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Chapter 1

Introduction

1.1 A brief historical background

Belts, tapes, and cables, just as beams, rods and strings have something in common,
that is, the dimension in one direction, the so-called axial direction, is much larger
than the dimensions in the other two directions. In many cases, just a one-dimensional
approach can be used to describe a certain configuration involving these objects. The
applications of belts, tapes, or cables to mechanical systems such as conveyor belts,
magnetic tapes, or monocable ropeways are often referred to as axially moving materials
or axially moving continua. Axially moving systems are present in a wide variety of
engineering problems. Aerial cables, tramways, oil pipelines, magnetic tapes, power
transmission belts, and band saw blades are just a few of the many examples of the
applications of axially moving systems. The interest in studying axially moving systems
is also motivated by the increased use of oil and water pipelines since early 1950 [1].
A model describing transversal vibrations of a moving strip was derived by Thurman
and Mote [1]. This model can be used as a model of the transversal vibrations of tapes,
fibers, belts and band saws. The following equations of motion are used in their paper:

Wy + 2V Wy — (P12 — Vz)wm = (P12 —1- an)umum,
Uy + 2V Uz — (1 — /<;V2)um + Pgumm =

3
(Pl2 -1- nV2) <§uium + Wylgy + uxwm), (1.1.1)

subjected to simply supported boundary conditions: w(0,t) = u(1,t) = u,.(0,t) =
Uz (1,t) = 0 and w(0,t) = w(1,t) = 0. In (1.1.1) u is the transversal displacement, w
is longitudinal displacement, V' is the (constant) belt speed and the parameters «, 7, P2,
and P} are just constants which will be defined later on. A combination of the Linsted
perturbation method and the averaging method was used in [1] to study (1.1.1). The
focus of the research has been to study the relationship between the belt speed, the
natural frequencies, and the importance of the nonlinearities in the model (1.1.1).

1



2 Introduction

After Thurman and Mote, the transversal vibrations of a (constantly) moving ma-
terial was studied by Wickert [2] and Pellicano and Vestroni [3]. Most of the studies
concentrate on the axial-velocity-dependent natural frequencies and the existence of
instabilities at critical velocities. The natural frequencies turn out to decrease with
increasing belt speed.

In most of the references given above, the belt velocity is assumed to be constant. In
reality, however, the systems are exposed to accelerating and decelerating motions due
to some imperfections such as pulley excentricities. These disturbances can manifest
in the form of external excitations as well as parametric excitations. The transversal
vibrations of a string where one or both of its ends are harmonically excited was studied
by Sack [4], Archibald and Emslie [5], Mote [6], Mahalingam [7] and very recently by
van Horssen [8]. Van Horssen used the Laplace transform method to solve analytically
the equation describing the transversal vibrations of a (constantly) moving string.

Miranker [9] was probably the first who derived the equation for the transversal
vibrations of a tape moving with a time-dependent axial velocity. Recent studies of
the transversal vibrations of a string or a beam moving with a time-dependent velocity
was mainly done by Oz, Pakdemirli, and Boyaci in [10, 11, 12]. In [10] the vibra-
tions of an axially moving beam with a time-dependent velocity was studied by Oz
and Pakdemirli, while its associated string-like equation was studied in [11]. In [12]
the authors continue to study a similar type of equation with an additional nonlinear
term. A two-time-scales perturbation method was used in [10, 11, 12]. The solutions
are then approximated by using a truncation method. In all of these three papers trun-
cations to just one mode (without any justification) was applied. Since the solutions
of the partial differential equations consist of infinitely many modes, this (extreme)
truncation causes inaccurate results and many of the existing mode-interactions are
lost. These observations were recently also made by Pellicano and Vestroni in [3].

1.2 Motivations

It was stated in the last paragraph of the previous section that an (extreme) truncation
can lead to inaccurate approximations of the solution of the problem describing the
transversal vibrations of a conveyor belt. The purpose in doing the present work is to
investigate whether the truncation method can be applied or not, and how it should be
applied to approximate the transversal vibrations of axially moving continua moving
with time-dependent velocities. Extensions to the already existing literature will be
presented. Not only linear but also nonlinear problems will be studied. In this thesis
the study will be restricted to the transversal vibrations of a conveyor belt with a low
and time-varying velocity.
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1.3 Equations of motion

In this section the equations of motion describing the transversal and the longitudinal
displacements of a conveyor belt will be derived. In Figure 1, a schematic model of
a typical conveyor belt under consideration has been given. The equations of motion

=X

|
A
K‘7P Vot Wet W
AN

Up + Uy

Figure 1.1: Schematic model of a conveyor belt, and velocity components at a point P
on the belt.

for a belt system moving with a constant axial velocity have been derived in [1] using
Hamilton’s principle. For a time-varying velocity the same approach can also be applied
with some modifications. A point particle P on the belt under consideration will have
transversal and longitudinal velocities:

dUu ou oUudX dU

& oor Toxar Toar o Ul
aw
= = V(1) + W+ Vi(r)Wx, (1.3.1)

respectively. Using these two velocities the kinetic energy of the belt is given by:
1 t 2 2
KE = 5pA {(UT ViU )2 + Wy + V(1 + Wy)] }dx, (1.3.2)
0

and the potential energy is given by:

1 /1 \
PE = - / (—{Ro — EA+ EA[(1+Wx)*+ U7} + EIU;%X)dx, (1.3.3)
2/, \EA
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with:

P : the mass density of the belt,

A . the cross-sectional area of the belt,

Vi(7) . the belt velocity,

E : the modulus of elasticity,

Ry : the constant tension in a dynamic equilibrium,

1 : the second moment of area with respect to the horizontal axis,

U(X,7) : the transversal displacement of the belt,
W(X,7) : the longitudinal displacement of the belt,
X . the position along the horizontal axis,

T : the time, and

L

. the distance between the pulleys.
The Hamﬂton function H (X, 7,Ux,U,, Wx, W,,Uxx) is defined by

Lo A{ (U 4 Vilx)? + W + Vi1 + W)}

1,1 1
5 (5 (o — BA+ BA(L+ Wx)? + UR))? + BIU%y ). (1.3.4)
Then according to Hamilton’s principle, the equations of motion can be derived from
%(6) = 0 with € = 0, where

T2
_ / / H(X, 7, Uy, Us, Wy, W, Uy x )dadt,
0

in which: W(X,7) = W(X,7) + (X, 7), and U(X,7) = U(X,7) + e((X,7). The
arbitrary functions £(X, 7) and (X, 7) have to satisfy:

§0,7) =¢&(L,7) =&(X, 1) =&(X,72) =0, and
€(0,7) = (L, 7) = ¢((X, 1) = ((X,72) = 0. (1.3.5)

It then follows that

/ / —H X T, Ux,UT,Wx,WT,UX)()dXdT

_/ / 8H 8WX+8H8(7X+8H8WT+8H8(7T
B OWx  0Oe oUx de  OW, de U, Oe

OH 90y
) X
8UXX Oe }d dT’
oI oH oM oI
! i dXdr. (1.3.
// aWX tonc S Tawm s tar ot 6UXX<XX} 7. (1.3.6)

=ty 0H OH OH OH OH
/ / {—€X+6UX<X+ &+ UT<T+6UXX<XX}dXdT=o. (1.3.7)
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Integrating (1.3.7) by parts and using (1.3.5) it then follows that (1.3.7) can be
rewritten in:

/ / x awx)+%<§miﬂ

2
T | [T
Since the functions n(X, 7) and (X, 7) are arbitrary it follows from (1.3.8) that
d 1 OH d 1 OH
¢ )+ a7 (ws ) = ©
d (0 d /0 d /0
7(%) * %(ai) e <8UZX) =0 (1.39)

These equations are called the Euler-Lagrange equations. By substituting H (X, 7, Ux,
U-,Wx,W,,Uxx) as given by (1.3.4) into (1.3.9), the following equations are obtained:

pAW, . + 20AV, W, + pAV, (1 4+ Wx) + (pAVZ — EA)Wxx =
(14+Wx)UxUxx — U3 Wxx

[(1+Wx)2+URP2
pAU . + 2pAV,Ux, + pAV, Ux + (pAVE — EA)Uxx + ElUxxxx =
(14 Wx)*Uxx — (1 + Wx)UxWxx

(EA— Ry)

Ry—FEA 1.3.10
( 0 ) [(1 + WX)2 + U)2{]3/2 ( )
Using a Taylor series, the denominator in (1.3.10) can be approximated by:
3
[(1+W,)24+ U232 =1—-3Wx 4+ 6W2 — 2U§—10W§;+
1
—5WXUX+O( 2), (13.11)

where O(4) stands for terms of degree 4 or higher. Assuming that the displacements in
the longitudinal direction are much smaller than the displacements in the transversal

direction, that is, W = O(U?) it follows from (1.3.11) that [(1 + Wx)? + U2]3/? ~
1—3Wx — 2U%. Substitution of this approximation into (1.3.10) gives (approximately)
pAW - + 20AV, Wy + pAVy (1 4+ Wx) + (pAVE — EA)Wxx =
(EA — Ry)UxUxx,
pAU, + 2pAViUx, + pAV, Ux + (pAVy — Ro)Uxx + EIUxxxx =

<EA - R0> <2U)2(UXX + WxUxx + UXWXX>a

7>0, 0<X < L. (1.3.12)

To put the equation of motion (1.3.12) into a non-dimensional form, the following
substitutions are applied: w(z,t) = W(X7T), u(z,t) = U()L(’T), r =% = Z—g, t =
v = V"(T , Py = 74z, and P} = 4 where L is the distance between the two
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pulleys which are assumed to be two simple supports, and Tj is the initial tension
which is related to Ry through Ry = Ty + npAV;? with 0 < n < 1. Substituting all
those non-dimensional variables into (1.3.12) and letting x = 1 —7 the following system
of partial differential equations is then obtained:

Wy + 2V wey + Vi(1 +w,) — (P2 = V) we, = (PE— 1 — nV)ugtiy,,
Uy + 2vu:ct + ‘/tu:c + (KVQ - 1)“:{::{: + Pguzzzz =

(PE—1— nV2)(gu§um + UpWyy + Wyllyy), t>0, 0 <z <1 (1.3.13)
The boundary conditions for the two simple supports are given by:
w(0,t) =w(l,t) =0, and u(z,t) = uz(x,t) =0 for =01, (1.3.14)
while the initial displacements and initial velocities are:

w(z,0) = wo(z), wi(z,0) =wi(z), u(z,0)=u(x), and
ur(z,0) = uy(x). (1.3.15)

Throughout this thesis, it is assumed that the time-dependent velocity of the belt
is given by V (t) = e(Vo+ asin(§2t)). The smallness of € can be considered as a measure
of the smallness of the belt velocity V;(¢) compared to the wave velocity 5. Vp, a, and
(2 are assumed to be constants.

1.4 An analytical approximation

In this thesis formal approximations of the solutions of (1.3.13) - (1.3.15) will be con-
structed. This formal approximation will satisfy the partial differential equations and
the boundary conditions up to some order in €. If a straight-forward e—expansion is
used to approximate the solutions, secular terms can occur in the approximations. To
avoid these secular terms, a two-time-scales perturbation method is used. The first step
in applying this perturbation method can be to transform the initial-boundary-value-
problem (1.3.13) and (1.3.14) into the initial-value-problem by using the boundary
conditions (1.3.14).

The boundary conditions (1.3.14) imply that the solutions u(z,t) (and w(z,t))
should be extended as odd and 2-periodic functions in x, that is,

u(z,t) = Z U, (t) sin(nmz). (1.4.1)
n=1
This extension implies that all terms in (1.3.13)-(1.3.15) should be extended odd and

2-periodic functions in z. Particular attention needs to be paid to the terms containing
u, and u,; since these terms are even with respect to z. To make these terms odd can
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be accomplished by multiplying them with the following odd and 2-periodic function
in z, H(z),

’H(x):{ 1 for 0 <:v<(1),:§:

1 for -1 < z < 0, —sin((2j + D), (14.2)

22+ 1)
and H(z) = H(x + 2). It should be emphasized that in [10, 11, 12], the equations
(1.3.13)-(1.3.15) have been solved incorrectly, that is, the solutions have never been
extended properly and in fact the authors merely used a one mode approximation
without any justification.

In the process of transforming (1.3.13)-(1.3.15) into a system of ordinary diferential

equations, the following identities can be used:

1
/0 sin(nmx) sin(krz)dr = { (l: i‘Z: : i Z: and
v 0 for k+n even,
/0 sin(nmx) cos(kmx)dr = { (n237g2)7r for ktn odd. (1.4.3)

The results obtained by applying (1.4.1), (2.2.6), and (1.4.3) will be a set of ordinary
differential equations in ¢. The solutions of these ordinary differential equations will be
approximated by using a two-time-scales perturbation method. These two time scales
are usually tg =t and t; = et. The introduction of these two time scales will give the
following transformations:

i) _o() , a()

at oty o

2/ 20 20 20
d*() _ 9°() 25()“25()‘
dt? ot? tooty o3

(1.4.4)

The use of these transformations and the assumption that w.,(t) = u,o(to, t1)+€tn1 (to, t1)
+ Eupa(to, t1) + . .. will give a set of ordered ordinary differential equations which can
be solved one by one (if possible) systematically.

1.5 Outline of the Thesis

In Chapter 2 the linear string-like equation for the transversal vibrations of a conveyor
belt with a low and time-varying velocity will be studied. The equation of motion
describing this phenomenon is the second part of (1.3.13) with PZ = 0 and w(x,t)
identically equal to zero. Stability of the approximations of the solutions is discussed
as well as some similarities and differences between the present work and the results
available in the literature.

In Chapter 3 the linear beam-like equation for the transversal vibrations of a con-
veyor belt will be studied. In this chapter the bending stiffness P? is no longer equal to
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zero, which leads to a fourth order partial differential equation. It turns out that the
dynamic behaviour of a conveyor belt system modelled by using a beam-like equation
is considerably different from that modelled by using a string-like equation. For several
values of Q (the frequency fluctuation of the belt velocity) the vibration of the belt
system are investigated. The most interesting cases for €2 can esentially be divided into
the sum or difference type of two natural frequencies. Even more interesting, for special
values of P? this sum and difference type can coincide giving rise to more complicated
dynamical behaviour which has never been detected in the existing literature.

In Chapter 4 the two equations in (1.3.13) will be studied. In this chapter it is
assumed that P} = O(1) and P} = O(%) leading to the possibility of decoupling
(1.3.13) into two uncoupled partial differential equations, through the application of
the so-called Kirchhoff approach. It turns out that the nonlinear part of the equation
stabilizes the solutions which are unstable in the linear case (see Chapter 2).

Another type of ordering assumptions on the transversal and longitudinal displace-
ments, and on P§ and P? will lead to another problem. The case where P? = P2 = O(1)
and u(z,t) = O(y/e),w(x,t) = O(e) will be the topic of Chapter 5. It will be shown
in this chapter that p*> = Pjn® = 3 is a special parameter value, in the sense that for
p > % the dynamic behaviour of the system resembles the one as studied in Chapter
4, while for p? < % a much more complicated behaviour will occur due to additional
mode interactions.
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Chapter 2

On The Transversal Vibrations of A
Conveyor Belt with A Low and
Time-Varying Velocity. Part I: The
String-like Case !

Abstract. In this chapter initial-boundary value problems for a linear wave (string) equa-
tion are considered. These problems can be used as simple models to describe the vertical
vibrations of a conveyor belt, for which the velocity is small with respect to the wave speed.
The belt is assumed to move with a low and time-varying speed. Formal asymptotic approx-
imations of the solutions are constructed to show the complicated dynamical behavior of the
conveyor belt. It also will be shown that the truncation method can not be applied to this

problem in order to obtain approximations valid on long time scales.

2.1 Introduction

Investigating transverse vibrations of a belt system is a challenging subject which has
been studied for many years (see [2] - [5] for an overview) and is still of interest today.

The main purpose of studying the dynamic behavior of a belt system is to know
the natural frequencies of the vibrations. By knowing these natural frequencies, the
so-called resonance-free belt system can be designed (see [4]). Resonances that can
cause severe vibrations can be initiated by some parts of the belt system, such as the
varying belt speed, the roll eccentricities, and other belt imperfections. The occurrence
of resonances should be prevented since they can cause operational and maintenance
problems including excessive wear of the belt and the support component, and the
increase of energy consumption of the system.

!This chapter is a revised version of [1] On The Transversal Vibrations of A Conveyor Belt with
A Low and Time-Varying Velocity. Part I: The String-Like Case.

11



12 Part I: The string-like case

Belt vibrations can be classified into two types, i.e. whether it is of a string-like
type or of beam-like type, depending on the bending stiffness of the belt. If the bending
stiffness can be neglected then the system is classified as string (wave)-like, otherwise it
is classified as beam-like. The transverse vibrations of the belt system may be described
as:

e string-like by
Uy + 2V gy + Viug + (V2 — )y, = 0, and (2.1.1)

e beam-like (with a string effect) by

EI
Uy 4+ 2V gy + Vittg + (KV? — gy + — Vazaz = 0, (2.1.2)
P

where:
u(z,t) : the displacement of the belt in the vertical direction,

V : the time-varying belt speed,

c . the wave speed,

E : Young’s modulus,

I : the moment of inertia with respect to the x (horizontal) axis,

p : the mass density of the belt,

A : the area of the cross section of the belt,

K . a constant representing the relative stiffness of the belt.
Its value is in [0, 1],

x : coordinate in horizontal direction,

t : time, and

L : the distances between the puleys.

The beam like system with a low time-varying speed will be considered in Chapter
3. In this chapter we will study the string-like case where the belt velocity V(¢) is
given by

V(t) = (Vo + asin(€2)), (2.1.3)

where € is a small parameter with 0 < ¢ < 1,and V; and « are constants with Vi > 0
and Vy > |a|. The velocity variation frequency of the belt is given by Q. In fact the
small parameter e indicates that the belt speed V (¢) is small compared to the wave
speed c¢. The condition Vy > |a| guarantees that the belt will always move forward in
one direction. It will turn out that certain values of {2 can lead to complicated internal
resonances of the belt system.

While for more accurate results, a non-linear model is required, it is not meaningless
to investigate first a linear model. Knowledge about linear models is important in order
to understand results found in non-linear models, especially for those cases which are
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weakly non-linear. For non-linear models describing the dynamic behavior of belts, we
refer the readers to [5], [7], and [8]. In [8] the role played by the external frequency
of the non-constant belt velocity and the bending stiffness is studied. It is found that,
as the bending stiffness tends to zero, the system behaves more like a string and its
dynamics becomes more complicated than the beam-like system.

Most belt studies involve mainly belts moving with a constant velocity. Recently in
a series of papers ( [9] - [12]) several authors considered the vibrations of belts moving
with time-dependent velocities and the vibrations of tensioned pipes conveying fluid
with time-dependent velocities. In fact in ( [9] - [12]) the equations (2.1.1) or (2.1.2)
have been studied, where V' (t) as given by (2.1.3) belongs to and is included in the cases
that have been studied in ( [9] - [12]). To find approximations of the displacement of
the belt in vertical direction the authors use in ( [9] - [12]) the method eigenfunction
expansions, the Galerkin truncation method, and the multiple-time-scales perturbation
method as for instance described in [13, 14]. To apply the method of eigenfunction
expansions and the perturbation method, special attention has to be paid to the O(e)
terms involving wu, and wu, in (2.1.1) or (2.1.2). To apply the truncation method the
internal resonances between the vibration modes have to be studied. In ( [9] - [12]) the
O(e) terms in (2.1.1) or (2.1.2) involving u, and wu,; are not treated correctly, and it is
assumed in ( [9] - [12]) that truncation to one mode (or a few modes) of the constant
belt velocity system is allowed. In this chapter we will show that this truncation is not
allowed. In [9, 11] no instabilities of the belt system (as described by (2.1.1)) were
found using the truncation method when the velocity variation frequency €2 is equal
to or close to the difference of two natural frequencies of the constant velocity system.
In this chapter it will be shown that also instabilities can occur when €2 is equal to or
close to the difference of two natural frequencies of the constant velocity system. In
[5] and in ( [15] - [19]) several remarks can be found on how and when truncation is
allowed. In those papers weakly nonlinear problems for wave and for beam equations
have been studied.

In this chapter we consider the vibrations of a belt modeled by a string moving with
a non-constant velocity V(t) = €(Vy + asin Qt), where V4, a, and 2 are constants with
Vo > |a|. The velocity V() can be considered as a periodically changing velocity such
that the belt still moves in one direction. This variation in V(¢) can be considered
as some kind of an excitation. In relation to excitations, some results in this area
have been obtained in [20] and in [21]. In [20] problems for a string moving with
a constant velocity are considered for which one of its ends (i.e. z = L) is subjected
to an harmonic excitation. In [22], the vibrations of the string at = = L is forced to
be u(z,t) = ugcos Qt. In [22] the author also studied the case where one end of the
moving string is subjected to an harmonic excitation to represent the case of a belt
traveling from an eccentric pulley to a smooth pulley. Whereas the case where both
ends of the string are excited is studied in [23]. In that paper a moving string model
is used to study the transverse vibrations of power transmission chains. In all of these
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papers ( [20] - [23]), the belt velocity is assumed to be constant.

This chapter is organized as follows. In section 2.2, an equation to describe the
transversal vibrations of a belt (which is modeled as a string) is derived. Here we
assume that the belt moves with an arbitrary low velocity which is varied harmonically,
ie. V(t) = e(Vo + asinQt). In section 2.3 we study the energy and the boundedness
of the solution of the problem as derived in section 2.2. In section 2.4 we discuss the
application of the two time-scales perturbation method to solve the equation. It turns
out that there are infinitely many values of €} that can cause internal resonances. In
this chapter we only investigate the resonance case {2 = <. All other resonance cases
can be studied similarly. In this section it will also be shown that the truncation
method can not be applied to this problem due to the distribution of energy among all
vibration modes. In the last part of section 2.4 we also study a detuning case for the
value 2 = . Finally, in section 2.5 some remarks will be made and some conclusions
will be drawn.

2.2 A string model

In this section the dynamic behavior of a conveyor belt which is modeled by a moving
string is studied. Since the belt is assumed to move with a speed V'(¢) (which explicitly

WY WY
X

Figure 2.1: Conveyor belt system

depends on t) we obtain for the time-derivative of the transversal displacement u(z, t)
of the belt

Du Ou Oudx
Dt = ot towar =tV 221)

and for the second order derivative with respect to time

2
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Accordingly, we have the following equation of motion

D?u
T Tx EaYC R
ol p Di2
Clpe = U+ 2V Uy + VZUpy + Vi, (2.2.3)

where ¢ = ,/%, in which 7T, and p are assumed to be the constant tension and the

constant mass-density of the string, respectively. At x =0 and x = L we assume that
the string is fixed in vertical direction, where L is the distance between the pulleys.

For V(t) we use V(t) = e(Vy + asinQt) with V; > 0 and Vo > |a|. This low
velocity should be interpreted as low compared to the wave speed ¢ of the belt. The
condition Vy > |a| guarantees that the belt will always move forward in one direction.
Consequently (2.2.3) becomes:

CUpe — Uy = € [ cos(Qt)uy + 2(Vo + asin(Qt) )ug] + E[Vo + asin(Qt)ug,, (2.2.4)
where the boundary and initial conditions are given by

u(0,t;¢) = wu(L,t;e) =0,
u(z,0;¢) = f(x) and wi(x,0;5¢) = g(z), (2.2.5)

where f(z) and g(x) represent the initial displacement and the initial velocity of the
belt, respectively. Throughout this chapter it is assumed that f and g are suffi-
ciently smooth such that a two times continuously differentiable solution for the initial-
boundary value problem (2.2.4) - (2.2.5) exists. Moreover, it is assumed that all series
representations for the solution v (and its derivatives), and for the functions f and g
are convergent. In this section the initial-boundary value problem (2.2.4)-(2.2.5) for
u(z,t) will be reduced to a system of infinitely many ordinary differential equations.
This system will be studied further in section 2.4 using a two-time scales perturbation
method.

To satisfy the boundary conditions all functions should be expanded in Fourier-
sin-series. Therefore, solution of the form u(x,t;€) = Y7, un(t; €) sin(*F2) is sought.
This is an odd function in z, both with regard to z = 0 and x = L. All functions in the
right hand side of (2.2.4) should be extended properly to make them odd with respect
to x = 0 and x = L, and periodic with period 2L thereof. Note that this extention
or expansion process is not applied in ( [9]- [11]) causing the occurence of incorrect
results in the critical values of €.

To make the right hand side of (2.2.4) odd, terms which are not already in Fourier-

sin-series form in x are multiplied with (see also [15, 18]):

H(x):{ Lo 0 < i g :i A sin<(2j+1>”).(2.2.6)

-1 if —-L < =z L
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Substituting (2.2.6) into (2.2.4) results in

> 4 o /(2 + Dz
czum — Uy = € ]z:; m S1n <%> [OéQ COS(Qt)Um—i—
2(Vo + asin(Qt))ug] + € (Vo + asin(Qt)) g, (2.2.7)

Substitution of u(x,t) = Y77 | u,(t; €) sin(*F*) into (2.2.7) results in:

Z (‘ <¥)2un — un> sin (nm) ZZ o 1 sin <(2j +Ll)7ra:)

n=

nmx

) +2(Wh+a sm(Qt)) %un cos <—)) -

<aQ cos(Qt) 7 un cos (mr 7

L
(Vi Ot) ( )
e; o + asin i

knx )

2 nwx

U SN <T> (2.2.8)

By multiplying (2.2.8) with sin(*7*), and by integrating the so-obtained equation with

respect to x from x = —L to x = L, we obtain:

Uy + (Cl{:—ﬂ) UL = € [Z Z Z } 2] L [aQ cos(Qt)u, +

2(Vo + asm(Qt))un] + (Vo + asin(Qt))? (kgr) Up, (2.2.9)

where 321 = > 241y 202 = Dokmajrign A0 25 = Doy 9iy, - Equation (2.2.9)
will be studied further in section 2.4.

2.3 Energy and boundedness of the solution

We are going to use the concept of energy in many parts of the next sections. In this
section we shall derive the energy of the moving string as modeled by the wave equation

gy = Ugt + 2V gy + VU + Vit (2.3.1)

By multiplying (2.3.1) with (u; + Vu,) we obtain after some elementary calculations

1 1 1
(§uf + uVu, + 502%25 + §V2ui)t +

1 1 1
(—cuguy — 502Vui + Vu? 4+ V2ugu, + §V3u§ — §Vut)x = 0. (2.3.2)

Integrating (2.3.2) with respect to z from z = 0 to = L, and then integrating the
so-obtained equation with respect to ¢ from ¢t = 0 to ¢, we obtain:

! 1 I
| Gut 4 Va5 4 VA d)gde = 5 [ (@ = VAVt (2.3.3)
0 0
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The energy E(t) of the moving string is now defined to be:

E(t) = %/0 (ug + Vug)? + *ul)dr. (2.3.4)

So, (2.3.3) can be written as

1 t
B~ EO) = 5 [ =V Vet
0
dE 1 2 2 2 2
oo = @ =V (u2(L,t) —u2(0,t)) < MV, (2.3.5)

where M is the maximum of $(c? — V2) (u2(L,t) — u2(0,t)), where we have assumed
that u(x,t) is two times continuously differentiable on 0 <z < Land 0 <t < Te !t for
some positive constant 7' < co. It follows from (2.3.5) that 22 < O(e) on 0 < ¢ < Te?
since V is O(€). And so, E(t)— E(0) < O(et) on 0 <t < Te!. The following estimate
on u(z,t) then also holds

lu(z,t)] = \/Ozuz(x,t)dm\ S/Oz |uz(x, t)|dx

L
/ |uz(x, t)|dx
\// 12dx\// —(cu? + (uy + Vuy)?)de

= VIL\2E(t) (2.3.6)

on 0 <t < Tel. We refer to [24] for more detailed descriptions of energetics of

IA

IA

translating continua.

2.4 Application of the two time-scales perturbation
method

Consider again equation (2.2.9). The application of a straight-forward expansion
method to solve (2.2.9) will result in the occurrence of so-called secular terms which
causes the approximations to become unbounded on long time-scales. To remove those
secular terms, we introduce two time-scales to = t and t; = et. The introduction of
these two time-scales defines the following transformations:

duy(t; e ov ov
u(t; €) = v(to, t1;€), kagt ) = 8—15(]: + ea—tf,

d*u(t; €) _ 8%; Y D*uy, 2 8211;'
dt2 ot2 Dto0t, o2

(2.4.1)
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By substituting (2.4.1) into (2.2.9) we obtain:

82Uk+2 0%y, n ckm 21) B
a2 " ““oteon, L) ™"

[Z Z Z ] 2] L <OzQ cos(Qt)v, + 2[Vo + « sm(Qt)g_]) +O().

(2.4.2)
Assuming that vy (to, t1;€) = vro(to, t1) + €vk1(to, t1) + ..., then in order to remove
the secular terms up to O(e), we have to solve the following problems:
62vk0 ckm 2
1): — =
o: Tt + () ma=o.
O%vpy ckm\ 2 5 Vko
Ol Sz + (T) R T [Z 2,2 ] 2] T 1)L
(aQ cos(Qt)vno + 2(Vo + asin(Qt)) ac%"o) : (2.4.3)
0
The O(1) problem has as solution
ckmt . /ckmt
Uko(to, tl) = Ako(tl) COS ( 0) —+ BkO(tl) S1n ( 0), (244)

where Ay and By are still arbitrary functions that can be used to avoid secular terms
in the solution of the O(¢)-problem.

From the O(e) problem it can readily be seen that there are infinitely many values
of {2 that can cause internal resonance. In fact these values are (n+k) ¥, (n—k)<E, (k—
n)T, and —(n+ k)T, where k =n —2j -1, ot k=2j+1—-n,or k=n+2j+1
(see also the summations in (2.2.9)). It is also easy to see that these values for  are
always odd multiples of 7 (or are in an O(¢)-neighbourhood of these odd multiples).
In [9] and [11] the critical values of Q are found to be even multiples of the natural
frequency. These incorrect results in [9] and [11] for O(e) belt velocities are due to
the fact that certain terms in the PDE (that is, terms involving u, and u,; in (2.2.4))
are not extended or expanded correctly.

To show how the secular terms can be eliminated we will consider three cases:
= F,Q =T +¢, and the case that (2 is not in a neighborhood of an odd multiple
of Q=<

24.1 Casel: Q=<

In appendix 1 it has been shown for 2 = & what equations Ay(t;) and Byo(t;) have
to satisfy such that the approximations of the solution of the problem do not contain

secular terms. It turns out that Ay and By have to satisfy:

dAko
diy

= (kK + 1)Bgg1yo + (k= 1)Bg_1o,
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d B
dt,
where t; = Fti, and k= 1,2,3,.... For = m% where m is odd the same analysis
as presented in appendix 1 can be followed. It then follows that Ay and Byg have to

satisfy (k=1,2,3,...):
dAry  (k+m)(2k+2m — 1)

= —(k+1)Ags — (k= 1)Au_10, (2.4.5)

(k —m)(2k — 2m + 1)

= B m B —m)0»
dt, m(2k +m) (kb F m(2k — m) (b=m)0
dBkO__(k+m)(2k+2m—1)A _(k—m)(Qk:—2m+1)A
b, m(2k + m) (km)0 m(2k —m) (k=m)0-

It should be noticed that for m = 1 this system of ordinary differential equations is
reduced to system (2.4.5). In this section we will study system (2.4.5), which is a
coupled system of infinitely many ordinary differential equations.

Application of the truncation method

First we will try to find an approximation of the solution of system (2.4.5) by using
Galerkin’s truncation method. So, we will use just some first few modes and neglect
the higher order modes. For example, in the case we consider the first 3 modes, we
obtain from (2.4.5):

X = AX, (2.4.6)
Big 0O 0 0 —-20 0
A 0O 0 2 0 0 O
By 0O -1 0 0 0 -3
here: X = A=
where Ay and 100 0 3 0 ,
B3 0O 0 0 —-20 O
Asp 0O 0 2 0 0 O

and where X represents the derivative of X with respect to ¢;. This system has eigen-
values 2v/2i, —2v/2i, and 0, all with multiplicity 2. Their associated eigenvectors are:
(0,1,v/2i,0,0,1),(1,0,0, —/2i,1,0), (1,0,0,v/2i,1,0), (0, 1, —/2i,0,0, 1), (—3,0,0,0,
1,0) and (0,-3,0,0,0, 1), respectively. The solution of (2.4.6) is then given by:

A30 tl) = Cl COS(2\/§t1) -+ CQ Sln(2\/§t1> + Cﬁ, (247)

where C1,Cy, ..., Cy are all constants of integration. Note that we have dropped all
the bars in (3.4.2).
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From the initial conditions (2.2.5), that is, u(z,0) = f(x) and u(z,0) = g(x) it
follows that

x) = iuk(o; €) sin <lme) / f(x sm )dx

k=1
x) = iuk(O €) sin <k;7r_x) k(0;€) = / g(x)sin <lm—x)dx
= L L Jo L
Moreover, since ug(0;€) = v (0, 0'6) = k0(0,0) + €vg1(0,0) + ... and u(0;¢) =

Uk
0k(0,0; €) = Vko(0,0) + €41 (0,0) + . . . it follows that

(0
T , 2 [* . (kmx
vk0(0, 0) / f(z ( )dx U0(0,0) = E/o g(x)sin <T>dx (2.4.8)
From (3.3.5) and (2.4.8) we then obtain

Ako(0 / f(z 1n )dx and By(0) = /37? /Lg(x) sin <I€7TTx)dx
(2.4.9)

Equation (2.4.9) can be used to calculate the constants in (3.4.2).

In summary, after all constants in (3.4.2) have been calculated, vgo(tg,?;) can be

kmx )

determined using (3.3.5). Then u(z, t; €) can be approximated by ™7 _ u(; €) sin (222 T

=8

For example, using 1, 2, or 3 modes, respectively, with f(z) = =3 sin(7z),

g(x) =0,c =L =1 we find as approximations for u(z,;¢):

u(z, t;€) ~ _—3 cos(mty) sin(mx),
T

u(z, t;€) = w_f cos(V/2t) cos(mty) sin(rz) + 47r—\/§ sin(v/2t1) sin(27t) sin(2mz),

u(z, t;e) ~ < — % cos(2V/2t)) — %) cos(mty) sin(max) + i@ sin(2v/2t1)

sin(27tg) sin(27x) + <— cos(2v/2t)) + ) cos(3mty) sin(3mx). (2.4.10)

The graphs of these approximations for u(x,t) for x = 0.5 and € = 0.01 are depicted
in Figure 2.2.

For more than three modes, eigenvalues and eigenvectors become more and more
difficult to compute by just using pencil and paper. Using the computer software
package Maple , the eigenvalues of system (2.4.5) have been computed up to 20 modes
and are listed in Table 1. From the table, it can be seen that the eigenvalues of
the truncated system are always purely imaginary, each has multiplicity two, and for
an odd number of modes we get an additional pair of zero eigenvalues. From the
approximations (2.4.10) and from Table 1 it can readily be seen that the truncation
method will not give accurate results on long time-scales, that is, on time-scales of

~1 On the other hand it is well-known in mathematics that if the truncated

order €
system has only purely imaginary eigenvalues and/or eigenvalues equal to zero then no

conclusions can be drawn for the infinite dimensional system.
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Figure 2.2: Approximations for u(z,t) with initial displacement f(x) = =8 sin(wx) and

initial velocity g(z) = 0. The graphs are given for « = 0.5,¢ € [45,55], and € = 0.01.

Analysis of the infinite dimensional system (2.4.5)

In the previous subsection we found that if system (2.4.5) is truncated then the eigen-
values of the truncated system are always purely imaginary or zero. In this section we
shall show that the results obtained by applying the truncation method are not valid
on time-scales of order ¢!,

By putting kBpo(t1) = Yro(t1) and kAgo(t1) = Xio(t1), system (2.4.5) becomes:

dY; dX
% = k[~ X k10 — Xk-1)0), " = E[Yiesno + Y1), (2.4.11)
dtl dtl
for k = 1,273,..., and X()o = }/00 =0.
Accordingly we also have:
YioYao = —k[YieoX 410 + YeoXk-1)0),
XwoXro = k[XkroYr+10 + XroYk-1)0]- (2.4.12)

By adding both equations in (2.4.12), and then by taking the sum from k& = 1 to
00 we obtain:

1 <= d >
) Z d_(YkO + Xko Z X(k+1)0Yro — Y(k+1)oXk0] (2.4.13)
k=1

1= d? -
5 > d—(Y,fo +X20) =2) (X +Yid), (2.4.14)
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No. of | Eigenvalues of matrix A Dimensi-
modes | (all multiplicity 2) on eigen-
space of A
1 0 2
2 | £V2i 4
3 10,+2V2i 6
4 +1.137, £4.33: 8
5 0, +2.307, £5.89 10
6 +7.507, +1.00¢, £3.561 12
7 0, +9.15¢, £2.05¢, £4.90¢ 14
8 +10.834, £0.93¢, £3.18i, +6.301, 16
9 | 0,412.54i, +1.89i, +4.38i, +7.74i 18
10 +14.26¢, +0.87i, +5.657, +9.23¢, £2.93: 20
11 0,+16.017, +1.78i, +£4.05i, £6.97:, +10.764 22
12 +17.761, £0.83¢, +2.76¢, +5.22¢, +8.337, £12.31¢ 24
13 0,4+19.534, +1.707, +3.81¢, £6.45i, £9.734, +13.88i, 26
+19.53¢
14 +21.314, £15.48:, £0.807, +2.634, +4.927, £7.721, 28
+11.16¢
15 0, +23.114, +17.104, +1.644, +3.63i, £6.07z, £9.034, 30
+12.63¢
16 +24.914, £18.734¢, £0.78:, +2.534, +4.68¢, £7.28i, 32
+10.38¢, £14.117
17 0,+26.714, +20.38:, +1.58:, £3.49¢, +5.797, +8.521, 34
+11.757, £15.62:¢
18 +28.53i, £22.05¢, +£0.75¢, £2.45i, +4.507, +6.931, 36
+9.79¢, +13.164, £17.15¢
19 0, +30.35¢, +23.72¢, +1.544, £3.37¢, +5.554, +8.121, 38
+11.107, £14.58:, £18.701¢
20 | £32.18i, £25.41, +0.73i, £2.38i, +4.34i, +6.65i, 40
+9.331, £12.43¢, +16.037, £20.27¢

Table 2.1: Approximations of the eigenvalues of the truncated system (2.4.5).

and so, by putting >~ (X7, + Yj3) = W(t1) we finally obtain:

d>W (t1)
dt?

— AW (t;) = 0. (2.4.15)

The solution of (2.4.15) is W (t1) = Kie*' + Kye 2" where K; and K, are constants.
Note that W (t;) is a first integral of system (2.4.5). K; and K, are both positive
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numbers as is shown in the following calculation. From W (t1) = > oo [XZ, + Y33 it
follows that

= D [X2(0) + YH(0)] > 0= Ky + K3 > 0 (2.4.16)
k=1

Differentiating W (¢;) with respect to t; and then putting ¢; = 0 we get:

[e.e]

Ky — Ky =) [Yio(0) X(t410(0) = Xio(0)Y(ir110(0)]- (2.4.17)

k=1

From (2.4.16) and (2.4.17) it then follows that

[e.e]

2Ky = 3 | XE(0) + Y (0) + Yio0)Xgk10(0) = Xro(0)Yia10(0)|

= SX5(0) + SYA0) + (X10<o> ¥20(0)) + 5 (Yio(0) + Xan(0))

—l—%(XzO(O) Y30(0 ) <Y20 )+ Xao( ))2_‘_.“—’_
%(Xno(()) N Y("H)O(O)> +5 9 (Y (0) + X(n+1)0(0)>2 + ...
=0 (2.4.18)

So, K1 > 0 and 0 if and only if X;0(0) = Yi(0) = 0 for each & = 1,2,3,.... Using
a similar method, K5 also can be shown to be a non-negative number. Consequently,
W (ty) is, in general, non-negative and increases as ¢ increases. This behavior is dif-
ferent from the behavior of Ayo(t1) and Byo(t1) as obtained by applying the truncation
method. If we apply the truncation method, we merely obtain sin and cos functions
for Ay and By while the energy (see next subsection) is described by exponential
functions. This means that the approximations obtained by applying the truncation
method to system (2.4.5) are not accurate on long time-scales, that is, on time-scales

of order ¢ 1.

The energy

The energy E(t) of the conveyor belt system can also be approximated using the
function W (ty). Since

= g ug(t) sin <k7rTw>

N {Ako(tl) cos <$> + Bio(t1) sin (ckgrt)} sin <k7rTx> + O(e)

k=1

(2.4.19)
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it follows that the energy E(t) satisfies

E(t) = —/0 [(ut+Vum)2+c2uﬂ dx

(—Ako sin (%) + By cos (?))2 +

Ao cos <ckzrt> + By sin <ckzrt>)2

= —— Y [(kAw)?* + (kB)*] + O(e)

+ O(e)

A Z[Xlgo + Y5+ O(e)

= — (K1 + Kye ™) + O(e). (2.4.20)

So, the energy increases, although it is bounded on a time-scale of order %

2.4.2 Case 2: () = % + €d

In this section we will consider the detuning from € = <, that is, we will study the
case {1 = F +¢€d where § = O(1). In order to avoid secular terms in the approximation,
it can be shown (the calculation are similar to those in section 4.1) that Ago(¢;) and
Bio(t1) have to satisfy:

dA _ e
dfko = (k+1) [B(kﬂ)o cos(0t1) + Aty s1n((5t1)]
1
+(l€ — 1) |:B(k_1)0 008(51?1) — A(k’—l)O sm((ifl)} s
dB _ o
d{ko =—(k+1) [A(k-i—l)o cos(0t1) — Br+1)0 Sln(5t1)]
1

—(]{Z — 1)[A(k_1)0 008(551) + B(k:—l)O Sil’l((gfl)], (2421)
for k =1,2,3,.... It should be noticed that for § = 0 we obtain again system (2.4.5).

For convenience, we will drop the bar from ;.
The calculations as given on page 21 can be followed again, and we obtain:
d*W (1)
dt?
where W (ty) is defined as in section 4.1.2, and D; = W(0). Elementary calculations
then yield:

+ (0% — )W (1) = Dy, (2.4.22)

for 0| <2:W(t) = Dy 4 cosh(ty V4 — §2) — 52] +

5 sinh(t;v4 — §2),

D2
Vi3
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1
for |5| =2: W(tl) = D1 + Dgtl + §D1(52t%,

for 0| >2:W(ty) = 14 6% — 4cos(t; V2 — )] + D sin(t; V62 — 4),

5 — Vo1
(2.4.23)
where Dy = d‘;vtgo). The interesting features of these solutions are, that for |§| < 2,

W (t;) (and so the energy) increases exponentially. For |6| = 2, W(t;) increases poly-
nomally, and finally for |§] > 2, W (¢;) is bounded due to the trigonometric functions.

2.4.3 Case 3: The non-resonant case

If 2 is not within an order e-neighborhood of the frequencies that cause internal reso-

nance, that is, not within an order e—neighborhood of m< (with m odd) then Ay (%)

and Byo(t1) have to satisfy
dAw dBiyo

dt; 0, dt,

in order to avoid secular terms. Consequently, Ago(t1) and Byo(t1) are constants, say

K1yp and K2k. So, we have wugg(to,t1) = Klgo cos(df%to) + K20 sin(‘jk%to). Since

—0, (2.4.24)

u(z,t) = >0 ug(t )sm(kzz), where wug(t) is approximated by wvi(to,?1), it follows
from the initial conditions v(x 0) = f(z) and w(z,0) = g(z) that
k
Kl = / f(z sm )dx and K29 = —/ ) sin <%)dw (2.4.25)

The energy E(t) of the conveyor belt system for this case can be approximated from:

u(z,t) ~ g <K1k0 cos (Ckzto) + K250 sin (Ckzto)) sin (me) +0(>e),  (2.4.26)

where K1y and K2y are given by (2.4.25). Then,

E(t) = /O(Ut—l—cu)dx—k(’)()

- Z SL)2 (K17 + K2;,) + O(e),

2200

= Z K2(K12, 4+ K22,) + O(e). (2.4.27)

Using (2.4.25), we ﬁnally obtain:

2¢°L A 1 L rkrx ?
E(t) = 2 Zﬁ |:/0 f Sin <T)d$:| +

2L3 I 2 Y A
k4 [/ g"sin <T)d4 + O(e)
= constant + (9( ). (2.4.28)
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2.5 Conclusions

In this chapter we studied initial-boundary value problems which can be used as models
to describe transversal vibrations of belt systems. The belt is assumed to move with a
non-constant, low velocity V(t), that is, V (t) = (Vo + asin(§2t)), where 0 < € < 1 and
Vo, a, €1 are constants. Formal approximations of the solution of the initial-boundary
value problem have been constructed. Also explicit approximations of the energy of
the belt system are given. It turns out that there are infinitely many values of 2 giving
rise to internal resonances in the belt system. These values for 2 are m< + €6 where m
is an arbitrary odd integer, 7 is the lowest natural frequency of the constant velocity
system, and 0 is a detuning parameter of O(1). For Q = & + ¢§ (that is, m = 1)
the problem has been studied completely. The following interesting results have been
found: for |§] < 2 the energy of the belt system increases exponentially, for |§| = 2
the energy increases polynomally, and for |§| > 2 the energy is bounded and varies
trigonometrically. When € is not in an order e—neighborhood of m< (with m odd)
the energy of the belt system is constant up to order e. All the results found are valid
on long time-scales, that is, on time-scales of order e~1.

One major conclusion of this chapter is that the truncation method can not be
applied to obtain asymptotic results on long time-scales (that is, on time-scales of order
¢ 1) when Q is in an order e—neighborhood of an odd multiple of the lowest natural
frequency of the constant velocity system. Moreover, in this chapter we improve the
(incorrect) results and applied methods as for instance given and used in ( [9] - [12])

for low speed belt systems.

Appendix 1

To avoid secular terms in the approximation for u(z, ¢; €) we will show in this appendix
that the function Agg(t1) and Byo(t1) have to satisfy:

dAo(t
% = (k+1)Bsno(t) + (k= 1) Bg-1yo(t),
1
dBuo(t
% = —(k+1D)Agsno(t) = (k= DAg-1(t) (A
for k =1,2,3,.... This can be derived as follows. After introducing a slow and a fast

e

time in section 2.4, we obtain the equation (2.4.3) with 2 = <. The solution of the
O(1) problem is wupg(to, t1) = Ago(t1) cos(EM) + Byo(t1) sin( %), where Agg and Byg
can be determined from the O(e) equation by removing terms in the right hand side
of this equation that cause secular terms in (g, t1).

The first term in the right hand side of the O(¢) equation causing secular terms is

—23:0%1;(1 = Q%T”[dﬁ’io sin(CkztO) + dd'i’io cos(d"’zto )].
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Taking apart those terms in the second term of the right hand side the O(¢) equation
that cause secular terms, we find:

[Z Z Z] 237:?? cos(Qtg)une =
[Z Z Z ] 237:(_1? COS(Qto) [Ano(tl) COS(antO)

cmrto)] _aem (cknrto) [(k; + 1) Agrno

+Bn0 (tl) sin(

L L2
k+1 k —
—(k = 1)Ag_1y0 — Y 1A(k+l o A(k 1)0 ] +
acm . sckrt
12 Si ( I 0) [(k + 1)B(k+1)0 — (k- 1)B(kz—l)o -
k+1 k—1

ST 1B(k+1)0 ~ 5 1B(k_1)0} + "terms not giving

rise to secular terms in ug;”

Similarly we find for the third term:
. Oy
[Z Z Z ] 2] + L (Vo + arsin(Qty)) 61;00 =
3 S X gy gt s ) 7 [Bues ()

Aposin (cnmoﬂ = 27 cos <Ck7rt0> [— 2(k +1)* Agerayo

L L2 L

2(k +1)? 2k —1)?
2k +1 DO T Tor

acrt . sckmt

i (S | = 20k + 1B — 20k — 1* By +

12
2(k +1)? 2k 1)
2%k +1 WO o
rise to secular terms in uz;”.

—2(k — 1)2A(k_1)0 + A(k_l)o] +

B(x—1)0| + "terms not giving

Collecting all terms in the right hand side of the O(€) equation containing cos( <)

and all terms containing sm(d“zto) and then setting their coefficients equal to 0 in order

to remove the secular terms, we obtain (A-1).

Appendix 2

In this appendix we will show that:

1 o d? —
5207 (Yo + Xio) =2 Z Xio +Yi0)- (A-2)
k=11 k=1
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From (4.12) and (4.13) it follows that

[YioYio + XroXko]

WK

— d
Z d_ (Yo + X)) =
k=1

NN
e
I
—_

WK

(X (e+1)0YRo — Y10 Xko)-

e
Il
—_

Differentiating this expression with respect to ¢;, and using (4.11) we find:

Z a2 (Yk20 +Xh) =

[X(k:-i-l)OYkO + X(k+1)0Yk0 - Y(k+1)oXk0 - Y(k+1)oXk0

WE

k=1
= (k+ DXZ+ Y3 = ) (m = 1)[X20+ Y2
k=1 m=2
= 2(X3, + Y1) + Z(k + 1)[X5 + Vi) - Z — D[X7 + Y]
k=2 m=2
= 2(X7, + Yip) + Z[(k +1) — (k= DI[XZ + Y]
k=2
= 2(X7, +Yip) + Z 2[Xio + Yol = 2 Z (X7 + Yol
k=2 k=1

And so, (A-2) has been proved.
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Chapter 3

On The Transversal Vibrations of A
Conveyor Belt with A Low and

Time-Varying Velocity. Part II:
The Beam-like Case *

Abstract. In this chapter initial-boundary value problems for a beam equation (with string
effect) are considered. These problems can be used as simple models to describe the vertical
vibrations of a conveyor belt, for which the velocity is small with respect to the wave speed.
Again it is assumed that the belt is moving with a low and time-varying velocity V (t) =
e(Vo + asin(2t)). Formal asymptotic approximations of the solutions are constructed to
show the complicated dynamical behavior of the belt. Complicated dynamical behaviour of
the belt system occurs when the frequency 2 is the sum or difference of any two natural
frequencies of the system with zero belt velocity. For special values of the belt parameters
these sum type and difference type of internal resonances coincide giving rise to even more
complicated dynamical behaviour. Some examples (including detuning cases) will be studied

in detail.

3.1 Introduction

Axially moving systems are present in a wide class of engineering problems which arise
in industrial, civil, aerospatial, mechanical, electronic and automotive applications.
Aerial cables, tram-ways, oil pipelines, magnetic tapes, power transmission belts, paper
sheet and web processes, fiber winding and band saw blades are examples of cases where
an axial transport of mass can be associated with transverse vibrations.

Investigating transverse vibrations of a belt system is a challenging subject which

!This chapter is a revised version of [1] On The Transversal Vibrations of A Conveyor Belt with
A Low and Time-Varying Velocity. Part II: The Beam-Like Case.

31
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has been studied for many years (see [2]- [5] for a recent overview) and is still of
interest today. The vibrations can be classified into two types, i.e. whether it is of a
string-like type or of beam-like type, depending on the bending stiffness of the belt. If
the bending stiffness can be neglected then the system is classified as string (wave)-like,
otherwise it is classified as beam-like. The transverse vibration of a belt system (with
constant belt velocity V') can be modeled as:

e string-like by

Uy + 2V gy + (KV? — gy =0,  and (3.1.1)
e beam-like (with a string effect) by
ET
Uy + 2V Uy + (KV? = gy + —Aumm =0, (3.1.2)
p

where VK, ¢, E, I, p, and A are constants as those explained in Chapter 1 and wu(z,t)
is transversal vibrations.

The main purpose of studying the dynamic behavior of a belt system is to know
the natural frequencies of the vibrations. By knowing these natural frequencies, the
so-called resonance-free belt system can be designed (see [4]). Resonances that can
cause severe vibrations can be initiated by some parts of the belt system, such as the
varying belt speed, the roll eccentricities, and other belt imperfections. The occurrence
of resonances should be prevented since they can cause operational and maintenance
problems including excessive wear of the belt and the support components, and the
increase of energy consumption of the system.

In this chapter vibrations of a moving belt which is modeled by a beam equation
with a string effect will be studied. The belt speed is considered to be time-varying and
to be small compared to the wave speed. In [6] a string-like model for a similar belt
system has been studied. It will turn out that the beam-like model and the string-like
model give rise to different behaviour of the solutions. It is assumed that the low and
time-varying belt speed V() is given by e(Vy + asin(Qt)), where €, Vp, o, and Q are
constants with 0 < ¢ < 1 and Vj > |a]. It should be observed that the velocity changes
periodically such that the belt moves in one direction. In fact the small parameter e
indicates that the belt speed V() is small compared to the wave speed c. Recently
the authors of [7] also studied the vibrations of an axially moving beam with a time-
dependent velocity. As has been pointed out in [6] their application of the truncation
method does not give approximations which are valid on long time-scales of order e~ *.
More results on axially moving strings and beams can also be found in [13], [14] and
[15]. The variation in V' (¢) can be considered as some kind of excitation. In relation to
excitations, some results in this area have been obtained by Sack [8] and Archibald and
Emslie [9]. Sack considered the problem of a string moving with a constant velocity
at which one of its end (i.e. = L) is subjected to a harmonic excitation. In [§]
the vibrations of the string at x = L is forced to be u(x,t) = ugcos(2t). Archibald
and Emslie also studied the case where one end of the moving string is subjected to a
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harmonic excitation to represent the case of a belt traveling from an eccentric pulley to
a smooth pulley. Whereas the case where both ends of the string are excited is studied
by Mahalingam in [10]. A moving string model to study the transverse vibrations
of power transmission chains has been used in [10]. In all of these works, the belt
movement is assumed to be constant.

This chapter is organized as follows. In section 3.2 the equation of motion describing
the dynamic behavior of a belt moving with a non-constant velocity is derived. The belt
is assumed to be simply supported in vertical direction. Then in section 3.3, the two
time-scales perturbation method is used to find approximations of the solution of the
problem. It will turn out in section 3.3 that complicated dynamical behaviour of the
belt system occurs when the frequency €2 is the sum or the difference of any two natural
frequencies wy and w, of the zero belt-velocity system. For special values of the belt
parameters these sum type and difference type of internal resonances can coincide giving
rise to even more complicated dynamical behaviour. In section 3.4 of this chapter, the
(difference type) case {2 = wy —w; and the detuned case Q = wy —w;+€¢ with ¢ of order
one will be studied. While in section 3.5, the (sum type) cases Q = wy + wq, ) = 2wy,
and 2 = w3 + wo will be considered. For some special values of the beam parameters
the case (including detuning) for which a sum type and a difference type of internal
resonance coincide will also be studied: that is, the case 2 = w3+wy = w5 —ws. Finally
in section 6 of this chapter some remarks and some conclusions will be drawn.

3.2 A beam model

If the belt speed V' is not constant but a function of ¢, then (3.1.2) becomes:

EI
Uy + (KV? = gy + 2V gy + Viug + —Uawze = 0, (3.2.1)
P
for 0 < x < L,t > 0. The meanings of all the symbols have been explained in Chapter
2. Since the beam is assumed to be simply supported, it will follow that the boundary

conditions are:
w(0,t) = u(L,t) = uz(0,t) = uz (L, t) = 0. (3.2.2)
The initial values are given by:

u(z,0) = f(x), wuz,0) = g(x), (3.2.3)

where f is the initial displacement of the beam, and where g is the initial velocity of
the beam. Considering the case where V (t) = e(Vy + asin(Qt)), in which V and « are
constants and Vy > |a|, equation (3.2.1) becomes:

El
Uy — gy + — Uazar = —eQa cos(Qt)u, — 2e(Vo + asin(Qt) ) ugy +
p

—2k (Vo + asin(Q1)) . (3.2.4)
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It should be noticed that (3.2.4) is a subcase of a problem which has been studied by

Oz and Pakdemirli in [7].

Solutions of the form u(x,t) = Y 7 | u,(t)sin(%F) certainly satisfy the boundary
conditions. There are two equivalent methods to determine what equations u,(t) for
n=1,2,3,... have to satisfy. The first method is based on the principle of reflections.
Using this method the initial-boundary value problem (3.2.1)-(3.2.4) is extended to an
initial-value problem. Special attention has to be paid to the terms u, and u, in the
right-hand side of (3.2.4) when this method is applied. Since this method has already

been applied in [6] (and also for instance in [11], [12]) we will now apply the other

nmxr

method which is based on the orthogonality properties of the set of functions sin

L
forn=1,2,3,...0on 0 < x < L. The following should be observed:
L
. (nmx\ . [kmo 0 for n#k
— — Jdx = 7 3.2.5
/OSHl(L)Sm(L)x {%L for n =k, ( )
L :
nrx\ . [krx 0 for n 4+ k is even,
and /0 o8 <T) St <T)dw N { (ngfié“)ﬂ for n+k is odd. (3.2.6)
Substituting u(z,t) = > 7 | u,(t) sin <Tx) into (3.2.4) gives:
f: il (cmr)2 +0 <n_7r)4 Uy | Sin (W) =
— L " L/
—€ Z nr [aQ cos(Qt)u, + 2(Vo + « sin(Qt))z'Jn] Ccos <@> + O(€%), (3.2.7)
— L L
where 0 = 2%, Multiplying both sides of (3.2.7) with sin (mlm), and then integrating
with respect to x from x = 0 to x = L gives (using (3.2.5) and (3.2.6)):
ckm\? km al
g + { <T) +0 <—) } = ; [4&9 cos(Q)u, +
8(Vo + a sm(m))on} +O), (3.2.8)
where the * in > > * indicates that the summation is only carried out for n +
k is odd For t = 0,ux(t) satisfies: = LfO )sin(£2)dz, and 0,(0) =
= fo ) sin(522)da.

It should be observed that in order to obtain (3.2.8) the terms u, and u,; in (3.2.4)

nmwxr

L
(5.2.2), (3.2.4) with e = 0. In [7] these terms were not expanded accordingly (see also

are in fact expanded in eigenfunctions (i.e. in sin(®F*)) of the boundary-value problem

appendix 3). In the next sections approximations of the solutions of (3.2.8) will be
constructed for different 2-values.
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3.3 Application of the two time-scales perturbation
method

Due to occurrence of so-called secular terms a straightforward perturbation method
can not be used to solve (3.2.8) approximately. For that reason a two-time-scales
perturbation method (with time scales to =t and t; = et) is used. The introduction of
these two time scales defines the following transformations:

du ov v
ug(t; €) = vg(to, t1;€), d—: = 6—t§+€8—tf’

d2uk 82Uk a2vk 282Uk

— 2 .
a2 o oon - or

Substitution of (3.3.1) into (3.2.8) yields:

i 26522’; e S (CORNCONIE

(3.3.1)

oo * Py
ez [4@(2@” cos(Qto) + 8(Vp + asin(Qty))

81&0} L0, (33.2)

n=1

Assuming that vy (o, t1;€) = vgo(to, t1) + €vgi (o, t1) + €vga(to, t1) + . . . then (3.3.2)
becomes:

|:a21}k0 8 Vg1

+ o) +2 32Uko+ D*up + 0] +0() +
o2 o “Votedt, " “oteat, ‘

{ (d{%) +6 (%)4} (vho + €vgy + O(e?)) =

*

€ [40&9%0 cos(Qty) + 8(Vo + arsin(§2y)) a;tno} + O(€%) (3.3.3)
0

g

n=1

By taking together terms of equal powers in € from (3.3.3) the following O(1) and
O(e) equations will be obtained:

%0 <dm)2 (lmr)4
o) +{|—) +6|—) | wo=0,
(1) o2 [ L L k0

. 62vk1 82vk0 ckm 2 km 4 N

*

Z [4aﬂvno cos(Qty) + 8(Vp + arsin(Qty))

n=1

81]”0} '

B (3.3.4)

The O(1) equation can be easily solved, yielding:

Vro — Ako(tl) sin(wkto) + BkO(tl) COS(wkto), (335)
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where:
2 4 L
2 _ (ckm km _2 / in(FTE
wk_(L) +5(L) , Bko(o)—L i f(x)sin( 7 )dz,
2 L . kmx
and Ago(0) = ol ), g(x) sm(T)dx. (3.3.6)

The Ago(t1) and Byo(t1) in (3.3.5) are still arbitrary and can be used to avoid secular
terms in the solution of the O(¢) equation (3.3.4).
The O(€) equation now becomes

9% . : .
—6t§1 + wivkl = —2wyg [Ako(tl) cos(wito) — Bro(t1) sm(wkto)] +
0

aly nk _
Z m <4aQ cos(Qtg) [Ano sin(wyto) + Byo cos(wpto)]

n=1
+8(Vo + arsin(Qtg) )wn [Ano cos(wnto) — Bro sin(wnto)]>. (3.3.7)

From (3.3.7) it can readily be seen that there are infinitely many values of €2 that
can cause internal resonances. In fact these values are (in an O(€) neighbourhood of)
Wn + Wiy Wy, — Wiy Wk — Wy, and —(wy, +wg, ), where k =n—2j—1, or k =2j+1+n or
k=2j+1—nforj=0,1,2,..., (see also the summation in (3.3.7)). To show how the
secular terms can be eliminated and how the belt system can behave, the (difference
type) case 2 = wy — wy and its detuned case Q2 = wy — wy + € with ¢ of order one
will be studied in section 3.4 while the (sum type) cases Q = ws + wq, ) = 2wy, and
2 = w3 4+ wy will be considered in section 3.5. For some special values of the beam
parameters the case (including detuning) for which a sum type and a difference type of
internal resonance coincide will also be studied; that is the case ) = w3 +ws = W5 —ws.

3.4 The case () =wy —w; + €0

In this section the case €2 = wy — wy, and the case ) = ws — wy + €¢ with ¢ of order
one will be studied.

3.4.1 The case ) = wy — wq

It is shown in appendix 1 that for {2 = wy — w; the equation Q2 + w,, = “+w; only
has the rather trivial solutions n = 2 and £ = 1 if Q —w,, = —wg, and n = 1 and
k=2 if Q + w, = wi. Then, by taking apart those terms in the right-hand side of the
O(e)-equation (3.3.7) that cause secular terms in vy (to,t1), it is found that Ay, and
By have to satisfy

' —2a(wy + wo) : 20(wy + wo)
Agg = 2@ Tw2) g By = 24T w2) y
10 3oL 20, 10 30 L 20,
. —20(wy + w . 20(wy + w
gy = Zlntw)p g 20t (3.4.1)

BWQL N 3WQL
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and for k > 3: Ay = Byo = 0.
System (4.3.11) can readily be solved, yielding

Ap(ty) = —\/%BQO(O) sin(~yt1) + A10(0) cos(vty),

Bult) = \[Z2Am(0)sin(rt2) + Bo(0) cos(ot).

Ago(ty) = Ago(O)COS(’ytl)—\/Z:;Blo(O)Sin(’}/tl), and

Bu(t:) — BQO(O)COS(7t1)+\/Z:;Alo(O)sin(ytl), (3.4.2)

where v = ?L(“”i\/u%z) and for k > 3, Aro(t1) = Ako(0) and Bygo(t1) = Bio(0). For n >
1, A,,0(0) and B,,p(0) can be determined from (3.3.6). From (3.3.7) a solution vk (o, 1)
can now be obtained without unbounded terms (that is without secular terms). So,
a formal approximation wvgg(to, 1) + €vg1(to, 1) of ug(t; €) has been constructed. And
finally, an approximation Yy, vko(to, t1) sin(*7%) 4+ O(e) of the solution u(z,t) of the

initial-boundary value problem (3.2.1) - (5.2.3) with Q = wy — w; is obtained.

3.4.2 The detuning case (2 = wy — w; + €¢

If the frequency of the belt velocity fluctuation is detuned by taking 2 = wy — wy + €
with ¢ = O(1), then the O(¢)-equation (3.3.7) becomes:
8zvk1

8—15(2) + Wivg = —2wy [Ako cos(wyito) — Bio sin(wkto)] +

*

= nk '
Z m (40490 cos(Qto) [Ano sin(wpto) + Bro cos(wnto)]

n=1

+8(Vo + arsin(€0) )wn[Ano cos(wnto) — Bro sin(cunto)]>, (3.4.3)
where g = wy — wy. Now, it should be observed that in (3.4.3)

cos(Qt) = cos((wy — wi)to + ¢t1) = cos(Qoto) cos(pty) — sin(Qotp) sin(ety),
and sin(Qt) = sin((wy — wy)to + ¢t1) = sin(Qpto) cos(dt1) + cos(Qoto) sin(dty).
Then, by taking apart those terms in the right-hand side of (3.4.3) that give rise to

secular terms in vk (to, t1), it is found that in order to avoid secular terms, Ayo(t;) and
Bio(t1) have to satisfy:

Ay = —psin(¢ty)Agg + pcos(pty)Bag,
By = —pcos(¢ty)Ag — psin(éty)Ba,
Ay = —qsin(¢t)Aig — qcos(ot1) B,

BQO = ( COS(¢t1)A10 —q Sin(¢t1)B10, (344)
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and for k > 3
Aw=0 and By = 0, (3.4.5)
where
—20(wy + wo) 20(wy + wo)
P 31 L ol ¢ 3ws Ll (34.6)

Notice that for ¢ = 0, (3.4.4) is reduced to (4.3.11). In appendix 2, the solution of
system (3.4.4) has been derived. It turns out that the solution of system (3.4.4) is:

Alo(tl) = K1 sin(ﬁltl) + K2 COS(ﬂltl) + Kg Sin(ﬁgtl) + K4 COS(ﬁQtl),

B(t1) = @[A%) + (¢ — pq) A,
Ago(tl) = _?1[1410 sin(gbtl) + BlO COS(¢t1)],

Bulty) — %[Alocos(gbtl)—Blosin(¢t1)], (3.4.7)

and AkO = Ako(O),BkO = BkQ(O) for k 2 3. Note also that in (347) ¢ 7é 0. In
(3.4.7), Ky, K5, K3, and K, are constants of integration, p,q are given by (3.4.6),

B = \/%W —2pq — /o' — 4pg¢?], and By = \/%W —2pq+ /' — 4pg¢?]. As in
subsection 4.1, an approximation Y37, vko(to, t1) sin(£7£) + O(e) of the solution u(z, t)
of the initial-boundary value problem (3.2.1) - (5.2.3) with Q@ = wy — w; + €¢ and
¢ = O(1) has now been constructed.

For  in a neighbourhood of wy — wy, now can be concluded (see also (3.4.7)) that
no instabilities for the belt system will occur. A similar analysis as given in this section
can be applied to other cases where € is of difference type (that is Q = w,, — w, for
some m and n). However, in some of these cases instabilities can occur as will be
explained in the next section.

3.5 () is a sum of two natural frequencies

It has been shown in section 3.3 that in order to remove secular terms, we have to solve
the equation Q tw,, = tw, where k=n—-2j—1,ork=n+2j+1,ork=2j+1—n
with 7 = 0,1,2,.... In the case {2 = wy — wy, it has been shown in section 3.4 that
the only solutions of the problem (wy — wq) + w, = Zfwy (for an arbitrary value of
p? = %) are the trivial solutions £k = 1,n = 2 and symmetrically £k = 2,n = 1. For
other values of Q and for certain specific values of p? solutions other than the trivial
ones may occur. Cases 2 = wy + wy, ) = 2wy, and 2 = w3 + wy will be considered in

this section, other cases can be investigated similarly.
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3.5.1 The case 2 = wy + w;

First, in order to solve the equation 2 + w, = +wy, the following three cases have to
be considered:

i) —w, —wr = €, which obviously has no solution since the right-hand side is
positive while the left hand side is negative,

i1) w, + wr = £, which obviously has only the trivial solution k¥ = 2,;n = 1 or
k=1n=2,

i) wy —wy, = Q (or equivalently w,, —wy, = Q) which may or may not have solutions
depending on the value of 2. From wj, — w, = 2, it follows that ky/1 4+ k2u2 =
ny/1+n2p2 +24/1 4+ 4p2 + /1 + p2. Since f(k) = k+/1 + p2k? is an increasing
function it then follows from kv/1 + p2k? > n+/1 + p?n? that £ > n > 1. Then
from 1 < n < k it follows that

kVI+kp2 = ny/14+n22+2¢/1+ 42 + /1 + 12
< 14 k22 + 201+ k2p2 4+ /1 + k22
= n<k<n+3, =k=n+1 o k=n+2.

Since k =n—2j—1,ork=n+2j+1,or k=2j+1—n with k,n € NT and
7 € N it follows that k can only be equal to k =n+1. So, wpy —w, = Q2 = ws+w;
can only have solutions for &k = n + 1. The possibility to have solutions turns
out to be depending on the values of 2. In Table 1 some of these solutions are

given.
O =wy +w; Q= 2w, Q) = w3 + ws

k | n 2 k | n 2 k | n 1 k | n u?

31 2 - 2 | 1 ]0.7143 6 | 5 - 4 1 1 |0.3851
4 1 3 ]0.3851 3 | 2 |0.1664 716 - 5 | 2 ]0.0732
5 | 4 ]0.1607 41 3 [0.0773 8 | 7 104588 6 [ 3 |0.0349
6 | 5 | 0.0926 5 | 4 |0.0451 9 | 8 102124 7 | 4 |0.0211
7 1 6 |0.0613 6 | 5 |0.0297 1019 10.1321 ] 8 | 5 |0.0143

Table 3.1: Values of k,n, and ;2 for which w;, = w, + € has solutions

Assuming that Q + w,, = +wy, only has the trivial solutions (k = 2 and n = 1, and
k =1 and n = 2) it turns out that no secular terms occur in the solution of (3.3.7) if
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Ako(tl) and Bko(tl) satisfy

2a(wy — wo) 2a(wy — wo)
Ay = B By = A
10 Lo 20, 10 3L 205
. 2a(w) —wo) > 20(w; —wy)
Az = 3L, B, By = 3L, Ao, (3.5.1)

and for k > 3, Ao = By = 0. The solution of (3.5.1) can readily be determined,
yielding

w .
Aw(t) = Aw(0) cosh(rity) — | /== Bao(0) sinh(rity),
1
w .
Ag(t)) = Ag(0)cosh(rity) — /w—;Bm(O) sinh(r1t,),
w .
BIO(tl) = — w—zAgo(O) smh(rltl) + Blo(O) COSh(Tltl),
V w1
w .
Bay(t)) = —, /w—lAlo(O) sinh(r1t1) + Bao(0) cosh(ryty), (3.5.2)
2
where 71 = %02@”27\/“%;), and for k > 3 : Ago(t1) = Aro(0) and Byo(t1) = Bro(0). It is
obvious from (3.5.2) that instabilities for the belt system will occur. When for instance
u? =~ 0.3851 it turns out that Q 4+ w, = 4w, also has other solutions than the trivial

ones (see Table 1). To avoid secular terms in the solution of (3.3.7) it then turns out
that Ajq, Bio, Agg, and By still have to satisfy (3.5.1), and that

; —12a . 12c
Az = 7Lws (w3 + wa) Bao, B3y = m(w?, + wy) Ao,
: —12« . 12a
A = 7Lwy (ws + wi) Bao, Bao = 7Lw, (ws + wa) Aso, (3.5.3)

and that for k > 5, Ay = By = 0. The solution of (3.5.3) can readily be determined,
yielding

w

Ago(ty) = ”wiBw sin(Bt1) + Aso(0) cos(Bt1),
W

A40 tl = 3 / wi Bgo sm ﬁtl + A40( )COS(ﬁtl),

Bgo tl \/71440 sin ﬁtl + Bgo( )COS(ﬁtl)
B40(t1) = \/%Ago( )sm(ﬁtl) + B40(0) COS(ﬁtl), (354)

where 3 = 127%\‘;2%1 and for k > 5 : Ayo(t1) = Ako(0) and Byo(t1) = Bko(0). Also for
p? ~ 0.3851 it is obvious that instabilities for the belt system will occur. It should be
observed that Q = wy + w; = wy — ws for p? ~ 0.3851. So, for special values of the
beam parameters, also frequency € of difference type can lead to instabilities.
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The detuning case () = wy + wy + €

In the detuning case ) = wy + wy + €¢ secular terms will not occur if:

. 2a i
Ay = 3L (wg —w1) [Ago sin(¢t1) — Bao COS(@H)} )
. 2a i
By = — 3L (wg —w1) [AQO cos(¢pt1) + Bayg sm((btl)} ,
. 2a i
A20 = 3Lw2 (CUQ — wl) [AIO Sll’l(gbtl) — BlO COS(¢t1):| i
. 2a i
BQO = — (CUQ — wl) [AIO COS(¢t1) + BlO Sln(¢t1>:| i (355)
3Lw2
and for k£ > 3, Ao = 0 and By = 0. In the following it will be assumed that o > 0 (for
a < 0 the procedure is the same). By putting p = 3%—31(@ —wy) and g = 3232 (wo —w1),
and by differentiating A1y once more it follows that
AIO = quIO - ¢BIO' (356)

By differentiating Ao twice and by making use of (3.5.6) it then follows that
A+ (¢* = 2pg) Aso + P’ Aso = 0, (3.5.7)

where A%) is the fourth order derivative of A;q with respect to ¢;. This fourth order
differential equation can be solved elementarily, and the following results are obtained:

e For ¢* > 4pq the solutions of (3.5.5) will be stable,

e For ¢? = 4pq the solutions of (3.5.5) will be unstable (due to linear term in ¢;),
and finally

e For ¢? < 4pq the solutions of (3.5.5) will increase exponentially.

In Figure 3.1, the stability regions for system (3.5.5) in («, ¢)—plane for positive values
of a have been given. The bifurcation lines are given by ¢? = 4pq = k*(L, ), where
K*(L, ) = 8(;;2\1;1?4:2\\//?‘;)2. From ¢* = k%a? it follows that (¢ — ka)(¢ + ka) = 0.
The slope k is a function of L and p and for fixed L it can be shown that 9% <k?< %.
Values of a and ¢ located in the regions I and IV lead to stable solutions of the system
(3.5.5) while values of a and ¢ in the regions IT and [T (including the lines ¢? = k?a?)

lead to unstable solutions of system (3.5.5).

3.5.2 The case 2 = 2w,

As in subsection 3.5.1, in order to solve the equation Q+w, = +wy, again the following
three cases have to be considered:

i) —w, —w = ) = 2wy, which obviously has no solutions,
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0.5

Figure 3.1: Areas of stability of system (3.5.5) for a specific value of k = 1.

i1) wy, +wr = Q = 2wy, which obviously only can be satisfied for kK = n = 1. But
since k=n—2j—1,ork=n+2j+1,or k=2j+1—n with k,n € Nt and
7 € N, it follows that there is in this case no solution.

i) wr — w, = Q = 2wy (or equivalently w, —w; = ), which may or may not
have solutions depending on the value of p?. From wy — w, = 2w; it follows
that kv/1+ p2k? = n/1+ p?n? + 24/1 4+ p2. Since f(k) = kv/1 + p?k? is an
increasing function it then follows from k+/1 + p2k? > n+/1 + p?n? that k > n >
1. Then, from 1 < n < k it follows that

V14 2k = ny/1+ p2n2 + 21 + p2
< 1+ p2k2 +24/1 + p2k?
= n<k<n+2=k=n+1.

So, wr — w, = 2w; can only have solutions for £ = n + 1. The possibility to have
solutions turns out to be depending on the values of 2. In Table 1 some of these
solutions are given.

When 1% is not (in neighbourhood of) a value as listed in Table 1 then it easily
follows from (3.3.7) that no secular terms occur in the solution if Ao = Bio = 0 for all
k > 1. When for instance p? ~ 0.7143 it turns out that no secular terms occur in the
solution of (3.3.7) if Ago(t1) and Byo(t1) satisfy

) . dav
A = B_Lﬁ (wg — w1 ) Bao, Bio = 3w (w2 — wi) Ao,
1
. . Saw
Ago = _Bi(za; By, Boy = 3Lw1 Ao, (3.5.8)
2

and for k > 3 Ay = Bro = 0. The solution of system (3.5.8) can readily be deter-
mined, yielding:

AIO(tl) = _CBQ()(O) sin(@tl) + A10(0> COS(@tl),
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Ap(t) = —%Blo(O)sin(Qtl)+A20(O)cos(0t1),
Blo(tl) = CAQ()(O)SiH(Qtl)+Blo(O)COS(0t1),
Ba(t:) — éAlo(O)sin(th)—i—Bgo(O)cos(@tl), (3.5.9)

where C? = =2lg25e1) g — #e, Jea-et and for k > 31 Ago(tr) = Ao (0),
Bio(t1) = Bo(0). Obviously no instabilities for the belt system will occur when p? ~
0.7143 or when #? is not (in neighbourhood of) a value as listed in Table 1. It should

be remarked that a similar analysis can be performed if 2 = 2wy for some fixed N > 1.

3.5.3 The case () = w3+ wy

As in the previous two subsections 3.5.1 and 3.5.2, again the following three cases have
to be considered in order to solve the equation ) + w,, = +wy,. Those cases are:

i) —w, —wk = ) = wy + w3, which obviously has no solution,

1) wy, + wp = Q = ws + w3, which obviously has the trivial solutions k£ = 2 and
n =3, or k =3 and n = 2. In this case additional solutions can only occur if
wrtw; = = we+ws has a solution. In appendix 1 (see the case wy = w,+ws—wy)
it has been shown that this is not possible.

1) wp — wp = Q = wy + ws (or equivalently w, — wyp = ), which may or may not
have solutions depending on the value of % From wy, — w, = Q it follows that

kn/1+ p2k2 = ny/1+ 12n2+3y/1 4+ 9u2+2+/1 + 4p2. Since f(k) = kv/1 + p2k2
is an increasing function it then follows that £ > n and & > 3. Then, from k > n
and k > 3 it follows that

1+ 2k2 = ny/14 202 +3y/1+ 92 + 2¢/1 + 4p2
< ny/1+ 2k + 331+ p2k2 + 2¢/1 + 2k
= n<k<n+3+2=k=n+1lork=n+2or
k=n+3or k=n+4.

Since k=n—2j—1l,ork=n+2j+1,or k=2j+1—n with k,n € NT and
j € N it follows that k£ can only be equal to n 4+ 1 or n 4+ 3. The possibility to
have solutions turns out to be depending on the values of 2. In Table 1 some of
these solutions are given.

Assuming that Q + w,, = twy only has the trivial solutions (kK = 2 and n = 3, and
k =3 and n = 2) it turns out that no secular terms occur in the solution of (3.3.7) if
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Ako(tl) and Bko(tl) satisfy

b . ba
= _ — B Boy = — — A
20 5 L (ws wz) 305 20 5 L (ws wz) 305
. ba . b
Agg = — — B Byy = — — A 3.5.10
30 5 Lis (ws wz) 20, 30 5 Lis (ws wz) 205 ( )

and for k = 1,4,5,6,... Ay = By = 0. The solutions of system (3.5.10) can readily
be determined, yielding:

Ago(tl) = Bgo smh Sltl) + Ago( )COSh(Sltl),

Bgo(tl) = Ago SlIlh 81t1> —+ Bgo(o> COSh(Sltl),

w3
Wo
Ago(tl) = 4 / w2 B20 Sll’lh Sltl) + Ago(O) COSh(Sltl),
w3
)

Bgo(tl) = —\/:AQ()(O) sinh(sltl) + Bgo(O) COSh(Sltl), (3511)

where s, = 6;5% and for k = 1,4,5,6,... Ay = Axo(0) and Byg(t;) = Bo(0).
From (3.5.11) it is obvious that instabilities for the belt system will occur. When for
instance p? = 0.0732 it turns out that € & w, = £wy, also has other solutions than the
trivial ones (see Table 1). To avoid secular terms in the solution of (3.3.7) it now turns

out that Agg(t1) and Byo(t1) have to satisfy

Ay = —5§Z2 (w3 — wa) Bso — 2123}2 (w5 + wa) Bso,

DBag = 5?212 (w3 — wy) Azo + %(ws + w2) Aso,

A30 —5?;::3 (w3 — wa) Bay, B3o == 5?2:3 (w3 — wa) Ao,

Asp = _%6:15(% +wy)Byy,  Bsy = %ﬁ:s(wt—) + wy) As, (3.5.12)

and Ay = By = 0 for k = 1,4,6,7,8,.... The solution of (3.5.12) can readily be
determined, yielding

Ago(tl) = Kl Sin(é’gtl) + Ago( ) (Sgtl)
Bgo(tl) = Kg Sin(Sgtl) + Bgo( )COS(SQtl)

di1 K d 0 di1 K
Ago(ty) = 1772 cos(saty) — LO() sin(soty) + <A30(0 — 2)
SoWws SoWws SaW3
di1 K d1 Ao (0 di1 K
Bao(h) = D5 ossot) — D420 gy 4 <Bgo(0) _ 4@ 1),
SaWs3 SaWs3 SoWws
dy K. dyB do K.
A50(t1) = 2702 COS(SQtl) — LO(O) SiH(SQtl) + <A50 0) — 2 2) and
SaWs SaWs SoWws
—dy K dyAag(0) . do K
B50(t1) = S;‘}S ! COS(SQtl) + %05() Sln(Sgtl) + <B50(0) + 822(4}51>7 (3513)
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where sy = [(%)2% — <g>2%] VK = ;1 [ CEB3o(0) + 5—2350(0)],1(2 —

L[58 Bi(0) + LBs(0)], di = ) and dy = 0G5 And for k=
1,4,6,7,8, ..., Ako(t1) = Ako(0) and Byo(t1) = Bio(0). From (3.5.13) it is obvious
that now no instabilities for the belt system will occur. It should be observed that
Q= wy + wy = w5 — wy for p? &~ 0.0732. So, for special values of the beam parameters
also frequencies 2 of sum type can lead to stable behaviour. To obtain more insight in
the complicated dynamical behaviour of the belt system, in the next section the beam

parameter p? will be detuned (keeping 2 fixed).

The detuned Case u? ~ 0.0732

In the previous subsection 3.5.3 it has been shown that if Q = wy+ w3 (and p? is not in
the neighbourhood of a value as listed in Table 1) then the belt system is unstable. For
p? ~ 0.07327 however, the belt system is stable. To obtain more insight in this different
behaviour p? in a neighbourhood of 0.0732 will be detuned. Observe that pu? = 52”;2
with 6 = % So, detuning of ;2 can be achieved by detuning 0 in the original PDE
(3.2.4). For that reason it will be considered that u? = p2.+ep with p2, = 0.0732 and v

2L25 The

2 1 2
frequency 2 is kept fixed, that is, {2 = \/(2%) + d¢r <2%) + \/(3%”) + 5CT<37”) It
should be observed that this type of detuning is different from the one studied in section

an arbitrary constant of O(1), and § = 0., + ev with ¢ = %1/ and p? =

3.4.2. By replacing ¢ in (3.2.4) by ., + ev the same analysis as presented in section 3.2
and section 3.3 can be repeated. To avoid secular terms 1n the approximation it turns

out that Ago(t1) and Byo(t1) now have to satisfy (¢ = Ld, and wy, = k\/1+ p2.k? for
k=23, and 5)

Ay = —52(;2 (W3 — Wa) Bso — 212(;2 (@5 + wa) Bso — %W;ﬁ Ba,

By = _5ic;2 (@3 — W) Azo + 21222 (@5 + wa) Aso + %ﬂz(iz‘lm,

Az = 52?:3( — Wy) By — 23}7:;2 Bs,

By = 52(;3 (W3 — wa) Ago + ii:z(ﬁ Aso,

Aso = 21225 (W5 + @wa) Bag 622j:£f350,

By = 23(;5 (@5 + @2) Ago + %Am, (3.5.14)
and for £k =1,4,6,7,8,...

Ago = _2_;(%)43% and By = T;(%>4Ako. (3.5.15)
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Obviously system (3.5.15) has bounded solution. The characteristic equation of system
(3.5.14) is:

A% 4 (1502.1631¢% 4 1.8787n*)A? + (.8824n* — 1230.2972n%¢* +
170023.5061¢*)\? + 874.7894n"¢* + .1876 107¢° — 81019.0927n*¢* = 0,  (3.5.16)

«

where n = 7. By putting A = @ in (3.5.16) the following cubic equation for a is

obtained

a® + (1502.1631¢% + 1.8787n%)a” 4 (.8824n" — 1230.2972n¢* +
170023.5061¢*)a + 874.7894n*¢* 4 .1876 107¢° — 81019.0927n%¢* = 0.  (3.5.17)

Equation (3.5.17) can be solved by using the Cardano’s formula. The radicand R (of
the reduced form of the cubic equation (3.5.17) plays an important role in the solution-
structure. When the radicand R is positive the reduced cubic equation of (3.5.17) will
have one real, and two complex conjugate solutions. Since a = A? it follows that at
least two roots of the characteristic equation (3.5.16) will have a positive real part.
Consequently the solution of system (3.5.14) will be unstable. For R < 0 the cubic
equation (3.5.17) will have three distinct real roots, and for R = 0 there are three real
roots of which two coincide. For R < 0 it requires an additional analysis to determine
whether system (3.5.14) is stable or not.

In Figure 3.2 the bifurcation values of R as a function of ¢ and n have been given. In
this figure it has been assumed that 7 and so « (the amplitude of the speed fluctuation)
are positive. Similar results can be found for n < 0. When ¢ and 7 are in the areas
IT and V then the solutions of (3.5.17) are positive, leading to the unstable solutions
for (3.5.14), whereas when ¢ and 7 are in the areas I, 11,1V or VI the solutions of
(3.5.17) will be negative leading to stable solutions for (3.5.14). When ¢ and 7 are
exactly on the curves the solutions of (3.5.17) will be also negative which leads to
stable solutions of (3.5.14).

R=0

&
R=0

Figure 3.2: Bifurcation values of R as a function of n and ¢.
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3.6 Conclusions and remarks

In this chapter initial-boundary value problems for a beam equation are studied. The
equations can be used as simple models to describe the vertical vibrations of a conveyor
belt for which the time-varying belt velocity is small with respect to the wave speed.
It is assumed that the belt velocity V' (¢) = (Vi + asin(Qt)) where €, Vo, o, and 2 are
constants with 0 < € < 1 and |a| < V4. Complicated dynamical behaviour of the
belt system occurs when the frequency €2 is the sum or difference of any two natural
frequencies of the system for which the belt velocity is equal to zero. For special values
of the belt parameters these sum type and difference type of internal resonances can
coincide giving rise to even more complicated dynamical behaviour. For both sum type
and difference type of internal resonances instabilities for the belt system can occur.

In this chapter the following cases have been studied in detail with the following
results:

i) 0 = wy — wy; interaction between the first and the second vibration modes; no
instabilities for the belt system (also for the detuned case).

i1) ) = wy + wy; interactions between the first and the second vibration modes, and
for special values of the beam parameters (see Table 1) additional interactions;
there will always be unstable behaviour of the belt system.

i71) The detuned case Q = wy + w; + €¢; interactions occur between the first and

the second vibration modes. Solutions will be unstable if ¢? < 4pq, while for

¢* > 4pq the solutions are stable (p = ?j—il(WQ —wp) and g = 3%2 (wg —wr)).

iv) = 2wy; only for special values of the beam parameters (see Table 1) there will
be an interaction between two different vibration modes; there are no instabilities
for the belt system.

v) Q = wy + wjs; interaction between the second and the third vibration modes,
and for special values of beam parameters (see Table 1) there are additional
interactions; in general there will be instabilities for the belt system. However,
for special values of the beam parameters there can be stable behaviour of the belt
system. When some of these beam parameters are detuned unstable behaviour
can occur again (see the subsection of 3.5.3 where 2 = wy + w3 = w5 — wy for

p? = B ~ 0.0732).

It is expected that for other values of 2, the same techniques (as presented in this
chapter) can be applied to determine the stability properties of the belt system.
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Appendix

Appendix 1

In this appendix it will be shown that the equation Q + w,, = *w; with Q = wy — wy
only has as solutions n = 2 and k = 1if Q —w, = —w,, and n = 1 and k£ = 2 if
Q4+ w, = w. To prove this, the following four cases have to be considered: wy =
Wy F Wy — Wi, W = —Wp, + Wy — Wy, —Wg = Wy, +wy —wiq, and —w, = —w, + ws — wy.
Note that k =n—2j—1,or k=n+2j+1,or k=2j+1—n with k,n € N* and
j€eN.

The case w, = w,, + ws — wq.

Since w? = (C’Y“T”)2 + 5(’%)4, it follows from wy, = w,, + wy — w; that

ky/ 1+ p?k? na/1+ pPn? N 24/1 + p?22 _1 (A1)
1+ p? V14 p? 1+ p? ’

21.2
where p? = § % It can easily be shown that f(k) = % is an increasing function

in k, and that k < f(k) < k%. Then it follows from (A-1) that

ny/1+ p?n? _ kv/1+ p2k? _ ny/1+ p?n? N 24/1 + p?22 (A-2)

1+ p? 1+ p? 1+ p? 1+ p2

Since f(k) is increasing in k it follows from the first inequality in (A-2) that 1 <
n < k. From the second inequality in (A-2) it then follows that

ky/1+p2k2 ny/T+p2n2 2314+ p222  ny/1+ p2k2 24/1 4 p2k?
< + < +
1+ p? 1+ p? 1+ p? V14 p? V14 p?

=k<n+2. (A-3)

Consequently, k = n + 1, and (A-1) becomes:

(n+DV1+p2(n+1)2  n/14p2n? 2144222 1+ 2

1+ p? 14+ p? 1+ p? V142

Denoting the left hand side of the last equation by g(n) then the right hand side
of the equation is just g(1). It is not too difficult to show that g(n) is an increasing

function, so the last equation can only be satisfied if n = 1. Since k = n + 1 it follows
that the only solution in this case is k = 2 and n = 1.
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The case w;, = —w,, + wy — wq

In this case it follows from w; = —w,, + ws — w; that

k:\/1+u2k2__n\/1+p2n2+2\/1+u222_1 (A1)

V14 p? B 1+ p? 1+ p?
The only candidate for a solution of this equation is n = 1 since the left hand side
is always positive while the right hand side is negative for n > 2. Accordingly, by
substituting n = 1 into (A-4) it will follow that:

ky/1+ p?k? 2 1+u222_2 (A5)
V14 p? 1+ p2 '

Now it should be observed that the left-hand side of (A-5) is between k and k2, and
that the right-hand side is between 0 and 2. So, the only candidate for a solution is
k=1(andn=1). Sincek=n—2j—1,ork=n+2j+1,or k=2j+1—n with
k,n € NT and j € N it easily follows that there are no solutions in this case.

The case —wj, = w,, + wy — wq

In this case it follows from —w; = w, + wy — w; that

ky/1+ 2k ny/1+ p?n? N 21+ p222 )

VIt 1+ 22 V14 p?

Now the left-hand side is always negative while the right-hand side is always posi-

tive. So, there are no solutions in this case.

The case —w, = —w,, +wy — w1

In this case it follows from —w) = —w,, + ws — wy that

ny/ 1+ pPn? k14 p2k? N 2¢/1 + pu?22 _
V14 p? V14 p? 1+ p?

By interchanging n and k, this case becomes the first case. So, the only solution in
this case in k =1 and n = 2.

This completes the proof of the statement at the beginning of this appendix.

Appendix 2

In this appendix the solutions of (3.4.4) will be determined, that is, the solutions of:

Ay = —psin(¢t;) Az + pcos(éti) Bao,
By = —pcos(¢ti) Az — psin(¢ti)Bao,
Ay = —gsin(¢t))Aig — gcos(ét1)Bio,
By = qcos(¢ty)Ag — gsin(¢ty)Bio, (A-6)
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where p and ¢ are given by (3.4.6).
By differentiating the first and the second equation in (A-6) it will follow

Ao = —p¢ cos(¢t1) Asg — psin(ety) Asg — pe sin(éty) Bao + p cos(dt) Bao
= ¢[—pcos(pt1) Az — psin(dty) Bag| — psin(pty)[—gsin(pty) A —
q cos(¢ty) Bro] + p cos(gty)[q cos(gpty) Arg — gsin(gt — 1) B
= ¢Big + pgAip, and (A-7)
Big = —¢Aio + pgBio. (A-8)

Differentiating (A-7) and using (A-8), will result in:
AR = paAio = 6Big = —¢* Aso + pgodBuo, (A-9)
and finally by differentiating (A-9) and using (A-7) it follows
AR + (6* — 2pg) Aro + (pg)* Aro = 0. (A-10)

The characteristic equation corresponding to (A-10) is r* + (¢? — 2pq)r? + (pq)* = 0

with solutions r; = \/% 2pg — ¢ + \/5], rey = \/% [2pq — ¢% — \/ﬁ]’ ry = —rq, and
ry = —7r9 and where D = ¢* — 4pgd?. Since p and ¢ are of opposite sign it follows
that ¢* — 4pge? > 0 and 2pg — ¢? < 0. Therefore, r, and ry are purely imaginary.

And, since ¢* — 2pg = /(9% —2pq)? = /' — dpq¢? + 4p>> > /o' — 4pq¢? then
12pq — 2| > \/¢* — 4pqg?. Accordingly r; and ry are also purely imaginary. So, all
the solutions of the characteristic equation can be written in the form ry = (14,179 =

fai,r3 = —ry, and ry = —7ry, where 3, = \/%[¢2 —2pq — +/ ¢* —4pqe?] and By =
\/% (0% — 2pq + /P* — 4pq¢?]. The solution of (A-10) now becomes:

AlO(tl) = Kl sin(ﬁltl) + K2 COS(ﬁltl) + Kg Sin(ﬁgtl) + K4 COS(ﬁgtl),

where K1, K,, K3, and K, are constants of integration.
From (A-9) Bio(t1) can be derived, yielding
1
pqe

From the first two equations in (A-6), Asy and By can now readily be determined,
yielding

Bio(t)) = —[AY) + (6* — pg)Aw); ¢ #0.

Ago (tl) = _?1[1410 sin(¢t1) + BlO COS(¢t1),

Bao(t) = ]%[Am cos(étr) — Biosin(ét)].

So, the solutions of (3.4.4) have been derived.
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Chapter 4

On The Weakly Nonlinear,
Transversal Vibrations of A
Conveyor Belt with A Low and
Time-Varying Velocity !

Abstract. In this chapter the weakly nonlinear, transversal vibrations of a conveyor belt
will be considered. The belt is assumed to move with a low and time-varying speed. Using
Kirchhoff’s approach a single equation of motion will be derived from a coupled system of
partial differential equations describing the longitudinal and transversal vibrations of the
belt. A two time-scales perturbation method is then applied to approximate the solutions
of the problem. It will turn out that the frequencies of the belt speed fluctuations play an
important role in the dynamic behaviour of the belt. It is well-known in linear systems that
instabilities can occur if the frequency of the belt speed fluctuations is the sum of two natural
frequencies. However, in the weakly nonlinear case as considered in this chapter this is no

longer true. It turns out that the weak nonlinearity stabilizes the system.

4.1 Introduction

Axially moving systems are present in a wide class of engineering problems which
arise in industrial, civil, aerospace, mechanical, electronic and automotive applications.
Aerial cables, tram-ways, oil pipelines, magnetic tapes, power transmission belts, paper
sheet and web processes, fiber winding and band saw blades are examples of cases where
an axial transport of mass can be associated with transverse vibrations.

Investigating transverse vibrations of a belt system is a challenging subject which
has been studied for many years (see [2] - [5] for a recent overview) and is still of

IThis chapter is a revised version of [1] On The Weakly Nonlinear, Transversal Vibrations of A
Conveyor Belt with A Low and Time-Varying Velocity. Nonlinear Dynamics, 31, 197-223.
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interest today. In general, the studies about the dynamical behaviour of belt systems
have been restricted to belts moving with a constant speed (see for instance [2] -
[6]). Recently there are some studies about the transversal vibrations of belt systems
moving with a non-constant speed (see for instance [7] - [13]). The vibrations of a
belt system moving with a low non-constant velocity have been studied in [7], [8] and
[9]. In [7] the belt vibrations have been modeled using a linear string-like equation
while in [8] the vibrations have been modeled using a linear beam-like equation. The
transversal vibrations of a belt system moving with an O(1) time-dependent speed
have been studied in [10] and [11], while the associated nonlinear vibrations have
been studied in [12] and [13]. A major drawback in the papers [10] - [13] which has
been observed in [7] and [8], is the use of the truncation method (specifically the use
of only one term). It has been pointed out in [2], [7] and [8] that a strong reduction
in the phase space can lead to a poor description of the dynamic phenomena and in
particular the use of only an one degree-of-freedom approximation can lead to errors
in the spatial description and in the forecasting of the time evolution of the system.
In [7] and [8] it has been shown that the truncation method as applied in [10] -
[13] indeed leads to incorrect results for low speed belt systems on long timescales.
A similar conclusion on the applicability of the truncation method to these type of
problem can also be found in [14].

In this chapter the weakly nonlinear transversal vibrations of a moving belt will be
studied. These vibrations are described by a single weakly nonlinear beam equation.
Kirchhoff’s approach has been used to obtain this single governing equation from the
original coupled system of partial differential equations which describe the longitudinal
and transversal vibrations of the belt. The belt speed is considered to be time-varying
and to be small compared to the wave speed. It is assumed that the speed is V (t) =
€(Vo + asin(Q2t)), where €, Vp, o, and Q are all constants with 0 < é < 1 and Vj > |a].
It should be observed that the velocity changes periodically such that the belt moves
in one direction. In fact the small parameter € indicates that the belt speed V(¢) is
small compared to the wave speed. The variation in V(¢) may be due to the pulleys
imperfection or some other sources of imperfection and it can be considered as some
kind of excitation. In this chapter it is assumed that the displacement of the belt in
the longitudinal and in the transversal directions are small.

In relation to excitations, some results in this area have been obtained by Sack
[15] and Archibald and Emslie [16]. Sack considered the problem of a string moving
with a constant velocity at which one of its end (i.e. x = L) is subjected to an
harmonic excitation. In [15] the vibrations of the string at © = L is forced to be
v(x,t) = vy cos(Qt). Archibald and Emslie also studied the case where one end of the
moving string is subjected to a harmonic excitation to represent the case of a belt
traveling from an eccentric pulley to a smooth pulley. Whereas the case where both
ends of the string are excited is studied by Mahalingam in [17]. A moving string model
has been used in [17] to study the transverse vibrations of power transmission chains.



4.2 Kirchhoff’s approach 55

In all of these works, the belt movement is assumed to be constant.

This chapter is organized as follows. In section 4.2 the coupled equations describing
the motion of the belt system in longitudinal and in transversal direction are derived.
These coupled partial differential equations are then reduced in section 4.3 to a single
partial differential equation by applying Kirchhoff’s approximation. In section 4.4 a
two time-scales perturbation analysis of the equation as obtained in section 4.3 will be
carried out. Some specific values of €2, the frequency of the belt speed fluctuations,
are used to demonstrate what kind of resonances can occur. Finally, in the last section
some conclusions will be drawn and some remarks will be made.

4.2 Kirchhoff’s approach

It has been derived in Chapter 1 that the equations of motion describing the transversal
and longitudinal vibrations of a conveyor belt are respectively:

Wy + 2Vwey + Vi(1 4+ wy) — (P2 = VH)wee = (PE— 1 — nVH)uztig,,
Ugt + 2vu:ct + ‘/tu:c + (KVQ - 1)“:{::{: + Pguzzzz ==
3
(P2 —1— 77V2)(§u§um + UpWep + Wallyy), t>0,0 <z < 1. (4.2.1)
The boundary conditions for the two simple supports are given by:
w(0,t) =w(1,t) =0, and u(x,t) =uz(x,t)=0 for x=0,1, (4.2.2)
while the initial displacements and initial velocities are:
w(z,0) = wo(z), wi(z,0)=wi(x), u(z,0)=u(x),
and u¢(x,0) = uy(z). (4.2.3)
In this chapter it will be assumed that v and V are O(¢), w is O(e?), P¢ is O(1),
and P} is O(%), where € is a small parameter with 0 < € < 1. Using these assumptions
and following Kirchhoft’s approach it will be shown in this section that the coupled
system of PDEs (4.2.1) can be reduced to a single PDE for the transversal displacement
u(x,t).
Now, it should be observed that the equation for the longitudinal displacements
w(z,t) in (4.2.1) can be rewritten in:

1
Wy + 2V wey + Vi(1 4+ w,) + V2w, = PHw, + §ui)z — (1 + V) uglyy. (4.2.4)

Since v and V are O(€), w = O(e?), and P = O(1) then (4.2.4) up to order € becomes:

1 1
Phun + 51 = Vi = P, + 502) = a¥i + ()

! 1 1
= P} [ (e gutlde = SVik £
0

= f(t) = %(Pf /01 uide — %), (4.2.5)
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where use has been made of the boundary conditions w(0,t) = w(1,t) = 0.
Similarly the equation for u in (4.2.1) can be rewritten in

1 1
Uy — Uy + Pillpgre = [Pz{uz(2um +wy)e + um(zux + wz)} — 2V — Viu,
Phot), (4.2.6)

where h.o.t. stands for higher order terms. Substituting w, + 1u2 from (4.2.5) into
(4.2.6) gives:

1 1 L
Uy — Ugy + Pozumm = |(x — i)Vtum — 2Vug + §P12um/ uidw] +7h.ot.”, (4.2.7)
0

where u(z,t) additionally has to satisfy the boundary conditions (4.2.2) and the initial
conditions (4.2.3).

When it is assumed that P? > O(2) (instead of P = O(2)) it follows from (4.2.4)
that (w, + %ui)z = 0 approximately. Following the same steps as given in (4.2.5) and
(4.2.5) it then follows that u(x,t) has to satisfy

1 1
Uy — Ugy + Pgumm = | = Viuy, — 2Vuy, + éPfum/ uidw] +"7h.0t.. (4.2.8)
0

An equation similar to (4.2.8) has been studied in [13] using Galerkin’s trunca-
tion method. In [7] and [8] it has been explained that for these type of equations
many phenomena which are present in infinite dimensional systems can be lost in its
finite dimensional approximations. In this chapter a justification of the applicability of
the truncation method will be given by explicitly studying all (internal and external)
resonances which are present in equation (4.2.7).

In (4.2.7) u,V, and P} are now replaced by €, &V, and %]512 respectively, where
@,V and P? are of O(1). Equation (4.2.7) then becomes:

1.~ - 1~ !
0
"h..t. in €, 0<zxz<l1,t>0, (4.2.9)

where @(xz,t) also has to satisfy the following boundary and initial values

(z,t) = Ugp(z,t) =0, for £ =0 and z=1,t>0, (4.2.10)
iz, )—uo( ), gz, 0) = ay(x), for t=10,0<z <1, (4.2.11)

4.3 A perturbation analysis

In this section approximations of the solution @(z,t) of the initial-boundary value
problem (4.2.9)-(4.2.11) will be constructed. As mentioned in the introduction of this
chapter it is assumed that the velocity V() = €V (¢) of the belt is given by

V(t) = éV(t) = &V + asin()), (4.3.1)
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where €, V), , and Q are all constants with 0 < € < 1 and V; > |a|. For special values
of 2 it will turn out in this section that complicated resonances occur. Some of these
cases for © will be studied in detail. Based on the boundary conditions (4.2.10) for
a(z,t) it follows that @(z,t) can be written in the form: a(x,t) = Y 7 u,(t) sin(nwz).
Since this series is odd and 2-periodic in x each term in (4.2.7) should be expanded
odd with respect to = 0 and x = 1 and 2-periodic in x. This is accomplished by
multiplying each term in (4.2.9) which is not already odd in z, (i.e. terms like zu,,

and u,;) with H(x) (see also [7], [19], [20]) where
1 for 0 < 2 < 1, < 4
H(z) = { for 1 <z <0 Z 27+ D sin((2j + 1)mz), (4.3.2)

Jj=0

and H(z) = H(z + 2). So, equation (4.2.9) then becomes on —1 < z < 1:

- 1 ~
st — Tigg + Pliipese = g[vtam(xﬁ(a;) —5) = 2V () +

1. 1
2P12um/ ﬁidm} +7h.ot. in €. (4.3.3)
0
It can be shown elementarily that the Fourier series of H(z) on —1 <z < 1 is
Loy ((2) +1)ma) (4.3.4)
- — 5 COS ). 3.
2 2 1 /

Substitution of (4.3.4) in (4.3.3) gives:

- - - cos 2 +1 ~ -
U — Ugy + Pgummmm - [ 4 Z; 2] j_ 1 27T2 )‘/tumm - 2vuxtH(x)
1 =~ 2 1 ~2 .
—|—2P1 Ugz uxdx} +7h.ot. in €. (4.3.5)
0

Now by substituting V(¢) as given by (4.3.1) and the series @(z,t) = 3.°° u,(t)

sin(nmz) for @(z,t) into (4.3.5) and then by using the orthogonality properties of the
Fourier sin —series on —1 < = < 1 it follows that uy has to satisfy (for k =1,2,3,...)

= Y o+ Y - % }2” e~

k=2j4+14n k=n—2j—-1 k=2j+1—

4€(Vo + asin(2t)) [ Z Z Z }2]—1—1

k=2j+14n  k=2j+1-n k=n—-2j-1

kzpl% (iz ul) +0O@) (4.3.6)

where w? = (km)? + B}(kw)*. It should be observed that (4.3.6) is also obtained when
(after the sin —series for u(z, t) is substituted into (4.2.9)) equation (4.2.9) is multiplied
with sin(kmx) and then integrated with respect to z from z = 0 to x = 1.
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When a naive perturbation method is used secular terms will occur. To avoid
these secular terms a two time-scales perturbation method will be used to solve (4.3.6)
approximately. The introduction of two time-scales tg =t and t; = ét implies that
Oy Oy, . Oy, Pup 0%

+E——, = " 2 - :
o | “on e T a0, ¢ o

For convenience the bar on (o, ¢;) will be dropped in the further analysis. Assuming

ug(t) = ug(to, t1), Uy =

that uy(to, 1) can be written in the formal expansion ugg + €ug; + O(€?) it then follows
from the O(1)—terms and the O(€)—terms in (4.3.6) that ug and ug; have to satisfy:

82uk0
O(l) 5 t WQUkQ = 0,
ot? F
82uk1 62uk0
O(é) : 2
(€) oz ikt = 2 otoot,

)RR DD ]2” @42 no co5()
k=2j+14n k=n—2j—1 k=2j+1-n 2] + 1)
IR M N (G e e 79
k=2j+1+n  k=2j+1-n k=n—2j-1 2j+1 Oty

~ 9
P K*nt >
I ; Uko(Z l2ul20>7

=1

respectively. The solution of the O(1) problem is given by
Uko(to, tl) = Ako(tl) sin(wkto) + Bko(tl) COS(wth), (437)

where the functions Ago(t1) and Byo(t1) in (4.3.7) are still arbitrary and can be used to
avoid secular terms in the O(€)—problem for ug;. By substituting wug(to, t1) into the
O(€)—problem it follows that

82uk1

ot?

+ w,%ukl = —ka [Ako COS(wkto) — BkO sin(wkto)]

S EDIEEED DD ] j‘i"l | Auo{ sin((wn + Q)to)

k=2j+14n k=n—-2j—-1 k=2j+1-n

Foin(wn — 1)} + B cos((wn + o) + cos((wn — i) ]

[ Z Z Z ] z@wj‘? [ 10 €O8(wnto) — Bno sin(wnto)]

k=n—-2j—1 k=n42j+1 k=2j+1-n

[ Z Z Z ] Z?Zw; [ nO{ sin((w, + Q)to)

k=n—-2j—1 k=n4+2j+1 k=2j+1-n

—sin((wy, — Q)to)} + Bno{ cos((wn + N)ty) — cos((wy, — Qﬁo)}]
_k2]5127r4
8

[Ako sin(wgto) + Bro cos(wyto ] il <Az20 + Bfo) +

=1
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=~ [ee]
K2 Pirt

i ; 2 (Bfo . A%O) [Ako{ sin((2w; + wi)to) — sin((2w; — wk)to)}

+Bk0{ cos((2w; + wy)to) + cos((2w; — wk)tO)H
i f: I* A Buo [Ako{ cos((2wy — wi)to) — cos((2w; + wk)tO)}

=1

+Bk0{ sin((2w; + wy o) + sin((2w; — wk)to)H . (4.3.8)

Now it can be seen from the right-hand side of (4.3.8) that secular terms (or equiva-
lently resonances) will occur when w,, + Q = 4wy, or when w; = wy. In the following
subsections, some cases will be studied in which resonances occur. In section 4.3.1 the
case ) # twy, + w, will be studied. In this case only internal resonances occur due to
the nonlinear term in the PDE (4.2.9). In section 4.3.2 the case 2 = wy — w; + €p will
be studied in which ¢ is a detuning parameter. This case is an example in which the
frequency of the belt-velocity fluctuations is the difference of two natural frequencies of
the constant belt-velocity problem. In section 4.3.3 and 4.3.4 the case 2 = ws +wy +€¢
and Q) = w3 + wy + €¢ respectively will be studied. Again ¢ is a detuning parameter.
These cases are examples in which the frequencies of the belt-velocity fluctuations are
the sum of two natural frequencies of the constant belt-velocity problem.

4.3.1 The case where () causes no resonances

When Q # fwy £w, (or not e-close to these values) only internal resonances will occur
due to the nonlinear term in the PDE (4.2.9). It can be shown elementarily from (4.3.8)
that secular terms in uy; can be avoided if Agy and Byg satisfy

i k2p1274 20 A2 2 . 20 A2 2
Aw = — 390r Bio [k (Ao + Byo) +2 ?:1 "(Ajp + Bzo)} ;
: ]{521512”4 20 42 2 - 2042 2
Bro = Aro [k’ (A%o + Bio) +2 E (Ajp + Bzo)]> (4.3.9)
32wk —1
for k = 1,2,3,.... System (4.3.9) can be solved exactly by introducing polar coor-

dinates, that is, Axo(t1) = rx(t1)sin(¢r(t1)) and Byo(ty) = ri(t1) cos(ér(ty)). System
(4.3.9) in polar coordinates then becomes:

=0 ¢ _ _k2P127T4 <k2r2 + 2%[27,2) (4 3 10)
k ) k 32wk k 2 1] L.
From (4.3.10) it follows that
k2P, >
ri(ta) = ri(0) and gy(t) =~ (kzrk(0)2+2;lzrl(0)2>t1 + ¢1(0),
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for k =1,2,3,.... The constants 74(0) and ¢x(0) follow from the initial values Ax(0)
and Bko(O)

4.3.2 The case ) = wy — w;y + €9

It has been shown at the end of section 4.3 that resonances will occur when w,, £ Q =
4w, or when w; = wyg. In this section the case ) = wy — wy + € will be discussed
where ¢ is a detuning parameter. By using this special value of {2 additional mode
interactions will only occur between mode 1 and mode 2 as has been shown in [8].
Substituting 2 = ws—wy +€¢ into (4.3.8), taking apart terms that cause resonances and

setting these terms equal to zero to avoid secular terms, the following set of equations
for Ago(t1) and Byo(t1) will be obtained:

. do(dwr — w .
Ay — _%[ Bao cos(t1) — Asgsin(6ity)]
w1
]5 2
32w

BlO = M[AQO COS(¢t1) + Bgo sin(¢t1)]

™ Buo (43 + B) +2 3 B(Ab + BY),
=1

390, A10 <(A%0 + Biy) +2 Z (AR + Bfo))a
=1

2 [Al() Sil’l(gbtl) + BIO COS(¢t1)]

B20< (A3 + B3) + Z (AR + Bfo))a
=1

BQO = M[Alo COS(¢t1) + BlO sin(¢t1)]

P17T

A (245 + BR) + 3P (4G + BY)). (4.3.11)

=1

and (4.3.9) for £k = 3,4,5,.... By introducing polar coordinates transformations in
(4.3.9) for k = 3,4,5,... and in (4.3.11), that is, Ago(t;) = 7(t1)sin(¢x(t;)) and
Bio(t1) = ri(t1) cos(gx(t1)) it follows that

do(dwr — wo)

fo= S i, — o+ on),

. do(dw; — w .

ro = —¥Tl sin(¢o — ¢1 + ot1),
w2

da(dwy — wa)Ty

h = — cos(pg — @1 + Pt1) — P < +22l2 )

90&)1’/’1
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¢y = _doldwr —wa)ry cos(p2 — ¢1 + Pt1) —

9&)27’2

2T -
im <2r§ +3 lzrf), (4.3.12)
=1

and 7, = 0 for k = 3,4,5,.... To obtain (4.3.12) it has been assumed that r; # 0,
and ry # 0. From (4.3.11) and (4.3.12) it can be seen that if there is no initial energy
present in the kth mode, k£ = 3,4, 5, ... then the energy in that mode will be zero up to
O(€) on time-scales of O(%). From (4.3.12) it can also be seen that if there is energy of
O(1) present in the first mode then an O(1) part of this energy will be transferred to
the second mode, and vice versa. This energy transport will take place on time-scales
of O(%) In what follows it is assumed that there is energy present in each mode of
vibration at t = 0. Since 7, = 0 for k = 3,4,5,... it then follows that 74 (t;) = 7£(0)
for ¢; > 0. From the first two equations in (4.3.12) it follows that wqr171 + worery = 0.
This implies that w;7? + wyr? = C, where C is a constant of integration. In fact
re(t1) = r(0) for k = 3,4,5, ..., and wir? + wors = C are first integrals of the infinite
dimensional system of ODEs (4.3.12). Now let ®(t;) = ¢2(t1) — ¢1(t1) + ¢t1. Then it
can easily be deduced from (4.3.12) that

. da(dwy —wy) |C—wird .
= d
o] oo > sin(®),

T ™

d=¢+ 4?@(4% — wg)[ } cos(P)

Wi WaT2

P [321 o <7’1 +2212 ) iQ <2r§ +§l2r12>] (4.3.13)

=1

By introducing the following re-scalings r(t;) = (/= Rl (s2), = U(s9) with

9W(4W1 — wo)ty, and dﬁ = R\/i—?’
re(0) for k = 3,4,5, ..., and wyr} + wor? = C' it follows that (4.3.13) can be simplified
to

51 = and by using the first mtegrals ri(ty) =

de o 2\ -

d—82 = Rl(]. R1> Sln(‘;[/),

dv 2 2 / 2

d—82 = (1 — 2R1) COS(\IJ) + (klRl + kQ)Rl 1— Rl’ (4314)

where k; = gplﬂ‘/wl—wk forz-lQandklz<L—L>Q—<i—i>g and

da(dwi —w2 32w1 4wo 4wy 2wa | wa?

ky = <L _ i) c4 9o < L —m> Sy 1?r(0)%. Since a and ¢ are both arbitrary

4w, 2wy | wa P127T2 16w1
it follows that k; and ko are arbitrary. However, the analysis can be restricted to the

case k1 > 0 and —oo < ky < o0, since for k; < 0 a simple rescaling (¥ := ¥ + 7, and
Sg := —89) leads again to system (4.3.14) with k; > 0 and—oo < kg < 00. It turns out
that a first integral for (4.3.14) can also be obtained. To obtain this first integral it
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should be observed from (4.3.14) that
d¥ (1 — QR%) COS(‘I’) + (l{ilR% + kg)Rl\/ 1— R%

dRy Ri(1 — R?)sin(¥)
sin(U)dV (1 —2R}) cos(¥) + (k1 R} + ko) Ri\/1 — R?
dR, Ri(1 - RY)

— 2 2 Y]
- _ d(cos(¥)) _ 1 2R12 cos() + (k1 Ry + kg)Rl\;]. R3
dR, Ri(1—R3) Ri(1— R?)
Y 1—-2R2 kiR? +k V1—R?
d(cos(D)) + R12 cos(W) = BByt k) Ry 5 hi (4.3.15)
AR, | Ri(l— RY) R(1—R)
which is a first order ODE in cos(V¥). The solutions of this ODE(4.3.15) can readily

be constructed, yielding
ok
3Ri\/1— R?
ka(1 — R? C
+ 2( 1) + ’
3R1 Rl\/ 1-— R%
where C is a constant of integration. In the following subsections an analysis of system

(4.3.14) in the (R;, V)—phase plane will be given for different values of k; and ks with
ki1 > 0and —oo < ky < 0.

cos(T) = (R0 - B 4+ 201 - R

(4.3.16)

Equilibrium points of system (4.3.14)

The obvious equilibrium points of system (4.3.14) are (Ry, ¥) = (0,£%%), and (1, £%7),
with n = 1,3,5,.... The less obvious equilibrium points (R;, V) are given by ¥ = mn
with m € Z, where R; with 0 < R; < 1 follows from (1 — 2R?)cos(mn) + (ki R? +
ko)Riy/1 — R? = 0. To determine the number of equilibrium points for a fixed value
of m two cases have to be studied: (7) m is even, and (i) m is odd. These two cases
will now be studied.

(1) The case ¥ = mm with m even
The R;-values in this case follow from

1 - 2R?
N MR 4k =0
RV1-R
|- R R

+ kiR + ks =0

<:>—

Ri\/1— R
VI-R? R

L L R 4+ k=0

Ry V11— R?

Vz— 22 z
& — + kiz+ ky =0, 4.3.17
2 N 2 ( )




4.3 A perturbation analysis 63

where z = R?. To determine z from (4.3.17) is the same as determining the intersection
(=2t :_). For

P Vi)
special values of ky and ko, these two curves are given in Figure 4.1. By varying k;

point(s) of the following two curves: y = k1z + ko, and y =

Figure 4.1: The curves y = —( =22 2 Yand y = kyz + ky with k; = 3 and
ky = —1.

and ko it is possible to obtain one, two, or three intersection points (i.e. equilibrium
points). Observe also that as ks is getting larger, the intersection point tends to z = 1.

In the case that the straight line is tangent to the other curve, there will be two
critical points. Assume that the straight line y = kyz + ko is tangent to f(z) =
—(¥z=22 — __=_) at the point z = z. It then follows that

z Vz—22
, _ -1
/ﬂ = f (ZO) - 2Z0(20 _ 1) %_ZO(ZO — 1),
o B / - 423 — 62’0 +3
ko = f(Zo) 20f (Zo) = 2z — 1) —Zo(Zo — 1)
= (425 — 620 + 3)(—20) k1. (4.3.18)

From the first equation in (4.3.18) zy can be determined, yielding

\/1—¢/16/k2, (4.3.19)

and then from the second equation in (4.3.18) it follows that

201,2 = +

N =
N —

ko, = (—4zg’1 + 6,231 —3z0,)k1, ko, = (—4zg’2 + 6232 — 320, ) k1. (4.3.20)

From (4.3.19) and from 0 < zy < 1 it follows that 1 — @ % > 0. Since k; > 0 it
1

then follows that k; > 4. In Figure 4.2 the curves in the (ki ks)-plane (as defined
by (4.3.19) and(4.3.20)) are given on which exactly two equilibrium points (R, ¥) of
system (4.3.14) can be found for ¥ = mm with m even and fixed. Also in Figure 4.2 the
region A-1 (A-3) is given in which exactly one (three) equilibrium point(s) of system
(4.3.14) can be found for ¥ = mnm with m even and fixed.
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Figure 4.2: Bifurcation curve in the (ky, ko)-plane for the number of equilibrium points
(Ry1,¥) of system (4.3.14) with ¥ = mn, m even and fixed.

(77) The case ¥V = m7 with m odd
The R;-values in this case follow from

—(1 =2R3) + (b R3 + ko) R\ /1 — R? =0, (4.3.21)

which is equivalent to finding the intersection point(s) of the curves y = —(k1z + k2)
and y = —(—VZZ_ZQ — \/22_7), where z = R? (see also the previous case (7)). In this case

always one equilibrium point will be found for ¥ = msx with m odd and fixed since the
straight line has a negative gradient.

The (R, V)-phase plane of system (4.3.14)

In the previous subsection all equilibrium points of system (4.3.14) have been deter-
mined. In this subsection the orbits in the (R;, V)-phase plane for system (4.3.14) will
be given for different values of k; and ks. In Figure 4.3 these orbits are presented. It
can be seen from Figure 4.3 that for large values of the detuning parameter ¢ (that is,
for large values of |ks|) Ri(s2), and so r1(t1) become constant. So, for large values of
the detuning parameter ¢ the solutions of the "resonant” case (i.e. system (4.3.14))
tend to the solutions of the "non-resonant” case (i.e.system (4.3.9)). Figure 4.3 and
the first integrals for system (4.3.14) also show that all solutions are bounded for this
special value of ) = wy — wy + €¢, which is of difference type. These results are in
accordance with those obtained for the linearized problem (see [8]).

4.3.3 The case () = wy + wy + €¢

At the end of section 4.3 it has been shown that resonances will occur when w,, &
Q) = 4wy, or when w; = wy. In this section the case 2 = ws + w1 + €, will be
studied, where ¢ is again a detuning parameter. By using this special value of 2
additional mode interactions will only occur between mode 1 and 2 as has been shown
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Figure 4.3: Orbits in the (R;, ¥) phase plane for system (4.3.14) for different values of
k1 and kg with —7 < ¥ < 7 (vertical axis) and 0 < Ry < 1 (horizontal axis).
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in [8]. Substituting 2 = ws + wy + €¢ into(4.3.8), taking apart those terms that cause
resonances, and setting these terms equal to zero to avoid secular terms, the following
set of equations for Agg(t;) and Byo(t1) will be obtained:

AIO = M[BQO COS(¢t1) — A20 Sln(¢t1)]

9&)1
~ 2
P1 7T4
32&)1

BIO = M[AQO COS(¢t1) + B20 Sln(¢t1>]

9&)1
P1 7T
32

. da(wy + 4w .
A20 — #[310 COS(thl) — AlO sm(qbtl)]

~ 2
P17T4
)

By [A%O + By +2 Z (AR + B?o)} ;

=1

A1o [A%o + By +2 Z 1*(Ajp + Bzo)]

=1

Bao | 2(A3 + Bl) + Y (4h + BR)]
=1
do(we + dwy)

By = 9—002[Alo cos(¢tq) + By sin(¢ty)]

P1
4

243+ B + > 248 + B (4.3.22)

=1

and (4.3.9) for k = 3,4,5,.... By introducing polar coordinates in (4.3.9) for k =
3,4,5,...and (4.3.11), that is, Ago(t1) = ri(t1) sin(¢r(t1)) and Bro(t1) = rx(t1) cos(dx(t1))
it follows that:

da(wy + 4wy) da(wy + 4wy)

9CUQT2

7= g—wlm sin(gg + @1 + oty), To = 9—w27"1 sin(¢a + ¢1 + Pt1),

o Aa(wy 4 dw)ry 2,

. 4 +4

G = 22T A ok 6+ 1) - % 203 + Z i), (4.3.23)
2 =1

where 7 = A% 4+ B}, and 7, = 0 for k = 3,4,5,.... This implies that 7(t;) = K,
where K is a constant. From the first two equations in (4.3.23) a first integral can
again be derived, yielding wir? — wyr2 = K, where K is a constant of integration. As
in the previous section it will turn out that a phase plane analysis can be performed.
To give this analysis three cases have to be distinguished: (i) K > 0, (ii) K = 0, and

(iii) K < 0.
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The case K >0

By using the first integrals and introducing ¥ = ¢9 4+ ¢1 + ¢t; a reduced system as in
section 4.3.2 can be obtained from (4.3.23), that is;

4 2_K
= 951 (4wy + ws) 7””";2 sin (W),
. 4 2 3 1
\If:qﬁ+_a(4w1 +w2 [ W17“1 } cos 27r4[< +—>7’%
9 wlrl 32&)1 4WQ
w1w27”1\/ wa
12y ] 4324
25 (o 1 z (4320

A further simplification in (4.3.24) can be made by introducing the re-scalings r(¢;) =
~/§1R1($2), s§1 = 9\/‘%(4% + woy)ty, and % = Rl\/ﬁ which results in:

ARy .
d—$2 = Rl(R% - 1) Sll’l(‘l’),
av
e (2R} — 1) cos(V) — (k1 R2 + ky)Ryy/ R? — 1, (4.3.25)
52
where k;, = gﬁ(;l:wllw ki, for i = 1,2,k = <32?:J1 + i)ﬁ + (ﬁ + ﬁ)% and
ky = <ﬁ @) Sy Pri(0)2 — <ﬁ + ﬁ) ‘% ~ QWQ For the same reasons as given

in section 4.3.2 the analysis can be restricted to the case k1 > 0 and —oo < kg < 0.
It should be observed that K > 0 implies that R; > 1. Using a similar method as
described at the end of section 4.3.2, a first integral of (4.3.25) also can be derived,
giving

R71

1 k
cos(V) [ 71 E

CRVEI -1
where C is a constant of integration. The equilibrium points of system (4.3.25) have

to satisfy & dR? =0 and d‘I’ = 0. Since Ry > 1 in this case it follows for the equilibrium
points that \If mm Wlth m € Z and R, has to satisfy

+(2R? — 1) — (k1R + ky)R1y/R? — 1 =0, (4.3.27)

where the ‘4’ sign is associated with U = mm and m even, and the ‘—’ sign is associated
with ¥ = m7 and m odd. Introducing z = R? (4.3.27) becomes

k ~
(ks = k) B} = 2 + C], (4.3.26)

z 22—z
i(m + ) — (kyz + ko) = 0. (4.3.28)

The solution(s) of (4.3.28) will be the intersection point(s) of the curves given by
g1(z) = i(\/zj_z + sz_z> and go(2) = ki1z + ko. In case ¥ = mm and m even
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Bi(z) 2
10

82

Figure 4.4: The functions ¢;(z) = i(—”z_z + \/Zj—_z> and some functions gs(z) =
k1z + ky. In the left graph ¢y is given with the ‘=’ sign, and in the right graph g; is

given with the ‘+’ sign.

always one intersection point will be found while in case ¥ = mzm and m odd zero,
one or two intersection points can be found depending on the values of k; and ko (see
also Figure 4.4). For ¥ = mnm with m odd exactly one intersection point will occur
when the straight line is tangent to the other curve. Assume that the straight line
92(z) = k1z + ko is tangent to ¢g;(z) = —<\/Zz—_z + Z;_Z> at the point z = zy. It then
follows that

1
ko= gi(20) = 5(20(20 — 1)~
ky = g1(20) — 209)(20) = — (425 — 623 + 3z0) k1, (4.3.29)
where zo > 1. From the first equation in (4.3.29) it follows that zo = £ + 1, /1 + 8/45,
1

and then from the second equation in (4.3.29) it follows how the curve in the (k1, k2)-
plane is defined on which exactly one equilibrium point (R, ¥) of system (4.3.25) can
be found for ¥ = msm with m odd and fixed. In Figure 4.5 this curve has been plotted.
Also in Figure 4.5 the region A-0 and A-2 are given in which zero and exactly two
equilibrium points, respectively, of system (4.3.25) can be found for ¥ = mm with m
odd and fixed. In Figure 4.6 some phase portraits of system (4.3.25) have been given
for different values of k1 and k5. It can also be seen in Figure 4.6 that all solutions for
Ry are bounded, and that for large |kq|-values (that is, for large values of the detuning
parameter) the behaviour of the solutions of system (4.3.25) resembles the solutions of
the "non-resonant” system (4.3.9).

The case K =0

By using the first integral wir? = wor? and by introducing ¥ = ¢, + ¢ + ¢t; a reduced
system (as in section 4.3.2) can be obtained from (4.3.23), that is,
4o

9\ /W19

7 = (4dwy + woy)ry sin(W),
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Figure 4.5: Bifurcation curve in the (ky, ko)-plane for the number of equilibrium points
of system (4.3.25) with ¥ = mm, m odd and fixed.
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A further simplification in (4.3.30) can be made by introducing the re-scaling s; =
4o

(4dwq + wo)t; which results in

N
\J

dr _ 1 sin(V), av _ 2cos(V) — (kyr} + ka), (4.3.31)
dSl dsl

~ 2 _ _ _
where k;, = P TVEIR R fon i — 19 and Ry = 32— + L+ (L + i)ﬂ ko =

4a(dw +w2) 32w1 4wo 4wy 2wy | wa?

(3221 + ﬁ) S 1?ri(0) — Pl<§7r4, For the same reasons as given in section 4.3.2 the

analysis can be restricted to the case k1 > 0 and —oo < ko < co. A first integral for
system (4.3.31) can be computed as follows:

dV — 2cos(¥) kar? + ko dV  2cos(V) kir? + ko

dry  rysin(¥)  rysin(0) sin )drl T T
d cos(¥) N 2 cos(W) _ kir? + /~::27 (43.32)
d’f’l T T1
which has as solution:
1rk k
cos(¥V) = — [—lrf‘ + 220, (4.3.33)
ryL4 2

where C* is a constant of integration.

The equilibrium points of system (4.3.31) are given by r; sin(¥) = 0 and 2 cos(V) —
(k1r} + ko) = 0. Elementarily it can be shown that the equilibrium points (71, ¥) of
system (4.3.31) are:



70 A Kirchhoff Approach

0 05 1 15 2 25 3 35 4 Ry

(d) kl = 4, kQ =4 (e) kl = 4,]62 = —7.657 (f) ]411 = 4, kQ = —

Figure 4.6: Phase portraits of system (4.3.25) for different values of k; and ko (case
K >0).

S

for k’g < —2 T,

k1

ﬁ/ k2 mw) with m even.

( —2- kQ,mw) with m odd, and
(

S

1,

(r1, V) =
(r1, V) =

for =2 <ky <2 : (r,¥)=
(

U) = (0,7) Wlth U given by cos(¥) = %, and
r, W) = ( zkf ,mw) with m even.
for kg > 2 : no equilibrium points.

In Figure 4.7 some phase portraits of system (4.3.31) have been given for different
values of k1 and ky. It can also be seen in Figure 4.7 (and from (4.3.33)) that all
solutions for 7 are bounded, and that for large |ko|-values (that is, for large values of
the detuning parameter) the behaviour of the solution of system (4.3.31) resembles the
behaviour of the solutions of the "non-resonant” system (4.3.9).

The case K < (0

From the first two equations in (4.3.23) a first integral wir? —wor? = K can be derived.
Substituting K = —F, with F' > 0 into this first integral wori = wir? 4+ F is obtained.
By using this first integral and the other first integrals ry(t1) = r,(0) for k£ > 2, and
by introducing ® = ¢5 + ¢ + ¢t; the following reduced system will be obtained:
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Figure 4.7: Phase portraits of system (4.3.31) for different values of k; and ko (case
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By introducing the following re-scalings 7 (t1) = , / Rl (s2), = U(sy) with s; =
9W(4W1 + w2)t1, and dsf = Rl\/ﬁ system (4 3. 34) becomes
dR
— = R(R?+1)sin(¥),
dSQ

£—=@ﬁ+nm@%%ﬂ%hmwﬁ+L (4.3.35)
2

9Pt Jwrws T _ 7 _ 3 1 F
where k; = 4014(40.11—‘,-4:2 k; for i = 1,2, and k = [(32w1 + M) + <4w1 + QWQ)WJ and

ko = <4w1 + %) WE + <32w1 4w2> o 1P (0)? — ﬁf . For the same reasons as given

1
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in section 4.3.2 the analysis can be restricted to the case k1 > 0 and —oo < kg < 0.
Using a similar method as described at the end of section 4.3.2 a first integral of (4.3.35)
can be derived, yielding

——— | —R| +
RiVRZ+1 !

4
where C** is a constant of integration.

ks

cos(V) = 5R% + C’**] , (4.3.36)

The equilibrium points of system (4.3.35) have to satisfy R;(R? + 1)sin(¥) = 0
and (2R} + 1) cos(V) — (k1 R? 4 ko) R1y/R? + 1 = 0. From the first equation it follows
that Ry = 0 or ¥ = mzm with m € Z. For R, = 0 it follows from the second equation

(2n+1)

that cos(V) =0 = V¥ = T—HTF with n € Z. For ¥ = mn it follows from the second

equation that

(—1)™(2R} + 1) — (k1 R} + ko) Riy/ R} +1=0. (4.3.37)
Following the analysis as given in subsection 4.3.1 it can be shown elementarily that

(1) for m even and fixed there will be always exactly one equilibrium point,

(77) for m odd and fixed it is possible to have zero, one, or two equilibrium point(s)
depending on the values of k; and ky. In Figure 4.8 the bifurcation curve in the
(k1, ko)-plane is given for which one equilibrium point occurs. Also in Figure 4.8
the regions A-0 and A-2 are given in which zero or two equilibrium points occur
respectively.

o o’z oa o'e o’s 1k,

Figure 4.8: Bifurcation curve in the (kq, ko)-plane for the number of critical points of
system (4.3.35) with ¥ = mm, m odd and fixed.

In Figure 4.9 some phase portraits of system (4.3.35) are given for different values of
ki1 and ko. From these phase portraits and from (4.3.36) it can be deduced that R,
remains bounded, and so, all solutions of the problem with Q = wy 4+ w1 + €@ will
remain bounded. These results are different from the ones found in the linearized case
(see [8]). For the problem under consideration it can be concluded that the nonlinear
terms "stabilize” the conveyor belt system.
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Figure 4.9: Phase portraits of system (4.3.35) for different values of k; and ko (case
K <0).

4.3.4 The case () = w3+ wy + €0

The linearized problem with Q = w3 + ws + ép has been studied in [8]. It has been
shown in [8] that for most parameter values only the second and the third mode
will interact through an internal resonance and that for special values of the beam
parameters there will be additional interactions. In this section it will be assumed
that the beam parameters are such that only an interaction between the second and
the third mode occurs due to velocity fluctuations with frequency Q = w3 + ws + €9,
where ¢ is a detuning parameter. In [8] it has been shown that for the linearized
problem instabilities (that is, unbounded solutions) occur. For the nonlinear system
(see (4.3.8)) with Q = w3 + wy + €¢ it can again be shown that in order to remove
secular terms that Ao and Byy have to satisfy:

. 12 .
A20 = —25 (9602 + 4&)3)[330 COS(¢t1> - A30 Sln(¢t1)]
w2
~ 9 1S9
A 243, + BR) + > A4} + BY)|
A 20 20 L 0 0/
. 12
By = @ (9w + 4ws)[Asg cos(pt1) + Bsg sin(¢t)]
25&)2
~ 9 1S9
A, 243, + BR) + > (A} + BY)|
A 20 20 . 0 0/
. 12a .
Asg = (w2 + 4ws)[Bag cos(dt1) — Az sin(ety )]
25(4}3
~ 9 [eS)
9P, 7t
_ 321w3 Bso [9(,430 4 B2)+2 ; 12(A2 + Bfo)] :
. 12 .
B3y = —— (9ws + 4ws)[Asg cos(¢t1) — Bag sin(gty)]

25&)3
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9p12ﬂ'4
32w3

Aso|9(A3, + B3)) +2> IP(A} + BRy)|. (4.3.38)

=1

and Ay = 0 and By = 0 for k = 1,4,5,6,.... By introducing polar coordinates, that
is, Ago(t1) = ri(t1)sin(¢r(t1)) and Byo(t1) = 7(t1) cos(¢(t1)) it follows that system
(4.3.38) becomes

120 i i 12a ‘
ro = 5 (w2 + 4wz )rs sin(gs + @3 + ¢t1), 73 = oo (9ws + duws)ra sin (o + g -+ dt1),
; 120 T3 P24 00
b= bt 2o+ 6 )~ T (4 3 0),
. 12a T 9P2y ) o0 -
= Y Oy + o) 2 h) - (9r3+23 " 2r2), 4.3.39
03 = g (Owa + dws) 2 cos( + g + oh) — 5 7= (93 + 12:1: i ( )

and 7o = 0 for k = 1,4,5,6,.... It follows from the first two equations in (4.3.39) that
WaTaTy — wsrars = 0 which leads to the first integral wors — wsr? = K, where K is a
constant of integration.

Now it should be observed that system (4.3.39) and system (4.3.23) are of the same
from. So, the analysis as presented in section 4.3.3 can be repeated leading to the same
conclusions (see the end of section 4.3.3).

4.4 Conclusions and remarks

In this chapter a weakly nonlinear model describing the transversal vibrations of a
conveyor belt with a low and time-varying velocity has been studied. The equations
of motion have been derived using Hamilton’s principle leading to a system of partial
differential equations describing the longitudinal and the transversal displacements
of the conveyor belt. Using Kirchhoff’s assumption the system of partial differential
equations has been reduced to a single fourth order, weakly nonlinear beam equation,
which describes the transversal vibrations of the belt system. In the analysis it has
been assumed that the belt moves with a time-varying velocity V (t) = é(Vo+asin(2t)),
where €, Vp, and « are constants with |o| < Vj and 0 < € < 1. The value of € can be
considered to be a measure of the smallness of the belt speed compared to the wave
speed. Further it has been assumed that the vertical and the longitudinal displacement

are of order € and of order é respectively, and that P§ = 725 and P} = £ are of order
1 and of order % respectively. Complicated dynamical behaviour of the belt system
occurs when the frequency 2 of the belt speed fluctuations is the sum or difference of
any two natural frequencies of the belt system with velocity equal to zero. In [§] it
has been shown for a linear model that the behaviour of the system will be unstable
for frequencies €2 of sum type. In this chapter it has been shown for a weakly nonlinear

model that the behaviour of the system will always be stable for Q) = wy — wy + €9,
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or ) = wy 4+ wy + €p, or ) = w3 + ws + €p, where ¢ is a detuning parameter. So, for
Q) ~ w; + wsy and for &~ wy + ws it can be concluded that when weakly nonlinear
terms are included in the model that the motion (which is still linearly unstable) does
not blow up to infinity (as predicted by the linear theory) but remains bounded. It is
expected that for other values of € the same techniques (as presented in this chapter)
can be applied to determine the stability properties of the belt system. Finally it
should be remarked that other order assumptions on the longitudinal and the vertical
displacement, and on P? and P? lead to other model equations. These model problems
will be the subject for future research. In particular the (from the point of view of
applications) very interesting case V(¢) = O(1), that is, the case for which the belt
speed and the wave speed are of the same order of magnitude will be the subject for
future research.
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Chapter 5

On The Weakly Nonlinear
Transversal Vibrations of A
Flexible, Non-stiff Conveyor Belt
with A Low and Time-Varying
Velocity

Abstract. In this paper the transversal vibrations of a conveyor belt are discussed. The
belt is assumed to move with a low and time-varying velocity. It is also assumed that the
displacements in the longitudinal direction are of order square of that in the transversal
direction, while PO2, the belt bending stiffness, and P12, the belt inverse static strain, are
of the same order. With this set of assumptions Kirchhoff’s approach (as has been used
in [1]) can not be applied. The solutions of the problem have been approximated using a
two time-scales perturbation method. It turns out that if P02 > # the behaviour of the
solutions of the problem studied in this paper resembles those studied in [1], where the
Kirchhoff’s approach has been used. If P02 < # additional mode-interactions may arise. It
turns out that the values of P? which cause resonances are clustering in the neighbourhood
of ﬁ, #, #, .... Therefore it can be expected that for these special values of P?2, the
solutions of the problem will be very complicated since a lot of modes will interact. For a
15

resonant value of P02 = 1z1-z together with a resonant and a non-resonant case for 2, the

frequency of the velocity fluctuation, the problem has been studied thoroughly.

5.1 Introduction

Axially moving systems are present in a wide class of engineering problems which
arise in industrial, civil, aerospace, mechanical, electronic and automotive applications.
Aerial cables, tram-ways, oil pipelines, magnetic tapes, power transmission belts, paper
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sheet and web processes, fiber winding and band saw blades are examples of cases where
an axial transport of mass can be associated with transverse vibrations. Investigating
transverse vibrations of a belt system is a challenging subject which has been studied for
many years (see [2] - [5] for a recent overview) and is still of interest today. In general,
the studies about the dynamical behaviour of belt systems have been restricted to belts
moving with a constant speed (see for instance [2] - [6]). Recently there are some
studies about the transversal vibrations of belt systems moving with a non-constant
speed (see for instance [7] - [13]). The vibrations of a belt system moving with a low
non-constant velocity have been studied in [7], [8] and [9]. In [7] the belt vibrations
have been modeled using a linear string-like equation while in [8] the vibrations have
been modeled using a linear beam-like equation. The transversal vibrations of a belt
system moving with an O(1) time-dependent speed have been studied in [10] and
[11], while the associated nonlinear vibrations have been studied in [12] and [13]. In
[10]- [13] the truncation method has been used, and in almost all cases the solutions
are truncated to a single mode of vibration. In [2], [7], [8] and [14] it has been
pointed out that a strong reduction in the phase space can lead to a poor description
of the dynamic phenomena, and in particular the use of only one mode of vibration
approximation can lead to errors in the spatial description and in the forecasting of
the time evolution of the system. It has been shown in [7], [8] that the truncation
method as applied in [10]- [13] indeed leads to inaccurate results for low speed belt
system on long time-scales. A similar conclusion on the applicability of the truncation
method to these type of problems can also be found in [14].

In this paper the transversal vibrations of a moving belt will be studied. These
vibrations are described by a system of two weakly nonlinear partial differential equa-
tions. In [1] Kirchhoff’s approach has been used to obtain a single governing equation
from this coupled system of partial differential equations which describe the longitu-
dinal and transversal vibrations of the belt. The use of Kirchhoff’s approach becomes
possible due to the assumption that the belt inverse static strain P? is very large (that
is, O(2) with 0 < e < 1) and that the belt bending stiffness P§ = O(1). The advan-
tage of the use of the Kirchhoft’s approach is that the problem under consideration
can be decoupled into a problem in the transversal direction and into a problem in the
longitudinal direction. The problem in the transversal direction is solved first and then
the longitudinal problem can be solved in turn. In the case that the belt inverse static
strain P? = O(1) and P§ = O(1) the coupled system has to be considered. In this case
the Kirchhoff’s approach can not be used. The case that P and P? are of the same
order of magnitude will be studied in this chapter.

The belt speed is considered to be time-varying and to be small compared to the
wave speed. It is assumed that the speed is V (t) = €(Vy + asin(Qt)), where €, Vp, a,
and  are all constants with 0 < ¢ < 1 and V > |a|. It should be observed that
the velocity changes periodically such that the belt moves in one direction. In fact the
small parameter e indicates that the belt speed V'(¢) is small compared to the wave
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speed. The variation in V(¢) may be due to the pulleys imperfection or some other
sources of imperfection and it can be considered as some kind of excitation. In this
paper it is assumed that the displacement of the belt in the longitudinal and in the
transversal directions are small.

In relation to excitations, some results in this area have been obtained by Sack
[15] and Archibald and Emslie [16]. Sack considered the problem of a string moving
with a constant velocity at which one of its end (i.e. = = L) is subjected to an
harmonic excitation. In [15] the vibrations of the string at © = L is forced to be
v(x,t) = vy cos(Q2t). Archibald and Emslie also studied the case where one end of the
moving string is subjected to a harmonic excitation to represent the case of a belt
traveling from an eccentric pulley to a smooth pulley. Whereas the case where both
ends of the string are excited is studied by Mahalingam in [17]. A moving string model
has been used in [17] to study the transverse vibrations of power transmission chains.
In all of these works, the belt movement is assumed to be constant.

This paper is organized as follows. In section 5.2, the two partial differential equa-
tions describing the transversal and the longitudinal displacements of a conveyor belt
are discussed. For the derivation of these equations, the authors refer to [1]. In section
5.3, a (coupled) system of ordinary differential equations is derived from the partial
differential equations as obtained in section 5.2. By applying two time-scales perturba-
tion method the system of ordinary differential equations will be studied. It will turn
out that bounded solutions will occur only if one of the parameters 2 and P? are such
that Q # Pikm + O(e) with k € NT. In section 5.4 and section 5.5, the case P§ > 75
and the case P} < 55 are considered respectively. For the case P < 55 a special
1514% is studied in detail. Finally, some conclusions will given and some
remarks will be made in section 5.7.

value of Pg =

5.2 Equations of motion

The equations of motion describing the dynamical behaviour of a conveyor belt moving
with a constant velocity have been derived in [18] using Hamilton’s principle. A similar
approach with some modifications can also be used to derive the equations of motion in
the case that the velocity is a function of time, as has been shown in [7]. In those papers
the equations of motion have been derived under the assumption that the displacements
in the longitudinal direction are of order square of those in the transversal direction.
Furthermore, terms of nonlinear degree higher than 3 have been neglected. In this
paper, the equations of motion describing the dynamical behaviour of a conveyor belt
are given by (the readers are referred to [7] for the derivation).

Wiy +2VWe + Vi(1 + W,) — (P2 = VAW, = (P} — 1 — VU, UL,
Ut + 2VU, + ViUp + (5V? = DU + PiUspee =
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3
(P —1— nvz)(iUﬁUm + UWao + Wolss), t>0,0<x <1, (5.2.1)

where:
W (z,t) is the longitudinal displacement,

U(x,t) is the transversal displacement,

P? is the dimensionless flexural rigidity of the belt (PZ = TELIQ)
P} is the inverse static strain of the belt (P} = £2),

E is the Young’s modulus,

1 is the second moment of area with respect to the horizontal axis,
A is the cross-sectional area of the belt,

Ty is the initial tension,

L is the belt length,

n is a support constant (0 < n < 1),

K is 1 —mn,

x is the horizontal position, and

t is time.

The boundary conditions for the two simple supports are given by:

W(0,t) =W(1,t) =0, and U(x,t) = Up(x,t) =0 for x=0,1, (5.2.2)
while the initial displacements and initial velocities are:
W(z,0) = Wy(z), Wi(z,0)=Wi(z), U(z,0) = U(x), and U(z,0) = Us(x). (5.2.3)

In [1] P? is assumed to be much larger than B2, this leads to the possibility of using
Kirchhoff’s approximation. In this chapter P and P}? are assumed to be of O(1).
Consequently, the coupled system of PDE’s has to be considered in this case. The belt
speed V (¢) is still assumed to be O(e).

5.3 The application of the two time-scales pertur-

bation method

Assuming that U(x,t) and W (x,t) are small, that is, U(z,t) = /eu(z,t), W(x,t) =
ew(z,t), where u(z,t) and w(z,t) are O(1) and V(t) = ¢(Vy + asin(Qt)), (5.2.1) can
be transformed into:
i — PPwe, + aQcos(Qt) — (PR — 1)ugty, = —¢ [Q(VO + asin(Qt) )wyy
+aQw, cos(Qt) | + O(e?),
Up — Upg + Pillpezs = 6[2(‘/0 + asin(Qt) )ugy + aQuy, cos(§2)
—(P} 1)( U Uy + UpWey + Wallyy)] + O(62). (5.3.1)
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Based on the boundary conditions, the solutions are of the form w(z,t) = Y 7, wy(t)
sin(nrx) and u(z,t) =Y o u,(t)sin(nrx). By substituting the series for w(z,t) and
u(z,t) into (5.3.1), multiplying each term with sin(k7x) and then by integrating the
so-obtained equations with respect to x from z = 0 to x = 1, it follows that:

Wy, + (kPym)*wy + ( [ Z Z Z ]nm Uy Uy,

k=n+m k=m—n k=n—m

(14 (=) 2,?7? cos@o)=c| >~ >~ 3

k=n—2j—1 k=n+42j4+1 Ek=2j+1-n
dn, (Vo + asin(Q))  2naQuw, cos(t)
(A | Znofhu. cs(0r))
27 +1 25 +1

et ¥ - ¥ oy (Al o)

k=n—2j—1 k=n+2j4+1 k=2j+1-n

Qu,, cos(Q ;-
| 2na 23{5018( t)>+e (P 1 [ o= =Y ]nm (Un Wy, + U W)

k=n—m k=n+m k=m—n

_EW[Q Z 9 Z + Z + Z — Z ]nml2unumul,

k=l+m—n k=n—m-—I k=l-n—m k=n+m-+I k=n+m—I

(5.3.2)

where w? = (km)? + PZ(km)*. To obtain an approximate solution of (5.3.2), valid
uniformly up to order €, a two time-scale perturbation method will be used. So, two
time-scales tg = t,t; = et are introduced. Further it is assumed that wy(tg,t1) =
wio(to, t1) + ewpy (to, t1) + Ewpalto, t1) + ... and ug(to, t1) = uro(to, t1) + euri(to, t1) +
2wy (to, t1)+. . .. Substituting these expansions for wy,(to, t1) and ug(tg, t1) into (5.3.2),
and collecting terms of O(1), and of O(e) it follows that wgg, w1, ko, and ug; have to
satisfy:

o) : 62@;}2 + k:2P127r Wro + ( 12_21)7T3[ Z + Z + Z ]nm2un0umo +

k=n+m k=m—n k=n—m

2a() Puro
<1 + (—1)’““) - cos(Qty) =0, oe2 + wiugo = 0,
2
Ole) : 861:;1 + k*P2r?wyy =

2 _
_2;;22 (Pf = U [ Z Z Z }nm (UnoUm1 + Un1Umo) +

k=n+m k=m—n k=n—m

Z Z Z <4n Vo + asin(Qy)) Owng N 2naQwyg cos(Qto) ),

k=n—2j—1 k=n+2j+1 k=2j+1-n 27 +1 Oty 27 +1

0%y oy auko
o Wik = 2 Dty
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2j + 1 oto 2j + 1

n

[ Z Z ] < n(Vo + asin(Qty)) Oung N 2naung cos(Qt0)> N
2j+1—

k=n—2j—1 k=n+4+2j+1 k=

e DY D il

k=n+m k=m—n

k=n—m
3(P12 1_6 1>7T4 [2 Z _9 Z Z Z Z }nmﬁunoumoulo.
k=l+m

k=n—m—l k=l-n—m  k=n+m+l k=n+m-lI
(5.3.3)
The O(1) equations have as solutions
Uko(to, tl) = Ako(tl) sin(wkto) + Bko(tl) COS(wth),
) 2001 + (—1)k+1
wko(to, tl) = Cko(tl) 81n(kP17rt0) + DkO COS(k’Plﬂ'to) + [ ( ) ] COS(Qto)

km(k?Pir? — Q2)
_|_ [ Z Z Z } [ﬁl cos(wp, + Wi )to + B3 sin(wy, + wim)to +

k=m+n k=m—n k=n—m

B cos(wy, — wi )to + By sin(w, — wm)to} , (5.3.4)

nm?(Bno Bmo— AnOAmO By = an(BnOBmOJFAnOAmO B3 = AnoBmo+BnoAmo)
2[k2 P22 —(wn +wm )2 2= 2[k2 P22 —(wn—wm )2 3= 2[k:2P27r2 (wWn+wm)?]
By = ”"Ekgﬁg?fm?w B’Z?A)’”? It should be observed that the O(1) solution for wyy has been
derived under the assumptions that €2 is not e—close to £kP;m with k£ odd, and that

+w, tw,, is not e—close to =P kx for k = m+n, or k = m—n, or k = n—m. It will turn

where (3, = , and

out that on a time-scale of order O(%) the transversal vibrations can be determined
accurately by taking into account the motions in the longitudinal direction only up
to O(1). Because of this fact and due to the complicated calculations to approximate
longitudinal vibrations up to O(e), the longitudinal part is beyond the scope of this
work.

With those assumptions mentioned above, the functions Ayo(t1), Bro(t1) are then
determined by removing the secular terms occurring in the right hand side of the equa-

tion for uy;. Now, by substituting uxg, wko into the O(e) equation for ugy, it will turn out

8“110
oty ?

Uno cos(Qtg) and wneUmetyg. 1t should be observed that the terms with w,owp,o and

that secular terms will occur due to terms containing cos(wgto), sin(wgto), sin(2¢g ) o

UmoWyro do not cause any resonances because of the assumptions mentioned above.
Rewriting sm(Qto)a“"O and u,g cos(§2t) shows that secular terms occur due to expres-
sions such as sin((Q2 + wn)to) and cos((Q £ wy)tp), while from w,gumouy secular terms
occur due to expressions like sin((w; + wy, — wm )to), sin((w; + wm — wy o), sin((w; +wy, +
wm)to), sin((wn + wm — wi)to), cos((w; + wyn — wim)to), cos((w; + wy, — wy)to), cos((w; +
W +wm)to), and cos((wy, +wy, —wy)tg). Therefore it follows that the speed fluctuations
will cause resonances for Q + w,, = fwp fork =n—-2j—1lork =n+2j+1 or
k =2j+1—mn, where k,n € NT and j = 0,1,2,.... While from the nonlinear part
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resonances will occur if the following systems of equations have solutions:

LR SN (625

(I1) { fk - iw”; 17:}; jﬁ’wl’ (5.3.6)

(I11) - { fk - iw”;jtz: i’wl’ (5.3.7)

It turns out (see Appendix) that (1) and (/11) have no solutions at all, while for (I7)
it turns out that only £ = m+n—I[, w, = wy,+w,—w;, and k = m+n—1, Wy = Wyn+w,+w;
need to be considered. The problem £ = m +n — [, wy, = w,, + w, — w; has only the
trivial solutions k = m,n = [, or k = n,m = [ for all u? > 0, where u? = (Pyr)?. In
the appendix it is also shown that the problem k =m +n — [, w, = w,,, + w,, + w; will
only have solutions for specific values of p? with p? < 3.

5.4 The case where (Pyr)? = p? > 1

Three cases for 2 will be considered in this section, namely:
1. The value of € does not lead to resonances,

2. Q is a difference of two natural frequencies (that is, Q = w,, — wy, for some n and

k)?

3. Q0 is a sum of two natural frequencies (that is, Q = w,, + wy for some n and k).

5.4.1 The value of (2 does not cause resonances

In this case, secular terms will occur only due to the nonlinear terms. Also since pu? > %,
the only terms that give rise to resonances are the terms of the form sin((w., + w,, —
Wy )to) and cos((w, + wy, — wyy)to) where 71, 72,73 are [, m, or n. For this trivial case,
it can be shown that secular terms can be removed if Ayo(t1) and Byo(t;) satisfy

: kb P2 —1\2 2 1 o0
A :__<1 )B [( )2 Lk, 2}
0= o\ avs ) P\ Epre T Epe a2 T ; (k,n)r,

P2 -1 4/{22 >
L L 34y ),
n=1

128wk

k0 2r\ 200 k0 k2 P2 + PP — 4 T, + nz:; (k,n)r:

3(P2 — 1)7*k?
128wk

Ako [3]{?27’]% +4 Z n%’i] , (5.4.1)
n=1
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kn3(k+n k2n2(k+n . .
where L(k,n) = kQ{DEﬂQ_((wk_)w”)Q + kalgﬂQ_((waan)? anq ri = A%, + B, Mult'lplylng
the first equation with Ay and the second equation with By and then by adding the
so-obtained equations, it follows that r7, = 0. This means that r(t1) is constant and

so 1,(t1) = rx(0). By putting Akg(tl) = 11(t1) sin(¢x(t1)) and Byo(t1) = ry cos(dx(t1))
it follows that ¢ = — 52" (L2)| (i + pperi ) TH(0) + 02, Lk, 2 (0)] —

W?ﬁ [3@( )+ 430 n?r2(0 )} Assuming that 74, (0) # 0 then ¢(t;) = [—

s P2 1 2 00 3P2—1 74k2
g‘”k<2f) |:<k2132127r2+k2P17r12—4wz)rk(0>+Zn:l L(k:,n)rn(oﬂ e [37‘ (0)*+

43 n*r,(0) Ht1+¢k(0). Hence, up to O(€), ugo(to, t1) = 1g, (t1) sin(ox(t1)) sin(wgto)
+ 75, (t1) cos(op(t1)) cos(wito). Having found wugg(to, 1), the solution wyo(to, 1) also can
be determined from the O(1) equation in (5.3.3). The solution wy(to,?1) will be
bounded since no secular terms occur in the right hand side in (5.3.3).

5.4.2 The case ) = wy —w; +€¢, where the detuning parameter
¢ =0(1)

If Q = wy — w; then additional resonances will occur due to the external excitation,
that is, from the terms sin((2 £ wy,)to) and cos((2 £ wy,)to) in (5.3.3). For this special
value of 2, additional mode-interactions will occur between mode 1 and mode 2. It
turns out that secular terms can be removed if Ago(t1) and Byo(t;) satisfy:

A = - [QQ(CELT S (sz;ll = <P127f2a ot 913121sz )| [ Bncoston)
~amsinon)] 5o (D) B (73 + g )+ 2o HL ]
—73(131122;1”4 Bio|31% + 4 g nird),
Buo = [2a(%1wT s (sz;ll = <P12733 : Q" 9131233(z )| [ A coston)
+Basin(oty)| + %(P;/_;YAN[(PS . Pzﬁg )rl + ZL (1,n)r2]
+%Am [37‘1 + 42 n2r }
Ay = - [20[(21@; @), 2;21) <P127f2a s_z 2 913121sz 92” | Buocos(éh)

cavosinton)] = 2 (B2 b (s + )i+ 2o L2

2
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O [

8(,()2

3(P2— 1)zt G
—7( ! >7T B20 |:37’§ + Z 7127’3] s
n=1

20(wy +wy) (P2 —1)m? 209} 209}
* <P27T2 — 2 N P2 — 92)] [Am cos(¢t)

~Busin(oh)| + @(P;}l) A 0[(2131%2 * 4P27r2 )TQ - ZL (2.

P2 —1)7t -
+u1420 |:37’§ + an’f’i], (542)
n=1

8&)2

o |

3&)2 2&)2

and (5.4.1) for k > 3. It can be seen from (5.4.2) that if there is no initial energy present
in the k—th mode with k& > 3, then the energy in that mode will be zero up to O(e¢) on
time-scales of O(%) However, if there is initial energy present in the first mode, the
energy will be transfered to the second mode and reverse energy will also be transfered
from the second mode to the first mode. By introducing Ay = ri(t1) sin(¢(t1)) and
Bro = 11(t1) cos(¢r(t1)), (5.4.2) can be transformed into:

r = [Qa(u;t: wo) + Gi ;11>7T2 <P127ro2é§i RE + 9P12:2Q_ Q2)}7“2 sin(¢ — 1 + oth),

P [2oz(u;1w%1— w2) n (P} ;11)7r2 <P1273gi o+ 9P127(:;Q_ Qz)]rl sin(dy — 6 + oty),

by = — [20‘(‘;; we) | (B ;11>7r2 ( PQ;J? =t PE;ZQ )] 2 cos(én — 61+ o)
_3(P1Tw1[ n +4Z” } N 272 <P5\/_§1)2[<P122ﬂ2 * P127T21— 4wf)r%
+§:<P%ﬂ wljw@ +1?w£?iZZLMV>ﬁ}

=[P BT (88 s ) costn =+ ot

3(P2—1 7S P2 1\2py 1 1
: J- LG ) )
[r2+2n wo \ 24/2 2P127T2+4P127T2—4w§ E

324+ n %2 +n
+ Z ( - . - @+n) )ri]
AP!?2 — (wg — wy)?  4APET? — (wa + wy)?
A first mtegral can be derived from the first two equations, that is, wir? + wors = K
with K is a constant of integration. Now, by applying this first integral and some

. . K o 204(w +w2) dsy __ 1 ;
transformations, that is, r; = o, s =3 \/:WQ t; and 2 = Ry the following
reduced system of ODE’s can be obtained:

dR,

i Ri(1 — R3)sin(¥),

dv
i (1 —2R%)cos(¥) + (k1 R} + ko) Riy/1 — R2, (5.4.3)
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Wmmﬂ?=¢z—¢r+wbh:=“ﬁ”Cﬁ<—%f)b2=”%f(“K+cr+¢)

_ 2 af 7 1 6(P2-1\%( 1 2 1 L(1,1) 2,1 _
Cy=3(Pi=1)m (128w1 _%) T < NG ) <ﬂ [Pfﬂ +P127r2—4w§] T e wz 702 -

2 af 1 7 6 P2—1 2 L(1,2) L(2,2) 1 1 1 _
3(P _1 7T (T B %) +7 < 21\/5 ) < w1 w2 wa |2p2n2 + 4P2n2—402 | o and C, =
3(P2 - 1)7T4<32w1 - ﬁ) ZZO:S

2_ 2 o n n n n
n?r2(0) + 7r6<];1\/§1) Yoo, <—L§i’1) - —L(f)Q ))ri(O) where L(k,n) = kQPQIZQ (](i:; )wn)z +

Bnilkin) - gor | = 1,2. It should be noticed that (5.4.3) is exactly the same as

E2P2m2 — (wp towom )2

equlatio(n (38)) in [1]. Therefore for the case where p? > 3 and Q = wy — wy + €¢
together with some assumptions stated at the beginning of this paper, the transversal
dynamics of a conveyor belt modeled by (5.2.1) is the same as that modeled by using
equation (20) in [1] for which Kirchhoff’s approximation has been used. Therefore,
up to O(e) the displacements in the vertical direction will be bounded on time-scales
(9(%) Finally, the solutions in the longitudinal direction, wygg, can be determined by
using the solutions in the vertical direction, wuyg, from the O(1) -equations in (5.3.3).

Also wy will be bounded.

5.4.3 The case ) = wy +w; + €, where the detuning parameter
¢ =0Q1)

For Q = wy + wy + €¢ with the detuning parameter ¢ = O(1), secular terms can be
removed if Ao(t1) and Byo(t1) satisfy:

2 (P2 —1)n? 2a() 2a()
(o =) + <P127T2 — )2 + 9P2m2 — (22)] [Bao cos(¢t)

_AQOSm(qstl)]—”—G(Eme[( 2, _ 1 )r2+§:L(1 o
2w\ 24/2 P2r2 | Pr? —4w?)t —— o

3(PE— 1)t >
_71128&)1 BIO |:37’% + 4 Z nz’f’i] y

[

3CU1 2&)1

n=1
: 2 (P —1)n? 2082 2082
Big = — 3o —(wp —w1) + o <P127r2 —¢ T 0Pr? — QQH [Agg cos(¢ty)

4 Bog sin(¢t, )] + ™ <P12_1)2A [( 2 . L ) 2+§:L(1 ) 2}
Sin —_— T nr
wiin(ot)) 50 oy ) Aol )i+ 2 L

3(P— 1)1
+—— 128w 1 A10 T +4Zn :|

2 (P2 —1)n? 2aQ 2a()
30 2 ) F <P127T2 —0, 9P127T2 )| [Bocos(on)

~wsinon)] - (B B (s + )wzm ]

= [

2&)2
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3(P:—1)n* -
_718(4)2 B20 |:37’§ + HZ:; 7127"3] s
: 2a (P —1)n? 2082 2082
Bao == 3ws 3,2 T W) F 2ws <P127T2 — * 9P127T2 — 92)} [A1o cos(9t1)
PE—1 1
FBusin(en)] + w2< 272 ) 4 0[<2P127r2 " 4P27r2 )TQ +ZL @)

3(P? —1)rt =
+7( 18w2 A20 |:37’§ + Z_: ’flz’f’i] s

and (5.4.1) for k > 3. By using the transformation Ag(t1) = ri(t1)sin(¢g(t1)) and
Bio(t1) = ri(t1) cos(or(t1)), equation (5.4.4) can be transformed into:

) N ) . N )
7 = —w—l’f’g sin(¢y + ¢ + @tq), Tog = —w—lﬁ sin(¢y + ¢ + otq),
1 2

: N 3(P¢
¢1=—w11:12 COS(¢2+¢1+¢151)—(12T[ 1+4Zn ]

‘QL;(PQQE)Q[(J;W“PW >r1+ZL1 ),
PR 3(P2
2 = cos(pz + ¢1 + ¢t1)

Niry r—1 W[ 2 2.2
- ——|3r; + nr}
WaTy 8&)2 2 Z "

W <P22\/_1> [<2P127T2 41327r21 42 >T2+ZL2 nr } (5.4.4)

where the assumptions that r; # 0 for ¢ = 1, 2 have been used, and N; = 3 2 (wy —wr) +

(P2 —1)7? < P af) 139 P2°‘§2 92) A first integral can be obtained from the first and the

second equation in (5.4. 4) giving wir? —wyrs = K. Three cases have to be considered:
K>0,K=0,and K <0.

The case K >0

In this case, by using the first integral and several rescalings (namely 7, = 4/ %Rl, 51 =
\/%tl, and % = Rl\/ﬁ) system (5.4.4) can be reduced to:

dR . do
@1 — —R;(R?—1)sin(0), Fr (1 —2R?)cos(©) — (k1 R? + ko) Ryy/ R2 — 1,

(5.4.5)

where © = ¢y + ¢1 + ¢t;. Using the transformation © = ¥ + 7 system (5.4.5) can be
transformed into:

1\
i _ = Ri(R? — 1)sin(¥), d = (2R? — 1) cos(V) — (k1 R? + ky) R/ R? — 1,
dsz d32

(5.4.6)
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where k1 = (B + )R b = (G4 )52 O = 80P - 1 (5 +

w1 w2 w2 128wq

P—1)2
Sun +7T6< 21\/51) |: : <P1227r2 + P127r21—4w§) + e T L(‘il)702 - 3(P12 B 1>7T4<L T8 ) +

8wa m 2w1 8w %

6 P2—1\2[1( 1 1 L(12) |, L(2,2) _ o 1 1\ o
T (21\/5) |:w_2<2P127r2+4P127r2—4w§)+ o T and Gy = 9—3 0 7 g | (gt )0 F

2
7T6<1;12\/_§1) <L§i}1") + L(i;"))}r,%(O). The parameters N; and L(k,n) have been defined
previously. This system of ODE’s (5.4.6) is the same as (49) in [1] where Kirchhoff’s
approximation has been used. Therefore the analysis will be the same as the one in

[1] and it will not be repeated here.

The case K =0

Using the same method as that explained in section 4.3.1, the following reduced system
of ODE’s can be obtained from (5.4.4) for K =0

d’f’l . d@
d—sl =" Sln(@), d—Sl

where © = ¢9 + ¢1 + ot1, k1 = Cy + Cj—‘:l and ky = —C,, (C1,C5 and C,, are defined in
section 4.3.1). Again with the transformation © = ¥ + 7 (5.4.7) can be transformed
into equation (55) of [1], that is,

dr . dv
d—si — 7y sin(W), i 2cos(W) — (kir? + k). (5.4.8)

The analysis and its results can be obtained in [1], and it will not be repeated here.

= —2c08(0) — (ki + ky), (5.4.7)

The case K <0

If K < 0 then by using the aforementioned transformations the following reduced
system will be obtained from the system (5.4.4)

R R(R 1 1)sin(O),
d82
o 2 2 [ 2

ye —(2R] + 1) cos(©) — (k1R + ko) R1\/ RT + 1, (5.4.9)

where © = ¢y + ¢y + ¢ty ky = (g— + g—)MVNﬂ and ky — (Cw—M _ Cn) e it
M = —K >0 (Cy,C; and C,, are defined in section 4.3.1). Again this system of ODE’s
can be brought back into system (59) of [1] by using the transformation © = ¥ + 7.
For analysis of this system, the reader is referred to [1].

From the analysis as presented in section 4 it can be concluded that in the case
(Pym)? = p* > 3 and Q = wy +w; + €¢ the behaviour of the belt system as modeled by
(5.2.1) is the same as that modeled in [1] (see subsection 4.3 of [1]) where Kirchhoft’s
approximation has been used. Hence, up to O(e) the solution will be bounded on

time-scales of O(1).
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O [

5.5 The case (Pyr)* = p* < 1

For p? < % additional mode-interactions may occur due to the nonlinear part of the
equation. These additional interactions are never detected if Kirchhoff’s approximation
is applied. Since p? can be small (because P§ is usually small (see [5])) then the
occurrence of these additional interactions can not be avoided. The occurrence of these
additional interactions usually give rise to complicated problems, which are difficult to

handle analytically. Two cases will be studied in this chapter. In this section the

detuned case for p? = 11_554 with a nonresonant value of €2 will be considered, and in

section 6 the case pu? = 1 7 and the resonant value wy —w; +€¢ for 2 will be considered.

5

5.5.1 The case y? = + ¢ and () causes no resonances

o 154

From (5.3. 6) and the appendix (see Figure 6, point P, \? = i = 24) it follows that
15 7 the first, the third, and the ﬁfth mode will mteract since ws = 2ws3 + wy.
In what follows a detuned case of p? = 15—4 will be chosen as an example to study the
dynamic behaviour of the conveyor belt. Now, detuning ;2 implies detuning P? in the

for p? =

original PDE’s. Rewriting p? as p? = p?2 4+ ¢ where p2 = #2 and P§ = B} +eo it
follows from p? = Pjn? that p2 = Pin* and ¢ = on”.

It will turn out that by using PO2 = ]302c + eo in the original PDE’s, the appli-
cation of the two time-scales perturbation method will give secular-free terms in the
approximations if Ag(t1) and Byg(t1) satisfy

mlo 270(P — 1)7? 810m° P —1\2
. () o 8)
10 2w, 0 1280 2w [P2r? — 4w? 2\[ PO\ Ts0 T80

70 P21\ 2
e2anits] ~ 5o (B2 B (g + i+ 2 HL ]
3(Pf — ) 2 - 2,2
_7128&)1 BlO |:37"1 + 4;” Tn:|,
- 270( P, 81076 P2 -1
o R [ (0 i )
0 0w - 128w1 * 2w [Pim? — 4w3] 2\/_ PO TR0 50
A P2 —1 2
) 30330350] 2w1< ) Ao [<P127T2 + P27T2 )7’1 + ZL (L,n)r ]
3(P? — 1)1
+(12TA10 [37‘1 + 4Zn ]
. 81rio 270(P? — 1) 8107 P2 142
Azp = — — ! L Bso( BioB
% 2y Y [ 12805 | 2wa[9PPn? — 4l ( 22 ) ] [ 50( 10580

—A10A30> + Aso <310A30 + B30A10>} B g—zz <P§7\/_§1>2Bgo [(#
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L OOL3 2 —27(]312 >B 27 4
+9P127r2—4w§ 7‘3—1—; (3,n)r;| — 1280, 50 | 2775 + Zn

n=1
By = 8;:0 % [270(52128;31>7T4 - 2w3[91§§272r— 402] (P;/_ﬁlﬂ [A“ <B 10550
—A10A30> — Bs <310A30 + 330A10>] + 2—22 <%>2A30 [(#
9P27T2 )rg + Z L(3 2} %;;WA% [277"3 +4 g n%i] ,
Asn = _622551 =B - [270(52128;5”  90s [25?3112(:;6— 4w?] <P5\/_§1)2] [B 1 <B 0

570 /P2 — 112 2 1
~4y) = 2AwBudn] = 52~ 7) B ( )
30 WO 00 U o2 25P2W2+25P127T2—4w§ s

+ iL(f), n)rﬂ - 75(?;%350 [757"5 + 4Zn

n=1
. 625mto 270(PE — 1)t 810m° PE—1
B = 5 Ant [T ( ) |4 (53
W T, At 12805 | 2wn25PE% — 47\ 23 o0
570 /P2 — 1\2 2 1
2 1 2
~ ) + 2B Bu] + 57 (5 ) 4| (5550 + =)
= 75( P}
+3 1, n)r,ﬂ + %Am {7575 + 4Zn } (5.5.1)
n=1 n=1

and (5.4.1) for k # 1,3,5. By introducing Axg(ty) = 1 (t1) sin(¢x(t1)) and Byo(ty) =
ri(t1) cos(ok(t1)) it follows that (5.5.1) becomes:

) K ) ) K )
7= —w—lrgm sin(2¢s — @5 + ¢1), T3 = —w—?’rlrgrg, sin(2¢3 — ¢5 + ¢1),
1 3

. K i
5 = w—57’17”§ sin(2¢3 — @5 + ¢1),
5

¢ = — ;T:(j %;17’32, 08(2¢3 — @5 + ¢1) — Myr; — 2—M<P2_1) ZLln
— 128;11 nz::"

9233:_8;7;10 _f_j'f’lr5COS(2¢3_¢5+¢l>_M3T?2,_2—%<P2_1) ZL (3,n)r
- 108( 228;31 Z”

. 625140 Ksror? bt (PP —1
b5 = — — 513005(2¢3—¢5+¢1)—M57“52,_2 < ) ZL5n
Ws

2(4)5 wWsTs
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O [

~300(PF — U
T Zn (5.5.2)

2v/2

Int(PZ2—1)r? o 270(P2—1)7? - P21
TP M) + BT and K, = PO s 4“( lf) for n = 1,3,5.

There are first integrals for system (5.5.2) connecting 7,73 and 75, namely, “r 4

2
PZ-1
where it has been assumed that r1,r3 and 75 are not zero, M,, = 7~ < L ) <n2 PQQWQ +
n 1

= Ki, and £r{— ?7’3 K. Consequently, it is also obvious that #r r2+ ‘[‘f’ r2 =
K1 K3, where Kl and K3 are constants of integration. Notice that K; > 0, while
K3 can take any value, and K; — K3 > 0 (implying that % < 1). By using these first
integrals and denoting U = 2¢3 — ¢5 + ¢; system (5.5.2) can be reduced to a system
consisting of only two ODE’s, namely:

) K )
p1 = —w1w3\/w—(w101 K3)\/ K1 — wip}) sin(V),

. K cos(U
¥ = [4w3p§— (3K, +2K3)w1p§+KlK3] ()

wiws/wsp1y/ K1 — Wlp%

T . ~ = -~ ~ Na K N:-K N5 K1 K.
where p1 = ‘/f(_lrl’K = K3\/ K1K5,]€1 = NlKl 4 28 ,5W1 _ 5w55w1 k; = _Sw; 5 __

N3K3Ks 625 1 162)..4 300 12 216 2 2,.2
o T <2W5 201 2wS>7r o+ <128LU5 128w, 128w3>(P m Zn;ﬁlBSn rn(0) +

2 2
7r6<P1—1> 2207&1 . [5L(5,n)_L(l,n)_GL(i’),n)}r?L(O)’ and Ny, = Ms—M,+75 <P2 1) [5L(5,1)

+ %lp% + ];,2’

2v2 25 2w 2w3 2/2 2ws
_ L2(i,11) 6L(3 1)} Ny = OM;s — My + 7T6<1;12\/_§1>2[5L2(j;3) B ngif) B 6%&21)}’]\[5 — M+
25(P? — (22— s — E0) 4 2D M0 8D Rescaling with p, -
f—llRl, s = Miil/w_s and s, = K?Zs; will give:
dR,

= Ri(R? —1)(R? — k3)sin(¥),
dSQ

v
;lj = R} — (34 2k3)RI + k] cos(W) + (k1 R? + ko) Ry ﬁ’ (5.5.3)
2

where k3 = % <1,k = ﬁwgw/wlwg) and ko = []‘;—iwgw/wlw& and where 0 < R; < 1.

5.5.2 Critical points of (5.5.3)

The most obvious critical point of (5.5.3) is R? = k3, and by substituting this value
of Ry into the right hand side of the second equation in (5.5.3), ¥ can be determined.
For R? # k3 then the critical points have to satisfy sin(¥) = 0, that is, ¥ = nm,n € Z.
The second equation then becomes:
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4ZL’2 — (3 + 2/{33>$ + ]{?3

- = —kix — ko,
/71‘—1}2 1 2
41’2— (3"‘2]{53)]}‘"1{33
& = Fhy7 F ko, 5.5.4
e Fr1x F R ( )

where: z = R2. The '+’ sign corresponds to ¥ = nr with n odd, while the ' sign
corresponds to ¥ = n7 with n even. If the left hand side of (5.5.4) is denoted by y;(z)
and the right hand side by yo () then solutions of (5.5.4) will be the intersection points
y1(z) and yo(x). In Figure 2, the graph of y;(z) has been drawn for different values of
k3. To determine the solutions of (5.5.4), the parameter k; will be kept fixed, namely

(a) 0< ks <1 (b) ~12<k3 <0

Figure 5.1: The curves of y;

ki1 = 1. For other values of k; the method of analysis is the same. The values of ko, k3
will be varied with k3 < 1. For k3 < 0 it is possible to have 1, 2, or 3 critical points
with U = nx for both n odd or even, while for 0 < k3 < 1 only 0, 1 or 2 critical points
are possible. The set of parameter values (k3, ko) where yo(x) tangent to y;(z) gives a
bifurcation diagram. This bifurcation diagram will now be determined.

The bifurcation diagram

The bifurcation diagrams depicting the change of the number of critical points of system
(5.5.3) can be derived as follows. Let xy denote the point where y;(x) is tangent to
y2(z). Then, it follows that

dy1 (o)
dx

= Fky, and yi(x9) = ya(xo). (5.5.5)

Since k; = 1 it follows from (5.5.5) that:

8x3 — 1222 + 3zo + k3

2(x3 — 20)\/T0 — T2

4[[‘% - (3 + 2/{33)1'0 + kg

\/To — T3

= F1 and ]{32 = *+x¢ *

(5.5.6)
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O [

From (5.5.6), it follows that the parametric equations of the bifurcation curves are
given by:

422 — (3 + 2k k
ks = 2(zo — x3)\/ o — 2% + 1227 — 8z — 3z and ky =z + 7o = (34 k)0 + 3

\/To — 2
and

4 — (3 + 2k k
ks = 2(x5 — w0)\/ 0 — 22 + 1225 — 823 — 31 and ky = 79 — To = (3 + 2hy)z0 + 2

Vg — 3

(5.5.7)

The graphs of (5.5.7) in the (k3, ko)-plane have been drawn in Figure 2. In this Figure,

Al 2 A2

A2

151
V/—\
iks 1 w

A0

Al —0.24 A2

(a) The case ¥ = nm,n even (b) The case ¥ = nm,n odd

Figure 5.2: Bifurcation diagrams depicting the change in the number of critical points
of (5.5.3) with ¥ = nm,n € Z.

if (k3, ko) is in region Ai where i=0,1,2,3 then there will be i critical point(s) in system
(5.5.3) on the line ¥ = nr with n fixed. In Figure 2 (a), the parameter values (ks, k2)
located on the curves OP, PQ, QO will give 2 critical points, the parameter values
located on the curves QR and the ks-axis below O will give 1 critical point, while the
parameter values on the ky-axis above the point Q will give 0 critical points. In Figure
2 (b), the parameter values on the curves OU, UV, and VO will give 2 critical points,
the parameter values on curve VW and the ky-axis above the point O will give 1 critical
point, and finally the parameter values on the ks-axis below the point V will give 0
critical points. In Figure 3 some phase planes of system (5.5.3) have been drawn for
several values of ks and k3. In fact system (5.5.3) has a first integral which can be
derived as follows. From (5.5.3) it follows that:

dV  AwiR? — (3 + 2k3)R2 + k3 (k1R? + ko) Ri\/1 — R?
iR~ Bt -0 = )@ Y B - )= B (0’
AV AR — (3 + 2ky)RY + ks () + (ki R? + ko) /1 — R?
dR,  Ri(ks — RP)(1— RY) (ks — R})(1 — RY)
_dy(Rl)

< sin(V)
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(g) ks = —0.2, ky = —1.4892 (h) ks = —0.04, ky = —1.3

Figure 5.3: Some phase planes of system (5.5.3). The horizontal axis is R; while the
vertical axis is W.

AR* —(3+2k3)R2+k (k1 R2+ko)y/1—R?
where y(Ry) = cos(V(Ry)), F(Ry) = Rll(ki—Rf)3()1—lR§)3 and G(ry) = (231_}2;)(1_}2%)1.

This linear differential equation can readily be solved yielding:

1 k)l + k?Q 1 k2 + klk?;
U) = —RW1-R|| =222 01— R 4+ =
cos(W) = [Ralky = B)\/1— Bi] | - 5 T2 " B S T e — Ry
ko Ukaky — ko — 2koky ., .
gl 5= IR — |+ C ] (5.5.9)

where C* is a constant that can be determined from the initial condition.

5.6 The case (Pyr)? = p? = 1 and Q = wy —wy + €¢

The special values of ) = wy —w; will cause mode 2 and mode 1 to interact in addition
to modes 1, 3, and 5. In this case, the secular terms in the approximation can be
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removed if Ayo(t1) and Byo(t1) satisfy:

L [20(wy +w) (PP —1)m? 2012 2012
Ao =] " <P127r2 —2 0P - )] [ B cos(on)
K,

—A20 Sln(¢t1):| —_ |:B50(B§0 — A?’)O) + 2A30330A50:| — MIBIOT%

P21 1P
B S L1, 1200 - '
2w1< ) 102 n)r 12800, “’Z" "n

(P? — 1) 2002 2002
<P127r2 — 2 * 9PEm? — QQ>] [A20 cos(¢ta)

) K
+Bgo Sln(¢t1):| + —1 |:A50(B32)0 — Ago) — 2A30B3()B50:| — MlAl()T%

3&)1 2&)1

20(wy + wo) N

By = |
10 3&)1 2&)1

PP -1 12P2 - 1t | &
A L(1, S Sl Ay | 2,.2
+2w1 ( ) 10 Z n)r 128w, 10 ; ner;,
L 20w+ wz) (P12 — 1) 2a8) 200
o = _[ 3wy " 2wy <P27T2 — 2 * 9PEm2 — 92)} [Blo cos(¢t)

2 _
+A10 sm(gbtl)] MQBQO’T’Q s <P 1) B20 Z L 2 n

3(P2 320 Z 2

20wy + W2) (P2 — 1) 200 200
o <P27r2 —2 9P 92)] [Alo cos(¢ta)

2 _
_B10 sin(qﬁtﬂ] + M2A207’2 + (.d_g (P 1) Ago ZL 2 n

320:[

3&)2 2&)2

3(P2 3 -, Z” (5.6.1)

and (5.4.1) for k # 1,2,3,5. The equations for Ay, and By for k = 3,5 can be taken
from (5.5.1) with o = 0.

By using polar coordinates, that is, Ao(t1) = 71(t1)sin(¢px(t1)) and Byo(t1) =
r1(t1) cos(¢r(t1)), two first integrals relating 71, r9, 73, and 75 can be obtained, that is,
W1pt 4 wopi — w3pi = K and wyp? +wops + wsp? = Ky where K, Ky are the constants
of integration, and r? = Kyp?, 73 = Kip},73 = Ksp3, and r2 = Ksp2. From these
first integrals it follows that ry, 79,73, and r5 will be bounded. The so-obtained first
integrals can be used to reduce system (5.6.1) to a system of four first order ODE’s,
yielding:

. Naps . KSIH(\I’) 2 2 \/

- o — K/ Ky — wip? — wapl
L= sin(®) — 1 f(wlﬂl + wapy 1)/ Ko — wip] — wap3,
. N. .
fr = ——py sin(®),

%
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. K (w; p?
b — [ P ; }M cos(®) + (wipf + waph —
WiWs+/Ws501

Ky)
! \/K2 — w1 p? — wap3 cos(V)
w1 w202

+[G2f(1 N G.K; G5f(5]wl 2 [G3K1 . G4K; GsKs} 2

- P1 - Wa2pPa
w1 w3 Ws Wa w3 Ws
G.K Gs K
+ |:G1 - - 3K1 + > > K2:| 3
w3 W
Napy

-

o cos(®) + [Wlp%(wlpf + wops — K1) — (wip] 4+ woph — K1) (Ka — wip?
1M1

K cos(¥)
wiw3/Wsp1y/ Ko — wi1p? — wap3
GeK:  GsK; GoK. G:K, GsK; GoK.
+[61+83 95]w10%+[71+83 95}w2pg

—waps) — 2wipt (Ko — wip} — w2ﬂ§)}

w1 ws Ws Wa ws Ws

Gsf(?,Kl X G9K5K2]

X [Gm - o (5.6.2)

2 1)72 o
where: © = g — g1 + 611, W = 265+ 61 — b5, Ny = (w1 +wn) + L (%0 +

200 _ 4 3._2(p2 11 o0 2.2, 6 P21} oo L(1,n)
QPQ:TQQ),Gl = ¢+§7T (Pl _1)<M_w_2) Zn;&l,2,3,5n Tn+7T < 21\/5 ) Zn7£123,5 [T?_

L(2,n) PZ—1 2 L(1,1) L(2,1) 32—t [ 1 o

wo :| G2 M1+7T<2f) |:2w1 — oo :|+ 18 |:4w1 wQ],Gg——Mg‘i‘

6 P2-1 L(1,2) L(2,2) 12(P2-1)mt [ 1 o P2—1 L(1,3) L(2,3)

() [ - ] e [ - gl o= e () [ - ]

S _ o(P)Pras)  res)) | mwi-uet [ =
E [H_E}’GS—”@@HM B I Frriitre) FLEU

(P? - 1)7r4[ 300 12 216 } M, + 75( 2 ) [5L51 L) 3L(3,1)]’G7 _

128ws 128w1 128ws 2ws 2w1 w3

4(P12—1)7r4[300 __12 216}4_71.6(13 )2[5L(52) L(1,2) SLSQ] G = 9(P2 —

128ws 128wq 128ws 2f 2ws 2w1

1)7r4[ 300 _ 12 _ 216 ] —2M3+7r< _1>2[5L(5,3)_L(1,3) 3L33} Go = 25(P2 —

128ws 128wq 128ws 2f 2ws 2w1

2
4] _300 12 216 P2-1\“[5L(55)  L(1,5) _ 3L(35) -
Dm |:128L()5 T 28wy 1280,3} + Ms; + 7 (21\/—> [ %e . oo s ]7 and Gyp =

o0 P2 1\2(5L6m)  L(1n) 3L(3 n) 300 12 216
Zn;ﬁl,273,5 [W6< 21\/§> ( 2ws 2w >+n (P2 1> 4(128w5_128w1_128w3>}r?b(0>'

It should be noticed that in the process of deriving (5.6.2) it has been assumed
that r, # 0 for £k = 1,2,3,5. For k 7& 1,2,3,5 it will follow that r, = 7,(0) and

3(P2—1)rtk?
(I)k:_(lusgk [ : A DY 0T,

It seems that this system of four ﬁrst order ODE’s can not be reduced any further

analytically. Because of that, in what follows only numerical results will be presented.
In order to reduce the number of parameters the following scalings are introduced

successively, that is, p; = ﬁRl,pg @/ R2,51 = % Sy = ﬁff}g %281 and
dss — 1 With these scalings it then follows from (5.6.2) that:

ds2 RiR2y/1-R2—R2

% - ”RlemSiﬂ(q’) — (R} + R} — K)(1 — R? — R3)sin(¥),
3
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d
% = —nR2Ryy/1 — R? — R}sin(®),

dd
=n(R5 — R})\/1 — R? — R3cos(®) + Ry(1 — R} — R3) (R} + R; — K) cos(¥)

dss
+(ky R? + koR2 + 01) R Ror /1 — R? — R,

dv
- “nR3\[1— B — Rcos(®) + [RAR + RS — K) — 2R3(1 — B} — R3)

—(R?+ R5 — K)(1 — R? — R3)|Rycos(¥) + (ksR3 + kyR3 4 83) R Ry\/1 — R} — R3,

(5.6.3)
_ Nows [ws - K — [G2 Gy _ G5 WsyWiws — [Gs Gy _
where = KoK \/ w2’ K = K2 < 1’ ko= [w1 + w3 W5] K ’k2 o [wz w3
G5 1wW3y/Wiws _ [Gs Gg _ Gg wW3yWwiws _ Gz Gg _ Gg|wW3yWwiws _ [G1 _ GuK
ws] K ’k3_[w1+WS ws] K ’k4_[w2+WS ws] K ’51_[K2 w3 +

It should be noticed that if P? is fixed then all the kq, ko, k3 and k4 will be fixed, so
the only parameters will be Ny, K, d; and d,. To give an illustration of the dynamical
behaviour of (5.6.3) some projected trajectories in the (R;, Re)—plane for the case
P? =100,8; = 1, and §, = 0 have been given in Figure 4.

—R, oo e R, Ry
(a) n =30, K=0.7, (b)y =135, K=0.17, (c)n=30, K=-1,
I1C =(0.09,0.1,0,0) I1C =(0.09,0.1,0,0) I1C =(0.09,0.1, 7, 7)
R, R, R,
R 3Ry R,
(d) n =40, K = -0.5, (e) =50, K =—1, (f)y n=50, K= -1,
I1C =(0.09,0.1,7,0) IC =(0.09,0.09,0,0) IC = (0.09,0.09,0,0)

Figure 5.4: Some projected trajectories of system (5.6.3) for several values of  and K,
and for several initial conditions IC' = (R1(0), R2(0), ®(0), ¥(0)).
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5.7 Conclusions and remarks

In this paper a weakly nonlinear model describing the transversal and the longitudinal
vibrations of a conveyor belt with a low and time-varying velocity has been studied.
The model consists of a system of partial differential equations which can be derived
by using Hamilton’s principle.

In the analysis it has been assumed that the belt velocity is of order O(e), that is,
V(t) = e(Vo + asin(Qt)), |a] < V5,0 < € < 1. The value of € can be considered as a
measure of the smallness of the belt velocity compared to the wave speed. Further, it
has also been assumed that the longitudinal displacements are O(e), the transversal
displacements are O(y/€), and P¢ and P? are O(1). Due to the assumption that P} is
of order O(1) the Kirchhoff’s approach can not be used.

It is found that if u? = Pin? >  then the dynamical behaviour of the transversal
vibrations of the belt will resemble those found in the case where Kirchhoft’s approach
has been applied. Whereas for ;2 < % a more complicated behaviour will occur due to
the additional mode interactions caused by the nonlinear part of the problem.

The case p* = £
that the modes 1,3, and 5 are interacting, while the other modes remain constant.
When € causes no resonances, the detuned case u? = 12 + ¢¢ with ¢ = O(1) has been

154
considered. Although the solutions in this case are always bounded, their behaviour

has been studied in detail. For this special value of ;2 it is found

may vary depending on ( and the initial conditions. Also the resonant case ) = ws —wy
and p? = 115—54 has been considered. In this case the modes 1, 2,3 and 5 are interacting
while the other modes remain constant. The boundedness of the solutions for the
modes 1,2, 3 and 5 proved analytically. It is expected that for other values of u? and
2 a similar analysis can be performed. In this work, focus has been mainly put to
the transversal vibrations of the conveyor belt. This is not only due to the significant
importance of the transversal vibrations compared to the longitudinal vibrations, but

also due to the analytical complications in the study of the longitudinal vibrations.

Appendix

It has been stated in section 5.3 that the nonlinear part of the PDE’s gives rise to
resonances if the following systems of equations have solutions.

() {k = m-—n—1I, (A-1)

wp = Tw, tw, T w
k = m+n—1
17) ’ A-2
(1) { wp = Zdw, w, T w ( )
k = m+n+1
117) ’ A-3
(I17) { wp = Tw, w, T w. ( )
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It will be shown in this appendix that system [ and system [/] have no solutions at
all, while in system /1 the only cases that have to be considered are k = m+n —1, with
W = Wy + Wy — Wi, W = Wy + Wy + Wi, W = Wiy — W + Wy, and wy = —wyy, +w, +w;. The
other equations either can be rewritten in these forms or do not have any solutions at
all. It should be noticed that system I and system [1] are in fact equivalent, therefore
only system [ will be considered, and it will be shown that system I has no solutions.

System (A-1)

A. The case w;, = w,, +w,, + w;

In this case kK = m — n — [ implies that m > k. As a consequence wy = w,, + w, + w;
can not be satisfied.

B. The case w; = w,, + w,, — w;

Since k =m —n — 1 and wy = w,, + w, — w; then m = k+n +1[ and

Wi+ W = Wy + Wy & Wegntl + Wy = Wi + wy

S (k4+n+DvV14 (k+n+0D2p2+ny/14n2pu2 = k14 k2u2 + 131 + 122,

where p? = Pir?. The last equation can not be satisfied since the left hand side is

obviously larger than the right hand side.

C. The case w;, = w,, — w, + w;

Rewriting w, = w,, — Wy, + w; a8 Wy + W, = w,, + w; and then by using the proof as
given in part B this case similarly has no solution.

D. The case w;, = w,, — w, — w;

In this case k = m —n — [, and w, = w,, — w, — w; implies that m = k +n + [, and
Wi = Wi + Wy + wp. Obviously wiy,4 = wi + wy, + wp can not be satisfied.

E. The case w, = —w,, + w,, + w;

In this case w,, = w, + w; —wg with m =k +n + (. It is again obvious that wyy,; =
wy, + w; — wg can not be satisfied.

F. The case w, = —w,, + w,, — w;

This case is equivalent to m = k+n + [, and w,, = w,, — w; — wWg. Since m > n it is
clear that there are no solutions.
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G. The case w;, = —w,, — w, + w;

This case is equivalent to wy,1; = w; —w, —ws, which is obviously can not be satisfied.

H. The case w, = —w,, — w,, — w;

This case certainly can not be satisfied since the left hand side is positive while the
right hand side is negative. By using the same procedure as presented above, it can

also be shown that the case —w, = +w,, £ w, + w; does not have any solutions.So,
system [ does not have any solutions.

Now, by rewriting system [/] as m = k —n — [ and +w,, = tw; + w, + w; then it
can be seen that this system is equivalent to system I by interchanging the role of m
and k. Consequently this system also does not have any solutions.

System (A-2)

As mentioned at the beginning of this appendix, in what follows only the cases k =
m+n—1 with wy, = W, +w, — W, W = W + Wy + WL,wWE = Wy, — W, + Wy, and
W = —Wm + Wy, + w; will be considered in this section. By using the method apllied
previously, other cases can be brought to these systems of equations or they do not
have any solutions at all.

The case w, = w,, + w, — w;

In this appendix it will be shown that the only solutions for the the Diophantine- like
equation k = m+n —1[ and wy = Wy, + w, —w; for which p? = P2r? > 0 are the trivial
solutions k =m,n=0Lk=n,m=10land k=1 =m =n. From w, = w,, + w, — wy it
follows that:

VEZEE = m2 mrp? 4/ n2 +ndp? — 12+ 122,
& 1+ X/k2 =m? 1+ 22/m2+n?/1+X2/n2 — 1*\/1+ \2/I2,

where A = 1/p and from k = m +n — [ it follows that k + [ = m + n. For non-trivial

solutions, without loss of generality, only the case where £k > n > m > [ has to be

considered. The other cases can be treated similarly. Now, let f(z) = 2%/1 + \2/z?
then

227 + \? 222 4 3\?

fl@) = ——, and [f"(z) = :
x\/1+i—§ (x2+)\2)\/1+2—§

Since the first and the second derivative of f(z) are positive for z > 0 it follows that f
is a convex function. In Figure 5.5 a typical example of a convex function f is given.

(A-4)
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f(x)

3 y(m+n-I)
/=)

f(m) y(h)

0 | m n k

Figure 5.5: A typical graph of a convex function f.

Now, since k =m +n — [ and w, = w,,, + w,, — w; it follows that
WE — Wn = Wiy — W] S Winan| — Wn = Wiy — W)
& fm+n—1)— f(n)=f(m) = f(D). (A-5)
By using the tangent line at x = n, that is, y(z) = f(n) + (z — n)f'(n) it follows
that
ym+n—1)=f(n)+(m—10)f(n) < ym+n-—1)— f(n)=(m—10)f(n)
= fim+n—=10)—f(n)>m-=1)f"(n).

(
On the other hand by using the tangent line at z = m, i.e., y(x) = f(m)+(x—m)f'(m)
it follows that:

y(l) = f(m) + (I =m)f'(m) < y(l) = f(m) = =(m = 1) f'(m) <
f(m) —y(l) = (m =) f'(m) = f(m) = f(I) < (m —=1)f'(m). (A-7)
Using (A-6) in (A-5) gives f(m)— f(I) > (m—1)f'(n). Now, f is a convex function,
that is, f” > 0, therefore f'(n) > f'(m) for n > m. Consequently, f(m) — f(I) >
(m —1)f'(m). But then this contradicts (A-7). Therefore, the system of equations

k=m+n—1and wy = wy, +w, — wy, for all 2 > 0 has no solutions other than the
trivial ones, that is, k = n, m = [ or symmetrically k = m,n = L.

The case w, = w,, + w, + w;

In this case n =1 and kK = m, or m = [ and k = n can not be solutions of

k= —1

{ m—+n—1I, (A8)
W = Wyt w, +w,

since the second equation will not be satisfied. Let’s put v = mn — ml — nl. Now,

if v < 0 then from k* = m? + n? + 2 + 2v it follows that k% < m? +n? + [2. For

k = m + n — [ the following cases have to be ditinguished:
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o If k = max{k,l,m,n} it then follows that

A2 A2 A2 A2
Wi = Wy + Wy, +w & K 1+ﬁ:m2 1+ +n* 14+ 5+ L+ 75
m n
A2 A2 A2 A2
k2\/1+ﬁ>m2\/1+ﬁ+n2\/1+ﬁ+l2 1+ﬁ<:>k2>m2+n2+l2,

which contradicts k2 < m? + n? + [2.

o If k # max{k,l,m,n} it then follows that wy = w,, + w, +w; & k*y/1 + ’\2 =

m2y/1 + W +n%/1+ ? +12,/1+ l—Q which obviously can not be satisfied.

So, in the case v < 0 then there are no solutions for (A-8).

In the case v = 0 (A-8) again has no solutions. This can be shown as follows. Since
mn —ml —nl = v = 0 it then follows from k = m+n — [ that k> = m? +n?+412. Then,
the second equation in (A-8) implies (A = i)

W = Wy, + W, +wp

& V2 + 2kt = /m? + 2mA 4 /2 + 2t + /12 4 pRld

/1 /1 / /1

&k —2—1-,u2:m2 —+u2+n + 2+ Py =+ e,

k l2
2

:>k:\/1+ >m\/1+ﬁ+n\/ \/1+ﬁ’

= k* > m? +n + 17 (A-9)

which contradicts k> = m? + n? + [2. So, for v = 0 system (A-8) has no solutions.

. . 1 1 .
Now, using the estimate 1 < /1 + A?/2? < 14 3A?/2®, (where A = ), it follows for
v>0,k?>m?+n?+ 1% that

k2<k2\/1+2—2<m<1+2)\—n;> (1+;—2)+12<1+;—;)
= k?<m?®+n? +l2+g>\2,

and consequently
2 2, 72 2 2 2 2, Sy2
m-+n”+1°<k*<m +n"+1 +§)\,
3
<:>m2+n2—|—l2<m2+n2+12—|—2y<m2+n2+12+§)\2

s 0<v< 2)\2. (A-10)
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Since v is a positive integer, it then follows from (A-10) that solution only exist for
A? > 2. Therefore it can be concluded that for A < § or equivalently p? > 2 system
(A-8) has no solutions. In what follows it will be shown numerically that for various
values of v > 0 the solutions of (A-8) only exist for A> > 2 (or equivalently p? < 1),
and are clustering in the neighbourhood of A2 = 2v = 2,4,6,.... The results of these
numerical computations are depicted in Figure 6 which are obtained by applying the
following algorithm:

e Given [ and v € N, compute m from mn — ml — nl = v, that is, m = [ + lzf;’,

e The values of n are determined such that n—{ divides {>+v. The Maple command
divisors is used for this purpose. If d is this divisor of I + v then n = [ + d.
The value of k is then calculated from k =m +n — [,

e Finally, \? is determined by solving the equation wy = wy, + w, + w; for A\2.

The case w;, = w,,, — W, + w;

In this case, the only solutions for the system k = m +n — [ and wy = w,, — w, + Wy
are k = m,l = n and k =1 = m = n. For other values of k,l,m,n by assuming
k>m >n>1 then w, = w,, — w, + w; can not be satisfied.

The case w;, = —w,, + w, + w;

In this case the only solutions for the system k = m +n — l,wy = —Wy + W, + Wy
are k = n,m =1l and k =1 = m = n. For other values of k,l,m,n by assuming
k> m >n >l again w, = —w,, + w, + w; can not be satisfied.

v=1 v=2 v=3 ev=4 Aav=5

,,,,,,, = TR R R L S . a 2

0 2 4 6 8 10 12 14 16 18 20 22

Figure 5.6: Relation between [ and \? for some values of v.
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Summary

In this thesis a mathematical analysis has been given for model which describes the
transversal vibrations of belt systems. The belt speed is assumed to be time-varying
and to be small compared to the wave speed. Not only linear string-like or beam-like
models but also nonlinear models have been studied. In all cases initial-boundary value
problems are formulated, and are investigated by using multiple time-scales perturba-
tion methods. Formal approximations of the solutions are constructed and it is shown
whether or not mode interactions between vibration modes occur for specific values of
the belt parameters. For some linear models instabilities in the solution occur, which
disappear when nonlinear terms are included in the model. It is also shown for what
parameter values in the nonlinear models a simplification in the formulation of the
problem (based on Kirchhoff’s assumption) can (or can not) be used.

109



Samenvatting

In dit proefschrift wordt een wiskundige analyse gegeven van modellen welke de transver-
sale trillingen van transportbanden beschrijven. De transportband snelheid wordt
verondersteld tijdsafhankelijk en klein ten opzichte van de golfsnelheid te zijn. Niet
alleen lineaire golf-of balkachtige modellen maar ook niet-lineaire modellen worden
bestudeerd. In alle gevallen worden begin-randwaarde problemen geformuleerd, en on-
derzocht door gebruik te maken van de meer-tijdschalen storings-methode. Formele be-
naderingen van de oplosingen worden geconstrueerd, en aangetoond wordt voor welke
waarden van de transportband parameters interacties tussen verschillende trillings-
vormen optreden (of niet). Voor enkele lineaire modellen verschijnen instabiliteiten
in de oplossingen, welke verdwijnen als niet-lineaire termen in het model worden
meergenomen. Ook wordt aangetoond voor welke parameter-waarden in de niet-lineaire
modellen een vereenvoudiging in the formulering van het problem (gebaseerd op de
veronderstelling van Kirchhoff) kan worden toegepast of niet.
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