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This thesis investigates the ability of Bayesian EUCLID to retrieve a predictive approximate material model for the myocardium in
the presence of heterogeneous deformation fields due to simulated biaxial stretch tests. The Holzapfel-Ogden material model is used
as the ground-truth material model of the simulation, since it is capable of describing the orthotropic and hyperelastic behavior of
the myocardium. In total, four material models were retrieved from Bayesian-EUCLID by considering two fiber orientations within
the sample and two displacement measurement techniques. The two fiber directions included one in which the sheet-like structure
of the sample lies within the test plane and one in which it lies perpendicular to the test plane. The displacement field measurements
considered were a full displacement field measurement and an approximation thereof based on a stereo digital image correlation
method. The results show that when the sheet-like structure of the myocardium lies within the test plane of the biaxial stretch test
and the full displacement field is available, Bayesian EUCLID is capable of finding orthotropic and hyperelastic material models that
correspond well to the ground truth. This shows that a biaxial stretch test can adequately characterize the material behavior of the
myocardium.
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1. Introduction

As the main driving force behind the pumping of blood throughout the body, the ventricles play a vital role in cardiac function.
Ventricular tissue is divided into three parts: The epicardium, the myocardium, and the endocardium. The myocardium
constitutes the bulk of the tissue and is highly influential in the mechanical behavior of the ventricles. The tissue is made
up of a stacked sheet-like structure. These sheets contain two fibers: myofibers and endomysial collagen. The intricate and
fibrous nature of the myocardium facilitates that the type and direction of deformation is influential in the observed mechanical
behavior of the tissue, especially when sheared. This behavior differs over three mutually orthogonal axes; therefore, it is
considered orthotropic. Pathological processes can lead to changes in this tissue that affect its mechanical properties. Hence,
determining the mechanical properties of the myocardium is beneficial in determining both healthy and pathological cardiac
function (1-3).

Mathematical models describing mechanical behavior provide a way to quantitatively argue about the behavior and the
mechanical properties of the tissue. Such models are called constitutive models. In addition to formulating constitutive models
based on measured behavior, they are also formulated with a priori knowledge of the constituents of the material. Several
constitutitve models have been formulated in the past to capture the complex mechanical behavior of the myocardium (4-8).
Some of these focus their efforts on capturing hyperelastic behavior, signifying that the energy stored within the material as a
result of deformation is ever increasing. Recently, researchers have started to include viscoelastic and history-dependent effects
in their models. Viscoelastic behavior includes a dependence on the rate at which the material is deformed, and thus, accounts
for stress-relaxation behavior. History-dependent models can account for tissue damage due to testing. Out of the currently
available models, the Holzapfel-Ogden model (HO-model) has become the de facto standard for modeling the orthotropic and
hyperelastic behavior of the myocardium (9, 10). Moreover, some viscoelastic models use it as a basis for the orthotropic
and hyperelastic behavior of the myocardium (6, 7). This progression of complexity in material behavior is facilitated by
increasingly advanced testing procedures capable of measuring more detailed behavior.

The behavior of the myocardium is measured during mechanical tests performed on excised samples of myocardial tissue. Such
measurements include the measurement of the displacement field and the forces acting on the boundary. The current method of
characterizing the myocardium is laborious and requires both biaxial stretch and triaxial shear tests to capture the orthotropic
behavior of the material (11, 12). In some cases, more advanced testing devices are used to reduce the number of tests and
samples needed for characterization (13). This is especially beneficial for samples that are difficult to obtain, such as those
taken from the myocardium.

Despite the use of sophisticated testing techniques, such as those proposed by Dokos, Sommer, and Avazmohammadi (11-13),
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it is still difficult to compare results of different tests and samples due to the extensive preparation process required, which can
involve the use of glue (14). When glue penetrates the material, it can affect the mechanical behavior of the sample (11).

It is also essential to consider the microstructural differences between samples, particularly when dealing with biological tissue.
Additionally, the choice of measurement techniques can have an effect on the observable behavior. For example, stereo
digital image correlation (SDIC) can measure the three-dimensional displacement of the top surface but cannot measure the
displacement throughout the entire sample. The full displacement field can be obtained using advanced techniques such as
magnetic resonance imaging (MRI) (15). As mentioned earlier, in addition to the displacement field, force measurements are
also obtained. Usually, a single sensor is used per deformed boundary of the sample. Rather than measuring the variation of
the forces at the boundary only a summed total is obtained.

Armed with displacement and force measurements, as well as a constitutive model, parameter fitting techniques are used to
fit values to the parameters in the constitutive models. Since displacement and force data are difficult to directly correlate,
traditional approaches use certain assumptions to facilitate the parameter fitting process. One of these assumptions is that the
deformation throughout the material is homogeneous. This leads to measures of stress and strain, as well as a predictable
deformation path, which are correlated more conveniently through the use of constitutive models. Consequently, parameter
values can be found using classic parameter fitting methods. It is important to note that (naturally occurring) heterogeneous
effects from the distribution of the material and the geometry are neglected or considered noise in the data (10, 14, 16).

Recently, more interest has been shown in the use of machine learning methods in the identification process of constitutive ma-
terial models (17-22). The advantage of these techniques is that they can infer constitutive equations from their respective data
sets, even when there are heterogeneous effects present. This eliminates the need to impose a material model in advance. More-
over, the assumption of homogeneous deformations becomes superfluous for the inference of mechanical behavior. However,
it is imperative that the resulting models are physically feasible. This is achieved through implementing physical constraints in
the cost functions of neural networks and/or by designing the feature-set to intrinsically satisfy these constraints.

One of these data-driven approaches, called Bayesian-EUCLID, is distinctive among the available options, as it offers statistical
inference on the retrieved models and is able to produce parsimonious models from displacement and force measurements
directly. This machine learning method intrinsically satisfies the constraint for physically feasible materials. This combination
of parsimonious, statistically relevant, and physically feasible models aids in inferring the mechanical properties of the tested
material.

Models and testing methods have become increasingly complex while still maintaining the assumption of homogeneous de-
formations. Naturally occurring heterogeneous deformations could be exploited during constitutive model discovery aided by
machine learning. Using such methods, perhaps more complex material models can be characterized from biaxial stretch tests
than previously thought. In this exploratory study, the ability of Bayesian-EUCLID to characterize orthotropic and hyperelastic
materials from biaxial test measurements alone is investigated.

With reference to the previous, I hypothesize that the inclusion of heterogeneous deformations and the three-dimensional
displacement field data from a biaxial stretch test allow the Bayesian-EUCLID method to discover orthotropic and hyperelastic
constitutive models for the myocardium. In the current study, the Bayesian-EUCLID approach is extended and applied to
heterogeneous deformation data obtained from simulated biaxial stretch tests of myocardial tissue. In total four data-sets are
generated by considering two distinct fiber orientations within the sample and two displacement measurement techniques.
These data sets are used as training data for Bayesian-EUCLID which yield four material models. The resulting four material
models are validated against a ground truth material model, in order to assess the performance of the method.

2. Methods

2.A. Kinematics. First, I define F' as the deformation gradient tensor. This tensor defines various deformation modes such as
uniaxial tension (UT), biaxial tension (BT), simple and pure shear (SS, PS);

1+ 0 0 I+ 0 0
F'T=|1 0 1 0 1) FBT =1 0 14~ 0 )
0 0 1 0 0 1
1 v O
1 v 0
SS
00 0 0 1
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Simple shear deformations are unique in their plane of deformation. The work of Holzapfel and Ogden has shown six different
simple shear planes (4).

Two important quantities can be calculated from the deformation gradient tensor: The volumetric component (also known as
the Jacobian) and the right-Cauchy-Green tensor. The volumetric component is then defined using standard notation,

J = Det(F) (5)

For incompressible materials J = 1. Furthermore, the following tensor associated with the deformation gradient,

C=FTF (6)

This is the right-Cauchy-Green tensor.

It is common practice to model constitutive equations using strain energy density functions (SEDF) based on invariants of C'.
These functions determine the energy stored in the material due to deformation. It is important for these functions to be convex
in F' because, therefore, they satisfy its conditions of objectivity.

The invariants used in this work are defined as follows.

I =Tr(C) (7) L =J72°n (12)
I= 3 (1}~ Tr(C?) 8) L=J""L 13)
I3 = Det(C) ) =721 (14)
Ii=d"Ca (10) L=J72R1 (15)
Is =a"Cb (11 Is =21y (16)

where a and b denote vectors of unit length. Therefore, these vectors present a directional dependence on the evaluation of these
invariants. The invariants /4 and Ig are anisotropic invariants. They facilitate energy in a specific direction and the coupling
between two of these directions, respectively.

2.B. Material model. The de facto constitutive law for the myocardium is the Holzapfel-Ogden model (HO-Model)(4, 10).
This material model describes the hyperelastic and orthotropic behavior of the myocardium, but neglects other effects such as
viscoelasticity and growth and remodeling of the tissue. This orthotropic behavior is due to the various fibers in the myocardium
and their interconnection.

The SEDF of this constitutive model is defined as follows.

U(F) = {eXp[ (I -

3)] -1}
+X (L) 5 { exp by (I —1)°] -1}
(145)% {exp {bs (f4s—1)2}—1} a7
- F [exp (bfsT5ys) — 1]
+§(J —1-2InJ)

With,
1

X(x) = m
and k > 0 to ensure that the function is an approximation of the Heaviside function. f and s denote the unique directions of the
fiber, namely the general direction of the myofiber and the endomysial collagen. The latter is defined as the vector spanning the
plane of the sheet and is perpendicular to the myofiber.

A volumetric-isochoric split of the strain energy density function is added to the original HO-model. The applied penalty
function tunes the incompressibility of the material. When K = oo the material is fully incompressible. When K = 0 the
material does not show resistance to volumetric change. Tuning of the bulk modulus is required in order to simulate (quasi-
)incompressible materials because K = oo is infeasible within a computer simulation. Alternatively, lagrange multipliers can
be used to independently solve for a hydrostatic pressure to enforce the incompressibility of the material. However, naive
implementations can suffer from numerical convergence issues which require specialized techniques implemented in the finite

(18)
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C Sample slice and fiber directions

element method. One of these techniques are called hybrid elements. Such implementations were left outside of the scope of
this study and thus a heuristic tuning method for the bulk modulus was adopted.

I further include an approximate Heaviside function to simulate realistic stresses due to fibrous contributions in the material.
When fibers are compressed, they should not contribute to the total stress and stiffness of the material; this activation function
ensures that this behavior is correctly simulated.

The SEDF tells us how much energy is stored in the material after deformation, and after taking the first and second derivative
with respect to the deformation gradient, stress and stiffness measures are acquired as well. The predominant measure of stress
in this work is the first Piola-Kirchoff stress (FPK or P). Contrary to other stress measures such as the second Piola-Kirchoff
(SPK or S) or Cauchy (o) stress, it possesses a simpler analytical expression. Moreover, it holds a physical interpretation by
establishing a relationship between the forces acting on the deformed surface area, to the undeformed surface area. The P stress
tensor can be found as follows.

_0Y(F)
P(F) = OF a9
The stiffness tensor is just as easily obtained,
0?W (F)
) -
ATUE) OFOF (20)

In other texts A™) is also called the first elasticity tensor. This fourth-order tensor exhibits major, but not minor, tensor sym-
metries. This is indicative of duplicate entries within the tensor, which might be advantageously used to reduce computational
complexity.

Although the analytical expression of the first elasticity tensor is simpler than the one obtained from S, due to the exponentials
used in the HO-model, its expression still requires significant computational expense. This is due to the significant increase
in the required numerical evaluations, which was facilitated by the double tensor derivative and numerous product and chain
rules. In order to reduce the computational cost of working out the stiffness tensor analytically, a perturbation technique can be
used to approximate the stiffness tensor (23). The approximate stiffness tensor can be found as follows.

AP Py (FS)) — Py (F)

AY ~ ~
LN ’ (21)
Vi, j,k,0=1,2,3
with,
F% —F+AFY =F+a%,0€, (22)

Note that ?k, ?l are unit vectors and 108 < o < 1076, In this work, the following value for o was chosen: oo = 1077.

2.C. Sample slice and fiber directions. In this work, I perform synthetic biaxial tensile tests on myocardial tissue. To this
end, it is crucial to use realistic constitutive parameter values for myocardial tissue and to take into account the orientation of
the sample within the ventricle to infer the direction of the fibers within the sample.

Krijnen R. | Myocardium model discovery TUDelft | 5
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Fig. 1. This image shows the fibre angle change throughout the thickness of the ventricle. Notice that endomysial collagen envelops the fibers and interconnects them. This
structure makes up a sheet. The sheet direction is subsequently found to be perpendicular to the fiber direction shown in the figure as e making it difficult to obtain a perfect
slice. This image was obtained from (24).

During this study, the results of Rohmer et al. provide a guideline to define the sheet-like structure of the myocardium (24). In
Figure 1 the mean changes in the direction of the fibers throughout the thickness of the ventricle wall and the sheet-like structure
are shown. The local direction of the fiber is denoted by az . The direction of the sheet fiber is defined to be perpendicular to
the fiber direction whilst still lying within the sheet plane. It also lies approximately in the radial direction and is denoted by
the vector e5. Finally, the stacking direction of the sheet is defined as &n, which is the vector normal to the sheet plane.

The orientation of these axes vary between the epicardium and endocardium, as well as in the apical and basal direction. This
rotation of the fibrous sheets makes it so that the fiber distribution in each sample, as obtained similarly to the work of Sommer
and Dokos (11, 12), will not be uniform. Therefore, any slice of the myocardium will have some variability in the fiber
directions. However, this variability is often averaged to approximate a homogeneous material distribution within the samples.

Biaxial Triaxial
specimens specimens

Apex

Fig. 2. (a) shows a three-dimensional image of an idealized ventricle and mechanical test samples.(b) depicts the top view of the ventricle with the current method of slicing
samples for biaxial testing: (1) indicates current slices, (2) are possible for square biaxial testing and (3) is possible for the triaxial shear tests. This image was obtained from
(12).

The current method of preparing myocardial tissue samples in biaxial testing setups is shown schematically in Figure 2.
These samples (shown in blue) are cut from the ventricle in the circumferential direction. It is notable that the cross-fiber and
mean-fiber directions are defined to lie directly in the test plane. The mean fiber direction (MFD) is defined as the general
direction of the myofiber which can be equated to e_f> from Figure 1. The cross-fiber direction (CFD) is defined to lie within
the myocardial sheet and in the test plane which is comparable to €2, this does not correspond to the fiber orientation shown in
Figure 1. According to Figure 1, the sheet direction of this commonly obtained slice should be in the radial direction.

To define the fiber direction in a simulated sample, a geometry and coordinate system must be defined. The geometry used to
obtain the training data is shown in Figure 3a. It is a square sample of material with elliptical holes eclipsing in the bottom left
and top right corners. These holes were added to the sample to induce heterogeneous deformation within the sample. The sides
are defined to be of unit length, and both of the holes are 0.5 units long and 0.25 units wide. The x and y directions lie within
the surface of the plate. In Figure 3b the side view of Figure 3a is shown. The Dirichlet boundary condition at the bottom runs
across the entire surface of the sample. This ensures that the sample does not exhibit rigid body motions during the simulation.
Similarly, the validation geometry is defined in Figure 4a. The side view representation is provided in Figure 4b. The validation
sample has a fixed Dirichlet boundary condition applied to the bottom side, which ensures that this side will not deform in x-
or y-direction during loading. The top side has a fixed displacement boundary condition applied, but also fixes its position in
the x-direction to prevent the top side from contracting during deformation.

6 | TUDelft Krijnen R. | Myocardium model discovery



C Sample slice and fiber directions
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(a) The sample geometry depicted with the boundary conditions applied. y_c‘L—x¢
Dirichlet boundary conditions are used to control the deformation of the sam-
ple. Homogeneous Dirichlet boundary conditions are found in the x- and y- (b) The sample geometry depicted with the boundary conditions applied from
directions on the bottom and left sides of the sample, respectively. On the top a sideways perspective. The z-symmetric boundary condition on the bottom
and right sides of the sample, fixed displacement boundary conditions are ap- plate of the sample is clearly visible and a side view of the Dirichlet boundary
plied in y- and x-directions respectively. conditions in x-direction provides additional perspective.

If a sample as in Figure 3a is obtained similarly to the biaxial stretch test sample in Figure 2 and using the fiber orientations
defined in Figure 1, the fiber directions are defined as f = {0,1,0} and s = {0,0,—1} in the coordinate system of the plate.
These correspond to the mean-fiber direction and the sheet-fiber direction, respectively.

A problem with this type of sample is that, realistically, the fibers in the sheet direction cannot contribute to the stress or
stiffness of the material under compression. Because the sample is only stretched in the x and y directions during a biaxial
stretch test, the sheet fiber cannot contribute to the deformation. Therefore, attempting to retrieve information about the
sheet-directional fiber will likely be intractable. Slices with such fiber orientations are called the most common slices (MCS)
within the remainder of this work.

If it were possible to obtain a slice of the myocardium parallel to the sheet separations as shown in Figure 1, the fiber and
endomysial collagen would lie within the test plane of the sample. In addition, the variation in the fiber orientation would be
much reduced. The corresponding fiber orientations are then defined as f = {0,1,0} and s = {1,0,0} (or at least defined in a
plane perpendicular to {0,0,1}) for the fiber and sheet directions, respectively. As such, it is guaranteed that biaxial stretching
will pull on both fibers. However, such a slice may not be feasible to obtain because of the variation of the fibers throughout the
sample and the skill required to cut parallel to these sheets. Nevertheless, displacement fields from such ideal samples might
provide an upper bound of the achievable deformation modes within the sample. Slices with fiber orientations such as this are
called most informative slices (MIS) in the remainder of this work.

Realistic constitutive parameter values are required to argue about the validity of this study. As such, parameter values based on
experimental data were chosen. The constitutive model parameters for the HO-model used during this study were adopted from
(25) and are given as a = 0.0943 (kPa), b= 5.874, ay = 0.311 (kPa), by = 11.271, as = 0.0431 (kPa), bs = 9.772, ay, = 0.0254
(kPa), by = 2.405. To keep the units consistent, the values in kPa are converted to Pa.

A realistic sample of the myocardium would also be nearly incompressible. Therefore, a relatively high bulk modulus value is
required.

Krijnen R. | Myocardium model discovery TUDelft | 7
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(a) The validation sample geometry depicted with the boundary conditions ap- Z(L_’

plied. Dirichlet boundary conditions are used to control the deformation of the Y-~ x

sample. On the bottom side of the sample, a fixed Dirichlet boundary condition

is applied. On the top side of the sample, fixed displacement boundary condi- (b) The validation sample geometry depicted with the boundary conditions
tions are applied in y- and x-directions to keep the boundary from contracting applied from a sideways perspective. The z-symmetric boundary condition on
in the x-axis during deformation. the bottom plate of the sample is clearly visible.
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Maximum stretches at the boundary of the material must be chosen with care to stay within the physically feasible ranges of
the material. I have chosen a maximum displacement in the y direction of 0.3 and the maximum displacement in the x direction
of 0.2, which corresponds to those found in literature (11, 12, 14).

2.D. FEM. The finite element method (FEM) is used to simulate a material sample. In the following section, I will briefly
summarize the specific formulation used in my work. In this formulation, I assume that the model will only experience Dirichlet
boundary conditions, which alleviates the need for terms concerning initial stresses and external forces.

Starting with the strong form of the continuum mechanics problem,

DIV{P}+fo=0 (23)

where,
oP

DIV{P}:VOP:I:aiX:

I 24)
with I being the second order identity tensor, X the global/undeformed spatial coordinates, and : being the contraction operator.
Using the principle of virtual work I obtain a formulation equal to the weak form of the continuum mechanics problem,

6W:/P:6de+/ f0~5vdV+/ to-0vdA =0 (25)
1% 1% ov

where the last term corresponds to the traction forces at the boundary.

Because I will only consider a displacement-controlled tensile test, no external forces are present. To obtain a solution to this
equation, I employ an iterative Newton-Rhapson solver. To this end, a linearized version of the aforementioned equation needs
to be found. Using the directional derivative the following step can be taken,

D§W[u]:/ DF[u]:A<1>:voudv+/ P :VovdV

v v (26)

:/ Vodv: AWM :VoudV+/ P :VydvdV =0
Vv Vv

where D - [u] denotes the directional derivative in direction u and V denotes the partial derivative w.r.t. the initial configuration.
Since the second term in the linearized equation defines the initial stresses in the configuration, which were considered not to
be present, this term is neglected.

Finally, the problem can be discretized using u = 22:1 Ngu, and the result is stated as
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E Full field approximation

DEWe[u] ~ / VoY Nadvg: AV : V0> NydupdV
b=1

e a=1

(27)
=0vg - Ké?ub

where n is the number of nodes per element and e denotes the specific element used. Integrating over the volume using Gauss
quadratures, the global tangent matrix can be assembled, and the standard formulation for a Newton-Rhapson problem emerges,

K(X;up_1)up = —R(X;up_1) (28)

where we see that the tangent stiffness matrix and the residual R are both dependent on the initial configuration as a constant
parameter and the displacement vector wy_1 which is initialized at zero barring the nodes undergoing Dirichlet boundary
conditions. The residual is found by discretizing equation 25 in a manner similar to that for the tangent stiffness matrix.

Using the discrete equations defined above, the geometry of the sample, and the accompanying boundary conditions, a solution
to the finite element problem can be obtained using an adequate mesh of the geometry. The meshed geometry contained 11895
elements and 15228 nodes. The elements chosen for the purpose of this study were linear brick elements (C3D8). These
elements satisfy the Kronecker-d property and thus physically represent the displacement field. This mesh was chosen based on
the results of a mesh convergence study (see Appendix A). During this process, the bulk modulus was gradually increased until
the simulation failed to converge. The value was then reduced to the last feasible one. In so doing, I settled on a bulk modulus
value of 1500. The material was stretched in x- and y-directions through nonhomogeneous Dirichlet boundary conditions,
recreating the biaxial tensile test. The boundary conditions were increased linearly to aid in the convergence of the method.
Step sizes for this increase were set at fixed intervals, allowing for the recording of snapshots over time of the converged
solution.

2.E. Full field approximation. In an ideal setting, the whole force and deformation field would be known to the user (the full
field or FF setting). However, in practice, this is not the case. Forces can only be measured at the boundary and only in rough
patches. It is assumed that only the sum of the forces on each side of the sample can be measured. The finite element method
provides solutions for the displacement at each node in the mesh. As a result, the entire displacement field is known. Using the
solution directly will be referred to as using the full-field measurements for the deformation.

The deformation field can also be obtained by means of Digital Image Correlation (DIC). This approach results in a deforma-
tion field with relatively high precision of the top surface of the sample. When considering thin samples, these top-surface
measurements are assumed to be characteristic of the whole material.

A classical DIC setup can only provide planar deformation measurements, and information about a change in thickness of the
sample is not measured. Stereo DIC (SDIC) approaches attempt to remedy this by using two different viewing angles and
comparing the images to infer depth. Again, these measurements pertain only to the top surface of the material.

In this work, a fictitious method is proposed that approximates the full mesh and the corresponding deformation field from
SDIC measurements alone. The thickness of the sample is assumed to be measured beforehand, and the method linearly
interpolates the deformations of the top surface to the bottom surface lying in the z = 0 plane. All deformations in the x and y
axes are imposed on the underlying nodes.

A function interpolating the deformation throughout the mesh is given in equation 29,

1 0 0
=10 1 0 Brop: Vae{l,2,-- ,Np—1} (29
0 0 1-2Nr—a-l
Np—1

Where N denotes the number of required layers in the mesh and a the index of the nodes directly below the mesh of the
top-surface. ¢ denotes the field variable and can be the original coordinates in X or the deformation field u. A schematic
overview of the aforementioned approach can be seen in Figure 5.
Using both full displacement field measurements and the aforementioned SDIC approach along with the two considered slicing
directions, four resulting data-sets are obtained. For the remainder of this work, the following abbreviations will be used:
FF-MIS, SDIC-MIS, FF-MCS, and SDIC-MCS. FF-MIS stands for the use of the full displacement field measurements of a
deformed sample cut in the most informative slicing direction. SDIC-MIS uses the same slicing direction but uses the SDIC
measurement technique. FF-MCS stands for the use of full displacement field measurements of a sample cut in the most
common slicing direction. SDIC-MCS uses the same slicing direction as FF-MCS, but uses the SDIC measurement technique.

Krijnen R. | Myocardium model discovery TUDelft | 9



Fig. 5. A graphic showing how the top surface is copied n times until it hits the bottom plate where z = 0. The deformations at the top surface are propagated through the
mesh by assuming that the x- y- displacements are the same throughout the thickness of the mesh. The deformation in the z-direction is assumed to converge to zero at the
bottom plate of the mesh.

2.F. Bayesian-EUCLID. Bayesian-EUCLID is an unsupervised machine learning algorithm used to identify constitutive
material laws based on displacement and force data. This type of data is readily available from standard tensile testing setups
and therefore makes the method directly applicable to this study.

The objective of the algorithm is to find a strain energy density function that maintains the linear momentum balance. The
exact material model is unknown to the algorithm, but is provided with a material-model/feature library. These features are
commonly found in constitutive equations and inherently satisfy polyconvexity constraints that are necessary for material
objectivity and stability. Such features are derived from the aforementioned strain invariants while ensuring that the feature
contributes no energy while in the reference configuration.

The following feature library is used in this work,
Q ([, 12,13, 14,I3) =

[(h=3)" (l=3)" " sic {0, j}and j € {1,...,NMR}}T

Generalized Mooney-Rivlin features
® (2 =1-2n(1)]© [(Tey =1)" 1 € (2., Nanio } (30)
Volumetric energy feature
® [(1:43 —1) i€ {2, Naniso }]
@ [(Tsgs) 1€ 2., Nuniso }

Where @ denotes the concatenation of the features. It is noteworthy that the set does not contain the exponential invariants of I,
Iup, 145, or Ig¢s found in the ground truth material model in equation 17. Instead, polynomials of these features are provided.
Therefore, this feature set can only approximate the ground truth material model. The strain energy density is subsequently
determined through

W(I1,1I2,13,14,13) = Q(I1,12,13,14,13) - 0 (31

EUCLID enforces physically meaningful results by inherently satisfying the equilibrium constraints of the material. It does so
by finding parameter values for the weak form of the linear momentum balance,

/ P V'UdV—i—/ t-vdS=0, V admissible v 32)
Q o

Notice the similarity with equation 25. There is an equivalence between the two if the following is considered: F =vVyov.
Now using the following discretization for the test function v,

n
v="" Nava (33)
a=1

Then the linear momentum balance reduces to

Zva U PVNadV+/
a—1 Q 15}

tNadS:| =0 34)
Q¢
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F Bayesian-EUCLID

Now apply equation 19 to equation 31 and substitute the result into equation 34,

> v, [/ ((%20) vjNadv+/ tiNadS} =0 (35)
— o \OFj; o9,

Because 0 does not depend on the spatial coordinates, it is taken outside of the integral. After applying numerical integration
through Gaussian quadrature, the resulting set of linear equations can be written as

Afreee — bfree (36)

The balance must also be maintained at the boundary. To this end, the aggregated internal forces must match the external force,

Z Fiint,a (9) —

(a,i)eDfix.B
oQ
/ <8F0) VjNadV: (37)
(a,i)eDixB Q K
Y FY=RP, Y B=1,..n
(a,i)eDfix.B

Which can be assembled in the same way as in the finite element method. After concatenating the results, the following
relationship emerges.

A6=b (38)
with,
r Afree,l 7 r bfree,l 7
Afr(;e,nt bfre.e,nt
A= )\TAﬁX’l ﬂb = )\Tbﬁx,l ’ (39)
)\TAhx’nt )\be;lx,nt

Where A, > 0 is the hyperparameter controlling the relative importance of the force balance between the fixed and free degrees
of freedom. The number of degrees of freedom is usually equal to the amount available in the simulation, but in Bayesian-
EUCLID this value can be tuned. This allows the method to work with fewer datapoints, which improves the computational
efficiency.

Due to uncertainties in the displacements, uncertainties also exist in A. Therefore, a better description is

A0 =b+e (40)

Where € denotes the residual of the momentum balance and is indicative of the uncertainty in both the measurements and the
model. It is assumed that the residual can be sampled i.i.d. from a normal distribution as

b|60,0°,A~N(A8,0%Iy) (41)

Finally, the stochastic model formulation used in Bayesian-EUCLID is found. The model can now be solved for @ by calculating
the posterior distribution of € given prior information on 8, A, as well as the likelihood of b.

The method enforces sparse results through spike-slab priors. This type of prior has a high probability that the value of @ is
(near) zero and a small probability that it lives in R*. By selecting just a few active features during each sampling iteration
of the algorithm using a probability distribution, a distinction can be made between the features. This distinction concerns the
contribution to maintaining the linear momentum balance. If the feature does not contribute (much), it will be selected fewer
times in subsequent iterations.

zi | po ~ Bern(po) (i.i.d. Bernoulli trial)
vs ~IG(ay,,by) (Inverse Gamma distribution)
02 ~IG(as,bs) (Inverse Gamma distribution) 42
po ~ Beta(ap,bp) (Beta distribution)
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The types of distribution used to define the spike-slab priors are given in Equation 42. The relationship between these distri-
butions and the a priori information is schematically shown in Figure 6, which has been adopted from the Bayesian-EUCLID
paper (22). Using these distributions, the definition of the posterior distribution is found as follows.
p (aazap07US702 | A7b> X
p(b|072,])0,1)3,0'2,14)]7(G,Z,po,vs,0'2) 43)

physics-constrained likelihood — spike-slab model prior

Because it is infeasible to sample from an analytical solution to this problem, a Markov chain Monte Carlo (MCMC) method
is required. The posterior distribution of the model is estimated using a Gibbs sampler.

N

&)

o~
™ /
RO

)
q\a

Fig. 6. This figure shows the relationship between the prior distributions and the a priori information A and b. This matrix A and vector b maintain the linear momentum
balance and are directly derived from the feature-set and the deformation field. This image has been adopted from (22).

Using the average value of Z,ctivity, a preferred set of features can be found by comparing the average value against a cutoff
value.

1 8
PR I 44
avg Na ;Zz (@4)
where Ng = Niinks — Nowrns

After selecting the preferred features and discarding the previous results, the algorithm can be run again to obtain more accurate
and sparse results. This is a recursive process and is limited by the stringency of the cutoff value, the desired sparsity of the
model, and the importance of the force balance through A,.. This process was inspired by (26), who used a similar approach to
determine a posterior inclusion probability for each feature in the set.

A set of hyperparameter values was heuristically fitted using the results of the experiment which included the full deformation
field and the most informative slice (FF-MIS). The main consideration of this fitting procedure was the ability to obtain a sparse
model which (if possible) included all desired features ((I1 —3), (ay —1), (145 — 1), (I3fs), and the volumetric feature).
Further considerations included the ability of the algorithm to construct nonsingular matrix A (equation 39) as the presence of
singular matrices would terminate the algorithm. To achieve this, the value of )\, was increased until singular matrices were
constructed. Subsequently, the value was reduced by a factor of 10, which generally performed well. The number of included
degrees of freedom in the algorithm was qualitatively determined by the variance of the obtained parameter value. Increasing
this value produced results with lower variance but also with a considerable increase in computational complexity.

The summary of all the parameters used in the FEM data generation and the model discovery through Bayesian-EUCLID can
be found in table 1 in Appendix B.

In order to better argue about the differences in the obtained models, the hyperparameters heuristically fitted onto the FF-MIS
forward simulation results were also used on the remaining three results: SDIC-MIS, FF-MCS, and SDIC-MCS.

3. Results

3.A. Forward Simulations. Seven forward simulations are performed during this work, two of which are simulations of
the HO-model with different fiber orientations for the training data. The remaining simulations are related to the validation
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specimen. The first of these five simulations serves as a ground-truth for the validation specimen, and it is therefore simulated
using the HO-model. To ensure that both fibers are stretched in this uniaxial stretch test, the MIS fiber orientation is rotated
another 30 degrees around the z-axis. The remaining four simulations use the approximated models. In order to compare
against the ground truth of the validation sample, all of these material models make use of the same fiber orientation as the
ground-truth model.

Fig. 7. Mesh of the training sample undergoing biaxial stretch testing. This sample is obtained through simulating the ground truth HO-model in the MIS direction. Thus, the
main fiber direction lies directly in the y-axis and the sheet fiber direction in the x-axis.

In Figure 7 we can observe the heterogeneous deformation field in the material due to the biaxial tensile test. The sample was
stretched in the y direction for 30% of its initial length, and for 20% of its initial length in the x direction. The top, bottom, left,
and right sides of the sample were subjected to simple Dirichlet boundary conditions. A final Dirichlet boundary condition was
enforced in the z direction for the entire bottom plate of the sample to keep the sample from exhibiting rigid body motions.

Fig. 8. The deformed validation sample. This asymmetrical geometry provides heterogeneous deformations which facilitates the validation of the approximated model to
generalize to unseen data. This deformed version of the validation sample was obtained through a finite element analysis using the ground truth HO-model where both fibers
lie in the plane, but instead of pointing directly in the x and y axis, they are rotated around the z-axis with 30 degrees. This ensures that both fibers are stretched in the uniaxial
test.

In Figure 8 we can observe the heterogeneous deformation field in the material due to the uniaxial tensile testing. The sample
was stretched in the y direction for 30% of its initial length. The top and bottom of the sample underwent z-asymmetric
Dirichlet boundary conditions. These boundary conditions fix the displacement on all axes but on the z-axis. The left and right
sides of the sample were free of boundary conditions. A final Dirichlet boundary condition was enforced in the z direction for
the entire bottom plate of the sample to keep the sample from exhibiting rigid body motion.

3.B. Bayesian-EUCLID models. Three graphs are considered in this section: Violin plots, deformation path energies, and
activity plots. The violin plots represent the normalized probability density around the mean parameter values. On the bottom
x-axis, the retrieved features are listed. The upper x-axis shows the corresponding mean parameter value of the feature. The
colored areas show the probability density of the parameter values. Therefore, violins with a large area show greater uncertainty
around the parameter value obtained.

In order to add an estimate of the predictive capabilities of the approach, I determined the energies along specific and homo-
geneous deformation paths of the ground-truth material model and the approximated models. These deformation paths consist
of Uniaxial Tension (UT), Biaxial Tension (BT), and six different simple shear modes (FS, SF, FN, NF, NS, SN). The names
of these shear modes refer to the plane in which the deformation takes place. In this case, F stands for the mean direction of
the fiber, or y in the coordinate system used in Figure 3a. S represents the direction of the sheet fiber, or = in the coordinate
system, and N represents the direction of the cross fiber, which is the same as the z direction in the coordinate system. This is
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analogous to the notation used in (4). The strain energy density function is then evaluated for each model along the deformation
path. Examples of such paths are shown in equations 1, 2, 3, and 4 where the path is evaluated along the variable . The
red lines in the graph indicate the energies obtained from the ground-truth HO-model, and the black lines show the mean of
the approximated model. The gray area around these black lines shows the 95 percentile values. Therefore, the spread of this
area represents the uncertainty in the prediction of the energy density. To quantify the prediction accuracy, the coefficient of
determination (R?) between the black and red lines is calculated and presented in each of these graphs. The definition of this
value is given below.

2
R2—1_ Z@ (ytrue, i — Ypred, i ) 45)

— 2
Zi (Ytrue, 1 — Yirue )

Where e, i denotes the true value and ypreq, ; denotes the predicted value.

Lastly, the activity plots show the progression of feature selection over the iterations of the Bayesian-EUCLID approach.
Because the value of z is 1 or 0, the value on the bar graph shows the percentage of models in which the corresponding feature
was used. The blue bars show the average activity of the features in the first iteration of this approach. The orange bars show
this average activity for the second iteration. The red horizontal line shows the cutoff value used to reduce the posterior feature
set before it is used in the second iteration.

B.1. FF-MIS results. First, the full deformation field is considered. In this scenario, no approximation methods are employed
for the deformation field. In other words, the results from the finite element analysis are directly presented to the Bayesian-
EUCLID method.

Discovered features: FF-MIS
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Fig. 9. Results from the Bayesian-EUCLID algorithm when using the most informative slice and a full deformation field. The y axis shows the normalized probability density
of the distribution. Large deviation from 1 therefore means a high standard deviation. The bottom x axis shows the constitutive model feature discovered by the algorithm
from its initial feature set. The top x axis shows the mean parameter value corresponding to the discovered feature.
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Homogeneous deformation path energies: FF-MIS

B Bayesian-EUCLID models
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Fig. 10. The ground truth energies compared to the predicted model energies due to imposed deformation gradients. These results were obtained using the full deformation
field and the most informative slice of the myocardium.

Average Z-activity: FF-MIS
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Fig. 11. The mean values of the z activity for both iterations when considering the full field information case using the most informative slice.

In Figure 9, a violin plot shows the retrieved features for the approximated model of the FF-MIS data set. From the bottom
Xx-axis it can be seen that the method was capable of retrieving the following features: 11 —3, Iy — 3, (I; —3)2, J2 —1—2In(J),
(Iyf —1)*, (I4s—1)%, and (Iss)*. The first two show larger uncertainties around their parameter values. It is noteworthy that
all other features, especially the volumetric and (I¢ — 1)%, show a relatively low uncertainty.

An estimate of the predictive capabilities of the approximated model is presented in Figure 10. In this figure, the R? values
for graphs (b), (c), and (d) are above 0.89. Such values, which are close to 1, show a good correspondence with the true value.
From a qualitative standpoint, it can be seen that the black lines follow the ground truth (in red). The graphs (a), (e), (f), (g),
and (h) show that the mean predicted value deviates substantially from the ground truth. The corresponding R? values are also
considerably lower and are around 0.69. Nevertheless, the 95 percentile areas are qualitatively small and therefore agree well
with the variance seen in the violin plots.

In Figure 11 the progression of the feature selection is shown. This figure shows that a large number of features are removed
after the first iteration. The remaining feature activities stabilize during the second iteration, since their average value is equal
to 1.

B.2. SDIC-MIS results. The second data set contains the SDIC measurements of the FEM results using the most informative
slicing direction. This approximation of the deformation field is fed into the Bayesian-EUCLID method and produced the
following results:

Krijnen R. | Myocardium model discovery TUDelft | 15



Discovered features: SDIC-MIS
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Fig. 12. Violin plot of the most informative slice and its discovered features while using the 2.5D approximation.

Homogeneous deformation path energies: SDIC-MIS
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Fig. 13. The ground truth energies compared to the predicted model energies due to imposed deformation gradients while using the 2.5D approximation of the most

informative slice.
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Average Z-activity: SDIC-MIS
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Fig. 14. The mean values of the z activity for both iterations considering the 2.5D approximation of the deformation field of the most informative slice.

The violin plot in Figure 12 shows a sparse approximate model. On the bottom x-axis, the following features are available: I; —
3,I,—3,J2—1-2In(J), (Iss —1)*, (145 — 1), and (145 — 1)3. Compared to the results in Figure 9, no fiber-coupling terms
containing Ig¢, are found. Furthermore, the polynomial order in (/45 — 1) has been reduced from 4 to 3 and the polynomial
order in I3 — 3 is reduced from 2 to 1. It is also noteworthy that the parameter values of the highest polynomial order of each
feature have a similar order of magnitude.

The energy plots in Figure 14 show a relatively high value for R? that ranges from 0.872 to 0.977. Compared to the R? values
presented in Figure 10, these are higher. The 95 percentile areas (colored gray) presented in this graph are small. This shows
that the model is relatively certain about its prediction.

The progression of the feature selection presented in Figure 14, clearly shows that even in the first iteration of the algorithm, the
sheet coupling features have a low average activity value. The features (I, — 1)3 and (145 — 1)* have an average activity value
just below the cutoff value. The other average activity values are substantially below the cutoff value and are also rejected after
the first iteration. This greatly reduced set of features converges in feature activity since all features have an average activity of
1.

B.3. FF-MCS results. Now the most common slicing direction is considered. Using the full deformation field, the following
results are obtained.

Discovered features: FF-MCS
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Fig. 15. Results from the Bayesian-EUCLID algorithm when using the common slice and a full deformation field. The y axis shows the normalized probability density of the
distribution. Large deviation from 1 therefore means a high standard deviation. The bottom x axis shows the constitutive model feature discovered by the algorithm from its
initial feature set. The top x axis shows the mean parameter value corresponding to the discovered feature.
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Homogeneous deformation path energies: FF-MCS
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Fig. 16. The ground truth energies compared to the predicted model energies due to imposed deformation gradients of the most common slice with its full deformation field
being used in the Bayesian-EUCLID algorithm.
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Fig. 17. The average z activity of the Markov chain when considering the most common slice and using the full deformation field.

The violin plot in Figure 15 shows another sparse material model. The following features are present in the model: I; — 3,
I, —3, (I1 —3)%, J2—1-2In(J), (I — 1), and (145 — 1)*. The features I; — 3, I — 3, and (145 — 1)* show large areas and
therefore denote a relatively large uncertainty about their parameter value. Their areas are also truncated at zero, indicating that
the probability that this parameter value equals zero is high in this obtained model. When the violins of the features (17 — 3)2,
J? —1—2In(J), and (I4y — 1)* are compared to those from Figure 9, small stems and protrusions at 0 are notable. The
probability density distribution of these features is multimodal, because even though the bulk of the area of these violins is
centered around their mean, a small portion is still visible at zero.

The effects of this multimodality are noticed in Figure 16. Large 95 percentile areas are visible which range from 0 to just
above the mean. The R? values range from 0.512 to 0.707 for the shear modes and from 0.812 to 0.847 for the tension modes.
Compared to those of the previous graphs, which ranged from 0.872 to 0.977 in the approximate case and from 0.69 to 0.941
in the full-field case, they are considerably lower.

The progression of the feature selection method in Figure 17 shows that the set of features is drastically reduced after the first
iteration. The average activity of the remaining features stabilizes for all but the (I; — 3)? feature, which has a value between
0.8 and 1.
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B.4. SDIC-MCS results. The last approximate model made use of the SDIC measurements of the MCS FEM results.
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Fig. 18. Violin plot of the most common slice and its discovered features when using the 2.5D approximation of the deformation field.

Homogeneous deformation path energies: SDIC-MCS
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Fig. 19. The ground truth energies compared to the predicted model energies due to imposed deformation gradients when considering the most common slice and the 2.5D

approximation of the deformation field.
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Fig. 20. The ground truth energies compared to the predicted model energies due to imposed deformation gradients when considering the most common slice and the 2.5D
approximation of the deformation field.

The violin plot in Figure 18 shows another parsimonious material model. It contains the following five features: I — 3, Io — 3,
J?—1-=2in(J), (I4y —1)3, and (I — 1)*. Relatively large variance is observed only in the features I> — 3 and (I —1)3.

The energy path predictions in Figure 19 qualitatively show that they can follow the ground truth. The accompanied R? values
also show relatively high values. These range from 0.906 to 0.956.

The progression of the feature selection procedure shown in Figure 20 indicates that the method was already quite certain of
the features to be included in the approximate model. The features not included in the second iteration have considerably lower
average activity values than the cut-off value. All features included in the final model, except for the (/45 — 1)3 feature, stabilize
as they have an average activity of 1. The (17 — 1)3 feature has a slightly lower value.

FF_MIS: Ground-truth comparison
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Fig. 21. The energy plots produced by the validation sample after FEM simulation using both the ground truth and the predicted model for the most informative slice. On the
top left the I; — 3 energies are compared, in the top center the I — 3 energies are compared, on the top right the volumetric energies are compared, on the bottom left the
145 — 1 energies are compared, on the bottom center the I, — 1 energies are compared, and on the bottom right the s ;s energies are compared. All plots have a dashed
center line that depicts the ideal relationship between the energies of the ground truth and the approximated model.
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FF_MCS: Ground-truth comparison
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Fig. 22. The energy plots produced by the validation sample after FEM simulation using both the ground truth and the predicted model for the most common slice. On the
top left the I; — 3 energies are compared, in the top center the I — 3 energies are compared, on the top right the volumetric energies are compared, on the bottom left the
I,y — 1 energies are compared, in the bottom center the I, — 1 energies are compared and in the bottom right the Is s energies are compared. All plots have a dashed
center line that depicts the ideal relationship between the energies of the ground truth and the approximated model.
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Fig. 23. The energy plots produced by the validation sample after FEM simulation using both the ground truth and the predicted model for the most informative slice when
using the stereo DIC field approximation method. On the top left the I; — 3 energies are compared, in the top center the I> — 3 energies are compared, on the top right the
volumetric energies are compared, in the bottom left the 7,y — 1 energies are compared, in the bottom center the I,; — 1 energies are compared, and in the bottom right
the Is s energies are compared. All plots have a dashed center line that depicts the ideal relationship between the energies of the ground truth and the approximated model.
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Fig. 24. The energy plots produced by the validation sample after FEM simulation using both the ground truth and the predicted model for the most common slice when
using the stereo DIC field approximation method. On the top left the I; — 3 energies are compared, in the top center the I> — 3 energies are compared, on the top right the
volumetric energies are compared, on the bottom left the I,y — 1 energies are compared, in the bottom center the I, — 1 energies are compared, and in the bottom right
the Iy energies are compared. All plots have a dashed center line that depicts the ideal relationship between the energies of the ground truth and the approximated model.

3.C. Validation of the predicted models. To validate the material models, a separate simulation was performed with a
new geometry and using a uniaxial tensile test to overcome the symmetrical properties of the simulation. The simulation was
performed with five different material models; the ground truth (HO-model), the FF-MIS model, the SDIC-MIS model, the
FF-MCS model, and the SDIC-MCS model.

Three types of graphs are considered in this section. One shows the correlation between the ground truth material model and
the approximate model for the energies of six core features. These features are: 11 — 3, Io — 3, J 21— 2in(J), (14 = 1)2,
(Iys —1)2, (I3 fS)Q. A dashed black line in these graphs indicates the ideal relationship between the two models. Blue dots
indicate the energy values for each element in the meshed geometry. Similarly to the approach above, R? values are presented
to give a quantitative value to the performance of the fit.

The second plot shows the correlation between the energies of the six core features. The energies are calculated for each
integration point and for each element. The obtained energies of the validation mesh are shown in orange, and the energies of
the training mesh are shown in blue.

The final graph is a bar graph comparing the R2-scores between the approximate models.

In Figure 21 a scatter plot is presented showing the energies for each integration point and each finite element of the validation
model. The compared energies are obtained from a simulation using the ground truth model and the FF-MIS model. The figure
shows qualitatively linear relationships between the approximated model and the ground truth model. This indicates that the
approximate model represents the ground-truth model, even when applied to a new geometry. This is further indicated by the
R? values for each graph. These values range from 0.942 to 0.989, quantitatively indicating good correspondence with the
ground truth.

Similarly, the results of the FF-MCS model are presented in Figure 22. Qualitatively linear relationships are again found in
the energy plots of the features: J2 —1—2in(J), (I4y —1)%, and (Igfs)?. The remaining features show slight downward
curvatures, indicating that some underlying behavior is missing from the model. The R? scores still indicate that relatively
good performance is achieved, as these range from 0.905 to 0.987.

Validation against the ground truth for the SDIC-MIS model is shown in Figure 23. Compared to Figure 22, the deviations from
the dashed line are greater. That mechanical behavior is missing compared to the ground-truth model becomes more apparent
when the R? values are considered. These values range from 0.788 to 0.956.

The last model considered in this validation is the SDIC-MCS model which is presented in Figure 24. Large deviations from
the dashed line are visible in the graph as the energy plot curves upward, favoring the bottom x-axis. This indicates that the
ground-truth model has higher energy values than the approximate model. The performance of the method is also quantified
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with the R? score, with values ranging from 0.613 to 0.934.

The R? scores are more easily compared in Figure 25. In this figure, it becomes clear that the FF-MIS model boasts the highest
R? score with the least variance in its value. The FF-MCS model shows only slightly lower average values for the R? score and
also has a slightly larger variance. Compared to the full deformation field models, the models using the SDIC measurements
have significantly lower R? values and higher variance.

R?-score comparison

R2-score

FF-MIS FF-MCS SDIC-MIS SDIC-MCS

Fig. 25. A bar graph showing the R? scores of the four models and their variance. These R? scores are the result of comparing the energies in the model with the ground-
truth material model.
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Fig. 26. The energy per finite element of the validation sample, obtained from FEM simulation with the ground truth material model for the most informative slice, was
compared to the energy per finite element of the training sample using the most informative slice of the approximated material model. The energies obtained from the training
sample are colored blue, whereas the energies in orange correspond to those obtained from the validation sample.
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Fig. 27. The energy per finite element of the validation sample, obtained from FEM simulation with the ground truth material model for the most common slice, was compared
to the energy per finite element of the training sample with the most common slice of the approximated material model. The energies obtained from the training sample are
depicted in blue, whereas the energies in orange correspond to those obtained from the validation sample.
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Fig. 28. The energy per finite element of the validation sample, obtained from FEM simulation with the ground truth material model for the most common slice, was compared
to the energy per finite element of the training sample with the most common slice of the approximated material model. The energies obtained from the training sample are
depicted in blue, whereas the energies in orange correspond to those obtained from the validation sample.
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Fig. 29. The energy per finite element of the validation sample, obtained from FEM simulation with the ground truth material model for the most common slice, was compared
to the energy per finite element of the training sample with the most common slice of the approximated material model. The energies obtained from the training sample are
depicted in blue, whereas the energies in orange correspond to those obtained from the validation sample.

Figures 26, 27, 28, and 29 show the energy per integration point for each element in the training model compared to the
validation model. For both of these models, the ground truth material model is used.

All four graphs indicate an overlap between the training and validation data when considering the (I; — 3, Is —3), (I1 — 3,
J? —1-2In(J)), and (I2 — 3, J? —1—2In(J)) plots.

For the remaining plots, however, deviations from the training set are visible. This indicates that the validation data differ
mainly in their anisotropic features (I4y — 1, I45 — 1, and Ig ).

Across all four graphs, the isotropic features are qualitatively comparable. However, differences are found between the
anisotropic features when the slicing direction is considered. For example, the ((14f — 1)2, (Ig fs)z) plot for the FF-MIS
and FF-MCS models differ. The former shows a narrow validation band with a slight upward trajectory, whereas the latter
shows an approximately constant horizontal band with a few outliers.

4. Discussion

In this work, I investigated the capability of Bayesian-EUCLID to retrieve a predictive approximate material model for the
myocardium in the presence of heterogeneous deformation fields. This capability can be assessed in a few ways;

1. Feature selection: an effective approximation of the material model would contain the same invariants as the ground-truth

2. Quantitative feature identification: the quantitative certainty that the retrieved features are present within the model
should be high

3. Predictive capability of the identified model: similar results should be obtained when the identified model and the ground
truth are compared in a new geometry with different boundary conditions

Several results and processes are discussed in the following subsections. First, the slicing methods and their corresponding
fiber orientations are compared. Second, I discuss the tuning process because it directly influences the obtained results. Third,
a comparison between the measurement techniques is discussed. The limitations of this approach are provided next. Finally,
the recommendations of this work are given.

4.A. Slicing methods. When looking at the predictive capability of the model obtained from varying slicing directions, it is
noteworthy that the eighth invariant feature is discovered only in one instance. Using the most informative slicing direction and
the full deformation field, this feature is discovered and the average z activity in Figure 11 is 1, indicating that the method is
sure that this feature is present in the ground-truth.

The most common slicing direction, where the sheet fiber points out of the test plane, is at a disadvantage because the sheet
fiber direction is not directly pulled upon by the boundary conditions. As a result, the produced model cannot accurately fit the
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eighth invariant feature and has difficulty producing I,; — 1 feature parameters with high certainty, as indicated by the violin
plot in Figure 9.

Previously in the literature, it was determined that a biaxial stretch test is insufficient to characterize the mechanical behavior
of the myocardium (under the assumption of homogeneous deformation) (4, 11, 12, 14). In contrast, my results show that
with a more advantageously obtained sample and by using heterogeneous deformation fields, the orthotropic and hypereleastic
material behavior of the myocardium can be characterized.

When considering the predicted energies along specific deformation paths for the FF-MCS model in Figure 16, large 95 per-
centile areas are visible in the homogeneous energy plot of the most common slice experiment. During the heuristic hyperpa-
rameter fitting process, this was indicative of relatively low values for \,., or that the algorithm had otherwise not converged.
Further indication that the method had not converged after two iterations is seen in the offset of the mean and true energy curves.

4.B. Hyperparameter tuning. During the heuristic process of tuning the hyperparameter values for the Bayesian-EUCLID
algorithm, some specific parameters stand out from the rest. Namely, the chain length Ny, ks, the reaction force balance
parameter ), and the number of degrees of freedom used in the algorithm 7 ¢,...

The parameter Nj;,xs denotes how many Gibbs samples are obtained in the MCMC and is therefore influential in the
convergence of the method. The chain length was tuned by analyzing the average z-activity. Parsimonious models with average
z-activity values close to one for all of the features used are indicative of the convergence of the algorithm. Other indicators are
values of R? close to 1. If all indicators are present, the algorithm has truly converged. When this is not the case, convergence
is not guaranteed. Although the evidence is anecdotal, it was found that if the first indicator was present, but the fit in the
energy plot was not satisfactory, increasing A\, would improve the fit.

Both A, and n¢,... are directly related when considering the construction of the matrix A as in equation 39. The conditioning
of this matrix is largely influential in the convergence of the method. Therefore, choosing high values of A, can quickly make
the matrix ill-conditioned. After analyzing the results, the choice of A, if n ... is kept constant, depends on the reaction
forces and the number of nodes in the model. Furthermore, the optimal values of A, seem to depend on the number of features
available for discovery, or present within the model. This might indicate that A,. can be changed when the feature-set is reduced
in the second iteration of the algorithm. An improvement on the method might be to use matrix conditioning techniques that
automatically scale the importance of the force balance parameter \,.

The parameter z.y¢0f5 Was chosen with an initial guess in mind. The average z-activity symbolizes the occurrence of the
feature in the model percentage-wise. As such, choosing a value of 0.5 means that 50% of the models contain such a feature.
This was deemed a sufficiently stringent value for this work.

The other hyperparameter values were chosen to be the same as those in the Bayesian-EUCLID paper (22).

4.C. Differences between FF and SDIC models. When considering the features discovered in both data-sets, clearly the
models trained on the full deformation field are preferred. The most informative slicing direction performs very well in this
case, providing the desired model features and showing R? values with an average of 0.974. The FF-MCS experiment was
able to detect the sheet fiber direction feature, albeit with a considerable amount of variability as indicated by the violin plot in
Figure 15. However, it was unable to retrieve the fiber coupling invariant Ig s, from the data.

The resulting SDIC-MIS model contains both I;; — 1 and I45 — 1 features. Although the eighth invariant is not present in
the model, R? values in the validation process were reasonably high with an average of 0.891. The fact that this invariant is
not recovered from the data correlates with the statement of Holzapfel and Ogden that biaxial stretch testing can only retrieve
transversely isotropic material models (4). Although they used the assumption that the sample was undergoing homogeneous
deformation, which is not present in this work, the act of approximating the three-dimensional displacement field from top-
surface measurements could have filtered out the behavior that makes this material orthotropic. The ground-truth comparison
results presented in Figure 24 of the SDIC-MCS model show that only using the I4; — 1 feature is insufficient for a predictive
model description.

4.D. Limitations. One of the main limitations of this work is the use of a comparably low-value bulk modulus. As a result, the
material is allowed to dilate excessively. The reason why such a low value is used in the first place is due to the implementation
of the finite element method and its limitations. Because the simulation did not converge for higher values of the bulk modulus
and the required amount of Newton-Rhapson iterations progressively increased, it was stipulated that the elements in the
simulation were exhibiting overly stiff behavior which could be caused by volumetric locking. The current implementation of
the in-house developed Python code does not include sufficiently advanced techniques to deal with these convergence issues.
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Literature has shown that compressibility is not negligible in the perfused myocardium (6, 27, 28). The maximum increase in
volume was found to range from 2.15% to 6.05%. These values are lower than those found in the results of the finite element
analysis which show a distribution ranging from 0% to 50% and centered around 25% with outliers at 110%. These results are
presented in Appendix C.

The assumption of incompressibility is often applied in order to facilitate the parameter fitting process by eliminating
variables from the constitutive equations. This elimination process is not necessary in this current implementation of the
Bayesian-EUCLID method. However, adding an additional volumetric feature that enforces incompressible behavior can allow
the method to infer if the myocardium is truly incompressible from experimental data.

A short exploratory look into the literature revealed that more care must be taken when simulating compressibility in
anisotropic materials. Non-physical results could arise when anisotropic materials are simulated due to the deviatoric and
isochoric split of the SEDF (29, 30). Some techniques presented in these studies show how to circumvent these non-physical
results.

Within the scope of this work, we assumed that the myocardium behaves in a hyperelastic and orthotropic manner. For a better
reconstruction of the mechanical test data using FEM, other behavioral effects such as viscoelasticity and plasticity should
also be considered, as the effects of hysteresis were clearly present in the experimental results of the biaxial stretch and triaxial
shear tests (11, 12).

Due to the exploratory nature of this study, no hyperparameter fitting study has been performed within it. Therefore, the
hyperparameter values provided within this work will not reflect optimal choices of such parameter values. Replication of this
study with different materials and geometries requires a new set of hyperparameters to obtain accurate results.

4.E. Recommendations.

E.1. Improvements on the method. As a result of the limitations the most pertinent recommendation we can make is to address
the issue of compressibility with anisotropic materials. Making use of industry-standard software, such as ABAQUS might
prove useful in this pursuit, but an amicable implementation of hybrid elements or selectively reduced integration techniques
within the current software might prove just as valuable. Furthermore, considerations of the non-physical results due to the
isochoric and deviatoric split can also aid the performance of the method (29, 30).

The current implementation of the Bayesian-EUCLID method requires a priori knowledge of the fiber orientations in the sample
to fit a constitutive model to the data. If this method were to be extended so that it could also predict the fiber orientation, it
would prove to be an invaluable method for identifying constitutive models with uncertainty quantification.

The most informative slicing direction was chosen to provide an upper bound to the discoverability of the material model. A
better approximation of reality considers a heterogeneous dispersion of the fibers throughout the material. A next step for this
study would be to simulate such a sample and to test the ability of Bayesian-EUCLID to retrieve the orthotropic and hyperelastic
material model. A sensitivity study could show the dependence on the fiber distribution throughout the material.

Effects such as viscoelasticity and plasticity have been left outside of the scope of this study. Including these effects in the
simulation and adapting the EUCLID method to address such behavior is another big step in taking this research further.
Hyperparameter A, has a large influence on the predictive capacity of the model. This is due to its influence on the conditioning
of the matrix in equation 39. Increasing the condition number will improve the influence of the reaction forces on the final
result, but will decrease the chance the algorithm has to converge to a solution. A matrix conditioning method which allows for
an optimal reaction force balance is therefore beneficial for this Bayesian-EUCLID method.

E.2. Comparison between current testing methods. Triaxial shear testing is currently considered a requirement for the charac-
terization of the myocardium (4, 11, 12). The testing method requires the gluing of samples onto testing plates, which might
chemically and mechanically influence the constitutive behavior of the material. Compare this with the biaxial stretch test,
where this is not required. Sutures or rakes are used to fix the material in place and provide Dirichlet boundary conditions.
However, this might introduce heterogeneity in the deformation field (14). This heterogeneity of the deformation field might
be similar to the one induced in this study.

Because the FF-MIS model shows good predictive capabilities, it can be argued that the biaxial stretch test is sufficiently
advanced to characterize the mechanical behavior of the myocardium in the presence of a heterogeneous deformation field.
When the material is characterized through a biaxial stretch test, it is imperative that the full displacement field is measured and
an optimal fiber distribution, such as the most informative slicing direction considered in this work, is used.
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5. Conclusion

The results of this exploratory study show that the constitutive behavior of the myocardium can be characterized from biaxial
stretch test measurements that exhibit heterogeneous deformations using the Bayesian-EUCLID method. Full displacement
field measurements allow the method to identify all invariant features of the HO-model (which serves as a ground-truth material
model in this study) when applied to a sample with an optimal fiber distribution within the plane of the biaxial stretch test. The
validation process of this material model shows good correspondence with the ground truth through an average R? value of
0.974. The SDIC measurements produce data-sets which allow the Bayesian-EUCLID method to identify material models with
two distinct fiber contributions. When the direction of the sheet fiber does not lie within the plane of the biaxial stretch test, the
resulting material model cannot describe the orthotropic nature of the myocardium.

Future perspectives of this study include adapting the Bayesian-EUCLID method to more complex behaviors such as viscoelas-
ticity and plasticity to determine even more realistic model predictions for the myocardium. Another future improvement
includes the addition of heterogeneously dispersed fibers in the simulation and the ability for the Bayesian-EUCLID method to
use these to its advantage.
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Appendices

A. Mesh convergence

Mesh convergence is carried out by selecting points in the geometry of the training sample and subsequently recording the
corresponding deformation of these points for varying mesh element sizes. The difference in displacements between the finest
mesh sizes and the larger mesh sizes is recorded as an error metric. These errors are plotted in figure 30 for each of their x, y and
z components. For clarity, an average error is also shown in the figure. In this graph, we can see that the error in displacements
is never greater than 1 x 10™3, which was deemed sufficient for the purposes of this work.
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Fig. 30. Mesh convergence plot showing the error between the nodal coordinates of fourteen points on the mesh compared to a mesh with 30380 elements. As the trend of
the error slows down the mesh convergences to its solution.

B. hyperparameters

We allow for arbitrary fiber directions within our code by using two basis vectors fp,s. = {1,0,0} and spqsc = {0,0,—1} and
rotating the set using a Z1-X-Z2 rotation matrix set. The rotation matrices are defined as,

1 0 0 cos(y) —sin(y) O
RX =10 cos(B) —sin(B) R7% = |sin(y) cos(y) 0
cos(a) —sin(a) 0 0 sin(B) cos(p) 0 0 1
R?' = |sin(a) cos(a) 0 47) (48)
0 0 1
(46)
f=R”’R*XR”*f,,.. (49) s=R7'R X R?sy,,. (50)
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Table 1. Summary of parameters used for data generation and identification via Bayesian-EUCLID. MIS stands for Most Informative Slice, MCS stands for Most Common
Slice, VGT stands for the validation ground truth which is specifically used to denote the fiber orientations in the material model used in the validation simulation.

Parameter

Notation

Value

Material model:
rotation in Z1
rotation in X
rotation in Z2

lanmrs,anmcs, v ar)
Bymrs,Buces:Bvar)
[YMIS, YMCS:WVET)

0.0°,90.0°,0.0°]

[—90.0°,0.0°, —90.0°]
[90.0°,0.0°,60.0°]

Bulk modulus K 1500
Primary stiffness parameter a 94.3Pa
Exponential stiffness parameter b 5.874
Primary fiber stiffness parameter af 311.0Pa
Exponential fiber stiffness parameter br 11.271
Primary sheet fiber stiffness parameter as 43.1Pa
Exponential sheet fiber stiffness parameter bs 9.772
Primary fiber coupling stiffness parameter afs 25.4Pa
Exponential fiber coupling stiffness parameter brs 2.405
Data generation:
Number of nodes in mesh - 15,228
Number of timesteps Lstatic 10
Number of snapshots ¢ 10
Number of reaction force constraints ng 5
Loading parameter in y-direction by {0.03x1:1=1,...,Lstatic}
Loading parameter in x-direction oy {0.02x1:1=1,...,Lstatic}
Number of approximant layers Np, 4
Bayesian learning:
amplitude of displacement noise - le-012
percentage of the output used - 0.5
Cutoff value of the average z activity Zeutof f 0.3
Number of feature selection iterations - 2
Number of free degrees of freedom randomly sampled per snapshot 7 f,.ce 500
weight parameter of reaction force balance Ar le-02
Hyperparameters for random variable v (ay,by) (0.5,0.5)
Hyperparameters for random variable pg (ap,bp) (0.1,0.5)
Hyperparameters for random variable o2 (ao,b5) (1.0,1.0)
Chain length Niinks 1000
Numbers of chain links to be burned Npwrn 250
Number of parallel chains Nehains 4
Feature library:
Number of features in library ny 24
Number of Mooney-Rivlin features Nyr 4
Number of volumetric features Nyol 1
Highest degree among anisotropic polynomial features Naniso 4

Krijnen R. | Myocardium model discovery TUDelft | 31



C. Dilatation results of the simulation

Here, I present the simulation results of the biaxial stretch test
using the most informative slicing direction and the ground-
truth material model. The deformed geometry showing the
values of the dilatation component, or Jacobian, J are shown
in Figure 31. The distribution of the average values is shown
on the right. This shows that on average the dilatation com-
ponent is around 1.25, which corresponds to an increase of
around 25% in volume.

Figure 32 shows the increase in volume through the dilatation
component for the validation geometry. The simulation made
use of the ground truth material model. It is notable that the
change in volume varies from the previously mentioned re-
sults. Here, the dilatation component ranges from 0.96 to 1.4
with outliers up to 1.7.
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Fig. 31. The plot showing the average dilatation component of each element. The values range from 1.0 to 2.1. The main distribution of these values falls around 1.25.
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Il overage of J

Fig. 32. The plot showing the average dilatation component of each element for the validation geometry and the ground truth material model. The values range from 0.96 to
1.7. The main distribution of these values falls around 1.25.
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D. Preliminary results: Uniaxial test results for full-field and most informative slice

In Figure 33 the uniaxially deformed training geometry is shown. For this simulation the most informative slicing direction is
used.

Fig. 33. Mesh of the training sample undergoing uniaxial stretch testing. Note the heterogeneous deformation patters forming around the topside of the bottom left hole and
the bottom of the right hole.
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Fig. 34. Violin plot of the most common slice and its discovered features when considering the full deformation field of a uniaxially stretched sample.

The violin plot in Figure 34 shows that Bayesian-EUCLID is able to find an orthotropic material model from the data. From
the multimodal distributions within the plot it is noted that the mathod has not yet converged to an optimal solution.
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Fig. 35. The ground truth energies compared to the predicted model energies due to imposed deformation gradients when considering the full deformation field, the most
informative slice, and a uniaxially stretched sample.

That the method has produced multimodal results with a high certainty that the parameter values might be zero is especially
prevalent in Figure 35. In this figure it is noticable that the 95 percentile varies widely. The corresponding R?-values are also

considerably low.
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Fig. 36. The average z activity for all the features when considering the full deformation field, the most informative slice, and a uniaxially stretched sample.

Also in the Z-activity plot it is noticeable that the method has not yet converged, as the average -activity in the second iteration
is only slightly higher than 0.6, which implies that roughly 60% of the sampled models use these features.

What is promising from these results, is that an orthotropic model can be obtained from uniaxial stretch tests alone. Further
investigation might show good predictive results for models obtained from this training sample. In this case, even a simple
uniaxial stretch test might be able to characterize the myocardium.
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