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A B S T R A C T

Phase equilibrium calculations play an important role in a wide variety of applications in chemical and petro
leum engineering. In this work, we focus on CO2-hydrocarbon mixtures, with applications ranging from 
enhanced oil recovery processes to CO2 storage. In compositional reservoir simulation, both robustness and 
efficiency are of utmost importance. The conventional approach for multiphase equilibrium consists of a 
sequence of phase stability and flash calculations. At each level of the stepwise process, stability testing is 
performed starting from several initial guesses; therefore, reducing the number of stability calls and using 
judiciously the information from stability to initialize a phase split are key points in developing an efficient 
stability-flash algorithm. Two new initialization strategies for multiphase flash calculations are proposed. The 
first one (improved stepwise initialization) follows the conventional procedure, but uses additional initial 
guesses. In the second one (improved multiple initialization), a three-phase split is initiated if at least three 
minima of the tangent plane distance (TPD) function are detected by stability analysis of feed composition. Both 
proposed methods are using all information from phase stability testing at each stage. Unlike in previous for
mulations, compositions at all minima of the TPD function, including trivial and positive TPDs are used to 
generate initial equilibrium constants. Highly robust routines are used, based on successive substitution itera
tions (SSI) in early iteration stages, followed by Newton iterations with modified Cholesky factorization and line 
search, in both stability and flash calculations. The proposed methods are tested and compared with the con
ventional procedure for several benchmark mixtures from the literature, containing hydrocarbon components 
and CO2. Phase diagrams are constructed in the P-Z plane, focusing on the number of stationary points of the TPD 
functions found in each step of the multiphase stability-flash algorithm and on how they must be efficiently used 
in initialization. For all the test mixtures, in the proposed stability-flash strategy, the number of calls of the 
stability and flash routines and the number of iterations in flash calculations are significantly reduced as 
compared to previous approaches, recommending the new approach as a useful tool in compositional simulation.

1. Introduction

Phase equilibrium calculations play an important role in a wide va
riety of applications in chemical and petroleum engineering. Beyond the 
traditional CO2 injection used in oil recovery processes, in recent years, 
a great attention has been paid to applications in carbon capture, utili
zation and storage (CCUS), processes that are intended to reduce the 
amount of CO2 in the atmosphere. In those applications, complex phase 

behavior occurs, and three or more phases might be present [1], making 
the compositional simulation more challenging. In reservoir composi
tional simulators, a failure in correctly describing the phase behavior 
will result in either an erroneous physical modeling of the problem or in 
significant error propagation that may compromise a simulation run. 
Moreover, in field-scale simulations, the phase equilibrium routine is 
called a significant number of times, consuming an important part of the 
computational time. Therefore, both robustness and efficiency are of 
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utmost importance.
Phase stability testing aims to ascertain whether a chemical system 

maintains equilibrium as a single phase or splits into two or more pha
ses. It uses the tangent plane distance (TPD) function [2–4], and the 
stationary points are calculated in order to verify the stability of the 
mixture and to provide initial guesses for flash calculations. Michelsen’s 
[5] “two-sided” initialization (using ideal equilibrium constants) works 
well in two-phase vapor-liquid flash calculations. However, for phase 
equilibria involving three or more equilibrium phases, or for 
liquid-liquid two-phase equilibrium, stability testing is required for 
initialization of phase splitting calculations [5]. The traditional 
approach for multiphase equilibrium consists of combining phase sta
bility analysis and multiphase flash calculations in a stepwise manner 
[5]. First, a stability test is carried out for the feed and the composition 
of the global minimum of the TPD function, and the feed composition is 
used to generate initial K-values for the two-phase flash. After per
forming the two-phase split, the stability of one of the equilibrium 
phases is tested, and the compositions of the global minimum of the TPD 
function. and of the two equilibrium phases are used to generate two sets 
of K-values to initialize the three-phase split. The sequence is repeated 
until a stable state of the mixture is detected. Detailed worked examples 
for three-phase flash examples can be found in textbooks [6,7].

Even if a negative TPD is found from the first tried initial guess (thus 
it is certain that at least an additional phase will form), this minimum 
may be a local one, thus the search must continue with stability runs 
from all the initial guesses, to enhance the chances of finding the global 
minimum of the TPD function. Therefore, reducing the number of sta
bility testing calls is a key point in developing an efficient stability-flash 
algorithm, which can be used in compositional reservoir simulation. 
Various sets of initial guesses and strategies for stepwise calculations 
and for addressing the phase stability and phase split problems were 
presented, with applications for CO2-hydrocarbon mixtures [8–18].

The phase stability testing problem, consisting of a constrained 
minimization of the TPD function with respect to mole fractions, was 
formulated by Michelsen as an unconstrained minimization of a modi
fied TPD function (having the same stationary points with the same sign 
as the original function) with respect to formal mole numbers [4]. 
Multiphase split calculations consist of an unconstrained minimization 
of the Gibbs free energy with respect to phase mole numbers [5]. 
Alternatively, natural logarithms of the equilibrium ratios can be used as 
independent variables [5]; in this case, the negative flash [19,20] option 
is available. In this work, highly robust and efficient phase equilibrium 
routines are used, based on successive substitution iterations (SSI) in 
early iteration stages, followed by Newton iterations with modified 
Cholesky factorization [21,22] and line search [23], in both stability and 
two- and three-phase flash calculations.

Recently, Huang et al [14] presented an initialization strategy for 
CO2-hydrocarbon mixtures, called Multiple Identification (MI), in which 
all compositions of minima with negative TPDs in stability testing for 
feed composition are used to identify a possible three-phase equilibrium, 
leading to the elimination of a number of two-phase splits and stability 
analysis.

In this work, two new initialization strategies for two- and three- 
phase flashes are proposed and analyzed in detail for several CO2-hy
drocarbon mixtures. The first method, called Improved Stepwise 
Initialization (ISI), uses the same stepwise procedure as in the conven
tional multiphase flash but with improved construction of initial guesses 
for the K-values. In the second one, called Improved Multiple Initiali
zation (IMI), a direct three-phase flash is performed using information 
from stability testing on feed composition if the TPD function has three 
minima (with negative, positive or zero TPDs) and two sets of initial 
equilibrium constants can be formed. An important element of novelty 
consists of using also the composition of minima with a strict positive 
values of the TPD function. The IMI method avoids a significant number 
of stability testing calls and two-phase flashes. Moreover, unlike in the 
MI method from Huang et al [14], the feed composition is used to 

construct K-values only if the trivial solution corresponds to a minimum 
of the TPD function. Another difference with respect to Ref [14] is that in 
this work, all initial guesses honor the component material balance, and 
some unnecessary three-phase calculations performed in the MI method 
are avoided.

The paper is structured as follows. First, we give a brief presentation 
of robust and efficient calculations used in phase stability testing and 
two-phase and multiphase flash calculations, then the conventional 
method and the two proposed initialization procedures from phase 
stability testing methods (which use information from all minima of the 
TPD function) are presented. The new procedures are validated on four 
CO2-hydrocarbon mixtures from the literature, with a detailed analysis 
in three- and two-phase domains before concluding. Two Appendices 
present the flowcharts of the conventional and proposed methods and 
the input data for the test examples.

2. Stability testing and phase split

In this section, the governing equations and the robust and efficient 
calculation framework used in phase stability testing and two-phase and 
multiphase flash calculations are presented.

2.1. Phase stability testing

The modified dimensionless tangent plane distance (TPD) function 
(Michelsen [4]) is 

D(Y) =

(

1 −
∑nc

i=1
Yi

)

+
∑nc

i=1
Yi(lnYi + lnφi(Y) − hi) (1) 

where Yi can be formally viewed as mole numbers and hi = lnzi +

lnφi(z).
This function has the same sign and same stationary points as the 

TPD function. An unconstrained minimization problem is solved, with 
only bound Yi > 0. The stability analysis problem consists of minimizing 
the TPD functions, starting from a number of initial guesses.

The gradient of D is 

gi =
∂D
∂Yi

= lnYi + lnφi − hi; i = 1, nc (2) 

The Newton iteration equation is 

HΔY = − g (3) 

where 

Hij =
∂2D

∂Yi∂Yj
=

∂gi

∂Yj
=

δij

Yi
+

∂lnφi

∂Yj
; i, j = 1, nc (4) 

Michelsen [4] also proposed the independent variables αi = 2
̅̅̅̅̅
Yi

√

(which corresponds to an optimum scaling [24]) In this case, the 
gradient is 

g∗i =
∂D
∂αi

= gi
̅̅̅̅̅
Yi

√
(5) 

and the Hessian matrix is 

H∗
ij =

∂2D
∂αi∂αj

= δij +
̅̅̅̅̅
Yi

√ ̅̅̅̅̅
Yj

√ ∂lnφi

∂Yj
+

1
2

δijg∗i (6) 

where the second term corresponds to a generally low effective rank 
matrix and the last term vanishes at the solution.

The iteration equation of the first-order SSI method (Michelsen [4]) 
is obtained directly from the zero-gradient equation, g(Y) = 0, that is 

lnYi = hi − lnφi(Y) (7) 

The SSI method is extremely robust but can be extremely slow and a 
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switch is performed to the second-order Newton method; this takes 
advantage of the strengths and avoids disadvantages of each method.

2.2. Multiphase equilibrium

The objective function for multiphase flash calculations is the 
dimensionless Gibbs free energy, given by 

G =
∑nc

i=1

∑np

k=1

nik lnfik (8) 

An unconstrained minimization of the function G is performed with 
respect to the mole numbers of np-1 phases, within their physical bounds 
0 ≤ nik ≤ zi, i = 1, nc; k = 1, np; k ∕= R (where R indicates the reference 
phase). For a component i, the reference phase R is taken to be the one 
with the highest molar amount [5,9]

The elements of the gradient vector g are: 

∂G
∂nik

= lnKik + lnφik − lnφiR; i = 1, nc; k = 1, np; k ∕= R (9) 

where the equilibrium constants are 

Kik = xik/xiR = φiR/φik; i = 1, nc; k = 1, np; k ∕= R (10) 

The SSI iteration updates the equilibrium constants from 

lnKik = lnϕiR − lnϕik; i = 1, nc; k = 1, np; k ∕= R (11) 

The iteration equation for the Newton method is 

HΔn = − g (12) 

where the vector n collects the mole numbers of the independent phases 
and H is the Hessian matrix, with elements 

Hij =
∂2G

∂nimnjk
= Uij + Φij; i, j = 1, nc; k,m = 1, np; k,m ∕= R (13) 

where 

Uij =
δmk

θm

(
δij

xim
− 1
)

+
1
θR

(
δij

xiR
− 1
)

(14a) 

and 

Φij = δmk
∂lnϕim

∂njm
+

∂lnϕiR

∂njR
(14b) 

If the natural logarithms of equilibrium constants,lnKik, are taken as 
independent variables [5,25] the nonlinear system in ln K is 

JΔlnK = − g (15) 

where Jij = ∂2G
∂nim∂lnKjk

; i, j = 1,nc; k,m = 1,np; k,m ∕= R.
In this case, the Rachford-Rice system of nonlinear equations must be 

solved 

Rj =
∑nc

i=1

zi
(
Kij − 1

)

Ei
=0; j = 1, np − 1; j ∕= R (16) 

where 

Ei = 1 +
∑

k=1
k∕=R

np βk(Kik − 1); i = 1, nc (17) 

in which βkare the phase mole fractions.
Michelsen [26] proposed to replace the resolution of the nonlinear 

system by the minimization of a convex function. Written in terms of 
constant equilibrium ratios as proposed by Leibovici and Nichita [27], 
Michelsen’s function is 

Q(β) = −
∑nc

i=1
zilnEi(β) (18) 

The constrained minimization of Q in np-1 variables, subject to the 
linear inequality constraints Ei > 0 allows the negative flash option [19,
20,28]. The Rachford-Rice equations correspond to the zero-gradient 
conditions of the function Q. In this work, we use a Newton method 
with line search to minimize Q, using the restricted feasible domain 
proposed by Okuno [29]; an inexact line search procedure is used, as 
described in Ref [24].

However, in two-phase flashes, it is not convenient to minimize the 
function Q. In this case, the Rachford-Rice equation is efficiently solved 
using convex transformations [30] and restricted solution windows 
[31], with a guaranteed convergence of second-and third-order Newton 
methods without any interval control.

The Euclidian norm of the gradient vector 

Sg =

(
∑niv

i=1
gi

)0.5

(19) 

is used in the stopping criteria, where niv is the number of independent 
variables, that is, nc in phase stability analysis and two-phase flashes and 
2xnc in three-phase flashes. Iterations are stopped when Sg < ε.

2.3. Calculation framework for phase stability and multiphase flash

In this work, highly robust calculation procedures are used, based on 
successive substitution iterations (SSI) in early iteration stages, followed 
by Newton iterations with modified Cholesky factorization (to ensure a 
descent direction) and line search (to ensure a decrease of the objective 
function), in both stability and flash calculations. A similar calculation 
framework (except SSI, which cannot be used in volume-based equi
librium calculations), was used for volume-based phase stability testing 
at temperature and volume specifications [32] and at pressure and 
temperature specifications [33] and for two-phase volume-based flash at 
pressure and temperature specifications [34] (except SSI, which cannot 
be used in volume-based equilibrium calculations). Here, the algorithms 
are adapted for three-phase equilibrium calculations. We consider a 
generic function F (can be the TPD function or the Gibbs free energy) of 
independent variables ξ (can be Yi or αi for stability testing or mole 
numbers for flash calculations). The Newton iteration is 

HΔξ = − g (20) 

2.3.1. Modified Cholesky factorization
During iterations, the Newton method may fail to produce a descent 

direction (as revealed during a Cholesky factorization if negative diag
onal elements are obtained). In the modified Cholesky factorization [21,
22], if some eigenvalues become negative, the Hessian matrix is modi
fied using a diagonal correction, that is, by adding some diagonal ele
ments such so that becomes safely positive definite. The Newton 
iteration equation becomes 

(H+E)Δξ = − g (21) 

where E is a diagonal matrix.
In this work, the modified Cholesky factorization version of Schnabel 

and Eskow [22,35,36] is used.

2.3.2. Line search
The independent variables ξ = (ξ1, ..., ξniv)

Tare updated in Newton 
iteration by 

ξ(k+1) = ξ(k)+λkΔξ(k) (22) 

where Δξ(k) = − H− 1g(k) is the search direction and the scalar λk > 0 is 
the step length.
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Given a descent direction, a two-stage line search procedure is used 
(see Refs [32–34]): 

i) In a first stage, it is checked whether the updated variables lie within 
the feasible region for the full Newton step (λk = 1). If some of the 
bounds are violated, the step length must be reduced, using λmax =

min
i=1,nbv

(λi), that is, the maximum step length keeping the variables 

within their physical bounds, where λi are the distance on the search 
direction at which a bound is violated. At the end of this step λk =

λmax ≤ 1 and all required inequalities are satisfied, namelyYi > 0, i =
1, nc (or αi > 0, i = 1,nc) for stability testing and 0 ≤ nik ≤ zi; i = 1,
nc; k = 1, np; k ∕= R for multiphase flash calculations. This step is 
computationally inexpensive (no function evaluations are required);

ii) A second stage is performed if F
(
ξ(k) + λkΔξ(k)

)
> F

(
ξ(k)
)
, that is, the 

objective function is not decreased. A one dimensional minimization 
of F (the objective function is considered as a function depending 
only of λk) is performed. An efficient inexact line search using 
quadratic and cubic backtracking [37] is used. A detailed description 
can be found in Ref [24].

The procedure described above ensures a sequence of decreasing 
objective functions during iterations, eventually converging to a local 
minimum.

3. The multiphase strategy

The classical multiphase equilibrium calculations are based on 
alternating stability testing and phase split calculations. The stability 
test predicts whether or not the mixture is stable, and it also provides 
initial guesses for flash calculations.

3.1. Stepwise identification method (SI)

The Stepwise Identification (SI) method, that is, the conventional 
strategy, consists of the following steps: 

1. Perform one phase stability test on the feed composition, starting 
with ncp+4 different initial guesses, where ncp is the number of pure 
components used to obtain initial guesses of K-values. Store the 
different minima found in the stability test. In case at least one 
minimum with negative TPD is found, proceed to step 2, otherwise, 
finish the algorithm with a one-phase solution with feed 
composition.

2. Select the lowest minimum found to form a set of K-values, using the 
composition related to the minima and the feed. These equilibrium 
ratios will serve as initial guesses for the two-phase split calculation. 
Next, follow step 3.

3. Initialize two-phase split calculation with the set of equilibrium ra
tios constructed in step 2. Phase fractions and compositions of the 
two phases are saved. Proceed to step 4.

4. Start a phase stability test on one of the phases using again ncp+4 
different initial guesses. Save the distinct minima obtained from 
stability tests. In case a minimum with negative TPD is noticed, go to 
step 5; if not, finish with a two-phase solution with compositions 
already calculated.

5. Construct two sets of K-values via the combination of the composi
tion related to the minimum which has the lowest TPD, and the 
compositions of the two phases calculated in step 3. Go to step 6.

6. Three-phase split calculation is performed and information on phase 
fractions and mole fractions is stored. Finish with a three-phase 
solution.

The flowchart describing the conventional strategy is given in 
Fig. A1.

3.2. Improved stepwise identification (ISI)

An Improved Stepwise Identification procedure (ISI) is proposed. 
Similar to the conventional method, the ISI procedure goes through all 
the calculation levels until reaching the stable state of the mixture, but in 
this case, improved initialization procedures are carried out before each 
phase split calculations. The key difference with respect to the SI method 
is that initial equilibrium ratios for two-phase split calculation are built 
using the two minima that have the lowest TPD, if two or more different 
TPDs are obtained. In this case, trivial solutions and minima with pos
itive TPDs are allowed to be used for construction the K-values. 
Following the two-phase split calculation, a stability test is performed on 
one of the phases and two sets of K-values are created based on the 
number of minima found in the second stability test. In case three 
minima are found, all of them are used to initialize the three-phase split. 
The main point of this method is to show that even though the procedure 
is similar to the conventional one, it has improved efficiency just by 
using all information from stability tests to build initial guesses for phase 
split calculations.

The ISI method consists of the following steps: 

1. Perform one phase stability test on the feed composition, starting 
with ncp+4 different initial guesses. Store the different minima found 
in the stability test. In case at least one minimum with negative TPD 
is found, proceed to step 2; otherwise, finish the algorithm with a 
one-phase solution with feed composition.

2. Use the composition of the two lowest minima encountered, which 
include ones that are the trivial solution and ones with positive or 
negative TPD, to form a set of K-values that will serve as initial 
guesses for the two-phase split calculation. Such a procedure is 
consistent with the geometrical interpretation of the flash problem, 
where the group of minima obtained in the stability test has com
positions that are relatively close to the final flash solution compo
sitions, which yields a better initial guess and thus a smaller number 
of iterations in phase split calculations. Next, follow step 3.

3. Start a two-phase split calculation with the set of equilibrium ratios 
constructed in step 2. Phase fractions and compositions of the two 
phases are saved. Proceed to step 4.

4. A phase stability test is performed on one of the phases using again 
ncp+4 different initial guesses. Record the distinct minima obtained 
from stability tests. In case instability was detected, go to step 5; if 
not, finish with a two-phase solution with compositions already 
calculated.

5. Construct two sets of K-values by using all the minima that have the 
lowest TPD. If three different minima are present, use all of them to 
construct the two pairs of equilibrium ratios. In case only two are 
noticed, form the two groups of equilibrium ratios considering the 
two minima and the composition of the trial phase. Finally, if only 
one minimum is encountered, construct the K-values with its 
composition and the compositions of the two phases obtained in step 
3. Continue in step 6.

6. A three-phase split calculation is performed. Finish with a three- 
phase solution.

The flowchart of ISI method presented in Fig. A2 gives more details 
about the implementation.

Concerning the choice of compositions used in Step 2, for a mixture 
in a two-phase state, if there are precisely two negative minima, the 
conditions are inside the spinodal in the P-T plane and the trivial solu
tion corresponds to a maximum. The initial K-values are generated using 
both trial-phase compositions corresponding to the minima, instead of 
using the global minimum and the feed composition. This was also 
suggested earlier by Whitson and Brule [38]. If there are three negative 
minima, the possible choices for generating initial K-values for a 
two-phase flash are to either use the global minimum (or the minimum 
with the second lowest TPD) and the feed composition or to use two of 
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the negative minima (the ones that have the lowest TPD). Extensive 
testing indicated that the latter choice is globally better.

3.3. Improved multiple identification (IMI)

The Improved Multiple Identification method (IMI) has the same 
principle as in ISI, by using all information from the stability test to 
reduce the number of iterations in phase split calculations. For this 
method, a kind of “bypass” procedure is used if at least three minima are 
found in stability testing on feed and a direct three-phase split calcula
tion is initiated, as in Ref [14], by constructing two sets of K-values from 
the compositions of the three minima.

The main steps of the IMI procedure are as follows: 

1. Perform one phase stability test on the feed composition starting 
with ncp+4 different initial guesses. Store the different minima found 
in the stability test. In case at least one minimum with negative TPD 
is found, proceed to step 2, otherwise finish the algorithm with a 
one-phase solution with feed composition.

2. In case three distinct minima are found, use the composition of the 
three minima encountered (including the trivial solution positive 

TPDs) to form two sets of K-values which will serve as initial guesses 
for the three-phase split calculation, and proceed to step 6. Other
wise, create one set of K-values with the two minima and initiate step 
3.

3. Start a two-phase split calculation. Phase fractions and compositions 
of the two phases are saved. If the last step was step 2, proceed to 
step 4. Otherwise, if the last step was step 6, finish with a two-phase 
solution.

4. Phase stability test is performed on one of the phases using ncp+4 
different initial guesses. Save the distinct minima obtained from 
stability tests. In case a minimum with negative TPD is noticed, go to 
the step 5, if not, finish with a two-phase solution with compositions 
already calculated.

5. Construct two sets of K-values by using the minima that have the 
lowest TPD. If three different minima are present, use all of them to 
construct the two pairs of equilibriums ratios. In case only two are 
noticed, form the two groups of equilibrium ratios considering the 
two minima and the composition of the trial phase. Finally, if only 
one minimum is encountered, construct the K-values with its 
composition and the compositions of the two phases obtained in step 
3. Continue in step 7.

Fig. 1. Sour gas mixture results at T = 178.8 K (a) phase boundaries; (b) total number of minima found in one-phase stability test; (c) number of minima with 
negative TPD found in one-phase stability test; (d) number of minima with zero TPD found in one-phase stability test.
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6. Three iterations of the three-phase flash are performed. In case an 
unphysical composition is identified, use the composition of the two 
phases that have positive phase fractions to build a set of K-values 
and proceed to step 3. Otherwise, save the compositions of all phases 
and continue calculations in step 7.

7. Perform three-phase split calculation. Finish with a three-phase 
solution.

The flowchart of the IMI method is given in Fig. A3.
Note that if we start in the three-phase domain with three nontrivial 

TPDs, the method converged to a three-phase solution in all test exam
ples. In this case, the two-phase split calculation and the two-phase 
stability calls are avoided, which leads to a more efficient flash algo
rithm. Moreover, for the conditions detailed in this paper (that is, stand- 
alone calculations for CO2-hydrocarbon mixtures with up to three pha
ses), the K-values built from the compositions of the three minima 
reduced the number of iterations in the three-phase split (as will be 
detailed in the next section) and no false solutions were encountered.

3.4. Initial guesses for phase stability testing

The initialization strategy follows the recommendation in Ref [5] 

(the “two-sided” methodology), as well as the additional initial guesses 
recommended in Ref [8,9,12,14,15]. Therefore, there are nc+4 initial 
guesses; four of them are defined as: Yi

(1) = ziKiW, Yi
(2) = zi/KiW, Yi

(3) =

ziKiW
1/3and Yi

(4) = zi/KiW
1/3, where KiWis the Wilson relation [39] for 

"ideal" phase equilibrium ratios 

KiW =
pci

p
exp
[

5.37(1+ωi)

(

1 −
Tci

T

)]

(23) 

For the rest of the initial guesses, nearly pure composition for each nc 
components present in the mixture are defined as 
{

Ki = c/zi; c > 0.9
Kj = 0.1

/(
ncp − 1

)/
zi; j ∕= i (24) 

In practice, however, it is not necessary to obtain initial guesses from 
all the pure components; instead, a reduced number of selected com
ponents, ncp ≤ nc, can be used. At least the key components must be 
selected, in this case the CO2.

4. Results and discussion

The proposed methods are tested on four mixtures from the literature 
[8]: a sour gas at T = 178.8K, Maljamar reservoir oil at T = 305.35K, 

Fig. 2. Total number of multiphase split iterations for sour gas mixture results in terms of SSI phase split iterations at T = 178.8 K (a) conventional; (b) ISI; (c) IMI.
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Maljamar separator oil at T = 305.35K, and North Ward Estes (NWE) oil 
at T = 301.48K, all of them combined with different amounts of CO2. 
The two proposed methods, ISI and IMI are compared with the con
ventional procedure (SI). Initialization in stability test follows Li and 
Firoozabadi [8], in which multiple initial guesses are tried in order to 
increase the chances of finding all minima of the TPD in the composi
tional space. The Peng-Robinson equation of state [40,41] is used in all 
examples. In the stopping criterion, the tolerance for the gradient norm 
in both stability testing and flash calculations is ε = 10− 10. The switch 
from SSI to Newton iterations is performed if the gradient norm falls 
below εsw = 0.1.

4.1. Problem 1 - sour gas - CO2 mixture

Composition, component properties, and non-zero BIPs are listed in 
Table B1. In Fig. 1a, the P-Z phase envelope discriminating the number 
of phases is depicted. The same phase distribution was found in Li and 
Firoozabadi [8], Petitfrere and Nichita [9], and Huang et al [14]. This 
mixture has a complex phase distribution with three regions with one 
phase, three areas with two phases, and a wide region with three phases, 
as presented in Fig. 1a. The number of minima found in stability test on 

feed composition is drawn in Fig. 1b (total), Fig. 1c (with negative TPD), 
and Fig. 1d (trivial). In red, three distinct TPDs are present, and since 
enough information is obtained, IMI tries automatically to generate 
K-values from the compositions of three points and initiate a direct 
three-phase split calculation. The two proposed methods presented are 
using information not only from minima with negative TPD, but also 
from all the minima found, which can be negative, positive or trivial. 
Therefore, as compared to the methods that only use the negative TPDs, 
the proposed methods perform better in a wider domain.

Proceeding with convergence analysis for the sour gas mixture, Fig. 2
shows the total number of multiphase split iterations for different 
pressures and CO2 concentrations. Fig. 2a depicts the number of itera
tions for the conventional method, which is similar to what was pre
sented by Petitfrere and Nichita [9]. The color maps for the ISI method 
in Fig. 2b, and IMI method, in Fig. 2c, show a significant reduction in the 
number of iterations, in both two- and three-phase regions, as compared 
to the conventional method. In SI, a ridge seems to be forming in the 
middle of the two-phase L1-L2 and in the three-phase region. On the 
other hand, in both proposed methods, this elevation is flattened and 
reaches values even lower than the regions near the phase boundary; in 
IMI, this decay is even more pronounced in the three-phase region. In 

Fig. 3. Sour gas mixture results at P = 20 bar and T = 178.8 K (a) phase fraction distribution; (b) number of minima found in stability test on feed composition; (c) 
number of phase split iterations; (d) number of stability calls.
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the two-phase liquid-liquid region, IMI requires three more iterations 
than ISI, due to the three-phase flashes performed to test if a three-phase 
state will actually occur. In this case, an unphysical result is found, and a 
two-phase split calculation is started with K-values formed from the 
three-phase split test. By doing this, not only a better initial guess is 
obtained for the two-phase split, but also information from the 
three-phase split test is not lost (as in the MI method from Ref [14]), and 
a number of stability tests is avoided.

In the following, six different pressures are selected for the sour gas 
mixture at 178.8 K for detailed study in different regions for different 
pressures and CO2 concentrations.

4.1.1. Phase equilibrium at 20 bar and 178.8 K
At a pressure of 20 bar, the phase fraction distribution calculated 

using the three methods is presented in Fig. 3a. At lower concentrations 
of CO2, a vapor (V)-liquid (L1) region is formed, and as the carbon di
oxide fraction increases, a third phase appears (a second liquid phase 
L2). As the concentration further increases, the liquid phase L1 is 
reduced until it disappears at a CO2 concentration of about 85 %, 
starting a two-phase region. A further increase in the CO2 amount forces 
the disappearance of the vapor phase, the mixture remaining only in the 

liquid L2 phase. All methods give the same results, which signify that the 
two proposed methods are consistent with the SI procedure.

Details on the number and nature of minima found in phase stability 
analysis (PSA) on feed composition are depicted in Fig. 3b In the middle 
of the domain, marked in dashed red lines, the trivial solution is not a 
minimum, and three negative TPDs are identified. Note that whenever 
three minima are found, IMI is initiated. If this method was based only 
on the number of minima with negative TPDs, IMI would be used in a 
smaller region. In this case, it would be losing the chance to enhance the 
flash calculation efficiency, since the three minima area, bordered by a 
blue dashed line, is wider than that of the three minima with negative 
TPDs. When a total of two minima are found and one of them is the 
trivial solution, ISI, IMI and SI have equivalent procedures.

The total number of phase split iterations as a function of CO2 con
centration is given in Fig. 3c. The SI has the highest number of phase 
split iterations in a significant portion of the domain, where no trivial 
solution is found from PSA. At the same time, IMI generally has the best 
performance among the three methods inside the three minima domain 
in the blue dashed line. The exception is the region at around 50 % of 
CO2, where ISI and IMI reach the same number of iterations. The flat
tening of the triangular shape of the number of iterations in SI by ISI and 

Fig. 4. Comparison of initial and converged K-values for the CO2-sour gas mixture at P = 20 bar and T = 178.8 K, (a) for SI in the first set of ratios; (b) for IMI in the 
first set of ratios; (c) for SI in the second set of ratios; (d) for IMI in the second set of ratios.
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IMI clearly appears in Fig. 3c. The advantage of IMI is not only the 
improved initial guesses for the equilibrium ratios but also the fact that 
two-phase PSA and two-phase flashes are avoided. The number of sta
bility calls is presented in Fig. 3d In a significant portion of the domain, 
where there are three minima from the PSA on feed, the number of phase 
stability calls in IMI is the lowest. This happens due to a direct initiali
zation of the three-phase split.

To better understand why the performance of the SI is considerably 
poorer than IMI in the three-phase domain, a study on the K-values 
distribution is performed. In the SI method, initial K-values are built 
with the composition of the two phases calculated from the MS and one 
composition related to the lowest TPD calculated in the PSA performed 
on one of the phases. In IMI, the three minima found in PSA are utilized 
to create the equilibrium ratios necessary to start the three-phase split 
calculation. In Fig. 4, two sets of equilibrium ratios obtained after flash 
convergence, in blue, are compared with the initial two sets of K-values 
obtained with ISI and IMI, in black. In Fig. 4a, initial K-values for the SI 
method have a good agreement with the K-values at the solution only 
near the phase boundary. Moreover, they reach the highest deviation at 
around 55 % of CO2, which is exactly the concentration at which the SI 
has the highest number of iterations in Fig. 3c. In Fig. 4b, the same 
comparison is made between initial and final K-values, but the method 

used is the IMI. Initial K-values in this case are much closer to the so
lution than the ones from SI. In the same figure, a line representing the 
IMI limit is presented. This line separates the part where a direct three- 
phase split is performed, on the right, and the part where no direct three- 
phase split can be launched, on the left. For the second set of K-values, 
presented in Fig. 4c and Fig. 4d, the deviation in the SI is also more 
pronounced than in the IMI. The second set, however, has a lower de
viation in general in both SI and IMI.

4.1.2 Phase equilibrium at 25 bar and 178.8 K
At a higher pressure, 25 bar, Fig. 5 presents the phase fraction dis

tribution, information about the minima found in PSA on feed compo
sition, the number of phase split iterations necessary to reach the 
solution for various concentrations of CO2, and the total number of 
stability calls. The results are similar to the ones at 20 bar, but with a 
slightly smaller three-phase region, as presented in Fig. 5a, and similar 
behavior of the TPDs, as displayed in Fig. 5b The variation in terms of 
number of iterations is also minor, but a higher value is observed in SI 
procedure, and an increased difference between ISI and IMI, as drawn in 
Fig. 5c. IMI requires less iterations as compared with SI and ISI, except in 
the case that not enough information is available to build the two sets of 
K-values, or when enough information is available but the solution is 

Fig. 5. Sour gas mixture results at P = 25 bar and T = 178.8 K (a) phase fraction distribution; (b) number of minima found in stability test on feed composition; (c) 
number of phase split iterations; (d) number of stability calls.
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actually a two-phase. In the latter case, from 81.2 % to 84.8 % of CO2, 
three additional three-phase SSI iterations are carried out, and a two- 
phase solution is identified. One set of equilibrium ratios is built using 
the compositions found in the test. As a consequence, not only are initial 
guesses available for the two-phase split by not losing the information 
obtained in the three-phase test, but also two-phase stability tests are 
avoided. As noticed for this two-phase region, ISI has a lower number of 
iterations as compared to IMI, but the latter has a lower number of 
stability calls, as shown in Fig. 5d

4.1.3. Phase equilibrium at 30.2 bar and 178.8 K
In this case, the values of pressure and temperature are selected so 

that the phase fraction distribution for the sour gas, see Fig. 6a, can be 
compared with the one from Ref [14]. Qualitatively, they have analo
gous behavior. Otherwise, results from the previous examples, with 
lower pressure, and this case are alike. The exceptions are: a smaller 
three-phase region, the number of minima found in PSA and their 
quality and the number of iterations, in which the SI actually has an 
increase and ISI and IMI have the opposite trend. In Fig. 6b, the region 
with two minima with negative TPDs is reduced, as compared with the 
examples at lower pressures. The number of iterations for the three 
methods, SI, ISI and IMI, is drawn in Fig. 6c. As expected, for a large 

domain, the IMI performs better them its counterparts. It is clear, 
however, that in the two-phase liquid-liquid interval, from 73.6–84.8 % 
of CO2, the ISI has a lower number of iterations than IMI, but the number 
of PSA calls for the latter is lower than for ISI and SI, as shown in Fig. 6d

4.1.4. Phase equilibrium at 35 bar and 178.8 K
The phase distribution at 35 bar and 178.8 K for different CO2 con

centrations is presented in Fig. 7a. As compared with previous examples 
at lower pressures, there is a wider two-phase L1-L2, a reduced three- 
phase region and a lower amount of vapor phase. The area with three 
negative TPDs is considerably smaller than for lower pressures, as can be 
seen in Fig. 7b In terms of total numbers of phase split iterations, see 
Fig. 7c, for the narrower three-phase region, ISI and IMI perform 
significantly better than SI, except near the two-phase L1-L2 region 
where the difference between methods is reduced. In a large part of this 
two-phase L1-L2 domain, that is from 72 % to 85 % of CO2, three minima 
are identified, one with negative TPD, one with positive TPD and one 
trivial. In this case, the same initial K-values are constructed for ISI and 
SI, so they have the same number of iterations. At the same time, IMI has 
a slightly higher number of iterations (from one to three additional it
erations), as a result of the three-phase test, but it avoids two-phase 
stability tests. In this case, the compositions of the identified present 

Fig. 6. Sour gas mixture results at P = 30.20 bar and T = 178.8 K (a) phase fraction distribution; (b) number of minima found after performing stability test on feed 
composition; (c) number of phase split iterations; (d) number of stability calls.
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phases are used to form a set of K-values to initialize the two-phase split.

4.1.5. Phase equilibrium at 40 bar and 178.8 K
In this case, the three methods considered in this work are tested and 

compared in two-phase conditions. As verified previously, in the three- 
phase domain, IMI has the best performance when compared to the 
other algorithms, since two-phase stability tests are avoided and good 
initial guesses are obtained directly from the one-phase stability test. 
Here, two-phase liquid-vapor and liquid-liquid cases are analyzed. In 
Fig. 8a, identical phase fraction distribution resulted from the three 
methods, SI, ISI and IMI are drawn. Moreover, the phase distribution is 
consistent with the phase diagram built in Fig. 1a, showing a small one- 
phase zone at around 45 % of CO2, where only liquid L1 is present.

The number of minima found after performing a one-phase stability 
test is presented in Fig. 8b The total number of minima found after the 
stability test is three in almost the integrity of the liquid-liquid region. 
With three minima, IMI tests a three-phase split calculation, and since an 
unphysical response is noticed, the composition of the two phases 
identified as present are used to build a set of equilibrium ratios. The 
tiny L1 single-phase region around 45 % of CO2 and the L2 region for 
concentrations higher than 85 % are correctly identified (only non- 
negative TPDs found). Only the trivial solution is found after 

performing PSA for CO2 concentrations higher than 95 %.
In terms of the number of phase split iterations, ISI generally out

performs IMI and SI, as seem in Fig. 8c. The regions with zero iterations 
are the ones with only one phase present, requiring only stability tests. 
The best performance of both ISI and IMI is in the region in which two 
negative TPDs are present, and no trivial solution is identified. The re
gion where only two TPDs are found, with one negative and one zero, all 
the methods require the same number of split iterations. In a large part 
of the domain, three minima are identified. ISI uses two minima and 
provides a relevant reduction in the number of iterations compared to 
the SI method, flattening the triangular shape. The reduction in IMI is 
also relevant, but it requires three iterations in testing the potential 
presence of three phases; therefore, it has more iterations than ISI. On 
the other hand, IMI also flattens the iteration curve obtained in SI, and 
this improved method reduces the number of stability calls, as seen in 
Fig. 8d

4.1.6. Phase equilibrium at 45 bar and 178.8 K
The final test for the sour gas mixture is performed at 45 bar. At this 

pressure, by changing the CO2 concentration, there is a liquid-vapor (L1- 
V), liquid-liquid (L1-L2) and two single phase regions, L1, at lower CO2 
concentrations, and L2, at higher concentrations, as it can be seen in 

Fig. 7. Sour gas mixture results at P = 35 bar and T = 178.8 K (a) phase fraction distribution; (b) number of minima found in stability test on feed composition; (c) 
number of phase split iterations; (d) number of stability calls.
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Fig. 9a. Information on the minima found in stability test on feed 
composition is given in Fig. 9b, which has not a significant change from 
the previous lower pressure results; it shows, however, an increase in the 
intervals in which the number of negative TPD minima is zero, therefore 
wider one-phase regions. In Fig. 9c, two sets of K-values are compared, 
one derived from initial guesses of the SI procedure and the other 
coming from the equilibrium ratios obtained after convergence. Around 
59 % of CO2, there is a discontinuity in the equilibrium ratio distribu
tion, which is the place where the deviation is the highest. From Fig. 9d, 
it is evident that the initial K-values from IMI are closer to the correct 
equilibrium ratio in blue when compared to the values estimated by the 
SI method.

The proximity of the initial equilibrium ratios derived from SI and 
IMI to the ones at the solution gives some clues on the efficiency of each 
method. In Fig. 9e, the number of phase split iterations for SI, ISI and IMI 
is presented. The number of iterations in the SI method forms a trian
gular shape, in which the maximum is at the same CO2 concentration as 
in the discontinuity identified in Fig. 9c. The number of iterations for SI 
decreases as it approaches the two-phase L1-L2 boundary. In the same 
figure, a wide region with three TPD minima is found, and a direct three- 
phase split is tried. Since only two phases are present, the IMI performs a 
negative flash test, which explains the higher number of iterations with 

respect to ISI, which has, in general, the lowest number of iterations. 
Even though IMI has more iterations than ISI, the former not only re
duces the number of iterations with respect to SI in the triangular area, 
but it also has a significant reduction in the number of stability calls, 
which is seen in Fig. 9f. In this figure, in general the IMI has a lower 
number of stability calls, which leads to a relevant increase in efficiency, 
since for each call the number of stability iterations range in this case 
from 6 iterations to 25.

4.2. Problem 2 - Maljamar reservoir- CO2 mixture

Composition, component properties, and non-zero BIPs are listed in 
Table B2. In Fig. 10a, the phase envelope discriminating the number of 
equilibrium phases at T = 305.35 K is depicted. The results obtained are 
close to the ones presented in Refs [8,14]. In the previous problem, in a 
significant portion of the phase diagram, it was possible to start a 
three-phase split calculation by only using information from three sta
tionary points acquired after a one-phase stability test. On the other 
hand, for the Majamar reservoir mixture, not enough information was 
obtained to start directly a three-phase split calculation, as shown in 
Fig. 10b, with a maximum of two minima of the TPD.

The number of iterations in the P-Z plane is plotted in Fig. 11a(SI), 

Fig. 8. Sour gas mixture results at P = 40 bar and T = 178.8 K (a) phase fraction distribution; (b) number of minima found in stability test on feed composition; (c) 
number of phase split iterations; (d) number of stability calls.

J. Heringer et al.                                                                                                                                                                                                                                Fluid Phase Equilibria 604 (2026) 114653 

12 



Fig. 9. Sour gas mixture results at P = 45 bar and T = 178.8 K (a) phase fraction distribution; (b) number of minima found in stability test on feed composition; (c) 
initial and converged K-values in SI; (d) initial and converged K-values in IMI; (e) number of phase split iterations; (f) number of stability test calls.
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Fig. 10. Maljamar reservoir mixture results at T = 305.35 K (a) phase boundaries; (b) number of minima with negative TPDs in one-phase stability.

Fig. 11. Total number of multiphase split iterations for Maljamar reservoir mixture results at T = 305.35 K: (a) conventional; (b) ISI; (c) IMI.
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Fig. 11b (ISI), and Fig. 11c (IMI). Despite the lack of enough information 
from a one-phase stability test to start a direct three-phase split calcu
lation, ISI and IMI methods can reduce the number of total phase split 
iterations by building phase equilibrium ratios that give better initial 
guesses using information of two stationary points obtained in the sta
bility test. A significant reduction of the number of iterations in both 
two-and three-phase domains is achieved by ISI and IMI.

The results of phase equilibrium calculations at 80 bar and 305.35 K 
are presented in Fig. 12a–12dFig. 12a depicts the phase fraction distri
bution using the three different methods. At a lower CO2 concentration, 
a vapor-liquid (V-L1) region is formed. As the amount of carbon dioxide 
increases, a three-phase region forms, in which the vapor phase has a 
drastic decrease, while the L2 phase has the opposite behavior and the 
L1 phase lowers its phase fraction. In this case, the number of minima 
found in the stability test on the feed composition is two, as presented in 
Fig. 12b This means that not enough information is obtained to generate 
initial guesses for a direct three-phase split calculation in IMI. Therefore, 
ISI and IMI are equivalent in terms of efficiency, and are more efficient 
than the SI method, as can be seen from the number of total phase split 
iterations given in Fig. 12c; the two peaks in the number of iterations for 
SI are avoided by ISI and IMI. At the same time, the number of stability 
calls is the same for the three methods, as shown in Fig. 12d In this 

particular case, the number of minima identified in the one-phase sta
bility test is, in general, lower than the previous problem (sour gas 
mixture). It explains why the reduction of the number of iterations in 
phase split calculations is not as significant as in the previous problem.

4.3. Problem 3 - Maljamar separator - CO2 mixture

Another mixture considered for study is the Maljamar separator oil 
mixed with different amounts of CO2 at T = 305.35 K. Composition, 
component properties, and non-zero BIPs are listed in Table B3. As 
compared to Refs [9,14], the same phase envelopes were obtained with 
all the methods studied in this paper, SI, ISI, and IMI.

The number of phases as a function of CO2 concentration and pres
sure is shown in Fig. 13a. Fig. 13b presents the number of minima found 
in the one-phase stability test. Two sets of K-values are built, and a direct 
initialization of a three-phase split calculation is performed. In these 
regions, IMI will not only have a good initial guess for the three-phase 
split, but it will also avoid a number of stability tests. In the one-phase 
region, the number of minima with negative TPDs is zero, as expected, 
as depicted in Fig. 13c. In the same figure, there is a wide region with 
two negative TPDs and a smaller region with only one negative TPD. The 
number of minima with trivial solution is provided in Fig. 13d; there is a 

Fig. 12. Maljamar reservoir mixture results at P = 80 bar and T = 305.35 K: (a) phase fraction distribution; (b) number of minima found in stability test on feed 
composition; (c) number of phase split iterations; (d) number of stability calls.
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region with one minimum (in dark blue) and a wide region (in light 
blue) in which no trivial solution is found.

By comparing the total number of phase split iterations required by 
the three methods in Fig. 14, it is clear that in the three-phase region, the 
IMI method is the most efficient, and ISI is more efficient than SI. In the 
two-phase parts of the phase diagram, both ISI and IMI clearly outper
form SI.

4.3.1. Phase equilibrium at 69.4 bar and 305.35 K
Fig. 15a presents the phase fraction distribution with the three 

methods (SI, ISI, and IMI) for the Majamar reservoir mixture at 69.4 bar 
and 305.35 K. Our results match those presented in Ref [14]. The isobar 
passes through a liquid-liquid region, then to a three-phase region, and 
after that, the liquid-vapor phases are identified. In Fig. 15b, the number 
of minima found in the one-phase stability test is, in the majority of the 
cases, three, even though in most of the domain there are only two 
phases. That means that enough information is obtained to generate 
initial guesses for K-values to perform the three-phase split, but actually, 
only two phases appear. Fig. 15c presents the number of total phase split 
iterations; in the three-phase area, IMI has the lowest number of itera
tions, followed by ISI and SI. On the other hand, in the two-phase L1-L2 

domain, where three negative TPD minima are found, the ISI method 
requires fewer phase split iterations as compared to SI and IMI. The 
latter method, however, requires less stability calls as compared to the 
ISI method, as can be seen in Fig. 15d

4.3.2. Phase equilibrium at 72.0 bar and 305.35 K
For this case, a wide two-phase liquid-liquid domain (for 68.2–97.6 

% of CO2) is identified, as well as a narrow three-phase region at higher 
carbon dioxide concentration (for 97.65–99.35 % of CO2), as can be seen 
from the phase fraction distribution depicted in Fig. 16a; the results are 
the same for the three methods. In terms of the number of minima 
identified in one-phase stability test, a wider region is covered with two 
different TPD minima and a smaller region with three TPD minima, as 
presented in Fig. 16bFig. 16c gives the number of phase split iterations 
using the three methods. The region with three TPD minima does not 
cover a three-phase part, but instead a two-phase one; this is the reason 
why IMI has a higher number of iterations than ISI in that region, since 
the former tests whether or not to proceed with the three-phase split 
calculation. However, IMI is more computationally efficient than ISI, 
since it reduces the number of stability calls with respect to ISI, as can be 
seen from Fig. 16d Both ISI and IMI methods decrease considerably the 

Fig. 13. Maljamar separator mixture results at T = 305.35 K: (a) phase boundaries; (b) total number of minima in one-phase stability; (c) number of minima with 
negative TPDs in one-phase stability; (d) number of minima with trivial solution in one-phase stability.
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number of iterations as compared to the SI method, which presents a 
triangular shape with a peak in number of iterations; this format then 
flattened out when using ISI and IMI.

4.4. Problem 4 - NWE oil + impure CO2 mixture

The fourth mixture is a North Ward Estes oil with impure CO2 (95 % 
CO2 and 5 % C1) at T = 301.48 K. Composition, component properties, 
and non-zero BIPs are listed in Table B4. The phase boundaries shown in 
Fig. 17a match those obtained in Refs [9,14]. Fig. 17b depicts the total 
number of TPD local minima found in one-phase stability test; it is clear 
that a significant portion of the P-Z plane is filled with two different 
TPDs. In this case, no direct three-phase split calculation is started, but 
K-values can be built with the compositions related to the two TPDs to 
improve the initial guess for the two-phase split calculation. Part of the 
single-phase region has two TPDs, but evidently none of them are 
negative, as identified in Fig. 17c. After verifying Fig. 17d, the two TPDs 
found in the one-phase region are actually one positive (the conditions 
correspond to a kind of two-phase shadow region [20]) and one trivial 
solution. Two negative TPDs are encountered in a large portion of the 
plane, including two-and three-phase regions; this means that enough 
information is available to improve the initial guess for the two-phase 
split. The number of multiphase split iterations for the three methods 

in the P-Z plane is given in Fig. 18a(SI), Fig. 18b (ISI), and Fig.18c (IMI). 
Both ISI and IMI achieve a spectacular reduction of the number of it
erations with respect to the conventional method.

4.4.1. Phase equilibrium at 84 bar and 301.48 K
The phase fraction distribution on the isobar of P = 84 bar is drawn 

in Fig. 19a and matches the results from Ref [14]. A narrow three-phase 
region is identified in the CO2 concentration range of 67.3 % to 77.5 %, 
in which two liquid and one vapor phase are present. From lower to 
higher CO2 concentration, one phase, L1, is present in the mixture, and 
its percentage in the mixture starts to be lowered when a vapor phase, V, 
starts to form. The vapor phase has a sharp decrease in its concentration 
when a third phase, L2, appears, showing a retrograde behavior. As the 
amount of carbon dioxide increases, the vapor phase disappears while 
the L2 phase continues leveling up and eventually the L1 phase is no 
longer present and the mixture turns into a single L2 phase. In terms of 
number of TPD minima shown in Fig. 19b, in the entire domain, there 
are only two minima; thus, no direct initialization of a three-phase split 
is possible, since not enough information is obtained. In the part of the 
domain where the trivial solution is identified as a minimum, ISI and IMI 
require the same number of iterations, smaller than for the conventional 
method, as depicted in Fig. 19c. Similar to what has been noticed in 
other cases, there is a significant increase in number of iterations in the 

Fig. 14. Total number of multiphase split iterations for Maljamar separator mixture results at T = 305.35 K for the following methods: (a) conventional; (b) ISI; 
(c) IMI.
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SI method, creating a triangular shape; the number of iterations is 
significantly reduced by ISI and IMI.

4.4.2. Phase equilibrium at 100 bar and 301.48 K
In Fig. 20a, the phase fraction distribution at P = 100 bar is drawn for 

the three methods. A two-phase liquid-liquid region is identified. The 
total number of TPD minima and their nature are presented in Fig. 20bA 
maximum of two minima is obtained from the stability test for the entire 
concentration domain. In part of it, the trivial solution is identified as a 
local minimum, and the K-values are generated in a similar way as in the 
conventional method. On the other hand, a wider region has no trivial 
solution, and the initialization of the two-phase split in ISI and IMI is 
different from the conventional method. The initial guesses for the K- 
values in the SI method and the final K-values after convergence are 
drawn in Fig. 20c. The same comparison is made for the ISI and IMI 
methods (which has the same results in this case), as illustrated in 
Fig. 20d ISI and IMI give equilibrium ratios that are closer to the solution 
than the SI method. At around 66.5 % of CO2, there is a discontinuity in 
the equilibrium ratio distribution for the conventional method, as can be 
seen in Fig. 20c. At this point, the initial guess is poor, with a relatively 
high deviation from the K-values from the solution, which increases the 
number of iterations, as presented in Fig. 20e. Since ISI and IMI produce 

better initial guesses, closer to the converged K-values, their number of 
iterations are lower than in the conventional method and the peak in 
Fig. 20e is flattened by ISI and IMI. When the trivial solution is a min
imum in stability test, the three methods have the same initial procedure 
and the same initial guesses for the K-values, as seen in Fig. 20c and in 
Fig. 20d, thus the same number of iterations. In this case, since the 
number of minima found in stability test is lower than three, no direct 
initialization is possible and the same number of stability calls is seen in 
Fig. 20f for the three methods.

The two proposed procedures, ISI and IMI, take full advantage of the 
information from stability tests to build K-values and initialize either 
two- or three-phase split calculation. There are several important dif
ferences in IMI with respect to the multiple identification method of 
Huang et al [14]. Firstly, only compositions of negative and zero (trivial) 
TPDs are used in Ref [14]. The novelty is that we also use compositions 
of minima with a strict positive value of the TPD function. Even though 
this may seem counterintuitive, since a positive TPD indicates stability 
of a phase, there is a continuity in compositions beyond the domain with 
only one or two negative minima; using also the positive TPDs leads to 
improved estimates of K-values, as shown graphically in two examples, 
for two-and three-phase cases.

Secondly, unlike in Ref [14], the trivial solution is used in forming 

Fig. 15. Maljamar separator mixture results at P = 69.40 bar and T = 305.35 K: (a) phase fraction distribution; (b) number of minima found after performing 
stability test on feed composition; (c) number of phase split iterations; (d) number of stability calls.
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K-values only if it corresponds to a minimum. Thirdly, the compositions 
of initial guesses are always satisfying the component material balance 
constraints by solving the Rachford-Rice equations. In Ref [14], a least 
square estimation is used to initialize phase mole fractions, using a merit 
function based on the residual of the component material balance con
straints. If the minimum of the objective function is zero, this is equiv
alent to solving the Rachford-Rice equations; otherwise, if this function 
is positive, compositions form an infeasible set of K-values for a 
three-phase flash. Failures are reported in Ref [14], due to an attempt to 
solve a three-phase Rachford-Rice with infeasible starting variables. 
Additional iterations in MI are simply spared by not launching a 
three-phase flash in these cases (we do not attempt to generate initial 
guesses for a three-phase split if not enough information is available to 
build two sets of K-values).

ISI is also an attractive method, since better initial guesses make this 
method more efficient than SI. For instance, in a two-phase split, SI will 
use the compositions of the global minimum of the TPD function and the 
feed composition, while ISI will use the compositions of the minima with 
the lowest TPD, leading to the correct type of two-phase equilibrium. For 
example, if the real two-phase state is LL, the flash may converge to a VL 
state in SI and to an LL state in ISI. In this case, instability is detected in 
the two-phase stability test by SI (triggering an unnecessary three-phase 

flash), and a stable LL state is ascertained by stability testing in ISI.
The idea of using the second-lowest minimum of the TPD function for 

the construction of an alternative initial guess for a multiphase-flash 
calculation has appeared already in Pan et al [12] and Jex et al [42]. 
In Ref [42], if the three-phase flash from the lowest TPD-value in 
two-phase stability fails, another two-phase flash is performed using the 
second lowest TPD minimum from two-phase stability. Note that the 
initial K-values for the two-phase flashes are generated using the 
composition of a negative TPD (global minimum first and second lowest 
minimum if the first attempt fails) and the feed composition. The point 
in our methods is to use all available information provided by the sta
bility test, that is, all compositions of the minimum TPDs to generate 
initial K-values; thus, if two minima with negative TPDs are found in 
two-phase stability testing, their compositions and the composition of 
the tested phase (from the two-phase flash) are used to generate initial 
K-values for the three-phase flash in both ISI and IMI methods (see 
flowcharts in figures A2 and A3). If three minima are found in two-phase 
stability testing, all three compositions are used to generate the two sets 
of K-values. Our methods are avoiding the additional two-phase flash in 
Ref [42].

The four test examples used in this work are benchmark ones, used 
by several authors before to test three-phase equilibrium methods. 

Fig. 16. Maljamar separator mixture at P = 72 bar and T = 305.35 K: (a) phase fraction distribution; (b) number of minima found in stability test on feed 
composition; (c) number of phase split iterations; (d) number of stability calls.
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However, in a general sense, the converged solution can be a false so
lution, not reaching the correct set of three phases, for example if the 
three-phase flash is performed in a four-phase region, or if a minimum of 
the TPD function corresponds to an incipient fourth phase. This was not 
the case in this work, in which all test examples involve only three-phase 
systems.

If a fourth phase exists, the solution of the three-phase flash will be 
an intermediary unstable solution in any version of a sequential 
stability-flash approach [4,5]; by performing a stability test on one of 
the three equilibrium phases, the existence of a fourth phase can be 
detected. At this stage, if a four-phase flash is required, the conventional 
(SI) method can be applied; we are currently investigating the extension 
of the ISI and IMI procedures to more than three equilibrium phases 
using the same principles. Limited preliminary tests are encouraging, 
showing that if four minima of the TPD function are found in the four 
phase region, IMI will skip two- and three-phase flashes and related 
stability tests, converging directly to the correct four-phase solution. 
Further tests are required to extend the proposed methods for handling 
the four possible three-phase states and six possible two-phase states. 
However, when applying the ISI and IMI methods as presented in this 
work, we must be certain that at most three equilibrium phases can exist. 

If a non-hydrocarbon component other than CO2 that may trigger the 
formation of a fourth phase (a third liquid phase rich in that component) 
is present in the mixture, a careful screening must be performed for the 
expected composition, pressure and temperature ranges before using the 
methods within a compositional reservoir simulator, to check if a fourth 
phase can or cannot form.

Moreover, the nonlinearity of the Gibbs free energy depends at first 
on the thermodynamic model used, not the computational algorithm. 
Therefore, the algorithm’s robustness cannot be generalized and require 
further research for its extensions to systems with more than three- 
phases or using different thermodynamic models. The case of 
hydrocarbon-water mixtures is special, because of the very low solubi
lity of most hydrocarbon components in the aqueous phase. In some 
cases, the solubility of all or most of the hydrocarbon components in the 
aqueous phase can be neglected. Whether a simplified model is used or 
not, the hydrocarbon-water equilibrium has a special mathematical 
structure that can be exploited. Even though the proposed methods can 
be used for hydrocarbon-water mixtures, we found that some modifi
cations taking into account the particularity of such mixtures would 
improve the efficiency of these methods and that a customized version of 
the proposed algorithms must be designed. This remarks hold for any 

Fig. 17. NWE mixture with impure CO2 (95 % CO2+5 % C1) results at T = 301.48 K: (a) phase boundaries; (b) total number of minima found in one-phase stability; 
(c) number of minima with negative TPDs found in one-phase stability; (d) number of minima with trivial solution found in one-phase stability.
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component that can form an almost pure third phase.
In a simulation scenario where most regions are in two phases, but 

three phases can exist at some conditions, testing everywhere the sta
bility from all initial guesses would not be an extra cost instead of a 
benefit, as it may seem intuitively. The number of phases is not known a 
priori and testing stability using all the initial guesses from the given set 
(see Section 3.4) must be performed (this is the standard practice for 
multiphase flashes [5]). Whatever the final state of the mixture, even if a 
negative TPD is detected, already asserting instability, we don’t know if 
it is a local or the global minimum and the search must continue to in
crease the probability that the global minimum is found. In the simu
lation case mentioned above, for most conditions a maximum of two 
minima will be found. If there are three minima, IMI will solve directly a 
three-phase flash when this is possible and it can also handle the situ
ation when three minima exist in the two-phase region (indicating an 
incipient third phase) and converge to the correct two-phase solution. If 
however we certainly know in advance that only a VL behavior is ex
pected (as in standard petroleum reservoir engineering applications), 
using only Michelsen’s two-sided initialization [4] for stability suffices. 
In single-phase stability testing, an important number of stability calls 
can be further avoided using the stability analysis bypassing method 
[43], designed to be used in compositional flow simulation; its 

implementation is out of the scope of this work.
It must be noted that even when a three-phase flash algorithm fails to 

converge to the correct solution or completely diverges in stand-alone 
calculations, there are numerous ways to restart without following the 
same iteration route for failure. However, the idea in this work is to 
reduce to a minimum the situations in which calculations need to be 
restarted when a false solution is obtained or divergence occurs. No 
failures were detected in the test examples using the proposed methods. 
In these test cases, P-Z domains covers a variety of situations, some 
conditions being very difficult ones, such as the vicinity of bi-critical 
points [8].

5. Conclusions

In this work, two new initialization strategies for multiphase flash 
calculations are proposed. In the first one (improved stepwise initiali
zation), the conventional stepwise identification procedure is improved 
by using additional initial guesses. In the second one (improved multiple 
initialization), a three-phase split is initiated if the stability testing of the 
feed composition detects at least three minima of the tangent plane 
distance function. Both proposed methods use all information (number 
of minima and their composition) from phase stability testing at each 

Fig. 18. Total number of multiphase split iterations for NWE mixture with impure CO2 (95 % CO2+5 % C1) at T = 301.48 K: (a) SI; (b) ISI; (c) IMI.
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phase split stage. Unlike in previous formulations, compositions at all 
minima of the TPD function, including trivial and positive TPDs, are 
used to generate initial equilibrium constants. In both phase stability 
and flash calculations, highly robust calculation procedures are used, 
based on successive substitution iterations (SSI) in early iteration stages, 
followed by Newton iterations with modified Cholesky factorization and 
line search. The proposed methods are tested and compared with the 
conventional procedure for several benchmark mixtures from the liter
ature, containing hydrocarbon components and mixed in different pro
portions with CO2. Phase diagrams are constructed in the pressure- 
composition plane, focusing on the number of stationary points of the 
TPD functions found in stability testing at each step of the multiphase 
stability-flash algorithm and on how they must be efficiently used in 
initialization of flash calculations. For all the test mixtures, in the pro
posed stability-flash strategy, the number of calls of the stability and 
flash routines and the number of iterations in flash calculations are 
significantly reduced as compared to previous approaches, 

recommending the new approach as a useful tool in compositional 
simulation, in which both efficiency and robustness are of utmost 
importance. The proposed methods were designed for, but are not 
limited to three-phase systems; both ISI and IMI procedures can be 
extended to more equilibrium phases using the same principles; the 
extension to the four-phase equilibrium case is currently being investi
gated. The proposed algorithms were tested for stand-alone calculations 
for CO2-hydrocarbon mixtures with up to three phases. The results 
recommend the proposed methods as strong candidates to be included in 
compositional reservoir simulators. This would represent a more severe 
test of the robustness, since in numerical reservoir simulations calcula
tions are performed a significant number times for each time step in 
every grid block of the discretized reservoir model, and a larger variety 
of PTZ conditions may challenge the phase equilibrium routine. The 
code is currently being implemented in a compositional reservoir 
simulator.

Fig. 19. NWE mixture with impure CO2 (95 % CO2+ 5 % C1) results at P = 84 bar and T = 301.48 K: (a) phase fraction distribution; (b) number of minima found in 
stability test on feed composition; (c) number of phase split iterations; (d) number of stability calls.
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Fig. 20. NWE mixture with impure CO2 (95 % CO2+5 % C1) at P = 100 bar and T = 301.48 K: (a) phase fraction distribution; (b) number of minima found in 
stability test on feed composition; (c) initial and converged K-values in SI; (d) initial and converged K-values in IMI; (e) number of phase split iterations; (f) total 
number of stability test calls.
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Appendix A. Flowcharts of the initialization procedures

This appendix presents the flowcharts describing the steps of the conventional (SI), ISI and IMI methods.

Fig. A1. Flowchart of the conventional (SI) procedure.
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Fig. A2. Flowchart of the ISI method.
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Fig. A3. Flowchart of the IMI method.

Appendix B Composition, component properties and non-zero BIPs

Table B1 
Properties for Sour gas mixture.

Component Tc (K) Pc (bar) ω Mol% Ki,CO2 Ki,N2 Ki,H2S

CO2 304.20 73.90 0.225 70.59 - ​ ​
N2 126.20 33.50 0.040 7.03 − 0.020 - ​
H2S 373.20 89.40 0.081 1.97 0.120 0.200 -
C1 190.60 45.40 0.008 6.86 0.125 0.031 0.100
C2 305.40 48.20 0.098 10.56 0.135 0.042 0.080
C3 369.80 41.90 0.152 2.97 0.150 0.091 0.080
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Table B2 
Properties for the Maljamar Reservoir Oil.

Component Tc (K) Pc (bar) ω Mol% Ki,CO2 Ki,C1

CO2 304.20 73.80 0.225 - - ​
C1 190.60 45.40 0.008 29.32 0.115 -
C2 305.40 48.20 0.098 10.19 0.115 -
C3 369.8 41.90 0.152 8.35 0.115 -
nC4 425.2 37.5 0.193 3.31 0.115 -
C5–7 516.7 28.8 0.265 12.04 0.115 0.045
C8–10 590.0 23.7 0.364 15.81 0.115 0.055
C11–14 668.6 18.6 0.499 8.23 0.115 0.055
C15–20 745.8 14.8 0.661 5.28 0.115 0.060
C21–28 812.7 12.0 0.877 2.76 0.115 0.080
C29+ 914.9 8.5 1.279 4.64 0.115 0.280

Table B3 
Component data for the Maljamar Separator Oil.

Component Tc (K) Pc (bar) ω Mol% Ki,CO2

CO2 304.20 73.90 0.225 - -
C5–7 516.7 28.8 0.265 23.54 0.115
C8–10 590.0 23.7 0.364 32.95 0.115
C11–14 668.6 18.6 0.499 17.13 0.115
C15–20 745.8 14.8 0.661 10.99 0.115
C21–28 812.7 12.0 0.877 5.74 0.115
C29+ 914.9 8.5 1.279 9.65 0.115

Table B4 
Component data for the NWE with impure CO2.

Component Tc (K) Pc (bar) ω Mol%(Initial) Mol%(Secondary) Ki,CO2

CO2 304.20 73.90 0.225 0.77 95 -
C1 190.6 28.8 0.265 20.25 5 0.120
PC1 343.64 23.7 0.364 11.8 - 0.120
PC2 466.41 18.6 0.499 14.84 - 0.120
PC3 603.07 14.8 0.661 28.63 - 0.090
PC4 733.79 12.0 0.877 14.9 - 0.090
PC5 923.2 8.5 1.279 8.81 - 0.090

Data availability

No data was used for the research described in the article.
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