds [13] results in better maneuverability in confined
spaces. Hovering insects often have a symmetric, periodic
back and forth wing motion [27] which could be replicated
by resonant mechanisms [3] to achieve the required motion
while having lower power consumption. Thus, although ro-
tary wing MAVs such as quadcopters have become ubiqui-
tous in recent times, there is significant merit to studying
flapping wing flight.

Much work has been done to study and model [11, 21]
the unsteady aerodynamic processes that govern flapping wing
lift production. The interaction between these mechanisms
and their individual timings with respect to each other have a
significant impact on the overall lift generation [6]. Most un-
steady models, although accurate in predicting the lift gen-
eration, were heavily dependent on empirical parameters or
incorporated assumptions such as a rigid wing [16] which
does not exhibit passive pitching behavior. The quasi-steady
model developed by Wang et al [22] aims to overcome these
limitations. This model predicts the aerodynamic forces and
torques acting on the wing resulting from the translational,

ORCID(s):

rotational motion of the wing along with coupling and mass
effects.

There have been a number of forays [5, 29, 28] into devel-
oping flapping wing micro-air vehicles (FWMAVs) but with
a larger focus on the overall system and not so frequently the
nuances of wing design. For instance, Wood et al [29] use
a simple vein like design to mimic the stiffness distribution
of insect wings. Similarly, the study by Whitney et al [28]
uses a geometrical function to describe the spanwise area
distribution (or shape) of the wing based off existing insect
wings. Studies conducted by Wang et al [24] approximate
the wing geometry into a simplified 1D structure connected
by a series of springs which represent the structural stiffness
and decouple the root stiffness of the wing to facilitate easier
design. Although the same study optimizes several aspects
of the wing to maximum lift production, the resulting wing
design is a list of wing characteristics that need to be indi-
vidually produced and assembled. With currently existing
rapid prototyping technology, it is possible to incorporate
such optimized favourable characteristics into a continuous
structure which can be easily 3D printed. There is, there-
fore, a need to summarize these lift-enhancing parameters
and further iterate to achieve better wing designs.

2. Flapping Wing Lift Influencers
Recent trends indicate that there is an interest in minia-

turization of robots which means that for the FWMAV, all
the individual parts, including the wings will be smaller.
When designing a FWMAV with a payload in the gram scale,
it is very important to make sure that the individual compo-
nents are optimized to minimize their weight. Hence, a good
wing needs to have minimum weight while still providing
high lift. We shall call this the effective lift production of the
wing. In order to design a wing with high effective lift, we
need to look at the aspects of wing geometry and kinematics
that influence lift production.

2.1. Wing Kinematics
There have been many studies [26] that have analysed

the effect of altering wing kinematics such as flapping fre-
quency, angle of attack at wing tip, timing of wing pitching
and stroke reversal, and other factors on the wing lift produc-
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Figure 1: Some of the basic terminology used to describe
wing geometry is shown here. LE and TE correspond to the
wing’s Leading Edge and Trailing Edge respectively. The wing
executes a sweeping motion about an axis passing through
the wing root, while simultaneously pitching about an axis
parallel (in this case) to the LE and TE. This pitching motion
causes the wing to attain an angle of attack, �, as shown.
The spanwise and chordwise directions are frequently used to
describe various characteristics of the wing, such as area and
mass distributions.

tion. For instance, the angle of attack is known to be approx-
imately around 35 degrees at 70% of the wingspan [14] for
hovering insects. The influence of flapping frequency has
also been studied by Wang [25] and the reference flapping
frequency for hawkmoths is around 25 Hz [24].

2.2. Pitching Behaviour
During the stroke reversal phase of wing motion, the

wing pitches so that the relative positions of the leading and
trailing edge of the wing are swapped. This pitching motion
is not always actively controlled in insects. Further, an active
wing pitch system would add weight [16] in an FWMAV.
Hence, it would be preferable to utilize a passive pitching
system capable of attaining the required angle of attack at the
tip. The drawback of this approach is that passively pitching
wings often experiences inertial loads of large magnitude.
Experiments conducted by Sane et al [18] show that pitch-
ing axis orientation plays a vital role in determining the aero-
dynamic forces generated. Using their quasi-steady aerody-
namic model, Wang et al [24] optimized the pitching axis lo-
cation thereby achieving reduced power consumption. The
resulting optimized designs are shown in Fig 2.

2.3. Area Dsitribution
The influence of wing geometry on mean lift was studied

by Ansari et al [1]. Various characteristics such as wing as-
pect ratio, length, and area were changed for different shapes
of the wing planform and their effect on the mean lift gener-
ated was studied. It was observed that increasing the above
parameters resulted in an increase in wing lift however, the
lift-to-drag ratio did not exhibit the same behavior indicating
that there could be optimal solutions to be found. Further,
the study seems to indicate that there are fundamental dif-
ferences in the magnitude of lift force generated depending
on the shape of the wing planform itself necessitating more
research on the spanwise area distribution of the wing.

The wing cross-section, described by the chordwise area

distribution, is more important for wings that pitch passively
[24] as compared to wings with prescribed kinematics. The
impact of this characteristic on lift generation is not yet fully
understood.

2.4. Mass Distribution
Similar to the area distribution of the wing, the mass

distribution of the wing also has an influence on its aero-
dynamic performance. Although the spanwise and chord-
wise mass distribution of many insect wings have been stud-
ied [17, 7] and characterized, their impact on lift generation
characteristics is not yet fully understood. A little more in-
tuitive to understand is the influence of the chordwise mass
distribution of the wing. When the wing undergoes pitching
and sweeping, the mass distribution of the wing has a direct
correlation with the inertial force experienced by it.

The mass distribution of the wing in the spanwise and
chordwise direction relates to the structural stiffness of the
wing. Having a wing design that is stiff to inertial and aero-
dynamic loads while at the same time allows for passive rota-
tions about the pitching axis is, therefore, a design challenge
which needs further research.

3. Evaluating a given design
As discussed in previous sections, there are multiple wing

parameters that need to be considered when evaluating a given
wing design. Although there exist aerodynamic models that
predict mean lift generated, these are mostly not applicable
for generic wing shapes and wing mass distributions. From
an engineering design perspective, it is important to set up a
simple framework to computationally evaluate a given wing
design under specific load cases and contrast its performance
with other designs.

3.1. Modelling of a Wing
Considering a simple rectangular wing geometry as shown

in Fig 3, it can be seen that the finite element modelling
challenge arises from the ratio of the wing thickness to the
wing chord length. In reality, insect wings do not have a
uniform thickness, they are made of multiple layers stacked
in patterns over each other with venations that run through
the planform, providing additional stiffness [4]. Some of the
most slender portions of the wing could be as low as 50 mi-
crons thick. Compared with the span or chord length of the
wing, it can easily be seen that these are extremely slender
structures.

For thin plates, there are three major reaction forces that
are present under loading conditions, namely - membrane,
bending, and couple. Plates symmetric about the mid-plane
do not have any couple stresses and therefore, only the for-
mer two need to be considered. As the ratio of plate thick-
ness to chord length gets lower, the membrane action kicks in
and starts dominating. A wing that is simultaneously trans-
lating and rotating through a fluid medium experiences forces
that are perpendicular to the surface of the wing as shown in
the simple case in Fig 4. This indicates that, for the bound-
ary conditions shown, the forces generated act out-of-plane
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Figure 2: The study conducted by Wang et al [24] aims to optimize the pitching axis location of various wing shapes. Here,
KERS refers to a Kinetic Energy Recovery System with which the kinetic energy of the wing during deceleration phase can be
used to compensate for the energy consumed by drag. CWMD refers to the Chordwise Mass Distribution of the wing.

Figure 3: The figure shows the basic geometry of a rectan-
gular wing planform. Translational component of the flapping
motion can be described as a rotation about the local zc axis.
The pitching axis, in this case, is aligned with the local xc axis.
A simplified approach for modelling, carried out by Wang et
al [24] was to divide the wing into rigid, chordwise strips as
shown. This allowed for modelling of the twisting of the wing
in an easier manner.

with respect to the wing planform. Therefore, it can be ex-
pected that a larger portion of the deformation will be due to
rotation rather than stretching. The magnitude of the rota-
tion at the wing tip, which is around 45 degrees, falls in the
regime of finite rotations [10].

The above-mentioned aspects of the wing geometry and
deformation imply the need for nuanced finite element mod-
elling of the problem. The slenderness of the wing geometry
allows for the use of computationally cheaper shell elements.
However, these elements need to account for membrane de-

Figure 4: A rectangular wing under loading conditions derived
by Wang et al [24]. The inertial load, represented in blue, is
a surface load acting on the wing due to it’s rotation about
the local zc axis. The aerodynamic load, represented by the
red curve is modelled as a parabolic line load. On an actual
wing, the aerodynamic load is a pressure load that always acts
perpendicular to the surface of the wing planform. This ap-
proximation is valid for Wang’s model as each chordwise strip
is considered to be rigid.

formation and should also be able to handle finite rotations.
Despite accounting for all of these conditions, the non-linear
nature of the problem stands to cause further complications
under specific load cases. The element developed by Van
Keulen et al [20] is very apt for this case as it incorporates
additional terms to reflect membrane contribution and has a
consistent finite rotation formulation.

3.2. Load Cases
The flapping wing experiences an aerodynamic pressure

load and an inertial load on its surface. The study by Wang
et al [23] divides the wing into a number of rigid chordwise
strips along the span of the wing. This allows for twisting
of the wing via relative rotation of one strip with respect to
another. The aerodynamic force, which acts on each chord-
wise strip can be approximated as a point force acting at a
centre of pressure on the chord. This allowed the researchers
to simplify the aerodynamic surface load as a line load for
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(a) Spanwise load distribution

(b) Chordwise load distribution

Figure 5: The pressure load profile in the spanwise and chord-
wise directions are shown in this figure. Although the spanwise
distribution somewhat maintains the same profile through the
flapping stroke, the chordwise distribution undergoes changes.
However, this shape is considered to be a sufficient approxima-
tion of the mid-stroke load distribution. Further refinements
in load distribution patterns are necessary for more accurate
results.

the simple rectangular wing as shown in Fig 4. When con-
sidering a fully flexible wing, this simplification needs to be
reversed as each chordwise strip is no longer rigid.

3.2.1. Aerodynamic Load
A straightforward way of going back to the surface load

is by approximating the aerodynamic load distribution along
the chord using a cubic surface fit. This allows for reason-
able flexibility in choosing shape functions for finite element
modelling and also allows for a balanced computation time
as a lower number of quadrature points can sufficiently eval-
uate the integral. Although this is an approximation of the
true load profile, it is considered sufficient for the purpose
of this study. The aerodynamic load varies in the chordwise
and spanwise directions as shown in Fig 5.

The centre of pressure of the aerodynamic load in the
chordwise direction is known to range from 1/4 to mid-chord
[12] and the approximate spanwise distribution of the aero-
dynamic load is also known [2]. Using this information, a set
of equations were used to develop a cubic surface given the
locations of the centres of pressure in chordwise and span-
wise direction, the span length, and the chord length of the
wing. This is documented in detail in Appendix A. A cubic
pressure load distribution was obtained as shown in Fig 8 for
a rectangular wing with span = 5 cm and chord = 2 cm. It
must be noted that the dependence of the aerodynamic load
on the shape of the wing planform was not developed. An ap-
proximation of the shape-dependent nature was achieved by
shifting the cubic load surface to reflect the changing centre
of pressure when the shape of the wing is altered. However,
rigorous implementation of the relation between wing shape
and aerodynamic load distribution was not deemed neces-
sary for the purpose of this study as the inertial loads (for a
passively pitching wing) are known to be dominant for most
phases of the stroke. Hence, wing deformation characteris-
tics under such inertial loads were considered in detail for
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Figure 6: A flapping wing that executes a harmonic motion
with the time-normalized instantaneous angular acceleration
varying throughout the stroke as shown. Points of interest
are the start of the downstroke and upstroke at t

T
= 0.25 and

t
T
= 0.75 respectively.

this study.

3.2.2. Inertial Load
The inertial load consists mainly of the tangential force

contribution due to the rotation of the wing about the wing
root, (i.e., the sweeping motion). This is simply calculated
for each element as F i = miri� where mi is the mass of the
i-th element, ri is the radial distance of the element from the
axis of rotation, and � is the instantaneous angular accel-
eration of the wing, which varies throughout the stroke as
shown in Fig 6. The radial distance of the element is sim-
ply the xc local coordinate of the wing in the undeformed
configuration as can be seen from Fig 3.

3.2.3. Flapping Stroke Phases
The model developed by Wang et al [22] was used to pre-

dict the lift force generated for a harmonic sweeping motion
of a wing. The described motion results in a time-normalized
angular acceleration which varies throughout the stroke as
shown in Fig 6 and the lift and drag forces for a twistable
wing varying as shown in Fig 7.

From the above-mentioned figures, the variation of aero-
dynamic and inertial forces during the upstroke and down-
stroke can be clearly seen. The mid- upstroke and mid- down-
stroke phases, indicated by t

T = 0 and t
T = 0.5 respectively,

are phases of maximum lift generation. Whereas, from Fig
6 it can be seen that during these phases, the inertial load is
zero. Another region of interest is the end of the upstroke
phase and downstroke phase at t

T = 0.25 and t
T = 0.75.

These regions have almost no aerodynamic force acting on
the wing but the inertial load is at a maximum. This may
not be very interesting for wings with a uniform thickness
distribution, as this would result in a very uniform load pro-
file acting on the surface of the wing planform. For wings
with a varying thickness distribution, however, areas of con-
centrated mass would experience a larger inertial load which
may lead to an interesting deformation profile of the wing.

The stroke phases which mark the transition either from
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Figure 7: Wang et al [22] developed a quasi-steady aerodynamic model and used it to predict the lift and drag forces generated
on a wing executing a harmonic sweeping motion. The horizontal axis indicates normalized time.

Figure 8: A cubic load surface distribution was obtained for the aerodynamic load for a rectangular wing with span (r) = 5 cm
and chord (c) = 2 cm. MATLAB’s fsolve function was used to solve a set of nonlinear equations and obtain the surface equation.
A detailed description of the derivation is available in Appendix A.

up- to downstroke or vice versa, corresponding to t
T = 0.125

and t
T = 0.625 also need to be studied. These are regions

where both aerodynamic and inertial loads are acting on the
wing. During these phases, when the wing experiences forces
acting in multiple directions, it needs to be stiff in bending
while also maintaining the required angle of attack. Hence,
there are 3 phases of the stroke that need to be analysed - the
mid-stroke, the transition phase, and the end of the stroke.
For a harmonic sweeping motion, it is sufficient to study
these phases for either the upstroke or the downstroke due
to the symmetric nature of the wing motion. Note that for
mid-stroke phase, if there are no inertial loads acting on the
wing at that instant, the wing cannot be expected to deform
and passively pitch unless the aerodynamic forces are of high
enough magnitude and the centre of pressure is situated such
that it generates a significant torque about the pitching axis.

3.3. Evaluation Parameters
Considering the difficulty of conducting full transient anal-

yses for a highly nonlinear structure such as the flapping
wing, it makes a lot of sense from an engineering design
perspective to consider only certain important phases of the

wing stroke. The stroke phases mentioned prior can be used
as individual quasi-static load cases to study the deforma-
tion of the wing. When comparing two given wing designs
loaded under each of these load cases, it is necessary to look
at certain parameters as listed.
(1) Angle of attack: Under the applied loads, the wing should

deform such that the required angle of attack is achieved.
For instance, a wing span of 5 cm would require an angle
of attack of 45 degrees at the wing tip under high mag-
nitude inertial loads. In case the triangular shell element
used by Van Keulen et al [20] is used, the rotation of the
midside nodes at the wing tip can be checked.

(2) Bending deformation: The wing should be stiff under
the applied loads, meaning that it should not bend signif-
icantly in the direction of the normal to the wing plan-
form. This can be checked by looking at the vertical
(or out-of-plane) displacement of the nodes at the wing
tip. Assuming that the loads applied are continuous, this
should theoretically result in a continuous deformation
field as well.

(3) Pitching axis orientation: The pitching axis should be
oriented along the previously described optimal direc-
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tion corresponding to the shape of the wing planform.
The displacement corresponding to nodes on the required
pitching axis should be minimal and this would allow
those nodes to act as the axis about which the wing pitches.

(4) Deformation profile: The deformed configuration of
the wing should be continuous, i.e., there are no kinks,
wrinkles, or folds formed due to buckling. The slen-
der nature of the wing means that certain nonlinear be-
haviour could be exhibited by the problem, especially if
the solver has not correctly converged. This needs to be
checked and it should be made sure that the solution has
correctly converged.

4. Summary and Conclusion
This study aims to collate the data from other studies

on flapping wing lift generation and come up with a sim-
ple way to numerically evaluate the effective lift generation
of a given wing geometry using a list of easily comparable
parameters. These parameters are picked such that a simple
static analysis of the wing design under a given load case
gives insight on the performance of the wing. For instance,
a wing design that bends more than another given design
under identical load cases would be inferior in terms of lift
generation. The loads under which these parameters are to
be compared are also described in detail and a method of
changing from a 1D load description to a 2D description was
developed. This kind of simple numerical testing of the wing
allows designers to come up with good wing designs with-
out the need of conducting intense fluid-structure interaction
studies or full transient analyses on the wing. It is important
to note that this serves as a preliminary evaluation of wing
design. For a more detailed evaluation of the wing, it is in-
deed necessary to carry out the above mentioned analyses.
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A. Appendix I - Cubic Load Surface
This section covers the development of a cubic surface

for a recntagular wing planform. For the purpose of this sec-
tion, the spanwise direction will be denoted by x and the
chordwise direction by y. It is chosen to develop the equa-
tion of the cubic surface z = f (x, y) as

z = f (x, y) = f (x)f (y)

The x and y direction equations are cubic in the form

g1(x) = a1x
3 + b1x

2 + c1x + d1

g2(y) = a2y
3 + b2y

2 + c2y + d2
The cubic surface’s zero values need to be described.

Say the wing’s span length is denoted by r and its chord
length by c. The function value at x = 0 → r, y = 0 → c
should be zero. This condition gives us the following equa-
tions.

For x = 0, we have

f (x = 0, y) = g1(x = 0)g2(y) = 0 ∀ y ∈ R

∵ g2(y) ≠ 0, we have g1(x = 0) = 0

This gives us the equation

g1(x = 0) = d1 = 0 (1)

The equations at x = r are

f (x = r, y) = g1(x = r)g2(y) = 0 ∀ y ∈ R

∵ g2(y) ≠ 0, we have g1(x = r) = 0

Leading to the equation

g1(x = r) = a1r
3 + b1r

2 + c1r = 0 (∵ d1 = 0) (2)

Similarly, the equations for g2(y) are derived. First, once
more, for y = 0, we have

f (x, y = 0) = g1(x)g2(y = 0) = 0 ∀ x ∈ R

∵ g1(x) ≠ 0, we have g2(y = 0) = 0

This leads to the equation

g2(y = 0) = d2 = 0 (3)

Then, for y = c, the equations come out to be

f (x, y = c) = g1(x)g2(y = c) = 0 ∀ x ∈ R

∵ g1(x) ≠ 0, we have g2(y = c) = 0

Giving us

g2(y = 0) = a2c
3 + b2c

2 + c2c = 0 (∵ d2 = 0) (4)

Next, the peaks of the surface can be controlled by using
one of two approaches. One approach is to constrain the
slope of the curve. Another approach would be to constrain
the centroid of the curve. For this study, it was chosen to
use the former. If the peak of the surface in the spanwise
direction occurs at a point x = x∗, the following equations
hold true for all values of y.

)f (x, y)
)x

|

|

|

|x=x∗
= g2(y)

)g1(x)
)x

|

|

|

|x=x∗
= 0

∵ g2(y) ≠ 0, we have
)g1(x)
)x

|

|

|

|x=x∗
= 0

)g1(x)
)x

|

|

|

|x=x∗
= 3a1x2∗ + 2b1x∗ + c1 = 0 (5)

Similarly, if the peak of the surface in the chordwise direc-
tion is known to occur at y = y∗ for all values of x, we have

)f (x, y)
)y

|

|

|

|y=y∗
= g1(x)

)g2(y)
)y

|

|

|

|y=y∗
= 0

∵ g1(x) ≠ 0, we have
)g2(y)
)y

|

|

|

|y=y∗
= 0

)g2(y)
)y

|

|

|

|y=y∗
= 3a2y2∗ + 2b2y∗ + c2 = 0 (6)

The last set of equations come from setting appropriate
integral values for the surface. The surface integral can be
chosen to have a certain value depending on the net force, P
desired on the wing planform as shown below.

∫

c

0 ∫

r

0
f (x, y)dxdy = ∫

c

0 ∫

r

0
g1(x)g2(y)dxdy = P

(

a1r4

4
+

b1r3

3
+

c1r2

2
+ d1r

)(

a2c4

4
+

b2c3

3
+

c2c2

2
+ d2c

)

= P

(7)

Similarly, a constraint can be imposed on the integral on ei-
ther the spanwise or chordwise direction. This can be thought
of as a tuning parameter which controls the relative heights
of the peaks in each direction. In this case, the spanwise ap-
proach is used and the integral is constrained to have a value
I at the point y = y∗.

∫

r

0
f (x, y)dx = f (y)∫

r

0
g1(x)dx = I

A Narayanan et al.: Preprint submitted to Elsevier Page 7 of 8

20 Review Paper

Anirudh Narayanan Master of Science Thesis



Flapping wing design review

(

a1r4

4
+

b1r3

3
+

c1r2

2
+ d1r

)

(

a2y
3
∗ + b2y

2
∗ + c2y∗

)

= I

(8)

Therefore, in order to find the value of 8 unknown coef-
ficients, we have obtained 8 equations. These equations can
be solved numerically using MATLAB function fsolve us-
ing the Levenberg-Marquardt algorithm in a straightforward
manner.
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Chapter 4

Technical Paper

This chapter presents a technical paper which was written as part of the thesis project. The
paper aims to optimize wing geometry to achieve high effective lift using the thickness dis-
tribution as the design variable. A sensitivity implementation for such problems is presented
and implementation aspects are described in detail in the appendix. Finally, results for a rect-
angular wing shape and a hawkmoth wing shape under various loading conditions are shown.
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Optimization of Thickness Distribution in Flapping Wings
A. Narayanan, Dr. ir. J.F.L. Goosen and Prof. dr. ir. A. van Keulen

A R T I C L E I N F O
Keywords:
flapping wing
design
optimization
thickness sensitivity

A B S T R A C T
This study aims to use the qualitative parameters established in the preceding paper to conduct an
optimization study which uses element thickness as the design variable for a flapping wing with fixed
planform under various loading cases. The implementation of sensitivity is discussed for symmetric
slender structures which need to include membrane terms. The load cases are described for different
phases of the stroke cycle and their implementation is also discussed. The obtained wing geometries
under each of the load cases are studied and compared. The optimized rectangular wing planform
achieved an angle of attack of 43.15 degrees at the wing tip under high magnitude inertial loads
whereas the hawkmoth wing shape achieved an angle of 39.81 degrees at 60% of the wing span under
the same load. Finally, general thickness distribution patterns obtained by the optimizer are high-
lighted and discussed.

1. Introduction
Research on insect robots has become more prevalent

over the last several years due to their extensive applications
in various industries such as agriculture, defense, surveil-
lance, mapping, and rescue operations [3]. The small size of
these drones allows them to access areas otherwise inacces-
sible and also gives them advantages in terms of maneuvra-
bility. It is also possible that in the future, swarms of such
insect robots would carry out various tasks in synchroniza-
tion, leading to reduced manual labour. This study is focused
on the category of micro air vehicles (MAVs) which use flap-
ping wings to generate lift, similar to various flying insects
such as the hawkmoth, and the dragonfly.

The unsteady aerodynamics generated by flapping wings
results in their ability to hover efficiently and consume less
power at their lower cruising speeds when compared to pro-
portionally scaled fixed wing aircraft [4]. The unsteady aero-
dynamics that govern the lift generation behind flapping flight
have been studied in detail [2, 1, 6]. Phenomena such as the
leading edge vortex, rotational circulation, and wake cap-
ture are complex and computationally demanding to simu-
late. When comparing two given wing designs, it is more
efficient to rate each wing based on a few simple parameters
that can be measured computationally relatively easily. The
first part of this study covers this in further detail and lists
parameters such as the bending stiffness of the wing, and the
angle of attack at the tip which can be checked under specific
load cases. These parameters can also be used as constraints
for an optimization study to come up with different optimal
designs for each load case considered, which is the aim of
this study.

For topology optimization, a pseudo-density based ap-
proach is generally employed where the stiffness matrix is
pre-multiplied by a density term in the constitutive equa-
tions. However, this affects the way sensitivities are calcu-
lated. In case of slender structures such as the wing, it is im-
portant to consider the membrane-related terms. Since the
flapping wing is considered to be symmetric about the mid-

ORCID(s):

plane, the coupling terms that relate membrane and bending
action can be neglected. This is covered in more detail in
Sec 2.1.

2. Optimization Problem
As discussed in the first part of this study, the parameters

that can be used to compare given wing designs are listed and
these can further be used to constrain the optimizer. A well-
defined problem needs well-described loads, constraints and
a sensible objective function and all of these are discussed
in further detail below.
2.1. Sensitivity Implementation

The influence of membrane action gets more significant
as the thickness to chord length ratio gets reduced and hence,
a pseudo-density SIMP formulation is not sufficient for this
case. The density based topology optimization approach is
shown in Eq 1, where it can be seen that the stiffness ten-
sor for each element E0

ijkl is premultiplied with a penalized
pseudo-density term �(x)p. The effective stiffness of each
element is therefore dependent on this pseudo-density term,
which acts as the design variable. The penalization factor
is used to tune how aggressively the optimizer allocates ma-
terial to each element. A higher penalization exponent dis-
courages any so-called grey designs and forces the optimizer
to come up with solid-void designs that can be manufactured.

Eijkl(x) = �(x)pE0
ijkl , p > 1

∫Ω
�(x)dΩ ≤ V s.t. 0 ≤ �(x) ≤ 1, x ∈ Ω

(1)

The pseudo-density approach cannot be applied for thick-
ness sizing of slender structures such as the wing, however,
due to the membrane and bending stiffnesses changing with
the thickness of the element. This means that the original
stiffness tensor for each element, given before by E0

ijkl, will
change as the thickness of the element is modified. For this
study, an initial thickness t0 for the whole plate is set and
the element thickness is calculated as te = set0. Using this
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formulation, the design variable is not the element thickness
itself but the dimensionless scaling factor for each element.

A nonlinear finite element analysis works by solving the
equilibrium equation between the internal force and the ex-
ternal force as shown below, where � is the load multiplica-
tion factor used in the Newton-Raphson iteration scheme.

fint = �fext

The adjoint compliance method is used to calculate the
sensitivities for a response function say r(s; u(s)) where s de-
notes the design variable and u(s) denotes the displacement
field which is a function of the design variable. The aug-
mented response function used in th adjoint formulation is
given below.

r∗ = r(s; u(s)) + �
[

fint(s; u(s)) − �fext(s; u(s))
]

As can be seen from the above, complications arise for
the flapping wing case as the external load is dependent on
the design variable and also the displacement of the wing
as described in the first part of this paper. The adjoint term
� needs to be calculated such that the coefficients of du

ds are
discarded. The term from the displacement-dependent ex-
ternal load is ignored for the purpose of this research as that
is a topic that requires further research and also the implicit
dependence of displacement on the design variable indicates
that the optimizer will converge, although slowly.

)r∗

)s
= )r

)s
+
[

)r
)u

+ �
(

)fint
)u

− �)fext
)u

)]

du
ds

+�
[

)fint
)s

− �)fext
)s

]

If the adjoint parameter is calculated appropriately, we
are left with the following equation where )fext

)s can be cal-
culated in a straightforward manner from Finertial = m.r.�
for an object rotating about a given axis.

)r∗

)s
= )r

)s
+ �

[

)fint
)s

− �)fext
)s

]

The internal force is related to the generalized stresses
by

fint = DT�

where � are the generalized stresses. Essentially, in order to
calculate the sensitivity of the internal force with respect to
the design variable, it is necessary to calculate the sensitivity
of the generalized stresses. The relation between the stress

resultants and couples, and the stretching deformation and
curvature changes for a plate is given in Eq 2.
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⎢
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(2)

The stress measures are related to the deformations through
the A-B-D matrix, which is dependent on the design vari-
able. Here, the components of the A-B-D matrix, which re-
lates the tangential stress couples and resultants to the stretch-
ing and curvature changes, are given in Eq 3. Q(z) is a ma-
trix that describes material behavior at a distance z from the
mid-plane. In case of a plate that is symmetric about the
mid-plane, the coupling B matrix is zero which simplifies
the equations considerably. Further, the difference in scaling
of the A and D matrices must be noted. It can be seen that
the A matrix is linearly proportional to the plate (or element)
thickness, while the D matrix has a cubic relation with the
plate element thickness. Due to this difference in proportion-
ality, sensitivities need to be calculated correctly. It should
be noted that if this were a pure bending or pure stretching
problem, one could still opt for the pseudo-density.

A = ∫

+ ℎ
2

− ℎ
2

Q(z)dz

B = ∫

+ ℎ
2

− ℎ
2

zQ(z)dz

D = ∫

+ ℎ
2

− ℎ
2

z2Q(z)dz

(3)
One approach to implementing the sensitivities in this

case would be to use the perturbation method. This can be
done by perturbing the thickness of the element with an ap-
propriate step size and thereby calculating the sensitivities of
the stress resultants and couples with respect to the element
thickness. However, this would be computationally expen-
sive as the sensitivities would need to be recalculated after
every iteration for every element.
2.1.1. General Asymmetric Plate Approach

A general approach has been developed for the plate thick-
ness sizing problem by decoupling the A-B-D matrix into the
A-D matrix and the B matrix as shown in Eq 4.
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⎤
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⎦

(4)
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If the A-B-D matrix is multiplied by a scalar tpe , it acts
as a penalization factor which encourages the optimizer to
opt for high-low thicknesses instead of a smooth distribu-
tion. For the A-D matrix, a new F matrix (Eq 5) is developed
which can be multiplied with it to generate the required sen-
sitivities. Here, I is a 3 X 3 identity matrix and p denotes the
thickness penalization exponent, a scalar quantity.

F =
⎡

⎢

⎢

⎣

I ∗ (p + 1) ⋮ 0
… … …
0 ⋮ I ∗ (p + 3)

⎤

⎥

⎥

⎦

(5)

The B matrix, on the other hand, needs to be multiplied
by a scalar factor of (p+2) to obtain the required sensitivities.
The final, derivative of the A-B-D matrix with respect to the
design variable is given by the relation in Eq 6.

dA-B-D
dse

= (A-D ∗ F) + (B ∗ (p + 2)) (6)

2.1.2. Symmetric Plate Approach
An even simpler approach could be implemented for plates

which are symmetric about the mid-plane. Instead of modi-
fying the A-B-D matrix, the stress vector is directly modified
by multiplying the tangential stress resultants by a factor of
(p+1) and the stress couples by a factor (p+3) as shown in
Eq 7.
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⎥

⎦

(7)

The symmetric plate approach was implemented for the
current study due to its simplicity and validated using the
finite difference method. The data from this validation study
is tabulated in Appendix A.
2.2. Load Cases

The wing experiences forces acting on its surface which
change direction and magnitude throughout the flapping stroke.
The aerodynamic force is a pressure load which acts per-
pendicular to the surface of the wing planform. The inertial
load, on the other hand, is a surface load which acts along
the line of motion of the wing. The direction in which it
acts is determined by the instantaneous angular acceleration
of the wing. It is, therefore, not a follower load as opposed
to the aerodynamic load. For the optimization study, a har-
monic sweeping motion of the wing was considered, with
the angular acceleration of the wing varying throughout the
stroke. Due to the symmetric nature of the motion, the wing
deformation behaviour was studied only during the upstroke.
Although there are certain portions of the downstroke where
the loads are acting in different directions, the magnitude of

Figure 1: Basic wing nomenclature is shown in this figure.
The rectangular wing performs a sweeping motion about an
axis passing through the wing root, and pitches about the
pitching axis. The pitching motion causes it to have an angle
of attack.

the aerodynamic load is much lower than the inertial forces
that a passively pitching wing experiences and hence, the
above restriction is deemed appropriate.

Based on a qualitative approach, certain portions of the
flapping stroke are considered and the corresponding net aero-
dynamic force and time-normalized angular acceleration are
recorded in Table 1. A cubic pressure load distribution was
developed in the first part of this study as an approximate
representation of the aerodynamic pressure acting on the wing.
Existing shell element research code was used to conduct the
FEA, however certain updates were made to accommodate
non-uniform pressure distributions and these changes have
been documented in Appendix B.
2.3. Problem Formulation

Under applied loads, the wing needs to be stiff in bend-
ing while still being able to passively pitch and obtain the
required angle of attack at the wing tip. Formulating this as
a compliance minimization problem could prevent the op-
timizer from allowing the wing to be compliant enough to
twist and achieve the angle of attack. Hence, the optimiza-
tion problem is simply defined as a displacement maximiza-
tion problem, where a point on the wing’s trailing edge close
to the wing tip is chosen to have a certain displacement that
allows for an angle of attack at the wing tip under applied
loading conditions. For instance, in Fig 1, the point of inter-
section of the wing trailing edge and the wing tip, denoted
by point Q, is chosen to have high vertical displacement. Si-
multaneously, the point of intersection of the pitching axis
and the wing tip, denoted by point P , is constrained to have
very low displacement. This is mathematically formulated
below. Note that uz denotes the magnitude of the vertical
out-of-plane displacement of the point.

min (−uQz )

s.t. uQz ≤ uQmax,
uPmin ≤ uPz ≤ uPmax

(8)

3. Optimization Results
The optimization problem was carried out for a rectan-

gular wing with span length R = 5cm and chord length
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Table 1
The quasi-steady aerodynamic model developed by Wang et al [8] was used to extract the lift and
drag forces acting on a flapping wing executing a harmonic sweeping motion. The time-normalized
angular acceleration at various instances of the stroke are also listed.

Stroke Phase Aerodynamic Force (N) Angular Acceleration (rad s−2)

Mid- upstroke 0.0331 0.0000
End- upstroke 0.0028 -41.3417
Transition (up- to down- stroke) 0.0172 -29.2329

***
*********
*

 9.800e-08

 2.4e-03

(a) Average Displacement [m] plot of the obtained design.

***
*********
*

 7.500e-05

 2.0e-03

(b) Thickness distribution [m] plot of the obtained wing design.
Figure 2: Optimization results obtained for the mid-upstroke phase are shown in the figures, under only aerodynamic load. Axis
lines show the origin of the global coordinate system, and the clamping boundary condition for C = 0 to C = 0.004m is shown
with the help of asterisks. It can be seen here that the design does not obtain the required angle of attack.

C = 2cm. PETG was chosen as the material, with Young’s
modulus E = 3GPa and density � = 1200kgm−3. The
maximum wing thickness was set to 2 mm and the minimum
thickness was set to 75 µm. The results for different phases
of the flapping stroke are shown in Fig 2 to 4. Note that all
the figures plot the deformed configuration of the wing under
the specified load case.

Fig 2 shows the design obtained by the wing for the mid-
upstroke phase of the flapping stroke. It can be seen that
design obtained from optimization does not achieve the re-
quired angle of attack at the wing tip. This is to be expected
for the case where only the aerodynamic load acts, as the
centre of pressure of the load is very close to the pitching axis
of the wing. One must also keep in mind that the wing enters
this phase of the stroke already possessing a certain angle of
attack due to the transient inertial forces in the phases lead-
ing up to this instant. The low magnitude of the load does
not generate enough moment to allow a rotation about the
pitching axis in a quasi-static situation. The displacement
plot shows that the optimizer has arranged material so as to
form a sort of compliant mechanical hinge near the clamped
region.

Fig 3 and 4 show the thickness distributions obtained by
the optimizer for two different phases of the upstroke where
the inertial load is dominant as compared to the aerodynamic
load. It can be seen that areas of large thickness, and there-
fore mass, near the clamped boundary helps increase bend-
ing stiffness of the wing. Inertial loads are dependent on the
local mass of the structure and hence, the rest of the mass

is concentrated along the trailing edge of the wing tending
to higher concentrations towards the wing tip, allowing the
structure to pitch. This is very similar to the function of the
pterostigma [5] found in many insects.

Under purely inertial loads, the optimizer obtains a de-
sign which includes a small protrusion with high thickness
near the wing’s leading edge which can be seen in Fig 4.
This addition could help in strengthening the bending stiff-
ness of the structure. Note that certain low thickness regions
of the obtained optimal design exhibit very low deflection
near the wing root and then have larger deflections after a
certain point when moving along the chord. This could be
caused by the combination of the small added high thickness
protrusion, and low inertial loads present near the wing root.
This behavior can also be seen in Fig 3 for the load case with
both aerodynamic and inertial loads, albeit in a more subtle
manner. The stiffening behavior near the wing root for this
case could be caused due to the high thickness distributions
near the wing leading and trailing edges, leading to a very
narrow channel with low thickness.

A similar optimization study was carried out for a hawk-
moth wing shape with a smaller clamped region (2 mm of
clamping) and the obtained results are shown in Fig 5 to 7.
The bounds on thickness and the material parameters used
are identical to the previous case with the simple rectangu-
lar wing planform. This study was done to understand the
influence of wing planform shape on the overall obtained
thickness distributions.

Reducing the clamped region and changing the wing shape
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 1.620e-07

 1.4e-02

***
*********

(a) Average Displacement [m] plot of the obtained design.
 7.400e-05

 2.0e-03

***
*********

(b) Thickness distribution [m] plot of the obtained wing design.
Figure 3: Optimization results obtained for the transition from up- to downstroke are shown in the figures, under both the inertial
and aerodynamic loads. Axis lines show the origin of the global coordinate system, and the clamping boundary condition for
C = 0 to C = 0.004m is shown with the help of asterisks. The obtained angle of attack is 40.18°.

***
*********

 1.500e-07

 1.7e-02

(a) Average Displacement [m] plot of the obtained design.

***
*********

 7.400e-05

 2.1e-03

(b) Thickness distribution [m] plot of the obtained wing design.
Figure 4: Optimization results obtained for the end of the upstroke are shown in the figures. The load case considers only the
inertial load as the aerodynamic load has relatively much lower magnitude. Axis lines show the origin of the global coordinate
system, and the clamping boundary condition for C = 0 to C = 0.004m is shown with the help of asterisks. The obtained angle
of attack is 43.15°, which is close to the lift-maximizing angle of attack required.

has some interesting effects. Although the optimizer’s ap-
proach of concentrating some mass near the clamping and
the rest near the trailing edge stays the same, there are some
subtle changes to the obtained thickness distributions. For
instance, the obtained designs for the mid-upstroke phase
of both wing shapes show significant differences in the way
the optimizer chooses to distribute thickness, and therefore,
mass (see Fig 2 and 5). To understand why this difference
occurs, plots of the membrane forces (given by the tangential
stress resultants) and bending moments (given by the tan-
gential stress couples) were studied. The bending moments
were similar for both wing shapes but the membrane forces,
shown in Fig 8, are different.

It can be seen from Fig 8 that there are areas with high
membrane forces near the leading edge of the rectangular
wing whereas these do not exit for the hawkmoth wing. In-
stead, one can see that most of the membrane forces act near
the clamped region for the latter. This difference in mem-
brane forces could arise due to the difference in clamped re-
gions between the two wing cases, as the clamped region for

the rectangular wing is larger and thus more restrictive. An-
other significant change that could be a cause of the variation
in obtained designs is the load itself. Recall that the aero-
dynamic load also depends on the shape of the wing. The
load centre of pressure is closer to mid-span for the hawk-
moth wing, whereas for the rectangular wing it is closer to
the wing tip. Indeed, neither of the designs can be called
"feasible" for the mid-stroke phase without a more rigorous
study on the shape-dependent aerodynamic load. However,
as the magnitude of this load is not as large as the inertial
load, there is merit to understanding obtained designs under
the inertial load.

The designs obtained under dominating inertial loads are
shown in Fig 6 and 7. Note that although the angle measured
at a point 2 cm away from the wing tip is slightly lower than
the required angle of attack, it is expected that under true
transient loading, the angles achieved will be slightly higher.
The patterns formed are very similar to those that were ob-
tained for the rectangular wing. Under both aerodynamic
and inertial loads, a protrusion similar to the one found in
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*********

*

 5.500e-07

 1.8e-03

(a) Average Displacement [m] plot of the obtained design.

*********

*

 7.500e-05

 2.0e-03

(b) Thickness distribution [m] plot of the obtained wing design.
Figure 5: Optimization results obtained for the mid-upstroke phase of a hawkmoth wing are shown in the figures, under only
aerodynamic load. Axis lines show the origin of the global coordinate system, and the clamping boundary condition is shown with
the help of asterisks. It can be seen here that the design does not obtain the required angle of attack.

*********

 1.000e-06

 1.3e-02

(a) Average Displacement [m] plot of the obtained design.

*********

 7.500e-05

 2.0e-03

(b) Thickness distribution [m] plot of the obtained wing design.
Figure 6: Results obtained for the transition from up- to downstroke of a hawkmoth wing are shown in the figures, under both the
inertial and aerodynamic loads. Axis lines show the origin of the global coordinate system, and the clamping boundary condition
is shown with the help of asterisks. The obtained angle of attack is 36.25° at a point on the trailing edge 2 cm away from the
wing tip.

Fig 4 can be seen, although this is of a much more subtle
nature. Since it is not as pronounced in this case, it does not
provide as much stiffening at the wing root.

4. Summary and Conclusion
Wing design for application in a FWMAV is a highly

nuanced topic with vast scope for future research. In order
to obtain an optimized thickness distribution for the flapping
wing under different load cases, a sensitivity implementation
was developed that takes into account the difference in pro-
portionality between membrane and bending stiffnesses, and
also the dependence of inertial load on the design variable.
Optimization results obtained for two wing planform shapes
under various loads indicate a general thickness pattern that
is required to achieve the design objectives. A tendency
to concentrate thickness (and consequently, mass) near the
clamped boundary and the wing trailing edge was observed
for both wing shapes. Potential caveats with the designs ob-
tained for the shape-dependent aerodynamic pressure load

were identified and highlighted, and a possible explanation
for the subtle variances in designs was discussed.

For future research, we would recommend a more rigor-
ous formulation of the shape-dependent aerodynamic pres-
sure load as it is important to the objective of achieving a
truly accurate optimal design. The sensitivity of the pressure
load to the deformation profile of the structure, and therefore
implicitly, the design variable needs to be studied in depth
and implemented. This would also help improve optimiza-
tion convergence rates and increase the certainty of obtain-
ing a feasible design.
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(b) Thickness distribution [m] plot of the obtained wing design.
Figure 7: Results obtained for the end-upstroke phase of a hawkmoth wing are shown in the figures. This load case considers
only the inertial load, which has a much higher magnitude than the aerodynamic load. Axis lines show the origin of the global
coordinate system, and the clamping boundary condition is shown with the help of asterisks. The obtained angle of attack is
39.81° at a point on the trailing edge 2 cm away from the wing tip.
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A. Appendix I - Sensitivity Verification
The symmetric plate approach discussed in Sec 2.1.2 was

implemented in research code Charles developed by Van Keulen

et al [7] and tested under various load cases. A triangu-
lar plate, modelled with just one CTRIB3 element was sub-
jected to various loading conditions and the tangential stress
couples and resultants were used to calculate the sensitivity
of compliance with respect to the pseudo-thickness variable
se described in previous sections.

Using the chain rule, it is known that
dC
dse

= dC
dte

dte
dse

⟹
dC
dse

= dC
dte

t0

With the above equation, a number of load tests were run
and the sensitivity calculated by the optimizer was compared
with sensitivities calculated manually. The results of these
comparisons are viewable in Tables 2 to 6.

B. Appendix II - Pressure / Surface Load
Implementation
The CTRIB3 element developed by Van Keulen et al [7]

has already been implemented in the research code, Charles.
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Table 2
Test 1 - Membrane Test. A distributed force of 100 N/m was applied in the X-direction on
the hypotenuse of the triangular plate. An average displacement of 1.011e-08 m was observed.
Sensitivity calculated by the optimizer was -1.516666529e-06. Sensitivity was manually calculated
to be -1.516664926e-06. SI Units are used for all measures.

t0 = 1.000000e-02 t0 + Δt = 1.000001e-02

Nxx 6.4999998028333e+01 6.4999998028335e+01
Nyy 6.4999998028333e+01 6.4999998028335e+01
Nxy 3.4999998938333e+01 3.4999998938334e+01
Mxx 0.0000000000000e+00 0.0000000000000e+00
Myy 0.0000000000000e+00 0.0000000000000e+00
Mxy 0.0000000000000e+00 0.0000000000000e+00

xx 1.5166666206611e-08 1.5166651039961e-08
yy 1.5166666206611e-08 1.5166651039961e-08
xy 3.0333332413222e-08 3.0333302079921e-08
�xx 0.0000000000000e+00 0.0000000000000e+00
�yy 0.0000000000000e+00 0.0000000000000e+00
�xy 0.0000000000000e+00 0.0000000000000e+00

Table 3
Test 2 - Bending Test. A concentrated force of 1 N was applied on the vertex connecting sides
1 and 2. An average displacement of 1.099e-05 m was observed. Sensitivity calculated by the
optimizer was -9.899999978e-05. Sensitivity was manually calculated to be -9.899998245e-05.
SI Units are used for all measures.

t0 = 1.000000e-02 t0 + Δt = 1.0000001e-02

Nxx 4.2899999968562e-05 4.2899987099095e-05
Nyy 4.2899999968562e-05 4.2899987099095e-05
Nxy 2.3099999983072e-05 2.3099993053359e-05
Mxx -9.9999999945552e-01 -9.9999999945552e-01
Myy -2.9161858113487e-16 7.4666214082698e-17
Mxy -4.9999999972776e-01 -4.9999999972776e-01

xx 1.0009999992664e-14 1.0009995988789e-14
yy 1.0009999992664e-14 1.0009995988789e-14
xy 2.0019999985329e-14 2.0019991977579e-14
�xx -3.9999999978221e-05 -3.9999987978223e-05
�yy 1.1999999993466e-05 1.1999996393467e-05
�xy -5.1999999971687e-05 -5.1999984371690e-05

Table 4
Test 3 - Bending Test. A moment of 10 N.m was applied on side 2. An average displacement
of 2.333e-05 m was observed. Sensitivity calculated by the optimizer was -9.899999999e-03.
Sensitivity was manually calculated to be -9.899998256e-03. SI Units are used for all measures.

t0 = 1.000000e-02 t0 + Δt = 1.0000001e-02

Nxx 1.9293595407977e-08 1.9293573315573e-08
Nyy 1.9294473492012e-08 1.9294451399696e-08
Nxy 1.0389095473074e-08 1.0389083577188e-08
Mxx -6.1246461818598e-09 -6.1246397268864e-09
Myy 1.0000000000000e+01 1.0000000000000e+01
Mxy 4.9999999969377e+00 4.9999999969377e+00

xx 4.5017511201246e-18 4.5017455150469e-18
yy 4.5021316232063e-18 4.5021260181287e-18
xy 9.0038827433309e-18 9.0038715331757e-18
�xx -1.2000000024499e-04 -1.1999996424499e-04
�yy 4.0000000007350e-04 3.9999988007352e-04
�xy 5.1999999968152e-04 5.1999984368155e-04
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Table 5
Test 4 - Membrane and Bending Test. Concentrated forces of 1 N in X- and Z- directions
were applied on vertex connecting sides 1 and 2. An average displacement of 1.099e-05 m was
observed. Sensitivity calculated by the optimizer was -9.899080634e-05. Sensitivity was manually
calculated to be -9.898752084e-05. SI Units are used for all measures.

t0 = 1.000000e-02 t0 + Δt = 1.0000001e-02

Nxx 1.3000428970878e+00 1.3000428970750e+00
Nyy 1.3000428970878e+00 1.3000428970750e+00
Nxy 7.0002309843190e-01 7.0002309842497e-01
Mxx -9.9996700115117e-01 -9.9996700116107e-01
Myy 1.1368683772162e-16 -3.1500734252177e-17
Mxy -4.9998350057559e-01 -4.9998350058054e-01

xx 3.0334334265382e-10 3.0334331231649e-10
yy 3.0334334265382e-10 3.0334331231649e-10
xy 6.0668668530765e-10 6.0668662463298e-10
�xx -3.9998680046047e-05 -3.9998668046841e-05
�yy 1.1999604013814e-05 1.1999600414052e-05
�xy -5.1998284059861e-05 -5.1998268460894e-05

Table 6
Test 5 - Membrane and Bending Test. Concentrated forces of 10 kN in X- direction and 1 N in Z-
direction were applied on vertex connecting sides 1 and 2. An average displacement of 8.514e-06
m was observed. Sensitivity calculated by the optimizer was -6.070764392e-02. Sensitivity was
manually calculated to be -6.069336724e-02. SI Units are used for all measures.

t0 = 1.0000000e-02 t0 + Δt = 1.00000001e-02

Nxx 1.2999921162783e+04 1.2999921162784e+04
Nyy 1.2999921162783e+04 1.2999921162784e+04
Nxy 6.9999575491910e+03 6.9999575491914e+03
Mxx -7.5188312863449e-01 -7.5188313423121e-01
Myy 0.0000000000000e+00 0.0000000000000e+00
Mxy -3.7594156431725e-01 -3.7594156711560e-01

xx 3.0333149379828e-06 3.0333149076498e-06
yy 3.0333149379828e-06 3.0333149076498e-06
xy 6.0666298759655e-06 6.0666298152996e-06
�xx -3.0075325145380e-05 -3.0075324466989e-05
�yy 9.0225975436139e-06 9.0225973400966e-06
�xy -3.9097922688994e-05 -3.9097921807085e-05

However, existing functionality only allowed for uniform pres-
sure loadings. The slender and highly nonlinear nature of
the flapping wing problem made the response of the system
highly sensitive to changes in the net force applied. Hence,
an approximate modelling of the load distribution was deemed
to be insufficient.

In order to calculate the work equivalent nodal forces,
there were two approaches available. The first approach is
to manually carry out the integration and then evaluate the
integral at different points to obtain nodal forces for each ele-
ment. Say the pressure distribution is given by some q(x, y),
and the shape functions for the element are denoted by the N-
vector. The nodal forces for each element can be calculated
by the following equation.

∫A
NT q(x, y) dA

Since the equation of the cubic surface is of order 3 in
both, the x− and y− directions, the above equation is ba-
sically integration of a fourth order equation with multiple
coefficients. Doing such an integration by hand was deemed
to be a difficult endeavour and hence, a Gaussian integration
scheme using linear shape functions was set up.

The position of any point P (xP , yP ) in a triangle can be
defined by using the areal or triangular coordinate system.
Point P can then be described using the ratio of the area of
the sub-triangles to the area of the whole triangle. Looking
at Fig 9, we can define shape functions for each point as the
ratio of these areas such that

P (xP , yP ) =
[

�1 �2 �3
]

where �i =
Ai
A .

If we now consider an isosceles right triangle such as
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Figure 9: Any point P (xP , yP ) in a triangle can be represented
using areal coordinates as shown. The ratio of the area of the
sub-triangles to the area of the whole triangle gives information
on the location of point P .

Figure 10: Point P (xP , yP ) in a triangle can be represented
using local coordinates derived from the areal coordinates.

shown in Fig 10, we can calculate the ratio of the areas as
shown below.

�1 =
A1
A

=
1
2 × 1 × �
1
2 × 1 × 1

= �

�2 =
A2
A

=
1
2 × 1 × �
1
2 × 1 × 1

= �

�3 =
A − A1 − A2

A
= 1 − � − �

These are the linear shape functions for a triangular ele-
ment. Following this, a simple numerical integration scheme
was implemented in order to calculate the exact nodal forces
that each element experiences. The exact integral was con-
verted to the numerical integral as shown below.

∫A
NT q(x, y) dA =

nGP
∑

i
NT q(�−1i , �−1i )wij

In the above equation, nGP is the number of Gauss in-
tegration points, j is the determinant of the Jacobian for the
transformation from (x, y) to (�, �), and wi is the weight as-
signed for each Gauss point.
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Chapter 5

Conclusion and Reflection

In conclusion, the research questions that were established after the literature review portion
of this project have been answered. Key parameters that influence lift generation charac-
teristics of a wing were defined. Different portions of the flapping stroke were studied and
crucial parts were identified. During the mid-stroke phase, the wing experiences very little
forces due to inertia. As a result, only the aerodynamic pressure load acts perpendicular to
the wing surface at that instant. The inherent nature of selecting snapshots of the stroke
and running quasi-static analyses is that information pertaining to the transients, such as
the angle of attack at the wing tip as the wing enters the mid-stroke phase, is lost. The
aerodynamic centre of pressure being in close proximity to the pitching axis means that not
enough torque is generated to allow the wing to pitch passively under quasi-static conditions.
The transition phase, which marks the change in motion from upstroke to downstroke is also
of high importance because the wing experiences a combined loading from the aerodynamic
pressure and the inertial surface load. For wings that pitch passively, the inertial load is
generally significantly higher and hence, obtained optimized designs reflect this difference in
magnitudes. Optimal designs for this load case are quite similar to the designs obtained
for the end-stroke phase, where inertial loads dominate compared to the relatively negligible
aerodynamic loads.

Of particular interest are tiny protrusions or appendices of high mass concentration near
the wing leading edge in the optimal designs. These structures tend to strengthen bending
stiffness at the wing tip but also have the parasitic effect of increasing stiffness at the wing
root. These stiffening structures are very similar to the venations found in real insect wings
which perform a similar function. Another interesting pattern observed was the tendency
of the optimizer to concentrate mass close to the wing trailing edge, increasing somewhat
linearly from the wing root to the wing tip. These thick regions experience a higher local
inertial load and generate a significant moment about the pitching axis to achieve the required
angle of attack. This is also found in nature in the form of the pterostigma, which is thought
to assist in wing pitching in insects.

A short supplementary study was carried out to investigate the effects of initial values given
to the design variable. For the hawkmoth shape wing under purely inertial loads, two cases
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were compared - one where the optimization was started with a uniform low thickness, and
another where it was started with a uniform high thickness. The obtained final designs for
each case are shown in Fig 5-1. Although both the obtained results deform in a very similar
manner, it can be seen that there are some differences in the obtained distributions. A
corresponding plot of the membrane forces acting on the final designs are shown in Fig 5-2,
and once more, differences can be easily observed. This seems to indicate that for the currently
defined optimization problem, there exist more than one so-called "optimal" solution. This
would make sense from a realistic standpoint as the currently defined problem covers a vast
majority of wing designs found to occur naturally. To obtain a more specific design, a more
narrow formulation of the optimization problem may be required and hence, a more intense
study on this is necessary to draw any firm conclusions.

 7.500e-05

 2.0e-03

*********

(a) Obtained design for low initial thickness

*********

 7.500e-05

 2.0e-03

(b) Obtained design for high initial thickness

Figure 5-1: Thickness distributions obtained for two cases of initial thickness are shown here.
Although unintentional, the design corresponding to high initial thickness (b) seems to exhibit
higher displacements close to the wing root. This may be due to the reduced amount of material
concentration near the clamped region.

 3.700e+00

 1.2e+03

*********

(a) Obtained design for low initial thickness

*********

 6.500e+00

 2.7e+03

(b) Obtained design for high initial thickness

Figure 5-2: Membrane forces (calculated in a Von Mises way) for the obtained optimal designs
corresponding to cases of initial thickness are shown here. It can be seen that the latter case (b)
has forces of larger magnitude near the clamped region.

A few caveats need to be reiterated such as the missing sensitivity terms that describe the
explicit dependency of the pressure load on the deformation of the wing itself, and thus also
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the implicit dependency of the same load on the thickness distribution of the wing. This is
a complicated topic that requires further research. Additionally, although an approximate
representation of the aerodynamic load at mid-stroke was developed in the form of a cubic
load distribution, the changing profile of the aerodynamic load throughout the stroke and its
dependency on the shape of the wing planform was not implemented accurately. This was
done because the dominance of the inertial loads leads to the straightforward assumption
that these would be the limiting case. For instance, a wing that is stiff under only the
lower magnitude aerodynamic load need not necessarily possess a large enough stiffness to
withstand the high inertial loads at different parts of the stroke. Nevertheless, a more rigorous
implementation would be interesting in terms of further study.

In terms of future research and other approaches, there are a multitude of options other
than implementing the caveats mentioned in the previous paragraph. One possibility is to
formulate an objective function that incorporates multiple load cases by means of assigning
weights to each load case or by some other kind of min-max formulation. Including a large
enough number of load cases could potentially result in a design that acts as a sort of global
optimum for the flapping wing use case. Another option would be to try and come up with
venation-like structures similar to those found on insect wings. This could be done by choosing
a compliant base material such as PETG and another material with higher stiffness. With an
upper limit on the volume of the stiffer material, one could try to come up with a distribution
of this stiffer material on the surface of the base material such that the entire combined
structure exhibits certain desired characteristics. There are also practical research projects
that involve manufacturing obtained optimal designs and testing them on an apparatus that
generates the required sweeping motion. This would be useful to see how well the designs
obtained from quasi-static analyses translate to an actual scenario where the wing experiences
a large amount of transient forces. All of these projects would form a natural extension to this
thesis project and are avenues worth exploring to solidify understanding of the fundamental
design of wings for flapping wing flight.
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Glossary

FWMAV Flapping Wing Micro Air Vehicle
MAV Micro Air Vehicle
SWAD Spanwise Area Distribution
CWAD Chordwise Area Distribution
SWMD Spanwise Mass Distribution
CWMD Chordwise Mass Distribution
PA Pitching Axis
AoA Angle of Attack
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