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Thermo-Elastic Formulae for the Anal/sis of Beams 

By W. S. Hemp * M.A., F.R.Ae.S. 

Stress Distributions within a Structure due to Temperature 

Gradients and their Influence on Strength and Stiffness 

THE kinetic heating associated with supersonic flight produces tem
perature gradients within the aircraft structure. These in their turn 
are responsible for so-called 'thermal stresses" in the components. 

The calculation of these effects falls into two stages. The first stage con
sists in the application of the theory of heat transfer to obtain the history 
of the temperature distribution in the structure. The second stage uses this 
data to obtain distributions of stress within the structure, resulting from 
these imposed temperature gradients and proceeds to assess their influence 
on strength and stiffness. The present paper is concerned entirely with this 
second stage of the problem and derives basic formulae for the analysis 
of beam-like structures and components. The results can be applied to 
wings, fuselages, etc., on the one hand, and to linear reinforcing members 
like stringers and longerons on the other, in the same way as the usual 
theories of bending and torsion are applied in the isothermal case. 

The formulae obtained in this paper represent a generalization of the 
so-called engineering theory of bending and of the Wagner-Kappus torsion 
theory to include the effects of non-uniform temperature distribution. 
Kinematically, allowance is made for overall longitudinal extension, for 
curvature in two principal planes, for twist and for cross-sectional warping 
of the kind occurring in Saint Venant"s torsion theory. Relationships 
between end load, bending moments and torques on the one hand and 
the kinematic parameters on the other are obtained, in a manner modelled 
on that of Ref. (1), by means of a 'Principle of Stationary Free Energy" 
established by the present writer in Ref. (2). These results, when combined 
with the well-known equilibrium equations for bending and torsion, con
stitute a complete theory of the problem under consideration. Applications 
to problems of stress analysis are indicated. 

Concept of Free Energy 
The work done by the external forces during an infinitesimal change of 

State of an elastic body is not in general a complete differential. This can 
only be asserted for the total energy transfer, which includes the heat 
supplied by the surroundings. However, in the case of'isothermal' changes, 
it is shown in books on thermodynamics (for example, Ref. (3), Chap. XVI) 
that the work done is equal to the variation of a function of state termed 
the 'Free Energy". Denoting a typical stress component by ƒ, the corre
sponding strain component by e, the temperature rise from a reference 
state by 6 and the free energy per unit volume by F, we can thus write 
for any infinitesimal volume element of a body 

S/8e=8F, for 80=0 
or alternatively 

(SF/Se)e=/ (1) 
where S is a summation over all the relevant stress and strain components. 

Eq. (1) may be used to calculate the free energy density F, apart from 
an additive function of d, when the relations between stress and strain 
are known. We shall apply it here to a special case of stress distribution 
appropriate to the analysis of beams. A more general formula is given 
in Ref. (2). 

Introducing a rectangular co-ordinate system 0 (x, y, z) and denoting 
stress and strain components by ƒ,.,.,. . . ., ƒ„, . . . . and e „ , . . . ., ejz, . . . . 
we can write for the case when stresses 'transverse' to the axis Oz are zero 
the relations 

/ x x = / ™ = 0 , / „ = £ ' e „ - £ ' a ö ^ 

Jyz^^^^yZi Jzx ^^zxt Jxv ^ -' 
where E is Young's Modulus, G the shear modulus and a the coefficient 
of linear thermal expansion. Substituting from (2) in (1) and integrating 
we find 

F=iEe\,+iG{e\,+e\,)-EaeJ+Fo{e) (3) 
where FQ is an unknown function of d, whose value is of no interest in the 
present application. It is to be remarked that F reduces, as it should, to 
the usual formula for 'strain energy density' when 6=0. 

Principle of Stationary Free Energy 
Consider an elastic body subjected to given external forces and geometric 

constraints and in a state of non-uniform temperature distribution. 
Impose upon it a virtual displacement consistent with the geometric 
constraints. The resulting change in the sum of the free energy stored in 
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the body and the potential energy of the external forces will, to the first 
order of small quantities, be zero. 

If we give the external potential energy the perfectly correct, if a little 
unusual, name of free energy, we can write: 

The total free enerf^y of the body and the external force .sy.stem i.s .stationary 
for variations of the displacement, consistent with the geometric constraints, 
with the stipulation that the external forces and the temperature distribution 
are held constant during the variation (4) 

A formal proof of theorem (4) is given in Ref. (2). 

Specification of Beam Deformation 
Consider a uniform beam referred to an axis system 0 (x, y, z) as in 

FIG. 1. The line 0- is the axis of centroids of sections and Ojr, Qy are 
parallel to the principal axes of the sections. This implies that 

\lxdxdy=ilydxdy=lUydxdy^Q (5) 
The displacement components at any point of the beam are denoted by 
(», V, H'). Then the elementary theory of beams supplemented by an 
allowance for torsional warping is expressed, after the manner of Ref. (1), 
by the following equations: 

v=V(z)+xx(z) V (6) 
tt. = W(z)-x(dUldz)-'y{dyidz)+<j>{x, y)(dxldz) J 

The quantities (U, V, W) define a translation of normal sections, which, 
in accordance with the assumptions of beam theory, also rotate as rigid 
lamina with components (—dVjdz, dUjdz, x)- The final term in w gives 
the warping associated with the twist dxidz expressed by means of Saint 
Venant's torsion function <^* where the additive constant, normally left 
undetermined in ^, is fixed by the relation 

l\^dxdy=Q (7) 
Introducing the flexural centre with co-ordinates (xy, yp) given by 

Xf= --jiiycj)dxdy, yp='j4!x<f>dxdy (8) 

where 
/=JJy Vz(/V, I'=\lx^dxdy (9) 

we can introduce displacement components (Ui-, V^) of the flexural 
axis by 

Ur^U-ypx^ VF= V+X^X dO) 

and so replace (6) by 

u = lJF-(y-yF)x "1 
v=VrHx-xj.)x V (11) 

CÜ = W-xidUwldz) -yidVpldz) +^r{dxldz) J 
where 

<l)f=(f>-xyF+yxF (12) 

Fig. V 
I ^ . 

* Professor of Aircraft Structures antl Aero-Elasticity, College of Aeronautics, Cranfield. • Ref. 4 § 2 1 6 . 
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iy-yF)} \ 
(X-XF)} J 

(16) 

Eqs. (5), (7), (8) and (9) show that (f>p defined by (12) satisfies the relations 
U4>Fdxdy =l\x<l>pdxdy =\ly4>pdxdy =0 (13) 
Assuming that the displacements are small, we can now derive from 

(11) formulae for the strain components e^^ e,, and e,„. We find 
e^^='()w /iz=e —XK' +yK +(J>FW (14) 

where 
€=dWldz,K=-d''VFldz\K'=d-UFldz\a)=d'xldz^ (15) 

and 
e,,=Q,uliz)+Q>w/ix)=T{Qi<f>Fl'ix)-(y-yF)} 
ey,=Q)wliy)+Oyliz)=T[Q)cl>Fliy)+U 

where 
r=dxldz (17) 

The quantity e is the average longitudinal strain, K and K' are the com
ponents of bending curvature of the flexural axis, T is the twist and a> 
the rate of twist. It can be shown that (14) and (16) are still valid, even 
for the case of large deflexions, if the beam is thin and e, K, K', T and cu 
are appropriately defined. See, for example, Ref. (4), Chap. XVIII, Eq. (18) 
and footnote. 

Formula for the Free Energy in a Beam 
Neglecting as is usual in beam theory the transverse stress components 

fxx-ifju and /j.„, we can now use Eq. (3) for F, substituting from (14) and 
(16), to obtain a formula for the total free energy J stored in a length / 
of a beam. 

Carrying out the necessary calculations and restricting ourselves to the 
case where E, G and a are independent of the temperature and are there
fore constant, we find 

J=i{\E{AÉ^+lK'--vrK'^ + Tuj^)+\CT^ 
(i 

— E{Aeee + IKOK -'TI'K'K'D + Vw(jCü)]dz 

+ a constant (18) 

} (19) 

(20) 

where 
A=lldxdy, T=!S<f>F^dxdy 
C=GUm<i>Flix)~(y^yF)}'+{mFliy)+{x-Xp)V]dxdy 

and 
eg=(a/A)nedxdy ^ 
Ke=(a/I)!!yedxdy 

Kt,'=-{air)nxddxdy 
(VB=(.air)SS4,Fedxdy j 

The quantity A is the cross-sectional area, F is the torsion-bending con
stant and C is the Saint Venant torsional rigidity. The quantity e e is the 
mean longitudinal thermal strain, KQ and KO' may be termed the thermal 
curvatures and ojs the thermal rate of twist. The temperature enters our 
theory via these last four quantities. 

Virtual Work of the External Forces 
Ixt the external forces per unit length acting on the beam be denoted 

by (X, Y, Z) (see FIG. 2). The components (X, Y) are assumed to act on 
the flexural axis, while Z is located on the axis of centroids. Let 0 be the 
externally applied torque per unit length. The equations of equilibrium 
can then be written as 

(21) 

TiCHNlSCKE HOGr;SCHOOL 

Kanaalstraat 10 - DELFT 
(dS/dz) +X=0, (dS'ldz) + y = 0 , (dPjdz) + Z = 0 ^ 
{dM!dz)-S'=(i,(dM'jdz)+S=0,{dTldz)+'è-^Q J "" 

where S, S' are the shear forces in the directions Ox, Oy assumed to act 
at the flexural centre, P is the end load acting along the axis of centroids, 
M and M' are the bending moments about the principal axes and T is 
the torque. The sign convention implied by (21) is illustrated in FIG. 3. 

Multiplying the first three of (21) by 8[/j?, SKJ,- and 8W and the last by 
Sx, adding and integrating dz from 0 to /, we find 

i{XbUp+ YSVF+ZhlV+Q8x)dz 
0 

=ƒ{ -(dSldz)hUF-(dS'ldz)h Vp -{dPldz)h lV-(dT/dz)hx]dz 
0 

=[-shUp-s'8yp-p8fv ~TSX] 
0 

+\{S8(dUFldz)+S'8(dyFldz) +F8e + T8T}dz 
0 

where we have integrated by parts and used (15) and (17). Substituting 
for S and S' from (21) and integrating by parts once more we find 

!(X8UF+ YhVF+Z8iV+Q8x)dz 
0 

+ [58 Up+S'8 Vp + P81V- M8{d Vpjdz) +M'8(,dUF/dz) + TSX] 
0 

=J(P8e+M8/^ + M'8K' + r8TVz (22) 
0 

The left-hand side of (22) is the required virtual work of the external 
forces. In making this statement we are implying certain assumptions as 
to their distribution over the section, but this is in accordance with the 
spirit of beam theory, which cannot of course really allow for variations 
of this kind. 

Variational Ekiuation of Equilibrium and Load-Deformation Relations 

We are now in a position to apply the theorem of (4) to our problem. 
Remarking that the virtual work of (22) is equal to minus the increment 
of potential or free energy of the external forces, we can write 

8j=5(P8€+M8K+M'8K' + TST)dz (23) 
Substituting from (18) into (23) yields 

S(P8€ + MSK+M'8K' + T8T)dz=!{EA(.e 
0 0 

€o)8€ + EI{K —K(i)hK 

EI '(K' —K'O)8K' + C r S r + ET{a) —coo)8a>}dz = [EV(W 
0 

j(EA(e—€o)8e — EHK—Ko)8K+EFiK'—K'o)8K' 

+ [Cr -d{Er{aj -oJe)]ldz]8T)dz 
Where we have written 8w=d(8T)ldz and integrated by parts. We deduce 
by comparison of the first and last terms of this variational equation that 

P=EA{e^ee) "1 
M = EI{K-Kg) I 

M'=£/'(«:'-/<:'e) 
T=CT-d{Eriw-coo)}ldz 

(24) 

Notation 

(ex: 

(x, y, z)=Rectangular cartesian co-ordinates 
(.xp, >'jr)=Co-ordinates of flexural centre 

/=Length of beam 
y4=Area of section of beam 
r=Torsion-Bending Constant 

I, / '=Second moments of area of beam section about 
principal axes through centroid 

(«, V, w)=Displacement components 
(t/, V, M'')=Componentsoftranslationofnormalsectionsofbeam 

{Up, Kf)=Displacement components at flexural axis 
;^=Torsional rotation angle 
e=Strain component 

. . e,j:, . . . .)=Strain components referred to co-ordinates {x,y, z) 
e=Average longitudinal strain 

K, K'=Components of curvature of the flexural axis 
T=Twist 

a)=t/T/(iz=Rate of twist 
£=Young's Modulus 
C=Shear Modulus 
a=Coefficient of linear expansion 
C=Saint Venant torsional rigidity 

ƒ = Stress component 
( ƒ „ , . . . .,f„^, )=Stress components, referred to co-ordinates {x, y, z) 

F=Tensile end load in beam, acting along line of centroids 
M, W=Bending moments, taken about principal axes through 

the centroid 
r=Torque about flexural axis 

S, 5 '=Shear forces located at flexural centre 
(A', y, Z,)=Components of external forces per unit length of 

beam, with {X, Y) located at the flexural axis and Z 
acting along the line of centroids 

0 =Externally applied torque per unit length taken about 
flexural axis 

ö=Temperature rise from a reference state of zero stress 
and strain 

F=Free energy per unit volume 
Fo=Value of free energy at zero strain 
jf=Total free energy 
^=Saint Venant's torsion function 

^ip=Ditto referred to flexural axis 
e9='Thermal longitudinal extension' 

K», K'ö='Thermal curvatures of the flexural axis' 
W8='Thermal rate of warping' 
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(25) 

and at the ends z=0 , /. 
Either T, that is to say the warping, given 

or cti=tüe 
Eqs. (24) give the required load-deformation relations, while (25) gives 
special boundary conditions. The first three of (24) may be verified using 
(14) and (2), but the formula for Fand (25) can only be obtained from the 
variational process, because of the approximate character of the theory. 
The relations (24) show that the usual isothermal formulae can be applied 
to the case of non-uniform temperature, so long as we first subtract what 
we have called the thermal extensions, curvatures and rates of warping 
from the 'true" values of these quantities. It is to be remarked that there is 
no 'thermal twist'. This is due to the fact that in an isotropic body, such 
as we are considering here, the thermal effects produce no shear strain. 

Stress Analysis 
It is of course quite clear that Eqs. (24) together with the usual equations 

of static equilibrium will enable us, in a familiar way, to analyse the 
deformation of beams and to calculate the stresses which occur in them 
for the case where the beam is in a state of non-uniform temperature. 
Consider, as an example, the case of an unloaded cantilever. Eqs. (24) 
with P = M = M ' = r = 0 and Eqs. (25) give 

e=ee,K=Ke,K'=K'e,CT-'ET(d^Tldz^)+Endwoldz)=0 . . . . (26) 

and 
( T ) , . „ = 0 , (w-a je ) . . !=0 (27) 

Use of (15) and (17) in conjunction with these equations will enable a 
deflexion analysis to be carried out. Again Eqs. (14) and (16) combined 
with (2), will in conjunction with (26), (27) yield formulae for stresses. 
For example, the direct stress ƒ„ is given by 

f,,=E{ee-XK'e+yK:o+<l)F<^)-Ea6 (28) 
where u)=dTldz is obtained by integrating (26). The shear stresses ./i .̂, ƒ„ 
obtained in a similar way are only those due to torsion. More accurate 
results can be obtained for thin-walled sections by using (28) and the usual 
membrane equilibrium equations for shells. 

Buckling Problems 
Many problems of buckling due to initial thermal stresses may be 

Fig. 2 ^ 

2L 

^"5-

"»r̂  

Fig. 3 ^ 
^ 

^ > 

t»-

solved by use of the customary formulae. The present investigation 
yields as in the last section values of end load, bending moments and 
torque carried by members due to temperature gradients. These may be 
used in conjunction with equilibrium equations, written down for the 
deflected state, to calculate critical loads and the corresponding tem
perature states which will give rise to buckling. This is quite a standard 
procedure and the well-known formulae for flexural and torsional buckling 
loads may be used. However, more subtle effects can arise, which because 
of their non-linear character are outside the scope of the present paper. 
Reference may be made to a paper by BisplinghofT (Ref. (5)), where the 
effects of initial thermal stresses on torsional stiffness are considered. 
We confine ourselves here to quoting, without proof, a generalization of 
the last of (24). This may be written 

T={C+\\f^^{x^+y^)dxdy}r-d{EV(w-wu)]ldz (29) 
where f^. are initial stresses. It is easily shown that the double integral 
may be negative in practical cases and so lead to a reduction of torsional 
stiffness and a consequent danger of buckling or other undesirable effects. 
A re-examination of the theory of large deflexions of beams would appear 
to be desirable. 

Some Aspects of Turbojet Performance Calculation 
at High Flight Mach Numbers 
By J. R. Palmer,* M.A., A.F.R.Ae.S. Problems of Performance Prediction in Truly Supersonic Engines 

AT the present time turbojet aircraft types which are capable of level 
flight Mach numbers well into the supersonic range are appearing in 
increasing numbers. Yet, while this represents in a sense a new phase 

in the evolution of piloted aircraft, from the point of view of the propulsion 
engineer it is rather the end of an era, in that hitherto the turbojet engines 
employed have been essentially subsonic engines suitably strengthened. 
Henceforth we may expect to see the use of engines specifically designed 
for the appropriate range of Mach number, and it is the purpose of this 
article to review some of the implications of this change of outlook in so 
far as they affect the prediction of engine performance. 

The Choice of Type of Power Plant 
In a paper already firmly established as a classic, Moult' has considered 

the major types of engine relevant to the range up to Mach 3, and makes 
it very clear that the correct choice of type must depend on a detailed 
analysis of the aircraft power requirements over its whole flight path. 
The optimum power plant varies widely with the different Mach numbers 
and altitudes encountered, and consequently a knowledge of the opera
tional requirements of the aircraft, dictating as they do the relative 
importance in terms of time of these various speeds and altitudes, is 
indispensable to a full evaluation of the engine problem. As will be shown, 
however, the trend is towards variable engine geometry, so that the 'single 
design point" engine with which we have hitherto been familiar may be 
expected to give way to a type which, even if it cannot be correctly matched 
to all the aircraft requirements, can at least be controlled in such a way as 
to achieve a considerable measure of variability of its design point. 

Subject to these considerations, it is now proposed to restrict considera
tion to the turbojet engine, it being assumed that the aircraft requirement 
is such as to make the choice of this type of unit appropriate. 

• Senior Lecturer, Department of Aircraft Propulsion, College of Aeronautics, Cranfield. 
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The Design Mach Number 
In view of the preceding remarks, a supersonic turbojet may not have a 

unique design point: however, the aerodynamic and mechanical design 
will tend to become increasingly difficult with increase of Mach number, 
so that for convenience we may define the design Mach number as the 
highest value at which it is intended to operate the engine. In this con
nexion it is very important to appreciate how severely the engine operating 
conditions change with Mach number in the range Mach 2 to 3, the 
latter value being the highest which it is proposed to consider here. 

TABLE 1 shows that at the upper end of the range a change of 0-5 in 
Mach number more than doubles the free stream total pressure, while the 
total temperature increases by about 100 deg. C. Owing to intake losses, 
these pressures are not fully achieved within the engine, nor are the metal 
temperatures as high as those of the air, but it is apparent that quite small 
changes in flight Mach number can lead to radical increases in the 
mechanical loading of the engine, accompanied by a serious rise in metal 
temperatures (with consequent deterioration of their mechanical pro
perties) at the nominally 'cold' end. 
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Effect of Specific Heat Variation 
Hitherto it has been common practice to evaluate turbojet performance 

on the basis of fixed specific heats, different values being taken in the 
various parts of the cycle appropriate to the general temperature level and, 
in the case of the expansion, to the fuel-air ratio employed. Pressure 
changes are then determined by employing adiabatic or polytropic effici
encies based on temperature changes, together with the constant specific 
heat isentropic lawF/Fi/i)-i>=constant, where the specific heat ratio y is 
related to the gas constant R and the specific heat C„ at constant pressure 
by the equation y = C„l(C^—R). 

It has been shown^' ' that for moderate changes of temperature and 
pressure (of the order of 200 deg. C. in the case of temperature), such a 
procedure yields no serious error: an appropriate mean value of C„ is the 
true specific heat at the arithmetic mean temperature of the process con
sidered. However, temperature and pressure changes of the magnitude 
shown in TABLE i for the higher Mach numbers are far from moderate, and 
even larger changes occur across the propelling nozzle, consequently 
accurate performance calculation can no longer be based on the familiar 
elementary isentropic relations, but must take account of the continuous 
variation of gas specific heats. Changes in enthalpy rather than tempera
ture must be considered, the efficiencies employed must be similarly based, 
and the appropriate form of the isentropic law is now R log,,(F.,/Fi) = 
S:iCJT)dT. 

The appropriate thermodynamic data are of course, available in con
venient graphical or tabular form^''', but the whole process of cycle calcu
lation is considerably slowed up. In what follows, numerical calculations 
have in general been made using mean specific heat values, with the 
exception of TABLE i, since the object is to illustrate trends and procedures 
rather than to produce design data. Such data are in any case critically 
dependent on the numerical values assumed for efficiencies and losses, but 
the need for more sophisticated methods in practical performance calcu
lation must be constantly borne in mind. 

Design Point Performance 
,̂-j.In deciding the layout of a simple turbojet without reheat to meet a 

'certain design point specification in terms of flight altitude and Mach 
jRumber, the designer has at his disposal the two variables, turbine inlet 
temperature and compressor pressure ratio. As is well known (see FIG. 1), 

, tbfé' effect of increasing turbine inlet temperature at constant pressure 
ratio is to increase the specific thrust, owing to the increase of jet velocity, 
but there is a certain value of this temperature for which the specific fuel 
consumption is a minimum. Though this optimum temperature increases 
with flight Mach number, it is lower than values currently attainable 
(Ref. I, FIG. 14). If the compressor pressure ratio is increased at constant 
turbine inlet temperature, the sjjecific thrust at first increases and the 
specific fuel consumption falls off: at a certain 'thrust-optimum' pressure 
ratio the specific thrust reaches a maximum, though the specific fuel con
sumption is still decreasing. Ultimately a 'consumption-optimum' pressure 
ratio is reached at which the specific fuel consumption reaches a minimum. 
Further increase of pressure ratio beyond this value would be pointless, 
since the specific thrust and fuel consumption both deteriorate. The values 
of sea level static pressure ratio at which these two optima are reached 
decrease markedly with increase of flight altitude and Mach number. 

The above remarks apply to the turbojet without reheat, and lead to the 
conclusion that for a given turbine inlet temperature, which will tend to be 
as high as possible, a quite moderate sea level static pressure ratio will 
suffice to strike an acceptable balance between specific thrust and fuel 
consumption. 

While the same general trends are observable in the case of the reheated 
engine, there are certain important differences to be noted. If the reheat 
temperature is fixed at the highest attainable value, the highest possible 
turbine inlet temperature is desirable from the point of view of both thrust 
and fuel consumption, since in this way the maximum permissible propor
tion of the total fuel is burnt at high pressure, leading to maximum thermal 
efficiency. As regards the effect of compressor pressure ratio, the values of 
TABLE II show that even at a sea level static pressure ratio of 12 the specific 
thrust and fuel consumption are both improving. The reason for this is 

TABLE I 

F r e e S t r e a m T o t a l C o n d i t i o n s a t V a r i o u s F l i g h t M a c h N u m b e r s i n t h e S t r a t o s p h e r e 

A-CONSUMPTION OPTIMUM POINT AT FIXED PRESSURE RATIO 
B-CONSUMPTION OPTIMUM PaNTAT FIXED TEMPERATURE. 
C= THRUST OPTIMUM POINT AT FIXED TEMPERATURE. 

SLS. 
I COMPRESSOR 
IPRESSURE 

RATIO 

SCO 

4 0 0 

3 0 0 

2 0 0 

i 
f lOO 

ê -lOO 

TURBINE INLET 
TOTAL TEMPERATURE 

Mach N u m b e r 

T o t a l T e m p e r a t u r e ( ° K ) 

T o t a l Pressure 

Stat ic Pressure 

0 

216-5 

1 0 0 0 

0-5 

227 3 

1 186 

1 0 

259 9 

1-894 

1 5 

314-1 

3 667 

2 - 0 

389-9 

7 -842 

2 -5 

486 -2 

1 7 1 6 

3 0 

601 -6 

37-C3 

E f f e c t o f C o m p r e s s o r P r e s s u r e R a t i o o n S p e c i f i c T h r u s t a n d F u e l C o n s u m p t i o n a t 
M a c h 2 ' S i n t h e S t r a t o s p h e r e 

T u r b i n e In le t To ta l T e m p e r a t u r e I40C 

Pressure Rat io (S.L.S.) 
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that increase of compressor pressure ratio raises the pressure ratio avail
able across the propelling nozzle, and since the jet pipe total temperature 
is held constant, the jet velocity also rises. In the unreheated case, however, 
the jet pipe total temperature falls with increase of pressure ratio, tending 
to counteract the rise of jet velocity: below the thrust-optimum pressure 
ratio referred to above, the nozzle pressure ratio effect predominates and 
the jet velocity rises, while above the optimum the temperature effect 
prevails and the jet velocity falls. 

While such design point data are an essential preliminary to the choice 
of engine design parameters, they are by no means conclusive. As the design 
flight Mach number rises, the importance of assessing the performance of 
the installation as a whole increases also. In the first place, it is evident 
from the figures of TABLE II that even on thermodynamic grounds alone a 
very different choice of engine design parameters will be made according 
as reheat is employed or not. Now while the reheated engine has the higher 
specific thrust, and hence the lower frontal area and (probably) weight 
for a given thrust, its greater fuel consumption will count increasingly 
against it as the aircraft range requirement increases. But it does not 
necessarily follow that the changeover from a reheated to an unreheated 
engine will occur at some fairly definite range or endurance, since the 
proposed aircraft application will dictate the proportion of flying time 
spent at or near the maximum Mach number. This raises considerations of 
flight path planning which cannot be entered into in a discussion of 
this nature. 

While the requirements for long-range supersonic aircraft are not yet 
sufficiently clear to determine the relative merits of the two forms of 
engine, for present short-range applications the tendency is towards the 
reheated engine. Hitherto reheat has been designed 'on to" existing engines 
rather than 'into' new ones, but the conflict in choice of pressure ratio 
indicates that from the performance viewpoint there is much to be said 
for selecting the engine cycle with reheat as an integral part. 
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Consideration must be given to the installation as a whole for another 
very important reason: for while engine performance calculations may 
indicate a certain optimum choice of compressor pressure ratio and, to a 
lesser extent, of turbine inlet and reheat temperatures, the relative sizes of 
the major engine components also depend on these parameters. In particu
lar, a low temperature or low pressure ratio engine requires a relatively 
larger combustion and reheat system than one designed for higher values, 
due to the low gas velocities in those components. Thus a low design 
pressure ratio, which is desirable in an unreheated engine from the point 
of view of specific thrust, may lead to unfavourable dimensional matching 
of the components, which can only bï remedied by increasing the design 
pressure ratio above the thermodynamic optimum. What constitutes the 
optimum envelops shape of the engine is perhaps open to debate, since 
this must depend on, amongst other things, whether a submerged or 
podded installation is intended. Hitherto the tendency has been to regard 
the 'tubular' engine, of relatively constant diameter at all stations, as the 
ideal, but as will be seen, high Mach number engines tend to require a 
large nozzle exit area owing to the high expansion pressure ratios devel
oped. Thus it may be that an engine envelops of frustro-conical shape 
may come to be regarded as desirable, and this may well bs in accordance 
with area rule requirements in the design of the aircraft. This latter is 
merely a particular aspect of the necessity for considering the 'thrust 
minus drag" of the installed engine rather than the thrust alone, since the 
dimensional matching of the bare engine will profoundly influence the 
shape—and thence the drag—of the nacelle or fuselage. 

The Propelling Nozzle 
In the essentially subsonic engines of the present day the final propelling 

nozzle is invariably of simple convergent form, for although the nozzle is 
fully choked, the loss in thrust due to insufficient expansion of the final jet 
has been regarded as less important than the gain in simplicity, lightness 
and compactness. But in a truly supersonic engine the pressure ratio across 
the propelling nozzle, of whose magnitude some indication has already 
been given, is so high that the loss in thrust due to under-expansion in a 
convergent nozzle is far too large to be acceptable, so that some form of 
convergent-divergent nozzle is indispensable in which the gas flow at least 
approaches full expansion. TABLE HI gives some idea of the gain to be 
achieved by using a nozzle properly designed to give full expansion. Since 
the net thrust arises from the relatively small difference between the final 
jet velocity and the aircraft velocity—both of them large quantities in the 
flight regime we are considering—any loss in gross thrust is greatly magni
fied in its effect on the net thrust. FIG. 2 illustrates this, showing how with 
either a convergent or a convergent-divergent nozzle ther2 is a certain 
Mach number at which the specific thrust peaks, and a higher Mach 
number at which the thrust vanishes due to the flight velocity becoming 
equal to the jet velocity. It is clear that the convergent-divergent nozzle 
provides a very substantial widening of the operating range available to 
the turbojet. 

It is thus evident that a convergent-divergent nozzle is an inescapable 
necessity. As is well known, however, such nozzles are in general very 
inefficient when operated at pressure ratios below that for which they are 
designed, owing to shock losses and breakaway in the divergent portion. 
Consequently, to attain an acceptable level of engine efficiency over a 
reasonably wide range of flight speeds, continuous variation of the exit 
area will be an increasingly pressing need as the design Mach number 
increases, in order to match the nozzle to the available pressure ratio. To 
add to the difficulty of designing such a nozzle, it will normally be necessary 
to provide for at least a limited degree of throat area variation. For an 
engine intended to spend most of its working life with reheat in operation, 
a fixed throat area might be acceptable, as it would be for an unreheated 
engine, but normally one would need to retain at least a two-position 
throat, as used on present convergent nozzles, while the use of variable 
reheat to aid the matching of the various components might call for a 
throat area infinitely variable over quite wide limits. In recent years 
various schemes have been proposed for aerodynamic rather than mechan
ical variation of nozzle throat and/or exit area by injecting air at suitable 
points, but it seems unlikely that sufficient compressor bleed air—on which 
such systems depend—could be made available to attain the large area 
variations likely to be called for. 

As shown by TABLE HI, the exit diameter of the nozzle may tend to be 
the largest diameter of the engine if full expansion is catered for at the 
higher Mach numbers. While this may not be wholly undesirable, as 
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indicated earlier, extremes of exit area would not be acceptable on 
grounds either of weight or of frontal area, so that the designer may be 
forced to tolerate some degree of under-expansion. The resulting thrust 
loss need not be large, however, and to some extent the necessity for such 
a 'cut-back' nozzle would entail the virtue of needing to cater only for a 
reduced range of exit area variation. 

While it would be hazardous to attempt to predict what forms these 
doubly variable nozzles may assume, at a time when a great deal of design 
and development effort can be presumed to be going into the solution of 
the problem, one may perhaps speculate on the possible revival of the 
Oswatitsch 'plug" type nozzle (see FIG. 3), with a centre-body designed to 
give isentropic expansion over a large pressure ratio. This type of nozzle 
has not found favour hitherto, since for full expansion it has a greater 
maximum diameter than the Laval type, but where a pronounced degree 
of under-expansion is designed for, the plug nozzle might well prove as 
efficient as a Laval nozzle of the same maximum diameter, while lacking 
the mechanical complications required by exit area variation. Throat 
area variation might be achieved by axial movement of the centre-body. 
Such a nozzle would, however, introduce its own problems in that the 
cooling of the centre-body would be very difficult. 

The Intake 
It has been said with some degree of truth that as the design Mach 

number increases, the front and back ends of the engine assume paramount 
importance, while the 'part in between' becomes of little account. Exag
gerated though this view undoubtedly is, it is certainly true that the design 
of the intake, as of the propelling nozzle, becomes one of the major prob
lems in successfully meeting a supersonic engine specification. The require
ments are akin to those of the supersonic ramjet in that the intake losses 
have a major effect on the overall cycle efficiency, but whereas most 
ramjet applications involve a fairly narrow range of flight conditions at 
more or less constant peak temperature, for the turbojet the intake must 
perform efficiently over a wide range of Mach number at a variety of 
turbine inlet and reheat temperatures. 
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Now just as the single convergent nozzle performs adequately at sub
sonic and low supersonic flight speeds, so a simple pitot-type intake is 
reasonably efficient in this range. At subsonic speeds, provided only that 
the entry area is large enough to avoid choking, the pressure recovery 
(i.e. the ratio of the compressor inlet total pressure Pn to the free stream 
total pressure P,„) is only slightly dependent on forward speed and mass 
flow.' In the supersonic range, a normal shock forms which may be 
ahead of, at or behind the intake lip (subcritical, critical and supercritical 
states, respectively) according as the entry area is capable of passing an air 
mass flow greater than, equal to or less than the prevailing engine air 
requirement. 

At Mach numbers greater than about 1 • 5, however, the pressure 
recovery of the simple pitot intake is unacceptably low owing to the large 
total pressure loss across the normal shock. It therefore becomes necessary 
to resort to some form of centre-body intake (see FIG. 4) in which the 
presence of a sharp-pointed body on the intake axis promotes the forma
tion of a conical shock system whose pressure recovery is substantially 
better than that of the single normal shock associated with the pitot intake. 
A simple conical centre-body gives rise to a single conical shock while 
elaborating this to a polyconic body produces multiple conical shocks, 
the pressure recovery increasing with the number of shocks. In each case 
the conical shocks are followed by a normal shock which, in the critical 
state, is located at the intake lip. The ultimate development of the centre-
body intake, previously mentioned in its reversed form as the plug-type 
nozzle, is the Oswatitsch ('spike') intake, in which the centre body has a 
continuous concave curvature, and the multiple shocks become a con
tinuous band of infinitesimally weak compression waves impinging on the 
cowl lip: this leads to isentropic pressure recovery externally to the lip. 
However, all these types of intake must be followed by a subsonic duct 
connecting the cowl inlet to the compressor, and inevitably frictional 
losses occur in this duct even with an 'isentropic' centre-body. The degree 
of refinement in centre-body design to which it is worthwhile to go depends 
on the width of the range of operation over which high efficiency is 
required, since wide limits of operation require variation of all or any of 
lip area, centre-body position and centre-body nose angle, all of which are 
more difficult to achieve with the more elaborate types of centre-body. 

The general characteristics of an intake with a simple conical centre-
body are shown in FIG. 5, where the pressure recovery is plotted against 
the ratio of capture area (defined in FIG. 6) to projected lip area. This area 
ratio is sometimes referred to as the mass-flow ratio of the intake. In the 
subcritical region (see FIG. 6), the relationship between pressure recovery 
and mass-flow ratio, for given geometry and flight Mach number, depends 
on the detail design of the cowl lip, but generally the pressure recovery 
rises as the critical point is approached, reaching a maximum at or near 
the critical point. Once the supercritical region is entered the normal 
shock moves inside the cowl lip and increases in strength, leading to a fall 
in pressure recovery. At the same time the mass flow ratio stabilizes at the 
critical value, since the properties of the conical shock do not permit 
convergence of the capture stream tube behind the shock. As the flight 
Mach number increases, the critical mass-flow ratio increases slightly and 
the critical pressure recovery falls due to the increased strength of the 
shock system. 

For the purpose of matching the intake characteristics to those of the 
rest of the engine, it is convenient to replot the intake performance curves 
in terms of the non-dimensional mass-flow (swallowing coefficient) 
^V(Ta/Ptiat the diffuser exit-compressor entry plane. FIG. 7 shows a 
characteristic presented in this form: it will be seen that for a given flight 
Mach number in the subcritical region the pressure recovery reaches a 
peak at or near the critical point. As the swallowing coëfficiënt increases 
beyond the critical value, the pressure recovery decreases: it can be shown, 
in fact, that for supercritical operation the product of pressure recovery 
and swallowing coefficient is constant (see Ref. 6). It will be noted that up 
to a certain Mach number the critical swallowing coëfficiënt is constant— 
this is the region where the conical shock is detached from the nose of the 
centre-body, leading to subsonic flow behind the shock and exactly sonic 

conditions at the cowl lip in the critical case. Once the conical shock 
is attached, the lip Mach number increases with that of the free stream, 
consequently the critical swallowing coefficient falls. 

Three very important facts emerge from this review of the behaviour 
of the centre-body intake, though indeed they apply also to the pitot 
intake in the supersonic regime. Firstly, in the subcritical region the intake 
lip swallows less air than the shock system is capable of passing, so that 
the excess air is spilled externally, giving rise to an undesirable increase of 
drag and to unstable operation ('buzz") of the intake. Secondly, in the 
supercritical region the intake is operating at its limiting mass-flow ratio, 
i.e. it is no longer capable of passing whatever mass flow may be required 
by the engine. Thirdly, unless the conical shock is arranged to impinge 
upon the cowl lip, there will be a large drag associated with the spread of 
the shock outside the lip. 

The question of matching the airflow capacities of the intake and engine 
will be considered shortly. Meanwhile it may be noted that in the interests 
of flow stability and drag reduction it is desirable to operate the intake 
in the supercritical state, though in order to minimize pressure losses the 
operating point should not be far removed from the critical. At the same 
time it is desirable to keep the conical shock impinging upon the cowl lip 
if possible, in order to reduce the external wave drag of the installation. 
Both these requirements indicate the desirability of a variable geometry 
intake. 

Matching the Intake with the Remainder of the Engine 
The procedure for determining the equilibrium running within the sub

sonic range of a simple turbojet of fixed geometry, with or without reheat, 
is by now well-known.^-' Briefly, the equilibrium of the engine is most 
easily visualized by considering first the compressor, combustion chamber 
and turbine alone (we may conveniently refer to these three components 
collectively as the 'turbocompressor'). Making due allowance for changes 
of mass flow through the system due to cooling air bleed and fuel addition, 
and for mechanical losses and mechanical power extraction, the charac
teristics of the individual components may be used with the three conditions 
of continuity of flow, compressor-turbine power balance and equality of 
rotational speeds to determine a unique relationship between the com
pressor operating point and the turbine inlet temperature (relative to 
compressor inlet temperature), as indicated in FIG. 8. This assumes that 
the geometry of the three components is fixed, other than compressor 
inlet guide vane rotation and/or blowoff governed by compressor operating 
conditions only: these latter can be accounted for in plotting the com
pressor characteristics. 

Now this matching of the turbocompressor system implies a relationship 
between the air mass flow and the pressure ratio between compressor 
entry and turbine exit which depends upon the turbine inlet temperature. 
If we now take account of the characteristics of the final nozzle we find 
that since, for given throat area and reheat temperature the nozzle pre
scribes a relationship between mass flow and nozzle pressure ratio, the 
nozzle will limit the available range of operation of the turbocompressor 
to a family of operating lines whose position depends only on the ram 
ratio (i.e. the ratio of compressor inlet total pressure P,i to ambient static 
pressure P„), and which are coincident in the nozzle choking range (see 
FIG. 9). The effect of reducing the nozzle throat area at constant reheat 
temperature is to move the whole family of operating lines in the direction 
of reduced mass flow. Increase of reheat temperature at constant nozzle 
throat area has a similar effect, since this constitutes an increased blockage 
in the exhaust system equivalent to a decrease of throat area. Conversely, 
increase of throat area or decrease of reheat temperature moves the 
operating zone in the direction of increased mass flow. These trends are 
generally applicable, though certain forms of split-compressor engine, or 
engines with exceptionally low design pressure ratios, may not conform 
to them. 

As with the intake, it is helpful to replot this characteristic of the turbo-
compressor-plus-jet pipe system to aid in matching these components 
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with the intake. For given engine rotational speed TV and ambient static 
temperature, the values of NI\/{T,i) correspond to definite values of the 
free stream Mach number, since the compressor entry total temperature 
Til is equal to the free stream value r,o. The corresponding values of free-
stream total-to-static pressure ratio can then be calculated, enabling the 
value of the pressure recovery PalPto (=Ram Ratio PaiPa divided by 
Free Stream Pressure Ratio Pto/Po) to be found for each point on the 
operating lines. This leads to a plot of pressure recovery against compressor 

J> CONSTANT R.PM. AND ALTITUDE 

•FLIGHT MACH NUMBER 

SWALLOWING COEFFICIENT w/ fT /P t . 

w(^ CONSTANT R.PM. AND ALTITUDE) 
CRITICAL LOCUS 

CHARACTERISTIC OF REMAINDER 
y O F ENGINE. 

MATCHING LINE 

/ FLIGHT MACH 
/ NUMBER, 

FLIGHT MACH NUMBER 

Fig. 10.—Characteristic of 
turbocompressor wi th pro
pelling nozzle in terms of 

intake pressure recovery 

Fig. I I .—Determinat ion of 
operating line by super-
imposition of character
istics of intake and of re

mainder of engine 

SWALLOWING COEFFICIENT w / f t [ /P t , 

inlet (diffuser exit) swallowing coefficient, as used for the intake charac
teristic, again with flight Mach number as parameter (see FIG. 10). 

We now have the characteristics of the intake and of the remainder of 
the engine plotted in terms of the same ordinate and abscissa. By super
imposing the two characteristics (see FIG. 11), the equilibrium points can 
be found at various flight Mach numbers, for given rotational speed, 
altitude (which determines the ambient static temperature), reheat tem
perature and engine geometry. It is seen that the balance is such that the 
pressure recovery and swallowing coefficient both decrease with increase 
of Mach number. Whether increasing Mach number will move the operat
ing point towards or away from the critical operating state of the intake 
depends on the relative slopes of the matching line and of the critical 
locus, except where the 'kink' in the critical locus occurs due to detachment 
of the conical shock. 

It is seen, therefore, that it is in principle a straightforward operation to 
determine the performance of a supersonic turbojet, differing in degree 
only from the procedure for a subsonic engine, except as regards the 
matching of the intake with the rest of the engine. Two facts of great 
importance emerge from this. Firstly, it will generally be necessary to 
provide for variation of intake geometry (a threefold operation in its most 
general form, involving change of centre-body position, centre-body 
shape and cowl lip entry area), of nozzle throat and exit areas, and of the 
degree of reheat. It will not necessarily be essential to vary all these 
quantities, since lu order to achieve mass flow balancing of the intake 
with the rest of the engine, variation of nozzle throat area or of reheat 
temperature could be as effective as changes in cowl entry area. Such 
changes of main engine operation will, however, tend to cause variation 
of the turbine inlet temperature, which may restrict their use, though the 
further complication of variable turbine nozzle guide vanes might be used 
to good effect in this connexion. The second consideration is that, with 
such a wealth of independently variable parameters (variable compressor 
stators are another addition to the list), the problem of adequately sur
veying the possible modes of operation of a proposed engine becomes 
formidable indeed. Practical considerations will doubtless tend to restrict 
the number of variables employed, but the best choice of control system 
must depend on exploring the characteristics of 'paper engines' in which 
full variability is available. It is fortunate for the performance engineer 
that techniques are being developed for using digital computers for such 
calculations. 

The Possible Use of Semiconductor Devices in 
Aircraft 
By D, C Brown,* B.Sc, Ph.D., Dip.Ed. 

Possible Airborne Applications for a Range of 

New Materials with Unusual Properties 

SINCE the early years of the last decade a great deal of research has 
been done on the properties of the new class of materials called semi
conductors because their electrical properties lie between those of 

conductors and insulators. Some of the results of these researches are 
described in this article, in particular those which are of interest to aircraft 
engineers. A simple explanation of the mechanism of these devices is 
given and some emphasis is laid on work done by staff and students of the 
Department of Aircraft Electrical Engineering at The College of Aero
nautics. 

Intrinsic or Pure Semiconductor material 
The elements found in Group 4 of the periodic table of the elements, 

such as carbon, silicon and germanium, being tetravalent, form a very 
stable crystal lattice, FIG. 1. All the electrons in this crystal structure are 
closely associated with their parent atom and the minimum energy Q 
required to remove one of the electrons from this stable configuration is 
comparatively great.f The number of electrons per cubic centimetre, N, 
having the necessary energy to exist in the conduction band depends on 
the absolute temperature T and is given by ^ = ^ 1 exp. { — QjlKT), 
K being the Boltzmann constant. Thus at absolute zero the pure, or 
intrinsic, crystals of the Group 4 elements are insulators as there are no 
electrons in the conduction band. The energy gap Q varies from element 
to element and is -76, I I and 6 electron volts for germanium, silicon and 
carbon respectively.^ The crystal of intrinsic germanium at room tem
perature has about 10" electrons per cubic centimetre which can be 
compared to 10̂ ^ electrons per cubic centimetre for a typical metal. 
Intrinsic carbon with its very large energy gap is an almost perfect insu
lator, even at quite high temperatures, but with present day techniques it 
has not been possible to make diamonds. 

All semiconducting materials exhibit the Hall effect to greater or lesser 
degree. That is, if an electric current is flowing in a crystal and a magnetic 
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t O r , as it would usually be described, Q is the minimum amount of energy required to move an 
electron from the valence band to the conduction band. 
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field is applied at right angles to the current flow, then a voltage appears 
across the crystal mutually at right angles to the applied electric and mag
netic fields and proportional to the change in the magnetic field, FIG. 2. 
The magnitude of the voltage developed is proportional to the mobility 
of the carriers, which in intrinsic semiconductors are electrons. For 
germanium the mobility is 3,600 cms. per second in a field of 1 volt per 
centimetre. 

Degenerate or Impure Semiconductor Material 
If a few atoms from one of the Group 5 elements are introduced into 

the crystal lattice of one of the Group 4 elements (i.e. the crystal is doped 
with Group 5 impurities), then four of the five valence electrons of these 
impurity atoms will enter into the structure of the crystal, the fifth electron 
being bound to its parent atom by a field considerably reduced by the 
intervening crystal permittivity. FIG. 3 shows the effect of such an impurity 
atom in a Group 4 lattice. A comparatively small amount of energy is 
required to remove this fifth electron to the conduction band; for instance, 
in the case of silicon an energy of • 05 electron volts is required to transfer 
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this electron to the conduction band compared with 1 • 1 electron volts 
required to remove the valence electrons of the silicon atom to the con
duction band. Thus at a temperature of absolute zero the contribution to 
electrons in the conduction band from the impurity atoms is zero, hence 
the material is still an insulator at absolute zero. A very small increase in 
temperature, or energy of any form, can however provide the necessary 
energy to raise the fifth electron to the conduction band. FIG. 4 shows 
how the number of electrons varies with temperature in an intrinsic crystal 
and the crystal containing a small amount of impurities. It should be noted 
that very little increase in temperature transfers nearly all the spare elec
trons from the impurity atoms of the conduction band; increasing the 
temperature thereafter increases the contribution of electrons to the 
conduction band from the lattice itself until the latter electrons pre
dominate over those contributed by the impurity atoms. The difference 
between the conductivity of intrinsic and impure (or degenerate) semi
conductor material at exalted temperature is very small. Thus the electrical 
properties of semiconductors depend not only on the number of impurity 
atoms per cubic centimetre but on the energy given to the crystal. Impurity 
atoms from Group 5 elements are called donor atoms and the material 
produced by adding donor atoms to intrinsic material is called n-type 
because the mobile carriers are negatively charged. 

If elements from Group 3 are used to dope the intrinsic crystal there is 
a lack of electrons in the structure, or as is usually described there are 
positive holes associated with the impurity atoms.* Impurity atoms from 

Fig. I.—Plane diagram of 
a crystal lattice of an 
intrinsic semi-conductor 

• VALENCE ELECTRONS 

S ^ NUCLEUS AND LOW 
ENERGY ELECTRONS 

alloys, indium antimonide and gallium arsenide, have been produced and 
are of great interest.^ Indium antimonide has an electron mobility of 
60,000 cms. per second in a field of 1 volt per centimetre and thus displays 
a very large Hall effect. Group 4 intrinsic semiconductor material is not 
very useful except as a means of measuring large changes in magnetic 
fields or as a thermal detector. However indi'am antimonide can be used 
to detect changes in magnetic fields as low as 5 x 10~* oersteds.^ One possi
ble use of such a property is for geological survey where the presence of 
minerals locally distorts the earth's field, thus it might be possible to carry 
out geological surveys from an aircraft by using an indium antimonide 
detector. 

The p-n junction 
FIG. 5 shows the distribution of donors and acceptors, and the holes 

and electrons associated with the impurity atoms in the neighbourhood of 
a junction between n- and p-iype material.The remaining crystal lattice 
structure is not shown. In the transition between the two types of material 
there are no holes or electrons. The junction region can be thought of as 
a thin slice of intrinsic material between two pieces of degenerate semi
conductor material, in other words an elementary capacitor which also 
of course at all but at absolute zero temperature has a finite resistance. 
The effect of varying the applied external voltage to the p-n junction is 
shown in FIG. 6 the width of the transition region varying with voltage. 
Thus both the capacitance and conductivity of a p-n junction varies with 
applied voltage." 

The Junction Rectifier 
In many aircraft electrical power is produced in the form of a.c. and to 

convert this to d.c. or to other frequencies a rectifying device is usually 
employed. Selenium type rectifiers are used in most aircraft installations 
at the moment but they are not very efficient and even with aluminium 
cooling fins, forced cooling must be used. 

The effect of variation of the conductive properties of a p-n junction 
with the polarity of the applied voltage implies that such a device can be 
used as a rectifier. FIG. 7 compares the current voltage properties of two 
power rectifiers, a selenium rectifier and a germanium junction diode. 
TABLE I compares the properties of both, and from an aircraft point of 
view the p-n junction shows how superior it is in almost every respect, in 
particular its efficiency and power to weight ratio. 
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Group 3 are called acceptor atoms and the resultant doped intrinsic 
material is called p-type because the mobile carriers behave as if they were 
positively charged. 

It is interesting to note that if an alloy is made with equal numbers of 
atoms of a Group 3 element and a Group 5 element, then the crystal so 
produced has the same structure as the Group 4 crystals. Two of these 

* It is usual to differentiate between movement of holes and electrons because although electrons 
participate in ihe transfer of current in both cases the mechanism is entirely different. 
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Like selenium, the electrical properties of a p-n junction deteriorate as its 
temperature increases as one might infer from the fact that the conduc
tivity of semi-conductors changes with temperature (as shown in FIG. 4). 
In common with selenium rectifiers p-n junction diodes are almost inde
structible mechanically (i.e. they can withstand accelerations several 
hundred times that of gravity without deteriorating). Silicon is superior 
to germanium in its thermal properties and can operate with the same 
sort of efficiency up to a temperature of 170 deg. C., which is as good as 
most known rectifying devices. It would appear then that for most aircraft 
and missile applications silicon junction diodes will eventually replace the 
existing low voltage rectifying systems. 

The Nuclear Battery 
If transistors and similar low powered electrical devices are to be used 

in aircraft or missiles, particularly when they may have to be stored for 
months or years without servicing and then brought into immediate 

* With cooling fins in free air. 
t With cooling fins and 2,500 ft. of air blown through the plates/min. 
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action, the problem of providing power supplies becomes acute because of 
the deterioration of conventional batteries with storage. Recent investi
gations into the direct conversion of radioactive energy into electrical 
energy by using p-n junctions have been very encouraging. Transistors do 
not require much energy to make them operate as small signal devices 
because they do not require heater supplies as conventional valves do, thus 
quite small power supplies are sufficient and the 'nuclear battery' can 
provide this power.* If the n-type region of a p-n junction is bombarded 
with radioactive particles then electron-hole pairs are generated by 
ionizing collisions, most of the holes diffusing into the p-type region if the 
thickness of the «-type region is less than the critical diffusion length. If 
it is in excess of the diffusion length then the number of holes reaching the 
intrinsic region without recombining is small. Thus a voltage is induced 
across the junction proportional to the energv received from the source. 
The efficiency of the conversion of radioactive to electrical energy for 

0 3 0 6-0 9 0 12-0 IS-O ISO 

APPLIED VOLTS 

j8 particles can be as high as 5 per cent, a particles would bs more efficient 
than this because of their greater specific ionization, but they tend to 
cause too much damage to p-n junctions. Thus if a strip of radioactive 
material is placed near a p-n junction then the latter behaves as a source 
of electrical energy and can be used as a battery whose storage life is 
dependent on the half life of the radio-active material. In the case of a 
mixed source consisting of strontium 90 and yttrium 90 the half life is 
20 years. FIG. 8 shows the experimental arrangement of a nuclear battery 
which has been developed and which can deliver sufficient power to 
operate a three-stage transistor radio receiver. 

Frequency Modulation 
The fact that the capacitance of a p-n junction varies with applied voltage 

means that if suitably arranged in a circuit the p-n junction can be used as 
a variable reactance device producing frequency modulation or automatic 
frequency control. If the device is arranged to produce a change in capaci
tance without change in resistance with varying applied voltage then very 
good frequency modulation can be achieved.* FIG. 9 shows the change in 
oscillator frequency with applied voltage of a typical system.* 

The p-n-p Junction 
The p-n-p junction (or the n-p-n) is usually called the transistor and 

these semiconductor devices have been available for soms years in ger
manium, and silicon transistors have been available for some tims in the 
U.S.A. The p-n-p junction can be considered to be two p-n junctions back 
to back, the common «-type region being called the base. If one of the 
p-n junctions, called the emitter, is biased so that it conducts and the other 
p-n junction, usually called the collector, is biased so that it does not 
conduct, then the configuration can behave like an amplifier to current 
signals applied to the emitter.' As well as behaving like conventional valves 
by amplifying signals, transistors can also be used as oscillators and almost 
any of the waveform generators.''*"'" There is a theoretical upper fre
quency limit of 3,000 megacycles at which transistors can be operated, 
which is the sort of frequency that most radar systems use. This has not 
been achieved in practice but 300 megacycles have been reached, a fre
quency which is suitable for V.H.F. communication work and telemetering 
purposes. At the moment it does not seem possible to obtain much power 
from transistors at high frequencies, thus in any high powered transmitter 
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conventional valves will always have to be used for the final output stage. 
Germanium transistors, like germanium diodes, deteriorate rapidly 

with increase in temperature and at temperatures much above 70 deg. C. 
become useless. Silicon transistors, however, like silicon diodes, are 
capable of operating up to quite high temperatures. For aircraft use the 
silicon transistor offers many advantages over the conventional valves for 
radio, radar, computers and other electronic aids at low power levels, and 
it should replace afi conventional valves where low power consumption, 
small space, and robustness, are required. 

n-p-n detector 

Meter 

Fig. 10.—The portable radiation moni tor showing an exploded view of 
the plug in detector 

TÏCHN1SCH.E HOGESCHOOL 
VLECTyiGoOUWELUNDE 

A Radiation Detector Kanaalstraat 10 - DELFT 

In the not too remote future when nuclear reactors are powering aircraft 
and nuclear weapons are being carried, the radiation hazards to the crew 
could bs very great, particularly as the amount of screening would have 
to be severely limited because of weight considerations. In a nuclear 
powered aircraft it is desirable to monitor continuously not only the 
crews' quarters but the state of the reactor itself. A transistor can be made 
into a very sensitive detector of a particles because of their high specific 
ionization.'" If the base-collector region of a transistor is bombarded 
with high energy a particles then the quantum yield of electron-hole pairs 
is considerably enhanced, and quite a large current pulse results from each 
a particle which arrives within the critical diffusion distance from the 
collector. This current pulse can be amplified and made to operate a meter 
which gives an indication of the strength of the source being investigated. 

The state of activity of a reactor can be determined by the intensity of 
the slow or thermal neutrons and if one of the isotopes of boron, B'", is 
bombarded with thermal neutrons then high energy a particles are 
emitted." Thus if a boron screen is placed in front of a transistor the device 
can be used to detect thermal neutrons; hence using such a detector head 
the state of activity of the reactor can be monitored. If it is required to 
detect fast electrons a paraffin or polythene moderator can bs used to 
convert the fast neutrons to thermal neutrons before allowing them to 
fall on the detector. By using its photosensitivity the transistor can also 
be used to detect |3 or y rays if a scintillator is placed in front of the 
detector in a light-tight enclosure. 

FIG. 10 shows a photograph of a portable monitor developed in the 
Electrical Engineering Department of the College of Aeronautics.'- It is 
completely self-contained including its battery supplies and as it is com
pletely transistorized, the power consumption is so small that the device 
will operate continuously for the duration of the shelf life of the batteries. 

Should it be required, the detector head could be some distance from the 
amplifier and meter so it is possible to have remote monitoring of the 
reactor or any part of the aircraft. 

Thus it can be seen that semiconductor devices, even though at the 
moment in their infancy, have tremendous potentialities, potentialities 
which the aircraft industry cannot ignore. 

Conduction of Heat within a Structure subjected 
to Kinetic Heating 
By T. Nonweiler,* B.Sc, A.F.I.A.S. 

A Study of the Problem of Skin Temperature at Hypersonic Speeds 

MANY hold the view that the attainment of very high sp)eeds of 
flight will be prohibited by the excessive skin temperatures in
volved, particularly in the vicinity of the wing leading edge, at least 

until that time when unforeseen advances in metallurgy, or in the applica
tion of ceramics, enable the extraordinary problems involved to bs over
come. As an opinion it may for all one knows be justified by the event, but 
it seems (at least to the author) to exaggerate the facts, because it surely 
ignores the important role played by the conduction of heat along the skin 
in limiting the temperature. It is the intention of the present article to 
convert others to this way of thinking. 

Of course what is an 'excessive" temperature is open to individual inter
pretation, and even present-day flight speeds involve heating problems 
which are difficult enough to solve. This latter remark applies not only to 
the practical details of structural design, but to the calculation of the 
temperature distribution within the structure as well, which is part of our 
present concern. A number of different physical processes of heat transfer 
are involved, and they are inter-related in such a way that it is difficult to 
isolate the effect of one apart from all the others, as we must do here. 

Of course, to solve any particular problem in detail one has 'simply' 
to gather together the best of the existing data on all the various properties 
involved, and feed them into the equations which govern the mechanism of 
heat transmission. For instance, if the amount ofheat transferred from the 
air to the structure were known, then the relevant equation governing the 
temperature distribution within the structure is a partial differential equa
tion, involving space variables and perhaps a time variation as well; this 
in itself is often difficult enough to solve. But the heat transferred from the 
air is not usually known; for the flow in the boundary layer depends on the 
surface temperature over the body with which it is in contact, not only in 
the immediate vicinity of the part of the structure under consideration but, 
to a greater or less extent, everywhere else as well; moreover, except in a 
few simple conditions, it is very difficult to determine the precise form of 
this dependence. Thus the aerodynamic heating can only be quoted in 
intricate and obscure terms of a detailed part of the solution sought, and 
the complexities resulting from this consideration can best be left to the 
imagination. 

* Senior Lecturer in Theoretical Aerodynamics, College of Aeronautics, Cranfield. 
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It would not do, however, just to raise one's hands in horror and admit, 
quite honestly maybe, that the problem is intractable! As those hands 
have often belonged to aerodynamicists, who are long practised in the craft 
of making assumptions and simplifications, it is not surprising that they 
have solved the problem in various degrees of approximation. This practice 
has led to the recognition that under certain conditions it is quite reason
able to ignore certain factors, and construct numerical solutions with fair 
accuracy, though often only after tedious computations. 

The Result of ignoring Skin Conductivity 
One of these factors most commonly ignored is the effect of the con

ductivity of the skin on its temperature distribution: or more exactly, the 
rate of heat transfer within and parallel to the heated surface. Bearing in 
mind that the whole problem is so complicated, it may seem unnaturally 
perverse to discuss just this one, apparently small, effect in the present 
article. Yet we shall try to show that, under certain circumstances, its con
sideration is all-important in setting limitations on the temperature rise 
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due to kinetic heating. Admittedly these circumstances arise only in condi
tions of flight at such extreme speeds that they are of little interest in air
craft design today, but they are certainly relevant to the problems of to
morrow, when aircraft or missiles may suffer heating to such an extent that 
its limitation is likely to be one of the main features of the aerodynamic 
design. But in view of the complex nature of the problem, of which we shall 
be studying one small part, the reader will no doubt be prepared to accept 
some rather sweeping assertions and simplifications, which are thereby 
made necessary if the essential points of the argument are to emerge. 

For a start, we shall consider a two-dimensional structure, shaped as a 
thin, hollow shell (FIG. 1), over the outside of which the air is moving at 
speeds so high that the kinetic heating effect is appreciable : this simulates 
the problem of heat transfer to a wing of stressed skin construction. The 
general equation for the propagation ofheat in the conducting medium of 
the shell simply states that the rate of heat conduction into any element of 
volume equals the rate at which that element gains heat. If we apply this 
principle to an element formed as a small strip of the wing skin, cut off 
perpendicular to its exterior surface, and assume that the conduction along 
the skin (i.e. through the sides AD, BC sketched in FIG. 1) can be ignored, 
then the rate of gain of heat of this element equals that conducted into 
the exterior and interior surface elements (AB and CD of the figure). It 
is often appropriate to suppose that the inside surface is insulated: one 
can easily foresee reasons why this should sometimes be a realistic and 
desirable feature. This being so, the heat lost from the interior surface CD 
would be zero, while that through the exterior surface AB is equal to the 
resultant heat flux transferred from the boundary layer, and due to radiation. 

Generally the most important source of radiative heat exchange is that 
emitted away from the surface, which varies as the fourth power of its 
temperature, and as the emissivity of the surface. Of course there are 
sources of heat absorption by radiation from the atmosphere, or the 
earth's surface and the sun, and these can be estimated, but little point is 
served by including them in a general analysis. We can sum up by stating 
that the rate at which the element of skin ABCD gains heat equals the heat 
transferred from the boundary layer through AB, less that lost by radiation 
over the same part of the surface. 

Ultimately after a sufficient length of time in steady flight, an equili
brium condition would be reached in which the skin no longer gains heat, 
and this occurs when the skin temperature is such that the heat it radiates 
equals that transferred from the boundary layer. What length of time is 
involved before this condition is reached depends on the whole history of 
the motion : a ballistic missile, like the V2, has a trajectory involving con
stant and rapid change, so that an equilibrium condition is never reached. 
On the other hand, the rate of heat transfer from the boundary layer be
comes progressively larger towards the nose where the boundary layer is 
thinnest; consequently the more rapidly in this region does the skin 
temperature reach its equilibrium value. 

Heat Transfer at the Nose 
In fact, all the simple theories of boundary layer flow show that, unless 

the surface temperature has a local value known as the 'thermometer' 
temperature, the heat transfer at the nose is infinite; consequently the 
temperature actually at the nose becomes immediately equal to the ther
mometer value, at least if what we have so far asserted is true. These 
assertions are in fact those usually accepted, and a typical temperature 
distribution' calculated in this way is shown in FIG. 2. But applied to sur
faces moving at very high speeds this kind of argument leads to some 
rather alarming deductions. 

Fig I 

The thermometer temperature rise at the nose (where the boundary 
layer is laminar, and where, in supersonic flow, the air outside the layer has 
a finite speed) is roughly about 85 per cent of the stagnation temperature 
rise, which in turn equals (K/lOO)'' degrees Centigrade, if V is the speed of 
the wing relative to the undisturbed air, measured in m.p.h. At a speed 
of 10,000 m.p.h. corresponding perhaps, to a Mach number of about 15, 
evidently the thermometer temperature would be around 10,000 deg. C ! 
Is it really true that flight at such speeds inevitably involves such fantastic 
skin temperatures? 

Fortunately for the aspiring spaceman, the answer is in the negative. 

Something has gone wrong with the argument, and one has to examine 
critically the assumptions which lead to this result. Apart from those 
specifying the nature of the problem, which we have to take for granted, 
the two assertions that come under suspicion are: 
((') that the conduction along the skin is negligible; and 

(/(•) that the heat transfer at the nose is infinite (unless the surface has the 
thermometer temperature). 

Fig. 2.—Tempera
ture over wing of 
an aircraft travel
ling at a Mach 
number of 3 at 
various altitudes 
(neglecting con
ductivity) (Wing 
loading = 60 lb./ 

sq. ft.) 
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DISTANCE FROM NOSE, FT. 

Of course it is no secret that the former assumption wiU come under 
close scrutiny in the present discussion. But it would be wrong to pretend 
that the second assertion is faultless. The heat transfer at the nose is almost 
certainly finite, though what value it has there is very difficult to find. 

In afl fairness to the problem under primary consideration, we can hardly 
leave this other matter without further amplification. Supposing that the 
boundary layer flow is laminar, which must certainly be true of the 
immediate vicinity of the nose, the assertion ((7) above can readily be 
proved for the supersonic flow past a sharp-nosed wing, subject to the 
usual boundary layer approximations. Unfortunately, all these approxi
mations break down in the region of the nose. For a start, the simplified 
form of the Prandtl equations of motion for the flow are no longer valid: 
one should use instead the full Navier Stokes equations for a viscous fluid 
which have, however, so far defied solution. Quite apart from this, 
particularly at high Mach number, the displacement effect of the boundary 
layer introduces significant longitudinal pressure gradients^; there are as 
well interactions between the nose shock wave and the boundary layer 
which have some effect^. As yet, however, it has not been found whether 
such considerations show a limit to the rate of heat transfer, though they 
certainly limit the intensity of skin friction. Again, the commonly made 
assumptions of no slip, and of no temperature difference between the air at 
the surface and the surface itself, are not strictly true, and even if the actual 
amount of slip and temperature jump are minute, they can cause a slight 
reduction in heat transfer, which becomes progressively more important 
towards the nose*. Although indeed maximum values of heat transfer can 
be deduced on this basis, little credence can be attached to these calcula
tions, which implicitly assume that the reduction is small. 

In view of these obscurities, we shall retain the assumption that the heat 
transfer at the nose is infinite; in fact we shall suppose the usual 'flat plate' 
result, that it goes to infinity like 1 /jc'/^, where x is the distance from the 
nose. Plainly if we are seeking to find a limit to the nose temperature— 
imposed by the conduction of heat within the skin—this is a pessimistic 
assumption, because it over-estimates at least the local rate of heat 
transmission. 

The Effects of Skin Conductivity 
Certainly the conduction of heat does have an important effect on skin 

temperature distribution. We can quite readily see why this is by referring 
back to results, like those shown in FIG. 2, derived on the basis of its neg
lect. Although the nose temperature is then the thermometer temperature, 
and therefore varies as the square of the speed, the equilibrium skin tem
perature further downstream is dependent on a balance of the boundary 
layer heat transfer with the radiation from the surface; the former reduces 

Notation 
L„ Wing loading (Kg./sq. m.) 
Qjx^'^ Rate of heat flux per unit area to surface from boundary layer 

(Q assumed independent of x) 
T Temperature (deg. C. absolute) 
Tinax Maximum temperature (at leading edge) 
y Speed of flight 
d Skin thickness 
d„, Skin thickness (mm.) 

k Skin conductivity 
km Skin conductivity (cal./cm./sec./deg. C.) 
/ characteristic length of surface affected by conductivity 
p air pressure outside boundary layer (atmospheres) 
x distance along surface from leading edge 
a semi-nose-angle of solid wedge 
€ skin emissivity 
J Stefan's constant (5 • 7 x lO-"* watts/sq.cm./sec./deg. C*). 

Aircraft Engineering 



I 4 

I ' 2 

©̂ 
NON I o 

DIMENSIONAL 
TEMPERATURE 

O 8 

0 ' 6 

0 ' 4 

0 - 2 

pr^ 
. HEAT IS CONDUCTED FROM THIS REQON 
NEAR THE NOSE DOWNSTREAM TO WHERE THE 
HEAT INPUT FROM THE BOUNDARY 
LAYER IS LESS 

ACTUAL SURFACE 
TEMPERATURE 

SURFACE TEMPERATURE 
OF NON-CONDUCTING 
SKIN. f ( ^ ) - - S - ' / 8 

O 1 2 3 
Fig. 3.—Variation of tempera ture near the nose of 

thin skin structure (see Eq. ( I ) of tex t ) 
\^l^) 

Tth 

I " k=0-l cals/cm sec. deg. C. 
d^lmm .,._ 
T „ „ . - ( k d ) - ' / ' 3 

6 8 
MACH NUMBER 

lO 

Fig. 4.—Variat ion of m a x i m u m skin tempera ture w i t h fl ight Mach 
number and height, for a f lat plate behaving as a perfect black body 
emi t te r on the outside and insulated on its inner surface (N .A .C .A . 

standard atmosphere assumed) 

with decreasing air density at high altitudes, but the latter does not. For 
example, the heat transfer (at high speeds) from a laminar boundary layer 
at a fixed distance downstream of the nose, varies roughly as the square of 
the speed, and the square root of the air pressure (p); on the other hand 
the radiation varies as the fourth power of the skin temperature (T). Thus 
for the two to be equal, we find that downstream of the nose 

roc / ) ' / " K'/2 
However crude this approximation may be, it does draw attention to the 
fact that either as the altitude or speed is increased, and of course they are 
frequently increased in conjunction, the ratio of the nose (thermometer) 
temperature to that downstream becomes accentuated. Consequently, the 
temperature gradient along the skin is also accentuated. 
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Fig. 6.—Variat ion of characteristic length of surface, I , for a thin skin 
structure (k=0\ cal./cm./sec./ C , d=\ mm. ) 

The effect of increase in altitude in causing this is certainly evident from 
FIG. 2; the effect of increase in speed would be even more apparent. 
Furthermore, if the skin is still heating up to its equilibrium value, the rate 
of increase of temperature towards the nose would be yet more marked. 

Now, the longitudinal rate of heat conduction (per unit span) equals 

kd ^ 
ix 

where k is the thermal conductivity of the skin, d is its thickness, and 
'bTlix is the longitudinal temperature gradient. Its neglect might there
fore be justified if the skin was sufficiently thin, and in relation to the per
formance and construction of existing aircraft, this is usually so. But if the 
structure is to be used on a very high speed craft, or one operating at ex
treme altitudes, we have just indicated that the longitudinal temperature 
gradient (found by neglecting heat conduction) becomes very large close 
to the nose. So large, in fact, that it is a gross simplification to ignore the 
amount of heat being transmitted along the skin (away from the nose), 
compared with that transferred from the boundary layer, or radiated from 
the surface. This conduction will modify the skin temperature by effectively 
cooling the region near the nose, and heating it downstream, relative (that 
is) to conditions in a non-conducting skin. 

Some calculations of its precise effect have been attempted, and al
though no complete derivation of the relevant equations^ will be stated 
here, a summary of the assumptions made is of relevance: 

(0 the skin is taken as of uniform thickness, d; 
Ui) the rate of heat input per unit area from the boundary layer is treated 

as equal to Q/x''''', where Q can be taken as a constant over that part 
of the surface sensibly affected by conduction, whose characteristic 
length is /, say; 

(((7) the emissivity of the exterior skin surface is e ; 
(/v) the inner surface gains or loses no heat either by conduction or 

radiation; 
(v) steady flight conditions exist so that close to the nose we may ignore 

the variation of temperature with time; 
(v/) the skin thickness is so small that the temperature within the skin 

does not differ greatly from that on its exterior surface; this implies 
that d must be small compared with the characteristic length, /. 
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The dimensional quantities involved in the problem are 
d, Q,x, Tandk, 

which have already been defined, together with Stefan's constant, a. 
Dimensional homogeneity shows that the functional relation for the 
temperature will take the form: 

T={k/cjdyi^f(ad"^Q^/k\ xld, e) 
In fact, it is more simple than this, as the terms k and d only occur together 
as a product, in the expression for the heat conducted along the skin; and 
likewise e only appears in conjunction with Stefan's constant, a, in the 
term representing the radiation away from the skin. It is not difficult to 
deduce as a result that the relation has the more spscific form: 

r=(eV^c/€'cT')'/'V(.x//) where l=ik*dVe(xQ''}-"'' (I) 
The appearance of a thirteenth root in a physical law is certainly rather 
remarkable, but there it is. 
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Some Calculated Results 
The variation of the function/is shown in FIG. 3, together with the curve 

r=(QVfc^eV)i/'3(//x)'/» or ^oT^^Qlx^^'' 
representing the condition of zero nett heat transfer into the surface, to 
which it is asymptotic. In other words, far enough downstream from the 
nose, the heat flux, not only into, but also along, the skin tends to zero, and 
can indeed be ignored, as we have been led to suggest before. Relative to 
this condition, the effect of conductivity is also what we have already 
anticipated, and the maximum value of skin temperature is reached at the 
nose where 

7'n,ax = l ' 15 ( e V ^ ^ e V ) ' ' ' ' (2) 
The maximum temperature gradient is also of interest, and this is deter
mined by the maximum value of / ' ( I ) to be 

(-c)r/ÖA:)max=0-13 (ö"'/A:V''eCT)'/''=0 11(rmax//) (3) 
Without putting any numerical values in these formulae, we can at least 
observe the following qualitative effects: namely, that if either 

0) the heat transfer from the boundary layer is increased (i.e. the altitude 
is lowered, or the speed increased), 

(/(') the skin conductivity is decreased, or 
((7/) the skin thickness is decreased, 

then 
(i) the temperature is increased, 

(i7) the temperature gradient is increased, and 
iiii) the region affected by conductivity is decreased (this is a multiple of 

the characteristic length, /). 

Obviously the precise magnitude of the effects varies quite considerably: 
for instance the skin temperature is relatively insensitive to skin thickness 
and conductivity as such, but the temperature gradient is influenced by 
these properties to a much greater extent. One property whose effect is 
unusual is the surface emissivity; if this is reduced both the skin tempera
ture and temperature gradient increase but so also does the extent of the 
surface over which conductivity appreciably modifies the temperature 
distribution. 

To obtain some idea of the actual numerical values involved, we shall 
have to commit ourselves to some estimate of the boundary layer heat 
transfer. This can be reasonably attempted however without a precise 
knowledge of the downstream surface temperatures, because conditions at, 
or close to, the nose are dependent only on the surface temperature of the 
nose; thus the value of Q can consequently be calculated for various flight 
speeds and altitudes, as if the surface had a uniform temperature Tmax; 
Eq. (2) can then be used to give the maximum surface temperature. Eqs. 
(1) and (3) subsequently yield the characteristic length of surface over 
which conductivity is important, and the temperature gradient. For sim
plicity, 'flat plate' values of heat transfer calculated on this basis have been 
used to compose FIGS. 4 and 5, together with the arbitrary assumptions 
that e = l, and 

k=0-1 cals./cm. sec. deg. C, rf= 1 mm., 
=24-2B.Th.U./ft. hr. deg. F, = 0 0 3 9 4 in., 

i.e. W = 0 0418 watts/deg. C. 
= 3 1 1 X 10-5 h.p./deg. F. 

Some reasonable idea of the change to be expected from different values of 
e, k and d can be readily obtained from the formulae already quoted. The 
conductivity figure is typical of alloy steel. An indication of the effect of 
using an equal thickness of a different material" is given by the data of 
TABLE i; the figures quoted are based on the conductivity at ordinary 
temperatures; for most pure metals its value decreases with temperature, 
though the reverse appears true of alloys. 

The use in these figures of zero incidence 'flat plate' values of heat 
transfer is convenient, but of course it must be remembered that the com
pression behind the nose Shockwave can be quite severe and modify the 
result appreciably. In the numerical calculation of heat transfer the data 
of Refs. 7 and 8 have been invoked. 

A Limit to the Skin Temperature at Extreme Speeds 
The actual values in the limiting case of large Mach numbers (beyond 10) 

are not without interest, at least in relation to long-range ballistic missiles, 
or even spaceships. In this condition it can be shown" that the rate of heat 
transfer to a 'flat plate' is asymptotic (from below) to the value 

Q/A:'/^ = 1 ' 0 9 X lO-^KVCj^/.^') ft.lb./sq.ft./sec. 
=440x lO-'^Ki.VCp/JcJ Kw./sq.m. 

where K (or K,„) is the flight speed in m.p.h. (or metres/sec), p is the air 
pressure outside the boundary layer in atmospheres, and x' (or x„,) is in 
ft. (or metres). Quite clearly a lifting wing on such a high-speed missile is 
going to be hotter on its underside, where the pressure is higher. Now the 
pressure on this side, in level flight, must at least be equal to the wing 
loading due to lift: it will indeed be more than this unless the pressure over 
the upper surface is negligible, and the underside is flat. Local reductions 
in pressure below this value can of course be produced near the nose by 
making the underside concave, but for one thing the formulae quoted 
assume no pressure gradient and are therefore incapable of predicting the 
resulting change in heat transfer; and for another compressive supersonic 
flows are generally to be avoided, due to the obscure forms of shock wave 
and boundary layer interactions thereby produced. 

Remembering that the lift needed is effectively reduced at the kind of 
speeds we have in mind by the centrifugal force in circling about the earth 
at constant height, it is not difficult to show on this basis that the heat 
transfer, and so the skin temperature, will reach its maximum at about the 
speed where pK* is a maximum, and where (if R is the earth's radius) the 
pressure p varies {1 ^ ( K^/g/?)}. This maximum occurs where 

v^=igRn 
i.e. K= 14,500 m.p.h. 
or K,„=6,460 metres/sec. 

Interpreting the pressure in terms of the wing loading in this way, it follows 
that the highest value of the rate of heat transfer, which is reached in 
sustained flight at about this speed, is therefore 

e/jf'/-̂  =10-5(L,„/x„.)'/^ Kw./sq.m. 
=2,860 (L'/Jc')''' ft.lb./sq.ft./sec. 

where L' (or L,„) is the wing loading in Ib./sq. ft. (or kg./sq. m.). 
Using this value in Fq. (2) we find that the highest value of the maximum 

temperature is 
rmax= 1,000 (Z.,„Ve'A:„A)''" deg. Abs. 

where k„ is in cals./cm./sec./deg. C , and d,„ is in mm. Supposing that the 
chosen wing loading were 100 K.g./sq. m. (20-5 lb./sq.ft.), we reach the 
rather alarming conclusion that it would need a thickness of several inches 
of steel to avoid it melting, let alone to provide adequate strength. But 
before the reader has time to smirk, let us see what can be done to remedy 
this. 

Important reductions in skin temperature can be effected by increasing 
the emissivity, but of course this is limited above to the 'black-body' value 
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of unity. Yet we can effect a further reduction by relaxing the assumption 
that the inner surface of the wing is insulated: supposing that the interior 
of the wing is hollow and non-conducting, we can nevertheless allow a heat 
exchange internally by radiation. This can be simulated by increasing the 
figure for emissivity e, by taking it to give the nett radiative loss from both 
surfaces of the underside skin. If all surfaces are 'black', half of the heat 
radiated to the upper side of the wing is returned by radiation from its 
inner surface, and the other half is conducted through this skin, which is 
assumed to receive no heat from other sources, and radiated to the atmo
sphere: thus the total nett loss of heat by radiation from the pressure side 
of the wing is (roughly) given by taking £ = 1-5. (Admittedly the upper 
side surface temperature is thereby increased—but only to a value of 
2-1/4^,0-84 of that of the pressure side.) 

Better still, we can allow the underside wing surface to project forward 
of the upper one (FIG. 5a). The radiation from the 'inner surface' (which 
now becomes the 'upper surface' of the wing) is not now returned, nor is 
there any appreciable kinetic heating of this side. It is possible once more to 
allow for this by taking e as the sum of the emissivities of each side of the 
projection: for 'black' surfaces consequently we can take e = 2. 

Again, we see that further reductions can be brought about by employ
ing low wing loadings—thereby reducing the heat transfer from the 
boundary layer because of the lower air pressures. We can take it that 
there will consequently be a strong incentive for this to be a design 
characteristic of many hypersonic aircraft—which is an amusing thought, 
because the tendency is most marked nowadays in relation to the design 
of very flow speed aircraft. 

We have, finally, one more trick up our sleeves. It will be recalled that 
the wing is assumed flat-sided (wedge-shaped), with negligible pressure on 
its upper side in level flight. On the other hand, the incidence of the 
under side will increase with altitude of flight, as higher compression is 
needed across the leading edge shock wave to supply the required com
ponent of lift force. Now the figures quoted earlier for heat transfer at 
high speeds refer specifically to that over a surface at small incidence to the 
stream. At larger angles, but with the same value of surface pressure and 
speed of flight, the heat transfer is markedly reduced, as shown by FIG. 6 
(from Ref. 10). This is primarily because the speed behind the intense 
shock wave, and outside the boundary layer, is so much smaller. Making 
allowance for the increase in pressure required on the underside to produce 
the same component lift force on the wing, we find that with the lower 
surface inclined at an angle of 50 deg. to the direction of flight, the heat 
transfer is reduced by a third of the value we have allotted to it. 

Of course, such high incidence as this might conceivably be unwelcome, 
as it is evident that the (lift/drag) ratio of the configuration is very poor. 
But the fact does show why it pays to combine extreme speeds with ex
treme altitudes, because such an incidence would only be achieved by 
maintaining level flight at such a height that the indicated air speed is kept 
very low. In fact, with a wing loading of 100 Kg/sq. m. (20-5 lb. sq. ft.) 
an incidence of 50 deg. (on the lower surface) can be shown to require an 
I.A.S. of 50 m.p.h., which (at the speeds we have in mind) implies flight at 
an altitude where the relative density is about lO^^, or say, a height of 
50 miles (80 Km.). 

Taking account of all these possible sources of reduction, a few sums 
will soon persuade the reader that the maximum temperature can be kept 
within very reasonable bounds. Figures of around 1,0()0 deg. C. (for 0-1 in. 
thick steel) are all that need be involved. Of course we cannot rule out the 
possibility that transition to turbulent flow within the boundary layer may 
occur downstream, and with it involve higher temperatures in that region. 
But here again we must remember that flight at high altitude, together 
with the attendant high temp>eratures of the flow behind the intense shock 
(developed by the wing at high incidence), serves to keep Reynolds num
bers low, and increase the stability of laminar flow. Precisely what likeli
hood there is of the avoidance of turbulence—or indeed its effect, if 
present—probably no one would care to predict for such extreme condi
tions as we have in mind. 

A Solid Leading Edge 

Even if one is forced to the use of a very thick skin to keep the tempera
ture down, such a modification would only be needed in the immediate 
neighbourhood of the nose; typically over a distance of a few inches. But 
there are objections to the application of the results we have described in 
such an eventuality. For one thing, conductivity from one side of the skin 
to the other is no longer negligible, because its thickness could be appreci
able by comparison with the characteristic length, /. For another, either 
there must be a region of much higher pressure at the nose (FIGS. 3a and b), 
or else the skin thickness will not remain constant (FIGS. 3C and d), over a 
length which again cannot be ignored compared with /. 

To take some account at least of the latter eventuality, calculations have 
been attempted to take account of conductivity in a solid wing." The same 
kind of dimensional argument as was used before, now shows that for a 
solid wedge, which has a small semi-wedge angle a, say, but which has no 
characteristic length dimension, 

7'=(e^'eCTayt)''=^(.v//) where l^ia^k^eaQ^y"' (4) 

These forms should be compared with those in Eq. (1), and it will then be 
seen that the effects of the various parameters involved are quafitatively 
similar. Identical forms can likewise be obtained for solid cones (or conical 
shells). The reference work also lists corresponding formulae for a solid 
paraboloid, and a parabolic nose configuration, but of course the variation 
of the rate of kinetic heating with distance along the surface on such shapes 
is very problematical. Moreover, there are reasons peculiar to the differen
tial equations involved why it is particularly difficult accurately to deter
mine a numerical solution, subject to the appropriate boundary conditions. 

A tentative estimate of the variation of the function g defined by Eq. (4) 
is shown in FIG. 7. It is difficult to find any satisfactory basis of comparison 
between these results and those relevant to a uniform skin thickness, but 
very much as one might expect, the maximum temperatures are generally 
rather higher for the solid wedge, owing to the decreasing effective skin 
thickness towards the nose. The temperature gradient is certainly higher: 
it is in fact infinite at the leading edge of the wedge. On the other hand, the 
results are much more sensitive to properties of the material: as will be 
seen from TABLE I, the use of a good conductor (like copper) can reduce 
the nose temperature by over a third, by spreading the region affected by 
conductivity over some 35 times the length of surface, relative to steel. 
Likewise significant changes can be brought about by changes in the 
wedge angle. 

In the form quoted, these results apply to a wedge with a symmetry 
in heat transfer characteristics about the plane of symmetry of the wedge; 
in other words, ihe wedge is at zero 'hcidence, and has equal surface emis
sivities on both sides. It is quite easy to adjust for any other condition by 
replacing a, Q and e in Eq. (4) by 2a, (01-^02) and (ei+tj) respectively, 
where suffices ' 1' and '2' denote the values of these properties on the upper 
and lower surfaces (respectively) of the wedge. For example, in relation to 
the condition cited earlier of a wing of a hypersonic aircraft subjected to a 
high rate of kinetic heating on the under side only, we may take Öi/Ö2=0, 
but if the surface conditions are identical, ei/€.2 = l ; then the temperature is 
reduced by a factor 1/2̂  \ relative to an otherwise similar condition of 
symmetry. 

But without going over similar ground again, the reader by this time will 
be left in no doubt that the action of conductivity can limit the skin tem
perature at the nose to a reasonable value, provided only that the structure 
is sufficiently thick to enable a sufficient flux of heat along it. Remembering 
that in all likelihood the values of boundary layer heat transfer we have 
used are on the large side, there is room one feels for a cautious optimism 
that the problems of flight at extreme speeds—even at Mach numbers of 
10 or 20, do not necessarily imply possibilities. Indeed, it might not be too 
incautious to remark that these problems appear not very much more 
difficult than many of those involved in the design of present-day turbine 
blading for jet engines. 

TABLE 

ling k = 0- I cal. cm. sec.'°C. t Data refer to temperatures of 100 C. 

Metal or Alloy 

A lumin ium 
duralumin . . . 

Beryll ium 
Copper 

brass (70"o Cu) 
phosphor bronze (93 '7 ) . . . 

Iron 
mild steel {0 1"„ C ) 
hieh carbon steel (0 -8"n C ) 
._ . . . . r ( l 3 " . Cr . high C ) 
si-ainiess steei S ( (go, Cr 8" 

heat-resisting { ( ^ „ ^ > C r , , 0 ^ 

nichrome (60 20 20) 
Magnesium 
Molybdenum 
Nickel 

Monel 
cupro-nickel (70 /30) 

Ti tanium 
W o l f r a m 

, N i ) 
„ N i ) 

Melt ing 
Point 

°C. 

660 
650 

1280 
1083 
954 

1040 
1527 
1500 
1465 
1495 
1470 
1500 
1450 
1440 
649 

2620 
1455 
1350 
1230 
1800 
3382 

Thermal 
Conduct iv i ty t 

cal . /cm./sec. /°C. 

0 4 9 - 0 - 5 4 
0 31 -0 -38 

0 38 
0 9 1 - 0 95 
0 - 2 3 - 0 - 2 9 

0 16 
0- 18 
0-12 
0- 12 
0 -06 
0 04 
0-03 
0-03 
0 03 

0 - 3 4 - 0 - 3 8 
0 - 3 3 - 0 35 

0 -14 
0 -05 
0 09 
0 04 
0-39 

S.G.t 

2-71 
2 80 
1 82 
8 94 
8 -52 
8 92 
7 87 
7 -87 
7 85 
7 55 
8 0 0 
7 90 
7 90 
8 0 0 
1-74 

10 40 
8 -88 
8-83 
8 -94 
4 - 5 0 

19 32 

Max. temperature relative 
to that of steel* 

of equal 
thickness 

0-88 
0-91 
0 90 
0-84 
0 93 
0 95 
0-95 
0-99 
0-99 
1-04 
1-07 
1 10 
1 10 
1 10 
0-91 
0 91 
0-97 
1-04 
1-01 
1 07 
0 90 

of equal 
wedge angle 

0 -72 
0 78 
0 76 
0 64 
0 83 
0-91 
0 - 8 0 
0 -95 
0-96 
I I I 
1-20 
1-27 
1 27 
1 27 
0-77 
0 -78 
0 93 
I I I 
1 02 
1 20 
0 76 

Characteristic le ngch. /, relative 
to that of steel* 

of equal 
thickness 

2 -7 
2 - 2 
2 2 
4 - 0 
1-8 
1-3 
1-4 
1-1 
I I 
0 -73 
0 57 
0 48 
0 48 
0 - 4 8 
2 2 
2 1 
1-2 
0-73 
0 94 
0 57 
2 3 

of equal 
wedge angle 

13-8 
7 2 
8 4 

35 5 
4 - 6 
2 1 
2 5 
1-3 
1-3 

0 44 
0 23 
0 15 
0 15 
0 1 5 
7 - 8 
7- 1 
1-7 
0 44 
0 -84 
0 23 
8 8 

Max. temperature gradient 
relative to that of steel* 

of equal 
thickness 

0 -32 
0 -42 
0 - 4 0 
0-21 
0 52 
0 72 
0-66 
0 88 
0 88 
1 42 
1 89 
2 -30 
2 30 
2 30 
0 41 
0-43 
0-79 
1-42 
1-07 
1-89 
0-39 

of equal 
wedge angle 
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