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Summary

Angiogenesis, the process by which new vessels sprout off from existing ones, is relevant in many
physiological processes such as bone or wound healing. Impaired angiogenesis can impede the de-
livery of oxygen and nutrients to the injured site, hindering the healing process. Conversely, in tumor
development, inhibiting angiogenesis may be a desired therapeutic strategy.

In the initial phase of sprouting angiogenesis, tip cells are selected to branch from the existing
blood vessel. Stalk cells follow behind the tip cell and proliferate to form the vessel wall. Despite
several experimental studies and mathematical models that have attempted to investigate the signaling
pathways responsible for tip cell selection, a notable gap exists in the literature regarding the effect of
extracellular matrix (ECM) stiffness on this process. This is of clinical interest since changes in stiffness
occur during various physiological and pathological processes. This thesis aims to address this gap by
investigating the specific influence of ECM stiffness on tip/stalk cell patterning.

A computational model for VEGF-mediated cell patterning was developed to explore the intricate
interplay between mechanical cues from the ECM stiffness and the signaling pathways governing tip
cell selection during sprouting angiogenesis. Building upon the model proposed by Venkatraman et
al. [24], this extension incorporates the influence of ECM stiffness on key protein concentrations within
endothelial cells.

The computational model built in this thesis simulates a vessel sprout under the stimulus of a dy-
namic VEGF gradient field. The model was calibrated against experimental data and predicts cell
patterning outcomes across varying ECM stiffness levels. An alternating pattern of tip and stalk cells
(salt-and-pepper pattern) was predicted, indicating a desired angiogenic response. However, when
ECM stiffness surpassed a certain threshold, this patterning failed. The abrupt transition from a clear
salt-and-pepper pattern to complete pattern failure can be attributed to the signaling pathways’ charac-
ter that amplifies small variations between cells. This could be clarified by tracking the concentration
levels of Delta-like-ligand 4 (Dll4), the bounded Notch receptor and the VEGF receptor (VEGFR2). Fur-
thermore, in accordance with existing literature [14], the model predicted that a rise in ECM stiffness
induces a faster pattern process, hinting at the formation of denser vascular networks. However, this
accelerated patterning was impeded in excessively stiff environments, indicating the formation of a
sparser network.

In this thesis, additional studies have been performed to investigate more in depth the influence
of the sensitivity of filopodia-mediated VEGF sensation and the VEGF binding rate on cell pattern-
ing. First, cell patterning was investigated across various parameter choices for the filopodia-mediated
VEGF sensation function, simulating a low to high sensitivity to a rise in filopodia. This approach
aimed to account for factors that are situation dependent in real-world conditions. These factors en-
tail ECM stiffness, filopodia length, or the VEGFR2 distribution on filopodia. A higher sensitivity in
VEGF sensation resulted in a faster patterning process, which is consistent with the literature [26].
However, an excessively high sensitivity weakens the opposite cell states. Concerning ECM stiffness,
the model’s predictions revealed a pattern failure in less stiff environments for a higher sensitivity of
filopodia-mediated VEGF sensation.

Second, the VEGF binding rate was modulated to simulate angiogenic treatments based on re-
duced VEGF binding or increased VEGFR2 internalization. Simulations incorporating a higher binding
rate demonstrated stronger opposite cell states, creating favourable conditions for pro-angiogenic treat-
ments in for example, bone healing. However, the stiffness level at which the pattern failed was lower
compared to simulations with a low binding rate. While further experimental data is essential to validate
this result, it already underscores the importance of accounting for ECM stiffness in the exploration of
angiogenic treatments based on VEGF binding.

To further develop the model, the Notch cleavage after binding with Dll4 was integrated into the
equations governing the signaling pathways. This allowed to better fit experimental data and led to
pattern failure occurring at significantly lower ECM stiffness levels compared to simulations that exclude
Notch cleavage. While this finding underscored the potential importance of including Notch cleavage
in analyzing cell patterning within an ECM stiffness-dependent context, caution is essential in drawing
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definite conclusions from this model. A more extensive parameter study is crucial to fully understand
the effects resulting from the inclusion of Notch cleavage on tip/stalk cell patterning.

In summary, the computational model presented in this thesis incorporates the effect of ECM stiff-
ness on tip/stalk cell patterning, stressing its importance in the investigation of angiogenic treatments.
While predictions reliant on ECM stiffness need additional experimental data for validation, it is evident
that changes in stiffness impact cell patterning and, consequently, the course of sprouting. Continued
refinement of the model holds great promise for deepening the understanding of angiogenic processes
and the exploration of treatment strategies.
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1
Introduction

1.1. Clinical motivation
The formation of blood vessels from already existing ones, called angiogenesis, is an important physio-
logical process. In bone or wound healing, the expansion of vascularization is needed to bring enough
oxygen and nutrients to the injured site and to remove waste products, allowing a successful healing
process. Several studies have found that impaired angiogenesis slows healing down or may even fully
prevent it [6, 9]. In tumor development, this might be a desired response, as it blocks the blood flow
towards the tumor, which inhibits its growth.

Sprouting angiogenesis is regulated by both biochemical andmechanical signals in the environment
surrounding vessel cells [7]. Although many studies have investigated sprouting angiogenesis and the
role of mechanical and chemical signals in sprout patterning, the interaction between both these signals
and their effect on sprout patterning remains poorly understood.

The tissue surrounding vessel cells vary in stiffness, depending on whether it is healthy or dis-
eased, or more specifically the stage of healing. Including mechanical cues from the stiffening environ-
ment into a computational model to study its effect on sprouting angiogenesis could aid in choosing
the optimal biomaterials in regenerative therapy, or in choosing anti-angiogenic treatments in cancer.

Figure 1.1: From a pre-existing blood vessel, a tip cell
is selected which forms filopodia. The tip cell breaks out
of the vessel barrier, where proliferating stalk cells follow

behind to form the sprout.

Therefore, it is of importance to investigate the role
these mechanical stimuli have on the signaling path-
ways involved in vessel patterning.

1.2. Background
1.2.1. Signaling pathways regulate cell pat-
terning
The interior of a blood vessel is lined by a layer of
endothelial cells (ECs), which proliferate and migrate
in order to expand the existing vessel network (i.e.,
sprouting). In each endothelial cell, several proteins in-
teract with each other through so-called signaling path-
ways, which determine the function of this cell. These
pathways within a cell receive signals by interacting
with neighbouring cells, as well as through interaction
with its environment.

When the body senses a lack of oxygen (hypoxia),
vascular endothelial growth factors (VEGFs) are re-
leased. These growth factors are a call to the endothe-
lial cells to form new sprouts so that the site can be sup-
plied with oxygen again. Filopodia extend endothelial
cells to sense their environment, so that more VEGFs
can bind to their receptor (VEGFR2). This sets the sig-
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naling pathways in motion and endothelial cells differentiate to fulfill different functions, causing them to
differ in mostly migratory and proliferation behaviour. The tip-cell phenotype branches from the existing
vessel and has a high migratory character due to its long filopodia to lead the sprout (primarily) towards
the VEGF gradient. The stalk-cell phenotype proliferates and follows behind the tip-cell, forming the
new blood vessel (Fig. 1.1).

1.2.2. Lateral inhibition ensures alternating tip and stalk cells
The differentiation of endothelial cells into tip or stalk cells is regulated mainly by the Notch signaling
pathway. This pathway uses lateral inhibition to ensure there will not be two adjacent tip cells, but
alternates tip and stalk cells into a salt-and-pepper pattern [2] (Fig. 1.2). This specific patterning is
crucial for a good angiogenic response. In the case of an excess of tip cells, hypersprouting occurs, in
which the many branches are too fragile and insufficiently organized and are therefore nonfunctional
[5]. Conversely, too few tip cells lead to a vascular network too sparsely configured to sustain sufficient
blood supply [23]. Therefore, a comprehensive understanding of tip/stalk cell patterning is vital to
ensure successful angiogenesis.

Figure 1.2: Notch signaling makes sure that endothelial cells fall in a salt-and-pepper pattern of alternating tip (green) and
stalk (yellow) cells.

Lateral inhibition is achieved through binding of Delta-like-ligand 4 (Dll4) to the Notch receptor pre-
sented on a neighbouring cell. This binding event activates the Notch receptor, leading to the release
of the Notch intracellular domain (NICD). Subsequently, the NICD translocates to the cell nucleus and
causes the expression of target genes HES, HEY and HER (HE). These genes, in turn, suppress the
expression of VEGFR2, decreasing the binding to VEGFs. VEGF binding is needed for the formation
of filopodia, and so for the ability of a cell to sense the growth factors. In essence, the combination
of Notch signaling between cells and the ongoing feedback loop between VEGF uptake and filopodia
formation are responsible for the cell patterning. These two factors should be in good balance in order
to establish the desired opposite cell states (tip and stalk). An overview of these connections is shown
in figure 1.3.
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Figure 1.3: Interactions of the VEGF-induced Notch signaling pathway in an endothelial cell. The filled circles represent
binding. The black arrowheads represent upregulation and the stripe heads represent inhibition. The blue, dotted arrow

represents the sensation of VEGF by filopodia. HE is the collective name of HES, HEY and HER.

1.2.3. Role of mechanical signals on sprouting angiogenesis
Several mechanical cues, such as extracellular matrix (ECM) deformations, pulling forces from neigh-
bouring cells, or shear stress induced by blood flow, can alter the cell patterning. Most of these cues
come from the ongoing matrix deformations that change ECM stiffness and density [15]. The ECM
is a network of proteins and molecules that surrounds and supports the endothelial cells. In many
processes like tumor development and wound healing the ECM stiffens, thereby influencing the vessel
growth and branching [8]. It has been reported that an increase in ECM stiffness supports sprouting and
migration. However, when the stiffness gets too high, network formation can be completely prevented
[8, 14].

The ECM stiffening alters the cell morphology and, via mechanotransduction, the signaling path-
ways dictating its phenotype. Matsuo et. al. found through an in vitro study that in stiffer environments
Dll4 expression is suppressed through the activation of the mechanotransducing protein YAP [17]. Fur-
thermore, Kretschmer et. al. found that a stiffer ECM may decrease the intercellular binding of the
Notch receptor with its ligand [15]. It is of significance to explore the effect of these two findings on the
cell patterning, in order to understand the way the ECM stiffening contributes to sprouting angiogenesis.

1.3. State of the art on mathematical models of angiogenesis
Due to the complexity of the process, mathematical models have been a powerful tool to investigate
the interactions between the different signaling molecules and their influence on tip/stalk patterning.

Prokopiou et al. [20] deployed an ODE system, describing lateral inhibition in a simple form, where
available VEGF, modeled through a gradient field, upregulates Dll4, subsequently activating Notch in
adjacent cells. Conversely, Notch inhibits Dll4 within the same cell. A tip cell is defined to have Dll4
concentration above a specified threshold. This ODE system is coupled to a cell-based model, which
allows for investigation of cell-level properties such as cell-cell adhesion or cell-ECM contact guidance.

Palm et al. [19] integrated a system of ODEs with a cell-based model, wherein the reactions gov-
erning cell patterning include the release of NICD following the binding of Dll4 to the Notch receptor.
The cell is characterized as tip when the NICD concentration is below a designated threshold.

Bentley et al. [2] created an agent-based model that not only accounts for Notch-binding, but also
simulates filopodia extension and retraction. The lateral inhibition process is now enhanced by a pos-
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itive feedback loop, wherein filopodia function as sensors, enhancing VEGF uptake. A cell attains tip
cell status when filopodia surpass a designated threshold and the cell has not yet undergone lateral
inhibition from neighbouring cells.

Venkatraman et al. [24] formulated a mathematical model where this positive feedback is captured
in a non-spatial manner. The reactions responsible for lateral inhibition are modeled more compre-
hensively (Fig. 1.3). With this model they investigated the time required for two cells to select which
becomes the tip cell, defined by Dll4 surpassing a threshold. Page et al. [18] coupled this mathe-
matical model to the agent-based model by Bentley et al. and found that the VEGF-driven positive
feedback speeds up the tip/stalk cell patterning. In fact, it generates a sensitive switch wherein minor
discrepancies are amplified to yield the opposite cell states, tip and stalk.

Kühn and Checa made a more detailed mathematical model for tip cell selection [16], considering
not only VEGFR2 but VEGFR1 as well. Cis-inhibition, i.e. the inhibition of Dll4 and Notch when binding
within the same cell, is included too. Previously investigated by Sprinzak et al. [21], this mechanism
should enhance the lateral inhibition process as well. Additionaly, Kühn and Checa introduced a time
delay by describing the transcription and translation as individual time processes for each protein. This
intricate model is coupled to an agent-based model to simulate the formation of the vascular network.
In each update, the mathematical model selects whether cells become a tip or a stalk cell. A cell is
identified as tip when Dll4 and filopodia exceed a specified threshold and the VEGFR2 concentration
is greater than that of VEGFR1. If a cell satisfies these tip cell criteria, it migrates and a stalk cell is
placed in tip cells’ old position, modeling their proliferative behavior. This coupling to the agent-based
model allows for a better prediction of sprouting angiogenesis within a dynamic context.

Over the course of research, mathematical models describing tip cell selection have evolved to
become more comprehensive. Some have extended to multiscale models, enabling the correlation of
tip/stalk cell patterning with network formation. However, the previous models have not addressed the
interplay between mechanical and chemical signals.

Koon et al. [13] introduced a mechanical aspect to a lateral inhibition model by hypothesizing a
tension-dependent Delta-Notch binding rate. This contributed to a more realistic recreation of tip/stalk
cell patterning.

Nevertheless, there remains a gap in our understanding of how mechanical signals precisely impact
Notch signaling. This thesis aims to address this gap by initiating an investigation into the role of
extracellular matrix stiffness.

1.4. Research objectives
The overall goal of this thesis is to integrate ECM stiffness into a mathematical model that describes the
intricate signaling pathways that govern tip cell selection. Integrating this into a computational model
allows to examine the impact of varying ECM stiffness on tip/stalk cell patterning in a vessel sprout
under a VEGF stimulus. The main research question in this thesis is as follows:

“How do mechanical cues coming from ECM stiffness affect the tip/stalk cell patterning during early
sprouting angiogenesis?”

In examining the main question, four research objectives have been formulated.

1. “How does ECM stiffness alter protein expression in the signaling pathways involved in tip-cell
selection?”
In this thesis, the model of Venkatraman et al. describing the VEGF-mediated Notch signaling
pathway [24] is extended to take into account the influence of the surrounding ECM stiffness on
the signaling pathways involved. A first objective is to zoom in inside the cell and investigate the
alterations of the relevant protein concentrations.

2. “How does filopodia-mediated VEGF sensation influence the cell patterning in varying stiffness
environments?”
In this work, a dynamic VEGF gradient field is modeled to simulate active filopodia sensation, in
contrast to Venkatraman’s model, in which a static input was used. This work adjusts the function
describing filopodia-mediated VEGF sensation, now accounting for dynamic inputs to provide a
more realistic simulation.
The degree in which filopodia can sense VEGF is very situation dependent. As filopodia navigate
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along ECM fibers, their sensing capability is intricately tied to ECM properties, such as the stiff-
ness [11]. Furthermore, factors like filopodia length or the distribution of the VEGF receptors on
the filopodia affect their sensing ability as well. Being aware of these diverse factors, it is crucial
to explore a range of function choices and investigate their effect on the cell patterning in varying
stiffness environments.

3. “How is the cell patterning affected by therapeutic modulation of VEGF binding under various
stiffness conditions?”
The VEGF binding will be modulated to simulate angiogenic treatments based on reduced VEGF
binding or increased VEGFR2 internalization [12, 10]. Such anti-angiogenic treatments hold
potential to block the blood flow to tumors, thereby inhibiting their growth. Conversely, pro-
angiogenic treatments could be used to increase the chance of bone healing. However, how
different ECM stiffness levels impact these treatments is not known and will therefore be investi-
gated.

4. “How does inclusion of the Notch cleavage change the patterning behavior for different levels of
ECM stiffness?”
Themodel of Venkatraman will be further developed to include the cleavage of the bounded Notch
receptor to investigate its influence on cell patterning over various stiffness levels.

1.5. Thesis outline
To investigate the main question, a computational model for VEGF-mediated cell patterning is built.
An overview of the methodology is given in section 2. Then the computational model including ECM
stiffness is calibrated to experimental results in section 3.1. This is followed by the sections 3.2-3.5,
where each section treats one of the four research objectives mentioned above. The findings are
discussed in section 4, accompanied by suggestions for future research directions.
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2
Material and Methods

In this thesis, the regulation of tip/stalk cell patterning is investigated using a computational model in
C++. The signaling pathways within an endothelial cell are described by a mathematical model [24],
which in this study is extended to include mechanical influences from ECM stiffness, as described in
section 2.1. In section 2.2, endothelial cells are coupled together to simulate a vessel sprout under
stimulus of a VEGF gradient field. This section also entails the computational setup for the model
calibration to experimental data and for the studies conducted that address the research questions. All
figures in the results section have been generated using Matlab software.

2.1. Modeling intracellular signaling for each cell
In a mathematical model, the intracellular concentrations of the proteins involved in the VEGF-induced
Notch signaling pathway responsible for tip/stalk cell patterning are tracked. Using a system of coupled
differential equations, the interactions between the proteins are described per cell (Eq. (2.1)-(2.8)).
All function terms and corresponding parameters in Table 2.1 are corresponding to the mathematical
model by Venkatraman et al. [24], except for the newly introduced stiffness-dependent functions (S1(k),
S2(k)).

Dll4 (D) and the Notch receptor (N ) on a neighbouring cell can bind to each other and dissociate
from one another. This is described with function terms S1(k)D·Nnb and k−2N̄nb in Eq. (2.1), (2.2), (2.3),
where the binding rate is the stiffness-dependent function S1 (2.9). Once the Notch receptor is bounded
(N̄ ), several cleavage events follow that cause the release of the Notch intracellular domain (I), given
by k4N̄ in Eq. (2.4). The Notch intracellular domain translocates to the cell nucleus, which leads to the
upregulation of the HE genes (H). This is described through a Hill function with Hill coefficient n and half-
maximal activation constant κ, given by θ In

κn+In in Eq. (2.7). Parameter κ represents the concentration
of NICD at which the upregulation of HE is half-maximal. These HE genes inhibit the expression of
VEGFR2 (R), by k3R ·Hn in Eq. (2.5). VEGF receptors can bind with VEGF and dissociate too. This
is described with function terms k1Vs ·R and k−1R̄ in Eq. (2.5), (2.6), where Vs is the amount of VEGF
sensed by filopodia (2.14). The bounded VEGF receptor (R̄) stimulates filopodia (f ) formation and
upregulates the expression of Dll4, which is described with k5R̄

n in Eq. (2.8) and θ R̄n

κn+R̄n in Eq. (2.1),
respectively. However, in stiffer matrices Dll4 expression is suppressed, which is function term S2(k)D
in Eq. (2.1), where S2 is a stiffness-dependent function given by (2.10). Moreover, Dll4 and HE have
a basal expression rate β. Notch, VEGFR2 and filopodia a basal production rate of γ. All proteins
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undergo degradation with degradation rate ϕ and filopodia degrade with rate ϕf .

dD

dt
= β − ϕD − S1(k)D ·Nnb + k−2N̄nb + θ

R̄n

κn + R̄n
− S2(k)D, (2.1)

dN

dt
= γ − ϕN − S1(k)Dnb ·N + k−2N̄ , (2.2)

dN̄

dt
= − ϕN̄ + S1(k)Dnb ·N − k−2N̄ , (2.3)

dI

dt
= − ϕI + k4N̄ , (2.4)

dR

dt
= γ − ϕR − k1Vs ·R + k−1R̄ − k3R ·Hn, (2.5)

dR̄

dt
= − ϕR̄ + k1Vs ·R − k−1R̄, (2.6)

dH

dt
= β − ϕH + θ

In

κn + In
, (2.7)

df

dt
= γ − ϕff + k5R̄

n, (2.8)

Parameter Value Unit Explanation
k1 0.1 (c · s)−1 VEGF-VEGFR2 binding rate
k−1 0.001 s−1 VEGF-VEGFR2 dissociation
k2 0.001 (c · s)−1 Dll4-Notch binding rate at 1 kPa
k−2 0.1 s−1 Dll4-Notch dissociation
k3 0.005 c−n · s−1 VEGFR2 inhibition by HE
k4 0.1 s−1 Dll4-Notch cleavage
k5 0.1 c1−n · s−1 Filopodia induction by bounded VEGFR2
β 0.001 c · s−1 Basal gene expression
γ 0.005 c · s−1 Receptor production
ϕ 0.005 s−1 Protein degradation
θ 0.1 c · s−1 Upregulation rate
ϕf 0.001 s−1 Filopodia degradation
n 2 dimensionless Hill coefficient
κ 1 c Half-maximal activation constant

Table 2.1: Parameters corresponding to the system of ODEs. Concentrations are expressed in concentration units c. Time is
in seconds s.

The influence of ECM stiffness on the Notch pathway is included through YAP-mediated Dll4 sup-
pression [17]. This is done through a Hill function

S1(k) = c1

( k − 1

c2 + k − 1

)
, (2.9)

where k is the ECM stiffness. The function is shifted to assume no Dll4 inhibition at a stiffness of 1 kPa.
This is the reference value to which the multiple stiffness levels are calibrated against the experimental
data.

Secondly, the influence of ECM stiffness is included through a decrease in Notch binding [15]. This
is done through a suppressive Hill function

S2(k) = k2

( c3
c3 + (k − 1)n2

)
, (2.10)

where the function is shifted so that at a stiffness of 1 kPa, the Notch binding rate is assumed to be
equal to k2. The choice of these functions and parameters will be further explained in section 2.2.1.
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2.2. Modeling a vessel sprout under VEGF stimulation
In order to study the tip/stalk cell patterning, a row of endothelial cells of 10 µm×10 µm [3] is simulated,
representing a micro vessel in early sprouting angiogenesis (Fig. 2.1). The vessel sprout is assumed
to be 10 cells long, to satisfy the minimum length for branching [22].

Figure 2.1: Visual representation of the vessel sprout relative to the VEGF point source.

Each individual cell contains the mathematical model describing the Notch signaling pathway dis-
cussed in the previous section. Between neighbouring cells, Dll4 can bind to the Notch receptor. The
outer most left cell is considered a neighbour to the outer most right cell, to avoid unwanted boundary
effects. The cells are initialized such that they are all stalk cells (low filopodia) with values [24]

{D = 0, N = 1, N̄ = 0, I = 0, R = 1, R̄ = 0, H = 0, f = 0}.

The vessel sprout is stimulated by a VEGF gradient field modeled by

∂Va(x, t)
∂t

= d∆Va − kdegVa + Vin1x=(xp,yp), x ∈ Ω, (2.11)

Va(x, t) = 0, x ∈ δΩ, (2.12)
Va(x, 0) = 0, x ∈ Ω ∪ δΩ, (2.13)

Figure 2.2: Flowchart of the computational model
simulations.

where Ω is the square of 0 < x < 1010 µm and
0 < y < 1010 µm. Dirichlet boundary conditions
make sure the VEGFs can exit freely out of the re-
gion. d represents the diffusion rate, kdeg the degra-
dation rate and the last term models a point source
with an influx strength of Vin. This source is placed
at x = (xp, yp), where (xp, yp) is the point in the middle
of the Ω square, 120 microns above the fifth cell in the
vessel sprout. This distance is chosen such that the
amount of VEGF arriving at the cells is similar to the in-
put of the model of Venkatraman et al. [24]. The VEGF
field parameters are given by d = 10 µms−1, kdeg =
1.6 ∗ 10−4 s−1, Vin = 0.5 c [20]. The VEGF gradient
field is discretized using a central difference scheme
with a spatial step of 10 microns.

After initialization, the model will do an update with
a time step of 1 second. Firstly, the available VEGF at
each place in the field is derived using Forward Euler
time integration. The stability of this time integration
method is determined in Appendix A. Secondly, by it-
erating over all cells in the vessel sprout, Forward Eu-
ler time integration over the system of differential equa-
tions in the previous section is used to calculate the
protein concentrations within a cell. These two steps
are done separately, since for each individual cell a set
of equations is solved.
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The input for this set of ODEs is the VEGF sensed by filopodia (Vs), which is captured by the
following equation:

Vs = Va(2s(f)− 1), (2.14)

where s(f) is the sigmoid function
s(f) =

1

1 + e−af
. (2.15)

By using this function, a cell with a high concentration of filopodia can sense many more growth factors
than a cell with a lower concentration. The size of this difference is determined by the parameter a and
is taken to be a = 0.06. Other choices for this parameter are investigated in section 3.3. Another input
to the set of equations is the Dll4 and Notch concentrations from neighbouring cells. These values are
taken from the previous time step to avoid a time bias from left to right.

After the iteration process over all cells is complete, the update of 1 second is done. These updates
repeat themselves until a stopping criterion is met. In all studies, the computational model is stopped
either after a specific time point, or when a possible steady state solution is found. This is done with
the following stopping criterion, which checks if the filopodia has changed in the last two hours.

∀n ∈ {1, . . . , 10} : |fn(t)− fn(t− 2 hours)| < ϵ, (2.16)

where fn(i) represents the filopodia concentration of cell n out of 10 cells at time t and ϵ is given by
ϵ = 10−3 c. A change in solution is not expected after this criterion is met, since the cells receive no
new stimuli. A schematic of the whole process is shown in figure 2.2.

2.2.1. Model calibration to ECM stiffness
The stiffness-dependent functions S1 and S2 (Eq. 2.9, 2.10) are calibrated to match the in vitro experi-
ment by Matsuo et al. [17]. In this experiment, the protein expression in HUVECs, a type of endothelial
cells often used in experiments to study angiogenesis, is measured in a gel-environment of 1, 2, 4, 8
and 25 kPa to simulate a weak to stiff substrate, after being stimulated by VEGFs (Fig. 2.3).

The model parameters from Venkatraman et. al. [24] are assumed to be the reference model at
1 kPa. Parameters from the newly introduced stiffness-dependent functions, S1 and S2 are found by
calibrating through trial and error to the total Dll4 and NICD concentrations, and then compared to
the total Notch concentration. The predicted total protein concentration is defined as the predicted
concentration of a specific protein summed over all cells, in the predicted steady state. The obtained
parameters are given by

{c1 = 0.084, c2 = 52, c3 = 120, n2 = 1.84}.

Figure 2.3: Experimental measurements of Dll4, Notch and NICD concentrations (fold increase) in different stiffness
environments, with and without VEGF stimulation [17].

The calibration results are quantified by taking the average of the mean absolute error (MAE) over
Dll4 and NICD:

Average MAE =
1

2

(1
4

∑
k={2,4,8,25}

|Dk − D̂k|+
1

4

∑
k={2,4,8,25}

|Ik − Îk|
)
, (2.17)
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where D̂k and Îk are the model predicted protein concentrations of the 10 cells combined of Dll4 and
NICD, respectively, and Dk and Ik are the experimental observations, all relative to 1 kPa.

2.2.2. The effect of ECM stiffness on tip/stalk cell patterning
To investigate how tip/stalk cell patterning is affected by ECM stiffness, filopodia concentrations in the
vessel sprout are measured over stiffness levels ranging from 1 to 20 kPa, with intervals of 1 kPa.
Complementing the filopodia predictions, an analysis of other key protein concentrations, including
Dll4, bounded Notch, and VEGFR2, was conducted. This analysis aims for a better understanding of
the signaling pathways responsible for tip/stalk cell patterning in angiogenesis.

2.2.3. Filopodia-mediated VEGF sensation
The degree to which filopodia can sense growth factors is hard to quantify. This study investigates
different relations between filopodia concentration and their VEGF sensing ability across multiple stiff-
ness values. In function (2.14), describing the filopodia-mediated VEGF sensation, parameter a is
modulated to gain understanding of its influence on predicted cell patterning. The patterning behaviour
at time points

{t = 1, t = 1.5, t = 2, t = 2.5},

and at the steady state is predicted for different values of parameter a

{a = 0.01, a = 0.02, a = 0.06, a = 0.1, a = 0.15},

in a stiffness range of 1 to 20 kPa.

2.2.4. Modulating VEGF binding for angiogenic treatments
To investigate how an increase and decrease of the VEGF binding affect the tip/stalk cell patterning,
the model was run for different values of the parameter k1, representing the VEGF binding rate

{k1 = 0.015, k1 = 0.025, k1 = 0.1, k1 = 0.4}.

This was performed at two time points, 1.5 and 5 hours, and until the steady state solution. The model
was run for stiffness values ranging from 1 to 20 kPa.

2.2.5. The influence of bounded Notch cleavage
The current model accounts for the release of NICD as a result of the binding of the Notch receptor.
However, the cleavage of the boundedNotch receptor is not included. Hence, for this study, themodel is
adjusted to incorporate this cleavage event that results in the release NICD. Equation (2.3), describing
the concentration of bounded Notch, is altered to

dN̄

dt
= −ϕN̄ + S1(k)Dnb ·N − k−2N̄ − k4N̄ , (2.18)

where the last term represents the bounded Notch cleavage.
Parameter θ, the upregulation rate, is split up into θ1, responsible for Dll4 upregulation through

VEGF binding, and θ2, responsible for HE upregulation through NICD nuclearization, to indicate two
different processes. Parameters θ1, θ2, and parameters governing the stiffness-dependent functions
(2.9) and (2.10), are searched by trial and error to match experimental data by Matsuo et al. [17], to
which the model excluding Notch cleavage is calibrated as well. Calibration results are again assessed
using the averaged MAE score. The obtained parameters are given by

{θ1 = 0.2, θ2 = 0.15, c1 = 0.12, c2 = 52, c3 = 1.26, n2 = 0.92}.

The cell patterning is predicted for multiple choices of θ1 and θ2, to highlight their influence on the cell
patterning over various ECM stiffness levels.

The steady state cell patterning, and the cell patterning after 1.5 hours is predicted, allowing for a
comparison between the two models. This is done for an ECM stiffness of 1 to 7 kPa, with intervals of
0.33 kPa. The VEGF binding rate is modulated as well, allowing for the investigation of the influence
of the Notch cleavage on cell patterning, depending on this binding rate.
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3
Results

3.1. Model calibration to ECM stiffness
In figure 3.1, the total protein concentration of Dll4 and NICD, relative to 1 kPa, are depicted for varying
ECMstiffness levels. Themodel’s predictions, represented by the blue lines, indicate a reduction in both
Dll4 and NICD concentration with increasing ECM stiffness. Notably, a temporary rise in concentration
is observed within the stiffness range of 14 and 16 kPa, corresponding to the patterning failure (Fig.
3.4a, section 3.2). Generally, the model’s predictions closely align with the experimental data (depicted
by orange), with the exception of the 8 kPa stiffness level. The averaged MAE score is 0.054.

(a) (b)

Figure 3.1: Protein concentration of 10 cells combined (fold increase). The orange dots are the findings of the in vitro
experiment [17]. The blue lines represent the computational model predictions. (a) Dll4 concentration (b) NICD concentration

The calibrated model is compared to the Notch measurements (Fig. 3.2). The relative change in
total Notch concentration when varying ECM stiffness is relatively small, both experimentally and in the
model predictions. A small increase in Notch concentration is predicted with increasing ECM stiffness,
while experimentally, for higher stiffness values, a decrease in Notch concentration was determined.
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Figure 3.2: Notch concentration of 10 cells combined. The orange dots are the findings of the in vitro experiment [17]. The
blue lines represent the computational model predictions.

3.2. The effect of ECM stiffness on tip/stalk cell patterning
In this study, the influence of ECM stiffness on cell patterning is investigated, specifically focusing on
its influence on the key proteins involved in the VEGF-induced Notch signaling pathway.

The model predicts a steady state solution of a salt-and-pepper pattern of alternating tip and stalk
cells for an ECM stiffness of 1 kPa (Fig. 3.3). The tip cells are characterized by a high filopodia
concentration (green), whereas the stalk cells have a low filopodia concentration (yellow).

Figure 3.3: Model prediction of the cell pattern in terms of filopodia concentration at an ECM stiffness of 1 kPa.

Upon increasing ECM stiffness, the model continues to predict a salt-and-pepper pattern as the
steady state solution (Fig. 3.4a). However, beyond a stiffness threshold of 15 kPa, no patterning is
observed at all, and all cells exhibit a moderately high filopodia concentration. Figure 3.4b shows the
filopodia patterning at an earlier time point of 1.5 hours. For ECM stiffness values below 3 kPa and
above 10 kPa, the patterning is less apparent. Hence, the emergence of opposite cell states occurs at
a comparatively slower pace in these stiffness ranges.
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(a) (b)

Figure 3.4: Model predictions of the cell pattern in terms of filopodia concentration over ECM stiffness values from 1 to 20 kPa
(y-axis). (a) Steady state solution (b) After 1.5 hours

The computer model predicts that a small change in ECM stiffness can lead to a pattern failure. At
15 kPa the cells still alternate between a high and low filopodia concentration, whereas at 16 kPa this
alternation is not observed anymore. VEGF-induced Notch signaling makes sure small differences are
enhanced and result in opposite cell states. However, when Notch signaling is damped, these small
differences between cells, like VEGF uptake, remain small. A clearer understanding of how this is
accomplished can be gained through an examination of the patterning of other associated proteins at
a steady state solution (Fig. 3.5).

A rise in stiffness results in a decrease of Dll4, especially in the tip cells (Fig. 3.5a). This leads to
a decrease in Notch binding, particularly in stalk cells (Fig. 3.5b). This lack of Notch communication
between cells causes a reduction of VEGFR2 inhibition in stalk cells (Fig. 3.5c), which is important
for the creation of the opposite cell states, tip and stalk. The model predicts that for a too high ECM
stiffness, 16 kPa in the numerical simulation, this lack of inhibition results in the failing of cell patterning.

The slow filopodia patterning under 3 kPa, observed in figure 3.4b, can be linked to the presence
of Notch binding in tip cells seen in figure 3.5a. This results in mutual lateral inhibition, slowing down
the emergence of opposite cell states.

(a) (b) (c)

Figure 3.5: Model predictions of the cell pattern of over ECM stiffness values from 1 to 20 kPa at a steady state solution. (a)
Dll4 concentration (b) Bounded Notch concentration (c) VEGFR2 concentration

3.3. Filopodia-mediated VEGF sensation
In this section, the choice of parameter a in equation (2.14), responsible for filopodia-dependent VEGF
sensation, is investigated based on its effect on the cell patterning. Parameter a determines the sen-
sitivity of VEGF sensation to changes in filopodia concentration in a cell (Fig. 3.6). The dotted line
represents the available VEGF concentration to the cell, based on its position in the gradient field.
The colored lines depict how much of this available VEGF can be sensed, depending on the filopodia
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concentration level.

Figure 3.6: VEGF sensation of a cell for various values of a, captured by equation (2.14).

Figure 3.7 shows the cell patterning for various values of a at different time points. According to the
model predictions, higher values of a result in faster patterning. This phenomenon can be explained
by the observation that for a higher value of a, a minor rise in filopodia leads to relatively more VEGF
uptake, as compared to a lower value of a, causing opposite cell states to emerge sooner. Although, in
the steady state is predicted that higher values of a experience pattern failure in a lower level of ECM
stiffness.

When a is too high (a = 0.15, Fig. 3.8), the cells exhibiting a low filopodia concentration sense
a relatively high level of VEGF. Consequently, they induce lateral inhibition towards their neighbours
too, dampening the difference between the opposite cell states. Moreover, the model predicts that the
emergence of the salt-and-pepper pattern is slowed down for this excessive value of a. When a is too
low (a = 0.01, Fig. 3.8), no patterning is observed due to the lack of filopodia formation.
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Figure 3.7: Model predictions of the cell pattern in terms of filopodia concentration at an ECM stiffness of 1 to 20 kPa. This is
done for various choices of a (y-axis) and time points (x-axis).

Figure 3.8: Model predictions of the cell pattern in terms of filopodia concentration at an ECM stiffness of 1 to 20 kPa. This is
done for an excessively low a = 0.01 and high a = 0.15 parameter choice (y-axis) and at various time points (x-axis).

3.4. Modulating VEGF binding for angiogenic treatments
In this section, the cell pattern is studied for various VEGF binding rates (Fig. 3.9). The model pre-
dictions show that a low binding rate (k1 = 0.025) results in weak opposite cell states, while a high
binding rate (k1 = 0.4) achieves strong opposite cell states, characterized by tip cells exhibiting a high
concentration of filopodia. Moreover, at a high VEGF binding rate these opposing cell states emerge
faster.

However, the elevated VEGF binding also results in a failure of patterning under lower stiffness
conditions, as compared to simulations with a low binding rate. An excessively low binding rate (k1 =
0.015) yields insufficient lateral inhibition, resulting in pattern failure at lower stiffness conditions as well.
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Figure 3.9: Cell pattern of the vessel sprout in terms of filopodia concentration at an ECM stiffness of 1 to 20 kPa. This is done
for various VEGF binding rates (y-axis) and time points (x-axis).

3.5. The influence of bounded Notch cleavage
3.5.1. Model calibration
Figure 3.10 shows the calibration results of the model including Notch cleavage. The peak in protein
concentrations, indicative of the abrupt transition from pattern success to failure, occurs now at a lower
stiffness value (4.67-5 kPa), compared to the model excluding Notch cleavage. This shift is noteworthy
as it allows the model predictions to align more accurately with a stiffness of 8 kPa, which was not the
case in the previous model. The averaged MAE score is 0.021.

(a) (b)

Figure 3.10: Protein concentration of 10 cells combined (fold increase). The orange dots are the findings of the in vitro
experiment [17]. The blue lines represent the computational model predictions, including the cleavage of bounded Notch. (a)

Dll4 concentration (b) NICD concentration.
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Figure 3.11: Notch concentration of 10 cells combined. The orange dots are the findings of the in vitro experiment [17]. The
blue lines represent the computational model predictions, including the cleavage of bounded Notch.

Despite the improvements in calibration, the model still faces difficulties in accurately predicting the
total Notch concentration. Nevertheless, in accordance with the experimental findings, a decrease in
concentration is observed following the peak at 4 kPa. However, the model’s predicted decrease is
relatively minor compared to the experimental measurements.

3.5.2. The influence of bounded Notch cleavage on cell patterning
The computer model predicts that the salt-and-pepper pattern failure occurs at 4.67 kPa (Fig. 3.12b).
This threshold is three times lower than that observed in the model excluding Notch cleavage (Fig.
3.12a). The moment of pattern failure is highly dependent on the choice of parameter θ1 and θ2 (Ap-
pendix B). The model predicts that higher values for these parameters result in the formation of cell
patterning at increased levels of stiffness.

(a) (b)

Figure 3.12: Model predictions of the cell pattern in terms of filopodia concentration over various ECM stiffness values at a
steady state solution. (a) Excluding Notch cleavage (b) Including Notch cleavage

A comparison of the predictions at a time point of 1.5 hours reveals that the inclusion of Notch
cleavage accelerates the formation of patterning at low ECM stiffness levels (Fig. 3.13a).
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(a) (b)

Figure 3.13: Model predictions of the cell pattern in terms of filopodia concentration over various ECM stiffness values at 1.5
hours. (a) Excluding Notch cleavage (b) Including Notch cleavage

To further investigate the influence of bounded Notch cleavage on cell patterning, the steady state
pattern for multiple VEGF binding rates iss predicted (Fig. 3.14). Table 3.1 denotes the stiffness levels
k at which pattern failure is predicted by the two different models. The Pattern Failure Stiffness ratio
(PFS), which is the pattern failure stiffness of the model excluding Notch cleavage, divided by that of
the model including Notch cleavage, is calculated to quantify the difference in the two models related
to the VEGF binding rate. The PFS ratio increases with the VEGF binding rate, indicating that the
stiffness threshold for which patterning fails, is relatively lower for the model including Notch cleavage.
Hence, for higher binding rates, this model shows a higher sensitivity for pattern failure.

Figure 3.14: Model predictions of the cell pattern in terms of filopodia concentration for various ECM stiffness values. This is
done for various VEGF binding rates (x-axis), by the model excluding and including bounded Notch cleavage (y-axis).

Binding rate k1 0.015 0.025 0.1 0.4
Stiffness k for which pattern fails (excl. cleavage) 13 18 16 13
Stiffness k for which pattern fails (incl. cleavage) 4.33 5.67 4.67 3
PFS ratio 3 3.17 3.43 4.33

Table 3.1: Stiffness value k [kPa] for which patterning fails. The predictions for the model, excluding and including bounded
Notch cleavage. The PFS ratio denotes the ratio of pattern failure stiffness.
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4
Discussion

In this thesis, a computational model is created that allows for investigation of the intricate dynamics
of tip/stalk cell patterning in early sprouting angiogenesis, focusing specifically on how it is affected by
the extracellular matrix stiffness.
Changes in protein concentrations associated with signaling pathways involved and their response
to varying ECM stiffness are investigated, offering valuable insights into the predicted cell patterning
outcomes.
In the computational model, a dynamic VEGF field is modeled to simulate a realistic setting. A study is
conducted that explores multiple relationships to capture filopodia-mediated VEGF sensation.
Furthermore, the VEGF binding rate is modulated to gain more insight on how ECM stiffness impacts
angiogenic treatments-based on VEGF binding.
Lastly, the model is further developed to include the cleavage of the bounded Notch receptor, aiming
to investigate its influence on cell patterning through various stiffness levels.
In this section, the conclusions drawn from the respective studies will be examined and discussed.

4.1. Model calibration to ECM stiffness
The model parameters of the Venkatraman model are assumed to correspond to an extracellular matrix
stiffness of 1 kPa. Taking this as a reference value, the model is calibrated to fit to the experimental data
over various stiffness levels by only adjusting the stiffness-dependent functions. The computer model
is able to align its predictions to the Dll4 and NICD concentrations well, except at an ECM stiffness
of 8 kPa. Conversely, the decrease in Notch concentration for higher stiffness values observed in the
experiment, is not predicted by the computer model. Improving the alignment of the model predictions
with the experimental data requires further examination of the connections between ECM stiffness and
the Notch signaling pathway.

The misalignment could also be a consequence of differences between the experimental and com-
putational setup. In the computational model, the VEGF gradient field is simulated with a constant influx
and permits diffusion out of the region of interest, which contrasts with the experimental conditions. Ad-
ditionally, the row of ten aligned endothelial cells in the computational setup may not accurately reflect
the confluent HUVECs in the cell culture dishes. These variations could potentially account for the
observed differences in Notch concentration.

Given that the experimental data used for calibration aremeasurements relative to 1 kPa, a deviation
in the parameter set assumed to correspond to this value would induce a shift in stiffness within the
model predictions. Therefore, in the current model, it is advisable to interpret the predictions in a relative
sense.

4.2. The effect of ECM stiffness on tip/stalk cell patterning
Kretschmer et al. found that a rise in stiffness enhances network formation, but a too stiff ECM can
impede the process [14]. Additionally, Bentley et al. states that a faster patterning time results in
denser networks [2]. The model’s predictions align with these findings: with a rise in ECM stiffness,
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opposite cell states emergemore rapidly, which according to Bentley. et. al. results in a denser network.
However, in an ECM that is too stiff, the patterning time slows down, resulting in a sparser network. It
should be noted that the model lacks calibration to time. Nevertheless, the conclusion remains valid,
as it is drawn in a relative context.

After a certain stiffness threshold, the model predicts pattern failure in which all cells exhibit a mod-
erately high filopodia formation. It’s crucial to clarify that this does not necessarily mean that all cells
are tip cells ready for sprouting. Firstly, in this thesis, the criterion for defining a tip cell is assumed to
be a high filopodia level. However, diverse conditions have been used in previous computer models
to classify a cell as tip cell, such as a threshold for Dll4 or NICD concentration [20, 19]. Secondly, it
might become mechanically more challenging for a tip cell to initiate sprouting if every cell attempts to
pull itself forward.

4.3. Filopodia-mediated VEGF sensation
The ability of filopodia to sense VEGFs is case-specific as it varies depending on various factors. ECM
properties, including stiffness, as well as factors such as filopodia length and the distribution of VEGFR
receptors, can influence their sensing ability. Considering these aspects, a spectrum of function choices
of filopodia-mediated VEGF sensation are considered based on parameter a, exhibiting variations in the
sensitivity of VEGF sensation to an increase in filopodia concentration. A high value of a corresponds
to a higher rise in VEGF sensation for an increase in filopodia concentration, as compared to a low
value of a.

Zakirov et al. [26] demonstrated through both in silico and in vivo experiments that a reduced proba-
bility of filopodia extension slows patterning down. This is in agreement with the outcomes observed in
this study, where the model predicts that for a reduced ability of filopodia to sense VEGF, corresponding
to a lower value of a, the patterning time increases.

Furthermore, the computer model predicts that a higher sensitivity in filopodia-mediated VEGF sen-
sation leads to patterning failure in less stiff environments. To validate these predictions, additional
experimental data based on various ECM stiffness levels is required.

4.4. Modulating VEGF binding for angiogenic treatments
The model predicts that a low VEGF binding rate leads to weak opposite cell states. Given that filopo-
dia aid in cell migration, this observation could be an indication of fewer sprouts and consequently a
sparser network. A decreased VEGF binding rate could therefore be advantageous for anti-angiogenic
treatments. Conversely, simulations with a high VEGF binding rate lead to stronger opposite cell states.
The tip cells exhibit a high filopodia concentration, possibly indicating increased sprout formation. This
gives rise to a denser network, which is desired for an effective wound or bone healing process. This is
in line with the in vitro and in vivo experiments by Hsieh et al., where elevated VEGFR2 internalization
led to an increase in vessel branches [10].

However, the pattern failure predicted in lower stiffness conditions suggests that an increased bind-
ing rate is not always favourable. There is currently a lack of experimental data to confirm the predic-
tions based on ECM stiffness. However, the model predictions show that a success or failure of the
pattern varies significantly with ECM stiffness, indicating the importance of considering ECM stiffness
in the exploration of angiogenic treatments based on VEGF binding.

4.5. The influence of bounded Notch cleavage
Literature sources, such as Kretschmer et al. [14] and Guo et al. [8], report varying stiffness levels for
which network formation is prevented (e.g. 4 kPa or 15 kPa), dependent on the experimental setup.
Hence, determining the accurate stiffness of pattern failure is challenging and situation dependent.
However, the models in this thesis allow for the study of cell patterning in a relative sense.

The computational model including Notch cleavage predicts a pattern failure for ECM stiffness val-
ues lower than those predicted by the model without Notch cleavage. This prediction aligns with the
expectation that the inclusion of Notch cleavage decreases Notch communication, thereby reducing
lateral inhibition and therefore limiting pattern formation. This earlier failure of the pattern is able to ex-
plain the increase in Dll4 concentration for a matrix stiffness of 8 kPa observed experimentally. Overall,
this model is able to achieve an improved alignment with the experimental data compared to the model
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excluding cleavage, as it exhibits an averaged MAE score that is 2.5 times lower. However, the Notch
concentration predictions do not show a significant improvement.

Furthermore, from the cell pattern predictions at 1.5 hours, it could be concluded that the model
including Notch cleavage exhibits faster patterning in the low stiffness range. This behavior could be
attributed to a reduction in Dll4, as an excess of Dll4 in all cells would increase the time needed for the
establishment of opposing cell states.

Additionally, a comparison study of the twomodels is performed for various VEGF binding rates. The
model including Notch cleavage predicts increased sensitivity of pattern failure to stiffness for higher
VEGF binding rates. However, a confirmation of these predictions requires more experimental data.

Overall, the incorporation of bounded Notch cleavage exhibits a stiffness-dependent impact on cell
patterning, emphasizing the importance of considering this factor in studies across varying cell stiff-
ness environments. While the model demonstrates improved calibration to the experiment, further
refinement through a parameter study is advised for a closer alignment to the experimental data.

4.6. Limitations and future work
In the current model, two ECM stiffness dependencies are incorporated: YAP-mediated Dll4 suppres-
sion and the decrease of Notch binding. Incorporating more relations between ECM stiffness and
relevant proteins into the model has the potential to improve the models’ accuracy. Existing literature
suggests a connection between the mechanosensitive YAP protein and VEGFR2 [8, 25]. Moreover, in
this study, the model predictions of Notch concentration do not align well with the experimental data,
prompting an investigation into the relation between ECM stiffness and the Notch receptor.

To further develop the model, temporal calibration should be considered. This allows for time-
specific predictions of the tip-cell selection, and consequently the time of sprouting.

For future studies on cell patterning dependent on ECM stiffness, it is advised to built upon themodel
including the cleavage of bounded Notch. The upregulation parameter θ is adjusted to fit the model to
experimental data. However, a comprehensive investigation into alternative parameter combinations
is suggested. This exploration will give insight on how varying parameters influence cell patterning at
different ECM stiffness levels.

Furthermore, the VEGF gradient field could be adjusted to better replicate real-world conditions by
including the VEGF uptake by filopodia. Moreover, filopodia-mediated VEGF sensation could be further
developed to allow for sensation in surrounding grid points based on filopodia length.

Overall, the computer model developed in this thesis is able to predict tip/stalk cell patterning, mark-
ing the initial phase of sprouting angiogenesis. Following this event, tip cells migrate, and new sprouts
emerge as a result of the elongation driven by the proliferation of follower stalk cells. To investigate the
process of sprout formation and patterning, the model developed in this thesis could be coupled to a
model dedicated to exploring sprout formation and patterning. Several models have been developed
in the literature where sprout patterning is investigated using for example cell-based approaches [20,
4] or approaches based on agent-based modeling [16, 18]. The coupling of the model presented in
this thesis with such models would enable the investigation of sprout patterning, where mechanical
influences from ECM stiffness are included.

4.7. Conclusion
Existing models in the literature studying tip/stalk patterning during sprouting angiogenesis do not con-
sider the influence of the extracellular matrix stiffness. The computational model presented in this thesis
incorporates and emphasizes the impact of ECM stiffness, stressing its relevance in the investigation of
angiogenic treatments. However, the validation and refinement of the model require additional experi-
mental data. Further development of the model holds great promise for advancing our understanding
of angiogenesis dynamics and contributing to more effective treatment strategies.
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A
VEGF Gradient Field Stability

The VEGF gradient field is described by the partial differential equation

∂Va(x, t)
∂t

= d∆Va − kdegV + Vin1x=(xp,yp), x ∈ Ω,

Va(x, t) = 0, x ∈ δΩ,

Va(x, 0) = 0, x ∈ Ω ∪ δΩ,

where Ω is the square of 0 < x < 1010 µm and 0 < y < 1010 µm.
Discretizing this in the x and y-direction with a central difference scheme into equal parts of length
h = 10 µm gives a system of the form

du
dt

= Ku+ r,

u(0) = 0,

where ui,j(t) denotes the numerical approximation of Va(x, t) and an internal point is approximated by

dui,j

dt
= d

1

h2
(ui−1,j−1 + ui,j−1 − 4ui,j + ui+1,j + ui,j+1)− kdegui,j + Vin1(i,j)=(ip,jp).

The Gershgorin circle theorem says that the eigenvalues of a general n×n matrix A are located in the
complex plane in the union of circles

|z − ai,i| ≤
n∑

j ̸=i
j=1

|ai,j |, z ∈ C.

For the non-boundary cases it follows that

|λ− (−4d
1

h2
− kdeg)| ≤ 4

d

h2

⇐⇒ −8d

h2
− kdeg ≤ λ ≤ −kdeg.

The boundary cases give a weaker condition and are therefore not included.
The Forward Euler method is conditionally stable and thereforemust satisfy dt ≤ − 2

λi
∀i. Since |λ|max =

− 8d
h2 − kdeg, this condition becomes

dt ≤ 2
8d
h2 + kdeg

. (A.1)
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B
Parameter Sensitivity θ1, θ2

Figure B.1: Model predictions including Notch cleavage of the cell pattern in terms of filopodia concentration for ECM stiffness
values from 1 to 10 kPa. This is done for various values of θ1 (y-axis) and θ2 (x-axis)
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