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Abstract—A framework is presented for generalized minimum distance
(GMD) decoding with a limited number of decoding trials and a restricted
set of reliability values. In GMD decoding, symbols received from the
channel may be erased before being fed into an algebraic error-erasure
decoder for error correction, in subsequent or simultaneous trials with
different erasing patterns. The decision whether or not to erase a symbol in
a certain trial is taken by an erasure-choosing algorithm which takes into
account reliability information from the channel. The final GMD decoder
output is a codeword which results from a decoding trial and satisfies a
certain distance criterion. For various erasing strategies and reliability
sets, the guaranteed error-correction radius and the unsuccessful decoding
probability of this technique are studied. Both known and new results,
with applications to concatenated coding, follow from the unified approach
presented in this correspondence.

Index Terms—Concatenated codes, generalized distance, multitrial de-
coding, reliability-based decoding.

I. INTRODUCTION

Generalized minimum distance (GMD) decoding, as introduced by
Forney [6], [7], permits flexible use of reliability information in alge-
braic decoding algorithms for error correction. It applies to both bi-
nary and nonbinary codes. The main idea is to use a simple algebraic
error-erasure decoder in a multitrial fashion, with different erasing pat-
terns based on reliability information from the channel and termination
based on a certain distance criterion. In this way, the virtues of proba-
bilistic and algebraic decoding approaches can be combined.

Although GMD decoding is a rather old technique, it is still highly
relevant. It is also considered in combination with more modern tech-
niques. For example, in [13], a concatenated coding scheme has been
proposed with a turbo inner code and a Reed–Solomon outer code. In
case the maximum number of iterations for inner turbo decoding has
been reached and outer (hard-decision) decoding is still unsuccessful,
the outer decoder computes the reliability values of its input symbols
based on the soft output information of the inner turbo decoder and car-
ries out a final GMD-like decoding step.

In this correspondence, we study the effects of reducing the max-
imum number of decoding trials (as proposed in [12]) and/or reducing
the set of allowable reliability values in GMD decoding. The latter
may be of importance since, in any digital implementation, the reli-
ability values need to be quantized. Moreover, in some applications,
e.g., GMD decoding of concatenated codes over discrete channels, the
reliability values are discrete in nature. The proposed limitations on
the maximum number of trials and the allowable reliability values may
considerably decrease the decoding complexity, but possibly at the ex-
pense of performance degradation. A general framework is presented
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for suchreduced GMD decoders, with Forney’s algorithm (multitrial,
broad range of reliability levels) at one side of the spectrum and er-
rors-only decoding (single trial, only one reliability level) at the other
side.

Several performance studies and many variations on and extensions
or improvements to the GMD decoding principle have been proposed
over the years [2], [4], [9], [10], [15], see, e.g., [8] for an overview. Still,
we have chosen to refer to Forney’s original work in the evaluation of
the effects of reducing the number of trials and/or allowable reliability
levels. It should be noted, however, that much of the analysis presented
here may apply to other GMD-based soft-decision decoding techniques
as well.

We assume the following setting. A codewordccc = (c1; . . . ; cn)
from a q-ary codeC of lengthn and Hamming distanced is trans-
mitted over a channel which may distort the transmitted symbols. Let
zzz = (z1; . . . ; zn) be the channel output, wherezi does not necessarily
belong to the code alphabet. A detector delivers, for eachi = 1; . . . ; n,
aq-ary symbolri, which belongs to the code alphabet, and which rep-
resents the detector’s estimate ofci based onzi, and a reliability value
�i, which belongs to a setR, and which represents the detector’s confi-
dence in its estimate. The input to the decoder consists of the received
q-ary vectorrrr = (r1; . . . ; rn) and the associated reliability vector
��� = (�1; . . . ; �n).

We assume in the following thatR is a closed subset of the real
interval [0; 1] containingf1g, i.e.,

f1g � R � [0; 1]: (1)

The lower�i, the less reliable is the symbolri, with �i = 0 corre-
sponding to “fully unreliable.” Throughout the rest of the correspon-
dence, we will assume without loss of generality, that the ordering of
the received symbols is such that�i � �i+1 for i = 1; . . .n� 1.

Of particular relevance are the families of sets

R� = [�; 1] (2)

with � 2 [0; 1], and

Rm =

bm=2c

i=0

f1� 2i=mg (3)

with m = 1; 2; 3; . . .. These include the simple cases of taking only
hard decisions(� = 1 orm = 1) and of allowingerasures(m = 2).

The generalized distancebetween the received wordrrr with relia-
bility vector��� and aq-ary vectorvvv = (v1; . . . ; vn) is defined as

dG(vvv; rrr; ���) =
i: v =r

(1� �i)=2 +
i: v 6=r

(1 + �i)=2: (4)

Note that forR = R1 = f1g, i.e.,�i = 1 for all i, the generalized
distancedG(vvv; rrr; ���) reduces to the Hamming distancedH(vvv; rrr) be-
tweenvvv andrrr.

Forney [6], [7] has shown that for anyrrr and���, there can be at most
one codewordccc such that

dG(ccc; rrr; ���) < d=2: (5)

Furthermore, he has also shown that if a codeword satisfying (5) ex-
ists, it will be found by the following simple procedure. In trialj (with
initial value j = 1), the2j � 1 (if d is even) or2j � 2 (if d is odd)
most unreliable received symbols inrrr are erased, after which the re-
sulting sequence is fed into an (algebraic) error-erasure decoder with
the property that it returns the original codeword whenever the numbers
of erasurese and errorst are such that2t+ e < d. If the error-erasure
decoder generates a codewordccc satisfying (5), then this codeword is

0018-9448/03$17.00 © 2003 IEEE



1014 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 49, NO. 4, APRIL 2003

taken as the final decoding result, elsej is increased by1 and another
trial is performed, unlessj exceedsdd=2e, in which case the procedure
is terminated.

Although Forney’s method finds the codewordccc (if one exists) satis-
fying (5) in (at most)dd=2e trials foranyreliability setR, the termgen-
eralized minimum distance (GMD) decodinghas been reserved mainly
for this procedure in combination with the reliability setR = R0 =
[0; 1]. For thisR, Forney has shown that for binary antipodal signals
sent over an additive white Gaussian noise (AWGN) channel, GMD
decoding has effectively the same error probability as maximum-like-
lihood (ML) decoding at high signal-to-noise ratios (SNRs).

Kovalev [12] considered limiting the maximum number of decoding
trials to an arbitrary numberl less thandd=2e. In this case, the recovery
of the transmitted codewordccc is guaranteed if and only if the general-
ized distancedG(ccc; rrr; ���) is less than some number, which we call the
guaranteed error-correction radius achievable by the decoder.

In his work, Kovalev considered fixed erasing strategies, where the
number of symbols to be erased in each trial is fixed, and optimized
erasing strategies, where this number is optimally chosen, based on the
reliability vector���, to maximize the guaranteed error-correction radius
of the decoder. For the reliability setR = [0; 1], Kovalev determined
or bounded the guaranteed error-correction radius ofl-trial decoders
employing either fixed erasing strategies or optimized erasing strate-
gies.

In addition to fixed and optimized erasing strategies, we study, in
this correspondence, threshold erasing strategies, where the decision
of erasing or not erasing a given symbol in a given trial depends on
whether or not the reliability of the symbol falls below a certain prede-
termined threshold. In particular, unlike fixed and optimized erasing
strategies, the decision does not depend on the reliabilities of other
symbols. Hence, for threshold erasing, the detected symbols need not
be ordered in terms of reliability values. By covering threshold erasing
strategies, the decoding techniques of concatenated codes developed
by Zyablov [16] fit naturally in our framework.

For fixed, threshold, and optimized strategies, we study GMD de-
coding in case the reliability setR is a subset of[0; 1]. In particular,
we focus on the setsR�andRm introduced in (2) and (3), respec-
tively. The (maximum) number of trialsl is considered as a parameter
that reflects the allowable cost and/or delay of the decoder. Restricting
R and/orl leads to the concept of reduced GMD decoding.

In Section II, we consider the guaranteed error-correction radius in
case of such reduced reliability sets. This is the maximum number
such that, for anyrrr and���, there is at most one codewordccc such that
dG(ccc; rrr; ���) is less than this number. From (5), we know that the guar-
anteed error-correction radius is at leastd=2. Depending onR andd,
we show that the guaranteed error-correction radius may be larger than
d=2. In such cases, we have a less stringent criterion to accept the de-
coder’s output. If no codeword satisfying the criterion is found, one can
decide to have no decoding result at all (decoding failure), or to choose
as the final decoding output a codeword generated in one of the trials,
which is closest to the received sequence in generalized distance sense.
In this correspondence, we assume that the first option is in use, i.e.,
the original codeword is retrieved if and only if it satisfies the criterion.
Although there are even less stringent conditions for some choices of
��� [5], [14], ours, by definition, cannot be improved upon for all���. In
particular, employing criteria different from ours may lead to a reduc-
tion in decoding failure probability, but has no impact on results that
have to consider the worst possible���. For this reason, we employ the
criterion based on the guaranteed error-correction radius.

Section III describes limited-trial decoding based on arbitrary
erasing strategies. In Section IV, the maximum guaranteed error-cor-
rection radius achievable by fixed erasing is determined for any
reliability setR. This generalizes results in [6], [7], [12]. Section V

gives the maximum guaranteed error-correction radius achievable by
threshold erasing in the casesR = R� orR = Rm. This generalizes
results derived in [16] in the context of concatenated codes. In Sec-
tion VI, we use the results of Kovalev [12] that give tight bounds on
the guaranteed error-correction radius achievable by optimized erasing
in caseR = [0; 1], to derive bounds for an arbitrary reliability setR.
We also determine the guaranteed error-correction radius achievable
by single-trial decoding in the casesR = R� orR = Rm.

Next, in Section VII, we present an asymptotic performance anal-
ysis of reduced GMD decoding schemes in case of sending binary an-
tipodal signals over an AWGN channel. Since Forney’s GMD decoding
scheme withR = [0; 1] and l = dd=2e achieves the same perfor-
mance as ML decoding at high SNRs, we characterize the loss due to
restricting the reliability setR to be a subset of[0; 1] and the loss due
to restricting the maximum number of trialsl.

GMD decoding is known to be an efficient decoding technique for
concatenated codes (see, e.g., [3], [5], [7]). In this context, GMD de-
coding is performed on the outer code and the reliability values are
provided by the inner code decoders. Application of reduced GMD
decoding to concatenated codes is considered in Section VIII, where
we relate the maximum number of errors that can be corrected by a
reduced GMD decoder in a concatenated coding scheme to the guar-
anteed error-correction radius achievable by the decoder. Finally, the
results from the correspondence are discussed in Section IX.

In this correspondence, we use^ and_ for logical “and” and logical
“or,” respectively. For integersa, b, andm, we writea � b(m) to
denotea � b (mod m).

II. GUARANTEED ERROR-CORRECTIONRADIUS

As stated before, Forney [6], [7] has shown that for any received
symbol sequencerrr and reliability sequence���, there can be at most one
codewordccc such thatdG(ccc; rrr; ���) < d=2. However,d=2 may not be
the largest number for which this property holds. We denote the largest
real number for which the property holds byrG(d; R). Hence, if the
transmitted codewordccc and the received sequencesrrr and��� satisfy

dG(ccc; rrr; ���) < rG(d; R) (6)

thendG(ccc; rrr; ���) < dG(ccc
0; rrr; ���) for any codewordccc0 6= ccc. Therefore,

we callrG(d; R) theguaranteed error-correction radius.
As the notation suggests, the guaranteed error-correction radius de-

pends on the codeC only by its Hamming distanced and not by its
length or particular structure, which is shown in the following result.

Theorem 1: For a codeC of Hamming distanced � 1 and a relia-
bility setR, it holds that

rG(d; R) = d=2 + min
i2J

�i �
i2J

�i 2 (7)

where the minimum is over all disjoint setsJ1 and J2 such that
J1 [ J2 = f1; 2; . . . ; dg and all�i 2 R, 1 � i � d.

Proof: Clearly,rG(d; R) is the minimum of

maxfdG(ccc; rrr; ���); dG(ccc
0; rrr; ���)g (8)

over all pairs of distinct codewordsccc andccc0 fromC, all q-ary sequences
rrr of lengthn, and all��� 2 Rn. First, suppose thatccc andccc0 are given and
let J = fi: ci 6= c0ig. Then, in seeking the minimum of (8) over allrrr

and���, we may assume thatri = ci = c0i and�i = 1 for all i 62 J ,
andri = ci or ri = c0i for all i 2 J . From (4), this minimum equals

jJ j+ min
i2J

�i �
i2J

�i 2 (9)
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where the minimum is over all disjoint setsJ1 andJ2 such thatJ1 [
J2 = J and over all�i 2 R, i 2 J . The minimum of (9) over
all distinct codewordsccc and ccc0 is attained ifjJ j is minimum, i.e.,
jJ j = d.

This implicit expression leads to the following explicit bounds.

Corollary 1: Ford � 1 andf1g � R � [0; 1], it holds that

d=2 � rG(d; R) � (d+minR)=2 (10)

where equality holds in the first inequality ifd is even.
Proof: From Theorem 1,rG(d; R) � d=2. If d is even, then the

choicejJ1j = jJ2j = d=2 and�i = 1 for all i = 1; . . . ; d proves
thatrG(d; R) � d=2. If d is odd, then the choicejJ1j = jJ2j � 1 =
(d� 1)=2 and�i = 1 for all i = 1; . . . ; d, except for onei 2 J2 for
which�i = minR, proves thatrG(d; R) � (d+minR)=2.

For the important cases ofR introduced in (2) and (3), we can close
the gap in (10).

Corollary 2: Ford � 1 and0 � � � 1, it holds that

rG(d; R�) =

(1 + �)(d+ 1)=4; if d � 1(2)^ �

> (d� 1)=(d+ 1)

d=2; otherwise.

(11)

Proof: The result follows from Corollary 1 ifd is even.
If d is odd and��(d�1)=(d+1), then the choicejJ1j= jJ2j+1=

(d+1)=2 and�i = (d�1)=(d+1) if i 2 J1 and�i = 1 if i 2 J2 in
Theorem 1 shows thatrG(d; R�) � d=2, and the result follows from
Corollary 1.

Now, suppose thatd is odd and� > (d � 1)=(d+ 1). The choice
jJ1j = jJ2j + 1 = (d + 1)=2 and�i = � if i 2 J1 and�i = 1 if
i 2 J2 in Theorem 1 shows thatrG(d; R�) � (1 + �)(d+ 1)=4. On
the other hand, for anyJ1 andJ2 in Theorem 1, such thatjJ1j > jJ2j,
we have

i2J

�i�
i2J

�i � �jJ1j � jJ2j � �(d+1)=2� (d�1)=2: (12)

This proves thatrG(d; R�) � (1 + �)(d+ 1)=4.

Corollary 3: Ford � 1 andm 2 f1; 2; 3; . . .g, it holds that

rG(d; Rm) =
d=2 + 1=(2m); if d � m � 1(2)

d=2; otherwise.
(13)

Proof: SinceminRm is 0 if m is even and1=m if m is odd, the
result follows from Corollary 1 ifd is even orm is even.

Now, let bothm andd be odd. Then, from Corollary 1

d=2 � rG(d; Rm) � d=2 + 1=(2m):

From the definition ofRm, we know that for anyJ1 andJ2 in Theorem
1 and any�1; . . . ; �d 2 Rm, the expressionj

i2J
�i� i2J

�ij
is an integer multiple of1=m. Hence,rG(d; Rm) < d=2 + 1=(2m)
impliesrG(d; Rm) = d=2. In this case, Theorem 1 gives

i2J

�i =
i2J

�i

for some disjoint setsJ1 andJ2 such thatJ1 [ J2 = f1; 2; . . . ; dg
and some�1; . . . ; �d 2 Rm. Since all elements inRm are odd mul-
tiples of1=m, it follows thatjJ1j andjJ2j are either both even or both
odd. This contradicts the fact thatjJ1j + jJ2j = d, which is odd.

III. L IMITED-TRIAL DECODING

As stated in Section I, limiting the maximum number of decoding
trials to a number less thandd=2e leads to a computational complexity
which is smaller than Forney’s original algorithm. However, this may
also lead to a degraded performance. In order to keep the loss in per-
formance as small as possible, we have to come up with smart erasing
strategies. Kovalev [12] has proposed fixed and optimized erasing
strategies for the caseR = [0; 1]. Here, we will extend Kovalev’s
work toR � [0; 1] and include other erasing strategies as well.

Let the maximum number of trials be denoted byl and let the erasing
strategy be denoted byA. Such an erasing strategyA is, in fact, an algo-
rithm which generates upon receipt of a sequence��� a set of nonnegative
integersI = fi1; i2; . . . ; ilg. In thejth trial (j = 1; 2; . . . ; l), theij
most unreliable symbols inrrr are erased before the received symbol se-
quence is fed into the (algebraic) error-erasure decoder. If this decoder
generates a codewordccc satisfying (6), then this codeword is taken as
the final decoding result, else the next trial is performed, until the max-
imum number of trials has been reached. For Forney’s algorithm, de-
noted byAF, we havel = dd=2e andij = 2j � 1 (if d is even) or
ij = 2j � 2 (if d is odd).

For a given codeC of Hamming distanced and lengthn, a given re-
liability setR, and a given algorithmA, let rG(C; R; A) denote the
largest real numberr for which the following assertion holds: for any
transmitted codewordccc from C and any received vectorrrr of lengthn
with reliability vector��� 2 Rn such thatdG(ccc; rrr; ���) < r, the orig-
inal codewordccc is delivered by the decoder based on algorithmA. Of
course,rG(C; R; A), which is theguaranteed error-correction radius
achievable by the decoder, does not exceedrG(d; R). We also intro-
duce the normalization ofrG(C; R; A) with respect torG(d; R), i.e.,

�G(C; R; A) =
rG(C; R; A)

rG(d; R)
(14)

which may be considered as the fraction of the code’s guaranteed error-
correction radius achievable by algorithmA.

As the notation suggests,rG(C; R; A) may depend on the codeC
not only by its Hamming distanced. This will be illustrated by the
following example. LetR = R3 = f1=3; 1g and let the single-trial
algorithmA0 be such that two most unreliable symbols are erased if
jfi: �i = 1gj is a multiple of3 and that no symbols are erased other-
wise. It can be easily shown thatrG(C; R3; A

0) = 1 if C is such that
n = d = 3, while rG(C; R3; A

0) = rG(3; R3) = 5=3 if C is such
thatn = 5 andd = 3.

In the next three sections, we will study the guaranteed error-correc-
tion radius achievable by fixed, threshold, and optimized erasing strate-
gies, respectively. In order to facilitate the computations, we introduce
for a codeC, a fixed reliability vector���, and an erasing setI, the pa-
rameteruG(C; ���; I), which is defined as the smallest real numberu
for which there exist a codewordccc 2 C, and a received sequencerrr
with reliability sequence���, such thatdG(ccc; rrr; ���) = u andccc is not
generated in any decoding trial by the decoder based onI. We have
the following explicit expression foruG(C; ���; I).

Lemma 1: For a codeC of length n and Hamming distance
d, a reliability vector��� = (�1; . . . ; �n), and an erasing set
I = fi1; i2; . . . ; ilg of sizel, it holds that

uG(C; ���; I) = n=2�

n

i=1

�i=2 +

l

j=1

i +b

i=i +1

�i (15)

where

bj = max 0; d� ij � 2

l

k=j+1

bk 2 ;

for j = l; l � 1; . . . ; 1:
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Proof: For a received sequencerrr with reliability sequence���, de-
coding trial j will generate a codewordccc if and only if the number
of erasuresij and the number of nonerased errorstj = jfi: i >
ij ^ ci 6= rigj are such that2tj + ij < d. Hence, the smallest
number of errors which results in not generating codewordccc in trial
j is thusmaxf0; d(d� ij)=2eg. Further, note that the generalized dis-
tancedG(ccc; rrr; ���) is minimum in case the erroneous positions are im-
mediately following the erased positions. Applying this argument for
j = l; . . . ; 1 subsequently concludes the proof.

IV. FIXED ERASING

For reduced GMD decoding with fixed erasing, the erasing setI
is fixed, i.e., it does not depend on���. Such an erasing strategy is de-
noted byAFE

I . Note that erasing one extra symbol does not decrease
the number of correctable errors in case the number of erasures and
the Hamming distance are of the same parity [6], and that erasingd or
more symbols does not make sense. Hence, we assume with regard to
the setI = fi1; . . . ; ilg thatl � dd=2e,�i1 = i0 � 0 � i1 < � � � <
il < il+1 = d + 1, andd � ij � 1(2) for all j. For such setsI, we
can writeij (j = 0; . . . ; l + 1) in the format

ij = d+ 1� 2aj (16)

where theaj are integers such that

0 = al+1 < al < � � � < a1 � a0 = d+ 1� a1:

We have the following result forrG(C; R; AFE
I ).

Theorem 2: For a codeC of Hamming distanced � 1, a reliability
setR with minimum�, and an erasing setI of sizel satisfying (16),
it holds that

rG(C; R; AFE
I ) = min rG(d; R);

d+ 1� �i1
2

+
(�� 1)

4
max

k=0; ...; l
(ik+1 � ik) (17)

wherei0 = �i1 andil+1 = d + 1.
Proof: From the definitions it follows that

rG(C; R; AFE
I ) = min rG(d; R); min

���2R
uG(C; ���; I) : (18)

Observingbj = aj � aj+1 = (ij+1 � ij)=2 for j = 1; . . . ; l, it
follows from Lemma 1 that

uG(C; ���; I) = n=2�

l

j=1

i

i=(i +i )=2+1

�i=2

+

l

j=1

(i +i )=2

i=i +1

�i=2�

n

i=(i +i )=2+1

�i=2: (19)

Hence,min���2R uG(C; ���; I) is achieved for an��� with

�i = �j if (ij�1 + ij)=2 + 1 � i � (ij + ij+1)=2;

for 1 � j � l+ 1 (20)

where� = �0 � �1 � � � � � �l+1 = 1 andil+2 = 2n � d � 1. For
such an��� we have

uG(C; ���; I) = il + il+1+

l

j=1

�j(ij�1�2ij + ij+1) 4: (21)

Minimizing (21) over all possible sequences� = (�1; . . . ; �l), we
may assume that�j = �j�1 if ij�1 � 2ij + ij+1 > 0, and�j = �j+1
otherwise(j = 1; . . . ; l). Continuing this argument, it follows with
�0 = � and�l+1 = 1, that the minimum in (21) over all� is achieved
for a� satisfying�j = � if 1 � j � k, and�j = 1 if k + 1 � j � l,

wherek 2 f0; . . . ; lg. Substituting this� into (21) gives for the���
derived from this� by (20)

uG(C; ���; I) = (2d+ 2� 2�i1 + (�� 1)(ik+1 � ik))=4: (22)

Since� � 1 � 0, the expression in (22) is minimum ifik+1 � ik is
maximum. With (18), this concludes the proof.

Of particular interest among all setsI of a certain sizel are the
ones maximizingrG(C; R; AFE

I ). Switching to notation (16) and first
assuming thata1 is fixed, we choosea2; . . . ; al such that

aj =
aj�1 � da1=le; for j = 2; . . . ; a1 � lba1=lc+ 1

aj�1 � ba1=lc; for j = a1 � lba1=lc+ 2; . . . ; l
(23)

in order to maximize (17). Next, we maximize over all integersa1 such
that l � a1 � dd=2e, which results in

a1 =

l d+1
2l+1

; if 0 � � � 1
2l+1

^ d+1
2l+1

� d
2

l

l d
2

l ; if 1
2l+1

< � < 1

2d e�2lb d e/lc+1

^ d+1
2l+1

� d
2

l

d
2

otherwise.

(24)

Together, (24), (23), and (16) provide a setI maximizing the guar-
anteed error-correction radius over alll-trial fixed erasing strategies in
caseR is a reliability set with minimum�, which leads to the following
results.

Corollary 4: For a codeC of Hamming distanced � 1, a reliability
setR with minimum�, and1 � l � dd=2e, it holds that

max
I: jIj=l

�G(C; R; AFE
I )

=

! l d+1
2l+1

; if 0 � � � 1
2l+1

^ d+1
2l+1

� d
2

l

! l d
2

l ; if 1
2l+1

< � < 1

2d e�2lb d e/lc+1

^ d+1
2l+1

� d
2

l

! d
2

; otherwise

(25)

where

!(x) = minf1; (2�x+ (1� �)(d+ 1� dx=le))=(2rG(d; R))g:

Corollary 5: For a codeC of Hamming distanced � 1, a reliability
setR � f0; 1g, and1 � l � dd=2e, it holds that

max
I: jIj=l

�G(C; R; AFE
I ) = d2ld=(2l+ 1)e=d: (26)

Corollary 6: For a codeC of Hamming distance approaching in-
finity, a reliability setR with minimum�, and1 � l � dd=2e, it holds
that

max
I: jIj=l

�G(C; R; AFE
I )

=
2l=(2l+ 1); if � � 1=(2l+ 1)

(2l+ �� 1)=(2l); if � > 1=(2l+ 1).
(27)

The result from Corollary 6 is graphically represented in Fig. 1. Fur-
ther, note from Corollary 4 that for any codeC and any reliability set
R, Forney’s erasing algorithmAF achieves the guaranteed error-cor-
rection radius, i.e.,�G(C; R; AF) = 1.
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Fig. 1. Maximum normalized guaranteed error-correction radius forl-trial GMD decoding with fixed erasing and reliability setR with minimum�, in the case
of codesC of Hamming distance approaching infinity.

V. THRESHOLDERASING

For reduced GMD decoding with threshold erasing, the erasure pat-
terns are determined by a threshold setT = f�1; . . . ; �lgwith �j 2 R
for all j. We assume1 � l � jRj and�1 < � � � < �l. In thejth trial,
all received symbolsri for which�i < �j are erased. Such an erasing
strategy is denoted byATE

T . An important benefit of threshold erasing
is that there is no need to sort the received symbols according to their
reliability values before erasing those with lowest reliability, which is
the case for fixed erasing (and, thus, for Forney’s algorithm).

We have the following result forrG(C; R; ATE
T ).

Theorem 3: For a codeC of Hamming distanced � 1, reliability
setR, and threshold setT = f�1; . . . ; �lg, it holds that

rG(C; R; ATE
T )

=

d

2
� d

4
maxt=0;...;l (�

�

t+1 � �t); if d � 0(2)

min rG(d; R);
d��

2
� d�1

4

�maxt=0;...;l (�
�

t+1 � �t) ; if d � 1(2)

(28)

where��1 = ��1 if �1 = minR = �, ��j = supf� 2 R: � < �jg if
1 � j � l and�j > �, �0 = ���1 , and��l+1 = 1.

Proof: From the definitions it follows that

rG(C; R; ATE
T ) = min rG(d; R); min

I

min
���

uG(C; ���; I) (29)

where themin��� operation is over all��� 2 Rn for which threshold set
T applied on��� leads to a given erasing setI = fi1; . . . ; ilg with
0 = i0 � i1 � � � � � il � il+1 = n, such thati1 = 0 if �1 = minR,
and theminI operation is over all possibleI of this kind. For givenI,
themin��� uG(C; ���; I) is achieved by the��� with

�i =
��j ; if ij�1 + bj�1 + 1 � i � ij , for j = 1; . . . ; l+ 1

�j ; if ij + 1 � i � ij + bj , for j = 1; . . . ; l
(30)

whereb0 = 0 and

bj = max 0; d� ij � 2

l

k=j+1

bk 2

= maxf0; d(d� ij)=2e �maxf0; d(d� ij+1)=2egg;

for j = l; l� 1; . . . ; 1:

Substituting (30) into (15) gives

uG(C; ���; I)

= n=2�

l

j=1

i

i=i +b +1

�i=2 +

l

j=1

i +b

i=i +1

�i=2

�

n

i=i +b +1

�i=2

= n=2�

l

j=1

i

i=i +b +1

��j =2 +

l

j=1

i +b

i=i +1

�j=2

�

n

i=i +b +1

1=2

=
1

2
il + bl �

l

j=1

��j (ij � ij�1 � bj�1) +

l

j=1

bj�j

=
1

2

l

j=1

((��j+1 � ��j )ij + (��j+1 + �j)bj)

=
1

2

l

j=1

(��j+1 � ��j )ij + (��j+1 � ��j + �j � �j�1)

�maxf0; d(d� ij)=2eg : (31)
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The minimum of (31) over allI = fi1; . . . ; ilg such that0 = i0 �
i1 � � � � � il � il+1 = n is attained by

ij =

0; if (1 = j � t ^ (d � 0(2) _ �1 = �))

_(2 � j � t ^ d � 0(2))

1; if d � 1(2)^ ((1 = j � t ^ �1 > �)

_2 � j � t)

d; if t+ 1 � j � l

(32)

for some integert, where0 � t � l if �1 > �, and1 � t � l if �1 = �.
Substituting (32) into (31), minimizing the resulting expression overt,
while observing that��1 � �0 = �2� � 1 � �l = ��l+1 � �l in case
�1 = �, and, finally, using (29), while noting thatrG(d; R) � d=2,
concludes the proof.

In casel = jRj, we haveT = R and it follows immediately from
Theorem 3 thatrG(C; R; ATE

R )=rG(d; R), i.e.,�G(C; R; ATE
R )=

1. Of particular interest among all setsT of a certain sizel< jRj are the
ones maximizingrG(C; R; ATE

T ). Next, we determine such threshold
sets for the reliability sets from (2) and (3).

First, we consider the caseR = R� with � 2 [0; 1]. For fixed
�1 2 [�; 1], minimization of

max
t=1;...;l

(��t+1 � �t) = max
t=1;...;l

(�t+1 � �t) (33)

where we define�l+1 = 1, is achieved by choosing

�j = 1� (l+ 1� j)(1� �1)=l; for 2 � j � l: (34)

Substituting this into (28), the resulting expression is maximized by the
choice

�1 =

1
2l+1

; if d � 0(2)^ � � 1
2l+1

_ d � 1(2)^ � � d�1�2l
(2l+1)(d�1+2l)

�; otherwise.

(35)

Together, (34) and (35) determine an optimall-trial threshold erasing
procedure in caseR = R�, which brings us to the following results.

Corollary 7: For a codeC of Hamming distanced � 1, � 2 [0; 1],
andl � 1, it holds that

max
T : jT j=l

�G(C; R�; A
TE
T )

=

2l+��1
2l

; if d � 0(2)^ � > 1
2l+1

(d+2l�1)�+2ld�d+1
2ld

; if d � 1(2)^ d�2l�1
(2l+1)(d+2l�1)

< � < d�1
d+2l�1

1; if d � 1(2)^ � � d�1
d+2l�1

2l
2l+1

; otherwise.

(36)

Corollary 8: For a codeC of Hamming distance approaching in-
finity, � 2 [0; 1], andl � 1, it holds that

max
T : jT j=l

�G(C; R�; A
TE
T )

=
2l=(2l+ 1); if � � 1=(2l+ 1)

(2l+ �� 1)=(2l); if � > 1=(2l+ 1).
(37)

Note the resemblance of the results presented in Corollaries 6 and 8, but
be aware of the fact that the former holds for any setR with minimum
�, while the latter explicitly assumesR = R� = [�; 1].

Next, we consider the caseR = Rm with m 2 f1; 2; 3; . . .g. For
fixed

�1 = 1� 2(i� 1)=m (38)

with l � i � bm=2c + 1, minimization of

max
t=1;...;l

(��t+1 � �t) = max
t=1;...;l

(�t+1 � �t � 2=m) (39)

where we define�l+1 = 1 + 2=m, is achieved by choosing

�j =
�j�1 + 2bi=lc=m; for 2 � j � l+ lbi=lc � i

�j�1 + 2di=le=m; for l+ lbi=lc � i+ 1 � j � l.
(40)

Substituting (38) and (40) into (28), we find that the resulting expres-
sion is maximum when

i =

l(m+1)
2l+1

; if d � 0(2)

l m+1
2l+1

; if d � 1(2)^ m+1
2l+1

� dm=2e
l

^ d � 2l+ 1

l dm=2e
l

; if d � 1(2)^ m+1
2l+1

� dm=2e
l

^2dm=2e � 2l dm=2e
l

+ 1 < d � 2l

m=2 + 1; if d � 1(2)^m � 0(2)^ l = m=2 + 1

dm=2e; otherwise.
(41)

Together (38), (40), and (41) determine an optimall-trial threshold
erasing procedure in caseR = Rm, which brings us to the following
results.

Corollary 9: For a codeC of Hamming distanced � 1, m 2
f1; 2; 3; . . .g, and1 � l � bm=2c + 1, it holds that

max
T : jT j=l

�G(C; Rm; ATE
T )

=

1
m

2lm
2l+1

; if d � 0(2),

� l m+1
2l+1

; if d � 1(2)^ m+1
2l+1

� dm=2e
l

^d � 2l+ 1,

� l dm=2e
l

; if d � 1(2)^ m+1
2l+1

� dm=2e
l

^2dm=2e � 2l dm=2e
l

+ 1

< d � 2l,

�(dm=2e) otherwise
(42)

where

�(x) =
2x+ (d� 1)(m+ 1� dx=le)

2mrG(d; Rm)
: (43)

Corollary 10: For a codeC of Hamming distance approaching in-
finity, m 2 f1; 2; 3; . . .g, and1 � l � bm=2c+ 1, it holds that

max
T : jT j=l

�G(C; Rm; ATE
T ) = d2lm=(2l+ 1)e=m: (44)

VI. OPTIMIZED ERASING

For reduced GMD decoding with optimized erasing, the erasing set
I is chosen based on the received reliability vector���, such that the
achievable guaranteed error-correction radius by the decoder is max-
imum. Such an erasing strategy is denoted byAOE

l , wherel is the
maximum number of trials. As for fixed erasing, we may assume with
regard to the setI = fi1; . . . ; ilg that l � dd=2e, 0 � i1 < � � � <
il � d, andd � ij � 1(2) for all j. Note that

rG(C; R; AOE
l ) = min rG(d; R); min

���2R
max
I: jIj=l

uG(C; ���; I) :

(45)

For the reliability setR = [0; 1], Kovalev [12] has derived the fol-
lowing (nearly) tight bounds onrG(C; R; AOE

l ).
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TABLE I
DATA CONCERNING THEA ALGORITHM IN CASE OF A RELIABILITY SET

R = R WITH � 2 [0; 1] AND A CODEC WITH HAMMING DISTANCEd � 1

Theorem 4 (Kovalev):For a codeC of Hamming distanced � 1,
and1 � l � dd=2e, it holds that

(d+ 1� d(d+ 1)=4le)=2 � rG(C; [0; 1]; A
OE
l )

< (d+ 2� d(d+ 1)=4le)=2 (46)

where equality holds in the first inequality in cased + 1 is a multiple
of 4l.

Proof: The proof can be found in [12].

SincerG(C; [0; 1]; AOE
l ) � rG(C; R; A

OE
l ) for anyR, the fol-

lowing result emerges from Theorem 4.

Corollary 11: For a codeC of Hamming distanced � 1, a relia-
bility setR, and1 � l � dd=2e, it holds that

rG(C; R; A
OE
l ) � (d+ 1� d(d+ 1)=4le)=2: (47)

For single-trial decoding with optimized erasing, we have the fol-
lowing results for the reliability sets from (2) and (3).

Theorem 5: For � 2 [0; 1] and a codeC of Hamming distance
d � 1, it holds thatrG(C; R�; A

OE
1 ) is as given in Table I.

Corollary 12: For � 2 [0; 1] and a codeC of Hamming distance
approaching infinity, it holds that

�G(C; R�; A
OE
1 ) =

3=4 if 0 � � � 1=2,
(1 + �)=2 if 1=2 < � � 1:

(48)

Theorem 6: Form � 1 and a codeC of Hamming distanced � 1,
it holds thatrG(C; Rm; A

OE
1 ) is as given in Table II.

Corollary 13: Form � 1 and a codeC of Hamming distance ap-
proaching infinity, it holds that

�G(C; Rm; A
OE
1 ) =

1; if m = 1; 2

7=9; if m = 3

4=5; if m = 5

3=4; if m = 4 orm � 6:

(49)

The proofs of Theorems 5 and 6 are extremely lengthy because of
the many subcases which need to be considered. Therefore, we take the
approach of first discussing one example case in detail, and then giving
guidelines along which the proofs can be obtained in the remaining
cases.

As an example, we consider the cased,m � 0(4). Let

���� = (1=2)d=2+1; 1n�d=2�1 (50)

where y denotes the vector( ;  ; . . . ;  ) of lengthy. From (15),
we have

uG(C; ���
�; fi1g)

=
(3d+ 2)=8; if 1 � i1 � d=2 + 1 ^ i1 � 1(2)

(5d+ 6� 4i1)=8; if d=2 + 3 � i1 � d� 1 ^ i1 � 1(2)

(51)

and, thus, it follows from (45) that

rG(C; Rm; A
OE
1 ) � (3d+ 2)=8: (52)

Now suppose thatrG(C; Rm; A
OE
1 ) < (3d+ 2)=8, i.e., there exists

an��� 2 (Rm)n such that

uG(C; ���; fi1g) � (3d+ 2)=8� 1=m (53)

for all oddi1 such that1 � i1 � d� 1. Thus,

(3d+ 2)=4�2=m�uG(C; ���; f1g)+uG(C; ���; fd=2+1g)

=n��1�

n

i=3d=4+2

�i � 3d=4+1��1 (54)

which implies that�i � �1 � 1=2 + 2=m for all i = 1; . . . ; n.
Hence,

uG(C; ���; f1g) =n=2�

n

i=1

�i=2 +

d=2+1

i=2

�i

� (d+ 2)=4� �1=2 + �2=2 +

d=2+1

i=3

�i=2

� (3d+ 2)=8 (55)

contradicting (53). Hence, equality holds in (52). In conclusion

rG(C; Rm; A
OE
1 ) = (3d+ 2)=8 (56)

in cased; m � 0(4), and a single-trial erasing strategy to achieve this
is to choose the erasing setI = fi1g such that

i1 =
1; if

d=2+1

i=2

�i �
3d=4+1

i=d=2+2

�i

d=2 + 1; otherwise.

(57)

Other cases can be proved similarly using the following guidelines.
In Tables I and II, we provide for all cases a vector���� 2 Rn and a
setS , for which it can be shown that for any��� 2 Rn there exists an
i1 2 S such that

uG(C; ���; fi1g) � max
0�j�n

uG(C; ���
�; fjg):
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TABLE II
DATA CONCERNING THEA ALGORITHM IN CASE OF A RELIABILITY SET R = R WITH m 2 f1; 2; 3; . . .g AND A CODE C

WITH HAMMING DISTANCE d � 1

Since

max
0�j�n

uG(C; ���
�; fjg) � rG(d; R)

in all cases, Theorems 5 and 6 then follow from (45).
It is to be expected that in deriving the achievable guaranteed error-

correction radius for multitrial optimized erasing even more subcases
need to be distinguished. This is not elaborated here, and we leave the
matter at the important Kovalev bounds from Theorem 4 and Corollary
11. These bounds show that, for any codeC and any reliability setR, an
error-correction radius ofd=2 can be achieved in at mostd(d+ 1)=4e
trials with optimized erasing.

VII. A SYMPTOTIC PERFORMANCEANALYSIS

Next, we study the performance of reduced GMD decoders in terms
of the probability of unsuccessful decoding. Throughout this section,
we assume thatC is a binary linear code and that the code bitsci are

sent as antipodal signals (i.e., either a given waveform of energyE or
its negative) over an AWGN channel (with two-sided spectral density
N0=2) with matched-filter reception. For convenience, define


 = E=N0: (58)

The outputzi is a Gaussian random variable which has, under a con-
venient normalization, mean�
 and variance
=2, where the sign de-
pends on whether a0 or a1was transmitted. We let the sign ofzi decide
whetherri is 0 or 1, and assign a reliability value�i 2 R according
to the log-likelihood ratio. Details on this assignment are provided in
the Appendix.

With regard to the decoder we assume it is a reduced GMD decoder
with reliability setR, erasing algorithmA, and acceptance criterion
(6). For ML decoding at high SNR, the probability of unsuccessful
decoding is essentiallye�d
 [7]. We are interested in theasymptotic
lossof reduced GMD decoding compared to ML decoding, i.e., the
extra power required to achieve the same probability of unsuccessful
decoding as for ML decoding at SNR approaching infinity(
 !1).
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Fig. 2. Performance results for reduced GMD decoders, in case of binary antipodal signals, AWGN channel, SNR approaching infinity, codes of Hamming
distanced = 7, reliability setsR with � 2 [0; 1], andl-trial decoding strategies with fixed erasing (FE), threshold erasing (TE), or optimized erasing (OE).

Theorem 7: For a reduced GMD decoder with erasing algorithmA
and reliability setRv with v 2 [0; 1] [ f1; 2; 3; . . .g, operating on
a codeC of Hamming distanced � 1, the probability of unsuccessful
decoding is essentiallye�2
� r (C;R ;A) as
 ! 1, and, thus, the
asymptotic loss (in decibels) is

10 log10(1=�v) + 10 log10(d=(2rG(C; Rv; A))) (59)

where

�v =

1=(v+ 1); for v 2 [0; 1]

v=(v + 1); for v 2 f1; 3; 5; . . .g
2v v + 1�pv2 + 2v ; for v 2 f2; 4; 6; . . .g.

(60)

Proof: See the Appendix.

Note that for GMD decoding(v = 0, A = AF) both terms in
(59) are zero, so at high SNR, GMD decoding performs as well as
ML decoding, which was the main conclusion from [6]. Hence, (59)
can also be regarded as the asymptotic loss for reduced GMD decoding
compared to GMD decoding. The first term in (59) depends only on the
reliability setR and is called thequantization loss, since it is caused
by the less accurate representation of the reliability information from
the channel due to using only a subsetR of [0; 1] rather than[0; 1]
itself as in GMD decoding. The second term in (59) depends on the
codeC, the reliability setR, and the erasing algorithmA. It is called
the radius loss, since it is caused by the deviation of the guaranteed
error-correction radiusrG(C; Rv; A) compared to the radiusd=2 for
GMD decoding. Note that the radius loss is negative if the guaranteed
error-correction radius exceedsd=2, in which case we actually have a
radius gain.

Forney [6], [7] considered in particular the cases of errors-only de-
coding (v = 1), error-erasure decoding(v = 2), and GMD de-

coding(v = 0 or v ! 1), all with A = AF, for which he found
asymptotic losses to ML decoding of 3.01, 1.63, and 0 dB, respectively.
There are indications, however, that the actual asymptotic loss for er-
rors-only decoding(v = 1) is dependent on the code distanced. For
example, for the trivial cased = 1 (no coding), it can easily be ar-
gued that GMD does not lead to a lower probability of unsuccessful
decoding than errors-only decoding, which suggests that for smalld
the gain of GMD decoding over errors-only decoding could be less
than 3.01 dB. Also, the probability of unsuccessful decodinge�d
 for
ML (and thus GMD) decoding decreases when increasing an odd code
distanced = 2t + 1 by one tod = 2t + 2, while in errors-only de-
coding the performance is actually equal for these two distances, i.e.,
the loss ford = 2t+ 1 should be smaller than ford = 2t+ 2. These
observations can be explained by the notions of quantization and ra-
dius loss. Forv = 1 the quantization loss is10 log10 2 = 3.01 dB,
which indeed equals Forney’s result. On the other hand, the radius
loss is 0 dB ifd is even, and10 log10(d=(d + 1)) decibels ifd is
odd. Hence, the total loss is10 log10 2 = 3.01 dB if d is even, and
10 log10(2d=(d+ 1)) < 10 log10 2 = 3.01 dB ifd is odd.

Further numerical illustrations of (59) are provided in Figs. 2–5. The
results are obtained by substituting results from Sections IV–VI on the
achievable guaranteed error-correction radius into (59). In each figure,
the best, i.e., lowest, possible curve is achieved by erasing algorithms
A with �G(C; R; A) = 1, e.g., by Forney’sdd=2e-trial fixed erasing
or by jRj-trial threshold erasing. In case the code’s Hamming distance
d approaches infinity,�G(C; R; AOE

d(d+1)=4e) = 1, and so the lowest
curves in Figs. 4 and 5 are also achieved byd(d+1)=4e-trial optimized
erasing. In cased = 7 and� 2 [0; 1], �G(C; R�; AOE

2 ) = 1, which
follows from Corollaries 11 and 2 if� 2 [0; 3=4] and from Theorem 5
and Corollary 2 otherwise. Hence, the lowest curve in Fig. 2 is also
achieved by double-trial optimized erasing.
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Fig. 3. Performance results for reduced GMD decoders, in case of binary antipodal signals, AWGN channel, SNR approaching infinity, codes of Hamming
distanced = 7, reliability setsR with m 2 f1; 2; 3 . . .g, andl-trial decoding strategies with fixed erasing (FE: solid lines), threshold erasing (TE: dotted line),
or optimized erasing (OE: dashed line).

The lowest curves in Figs. 4 and 5 represent the quantization loss,
which depends only on the reliability setR. The difference between the
quantization loss curve and the curve associated with a certain erasing
algorithm represents the radius loss due to the limited-trial strategy.
Note that for codes with an odd Hamming distance, e.g.,7 as for the
famous binary Golay code, the radius loss may be negative. This may
result in curves as given in Figs. 2 and 3, which are (partly) below the
quantization loss curves from Figs. 4 and 5, respectively.

The figures show that significant complexity reduction is possible at
the price of only a modest performance loss. For example, for codes
of Hamming distance approaching infinity, it follows from the dotted
curve in Fig. 5 that we are within 1 dB from ML decoding, by per-
forming at mostl = 2 (�dd=2e) decoding trials with threshold erasing
(and in particular without requiring the ordering of reliability symbols)
and using only the three reliability levels0; 1=2; and1 fromR4.

Figs. 3 and 5 reveal an interesting phenomenon. Notice that the
overall loss is not necessarily a nonincreasing function ofm. This
points to the rather surprising observation that a finer quantization
of the reliability set does not necessarily lead to a better perfor-
mance. The reason is that the radius loss may increase by an amount
greater than the reduction in the quantization loss as the number of
quantization levels increases. As an example, we consider codes of
Hamming distance approaching infinity, a reliability setRm, and a
fixed erasing single-trial decoder (see upper solid curve in Fig. 5).
If m = 2, i.e.,R = R2 = f0; 1g, the quantization loss is 1.63 dB
and the radius loss is 1.76 dB, which gives a total loss of 3.40 dB.
If we do not use reliability value0, i.e., we assign reliability value
1 to all received symbols and thus have an effective reliability set
R = R1 = f1g, the quantization loss increases to 3.01 dB. But

since there is no radius loss in this case, the total loss is only 3.01
dB, which is less than 3.40 dB. The radius loss increases by allowing
symbols to have reliability value0 since the generalized distance
between the transmitted codeword and the received vector increases
if, among the symbols with reliability value0, there are more correct
symbols than incorrect ones. If this generalized distance exceeds the
guaranteed error-correction radius, the decoder fails to recover the
transmitted codeword. Finally, also note from Fig. 5 thatR3 gives a
loss of 3.01 dB as well, but here it consists of a quantization loss of
1.25 dB and a radius loss of 1.76 dB.

VIII. A PPLICATION TO CONCATENATED CODING

We now apply the concept of reduced GMD decoding to concate-
nated coding schemes [7], [16], similarly to the approach from [3].
We consider a scheme with a linearq-ary outer codeCouter of length
n and Hamming distanced, and a linear inner codeCinner of length
nin, size (at least)q, and Hamming distancem. The code symbolsci
from an outer codewordccc are encoded according toCinner into inner
codewordsxi, which are transmitted and then received aszi. Eachzi
is a sequence ofnin symbols from the inner code alphabet. Next, the
(bounded distance) inner decoder looks for an inner codeword which
is at Hamming distance at mostb(m� 1)=2c from zi. If it succeeds
in finding such an inner codewordwi, then it outputs the symbolri
(from the outer code alphabet) associated withwi according toCinner
with reliability �i = 1 � 2dH(zi; wi)=m, otherwise, it chooses an
arbitrary inner codewordwi and outputs the symbolri associated
with this codeword with reliability�i = 0. Hence,R = Rm if m

is even or the inner code is perfect, andR = Rm [ f0g otherwise.
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Fig. 4. Performance results for reduced GMD decoders, in case of binary antipodal signals, AWGN channel, SNR approaching infinity, codes of Hamming
distance approaching infinity, reliability setsR with � 2 [0; 1], andl-trial decoding strategies with fixed erasing (FE), threshold erasing (TE), or optimized
erasing (OE).

Finally, the vectorsrrr and��� are processed by a reduced GMD de-
coder based on an erasing algorithmA, as considered earlier in this
correspondence.

Let e(Couter; Cinner; A) denote the smallest number of channel
errors for which a decoding error or failure may occur in such a
concatenated coding scheme. Hence, the maximum number of errors
for which correction is guaranteed ise(Couter; Cinner; A) � 1. The
following result relatese(Couter; Cinner; A) to the guaranteed error-
correction radius.

Theorem 8: For an inner codeCinner of Hamming distancem � 1,
an outer codeCouter, and an erasing strategyA, we have

m� rG(Couter; Rm [ f0g; A)

� e(Couter; Cinner; A) � m� rG(Couter; Rm; A) (61)

where equality holds in the last inequality if at least one of the following
conditions holds:

2) m is even;
3) Cinner is perfect;
4) A is of fixed, threshold, or optimized type.

Proof:

A) Let rG(Couter; Rm; A) be achieved by a codewordccc fromCouter
and a received vectorrrr with reliability vector��� 2 (Rm)

n. Thus, for
theseccc, rrr, and���, dG(ccc; rrr; ���) = rG(Couter; Rm; A) and the GMD
decoder based on erasing strategyA with input rrr and��� delivers ei-
ther no codeword or a codeword̂ccc 6= ccc. For the concatenated coding

scheme, we may assume thatdH(xi; wi) = m if ri 6= ci. Hence,�i
can be obtained bym(1 � �i)=2 errors during transmission ofxi if
ri = ci, and bym(1 + �i)=2 transmission errors ifri 6= ci. Hence,

e(Couter; Cinner; A)

�
i: r =c

m(1� �i)=2 +
i: r 6=c

m(1 + �i)=2

= m� dG(ccc; rrr; ���) = m� rG(Couter; Rm; A) (62)

which shows the second inequality in (61).
B) Let e(Couter; Cinner; A) be achieved by an inner code-

word sequencexxx = (x1; . . . ; xn), associated to (outer) code-
word ccc, and a received vector sequencezzz = (z1; . . . ; zn),
leading to vectorsrrr and ���. Thus, for thesexxx, zzz, ccc, rrr, and ���,

n

i=1
dH(xi; zi) = e(Couter; Cinner; A) and the GMD decoder

based on erasing strategyA with input rrr and��� delivers either no
codeword or a codeword̂ccc 6= ccc. Hence,

e(Couter; Cinner; A)

=

n

i=1

dH(xi; zi)

�
i:x =w

dH(zi; wi) +
i:x 6=w

(m� dH(zi; wi))

�
i: r =c

m(1� �i)=2 +
i: r 6=c

m(1 + �i)=2

= m� dG(ccc; rrr; ���) � m� rG(Couter; R
�; A) (63)
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Fig. 5. Performance results for reduced GMD decoders, in case of binary antipodal signals, AWGN channel, SNR approaching infinity, codes of Hamming
distance approaching infinity, reliability setsR withm 2 f1; 2; 3; . . .g, andl-trial decoding strategies with fixed erasing (FE: solid lines), threshold erasing
(TE: dotted line), or optimized erasing (OE: dashed line).

wherewi is the inner codeword associated with symbolri andR� =
[ni=1f�ig. SinceR� � Rm [ f0g and thus

rG(Couter; R
�; A) � rG(Couter; Rm [ f0g; A)

the first inequality in (61) follows.
C) Next, we show that equality holds in the second inequality in (61)

if at least one of the three mentioned conditions holds.
C1) If m is even, thenRm [ f0g = Rm, and the result follows

immediately from (61).
C2) If Cinner is perfect, thenR� � Rm, and the result follows

from (62) and (63) since

rG(Couter; R
�; A) � rG(Couter; Rm; A):

C3) Finally, we consider the case that the erasing algorithmA is
of fixed, threshold, or optimized type. We assumem is odd. Suppose
that for the vector��� in Part B of this proof, the setZ = fi: �i =
0g is nonempty. For alli 2 Z , dH(xi; zi) � (m + 1)=2, and thus
there exists a~zzz = (~z1; . . . ; ~zn), leading to vectors~rrr and ~���, such
that ~zi = zi (and, thus,~ri = ri and ~�i = �i) for all i 62 Z , and
dH(xi; ~zi) = (m + 1)=2, ~ri 6= ci, and ~�i = 1=m for all i 2 Z .
In trial j, let the numbers of erased symbols inrrr and~rrr beej and~ej ,
respectively, and let the numbers of nonerased incorrect symbols in
rrr and~rrr be tj and~tj , respectively. We now show that for the erasing
strategies under consideration, trialj being not successful forrrr implies
it is not successful for~rrr as well.

fixed erasing: ~ej = ej and~tj � tj , and thus,

2~tj + ~ej � 2tj + ej � d;

threshold erasing:~ej � ej and~tj = tj + ej � ~ej , and thus,

2~tj + ~ej = 2tj + 2ej � ~ej � 2tj + ej � d;

optimized erasing:suppose that trialj, with input~rrr and~��� would
result in the original codewordccc; then adapt the algorithm such
that in case of reliability vector���, ~ej symbols are erased in the
jth trial rather thanej ; for the modified algorithm, trialj, with
inputrrr and���, would result in the original codewordccc.

If (at least) one of thel trials generates forrrr with ��� the original code-
wordccc but decoding is still unsuccessful since the acceptance criterion
is not met, then it will also not be met for~rrr and~���, sincedG(ccc; ~rrr; ~���) �
dG(ccc; rrr; ���). Noting that

n

i=1

dH(xi; ~zi) �

n

i=1

dH(xi; zi) = e(Couter; Cinner; A)

we thus conclude that we may assume�i > 0 for all i, i.e.,R� � Rm,
and the result follows once again from (62) and (63).

Since it follows from Theorem 8 that

e(Couter; Cinner; A) = m� rG(Couter; Rm; A) (64)
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holds for a very broad range of cases, one might conjecture that it
holds for any case. However, the following example shows that this
is not true. LetCinner be a nonperfect code of Hamming distance
m = 3 and let Couter be a code of Hamming distanced = 3.
Further, let the single-trial erasing ruleA� be such that alln received
symbols are erased if at least one received reliability value equals0,
and that no received symbols are erased otherwise. It is easy to see
that e(Couter; Cinner; A�) = 2, since two channel errors may lead
to a received symbol of reliability0 and thus to a decoding failure.
However,

3� rG(Couter; R3; A
�)=3�rG(Couter;R3;A

FE
f0g)=3�4=3=4:

Hence, (64) does not hold for this example.

IX. DISCUSSION

In this correspondence, we present a framework for reduced GMD
decoding. In particular, our work covers various reliability sets, var-
ious erasing strategies, and various maximum numbers of decoding
trials. Many results scattered in the literature and many new results
are presented and derived in this general setting. Limiting the number
of allowable reliability values and the maximum number of trials may
considerably decrease the complexity of the detector and the decoder,
but possibly at the expense of performance degradation. Our goal is to
study the efficiency of reduced GMD decoding schemes.

In comparing fixed and threshold erasing, notice that for large values
of d, the results on asymptotic performance derived in Section VII tend
to favor threshold erasing over fixed erasing where the reliability values
ranging from0 to1 are quantized into thebm=2c+1 levels ofRm. As
mentioned before,l = 2 decoding trials with threshold erasing based
on the reliability setRm, with m = 4, suffice to achieve asymptotic
performance within 1 dB of that of ML decoding. If fixed erasing is
used instead, the number of trialsl and/or the size of the reliability
setbm=2c + 1 need to be much larger in order to guarantee the same
performance based on our results. In particular, ifl = 2 trials are used,
thenm = 140 guarantees less than 1-dB asymptotic loss compared to
ML decoding, while ifm = 4, thenl = 29. More attractive choices
for l andm in this case are(l; m) = (3; 13); (4; 9); (5; 7),(6; 6),
and(9; 5).

By definition, optimal erasing maximizes the guaranteed error-cor-
rection radius achievable by the decoder. Although the numbers of sym-
bols to be erased in the different trials depends on the reliability vector
���, in all cases investigated, there is a surprisingly very small number
of possibilities that need to be considered. As an example, for a code
of Hamming distanced and for the reliability setRm, if d; m � 0(4),
then an optimized erasing single-trial decoder erasesi1 least reliable
symbols wherei1 is one of two possible values given in (57). More
generally, looking at the sizes ofS in Tables I and II, which gives
the different possibilities for the number of symbols to be erased in
single-trial decoding in the casesR = R� andR = Rm, shows that
the number of possibilities is typically one or two, and never exceeds
six. This interesting observation even holds for multitrial decoders. In-
deed, ifd + 1 is a multiple of4l, then there are just two possibilities
that need to be considered for the numbers of symbols to be erased in
the l trials regardless of the value ofl [12].

A glance at the results of Sections IV–VI reveals that our success in
determining the guaranteed error-correction radius achievable by a de-
coder depends very much on the erasing strategy. In Section IV, we suc-
ceed in determining the maximum guaranteed error-correction radius
of an l-trial decoder employing fixed erasure for anyl and any relia-
bility setR. In Section V, we determine this maximum radius if the de-
coder uses threshold erasing for anyl but only in the casesR = R� or
R = Rm. On the other hand, for optimal erasing, Section VI presents

only bounds on the guaranteed error-correction radius achievable by an
l-trial decoder and gives exact results only in the casesl = 1 andR is
eitherR� orRm.

Finally, note that the performance analysis as presented in Sec-
tion VII is asymptotic. Therefore, it may not reflect well the decoder
behavior at low- or medium-SNR values, especially for relatively long
codes.

APPENDIX

In this appendix, we extend the performance analysis from [6], [7]
for errors-only, error-erasure, and GMD decoding to reduced GMD
decoding as considered in this correspondence. The setting has been
described in the introductory paragraphs of Section VII. The analysis
eventually leads to the proof of Theorem 7.

For simplicity, let the channel outputzi be denoted by justz. Based
onz, a detector generates a binary symbolr(z) and a reliability value
�(z) 2 R, which serve as inputsri and�i to the decoder, respectively.
Let pc(z) be the probability that the channel output isz andr(z) is
correct, andpe(z) be the probability that the channel output isz and
r(z) is not correct. Lety be the random variable which for a transmitted
symbol takes on the value(1��(z)) if r(z) is correct, and takes on the
value(1+�(z)) if r(z) is incorrect. The moment-generating function
of y is

g(s) = esy =
z

pc(z)e
s(1��(z)) + pe(z)e

s(1+�(z)) dz: (65)

Correct decoding of a transmitted codeword is guaranteed if the sum of
n of these random variables is less thanb = 2rG(C; R; A). Applying
the (exponentially tight [11]) Chernoff bound, the probabilityP of un-
successful decoding is upper-bounded by

P � e�sb+n ln g(s) (66)

for anys � 0. Hence, to obtain the tightest bound, we should minimize
the exponent

X = �sb+ n ln g(s) (67)

in (66). Note that fors = 0 we only obtain the trivial boundP � 1, so
we may further assumes > 0.

In order to find an assignment�(z) such thatg(s) is minimal, we
equate the partial derivative ofpc(z)es(1��(z))+ pe(z)e

s(1+�(z)) with
respect to�(z) to zero. This gives

�(z) =
L(z)

2s
(68)

as the optimal assignment, whereL(z) is the log-likelihood ratio, i.e.,

L(z) = ln
pc(z)

pe(z)
: (69)

In caseL(z)=2s 62 R, the best thing to do is rounding off to a nearest
value inR. Hence, forR� (with � 2 [0; 1]) we have

��(z) =

�; if L(z) � 2�s

L(z)
2s

; if 2�s < L(z) � 2s

1; if L(z) > 2s

(70)

and forRm (with m = 1; 2; 3; . . .) we have

�m(z) = 1� 2i=m; if li+1 � L(z) < li (71)
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with i = 0; 1; . . . ; bm=2c and where

l0 = 1; li = 2s(1� (2i� 1)=m);

for 1 � i � bm=2c; lbm=2c + 1 = �1: (72)

Hence, from (65) and (70), we find that the minimalg(s) in caseR =
R� reads

g�(s) =
z:L(z)�2�s

pc(z)e
s(1��) + pe(z)e

s(1+�) dz

+
z: 2�s<L(z)�2s

2es pc(z)pe(z)dz

+
z:L(z)>2s

(pc(z) + pe(z)e
2s)dz (73)

and from (65) and (71), we find that the minimalg(s) in caseR = Rm

reads

gm(s) =

bm=2c

i=0 z: l �L(z)<l

� pc(z)e
2si=m + pe(z)e

2s(1�i=m) dz: (74)

Since the sign ofz decides whetherr(z) is 0 or 1, it follows that

pc(z) =
1

2
p
�


e�(jzj�
) =
 (75)

and

pe(z) =
1

2
p
�


e�(jzj+
) =
 (76)

which give

L(z) = 4jzj: (77)

Hence, by substituting (75), (76), and (77) into (73) and (74), we obtain

g�(s) = es(1��) Q(��)�Q
�s

�
� �

+ es(1+�) Q(�)�Q
�s

�
+ �

+ 2es�
 Q
�s

�
�Q

s

�

+Q
s

�
� � + e2sQ

s

�
+ � (78)

and

gm(s) =

bm=2c

i=1

Q
li
2�

+ � e2s(1�i=m)(e2s=m � 1)

+Q
li
2�

� � e2si=m(e�2s=m � 1)

+ (1�Q(�))e2sbm=2c=m +Q(�)e2s(1�bm=2c=m) (79)

where� =
p
2
 and

Q(x) =
1

x

1p
2�

e�� =2 d� (80)

which can be approximated for largex based on

Q(x) =
e�x =2

x
p
2�

(1 +O(1=x2)) (81)

see, e.g., [1]. Using (81), we find that for large
, i.e., high SNRs, the
exponentX as introduced in (67) is

X� =�sb+ n ln g�(s)

=
�sb; if s � 
=(1 + �)

�sb+ n(s(1 + �)� 
); if s > 
=(1 + �)
(82)

in caseR = R�with � 2 [0; 1], and

Xm =�sb+ n ln gm(s)

=
�sb; if s � 
m=(m+ 1)

�sb+ n s m+1
m

�
 ; if s > 
m=(m+ 1)
(83)

in caseR = Rm with m 2 f1; 3; 5; . . .g, and

Xm =�sb+ n ln gm(s)

=

�sb; if s � 2m
 m+ 1�p
m2 + 2m

�sb+ n

� �
 + sm+1
m

� s
4m 


; if 2m
 m+ 1�p
m2 + 2m

< s � 2m


�sb+ ns; if s > 2m


(84)

in caseR = Rm with m 2 f2; 4; 6; . . .g. Sinceb � 2rG(d; R), we
find from Corollary 2 that thes minimizing (82) is

s� = 
=(1 + �); for � 2 [0; 1] (85)

and, from Corollary 3, that thes minimizing (83) is

sm = 
m=(m+ 1); for m 2 f1; 3; 5; . . .g (86)

and thes minimizing (84) is

sm = 2m
 m+ 1�
p
m2 + 2m ; for m 2 f2; 4; 6; . . .g

(87)
which gives

Xv = �bsv (88)

as the minimal exponent forv 2 [0; 1] [ f1; 2; 3; . . .g. Hence, for
SNR approaching infinity, the probability of unsuccessful decoding
for a reduced decoder (with reliability setRv and erasing algorithm
A) is essentiallye�bs = e�2r (C;R ;A)s . Since this probability is
asymptoticallye�
d for ML decoding [7], Theorem 7 follows.
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Alternative Structure for Computing APPs of the
Markov Source

Jongseung Park, Member, IEEE,and
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Abstract—We introduce an alternative structure for computing the
a posteriori probabilities (APPs) for state and transition sequences of a
Markov source observed through a noisy output sequence. Compared to
the well-established forward–backward recursion algorithm of Bahlet al.,
the proposed structure allows a reduction in computational complexity at
the expense of increased memory requirements. Alternatively, for a similar
complexity level, the proposed structure needs smaller memory when the
input alphabet size is small.

Index Terms—A posteriori probability (APP), Bahl–Cocke–Jelinek–
Raviv (BCJR) algorithm, Markov source, soft decision.

I. INTRODUCTION

Generating reliable soft decisions is essential for iterative decoders
to improve their performance beyond conventional hard-decision de-
coding [1]–[3]. When the observation sequence is the output of a fi-
nite-state Markov source corrupted by additive white Gaussian noise
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(AWGN), the well-known Bahl–Cocke–Jelinek–Raviv (BCJR) algo-
rithm provides a means to computea posterioriprobabilities (APPs) or
optimal soft decisions for the input symbols [4]. In this correspondence,
we introduce an alternative formulation of the optimal APP algorithm
that leads to different computation and memory tradeoffs. The present
formulation allows reduced computational complexity at the cost of an
increased memory size, relative to the BCJR algorithm. Alternatively,
for a comparable level of complexity, the proposed structure enables
a savings in memory requirement, especially for small alphabet sizes.
The proposed algorithm also works based on forward and backward
recursions of the probability computations, but the recursion in one di-
rection does not explicitly compute or retrieve the branch metrics.

II. PROPOSEDFORMULATION FOR APP COMPUTATION

The noisy observation on the output of a Markov source can be ex-
pressed as

Yk = L(bk; bk�1; . . . ; bk�I) + nk (1)

whereL(�) is an arbitrary but known function,bk is the input taken
from a finite alphabet, andnk denotes the AWGN samples. Defining
the state variableSk = fbk; bk�1; . . . ; bk�I+1g, the noise-free por-
tion of Yk is also fully determined bySk�1 andbk. As discussed in
[4], APPs of the input can be computed from the APPs of the states
or state transitions, which, in turn, can be obtained by normalizing the
joint state probabilities

�k(m) = p(Sk = m; YYY ) (2)

or the joint state transition probabilities

�k(m
0

; m) = p(Sk�1 = m
0

; Sk = m; YYY ) (3)

whereYYY denotes the entire sequence of observation. The partial trellis
shown in Fig. 1 further clarifies the notations.We can write

�k(m) =
m

p(Sk�1 = m
0

; Sk = m; YYY )

=
m

P (Sk = mjSk�1 = m
0

; YYY )p(Sk�1 = m
0

; YYY )

=
m

�k(m
0

; m)�k�1(m
0) (4)

where

�k(m
0

; m) =P (Sk = mjSk�1 = m
0

; YYY )

=P (Sk = mjSk�1 = m
0

; Y
N

k ) (5)

withY N

k denoting the collection of the observation samplesYk through
the last sampleYN . The second equality in (4) follows since the prob-
ability of Sk does not depend on the previous observations onceSk�1
is known. Equation (4) represents the forward recursion. Next we show
how �k(m

0; m) is computed using a backward recursion and a sub-
sequent normalization. First define the probability functions

�k(m
0

; m) = p(Sk = m; Y
N

k jSk�1 = m
0)

=

S

p(Sk = m; S
N

k+1; Y
N

k jSk�1 = m
0)

=

S

p(Y Nk jSk�1 = m
0

; Sk = m; S
N

k+1)

� P (Sk = m; S
N

k+1jSk�1 = m
0) (6)
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