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PREFACE, 

T h i s r e p o r t was intended f o r p r e s e n t a t i o n 

at the I.Ü.T.A.LÏ. Symposium on the Theory of Thin 

E l a s t i c S h e l l s ( D e l f t , 24th to 28th August, 1959). 

However, when the r e p o r t was completed i n i t s 

present form - omitting, an e x t e n s i v e d i s c u s s i o n 

of n o n l i n e a r theory which was o r i g i n a l l y a l s o 

envisaged to be i n c l u d e d - i t turned out to be 

too long f o r p r e s e n t a t i o n at the symposium, and 

more i n p a r t i c u l a r f a r too long f o r i n c l u s i o n i n 

the Proqeedings, The author t h e r e f o r e decided to 

prepare, under the same t i t l e , a s e p a r a t e paper 

f o r p r e s e n t a t i o n a t the symposium, c o n t a i n i n g only 

the most important r e s u l t s of the a n a l y s i s and the 

b a s i c assumptions and arguments i n t h e i r d e r i v a t i o n . 

Since the symposium paper f r e q u e n t l y r e f e r s to the 

p r e s e n t r e p o r t f o r s u b s t a n t i a t i o n , t h i s r e p o r t i s 

a l s o i s s u e d to p a r t i c i p a n t s i n the syiiiposium.lt i s 

hoped to p u b l i s h the p r e s e n t d e t a i l e d r e p o r t at 

some f u t u r e date, i f p o s s i b l e i n a more complete 

form by a d d i t i o n of a f u l l d i s c u s s i o n of n o n l i n e a r 

t heory. 

D e l f t , 5th August 1959, 
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1. IIITROSUCTIO:i. 

The general equations of the t h e o r y of t h i n e l a s t i c 

s h e l l s have o f t e n been discussed i n recent years. The 

araount of l i t e r a t u r e on t h i s s u b j e c t i s nov; n e a r l y 

overwheliaing, and the l i s t of references at t i e end o f 

t h i s ' r e p o r t quotes only some, i n our o p i n i o n , more 

imp o r t a n t papers; a comprehensive b i b l i o g r a p h y on s h e l l 

t h e o r y has been compiled by MSH L33j« 

most authors d e r i v e t h e i r equations on the b a s i s 

of the well-known lOVE-KIRCHHOPP assumptions: 

(a) p o i n t s which l i e on one and the same normal 

to the undeformed middle surface also l i e on 

one and the same normal t o the deformed middle 

surface; 

(b) the e f f e c t of the normal s t r e s s on surfaces 

p a r a l l e l t o the middle surface may be neglected 

i n the s t r e s s - s t r a i n r e l a t i o n s ; 

( c ) the displacements i n the d i r e c t i o n of the 

normal t o the middle surface are a.jproximately 

equal f o r a l l p o i n t s on the same normal. 

The wide v a r i e t y of r e s u l t i n g equations, t o be found i n 

the l i t e r a b i i r e , i s due t o v a r i a t i o n s i n r i g o r and t o 

d i f f e r e n t approximations i n the subsequent a n a l y s i s . Some 

authors c l a i m a higher accuracy f o r t h e i r equations, as 

compared t o those of other w r i t e r s , on the grounds of a 

more r i g o r o u s d e r i v a t i o n from the basic assumptions. I n 

view of the approximative character of the LOVE-KIRCHHOFF 

assumptions these claims are open t o some doubt. I t may 

w e l l happen, and t h i s i s even a c t u a l l y so i n most cases, 

t h a t the refinements made are of the same order of 

magnitude as the e r r o r s v/hich remain on account of the 

basic assumptions, and such refinements are of course 

meaningless i n a general t h e o r y . 
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I t i s the primary purpose of the present pcipei' t o 

eiive the foundations f o r s h e l l theory i n as simple a 

form as i s c o n s i s t e n t w i t i . the basic assumptions; 

alt h o u g l i l a r g e d e f l e c t i o n s are p e r m i t t e d , i t w i l l be 

assumed t h a t t he s t r a i n s are small everywhere. Our 

pua?pose i s achieved by a s t r a i n - e n e r g y approach 

( s e c t i o n 2 ) . I t i s shown t h a t LOVE's s o - c a l l e d f i r s t 

approximation f o r the s t r a i n energy, as the sum of 

s t r e t c h i n g or e x t e n s i o n a l energy and bendxn^^i, or f l e x u r a l 

energy, i s a c o n s i s t e n t f i r s t approximation, and t h a t no 

refinement ot t h i s f i r s t appi-oximation i s j u s t i f i e d , i n 

g O i . e r a l , i f the basic L0Y£-KIRCIiKOFI'' assuiuptions ( o r 

e q u i v a l e n t assuaptions) are r e t a i n e d . This f a c t i s proved 

by showing t h a t the e r r o r s of L0V2*s f i r s t approximation, 

as compared t o a r i g o r o u s e l a b o r a t i o n of the LOVE-KHtCH-

HO'FF assumptions, are of the same order o f magnitude as 

the s t r a i n energy due t o trsaisverse nonnal and shear 

s t r e s s e s , which are i n l i e r e n t l y neglected i f the LOVE-

-KinCHHOF]? assumptions are employed. Moreover, i t i s 

shown t h a t i t i s always p e r m i s s i b l e , i n LOVE's f i r s t 

a pproximation, t o add terms of type e/R (vvhere e i s 

any p h y s i c a l middle surface s t r a i n component and R any 

ra d i u s of curvature or t o r s i o n of the middle s u r f a c e ) 

t o expressions f o r the p h y s i c a l changes of cm-vature. 

I n o ther words, expressions f o r the changes of c u r v a t u r e , 

which d i f f e r only by terms of type e/R, are e q u i v a l e n t 

i n LOVE's c o n s i s t e n t f i r s t approximation. 

The foundations of s e c t i o n 2 are a p p l i e d t o the 

l i n e a r theory of s h e l l s i n s e c t i o n 3. The expressions 

f o r the e x t e n s i o n a l s t r a i n s and r o t a t i o n s are w e l l -

-known. Our expressions f o r the changes of c u r v a t u r e , 

i n t e n s or form i n i t i a l l y d e fined as the c o v a r i a n t 

d e r i v a t i v e of the s t r a i n tensor i n surfaces p a r a l l e l 

to the middle sui-face w i t h respect t o the coordinate 

normal t o the middle s u r f a c e , appear t o be new and more 

graphic than e x i s t i n g expressions. The s t r e s s - s t r a i n 

r e l a t i o n s have a p a r t i c u l a r l y simple form, and the 

equations of equ i l i b r i . u v u and boundary c o n d i t i o n s . 

L A B O R A T O R I U M V O O R 
T O E G E P A S T E M E C H A N I C A 

nFB-



- 4 -

obtained by the v a r i a t i o n a l method, agree w i t h the v / e l l -

-known r i g o r o u s equations. A comparison w i t l i e x i s t i n g 

t h e o r i e s slows t h a ^ most w r i t e r s have obtained r e s u l t s 

which, although dif±-erent i n appearance, are e q u i v a l e n t 

from the p o i n t of view of the f i r s t a^jproximation i n 

s h e l l t heory. On the other hand, some expressions f o r 

the changes of c u r v a t u r e given i n the l i t e r a t u r e are 

shov/a t o be inadequate f o r general a p p l i c a t i o n . 

The advantages of tensor a n a l y s i s i n the t h e o r y 

of s h e l l s are now w i d e l y recognized fe.g. 5,12,14,26,34, 

36,42,4Q.;, and no apology i s needed f o r i t s f r e e use i n 

the present paper. An e x p l a n a t i o n of the n o t a t i o n s employed| 

mostly taken from [12], i s g i v e n i n the appendix, together 

v/ith some more i n v o l v e d geometric d e r i v a t i o n s . The main 

r e s u l t s have als o been giv e n i n the more usual n o t a t i o n , 

i n order t o f a c i l i t a t e comparison w i t h e x i s t i n g l i t e r a t u r e ; 

the t r a n s l a t i o n r u l e s from general tensor n o t a t i o n t o the 

more conventional n o t a t i o n f o r general orthogonal para­

m e t r i c curves on the middle surface are also sum:iiarized 

i n the appendix. 

2. FOU'TSATIQHS: 1075*3 APPROXILIAT ; :̂  'x tAIK-EHEuGY EXPRBSoION. 

2.1 Basic ass-umptions. 

A complete t h e o r y of t h i n e l a s t i c s h e l l s i n a con­

s i s t e n t f i r s t approximation, and v a l i d f o r d e f l e c t i o n s 

of ainy magnitude, may be based on LOVE's approximate 

s t r a i n - e n e r g y expression. This s t r a i n - e n e r g y expression 

v / i l l be derived on the basis of three assu.iptions: 

(a) the s h e l l i s t h i n , i . e . h/R4cl, v/here h i s 

the s h e l l t h i c k n e s s , and R i s the s;.-allest 

p r i n c i p a l r a d i u s of c u r v a t u r e of the middle 

su r f a c e ; 

( b ) the s t r a i n s are small everywhere, a l t h o u g l i 

l a r g e d e f l e c t i o n s are a d m i t t e d , and the s t r a i n 

energy per u n i t volume of the undeformed body 

i s represented by the q u a d r a t i c f u n c t i o n of the 
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s t r a i n components f o r an i s o t r o p i c s o l i d 

(HOGKE's l a w ) ; 

( c ) the s t a t e of s t r e s s i s approximately plane, 

i . e . the e i f e c t of transverse shear stresses 

and of the trans v e r s e normal s t r e s s may be 

neglected. 

I t v / i l l be observed t h a t we have replaced the usual 

LOVE-KIRCHHOFE assumptions ( (a) t o ( c ) i n s e c t i o n 1 ) 

by the s i n g l e assumption of plane s t r e s s ( c ) above, which 

i s of course e f f e c t i v e l y e q u i v a l e n t t o the usual assump­

t i o n s . 

2.2 D e r i v a t i o n of s t r a i n - e n e r g y expression. 

On the basis of assumptions (b) and ( c ) of par. 2.1 

the s t r a i n energy per u n i t volume of the undeformed body 

i s g i v e n by ( l 2 , p.3841 

where y^g c o v a r i a n t s t r a i n t e n s o r i n surfaces 

p a r a l l e l t o the middle s u r f a c e , E°•̂ *̂̂  i s the c o n t r a -

v a r i a n t tensor of e l a s t i c m o duli, d e f i n e d by 

E^^^'' = 2Grg^^^g^^ + ^ g ^ V ^ J , 

g'̂ ^ i s the c o n t r a v a r i a n t m e t r i c t e n s o r , G i s the shear 

modulus, and v i s POISSON*s r a t i o , i n our approxiraation 

of plane s t r e s s the tra n s v e r s e shear s t r a i n s are zero 

(2.2) 

Ya3= ° ' 

and -fche t r a n v e r s e normal s t r a i n i s g i v e n by 

(2.3) 

'̂ "̂ The tensor n o t a t i o n employed here i s f u l l y explained 

i n [ l 2 | and i n the appendix. 
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(2.4; 

M u l t i p l y i n g (2.1) by ( c f . par. A l ) 

\/g/a = 1 - 2Hz + Kz^ , (2.51 

where H and K are t l i e mean and GAUDSIAW curvatures of 

the middle s u r f a c e , ,and z i s the d i s t a n c e t o the 

middle s u r f a c e , the s t r a i n energy per u n i t area of the 

undeformed middle surface i s obtained by i n t e g r a t i n g 

w i t h respect t o z 

V= "C [1 - 2Hz + Kz^ |dz . 

4 
( 2 . 6 l 

The TAYLOR-expansion of the energy d e n s i t y f w i t h respect 

t o the coordinate x?=z may be w r i t t e n i n the form 

( c f . par. A2) 

f ( x ^ , z ) = $(x^,0)+ z f ^ 3 ( x ^ , 0 ) + |z^J^33(x^,0)+ 

| ( x ^ , 0 ) + z$,|3(::^,0)+ ^z^j,33(x^,0)-h .. (2.7: 

The c o v a r i a n t d e r i v a t i v e s of the tensor of e l a s t i c moduli 

w i t l : respect t o x"" are a l l zero, and ( 2 . 7 ) i s reduced t o 

J ( x , z ) = ^ ^ + ZY^^„3 + 2^ Yai3||33 • 

(2.8)^ 

where s u b s c r i p t s and s u p e r s c r i p t s o i n d i c a t e values a t 

the middle surface. S u b s t i t u t i n g (2.8) i n t o (2.6), per-

forming the i n t e g r a t i o n , and r e t a i n i n g only tv/o terms , 

v/e o b t a i n the e q u i v a l e n t i n tensor n o t a t i o n of LOVE's 

^) I t v / i l l be shov/n i n par. 2.3 t h a t these tv/o terms 

indeed provide a f i r s t approximation. 
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approximate s t r a i n - e n e r g y expression 

(2.9) 

The f i r s t term i n (2.9) represents the e x t e n s i o n a l 

s t r a i n ener,?;y , i . e . the energy due t o the middle 

surface s t r a i n s or e x t e n s i o n a l s t r a i n s y T h e second 

term represents the f l e x u r a l s t r a i n energy , i . e . the 

energy due t o the f l e x u r a l or hendin^ s t r a i n s , correspond-

i n g t o the changes of curvature defined by 

(2.10) 

LOVE'S approximate r e s u l t ...ay t h e r e f o r e be described by 

the statement t h a t the energy per u n i t area of the middle 

surface i s the sura of e x t e n s i o n a l and f l e x u r a l s t r a i n 

energies 

V= V^ + V, ; 

V^- .^hL YagYjiv • 

(2.11) 

(2.12) 

Our r e s u l t i n tensor n o t a t i o n i s e a s i l y t r a n s l a t e d 

i n t o the more usual n o t a t i o n f o r orthogonal parametric 

curves on the middle surface by means of the t r a n s l a t i o n 

scheme given i n pai'. A5 of the appendix. Let e-j^, Eg and 

Jt* denote the extensions along the parametric curves and 

the shear s t r a i n between these curves, and l e t K ^ , Kg and 

X denote the p h y s i c a l components of the changes of curva­

t u r e and t o r s i o n ; we have 

Y22= S ̂ 2 ' 

•̂ 22 

^12= ^21= ^^^^ ' 

A2= -̂ 21= ABT . 

(2.13 

(2.14 

*) The minus s i g n i s i n t r o d u c e d f o r the sake of convenienceJ 
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Expressions (2.12) may now be v/ritten i n JJOVE'S form 

\= | c [ ( e i + E 2 ) ^ - 2 ( l - ^ ^ ^ ^ 1 ^ 2 - T'^'^^J» ^2-^5) 

V^= |D [(K3_+K2)^-2(l-v)(K^X2_t2) , (2.16) 

where 

C = - l i ^ , D= , (2.17) 

' 12(1-7) 
and E=2G(l+v) i s YOUNG'S modulus» 

2.3 J u s t i f i c a t i o n of LOVE's expression as a consistent 

f i r s t approximation. 

I n order to j u s t i f y LOVE's approximation (2,9) 

or (2.11) i t w i l l be shown that the order of maé;iiitude 

of the terms which have been omitted a f t e r intet2,rating 

(2.6) i s indeed ne^^ligible compared with (2.9) or (2 . 1 1 ) , 

A l l neglected terms, which might conceivably be c r i t i c a l 

i n t h i s respect, are l i s t e d below 

' LOVE'S de r i v a t i o n of his approximate expression (2.11) 

was r e s t r i c t e d to i n f i n i t e s i m a l d e f l e c t i o n s , and his 

j u s t i f i c a t i o n was based on more or less q u a l i t a t i v e , 

although e n t i r e l y sound, physical a.rgimients. The 

foll o w i n g argument i s v a l i d f o r deflections of any 

magnitude, provided that the s t r a i n s remain small, 

Reference should also be made to [ 2 0 ] , where a j u s t i ­

f i c a t i o n i s given, s t a r t i n g from the usual LOVS-

-KIRCHHOPP ass\miptions. 
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(2,20) 

(2.21) 

ïïü^ % YaPj|3Yiiv||33 ' 
(2,22) 

RÜ^^ 1 YaB||33Y^v||33 • 
(2.23) 

I t i s almost obvious that the f i r s t two neglected 

terms are indeed n e g l i g i b l e i n a t h i n s h e l l . I n f a c t , i f 

R denotes the smallest p r i n c i p a l radius of curvattire of 

the middle surface, we have the estimates 

|(2.18)| £ , 1 (2.19)|<-^V,^ . (2.24) 

By means of SCIIV/ARZ's i n e q u a l i t y , holding f o r the i 

e s s e n t i a l l y p o s i t i v e strain-energy density (2.1), we 

obtain an estimate f o r the t h i r d neglected term 

1 • . ov. 1/2 
(2.2C) <-|i2^(V_V^) 
' ' ~ V3 R 

(2.25) 

I n order to assess the order of magnitude of the 

l a s t three neglected terms (2.21) to (2.23), i t i s 

convenient to determine f i r s t the order of magnitude 

of the second covariant derivatives of the s t r a i n 

tensor v^ith respect to the coordinate nomaal to the 

middle surface Yaf,||33* ^^^^ object i s achieved by 

appropriate use of the c o m p a t i b i l i t y conditions; the 

somewhat laborious analysis i s given i n par. A4 of the 

appendix. Let e denote the ( i n absolute value) largest 

extension i n the middle surface, K the largest change 

of curvature , R the smallest radius of curvatiire of the 

undeformed middle surface, and h the smallest "w ave length" 

of the deformation p a t t e r n on the middle surface , defined 

by 

L A B O R A T O R I U M V O O R 1 
TOEGEPASTE MECHANICA 1 

OER 
TECHNISCHE HOGESCHOOL 1 



d E p d ^ 

(3s i » ds f ds 

dK-j^ dT 

ds t ds f 

(2.26) 

(2.27) 

where ds i s any arc element along the middle surface, 
-1/2 o 

The order of magnitude of a "^aBII33 
exceed the order of magnitude of 

nov.' does not 

^ o r 

R 
(2.28) 

whichever of these may be c r i t i c a l ( c f . par. A4). I t 

i s now e a s i l y seen t h a t the r e l a t i v e e r r o r i n the 

n e g l e c t i o n of (2.21) t o (2.23) compared w i t h (2.9) or 

(2.11) does not exceed the orders of magnitude 

i i o r h K 

R 
(2.29) 

whichever of these may be c r i t i c a l ; our assixcnptioi: of 

small s t r a i n s i m p l i e s of course t h a t the l a s t order 

gi v e n i n (2.29) i s alv/ays n e g l i g i b l e . 

Combining ( 2 . 2 4 ) , (2.25) and the orders of magni­

tude (2.29) f o r the not^lected terms (2.21) t o ( 2 . 2 3 ) , 

v/e o b t a i n ouir f i n a l r e s u l t t h a t the r e l a t i v e e r r o r i n 

n e g l e c t i n g a l l terms (2.18) t o (2.23) does not exceed 

the orders of magnitude h /L or h/R, whichever of 

these may be c r i t i c a l . Hence LOVE's s t r a i n - e n e r g y 

expression (2.11) i s indeed . j u s t i f i e d as a c o n s i s t e n t 

f i r s t approximation on the basic assumption of plane 

s t r e s s , and the r e l a t i v e oi-ror i n t h i s approximation 

does not exceed h /L or h/R, v/hichever of these may 

be c r i t i c a l . 
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2.4 I n c o n s i s t e n c y of h i g h e r approxiraati ons. 

Many w r i t e r s fe.g. 13,23,24,25,36j r e t a i n i n 

t h e i r energy expressions, derived on the basis of 

the s i n g l e assumption of plane s t r e s s or i t s combi­

n a t i o n w i t h the KIRCKHOPP hypo t h e s i s , a d d i t i o n a l terms, 

e q u i v a l e n t t o some or a l l of the terms (2.18) t o (2.23) 

neglected i n LOVf*s expression. Such a supposedly h i g h e r 

approximation i s also i m p l i e d i n the a n a l y s i s of other 

w r i t e r s [e.g. 4,6,10,11,19,48]» '̂̂ '̂1° develop the t h e o r y 

w i t h o u t d i r e c t r e f e r e n c e t o the s t r a i n energy. I t has 

been p o i n t e d out r e p e a t e d l y by s e v e r a l w r i t e r s (e.g. 12, 20 

21,22,30,40j t h a t such a refinement may be meaningless 

i f the assumption of plane s t r e s s and/or the KEIiCHHOFF 

hypothesis (which assumptions are of course only appro­

x i m a t e l y v a l i d ) are r e t a i n e d . 

I n f a c t , the t r a n s v e r s e sheai" s t r e s s e s , obtained 

from e q u i l i b r i u m c o n d i t i o n s , are i n general of order 

h/L times the bending s t r e s s e s , and n e g l e c t i o n of the 

corresponding s t r a i n energy t h e r e f o r e already i m p l i e s 

a r e l a t i v e e r r c r of order h /L , Moreover, the t r a n s v e r s e 
2 2 

normal suress i s , i n g e n e r a l , of order h /L or h/R times 

the bending or d i r e c t s t r e s s e s , and i t s n e g l e c t i o n i n the 

s t r a i n - e n e r g y d e n s i t y (2.1) i n v o l v e s r e l a t i v e e r r o r s 

of the same orders. Hence a refinement of LOVE's appro­

x i m a t i o n (2.11) i s indeed meaningless, i n ' t ^ e n e r a l , 

imless the e f f e c t s of transverse shear and noi-mal stresses 

are taken i n t o account ai: the same time , 

This general c o n c l u s i o n i s confirmed by a d e t a i l e d 

a n a l y s i s by JOHNSON and REISoNER [lj] of a s e m i - i n f i n i t e 

c y l i n d r i c a l s h e l l under axisymmetric r a d i a l loads and 

bending moments at i t s end c r o s s - s e c t i o n . The t h r e e -

dimensional s t r e s s d i s t r i b u t i o n i s expanded w i t h respect 

t o the small parameter X=h/2a, where a i s the mean r a d i u s . 
•jf) 

'Several w r i t e r s have developed t h e o r i e s i n which 

the e f f e c t s of t r a n s v e r s e stresses are taicen i n t o 

account e,g, 1,15,31,32,40,41 ; a d i s c u s s i o n of 
these t h e o r i e s f a l l s outside the scope of the present 
paper, 

L A B O R A T O R I U M V O O R 
TOEGEPASTE MECHANICA 

DER 



The terms of order \°represent the c l a s s i c a l s h e l l s o l u ­

t i o n , and i n order t o o b t a i n a l l terms of order i t i s 

necessary t o talce i n t o account both the transverse 

sliear stresses and the transverse normal s t r e s s . 

Our general argument on the order of mae,nicude 

of the e r r o r s , i n t r o d u c e d by the assumption of plane 

s t r e s s , gives of course an estimate f o r the general case. 

I n some problems i t may happen t h a t the e r r o r s of the 

plane s t r e s s assumption are of sm a l l e r order than h/R, 

I n such problems r e t e n t i o n of some or a l l of the a d d i ­

t i o n a l terms (2.18) through (2.23) may conceivably 

r e s u l t i n a b e t t e r accuracy. Hov/ever, such an improvement 

i s by no means c e r t a i n , since i n such cases the neglected 

terms i n LOVE's expression may also be of a smaller order 

of magnitude. E.g., i f the e x t e n s i o n a l s t r a i n energy A 

i s of order h /R times the f l e x u r a l s t r a i n energy Â ^ 

( o r v i c e v e r s a ) , and i f L i s of the same order as R, the 

e r r o r i n LOVE's approximation through n e g l e c t i o n of (2.18) 

through (2.23) i s of order h /R i n s t e a d of order h/R. An 

example of sue:, h i g h e r accuracy of LOVE's expression 

occurs i n the case of th.. h e l i c o i d a l s h e l l under nonaal 

l o a d i n g [S,i2f vvhere r e t e n t i o n of a d d i t i o n a l terms i n 

the energy expression i s again meaningless unless the 

e f f e c t of transverse shear stresses i s als o taken i n t o 

account at the same t i m e . 

2.5 Disc u s s i o n of r e s u l t s . 

The f a c t t h a t LOVE's expression (2.11) has i n h e r e n t 

e r r o r s of the type of the neglected terms, has important 

consequences f o r p r a c t i c a l a p p l i c a t i o n s of the t h e o r y . 

These i n l i e r e n t e r r o r s imply t h a t the accuracy of LOVE's 

expression i s not a f f e c t e d by the a d d i t i o n or s u b t r a c -

tlon of c e r t a i n terms of the same typ e . I n p a r t i c u l a r , 

i t i s t h e r e f o r e pez-missible ( c f . (2.20)) t o add t o the 

expressions f o r the p h y s i c a l components of the changes 

of c u r v a t u r e and t o r s i o n (/C-ĵ , i<2 and x) terms of type 

e/R (v/here e i s any of the p h y s i c a l middle surface s t r a i n s 
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e^, ^2 °^ ^» ^ "̂ ^ ̂ •̂ '̂  r a d i u s of curvature or t o r s i o n 

of the middle sui^iace R-j_, R2 or T ) , m u l t i p l i e d by a 

numerical f a c t o r , p r o v i d e d t h i s f a c t o r i s not l a r g e 

compared t o u n i t y . 

This freedom i s of considerable importance f o r 

two reasons. ï'irstly, i t allows t o d i s t i n g u i s h between 

s i g n i f i c a n t and n o n - e s s e n t i a l d i f f e r e n c e s i n the wide 

v a r i e t y of expressions f o r the changes of c u i v a t u r e i n 

l i n e a r s h e l l t h e o r y , obtained by v a r i o u s w r i t e r s . D i f f e ­

rences of type e/R may be regarded as unimportant, v;hereas 

d i f f e r e n c e s which are not r e d u c i b l e t o the form e/R should 

be regarded as e c s e n t i a l d i f f e r e n c e s which may imply a 

s i g n i f i c a n t loss i n accuracy f o r at l e a s t one of the 

corresponding s t r a i n - e n e r g y expressions; a d e t a i l e d 

comparison of va r i o u s expressions i s discussed i n par. 

3.5 and siimmarized i n t a b l e 1. On t h e other hand, t h e 

expressions f o r the changes of cur v a t u r e can o f t e n be 

s i m p l i f i e d by a d d i t i o n or s u b t r a c t i o n of s u i t a b l e terms 

of type e/R; t h i s freedom i s o f p a r t i c u l a r value i n 

s e l e c t i n g the' a p p r o p r i a t e simplest expressions f o r the 

changes of curvature f o r a p p l i c a t i o n s t o s p e c i f i c 

problems c f . 20,21_ . 

3. LINEAR THEORY (ITTFIITITEoILIAL DEPLSCTIONS). 

3,1 E x t e n s i o n a l s t r a i n s and r o t a t i o n s . 

I n l i n e a r t h e o r y the general expression f o r the 

s t r a i n tensor i n surfaces p a r a l l e l t o the middle 

surface ( c f . par. A3) i s s i m p l i f i e d i n t o 

2Yal3= ^allfi + ^Bl la (3.1) 

I n the middle surface i t s e l f the s p a t i a l c o v a r i a n t 

d e r i v a t i v e s may be expressed i n surface d e r i v a t i v e s 

( c f . par. A2). The r e s u l t i n g l i n e a r expression f o r the 

middle surface s t r a i n tensor i s 
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(3.2) 

The -fcranslation i n t o the usual non—tensorial 

notation i s obtained by means of (2.13) and par. A5; 

the r e s u l t i n g well-known expressions f o r the exten­

sions e^. Eg along, and the shear s t r a i n ^ iiet^-veen 

the orthogonal parametric curves ( a , 13) are 

1 l U . V ^ w 
^1= X f a 3S f f - ïï^ ' 

1 3V . u ?B w 

UJ 1 . 1 ^v u 9A V 3_B 

T5 -^a 

2w 

(3.3) 

(3.4) 

(3.5) 

where u, v and w are the physical displacement compo­

nents i n the di r e c t i o n s of the parametric curves a,I3 

and of the nomal. 

The r o t a t i o n i n the middle surface around the 

normal i s described by the antisyümietrie surface tensor 

( c f . par. A3) 

2ü3„„= u^ 

The r o t a t i o n of -the nonaal at the middle surface i s 

described by the surface vector (f^ , given by 

where the l a s t step i s a. consequence of (2.3) 

- u„ o. (3.6) 

(3.7) 

2Ya3= ^alU ^3lla = 0 . 
(3.8) 

Expressing the s p a t i a l d e r i v a t i v e i n a surface d e r i v a t i v e 

by means of par. A2 "we have 

(3.9) 
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T r a n s l a t i n g i n t o the u s u a l n o n - t e n s o r i a l n o t a t i o n 

the p h y s i c a l r o t a t i o n around the normal_j jO_^is given b y 

, 0 1 J V 1 3u u 0A . V aB 
J Ta ' ̂  W ~ TS JE ̂  JS da * 

( 3.10) 

and the p h y s i c a l r o t a t i o n components of the normal 

^2 are g i v e n h y 

^ _ l 3 W . U . v 

J s _ l 3 W . V . U 

ï^2- 3ÏÏ + IT: •*• T • 

(3.11) 

(3.12) 

3.2 Changes of c u r v a t u r e . 

I n order to o b t a i n the t e n s o r of changes of c u r v a ­

t u r e we d i f f e r e n t i a t e ( 3 . 1 ) c o v a r i a n t l y with r e s p e c t to 

x-^, and interchange the order of c o v a r i a n t d i f f e r e n t i a t i o n , 

which i s admisGihle i n EUCLIDEAN space 

( 3 . 1 3 ) 

Applying the h a s i c formulae of c o v a r i a n t d i f f e r e n t i a t i o n , 

and u s i n g ( 3 . 8 ) , we o h t a i n 

2Yaf3|l3= - ^ ^ 3 | l a \ l B - ^ ^ 3 l l l B \ a + ^^aQ''3\\\ ^ 

- 2 r ^ B ^ 3 l l 3 - r V a J l X - r 3 a - I ^ i X • ( 3 . 1 4 ) 

Prom ( 2 , 4 ) we have 

( 3 . 1 5 ) 

and since at the middle surface ( c f . par. A 2 ) 

( 3 . 1 6 ) 

we may n e g l e c t the term i n v o l v i n g u ^ j j ^ "the e v a l u a t i o n 

of ( 3 . 1 4 ) a t the middle s u r f a c e on account of OTJT d i s c u s s i o 
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In par. 2.5. S i r a i l a r l y , we may v/ r i t e 

(3.17) 

where the f i r s t term may again he neglected at the 

middle surface on account of par. 2.5. R e w r i t i n g (3.14) 

at the middle surface i n terms of surface d e r i v a t i v e s , 

i n t r o d u c i n g ( 3 . 7 ) , and remembering t h a t a t the middle 

surface ( c f . par. A2) 

= -h^ 
' 313 °B » 

(3.18) 

we o b t a i n f i n a l l y 

(3.19) 

This r e s u l t i s again e a s i l y transformed i n t o the 

usual n o n - t e n s o r i a l n o t a t i o n f o r orthogonal parametric 

curves, hy means of (2.14) and the t r a n s l a t i o n r u l e s of 

par. A5; we o b t a i n 

i 5 * > i *2^^^_a 

^ TEJa ' TT • 
1 

F " 3B 

1 
T = aa "̂ïï -jB 

aA ^2 3S 

(3.20) 

(3.21) 

The r e s u l t i n t h i s form (as i n the tensor form (3.19)) 

i s more graphic than the usual expressions, since i t 

c l e a r l y dOKiOnstrates the dependence of the changes of 

cur v a t u r e on t h e r o t a t i o n s <|)-ĵ , (fig, /L and t h e i r d e r i v a ­

t i v e s . 
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3.3 S t r e s s - s t r a i n r e l g . t i o n s . 

Stress r e s u l t a n t s and st r e s s couples may be i n t r o ­

duced i n various manners. I n our energy approach the most 

obvious manner i n a d e f i n i t i o n of s t r e s s r e s u l t a n t s and 

s t r e s s couples as p a r t i a l d e r i v a t i v e s of the s t r a i n energy 

per u n i t area of the middle surface w i t h respect t o the 

middle surface s t r a i n s and the changes of cu r v a t u r e . I n 

t h i s v/ay v/e o b t a i n the syiametric c o n t r a v a r i a n t tensors of 

st r e s s r e s u l t a n t s and s t r e s s couples and the corresponding 

s t r e s s - s t r a i n r e l a t i o n s 

n«^= 2 ^ = h f , (3.23) 

Por the purpose o f d e r i v i n g the equations of eq u i ­

l i b r i u m by v a r i a t i o n a l methods, i t i s more convenient t o 

in t r o d u c e a modi f i e d asymmetric tensor of s t r e s s r e s u l t a n t s , 

d e f i n e d by 

* ^ ^ B l a ^ ^ e i a ^^B|a 

By means of (3.2), (3.6) and (3.19) vve have nov/ 

aQ aS> . lt,fi„aX 1, a_B\ /, r.(-\ 
= n + ^ j ^ n i - •J'̂ x^ ° ^3.26; 

A s i m i l a r l y m o d i f i e d d e f i n i t i o n o f the tensor of s t r e s s 

couples 

= = ^ — = m . (3.27) 

does not r e s u l t i n a m o d i f i c a t i o n of t h i s t e n s o r . 
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The s j iTmie t r ica l p h y s i c a l s t r e s s r e s u l t a n t s N 1 ' 
Ng, S ' and s t r e s s couples M-j ,̂ Mg, W f o r orthogonal para­

m e t r i c curves, corresponding t o (3.23) and (3 . 2 4 ) , and 

the m o d i f i e d asynuaetrical p h y s i c a l s t r e s s r e s u l t a n t s 

S?-,, corresponding t o ( 3 . 2 6 ) , may he obtained ^2» ^12» "21 
from the t r a n s l a t i o n scheme i n par, A5. A l t e r n a t i v e l y , 

these q u a n t i t i e s may be found d i r e c t l y by p a r t i a l d i f f e ­

r e n t i a t i o n of the s t r a i n - e n e r g y expressions (2,11), (2.15) 
and (2,16). The r e s u l t s are 

'21 

N„= 2- = ^ (eg-Hvei), 

s =|I = | { i - v ) c y / , 

l - f ^ = ^(V^ ^ 2 ^ 

M 2 - | ^ = ^ ( V ^ ^ l ^ 

2W= II = 2 ( 1 - V ) D T ; 

N^ = 

N::= 

9V 
TTTiA = ^̂ 1 

9V 

1̂2-
av _ c ̂  ^^i"^^2 i,„/ 1 i \ 

(A 3^} ^ 1 2/ 

^V _ c ^'^l''̂ ''̂ 2 ^ 1« / 1 1\ 

(3.28) 

(3.29) 

(3.30) 

(3.31) 

(3.32) 

(3.33) 

(3.34) 

(3.35) 

(3.36) 

(3.37) 
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3.4 EquationG of equilibrium and boundary conditions. 

The equations of equilibrium and boundary conditions 

are obtained by the v/ell-Icnov/n v a r i a t i o n a l method. The 

f i r s t v a r i a t i o n of the t o t a l e l a s t i c energy U, i . e . the 

i n t e g r a l of V (2,11) over the e n t i r e middle surface of 

the s h e l l , i s given by 

6, 

fi 

a dx-j^dXg. ( 3 . 3 Ö ) 

On account of the syimnetry of b^^ we may replace n aB 

aB i n the second tenn by the asymmetric tensor n^ . Applying 
GREEN'S theorem ( c f . par. A2), and defining the contra-

B variant vector of transverse shear forces q by 

the f i r s t v a r i a t i o n ( 3 . 3 8 ) i s reduced t o 

SU= [K̂ SUQ + m'^^^^Je^^dx^ + 
u 

- i K I a ^̂ B - "̂"̂ "PB * ^r^aB^^] ^^^^^ ' 

( 3 . 3 9 ) 

( 3 . 4 0 ) 

where the f i r s t i n t e g r a l i s taken along the boundary 

of the shell's middle surface. Remembering ( 3 . 9 ) , the 

derivatives 6Wjg=fiw ^ i n the surface i n t e g r a l are 

removed 'bj a second a p p l i c a t i o n of GREEK'S theorem. I n 

order to remove the same der i v a t i v e s , as f a r as possible, 

from the l i n e i n t e g r a l , i t i s convenient to choose a 

special coordinate system i n which the boundary of the 

middle suriace i s a coordinate l i n e , say an x - l i n e 

( i . e . a l i n e x'^=constant), Reaiembering. the d e f i n i t i o n 

of the antisyiuiiietrie e-tensor ( c f , par, A l ) , v;e have 
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by i n t e g r a t i o n by p a r t s 

m'^^w pe„„dx^= fm^-^v^Sw . - (m^^v^) ^Swldx^. (3^.41) 

Our f i n a l r e s u l t f o r the f i r s t v a r i a t i o n of the 

e l a s t i c energy i s 

or ~ 

- J J t < f a - ^ X ) K ^ ( ^ r ^ f i + ^ ^ ) ^ ^ { j ^ d^^d^^. (3.42) 

Let- p*^, p-̂  denote the cont r a v a r i a n t v e c t o r of 

e x t e r n a l surface loads per u n i t area of the middle 

s u r f a c e , and l e t n^, q , and m"̂  denote the c o n t r a v a r i a n t 

v e c t o r of edge f o r c e s , and the edge bending moment, both 

per u n i t l e n g t h of the edge. The work 5TJ, performed by 

the surface loads and edge loads i n any v a r i a t i o n o f 

the displacements i s then g i v e n by 

SU=J n^Sug+q^w+m-^8(p-j^\/^ dx^+J p^Sug+p%^^v/a d x ^ d x 2 . ( 3 . 4 

The c o n d i t i o n s of e q u i l i b r i u m are now obtained 

from the p r i n c i p l e of v i r t u a l work, i . e . SU=&ÏÏ f o r a l l 

k i n e m a t i c a l l y admissible v a r i a t i o n s o f the displacements. 

The fundamental leüima of the c a l c u l u s of v a r i a t i o n s now 

r e s u l t s i n the equations of e q u i l i b r i u m 

' I t has been assumed here t h a t the e n t i r e boundary 
2 

i s a smooth x - l i n e . I f the boundary has corners, 

stock terms a r i s e i n these corners as a r e s u l t . o f 

the i n t e g r a t i o n by p a r t s ; the c o e f f i c i e n t s of 8w 

i n these stock terms represent concentrated f o r c e s 

normal t o the s h e l l middle s u r f a c e , which are w e l l 

known t o occi.ur i n corners of p l a t e s and s h e l l s , b u t 

we s h a l l not pursue t h i s c o m p l i c a t i o n here. 
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fi 

+ + p-
(3.45) 

h o l d i n g i n the i n t e r i o r of the middle s u r f a c e . Moreover, 

unless the boundary displacements u^, w and the r o t a t i o n 

cp-ĵ  are s p e c i f i e d ( i n which case t h e i r v a r i a t i o n s are 

zero along the boundary), the boundary c o n d i t i o n s 

(ni^+m^^^b^)v^ = ( n ^ + n H ^ ) / ^ , (3.46) 

c^fa -(m^^\/I)^2= "^^2 ' (3.47) 

ïiP-fa. = m^v/a^ (3.48) 

must h o l d along the edge of the middle s i i r f a c e . 

I t should be noted t h a t our equations of e q u i l i ­

brium (3.44), (3.45), and the d e f i n i t i o n of the surface 

v e c t o r of transverse shear forces agree completely w i t h 

the r i g o r o u s equations of e q u i l i b r i u m , as d e r i v e d by 

GREEN and ZERNA [±21 from the general threedimensional 

e q u a t i o n s ^ . Likewise, GREEN's and ZERNA's equation f o r 

e q u i l i b r i u m of moments around the normal i s e q u i v a l e n t 

to our equation (3.26). Hence, i n s p i t e of the approxima­

t i v e character of our t h e o r y , based on'LOVE's approximate 

s t r a i n - e n e r g y expression, our equations of e q u i l i b r i u m 

are completely r i g o r o u s . 

The t r a n s l a t i o n of oiir r e s u l t s i n t o the usual 

n o n - t e n s o r i a l n o t a t i o n f o r orthogonal parametric curves 

i s a^ain e a s i l y obtained by means of par. A5 of the 

appendix. The n o n - t e n s o r i a l f o r m u l a t i o n may of course 

a l s o be achieved by a d i r e c t a p p l i c a t i o n of the c a l c u l u s 

of v a r i a t i o n s t o the energy expression i n n o n - t e n s o r i a l 

form. Let Q-̂  onci denote th.; t r a n s v e r s e shear f o r c e s 

^) Due allowance should o f course be made f o r the 

d i f f e r e n c e i n s i g n between our d e f i n i t i o n of m 

and the d e f i n i t i o n i n | l 2 ] . 
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per u n i t l e n g t h ; they are expressed i n the bending and 

t o r s i o n a l .uoraents by the t r a n s l a t i o n of ( 3 . 3 9 ) 

Let P-J-, PJJ and P j j j = P"̂  denote the p h y s i c a l e x t e r n a l 

loads per u n i t ai^ea of the middle s u r f a c e . The equations 

of e q u i l i b r i u m ( 3 . 4 4 ) are now t r a n s l a t e d i n t o 

X ~ ÏÏ IS 3^^^12^^21^'^ 

- | i - ^ + Pj = 0 , ( 3 . 5 1 ) 

Q 

and equation (3.45) now reads 

- é - ' T ^ P l l = ^ » ^^*52) 

Nj^ 1^2% ^lV^2"l 1 ^ ^ 1 1 ̂ ^2 ̂  1 ..B, 1 9A, 

Equations ( 3 . 4 9 ) t o ( 3 . 5 3 ) and (3.26) agree completely^ 

w i t h the s i x equations of e q u i l i b r i u m i n t h e i r well-known -

form f o i " a r b i t r a r y orthogonal parametric curves j3«g» 6,7, 

11,18,19].*^ 

'Here again, allowance must of course be made f o r 

d i f f e r e n c e s i n s i g n i n the d e f i n i t i o n s employed 

• here and those i n the c i t e d r e f e r e n c e s ; moreover, 

no d i s t i n c t i o n i s made i n our a n a l y s i s between 

the t o r s i o n a l moments Wjg and W^j, v/hich are both 

equal t o \'l i n our approximation. 
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The geometric boundary c o n d i t i o n s along a boundary 

c o i n c i d i n g w i t h a B - l i n e (a=constant) are i n the usual 

n o t a t i o n simply t h a t p r e s c r i b e d values of u, v, w and |^ 

are s p e c i f i e d . The dyna-dc boundary c o n d i t i o n s are obtained 

by a t r a n s l a t i o n of (3.46) t o (3-40). Let N^, Ng, Q and M 

denote the s p e c i f i e d f o r c e s and bending moment per u n i t 

l e n g t h of the boundary; we have 

Nj=An''", No=Bn^ Q=q, lT=Am-'-, (3.54) 

and the dynamic boundary c o n d i t i o n s read, i f (3.48) i s 

used i n order to s i m p l i f y (3.46) 

N J + I = N J (3.55) 

^12 1^ - ^2 » 

•^1 - ÏÏ ^ = ^ » 

Mj = M . 

(3.56) 

(3.57) 

(3.58) 

Dynamic boundary c o n d i t i o n s have been formulated e x p l i ­

c i t l y by only a fev/ w r i t err ^ , ,7^22,2^ and they agree 

w i t h the present c o n d i t i o n s , i f again due allov;ance i s 

made f o r d i f f e r e n c e s i n s i g n i n the d e f i n i t i o n s . 

3.5 Discussion and comparison w i t h e a r l i e r w r i t e r s . 

A l l authors are i n agreement on the formulae f o r 

the middle surface s t r a i n s , (3.2) i n tensor n o t a t i o n , 

and (3.3) t o (3.5) i n the more conventional n o t a t i o n . 

Likewise, f u l l agreement e x i s t s on f i v e equations of 

e q u i l i b r i u m , (3.39) and (3.44), (3.45) i n tensor n o t a t i o n , 

and (3.49) t o (3.53) i n the usual n o t a t i o n . Considerable 

d i f f e r e n c e s occur, however, i n the expressions f o r the 

changes of c u r v a t u r e , i n the s t r e s s - s t r a i n r e l a t i o n s , 

and i n the importance attached t o the equation o f eq u i ­

l i b r i u m of moments aroimd the normal, expressed by 
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(3,26) i n tensor notation, and by (3.36), (3.37) i n the 

usual n o t a t i o n , 

3,5.1 Chanè4'e3 of curvature. The expressions given i n 13 papers 

and books are coiapared w i t h our r e s u l t s i n table 1; the 

differences have been reduced to t h e i r simplest form by 

appropriate use of the JiAINARDI-CODAZZl equations ( c f . 

par, A5). I t appears that not less than 10 d i f f e r e n t 

expressions have been proposed, although a l l of them 

are based on the same basic L C V E - I C I A C H H O P F assumptions, 

or, as i n our theory, the equivalent assumption of plane 

stress. Fortunately, a l l differences of type e/R are 

irmaaterial from the point of view of a f i r s t approximation 

( c f , par, 2,5), Some authors present t h e i r r e s u l t s as 

"second" or "better" approximations; i n the absence of 

a complete analysis i n t h e i r papers of the e f f e c t of 

transverse normal and shear stresses, these claims lack 

adequate substantion. On the other hand, differences l i s t e d 

i n table 1 which are not of type e/R are essential d i s -

crepancies-r Since our expressions have been proved to 

provide a consistent f i r s t approximation i f used i n con­

junction with LOVE'S strain-energy expression (2.11), i t 

foiiows that the expressions i n the c i t e d reference may 

be seriously i n err o r . These doubtful expressions are 

marked by an asterisk i n table 1. 

and i n a subsequent check GOKEN discovered an a r i t h m e t i c a l 

error i n his o r i g i n a l analysis; the term (3.59) should be 

deleted from h i s equation (1.6,21), 

The questionable term i n COHEN's change of t w i s t 

[6, eq. (1,6.21)3 i s obviously 

t (3.59) 

^ ) 
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I n papers "by REISSNEii [38ƒ and by KROV/IES and 

REISSïiER f i ö j the questionable terms are those i n 

which the ( p h y s i c a l ) r o t a t i o n around the normal^ 

occurs, d i v i d e d by a r a d i u s of curvature or t o r s i o n . 

These discrepancies are again unimporta,nt, i f the 

r o t a t i o n i s s m a l l , i . e . of the same order o f magnitude 

as the middle sui^iace s t r a i n s . This i s a c t u a l l y so i n 

the m a j o r i t y of i n t e r e s t i n g s p e c i f i c problems, and 

the expressions of ^ l 8 ] and are then e s s e n t i a l l y 

e q u i v a l e n t t o our expressions. The exception a r i s e s 

e.£-> i f the s h e l l geometry and boundary c o n u i t i o n s 

j e r m i t i n e x t e n s i o n a l def0i \ . i.ations of the mi.,ule sur­

face. I n such cases / L may be l a r g e , even i n f i n i t e , 

compared w i t h the middle surface s t r a i n s , and the 

expressions i n f i ö j and f ^ o j , used i n c o n j u n c t i o n w i t l i 

LOVE's s t r a i n - e n e r g y expression ( 2 . 1 i ) , are inadequate 

as a f i r s t approximation. 

V.henever the r o t a t i o n i s s m a l l , of the same 

order of magnitude as E-ĵ , e^, *//, v/e may s i i r i p l i f y 

(3 .19 ) i n t o 

(3 . 6 0 ) 

R-membering ( 3 . 9 ) f we may now w r i t e 

(3 . 6 1 ) 

where the MAIITARDI-CODAZZI equations ( p a r . A2) have 

been used. From ( 3 . 2 ) and ( 3 . 6 ) we have i n the present 

appir oximat i on 

( 3 . 6 2 ) 

and hence 

( 3 . 6 3 ) 

GREEN and ZERNA {^12]] i n t r o d u c e a f u r t h e r approximation 

by r e t e n t i o n of only the f i r s t term i n ( 3 . 6 3 ) . This 
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approximation i s e q u i v a l e n t t o DONRELL's j^9j i n the 

case of c y l i n d r i c a l s h e l l s . I t has been noted pi6,29] 

t h a t DONNELL'S approximation i s sometimes i n a c c u r a t e , 

even though the r o t a t i o n SL may remain s m a l l of the 

same order as the s t r a i n s , and i n such cases the second 

term i n (3.63) should e v i d e n t l y not be o m i t t e d ; the 

l a s t term i s o i course alv/ays zero i n c y l i n d r i c a l or 

s p h e r i c a l s h e l l s . 

LOVE's expressions f o r the changes of curvature 

have o f t e n been c r i t i c i z e d i n the l i t e r a t u r e j^e.g. 23, 

35,473 f o r the lack of syrmaetry i n h i c change of t v / i s t 

and f o r supposed other d e f e c t s . Kence i t may be worth-

v/hile t o r e c o n f i r i i i . by means of the comparison i n t a b l e 1 

t h a t LOVE's r e s u l t a c t u a l l y i s c o n s i s t e n t and adequate 

w i t h i n the framework of the f i r s t approximation i n s h e l l 

theory £cf. als o 20,2lJ; i t i s e n t i r e l y e q u i v a l e n t to 

other c o n s i s t e n t r e s u l t s . 

3.5.2 S t r e s s - s t r a i n r e l a t i o n s and e q u i l i b r i u m of moments around 

the normal. Consistent s t r e s s - s t r a i n r e l a t i o n s f o r 

s t r e s s r e s u l t a n t s and s t r e s s couples t o be used i n the 

equations of e q u i l i b r i u m , are given by (3.26) and (3.27) 

i n tensor form, and by (3.31) t o (3.37) i n the more 

con v e n t i o n a l n o t a t i o n . I n many i n v e s t i g a t i o n s the 

asymiiietric shear s t r e s s r e s u l t a n t s are replaced by t h e i r 

symmetric p a r t (3.30) The c o n d i t i o n of e q u i l i b r i u m 

of moments around the normal i s of course v i o l a t e d i n 

t h i s s i m p l i f i c a t i o n . I n our e n e r g y approach, n e g l e c t i o n 

of the asymiTietr ic terms i n the shear s t r e s s r e s u l t a n t s 

^ The corresponding s t r e s s - s t r a i n r e l a t i o n s (3.28) t o 

( 3 . 3 3 ) are o f t e n r e f e r r e d t o i n l i t e r a t u r e as"LOVE*s 

f i r s t approximation". V/e s h a l l not use t h i s termino­

logy i n order t o avoid confusion w i t h our d e f i n i t i o n 

of LOVE*s f i r s t a pproximation, i . e . the s t r a i n -

-energy expression (2.11) v/ith any a p p r o p r i a t e con­

s i s t e n t expressions f o r the e x t e n s i o n a l s t r a i n s and 

changes of c u r v a t u r e . 
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(3.33) and (3.34) i s obv i o u s l y equivalent t o o m i t t i n g 

the terms i n v o l v i n g t l i e r o t a t i o n ^fL i n oor expressions 

f o r tlie chax.ges of cux-vature ( 3 . 2 0 ) t o ( 3 . i i 2 ) . The 

s i m p l i f i c a t i o n i s t h e r e f o r e j u s t i f i e d , i f the r o t a t i o n 

_/L i s s m a l l , of the saiue order of magnitude as the 

middle surface s t r a i n s ê ,̂ Eg» y • On the other hand, 

considerable e r r o r s may be' i n t r o d u c e d i f a symmetric 

shear s t r e s s r e s u l t a n t S i s assuiaed i n problems where 

the r o t a t i o n SL . . lay be l a r g e compared w i t h the exten­

s i o n a l s t r a i n s . This c o n c l u s i o n i s borne out by COHEN*s 

d e t a i l e d a n a l y s i s of a h e l i c o i d a l s h e l l t 6 , 7 j . 

Nuiuerous more complicated s t r e s s - s t r a i n r e l a t i o n s 

have been deri v e d i n the l i t e r a t u r e , and i t i s o f t e n 

b e l i e v e d thaA the a d d i t i o n a l terms would i m p l y a higher 

approximation. Hov/ever, t h i s o b j e c t can a c t u a l l y not be 

achieved w i t h o u t due account of the e f f e c t of transverse 

normal and shear stresses ( c f . par. 2.4), and i t i s 

meaningless t o use more " r e f i n e d " s t r e s s - s t r a i n r e l a t i o n s 

than ( 3 . 3 1 ) t o ( 3 - 3 7 ) i f the LOVE-iaRCHHOPP assumptions 

are r e t a i n e d i n t h e i r d e r i v a t i o n . This view i s again 

confirmed by COHEN's a n a l y s i s i n the case of the h e l i ­

c o i d a l s h e l l ZlJ* On the basis of the s t r e s s - s t r a i n 

r e l a t i o n s ( 3 . 3 l ) t o ( 3 . 3 7 ) the same r e s u l t i s obtained 

as froui the more elaborate s t r e s c - s t r a i n r e l a t i o n s i n 

r e i . 
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T a b l e 1 

Comparis. o f v a r i o u s e x p r e s s i o n s f o r t h e ) ] L . y r ; i c a l chan.'^es o f c u r v a t u r e . 

NoBo The e n t r a n c e s i n h i s t a b l e i n d i c a t e t h e c o r r e c t i o n s AK^, ^ . « 2 , Li v/hich must be added t o 

our e x p r e s s i o n s r K-^, i n . o r d e r t o o b t a i n t h e e x p r e s s i o n s i n t h e c i t e d r e f e r e n c e s * 

Where necessary^ j u s t m e n t s f o r si^'n and/or a nu,.>jrical f a c t o r 2 have been made t o a c h i e v e 

c o n f o r m i t y v / i t h r n o t a t i o n o 

E s s e n t i a l d i f f e r ces i n t h e sense o f p a r a s . 2 .5 ' i n d 3.5 a r e marked b y an a s t e r i s k . 

R e f erences emplo, i g t h e l i n e s o f c u r v a t u r e as par a m e t r d c curves are marked by a s m a l l c i r c l e . 
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REISSNER, 1941 [38) — 

KOITER, 1945 (20] 
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COHEN, 1955 Cd • R^^"5? " 27 

COHEN, 1959 \j\ 
^1 ^2 1 1 1 

KNOWLES and REISSNER, 195 [18] 

^ r 
KNOvVLES and REISSNER, 19^ [19] 

Rg ^ 2T 
^ ^ l " - ^2 ^ 1^, l ^ J , . 
r 2 Ï 4̂ ^R-L R 

i 

^ ^ l " - ^2 ^ 1^, l ^ J , . 
r 2 Ï 4̂ ^R-L R 



References* 

1. A.B. Basset. On the extension and flexure of c y l i n d r i c a l 

and spherical s h e l l s . P h i l . Trans. Roy. Soc. Lond. A l 8 l . 

443 (1890). 

2. H.H. Bleich and P. LilJIaggL0. A strain-energy expression 

f o r t h i n c y l i n d r i c a l s h e l l s . J. Appl. Mech. 20, 448 

(1953). 

3. A.L. Bouma. De a f l e i d i n g van een s t e l s e l n i e t - l i n e a i r e 

d i f f e r e n t i a a l v e r g e l i j k i n g e n voor c i r k e l c y l i n d r i s c h e schalen 

b i j grote doorbuigingen. Mededelingen TNO-Instituut voor 

Bouwmaterialen en Constructies 3_, 8 (1955). 

4. R. Byrne. Theory of small deformations of a t h i n e l a s t i c 

s h e l l . Univ. of Cal., Publ. i n Math., new series, _2, 

103 (1944). 

5. W.Z. Chien. The i n t r i n s i c theory of t h i n shells and 

plates. Quart. Appl. Math. 1, 297 (1944); 2_, 43 and 

120 (1944). 

6. J.v;. Cohen. On stress calculations i n h e l i c o i d a l shells 

and p r o p e l l e r blades. Thesis D e l f t (1955), 

7. J.W. Cohen. The inadequacy of the c l a s s i c a l sti'ess-strain 

r e l a t i o n s f o r the r i g h t h e l i c o i d a l s h e l l . Proc. I.U.T.A.M. 

Symposium on the theory of t h i n e l a s t i c s h e l l s , D e l f t , 

1959 ( t o be published). 

8. A.J. Mc Conne11. Applications of the absolute d i f f e r e n t i a l 

calculus. Blackie and Son Ltd., London (1951), 

9. L.H, Donnell. A new theory f o r the buckling- of t h i n c y l i n ­

ders under a x i a l compression and bending. Trans. Am. Soc. 

Mech. Engrs. 795 (1934). 

L A B O R A T O R I U M V O O R 1 

TOEGEPASTE MECHANICA 1 DER 
TECHNISCHE HOGESCHOOL | 



- 3ü ~ 

10, V/, glll.^A'e. S t a t i k un Dynaiaik der Schalen, Springer, 

B e r l i n ( 1 9 3 4 ) . 

11, A . L , Goldenvveiser. Theory of t h i n e l a s t i c s h e l l s 

( i n Russian), LIoscovv ( 1 9 5 3 ) , 

12 , A,TC, Green and '... Zerna. T h e o r e t i c a l e l a s t i c i t y , Oxford 

U n i v e r s i t y Press, Oxford (1954). 

13. J.H, Haywood and L,B, V.ilson, The s t r a i n - e n e r g y 

expression f o r t h i n e l a s t i c s h e l l s . J. Appl. Mech, 

25, 546 (195Ö). See also d i s c u s s i o n i n J, Appl, I.Iech, 

26, 315 ( 1 9 5 9 ) . 

14. 0 , Hellman, BeitrSge zur allgemeinen Schalentheorie. 

Ann, Ac, Sc l e n t , Pennicae, s e r i e s A, I . Math,-Phys,, 

Nr, 213, H e l s i n k i (1951). 

15. P.B, Hildeb r a n d , 5, Reissner and G,U, Thomas, Notes 

on the f o u n d a t i o n of the t h e o r y of small displacements 

of o r t h o t r o p i c s h e l l s , NACA Techn, Note 1833 ( 1 9 4 9 ) . 

16 . N,J, H o f f , The accuracy of Donnell's equations, J, Appl, 

Mech,, 22, 329 (1955), 

17, i..V . Joimson and E, Reissner, On the foundations of the 

theory of t h i n e l a s t i c s h e l l s . J. Ivlath, Phys, 37, 371 

( 1 9 5 9 ) . 

18 , J.K. ICnowles and S, aeisaner, A d e r i v a t i o n of the equa­

t i o n s o f s h e l l theory f o r general ortho>ional c o o r d i n a t e s , 

J. r;:-th, Phys, 35, 351 (1957). 

19. J.iv. Knov/les and ..oicaner. Notes on s t r e s n - s t r a i n 

r e l a t i o n s f o r t h i n e l a s t i c s h e l l s . J, Math. Phys, 

37, 269 (1958). 

L A B O R A T O R I U M V O O R 
TOEGEPASTE MECHANICA 

DER 
TECHNISCHE HOGESCHOOL 



- 31 -

20. V.',T. Koiter, On s t a b i l i t y of e l a s t i c e q u i l i b r i u m , ch. 5: 

S h e l l t h e o r y f o r f i n i t e d e f l e c t i o n s ( i n Dutch). Thesis 

D e l f t (1945). 

21. W.T, Koiter, Discussion of f 2 3 j , J . Appl, Mech, 17, 

107, (1950), 

22. H, Lamb, On the deformation of an e l a s t i c s h e l l , Proc. 

Lond, Math, Soc, 21, l l 9 ( l 8 9 l ) o 

23. H,L. Langhaar, A s t r a i n - e n e r g y expression f o r t h i n 

e l a s t i c s h e l l s . J , Appl, Mech. 16, 183 (1949). 

24. H,L, Langhaar and D,R, Carver, On the s t r a i n energy of 

s h e l l s , J , Appl. Mech, _21, 81 (1954). 

25. H,L, Lan^scliaar and A.P. D o r e s i . S t r a i n ener^iy and equi­

l i b r i u m of a s h e l l subjected t o a r b i t r a r y temperatiire 

d i s t r i b u t i o n . Proco3rd UoS.Nat.CongT.Appl.Mech,, 393, 

(1958). 

26. L, Li b r e s c u , Une nouvelle manière de formu i e r i e p r o -

blème des coques mincee élastiques. Rev, de lléc, Appl, 

(Ac, de l a République Po p u l a i r e Roumaine) 2» 113 (1958), 

27. A.E.II, Love, Mathematical theoi-y of e l a s t i c i t y , 4 th ed., 

Cambridge U n i v e r s i t y Press, Cambridge (1927). 

28. I I ' , Mari-w;;uerre. Zur Theorie der gekrüairaten P l a t t e grosser 

Porraanderung. Proc. 5th I n t . Congr. Appl. Mech., 93, 

(1938), 

29. L.S.D. Morley. An improvement on Donnell's approximation 

f o r t h i n - v / a l l e d c i r c u l a r c y l i n d e r s . Quart. J, Mech, 

Appl, Math, 12, 89 (1959), 

L A B O R A T O R I U M V O O R 
TOEGEPASTE MECHANICA 

DER 
TECHNISCHE HOGESCHOOL 



- 32 

30 . - P.I'I» Haghdl. A survey of re c e n t progress i n the theory 

of e l a s t i c s h e l l s . Appl. Mech. Revs. 9, 365 ( 1 9 5 6 ) . 

3 1 . P.M. Naghdi. On the theory o f t h i n e l a s t i c s h e l l s . 

Quart. Appl. Math. 14 , 369 ( 1 9 5 7 ) . 

3 2 . P.M. ITaghdi. The e f f e c t of tr a n s v e r s e shear deformation 

on the bendins of e l a s t i c s h e l l s o f r e v o l u t i o n . Quart. 

Appl. Math. 1 5 , 41 ( 1 9 5 7 ) . 

0 

3 3 . W.A. Nash. B i b l i o g r a p h y on s h e l l s and s h e l l - l i k e s t r u c ­

t u r e s I , David Taylor Model Basin Report 863 ( 1 9 5 4 ) ; 

I I , Dept. of Eng. Mech., Univ. of P l o r i d a ( 1 9 5 7 ) . 

34 . H. Ijeube.r. AllgOiaeine Schalentheorie. Z . angew. Math, 

Mech. 2^, 97 ( 1 9 4 9 ) . 

3 5 . V/.R. Osgood and J . A , Joseph. On the s t r a i n energy of 

s h e l l s . J . A i j u i . Mech. 1 7 , 396 ( 1 9 5 0 ) . 

36 . I I . Park us. Die Grundgleichungen cler Schalentheorie i n 

allgemeinen Koordinaten. Oesterr. I n g . Arch. J . , 160 

( 1 9 5 0 ) . 

37 . Z . Parszev/ski. Equations of the engineer's n o n l i n e a r 

theory of t h i n s h e l l s . Archiwum Mechanici Stosowanej 

8, 143 ( 1 9 5 6 ) . 

3 8 . E. Reissner. A nev/ d e r i v a t i o n of the equations f o r the 

deforaiation of e l a s t i c s h e l l s . Am. J . Math. 63_t 177 

( 1 9 4 1 ) . 

3 9 . B . Reissner. Note on the expressions f o r the s t r a i n s 

i n a bent, t h i n s h e l l . Am. J . Math. 6 4 , 768 ( 1 9 4 2 ) . 

4 0 . E. Reissner. S t r e s s - s t r a i n r e l a t i o n s i n the theory of 

t h i n e l a s t i c s h e l l s . J . Math. Phys. 3 1 , 109 ( 1 9 5 2 ) . 

L A B O R A T O R I U M V O O R 
T O E G E P A S T E M E C H A N I C A 

DER 
TECHNISCHE HOGESCHOOL 



41, S, Reissner. On some problems i n s h e l l t h e o r y , 

Proc. Symp. Naval S t r u c t u r a l Mechanics, Stanford 

U n i v e r s i t y , 1958 ( t o be p u b l i s h e d ) , 

42, F, Re u t t e r , ' Eine An.vendung des absoluten P a r a l l e l i s m u s 

auf d i e Schalentheorie, Z. angew. Math, Mech, _22, 8? 

(1942), 

• 

43, I.S. S o k o l n i k o f f , Tensor a n a l y s i s , Wiley, New York 

(1951). 

44, J.L. Synge and W,Z, Chien. The i n t r i n s i c theory of 

e l a s t i c s h e l l s and p l a t e s . Th. von Karman Anniv. V o l . , 

103 (1941). 

45, E, T r e f f t z , A b l e i t u n g der Schalenbiegungsgleichungen 

mit dem Castiglianoschen P r i n z i p , Z, angew. Math, Mech, 

1^, 101 (1935). 

46, E,S, /.eibel. The s t r a i n s and the energy i n t h i n 

e l a s t i c s h e l l s of a r b i t r a r y shape f o r a r b i t r a r y 

deformation. Z, angew. Math, Phys,, 6_, 153 (1955). 

47, W,S. fflassov/. Allgeiaeine Sci.alentheorie und i h r e 

1 1 Anwendun^ i n der Technik.. Uebersetzt von der Russischen 

Ausgabe (1949) unter Redaktion von A. Kromm, 

Akademie-Verlag, B e r l i n (1958), 

48, W. Zorna. B e i t r a g zur allgemeinen Schalenbiegetheorie. 

Ing,,Arch, 17, 149 (1949). 

A d d i t i o n a l references ( a v a i l a b l e a f t e r completion of 

manuscript) 

49, D. Rüdiger. Z-ur Theorie e l a s t i s c h e r Schalen. I n g , Arch, 

28 ( P o s t s c h r i f t Richard Grammel), 281 (1959). 

L A B O R A T O R I U M V O O R 
TOEGEPASTE MECHANICA 

DER 
TECHNISCHE HOGESCHOOL 



- 34 -

APPMDIXj TENSOR NOTATION AND GEOMETRICAL RELATIONS 

c f . a l s o 8, 12, 43~ 

Al , Geometry o f shells» 

A p o i n t on the middle s u r f a c e of a s h e l l i s 

described by i t s surface coordinates x*̂  ( a = l , 2 ) . , 

Greek subscripts and s u p e r s c r i p t s w i l l alv/ays be used 

t o r e f e r t o the p a i r o f surface c o o r d i n a t e s . A p o i n t 

of the s h e l l o u t s i d e the middle surface i s described 

by i t s coordinates x̂ ^ (1=1,2,3), where x^, x^ are 

the surface coordinates of i t s p r o j e c t i o n on the 

middle s u r f a c e , and x^=z ( - ' ^ 4 z 4 ' ^ ) i s i t s distance 

t o the middle s u r f a c e . Roman s u b s c r i p t s and s u p e r s c r i p t s 

v / i l l always be used t o r e f e r t o t h i s t r i p l e of space 

co o r d i n a t e s . The thickness o f the s h e l l i s expressed 

by the assumption t h a t the s h e l l t hickness h i s small 

compared v/ith the smallest p r i n c i p a l r a d i u s of curva­

t u r e R of the middle s u r f a c e , i . e . h/R<6:i, 

The (symmetric) c o v a r i a n t m e t r i c tensor on the 

undeformed middle surface i s denoted by a^^, i t s deter-r 

minant by 

a = ^11^22 "* ̂ ^12^ * ( A l . l ) 

and i t s associated (symmetric) c o n t r a v a r i a n t tensor 

by a"^. The ( syumietric) c o v a r i a n t second and t h i r d 

fundamental tensors of the undeformed middle surface 

are denoted by b 

denoted by 

and c„„; the determinant of b 

^ = ^11^22 - ^^12^^ • 

The three fundamental tensors are connected by 

i s 

( A l , 2 ) 

°aB = ^''^^-^^ (A1.3) 

where the summation convention has been employed f o r 

repeated i n d i c e s , once as a s u b s c r i p t and once as a 
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A2, 

«CTtBTOfflTailTpTifc'niamimrnïïimwiia^^ s u p e r s c r i p t . The m e t r i c tensors 
aB are alv/ays used t o lower and r a i s e i n d i c e s 

i n sui-Iace t e n s o r s . A s p e c i a l surface tensor of some 

importance i n the a n a l y s i s i s the antisymmetric e-tensor, 

defined by f.-^-^~ ^22~ ^» '12' -^21= 
The (symraetric) c o v a r i a n t m e t r i c tensor i n space 

i n the undeformed s h e l l i s denoted by g^., i t s determi­

nant by s, and i t s associated (symmetric; c o n t r a v a r i a n t 

tensor by g"''*'. These m e t r i c tensors w i l l always be used 

t o r a i s e and lower i n d i c e s i n space t e n s o r s . Since the 

x - ^ - d i r e c t i o n i s normal t o the middle s u r f a c e , v/e have 

Safl= - 2zb^g + z^c^^, , g^3= 0 . g33= 1 , (A1.4) 

^22 » 
22 

g^^= 1 . 

12 
gg =-gi2 » 

> ( A l , 5 ) 

D e f i n i n g the mean cu r v a t u r e and the GAUSSIAN curvature 

of the undeformed middle surface by the i n v a r i a n t s 

H=|b« 
a » 

IC= I = b^b2 . b^b^ , (A1 . 6 ) 

the volume-element of the undeformed s h e l l i s described 

t y 

dv= l/g dx-^dx^dx^= v'a [ l - 2 H z + K 2 ^ dx^dx^dz (A1.7) 

Covariant d i f f e r e n t i a t i o n . 

P a r t i a l d i f f e r e n t i a t i o n of a s c a l a r ^ a v e c t o r 
-h .h i or u^^, and a tensor t or ± ^ w i t h respect t o 

a coordinate x . v / i l l be i n d i c a t e d by an a d d i t i o n a l 
J 

s u b s c r i p t ^ preceded by a comma. Likewise, c o v a r i a n t 

d i f f e r e n t i a t i o n i n space w i l l be i n d i c a t e d by an addi­

t i o n a l s u b s c r i p t preceded by a double v e r t i c a l l i n e . 

The r u l e s of c o v a r i a n t d i f f e r e n t i a t i o n are given by 
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> (A2.1) 

where the CHRISTOPFEL-eyiaools of the second k i n d 

P^j= are defined "by 

The c o v a r i a n t d e r i v a t i v e s of the m e t r i c tensor are 

zero. Moreover, i n EUCLIDEAN space the order of 

cov a r i a n t d i f f e r e n t i a t i o n o f any tensor i s i m m a t e r i a l . 

I n our s p e c i a l c o o r d i n a t e system w i t h m e t r i c 

tensor (AI.4) we have f o r the CHHISTOFPEL-symhols 

of the second k i n d 

-
'33-

p3 = 

^33= 

)3 _ 

' 3a ^a3= °' 

r (A2,3) 

ra a -a a 

3fl= ^B3= - ^ f i * ̂ '̂ B 

I t should he noted t h a t i n view of these r e s u l t s t h e 

n-th c o v a r i a n t d e r i v a t i v e of a s c a l a r $ w i t h respect 

t o i s equal t o the n-1h p a r t i a l d e r i v a t i v e . 

A siDace v e c t o r u or u^ at a p o i n t on the 

middle surface may a l t e r n a t i v e l y he represented hy 

the surface v e c t o r u'̂  or u„ t o g e t h e r v/ith the surface 
3 ' 

i n v a r i a n t v/(=u =U2). The c o v a r i a n t siorface d e r i v a t i v e s 
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of a s u r f a c e i n v a r i a n t , a s u r f a c e v e c t o r or a s u r f a c e 

t e n s o r w i l l be i n d i c a t e d by an a d d i t i o n a l (Greek) 

s u b s c r i p t , preceded by a s i n g l e v e i - t i c a l l i n e , e.g. 

(A2.4) 

where i s the CHRIoTOFFEL-symbol of the second 

kind f o r the twodiiuensional middle s u r f a c e geometry 

I t Should be noted t h a t the c o v a r i a n t s u r f a c e d e r i v a t i v e 

of a s u r f a c e i n v a r i a n t i s again i d e n t i c a l to the p a r t i a l 

d e r i v a t i v e ( c f . ( A 2 . 1 ) ) . Moreover, although the s u r f a c e 

geometry i s non-EUCLIDEAN, and the order of repeated 

c o v a r i a n t d i f f e r e n t i a t i o n of a s u r f a c e v e c t o r or t e n s o r 

i s t h e r e f o r e not i n t e r c h a n g e a b l e , t h i n order of repeated 

d i f f e r e n t i a t i o n i s attain i m m a t e r i a l f o r a s u r f a c e i n v a ­

r i a n t , e.^-. 

w. (A2.6) 

The GAUS.j equation f o r the middle s u r f a c e i s expressed 

by 

where K i s the GAUSSIAN cu r v a t u r e (A1.6) and e^^ ±i 

the e-tensor on the middle s u r f a c e . The MAlNAiiDI-

-CODAZZI equations are expressed by 

(A2.7) 

(A2.Ö) 

.h 
The s p a t i a l d e r i v a t i v e of a space v e c t o r u 

or u-̂  a t a point of the middle s u r f a c e w i t l i r e s p e c t 

to a s u r f a c e coordinate x^ may a l s o be expressed by 

means of s u r f a c e d e r i v a t i v e s 
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( a ntt 3 . a T _ t t 

3S IB 

(A2.9) 

^3H6= ^3,B - - ^3B^3 = ^ 

F i n a l l y , we note GREEN's theorem on the middle 

surface f o r the conversion o f surface i n t e t ^ i r a l s i n t o 

l i n e inte£;irals and v i c e versa. I f u i s a c o n t r a v a r i a n t 

surface v e c t o r and e^^ the e~tensor on the middle 

s u r f a c e , GREEN's theorem i s expressed by 

(A2.10) 

The i n t e g r a l i n t h e l e f t - h a n d member i s taken over the 

area S of the middle surface bounded by the contour C, 

and t h e sense of t h e contour i n t e g r a l i n t h e r i g h t - h a n d 

member i s defin e d by t h e sense i n which a c u r v i l i n e a r 

quadrangle i s described by the sequence of p o i n t s w i t h 

surface coordinates 0,0; 1,0; 1,1; 0,1, 

A3o The s t r a i n t e n s o r . 

The LAGRANGIAN (symiaetric) c o v a r i a n t s t r a i n tensor 

i n space Y--;» produced by a f i e l d of f i n i t e displacements 

vath c o v a r i a n t components u^, i s given by 

The s t r a i n componeiits v/ith respect t o the surface 

d i r e c t i o n x*, x^, i . e . the s t r a i n components i n 

surfaces p a r a l l e l t o the middle s u r f a c e , are t h e r e f o r e 

given by 
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I t i s also convenient t o ixitroduce the ( a n t i -

symiiietric) c o v a r i a n t r o t a t i o n t e n sor, d e f i n e d by 

" j u i - "1113= ''d.i - "1.3 • 

I t s coraponents w i t h respect t o the surface d i r e c t i o n s 
a B X , X are given by 

and i t s coiaponents w i t h respect t o the d i r e c t i o n s 

X * and x"̂  by 

A4. C o u r p a t i b i l i t y c o n d i t i o n s . 

The s i x independent equations of c o m p a t i b i l i t y 

f o r the s t r a i n tensor are contained i n the set of 

equations 

- (Y^illk-^ >mk|lh- Yhaim^^Yniiij-»- Ynj„i- ^1^,,^)]= 0 f (A^.D 

A c t u a l l y t h i s tensor describes the r o t a t i o n comple­

t e l y only i n the case of i n f i n i t e s i m a l displacements; 

however, i t i s convenient t o c a l l this tensor the 

r o t a t i o n tensor g e n e r a l l y . 

**^GSEEN and ZERNA [ l 2 , p. 62] give (A4.1) i n a somewhat 

more complicated form, which i s equ i v a l e n t t o our 

form i n CARTESIAN c o o r d i n a t e s . SOKOLNIKOFF (43, p.300] 

gives the equivalent equation f o r the EULERIAN s t r a i n 
tens 0 1 " . 
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where G i s the c o n t r a v a r i a n t m e t r i c tensor i n the 

deformed body, defined by the equations 

Qmn( 
Snr 2 Y ^ > = ^ r ' 

( A 4 . 2 ) 

a-̂ ^ 6 p represents the KR0N2CKSII d e l t a . I f the s t r a i n s 

are small everywhere i n the body (a l t h o u g h the d i s p l a c e ­

ments need not be s m a l l ) , the tensor G™'̂  i n (A 4 . I ) may 

be replaced by the m e t r i c tensor of the undeformed 

body, and a considerable s i m p l i f i c a t i o n r e s u l t s which 

i s of p a r t i c u l a r importance i n p r a c t i c a l a p p l i c a t i o n s . 

These s i a i p l i f i e d c o m p a t i b i l i t y c o n d i t i o n s w i l l be used 

i n order t o evaluate the second d e r i v a t i v e s of the 

s t r a i n s i n surfaces p a r a l l e l t o the midale surface w i t i -

resoect t o the nor./ial d i r e c t i o n x 

" ^'^\aU3'^^X3lla"Yft3||x)(Ypfi,,3+Y^3||{3-Ye3H^ )J + 

^Y3a»113*Y3j3 | |a-Yapj |3)Y33„3 -Y33Ua Y33,je • ( A 4 . 3 ) 

I n order t o estimate the order of magnitude' 

of the r i g h t - h a n d member of ( A 4 . 3 ) , the basic approx­

imate assumption of s h e l l t h e o r y , i . e , the assumption 

^ T h i s s i m p l i f i c a t i o n i n the case of small s t r a i n s 

and f i n i t e displacements seems t o have been 

overlooked by most w r i t e r s . 

This i n t r i n s i c approach, w i t h o u t d i r e c t r e f e r e n c e 

to the displacements, seems t o be due t o CHIEN [3^ 
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of plane stress w i l l "be used, i . e . ( c f . ( 2 , 3 ) , ( 2 . 4 ) ) 

Va3= ° ' ^33= - IZ7s''^aB • ^^4.4) 

V/e obtain now frorii t h i s assumption 

''3a)|B" ''̂ 3a,B " ^3B^Xa " ^3fi''^3a aB'^33 

5̂  ̂ aB^^^Y^jji 3 B ' X a 

and hence on the middle surface 

By a s i m i l a r analysis we obtain 

'3al l3" ° » 

^3311 a= • 

^33113= • 

( A 4 . 5 ) 

(A4.6) 

o 
Y 

- V ^ ^̂ ma • 

^ T^\jill3 

{A4.7) 

(A4.8) 

(A4.9) 

where the supsrscript o again re f e r s to the middle 

surface. The second derivatives i n ( A 4 . 3 ) are reduced 

i n a s i m i l a r v/ay: we have 

Y33llaB= ( ^ 3 3 U a ) , B " f'3BY\3Ma~ '^3BY33lla- ^3B1^3\II< 

" '^3fi^33Ha* ^ a B Y 3 3 | j \ - '^aBY33H3 = 

= (Y33l|a^,e*^^3BYx3|la- '^aBY33HX* '^aBY33ll3 
(A4.10) 

By appropriate use of (A4.6), (A4.8) and (A4.9), and 
of the rules f o r covariant space and surface derivatives, 

we obtain f i n a l l y on the middle surface 
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By an e n t i r e l y s i m i l a r a n a l y s i s vve o b t a i n 

(A4.11) 

(A4.12) 

Tiie order of magnitude of the second d e r i v a t i v e s 

^aB\i33 ^^^^ middle s u r f a c e i s now c o n v e n i e n t l y a s s e s s e d 

by assujüing a s u i t a b l e system of s u r f a c e c o o r d i n a t e s i n 

which the components of the m e t r i c t e n s o r a^^ and i t s 

determinant are of order u n i t y . The t e n s o r i a l s t r a i n 

components i n the middle s u r f a c e are then of the 

same order of magnitude as the p h y s i c a l middle s u r f a c e 

s t r a i n components £ ( t ^ , ^2» ( c f . par. A5), the d e r i ­

v a t i v e s YQ_O||̂ = Ya|3j ̂  have the order •||' , v/here ds i s the 

a r c element along any curve on the middle s u r f a c 3 , and 

the normal c o v a r i a n t d e r i v a t i v e s ^^^^n^ have the sa^ne 

ox-der as the p h y s i c a l changes pf c u r v a t u r e K (K-j^, K2» ) 

( c f . par. A5). The quadi'atic terms i n the r i g h t - h a n d 

member of (A4.3) are now e a s i l y seen to be of order 

.2 e de 
ÏÏ cTs » or (A4.13) 

The f a c t t h a t the order of c o v a r i a n t d i f f e r e n t i a t i o n 

i n space i s i i m a a t e r i a l i s e a s i l y seen to be confirmed 

by the symmetry of ( A 4 . l l ) v/ith r e s p e c t to a and 13. 

Likev/ise, i t may be veiüfied, be i t a f t e r a more 

l a b o r i o u s a n a l y s i s , t h a t i n t e r c h a n g i n g the order of 

d i f f e r e n t i a t i o n v/ith r e s p e c t to x"̂  and does not 

a f f e c t the r e s u l t (A4.12 ) o 
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where R i s the saalles t p r i n c i p a l radius of cui-vature 

of the niiddle surface. Likev/ise, the order of 

magnitude of the l i n e a r terms i n the right-hand member 

of (A4.3) i s given by 

de 

e 
or ( A 4 . 1 4 ) 

I f L denotes the "wave length" of the deformation 

pattern on the middle surface, defined by 

the order of magnitude of 

by 

de 

^al3||33 evidently given 

e e 
or ( A 4 . 1 5 ) 

whichever of these may be c r i t i c a l . The same estimate 

holds of course f o r a"'^^^ ^aQ|f33 coordinate 

system on the middle surface i f Bk-j^i^* ^22 s?"^^ are 

of the same order of magnitude (not necessarily of 

order u n i t y ) , 

A5. Translation i n t o non-tensorial notation. 

Let a and S denote any set of orthogonal parametric 

curves on the middle surface, Ada and Bdfi the l i n e ele­

ments along these curves, and R-j^, R g , T the r a d i i of 
curvature and the radius of t o r s i o n of the middle siirface 

along the parametric curves. I f we nov/ i d e n t i f y x"^ with 
a and x w i t h B, v/e have f o r the components of the 

fundamental tensors of the middle surface 
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^11= » ^12" ^21= ° ' ^22= Ï 

11 1 
a = » 

^11= iq ' 

al2= a21=. 0 , 

^12= ^21= 
B 

^22= ïï^ Ï 
(A5.1) 

^1 1 T.2_ A 

^1= iq;» ^ 1 - w » 
-ul B , 2 1 . 
^2= I f » ^2= » 

^11" 

AB 
°12= °21= T* 

1 l l 

mean and GAUSSIAN ciirvatures are given by The mean and 

1 1 
2H= 

(A5.2) 

and the CHRISTOFPEL-symbols of the second kind f o r 

the middle surface (A2.5) are given by 

.1 1 ̂ A 
^ 1 = I ' 

.2 1 as 
^ 2 " 7ÏÏ • 

,2 A IA 

> (A5-3) 

22- 7? 9a ' ? 913 
7 

The equations of GAUSS and MAINARDI-CODAZZI now take 

the well-known form 
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Ui H)̂  U) - -^^ •' 

1 1 3 A \ 2 ZB 1 \ 1 SA 

1 2 {1\ 1 9 fl\ 2 . fl 1 \1 -iB , 

ÏÏ ̂  i T r I ̂  i l j j — lïïT 51- - (TJ^ - ïï^) lïï 

(A5.4) 

>(A5.5) 

The p h y a i c a l coiiiponentB of any surface v e c t o r 

or tensor are defined as the coiuponents i n a ( l o c a l l y ) 

CAHTEGIAII coordinate system v/ith axes along the 

(o r t h o g o n a l ) a,- and B-curves. Por the displacement 

v e c t o r vvith p h y s i c a l components u and v i n the a- and 

B - d i r e c t i o n s v/e have . 

u-ĵ = Au , U2= Bv u - ̂  , (A5.6) 

v/ith s i m i l a r t r a n s l a t i o n r u l e s f o r other surface 

v e c t o r s . The t r a n s l a t i o n formulae f o r the syrametric 

c o v a r i a n t tensors of e x t e n s i o n a l s t r a i n s and of changes 

of curvature have already heen giv e n i n (2 . 1 3 ) and 

( 2 . 1 4 ) . The antisymiuetric c o v a r i a n t tensor of the 

r o t a t i o n around the normal ( 3 . 6 ) i s given i n terms 

of the p h y s i c a l r o t a t i o n f i , (3.10) by 

^12" "'^21- - ^ - ^ • (A5.7) 

Likev/ise, the t r a n s l a t i o n r u l e s f o r the asymmetric 

c o n t r a v a r i a n t tensor of s t r e s s r e s u l t a n t s n^^ (3 .26) 

read i n terms of the p h y s i c a l comiDonents (3 .34) t o 

C3 .37) 

•X' n 
21 1 

IÏÏ ^21 » 
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v/ith s i m i l a r t r a n s l a t i o n rules f o r the contravariant 

tensor of stre; s couples (3.2?) i n terras of i t s 

physical components (3.31) to (3»33). 
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