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EVOLUTION BACKCASTING OF EDGE FLOWS FROM PARTIAL OBSERVATIONS USING
SIMPLICIAL VECTOR AUTOREGRESSIVE MODELS

Rohan Money*, Joshin Krishnan*, Baltasar Beferull-Lozano*' and Elvin Isufi*.

ABSTRACT

This paper proposes a novel algorithm to retroactively compute the
evolution of edge signals from a given sequence of partial observa-
tions from topological structures, a concept referred to as evolution
backcasting. Our backcasting algorithm exploits the spatio-temporal
dependencies present in the real-world edge signals using the simpli-
cial vector autoregressive (S-VAR) model. The proposed algorithm
jointly estimates the S-VAR filter coefficients and recovers missing
data from the partial observations. Subsequently, the algorithm cap-
italizes on the learned S-VAR model and the reconstructed signals
to execute the backcasting of edge signal evolution. Using traffic
and water distribution networks as case studies, we showcase the
superior capabilities of our algorithm compared with baseline alter-
natives.

Index Terms— Simplicial convolution, simplicial vector au-
toregressive model, Hodge Laplacians.

1. INTRODUCTION

Signals defined on edges [1], commonly referred to as edge flows,
play a crucial role in a multitude of real-world topological structures,
including transportation, epidemic, and water distribution networks.
Among these networks, a crucial endeavour involves retroactively
computing the evolution of edge signals—an approach we refer to as
evolution backcasting. This process involves estimating the evolu-
tion of edge signals based on a given sequence of observed edge
signal data. Evolution backcasting can provide invaluable insights
into the roots of epidemic spread, traffic congestion, and beyond.
Time series analysis encompasses a vast literature that exploits
the spatio-temporal dependencies found in real-world signals to
accomplish various signal processing tasks, such as time series fore-
casting [2, 3], change point identification [4], and denoising [5, 6].
Guided by these techniques, this paper explores the prospect of
leveraging spatio-temporal dependencies to achieve evolution back-
casting of edge signals. In this context, the vector autoregressive
(VAR) model stands out as it is commonly utilized for modelling
spatial and temporal dependencies among signals, largely owing
to its mathematical traceability [7]. While the above works focus
on the vertex domain signals, the VAR models can also be applied
to model edge signals from real-world topological structures since
the edges also exhibit spatio-temporal dependencies in accordance
with the physical laws governing the system. However, the VAR
model lacks the capacity to incorporate the structural information
provided by a given topology, leading to an increased number of
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parameters. This makes VAR implementation challenging in certain
conditions, such as when dealing with a large number of time series,
limited data, or excessively noisy data. While [8] strives to lever-
age structural information for edge data imputation, it does so by
incorporating structural aspects solely through regularization in the
learning process, which does not reduce the high parameter count
of the VAR model and can lead to overfitting issues with limited
or noisy data. Thus, relying on a conventional VAR model-based
approach to process the edge signals falls short.

Recent advancements in topological signal processing facilitate
structure-aware data processing techniques using simplicial com-
plexes [9-14], which is a potential tool to perform evolution back-
casting. One noteworthy model among these is the simplicial vec-
tor autoregressive (S-VAR) model [14], which combines the fea-
tures of both the VAR model and the simplicial complex to cap-
ture spatio-temporal dependencies in edge signals for forecasting.
S-VAR model enables the infusion of structural insights into the pro-
cess as well as reduces the model complexity, presenting substantial
benefits in contrast to conventional VAR models. Nevertheless, the
potential benefits provided by the simplicial complex formulation
have not been harnessed when addressing critical tasks such as evo-
lution backcasting, missing data imputation, change point detection,
and more. Building upon this research gap, we propose an algorithm
to backcast the evolution of edge signals from a given sequence of
observations using S-VAR model.

Our algorithm comprises two stages: 7) it learns the S-VAR fil-
ter and estimates missing edge signals from partially observed data
using a block coordinate descent technique; and i7) leveraging the
learned filter and the reconstructed signals, the algorithm backcasts
the evolution of edge flows prior to the partial observations. Back-
casting becomes more challenging when we only possess partial ob-
servations, a common occurrence in practical scenarios where data
accessibility can be limited due to sensor and communication fail-
ures or simply the impracticality of placing sensors in every location.
However, the rich structural information coupled with the strategic
regularization, rooted in the simplicial complex formulation [15], en-
ables our proposed algorithm to address this challenge proficiently.

2. PRELIMINARIES

2.1. Vector Autoregressive Models

For a multivariate time series {y,[t]}A_; witht = 1...7, a P-th
order linear VAR model is expressed as

N P
wlt] = 303 a® gt — ] + unlt], (M)

n’/=1p=1

where yn[t] is the value of the time-series at time ¢ measured at a
(p)

n,n’
lagged data at node n’ on the node n, and ., [t] is the process noise.

givennode 1 < n < N and a captures the influence of the p-
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2.2. Simplicial Complex and Simplicial Signals
Consider a set of vertices V = {1,...,N}. We can define a
k—simplex, S*, as a subset of V encompassing k + 1 unique el-
ements. A simplicial complex (SC) XX of order K is a collection
of simplices in which at least one K-simplex exists. Furthermore,
a simplex S* is part of X if, and only if, all its subsets are also
present within X* [16]. An example of X2 can be seen in Fig. 1.
In a SC, we can use incidence matrices and Hodge Laplacians
to express adjacencies between the different simplices [16]. Let-
ting Ny denote the number of k—simplices in a SC, the incidence
matrix, By € RVs=1XNk s structured with (k—1)—simplices in
its rows and k—simplices in its columns, thus reflecting the adja-
cencies between these elements. For instance, B; stands for the
node-to-edge incidence, whereas B stands for the edge-to-triangle
incidence. These incidence matrices adhere to the boundary condi-
tion represented as B1 B2 = 0. The Hodge Laplacians representing
the structure of X2 are given by

Lo = BB/,
Li=Li¢+Liy:= B{ B, + B;B, , 2
L. = B, Bo.

Here, L represents the well-known graph Laplacian [17], which de-
fines adjacencies between vertices by considering shared edges. The
Hodge Laplacian L; depicts adjacencies between edges based on
shared vertices via the lower-Laplacian L; , = BlTBl and shared
triangles via the upper-Laplacian L1 ,, = B2 B . Similarly, Ly cap-
tures the proximity between triangles through common edges.
While the structure of a SC captures topological adjacencies be-
tween edges, we are interested in processing signals defined on them.
Specifically, the simplicial signals are conceptualized as functions
that map any k—simplex to the set of real numbers. An edge flow
signal is denoted by f = [f1,..., fn,]' € R, where f. repre-
sents the flow on edge e = (m, n) in S*. Similarly, signals defined
on vertices and triangles are represented as v € R™ and 7 € R™2,
respectively, which are illustrated in Fig. 1. The inherent relation-
ships within a SC are reflected as dependencies between the signals
defined over it. The main aim is to harness these dependencies to
process signals effectively [18].
2.3. Convolution in the Simplex
Simplicial signals can be refined using simplicial convolutional fil-
ters. For edge signals, this process is represented by [19]

K, Koy,
£=) BLicf+ Y BiLi.f. 3)
k=0 k=1
—_——— —_——
A(Ly ) B(L1,4)

Here, filter coefficients { 3¢ }f:’f ;and { B};}fgl weigh the edge signal
f subjected to shifts by L, ¢ for arange up to K, hops and by L1 ,, up
to K, hops. The encompassed number of parameters in (3) K :=
K, + K., + 1. By defining the simplicial convolutional filtering
matrix H(L1) := A (L ¢)+B (L1, ), we can compactly write (3) as
fs = H(L1)f. The convolutional filter is uniformly applied across
edges, regardless of their specific labelling or flow direction.

2.4. Simplicial Vector Autoregressive Model

The S-VAR model of order P for time-varying edge flow f; is given
by [14]

£t] = > Hp(Lo)f[t — p] + elt]. “

In (4), H, (L) encompasses simplicial convolutional filters charac-
terized by parameters {,Bf,yk}f:zo and {,B;fyk}f:“l (cf. (3)). Specif-
ically, the filter H,(L1) delineates the spatial dependencies of the

Simplex: Examples
8°: {2}, {4}, {5}
§1:{1,2},{5,7}, {3, 7}
. §%:{1,2,3},{5,6,7}
3
X% {1}, {2}, {3}, {1.2}, {2, 3}, {1,3}. {1, 2,3}}

Simplicial signals: Examples

Node signal : vs, vg
g Edge signal : fy, f3
6 e ) 5) Triangle signal : 71, T2

Fig. 1: A geometr{%al represeflstation of a simplicial complex X2 and
associated simplicial signals. The arrows marking the edges and tri-
angular arcs symbolize the reference directions for edges and trian-

gle signals, respectively, and their orientations are chosen arbitrarily.

process f;_,,, while the VAR regression highlights the temporal de-
pendencies up to a time lag P. The variable &, in (4) represents the
model uncertainty and is assumed to be a zero-mean Gaussian.

In model (4), the simplicial convolution filters allow us to incor-
porate the structural information in modelling the process along with
the data. The model proficiently capitalizes on the structure-sensitive
proximities of the topological structure, thereby requiring fewer pa-
rameters compared to the traditional VAR model. Remarkably, the
S-VAR model demands only K P parameters, making it independent
of the process count N;. In contrast, the traditional VAR approach
requires many more parameters on the order of N7 P. This struc-
tural efficiency allows S-VAR model to learn well in limited data
scenarios. To reformulate (4) in a more amenable form, let us define
/8;; = [65,07 sy B;l;,Kp 6;;,17 sy B;;,Ku] € RK and F[t - p] =
(L of[t — pl,Liof[t — pl,..., LY ¢ [t — pl,Li uf[t — pl,. .. L2
f[t — p]], where, the matrix F[t —p] € RM*X collects the
shifted versions of the edge signal f[t —p]. Let us also de-
fine F[t] := [F[t—1],...,F[t—P]] € RV>*KP and g =
B],...,85]" € REP which allow us to write, the S-VAR model
(4) in compact form as

f[t] = F[t]3 + elt]. )

3. PROBLEM FORMULATION

Let f[t] € R™! be an edge process evolving over a topological struc-
ture, with a known topology X2 over time indices t = 1,2, - - - , Ty.
We have access to only partial observations of this process during the
period [Ts, Tf} where Ts >> 1, while no observations are accessible
for the time interval [1, T%]. The partial observation can be modelled
as

fo[t] = Mt](f[t] + e[t]),fort =T, Ts + 1,--- , T, (6)

where e[t] the observation noise and M[¢] is the diagonal masking
matrix with M(n,n)[t] = 0/1 if n-th flow is missing/present. Our

goal is to recover the complete signals {f [t]}tT:f1 by learning an S-
VAR model from the partial observations in the interval [T, T] (see
Fig. 2). As opposed to earlier works [20-22], our algorithm involves
conducting evolution backcasting during the time interval ¢ = 1 to
T — 1, for which no observed data is accessible.

4. PROPOSED SOLUTION
The solution we propose operates in two steps, as outlined in Fig. 2.
Initially, we employ the block coordinate descent method to jointly
estimate missing signals in the interval [Ty, T] and S-VAR coef-
ficients. Subsequently, we leverage the learned S-VAR model and
reconstructed signal to backcast the signal evolution recursively.
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4.1. Joint Estimation of Signal and S-VAR Coefficients
An optimization problem to jointly estimate the filter coefficients 3
and edge signals {f[t ]};‘Ff 7, can be formulated as'

Bt} L, —argmm* Z I1£[e] — F[£] 8113

=T,

£o[t] — MF[H]|5 + Q(8,L1), (7))
where the first term fits the model w1th ata and the second term
makes the signal reconstruction consistent with observation. The
third term Q(3,L1) is a regularizer that avoids overfitting to the
observed values and biases the flow estimate based on the existing
knowledge about the system. The regularizer consists of the addition
of three terms: i) £[t|L1 (f[t], where £[t] = F[t]3, ii) f[t]L1,.f[t].
and 4ii) ||3]|3. Here, 4) and 4i) impose constraints based on the
simplicial structure, e.g., f[t]L1,f[t] = ||B:1f[t]||? regularizes the
divergence flows (B1 f [t]), thereby enforcing the conservation of the
flows at the nodes, and f[t|L1.f[t] = ||Bs £[t]]|? regularizes the
cyclic flows (B [ D [11,19].

The optimization problem can be split into a) the parameter fit-
ting part with respect to 3 and b) the signal reconstruction part with
respect to f[t]. Then, a block coordinate descent method can solve
the required optimization problem, alternating between the filter co-
efficient estimation and signal reconstruction. As both the subprob-
lems are strongly convex, the block coordinate descent is ensured to
converge to local minima.

Signal reconstruction from partial edge observations: The op-

timization problem (7) with respect to {f [t}};‘rf can be decoupled
across t;
F[BII5 + = H

f[t] = arg min||f[t
1) = arg min €[] -

+ A1 | Baf[t][|3 + Xo||B f[l]H
where m, A1, and A\, are hyperparameters. The solution of (8) can
be obtained in a closed-form as

£[t] = (T+ M[t] 'M[t] + L1+ AeLiw) 'Gi, (9

where G1=BF+M(t)M(t) ' f, and 3 is assumed to be initialized
as 0 R¥P

Optimization with respect to 3: The optimization problem (7) with
respect to 3 is rewritten as

B = argmin |If — FBI3 + /|83 (10)
where f = [f[T%] 7, f[T, + 1]7,... f[T7]7]" € RN (Tr=Ts+D),
F = [F[T.] ", F[T. +1]7,... F[T]"]" € RN Ty T+ DHxKP
and p is a hyperparameter. The solution for (10) can be readily ob-

tained in closed form, as T
B—(F F+ul)F f. (11)
4.2. Evolution Backcasting

Using the estimated S-VAR parameter ﬁ and the reconstructed sig-

— MF[t]|I3

. . P .
nals from partial observation {£[t]}, 7 r,» we perform a backcasting
for the signals {f[¢]}7=7" in a recursive way. First, using equation
(4) and the structure-aware regularizers, we formulate an optimiza-
tion problem for estimating the signal at time 17" — P:

f[r - P =
2
arg [1%111}3] ‘f'[T]—Hp(Ll [T — P]— ZH (Ly)f ]2
+Q(8, L) (12)

'We convexified the problem by assuming {f [t]}tT;c r, are independent

realizations of random variables {f|¢] }ZZ 7, [22].

VISt <Ts—1 {FPVT, <t<Ty

;
S\
‘ |

3 H A ———

B ' Parameter estimation B
| H equation(10) !
i Recursive ‘ H
' . Unil '
1 Backcasting lwnvergence |
Jiesuaton(t2) | Signal reconstruction

i equation (8)
VT <t <T.+ P

{fot}VT. <t <Ty

L

No observation Partial observation

Fig. 2: Schematic illustration of the proposed algorithﬁ:l.rl The partial
observations are substituted in (9) with initial value B set as 0 to
reconstruct the signal. The estimates signals are fed to (11) to update
the ,3 value. Equations (9) and (11) are repeated alternatively until
the algorithm converges. Subsequently, the estimated coefficients
and signals are substituted in (13) to perform evolution backcasting.

Solution for (12) in closed-form is given by
fIT — P = (Hp(L1) + MLie + A2L1y) Gz (13)

where Gz = H, (L) (£[T] — 207 H, (L)f[T" — p]). The
optimization problem can be recursively run for 7' =Ts + P — 1 to
T = P — 1 to obtain the estimates of {f[t]}7=7".

5. NUMERICAL RESULTS

—1

We present experiments using edge signals simulated on the Sioux
Falls transportation network [23] and Cherry Hills water network
[24]. The accuracy of the estimates is quantified using the normal-
ized mean squared error (NMSE), given by

1 tTg(feH felt))?

M LA 1

where f.[t] represents the estimated flow on edge e at time ¢. The
same NMSE computation over the time interval t = 1tot =T, — 1
is used to assess the quality of evolution backcasting. The hyperpa-
rameters m, A2, and p for all the experiments are grid searched to
yield the best NMSE, resulting in (m, A2, ) = (1,0,0.01). Note
that Ao = 0, given that the number of triangles is minimal in the
examples and it does not provide any extra information.

We contrast our estimates with those generated by a comparable
data imputation algorithm devised using the standard VAR model
and show that our model requires fewer parameters and less train-
ing data. Furthermore, many real-world networks, such as water and
transportation networks, inherently conserve the flows [8,25]. By
leveraging this contextual prior in the form of a regularizer, we fur-
ther boost the performance of the proposed algorithm.

NMSE =

(14)

T Ve
A fzgofso ful fi3 o,
fas fss”.fsg.f“'
° ° f35
Fav, foo | fos 3477
fa3 o Taa

“fa

Flow orientation f12

- Tank o

== Reservoir Jfi
© Nodes 9

Fig. 3: (a) Sioux Falls transportation network, (b) Cherry Hills flows.
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0.044

«S-VAR (\,=15, B _=100)
0.042 & »VAR (B=100)1
oVAR (B,= 350)
o [#S-VAR (=0, B ~100)
4+{-S-VAR (A,=1.5, B =350k
6S-VAR  (1,=0, B =350}

0.04f %

0.038F

NMSE

0.036

0.0341

0.032
0

é 1‘0 E h 15 20
Fig. 4: NMSE comparison (Sioux Fan;): Variable batch size (Byg).
Omitted Bg = 175 for the plot.

5.1. Sioux Falls Transportation Network

The Sioux Falls transportation network has 24 nodes (0-simplices),
38 edges (1-simplices), and 2 triangles (2-simplices), as shown in
Fig. 3 [23]. The time-evolving edge signals are generated by assum-
ing an inverse model as in (4), i.e.,

3 3 2 -1
=) (smathir YaLt.) fi-ilten
P= Ngk=0 k=q

15)
where e ~ N(0,1). The filter coefficients ﬂﬁ,k and f3,, pare ran-
domly drawn from N(0,1). To show the influence of the regular-
izer, we made the flow partially flow-conserving by removing 0.9
times the gradient component of flow signal [19]. We conduct two
experiments: 4) by adjusting the training data batch size to assess
performance with limited training data, and 47) by altering the noise
level in the observation model to evaluate the algorithm robustness
across varying noise conditions. The initial 20 data samples for both
experiments are completely unobservable, and 40% of the remaining
flow is observable.

Batch size. We train the model using datasets with three distinct
batch sizes Bs = Ty — Ts + 1 € {100,175,350}. As illustrated
in Fig. 4, the conventional VAR model requires 350 data samples
to achieve the same accuracy as our proposed algorithm does with
just 100 data samples. Notably, even without the flow conservation
regularizer (A1 = 0), the proposed model outperforms the standard
VAR model. This superiority can be attributed to the simplicial con-
volutions, which capture intricate dynamics that the traditional VAR
model cannot express. The introduction of the flow conservation
regularizer further amplifies the algorithm performance, as reflected
in Fig. 4. Table 1 further compares the VAR model and the proposed
algorithm in evolution backcasting. As anticipated, the conventional
VAR model underperforms significantly when juxtaposed with our
proposed model. The superior performance of the proposed algo-
rithm can be attributed to two main factors: (i) a reduced number of
parameters, which minimizes the risk of overfitting, and (ii) the in-
corporation of additional information about the system, specifically
regarding the system topology and its flow-conserving nature.

Noise level. We assess the robustness of our algorithm under vary-
ing noise levels of the observation model (6). We conduct the tests
with three distinct noise levels, generating random noise e[t] with
variances of o € {0.01,0.1,0.3}. Across all these settings, our
algorithm consistently surpasses the traditional VAR model in per-
formance. As depicted in Fig. 5, while the traditional VAR model’s
performance is sensitive to changes in noise levels, our proposed
method remains largely unaffected. The performance of the evolu-
tion backcasting can be found in table Table 1; the proposed algo-
rithm performs significantly better than the traditional VAR model.

5.2. Cherry Hills Water Networks
The Cherry Hills water network comprises 36 nodes (or 0-simplices),
40 pipes (or 1-simplices), and 2 triangles (or 2-simplices) [24]. As

—VAR (7,)-S-VAR (},=1.5, 0,)--S-VAR (A,=0, o)

0.038; *¢ H
3 | «VAR (7,)0S-VAR (),=15, 0,)0S-VAR (1,=0, 7,)

0.036

,x_x-w.xax_»-»«dt—”—*""

0.0341

NMSE

0.032f b
0::0:0700:0..9-0" 000000

0.03-

0.028
0

é 1‘0 Epoch 1‘5 20
Fig. 5: NMSE comparison (Sioux Falls): Variable noise level (o1 =
0.01, o3 = 0.3). Omitted o2 = 0.1 for the clarity of the plot.

Table 1: Evolution backcasting: Sioux Falls data

Batch size
Algorithms 100 || 175 || 350
Batch S-VAR (A1 = 1.5) || 0.040 || 0.035 || 0.034
size S-VAR (A1 = 0) 0.052 || 0.052 || 0.052
experiments VAR 3.11 1.26 1.20
Noise variance
Algorithms o || o2 || o3
Noise S-VAR (A1 = 1.5) || 0.039 || 0.039 || 0.039
level S-VAR (A1 = 0) 0.040 || 0.040 || 0.040
experiments VAR 0.620 || 0.993 || 1.816
0.24 T
#S-VAR (\,=1.5): 60% oS-VAR (\,=0): 60%
0.235 <S-VAR (\,=1.5): 50% »S-VAR (\,=0): 50% |
0.23} - S-VAR (\,=1.5): 40% % S-VAR (\=0): 40% ||
—S-VAR (A =1.5): 30% #S-VAR (\,=0): 30%
0.225
w
2 022 | °
Z ;
L P .
02150 g RS d by E e R g R Ry
W
021y S e e e e ek Il e e et ek Bl e et et
0.2051
0.2
0

5 10 Eppoch 15 20
Fig. 6: NMSE comparison using Cherry Hills data. The performance
of traditional VAR is not shown as the model proved unstable

illustrated in Fig. 3, we establish a reference flow direction and
generate flow signals using the EPANET software. Employing a
demand-driven model ensures that the water flows satisfy the water
requirements at each node. These flow signals represent the volume
of water sampled hourly, measured in m?/h. We evaluate the algo-
rithm under varying conditions of missing flow data. Specifically,
we tested it using datasets with 30%, 40%, 50%, and 60% missing
flow at given times. As anticipated, the algorithm performance di-
minishes as the percentage of missing data increases. The traditional
VAR model’s performance is not shown in the Fig. 6 because the
model becomes unstable. This instability of the VAR model can be
attributed to its need to learn many parameters without an adequate
inductive bias. For evolution backcasting, the performance of the
proposed algorithm remains consistent with or without the flow con-
servation regularizer (A1 = 1 and 0, respectively), resulting in an
NMSE of 0.26. On the other hand, the VAR model generates subpar
estimates with an NMSE of 10.0.

6. CONCLUSION

We propose an algorithm to learn a S-VAR model, with a small num-
ber of parameters compared to VAR, from incomplete edge signal
observations while also completing those observations and backcast-
ing their evolution. The topological structural information encom-
passed by the S-VAR model and the regularization scheme provides
sufficient inductive bias to learn the model without overfitting. As a
result, our proposed method adeptly handles evolution backcasting
of the edge signal. For future research, we aim to provide theoreti-
cal guarantees related to model estimation via identifiability analysis
and evolution backcasting via observability analysis.
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