
 
1 INTRODUCTION 
 
Seismic action and unreinforced masonry is a popu-
lar scientific as well as societally relevant theme in 
many countries worldwide. Recently, also The Neth-
erlands started to face seismic risk, from man-made 
shallow earthquakes due to gas extraction in the 
province of Groningen. This poses serious problems. 
About 77% of the buildings stock in that region is 
unreinforced masonry, including aged and historical 
constructions. Houses and buildings have not at all 
been designed according to any seismic code, since 
the idea of earthquakes in the country could not be 
imagined. Masonry walls are extremely slender, with 
slenderness ratios equal to 25 (whereas 7 is usual in 
seismic countries). Reinforcement is absent. In cavi-
ty walls only weak and often corroded ties are pre-
sent. Window openings are large, and stability sys-
tems often depend on slender piers only, spandrels 
being marginal, e.g. terraced houses with a through-
room (‘doorzonwoning’). Buildings are often loosely 
stacked, with little attention to stiffness of floors and 
diaphragms and to connections. Furthermore, the va-
riety in building typologies, geometries, materials, 
state and age is large. This all in a setting of uncer-
tain PGA maps that are regularly upgraded according 
to progressing insights from geologists and  ground 
motion prediction communities. Eventually, the lo-
cal population requires to assess in a short time 
whether their houses are safe, what type of upgrad-
ing is necessary, and whether damage from light 
earthquakes (over 20 quakes annually with magni-

tude 3.6 in Huizinge 2012 being the largest up till 
now) will be repaired and which costs covered.  

In this context, the Nederlandse Aardolie 
Maatschappij (NAM), a combination of Shell, Exx-
on and Dutch government, initiated a comprehensive 
research program with experimental testing and 
computational modelling of masonry being one of 
the key topics to assess risk and fragility.  

As unreinforced masonry systems respond highly 
nonlinear with quick dramatic changes in static and 
dynamic building properties,  linear elastic proce-
dures like lateral force methods or linear response 
spectrum analyses do not seem the way to go. Also, 
global ductility factors for the specific housing stock 
are not yet available. Consequently, the focus is on 
dynamic nonlinear time history analysis and/or non-
linear quasi-static pushover analysis. Figure 1 gives 
an impression of nonlinear FEM simulations for 
three typical buildings, two tested by EU Centre Pa-
via at a shake table (Graziotti et al. 2015, 2016) and 
one tested in cyclic pushover in Delft (Ravenshorst 
et al. 2016). Such studies require validated constitu-
tive formulations and pragmatic discretization at the 
structural scale, i.e. most interest is in  smeared con-
tinuum models and shell type representations. 

2 OVERVIEW MASONRY MODELS 

Numerous nonlinear modelling methods for masonry 
exist and can be categorized along different dimen-
sions. One way of categorizing them is the following  
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Figure 1. Examples of nonlinear time history and pushover 
analyses at building level, for 3 tested houses in NAM project. 
 
(limited references to overview papers are included; 
further references can be found in those papers): 
• Micro versus macro. 

As masonry is an ordered material, either a de-
tailed brick-to-brick modelling philosophy or a 
composite modelling approach where the masonry 
is conceived as an orthotropic continuum can be 
pursued. E.g.: Rots et al (1994), Lofti & Shing 

(1994), Lourenco & Rots (1997, 1998), Gamba-
rotta & Lagomarsino (1997). 

• Discontinua versus continua. 
Similarly, the nonlinear behavior can be either 
lumped into stress-displacement relations in inter-
face elements at joints, or smeared out into stress-
strain relations for the orthotropic continuum. 

• FEM versus DEM. 
The Discrete or Distinct Element Method was 
originally developed for rigid blocks with nonlin-
ear contacts between them, later extended to de-
formable blocks. For applications to masonry and 
overview see e.g. Lemos (2007), Roca et al 
(2010), Smoljanovic et al (2015). Alternative 
names are rigid body spring models, or discontin-
uous deformation analysis. They come close to fi-
nite element models with interfaces, but often the 
solution process is different. 

• Implicit versus Explicit. 
Similar to the previous distinction. Finite element 
methods use an implicit solver that assembles the 
global stiffness matrix in all steps and pursues sat-
isfaction of constitutive behavior and equilibrium. 
Instead, explicit finite element codes start from the 
theory of dynamics, and set up the equation of mo-
tion, marching forward explicitly with very small 
time steps, without assembling the global stiffness 
matrix, e.g. Dhanasekar & Haider (2008), Bakeer 
(2009), Giamundo et al (2014), while an early trial 
was made by Janssen reported in Rots et al (1994). 
Explicit codes are e.g. UDEC, LS-Dyna (applied 
by Arup in the NAM project), Abaqus-explicit, 
while implicit FEM codes are numerous. Explicit 
codes pose demands on time step size when large 
stiffness differences occur between elements. Also 
element erosion or removal criteria have to be set 
and viscosity may be overestimated. But their ad-
vantage is that they are very stable even after a se-
ries of adjacent elements fail. FEM codes do not 
have such restrictions, but conversely, post-peak 
they may suffer from convergence problems once 
softening proceeds and the stiffness may become 
ill-conditioned. For that reason, sequentially linear 
implicit FEM schemes were developed, but are 
still in an early stage (e.g. Rots & Invernizzi 
2004). 

• Macro beam/frame versus plane-stress/shell repre-
sentations. 

The former models reduce piers and spandrels to 
beam elements with calibrated component proper-
ties, while the latter start from (more) direct mate-
rial properties and model the geometry directly. 
The advantage of the first is that only a limited 
number of degrees of freedom is required per 
building, while shell models are computationally 
demanding. On the other hand the latter include 
in-plane as well as out-of-plane failure modes, 
while out-of-plane modes for slender walls are of-



ten absent in beam/frame models (Penna, Lago-
marsino & Galasco (2013). 

• Multi-scale analysis, homogenization and enriched 
continua. 

Masonry is a paradise for the multi-scale commu-
nity. The often regular stacking pattern and perio-
dicity allow for subdomains to be solved in a de-
tailed manner in nested computational approaches. 
Also, the bond pattern suggests the use of higher 
order continua like micro-polar Cosserat or non-
local or gradient damage theories. It is generally 
felt that these methods are not (yet) applicable in 
practical analysis at building level. A state-of-the-
art was edited by e.g. Angellilo (2014), Lourenco 
& Milani (2014), Baraldi et al (2015). 

• Decomposed-strain based versus total-strain based 
continuum models. 

Many continuum models in implicit FEM codes 
start from the additive strain decomposition into 
an elastic part and a plastic/damage part, such as 
the multi-surface plasticity based approaches, e.g. 
Feenstra (1993), Lourenco et al (1997), Garafano 
et al (2015) with Rankine-Von Mises and Ran-
kine–Hill; Milani & Valente (2015), Avossa & 
Malangone (2015) with Drucker-Prager elasto-
plasticity; Pela et al (2012) with damage models. 
A disadvantage of such models is that they are not 
always robust, due to corners in the yield surface 
or complex anisotropic softening rules. For this 
reason, Feenstra et al (1998) started the develop-
ment of total-strain based models in the FEM 
software DIANA. The new total stress is picked 
directly on the basis of the current total strain ac-
cording to pre-set direct uniaxial stress-strain rela-
tions. This model developed for concrete is con-
ceptually simple, robust and has become by far the 
most popular constitutive model in DIANA, at the 
structural scale too (Mendes & Lourenco 2009, 
Giamundo et al 2014, Giardina et al 2015). How-
ever, the current version of the model assumes ini-
tial isotropy and simple secant unload-
ing/reloading, which calls for a new model 
including the specific features of masonry. 

3 EXPERIMENTAL EVIDENCES 

Due to the earthquakes induced in the province of 
Groningen, a comprehensive experimental campaign 
has been performed at the testing laboratory Stevin II 
at Delft University of Technology in 2015.  

The campaign, with outcomes reported in Esposi-
to et al. (2016), Jafari et al. (2016), Ravenshorst et 
al. (2016), and Ravenshorst & Messali (2016a,b), 
suggested that the following features should be con-
sidered when modeling structural masonry. 

Masonry is an anisotropic material; besides, it 
presents preferential cracking planes, and the post-
cracking behavior depends on the plane orientation. 

Specifically, compressive tests performed normal to 
bed- and head-joints, respectively, returned different 
values of the Young’s moduli and compressive 
strengths. Flexural tests with the moment vector par-
allel or orthogonal to the bed joints showed various 
failure crack patterns (Figure 2), to which signifi-
cantly different tensile resistances are associated. 

The compression tests showed a highly nonlinear 
behavior since very low stresses (σc > 10% fc). 

Each single failure mechanism (tensile, compres-
sive, and sliding failure) is characterized by different 
post-peak and unloading/reloading behaviors. The 
tensile behavior is described by quasi-brittle failure 
and secant unloading/reloading; compressed mason-
ry showed larger ductility with a linear softening and 
elastic unloading down almost to zero compressive 
stresses (Fig. 3a); shear failure is characterized by 
quasi-brittle failure of cohesion, a long plastic plat-
eau and elastic unloading (Fig. 3b). 
 

 

(a) 

 

(b) 

Figure 2. Crack patterns of calcium silicate masonry specimens 
subject to: (a) out-of-plane vertical bending test; (b) out-of-
plane horizontal bending test (Esposito et al., 2016). 
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(b) 

Figure 3. Examples of  stress-strain and stress-displacement 
curves for compressive and shear tests, respectively, on Calci-
um Silicate Masonry (tests Esposito et al., 2016). 

 
Both structural components and complex struc-

tures proved to be able to sustain displacement much 



larger than that corresponding to the peak resistance; 
consequently, the definition of an algorithm proce-
dure which may be stable also in the post-peak phase 
is essential to properly define the failure of the struc-
ture. 

4 A NEW ANISOTROPIC TOTAL STRAIN 
MODEL 

In order to proper reproduce the main characteristics 
of masonry under cyclic loading listed in the previ-
ous section, a constitutive model based on a simple 
smeared total strain formulation is hereinafter pre-
sented. 

Traditional total strain based continuum models 
were originally developed for concrete and assume 
an isotropic material and are based on secant unload-
ing and reloading; besides, they do not distinguish 
between tensile cracks (normal either to bed- or 
head-joints) and shear cracks. For these reasons, they 
might fail to accurately reproduce the different fail-
ure modes of masonry, and they usually underesti-
mate the energy absorption.  

The proposed constitutive model, conversely, co-
vers tensile, shear and compression failure modes in 
a x,y horizontal-vertical bed joint–head joint system. 
Adequate secant, elastic and mixed hysteresis loops 
for the different failure modes are considered. Final-
ly, the model includes the orthotropic behavior of 
masonry, by using different values for the elastic and 
inelastic properties in the two principal directions. 
The constitutive model can be applied in combina-
tion with regular plane stress (membrane) and 
curved shell elements for modelling either the in-
plane or the out-of-plane failure of masonry struc-
tures. 

Specifically, the model is characterized by the 
alignment of the x-local axis of each element with 
the mortar bed-joints, whereas the y-local axis is ori-
ented along the head-joints (Figure 4). 

In the elastic phase, anisotropy is considered. 
Poisson’s ratio is set to zero for reasons of simplicity 
and robustness. 

Three pre-defined crack directions in the plane of 
the element are considered: two of them are set 
along the local x- and y-axes of the element, whereas 
a third one (t) is aligned to the diagonal direction de-
termined by the pattern of the bed- and head-mortar 
joints, as shown in Figure 4. 

Different failure mechanisms are considered: ten-
sile cracking, compressive crushing, and shear slid-
ing. Tensile cracking is assessed in the three direc-
tions normal to the crack planes (i.e. local x-, y- and 
n-directions); a secant nonlinear unloading and re-
loading behavior, similar to that adopted in tradi-
tional total strain crack models, is assumed. Com-
pressive crushing is assessed in the directions 
normal to the local x- and y-directions only (i.e. 

normal to head- bed-joints, respectively); a nonlinear 
non-secant unloading and reloading behavior is con-
sidered. The in–plane shear stresses are limited by a 
standard Coulomb friction failure criterion, based on 
the stress normal to the bed-joint. 

In shell elements, the out–of–plane shear stiffness 
components are assumed to be linear elastic. 
 

 
Figure 4. Pre-defined crack directions (x, y, n) included in the 
constitutive model. 

 

4.1 Elastic behavior 
The orthotropic behavior of masonry is one of the 
peculiar features of the proposed model. Different 
elastic parameters are set in the direction of the bed- 
and head-joints. In order to improve the stability of 
the numerical procedure, the model assumes that 
there is no coupling between the stiffness of the 
normal components in the x- and y-directions and 
that of the in–plane shear component; any interaction 
between the normal components is also neglected. 
The assumption appears to be adequate given the 
small values of the Poisson’s ratio typical of Dutch 
brick masonry (Esposito et al., 2016) and the small 
role that the elastic behavior plays after that the ma-
sonry is cracked. As a consequence, the stiffness ma-
trix is a diagonal matrix, whose components are re-
ported in Equation (1). 
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Three independent values (the Young’s moduli Ex 

and Ey, and the shear modulus G), needs to be evalu-
ated. The two Young’s moduli Ex and Ey can be de-
rived by standard compressive tests on masonry wal-
lets, tested normally to bed- and head-joints, 
respectively. Whether other information is not avail-
able, the Young’s modulus in the direction parallel 
to bed-joints might be set as a fraction of the modu-
lus normal to bed-joints. Based on the experimental 
results reported in (Jafari et al. 2016), the values in 
Table 1 are proposed. 

The shear modulus G can be evaluated from di-
agonal compressive tests, as suggested by standards 
(ASTM International, 2010), or it can be simply es-



timated as a fraction of the Young’s modulus. 
Standards (de Normalisation C. E., 2005) suggest 
that the shear modulus, G, may be taken as 40 % of 
the Young’s modulus normal to bed-joints, Ey. 
However, experiments (e.g. Bosiljkov et al, 2005) 
show that the value of the shear modulus can be sig-
nificantly reduced (10-30% of the elastic modulus). 
 
Table 1. Estimated ratios between the Young’s moduli in x- and 
y-directions. 
Ex/Ey Existing 

masonry 
Replicated 
masonry 

Clay bricks 0.45 
(solid bricks) 

0.77 
(perforated bricks) 

Calcium silicate bricks 0.7 0.63 

4.2 Tensile behavior normal to the local axes (x, y) 
In the element local x- and y-directions, positive ten-
sile stresses are computed according to an uniaxial 
relation, based on the respective strain component 
(εi), the value of the maximum strain that has ever 
been experienced during the loading history (εti) and 
the corresponding stress (σti), where i takes the value 
1 for the x-direction, and 2 for the y-direction. 

The tensile uniaxial stress–strain curve for each 
local direction is defined by the Young’s modulus 
(Ei), the tensile strength (fti), and the crack fracture 
energy (Gfti) (Fig. 5). A linear softening curve is as-
sumed, and the ultimate tensile strain (εuti) defined as 
the strain value at which the crack is fully open and 
no stress can be transferred. Consequently, εuti can be 
computed according to the following equation: 

( )tiftiuti fhG2=ε  (2) 

where h is the crack bandwidth of the element, over 
which the crack is smeared, related to the size of the 
finite element. Secant unloading and reloading is as-
sumed. 
 

 
Figure 5. Uniaxial tensile stress-strain curve normal to the local 
axes (x, y). 
 

The tensile strength parallel to bed-joints (ft1) is 
evaluated in each single integration point and de-
pends on analytical observations of the behavior of 
masonry in tension initially recorded by Kasten & 
Schubert (1985), and commonly accepted in the lit-
erature (e.g. Rots 1997). If head-joints are assumed 
to be unable to transfer any tensile strength, masonry 
failure can occur when either bricks fail in tension 

(mechanism a), or shear slip takes place along the 
bed-joints (mechanism b). Thus, the masonry tensile 
strength parallel to bed-joints (ft1) can be computed 
according to the following set of equations: 

( )btatt fff ,1,11 ;min=  (3) 

( ) tb
jb

b
at f

hh
hf
+

=
2,1  (4) 

α
τ
tan

max
,1 =btf  (5) 

where ft1,a and ft1,b are the tensile strengths related to 
mechanism a and b, respectively, hb and hj the thick-
ness of bricks and bed-joints, respectively, and τmax 
is the limit shear stress (completely defined in sec-
tion 4.4).  

The tensile strength normal to bed-joints (ft2) is a 
fix input value, and can be estimated from flexural 
tests on masonry wallets with the moment vector 
parallel to the bed joint and in the plane of the wall. 

The same value for the fracture energy is assumed 
for both the loading directions. 

4.3 Compressive behavior normal to the local axes 
(x, y) 

In the element x- and y-direction, the normal com-
pressive stresses are defined by the respective strain 
component (εi), the minimum value of the strain that 
has ever been reached (εci), and the corresponding 
stress (σci), where i takes the value 1 for the x-
direction, and 2 for the y-direction. 

The compressive uniaxial stress–strain curve for 
each local direction is defined by the Young’s modu-
lus (Ei), the compressive strength (fci, defined as pos-
itive value), the compressive fracture energy (Gfci), 
and a factor (ni) which takes into account the de-
formability of the masonry beyond the elastic limit 
and is defined as: 

( ) cipiii fEn ε=  (6) 

where εpi is the strain of masonry at peak compres-
sive strength and is defined as positive value. 

The uniaxial curve consists of a sequence of a 
third order and a parabolic curve up to the compres-
sive strength, and a linear softening curve until a re-
sidual stress of 10% of the compressive strength is 
reached: 
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where B1, B2 and B3 are defined as follows: 
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and the ultimate compressive strain (εuci) is defined 
as the absolute value of the strain for which the line-
ar softening curve would reach the zero-stress level, 
according to the following formulation: 
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where h is the crack bandwidth of the element. For 
sake of simplicity and given the uncertainties related 
to the evaluation of the compressive fracture energy 
Gfci, Equation 11 assumes that the curve is approxi-
mated by a multilinear curve. 

A bilinear unloading curve is proposed and an un-
loading factor λ (0 ≤ λ ≤ 1) is defined: elastic un-
loading (unloading stiffness Ei) is followed by secant 
unloading according to: 

( ) ( )

( )









<≤−−
−

−−<−+
=

01
1

1

εσλεε
λ

λ

σλεεεεσ
σ

i

ci
ciii

i

ci
ciciiici

i

E
E

E
E

 (12) 

Consequently, λ = 0 corresponds to unloading to 
zero stress with the initial stiffness Ei and λ = 1 cor-
responds to secant unloading to the origin. 

A secant reloading is also assumed: 

( )ici
ici

i
ii 0

0
0 σσ

εε
εσσ −
−
∆

+=  (13) 

where Δεi is the strain increment, and ε0i and σ0i are 
the strain and stress at the beginning of the incre-
ment, respectively. 

The uniaxial compressive stress-strain curve from 
Equations 7-13 is graphically displayed in Figure 6. 

 

 
Figure 6. Uniaxial compressive stress-strain curve normal to the 
local axes (x, y). 
 

The proposed model proved to be capable to repro-
duce properly the highly nonlinear compressive be-
havior showed by performed tests reported in Jafari 
et al. (2016) and Esposito et al. (2016); this specific 
feature is required to describe the energy dissipation 
that can occur also before that the peak strength is 
reached. An example of a comparison  between the 
stress-strain curves obtained from the compression 
tests on Calcium Silicate masonry performed normal 
to bed-joints and the numerical curve obtained from 
Equation 7 is show in Figure 7. 
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Figure 7. Stress-strain curves up to peak strength from com-
pression tests on Calcium Silicate masonry performed normal 
to bed-joints (Esposito et al. 2016) and from Equation 7 (abso-
lute values are considered). 

4.4 In-plane shear behavior along the mortar joints 
An elastic uniaxial stress-strain curve depending on 
the initial shear stiffness (G) and a limit cap (τmax), 
relates the in–plane shear stress (τxy) and the in–
plane shear strain (γxy): 
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where Δγxy is the strain increment, τ0 is the stress at 
the beginning of the increment, and τmax is defined 
according to the following frictional law: 

( )ϕστ tan;0maxmax yyc −=  (15) 

where c is the cohesion and φ the friction angle. 
The cohesion c reduces linearly with the cumula-

tive frictional shear strain γcum until its value is re-
duced to zero at a total shear strain of γ = γult. Be-
sides, when an integration point has already cracked 
normal to the horizontal direction (εt2 > ft2 / E2) the 
cohesion c is immediately reduced to zero. γcum is de-
fined as the sum of the incremental shear strains over 
all steps in which the shear stress is equal to the limit 
cap (|τ|= τmax). γult is defined by the shear fracture 
energy (Gfs) as: 



Gh
G yyfs

ult

ϕσ
γ

tan2
+=  (16) 

where h is the crack bandwidth of the element. 
Figure 8 illustrates graphically Equations 14-16. 
 

 
Figure 8. Uniaxial in-plane shear stress-strain curve. 

4.5 Tensile behavior normal to the diagonal axis n 
A non-linear uniaxial behavior of the tensile stresses 
normal to the diagonal failure line defined by the an-
gle α is also considered. 

The state of stress in the coordinate system nt, ro-
tated of an angle β with respect to the local xy axes 
(β = π/2 ± α), is computed according to equation 17. 
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A tensile cap for the normal stress σnn is consid-
ered. The cap is evaluated via a quadratic relation 
between the tensile resistance in the x- and the y-
direction: 

( ) ( )22 sincos αα
α

tytx

tytx
t

ff

ff
f

+

⋅
=  (18) 

where ftx and fty are evaluated according to the pro-
cedure reported in section 4.2. 

If the ratio coefficient σnn / ftα is larger than one, 
then the stresses in the local xy coordinates are 
recomputed so that the component in the n-direction 
is equal to the tensile cap; the other components (σtt 
and τnt) are unchanged: 
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It should be noted that the diagonal strength cal-
culated according to Equation 18 is deeply related to 

the masonry shear sliding mechanism, since the con-
sidered tensile strength in the x-direction is reached 
when slip takes place along the bed-joints (sec-
tion 4.2). Alternatively, the diagonal tensile strength 
can be estimated via diagonal compression tests, as 
widely suggested in the literature (e.g Calderini et 
al., 2010). The diagonal compression tests return a 
single value of the tensile strength, independent of 
the confining effect provided by the vertical stresses. 
However, as displayed in Figure 9, the values of the 
computed diagonal resistance are almost constant as 
long as a small compression is provided along the 
vertical axis. 

Since both the diagonal cracking failure mode and 
the shear behavior along the bed-joints failure mode 
are strictly related to masonry shear sliding, the pro-
posed model can evaluate Equations 17-19 either 
additionally or alternatively to Equations 14-16. 
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Figure 9. Tensile strength in the diagonal direction at varying 
the vertical normal stress for typical brick masonry patterns 
(α = 30°; 45°). 

5 NUMERICAL EXAMPLES 

The ability of the proposed model to reproduce the 
outcomes of experimental results performed on ma-
sonry structural components is hereinafter discussed. 
Four numerical analyses of masonry walls subjected 
to in-plane cyclic loads (two from the literature and 
two from the recent experimental campaign per-
formed at TU Delft in 2015) are presented. The 
walls are modelled with eight-node continuum plane 
stress elements with average edge length of 0.1 m. A 
quasi-static implicit non-linear analysis is performed 
with full New-Raphson iteration scheme, taking both 
physical and geometrical nonlinear (Total Lagrange) 
behavior into account. Both the displacement and 
force based convergence criterion are applied with 
standard tolerance values (0.01). 

In the implemented constitutive model the diago-
nal cracking criterion is considered as an alternative 
to shear friction criterion (i.e. Equations 14-16 are 
not considered). 



5.1 CNR walls 
Two masonry walls were tested at Pavia University, 
Italy, in an international cooperative program. 

Both walls were composed of 250x120x55 mm3 
bricks, arranged in two-wythes, of same width (1000 
mm), thickness (250 mm), and joint thickness (10 
mm). Two different height/width ratio (2.0 and 1.35) 
were chosen, to obtain a flexural (for the high wall) 
and shear failure mechanisms (for the short wall). 

The loads and boundary conditions are chosen in 
order to reproduce properly the experimental condi-
tions. First, the dead load and a uniform pressure 
load of 0.6 N/mm2 are applied on the top edge. Sub-
sequently, the vertical load is maintained constant 
and a series of prescribed horizontal displacements 
of increasing amplitude is imposed at the top-left 
corner. All nodes at the top edge are rigidly linked to 
have the same vertical and horizontal displacements. 

Figure 10 presents a comparison between the ex-
perimental and numerical results of the high wall in 
terms of horizontal force vs. top displacement. Fig-
ure 11 shows the principal tensile strains represented 
on the deformed mesh for the maximum  and mini-
mum lateral displacement (±12.5 mm). The output 
of the numerical response shows the rocking failure 
mechanism of the wall, with flexural horizontal 
cracks at the top and bottom ends that cyclically 
opens and closes according to the loading verse 
(Figure 11). A similar crack pattern was observed  
during the experimental test, as roughly depicted in 
the inset in Figure 10 and reported in (Anthoine et al. 
1995). Also the peak resistance (Fnum = 65.4 kN vs. 
Fexp = 72 kN) and the low energy dissipated are quite 
accurately predicted by the numerical simulation. 
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Figure 10. Experimental (from Anthoine et al 1995) and numer-
ical shear force–displacement diagram of the CNR high wall. 

 

 
Figure 11. Principal tensile strains on the deformed mesh at the 
maximum positive and negative displacements, respectively, of 
the CNR high wall. 
 

Similar remarks can be stated regarding the low 
wall. Figure 12 reports the horizontal force vs. top 
displacement plot for both the experimental test and 
the numerical simulation. The numerical analysis 
can provide an accurate prediction of the peak re-
sistance (Fnum = 80.5 kN vs. Fexp = 84 kN) and a 
good description of the post-peak softening behavior 
exhibited by the short wall. Besides, also the large 
energy dissipation associated to shear failure is fairly 
predicted. 

5.2 TUD walls 
As stated in Section 3, a series of masonry shear  

walls has been tested within the framework of the  
experimental campaign performed at Delft Universi-
ty of Technology (Ravenshorst & Messali 2016a). 
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Figure 12. Experimental (from Anthoine et al 1995) and numer-
ical shear force–displacement diagram of the CNR short wall. 

 

Experiment Experiment 



 
Figure 13. Principal tensile strains on the deformed mesh at the 
maximum positive and negative displacements, respectively, of 
the CNR short wall. 

 
The experimental campaign included four “short 

walls” (with shear ratio H/L = 2.5) and three “long 
walls” (H/L = 0.6875). In this paper, one short wall 
(TUD_COMP-0a) and one long wall (TUD_COMP-
4) are considered. Both walls were composed of 
210x102x70 mm3 calcium silicate bricks, arranged 
in a single-wythe, with same height (2750 mm), 
thickness (102 mm), and joint thickness (10 mm). 
The short wall was 1.1 m long, whereas the long 
wall was 4.0 m long, so that both flexural (for the 
high wall) and shear failure mechanisms (for the 
short wall) are considered. The numerical loads and 
boundary conditions are chosen in order to repro-
duce properly the experimental conditions. In the 
first load-step the dead load and a uniform pressure 
load on the top edge of the wall (of 0.7 N/mm2 and 
0.5 N/mm2, respectively) are applied. In the follow-
ing steps  the vertical load is maintained constant 
and a series of prescribed horizontal displacement of 
increasing amplitude is imposed at the top-left cor-
ner of the wall. All the points of the top edge of the 
wall are rigidly linked to have the same vertical and 
horizontal displacements.  

Figure 14 presents a comparison between experi-
mental and numerical results of the short wall in 
terms of horizontal force vs. top displacement. The 
peak lateral resistance is accurately predicted 
(Fnum = 29.5 kN vs. Fexp = 30.6 kN); however, the 
energy dissipation is underpredicted for most of the 
cycles of large amplitude. 

Figure 15 shows a comparison between the crack 
pattern at the end of the experimental test and the 
principal tensile strains represented on the deformed 
mesh for the minimum lateral displacement (-22.5 
mm). The output of the numerical response shows 
that a rocking mechanism occurs, with flexural hori-
zontal cracks at the top and bottom ends of the wall; 
however, both the experimental crack pattern and the 
numerical output show that also diagonal cracking 
takes place in the panel. 

The numerical simulation of the long wall returns 
more inaccurate results. Figure 16 presents a com-
parison between experimental and numerical results 
of the short wall in terms of horizontal force vs. top 
displacement. The peak lateral resistance is over 

predicted (Fnum = 160 kN vs. Fexp = 123 kN) and also 
the energy dissipation is under predicted for most of 
the cycles of large amplitude. Finally, also the com-
parison between the crack pattern at the end of the 
experimental test and the principal tensile strains 
represented on the deformed mesh for the minimum 
lateral displacement (-5.4 mm) shows some discrep-
ancies (Figure 17), even if the detected main failure 
mechanism is the same (diagonal cracking with dis-
sipating shear failure). The output of the numerical 
response shows the incipience of a rocking mecha-
nism, and diffuse diagonal inelastic strains in the 
middle of the wall panel, whereas, only localized di-
agonal cracks are detected from the experimental 
test. 
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Figure 14. Experimental (from Ravenshorst & Messali 2016a) 
and numerical shear force–displacement diagram of the TUD 
short wall TUD_COMP-0a. 

 

 
Figure 15. Experimental crack pattern at end stage and princi-
pal tensile strains on the deformed mesh at the maximum nega-
tive displacement, of the TUD short wall TUD_COMP-0a. 
 

Therefore, the constitutive model appears to be 
able to reproduce adequately the experimental cyclic 
response of walls subjected either mainly to rocking 
failure (such as the CNR high wall and the TUD 
short wall) or to shear failure (such as the CNR low 
wall), in terms of resistance, and description of the 
hysteresis cycles. Moreover, the model is able to 
predict the post-peak softening behavior without ex-
periencing stability issues. However the model still 



needs to be improved further to provide more accu-
rate results in terms of localization of the cracks and 
prediction of the energy dissipation (such as for the 
TUD long wall). 
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Figure 16. Experimental (from Ravenshorst & Messali 2016a) 
and numerical shear force–displacement diagram of the TUD 
long wall TUD_COMP-4. 

 

 

 
Figure 17. Experimental crack pattern at end stage and princi-
pal tensile strains on the deformed mesh at the maximum nega-
tive displacement, of the TUD long wall TUD_COMP-4. 

6 SEQUENTIALLY LINEAR ANALYSIS (SLA) 

Apart from the constitutive model and the finite 
element discretization, also the temporal discretiza-
tion is key in tracing the nonlinear response of his-
torical constructions. Usually analysts employ an in-
cremental-iterative implicit procedure, but stability 
cannot always be guaranteed once structural parts 
start softening. 

The issue was introduced in section 2, where the 
alternative of an explicit procedure with small time 
steps was mentioned so that motion information 
from an element does not go further  than the imme-
diately adjacent elements, circumventing the need to 

set up a global stiffness matrix. In Section 2, also 
another alternative, namely sequentially linear im-
plicit analysis was introduced, which will be further 
discussed in this section. 

Masonry is a brittle softening material generating 
highly discontinuous load-displacement response 
with local peaks, jumps and snaps a structural level. 
In addition, upon applying finite load increments a 
series of Gauss points may crack simultaneously, 
leading to alternative equilibrium states (bifurca-
tions) with multiple cracks competing to survive. 
The consequence is that incremental-iterative tech-
niques cannot guarantee convergence and robustness 
due to negative softening tangent stiffness. Newton-
Raphson does not fit such non-smooth temporal 
problems and advanced path-following techniques 
such as arc-length methods only partly remedy the 
problem. Some problems can be run in displacement 
control which is relatively stable, but in general cas-
es like mass-proportional pushovers arc-length 
should be inserted which only partially helps. As a 
solution, sequentially linear analysis (e.g. Rots & In-
vernizzi 2004) has been developed. The method dis-
cretizes the local softening diagram (Figure 18) and 
traces global response via a series of critical events 
that reach some peak of some saw-tooth in some ma-
terial point. After a material point has been critical, 
its strength and stiffness are reduced i.e. the secant 
stiffness is reduced, the linear analysis is repeated 
and the next critical event is searched for. The se-
quence of linear shots provides the global load-
displacement response. 

 
Figure 18. Saw-tooth softening diagram for SLA. 
 

As the secant stiffness is always positive, the 
method is very stable, no ill-conditioning occurs and 
the process marches forward explicitly, even for 
spiky sharp snap-back type paths. The philosophy of 
the method is: we discretize the space via finite ele-
ments, we discretize the input material softening 
(saw-tooth) and we re-compute/scale the load from 
the fact that only one event occurs, i.e. only one new 
saw-tooth damage extension. Conventional models 
discretize the load in steps and the material point 
may be anywhere on a continuous softening branch. 
The SLA procedure is thus damage-driven, rather 
than load or time step driven. Extensions to non-
proportional loading (DeJong et al 2008, Hendriks & 
Rots 2013, Van de Graaf 2016) where the existing 
load should be kept fixed and the active load scaled 



and to stepwise rotating smeared cracks (Rots & 
Hendriks 2015) have been pointed out. 

Figure 19 shows an example of the ETH Zurich 
wall, simulated before by e.g. Lourenco & Rots 
(1998). Both the tensile and compressive stress-
strain curves of the masonry were discretized into 
saw-tooth diagrams. No attempt was made to fit pa-
rameters precisely. More than 25000 elastic cycles  
were run, and the series produced a stable load-
displacement diagram far beyond the peak, even 
while significant energy was released in compressive 
softening. 

A second example is a shear wall with a saw-tooth 
implementation for Coulomb friction with cohesion 
softening as well as tensile softening in interface el-
ements. Again, the series of linear analyses produces 
as an envelope the nonlinear structural response 
(Figure 20). Here, compression softening was not in-
cluded. 

 

 
Figure 19. Load-displacement response and crack/crush zones 
for SLA analysis of ETH Zurich wall (Kraus 2014), compared 
to experiments and previous analysis (Lourenco & Rots 1998). 

 
 

Figure 20. Load-displacement response and deformed mesh for 
SLA analysis of shear wall (Van de Graaf 2016). 

 
Other examples for a masonry structure subjected 

to tunnelling-induced settlements, again with non-
proportional loads, were reported by Giardina et al 

(2013). A current limitation of SLA is that it is not 
possible to include cyclic response, only monotonic 
push-overs. This is currently under investigation, as 
is extension to geometrically nonlinear analysis (re-
starts from the new mesh position, or via an updated 
B-matrix) and the possibility of sequentially linear 
response spectrum analysis. 

 

CONCLUSION 

Computational models for masonry were reviewed 
and judged upon their practical ability to predict 
failure, ductility and softening at structural level. A 
stress-total strain based anisotropic model was for-
mulated including basic mechanisms in tension, 
shear and compression and adequate unload-
ing/reloading. Validation against benchmarks avail-
able in the literature and a multi-level experimental 
campaign for Groningen masonry (typical result in 
Figure 21) demonstrated that the model is able to 
predict ultimate loads, ductility and structural hyste-
resis properly. Predicted crack directions replicate 
experimental findings but in some cases the patterns 
are too diffuse, which calls for improvements. Final-
ly, the potential of sequentially linear analysis with 
saw-tooth softening is demonstrated to be a robust 
alternative to Newton-Raphson incremental-iterative 
schemes in implicit FEM, being able to capture 
structural softening in a stable way. 
 

 
Figure 21. Example of experimental tensile, shear and com-
pression (splitting) modes (Ravenshorst & Messali 2016a) to be 
reproduced numerically. 
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