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PREFACE.,

This report was intended for presentation
at the I.U.T.A.li. Symposium on the Theory of Thin
Elastic Shells (Delft, 24th to 28th August, 1959).
However, when the report was completed in its
present form - omitting an extensive discussion
of nonlinear .theory which was originally also
envisaged to be included - it turned out to be
too long for presentation at the symposium, and
more in particular far too long for inclusion in
the Procgeedings. The author therefore decided to
prepare, under the same title, a separate paper
for presentation at the symposium, containing only
the most important results of the analysis and the
basic assumptions and arguments in their derivation.
Since +the symposium paper frequently refers to the
present report for substantiation, this report is
also issued to participants\in the symposium.It is
hoped to publish the present detailed report at
some future date, if possible in a more complete
form by addition of a full discussion of nonlinear
theorye.

Delft, S5th August 1959.
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INTRODUCTION, .
The general equations of the theory of thin elastic

shells have often been discussed in recent years. The
anmount of literature on this subject is now nearly
overwhelming, and the list of references at the end of
this' report gquotes only some, in our opinion, more
important papers; a comprehensive bibliography on shell
theory has been compiled by NASH [33].

llost authors derive their equations on the basis
of the well=-known LOVE-KIRCHHOFF assumptionss

(a) points which lie on one and the same normal
to the undeformed middle surface also lie on
one and the same normal to the deformed middle
surface;

(b) the effect of the normal stress on surfaces
parallel to the middle surface may be neglected
in the stress-strain relations;

(¢) the displacements in the direction of the
normal to the middle surface are approximately
equal for all points on the same normal.

The wide variety of resulting equations, to be found in
the literature, is due to variations in rigor and to
different approximations in the subsequent analysis. Some
authors claim a higher accuracy for their equations, as
compared to those of other writers, on the grounds of s
more rigorous derivation from the basic assumptions. In
view of the approximative character of the LOVE-KIRCHHOFF
assunptions these claims are open to some doubt. It may
well happen, and this is even actually so in most cases,
that the refinements made are of the same order of
magnitude as the errors which remsin on account of the
basic assumptions, and such refinements are of course
meaningless in a general theory.
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It is the primary purpose of the present paper to
give the foundations for shell theory in as simple a
form as is consistent with the basic assumptions;
although large deflections are permitted, it will be
assumed that the strains are small everywhere., Our
purpose is achieved by a strain-energy approach
(section 2). It is shown that LOVE's so-called first
approximation for the strain energy, as the sum of

stretching or extensional energy and bending or flexural

energy, is a consistent first approximation, and that no

refinement of this first approximation is justified, in
general, if the basic LOVE-KIRCHHOFI' assumptions (or
equivalent assunptions) are retained. This fact is proved

by showing that the errors of LOVE's first approximation,
as compared to a rigorous elaboration of the LOVE-KIRCH-
HOFF assumptions, are of the same order of magnitude as
the strain energy due to transverse normal and shear
stfesses, which are inherently neglected if the LOVE-
-KIRCHHOFT assumptions are employed. Moreover, it is
shown that it is always permissible, in LOVE's first
approximation, to add terms of type €/R (where € is

any physical middle surface strain component and R any
radius of curvature or torsion of the middle surface)

to expressions for the physical changes of curvature.

In other words, expressions for the changes of curvature,
which differ only by terms of type &/R, are equivalent
in LOVE's consistent first approximation.

The foundations of section 2 are applied to the
linear theory of shells in section 3. The expressions
for the extensional strains and rotations are well-
-known. Our expressions for the changes of curvature,
in tensor form initially defined as the covariant
derivative of the strain tensor in suriaces parallel
to the middle surface with respect to the coordinate
normal to the middle surface, appear to be new and more
graphic than existing expressions. The stress-strain
relations have a particularly simple form, and the

equations of equilibrium and boundary conditions,
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obtained by the variational method, agree with the well- |
-known rigorous eguations. A comparison with existing |
theories shows that most writers have obtained results E
which, although different in appearance, are equivalent |
from the point of view of the first approximation in !
shell theory. On the other hand, some eXPressionsifor
the changes of curvature given in the literature are
siiown to be inadequate for general application.

The advantages of tensor analysis in the theory
of shells are now widely recognized [e.g. 5,12,14,26,34,
36,42,48], and no apology is needed for its free use in
the present paper. An explanation of the notations employed
mostly taken from [12], is given in the appendix, together
with some more involved geometric derivations. The mzin
results have also been given in the more usual notation,
in order to facilitate comparison with existing literature;
the translation rules from general tensor notation to the
more conventional notation for general orthogonal para-—
metric curves on the middle surface are also summarized i
in the appendix.

2. IFOUNDATICHS: LOVE's APPROXIMATE STRAIN=-ENERGY EXPRESSION, i

2.1 Basic assumptions.

A complete theory of thin elastic shells in a con-
sistent first approximation, and valid for deflections
of @ny magnitude, may be based on LOVE's approximate
gtrain-energy expression. This strain-energy expression
will be derived on the basis of three asswaptions:

(a) the shell is thin, i.e. h/R«1l, where h is
the shell thickness, and R is the swallest
principal radius of curvature of the middle |
surface; |

(b) the strains are small everywhere, although i
large deflections are admitted, and the strain
energy per unit volume of the undeformed body
is represented by the quadratic function of the ?
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strain components for an isotropic solid
(HOOKE's law);

(c) the state of stress is approximately plane,
i.e. the effect of transverse shear stresses
and of the transverse normal stress may be

neglected,

It will be -observed that we have replaced the usual
LOVE-KIRCHHOFF assumptions ( (a) to (c) in section 1 )
by the single assumption of plane stress (c) above, which
is of course effectively equivalent to the usual assump-

tions.

Derivation of strain-—energy expression.

On the basis of assumptions (b) and (c¢) of par. 2.1
the strain energy per unit volume of the undeformed body
is given by [12, 1).38@

1.aBpv
T =3 my (2.1)
where Yag is the covariant strain tensor in surfaces
parallel to the middle surface, EaBuv is the contra=-
variant tensor of elastic moduli, defined by
ROBUY 2G[%aug8v . :v gaﬁg“v]j, C (2.2)

aB . : L :
g - is the contravariant metric tensor, G is the shear

. - e R
modulus, and v is POISSON's ratio | In our approximation

of plane stress the transverse shear strains are zero

va3= 0 9 (2-3)

and the tranverse normal strain is given by

*)The tensor notation employed here is fully explained
in [le and in the appendix.
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Y33—- - 'm 2 YG.B © (2.4

Multiplying (2.1) by (cf. par. Al)

V&/e = 1 - 2Hz + Kz° , (2.5

where H and K are the mean and GAUSSIAN curvatures of

the middle surface, .and z is the distance to the

middle surface, the strain energy per unit area of the
undeformed middle surface is obtained by integrating

with respict to z

) V= ﬁh [1- 2nz + Kz2] Paz . (2.6

-8

The TAYLOR-expansion of the energy density 6 with respect

to the coordinate x3-z may be written in the form
(cf. par. A2)

§(XA,Z)= ﬁ(xk,0)+ z§’3(xx,0)+ ?§,33(XA,O)+ =
-}(x ,0)+ z§“3(u y0)+ 522@"33(;: 30)+ ceen Loy

The covariant derivatives of the tensor of elastic moduli
ey 3 .
D witli respect to x* are all gero, and (2.7) is reduced to

aﬁuv o l 20
| ﬁ(x ,z)— [}aﬁ + zyaB"3 52 Vop)33 * .....].

.[}uv + ZYuvH3 + 22 yuv“33 4 ....] ’ (2.8

where subscripts and superscripts o indicate values at
the middle surface. Substituting (2.8) into (2.6), per=—
forming the integration, and retaining only two terms *',
we obtain the equivalent in tensor notation of LOVE's

%) It will be shown in par. 2.3 that these two terms
indeed provide a first approximatione.
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approximate strain-energy expression

i 3 ..,(IBIJ.\) o © 1113Eaf3!1\’ o (2-9)
o

[+]
V=308 " Yap¥yuy * 27 Yagh3¥pvn3 °

The first term in (2.9) represents the extensional

strain energy V., , i.e. the energy due to the middle

= . o G ) : o

surface strains or extensional strains Yoi® The second
J

term represents the flexural strain energy V., i.e. the

energy due to the flexural or bending strains, correspond-
. ; a : e #*
ing to the changes oi curvature -PaB defined by )

‘PGB= -70-3”3 ° (2.10)

LOVE's approximate result way therefore be described by
the statement that the energy per unit area of the middle

surface is the sun of extensional and flexurzl strain

energies
V=V, + ¥V, ; (2.11)
_ 1, _0Bpve o _ 1. 3.aBpvy . 2 (2.12)
Ve= 05 Vapluy o MR Ay

Our result in tensor notation is easily translated
into the more usual notation for orthogonal parametrie
curves on the middle suriace by means of the translation
scheme given in per. A5 of the appendix. Let €1y &y and
¥ denote the extensions along the paremetric curves and
the shear strain between these curves, and let Kl’ Ko and
t denote. the physical components of the changes of curva-

ture and torsion; we have

od o 2 o - 2 e —.° -—1 - P! s

st N SR ST Sl B R e g (2.13)18
=D = =

P11= A%Ky 4 Poo= BK, , . Pr,= foq= ABr . - (2.14)

convenience
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Expressions (2.12) may now be written in LOVE's form

v, = %C[§£l+s2)2-2(l-v)(&l£2- %wZ{], (2.15)
ds 2 2
U= 30 [(Ky+4,)2-2(1v) (ky 0,=32) ] (2.16)
wiere
0= —y , D= ———Eﬁiz- ; (2.17)
1=v 12(1-v%)

and E=2G(1+v) is YOUNG's modulus.

2.3 Justification of LOVE's expression as a consistent

first approximation,

In order to justify LOVE's approximation %) (2.9)
or (2.11) it will be shown that the order of magnitude
of the terms which have been omitted after integrating
(2.6) is indeed negligible compared with (2.9) or (2.11).
All neglected terms, which might conceivably be critical »
in this respect, are listed below

1 aBpve o
24 3K§ pvyaﬁvuv j (2.18)
1. 5, aBive o :
O N PTITE TR e

*) LOVE's derivation of his approximate expression (2.11)
was restricted to infinitesimal deflections, and his
justification was based on more or less qualitative,
although entirely sound, physical arguments. The
following argument is valid for deflections of any
magnitude, provided that the strains remain small,
Reference should also be made to [?Q], where a justi-
fication is given, starting from the usual LOVE=-

-KIRCHHOTF assumptions,
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T 3 -ﬁaB“V © .
ZhoHE " HogVuuns 3 (2.20)
’Z%h3§a6w7ars’7pvu33 j (2.21)
1 5. .aBHve o .
oL 1L Yapn3Vpul|33 (2.22)
1.5 aBpv e o
TI0E T Yagl33Yuwllzs ° (2.23)

It is almost obvious that the first two neglected
terms are indeed negligible in a thin shell. In fact, if
R denotes the smallest principal radius of curvature of

the middle surface, we have the estimates

2 2
|(2.18)] = 1‘21;2‘% e - JTTore ‘;2—(3)%2\7“ . (2.24)

By means of SCHWARZ's ineqguality, holding for the
essentially positive strain-energy density (2.1), we
obtain an estimate for the third neglected term

/2

' b
|(z.2o>]§7§£§(v€vx) ; (2.25)

In order to assess the order of magnitude of the
last three neglected terms (2.21) to (2.23), it is
convenient to determine first the order of magnitude
of the second covariant derivatives of the strain
tensor with respect to the coordinzte normal to the
middle suriace ;amn33° This object is achieved by
appropriate use of the compatibility conditions; the
somewhat laborious analysis is given in par. A4 of the
appendix, Let & denote the (in absolute value) largest
extension in the middle Sufface, K the largest change
of curvature , R the smallest radius of curvature of the
undeformed middle surface, and L the smallest "wave length'
of the deformation pattern on the middle surface, defined

by
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=10 —
| de de d
1 2 4 £
= | |wsl = o (2588
dk dk2 dt
4
TS— 9 ag— 9 -a-§ = U(f) 9 (2.27)
where ds is any arc element along the middle surface.
The order of magnitude of a';/z ?aBH33 now does not

exceed the order of magnitude of

-5y %y -g- or K2 y ' (2.28)

whichever of these may be critical (cf. par. A4). It
is now easily seen that the relative error in the
neglection of (2.21) to (2.23) compared with (2.9) or
(2.11) does not exceed the orders of magnitude

2 e
%2' % or hK , (2.29)

whichever of these may be critical; our assumption of
small strains implies of course that the last order
given in (2.29) is always negligible.

Combining (2.24), (2.25) and the crders of magni-
tude (2.29) for the neglected terms (2.21) to (2.23),
we obtain our final result that the relative error in
neglecting all terms (2.18) to (2.23) does not exceed
the orders of magnitude h2/L2 or h/R, whichever of
these may be critical. Hence LOVE's strain-energy

expression (2.11) is indeed justified as a consistent

first approximation on the basic assumption of plane

stress, and the relative error in this approximation
2 ;
does not exceed h2/L or h/R, whichever of these may

be critical.

I
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2.4 Inconsistency of higher approximations.
Mlany writers [g.g. 13,23,24,25,36] retain in
their energy expressions, derived on the basis of

the single assumption of plane stress or its combi-
nation with the KIRCHHOFT hypothesis, additional terms,
equivalent to some or all of the terms (2.18) to {2.23%)
neglected in LOVL's expression. Such a supposedly higher
approximation is also implied in the analysis of other
writers [é.g. 4,6,10,11,19,48], who develop the theory
without direct reference to the strain energy. It has

been pointed out repeatedly by several writers [}.b. 12, 20
21 22,JO 40] that such a refinement may be meaningless
if the assumption of plane stress and/or the KIRCHHOFF
hypothesis (which assumptions are of course only appro-
ximately valid) are retained. 3

In fact, the transverse shear stresses, obtained
from eguilibrium conditions, are in géneral of order
h/L times the bending stresses, and neglection of the
corresponding strain energy thereiore already implies
a relative errcr of order hz/L + lioreover, the transverse
normal stress is, in general, of order h2/L or h/R times
the bending or direct stresses, and its neglection in the
strain-energy density (2.1) involves relative errors

of the same orders. Hence a refinement of LOVE's appro-

ximation (2.11) is indeed meaningless, in general,

unless the effects of transverse shear and normel stresses

%)

are taken into account at the same time

This general conclusion is confirmed by a detailed
analysis by JOHNSON and REISSNER [;j] of a semi-infinite
cylindrical shell under axisymmetric radial loads and
bending moments at its end cross-section. The three- |
dimensional stress distribution is expanded with respect i

to the small parameter A=h/2a, where & is the mean radius.l
%) o : : : e
)oeveral writers have developed theories in which

the effects of transverse stresses are taken into

account [é.g. 1,15,31,J2,4®,4¥]; a discussion of

these theories falls outside the scope of the present
‘paper
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The terms of order AorepreSent the classical shell solu-
tion, and in order to obtain all terms of order hl it is
necessary to take into account both the transverse
shear stresses and the transverse normal stress,
Our general argument on the order of magnitude

of the errors, introduced by the assumption of plane
stress, gives of course an estimate for the general case.
In some problems it may happen that the errors of the
plane stress assumption are of smaller order than h/R.
In such problems retention of some or all of the addi-
tional terms (2.18) through (2.23) may conceivably

» result in a better accuracy. However, such an improvement
is by no means certain, since in such casés the neglected
terms in LOVE's expression may also be of a smaller order
of magnitude. E.g., if the extensional strain energy A
is of order hz/R times the flexural strzin energy AK
(or vice versa), and if L is of the same order as R, the
error in LCVE's approximation through neglection of (2.18)
through (2.23) is of order hZ/R2 instead of order h/R. An
example of suc!: higher accuracy of LOVE's expression
occurs in the case of thc¢ helicoidal shell under normal
lozding [6,7), where retention of additional terms in
the energy expression is again meaningless unless the

_ effect of transverse shear stresses is also taken into

‘ account at the same time.

2.5 Discussion of results.
The fact that LOVE's expression (2.11) has inherent :
errors of the type of the neglected terms, has important

consequences for practical applications of the theory.
These inherent errors imply that the accuracy of LOVE's
expression is not affected by the addition or subtrac-
tion of certain terms of the same type. In particular,

it is therefore permissible (cf. (2.20)) to add to the
~expressions for the physical components of the changes

of curvature and torsion (Kl, K, and t) terms of type

e/R (where € is any of the physicel middle surface sirains
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€, or W, and R is any radius of curvature or torsion

1 L ot
of the middle suriace Rl’ R2 or T), multiplied by a
numerical factor, provided this factor is not large
compared to unity.

This freedom is of considerable importance for
two reasons. Firstly, it allows to distinguish between
significant and non-essential differences in the wide
variety of expressions for the changes of curvature in
linear shell theory, obtained by various writers. Diffe-
rences of type &/R may be regarded as unimportant, whereas
differences which are not reducible to the form £/R should
be regarded as essential differences which may imply a
significant loss in accuracy for at least one of the
corresponding strain-energy expressions; a detailed
comparison of various expressions is discussed in par.
3.5 and summarized in table 1. On the other hand, the
expressions for the changes of curvature can often be
gimplified by addition or subtraction of suitable terms
of type €/R; this freedom is of particular value in
selecting the appropriate simplest expressions for the
changes of curvature for applications to specific
problems [cf. 20,21].

LINEAR THEORY (INFPINITESIMAL DEFLECTIONS).

Extensional strains and rotations.

In linear theory the general expression for the
strain tensor in surfaces parallel to the middle

surface (cf. par. A3) is simplified into
2YaB= a“B + U.B”a ° (3-1)

In the middle surface itself the spatial covariant
derivatives may be expressed in surface derivatives
(cf. par. A2). The resulting linear expression for the

middle surface strain tensor is
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2Y,,= Ugig * Ygla < 2wb o e (3.2)

The translation into the usual non-tensorial
notation is obtained by means of (2.13) and par. AS;
the resulting well-known expressions for the exten-
sions &, €, along, and the shear strain hetween
the orthogonal parametric curves (a,8) are

—~ L -4y v A W
81-I%E+mg-5 RI, (3.3)

l v _u 9B w
£2=E~§E-+ma—a-n; (314)
) su l 911 PN u 24 . A 2w (3.5)

-
bl Rl e B

where u, v and w are the physical displacement compo-
nents in the directions of the parametric curves a,B
and of the normal.

The rotation in the middle surface ground the
normal is described by the antisymmetric surface tensor

W (ef. par. A3)

af

2m - 1

= 1u = 1u - 10 * 3.6)
Uglla = %allsT “sja alB- “B,a a,B (

The rotation of -the normal at the middle surface is
) described by the surface vector ¢, , given by

L
Wy 3= ?[ﬁ3ua - ua”é]= U3jla (3.7)

where the last step is a consequence of (2.3)

2ya3= U3 + U3l = O (3.8)

Expressing the spatial derivative in a surface derivative
by means of par. A2 we have

& A A "
e e (o, i o e (3.9)
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Translating into the usual non-tensorial notation
the physical rotation around the nonmal,.lluis given by

M FE-IR-BU B B (3.0

and the physical rotation components of the normal pl’ ;
92 are given by '

@1"%%*%{*‘% ’ {3531 |
¢2=%%§+§;+%. (3.12)} |

3.2 Changes of curvature,
In order to obtain the tensor of changes of curva-

ture we differentiate (3.1) covariantly with respect to

3

x°, and interchange the order of covariant differentiation,
which is admissible in EUCLIDEAN space

i

2Yag||3® %83 * Ygjla3™ Yali3e * Us|i3a (3.13)
Applying the basic formulae of covariant differentiation,
and using (3.8), we obtain
2 =l ) - Mg e ah m ce

Yag)l3 3la’,B s’ ,a as% 3|
3 A A
= 2Mggw3 = P3g%aia = M3a%din - (3.14)

From (2.4) we have
e n
and since at the middle surface (cf. par. A2)
'
*‘P(IB_ baB (3-16)

we may neglect the term involving uj'3 in the evaluation
of (3.14) at the middle surface on account of our discussiox |
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in par. 2.5. Similarly, we may write
A _ A A
M38%gn = M38Yan = I"38%n (3.17)

where the first fterm may again be neglected at the
middle surface on account of par. 2.5. Rewriting (3.14)
at the middle surface in terms of surface derivatives,
introducing (3.7), and remembering that at the middle
surface (cf. par. A2)

PR
M3g= -b (3.18)}

B8 9

we obtain finally
_ o - A A
2f0= —27a6"3- Pajs * P8la + bBwaA + bowgy . (3.19)

This result is again easily transformed into the
usual non-tensorial notation for orthogonal parametric
curves, by means of (2.14) and the translation rules of
par. A5; we obtain

13b, b4

k1=I'5'a—+IB5B'+T_’ (3.20)
1 2, ¢, n
“2=B_573£+I%35"T_’ (3-21)

1 20, 1 3¢, b en  $,9B 11 1\ ;5 55
T=%K% *7B3F "ZEB35 B je - 2\F; K

The result in this form (as in the tensor form (3.19))
is more graphic than the usual expressions, since it
clearly demonstrates the dependence of the changes of
curvature on the rotations Ql, ¢2,<IL and their deriva-
tives.,
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3.3 Stress—-strain relations.

Stress resultants and stress couples may be intro-
duced in various manners. In our energy approach the most ’f
obvious manner in a definition of stress resultants and
stress couples as partial derivatives of the strain energy
per unit area of the middle surface with respect to the
middle surface strains and the changes of curvature. In
this way we obtain the symmetric contravariant tensors of

stress resultants and stress couples and the corresponding

stresg=-strain relations

a_ 8V __ _ aBpve

R e =] i h§ yuv y (3-23)
aB_ aV__ _ 1 .3_aBpv

nE —= h-E iy ¥ (3.24)

2fag

For the purpose of deriving the equations of equi-

librium by variational methods, it is more convenient to
introduce a modified asymmetric tensor of stress resultants,

defined by *
‘ |
2Y 2F
ngfe 52t = gtV V., gHv ZRY (3.25)
Bla Bl a Bla

By means of (3.2), (3.6) and (3.19) we have now
aB_ _aB 8_aN 1l.a BA
no=n 4+ %bhm - Fom " o (3.26)

A similarly modified definition of the tensor of stress

couples

)
maB= 2V = oMtV Bv_ _ maB

; (3.27)
* 2%« 2930

does not result in a modification of this tensor.
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The symmetrical physical stress resultants Nl,

N2, S ' and stress couples Ml, M2, W for orthogonal para=-

metric curves, corresponding to (3.23) and (3.24), and

the modified asymmetrical physical stress resultants NT,
Ng, S{z, S;l, corresponding to (3.26), may be obtained
from the translation scheme in par. A5. Alternatively,

these gquantities may be found directly by partial diffe-
rentiation of the strain-energy expressions (2.11), (2.15)
and (2.16). The results are
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oV
Nl-'-'s'z—l-: C(€l+v€2), , (3.28)
2V
N2= -2-5-2- = C(€2+v£1), (3-29)I
oV _ 1
S =5-(7=2—(1-v)c:,u; (3.30)
- .
Ml— -Q_K-]-_' = D(Kl+vK2), (3-31)
S, :
2V= gg = 2(1-v)D7; (3.33)
* oV =
Nl..g = = Ny, (3.34)
5
Nz 2L __ =N (3.35)
2 v 2°
(3 3
M., =M
* oV Lat Joping? b - d
512- 5 v = S+——§T——-§\4<§I-ﬁz 9 (3»36)
X Ja
Mt ~M
* oV i 1 ( d 1
Sh. = =S - + 2w - ) (3.37)
21" o %_g%j 2T 2 FI RE
;
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3.4 Egquations of equilibrium and boundary conditions.

The equations of equilibrium and boundary conditions
are obtained by the well-known variational method. The
first variation of the total elastic energy U, i.e. the ‘
integral of V (2.11) over the entire middle surface of
the shell, is given by

aB aB aB¢,
SUifjlé*‘éuﬁla -n baBSW +m SQBIé]J; dx,dx,. (3.38)

aB

On account of the symmetry of baB we may replace n®

in the second term by the asymmetric tensor n*B. Applying

GREEN's theorem (cf. par. A2), and defining the contra-
variant vector of transverse shear forces qB by

! =D, | (3.39)

the first variation (3.38) is reduced to
! afd af A-
SU=JE1* dug + m Scpﬁ]eahdx +

'” W fuy = o®spg + 0%, 6w |V atax? ,  (3.40)

where the first integral is taken along the boundary

of the shell's middle surface. Remembering (3.9), the
derivativese SW'B=<5W’B in the surface integral are
removed by a second application of GREEN's theorem. In
order to remove the same derivatives, as far as possible,

from the line integral, it is convenient to choose a
special coordinate system in which the boundary of the
middle suriace is a coordinate line, say an xz—line

. : 1 . A o
(i.e. a line x =constant). Remembering.the definition
of the antisymmetric e€-tensor (ef. par. Al), we have

|
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by integration by parts

fmaBSw’Bea2dx2=f[mll\ﬂa:%w’l - (le\[a)’zsw dxz. (3.41)'

Our final result for the first variation of the
elastic energy is

SU—JI:n +mlub )/;Su +mitV/asw iy iql/g-(ml2/;) .}Sw]dx *

jj[@ va qabg)§uﬁ+(nzﬁbas+q|B)Sﬂ]vg axtax®, (3.42)

3

denote the contravariant vector of
external surface loads per unit area of the middle

Let Pav b

surface, and let E@, Qs and T+ denote the contravariant
vector of edge forces, and the edge bending moment, both |
per unit length of the edge. The work 87U, performed by
the surface loads and edge loads in any variation of
the displacements is then given by

Sﬁ=§@38uﬁ+§8w+ﬁ15¢ﬂ\/ dx +ff&>35u +p35:]\/;. axtax?.(3. 43!)

The conditions of equilibrium are now obtained
from the principle of virtual work, i.e. §U=80 for all
kinematically admissible variations of the displacements.
The fundamental lemma of the calculus of variations now
results in the equations of equilibrium

all

n&\a

-q": +p° =0, (3.44)

%) It has been assumed here that the entire boundary
is a smooth xa—line. If the boundary has corners,
stock terms arise in these corners as a result of
the integration by parts; the coefficients of 8w
in these stock terms represent concentrated forces
normal to the shell middle surfece, which are well
known to occur in corners of plates and shells, but

we shall not pursue this complication here.
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afB 8 S
L b.aB ot | s il 0, (3.45)
holding in the interior of the middle surface. Moreover,
unless the boundary displacements Upgy W and the rotation
¢, are specified (in which case their variations are
zero along the boundary), the boundary conditions

18, 1p. B - (=B,=1.8
(_n*_ +1 bp)\/e—l = (A +0 D7) Vay, o (3.46)
Ve ~(wtVe) = TVay, o (3.47)
?
o'a = 5lVa,, eS8

must hold along the edge of the middle suriace.

It should be noted that our equations of equili-
brium (3.44), (3.45), and the definition of the surface
vector of transverse shear forces agree completely with
the rigorous equations of equilibrium, as derived by

" GREEN and ZERNA [;2] from the general threedimensional
equations”’. Likewise, GREEN's and ZERNA's equation for
equilibrium of moments around the normal isAequivalent
to our equation (3.26). Hence, in spite of the approxima=
tive character of our theory, based on'LOVE's approximate
strain-energy expression, our equations of equilibrium
are completely rigorous.

The translation of our results into the usual
non-tensorial notation for orthogonal parametric curves
is again easily obtained by means of par. A5 of the
appendix. The non—tehsorial formulation may of course
also be achieved by a direct application of the calculus
of variations to the energy expression in non-tensorial
form. Let Ql and Q2 denote the transverse shear forces

*)

Due. allowance should of course be made for the

— : : ‘ e aB
difference in sign between our definition of m

and the definition in [12].
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per unit length; they are expressed in the bending and
torsional woments by the translation of (3.39)

o3 O 1 W YO8 2 2A
G - % - FI A L) -m Y, (2AN
1 ?Mp 1 2w ) P 2 2B
%= - § 57 - T 50 - 1B TFU)- 5 V- 0594

Let Py P11 and P11 * p3 denote the physical external
loads per unit area of the middle surface. The equations
of equilibrium (3.44) are now translated into

*
1 281 1 9523 Y 9B/. 1 oA
5=+ § 51 * I8 505N+ g5 L, )+
Q
1

W

INY 28X
3. 985 3 W | 3 odk 1 2B v
B55 * X5 + 1B 27 (N3-N7) + g5 Sa(5{5+8,7)+
Q Q
- g% - gt + o= 0, (3.52)

: 3.5
Equations (3.49) to (3.53) and (3.26) agree completely( )

with the six equations of equilibrium in their well=known -}

form for arbltrary orthogonal parametric curves [?.b. Wy
11,18,19] . %

*ﬁHere agéin, allowance must of course be made for
differences in sign in the definitions employed

- here and those in the cited references; moreover,
no distinction is made in our analysis hetween
the torsional moments le and‘WZl, which are both
equal to W in our approximation.
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The geometric boundary conditions along a boundary
coinciding with a B-line (a=constant) are in the usual
notation simply that prescribed values of u, v, W and %%
are specified. The dynawic boundary conditions are obtained
by a translation of (3.46) to (3.48). Let ﬁl,'ﬁz, § and |
denote the specified forces and bending moment per unit '
length of the boundary; we have |

W =AG", F,=BA°, U=q, Me=ai, (3.54)

and tlie dynamic boundary conditions read, if (3.48) is
used in order to simplify (3.46)

Ll

ag=N , (3.55) |
W =

Sy + pT ' (3.56)
i) SRR : ~ :

Q - B35 = Q (3.57)

Dynamic boundary conditions have been formulated expli-
citly by only a few writerr E,77,22,2ﬂ, and they agree
with the present conditions, if again due allowance 1is
made for differences in sign in the definitions.

3.5 Discussion and comparison with earlier writers.

All authors are in agreement on the formulae for
the middle surface strains, (3.2) in tensor notation,
and (3.3) to (3.5) in the more conventional notation.
Likewise, full agreement exists on five equations of
equilibrium, (3.39) and (3.44), (3.45) in tensor notation,
and (3.49) to (3.53) in the usual notation. Considerable

differences occur, however, in the expressions for the

changes of curvature, in the stress-strain relations,

and in the importance attached to the eguation of equi-
librium of moments around the normal, expressed by
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(3,26) in tensor notation, and by (3.36), (3.37) in the
usual notatione

Changes of curvature, The expressions given in 13 papers

and books are compared with our results in table 1j the
differences have been reduced to their simplest form by
appropriate use of the MAINARDI-CODAZZI equations (cf.
par. A5). It appears that not less than 10 different
expressions have been proposed, although all of them
are based on the same basic LOVE-KILCHHOFF assumptions,
or, as in our theory, the equivalent assumption of plane
stress. Portunately, 211 differences of type €/R are
immaterial from the point of view of a first approximation
(ef. par. 2.5). Some authors present their results as
"second" or ‘"better" approximations; in the absence of
a complete analysis in their papers of the effect of
transverse normal and shear stresses, these claims lack
adequate substantion. On the other hand, differences listed
in table 1 which are not of type €/R are essential dis-
crepaﬁciesv Since our expressions have been proved to
provide a consistent first approximation if used in con-
junction with LOVE's strain-energy expression (2.11), it
follows that the expressions in the cited reference may
be seriously in error. These doubtful expressions are
marked by an asterisk in table 1.

The questionsble term in COHEN's change of twist
[6, eq. (1.6.21):] is obviously

wl 1 | (3.59)
i &) -

and in a subsequent check COHEN discovered an arithmetical
error in his originel analysis; the term (3.59) should be
deleted from his equation (1.6.21). *)

1'911: will be observed that COHEN's expressions for the
change of twist in [6] and do not agree after deletio
of (3.59) from eq. (1.6.21) in [6]. The remaining
difference (non-essential in the first approximation) is
due to a slight difference in definition of the change
of twist between [6] and [71.
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In papers by REISSNER [387 and by KNOWLES and
REISSNER [18] the questionable terms are those in

which the (phy31cal) rotation around the normal .(Z
occurs, divided by a radius ol curvature or Lor81on.
These discrepancies are again unimportant, if the
rotation is small, i.e. 0f the same order of magnitude
as the middle surface strains. This is actually so in
the majority of interesting specific problems, and

the expressions of [;Q] and [;S] are then essentially
equivalent to our expressions. The exception arises

e.2. 1if the shell geometry and boundary conditions

ermit inextensgional deformations of the middle sur-

face, In such cases {L may be large, even infinite,
compared with the middle surface strains, and the
expressions in [i@] and [}Q], used in conjunction with
LOVE's strain-energy expression (2.11), are inadeguate
as a first approximation.

Whenever the rotatiou.j!.is small, of the same
order of magnitude as €19 82,~VI, we may simplify h
(3.19) into

2Pag = %ais * ¥g1a ° (3.60)
Remembering (3.9), we may now write

A A
2f%8 2w L bBulla + Py 2ukba|B ’ (3.61)

where the MAINARDI-CODAZZI equations (par. A2) have
been used. From (3.2) and (3.6) we have in the present
approximation

h s }\. o e -~ )
by jq = PglTag = Upg *+ Woy,) = Wegg (3.62)
and hence

P o= w + we + bk (3.63)
aB (aB af b 1 - il °
GREEN and ZERNA [12] introduce a further approximation
by retention of only the first term in (3.63). This
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3.5.2

approximation is equivalent to DONNELL's [9] in the
case of cylindrical shells. It has been noted [16,29]
that DONNELL's approximation is sometimes inaccurate,
even though the rotation .fl may remain small of the
game order as the strains, and in such cases the second
term in (3.63) should evidently not be omitted; the
last term is of course always zero in cylindrical or

spherical shells.

LOVE's expressions for the changes of curvature
have often been criticized in the literature [e.g. 23,
35,47] for the lack of symmetry in his change of twist
and for supposed other defects. Hence it may be worth-
while to reconfirm by means of the comparison in table 1
that LOVE's result actually is consistent and adequate
within the framework of the first approximation in shell
theory [pf. also 20,21]; it is entirely equivalent to
other consistent results.

Stress—strain relgtions and equilibrium of moments around
the normal. Consistent stress-strain relations for

stress resultants and stress couples to be used in the
equations of equilibrium, are given by (3.26) and (3.27)
in tensor form, and by (3.31) to (3.37) in the more
conventional notation. In many investigations the
asymmetric shear stress resultants are replaced by their
symmetric part (3.30) "‘)- The condition of equilibrium
of moments around the normal is of course violated in
this simplification. In our energy approach, neglection
of the ésymmetric terms in the shear stress resultants

%)

The corresponding stress-strain relations (3.28) to
(3.33) are often referred to in literature as"LOVE's
first approximation®. We shall not use this termino-
logy in order to avoid confusion with our definition
of LOVE*'s first approximation, i.e. the strain-
—energy expression (2.11) with any appropriate con-
sistent expressions for the extensional strains and
changes oi curvature.
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(3¢33) and (3.34) is obviously equivalent to omitting
the terms involving the rotation _{L in our expressions
for the changes of curvature (3.20) to (3.22). The
simplification is therefore justified, if the rotation
{1l is small, of the same order of magnitude as the
middle surface strains €5, €5y Y. On the other hand,
considerable errors may be introduced if a symmetric
shear stress resultant S is assumed in problems where
the rotation J1 may be large compared with the exten-
sional strains. This conclusion is borne out by CCHEN's
detailed analysis of a helicoidal shell [ﬁ,j}.

Numerous more complicated stress-strain relations
have been derived in the literature, and it is often
believed thaft the additional terms would imply a higher
approximation. However, this object can actually not be
achieved without due account of the effect of transverse
normal and shear siresses (ef. par. 2.4), and it is
meaningless to use more "refined" stress-strain relations
than (3.31) to (3.37) if the LOVE-KIRCHHOFF assumpitions
are retained in their derivation. This view is again
confirmed by COHEN's analysis in the case of the heli=
coidal shell [7]. On the basis of the stress-strain
relations (3.31) to (3.37) the same result.is obtained
from the more elaborate stresc-strain relations in

;r6_'_1 v
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| Table b1
| | -
Comparis. of various exprdssions for the physical changes of curvature.

N.B. The entrances in his table indicate the correctians AKl, AKQ, At which must be added to
our expressions T Kl, Koy = in order to obtain the expressions in the cited references. ;
Where necessary, Jjustments for sign and/or a nusgrical factor 2 have been made to achieve é
conformity with r notation. ‘ ‘ ;
Essential differ ces in the sense of paras. 2.5 2nd 3.5 are marked by an asterisk.,
References emplo 2g the lines of curvature as parametric curves are marked by a small circle.

AUTHORS and REFERENCES Ay AKq N
LOVE, 1888 [27] 9 s S ae %;Y(T;-F-i-)
o) 3
LAMB, 1891 [22]
REISSNER, 1942 [39] 9
. . &
WLASSOW, 1949 [7] © 2 F‘lz - ﬁ-g- 3 'al?"'(IFl"'F!z")
¥
0SGOOD and JOSEPH, 1950 5] ‘ |
~| HAYWOOD and WILSON, 1958 137

REISSNER, 1941 [36] %) = b " %ﬂ(ﬁ-é) R =

2C. ¥ eﬁ € ;25
KOITER, 1945 [20] —1—§;—% —:'L'R'z"—g %;‘P(R—i-*-gis‘
GOLDENWEISER, 1953 [11], .54 B 23k o i 8 Lyt rok)

mn md AL 4
: oy o s e SRR WU 0 T € &
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APPENDIXs TENSOR NOTATION AND GEOMETRICAL RELATIONS
'[%f' also 8, 12, 431

Al, Geometry of shells,
A point on the middle surface of a shell is

deseribed by its surface coordinates x* (a=1,2).
Greek subscripts and superscripts will always be used
to refer to the pair of surface coordinates. A point
of the shell outside the middle surface is described
by its coordinates x* (i=1,2,3), where xl, x% are
the surface coordinates of its projection on the
middle surface, and X=z (- %1 £z2 %’1) is its distance
to the middle surface. Roman subscripts and superscripts
will always be used to refer to this triple of space
coordinates., The thickness of the shell is expréssed
by the assumption that the shell thickness h is small
compared with the smallest principal radius of curva=
ture R of the middle surface, i.e. h/R&1,

The (symmetric) covariant metric tensor on the
undeformed middle surface is denoted by a,py its detere
minant by

2
and its associated (symmetric) contravariant tensor

a
by a ’
fundamental tensors of the undeformed middle surface

o The (symmetric) covariant second and third

are denoted by baB and Cap the determinant of baB is
denoted by

. (A1.2)

The three fundamental tensors are connected by

v ! b >
= a" b abp = b0y (A1.3)

Ca aA " Bp

where the summation convention has been employed for
repeated indices, once as a subscript and once as g
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superscript. The metric tensors

a and aa
ol

are always used to lower and raise indices
in surface tensors. A special surface tensor of some
importance in the analysis is the antisymmetric e~tensor,
defined by €;9= €5,= 0, Eq,= =€,y = Va.

The (symmetric) covariant metric tensor in space
in the undeformed shell is denoted by g; iy its determi-
nant by g, and its associated (symmetricg contravariant
tensor by glj. These metric tensors will always be used
to reise and lower indices in space tensors., Since the
x3-direction is normal to the middle surface, we have

2 b =
8,0= Bap ~ 2Zbgp t+ Z7C,5 8g3= 0 s 833= 13 (Al1.4)
11 22 12
88 = 890 9 88 = 811 » 88 ==&1o v
(A1,5)
ga3= . g33__ 1.

Delining the mean curvature and the GAUSSIAN curvature
of the undeformed middle surface by the invariants

_la >y I
Be9hg v b 5 = Mlie = Nty =y (AL.6)

the volume=element of the undeformed shell is described
by

dv= Vg axtaxax’= \/;.E.-ZH2+K22:' dxtaxdz . (A1.7)

A2, Covariant differentiation.

Partial differentiation of a scalar §, a vector

uh or U, and a tensor thi or thi with respect to

a coordinate xjwill be indicated by an additional
subscript j preceded by a comma. Likewise, covariant-
differentiation in space will be indicated by an addi-
tional subscript preceded by a double vertical line.
The rules of covariant differentiation are given by
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§u:i 5 Q,J

W= g+ M
W 5= Uy -f’%;uk
£ ¥ £ - > (A2.1)

i h ki
3= 1;1 + pkjt1+ r'kjt

K
thans™ Pni,g - Phj i = Mig¥ne o

/7

where the CHRISTOFFEL-symbols of the second kind
riye pgi are defined by

h 1
r'j_j= ghkl"idka gghk(gik'j 4+ gjk,i - gij,k) G (A2.2)

The covariant derivatives of the metric tensor are

zero. Moreover, in EUCLIDEAN space the order of

covariant differentiation of any tensor is immaterial.
In our special coordinate system with metric

tensor (Al.4) we have for the CHRISTOFPFEL-symbols

of the second kind

3 i L e
M33= M33= F3e™ Fa3® %

Pli= M3,= by = Beyy, f - (AZ,3)

a o oK a
Chan. g3~ Tt B J

It should be noted that in view of these results the
n=th covariant derivative of a scalar § with respect

-

to x” is equal to the nsth partial derivative.

A space vector uh or W, at a point on the
middle surface may alternatively be represented by
the surface vector u? or u, together with the surface

3

invariant w{=u =u3). The covariant surface derivatives
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of a surface invariant, a surface vector or a surface
tensor will be indicated by an additional (Greek)
subscript, preceded by a single vertical line, e.g.

A

Ug1 5= Ya,s " Aggly » c€tce, (A2.4)

where AQB is the CHRISTOFFEL-symbol of the second

kind for the twodimensional middle surface geometry
-

Ah > ahu %

aB”= + 8

- aaﬁ’u)=l“25(xv,0) (A2.5)

(aua,ﬁ pB,a

It should be noted that the covariant surface derivative
of a suriace invariant is again identical to the partial
derivative (ef. (A2.1)). lMoreover, although the surface
geometry is non-EUCLIDEAN, and the order of repeated
covariant differentiation of a surface vector or tensor
is therefore not interchangeable, this order of repeated
differentiation is again immaterial for a surface inva-

riant, e€.g.

=W - AN w = (A2.6)

"as® M ga” Va8 T fag",A

The GAUSS equation for the middle surface is expressed

by
(A2.7)

- SN - T K

al” Bp ap’BA < eaﬂehp ’

where K is the GAUSSIAN curvature (Al.6) and €. 18
the €=-tensor on the middle surface. The MAINARDI-
-CODAZZI equations are expressed by

(A2,8)

=D

bos1a™ Panis *

e T 3 » h
The spatial derivative of a space vector u
or u, at a point of the middle suriace with respect
o " 3 :
to a surface coordinate x° may also be expressed by

means of surface derivatives
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T T —‘l&- L= ie s

. | o 3= a a
Byp= Uy *+ Mygu= uwg- why ,

3 e
Uons= Ya g = Mag¥3 = Ygqyp = "gp o

e § 3 . nd A S
U= U + MRgu” + FBBu =W g+ byau”
Ak ¥ A
Wyug= U3 g = lM3gWh = P§Bu3 b TR B
/s

Finally, we note GREEN's theorem on the middle
surface for the conversion of surface integrals into
line integrals and vice versa. 1If uw? is a contravariant
surface vector and €. the €=tensor on the middle
surface, GREEN's theorem is expressed by

Slfu"l‘a Va axtax? Semu“axB ‘ (42.10)
S c

The integral in the left-hand member is taken over the
area S of the middle surface bounded by the eontour C,
and the sense of the contour integral in the right-hand
member is defined by the sense in which a curwvilinear
quadrangle is described by the sequence of points with
surface coordinates 0,0; 1,03 1,13 0,1, |

A3. The strain tensor.

- The LAGRANGIAN (symmetric) covariant strain tensor

in space Yi40 produced by a field of finite displacements

J
with covariant components U is given by

2954 gyt Uy * 8 ey e (A3.1)

The strain components with respect to the surface
direction xa, xg, i.e. the strein components in
surfaces parallel to the middle surface, are therefore

given by
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= Ap
2Yap= Yays * Yplla * & Wyja¥uns * %35aY3ys o (A3.2)

It is also convenient to introduce the (anti-
symnetrie) covariant rotation tensor, defined by *

S ERE T Wid” T M (A3.3)

Its components with respect to the surface directions

a 3 .
X 4 X are given by

Zwaf?): uBNa - ua||[3= uB,a i u‘a’B 9 (A304)
and its components with respect to the directions
x% and x3 by
e - bt ||| e 1] K (A3.5)

A4, Compatibility conditions.

The six independent equations of compatibility
for the strain tensor are contained in the set of

o hK)
equations

Ynilige * Yielnd = Yheij = Yijhak *
~I0
re [(thlli* Yodllh™ Yl‘lillm)(vn‘j"k* 'Y'nl;llj’ Yfl:lin) +
J .

= ot Ymein™ Yoo nang* Yogui~ Yi,—jnn)]‘ 0, (A4.1)

’QActually this tensor describes the rotation comple-
tely only in the case of infinitesimal displacementsj
however, it is convenient to call this tensor the
rotation tensor generally.

*%®)GREEN and ZERNA [12, p. 62] give (A4.1) in a somewhat
more complicated form, whieh is equivalent to our
form in CARTESIAN coordinates. SOKOLNIKOFF [}3, p.3OQ]

gives the eguivalent equation for the EULERIAN strain
tensor.
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where Gmn is the contravariant metric tensor in the
deformed body, defined by the equations

Mg, + 2vp)=87% o (A4.2)

and g? represents the KRONZCKER delta. If the strains
are small everywhere in the body (although the displace-
ments need not be small), the tensor G™* in (A4.1) may
be replaced by the metric tensor gmn of the undeformed
body, and a considerable simplification results which

is of particular importance in practical agplications.*o
Thege simplified compatibility conditions will be used
in order to evaluate the second derivatives of the
strains in surfaces parallel to the middle surface with
reanect to the normal direction X3 **

Yog33 = 7 ¥3301es T Ya3l3s * YB3W3a *
M v
i BYxaem*Ymna"Yamm)(2”u3n3 Vazpe) *
= (Vkanf*una"'u:&ux)(Yumu*mym"’sauu)]*

* (v3aus*Y 380a=Ya23Y 33037 3300 Yaus (A4.3)

In order to estimate the order of magnitude’
of the right-hand member of (A4,.,3), the basic approx-
imate assumption of shell theory, i.e. the assumption

L)

This simplification in the case of small strains
and finite displacements seems to have been
overlooked by most writers,

*%) This

s intrinsic approach, without direct reference

to the displacements, seems to be due to CHIEN [5].
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of plane stress will be used, i.e. (cf. (2.3),(2.4))

v__aB
Ya3= 0 Y33 = TSE€ Ve ° (4444

We obtain now from this assumption

& A 5 3 A 3 &
Y3a)18= Y3a,8 = M38¥Aa = 38Y3a =~ Pas¥3a = Mas¥33

= A v 3 Ap

= -3V * T5 a8 Yap csa37
and hence on the middle surface

o = A v Alle
Y3all g™ ba¥ae * Tov Pup? Tap * (44.6)

By a similar analysis we obtain

- :
Yiau3= 9 » (A4.7)
° 1) v An by j
Y33 "I * Tamia ? (A4.8)
) = ') AL ©

Y333 “ I & Va3 0 (A4.9)

where the superscript e again refers to the middle
surfece. The second derivatives in (A4.3) are reduced
in a similar ways: we have

¥331e8™ (V33ua),B‘ P ngnna' r 3973311 o I E‘BYBMIa -
> P%B"33ua" "3373310\' P38733ll3 .
=(V 33||c:),a'2P§BVA3|aa' asY33m- Mag¥syy »  (A4.10)
By appropriate use of (A4.6), (A4.8) and (A4.9), and

of the rules for covariant space and surface derivatives,
we obtain finally on the middle surface
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V

° = Alle v Apn
Y33||OLB— 1=V (8’ 7}4)“1!3"' -V baﬁa ?MINB »
2v Ap v
T S R o R s A (A4.11)

By an entirely similar analysis we obtain hd

e _ 2 Ae v Ale
Ya3m3s™ Pa¥arll3 ¥ T=v Pas® Yauns *

Ao Ale
+ Cp¥ay + I—— Capd  Tap (A4.12)

The order of magnitude of the second derivatives
o e o 2 .
Yool 33 at the middle surface is now conveniently assessed
by assuming a suitable system of surface coordinates in

which the components of the metric tensor a and its

determinant are of order unity. The tensorigﬁ strain
components in the middle surface V ap are then of the

same order of magnitude as the physical middle surface
strain components € (el, X ¥) (cf. ar. A5), the deri-
vatives Yaphan= Yas| A have the order E_ y Where ds is the
arc element along any curve on the middle surfac=, and
the normal covariant derivetives gaBH3 have the same
order as the physical changes pf curvature K (Kl, Koo T)
(cfe pare A5). The quadratiec terms -in the right-hand

nember of (A4.3) are now easily seen to be of order

2 2
({}g—) : %z, §§-§, K2 or KE (A4.13)

*)The fact that the order of covariant differentiation
in space is immaterial is easily seen to be confirmed
by the symmetry of (A4.ll) with respect to a and 8.
Likewise, it may be verified, be it after a more
laborious analysis, that interchanging the order of
differentiation with respect to x3 and xB does not
effect the result (A4.12),
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where R is the smallest principal radius of curvature
of the middle surface. Likewise, the order of
magnitude of the linear terms in the right—hand member
of (A4.3) is given by

d2€

% : A4.14)
- RA0 . SEE B _ ‘

If L denotes the "wave length" of the deformation
pattern on the middle surface, defined by -g-g-=a'( e/L),
the order of magnitude of §GB"33 is evidently given

by

-:;?' %5’ £ or «%, (A4.15)

whichever of these may be critical. The same estimate

holds of course for a’l/2 $aﬂu33 in any coordinate

system on the middle surface if 8119 oo and a1/2 are
of the same order of magnitude (not necessarily of

order unity).

A5, Translation into non-tensorial notatione.

Let o and B denote any set of orthogonal parametric

curves on the middle surface, Ada and BAB the line ele-
ments along these curves, and Ry, Ry, T the radii of
curvature and the radius of torsion of the middle surface
along the parametric eurves. If we now identify xl with
a and x° with B8, we have for the components of the

fundamental tensors of the middle surface
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= A2 Byn= 8nq= 0 a 32 H 3
i b ’ - 2 21 ;
S _% : alls s2le 0 . 822, _% ;
A B
2 2
A % AB _B
it b sl R s Bor* X  (45.1)
iy A S g 2
b ol 0 & i e R o
¥ 2 2
21/ .1 1 1 1
Ollz A ) + (T) 9 clz—- c21== iy + F-Z- 4
A j & 7 &
uf 2 2
21/ 1 1
[+ = B + ( ) @
() + (2 J
/
The mean and GAUSSIAN curvatures are given by
e v+ 7= | Ke wg~ = (1)2 (A5.2)
TR [, T\
and the CHRISTOFFEL-symbols of the second kind for
the middle surface (A2.5) are given by
A 2 12B
A= X 35a A= B 78 0
1 1 1 2A - l 2B
Ayo= A= F 3T ¢+ M0= A= B 34 ¢ P (45.3)
1 B_ 2B 2 A_ 24
AT = - = - == .
22" " 25’ 117" 322
» /

v la

The equations of GAUSS and MAINARDI-CODAZZI now take
the well=known form
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'aa(%f %%)+ 5215(% %ﬁ") naed } (A5.4)
b RE)-2EE)-F R G-l

The physical components of any surface vector
or tensor are defined as the components in a (locally)
CARTESIAN, coordinate system with axes along the
(orthogonal) a= and Be-curves. For the displacement
vector with physical components u and v in the a= and
B-directions we have .

u= Au, u =‘% s UW=Bv, u=gq, (A5.6)

with similar translation rules for other surface
vectors. The translation formulae for the symmetrie

covariant tensors of extensional strains and of changes

of curvature have already been given in (2.13) and
(2.14). The antisymmetric covariant tensor of the
rotation w , around the normal (3.6) is given in terms
of the physical rotation JL (3.10) by

1

Wip= =wy = ABIL . (A5.7)

Likewise, the translation rules for the asymmetric
contravariant tensor of stress resultants nﬂ? (3.26)
read in terms of the physical components (3.34) to
(3.37)
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with similar translation rules for the contravariant
tensor of stress couples (3.27) in terms of its
physical compenents (3.31) to (3.33).
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