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ABSTRACT 

Volume I of this report presents the results of a 

research program to evaluate and develop water wave theories 

for engineering application. A second volume of this 

report presents wave tables developed for preliminary design 

in offshore problems. 

Volume I describes: (1) an evaluation of the degree 

to which various available wave theories satisfy the 

nonlinear water wave mathematical formulation and (2) a 

comparison of water particle velocities measured in the 

laboratory with those predicted by a number of available 

wave theories. The results of these studies indicated that 

the Stream function wave theory provided generally better 

agreement with both the mathematical formulation and the 

laboratory data. Volume I also includes a number of examples 

illustrating the application of the wave tables (described 

below) to offshore design problems. 

Based on the evaluation phase described above, a set of 

wave tables was developed and is presented as Volume II. The 

tables consist of dimensionless quantities which describe 

the kinematic and dynamic fields of a two dimensional 

progressive water wave. In addition, quantities are included 
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which are directly applicable to frequently required 

design calculations and also parameters which should be of 

interest to the researcher and scientist • 
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I. INTRODUCTION 

The following were the primary goals of the research 

reported herein: (1) for given wave conditions, to estab-

lish a rational basis for selection of one of the numerous 

available progressive water wave theories and (2) to 

tabulate the most appropriate wave theory or theories in a 

form convenient for preliminary design use. The main 

emphasis of this investigation has been an attempt to assist 

the engineer in his selection and application of wave 

theories to marine design problems. The research has pro-

ceeded in several distinct phases which are described 

briefly below. 

An early phase of the research was related to 

evaluating the anaZyticaZ validity of water wave theories; 

that is, the degree to which the various available water 

wave theories satisfy the equations constituting the 

mathematical formulation. The results of this phase, first 

published in September, 1968,1 established, that of the 

eight theories included in the study, the Stream function 

fifth order provided the best fit over a wide range of wave 

conditions. For very shallow water waves, the Airy and 

first order Cnoidal theories provided the best fit. How-

ever, because the Stream function wave theory can be 
, 

extended to quite high orders, it was expected that it 
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would provide the best fit, even for most shallow water 

wave conditions. Based on the results of this study, the 

following phases of the study concentrated on further 

exploration and development of the Stream function wave 

theory for engineering application. 

The second phase represented an examination of 

near-breaking wave conditions using the Stream function 

theory. 2 This problem is complicated because breaking 

conditions represent a mathematical as well as a hydro

dynamic instability and therefore the computational aspects 

are not straightforward. The results of this study 

indicated that of the two stability criteria, the kinematic 

criterion rather than the dynamic criterion governs at 

breaking. It was also found that near breaking, the 

pressure distribution was hydrostatic rather than charac

terized by a zero pressure gradient as predicted by some 

other studies. The complexities of the numerical computa

tions led to an attempt to establish the 'breaking index for 

only three relative water depths (shallow, intermediate 

and deep). It was found that for shallow and deep water 

waves, the breaking heights established from the Stream 

function wave theory were up to 28% higher than those 

established earlier by other investigations. For interme

diate depth conditions, however, the breaking heights 

determined in the study agreed well with those of earlier 

investigations. 
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The third phase of the investigationS was related 

to the "experimental validity of water wave theories" as 

compared to "analytical validity." The motivation of this 

phase was the recent (1968) publication4 of a fairly 

comprehensive set of measurements of water particle veloc-

ities for shallow water waves and comparison with a number 

of wave theories by Le Mehaute, et al.; a comparison with 

the Stream function theory was therefore conducted as a 

part of the present study. On an overall basis, the Stream 

function wave theory provided a significantly better fit to 

the measured water particle velocities than the other 

theories. The standard deviation between the measured and 

Stream function representations was 0.17 ft/sec as compared 

to 0.24 ft/sec for the theory providing the next best fit. 

The primary significance of this phase of the study is that 

the wave conditions are in the shallow-water region where 

theories other than the Stream function would be expected 

to provide better comparisons with measurements. Although 

this favorable comparison is not taken as demonstration of 

the superiority of the Stream function for all wave condi-

tions, the results were very encouraging and to some 

extent, surprising. 

The final phase of the investigation has been the 

development of a computer program to tabulate wave quanti-

ties that would be of value to engineers in design and that 
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would also be valuable to individuals concerned with the 

further development and improvement of water wave theories. 

During the development of the tables, it has been found 

that more meaningful information than originally anticipated 

could be presented. 

In the early phases of this study, dimensional 

variables (i.e., water depth/(wave period)2 and wave 

height/(wave period)2) were used to characterize the wave 

conditions; this feature will be evident in the description 

of some of the results. In the latter phases of the study, 

a decision was made to characterize the wave conditions by 

the following dimensionless quantities: h/Lo and H/L o , 

where h, Hand Lo represent the water depth, wave height 

and small amplitude deep water wave length, respectively. 

The tables are developed for forty cases of (h/Lo, H/Lo). 

The results of the research are presented in two 

volumes. The present report (Volume I) documents the 

research results and describes the wave tables and their 

application. Volume II presents the wave tables which have 

been developed for 40 cases encompassing most conditions 

encountered in engineering design. 

In concluding the Introduction, it should be noted 

that all of the available wave theories have not been 

included in the comparisons described earlier. Some of 

the theories omitted were developed during the period of 
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this research and some have been available, but were not 

compared, usually because they are not employed exten

sively for engineering purposes. 
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II. STREAM FUNCTION WAVE THEORY 

Introduation 

As discussed previously, at an early stage of the 

research, the study indicated that the Stream function wave 

theory generally provided a better fit to the boundary 

conditions and also to available laboratory measurements; 

the study therefore developed into an effort to explore 

and develop the Stream function wave theory for engineering 

application. Prior to presenting this work, the basis for 

the Stream function wave theory will be described in some 

detail in an attempt to define the similarities with and 

differences from other theories. It should be noted that 

there are two representations of the Stream function 

theory: (1) for a given wave height, H, water depth, h, and 

wave period, T, a (symmetrical) representation can be devel

oped to describe the kinematics and dynamics of the motion 

and (2) for a given measured water surface displacement, 

n(t) representing a single oscillation (e.g., trough-to

trough), a representation can be determined which completely 

defines the kinematics and dynamics of the wave motion. 

The first case is, of course, of more interest to 

designers, whereas in another application, the second case 
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has been employed for the analysis of hurricane-generated 

wave and wave force data. Only the first mode has been 

explored under the present study. 

FormuZation 

The water wave phenomenon of interest here can be 

idealized as a two-dimensional boundary value problem of 

ideal flow. The assumption of ideal flow is essential to 

a mathematical formulation whiCh can be readily solved by 

known techniques. See Fig. 1 for a definition of terms 

employed in the formulation. 

DifferentiaZ Equation 

Ideal flow incorporates the assumptions of an 

incompressible fluid and irrotational motion. For pressures 

normally experienced in progressive water wave motions, the 

incompressibility assumption can be shown to be quite valid; 

shock pressures due to a wave breaking against a seawall 

may be an important exception; however, that case is not 

encompassed by the results of this research. There may 

be some question regarding the assumption of irrotational 

flow. probably the best reason for this consideration at 

this stage is that it does allow formulation of a boundary 

value problem which can be solved in an approximate manner. 

The solutions can then be compared with measurements to 

determine the apparent need for the refinement to include 

a non-zero rotation. 
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Mean Water 
Level 

--~L---+-------~~~--~ ________ ~ ____ ~X 

FIGURE DEFINITION SKETCH, PROGRESSIVE WAVE 
SYSTEM 

The differential equation (DE) for two-dimensional 

ideal flow is the Laplace equation and can be presented in 

terms of either the velocity potential, ~ or stream func-

tion, 1)1, 

where, in two dimensions 
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and ~ and ware defined in terms of the velocity components 

u and w (see Fig. 1) as 

Boundary Conditions 

a~ _ aW 
u = - ax - - 'liZ 

w = _ a~ = +~ az ax 

Two types of boundary conditions are required on 

(4) 

the upper and lower surfaces; for the present study, it 

will be assumed that the depth is uniform. The kinematic 

boundary condition applies to both boundaries and simply 

requires that the components of flow at these boundaries 

be in accordance with the geometry and motion (if any) of 

the boundaries. This condition can be stated as follows 

Bottom boundary aondition (BBC) 

w = 0, z = -h (5) 

Kinematia free surfaae boundary aondition (KFSBC) 

an + u~ = w z - n(x· t) at ax·' - , (6 ) 

Dynamia free surfaae boundary aondition (DFSBC) 

The remaining free surface boundary condition is 

the so-called dynamic free surface boundary condition 

(OFSBC) and requires that the pressure immediately below 

the free surface be uniform and equal to the atmospheric 

pressure, Pa' 
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n + Pa + 1 
pg 2g 

(u 2 + w2 ) _ ! d~ = constant _ QI, 
gat 

z = n(x,t) (7) 

In the above formulation, it is tacitly assumed that surface 

tension effects are negligible. It is customary to incor

porate the atmospheric pressure term into the constant, Q', 

to yield a new constant, Q 

(8) 

In the formulation presented, no requirements have 

been placed on the permanenae of wave form, that is, the 

wave could change form as it propagates due to the relative 

motion and interference of components propagating with 

various phase speeds. The treatment of this general 

problem including the nonlinearities is quite complex and 

was not the subject of this research. Rather, in the 

present investigation, it is assumed that the wave propa

gates with constant speed, C, and without change of form. 

It is then possible to choose a coordinate system 

propagating with the speed of and in the same direction as 

the wave, and relative to this coordinate system, the 

motion does not change and is therefore steady. The time 

dependency in the formulation vanishes, the horizontal 

velocity component with respect to the moving coordinate 

system is U-Ci and the formulation may be summarized as: 
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Boundary 
Conditions 

BBC: w = 0, Z = -h 

KFSBC: 
an _ w n (x) ax - c' z = u -

+ 
1 

(u - C) 2 + w2
) n 2g DFSBC: 

C2 
- 2g = Q, z = n(x) 

Motion is periodic in x with 
spatial periodicity of the 
wave length, L. 

(9) 

(10) 

(11) 

(12) 

(13) 

In order to avoid any misimpressions regarding the 

assumptions and formulation presented here and those 

employed in other investigations of nonlinear waves, it is 

noted that the formulation incorporating the assumption of 

propagation without change of form is common to the 

development of all the following nonlinear water wave 

theories: 

Stokes 2nd, and higher order wave theories 

Cnoidal 1st and 2nd order theories by Keulegan & 
Patterson, Laitone, etc. 

Solitary wave theory, 1st order by Boussinesq 

Solitary wave theory, 2nd order by McCowan 

Stream function wave theory by von Schwind and Reid 

To reiterate, ana~ytica~ va~idity will be based on the 

degree to which a theory satisfies the boundary value 

problem formulation, Equations (9) - (13). If a theory 

could be found which provided exact agreement to the 
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formulations, then the analytical validity would be 

perfect. There is no guarantee that good analytical 

validity ensures that a theory will provide a good repre-

sentation of the natural phenomenon because implicit in 

the formulation are the assumptions that capillary and 

rotation forces and other effects are negligible. Experi

mental validity will be based on the agreement between wave 

theories and measured data. 

The Stream Function Solution 

For the formulation expressed in Equations (9) -

(13), a Stream function solution may be expressed as: 

1/J(x,z) 
NN 
I X(n) sinh 

n=l 
[2~n (h + Z») cos [2~n x) 

(14) 

Evaluating this expression on the free surface, i.e., 

setting z = n, we find 

T 
n = L 1/Jn -

T NN 
L I 

n=l 
X(n) sinh [2~n (h + n») cos [2~n x) 

(15) 

where NN represents the "order" of the representation, i.e., 

the number of terms contributing to the series expression, 

1/Jn represents the (constant) value of the Stream function 
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on the free surface, L is the (undetermined) wave length, 

and the X(n) represent, at this stage, undetermined 

coefficients. 

For particular wave conditions, it is regarded 

that the wave height, period and water depth are specified. 

Equation (14) exactly satisfies the governing differential 

equation and the bottom and free surface kinematic boundary 

conditions for arbitrary values of L, ~n and the x(n) 

coefficients. The Stream function expression is also 

periodic in x with wave length, L. The only remaining 

boundary condition is the dynamic free-surface boundary 

condition; the parameters L and the X(n) 's are to be 

chosen such that this boundary condition is best satisfied 

for a specified wave height. 

The procedure for determining the unknown parameters, 

which can be considered as a nonlinear numerical perturba

tion procedure, is presented in Appendix I. 
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III. EVALUATION OF VALIDITIES OF WAVE THEORIES 

Introduction 

As discussed earlier, there are two types of 

validity that were examined. "Analytical validity" is 

based on the degree to which a theory satisfies the 

governing equations (of the boundary value problem formu

lation). Good analytical validity, however, does not 

necessariZy imply good representation of the natural 

phenomenon. "Experimental validity" is based on the agree-

ment between a theory and measurements. To date, some 

reasonably good laboratory data are available, and at 

least two field measurements of water particle velocities 

are reportedly underway (as of 1972) in the petroleum 

industry, and hopefully, will be available within the next 

few years. 

Discussion of Differences Between Stream Function and 
Other Wave Theories 

In later paragraphs of this section, it will be 

shown that the Stream function wave theory provides a 

better fit than other theories to the boundary conditions 

and also provides a better fit to laboratory measurements 

of water particle velocities; it is therefore worthwhile 
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to compare some of the inherent features of the Stream 

function and other theories. Although it is difficult to 

discuss a~~ other theories in general statements, an 

attempt will be made to present the more significant 

representative differences. 

Consider, as an example, the Stokes higher order 

wave theories. The general form of the solution exactly 

satisfies the differential equation, the bottom boundary 

condition and, of course, is properly periodic in the 

x-direction. The solution does not provide exact fits to 

either the kinematic or dynamic free surface boundary 

conditions. Suppose that the (n-l)th order solution is 

known and that the nth order theory is to be developed. 

The nth coefficients are determined such that they minimize 

the errors in the two free surface boundary conditions at 

the (n-l)th order. A significant problem is that the 

configuration of the nth order water surface is not known, 

a priori; it is therefore necessary to best satisfy the 

boundary conditions on an approximate expansion of the nth 

order water surface. The apparent effect of minimizing 

the errors present on the approximate nth order water 

surface is that the resulting theory of a given order, if 

convergent, may not provide the best fit possible for the 

number of terms (order) included. 

As a comparison with the preceding discussion of 

the Stokes' theory, consider the corresponding features of 
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a Stream function theory solution. The general form of 

the solution exactly satisfies all of the boundary value 

problem requirements except the DFSBC. at this stage, one 

inherent advantage of the Stream function theory is evident 

which is that all of the "free" parameters can be chosen 

to provide a best fit to the DFSBC. A second and important 

inherent advantage is that for a given nth order wave 

theory, a~~ of the coefficients are chosen such that they 

best satisfy the boundary condition on the nth order water 

surface. The distinction is that because a numerical 

iteration approach is used, the nth order wave form is 

known (through iteration) at that order of solution. 

Other advantages of the Stream function wave theory are 

that a solution can readily be obtained to any reasonable 

order, and that a measure of the fit to the one remaining 

boundary condition is more or less automatically obtained 

in the course of the solution. Also, the form of the 

terms in the solution is inherently better for representing 

nonlinear waves due to the n term appearing in the argument 

of the hyperbolic sine term (cf. Equation (15»). The 

disadvantage of the Stream function wave theory is that, 

unless tabulated parameters are available, it does require 

the use of a digital computer with a reasonably large 

memory. The complexity of other nonlinear theories, 

however, generally also requires the use of a high speed 

computer. It is noted that a similar but different Stream 
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function wave theory has been developed and reported by 

Von Schwind and Reid 5 subsequent to the analytical validity 

study reported herein and employs a definition of the 

DFSBC error which is different than that in the present 

study. The paper by Von Schwind and Reid presents boundary 

condition errors for three wave cases; a comparison between 

their errors and those resulting from the Stream function 

theory described herein will be presented. 

AnaZytiaaZ VaZidity 

The analytical validity of a particular wave theory 

has been previously defined as the degree to which the 

theory satisfies the defining equations, i.e., Equations (9) -

(13). Again, for the sake of emphasis, it is noted that a 

theory providing an exact fit to the boundary conditions 

would have a perfect analytical validity, however, due to 

assumptions of ideal flow, etc., in the formulation of the 

problem, a perfect analytical validity does not ensure 

that the theory would provide a good representation of the 

laboratory or field phenomenon. The reason for viewing the 

problem in two steps, i.e., analytical and experimental 

validity, is that the results of the analytical validity 

test would at least tend to indicate the relative appli

cability of the available wave theories for particular wave 

conditions and also the results would provide guidance 
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whether the most fruitful approach would be directed 

toward a more representative formulation of water wave 

theories or toward the improvement of the solutions of 

existing formulations. 

Definition of Boundary Condition Errors 

Most wave theories exactly satisfy the governing 

differential equation and bottom boundary condition, 

although some the solutions only approximately satisfy the 

differential equation. Table A lists a number of the 

theories available for design use and also indicates the 

conditions of the formulation which are satisfied exactly 

by each of the theories. Inspection of Table A shows that 

the two nonlinear (free surface) boundary conditions 

provide the best basis for assessing the analytical validity 

because no theory exactly satisfies both of these conditions. 

Errors based on the dynamic and kinematic free surface 

boundary conditions, are defined as functions of phase 

angle (6) as follows: 

(16) 

£2(6) (17 ) 
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TABLE A 

Water Wave Theories Included in Evaluation 
Presented in Reference 1 

Exactly satisfies 

Theory DE BBC KFSBC DFSBC 

Linear Wave Theory 
(Airy) X X 

Third Order Stokes 
(Skjelbreia and 
Hendrickson, as 
summarized by Le 
Mehaute and Webb) X X 

Fifth Order Stokes 
(Skjelbreia and 
Hendrickson) X X 

First Order Cnoidal 
(Laitone) X 

Second Order 
Cnoidal (Laitone) X 

First Order Solitary 
(Boussinesq, as 
Summarized by 
Munk) X X 

Second Order Solitary 
(McCowan as 
Summarized by 
Munk) X X X 

Stream Function 
Numerical Wave 

Theory (Dean) 
Fifth Order 

X X X 
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where Q represents the mean value of the quantity Q 

(Bernoulli "constant") defined in Equation (12). "Overall" 

errors are defined as the root mean squares of the 

distributed errors, 

J 

L 
j=l 

J 

L 
j=l 

£ 1 2 

j 

where j represents sampling at various (evenly spaced) 

phase angles. 

Re8u~t8 of Analytical Validity Compari80n 

Most of the results of the study of analytical 

(18) 

(19 ) 

validity carried out under this project has been published 

elsewhere 1 and therefore will only be reviewed briefly here. 

The study included forty wave cases as shown in 

Figure 2. For each of these cases, the overall errors, El 

and E2 were calculated for the wave theories shown in 

Table A. The overall dynamic free surface boundary 

condition errors were made dimensionless by dividing by the 

wave height, H, i.e. 

(20) 
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The overall kinematic free surface boundary condition error 

is dimensionless as defined in Equation (18). 

Plots of the dimensionless kinematic and dynamic 

free surface boundary condition errors are presented in 

Figures 3, 4, 5, and 6 for Cases of H/HB = 0.25 and 1.0 

(HB = breaking wave height). It is noted that the KFSBC 

error is identically zero for the Stream function and McCowan 

theories. 

As stated previously, it is difficult to select a 

single index that would clearly be representative of the 

overall validity of all wave theories. However, an index 

was chosen which provided an especially severe test for 

the Stream function wave theory, and yet this theory emerged 

as providing the best general analytical validity. 

The following evaluation plan was adopted, the 

results of which would be somewhat biased against the Stream 

function wave theory. Most of the wave theories do not 

satisfy exactly either the DFSBC or KFSBC, however, the 

Stream function theory does satisfy exactly the KFSBC. It 

therefore seems reasonable that if the Stream function wave 

theory can be shown to compare favorably against other 

theories on the basis of onZy the DFSBC, then it should 

provide an even better analytical validity than the 

comparison shows. 

In the analytical validity investigation, the eight 

wave theories shown in Table A were examined. Because the 
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fifth order was the highest of the Stokes theories available, 

it was somewhat arbitrarily decided to include the Stream 

function wave theory only to the fifth order. 

The evaluation was then based on comparisons presented 

in Figures 3, 4, 5, and 6 and also on the corresponding 

figures for HIHE = 0.50 and 0.75, which are not presented 

here. The results of this study are shown in Figures 7 and 8. 

Figure 7 presents the results for all theories 

excluding the Stream function wave theory. It is seen that 

the Stokes V theory provides the best fit for deep water, 

the Airy theory provides the best fit in a portion of the 

intermediate and shallow water ranges and the first order 

Cnoidal wave theory generally provides the best fit in the 

shallow water range. 

Figure 8 presents the same type of information, only 

the fifth order Stream function theory is included and 

provides the best fit over a wide range including all of the 

intermediate and deep water wave regions and also a 

significant portion of the shallow water range included in 

the comparison. The Airy wave theory provides the best fit 

for a small portion of the shallow water near-breaking waves 

and the first order Cnoidal wave theory provides the best 

fit for the remainder of the shallow-water region. 

In evaluating the results obtained in the shallow 

water region, it is noted that one eighth order Stream 
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function wave theory was calculated for breaking wave 

conditions and h/T 2 = 0.1 ft/sec 2 as shown in Fig. 6. 

Inspection of this figure indicates that the use of higher 

order Stream function wave theories would extend the range 

of best validity of this theory to considerably shallower 

conditions (Fig. 8). 

Comparison with Stream function theory deveLoped 
by Von Schwind and Reid 

As noted earlier, Von Schwind and Reid s have 

developed a Stream function theory with basic similarities 

to that employed in the present study. The principal 

difference between the two theories is that Von Schwind 

and Reid transform their problem to and carry out their 

solution in the complex plane. It is noted that their 

solution in terms of wave length and coefficients is also 

obtained by iteration. The DFSBC error definition used 

by Von Schwind and Reid was originally defined by 

Chappelear 12 and is somewhat different than that employed 

here (Equation 17) and is 

£ 2 (6) 

Q + h 
(17a) 

It is noted by comparison of Equations (17) and (17a), 

that the actuaL distribution of DFSBC errors would appear 

as numerically smaller based on Equation (17a) due to the 

water depth and Bernoulli constant appearing in the 

denominator. 
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Von Schwind and Reid presented distributed DFSBC 

errors for three sets of wave conditions. Errors were 

calculated for the same wave conditions using the present 

theory. Figures 9, 10, and 11 are reproduced from Von 

Schwind and Reidsand the maximum errors obtained by the 

present theory (indicated University of Florida) are shown 

for each wave case. The maximum UF errors obtained are 

so small that it would not be worthwhile to show them 

graphically. Note that all errors (e2) shown in Figs. 

9, 10, and 11 are based on Equation (17a). The reason that 

the errors obtained by the present theory are smaller 

than those obtained by Von Schwind and Reid is not known. 

With a numerical solution, it is possible to obtain a 

low error (down to some limit) by increasing the order of 

the theory or by increasing the number of iterations used 

to obtain the solution. For the three cases shown in 

Figs. 9-11, the University of Florida waves were seventh 

order and each solution was obtained by 15 iterations; the 

corresponding values for the Von Schwind-Reid waves are 

not known. 

Conclusions Resulting from the Analytical 
Validity Study 

The analytical validity evaluation is based on 

the degree to which the various theories satisfy the 

governing equations in the boundary value problem 

formulation. It is stressed again that there is no 
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guarantee that a theory providing a good analytical 

validity will necessarily represent well the features 

of the natural wave phenomenon. The reason, of course, 

is there there are assumptions (negligible viscosity 

and capillary effects) introduced into the governing 

equations which may adversely affect the degree to which 

the formulation represents real wave motion. The purpose 

of the analytical validity study, rather, was to attempt 

to resolve the question of whether the theories developed 

for the same formulation and for various regions of 

relative depth do indeed provide the best fit in these 

regions. Also this study, combined with some additional 

studies reported later in this report do aid in 

determining whether the most critical need in wave theory 

research is in the improvement of the formulation or in 

the development of improved solutions to the existing 

formulation. 

The results of the analytical validity study have 

shown that:* 

1. The general status of wave theories for h/T2 > 
0.2 ft/se2for instance, is much more 
satisfactory than for the smaller values of 
h/T2. In particular, for the larger relative 
depths, there is reasonable consistency between 
the fits to the dynamic free surface boundary 
condition and the maximum drag force as 
calculated by the various theories including a 
seventh order Stream function theory. In 

*The reader is referred to Reference 1 for reinforcement 
of statements presented. 
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shallow water, it is not clear that the boundary 
condition fit is an appropriate measure of wave 
theory validity, unless the associated errors are 
very small. In particular, the Airy wave theory 
provides a relatively good fit to the boundary 
conditions in shallow water; however this theory 
does not represent many of the observed features 
of shallow water waves including the strong 
skewness of the wave profile about the mean 
water level. 

2. The Stokes higher order wave theories converge 
to accurate representations of wave motion in 
deep water; however, in intermediate and shallow 
water, the boundary condition fits are relatively 
poor. Furthermore, no fifth order Stokes theory 
solution could be found for shallow water waves 
or the smaller values of the intermediate depth 
ranges. The limiting value of h/T 2 for which 
a solution exists, depends on H/T z and was in the 
range of 0.1 < h/T 2 < 0.5 ft/sec 2 for the 
conditions examined. 

3. Finally, it is observed that the second order 
Cnoidal theory provided a worse fit to the 
boundary conditions than the first order Cnoidal 
theory for all wave conditions examined. There 
are other versions of Cnoidal theories; the 
boundary condition fits of these theories have 
not been evaluated in this study. 

4. The Stream function wave theory described in 
this report provides good analytical validity 
over a wide range of wave conditions. 

ExperimentaZ VaZidity 

As previously described, experimental validity 

is based on the comparison of theoretical predictions 

and measured wave phenomena. If it could be generally 

shown that the theory providing the best analytical 

validity also provides the best experimental validity, 

then one could conclude that the formulation is valid and 
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that errors in the boundary conditions are also good 

indicators of experimental validity. If the differences 

between the theory and experiments were of the same order 

as the estimated experimental error, and if this could be 

shown to be the situation generally, then the most 

productive direction in water wave research on this problem 

would be improved measurements. If however, the dis

agreement between theory and experiment is much larger 

than can be attributed to experimental error and, 

especially if this difference were of considerable 

engineering significance, then additional efforts on the 

formulation and solution of water wave theories would be 

indicated. 

The availability of data is inadequate to carry 

out a comprehensive evaluation of experimental validity 

over all ranges of relative depth and heights of 

engineering importance. Le Mehaute et al.,4 have carried 

out a measurement program in which distributions over 

depth of horizontal water particle velocities were 

measured under the crest phase position of fairly high 

waves in the shallow and intermediate depth range. The 

results included measured horizontal water particle 

velocity distributions for eight cases, and also a vertical 

water particle velocity distribution for one case, and 

one measured wave profile. Le Mehaute et al., compared 

- 37 -



a number of wave theories with their data, however the 

Stream function theory was not included; the experimental 

validity reported in this study was based on a comparison 

of the Stream function wave theory with the data 

described earlier. It should be emphasized that the only 

addition to the paper by Le Mehaute et al., presented in 

Reference 4 is (1) comparison of the Stream function wave 

theory with the data and (2) calculations which represent 

the overall agreement between the data and several of the 

theories. In the Stream function horizontal velocity 

component profiles presented, a uniform mass transport 

velocity has been subtracted out, whereas due to time 

limitations, the other theoretical velocity distributions 

were simply plotted from Reference 4. It is not clear 

whether or not the mass transport term should be 

subtracted out; although the experiments were conducted 

in a closed tank, the data were taken before waves 

reflected from the beach had propagated back to the tank 

test section and the zero net flow over depth had probably 

not been established completely. 

In all, data for 10 different wave conditions 

are available. These waves are in the shallow and 

intermediate relative depth regions, and according to the 

conventional breaking criteria, the wave heights range 

from 0.43 to 0.70 of the breaking height. The wave 
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conditions are shown as points in Fig. 12 where isolines 

representing various ratios of wave height to breaking 

wave height are also presented. It is emphasized that 

the breaking wave height in Fig. 12 is the conventional 

breaking height: i.e., H/h = 0.78 in shallow water 

(McCowan)1"; H/L = 0.142 in deep water (Michell)13; in the 

intermediate range the breaking limit was first established 

by Reid and Bretschneider14 by interpolating on the basis 

of measured data and is presented in a number of more 

available references 6 ,1s. A recent paper by Divoky et al.,'6 

reports an experimentally determined shallow water breaking 

limit of approximately HB/h = 0.60 to 0.66 as compared 

to the conventional value of 0.78. The recent experiments 

resulting in the lower value were obtained with a 

laterally converging wave channel. Certainly it is 

apparent that more work is needed to better resolve wave 

breaking limits. 

Table B presents the comparison results included 

in the experimental validity evaluation. The eight 

comparisons of horizontal water particle velocity are 

presented in Figs. 13-20; the vertical velocity comparison 

is presented in Fig. 21; and the wave profile is presented 

in Fig. 22. 

Inspection of Figs. 13-20 indicates that the 

Stream function theory is in reasonable agreement with 

the data. It is noteworthy that the shallow water wave 
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TABLE B 

Experimental Waves; Characteristics and Variables Measured 

Wave Characteristics 

Case H T h Ratio of Wave Height 
No. (ft) (sec) (ft) to Breaking Height Variable Measured 

1 0.255 1.16 0.587 0.56 Horizontal Water Particle 
Velocity Component at Crest 

2 0.260 2.2 0.619 0.54 Horizontal Water Particle 
Velocity Component at Crest 

3 0.232 3.06 0.596 0.50 Horizontal Water Particle 
Velocity Component at Crest 

--

4 0.241 3.58 0.556 0.56 Horizontal Water Particle 
Velocity Component at Crest 

5 0.293 1.16 0.587 0.64 Horizontal Water Particle 
Velocity Component at Crest 

6 0.323 2.2 0.619 0.67 Horizontal Water Particle 
Velocity Component at Crest 

7 0.293 3.06 0.595 0.64 Horizontal Water Particle 
Velocity Component at Crest 

8 0.304 3.58 0.555 0.70 Horizontal Water Particle 
Velocity Component at Crest 

9 0.241 3.58 0.556 0.43 Vertical Water Particle 
Velocity Component* 

10 0.271 1.6 0.586 0.60 Wave Profile 

*Maximum velocity, regardless of phase angle. 

Compared 
in Figure 

No. 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 
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theories which should provide good fits to the data are 

so poor. Another interesting feature of the comparison 

is that the linear (Airy) wave theory agrees better with 

the data than would be expected. Of the twelve theories 

included in the comparison, the better agreements with 

data were provided by the following five theories: Airy, 

Keulegan and Patterson Cnoidal wave theory, Goda, Long 

Wave and Stream function. These five theories were then 

selected for further examination of their agreement with 

the data. The standard deviations between each of these 

theories and the data were calculated and are presented in 

Table C where it is seen that the Stream function theory 

provided the best fit to the data, followed, in order, 

by the Goda, Keulegan and Patterson Cnoidal, Airy, and 

the Long Wave Theories. The Goda "theory" is actually a 

series representation in which the analytical forms of the 

terms comprising the series are the same as the hyperbolic 

and trigonometric functions in the Stokes theories, however 

the coefficients modifying these terms were determined 

empirically via wave tank experiments. Additional 

calculations, not presented here, showed that, assuming 

the data were valid, on the average the Stream function 

wave theory would overpredict the maximum total drag force 

on a vertical cylinder by 21%. 

Data representing the vertical velocity 

distribution with depth are available for only one set of 
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TABLE C 

Standard Deviation of Differences Between Horizontal 
Velocities: Measured vs. Predicted 

Case No. 

1 

2 

3 

4 

5 

6 

7 

8 

Average 

J 

r 
j=l 

1/1 

0.229 

0.139 

0.096 

0.126 

0.245 

0.216 

0.123 

0.183 

0.170 

Standard Deviation, 

Theory 

Airy Long Wave 

0.232 0.328 

0.234 0.297 

0.470 0.468 

0.442 0.453 

0.225 0.291 

0.181 0.244 

0.493 0.513 

0.418 0.434 

0.337 0.379 

u
M 

= measured velocity component 

~ = theoretical velocity component 

(J (it/sec) 

Goda K & P Cnoidal 

0.413 0.396 

0.146 0.211 

0.206 0.155 

0.134 0.136 

0.357 0.487 

0.095 0.469 

0.316 0.188 

0.215 0.272 

0.235 0.289 

J = number of levels considered for each case (14 to 15) 
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wave conditions, see Fig. 21. The McCowan theory provides 

the best fit to the data, with the next best fit associated 

with the Stream function wave theory. Differences between 

the McCowan and Stream function wave theories, however, 

are quite small and it is probably not justified to draw 

conclusions from only one set of data. Interpreted in 

terms of vertical drag forces on a horizontal cylinder, 

the Stream function would underpredict the forces by 30%. 

The one set of wave profile data are compared with 

the various theories in Fig. 22. Although no detailed 

comparisons were made, it appears that the Stream function 

theory is in as good or better agreement than any of the 

other theories shown. 

ConaZusions ResuZting from the E~perimentaZ 
VaZidity Study 

Comparisons of Stream function wave theory 

predictions with measurements of velocity components and 

one wave form representing intermediate and shallow water 

waves indicate reasonably good agreement. Interpreted on 

the basis of maximum horizontal drag force components, the 

Stream function theory would over predict by an average 

of 21%. Recognizing that the experimental accuracy is 

approximately 5%, these results are considered reasonable 

for engineering applications. The predicted maximum 

vertical drag forces on a horizontal cylinder would be too 
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small by 30%; however, this statement is based on a 

comparison with only one set of data. Good qualitative 

agreement was found between measured and predicted wave 

profiles. 

Finally, based on the results of both the analytical 

and experimental validity studies, it is concluded that on 

the basis of available information, the Stream function 

wave theory is best suited for engineering design purposes. 

Based on this conclusion, it was decided to tabulate 

variables that would be of use in engineering design as 

calculated from the Stream function wave theory. The next 

section describes the variables included in the tables. 
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IV. DESCRIPTION OF TABLES 

Introduction 

An attempt has been made to include in the tables 

those variables of greatest present engineering interest 

and application. In addition, other variables were included 

which would be relevant to checking the relative analytical 

validity of other theories or variables which were of 

scientific interest and could conceivably be required for 

engineering in the future. Variables have been included 

which describe the detailed kinematics of the waves and 

also which represent, e.g., the integrated effect of the 

flow on a structural member. 

It is not possible to assemble in concise tabular 

form, all variables which could be of engineering use. For 

example, it is feasible to tabulate the dimensionless drag 

force for all vertical piling extending from the bottom up 

to a certain level. It would not be feasible, however, to 

concisely tabulate the total drag force on members with all 

possible inclinations relative to a vertical. 

Forty sets of dimensionless wave conditions were 

selected for tabulation. Each case is characterized by 

values of h/Lo and H/Lo. The parameter h/Lo ranged from 
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0.002 to 2.0 and covered the relative depth range from 

shallow to deep water. The parameter H/La included wave 

steepnesses ratios: 0.25, 0.5, 0.75 and 1.0 of the 

breaking wave steepness for each of the ten h/La values 

tabulated. Figure 23 shows the dimensionless wave 

conditions selected for tabulation and also indicates the 

referencing notation for the various cases. 

All tabulated variables are presented in 

dimensionless form. The description of these variables is 

presented in the following paragraphs and in Tables D, E 

and F, where generally the following are included: the 

equation for the variable, the dimensionless form of the 

variable, an equation number for reference purposes, and 

the table number in the wave tables. To reduce confusion, 

it should be noted that the tables presented in this 

report are denoted by Arabic letters, whereas the wave 

tables are identified by Roman numerals. 

VariabZes Presented in TabuZar Form 

There are three classes of variables that are 

tabulated: (1) Internal field variables, depending on e 

and S, (2) Variables depending on 8 only, and (3) "Overall" 

variables which have a single value for the entire wave, 

for example the wave length. 
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Variable 

Horizontal Water 
Particle Velocity, 

u (9 IS) 

Vertical Water 
Particle Velocity, 

w (0 ,5) 

Horizontal Water 
Particle Acceleration, 

Du 
Dt 

Vertical Water 
Particle Acceleration, 

Ow 
Ot 

Drag Force Component 
up to a Level, S, 

FD (8 ,S) 

-----

TABLE 0 

Internal Field Variables 
(Functions of e and S) 

Expression for Variable 

NN 
u(e,5) : - L X(n) (2~ n) cosh (2~ n s) cos n9 

n=1 

NN 
[2; n 1 sinh (2~ n s) w(e,5) : - L X (n) sin ne 

n=l 

Du = au au 
Dt (u - C) ax + w ~ 

Note: C = LIT 

OW: 
Dt 

(u - C) ~ + w aw 
ax az 

C pO 5 
Fo (e,5) = ~ fo ululd5' 

Note: CD = drag coefficient' 0 ~ piling diameter~ 

p = mass density of water 

Dimensionless Equation Presented I 
Form No. in Table 

[~) u (21) I 

[~l w (22) II 

[ 1 1 Du ii7T'" Dt (23) III 

[ 1 1 Ow ii7T'" Dt (24) IV 

J 
[CDPD(~IT)lhl FO 

(25) V I 
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Variable 

Inertia Force 
Component up to a 
Level, S, 

FI(e,S) 

Drag Moment Component 
up to a Level, S, 

~(e,s) 

Inertia Moment 
Component up to a 
Level, S, 

MI (e ,S) 

Dynamic Pressure 
Component 

pole,S) 

TABLE D--Continued 

Expression for Variable 

C PTf0 2 S 
FI(e,S) -~ Io ~~ dS' 

Note: CM = inertia coefficient 

C pO 5 
~(e,s) = ~ Io S'ululdS' 

C pnO' ( 
M (6 S) _ M S' OU dS' 
I' ~ 0 Dt 

Pole,S) - yO -! (u - C)' + w') + E. c2 
2 

Note: Y - !pecific weight of water ~ Pg; 
Q is defined in Eq. (17). 

---- --

Dimensionless Equation Presented I 

Form No. in Table 

[~Mpno'~HIT')h) FI 
(26) VI 

[CoPOl~IT)'h'J ~ (27) VII 

[CMPTfDI{H7T~ShI) MI (2e) VIII 

[;H) PD (29 ) IX 

- ------ ------- - -- - I 
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Variable 

Water Surface 
Displacement, 

n (0) 

Total Drag Force 
Component, 

Fo (0) 

Total Inertia 
Force Component, 

FI(O) 

Total Drag 
Moment Component, 

MO (0) 

Total Inertia 
Moment Component, 

MI (0) 

Kinematic Free 
Surface Boundary 
Condition Error, 

I: I (8) 

- ---- ~~ 

TABLE E 

Variables Depending on e Only 

Expression for Variable 

T T NN 
sinh (2~ n(h + n») cos n(O) = L $n - L r X(n) (nO) 

n=1 

Same as Eq. (25), except upper limit is h + n(9} 

Same as Eg. (26), except upper limit is h + nee) 

Same as Eg. (27), except upper limit is h + nee) 

Same as Eg. (2a) except upper limit is h + nee) 

., (0) an w 
""rx-u-C 

- - ------- ----------- ----

Dimensionless Equation Presented 
Form No. in Table 

[~] n (0) (30) I - IX 

[Copo ~H7Tl 'Ii] 
V 

FO (31) (labeled 
"Surface" ) 

[cMprro' tH7T' lli] 

VI 
FI (32) (labeled 

"Surface") 

(CDPDr~7Ti~h2J Mo 
VII 

(33 ) (labeled 
"Surface") 

[cMPrro,tH7T<jli,j MI 

VIII 
(34) ( labeled 

"Surface" ) 

Expression given is X 

in dimensionless (35) Item 1 

form Linear Theory 
IttfTT1 2 

Stream FUnc-
tion Theory 

- ---- --
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variable 

Dynamic Free 
Surface Boundary 
Condition Error, 

E, (9) 

-~--

TABLE E--Continued 

Expression for Variable 

E, (9) ~ Q(9) - Q 

Note: Q ~ om-

Dimensionless Equation Presented 
Form No. in Table 

[~l 
X 

E, (36) Item J, 
Linear Theory 

Item 4, 
Stream Func-

I tion Theory 
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Variable 

Wave Length, 
L 

Average Potential 
Energy, 

FE 

Average Kinetic 
Energy, 

KE 

Average Total 
Energy, 

TE 

Average Total 
Energy Flux, 

FTE 

Group Velocity, 
CG 

Average Momentum 
M 

'--

TABLE F 

Overall variables 
(Do Not Depend on e or S) 

Expression for Variable 

L is determined from Stream function solution 
(no explicit expression) 

r PE = irr 0 111 (e) de 

(t+n 
KE = P (u' + w') dS d9 

4n 0 0 

TE = PE + KE 

1 r t+n [ 1 FTE = !n u Po + pgz + !(u 2 + w2
) dS de 

' , 

F 
C "" TE 

G n; 

1 (' t+n M - 2" pu dS dO , , , 
--- ---- _._---

Dimensionless Equation Presented 
Form No. in Table 

[2' ) L (37) XI ? Item 1 

[y:' 1 PE 
(38 ) XI 

Item 2 

[~] KE 
(39) XI 

Item 3 

[~] TE (40) XI 
Item 4 

[YH~L/T] (41) FTE XI 
Item 5 

[J,.] CG 
(42) XI 

Item 6 
! 
, 
, 

[~) M (43) XI 
I 

YII Item 7 ~ 
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Variable 

Average Momentum 
Flux, in Wave 
Direction, Fm 

x 

Average Momentum 
Flux, Transverse 
to Wave Direction 

frn 
y 

Root-Bean-Square 
(&~S) and Maximum 
(.1ax) Kinematic 
Free Surface Boundary 
Condition Errors, 

I~ and 1E11max 
I 

~1S and Max Dynamic 
Free Surface Boundary 
Condition Errors, 

~ and 1£2!max 

.t<inematic Free 
Surface Breaking 
Parameter, 61 

Dynamic 
Breakir 

il, 

"face 
,r 

TABLE F--Continued 

Expression for Variable 

J2'Jh+n[ 1 Fmx = ~ 0 0 PD + pu 2 dS de 

Fm 
y 

1 r'r+n 
2rr 0 0 PD dS de 

See Eq. (35) 

See Eg. (36) 

U [6 61 C' u evaluated at S = o· 1 
h + n 

1 Dw OW [8 ~ 82 - g Dt' Dt evaluated at S o· 1 
h + n 

Dimensionless 
Form 

[~l F 
mx 

[~l F 
my 

Expression 
Given is in 
Dimensionless 
Form 

[~l 
[~l 

k7 and , 

1<,lmax 

Expression 
Given is in 
Dimensionless 
Form 

Expression 
Given is in 
Dimensionless 
Form 

Equation I No. 

(44) 

(45) 

(46) 

(47) 

(48) 

(49 ) 

Presented 
in Table 

XI 
Item 8 

XI 
Item 9 

XI 
Items 10 " 12 

XI 
Items 11 & 

13 

XI 
Item 14 

XI 
Item 15 

Note: In addition to values tabulated, the results include combined refraction/shoaling effects over idealized 
bathymetry; these results are presented in graphical form and will be described later. 



Internal Field Variables Depending on e and S 

The internal field variables are tabulated at 

equally spaced dimensionless distances above the bottom, 

i.e., at S/h values of 0,0.1, 0.2 .•• up to and 

including the free surface and at e values of 0°, 10°, 20°, 

30°,50°,75°,100°,130°,180°. As an example, see Fig. 24 

for a sample presentation of the dimensionless horizontal 

velocity component field. 

A description of the entries presented in Fig. 24 

will serve to familiarize the reader with most of the 

features of the tables. The phase angles (theta) are 

listed, in degrees, as the first row. The second row lists 

the dimensionless wave profile (n/H) at the corresponding 

phase angles. The percent values listed beneath the n/H 

values are the differences between the Stream function and 

Airy theories, defined as 

% = Stream Fn. - Airy x 100% 
Stream Fn. 

The main body (remaining portion) of the table lists the 

dimensionless horizontal water particle velocities. The 

row labeled "Surface" represents the dimensionless velocities 

evaluated at the free surface; the percentage differences 

for velocities are calculated as defined above for the 

profile. The remaining part of the table represents the 

dimensionless velocities and percentage differences 
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FIGURE 24. 
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100.OX 

15.1 ]7 
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32. ,. 

12.91'11 
21'1.0X 

12.0"3 
23.Q. 

11.2Q" 
IQ.Q· 

10.1'>"15 
16.1. 

10.113 
12.~. 

Q.657 
Q.311 

Q.17a 
6.". 
I'I.Q6a 
:).1111 

11.722 
1.7. 

1'1.53'5 
-0.0. 

1'1."0" 
_102. 

11.326 
-2.0. 

11.300 
-2.211 

10.0 

O.!B3 
l!l.SI 

U'.419 
24.,11 

11.9116 

21. ". 

11.2"t 
17.311 

10.5911 
13.1'>11 

10.030 
10.0. 

9.'535 
6.6' 

9.106 
3.311 

1'1.731'> 
0.3. 

II. "20 
-2.5. 

11.155 
_".911 

7.935 
_7.011 

7.760 
-11.11. 

7.626 
-10.2' 

7.531 
_11.311 

7."75 
-11.911 

7."'56 
_12.1. 

20.0 

0.2e" 
_1'>5 •• " 

!l.021 
_!!Q.SlI 

5.627 
-55.311 

5.037 
-52.1111 

'5.027 
-'51.1. 

~.003 

_,,9.911 

5.570 

-"<;.2. 
'5.53" 

-"1'1.7. 

5,"97 
-"11.5. 

5."1'>2 
-"1'1."11 

5." 31 
-"11."11 

~."06 

-"I!!.". 
5. '117 _"1'!.4. 
5.375 

·411.4. 

5.372 
-411.5. 

30.0 

0.101 
-326.711 

l.e40 
-3.'.111 

2.046 
-21!!3.0. 

2.266 
-2"1.111 

2."45 
-213.211 

2.592 
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2.109 
_111.111 

2.1!O03 
-166."1' 

2.1'15 
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2.9211 
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2.965 
-,41'.511 

2.91'11 
-146. ?1I 

2.994 
_1"5.511 

!lO.o 

-o.oss 
6810"" 

-0.953 ...... " 

-0.1169 ......• 
-0.733 

••••••• 
-0.01" ....... 
-0.510 

•••••• lI: 

-0.423 ....... 
_0.351 

•••••• 11 

-0.296 ........ 
-0.256 

•••••• 11 

-0.233 
•••••• 11 

-0.?25 ....... 

7e.o 

-0.101 
227.1X 

-10636 
24'5.IX 

-1.630 
2"2.011 

-1.603 
2"2.11 • 

-1.~H9 

2"3.6 • 

-1.556 
2"".511 

-I. '537 
2"'5.211 

-1.'521 
2"5.9 • 

-1.501'1 
246.'!I • 

-1."911 
2"1.011 

_1."93 
2"7.2. 

-I."QI 
2"7.311 

EXAMPLE OUTPUT 
COMPONENT FIELD 

FOR DIMENSIONLESS 

100.0 

-0.110 
21."X 

-1.789 
12.9X 

_1.71111 
13.2 • 

-1.7 ... 0 
13.7. 

-1.773 
1".211 

-I- 7C'oll 
1".111 

-1.7"2 
15.0. 

_1.75ft 
15.3. 

-1.75'5 
15.5. 

-1.753 
15.711 

-1.751 
15.11111 

-1.751 
15.1111 

1;'0.0 

-0.112 
-242.". 

_1.799 
-;>7].211: 

_1.799 
loe.o. 

-1019(1 
-273.2. 

-1.79(1 
_?73.11I 

_1.7911 
_270. I. 

-1.798 
_?67.511 

_1.791! 
-265.4. 

-1.1Q(I 
-263.7. 

_1.798 
-262.6111 

-1.7Q7 
-261.911 

-1.797 
-261.7. 

180.0 

-0.111 
-].e.? 

-1.'1'80 
-3ee.61 

-107(10 
100.0. 

- I. 783 
100.0111 

_1.785 
- ,,17.1. 

_1.787 
-,(It. Ill: 

-1.71111 
_31l2.311 

_1.U'9 
_319.211 

_1.790 
-316.11111 

- I. 191 
-315. I. 

-10 791 

-314.1. 

-1.791 
_37~.7111 

HORIZONTAL VELOCITY 



evaluated on a grid of (8, S/h). The lack of entries for 

the higher S/h and higher theta values (right side of page) 

is a result of the wave profile in the trough region being 

lower than in the crest region (left side of page). Two 

additional comments pertaining to the percentage values 

will complete the description of the sample table. A per-

centage difference value of exactly 100.0% implies that the 

Stream function profile occured at a (8, S/h) value, 

however, the Airy profile was lower than the particular 

S/h at the phase angle, 8, i.e., this grid point was not 

"covered" by the Airy profile. For example, this is the 

case at 8 = 0°, S/h = 1.5 and 1.6 and 8 = 180°, S/h = 0.8 

and 0.9. Finally, the asterisks indicate that the 

percentage differences were not calculated because the 

Stream function value \'las less than 5% of the maximum 

Stream function value. This avoided the tabulation of 

very large percentages which would have been the result of 

division by a small number. 

A brief description of each of the tabulated 

internal field variables is presented below. 

Horizontal water particle velocity component, u(8, 5) 

The horizontal water particle velocity component, 

u(8, S), is defined by Equation (21).* The values u'(8, S) 

*The equations for the tabulated functions are presented in 
Tables D, E and F. 
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tabulated, are presented (Table I) in the following 

dimensionless form: 

u'(6, S) = u(6, S) 
(HIT) 

Vertical water particle velocity component, w(6, S) 

The vertical water particle velocity component, 

w(6, S), is defined by Equation (22). The dimensionless 

values tabulated (Table II), w'(6, S), are defined by: 

w'(6, S) = w (6, S) 
(HIT) 

Du 
Horizontal water particle acceleration, Dt 

Du The horizontal water particle acceleration, Dt' is 

defined in terms of the velocity components as presented in 

Equation (23). Note that the tabulated values represent 

the total (or material, substantial, etc.) acceleration 

consisting of the sum of the local and advective contribu-

tions. The dimensionless values tabulated (Table III) , 

Du' 
Dt ' are defined by: 

Du' 
Dt = I Du 

(H/T2) Dt 

Vertical water particle acceleration, g~ 

The vertical water particle acceleration, defined 

in Equation (24), is tabulated (Table IV) in the following 

dimensionless form: 
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Dw' 
Dt = 1 Dvl 

(H/T2) Dt 

Drag force component, FD (8, S) 

The drag force component up to a certain elevation, 

s, is defined by Equation (25) and tabulated (Table V) in 

dimensionless form as: 

Inertia force component, FI (8, S) 

The inertia force component up to a certain 

elevation, S, is defined by Equation (26) and tabulated 

(Table VI) in dimensionless form as: 

Drag moment component, MD(8, S) 

The drag moment component about the bottom due to 

wave pressures acting on a vertical member extending up to 

an elevation, S, is presented as Equation (27) and 

presented (Table VII) in dimensionless form as: 

Inertia moment component, MI (8, S) 

The inertia moment component about the bottom due 

to wave pressures acting on a vertical member extending up 
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to an elevatio~ S, is defined in Equation (28) and 

presented (Table VIII) in dimensionless form as: 

Dynamio pressure oomponent, PD(6, S) 

The dynamic pressure component, defined by 

Equation (29) is tabulated (Table IX) in dimensionless 

form as: 

This completes the description of the field 

variables (depending on 6 and S) that are included in the 

tables. 

Variables Depending on 6 Only 

flater surfaoe displaoement, n (6) 

The water surface displacement is defined in 

Equation (30), and tabulated (Tables I-IX) in dimensionless 

form as: 

n' = (~) n 

Total drag foroe oomponent, FD (6) 

The total drag force component is defined by 

Equation (25) with the upper limit taken to be h + n(6), 
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and is tabulated (Table V, labeled "SURFACE") in 

dimensionless form as: 

Total inertia force component, FI (8) 

The total inertia force component is defined by 

Equation (26) with the upper limit taken to be h + n(S), 

and is tabulated (Table VI, labeled "SURFACE") in dimension-

less form as 

Total drag moment component, MD (8) 

The total drag moment component is defined by 

Equation (27) with the upper limit taken to be h + n(S) 

and is tabulated (Table VII, labeled "SURFACE") in dimension-

less form as 

Total inertia moment component, MI(e) 

The total inertia moment component is defined by 

Equation (28) with an upper limit of h + n(8) and is 

tabulated (Table VIII, labeled "SURFACE") in dimensionless 

form as: 
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Kinematic free surface boundary condition error, EI(8) 

The kinematic free surface boundary condition error 

is defined by Equation (35). This variable, as defined, is 

in dimensionless form and is tabulated in Table X: 

Item 1, Linear Wave Theory 

Item 2, Stream Function Theory 

Dynamic free surface boundary condition error, E2(8) 

The dynamic free surface boundary condition error 

is defined by Equation (36) and is tabulated (Table X) in 

the following dimensionless form: 

with: 

Item 3, Linear Wave Theory 

Item 4, Stream Function Theory 

This completes the presentation of variables 

depending on 8 only. 

Overall Variables (do not depend on 8 or B) 

"ave length, L 

For the Stream function wave theory, there is no 

definable expression for the wave length. Rather the wave 
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length is determined as a part of the numerical solution 

as described in Appendix I. The dimensionless wave length 

is presented (Table XI, Item 1) in the following dimension-

less form: 

L' = [~)L gT 2 

Average potential energy, PE 

The average potential energy is defined by 

Equation (38) and is tabulated (Table XI, Item 2) in 

dimensionless form as: 

PE' = [_8_) PE 
yH 2 

Note that the dimensionless form is defined to be 

0.5 for the linear (Airy) wave theory. 

Average kinetic energy, KE 

The average kinetic energy is defined by Equation 

(39), and is also tabulated (Table XI, Item 3) in dimension-

less form as: 

KE' = L:2) KE 

As for the dimensionless potential energy, the 

dimensionless value for the linear (Airy) wave theory is 

0.5. 
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Average total energy, TE 

The average total energy is simply the sum of 

the potential and kinetic energy contributions (Equation 

(40)) and is tabulated in dimensionless form (Table XI, 

Item 4) such that the difference from unity is an 

indication of the deviation from the linear wave theory. 

TE' = [Y!2) TE 

Average total energy flux, FTE 

The average total energy flux is defined by 

Equation (41), and is tabulated (Table XI, Ite~ 5) in 

dimensionless form as: 

Group velocity, CG 

The group velocity is defined as the ratio of 

total energy flux to total energy (Equation (42)) and is 

presented (Table XI, Item 6) in dimensionless form as: 
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The dimensionless group velocity is defined such that for 

linear wave theory the shallow and deep water values are 

1.0 and 0.5, respectively. 

Average momentum, M 

The total average momentum is defined by 

Equation (43) and is presented (Table XI, Item 7) in 

dimensionless form as: 

The dimensionless momentum is defined such that for linear 

wave theory, the result is unity. Note that mass transport 

velocity, U = [~h) is proportional to the average momentun. 

Average momentum flux in wave direction, Fm
x 

The total average momentum flux in the wave 

direction is defined by Equation (44) and is tabulated 

(Table XI, Item 8) in the following dimensionless form: 

= [y:.J F m x 

The above definition reduces to 1.5 and 0.5 for linear 

wave theory for shallow and deep water waves, respectively. 

- 75 -



Average momentum flux transverse to wave direction, 

Fmy 

The total average momentum flux in a direction 

perpendicular to the wave advance direction is defined by 

Equation (45) and is tabulated (Table XI, Item 9) in the 

following dimensionless form: 

For linear wave theory, the above definition reduces to 

0.5 and 0.0 for shallow and deep water waves, respectively. 

Kinematic free surface boundary condition errors, E, 

The kinematic free surface boundary condition 

error is defined in dimensionless form by Equation (35) 

and the root-mean-square (ID1S) and maximum values are 

tabulated (Table XI, Items 10 and 12) as defined by 

Equation (46). 

Dynamic free surface boundary condition errors, E2 

The dynamic free surface boundary condition error 

is defined by Equation (36) and is rendered in the 

following dimensionless form: 

E~ = 
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The ~IS and maximum values are tabulated (Table XI, 

Items 11 and 13) as defined by Equation (47). 

Kinematic free surface breaking parameter, 61 

The kinematic free surface breaking parameter is 

tabulated (Table XI, Item 14) as defined by Equation (48) 

(dimensionless form). 

Dynamic free surface breaking parameter, 62 

The dynamic free surface breaking parameter is 

tabulated (Table XI, Item 15) as defined by Equation (49) 

in dimensionless form. 

Variables Presented in Graphical Form--Combined Effect 
of Shoaling and. Refraction 

In addition to developing the tabulated values 

previously described, the study reported herein included 

the development of the combined effect of shoaling and 

refraction for nonlinear waves advancing toward shore with 

a deep-water direction, Qo, over bathymetry characterized 

by straight and parallel contours. 

It is recalled that for linear wave theory, it 

is possible to separate the shoaling and refraction 

effects, because neither the wave celerity, C (governing 

refraction), nor the group velocity, C
G 

(governing energy 

flux), is dependent on the wave height. For nonlinear 

waves, both celerity and group velocity at a certain 
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location depend on the wave height as well as the wave 

period and water depth. The shoaling/refraction effects 

for nonlinear waves are therefore not separable and the 

combined effect depends on the deep water wave steepness, 

Ho/Lo, as well as the local relative depth. 

Because the shoaling-refraction results are not 

readily presented in tabular form, graphs are presented 

as Figs. 25, 26, 27, 28, and 29 for deep water wave 

directions au of 0°, 10°, 20°, 40°, and 60°, respectively. 

A brief description of the use of these graphs follows. 

A wave with a deep water direction ao, will propagate 

toward shore such that the local ~o will fall along a curve 

characterized by the deep water value Ho/Lo. At any 

particular relative depth, h/Lo, the local wave steepness 

H/L o and direction a are read from the ordinate and 

interpolated from the appropriate isolines, respectively. 

The region to the lower right of the line of dots indicates 

the region where use of the linear theory agrees with the 

nonlinear results presented within 1% in H/L o and 1° in 

wave direction, a. 
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DIRECTION, a 0 = 40° 
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DIRECTION, ao = 60° 



V. EXAMPLES ILLUSTRATING USE OF WAVE TABLES 

Introduction 

The preceding chapter has described the formats 

and the various dimensionless parameters included in the 

wave tables; in order to aid in the application of the 

tables, examples will be presented illustrating their use. 

The first example will be a problem of a near-breaking 

wave interacting with an offshore structure supported by 

cylindrical piling. This example will utilize those 

tables which contain the wave profile and the wave forces 

and moments. Additional examples will then be presented 

which will illustrate the use of most of the remaining 

wave tables. Where possible, examples will be selected 

to parallel problems which may occur in offshore design. 

It is perhaps worthwhile to note that the tables have a 

much wider applicability than can be illustrated by the 

limited number of examples to be presented here. A 

thorough familiarity of the information summarized in the 

tables should aid in their understanding and use in many 

problems involving water wave phenomena. The examples 

will be presented in the English system of units, however 

the tables are in dimensionless form and any system could 

be used readily. 
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Example 1 - Deck Elevation and "ave Forces and Moments 
on an Offshore Platform 

Consider the design problem of determining the 

deck elevation and horizontal wave forces and moments upon 

individual members of the offshore platform illustrated in 

Fig. 30. Suppose that the design depth (mean low water + 

max. tide + storm surge), h, is 41 ft, and the main 

structural members of the platform and outriggers are 

pilings 6 ft in diameter, with piling fenders 3 ft in 

diameter. The fenders extend from 4.1 ft above the design 

still water level to a depth of 8.2 ft. The outriggers 

are 20.5 ft high. Suppose that analysis indicates that 

the design wave will have a (breaking) height, H, of 31.78 

ft and a period, T, of 20 sec. The drag and inertia 

coefficients, CD and CM, for this structure are assumed 

to be 1.05 and 1.5, respectively. 

To determine which set of tables to use, calculate 

h/Lo and H/Lo, where Lo = gT 2 /(2n), 

41 h 
Lo = = (5.12) (20)2 0.02 

H 
Lo 

31. 78 = = (5.12) (20)" 
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In this and most subsequent examples in this 

chapter, the tables for Case 4-D will be utilized (see 

Fig. 23). A sample table set for Case 4-D is included as 

Appendix III. 

Deck Elevation 

To ensure that the deck is above the design crest 

elevation; thereby avoiding unnecessarily large horizontal 

and vertical forces and damage to the platform base, the 

height of the lower elevation of the deck will be: 

h" = h + n + h' max 

where h is the design water depth, n is the maximum max 

displacement of the wave above design still water level, and 

h' is the deck freeboard (say 10 feet for this problem). 

n will occur at zero phase angle (6 = 0°) and from any max 

of the first 9 tables, eta/height = .89 for 6 = 0°. 

Therefore, nmax = .89 (H) = 28.3 ft and h" = h + n 

+ h' = 41 + 28.3 + 10 = 79.3 ft. The platform will be 

constructed so the lower deck elevation will be 79.3 feet 

above the bottom. 

In determining the forces and moments, it is assumed 

that the piling are sufficiently far apart to be considered 

isolated. First, the forces acting upon several structural 

membe~will be determined. The total force, FT (6,S),will 
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be a summation of the drag force, FD (8,S), and inertia 

force, FI (8,S), components at any particular phase angle. 

Each component will be presented graphically; the 

components will then be added to establish the total force, 

and the maximum force acting upon each member will be 

obtained from the graph. 

Foroes on Member "a" 

In the case of the outrigger, Member a, the drag 

force is given by: 

where D is the piling diameter, Sa (= 20.5') is the height 

of the outrigger above bottom, and p = mass density of 

sea water, 1.99 slugs/ft 3
• In order to determine FD (8,Sa)' 

select the tabulated dimensionless drag value for the 
S 

force, FD '(8,Sa)' at depth h a = 0.5 from Table V and multiply 

the dimensionless force by: 

= 1. 05 (1. 99) (6) (31. 78/20) 241 
2 
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The inertia force on Member a is given by: 

J
Soa Ou 

Ot dS'. 

In order to determine FI(e,Sa)' select the tabulated 

value of the dimensionless inertia force, FI'(e,S), for a 
S 

relative depth ha = .5 from Table VI and multiply the 

dimensionless force by: 

(
274.9 lbs 

= 0.2749 kips 

The total force will be determined by summation of 

FI(e,Sa) and Fo(e,Sa) at each phase angle, e. The force 

calculations are summarized in Table G and the forces 

are plotted in Figure 31. 

Forces on Member Db" 

Next, consider the horizontal forces acting on the 

main support piling. In this case, the forces are 

integrated from 0 to h + n(e). In order to determine 

Fo(e), mUltiply the tabulated value for the dimensionless 

total drag force, FO' (e) (indicated "Surface" in Table V) 

by the same constant as for Member a, i.e. 

= 0.6849 kips 
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TABLE G 

Horizontal Wave Forces on Member "a" 

e (0) 0 10 20 30 SO 7S 100 130 

FD 
, 

36.31 29.00 14.60 4.30 - 0.04 -1.14 -1.S4 -1.62 

F D (kips) 23.S6 18.81 9.47 2.79 - 0.03 -0.74 -1.00 -LOS 

FI 
, 

0.0 22.S9 36.36 36.63 17.25 3.76 0.67 0.12 

FI(kips) 0.0 6.21 10.00 10.07 4.74 1.03 0.18 0.03 

F T (kips) 23.56 25.02 19.47 12.86 4.71 0.29 -0.82 -1.02 

Similarly, F
I

(8) is found by multiplying the tabulated 

value, F I' (8), indicated 'Surface" in Table VI by 

= 0.2749 kips 

180 

-1.60 

-1.04 

0.0 

0.0 

-1.04 

The calculated forces are summarized in Table H 

and are plotted in Figure 32. 

Forces on Member "c" 

Finally, consider structural Member c, the 

fender. The computation for this member is a combination 

of the two previous methods since it is sometimes over-topped 

by the wave. The forces are integrated from S = 32.8 ft to 
Cl 
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TABLE H 

Horizontal l'lave Forces on Nember "b" 

e (0) 0 10 20 30 50 75 100 

FD 
, 

242.39 119.80 37.00 7.72 - 0.25 -2.19 -2.S4 

F D (kips) 157.3 77.7 24.0 5.0 - 0.2 -1. 4 -1.8 

FI 
, 

0.0 112.13 113.47 84.55 30.12 6.08 1.03 

F I (kips) 0.0 30.8 31.2 23.2 8.3 1.7 0.3 

FT(kips) 157.3 10S.5 55.2 2S.2 S.l 0.3 -1.5 

S = 45.1 ft; therefore, the force acting on an 
C2 

130 ISO 

-2.95 -2.92 

-1.9 -1. 9 

0.27 0.0 

0.1 0.0 

-1.8 -1.9 

imaginary piling up to the bottom of the fender is subtracted 

from a similar term for the top of the fender. The 

dimensionless forces are obtained by subtracting the 

dimensionless force components pertaining to the bottom 

of the member from those pertaining to the top. If the 

top of the member is submerged, the value at 5' = 1.1 
C2 

should be used; for times that the top is not submerged, 

the value indicated "Surface" should be employed for 5' 
Cz 

Note that the selection of the proper value for the member 

upper elevation follows readily from the tables; the values 

at 5' = 1.1 are used at phase angles where they are 
C2 
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tabulated (0 < 8 < 20°) and the values labeled "Surface" 

are used for the remaining phase angles (30° < 8 < 180°). • 
Summarizing, for each phase angle, the net 

dimensionless force components on Ma~ber c are obtained by: 

where the subscripts N, U and L indicate net, upper and 

lower, respectively. The dimensionalizing constant for drag 

force for the member is calculated (recalling that D = 3') 

CDPD (HIT) 2 h 
2 = 0.3245 kips 

and for the inertia force component 

= 0.0687 kips 

The required calculations are summarized in Table I and the 

results are shown in Figure 33. 

The maximum horizontal wave induced forces are now 

available for the design wave and may be used in further 

design analysis. They are summarized in Table J. 
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TABLE I 

Horizontal Wave Forces on Member "c" 

-

a (0) 0 10 20 30 50 75 100 130 150 

F 
DU 

, 
99.73 75.87 33.17 7.72 - 0.25 -2.19 -2.84 -2.95 -2.92 

--

FD 
, 

63.34 49.68 23.72 6.40 - 0.14 -1.87 -2.48 -2.59 -2.56 
L 

FD 
, 

= 
N 

FDU 
'-F 

, 
DL 

36.39 26.19 9.45 1.32 - 0.11 -0.32 -0.36 -0.36 -0.36 

F D (kips) 11.81 8.50 3.07 0.43 - 0.04 -0.10 -0.12 -0.12 -0.12 

FlU 
, 

0.0 65.78 96.88 84.55 30.12 6.08 1.03 0.27 0.0 

F 
IL 

, 
0.0 40.55 62.97 60.49 26.23 5.53 0.96 0.22 0.0 

F 
IN 

, 
= 

F '-F ' 
IU IL 

0.0 25.23 33.91 24.06 3.89 0.55 0.07 0.05 0.0 

F I (kips) 0.0 1. 73 2.33 1.65 0.27 0.04 0.0 0.0 0.0 

F T (kips) 11.81 10.23 5.40 2.08 0.23 -0.06 -0.11 -0.11 -0.12 
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TABLE J 

Summary of Maximum Wave Forces on 
Several Platform Components 

Phase Angle of 
Maximum Force, (kips) FT 

Member 6 (0) max m 

a 7° 25.1 

b 1° 160 

c 1° 12.3 

Note: Phase angles and maximum forces 
obtained by interpolation from 
Figures 31, 32 and 33. 

Moments on Member "a" 

The moments due to the wave forces acting on the 

structure are also essential in design. For any member, 

the moment about the mudline is defined as: 

~ (6) 

where 

and 

= PCDD 
-2-
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Consider the total moment about the mudline on the 

outrigger (Hember a). In this case SI = 0, and S2 = Sa 

= 0.5 h. To determine the drag moment, HD (8), mUltiply the 

dimensionless tabulated value for the drag moment, MD '(8), 

listed at depth Sa/h = .5 in Table VII, by 

= (26606 
26.606 

for HD in ft-lbs 

for HD in ft-kips 

Similarly, mUltiply M~(8) listed at depth Sa/h = .5 in Table 

VIII by 

CMPTID 2 (H/T 2)h 2 = (11272 for 
4 11.272 for 

in ft-lbs 

in ft-kips 

to obtain M
I

(8). These moments are added to obtain MT (8), 

as shown in Table K and Figure 34. 

TABLE K 

Wave Moments (About Hudline) on Hember "a" 

e (0) 0 10 20 30 50 75 100 130 180 

M' 
D 

9.31 7.40 3.67 1.05 - 0.01 - 0.29 - 0.39 - 0.40 - 0.40 

MD (ft-

kips) 247.7 196.9 97.6 27.9 - 0.3 - 7.7 -10.4 -10.6 -10.6 

M' 
r 

0.0 5.85 9.32 9.26 4.25 0.92 0.16 0.03 0.0 

Mr (ft-

kips) 0.0 65.9 105.1 104.4 47.9 10.4 1.8 0.3 0.0 

MT (ft-

kips) 247.7 262.8 202.7 132.3 47.6 + 2.7 - 8.6 -10.3 -10.6 
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Moments on Member "b" 

Next consider the moment on the main structural 

piling (Member b). The limits of integration are from 0 to 

h + n(6). Therefore, take the tabulated values labeled 

"Surface" from Table VII, (~(6»), and Table VIII, (Mr (6) ) , 

and mUltiply by 

and 

= 26.606 for Mn in ft-kips 

c p1Tn 2 (H/T2)h 2 
1-1 4 = 11.272 for MI in ft-kips 

in order to obtain ~(6) and I1I (6). The two moments are 

added to obtain MT (6) as indicated in Table L and plotted in 

Figure 35. 

TABLE L 

Wave Moments (About Mudline) on Member "b" 

a (0) 0 10 20 30 50 75 100 130 180 

~ 268.1 102.6 23.0 3.6 - 0.2 - 1. 0 - 1. 3 - 1. 3 - 1.3 

MD(ft-

kips) 7133 2730 612 96 - 5 -27 -35 -35 -35 

M' 
I 

0.0 101.7 78.5 47.5 13.5 2.5 0.4 0.1 0.0 

M1(ft-

kips) 0.0 1146 885 535 152 28 5 1 0.0 

MT (ft-

kips) 7133 3876 1497 631 147 1 -30 -34 -35 
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Moments on Member "e" 

The fender has the same limits of integration for 

moment calculation as for the force calculation and is 

determined in a similar manner. However, the tabulated 

moments,I1~(8,S) and l1i(8,S), are taken from Tables VII and 

VIII. The total moment acting on the fender is found by: 

~(8) = I1D (8) + 111 (8). The calculations are summarized in 

Table 11 and are plotted in Figure 36. 

TABLE 11 

Wave Moments (About Hudline) on Member "c" 

e (0) 0 10 20 30 50 75 100 130 180 

M' 
DU 

61.94 46.01 18.59 3.63 - 0.18 -1.04 -1.31 -1.35 -1. 33 

M' 
DL 

27.04 20.94 9.61 2.40 - 0.08 -0.77 -1.00 -1.04 -1. 02 

M' 
DN 

= 

H' -M' 
DU DL 

34.90 25.07 8.98 1. 23 - 0.10 -0.27 -0.31 -0.31 -0.31 

MD 

(ft-kips) 464 334 119 16 - 1 -4 -4 -4 -4 

H' 
IU 

0.0 41.87 59.20 47.47 13.45 2.52 0.40 0.14 0.0 

M' 
IL 

0.0 17.66 26.76 24.82 10.04 2.05 0.34 0.10 0.0 

M' 
IN 

= 

M' -H' 
IU IL 

0.0 24.21 32.44 22.65 3.41 0.47 0.06 0.04 0.0 

H 
I 

(ft-kips) 0.0 68 91 64 10 1 0 0 0.0 

MT 

(ft-kips) 464 402 210 80 9 -3 -4 -4 -4 
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The maximum calculated forces and moments on the 

three platform members due to the design wave are summarized 

in Table N. 

TABLE N 

Summary of Maximum Wave Forces and }loments 

FT (8,S) ~ (8, S) 

Member 8 (kips) 8 (ft-kips) 

a 7° 25.1 5° 267 

b 1° 160 1° 7140 

c 1° 12.3 1° 475 

Example 2 - Wave Characteristics, Kinematics and Pressure 
Fields 

This example describes the use of the tables for 

calculating various parameters associated with a periodic 

wave. These parameters include the wave length and the 

kinematic and pressure fields. 

Wave Length 

The wave length is presented in dimensionless form 

in Table XI of the sample output and is determined as 

follows: 

For example, for the same wave considered in Example I, 
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L' = 0.422 and T = 20 sec. The wave length is therefore: 

L = 5.12 (20) 2 (0.422) = 864.3 ft 

Wave profi Ze 

The dimensionless wave profile, n'(e), is tabulated 

in each of Tables I - IX and is defined as: 

n ' (8 ) 
n (8 ) = -H--

therefore 

n(8) = n'(e) • H 

The wave profile calculation for Case 4-D is 

summarized in Table 0 and is plotted in Figure 37. Note 

that n is an even function of e. 

Water PartiaZe Kinematias 

The water particle kinematics will be calculated 

for Case 4-D as presented in the sample output. These 

kinematics will be calculated for mid-depth (i.e., 20.5 ft 

above the bottom). The dimensionless forms of these 

variables are presented in Tables I - IV of the sample out-

put. The dimensionless water particle velocities are 

defined as 

and 

u'(e,S) ute,S) 
HIT 

, (e S)=w(e ,S) 
w , - HIT 
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o 

'" 

TABLE 0 

Calculated Wave Profile, Kinematics, and Dynamic Pressure (All Kinematics and 
Dynamic Pressure Calculated at Mid-Depth) 

Variable 

1) , 

1) (ft) 

u' 
u(ft/see) 

DimenSiOnaliZingl 
Constant 0 

H ~ 31. 78 ft 0.89 
28.28 

10 

0.58 
18.43 

e (0) 

20 30 50 75 100 130 180 

0.28 0.10 - 0.06 0.10 0.11 0.11 0.11 
8.90 3.18 - 1.90 3.18 3.50 3.50 3.50 

- 0.42 H/T ~ 31.78/2~ I 8.97 7.94 5.46 2.80 

~ 1.589 ft/S~14.25 12.62 8.68 4.4=5=====================~=~ 
1.54 
2.45 

1. 76 
2.80 

1.80 
2.86 - 0.67 

1. 79 
2.84 

w' Same as for u, 0.0 1.46 2.14 1.95 0.81 0.17 0.03 0.01 0.0 
w(ft/see) ~ 1.589 ft/see 0.0 2.32 3.40 3.10 1.29 0.27 0.05 0.02 0.0 

I=--~=-=-=~ ~-====-=-===, - - = 

Du' 
Dt 

Du 
Dt (ft/see2

) 

1=== 
Dw' =l 
Dt 

P' 
D 

P
D 

(lb/ft 2) 

H/T2 ~ 31. 78/ (20 f 
~ 0.07945 

ft/sec2 

0.0 

0.0 

51.89 80.18 76.41 

4.12 6.37 6.07 

Du 
Same as for Dt' 1-39.21 -25.66 2.27 21.80 

~ 0.07945 

32.40 6.73 1.16 0.28 

2.57 0.53 0.09 0.02 

18.01 4.04 1.04 0.04 

ft/see2 (-3.11 - 2.03 0.18 1.73 1.43 0.32 0.08 0.00 

0.0 

0.0 

0.28 -

0.02 

yH (64) (31. 78) 
'"2 = 2 1.030 0.930 0.673 0.372 - 0.035 - 0.189 - 0.221 - 0.226 - 0.225 

~ 1017 Ib/ft2 1048 946 684 378 -36 -192 -225 -230 -229 
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and the dimensionless water particle total accelerations are 

defined as 

and 

Ou 
Ot 

- Hj'TT 

[
ow)' = 
ot -

Ow 
Ot 

H/T2 

Note that these are functions of e and S, however, for 

convenience, the dependence has not been indicated in the 

above expressions. The calculations of the water particle 

velocities and accelerations over the range 0°< e <180°, 

are also summarized in Table 0 and plotted in Figure 37. 

It will be noted that in the tables of wave functions; 

the variables are only presented for phase angles ranging 

between zero degrees and 180 degrees. All of the variables 

are either symmetrical or anti-symmetrical about a phase 

angle of zero degrees. The variables that are symmetrical 

include: the water surface profile, the horizontal component 

of water particle velocity and the vertical component of 

water particle acceleration. The anti-symmetrical variables 

include the vertical component of velocity and the horizontal 

component of water particle acceleration. 

Dynamic Pressure 

The dynamic pressure was also calculated at a 

distance of 20.5 ft above the bottom. The dimensionless 
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form of this variable is 

and is presented in Table IX of the sample output. The 

calculations are summarized in Table 0 of this report and 

presented in graphical form in Figure 37. Note that PD is 

an even function of S. 

Example J - Free Surfaoe Boundary Condition Errors 

The free surface boundary condition errors and the 

reason for examining and tabulating these errors have been 

described in Section II. By way of illustrating the use of 

tables to calculate the free surface boundary condition 

errors, both the distributed errors on the free surface and 

the root mean square and maximum errors as gross measures of 

these errors will be presented. The distributed kinematic 

and dynamic free surface boundary condition errors are 

presented in Table X, Items 1-4 of the sample output and the 

root mean square errors and maximum errors are presented in 

Table XI, Items 10-13. 

Distributed Boundary Condition Errors 

The calculations of the distributed boundary 

condition errors are presented in Table P and Figure 38 

of this report. It is noted that the kinematic free surface 

boundary condition errors as defined and presented in the 
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f-' 
f-' 

'0 

TABLE P 

Free Surface Boundary Condition Errors 

e (O) 0 10 20 30 50 75 ~O-O---- 130 180 I 
a} KFSBC Error, Linear Wave Theory, Table X, Item (l) 

, 
e:j = E:j 0.0 0.035 0.064 0.081 0.079 0.032 -0.018 -0.042 0.0 

b} KFSBC Errors, Stream Function Theory, Table X, Item (2) 
--- _.- ---- -_._---
, 

e:j = e:j 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

c} DFSBC Errors, Linear Wave Theory, Table X, Item (3) 

, 
E2 = e:2/H 0.0385 0.0366 0.0309 0.0222 -0.0007 -0.0265 -0.0331 0.0004 0.0284 

e:2(ft} 1.224 1.163 0.982 0.706 -0.022 -0.842 -1.052 0.013 0.903 

d} DFSBC Error, Stream Function Wave Theory, Table X, Item (4) 

, 
e:2 = £2/H 0.0289 -0.0112 -0.0108 -0.0039 0.0007 0.0002 0.0020 .0013 0.0003 

£ 2 (ft) 0.918 -0.356 -0.343 -0.124 0.022 0.006 0.064 0.041 0.010 
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wave tables (Table X, Items 1 and 2) are in dimensionless 

form. However, the dynamic free surface boundary condition 

errors (Table X, Items 3 and 4 of wave tables) are dimen-

sional as illustrated in the sample calculations accompany-

ing Table P. The calculations of the root-mean-sguare 

(RMS) and maximum kinematic dynamic free surface boundary 

condition errors are presented below. 

Overall Kinematic Free Surface Boundary Condition Errors 

The ID1S kinematic free surface boundary condition 

errors are presented as Item 10 in Table XI, i.e. 

1£,2 = .0475 (Linear Wave Theory) 

1 2 £, = 0.0 (Stream Function Wave Theory) 

The maximum KFSBC error is obtained from Item 12 of Table 

XI, 

1£,1 - 0.0856 max - (Linear Wave Theory) 

1£,lmax = 0.0 (Stream Function Wave Theory) 

Overall Dynamic Free Surface Boundary Condition Errors 

The RMS DFSBC errors are presented in dimensionless 

form as Item 11 in Table XI, i.e. 

1£22/H = 0.0241 

(Linear Wave Theory) 
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I E22 / H = 0.0048 

(Stream Function Have Theory) 

= 0.153 ft 

The maximum DFSBC errors, obtained from Table XI, Item 13 

are 

IE21max = 0.0385 
H 

(Linear Wave Theory) 

IE21 = 1. 224 ft 
max 

IE21max = 0.0289 
H 

(Stream Function Wave Theory) 

I E 2 I = 0.918 ft 
max 

With regard to interpretation of the boundary condition 

errors, in accordance with the discussion in Section II, if 

the boundary condition errors for any given theory were 

found to be generally better than for the Stream function 

theory, then it could be concluded that at least the ana-

lytical validity of that wave theory would be better and as 

discussed earlier, there is some evidence to indicate that 

the analytical wave theory is a good indicator of the 

experimental validity (or of the wave phenomenon in nature). 

Example 4 - Calculation of Energy. Momentum. and 
Energy and Momentum Fluxes 

The tabulations of average potential, kinetic, and 

total energy and energy fluxes and average momentum and 
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momentum fluxes are presented in Table XI. The calculation 

of these quantities in dimensional form is relatively 

straightforward and will simply be presented without 

discussion. 

Average PotentiaZ Energy 

PE 
PE' = (yH z/8) = 

(Table XI, Item 2) 

0.213 

PE = 0.213(8080) = 1721 ft-lb/ft 2 

Average Kinetic Energy (Table XI, Item J) 

KE' 

KE 

Total Energy 

TE' 

TE 

Energy Flux 

KE 
= (yHz/8) = 0.254 

= 0.254(8080) = 2052 ft-lb/ft 2 

(Table XI, Item 4) 

TE 
= (yHz/8) = 0.467 

= 0.467(8080) = 3773 ft-lb/ft 2 

Item 5) (Tab le XI, 

FTE 
= T[ y-H"'"8;;';Z ""if=-)'""" = 0.447 

FTE = 0.447(349166) = 156077 ft-lbs/(ft-sec) 

Group Velocity 

C ' 
G 

(Table XI, Item 6) 

C 
= (L~T) = 0.957 

CG = 0.957(43.21) = 41.36 ft/sec 
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Average Momentum (Table XI. Item 7) 

M' = M 
(YH 2 !] = 0.505 

8 L 

M = 0.505(187) = 94.42 lb-sec/ft 2 

Average Momentum Flux in Wave Direction (Table XI. Item 8) 

Fm 
(~) = 0.603 

F = 0.603(8080) = 4872 lb/ft 
mx 

The average momentum flux has been recognized in 

recent years as an important dynamic quantity and is 

related to wave set-up within the surf zone and also is an 

important factor in the longshore transport of littoral 

material. 

Average Momentum Flux Transverse to Wave Direction (Table 
XI. Item 9) 

Fm 
F,~y= (Y~~) = 0.156 

Fmy = 0.156(8080) = 1260 

From the momentum flux components presented it is 

possible to obtain any component of the radiation stress 

tensor. 17 

Example 5 - Free Surface Breaking Parameters 

The free surface breaking parameters as defined by 

Equations (48) and (49) are based on two stability consid-

erations. The kinematic free surface breaking parameter is 
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defined in terms of the speed of a water particle on the 

surface at the crest relative to the wave form speed. If 

this parameter should equal unity, then the wave is 

regarded as being unstable due to kinematic considerations. 

The dynamic free surface breaking parameter is defined as 

the ratio of the vertical acceleration of a water particle 

on the surface at the wave crest relative to the accelera

tion of gravity. The interpretation is that if this 

parameter should equal unity, then the pressure immediately 

under the crest would be zero and if the parameter should 

exceed unity, then according to the equations of motion, 

the pressure beneath the wave crest would be negative 

which is unrealistic and would indicate an unstable water 

surface. 

It should be noted that the theory employed in the 

study is composed of a fini~e series of terms; in order to 

adequately define an instability formally, it may be 

necessary to extend the representation to include an 

infinite number of terms. The results presented here with 

regard to the free surface breaking parameters, should be 

interpreted accordingly. For the sample output (Case 4-D), 

it is seen (Table XI, Item 14) that the kinematic free 

surface breaking parameters for the linear and Stream 

function representations are 0.429 and 0.733, respectively. 

The corresponding values (Table XI, Item 15) for the 

dynamic free surface breaking parameter are 0.0409 and 
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0.286, respectively. The wave height associated with this 

case is approximately 0.78 of the depth and according to 

the McCowan criterion, the wave would be breaking. 

Example 6 - Combined Shoaling/Refraction 

The reader is reminded that the shoaling/refraction 

results were not tabulated, but are presented for various 

deep water directions in graphical form as Figures 25, 26, 

27, 28 and 29 of this report. 

Example 6-a 

Consider a deep water wave propagating over 

bathymetry characterized by straight and parallel contours; 

the deep-water wave conditions considered are: 

Ho = 11.52 ft 

T 15 sec 

ao = 40° 

Suppose that we wish to find the wave height and direction 

in a water depth of 30 ft and also the wave height, water 

depth and wave direction at breaking. Figure 28 is 

applicable for a deep water wave direction of 40°. The 

deep water wave length Lo is calculated as 

32.17 2 = 6.2832 (15) = 1152 ft 

therefore 

Ho 

LO = 0 .. 01 
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and for h = 30 ft 

h 30 
L; = 1152 = 0.0260 

The line for HolLo = 0.01 is simply followed to the left 

to the intersection with h/Lo = 0.0260. At this inter-

section, 

Lo 
H = 0.0119 

H = (0.0119) (1152) = 13.71 ft 

The second part of the example requires the breaking depth, 

height and angle. For this, the HolLo = 0.01 curve inter-

sects the breaking curve at 

therefore 

therefore 

= 0.0190 

HB 
- - 0.0147 Lo -

HB = 0.0147(1152) = 16.9 ft 

hB = 0.0190(1152) = 21.9 ft 
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Example 6-b 

Suppose that a wave is observed in intermediate 

depth water and it is desired to determine the height at 

any other depth such as deep water, breaking or any depth 

of interest. For this example, the values of H/L o and h/L) 

are calculated from the observed wave height and period and 

water depth. If the observed direction corresponds to one 

of the graphs available, then one proceeds as before in 

Example 6-a. If the observed point is not in accordance 

with any of the graphs available, then an interpolative 

procedure is required. As an example, consider the follow-

ing observed wave characteristics 

H = 20 ft 

h = 60 ft 

T = 12 sec 

a = 11 0 

and it is desired to calculate the wave height and direction 

in a water depth of 40 ft. From the observed information 

Lo = 737.3 

H/Lo = 0.0271 

h/Lo = 0.0814 (h = 60 ft) 

h/Lo = 0.0542 (h = 40 ft) 

Examining the available figures, it is seen that 

the deep water wave direction is in the range 100 < Qo < 20 0. 

-
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As a close approximation, the problem is solved for aa = 100 

and aa = 20 0 and the desired results obtained by interpola-

tion. For aa = 10°, from Figure 26, a line passing through 

H/L a = 0.0271, h/L a = 0.0814 is sketched with the same 

approximate shape as those for Ha/La = 0.02 and 0.04 to 

determine H/Lo = 0.033 and a = 6.2 0 for h/La = 0.0542. 

The corresponding values for aa = 20° are H/L a = 0.031 and 

a = 12°. The procedure is shown graphically in Figure 39 

for aa = 10°. Because for aa = 10° and 20°, the a values 

corresponding to h/La = 0.0814 and H/La = 0.0271 are 6.8 

and 13°, respectively and the desired a for these conditions 

is 11°, the values of H/La and a for h = 40 ft may be 

determined by linear interpolation as 

H 0 033 + (.031 - .033) (110 - 6.8°) = 0.032 EO=' ( 13° - 6.8°) 

or 

H = (737.3) (0.032) = 23.6 ft 

and 

As a final remark in the discussion of the shoaling/ 

refraction results, it should be noted that dissipative 

mechanisms such as percolation and bottom friction are not 

included in these results and in many cases these latter 
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effects will be of greater significance than the nonlinear 

effects on the celerity and group velocity which represent 

the difference between the results presented here and the 

linear wave theory. 

Example 7 - Use of Tables for Nontabulated Wave Conditions 

Most of the previous examples have been presented 

for wave conditions which were available as one of the 40 

tabulated cases, i.e., Case 4-D. It is anticipated that the 

tabulations will be used primarily for preliminary design 

and therefore that the 40 cases may provide adequate infor

mation for this purpose without interpolation. Final 

design of, for example, a platform supported by battered 

piling would probably be carried out by establishing a 

Stream function or other wave theory representation for the 

particular wave conditions selected for design. 

On occasion, it may be desired to interpolate 

between the cases presented in the tables for wave conditions 

that are substantially different than one of the 40 cases. 

Several numerical and graphical interpolation methods were 

explored with a goal of obtaining a simple method which 

yielded reasonably accurate results. Because most wave 

variables of interest are nonlinear, numerical schemes 

which utilized linear interpolation proved to be inaccurate. 

The best procedure was found to be a rather simple graphical 

procedure which generally yields results within 5%. 
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Method 

The method utilizes the tabulated parameters of 

interest for the H/HB values above and below the value of 

interest at the two lower and two higher h/Lo tabulated 

values; in all for each parameter desired, the interpolated 

value is based on values of that parameter for eight 

tabulated wave conditions. The method is outlined in the 

following paragraphs and illustrated by two examples. 

Suppose that the wave height, period and water 

depth selected for design are HD, TD, and hD, respectively. 

The design wave steepness and relative depth are calculated 

as: 

Wave Steepness: 

Relative Depth: 

where 

The relative depth and wave steepness are plotted 

on Figure 40 to establish which wave cases should be used 

for design. For the example shown H/LoD = 0.086 and 

h/LoD = 0.313. This point falls between H/HB values denoted 

as "B" and "CO (i.e. 50% and 75% of breaking heights, 

respectively) and between tabulated h/Lo values denoted as 

Cases 7 and 8. The interpolation would therefore be based 
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on the tabulated parameter of interest for Cases 6-B, 6-C, 

7-B, 7-C, 8-B, 8-C, 9-B and 9-C. 

The interpolation proceeds as follows. An auxiliary 

plot is made of the variable of interest, e.g. the total 
, 

dimensionless drag force at e = 0° (denoted FD(OO, Surf.»). 
, 

This plot provides a continuous distribution of FD(OO, Surf.) 

versus h/Lo for relative breaking heights Band C. Inter

polated F~ values are then obtained from the auxiliary plot 

for the h/Lo design value (0.313). The interpolation for 

the design wave steepness requires measuring (Figure 40) 

the vertical linear distance from the Band C lines to the 

design H/Lo of interest; denote these v~lues, 61 and 6 2 , 

respectively. Weighting factors, W, are then established as 

(50) 

, 
The interpolated FD value is finally determined as 

where the subscripts, D, Land U outside the parentheses 

denote: "Design," "Lower" Case B), and "Upper" ~ase Cl, 

respectively. 

Example 7-a - Numeriaal Illustration of Interpolation 
Proaedure 

Consider the following wave conditions selected 

for design 
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which yield 

LO D = 

hD 
= LO D 

HD 
= LO D 

HD = 44 ft 

TD = 10 sec 

hD = 160 ft 

...9:... T2 = 512 211 

0.313 

0.0859 

ft 

and suppose that we require the maximum dimensionless drag 

force on a piling that extends from the bottom up above the 

crest level. This maximum value would occur at e = 0 0 and 

is the value labeled "SURFACE" in the tabulations. Plotting 

of the wave steepness and relative depth on Figure 40 

indicates that the design values are spanned by Cases 7-B, 

7-C, 8-B and 8-C. In accordance with the preceding section 

the values of FD (0 0
, Surf.) for Cases 6-B, 6-C, 7-B, 7-C, 

8-B, 8-C, 9-B and 9-C are required for interpolation and 

are summarized in Table Q. 

The values in Table Q are presented as an auxiliary 

plot in Figure 41. Interpolation at the design h/Lo of 

0.313 yields the following values of F~ for relative 

breaking of 50% and 75% respectively. 

Relative Breaking of 50% (Line B) : 

Relative Breaking of 75% (Line C) : 
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TABLE Q 

Summary of F~(OO, Sur~) Required for Example 7-a 

Case F~(OO, Surf. ) 

6-B 22.37 

6-C 28.79 

7-B 8.60 

7-C 11. 31 

8-B 2.71 

8-C 3.53 

9-B 1.33 

9-C - 1. 72 

In order to interpolate to the design H/L o , the 

distances ~l and ~2 are measured from Figure 40. For this 

example, these are found to" be 

~l = 0.11 in 

~2 = 0.32 in 

The weighting values are then (Eq. 50) 

WL = ~2 = 0.744 
~l + ~2 

W = ~ 1 = 0.256 
U ~l + ~2 

and the interpolated value of 
, 

is FD 
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(F ') 
D D 

= (0.744) (4.90) + (0.256) (6.10) 

= 5.21 

In order to evaluate this interpolated value, a 

Stream function solution was developed for the conditions 

. of interest and FD from the actual solution was found to be 

5.04 or a difference of about 3.4%. 

More comprehensive evaluations of the accuracy of 

the interpolation method are presented in the next example. 

ExampZe 7-b - Assessment of the InterpoZation Method 

In order to present a more extensive evaluation of 

the accuracy of the interpolation method, two special cases 

(one shallow water and one deep water) were selected for 

evaluation. The wave characteristics for these two cases 

are presented in Table R. 

TABLE R 

Wave Characteristics Selected for Accuracy 
Evaluation of Interpolation Method 

Wave Height, Wave Period, Water Depth, 
Case H(ft) T(sec) heft) 

S-l 
(Shallow Water) 19 20 30 

S-2 
(Deep Water) 44 10 160 
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Using the procedure described, interpolated values 

of a number of quantities of interest were developed and 

compared with values obtained by Stream function solutions 

at the wave conditions of interest. Table S presents a 

summary of the percentage differences between the solution 

and interpolated values. 

As an overall statement regarding the interpolation, 

it is noted that Table S indicates that the procedure 

presented generally provides results which are within 5%, 

however, differences up to 10% could occur. One final 

comment concerning the consistency of the tabulated values 

is in order. In preparing the auxiliary plots, it was 

usually found that a line could be drawn through the four 

points within 2 to 3%, except for the breaking wave height, 

H/HB = 1.0 in which case the maximum deviations could 

amount to ±5 %. The probable explanation for this deviation 

is that: (l) the calculated wave heights for the tabulated 

cases were allowed to deviate from the desired values by 

1%, and (2) the different orders to represent different 

cases could cause a difference in kinematics of 1 to 2%. 

The effects noted above could conceivably amount to devia

tions of ±5 % for those variables which are inherently 

nonlinear, e.g. drag forces or wave breaking parameters. 

This completes the section illustrating the use of 

the wave tables. It should be recognized, however, that 

only the more simple examples have been presented and that 

- 130 -



TABLE S 

Summary of Percentage Differences Between Values 
Determined by Stream Function Solutions 

and by Interpolation 

Dimensionless Variablea 

u'(OO, 0.5); Horiz. Vel. 
Comp., Zero Phase Angle, 
Mid-Depth 

Fo(OO, Surf), Max. Drag 
Force Component, Acting 
OVer Entire Depth 
, 

FI(lOO, Surf), Inertia 
Force Component 

F~(75°' Surf), Inertia 
Force Component 

MO(OO, Surf), Max. Drag 
Moment Component About 
Mudline 

Mi(lOO, Surf), Inertia 
Moment Component 

Mi(75°, Surf), Inertia 
Moment Component 

Po(OO, 0.5), Dynamic 
Pressure Component, 
Zero Phase Angle, 
Mid-Depth 

Po(1800, 0.5), Dynamic 
Pressure Component, 
Trough Phase Position, 
Mid-Depth 

L " Wave Length 

TE', Total Energy 

Percentage Differenceb 

Case S-l Case S-2 

+3.9% <1% 

+6.7% +3.4% 

+1.3% Not Evaluated 

Not Evaluated -3.9% 

+4.5% +3.6% 

+2.2% Not Evaluated 

Not Evaluated -3.7% 

<1% -2.4% 

<1% -2.8% 

1.1% <1% 

-4.6% -3.7% 

- 131 -



TABLE S--Continued 

Percentage Differenceb 

Dimensionless Variablea Case S-l Case S-2 

, 
FTE , Total Energy Flux -4.2% +3.5% 

M ' , Momentum -4.1% -2.2% 
, 

Momentum Flux in Fmx ' 
Wave Direction -3.7% -2.6% 

, 
Fmy ' Momentum Flux 

Transverse to 
Wave Direction -1. 7% <1% 

KFSBP, Kinematic Free 
Surface Breaking 
Parameter 8.4% +4.4% 

DFSBP, Dynamic Free 
Surface Breaking 
Parameter 1.4% <1% 

aRefer to Tables D, E, and F for a more complete description 
of the dimensionless variables. 

b% 'f Interp. Value - Stream Fn. Soln. 
DJ.. f. := Stream Fn. Soln, x 100% 
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the tables can be effectively applied to the solution of 

situations which are considerably broader and more complex 

than those examined in this section. 
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VI. SUMMARY 

This report presents the results of an investigation 

which has demonstrated that the Stream function wave theory 

provides a generally better representation of periodic wave 

phenomena than other wave theories examined. As a result of 

this indication, tables have been prepared, based on the 

Stream function wave theory and including parameters which 

should be an aid in preliminary offshore design. The tables 

also include parameters which are presently of greatest 

interest to researchers. 

Because of its simplicity, the linear wave theory is 

widely used for many calculations over all ranges of relative 

depth. This study has identified that, for a number of 

variables, there are substantial differences between the linear 

and Stream function wave theories. Although this point has 

not been amplified in this report, inspection of the tables 

will substantiate this conclusion. The identification of 

these differences should be of assistance in planning experi

mental programs to provide definitive research results. 

If the set of tables is extensively applied, as is 

hoped, undoubtedly the users will note shortcomings, omissions 

or develop recommendations directed toward the improved 

usefulness, applicability or efficiency of the tables. The 
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author would welcome information of this type in order 

that future work may benefit by as wide a range of user's 

needs as possible. 
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APPENDIXES 
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APPENDIX I 

NUMERICAL SOLUTION OF STREAM FUNCTION PARAMETERS 



Introduation 

This appendix ,outlines the method of determining 

numerical values for the parameters in the general form 

of the Stream function solution. The numerical solution 

requires the use of a reasonably high speed, large memory 

computer. 

Review of Problem Formulation 

The problem of a two-dimensional, periodic wave 

propagating in water of uniform depth has been discussed 

in Section II of the main body of this report. If the 

water is incompressible and the motion irrotational, then 

the following boundary value problem can be established for 

an "arrested" wave system. 

Differential Equation (DE): 

Boundary 
Conditions 

Bottom Boundary Condition (BBC): 

w = 0, z = -h 

Kinematic Free Surface Boundary 
Condition (KFSBC): 

an w 
ax = u _ C' z = n(x) 

Dynamic Free Surface Boundary 
Condition (DFSBC): 

n + ~g [(u - C)2 + w2 ) - ;~ = Q, z = 

Motion is periodic in x with spatial 
periodicity of the wave length, L. 
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Equations (1-1) - (1-5) represent the common formulation 

for all of the classical nonlinear water wave problems in 

which it is assumed that the wave propagates without 

change of form and a reference coordinate system has been 

chosen which travels with the wave form. For a specified 

wave height, water depth and wave period, the goal then 

is to determine as exact as possible a solution to the 

formulation. 

Stream Funation Solution 

The general form of the Stream function solution 

is 

IjI (x, z) 
NN 
2 X(n) 

n=l 
sinh (2~n (h + Z») cos 

(1-6) 

The water displacement, n, is determined by setting 

Z = n in Equation (1-6). 

NN 
~ L X (n) 

n=l 
sinh [2~n (h + n») cos [2~n x) 

(1-7) 

where IjIn is the (constant) value of the Stream function on 

the free surface. The velocity components are defined by: 
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u - C = - ~ az 

w = + ~ ax 

(1-8) 

(1-9) 

In continuing the quest to determine a solution 

which satisfies Equations (1-1) to (1-5) as faithfully as 

possible, it is noted that for arbitrary values of: 

and the X(n)'s, the Stream function solution exactZy 

satisfies all of the requirements of the formulation 

1jI , L; 
n 

except the DFSBC, Equation (1-4). All of the effort can 

therefore be directed to determining these "free" variables 

such that they represent the specified wave height and 

also "best" satisfy Equation (1-4). The approach that is 

employed is numerical iteration, in which a trial solution 

is regarded as available and at each step of the iteration, 

the "free" variables are modified to improve the solution. 

As a preliminary step, an error is defined in the 

one-remaining unsatisfied boundary condition 

J 

E = J! L (Q). - Q)2 
j=l 

(1-10) 

where the Q.'s represent equally spaced (in 8) values of 
J 

the quantity in Equation (1-4), and Q represents the 

average of the Qj's. If, for example, J = 41, and the 

free variables could be adjusted so that E was very small, 
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then the associated solution would provide a good fit to 

the complete formulation at these 41 points, and 

computations have shown that the fit at other phase 

angles would be comparably good. The problem therefore 

has evolved into one of minimizing the total error E. The 

procedure used is a least squares procedure, which requires 

formally that 

dE 
aL = 0 (I-ll) 

aE 
aX(n) = 0 (I-12) 

(the parameter Wn is not determined by the least squares 

procedure, but is selected such that the mean water level 

is not changed by the other variables selected; this will 

be discussed later.) Examination of Equations (I-II) and 

(I-12) further will indicate that the usual least squares 

procedure is not applicable, because the error is not 

defined as a quadratic function of the unknowns; this 

problem then falls in the category of a nonlinear least 

squares problem. 

The problem was linearized as follows. Suppose 

that at the kth iteration, a trial solution is available. 

The objective is to select changes in the unknowns such 
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that the errors will be reduced. If this were a linear 

least squares problem, only one iteration would be required. 

Expressing the quantity Q in terms of small changes in the 

unknowns (to be determined at the kth iteration). 

where 

NN aQ~ aQ~ 
Q.k+l = Q~ + L aitnr M(n) + -=.1 l'lL 

) ) n=l aL 

aQ aQ an + aQ au + aQ aw 
ax (n) - an ax (n) au ax (n) aw ax (n) 

aQ = aQ ~ + aQ au aQ aw + aQ ae 
aL an aL au aL + aw aL ae aL 

(1-13) 

(1-14) 

(1-15) 

where the ~~, ~~ are obtained from Equation (1-4) and the 

an au 
aX(n)' aX(n)' etc. are obtained from Equations (1-7), 

(1-8), etc. 

Rewriting the least squares procedure in terms of 

the unknowns: l'lL and l'lX(n) 

aE 
al'lL = 0 (1-16) 

aE 
"'a""l'l;:x""( n-:-) = 0, n = 1. ... NN (1-17) 
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Equations (1-16) and (1-17) represent a set of 

NN + 1 linear simultaneous equations in terms of the 

NN + 1 unknowns. After each iteration, the water surface 

is recalculated, by iteration, from Equation (1-7) and ~n 

is redetermined such that 

r o 
n dx = 0 

which can be expressed in integral form as 

= 2 [L/2 
~n L 

o 

. (2rrn ) (2rrn) X(n) s~nh ~ (h + n) cos ~ x 

(1-18 ) 

dx 

(1-19) 

where, in the computations, a Simpson's rule approximation 

to Equation (1-19) is used. 

One complete iteration comprises a simultaneous 

solution for ~L and the ~X(n)'s and a redetermination of 

~n' Successive iterations involve exactly the same 

procedure, and the iterations can be terminated when 

successive reductions in the error E are small. Numerical 

instabilities can occur, especially near breaking wave 

conditions and, one effective procedure in these cases, is 

to apply only a fraction of the ~L and ~X(n) 's specified 

by the least squares solution. 
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One final comment should be directed toward the 

problem of establishing the desired wave height. Although 

it is possible to develop more sophisticated procedures 

which converge on the wave height, the procedure followed 

here was simply to conduct successive runs .until the wave 

height was within an acceptable limit (1%) of the desired 

height. 
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APPENDIX II 

DEVELOPMENT OF COMBINED SHOALING/REFRACTION COEFFICIENTS 



Introduation 

This appendix describes briefly the method 

employed to calculate the combined shoaling/refraction 

coefficients. 

Baakground 

The shoaling/refraction coefficients developed 

are valid for a bathymetry characterized by straight and 

parallel bottom contours and for a wave system which 

suffers no energy losses. The two principles employed are 

Snell's Law and the concept that there is no energy flux 

across a wave ray, see Fig. 11-1. 

Snell's Law governs refraction and relates the 

wave propagation speed, C, to the wave direction, a, 

(11-1) 

in which the subscripts pertain to any arbitrary depths. 

The requirement that no energy is propagated 

across wave rays may be written as 

(11-2) 

in which FTE represents the energy flux per unit width in 

the direction of wave propagation and the cos a term 
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Bottom Contours 

Pion View (Not Equally Spaced 
in Depth) 

Refraction Over Bathymetry Characterized By 
Straight and Parallel Contours 

Elevation View 

FIGURE JI- I DEFINITION SKETCH FOR SHOALING/ 
REFRACTION CONSIDERATIONS 
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represents the width between adjacent wave rays. The FTE 

term could be expressed as the product of the wave energy 

density,TE, and the group velocity, C
G
,a1though this will 

not be helpful in the effort here. In the case of linear 

wave theory, it is possible to separate the refraction 

and shoaling effects because neither the celerity, C, 

(governing refraction) nor the group velocity, CG (governing 

shoaling) depend on wave height. For our case, inspection 

of Equations (11-1) and (11-2) will show that the two 

phenomena are coupled through the dependency of C and CG 

on the wave height. 

Method 

The method employed here utilizes the dimensionless 

energy flux, FTE (Table XI, Item 5) and the dimensionless 

wave length, L' (Table XI, Item 1), 

where 

FTE 
= ifZL 
y- -8 T 

Equation (11-1) can be rewritten in terms of the 

dimensionless quantities as 
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sin al = 
L{ (II-3 ) 

However since the period is conserved, i.e., Tl 

sin al 
L' 1 

sin a z _ 
= L' - Const 3 

2 

(II-4) 

The energy flux relationship, Equation (11-2) can 

be expressed as 

or recognizing that the period is conserved 

F' L' cos a = Const4 TE 

Equations (11-4) and (11-5) describe the 

shoaling/refraction process in terms of available 

(II-5) 

dimensionless parameters and were solved as described in 

the following paragraphs. 

So1-ution 

It was found convenient to characterize a 

particular incoming deep water wave by the direction, ao, 

and deep water steepness, Ho/Lo. The problem is to 
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determine wave steepnesses at other relative depths 

hiLa such that Equations (11-4) and (11-5) are satisfied 

recalling that L' and FTE both depend on h/Lo and H/Lo. 

For each relative depth, h/Lo, four values of L' and F' TE 

are available (for H/HB = 0.25, 0.5, 0.75 and 1.0, c.f. 

Figure 23) whereas a continuous distribution is required 

for the purpose here. For each relative depth, h/Lo, 

continuous distributions were obtained by fitting straight 

lines between the four available points; for H/HB = 0, 

it was assumed that the simple linear wave theory applied, 

see Figure 11-2 for an example for h/Lo = 0.02. 

For given HolLo and ao, the constants in Equations 

(11-4) and (11-5) are defined. The wave steepness HILa 

and direction a at any relative depth are determined by 

iteration of the two following equations. 

L~ cos 

k cos a 

in which the superscript k+l denotes the (k+l) th 

(II-6 ) 

(II-7) 

iteration and applies to the improved estimates of a and HILa. 

Once these estimates are known, the parameters with the k 

- 152 -

... 



I-' _ III 

(J1 ~ 
w 

~ 

-..,J 

1.0 .-, ---....,...----"'T"'""---.,..-....,..----,....------r-----r---"""T'""---.., 

0.8 

0.6 

0.4 

0.2 

i'-.. __ 

-- ---- --A -- ........................ 

Values From 
Theory 

Linear 

............ I ............ _._/~E 
............ 

............ 
............ 

............. -- ----I --_ LL 0 0 ~ 

~ G r i i 
JA Case 4-8 Case 4-C Case 4-0 Case 

O~I---~----~----~------~----~----~-----~---~ o .002 .004 .006 .008 0.01 .012 .014 .016 
HILo 

FIGURE Ir-2 VARIATION OF FT~ AND L' AS EMPLOYED IN SHOALINGI 
REFRACTION DEVELOPMENT FOR h/Lo = 0.02 



subscripts on the right hand sides of Equations (11-8) 

and (11-9) are calculated and improved estimatffiof u and 

H/Lu are determined, etc. The procedure was initiated in 

deep water and the wave steepness and direction calculated 

at the remaining nine values of relative depth advancing 

shoreward or until breaking was indicated. At each 

relative depth, the iteration converged very rapidly with 

three or four iterations usually sufficient. For the 

first iteration at a relative depth, the initial value for 

wave steepness was taken as the final value for the 

preceding (great~r) relative depth. 

The shoaling/refraction results are presented in 

graphical form, for Uo = 0°, 10°, 20°, 40° and 60° in 

Figs. 25, 26, 27, 28 and 29, respectively. A description 

of these tables is presented in Section IV and two examples 

illustrating their application are given in Section V. 
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APPENDIX III 

SAMPLE SET OF WAVE TABLES FOR CASE 4-D 



". 

f-' 
U1 

'" 

CASE 4-0 

11TH ORDER STREAM FU~TION WAYE THEORY 
OfF INJTI0NS 

H •• AVE HfiGHT 

T = WAVE PERIOD 

OPT WATEA DEPTH 

LO = DEEP WATER WAVE LENGT~. CALCULATED FROM LINEAR WAVE THEORY. LO-IG/6.Z83t8.*T.*2 

L • WAVE LE~GTH 

PSt '" VALUE OF STREAM FUNCTION ON T~E FREE SURFACE 

G '" GRAVITATIONAL CO~S'ANT 

X(N, "" NTH STREAM FUNCT!CN CCEFFICIENT 

WAVE CHARACTERISTICS 

H/LO '" 0.015553 OPT/LO. 0.020000 

H/OPT. 0.777652 

L/LO z 0.422461 PSI/IG.H." • -0.002296 

LISTING OF DIMENSIONLESS STREAM FUhCTION COEFFICIENTS 

x( 1 )./(H*'.6' -0.342656£-01 
Xl 2 '/(H*'.G' '" -0.123281E-Ol 
Xl 3)I'(H*'*6' -0.499486E-02 
X( .'/(H*'*6) -O.201883E-CZ 
Xl 5,/(H*'*G' • -0.788826E-03 
Xl 61/(H*'*G} '" -0.298070E-03 
Xl 7}"(H*'*G' • -0.998972E-04 
Xl 8)/(H*,*G} "" -O.34JS91E-0. 
Xl 9,/{H*'*GI -O.10~35:!E-C4 

)({101/{H*'*GI -0.30.493E-C5 
)({11 ,/(H*'*GI -O.46!5S01E-Ol'> 
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CASI!! __ 0 

TA8LI!! I"-DIMI!!NSIONL£SS DYN~MIC PAI!!SSUAI!! CQMPQNI!!NT PIELD •••• DEFINED IN I!!QU~TION (291 

T~TA. 

I!!T~I'HI!I<OHT. 

SUR"~CI!! 

SI'DEPTH·I.6 

SI'D!.PTH_I.S 

SI'O!.PTH_I.4 

SI'DEPTH_I.3 

Sl'flePT .. ·1.2 

SI'DEPT"·I.l 

SI'DEPT .. ·l.D 

SI'DEPT .. _O .9 

SI'DEPT .. ·o.e 

SI'DI!!PT,","0.7 

SI'DEPT .. -0.6 

SI'OEP TH_O.S 

SI'OI!!PTH.O •• 

SI'OEP TH.O. 3 

SI'OEPT .. ·O.2. 

SI'Or:PTH·O.1 

SI'OEPT .. -O.O 

0.0 

0.ee9 
_3.7X 

1.719 
_6.3. 

1.0S0 
100.011 

1.570 
100 .. 0. 

h.92 
3e.11I 

1 •• 17 
35.5" 

1.34e 
32. ell 

1.2,011. 
31).2X 

1.227 
27.!" 

1.175 
25.0" 

1.130 
22.6" 

1.091 
20.3. 

1.0!!i8 
le.3. 

I.e 30 
16.!>. 

1.01)! 
I!>.O" 

0.991 
13.e. 

0.979 
12.0;.'1 

0.972 
12.4X 

0.969 
12.2X 

10." 

0.583 
IS.SX 

1.18e 
23.2X 

h17. 
22.3X 

1.1·4 
21.011 

1.112 
19.6" 

I.oeo 
17.9:1. 

1.049 
I~. 2" 

1.00>0 
1 •• 5" 

0.993 
12.e" 

0.9()9 
11.2X 

0.9.7 
9.7X 

0.930 e._" 
0.915 
7.311 

0.903 
6.4" 

0.&915 
s.e. 

').,01190 
5 ..... 

".8!!9 
5.2'" 

20.0 

0.2e_ 
-OS.4X 

0.590 
-4e.9X 

0.59(
_ ••• 9. 

0.622 
.31.6" 

0.6.0 
-32.6. 

0.6!'3 
-29.0. 

0.062 
-2t.SII 

0.667 -2_.111. 
0.671 

-23 ••• 

0.673 
-22.4. 

0.074 

-21.". 
0.67. 

-21 • .,. 

0.075 
_21.1. 

0.4'175 
-ZO."'. 

0.675 
-ZO.9" 

30.0 

0.101 
~326.711 

0.211 
-21!9.9X 

0.2.5 
_22~.2" 

0.282 
~lel.9" 

1).:512 
_153.111 

0.336 
-133 •• X 

0.356 
-119.3. 

0.312 
-109.2. 

0.38. 
-101. ex 

0.'93 
- .. t.7. 

0.399 
-'13.2. 

0.403 
-91.2" 

0.404 

-90.6" 

150.0 

-0.0515 
6el.4X 

-0.112 
675. ex 

-0.100 
7315. O. 

-o.oeo 
••••••• 

-0.063 

••••••• 
-0.04! . ..... . 
-0.0315 . ..... . 
-0.025 ......• 
~1).017 ....... 
-0.011 

•••••• X 

-0.001' ....... 
-0.007 ....... 

715.0 

-0.101 
227.7X 

-0.203 
253.5. 

~0.202 

255.9X 

-0.199 
259.7. 

-0.1915 
263.2. 

-0.192 
266.5. 

-0.1159 
269 ••• 

-0.187 
271.9. 

-0.185 
273.9 • 

-0.183 
275.4. 

-6.11'3 

276.3. 

-0.182 
27~.6 • 

100.0 

~O.IIO 

21._X 

-0.2ZS 
52.3:11 

-0.22& 
153.2. 

_0.22_ 
155.7. 

-0.22'3 
S7.ex 

-0.2?2 
59.711 

-0.221 
61.3. 

-0.220 
62.6X 

-0.220 
63.6" 

-0.220 
64 •• X 

-0.220 
64.e • 

-0.219 
6 •• 911 

130.0 

-0.1t2 
~242.4X 

-O.Z26 
-23e.9. 

-0.226 
10C.OX 

-0.22'6 
-'38.9X 

-0.226 
_2311.9X 

-(1.226 
-234.11" 

_0.?26 
-231 ••• 

-0.226 
_<l2e.6" 

-0.226 
-~26 ••• 

-0.226 
-224.9X 

-0.2211 
-723.9. 

-0.226 
-;('23.6X 

180.0 

-O.lIl 
-34e.7'l 

-0.22. 
-,72.ex 

-0.22. 
lOO.OX 

-0.224 
100.OX 

-0.224 
-371.111 

-0.225 
_370.0X 

-0.225 
-30!!.4X 

-0.21'15 
-361.011 

-0.2215 
-3S~. 7. 

-0.2Z!> 
-356.7 • 

-0.22' 
-35!.5. 

-0.22!! 
-lS!.I. 
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CAS~ 4-0 

TAeLE X-VARIA8LES DEPENDING ONLY ON PHASE ANGLE 

THETA,. 0.0 10.0 zo.o 30.0 50.0 75.0 100.0 130.0 tee.o 

Ct' DIMENSIONLESS KINEMATIC FREE SURFAce aOUNDARY CONDITION ERROR. LINEAR WAvE THEORY AePRESENTATION •••• OEFINEC IN £0.(35. 

SURFAce 0 •• 0.035157 0.ce366? 0.oe0976 0.076797 0.032082 _0.0Ie241 -0 042202 -o.oooooe 

12> DIMENSIONLESS KINEMATIC FREE SURFACE 90UNOARY CONDITION ERROR. STREAM FUNCTION THECAl' REPRESENTATION •••• DEFINED IN F.O.C35. 

SURFACE 0 •• -0.00000 I -0.000000 -c.OOOOOO -0.000000 -0.000000 0.000000 o~oooooo -o.ocoooo 

13' DIMENSIONLESS DYNAMIC FREE SUAFACE aOUNDARY CONOITION ERROR. LINEAR WAVE THEORY REPRESENTATION •••• DeFINED IN EO.C36) 

SURFACE 0.038509 0.036560 0.030915 0.022164 -0.000722 -0.026496 -0.033132 0.000406 o .. oze:ne 

I" 
DIMENSIONLESS DYNAMIC FREE SURFAce eOUNDARY CCHDITION ERROR. STREAM FUNCTION THEORY AEPRESENTATION •••• DEFI~EO IN EO.(37) 

SURFACE 0.026990 -0.011249 -0.010e05 -0.003e93 0.000668 0.000236 0.001999 o 001258 0.000322 
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CASf 4-0 

TABLE KI(CONfINUEO)-CV~RALL _AVE PARA~eT~RS ••• DC NOT DePEND ON p~Ase ANGLe OR ELEVATEON 

ClOt DIMENSIONLESS ROOT MEAN SQUARE KINEMATIC FREE SUA~ACE BOUNDARY CONDITION ERAOA •••• OE~JNEO IN EOUATION (46' 
LINEAR 0.047_ee 
STREAM FU~CTION a.coocoo 

Cll. DIMENSIONLESS ROOT MEAN SOU ARE DYNAM.C FREE SUA~ACE eCUNCARY CONDITION ERROA •••• DE~INED IN EQUATION (47. 
LINEAR 0.0240el 
ST"EAM FII"CT1CN 0.004832 

(12) 01MENSIC~LESS MAKINUM KI~EMATIC FREE SURFACE eOUNDARY CONDITION ERROR •••• DEFINED IN EQUATION 146' 
LINEAR 0.oe~603 

STAEA'" FUNCTION 0.000001 

(13. DIMENSIONLESS MAXINUM DYNAMIC FREE SURFACE SOUNOARY CONDITION ERRCR •••• DEFINED IN EOUATION (.7) 
LINEAR 
STREAM FUNCTION 

0.03e~09 

0.02ee90 

(14' DIMENSIONLESS KINEMATIC FREE SUR FloC! eREAKING PARAMETER •••• DEFINED IN fQUATION (.", 
LINEAR 0.429147 
STFIEAM FUhCTION O.73~e02 

(151 DIMENSIONLESS DYNAMIC FREE SURFACE SREAKING PARAMETER •••• DEFINED IN EOUATION (49) 
LINEAR 
STREAM FU ... CTION 

o.o_oe9_ 
0.2e61_~ 




