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CV
 Controlling variable

DNN
 Deep feedforward neural network

DNS
 Direct numerical simulation

EGR
 Exhaust gas recirculation

FGM
 Flamelet-generated manifold

HCCI
 Homogeneous charge compression ignition

IML
 Igniting mixing layer

JHC
 Jet in hot coflow

JSD
 Jansen-Shannon divergence

LES
 Large eddy simulation

MILD
 Moderate or intense low-oxygen dilution

PaSR
 Partially stirred reactor

PDF
 Probability density function

PLIF
 Planar laser-induced fluorescence

PSR
 Perfectly stirred reactor

RANS
 Reynolds averaged Navier-Stokes

SCCI
 Stratified charge compression ignition
1 Introduction

Moderate or intense low-oxygen dilution (MILD) combustion, also
called flameless combustion, has been identified as a promising candidate
to drastically reduce the pollutant emissions of combustion-based energy-
conversion devices [1–4]. In past studies [2, 5–7], these improvements
have been demonstrated in experiments, where significant reductions
in noise and pollutant emissions, as well as an increase in energy effi-
ciency, were observed. MILD combustion is defined as a combustion pro-
cess, where the reactants are preheated at a temperature Trwhich is higher
than the mixture autoignition temperature, Tign, and where the maximum
temperature rise, ΔT¼ Tp� Tr, is smaller than Tign, with Tp being the prod-
ucts temperature [3]. The limited increase in temperature during the com-
bustion process is achieved thanks to the high dilution of the reactants
with products and the low level of oxygen available for the combustion.
The combustion is, however, maintained and stabilized by the high reac-
tants temperature and the presence of recirculating radicals [1–3, 7].

Since those seminal works, additional research has endeavored to
understand the physical mechanisms driving those attractive qualities
of MILD combustion. In particular, various experiments have provided
several insights as well as competing views on the physical process under-
pinningMILD combustion [4, 6, 8, 9]. As its name indicates, MILD/flame-
less combustion occurswith the apparent absence of a visible flame, which
made any observation difficult. As a result, advanced laser diagnostics
have been carried out to measure the species and temperature distribu-
tions in flameless combustion in furnace-type burners, where internal
exhaust gas recirculation is present [6, 7, 10]. In those experiments, distrib-
uted reaction zones with homogeneous temperature fields and large OH
reaction zone were observed. This contrasted MILD combustion from
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conventional combustion where reaction zones are generally restricted to
thin regions. Subsequent experimental studies focused on simplified con-
figurations without internal exhaust gas recirculation called the jet in hot
coflow (JHC), where a highmomentum central fuel jet issues into a coflow
of air mixed with combustion products, thereby achievingMILD combus-
tion conditions [8, 9, 11]. The hot products, in this case, came from a sec-
ondary burner at an upstream position. Using this configuration,
experiments could focus on analyzing the effects of this fuel/hot-diluted
oxidizer interactions and provide some insights into the physics of MILD
combustion with, sometimes, contrasting observations regarding the
structure of reaction zones and their combustion mode. For example,
the identification of reaction zones using CH2O planar laser-induced fluo-
rescence (PLIF) showed the existence of distributed reaction zones [9, 12],
which was in agreement with an earlier observation from OH-PLIF in a
MILD combustion furnace configuration [6]. However, the presence of
thin reaction zones was also observed from OH-PLIF performed on the
JHC [9, 12] thereby suggesting that there may be a coexistence between
distributed and thin reaction zones in MILD combustion.

In addition, another aspect ofMILD combustionwhich is subject to con-
trasting observations is the combustion mode driving MILD combustion
and the relative importance of autoignition versus deflagration. Early
experiments using direct photographs or laser thermometry to identify
features of MILD combustion [6, 7, 13] showed spatially uniform combus-
tion without a clearly visible flame. However, more advanced techniques
like OH-PLIF have shown the existence of thin zones with clear OH gra-
dient [9, 12, 14] suggesting the existence of flame fronts and deflagrative
structures. However, autoignition is likely to also play a major role given
that Tr > Tign [2, 3, 5]. This autoignition process was studied in the JHC
configuration using CH2O-PLIF [12, 15] and it was observed that the
heated coflow played a key role in sustaining the combustion by initiating
ignition after localized extinction caused by entrainment of the surround-
ing cold air. Despite this interplay between extinction and ignition, the
abundance of exhaust gas ensured sustained combustion. Oldenhof
et al. [11] further analyzed the evolution of these ignition kernels using
UV luminescence and observed that ignition kernels were constantly pro-
duced and grew in size as they were convected downstream. Similar
observations were reported in a jet in hot crossflow [14]. The importance
of autoignition appearing at the most reactive mixture fraction, ZMR, was
noted in Abtahizadeh et al. [16] at the flame base. These kernels then prop-
agated toward a stoichiometric and richer mixture. These various exper-
imental observations suggested a powerful interplay between
autoignition and flame propagation in MILD combustion [3, 17] whose
balance needs to be investigated further to improve our understanding
of this combustion, especially as this will have a large impact on the
modeling of MILD combustion. The modeling approach should, indeed,
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be able to capture both autoignition and flame-propagation phenomena
and appropriately balance them.

The contrasting views outlined above on the physics of MILD combus-
tion illustrate the need to supplement MILD combustion experimental
research with ways to more finely analyze the physics of MILD combus-
tion. This knowledge can be provided with numerical simulations thanks
to the recent increase in computational power. Among the various simu-
lation paradigms, direct numerical simulations (DNS) are best suited to
provide such fundamental physical insights. Indeed, compared to other
simulation approaches, such as Reynolds averaged Navier-Stokes
(RANS) simulation or large eddy simulation (LES), DNS does not require
any modeling assumption and can thus give the necessary insights into
the fundamental physics of MILD combustion. As such, DNS has played
a crucial role in developing our understanding of MILD combustion by
providing the basis for the development of appropriate modeling frame-
works for MILD combustion.

The objective of this chapter was to summarize the findings obtained
from such works that relied on DNS of MILD combustion to study its
underlying physics. In particular, the focus here was on the results that
discussed the inception of MILD combustion, the competition between
the various combustion modes (autoignition/deflagration), and the
impact of those results on the development of adequate RANS/LES
models for MILD combustion as well as past assessments of modeling
frameworks for MILD combustion using DNS. This chapter is organized
in the following manner. Section 2 describes how the various DNS of
MILD combustion were conducted and presents their particularities
and turbulent and thermochemical conditions. Section 3 discusses the
physical insights obtained from those DNS with a focus on the inception
of MILD combustion, the balance between deflagration, and ignition phe-
nomena. Section 4 presents various works that used DNS to assess com-
bustion models for MILD combustion. The final section summarizes the
key findings discussed in this chapter and outlines outstanding challenges
that DNS can help resolve in the understanding and modeling of MILD
combustion.
2 DNS of MILD combustion

To the author’s knowledge, DNS of MILD combustion has been mainly
conducted for three different configurations: (i) an autoigniting mixing
layer with MILD combustion mixture [18], premixed internal exhaust
gas recirculation (EGR)MILD combustion [19], and nonpremixed internal
EGR MILD combustion [20]. The particularities of each DNS are
presented next.
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2.1 DNS of the autoigniting mixing layer

The autoigniting mixing layer configuration is shown in Fig. 1. This
configuration focuses on MILD combustion applications originating from
jets in hot and diluted coflow. In this configuration, there is a central jet
fuel surrounded by a coflow of preheated air mixedwith products of com-
bustion to achieve MILD combustion conditions. This jet in hot coflow
configuration has been widely studied experimentally [8, 9, 11]. To per-
form the DNS of such a configuration, the numerical domain was simpli-
fied to a time-evolving shear layer, as shown in Fig. 1A. There is a central
fuel jet surrounded by a hot and diluted coflow, flowing in the opposite
direction, creating a shear layer. Due to the high temperature of the
coflow, ignition occurs, and the time evolution of this shear layer is stud-
ied to obtain insights into the physics of MILD combustion. The time evo-
lution of the temperature field in themid z-plane is shown in Fig. 1Bwhere
the ignition of themixing layer can be observed. The exact turbulence con-
dition and configuration of that DNS are summarized in Table 1. In this
simulation, the fuel considered is a mix of 50% methane/50% hydrogen
in volume, and the oxidizer has the same composition as in the experi-
ments from Dally et al. [8] (3% of oxygen, 85% of nitrogen, 6.5% of water,
and 5.5% of carbon dioxide). The chemical mechanism used was the
DRM19 mechanism [21].
2.2 DNS with internal EGR

Another MILD combustion configuration that was studied using DNS
is the configuration where MILD combustion is achieved with internal
exhaust gas recirculation. This is, for example, the case in the experiments
in the furnaces studied in W€unning et al. [2] where the products of com-
bustion are recirculated within the combustion chamber and, therefore,
mixed with the inflowing fuel and air. To perform the DNS of such a con-
figuration, the simulation was actually split into two phases as detailed in
Minamoto et al. [22] and Doan et al. [20]. This two-stage process is illus-
trated schematically in Fig. 2. The first stage mimics the mixing of fuel, air,
and exhaust gases yielding an inhomogeneous mixture field, which sub-
sequently undergoes combustion in the second stage. The left box titled
“preprocessing” in Fig. 2 represents the first stage, while the second stage
represents the actual MILD combustion DNS. In this first preprocessing
stage, the initial progress variable and associated scalar and turbulence
fields are generated to mimic a distribution of burnt and unburnt gases,
and with mixture fraction distribution for the nonpremixed cases. Then,
a mixing DNS is simulated without chemical reactions in a periodic
domain for about one large eddy turnover time (shorter than the mini-
mum ignition delay time) to ensure that the scalar and flow fields have
interacted sufficiently before the combustion commences. This



FIG. 1 (A) DNS configuration for the autoignition of a jet in hot coflow and (B) time evolution of the temperature field (range from 305 to 1285 K) in
the mid z-plane. Adapted from M.U. G€oktolga, J.A. van Oijen, L.P.H. de Goey, 3D DNS of MILD combustion: a detailed analysis of heat loss effects, preferential

diffusion, and flame formation mechanisms, Fuel 159 (2015) 784–795, https://doi.org/10.1016/j.fuel.2015.07.049.

https://doi.org/10.1016/j.combustflame.2020.10.043


TABLE 1 DNS condition of the DNS of the autoigniting mixing layer from
G€oktolga et al. [18].

Parameter

Fuel jet width 2 mm

Domain size (Lx � Ly � Lz) 10 mm � 10 mm � 5 mm

Grid points (Nx � Ny � Nz) 253 � 505 � 127

Relative velocity between fuel and oxidizer ΔU 67 m/s

Initial jet Reynolds number 3870

Initial turbulence fluctuations u0/ΔU 0.05

Taylor microscale Reynolds number Reλ 186

Turbulent kinetic energy k 55 m2/s2

Kolmogorov length scale η 0.024 mm

FIG. 2 Schematic illustration of the DNS steps for the simulation ofMILD combustionwith
internal EGR. Adapted from N.A.K. Doan, N. Swaminathan, Y. Minamoto, DNS of MILD combus-

tion with mixture fraction variations, Combust. Flame 189 (2018) 173–189, https://doi.org/10.1016/j.
combustflame.2017.10.030.
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reproduces the conditions obtained from EGR found in MILD combus-
tion. In the second stage, this inhomogeneous mixture is used as the initial
and inflowing mixture for the combustion simulation. Details of this pro-
cedure are provided in Minamoto et al. [22] and Doan et al. [20] for pre-
mixed and nonpremixed MILD combustion, respectively. The main
difference between the preprocessing stage of those studies is that the
work by Doan et al. [20] requires additional variations of the mixture frac-
tion field, which reflects nonpremixed conditions.

The particular turbulence and thermochemical conditions of the pre-
mixed (cases A1, A2, B1, and C1) and nonpremixed MILD combustion
(cases AZ1, AZ2, and BZ1) DNS from Minamoto et al. [22] and Doan
et al. [20] are summarized in Tables 2–4. The fuel considered for those

https://doi.org/10.1016/j.combustflame.2017.10.030
https://doi.org/10.1016/j.combustflame.2017.10.030


TABLE 2 Initial conditions of the MILD combustion DNS with internal exhaust gas recirculation.

Case P/NP Mech Λ0/lZ hXO2
i XO2

max lZ/lc hZi Zst σZ hci σc

AZ1 NP MS-58 0.60 0.0270 0.035 1.30 0.008 0.010 0.0084 0.56 0.26

AZ2 NP MS-58 0.79 0.0285 0.035 1.01 0.008 0.010 0.0105 0.56 0.28

BZ1 NP MS-58 0.60 0.0160 0.020 1.30 0.0046 0.0058 0.0057 0.56 0.26

A1 P S.&G. – 0.0350 0.048 – 0.011 0.014 – 0.50 0.3

A2 P S.&G. – 0.0350 0.048 – 0.011 0.014 – 0.50 0.3

B1 P S.&G. – 0.0250 0.035 – 0.008 0.010 – 0.50 0.3

C1 P S.&G. – 0.0250 0.035 – 0.008 0.010 – 0.50 0.3

P andNP stand for premixed and nonpremixed conditions, respectively.XO2
denotes themole fraction of O2, h�i is the volume average, and σ is the standard deviation of the

specified quantity. MS-58 refers to the modified Smooke mechanism [20] and S.&G. refers to the Smooke and Giovangigli mechanism [23]. Λ0: integral length scale. ‘Z, ‘c:

prescribed length scale of mixture fraction, Z, and progress variable, c.



TABLE 3 Oxidizer composition for the MILD mixture of the MILD combustion DNS
with internal exhaust gas recirculation.

Cases XO2, ox
XH2O, ox XCO2, ox

XN2, ox

A1-2 0.049 0.123 0.062 0.765

AZ1-2, B1, C1 0.035 0.134 0.067 0.764

BZ1 0.020 0.146 0.073 0.761

TABLE 4 Turbulence and temperature conditions for the MILD combustion DNS with
internal exhaust gas recirculation.

Cases Λ0 u0 Ret (Reλ) Tr [K]

A2 1.63 10.12 67 (26) 1500

C1 2.52 4.10 55 (28.83) 1300

Other cases 1.42 16.67 96 (34.73) 1500

Λ 0: the integral length scale in mm; u0: root-mean square of the velocity fluctuations in m/s; Ret and Reλ:

turbulent and Taylor microscale Reynolds numbers, respectively.

2292 DNS of MILD combustion
cases is methane, and typical snapshots for those DNS are shown in Fig. 3.
The numerical domain for all cases except case C1 is a cuboid of size Lx �
Ly � Lz ¼ 10 � 10 � 10 mm3 with inflow and nonreflecting Navier-Stokes
characteristics boundary conditions outflow [24] in the x-direction and
periodic conditions in the transverse, y and z, directions. This domain is
presented in Fig. 3 where isosurfaces of normalized heat release are
shown. For case C1, the domain is 30 � 20 � 20 mm3. To ensure that all
chemical and turbulence length scales are resolved, a uniform grid of
3843 for case B1, 756� 5042 for case C1, and 5123 for the other cases is used
to discretize the numerical domain [20, 25].

For the premixed MILD combustion DNS in Minamoto et al. [22], dif-
ferent cases are considered to assess the effect of turbulence intensity (as
shown in Table 4 with case A2which has a turbulence lower level than the
other cases), dilution levels (as shown in Table 3 with case B1 that has an
oxygen level lower than the other cases), and reactant temperature (case
C1 as detailed in Table 4) on the physics of MILD combustion. The com-
bustion mechanism used is the Smooke mechanism [23].

The nonpremixedMILD combustion cases byDoan et al. [20] share sim-
ilarities with the premixed cases of Minamoto et al. [22] but have the sig-
nificant difference that they include mixture fraction variations allowing
to study the effect of mixture fraction stratification (case AZ2 having the
strong mixture fraction stratification) and the interaction between lean
and rich mixtures. In addition, an even more diluted case (case BZ1)
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has been performed by Doan et al. [20]. The combustion mechanism is a
modified Smooke mechanism, as detailed in Doan et al. [20].

Typical isosurfaces of reaction rate for those simulations are shown in
Fig. 3A for premixed MILD combustion and Fig. 3B for nonpremixed
MILD combustion. In this figure, the complex nature of reaction zones
in MILD combustion is evident. In contrast to conventional flames, which
generally present a unique front, MILD combustion exhibits multiple

https://doi.org/10.1016/j.proci.2020.06.234
https://doi.org/10.1016/j.combustflame.2017.10.030
https://doi.org/10.1016/j.combustflame.2017.10.030
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convoluted reaction zones, which can strongly interact with one another
and, therefore, create an apparently distributed reaction zones [19, 20].

While it can be seen that the turbulent conditions of the DNS of MILD
combustion mentioned earlier may seem quite different from the ones
encountered in experiments, they nonetheless provide first insights into
the physics of MILD combustion. In addition, the turbulence levels, and
in particular the Reynolds number based on the integral length scale, indi-
cated in Table 4 are of a similar order of magnitude as the ones carried out
in experiments [25]. In addition, the Karlovitz number for these DNS is of
Oð10Þ, which would put them in the thin reaction zones regime as defined
in Peters [26]. However, this conventional regime diagrammight not be as
representative for MILD combustion as for conventional premixed com-
bustion due to the presence of autoignition and the distributed nature
of the reaction. Therefore, it may not be necessary to have very high tur-
bulent flow for the generation of distributed reaction zones. Hence, a dis-
cussion using solely conventional Karlovitz or Damkohler numbers may
be too limited to assess the MILD combustion conditions.
3 Physics of MILD combustion

The DNS described in Section 2 has enabled a finer understanding of
the physics ofMILD combustion. This sectionwill summarize the findings
of the studies byG€oktolga et al. [18, 27],Minamoto et al. [22, 25, 28, 29], and
Doan et al. [30–32]. In particular, findings regarding the inception ofMILD
combustion and the balance between ignition and deflagration will be dis-
cussed as well as their implications on the modeling framework necessary
for MILD combustion.
3.1 Inception of MILD combustion: Jet in hot coflow
configuration

In this section, the results obtained from the DNS of the autoigniting
mixing layer introduced in Section 2.1 that analyzed the inception of
MILD combustion are discussed. In particular, the results of G€oktolga
et al. [18] focused on the autoignition of a shear layer under MILD com-
bustion conditions. In that case, it was observed that, due to the shear layer
between the fuel jet and the hot oxidizer coflow, instabilities appeared,
which grew into vortices. As the fuel spread wider into the hot oxidizer,
ignition occurred, as illustrated in Fig. 1B. These ignition spots appeared at
various locations along with this shear layer. Subsequently, the evolution
of these ignition spots was analyzed using the species Damkohler number
defined by Echekki and Chen [33]:
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Daα ¼ _ωα

j∂=∂x jðρYαV j,αÞj (1)

where Yα is the α-species mass fraction, Vj, α is the diffusive velocity in the

jth direction and _ωα is the source term of species α. Da defined in such a
way gives the relative importance between diffusive and chemical effects.
Therefore, if Da is much larger than unity at regions not yet ignited, it
means that those regions will undergo autoignition, given that chemical
reactions dominate diffusion effects. Conversely, if Da is much smaller
than unity in those regions, it means that the ignition of those regions will
result from the diffusion of species into those regions from neighboring
ignited ones depending on the diffusion direction. Therefore, those latter
regions with Da < 1 would undergo a deflagration process. This analysis,
based on hydrogen H, was performed by G€oktolga et al. [18], and the
results are shown in Fig. 4, where the numerator (chemical source term)
and denominator (diffusion term) of Eq. (1) are shown.
x (mm)
(A)

y 
(m

m
)

–8

–7

–6

–5

–4

–5 0 5

0.05

0.1

0.15

0.2

0.25

x (mm)
(B)

y 
(m

m
)

–8

–7

–6

–5

–4

–5 0 5

0.05

0.1

0.15

0.2

0.25

x (mm)
(C)

y 
(m

m
)

–8

–7

–6

–5

–4

–5 0 5

0.2

0.4

0.6

0.8

0.2

0.4

0.6

0.8

x (mm)
(D)

y 
(m

m
)

–8

–7

–6

–5

–4

–5 0 5

x (mm)
(E)

y 
(m

m
)

–8

–7

–6

–5

–4

–5 0 5

0.2
0.4
0.6
0.8
1
1.2
1.4

0.2
0.4
0.6
0.8
1
1.2
1.4

x (mm)
(F)

y 
(m

m
)

–8

–7

–6

–5

–4

–5 0 5

FIG. 4 Source and diffusion terms ofH radical for the 3D case at z¼ 0mmplane and at t¼
1.0, 1.1, and 1.2 ms. The white contours show the threshold value of YH ¼ 2 � 10�5 and the
magenta lines show ZMR ¼ 2.5 � 10�3. ZMR is the most reactive mixture fraction, that is, the
mixture fraction that has the lowest ignition delay time. Source term: (A) 1.0 ms, (C) 1.1
ms, (E) 1.2 ms; diffusion term: (B) 1.0 ms, (D) 1.1 ms, (F) 1.2 ms. (For interpretation of the ref-
erences to colour in this figure legend, the reader is referred to the web version of this chap-
ter.) Adapted from M.U. G€oktolga, J.A. van Oijen, L.P.H. de Goey, 3D DNS of MILD combustion: a

detailed analysis of heat loss effects, preferential diffusion, and flame formation mechanisms, Fuel 159

(2015) 784–795, https://doi.org/10.1016/j.fuel.2015.07.049.

https://doi.org/10.1016/j.proci.2016.06.004


2333 Physics of MILD combustion
In that figure, the evolution of the shear layer shortly after a first igni-
tion is shown. It is seen that for the first time instant at t¼ 1 ms in the ignit-
ing region (regions enclosed by a white line, determined by regions where
the H radical reached a given threshold), reaction effects dominate diffu-
sion effects. More importantly, just outside of this reacting region, the
reaction term is also large (and larger than diffusion effects) indicating
that the pocket will undergo full autoignition. In addition, another react-
ing region that is not ignited yet can also be observed. Those first igniting
regions were strongly correlated with the most reactive mixture fraction,
ZMR, that is, the mixture fraction that has the lowest autoignition delay
time, which agreeswith conventional autoignition studies [17]. At the next
time instant, the igniting regions remained the ones where the chemical
source term is larger than the diffusion term. This signified that the incep-
tion of MILD combustion occurs from general autoignition occurring at
various regions rather than through the development of a deflagrative
structure or from the diffusion of species along the most reactive mixture
fraction isoline. This finding was further supported by the analysis of HO2

radical concentrations, which are a precursor of autoignition [33–35]. At
the time instant just before those shown in Fig. 4, a large production of
HO2 radical had already occurred in many different areas suggesting that
those will all undergo autoignition, but with different time delays. This var-
iation in ignition delay timewas suggested to originate fromvariations in the
local temperature and scalar dissipation rate experienced by the particular
igniting pocket.

The analysis described earlier strongly distinguishesMILD combustion
from other conventional flames, where ignition only occurs initially and
the flame stabilizes through the development of a deflagrative structure.
In contrast, the evidence obtained fromDNS [18] suggests thatMILD com-
bustion occurs as a result of continuous autoignition with a strong influ-
ence of the mixture fraction and scalar dissipation rate on the sequence of
ignition. Therefore, modeling attempts for MILD combustion will have to
be able to accurately predict such evolution.
3.2 Inception of MILD combustion: Role of chemical radicals

In contrast to the DNS analysis discussed in the previous section by
G€oktolga et al. [18], analysis done in the DNS with internal EGR of non-
premixed MILD combustion by Doan and Swaminathan [31] highlighted
the important role of chemical radicals in the inception and stabilization of
MILD combustion, in addition to the mixture fraction. To do this, a quan-
tity called the incoming radical concentration was studied. This incoming
radical is defined as ΔYα ¼ Yα � Yc

α , where Yc
α is the local value of the

incoming species where there is no combustion. This quantity was



FIG. 5 (A) Variation ofdΔYOH ¼ ΔYOH=max ðΔYOHÞ in the mid x-y plane for case AZ1 and
(B) variation of ΔYOH with temperature increase θ ¼ (T � Tr)/(Tp � Tr). Adapted from N.A.K.
Doan, N. Swaminathan, Role of radicals on MILD combustion inception, Proc. Combust. Inst. 37 (4)

(2019) 4539–4546, https://doi.org/10.1016/j.proci.2018.07.038.
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obtained by performing a DNS with the same initial and inflowing fields
as in the reacting DNS but where all chemical reactions are removed. As a
result, the purely convective-diffusive evolution for the species inside the
computational domain with the same turbulence field is obtained. Since
the temperature rise in the MILD combustion DNS is moderate, the veloc-
ity fields in the reactive and nonreactive DNS are similar, especially in
regions close to the inlet. A variation of ΔYOH is shown in Fig. 5. This ΔYOH

quantity allows us to interpret whether a species concentration at a given
location originates from convective-diffusive effects or whether it origi-
nates from chemical reactions, therefore allowing one to understand the
local influence of combustion on these species. Therefore, ΔY> 0 indicates
that OH is locally produced by combustion since the local YOH is larger
than YOH

c . In Fig. 5, it is seen that OH is mostly negative in the upstream
(x� 0) region. This indicates that the incoming OH is consumed by chem-
ical reactions. Thus, the OH in the incoming recirculated exhaust gases is
consumed and acts as a precursor for initiating ignition and heat release.
The importance of radical consumption for the inception of MILD con-
sumption was further highlighted by analyzing the correlation between
temperature increase and ΔYOH, shown here in Fig. 5B. In this figure, a
robust correlation is observed between the ΔYOH and the normalized tem-
perature increase θ, which further supports that the inception of MILD
combustion with internal EGR is driven by the consumption of recirculat-
ing radicals.

The discussion here shows that, in addition to the importance of the
mixture fraction shown in the previous section [18], the recirculating rad-
icals play a vital role in the inception of MILD combustion. This adds a
new layer of complexity in the modeling of MILD combustion that,

https://doi.org/10.1016/j.proci.2018.07.038
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therefore, must be able to account for radicals in their initial mixture and
that the chemistry cannot be overly simplified.
3.3 Ignition and deflagration

As discussed in Section 1, the main interrogation in MILD combustion
concerns the balance between ignition and deflagration. Experimental
studies have shown competing views on this topic, and a more precise
understanding is necessary for the appropriate modeling of MILD com-
bustion. Indeed, many modeling frameworks, such as flamelet-generated
manifold (FGM) or presumed PDF approaches, rely on some form of
canonical flames. Therefore, understanding this balance between ignition
and deflagration would enable a more judicious choice for such a model-
ing approach.

3.3.1 Combustion mode as balance in the transport equation

Investigations in this area were conducted by Minamoto et al. [25] and
Doan and Swaminathan [30], where this balance between ignition and def-
lagration in MILD combustion with internal recirculation was studied in
DNS ofMILD combustion in premixed and nonpremixed internal recircu-
lation configurations (described in Section 2.2). These analyses relied on
computing the balance between the different terms in the species trans-
port equation for some specific species. Indeed, this equation reads

∂ρYα

∂t
+
∂ρu jYα

∂x j|fflfflfflffl{zfflfflfflffl}
C: conv:

¼ ∂

∂x j
ρDα

∂Yα

∂x j

� �
|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

D: dif f :

+ _ωα|{z}
R: react:

(2)

From this equation, turbulent combustion can be interpreted as a bal-

ance between convection, diffusion, and chemical reactions. As a result,
the balance between these phenomena was analyzed using the following
indicator:

B≡ jC � Dj � jRj (3)

The previous equation suggests that regions with B < 0 have a dominant

reaction source can thus be taken to be similar to perfectly stirred reactors
(PSR) and are thus ignition-dominated regions. Conversely, when B � 0,
there is a balance between convection, diffusion, and reaction, meaning
that the regions with B � 0 are similar to a steady flame and, therefore,
the combustion mode in those regions is deflagrative. Typical contours
of this B indicator are shown in Fig. 6 for reacting regions from Doan
and Swaminathan [30] in the nonpremixed MILD combustion configura-
tion, where H2O was used as a species to compute B. It can be seen that
there is a coexistence of deflagrative and igniting regions. This was also



FIG. 6 Typical spatial variation of B in regions with normalized heat release rate, _Q
+ ¼

_Qδth=ðρrsLCpðTp � TrÞÞ, larger than 1.0 at t ¼ 1.5τf for cases (A) AZ1, (B) AZ2, and (C) BZ1.
sL is the laminar flame speed, Cp is the mixture heat capacity, δth is the laminar flame thermal
thickness. Adapted from N.A.K. Doan, N. Swaminathan, Autoignition and flame propagation in
non-premixedMILD combustion, Combust. Flame 201 (2019) 234–243, https://doi.org/10.1016/j.com
bustflame.2018.12.025.
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observed in the DNS of premixed MILD combustion in Minamoto et al.
[25], but where B is based on the temperature progress variable cT.

In premixed MILD combustion with internal EGR, a finer analysis
showed that in the upstream stage of the domain, ignition (B < 0) was
the most probable combustion mode (see Fig. 7). However, as one moves
downstream, the most probable combustion mode shifts from ignition
toward deflagration (B � 0). However, in nonpremixed MILD combus-
tion, Doan, and Swaminathan [30] highlighted a different behavior. More
specifically, there was a strong dependence of the combustion mode on
the mixture fraction stratification. In particular, conditions that exhibited
lowmixture stratification showed similar behavior as the premixedMILD
combustion cases of Minamoto et al. [25] shown in Fig. 7, namely a tran-
sition from ignition toward deflagration as one moves downstream in the
domain (see Fig. 8Awhere the peak of the PDF ofBclose to zero increases).

https://doi.org/10.1016/j.combustflame.2018.12.025
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FIG. 7 PDF ofBat various axial x+¼ x/δth positions in Case B1. The PDF is also shown for a
typical premixed combustion case (dash-dotted line). The inset shows the variation of the most
probable (circles) and averaged (triangles) values of B along x+. Adapted from Y. Minamoto, N.

Swaminathan, R.S. Cant, T. Leung, Morphological and statistical features of reaction zones in MILD
and premixed combustion, Combust. Flame 161 (11) (2014) 2801–2814, https://doi.org/10.1016/j.com
bustflame.2014.04.018.
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However, when strong mixture stratification was present, and hence the
level of premixingwas small, the autoignitionmode remained throughout
the computational domain as shown in Fig. 8B, where the B analysis was
performed on the case AZ2 (discussed in Section 2.2) that has strong mix-
ture fraction stratification. This is in contrast with premixed MILD com-
bustion but indicates similar findings to the autoignition shear layer
studied by G€oktolga et al. [18]. A finer analysis of that particular DNS con-
dition highlighted that sequential autoignition was occurring: ignition
first occurred in the lean mixture, close to the most reactive mixture frac-
tion, and the richer mixture only ignited subsequently. This was sup-
ported by analyzing the evolution of the fuel pocket: a rich fuel mixture
(richer than the rich flammability limit) first had to mix with the oxidizer
before undergoing ignition. Therefore, this DNS by Doan and Swami-
nathan [30] shares similarities with the findings of G€oktolga et al. [18] dis-
cussed previously but emphasizes the effect of mixture fraction (and its
mixing) on the ignition delay time rather than temperature and scalar dis-
sipation rate of mixture fraction that results in this sequential autoignition
behavior.

This influence of the mixture fraction on the combustion mode was fur-
ther analyzed in a statistical sense. Using the B-indicator, it was observed
that, as one moves downstream, first lean then close to the stoichiometric
mixture are undergoing autoignition as shown in Fig. 9, further

https://doi.org/10.1016/j.combustflame.2014.04.018
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FIG. 8 PDF of ðBj _Q+
> 1:0Þat x=Lx ¼ 0:0625, 0:1875, 0:3125,…, 0:9375 (dark to light gray) for

cases (A) AZ1 and (B) AZ2. Adapted from N.A.K. Doan, N. Swaminathan, Autoignition and flame

propagation in non-premixed MILD combustion, Combust. Flame 201 (2019) 234–243, https://doi.
org/10.1016/j.combustflame.2018.12.025.

FIG. 9 PDF of ðZjB < �1:0Þat x=Lx ¼ 0:0625, 0:1875, 0:3125,…, 0:9375(dark to light gray) for
cases (A) AZ1 and (B) AZ2. The dashed lines indicate the stoichiometric mixture fraction.
Adapted from N.A.K. Doan, N. Swaminathan, Autoignition and flame propagation in non-premixed

MILD combustion, Combust. Flame 201 (2019) 234–243, https://doi.org/10.1016/j.combustflame.
2018.12.025.
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FIG. 10 PDF of ðZj � 0:1 � B � 0:1Þ at x=Lx ¼ 0:0625, 0:1875, 0:3125,…, 0:9375 (dark to light
gray) for cases (A) AZ1 and (B) AZ2. The dashed lines indicate the stoichiometric mixture frac-
tion. Adapted from N.A.K. Doan, N. Swaminathan, Autoignition and flame propagation in non-

premixed MILD combustion, Combust. Flame 201 (2019) 234–243, https://doi.org/10.1016/j.com
bustflame.2018.12.025.
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supporting this sequential autoignition. However, when focusing on the
mixture fraction in deflagrative mode (B � 0), one observed differences
again depending on the mixture fraction stratification, as shown in Fig.
10. In the case of small mixture fraction stratification (Fig. 10A), both
the presence of lean and rich flame-like structures can be observed. In
the early stage of the domain, only lean deflagrative structures are
observed. As onemoves downstream, the typical mixture fraction in those
deflagrative structures increases, and stoichiometric and rich flame-like
structures can be observed. Those rich flames, however, do not originate
from a rich mixture that ignited, but rather, they come from the propaga-
tion of an initially lean or stoichiometric flame that propagates into a richer
mixture. Indeed, no rich igniting kernels were observed in the DNS of
Doan and Swaminathan [30]. In contrast, when strong mixture stratifica-
tion is present (Fig. 10B), rich flame-like structures can already be
observed in the upstream region. This originates from the smaller mixture
fraction length scale that indicates that rich mixtures may be closer to lea-
ner ones. Therefore, a deflagative structure that is originally lean will
quickly encounter a richer mixture.

3.3.2 Combustion mode from chemical explosive mode analysis

A final approach to analyze this balance between ignition and deflagra-
tion in MILD combustion was studied in Doan et al. [32], where the chem-
ical explosive mode analysis (CEMA) methodology was used on the DNS
datasets of Minamoto et al. and Doan et al. presented in Section 2.2. This
approach, initially developed by Lu et al. [36], is based on the analysis of
the eigenvalues, λe, of the Jacobian of the local chemical source term, Jω.
The original CEMA method has been extended to account for diffusion
effects to distinguish between combustion modes [37, 38]. This is obtained
from

https://doi.org/10.1016/j.combustflame.2018.12.025
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D _ωðyÞ
Dt

¼ Jω
Dy

Dt
¼ Jωð _ω + sÞ, Jω ¼ ∂ _ω

∂y
(4)

where y represents the species concentrations and temperature, _ω is the

chemical source term, and s is the nonchemical term representing effects
such as diffusion or homogeneous mixing. A chemical explosive mode
(CEM) exists if one of the eigenvalues of the Jacobian, λe, has a positive real
part. To distinguish between the different combustion modes, Eq. (4) is
projected in the direction of the corresponding left eigenvectors, be, of Jω:

be � D _ωðyÞ
Dt

¼ be � Jωð _ω + sÞ ¼ λebe � ð _ω + sÞ (5)

Then, the expression for the projected source term is
Dϕω

Dt
¼ λeϕω + λeϕs +

Dbe
Dt

� _ωðyÞ (6)

where ϕω ¼ be � _ω and ϕs ¼be �s are, respectively, the projected chemical

and diffusion terms. The ratio α ¼ ϕs/ϕω can then be used to indicate
the relative importance of diffusion and chemistry. Based on the values
of α, three regimes can be identified: α > 1 for assisted-ignition mode
where diffusion dominates chemistry and promotes ignition, jαj < 1 for
autoignition where chemistry is predominant, and α < �1 for the local
extinction mode, where diffusion suppresses ignition. Details on this
method can be found in various studies [37–39], where it has already been
applied successfully. Those findings suggested that CEMAwas an appro-
priate candidate to analyze the balance between ignition and deflagration
in MILD combustion.

One of the main advantages of CEMA compared to the use of the B cri-
terion proposed in Doan and Swaminathan [30] and discussed in the pre-
vious section, is that it does not require to decide on a specific species for
the analysis. Indeed, the B indicator can provide conflicting indications
depending on the species used to define B. In contrast, CEMA provides
a unique indicator through the eigenvalue, λe, which has the most signif-
icant positive real part.

This analysis of the combustion modes in MILD combustion based on
CEMA was performed by Doan et al. [32]. Fig. 11 shows the α indicator
based on CEMA for some typical DNS of MILD combustion with internal
EGR. The figures highlight that most cases exhibit large autoignition
regions (α � 0) with patches of deflagrative structures (α � 1). However,
the premixed case B1, in Fig. 11C, shows that the deflagrative mode is
more likely in the upstream region of the domain when compared with
the nonpremixed cases. The more specific balance between those modes
was further studied statistically, where the probability density function
(PDF) of this α indicator was computed (shown in Fig. 12). It is seen that,



FIG. 11 Typical distribution of α in regions with λe > 0 in the mid x-y plane for cases
(A) AZ1, (B) AZ2, and (C) B1. Adapted from N.A.K. Doan, S. Bansude, K. Osawa, Y.
Minamoto, T. Lu, J.H. Chen, N. Swaminathan, Identification of combustion mode under MILD con-

ditions using chemical explosive mode analysis, Proc. Combust. Inst. (2021), https://doi.org/10.1016/j.

proci.2020.06.293.

FIG. 12 PDF of α in regions with λe > 0 for all the DNS cases from Doan et al. [32]. Adapted
from N.A.K. Doan, S. Bansude, K. Osawa, Y. Minamoto, T. Lu, J.H. Chen, N. Swaminathan, Iden-
tification of combustion mode under MILD conditions using chemical explosive mode analysis, Proc.

Combust. Inst. (2021), https://doi.org/10.1016/j.proci.2020.06.293.
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overall, cases AZ1 andAZ2 show that α� 1, and thus flame propagation is
themost likelymode but that both ignition and deflagration are nearly bal-
anced. Case BZ1 and all the other premixed cases show that α¼ 0, and thus
ignition, is the most critical combustion mode.

However, a finer analysis of the combustion mode depending on the
axial locations showed a different picture. In this case, the PDF of α con-
ditioned of the axial location, shown in Fig. 13, was analyzed to under-
stand the evolution of the combustion mode. This analysis showed a
strong dependency of the combustion mode for nonpremixed MILD com-
bustion, where cases with strong mixture stratification (low level of fuel/
oxidizer premixing) showed a sequential autoignitionmode (see Fig. 13B),
similar to the physics of SCCI systems with mixture fraction stratification
[40] or in HCCI systems with temperature stratification [41]. The stronger
mixture fraction stratification hinders the development of flame fronts.
Furthermore, because of this stronger mixture stratification, the various
pockets of mixtures undergo ignition independently depending on their
mixture fraction and local conditions [30]. In contrast, when there is a
low mixture fraction stratification, as one traverses downstream, ignition
(the peak of p(α) ¼ 0) becomes less important while flame propagation
FIG. 13 Evolution of p(α) at various axial locations: x=Lx ¼ 0:03125, 0:15625,…, 0:90625
(from upstream to downstream: black to light gray) for cases (A) AZ1 and (B) AZ2 at t ¼
1.5τf. Adapted from N.A.K. Doan, S. Bansude, K. Osawa, Y. Minamoto, T. Lu, J.H. Chen, N. Swa-

minathan, Identification of combustion mode under MILD conditions using chemical explosive mode

analysis, Proc. Combust. Inst. (2021), https://doi.org/10.1016/j.proci.2020.06.293.
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TABLE 5 Fractional contribution of the combustion modes to the
total heat release rate in the domain for all MILD combustion cases.

Case Q f l Qign Qext

AZ1 0.0753 0.8877 0.0370

AZ2 0.0551 0.9111 0.0338

BZ1 0.0503 0.9258 0.0239

A1 0.0436 0.9430 0.0134

A2 0.0274 0.9593 0.0052

B1 0.0311 0.9673 0.0096

C1 0.0067 0.9869 0.0064
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becomes dominant (see Fig. 13A). This indicates that ignition kernels
evolve into propagating flames in this case. This particular behavior
was also observed for all the DNS of premixedMILD combustion. In addi-
tion, the mixture fraction of those ignition or deflagration structures was
further analyzed. The analysis showed that ignition (jαj< 1) is mostly pre-
sent in leanmixtures, which are consistentwith conventional autoignition,
where lean mixtures are more likely to ignite [17]. On the other hand,
deflagrative structures (α > 1) are mostly present in rich mixtures.

Despite the coexistence of ignition and deflagration structures, the
overall contributions of those different combustionmodes to the total heat
release rate highlighted a striking result, as shown in Table 5 where the
fractional contribution of each combustion mode to the total heat release
rate is shown. Despite the large probability of finding a deflagrativemode,
those regions only contributed to a very small portion of the total heat
release rate in the computational domain, where over 85% of the total heat
release rate is due to autoignition. This indicated that while there may be a
volumetric distribution of a deflagrative mode, MILD combustion is
mostly controlled by ignition processes.
3.3.3 Summary

The various works discussed in this section [25, 30, 32] illustrated the
coexistence and intertwined nature of ignition and deflagration in MILD
combustion. While they may interact strongly spatially, the key observa-
tion from all those studies were that autoignition was the main driver of
heat release rate inMILD combustion. This has large consequences for the
modeling of MILD combustion as it suggests that modeling based on
deflagrative flames (such as flamelets approaches) may not be appropri-
ate. Such discussions on the modeling of MILD combustion will be pre-
sented in the following section.
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4 Modeling insights: A priori analysis from DNS

In this section, the modeling insights obtained from DNS will be dis-
cussed. Indeed, from DNS data, modeling frameworks can be tested in
an a priori setting, meaning that the DNS data are filtered to deduce RANS
or LES-like quantities from which the modeled quantities, such as the
modeled reaction rates, are computed and compared to the actual filtered
quantity. This is key in correctly developing a modeling framework for
MILD combustion. The variousmodeling strategies tested a priori are pre-
sented in the following few sections.
4.1 Presumed PDF approach

In many studies [18, 28, 29, 42], a flamelet-like model with presumed
PDF is used as a modeling framework for the reaction rate of MILD com-
bustion. In this framework, the filtered reaction rate is related to a canon-
ical 0 or 1D laminar flame, such as a laminar premixed flame or a perfectly
stirred reactor (PSR) through:

f_ωα ¼ ρ

Z 1

0

_ωL
αðηÞpðηÞdη (7)

where _ωL
α is the reaction rate of species α in a canonical laminar configu-
ration, p is the modeling or subgrid PDF (often a β-PDF approach is used),
and η is the sampling variable. The e� indicates the Favre-filtered quantity
and � indicates the average quantity. It is evident that for this modeling
framework to be accurate, an appropriate choice of canonical configura-
tion from which to compute _ωL

α must be made and that an accurate PDF
p must be chosen. This choice of this canonical configuration has been
studied in work mentioned earlier, and their results are discussed here.

Minamoto and Swaminathan [28] compared the use of flamelets and
PSR in a RANS context and analyzed the accuracy of the model. This
choice of either flamelet or PSR for this canonical configuration was based
on the observations reported in Section 3.3, where both deflagrative and
autoignition structures were observed. The flamelet was based on the
1D laminar premixed flame that had the same composition as the volume
average mixture (where radicals and intermediates are excluded) in the
inflowing MILD combustion DNS, while the PSR was based on the vol-
ume average mixture of the inflowing MILD combustion (including rad-
icals and intermediates). This decision to use the volume average mixture
was necessary to account for the presence of exhaust gas pockets in the
inflowing MILD combustion mixture. It was observed that the PSR
approach provided a better agreement with the averaged reaction rate
from DNS compared to the flamelet. This is in line with the results
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reported in Section 3.3, where various studies showed that ignition was
the dominant mode of combustion in MILD combustion.

This modeling framework proposed in a RANS context was further
assessed in an LES context in related work [29]. In this case, the averaging
operation in RANS is replaced by a filtering operation:

f ðxÞ ¼
Z
Δ
f ðx0ÞGðx� x0;ΔÞdx0 (8)

where x is the spatial coordinate and G is the Gaussian kernel with filter

size Δ given by

Gðx� x0;ΔÞ ¼ 6

πΔ2

� �1=2

exp
�6ðx� x0Þ2

Δ2

 !
(9)

Similar to the analysis in a RANS context performed in Minamoto and

Swaminathan [28], a comparison between PSR and flamelet configura-
tions with the flame structures in the DNS highlighted that only the
PSR could accurately capture the appropriate species and reaction rate
evolution, as highlighted in Fig. 14. In this figure, it can be seen that the
conditional average from the DNS is more accurately reproduced by
the PSR than the flamelet (noted MIFE in the figure) configuration. In par-
ticular, the nonzero reaction rate at the inlet x ¼ 0 location cannot be
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FIG. 14 Variations of (A) YCH4
(�103), (B) YOH(�103), and (C) _ω+

cT
¼ _Q=ðρCpðTp � TrÞÞwith

cT. The scattered data are the DNS result at single time instant, thick solid line is the conditional
averages, hYαjcTi (A and B) and h _ω+

cT
jcTi (C), obtained from the DNS data collected over the

entire sampling period, red dashed line is the flamelet (MIFE) solution, and thin solid line is the
PSR result. Adapted from Y. Minamoto, N. Swaminathan, Subgrid scale modelling for MILD com-

bustion, Proc. Combust. Inst. 35 (3) (2015) 3529–3536, https://doi.org/10.1016/j.proci.2014.07.025.
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captured by the flamelet structure as the initial mixture does not contain
radicals. However, the presence of radicals at the inception of MILD com-
bustion was crucial, as discussed in Section 3.2 and in Doan and Swami-
nathan [31].

As a result, only the PSR-based model was assessed in the a priori set-
ting. The filtered reaction rate and the modeled one are shown in Fig. 15.
The modeled reaction rate can reproduce the filtered reaction rate field
reasonably well for the different filter sizes considered. More quantita-
tively, an assessment of the accuracy of this PSR-based modeled reaction
rate was performed by computing the joint PDF between the model and
the filtered reaction rates and is shown in Fig. 16 for different filter sizes.
FIG. 15 Comparison of (top) _ω
+
cT
, (bottom) _ω

+
cT ,model in the middle x-y plane at an arbitrary

time instant for (A) Δ ¼ δth, (B) 2Δ ¼ δth, and (C) Δ ¼ 3δth. Adapted from Y. Minamoto, N. Swa-
minathan, Subgrid scale modeling for MILD combustion, Proc. Combust. Inst. 35 (3) (2015)

3529–3536, https://doi.org/10.1016/j.proci.2014.07.025.
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FIG. 16 The joint PDF of _ω
+
cT

and _ω
+
cT ,model computed using the DNS data from the entire

sampling period for (A) Δ ¼ δth, (B) Δ ¼ δth, and (C) Δ ¼ 3δth. Adapted from Y. Minamoto, N.

Swaminathan, Subgrid scale modeling for MILD combustion, Proc. Combust. Inst. 35 (3) (2015)
3529–3536, https://doi.org/10.1016/j.proci.2014.07.025.
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In this plot, a perfect agreement would translate into a spread around the
diagonal line. As one can see, the model is more accurate for larger filter
sizes, while for the smallest filter size (Δ+¼ 1) some strong discrepancy can
be observed. This is because the DNS of MILD combustion includes both
autoigniting regions and deflagrative thin reaction zones, as discussed in
Section 3.3. With large filter sizes, those thin regions are filtered out, but
for small filter sizes, those thin reaction zones persist. However, these
regions cannot be appropriately modeled by the PSR, and a flamelet-like
model would be more appropriate. Another potential source of discrep-
ancy could originate from the use of a β-PDF in Eq. (7).

This assessment of the appropriate PDF to use in Eq. (7) in themodeling
of MILD combustion was further analyzed in Chen et al. [42] using the
DNS with mixture fraction stratification of Doan et al. [20]. Compared
to the previous a priori analyses [28, 29], which analyzed premixed MILD
combustion, an additional complication stemmed from the need to model
the joint progress variable/mixture fraction PDF. Indeed, in nonpremixed
combustion, the equation for the modeled reaction rate becomes

f_ωcðx, tÞ ¼ ρðx, tÞ
Z 1

0

Z 1

0

_ωLðZ, cÞepðZ, c; x, tÞdZdc (10)

where e� indicates the Favre filtering, c is a reaction progress variable, Z is

the mixture fraction, and _ωL is the reaction rate from a canonical laminar
configuration. In work by Chen et al. [42], the analysis is focused on asses-
sing appropriate modeling for the subgrid PDF ep and _ωLðZ, cÞ is directly
taken from the DNS data as the doubly conditioned mean reaction rate:

_ωLðZ, cÞ ¼ _ωDNSðx, tÞ
ρðx, tÞ

����Z, c� �
(11)
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This approach allows focusing solely on the discrepancies that originate
from an approximate subgrid PDF. In that work, different modeling
approaches were assessed. First, the use of β-PDF to model the PDF of
Z and the PDF of c was considered, where the β-PDF is defined as

epβðξ; eZ,fσ2ZÞ ¼ Γða + bÞ
ΓðaÞΓðbÞ ξ

a�1ð1� ξÞb�1 (12)

with a ¼ eZð1=fgZ � 1Þ and b ¼ ð1� eZÞð1=fgZ � 1Þ, Γ is the gamma function
and fgZ ¼ fσ2Z=ðeZð1� eZÞÞ is the segregation factor. Using this β-PDF, two
cases were considered. Either the PDF of progress variable and reaction
rate were considered independent, leading to

epðξ, ηÞ ¼ epβðξ; eZ,fσ2ZÞepβðη; ec, eσ2c Þ (13)

Or, these PDFs were correlated, and the copula method was used to

account for the cross-correlation between progress variable and mixture
fraction. This latter approach was proposed by Darbyshire and Swami-
nathan [43] based on the Plakkett copula method [44]. In this case, the
additional subgrid covariance gσZ,c also has to be accounted for, and the
associated joint PDF is computed as

epðZ, cÞ ¼ θepβðZÞepβðcÞðA � 2BÞ
ðA2 � 4θBÞ3=2

(14)

where A ¼ 1 + ðθ � 1Þ½eCβðZÞ+eCðcÞ� and B ¼ ðθ � 1ÞeCβðZÞeCβðcÞwith eC being

the β cumulative distribution function (cdf ) and θ the odd ratio calculated
using a Monte Carlo approach (see Darbyshire and Swaminathan [43] for
more details on the copula approach). Finally, the last approach consid-
ered was to use a deep feedforward neural network (DNN) to model
the subgrid PDF from filtered quantities (eZ,fσ2Z, ec, eσ2c, andgσZ,c). In this case,
a four-layer feedforward neural network with LeakyReLU and batch nor-
malization was used.

A typical joint PDF extracted from DNS data of case AZ1 is shown in
Fig. 17, where the particular shape of the joint PDF is shown. The MILD
combustion case AZ1 with small mixture fraction stratification exhibits
a nearly bimodal joint PDF with a negative correlation between mixture
fraction and progress variable. This aligned with the findings in Doan
et al. [32,] which showed that case AZ1 had nonnegligible deflagrative-
like structures, where this assumption of bimodality may be valid. In con-
trast, case AZ2, shown in Fig. 18, shows a quite different joint PDF where
the PDF of the progress variable shows a peak but also a wide plateau
which cannot be easily modeled using the β-PDF.

The modeling attempts of this joint PDF are shown in Fig. 19, where
independent β-PDFs, correlated β-PDF with the copula method, and the
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joint PDF obtained using DNN are compared when trying to model the
joint PDF for an arbitrary point in case AZ2. It is evident that the approach
based on DNN, proposed by Chen et al. [42], is the only approach that can
reproduce with some level of accuracy the actual joint PDF. This was fur-
ther confirmed quantitatively using the Jansen-Shannon divergence (JSD),
which quantifies the discrepancy between probability density functions.
This is shown in Fig. 20, where the PDF of JSD shows a peak much closer
to zero (indicating a perfect match) for the DNN compared to the other
modeling approaches.

The next step in assessing the joint PDF modeling was to analyze the
modeled reaction rate using Eq. (10). A typical modeled reaction rate
obtained so is shown in Fig. 21, where all models seem to qualitatively
well reproduce the filtered reaction rate obtained fromDNS. In that figure,

_ω
m�DNS

cT
indicates the bestmodeled reaction rate one can obtainwhen using

a presumed PDF approach, as defined by Eq. (10), that is, where Eq. (10) is
computed using all quantities coming from the DNS. That quantity is
therefore used as a basis for comparison in Fig. 22, where a scatter plot
between the modeled reaction rate using, either the independent β-PDF,

copula approach or the DNN is compared to _ω
m�DNS

cT
. It is clearly seen that
FIG. 17 Case AZ1: typical instantaneous x-y plane contours of unfiltered fields for (A) cT,
(B) Z, and (C) _ωcT ; and subgrid PDFs with three different filter sizes, (D) Δ+ ¼ 0.5, (E) 1, and
(F) 1.5, at an arbitrarily chosenpoint.Adapted fromZ.X. Chen, S. Iavarone, G. Ghiasi, V. Kanan, G.
D’alessio, A. Parente, N. Swaminathan, Application of machine learning for filtered density function

closure in MILD combustion, Combust. Flame 225 (2021) 160–179, https://doi.org/10.1016/j.com
bustflame.2020.10.043.
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FIG. 19 Comparison of (top) joint and (bottom) marginal PDFs between DNS and model
predictions for filter sizes of Δ+ ¼ 1.5 for the filter point shown in Fig. 18. Adapted from

Z.X. Chen, S. Iavarone, G. Ghiasi, V. Kanan, G. D’alessio, A. Parente, N. Swaminathan, Application
of machine learning for filtered density function closure in MILD combustion, Combust. Flame 225

(2021) 160–179, https://doi.org/10.1016/j.combustflame.2020.10.043.

FIG. 18 Case AZ2: typical instantaneous x-y plane contours of unfiltered fields for (A) cT,
(B) Z, and (C) _ωcT ; and subgrid PDFs with three different filter sizes, (D) Δ+ ¼ 0.5, (E) 1, and
(F) 1.5, at an arbitrarily chosen point.Adapted fromZ.X. Chen, S. Iavarone, G. Ghiasi, V. Kanan, G.

D’alessio, A. Parente, N. Swaminathan, Application of machine learning for filtered density function

closure in MILD combustion, Combust. Flame 225 (2021) 160–179, https://doi.org/10.1016/j.com
bustflame.2020.10.043.
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the DNN-based approach outperforms the β and copula model with a
scatter much closer to the diagonal line.
4.2 Partially stirred reactor approach

Another modeling approach that has been assessed using the DNS data
of nonpremixed MILD combustion with internal EGR discussed in
Section 2.2 of Doan et al. [20] is the partially stirred reactor (PaSR)
approach described by Iavarone et al. [45]. In this model historically intro-
duced in Chomiak [46], each computational cell is split into a reacting
region and a nonreacting region. The mean reaction rate in a specific cell
is obtained based on a mass exchange between the two regions and
expressed as
0
0

20

40

60

0.1

AZ1

JSD

PD
F

D+ = 0.5 D+ = 1 D+ = 1.5

0.2 0.3 0 0.1 0.2 0.3 0 0.1 0.2 0.3

(A) (B) (C)

0
0

20

40

60

0.1

AZ2

JSD

PD
F

0.2 0.3 0 0.1 0.2 0.3 0 0.1 0.2 0.3

(D) (E) (F)

0
0

20

40

60

0.1

BZ1

JSD

PD
F

0.2 0.3 0 0.1 0.2 0.3

(G) (H)

P(Z )

DNN
Copula P(cT)
b-b

DNN
Copula
b-b
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Parente, N. Swaminathan, Application of machine learning for filtered density function closure in

MILD combustion, Combust. Flame 225 (2021) 160–179, https://doi.org/10.1016/j.combustflame.

2020.10.043.
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FIG. 21 Typical reaction rate contours for case AZ1 with Δ+ ¼ 0.5. Mean flowmoves from
left to right. Adapted from Z.X. Chen, S. Iavarone, G. Ghiasi, V. Kanan, G. D’alessio, A. Parente, N.
Swaminathan, Application of machine learning for filtered density function closure in MILD combus-

tion, Combust. Flame 225 (2021) 160–179, https://doi.org/10.1016/j.combustflame.2020.10.043.

FIG. 22 Scatter plot of _ω
m�DNS

cT
and _ω

m

cT
(in units of kg/m�3 per s) modeled using different

FDF models (denoted using different markers) for case AZ1 with different filter sizes.
(A) Δ+ ¼ 0.5; (B) Δ+ ¼ 1; (C) Δ+ ¼ ¼1.5.
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�_ωα ¼ κ
ρðY*

α � Y0
αÞ

τ*
(15)

where Y*
i and Y0

i are the αth species mass fraction in the reacting and non-

reacting regions, respectively, and τ* is the residence time in the reacting
region. κ is the volume fraction of the reacting region, which provides the

https://doi.org/10.1016/j.combustflame.2020.10.043
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partially stirred nature of this model. In general, κ is estimated as the ratio
between a chemical timescale τc and a mixing timescale τmix:

κ ¼ τc
τc + τmix

(16)

In addition, the species mass fraction in the reacting region is estimated

from the evolution of an ideal reactor that evolves from Y0

i over a residence
time τ*, following the evolution equation:

dY*
α

dt
¼ _ω*

α

ρ
(17)

From the modeling equations presented earlier, it can be seen that the

complexity in this model is inappropriately modeling τ*, τc, and τmix. Var-
ious choices are possible and are discussed in [45, 47–49]. In particular,
Iavarone et al. [45] analyzed different modeling approaches for τc and
τmix, summarized in Table 6. Regarding τ*, it is generally taken as equal
to τmix [48] but can also be taken as the minimum between τmix and τc
[47, 49]. This latter approach was the one chosen by Iavarone et al. [45].

From the modeling frameworks analyzed, it was observed that the best
agreement between the filtered DNS heat release rate and modeled reac-
tion rate was obtainedwhen using the local dynamic approach for the esti-

mation of τmix ¼
eσ2
Zeξ in conjunction with τc ¼ max

Y*
α

jdY*
α=dtj

� 	
. In addition, it

was observed that, generally, τmix≪ τc. Therefore, τmixwas themain driver
in the accuracy of the modeling framework. However, the PaSR approach
could only predict accurately the reaction rate of major species and
showed significant overestimation for the modeling of the reaction rate
of OH as is shown in Fig. 23. The region associated with this mismatch
is located in a low heat releasing region in the downstream part of the
domain. In those area, due to the nearly fully mixed mixture, τmix reaches

very small values that lead to an overestimation of _ωα.
4.3 Flamelet-generated manifold

A final modeling approach which was tested based on DNS data is the
FGM approach. In this modeling framework, it is assumed that there
exists a lower dimension manifold in the composition space and that a
TABLE 6 Modeling equations for the PaSR approach.

τc max � _ωF

Y f
, � _ωO

YO

� 	�1
max

Y*
α

jdY*
α=dtj

� 	
τmix Cmix

k
E

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k
E

ν
E

� �1=2q eσ2
Zeξ



FIG. 23 Parity plots and contours of the joint PDF of the filtered chemical source terms _ω
extracted fromDNS and estimated by the PaSRmodel for: (A) CH4, (B) CO2, (C) CO, (D) OH.
Adapted from S. Iavarone, A. P�equin, Z.X. Chen, N.A.K. Doan, N. Swaminathan, A. Parente, An a

priori assessment of the Partially Stirred Reactor (PaSR) model forMILD combustion, Proc. Combust.

Inst. (2021), https://doi.org/10.1016/j.proci.2020.06.234 (in press).
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turbulent flame is an ensemble of 1D laminar flamelets [50]. As a result of
those assumptions, a set of suitable 1D flames can be computed and solved
prior to the turbulent simulation and all the thermochemical variables can
be stored in look-up tables according to a few control variables (CV),
which represent the manifold. Typical CVs are, for example, the reaction
progress variable, c, or the mixture fraction, Z. The difficulty of using this
modeling framework for MILD combustion originates from the coexis-
tence of ignition and deflagration combustion modes as discussed in
Section 3.3. As a result, there is no appropriate CV that can accurately
describe the reaction rate evolution in both combustionmodes. This obser-
vation served as a basis for the introduction of the multistage FGM pro-
posed by G€oktolga et al. [27].

In this work, two progress variables were used to describe the state of
reaction (in addition to mixture fraction): the first one, noted Y1, based on

https://doi.org/10.1016/j.proci.2020.06.234
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HO2 that accurately describes the autoignition phase and the second one,
noted Y2 , based on H2O which describes the subsequent ignition-
oxidation phase. Using these two progress variables, two thermochemical
tables can be constructed: one which spans the initial process (from the
initial mixture until HO2 reaches its maximum value) and a second
table that starts from that mixture state until the end of the reaction. Those
two progress variables are transported within the modeling framework,
and depending on the value of the progress variable based on HO2, the
thermochemical quantities are either taken from the first or second table.
These thermochemical tables were based on an igniting mixing layer
(IML) [51]. This approach was tested a posteriori in a 2D DNS configura-
tion similar to the 3D igniting mixing layer discussed in Section 2.1 from
G€oktolga et al. [18]. The obtained averaged reaction rates are shown in
Fig. 24, where the better agreement of the multistage FGM approach
can be observed compared to a conventional FGM based on a single
progress variable.
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4.4 Discussion

From the modeling discussion in the previous sections, several com-
mon observations can be made. First, all these modeling frameworks
relied mostly on ignition-based canonical laminar configurations, such
as the PSR in Section 4.1, the PaSR in Section 4.2, or the igniting mixing
layer in Section 4.3. This choice was supported by the observations on bal-
ance between ignition and deflagration presented in Section 3.3, where
ignition was found to be the dominant mode of combustion inMILD com-
bustion. However, these modeling frameworks had to include additional
features to deal with the complex nature of MILD combustion. In the pre-
sumed PDF approach, this was done through the development of a
machine-learning-based model for the subgrid PDF to account for the
unique shape of the subgrid PDF that is the result of combined deflagra-
tive and autoignition features. In the FGM approach, to account for this
combined ignition/deflagration, two progress variables were introduced
to deal with these two stages present in MILD combustion.

Those results highlight the complexity of modeling MILD combustion
because it presents a variety of combustion modes. Therefore, conven-
tional combustion model may generally fail at accurately reproducing
the reaction rates in MILD combustion and additional research and more
refined models are necessary.
5 Conclusions and outlook

In this chapter, findings and insights obtained fromDNS ofMILD com-
bustion by various research groups have been discussed. These DNS cover
a variety of configurations that can be encountered in MILD combustion
apparatus: an autoignitingmixing layerwith hot and diluted oxidizer [18],
a premixed MILD mixture with internal EGR [22], and a nonpremixed
MILD mixture with internal EGR [20]. The particular thermochemical
and turbulent conditions of these DNS were discussed and while they
do not reach the same turbulence levels as those in real experimental con-
figurations due to the limit in computational resources, they still reach
levels that can be representative of the conditions encountered in MILD
combustion experiments, in terms of Reynolds and Karlovitz numbers.
Therefore, these DNS provided a large number of insights into the physics
of MILD combustion, which have been discussed.

Specifically, the inception of MILD combustion and its differences with
conventional combustion were discussed, with the importance of radicals
and continuous autoignition highlighted. In addition, evidence of the
coexistence of ignition and deflagration were discussed, as well as the
prominence of autoignition in the total heat release rate. These
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considerations, obtained from DNS, were then contrasted with existing
modeling frameworks for MILD combustion, and models which
accounted for these particularities of MILD combustion were shown to
perform better.

While all the work discussed in this chapter provided a significant
understanding of the inception of MILD combustion and the balance
between the different combustion modes that could be used as a basis
to develop models, there remain many aspects that still need to be
researched. Specifically, the modeling frameworks discussed earlier have
mostly only been tested in a priori settings. To properly assess their accu-
racy, they also have to be tested a posteriori in LES and RANS simulations.
In addition, the DNS discussed here has a limited range of turbulence and
thermochemical conditions, and it would therefore be of interest to per-
form DNS in a more representative range, closer to the one that can be
encountered in experiments. That would allow determining whether
the observations highlighted here are still valid for those conditions or
whether the physics of MILD combustion changes. Finally, while most
of the heat release rate originated from autoigniting structures, develop-
ing a model which can selectively switch combustion modes could allow
for even better accuracy with research relying on data-driven approaches
currently exploring that possibility [52].
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