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Reduced GMD Decoding for suchreduced GMD decodeysvith Forney’s algorithm (multitrial,
broad range of reliability levels) at one side of the spectrum and er-
Jos H. WeberSenior Member, IEEEand rors-only decoding (single trial, only one reliability level) at the other
Khaled A. S. Abdel-GhaffatMember, IEEE side.

Several performance studies and many variations on and extensions
Abstract—A framework is presented for generalized minimum distance or improvements to the GMD decoding principle have been proposed

(GMD) decoding with a limited number of decoding trials and a restricted  OVer the years [2], [4], [9], [10], [15], see,e.qg., (8l for.an overview. Still,
set of reliability values. In GMD decoding, symbols received from the We have chosen to refer to Forney’s original work in the evaluation of

channel may be erased before being fed into an algebraic error-erasure the effects of reducing the number of trials and/or allowable reliability
decoder for error correction, in subsequent or simultaneous trials with  |avels. It should be noted. however. that much of the analysis presented

different erasing patterns. The decision whether or not to erase a symbol in . ; .
a certain trial is taken by an erasure-choosing algorithm which takes into here may apply to other GMD-based soft-decision decoding techniques

account reliability information from the channel. The final GMD decoder ~ as well.
output is a codeword which results from a decoding trial and satisfies a We assume the following setting. A codeward= (ci, ..., ¢n)

certain distance criterion. For various erasing strategies and reliability from a ¢-ary codeC of lengthn and Hamming distancé is trans-

sets, the guaranteed error-correction radius and the unsuccessful decoding .. ; ; :
probability of this technique are studied. Both known and new results, mitted over a channel which may distort the transmitted symbols. Let

with applications to concatenated coding, follow from the unified approach  # = (%1, - - +» 2») be the channel output, Wher,edoes not necessarily
presented in this correspondence. belong to the code alphabet. A detector delivers, for ¢ach., ..., n,

Index Terms—Concatenated codes, generalized distance, multitrial de- ag-ary symbolr;, which b(_elongs to the code alphabet,_ an_d_ which rep-
coding, reliability-based decoding. resents the detector’s estimate-pbased on;, and a reliability value
«;, which belongs to a s&, and which represents the detector’s confi-
dence in its estimate. The input to the decoder consists of the received
I. INTRODUCTION g-ary vectorr = (r1, ..., rn,) and the associated reliability vector

Generalized minimum distance (GMD) decoding, as introduced By= (a1 -- -, 0_“")~ ) )
Forney [6], [7], permits flexible use of reliability information in alge- e assume in the following thak is a closed subset of the real
braic decoding algorithms for error correction. It applies to both bibterval[0, 1] containing{1}, i.e.,
nary and nonbinary codes. The main idea is to use a simple algebraic {1y c R Co, 1l. 1)
error-erasure decoder in a multitrial fashion, with different erasing pat- - T
terns based on reliability information from the channel and terminatidrhe lower«;, the less reliable is the symbg], with «; = 0 corre-
based on a certain distance criterion. In this way, the virtues of prolsgponding to “fully unreliable.” Throughout the rest of the correspon-
bilistic and algebraic decoding approaches can be combined. dence, we will assume without loss of generality, that the ordering of
Although GMD decoding is a rather old technique, it is still highlythe received symbols is such that < «;y; fori =1, ...n — 1.
relevant. It is also considered in combination with more modern tech-Of particular relevance are the families of sets
niques. For example, in [13], a concatenated coding scheme has been )
proposed with a turbo inner code and a Reed—Solomon outer code. In Ry = lp. 1] 2
case the maximum number of iterations for inner turbo decoding hggn ;, € [0, 1], and
been reached and outer (hard-decision) decoding is still unsuccessful,

the outer decoder computes the reliability values of its input symbols Lm/2] )
based on the soft output information of the inner turbo decoder and car- Rin = U {1 —2i/m} ®3)
ries out a final GMD-like decoding step. =0

In this correspondence, we study the effects of reducing the masith m = 1, 2, 3, .... These include the simple cases of taking only

imum number of decoding trials (as proposed in [12]) and/or reducigrd decisiongy = 1 orm = 1) and of allowingerasuregm = 2).
the set of allowable reliability values in GMD decoding. The latter The generalized distancbetween the received wordwith relia-
may be of importance since, in any digital implementation, the relility vector o and ag-ary vectorv = (v, ..., v,) is defined as
ability values need to be quantized. Moreover, in some applications,
e.g., GMD decoding of concatenated codes over discrete channels, the da(v, . a) = _ Z (1—ai)/2+ ' Z (1+ai)/2. (4
reliability values are discrete in nature. The proposed limitations on s Ui
the maximum number of trials and the allowable reliability values mayote that forR = R, = {1}, i.e.,a; = 1 for all 7, the generalized
considerably decrease the decoding complexity, but possibly at the distancedc (v, r, «) reduces to the Hamming distanég (v, r) be-
pense of performance degradation. A general framework is presentedenv andr.

Forney [6], [7] has shown that for amyandea, there can be at most
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taken as the final decoding result, eJsis increased by and another gives the maximum guaranteed error-correction radius achievable by
trial is performed, unlessexceedgd/27, in which case the procedure threshold erasing in the casBs= R,, or R = R... This generalizes
is terminated. results derived in [16] in the context of concatenated codes. In Sec-
Although Forney’s method finds the codewer(if one exists) satis- tion VI, we use the results of Kovalev [12] that give tight bounds on
fying (5) in (at most) /2] trials foranyreliability setR, the termgen-  the guaranteed error-correction radius achievable by optimized erasing
eralized minimum distance (GMD) decodimas been reserved mainlyin caseR = [0, 1], to derive bounds for an arbitrary reliability s&t
for this procedure in combination with the reliability $8t= R, = We also determine the guaranteed error-correction radius achievable
[0, 1]. For thisR, Forney has shown that for binary antipodal signalby single-trial decoding in the cas&= R, or R = R..
sent over an additive white Gaussian noise (AWGN) channel, GMD Next, in Section VII, we present an asymptotic performance anal-
decoding has effectively the same error probability as maximum-likgsis of reduced GMD decoding schemes in case of sending binary an-
lihood (ML) decoding at high signal-to-noise ratios (SNRs). tipodal signals over an AWGN channel. Since Forney’s GMD decoding
Kovalev [12] considered limiting the maximum number of decodingcheme withR = [0, 1] andl = [d/2] achieves the same perfor-
trials to an arbitrary numbéiess tharfd/2]. In this case, the recovery mance as ML decoding at high SNRs, we characterize the loss due to
of the transmitted codeworlis guaranteed if and only if the general-restricting the reliability seR to be a subset d, 1] and the loss due
ized distancég (¢, r, «) is less than some number, which we call théo restricting the maximum number of tridls
guaranteed error-correction radius achievable by the decoder. GMD decoding is known to be an efficient decoding technique for
In his work, Kovalev considered fixed erasing strategies, where tAg@ncatenated codes (see, e.g., [3], [5], [7]). In this context, GMD de-
number of symbols to be erased in each trial is fixed, and optimiz€gding is performed on the outer code and the reliability values are
erasing strategies, where this number is optimally chosen, based orfafsvided by the inner code decoders. Application of reduced GMD
reliability vectore, to maximize the guaranteed error-correction radiudecoding to concatenated codes is considered in Section VIlI, where
of the decoder. For the reliability s& = [0, 1], Kovalev determined We relate the maximum number of errors that can be corrected by a
or bounded the guaranteed error-correction radiustdfl decoders reduced GMD decoder in a concatenated coding scheme to the guar-
employing either fixed erasing strategies or optimized erasing stragéteed error-correction radius achievable by the decoder. Finally, the
gies. results from the correspondence are discussed in Section IX.
In addition to fixed and optimized erasing strategies, we study, in In this correspondence, we usendV for logical “and” and logical
this correspondence, threshold erasing strategies, where the decisin respectively. For integers, b, andm, we writea = b(m) to
of erasing or not erasing a given symbol in a given trial depends @gnotes = b (mod m).
whether or not the reliability of the symbol falls below a certain prede-
termined threshold. In particular, unlike fixed and optimized erasing Il. GUARANTEED ERROR-CORRECTIONRADIUS

strategies, the decision does not depend on the reliabilities of othe/rA\S stated before, Forney [6], [7] has shown that for any received

symbols. Hence, for threshold erasing, the detected symbols need§1 bol sequenceand reliability sequence, there can be at most one
be ordered in terms of reliability values. By covering threshold erasi deworde such thatd (¢, , a) < d/2 H’owever d/2 may not be

Etrazteg:)els, tq% df_ecoding I}ec_:hniqu?s of conliatenated codes devel%)g rgest number for which this property holds. We denote the largest
y Zyablov [16] fit naturally in our framework. real number for which the property holds by (d, R). Hence, if the

For fixed, threshold, and optimized strategies, we study GMD d'E'?'amsmitted codewordand the received sequenaeanda satisfy
coding in case the reliability s&® is a subset of), 1]. In particular,

we focus on the set®,andR,, introduced in (2) and (3), respec- da(e, v, a) < ra(d, R) (6)
tively. The (maximum) number of trialsis considered as a parameter
that reflects the allowable cost and/or delay of the decoder. Restrictthgnda (¢, r, a) < da(c', r, a) for any codeword’ # ¢. Therefore,

E Ki{ — E K

€T 1€T2

‘R and/orl leads to the concept of reduced GMD decoding. we callrq (d, R) theguaranteed error-correction radius
In Section II, we consider the guaranteed error-correction radius inAs the notation suggests, the guaranteed error-correction radius de-
case of such reduced reliability sets. This is the maximum numtegnds on the codé only by its Hamming distancé and not by its
such that, for any ande;, there is at most one codewoedsuch that length or particular structure, which is shown in the following result.
da(e, 7, a) is less th_an this_number. From (5), we know that the guar- Theorem 1: For a code” of Hamming distancéd > 1 and a relia-
anteed error-correction radius is at ledg2. Depending orR andd, o ;
. . ility set R, it holds that

we show that the guaranteed error-correction radius may be larger tl't1)an
d/2.In such cases, we have a less stringent criterion to accept the de-
coder’s output. If no codeword satisfying the criterion is found, one can ra(d, R) = d/2+ min /2 (7)
decide to have no decoding result at dé€oding failurg, or to choose
as _the_final decoding outpu_tacodeword generated _in one of the tigl$ere the minimum is over all disjoint set& and 7 such that
Whlc_h is closest to the received sequence in ge_nerallz_ed o_IlsFance SeNSey 7, = {1.2.....d}andalls; € R,1<i < d.
In thl§ gorrespondencg, we. assume that thg flrst (.)pyon isin .usg, i.e., proof: Clearly,ra(d, R) is the minimum of
the original codeword is retrieved if and only if it satisfies the criterion.
Although there are even less stringent conditions for some choices of max{dg(c, r, a), da(c, r, @)} (8)
« [5], [14], ours, by definition, cannot be improved upon forallln
particular, employing criteria different from ours may lead to a redugver all pairs of distinct codewordsande’ fromC, all ¢-ary sequences
tion in decoding failure probability, but has no impact on results thatof lengthn, and alle € R™. First, suppose thatandc’ are given and
have to consider the worst possilate For this reason, we employ thelet.7 = {i: ¢; # ¢;}. Then, in seeking the minimum of (8) over all
criterion based on the guaranteed error-correction radius. anda, we may assume that = ¢; = ¢ ande; = 1 foralli ¢ 7,

Section 1ll describes limited-trial decoding based on arbitragndr: = ¢; orr; = ¢; foralli € 7. From (4), this minimum equals
erasing strategies. In Section 1V, the maximum guaranteed error-cor-
rection radius achievable by fixed erasing is determined for any <|j| + min Z i — Z Y )/2 Q)
reliability set’R. This generalizes results in [6], [7], [12]. Section V e 7
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where the minimum is over all disjoint sef§ and.7. such that7; U Ill. LimTED-TRIAL DECODING
J> = J and over alls; € R,i € J.The minimum of (9) over

a!l d'_Stht codewords: and ¢’ s attained if|.7] is minimum, i.e., trials to a number less thdi /2] leads to a computational complexity
7] = d. which is smaller than Forney’s original algorithm. However, this may

This implicit expression leads to the following explicit bounds. ~ also lead to a degraded performance. In order to keep the loss in per-
formance as small as possible, we have to come up with smart erasing
strategies. Kovalev [12] has proposed fixed and optimized erasing
strategies for the casR = [0, 1]. Here, we will extend Kovalev's
work toR C [0, 1] and include other erasing strategies as well.

Let the maximum number of trials be denoted layd let the erasing
strategy be denoted b¥. Such an erasing strateglis, in fact, an algo-
rithm which generates upon receipt of a sequenaset of nonnegative

As stated in Section |, limiting the maximum number of decoding

Corollary 1: Ford > 1and{1} C R C [0, 1], it holds that
df2 <ra(d, R) < (d4+minR)/2 (20)

where equality holds in the first inequalitydfis even.
Proof: From Theorem 1z (d, R) > d/2.If d is even, then the

fr?i'c?'iff |<Jj]| ;Iff_ a”gé”th: 1tL°r ar']' i=1...,4d PrOVES integersZ = {i1, io. ... i1}. Inthejthrial (j = 1, 2, ... 1), thei,
atra(d, R) < d/2.1f d '39 . then the choicg: | = |‘,72| ~_7.” mostunreliable symbols inare erased before the received symbol se-
(d—1)/2andk; = 1foralli =1, ..., d, except for oné € 7, for

quence is fed into the (algebraic) error-erasure decoder. If this decoder
generates a codewordsatisfying (6), then this codeword is taken as
For the important cases & introduced in (2) and (3), we can closethe final decoding result, else the next trial is performed, until the max-

whichr; = min R, proves that (d, R) < (d 4+ minR)/2. O

the gap in (10). imum number of trials has been reached. For Forney’s algorithm, de-
. noted by A", we havel = [d/2] andi; = 2j — 1 (if d is even) or
Corollary 2: Ford > 1 and0 < p < 1, it holds that i, = 2j — 2 (if d is odd).

For a given cod€ of Hamming distancd and length., a given re-

(IT+pmd+1)/4, ifd=12)Ap liability set R, and a given algorithrd, let ¢ (C, R, A) denote the

ra(d, Ru) = > (d=1)/td+1) (11) largest real number for which the following assertion holds: for any
dj2, otherwise. transmitted codeword from C and any received vecterof lengthn
with reliability vectora € R™ such thatlq(c, r, @) < r, the orig-
Proof: The result follows from Corollary 1 i is even. inal codewordt is delivered by the decoder based on algoritAnOf

If dis odd and < (d—1)/(d+1), then the choicg” |=|72[+1= courserc(C, R, A), which is theguaranteed error-correction radius
(d+1)/2andr; = (d—1)/(d+1)if i€ 1 andri = 1if i € 2 I achievable by the decodetoes not exceed (d, R). We also intro-
Theorem 1 shows that; (d, R,) < d/2, and the result follows from §yce the normalization of:(C. R, A) with respecttoc (d, R), i.e.,

Corollary 1. W (C R A
Now, suppose that is odd andu > (d — 1)/(d + 1). The choice pc(C, R, A) = ra(C, R, A) (14)
7| = |l +1=(d+1)/2andw; = pifi € 7 andw; = 1if ra(d, R)

i € J» in Theorem 1 shows that; (d, R,.) < (1 + u)(d+ 1)/4.0On which may be considered as the fraction of the code’s guaranteed error-
the other hand, for ang; and.% in Theorem 1, such that/: | > | 72|,  correction radius achievable by algorith#
we have As the notation suggestsg (C, R, A) may depend on the codk
not only by its Hamming distancé. This will be illustrated by the
D omi= > ki 2 pldh| =l 2 pd+1)/2—(d—1)/2. (12) following example. LeR = Rs = {1/3, 1} and let the single-trial

= = algorithm A’ be such that two most unreliable symbols are erased if
[{i: a; = 1}] is a multiple of3 and that no symbols are erased other-
This proves thatc (d, Ry.) > (14 p)(d+1)/4. U wise. It can be easily shown that (C, Rs, A’) = 1 if C is such that
Corollary 3: Ford > 1andm € {1, 2, 3, ...}, it holds that n=d=3,whierc(C, Rs, A') = rc(3, Rs) = 5/3if C is such
thatn = 5 andd = 3.
{ d/2+1/(2m), ifd=m=1(2) In the next three sections, we will study the guaranteed error-correc-
ra(d, Rm) = ) (13) tion radius achievable by fixed, threshold, and optimized erasing strate-
/2, otherwise. gies, respectively. In order to facilitate the computations, we introduce

for a codeC, a fixed reliability vector, and an erasing sét, the pa-
rameteruc (C, a, 7), which is defined as the smallest real number
for which there exist a codeword € C, and a received sequence
with reliability sequencey, such thatd; (e, r, @) = w ande is not
generated in any decoding trial by the decoder based.dfve have
the following explicit expression for: (C, a, 7).

Proof: Sincemin R, is0 if m is even and /m if m is odd, the
result follows from Corollary 1 ifl is even ormn is even.
Now, let bothm andd be odd. Then, from Corollary 1

4/2 < ra(d, Rm) < d/2+1/(2m).

From the definition ofR.,.,, we know that for any7; and.%z in Theorem Lemma 1: For a codeC of length » and Hamming distance
landanyii, ... ka € R, the expressiohy ;. ; ki— > .., kil d, a reliability vectora = (a1, ..., ay), and an erasing set
is an integer multiple of /m. Henceyra(d, Rm) < d/2+1/(2m) T = {iy, is. ..., i1} of sizel, it holds that
impliesra (d, R..) = d/2. In this case, Theorem 1 gives

n L ijtby
o _ ua(C, a, I):’IL/Q—ZLM/Z-FZ Z o (15)
Z ki = Z ki i=1 J=1 i=i,+1
1€EJ 1€ET2
where

for some disjoint sets/; and. 7. such that’;s U7 = {1, 2, ..., d} 1
and some, ..., k4 € R... Since all elements iR, are odd mul- b; = max {0, {(d —ij=2 Y bk)/ﬂ } .
tiples of 1 /m, it follows that| 71| and|.7-| are either both even or both k=j+1

odd. This contradicts the fact thigfi | 4+ | 72| = d, which is odd. O forj=101-1,..., 1.
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Proof: For areceived sequengavith reliability sequencer, de- wherek € {0, ..., [}. Substituting thig into (21) gives for thex
coding trial j will generate a codeword if and only if the number derived from thi by (20)
of erasures,; and the number of nonerased erroys= |{i: i > 5 5 o . .
i AN # IJ'i}| are such thatt; + i; < d. Hen{:e, th|e{ smallest  “6(Cr e 1) = (2d+2=2pi + (= Dk —ix)/4. (22)
number of errors which results in not generating codewoinl trial ~ Sincep — 1 < 0, the expression in (22) is minimumif,, — iy is
jisthusmax{0, [(d—i;)/2]}. Further, note that the generalized dismaximum. With (18), this concludes the proof. O
tanceda (e, r, a) is minimum in case the erroneous positions are im-

. . o - ; Of particular interest among all sefsof a certain siz€ are the
mediately following the erased positions. Applying this argument for L " o . i
y 9 b PRYINg g ones maximizing (C, R, A4"). Switching to notation (16) and first

=1, ..., 1 subsequently concludes the proof. . Y
J ’ ’ q y P assuming that; is fixed, we chooses-, ..., a; such that
IV. FIXED ERASING {djl = [ar /1], forj=2, ..., a1 —1la1/l] +1 23
a; =
For reduced GMD decoding with fixed erasing, the erasingZset aj—1 = lai/l], forj=ai—Ilai/l] +2,...,1

is fixed, i-e;Fit does not depend @n Such an erasing strategy is de4n order to maximize (17). Next, we maximize over all integersuch
noted by.Az". Note that erasing one extra symbol does not decreaggyt; < , < [d/2], which results in

the number of correctable errors in case the number of erasures and

the Hamming distance are of the same parity [6], and that erdsimg l [;,%1 , if0<p< 2,%

more symbols does not make sense. Hence, we assume with regard to . .

thesell = {i1, ..., i} thatl < [d/2], i1 = io <0 < iy < -+ < A [ﬁw < |Ig1/1]

it < 441 = d+ 1,andd —i; = 1(2) for all ;. For such setg, we _ d o L

canwritei; (j = 0, ..., I + 1) in the format ar = ST/ i gy << [ LT[ [£]/1]+1 (24)
i;=d+1-2a (16) /\Lﬁ%} < 1141/1]

where theu; are integers such that [4] otherwise.

O=ap <y < <ar<ap=d+1—a. Together, (24), (23), and (16) provide a detmaximizing the guar-

anteed error-correction radius overiattial fixed erasing strategies in

caseR is areliability set with minimun, which leads to the following
Theorem 2: For a cod&” of Hamming distancd > 1, a reliability  results.

setR with minimum, and an erasing sé&t of size! satisfying (16),

We have the following result fore (C, R, AL®).

Corollary 4: For a cod& of Hamming distancé > 1, a reliability

it holds that g1 ) setR with minimumy, andl <! < [d/2], it holds that
, . — e
ra(C, R, A?E) = min {7'G(d, R), fﬂl III‘I%}EII)G(C? R, Ag]:)
(=1 s : o ( .
o nax (k41 —ix) ¢ (17) w (1 [2’11‘1 D . f0<p < gy
whereiq = —i; andijy; = d+ 1. A [%1 < 1121/1)

Proof: From the definitions it follows that

=@ LI31/1) W st < < sty @)
AfE] < 1141/

ra(C, R, A7") = min {r(;(d, R), min ua(C, a, I)} (18)

I
aER™

Observingh; = a; — aj41 = ({41 —i;)/2forj = 1,...,1,it . .
follows from Lemma 1 that w([4]). otherwise
zl: EJ: where
ua(C, a, T) =n/2 — a;/2 )
J=1 i=(ij_1+i5)/2+1 w(r) = min{l, 2pr+ (1 —p)(d+1-[2/11))/(2ra(d, R))}.
S Corollary 5: For a code” of Hamming distance liabili
T 0 )2 — a:/2. (19 orollary 5: For a code of Hamming distancé > 1, a reliability
; i:%;l / i:(ilJr%:])/zH /2. (19) setR D {0, 1}, andl < [ < [d/2], it holds that
Henceminacrn ui(C, a, I) is achieved for am with jmax pc(C, R, AT") = [21d/ (21 + 1)]/d. (26)

70|z

ap =0 if (ijo1+14;)/2+ 1 <i < (i +i41)/2,

) Corollary 6: For a codeC of Hamming distance approaching in-

fori<j;<Il+4+1 (20) . . - . o :
sisi+l (0 finity, a reliability setR with minimumy:, andl <7 < [d/2], it holds

wherey = g < 61 < -+ < b1 =1andijys = 2n—d —1.For that

such amx we have FE

zn\l?fiz pa(C, R, A7)

l
uwe(C, e, I) = <it ity 0500120 +ij+1)>/4~ (21) {21/(21+ 1), if p <1/(2041)
= _ (27)

J=1 =
Minimizing (21) over all possible sequencés= (6., ..., 8;), we (Gl p =1/, it p>1/2+1).
may assume that, = 6, if i,y — 2i; + 441 > 0,andd; =6, The result from Corollary 6 is graphically represented in Fig. 1. Fur-
otherwise(j = 1, ..., !). Continuing this argument, it follows with ther, note from Corollary 4 that for any codeand any reliability set

o = p andé;y; = 1, that the minimum in (21) over afl is achieved R, Forney’s erasing algorithmd" achieves the guaranteed error-cor-
for ad satisfyingd, = pif 1 < j < k,andd; = Lif k+1 < j <I, rectionradius,ieps(C, R, A¥) = 1.
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I = [d/2]

1<l<[d/2]

win

C,R, FE
zTﬁaﬁsz( Az”)

|
1
1 1

0 201 3 b — 1

Fig. 1. Maximum normalized guaranteed error-correction radiuéfioal GMD decoding with fixed erasing and reliability s&twith minimumy, in the case
of codesC of Hamming distance approaching infinity.

V. THRESHOLD ERASING whereb, = 0 and
For reduced GMD decoding with threshold erasing, the erasure pat- ,
terns are determined by a thresholdBet {61, ..., 6;} with6; € R max {0 { <d —i—9 Z b")/ﬂ }
> g 7 = 2 =
k=j+1
max{0, [(d —i;)/2] — max{0, [(d —ij+1)/2]}},

. b;
for all j. We assumé < [ < |R| andf; < --- < 4,. In thejth trial, !
forj=1,1-1,..., 1

all received symbols; for which«; < 6, are erased. Such an erasing
strategy is denoted b+ . An important benefit of threshold erasing
is that there is no need to sort the received symbols according to their
reliability values before erasing those with lowest reliability, which is
the case for fixed erasing (and, thus, for Forney’s algorithm).

We have the following result fare (C, R, A¥).

Substituting (30) into (15) gives

Theorem 3: For a code” of Hamming distancd > 1, reliability uwe(C, a, I)
setR, and threshold st = {64, ..., 6;}, it holds that ! i 1ijthy
ra(C, R, A;E) :n/?—z Z a,:/?-i—z Z a; /2
=1 i=i,_ b _ =1 i=i;+1
Lo dmaxico, (0, — ). ifd=0(2) Jo e e
. . d—07 41 - Z a;/2
—mn {“'(d’ R): = 1 (28) i=i b1
! i Loith
-max=o,.. (7, — et)}, if d=1(2) =n/2-Y > 024> > 6,/2
. ) J=1 i=ij y+bj_q+1 J=1 i=i;+1
wheref; = —0; if 1 = min R = p, §; =sup{r € R: v < 6} if n
1<j<landd; > u, 8o = —67, andd;, = L. - > 12
Proof: From the definitions it follows that i=igtb+1

ra(C, R, A:?E) = min {TG (d, R), mIin min ug(C, a, I)} (29)

I
N —
RS

l l
1+ b — Z@f (ij — i‘j_1 — bj_1) =+ ij@j)

where themin, operation is over akk € R" for which threshold set =1 G=1
7 applied ona leads to a given erasing sét= {¢, ..., i;} with

0=1o < i1 <0 <L i < i1+1 =n, such that; = 0 if §; = min R, ((9;,'_1 — 0;)17 =+ (9;+1 =+ el)bj)

Il
MN

and theminz operation is over all possible of this kind. For givert, j=1
themin, uq (C, a, 7) is achieved by ther with 1
07, i +b+1<i<i;, forj=1,...,1+1 =3 > ((9.;-11 —0;)ij+ (000 =07 +6; —0-1)
w; = ’ j=1
0, ifi;+1<i<i;+by, forj=1,...,1

(30) cmax{0, [(d = i;)/21}). (31)
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The minimum of (31) over all = {41, ..., i;} such tha) = i{x < where we defind;+-1 = 1+ 2/m, is achieved by choosing

1 << < = n is attained b
i < < _011+1.f (1IL IS.a<atlr/l\e(i y .~ ) ; {9,7_1 +21i/t]/m, for2 <j<Il+41|i/l]—i
- MU =7 S EAL=012) Vi = p P 8+ 20/ /m, forl41lif1] —i+ 1< <L,
V(2<j<tAd=0(2)) s 201 /m. Ll =itl<is
=<1, fd=12A({(1=5<tA8 > ) (32) Substituting (38) and (40) into (28), we find that the resulting expres-

(40)

1 =
! V2 < j<t) sion is maximum when
d, ift+1<j<1 {—’g’;j;)] . ifd=0(2)
for some integet, where) < ¢ <1if 6y > p,andl < ¢ <Iif 6y = p. .
Substituting (32) into (31), minimizing the resulting expression dyer l [%1 . fd=1(2)A [%1 < lemJ Ad>20+1
while observing that,” — 6o = =2 <1 -6, =6, , — §,in case
¢1 = u, and, finally, using (29), while noting that:(d, R) > d/2, ,_ )1 LMJ , Fd=1(2)A [ﬁ1 < le/ﬂJ
concludes the proof. O 2]
. . . A2[m/2] — 21 | = 1<d<2
In casel = [R], we havefZ =R and it follows immediately from [m /2] L ! J tl<ds
Theorem 3 thatq (C, R, Ax")=rq(d, R),i.e.pa(C, R, ARF)= m/24+1, Hd=12)Am=02)Al=m/2+1
1. Of particular interest among all séfsof a certain sizé< |R | are the /o therwi
ones maximizingc (C, R, AT"). Next, we determine such threshold [m/2], Otherwise. (a1)
sets for the re"at?(']:'ty shets from (_2) and (3)h ixeq T0Uther (38), (40), and (41) determine an optirhéfal threshold
First, we consider the case = R, with pu € [0, 1]. For fixed g aing procedure in cage = R..., which brings us to the following

61 € [p, 1], minimization of results
A

Corollary 9: For a codeC of Hamming distancel > 1, m €
where we defing,,, = 1, is achieved by choosing 11,2,3, ...}, andl <1 < [m/2] +1, it holds that

bi=1-(+1-HA—6)/l.  for2<j<l (34  max p6(C. R AT")

=t

Substituting this into (28), the resulting expression is maximized by the a1 [ 20m ] if d = 0(2)
choice m | 24T | = )
H m H — ¢ m m/2
s (42020 A< o) o(1[z5]), ta=1A[gH] < |2
0, = _ d—1-—21 35 Ad > 20+ 1,
. v (d: 12) Ap < W) (35) B o > . o
. — m )L H / E 3 m— < T
T otherwise. 4 (ZL ! J) if d = 1(2) A [2”11 - { ! J
Together, (34) and (35) determine an optirhéiial threshold erasing A2[m /2] — 21 L%J +1
procedure in casR = R, which brings us to the following results. cd<2l
Corollary 7: For a cod& of Hamming distancé > 1, 1 € [0, 1], é([m/2]) otherwise
and! > 1, it holds that ' (42)
max C, Ru. AxE
T \%:xm( n AT where
¢ 2l14p—1 3 - 1 R
> if d= 0(2) A > 20+1 (b(L) _ 2 + (d — ]_)('m +1- |_L/l—|) (43)
w# if d=1(2)A % o 2mra(d, Rom) ’
= 7‘1_1 36
S T (36) Corollary 10: For a code” of Hamming distance approaching in-
1, ifd=12)Ap > 755 finity, m € {1, 2, 3, ...}, andl < < |m/2] + 1, it holds that
21 H
ST otherwise. max pa(C, Run, ATEY = [20m/ 21+ 1)]/m.  (44)

Corollary 8: For a codeC of Hamming distance approaching in-
finity, 1 € [0, 1], and! > 1, it holds that

max pa(C, Ry, .AlTh . . . . .
T:|T|=t For reduced GMD decoding with optimized erasing, the erasing set
221+ 1), if p <1/(2141) 37 T is chosen based on the received reliability veeipisuch that the
T\ Q@+ -1D/@D, ifp>1/2041). @7 achievable guaranteed error-correction radius by the decoder is max-
Note the resemblance of the results presented in Corollaries 6 and 8,'6].5@' Such an erasmg strategy ',S denotew, wherel is the .
be aware of the fact that the former holds for any/8etith minimum maximum number of trlals. As'fpr fixed erasing, we mgy assume with
1, while the latter explicitly assume® = R, = [u, 1]. regard to the sef = i, ooy arf thatl < [d/2],0 <y < -00 <

Next, we consider the cage = R, with m € {1, 2, 3, ...}.For it < d,andd —i; = 1(2) for all j. Note that
fixed

VI. OPTIMIZED ERASING

ra(C, R, APY) = min {’I‘G(d, R), min max ua(C, a, I)}

01 =1-2(i—1)/m (38) aER™ I:|T|=!
(45)

with < i < [m/2] + 1, minimization of
 max (01 —0:) = max (Bi41 — 0: —2/m) (39)

ek =1,

For the reliability setR = [0, 1], Kovalev [12] has derived the fol-
lowing (nearly) tight bounds orq (C, R, AP").



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 49, NO. 4, APRIL 2003 1019

TABLE |
DATA CONCERNING THEAP® ALGORITHM IN CASE OF ARELIABILITY SET
R =R, WITH ¢ € [0, 1] AND A CODEC WITH HAMMING DISTANCEd > 1

Corollary 13: Form > 1 and a cod& of Hamming distance ap-
proaching infinity, it holds that

1, if m=1,2

OE
wd ro(C, Ry AT) . 7/9, ifm=3
0<pu<ind=1 (1+p)/2 pc(C. Ry ATF) = (49)
0<pu<1/2Ad=0(2) (3d +2)/8 4/5, ifm =5
1/2<p<1Ad=0(2) (d(1+p) +2(1 - p)/4 3/4, ifm=4o0rm>6.
0<pu<1/2Ad=3(4) 3(d+1)/8
0<pu<1/3Ad>5Ad=1(4) (9d +7)/24 The proofs of Theorems 5 and 6 are extremely lengthy because of

the many subcases which need to be considered. Therefore, we take the

< 1/2Ad>5Ad= . A ; i . -
3su<l/ 25Nd=1(4) approach of first discussing one example case in detail, and then giving

(3d + 1+ 4p)/8

1/2<pu<1Ad>3Ad=1(2) (d+1)(1+p)/4

*

K, d a

0<u<lAd=1 (,1)
0<pu<1/2Ad=0(2) ((1/2)d/2+171)
1/2<pu<1Ad=0(2) (ud/2+171)

0<pu<1/2And=3(4)

0<u<1/3Nd>5Ad=1(4)
1/3<p<1/2Ad>5Ad=1(4)
1/2<pu<1Ad>3Ad=1(2)
u,d S

((1/2)@+172,1)
((1/3)4+D/2 (2/3)4=1/4,1)
(l"‘(d+1)/27 (QN)(d—l)/zl’ 1)
(u+1/2 1)

0<p<lAd=1 {0}
0<p<1Ad=0(4) {1,d/2+1}
0<pu<1Ad=2(4) {1,d/2}

0<pu<1/2Ad=3(4)
0<u<1/3Ad>5Ad=1(4)
1/3<u<1/2Ad>5Ad=1(
1/2<pu<1Ad>3Ad=1(2) {0}
Indez: ¢¥ denotes the vector (1,4, ...,1) of length y,

and 1 is an all-one vector such that the length of a* equals n.

{0,(d+1)/2}
{0,2,(d — 1)/2,(d + 3)/2}
4) {0,(d-1)/2}

Theorem 4 (Kovalev):For a codel of Hamming distancd > 1,
andl < [ < [d/2], it holds that
(d+1—=[(d+1)/411)/2 < ra(C, [0, 1], AP")
<(d+2-[(d+1)/41])/2 (46)
where equality holds in the first inequality in cage- 1 is a multiple

of 41.
Proof: The proof can be found in [12]. O

Sincera(C, [0, 1], AP®) < rq(C, R, APT) for any R, the fol-
lowing result emerges from Theorem 4.

Corollary 11: For a codeC of Hamming distancé > 1, a relia-
bility set’R, and1 < ! < [d/2], it holds that

ra(C, Ry APT) > (d+1 = [(d 4 1)/41])/2. (47)

guidelines along which the proofs can be obtained in the remaining
cases.
As an example, we consider the casen = 0(4). Let

ot = ((1/2)d/2+1’ 17774/271)

wherey? denotes the vectar), 1, ...

(50)
, ) of lengthy. From (15),

we have
uc(C. a*, {ir})
(3d +2)/8, if1<i <d/24+1Ai =1(2)
C\ 5d+6—4i1)/8, fd/24+3<ii<d—1Ai =1(2)
(51)
and, thus, it follows from (45) that
16 (Co Ry APT) < (34 +2)/8. (52)

Now suppose that: (C, R.., APY) < (3d + 2)/8, i.e., there exists
ana € (R,»)" such that

wa(C, a, {i1}) < (3d+2)/8=1/m (53)

for all oddi; suchthatl < i; < d — 1. Thus,

(3d+2)/4=2/m > uc(C, a, {1})+ua(C, a, {d/2+1})
=n—o;— Z a; > 3d/44+1—-ay  (54)
i=3d /442
which implies thatw; > a1 > 1/2 4+ 2/m foralli = 1, ..., n.
Hence,
n d/2+41
ua(C, a, {1}) =n/2 — Z o /2 + Z o
=1 =2
d/241

>(d+2)/4—ar/2+ a2 /24 Y if?
1=3

>(3d+2)/8 (55)

contradicting (53). Hence, equality holds in (52). In conclusion

7G(Cy Ry ATY) = (3d +2)/8 (56)

For single-trial decoding with optimized erasing, we have the foin cased, m = 0(4), and a single-trial erasing strategy to achieve this

lowing results for the reliability sets from (2) and (3).

Theorem 5: For . € [0, 1] and a cod&” of Hamming distance

d > 1,itholds thatrc (C, R,, AYT) is as given in Table I.

Corollary 12: Forp € [0, 1] and a cod€ of Hamming distance

approaching infinity, it holds that
3/4
(1+p)/2

if0<u<1/2,

if1/2 <p<1. (48)

po(C. Ry A7) = {

Theorem 6: Form > 1 and a cod€ of Hamming distancd > 1,
it holds thatr (C, R.., AL") is as given in Table II.

is to choose the erasing set= {i, } such that

d/241 3d/4+1
) 1, if > ai> o
1] = =2 i=d/2+2 (57)
d/2+1, otherwise.

Other cases can be proved similarly using the following guidelines.
In Tables | and II, we provide for all cases a vecidr € R™ and a
setS, for which it can be shown that for ary € R" there exists an
i1 € S such that

ua(C, ay {ir}) > 01%1;2(” ua(C, o, {j}).
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TABLE I
DATA CONCERNING THEAYE ALGORITHM IN CASE OF A RELIABILITY SETR = R, WITHm € {1, 2, 3, ...} AND A CODEC
WITH HAMMING DISTANCEd > 1

m,d rG(C, R, APF)
m<2vd<2 [md/2]/m
m=3Ad>3 (d+ d/3] — |d/6] +1)/3
m=5Ad>3 (3d+1-2[d/2])/5
m>4Am#£#5Nd=3(4) [3(d +1)m/8]/m
m>4Am#5Ad=4 ([3m/2] + [(m —1)/4])/m
m>4Am#5Ad=04)Ad>5 ([3md/8] + [m/4])/m
m=02)Am>4Ad=18)Ad>5 ((3d +5)m/8 — [m/3])/m
m=12)Am>7Ad=108)Ad>5 ((3d + 5)m/8 — [m/3] + 1)/m
m>4Am#5Ad=508)Ad>5 ([(3d + 5)m/8] — |m/3])/m
m>4Am#59ANd=2(4)ANd>5 [(3d + 2)m/8]/m
m=9Ad=24)Ad>5 (19(3d +2)/8] +1)/9
m,d a*
m<2vd<2 (1= 2[m/2)/m)*,1)
m=3Ad>3 ((1/3)\4/21+14/3)=14/61+1 1
4<m<5Ad>3 (1 = 2/m)la/2+1 1)
m>6Ad=14)Ad>3 ({72 \[@-D781 \L@-1/8] 1y
m>6Am=04)AdZ1(4)Ad>3 (1/2)L4/21+1 1)
m>6Am=14)Ad#1(4)Ad>3Ad#£4 | AYHF \LEES/E] \LdrD/8] )
m>6Am=14)Ad=4 (((m +1)/(2m))3,1)
m>6Am=24)Ad£1(4)Ad>3 (L2152 \LEED/4] )y
m>6Am=34)AdZ14)Ad>3 (L7211 ZL@+2/8] )
m,d S
m=12Ad>1 {n1}
m=3Ad>1 {0,1,92 — 2,92 — 1, 92,92 + 1}
m=5Ad>1 {0,1,y3 — 1,y3,y3 + 1}
m#1,2,3,5Ad =0(4) {1,d/2 +1}
m#1,2,3,5Nd = 1(4) {0,2,(d—1)/2,(d+3)/2}
m#1,2,3,59Ad=2(4) {1,d/2}
m=9Ad=2(4) {1,3,d/2,d/2 + 2}
m#1,2,3,5Nd = 3(4) {0,(d +1)/2}

Indez: see Table I, plus Ay =1 —2|m/3|/m, Ay =1 —2(2|m/3] — |m/2])/m,
A3 =1-2(2[m/3] — [m/2])/m, Ay =1 —2[m/4]/m, As =1 —4/m,
X=1-2/m,y1={i:a; =0}, y2 =|{¢: @; =1/3}], and y3 = |{¢ : @; = 1/5}].

Since sent as antipodal signals (i.e., either a given waveform of enBrgy
its negative) over an AWGN channel (with two-sided spectral density
max uc(C, a”, {j}) <rq(d, R) No/2) with matched-filter reception. For convenience, define
0<j<n -
~ = E/Ny. (58)

in all cases, Theorems 5 and 6 then follow from (45).

It is to be expected that in deriving the achievable guaranteed errdhe outputz; is a Gaussian random variable which has, under a con-
correction radius for multitrial optimized erasing even more subcaségnient normalization, meat~ and variance;/2, where the sign de-
need to be distinguished. This is not elaborated here, and we leaveftagds on whether(@or al was transmitted. We let the signafdecide
matter at the important Kovalev bounds from Theorem 4 and Corollawhetherr; is 0 or 1, and assign a reliability value; € R according
11. These bounds show that, for any cGdnd any reliability seR, an  to the log-likelihood ratio. Details on this assignment are provided in
error-correction radius af/2 can be achieved in at motd + 1)/4]  the Appendix.
trials with optimized erasing. With regard to the decoder we assume it is a reduced GMD decoder
with reliability setR, erasing algorithm4, and acceptance criterion
(6). For ML decoding at high SNR, the probability of unsuccessful
decoding is essentially=?" [7]. We are interested in thasymptotic

Next, we study the performance of reduced GMD decoders in terioss of reduced GMD decoding compared to ML decoding, i.e., the
of the probability of unsuccessful decoding. Throughout this sectioextra power required to achieve the same probability of unsuccessful
we assume that is a binary linear code and that the code bitare decoding as for ML decoding at SNR approaching infiriity— o).

VII. A SYMPTOTIC PERFORMANCEANALYSIS
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Fig. 2. Performance results for reduced GMD decoders, in case of binary antipodal signals, AWGN channel, SNR approaching infinity, codes of Hamming
distanced = 7, reliability setsR,, with ¢ € [0. 1], andi-trial decoding strategies with fixed erasing (FE), threshold erasing (TE), or optimized erasing (OE).

Theorem 7: For a reduced GMD decoder with erasing algoritdm coding(v = 0 orv — o), all with A = AT, for which he found
and reliability setR., with v € [0, 1] U {1, 2, 3, ...}, operating on asymptotic losses to ML decoding of 3.01, 1.63, and 0 dB, respectively.
a codeC of Hamming distancd > 1, the probability of unsuccessful There are indications, however, that the actual asymptotic loss for er-
decoding is essentially 277»"c(¢: R+ 4 a5+ _, o0, and, thus, the rors-only decodindv = 1) is dependent on the code distante or
asymptotic loss (in decibels) is example, for the trivial casé = 1 (no coding), it can easily be ar-
gued that GMD does not lead to a lower probability of unsuccessful
10l0gyo(1/v) + 1010g,(d/(2ra (C. Ro. A))) (59) decoding than errors-only decoding, which suggests that for sinall

where the gain of GMD decoding over errors-only decoding could be less
1/(v+1), for v € [0, 1] than 3.01 dB. Also, the probability of unsuccessful decoding’ for
3 ML (and thus GMD) decoding decreases when increasing an odd code
oo =q v/lv+1), forv € {1, 3,5....}  (60) gistanced = 2¢ + 1 by one tod = 2t + 2, while in errors-only de-
2u (7) +1 -2+ 21;) , forve {2, 4,6, ...}. coding the performance is actually equal for these two distances, i.e.,

the loss ford = 2¢ 4 1 should be smaller than fok = 2¢ + 2. These
observations can be explained by the notions of quantization and ra-
Note that for GMD decodingv = 0, A = A") both terms in dius loss. For = 1 the quantization loss i$0log;, 2 = 3.01 dB,
(59) are zero, so at high SNR, GMD decoding performs as well agich indeed equals Forney’s result. On the other hand, the radius
ML decoding, which was the main conclusion from [6]. Hence, (59pss is 0 dB ifd is even, andlOlog,,(d/(d + 1)) decibels ifd is
can also be regarded as the asymptotic loss for reduced GMD decodidd. Hence, the total loss if)log,, 2 = 3.01 dB ifd is even, and
compared to GMD decoding. The first term in (59) depends only on thélog,,(2d/(d 4+ 1)) < 10log,, 2 = 3.01 dB ifd is odd.
reliability setR and is called theuantization losssince it is caused  Further numerical illustrations of (59) are provided in Figs. 2-5. The
by the less accurate representation of the reliability information frorasults are obtained by substituting results from Sections IV-VI on the
the channel due to using only a sub%&bof [0, 1] rather than0, 1]  achievable guaranteed error-correction radius into (59). In each figure,
itself as in GMD decoding. The second term in (59) depends on ttie best, i.e., lowest, possible curve is achieved by erasing algorithms
codeC, the reliability setR, and the erasing algorithrd. Itis called A with p(C, R, A) = 1, e.g., by Forney'§d/2]-trial fixed erasing
theradius loss since it is caused by the deviation of the guaranteeat by | R |-trial threshold erasing. In case the code’s Hamming distance
error-correction radiusq (C, R., .A) compared to the radiug/2 for  d approaches infinityp (C, R, A([)(];:m)m) = 1, and so the lowest
GMD decoding. Note that the radius loss is negative if the guarantemdhves in Figs. 4 and 5 are also achieved i+ 1)/4]-trial optimized
error-correction radius exceed#2, in which case we actually have aerasing. In casé = 7 andy € [0, 1], pa(C, R,., AS™) = 1, which
radius gain. follows from Corollaries 11 and 2 ji € [0, 3/4] and from Theorem 5
Forney [6], [7] considered in particular the cases of errors-only dand Corollary 2 otherwise. Hence, the lowest curve in Fig. 2 is also
coding (v = 1), error-erasure decoding = 2), and GMD de- achieved by double-trial optimized erasing.

Proof: See the Appendix. O
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Fig. 3. Performance results for reduced GMD decoders, in case of binary antipodal signals, AWGN channel, SNR approaching infinity, codes of Hamming
distancel = 7, reliability setsR... withm € {1, 2, 3...}, andi-trial decoding strategies with fixed erasing (FE: solid lines), threshold erasing (TE: dotted line),
or optimized erasing (OE: dashed line).

The lowest curves in Figs. 4 and 5 represent the quantization losgice there is no radius loss in this case, the total loss is only 3.01
which depends only on the reliability set The difference between the dB, which is less than 3.40 dB. The radius loss increases by allowing
guantization loss curve and the curve associated with a certain eragipmbols to have reliability valu® since the generalized distance
algorithm represents the radius loss due to the limited-trial strate@petween the transmitted codeword and the received vector increases
Note that for codes with an odd Hamming distance, €.@s for the if, among the symbols with reliability valu&, there are more correct
famous binary Golay code, the radius loss may be negative. This nggynbols than incorrect ones. If this generalized distance exceeds the
result in curves as given in Figs. 2 and 3, which are (partly) below tlgeiaranteed error-correction radius, the decoder fails to recover the
quantization loss curves from Figs. 4 and 5, respectively. transmitted codeword. Finally, also note from Fig. 5 tRat gives a

The figures show that significant complexity reduction is possible &iss of 3.01 dB as well, but here it consists of a quantization loss of
the price of only a modest performance loss. For example, for code25 dB and a radius loss of 1.76 dB.
of Hamming distance approaching infinity, it follows from the dotted
curve in Fig. 5 that we are within 1 dB from ML decoding, by per-
forming at most = 2 («[d/2]) decoding trials with threshold erasing
(and in particular without requiring the ordering of reliability symbols) We now apply the concept of reduced GMD decoding to concate-
and using only the three reliability levels 1/2, and1 from R.. nated coding schemes [7], [16], similarly to the approach from [3].

Figs. 3 and 5 reveal an interesting phenomenon. Notice that M consider a scheme with a linegary outer cod&, ... of length
overall loss is not necessarily a nonincreasing functiomofThis » and Hamming distance, and a linear inner codénne: of length
points to the rather surprising observation that a finer quantizatiom, Size (at leasty, and Hamming distance.. The code symbols;
of the reliability set does not necessarily lead to a better perfdrom an outer codeword are encoded according &un.: into inner
mance. The reason is that the radius loss may increase by an ameadewordse;, which are transmitted and then receivedasEachz;
greater than the reduction in the quantization loss as the numberisoé sequence of;, symbols from the inner code alphabet. Next, the
guantization levels increases. As an example, we consider codeghsfunded distance) inner decoder looks for an inner codeword which
Hamming distance approaching infinity, a reliability $@t,, and a is at Hamming distance at moptm — 1)/2| from z;. If it succeeds
fixed erasing single-trial decoder (see upper solid curve in Fig. 3 finding such an inner codeworad;, then it outputs the symba;

If m =2,ie.,R =R, ={0, 1}, the quantization loss is 1.63 dB (from the outer code alphabet) associated witraccording tC;ner
and the radius loss is 1.76 dB, which gives a total loss of 3.40 d®ith reliability o; = 1 — 2dn(z;, w;)/m, otherwise, it chooses an
If we do not use reliability valud, i.e., we assign reliability value arbitrary inner codewordv; and outputs the symbol; associated
1 to all received symbols and thus have an effective reliability setith this codeword with reliabilitye; = 0. Hence,R = R,,, if m
R = Ry = {1}, the quantization loss increases to 3.01 dB. Bus even or the inner code is perfect, aRd= R., U {0} otherwise.

VIII. A PPLICATION TO CONCATENATED CODING
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Fig. 4. Performance results for reduced GMD decoders, in case of binary antipodal signals, AWGN channel, SNR approaching infinity, codes of Hamming
distance approaching infinity, reliability se®, with 4 € [0, 1], and!-trial decoding strategies with fixed erasing (FE), threshold erasing (TE), or optimized
erasing (OE).

Finally, the vectorss and a are processed by a reduced GMD descheme, we may assume that(x;, w;) = m if r; # c;. Henceq;
coder based on an erasing algoritodn as considered earlier in this can be obtained by:(1 — «;)/2 errors during transmission af; if
correspondence. r; = ¢i, and bym (1 + «;)/2 transmission errors if; # ¢;. Hence,

Let e(Couters Cinner, A) denote the smallest number of channel
errors for which a decoding error or failure may occur in such a

. . e(Couters Cinners A
concatenated coding scheme. Hence, the maximum number of errors (Conters Cinners A)

for which correction is guaranteed i$Coutcrs Cinner, A) — 1. The < Z m(l —ai)/2+ Z m(l+a;)/2
following result relates(Couter, Cinner, A) to the guaranteed error- Bri=cg it
correction radius. =m x da(e, r, @) =m X ra(Couters R, A) (62)
Theorem 8: For an inner cod€i,ne: 0f Hamming distance: > 1,
an outer cod€,...:, and an erasing strategy, we have which shows the second inequality in (61).
B) Let e(Couters Cinner, A) be achieved by an inner code-
word sequencee = (i, ..., x,), associated to (outer) code-
m X 76 (Couters R U {0}, A) word ¢, and a received vector sequenee = (z1,..., zn),

< ¢(Couters Cinners A) < m X 76 (Couters R, A)  (61) leading to vectorsr and a. Thus, for thesez, z, ¢, r, and a,
B ' - Z:;] dH(‘TH Zi) = e(Colee1'7 Ci[ll]efﬂ A) and the GMD decoder
based on erasing strategd with input » and « delivers either no
where equality holds in the last inequality if at least one of the followingedeword or a codeworel # c. Hence,
conditions holds:

2) m is even; e(Couter, Cinner, A)
3) Cinner IS perfect; "
4) A is of fixed, threshold, or optimized type. = Z du (i, 2:)
Proof: =1
A) Letrc (Couters R JA) be achieved by a codewoedrom Couter > D du(zew)+ Y (m—du(zi, wi)

and a received vecter with reliability vectora: € (R...)". Thus, for i i

thesee, r, ande, da (e, 7, @) = ra(Couters Rom, A) and the GMD Z m(l—a;)/2+ Z m(1l+ «;)/2

decoder based on erasing strategjywith inputr and« delivers ei- iiri=c; e

ther no codeword or a codewoed# ¢. For the concatenated coding =m X da(e, 7, @) > m X rq(Conters R, A) (63)

\Y%
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loss to ML decoding (in dB)

,\-

Fig. 5. Performance results for reduced GMD decoders, in case of binary antipodal signals, AWGN channel, SNR approaching infinity, codes of Hamming
distance approaching infinity, reliability se®,,, with m € {1, 2, 3, ...}, andl-trial decoding strategies with fixed erasing (FE: solid lines), threshold erasing
(TE: dotted line), or optimized erasing (OE: dashed line).

wherew; is the inner codeword associated with symboandR* = fixed erasing: é; = e; andf; > t;, and thus,
U {a;}. SinceR* C R, U {0} and thus .
2t; +e; > 2t +e; > d;
76 (Couters R™, A) > 76 (Conter, Rin U{0}, A)
threshold erasing:é; < e; andi; = ¢; +e; — é;, and thus,
the first inequality in (61) follows.

C) Next, we show that equality holds in the second inequality in (61) 2, 46, =2t +2e; —&; > 2t 4+e; > d;
if at least one of the three mentioned conditions holds.
C1) If m is even, therR,,, U {0} = R.,.., and the result follows optimized erasing:suppose that trigl, with input# anda would
immediately from (61). result in the original codeword; then adapt the algorithm such
C2) If Cinner is perfect, therR* C R,., and the result follows that in case of reliability vectod, ¢; symbols are erased in the
from (62) and (63) since jth trial rather thare;; for the modified algorithm, tria), with

inputr ande, would result in the original codeword

r 1ou ers '* >} 1ou ers ms . . . ..
r6(Conters R™; A) 2 76 (Couters Rem, A) If (at least) one of thé trials generates far with « the original code-

word e but decoding is still unsuccessful since the acceptance criterion
e isnot met, then it will also not be met féranda, sincedg (e, ¥, a) >
da (e, r, a). Noting that

C3) Finally, we consider the case that the erasing algorithin
of fixed, threshold, or optimized type. We assumés odd. Suppos
that for the vector in Part B of this proof, the seE = {i: a; =
0} is nonempty. For all € Z, du(z;, z;) > (m + 1)/2, and thus n n
there exists & = (z1, ..., Z,), leading to vectors and &, such Zd”(x,;, ) < Zd”(‘”’?’ 2i) = e(Coutery Cinner, A)
thatz; = z; (and, thusy; = r; anda; = ;) foralli ¢ Z, and i—1 i=1
du(ziy Z2i) = (m+1)/2,7; # ci;,anda; = 1/mforalli € Z.
In trial j, let the numbers of erased symbolsriand? bee; andé;,
respectively, and let the numbers of nonerased incorrect symbol
r and# bet; andi;, respectively. We now show that for the erasing Since it follows from Theorem 8 that
strategies under consideration, tridleing not successful ferimplies
it is not successful foi as well. e(Conters Cinners A) = m X ra(Couter, Rm, A) (64)

we thus conclude that we may assume> 0 forall ¢, i.e.,R* C R,
samd the result follows once again from (62) and (63). d
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holds for a very broad range of cases, one might conjecture thabitly bounds on the guaranteed error-correction radius achievable by an
holds for any case. However, the following example shows that thidrial decoder and gives exact results only in the cased andR is

is not true. LetCiuner be a nonperfect code of Hamming distanceitherR, or R,...

m = 3 and letCouter be a code of Hamming distance = 3. Finally, note that the performance analysis as presented in Sec-
Further, let the single-trial erasing rul€" be such that alk received tion VIl is asymptotic. Therefore, it may not reflect well the decoder
symbols are erased if at least one received reliability value efualsbehavior at low- or medium-SNR values, especially for relatively long
and that no received symbols are erased otherwise. It is easy to cedes.

that e(Couter, Cinner, A*) = 2, since two channel errors may lead

to a received symbol of reliability and thus to a decoding failure. APPENDIX

However, . . .
In this appendix, we extend the performance analysis from [6], [7]

3 % 16 (Couters Ras A ) =3x7G (Couter, Ra, Afo})=3x4/3=4.  for errors-only, error-erasure, and GMD decoding to reduced GMD
decoding as considered in this correspondence. The setting has been
described in the introductory paragraphs of Section VII. The analysis
eventually leads to the proof of Theorem 7.
IX. DISCUSSION For simplicity, let the channel outpuf be denoted by just. Based
) on z, a detector generates a binary symial) and a reliability value
In this correspondence, we present a framework for reduced GMQZ) € R, which serve as inputs ando; to the decoder, respectively.

decoding. In particular, our work covers various reliability sets, vaj-g¢ pe(z) be the probability that the channel output-igindr () is
ious erasing strategies, and various maximum numbers of deCOd@Eﬁrect, and. (=) be the probability that the channel outputignd
trials. Many results scattered in the literature and many new results ) js not correct. Ley be the random variable which for a transmitted
are presented and derived in this general setting. Limiting the “Umté%'fnbol takes on the valué — a(2)) if (=) is correct, and takes on the

of allpwable reliability values and thz_e maximum number of trials May|ye(1 + a(z)) if r(z) is incorrect. The moment-generating function
considerably decrease the complexity of the detector and the decoggr, is

but possibly at the expense of performance degradation. Our goal is to
study the efficiency of reduced GMD decoding schemes. __ Sl —ae(2) S(ltafs

In comparing fixed and threshold erasing, notice that for large values?($) = €7 = /Z (p“(z)e O pe (et ))) dz. (65)
of d, the results on asymptotic performance derived in Section VIl tend
to favor threshold erasing over fixed erasing where the reliability valu€orrect decoding of a transmitted codeword is guaranteed if the sum of
ranging from) to 1 are quantized into thpn /2| + 1 levels of R.,. As  n of these random variables is less thas 2rq(C, R, A). Applying
mentioned beforg, = 2 decoding trials with threshold erasing basedhe (exponentially tight [11]) Chernoff bound, the probabilityof un-
on the reliability sefR.., with m = 4, suffice to achieve asymptotic successful decoding is upper-bounded by
performance within 1 dB of that of ML decoding. If fixed erasing is
used instead, the number of tridlend/or the size of the reliability P < e bfning(e) (66)
set|m/2] + 1 need to be much larger in order to guarantee the same
performance based on our results. In particuldr=f2 trials are used, for anys > 0. Hence, to obtain the tightest bound, we should minimize
thenm = 140 guarantees less than 1-dB asymptotic loss comparedtk@ exponent
ML decoding, while ifm = 4, then! = 29. More attractive choices
for I andm in this case arél, m) = (3, 13),(4, 9), (5, 7),(6, 6), X = —sb+nlng(s) (67)
and(9, 5).

By definition, optimal erasing maximizes the guaranteed error-cdp (66). Note that fos = 0 we only obtain the trivial boun#® < 1, so
rection radius achievable by the decoder. Although the numbers of sy may further assume > 0.
bols to be erased in the different trials depends on the reliability vectorin order to find an assignment(z) such thaty(s) is minimal, we
a, in all cases investigated, there is a surprisingly very small numbgguate the partial derivative pf(z)e*' ~*()) 4 p (2)e* 2D with
of possibilities that need to be considered. As an example, for a cd@epect tox(z) to zero. This gives
of Hamming distancé and for the reliability seR ..., if d, m = 0(4),
then an optimized erasing single-trial decoder erasésast reliable alz) = L(z) (68)
symbols wherée; is one of two possible values given in (57). More 2s
generally, looking at the sizes & in Tables | and I, which gives . . . . L
the different possibilities for the number of symbols to be erased it the optimal assignment, whefié:) is the log-likelinood ratio, i.e.,
single-trial decoding in the cas& = R, andR = R.., shows that pe(2)
the number of possibilities is typically one or two, and never exceeds L(z)=In=
six. This interesting observation even holds for multitrial decoders. In-
deed, ifd + lisa mu_ltiple of4l, then there are just two possibilities|n_caseL(Z)/28 ¢ R, the best thing to do is rounding off to a nearest
that need to be considered for the numbers of symbols to be erasegjpe inR. Hence, forR,, (with 1 € [0, 1]) we have
the! trials regardless of the value bf12].

Hence, (64) does not hold for this example.

2’ (69)

A glance at the results of Sections IV=VI reveals that our success in L, if L(z) < 2us
determining the guaranteed error-correction radius achievable by a de- i .
- - ap(z) =4 EEif ous < L(z) < 2s (70)
coder depends very much on the erasing strategy. In Section IV, we suc- H 2s * =
ceed in determining the maximum guaranteed error-correction radius 1, if L(z) > 2s

of an!-trial decoder employing fixed erasure for ahgnd any relia-

bility set’R. In Section V, we determine this maximum radius if the deand forR.,. (withm =1, 2, 3, ...) we have

coder uses threshold erasing for diyt only in the caseR = R, or

R = R... Onthe other hand, for optimal erasing, Section VI presents am(2)=1=2i/m, ifliys < L(z)<I; (71)
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withi =0, 1, ..., [m/2] and where

lo=o00, 1;=25(1-(2i—1)/m),
forl <i < |[m/2], l|nj2) +1=—00. (72)

Hence, from (65) and (70), we find that the miningék) in caseR =
R, reads

gu(s) = / pe(z)es =) +pe(z)e°'“+“)) d
z: L(z)<2ps
+/ 2e® \/pe(2)pe(z)dz
z:2pus<L(2)<2s
* / (pe(2) + pe(2)e™) dz (73)
2 L(z)>2s

and from (65) and (71), we find that the miningdk) in caseR = R,
reads

lm/2]
=3 |
i=0 z:

i+1<L(2)<;

i (pc(Z)CQ.‘;i/vn +p6(z)623(1—i/771))d2- (74)

Since the sign of decides whether(z) is 0 or 1, it follows that
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see, e.g., [1]. Using (81), we find that for largei.e., high SNRs, the
exponentX as introduced in (67) is

X,==-sb+nlng,(s)
b, 5 <2 /(1+ )
- T (82)
—sb+n(s(L+p)—7), ifs>v/(1+p)
in caseR = R, with . € [0, 1], and
X =—sb+nlngn(s)
—sb, if s <~ym/(m+1)
= . (83)
—sb+ n(s mnfl —7) , ifs>ym/(m+1)
in caseR = R, withm € {1, 3. 5, ...}, and
X =—sb+nlngnm(s)
—sb, if s <2m~ (m +1—-+vm?+ 2771)
—sb+n
_ ’ (_A)J—i—sm:lrl (84)
—#;) , if 2m~ (m +1—+m?+ 2711)
< s < 2my
—sb+ ns, if s> 2m~

in caseR = R,, withm € {2, 4, 6, ...}. Sinceb < 2ru(d, R), we

po(z) = 5 1m, o= (zl=72/~ (75) find from Corollary 2 that thes minimizing (82) is
and sp=7/(L+p),  foruelo,1] (85)
pe(z) = 5 1m o Uzl [ (76) and, from Corollary 3, that the minimizing (83) is
Sm = ym/(m+ 1), form € {1, 3,5, ...} (86)
which give and thes minimizing (84) is
L(z) = 4l2]. a0 . =2my (m f1- M) . forme{2,4,6, ...}
Hence, by substituting (75), (76), and (77) into (73) and (74), we obtain (87)

al) = (@0 - (% - ¢))
4ot (Q(E) -Q (’? + a))

+Q<§—§> e <§+§> (78)
and
L /2] . o
gm(s) = Z <Q (i + 5) 623(171/771)(623/771 _ 1)
=1
+Q (21_’5 _ E) (32.‘!7‘,/77’7,((3—28/777, _ 1))

4 (1 _ Q(g))czﬂ_m/zj/vn + Q(E)CZS(lftm/2J/7n) (79)

where¢ = /2~ and

Qx) = /‘QC % PENAP) (80)

which can be approximated for largebased on

8—.7:2/2

Q(x) = (140(1/2%)) (81)

€T ™

which gives

as the minimal exponent far € [0, 1] U {1, 2, 3, ...}. Hence, for
SNR approaching infinity, the probability of unsuccessful decoding
for a reduced decoder (with reliability s&, and erasing algorithm
A) is essentiallye =% = ¢=27a(¢ R Asv gGince this probability is
asymptoticallye = "¢ for ML decoding [7], Theorem 7 follows.
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Alternative Structure for Computing APPs of the Ae(m) = p(Sp = m, Y) )
Markov Source /

or the joint state transition probabilities
Jongseung ParkMember, IEEE,and

Jaekyun MoonSenior Member, IEEE or(m', m)=p(Sk—1 =m', Sp=m, Y) (3)

whereY denotes the entire sequence of observation. The partial trellis

Abstract—\e introduce an alternative structure for computing the — shown in Fig. 1 further clarifies the notations.We can write
a posteriori probabilities (APPs) for state and transition sequences of a

Markov source observed through a noisy output sequence. Compared to

14
the well-established forward—backward recursion algorithm of Bahlet al., Ae(m) = Z p(Sk—1=m’, Sg=m, Y)
the proposed structure allows a reduction in computational complexity at m/
the expense of increased memory requirements. Alternatively, for a similar — P(S, = m|S = Y(S. =m. Y
complexity level, the proposed structure needs smaller memory when the Z (Se =m|Sp1=m’, Y)p(Sy1=m, Y)
input alphabet size is small. m
! !
. o . = .(m’, Ap—1(m
Index Terms—A posteriori probability (APP), Bahl-Cocke—Jelinek— Z (s m)Ae—1(m’) )
Raviv (BCJR) algorithm, Markov source, soft decision. m
where
|. INTRODUCTION

ne(m',m) =P(S,=m|Sk_1=m', Y)
Generating reliable soft decisions is essential for iterative decoders =P(Sp = m|Si_y = m', V) (5)
to improve their performance beyond conventional hard-decision de- )

coding [1]-{3]. When the observation sequence is the output of a {{jith v, denoting the collection of the observation samplgshrough
nite-state Markov source corrupted by additive white Gaussian noigg |ast sampl&’x . The second equality in (4) follows since the prob-
ability of Si. does not depend on the previous observations Sace
is known. Equation (4) represents the forward recursion. Next we show
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