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When estimating a single subsystem (module) in a linear dynamic network with a prediction error
method, a data-informativity condition needs to be satisfied for arriving at a consistent module
estimate. This concerns a condition on input signals in the constructed, possibly MIMO (multiple input
multiple output) predictor model being persistently exciting, which is typically guaranteed if the input
spectrum is positive definite for a sufficient number of frequencies. Generically, the condition can
be formulated as a path-based condition on the graph of the network model. The current condition
has two elements of possible conservatism: (a) rather than focussing on the full MIMO model, one
would like to be able to focus on consistently estimating the target module only, and (b) structural
information, such as structural zero elements in the interconnection structure or known subsystems,
should be taken into account. In this paper relaxed conditions for data-informativity are derived
addressing these two issues, leading to relaxed path-based conditions on the network graph. This leads
to experimental conditions that are less strict, i.e. require a smaller number of external excitation
signals. Additionally, the new expressions for data-informativity in identification are shown to be

closely related to earlier derived conditions for (generic) single module identifiability.
© 2026 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction has led to the development of decentralized, distributed and
multi-agent type of control systems. On the modeling side, the
development of analysis tools for systems over graphs has to
be mentioned, and we have seen the development of a field
called data-driven modeling (or system identification) in dynamic
networks. This paper is situated in this latter area, that will be
overviewed next.

Identification of/in dynamic networks has been developed in
a framework where dynamic systems are interconnected in a

While the dynamic systems that are currently addressed in
engineering and science, become more and more complex, large-
scale and interconnected, the attention for modeling, monitoring
and control aspects of interconnected systems, like e.g. dynamic
networks, is growing. For the resulting control problems this
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particular interconnection structure (topology), including cycles,
that may be known a priori. In such a setting several different
problems have been considered. Following the early contributions
on uniqueness of network representations (Gongalves & Warnick,
2008) and topology estimation (Materassi & Innocenti, 2010;
Materassi & Salapaka, 2012), a framework for network identifi-
cation in a prediction error setting is introduced in Van den Hof
et al. (2013), while subspace methods for network identification
have been developed in Haber and Verhaegen (2014), Verhaegen
et al. (2022). Alternatively, there are network identification ap-
proaches based on conditional independence and dynamic factor
models, see e.g. Veedu et al. (2022), Zorzi and Chiuso (2017).

0005-1098/© 2026 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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The vast literature on network identification problems in a
prediction error setting, ranges from the problem of identifying
the full network for a given topology (Fonken et al., 2022; Weerts
et al,, 2018b; Yuan et al., 2011), and the analysis and synthe-
sis of identifiability conditions (Cheng et al., 2022; Hendrickx
et al., 2019; Legat & Hendrickx, 2020; Mapurunga et al., 2024;
Shi et al.,, 2023; van Waarde et al., 2020; Weerts et al., 2018a),
to the problem of identifying the dynamics of a single mod-
ule/link/subsystem in the network (Dankers et al., 2016; Everitt
et al, 2018; Gevers et al., 2018; Linder & Enqvist, 2017; Materassi
& Salapaka, 2020; Ramaswamy & Van den Hof, 2021; Van den Hof
et al,, 2013), which includes the problem of determining where
to measure and where to excite the network, and the related
data-informativity questions (Bombois et al., 2023).

In this paper we will focus on this latter single module iden-
tification problem, in a setting where some dynamic modules in
the network may be known a priori, while a single target module
will need to be estimated consistently. We focus on the so-called
local direct method (Ramaswamy & Van den Hof, 2021) that is
known to be able to exploit both measured external excitation
signals and unmeasured disturbance signals for estimation. It has
been shown (Ramaswamy & Van den Hof, 2021) that it can be
necessary to build a predictor model that has multiple inputs
and multiple outputs (MIMO), in order to arrive at consistent
estimates of a single target module. This is due to the necessity
to deal with confounding variables, i.e., correlated disturbances
between inputs and outputs of an estimation problem, a situa-
tion that can typically occur in dynamic networks. The resulting
MIMO predictor model then will need to satisfy data-informativity
conditions in order to arrive at consistent module estimates.
The objective of this paper is to formulate path-based conditions,
dependent on the a priori known graph of the network only,
that guarantee data-informativity, and therefore will provide the
conditions for consistent module estimates. These path-based
conditions will refer to the locations of external signals (mea-
sured excitation signals and unmeasured disturbance signals) that
enter the network.

For specifying the role of a data-informativity condition, we
need to go back to their origin, developed for classical (open-
loop type of) identification problems in a prediction error setting.
It is most often formulated as a condition on the input spec-
trum matrix being positive definite at a sufficient number of
frequencies (Soderstrom & Stoica, 1989). The condition is typi-
cally applied to situations where the inputs are general quasi-
stationary signals with continuous spectral densities. For other
types of inputs, as e.g. periodic signals, the concerned condition
is conservative and replaced by conditions on the selection of a
sufficient number of frequency components for each input and
orthogonality of the signals over the different inputs (Pintelon &
Schoukens, 2012). For particular black box model structures with
finite order model sets, the spectrum condition can be further
detailed, as shown e.g., in Gevers et al. (2008). The available
theory for data informativity analysis seems to be mainly directed
towards the situation of unstructured MIMO black box models,
meaning that all entries in the MIMO model are parametrized.
A relevant question that pops up is then: what are the con-
sequences for the conditions for data-informativity if particular
entries in the MIMO model are structurally zero, or non-zero
but a priori known and therefore not necessarily parametrized?
This latter situation is typically present in a dynamic network
situation.

In the current literature on dynamic network identification,
the data-informativity conditions so far have been taken from a
general non-structured MIMO estimation problem, i.e., requiring
®,,(w) > 0 for a sufficient number of frequencies w, with
wp the set of inputs nodes in the predictor model. For a MISO
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setting, the data-informativity conditions have also been consid-
ered in Bombois et al. (2023) in the form of rank conditions on
particular system-dependent matrices. For a generic satisfaction
of the data-informativity conditions, very effective use has been
made of a result of van der Woude (1991) and Hendrickx et al.
(2019) where it is shown that rank conditions on transfer func-
tions can generically be verified by path-based conditions on the
graph of the network. This has led to the integration of path-
based conditions in the selection of inputs and outputs of the
predictor model to warrant that data-informativity conditions can
be satisfied generically (Van den Hof & Ramaswamy, 2020; Van
den Hof et al., 2023).

In all these approaches, the data-informativity conditions for
black box, fully parametrized MIMO models have been exploited.
However, in the considered network problem, structural infor-
mation on the multivarible predictor model might be readily
available (e.g. its topology, indicating which nodes are connected
with which other nodes), and rather than consistently estimating
the full MIMO predictor model, we can focus on consistently
estimating the single target module only.

The question that we address in this paper is therefore: in
the setting of the mentioned local direct method (Ramaswamy
& Van den Hof, 2021), can we exploit structural information
(topology) of the network, in the form of a priori known entries
in the predictor model, to relax the data-informativity condi-
tions and to focus these conditions on estimating a single target
module only. In comparison with the current data-informativity
literature, these are two innovative steps to be taken: including
the structural information, and addressing a single target module
only.

We will analyze the situation by first addressing the structural
information in a standard (open-loop type of) estimation problem
in Sections 3-5, including a presentation of the modeling setup
and the notion of data-informativity. After presenting an example
in Section 6, we will then formulate the new results in terms of
path-based conditions on the network graph in Section 7. With
these new results, we can address the single module identifi-
cation problem in dynamic networks in Section 8, with some
examples collected in Section 9. The proofs of the most important
results are collected in an Appendix. We start by presenting a very
brief example.

2. A motivating example

In order to give a flavor of the type of results that will be
achieved in this paper, we present an example network provided
in Fig. 1, where linear time-invariant systems Gj are intercon-
nected in a network structure, and the node variables w, are
the output signals of the corresponding summation points. vy, are
non-measured stationary stochastic disturbance signals, v; and
v, being mutually correlated, and x; are possible locations for
adding external signals. Our objective is to identify the target
module Gy, from data wy, £ = 1,...,6, and possibly present
measured x;. In the current theory of the local direct method, a
consistent estimation of G, can be achieved if the four external
signals xq, X, x3 and xs are all present, with x; and x, being
measured. Our new results, derived in this paper, will show that
the presence of signals x3 and xs only, with x5 being measured,
will be sufficient, thereby considerably reducing the experimental
burden. This example will be treated in full detail in Section 9.2.

3. The modeling setup

For properly addressing the data-informativity problem, we
start by considering a multivariable (open-loop) data-generating
dynamic system described by

() = G*(qyu(t) + HO(q)e(t) (1)
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Fig. 1. Six node example with target module Gy2(q) and correlated disturbances
V1, V2.

where output y(t) € RP, input u(t) € R™, the rational transfer
function G°(-) € RP*™(.), q the shift operator qu(t) = u(t + 1),
e(t) € RP a multivariate white-noise process, and H(-) € RP*P(.)
a rational noise model, being monic, i.e. lim,_, ., H(z) = I, stable
and stably invertible. For simplicity we will assume that G%(q) is
stable too.

The data-generating system is modeled through a parame-
trized model (G(q, 0), H(q, 0)), with parameters 6 € ® C R".
The model’s one-step ahead predictor can be defined as y(t|t —
1;0) :== E[y(t)ly' !, u'] where u' refers to the past of signal u up
to time instant t, and E is the generalized expectation operator
E = limy_ o 5 >V, E for quasi-stationary signals (Ljung, 1999).

This leads to the classical expression for the one-step-ahead
predictor:

Jele = 1;0) = [0~ H(g,6)™") H(g,0)'Glg, )] [ﬁgﬂ (2)
———

W(q.0) 20
with predictor filter W(q, ).
In line with the corresponding definitions in the prediction
error literature (Ljung, 1999, Definition 8.1), we can now define
the notion of data-informativity for the related predictor model.

Definition 1. Consider a set of signals contained in z and a
predictor model y(t|t — 1;0) = W(q, 0)z(t), as in (2) for a
parametrized set of models M := (G(q, 8), H(q, 0))sco. Then
a quasi-stationary data set Z*° = {z(t)};=o... . i informative
enough with respect to the model set M if, for any two predictor
models W(q, 6;) and W(q, 6,) in the model set, the equation

EI(W(q, 61) — W(g, 6:))2(t)|*] = 0 (3)

implies that W(el®, 6;) = W,(e'®, 6,) for almost all w, where || - ||
is the standard Euclidean norm. O

Data-informativity guarantees that one can distinguish be-
tween different models in a model set, and consequently, that
one can identify unique models on the basis of an experimental
data set of infinite length. It is a necessary condition for the
consistent estimation of models. If we do not constrain the order
of the models in the model set M, but allow M to consist of all
linear time-invariant models of any order, then a typical sufficient
condition for data-informativity is the condition that &,(w) > 0
for almost all w. For open-loop situations where the signals u and
e are uncorrelated, this can be further relaxed to the condition

&y(w) > 0 for almost all w, (4)

being referred to as the property of input signal u being persis-
tently exciting (Ljung, 1999).
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4. Data-informativity conditions for consistent estimation

The data-informativity conditions play a central role in the
proof of consistency of estimates of G%(q) and H%(q) when ap-
plying an (asymptotic) prediction error identification criterion

o* = argnEnIEsT(t, 0)Qe(t, 0) (5)
with the one-step-ahead prediction error
e(t, 0) = y(t) — J(t|t — 1;0),

= H(q,0)"'[y(t) — G(g, O )u(t)], (6)

and Q any positive definite weighting matrix. Without loss of

generality we will use Q = [ in the sequel, while for the

consistency analysis we will assume that (G°, H) e M.
Substituting (1) into (6) leads to

e(t,0) = H(q, 0)"'[G°(q) — G(q, O)]u(t) +

+H(q,0)"'[H°(q) — H(q, 6)le(t) + e(t) (7)
which can alternatively be written as
e(t,0) = H(q, 6)"' AM(q, 0)(t) + e(t), (8)

with AM(q,0) = [AG(q,0) AH(q,0)]l, AG(q,0) = G%(q) —
G(q,60), AH(q,0) == H°(q) — H(q, 0) and «(t) == [u'(t) e'(t)]".
The proof of consistency (Ljung, 1978) comes down to showing
that

a. AM(q,0) = 0 achieves the global minimum of the cost
function in (5), and

b. this minimum is unique, i.e. it provides a single point esti-
mate (G(q, 6*), H(q, 6™)).

If the transfer function AH(q, @) is strictly proper, which is guar-
anteed by the assumption that H%(q) and H(q, ) both are monic,
then it is straightforward to show that

0" = argrrgnEIIH(q,9)_1AM(q,9)K(t)IIZ- (9)

With this expression it is obvious that condition (a) above is
satisfied, reaching the minimum value of 0 of the cost function
in (9) for AM = 0. For the uniqueness condition (b), we need
to formulate a condition under which the following implication
holds:

{EIIH(q, 0)~' AM(q, O )k(t)||* = 0} = {AM(q, 6) = 0}.

Since H(g, 0) is stable and stably invertible, for any quasi-stat-
ionary signal x(t) it holds that

{EIIH(g, 0)'X()1* = 0} <= {El|lx(t)]I” = 0}

so that we can rewrite the required implication for condition (b)
as

{ElAM(q, O)x(8)]*> = 0} = {AM(q, 6) = 0}. (10)

Using Parseval’s relation the left hand side can be written as:
1 ™ ) )

z—trace{ AM(e®, 0)P(w)AMT(e™, 9)dw} = 0 (11)
T —TT

and this expression implies AM(q,0) = 0 if &, (w) > 0 in a

sufficient number of frequencies. If no conditions are imposed

on the order of M(q, #) then the typically used condition is to

require @, (w) > 0 at almost all w. In the open-loop case where

u and e are uncorrelated, this reduces to the persistent excitation

condition (4).
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5. Data informativity conditions for structured systems
5.1. Data-informativity for a single row/output

We will now consider the situation that the multivariable
system G is structured, in the sense that there is prior knowledge
on the presence of structural zeros in the transfer matrix G°. In
order to analyze this situation, we rewrite the expression (11) as

p T
% Z{/ AMy(e, 0)® () AM] (7, 6)dw} = 0 (12)
=1 -

with M,(ei®, 8) the ¢-th row of M(e®, 6).

Additionally we define «!Y as the subset of signals in « cor-
responding to the column numbers of the nonzero entries in the
row M;(q, 6). In other words: «*! are those signals u and e that in
the parametrized model are inputs to nonzero maps to y,, with y,
the £-th component of output vector y. Then the following result
can be formulated.

Proposition 1. Consider the model setup as described in Section 3.
If the rows in the model M,(q, 6) are independently parametrized,
then M(q, 0) = M°(q) is the unique minimum of the cost function
in(5)if, for£ =1,...,p, @ a(w) > 0 for almost all w.

Proof. Since the cost function (12) is written as a sum of p com-
ponents, with each of the components > 0, the implication (10)
can now be applied to each component separately. Uniqueness of
the minimum is then guaranteed if for each individual component
the corresponding spectral density is positive definite. O

By considering «¢! rather then «, we take account of the
structural zero entries in row M,(q, 6). Note that if one of the
rows in M(q,0) has no structural zero entries, then there is
no added value in the above result, since it will reduce to the
condition @,(w) > 0 for the non-structured case.

However there is an important second consequence of the
handling of structure. In the situation that we are actually only
interested in consistent estimation of row £ in the model M(q, ),
i.e. related to the particular output y,, then the following result
can be formulated.

Proposition 2. Consider the model setup as described in Section 3.
If the parameters in row M;(q, 0) are independent of the parameters
in the other rows of M(q, 6), then Mj(q, 0) = M]Q(q) is unique in the
minimum of the cost function in (5) if @,1(w) > 0 for almost all w.

Proof. Since the cost function (12) is actually a summation over p
nonnegative terms, the term £ = j can be minimized independent
of the other terms if there are no shared parameters. Uniqueness
of the minimum for the term related to £ = j is then achieved
when the corresponding spectrum related to the considered row
of AM(e*, 6) is positive definite. O

This result provides a data-informativity condition for the
consistent estimation of the model terms in M;(q, #) irrespective
of possible consistency of the other terms in the model M(q, 6).
As a result it is a less conservative condition than the original
(non-structured) result @,(w) > 0.

A (prediction error) identification algorithm that would esti-
mate a model by minimizing a scalar cost function of the pre-
diction error (6), would, under the data-informativity condition
of Proposition 2, typically lead to a situation where part of the
model parameters are uniquely determined and estimated consis-
tently, while other parameters are non-unique. For the concerned
optimization algorithms, this requires the appropriate handling
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of this situation in terms of dealing with singular Jacobian ma-
trices during the optimization. Currently applied optimization
algorithm, as e.g. implemented in MATLAB’s System Identification
Toolbox, can handle this effectively.

One may wonder why it would be interesting, when identi-
fying a MIMO model, to focus on the consistency of only a part
of the model. This problem particularly appears when identifying
a single module in a dynamic network, as further elaborated in
subsequent sections.

Remark 1. While the vector «U is composed of the signals
related to (the columns of) nonzero terms in the corresponding
model [G(q, €) H(q, 8)];«, the theory actually holds for signals re-
lated to (the columns of) parametrized terms in the corresponding
model. In other words, terms in the model that are known a priori
(like controllers in a network), can be excluded from «!, as they
do not serve as inputs to terms that are parametrized and need
to be identified.

5.2. Including a network structure in the generation of input signals

The result of Proposition 2 can be further worked out if, be-
sides structure in the considered MIMO system, we also consider
structure in the generation of the input signal u. As a further
step towards the consideration of dynamic networks, we will first
consider the situation that the input signal u has been generated
in a structured way, including dependencies among the different
components in u.

In line with the notation used in dynamic networks (see
e.g. Van den Hof et al, 2013), we will consider the input u to
be constructed as a multivariable filtered version of an external
ny-dimensional vector signal x, such that

u(t) = P(qJu(t) + Q(q)x(t) (13)

with P a m x m proper and stable transfer function matrix, with
(I—P(q)) invertible, P being hollow, meaning that [P(q)]ix = O for
all k, and Q being composed of a (sub)set of columns of the m xm
identity matrix. Furthermore, and without loss of generality, it
is assumed that &y(w) is diagonal and @,(w) > 0 for all w. An
example of a network graph that generates an input vector u is
shown in Fig. 2, in the particular situation of a target module Gj;.

Note that in this representation x can be either a user-contr-
olled measured signal or an unmeasured disturbance process.

The reason for writing the input signal in this specific form,
is that it allows us to specify dependencies among input signals
in a graph-based format, which is particularly attractive when
generalizing our framework from an open-loop situation to a
dynamic network situation.

Definition 2. Consider a network graph G with vertex set vV :=
{uk}i=1....m U {Xk}k=1,....n, and directed edge/link set £ C V x V:

o (uy, ug) € € if and only if [P]y # O;
e (x, ug) € £ if and only if [Q]e # O.
Vertex u, is an out-neighbor of uy if (u, uy) € £&. O

Definition 3. A vertex set Vpc is called a disconnecting set from
V1 to Vs, if upon removal of Vpc from the graph, there is no
directed path from V; to V,. It is a minimum disconnecting set
if it has the minimum cardinality among all such disconnecting
sets. O

Note that Vpc may contain elements of V¢ and/or V;.
_|u(t)
We recall that «(t) := e(t)

of components in «(t) that correspond to parametrized entries in

and that «UI(t) is the selection
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Fig. 2. Five node example with target module G;j;(q), and dependence structure
among the input components u as in (13), where v; is the jth component of
HO(q)e(t) in (1).

the columns of Mj(q, #). In line with this decomposition of «(t),

we write 01 as «Ul = K‘fﬂ]. This implies that the signals in «’
K,

e
are the inputs to parametrized modules in the MISO model with
output y;. Note that the input signals to modules that are known
a priori are not present in «Ul.

As a next step we are going to decompose the input signals
in KLL,” in three different components. In doing so we adopt the
notation that for an m-dimensional node vector u, and D¢ C
{1,...,m} an index set, upc is a vector of those components of
u that are defined by the index set D. We will use this general
notation throughout the remaining part of the paper.

Definition 4. Let {upc} be defined as a disconnecting set from
{u;} to the other components in {Kb”}, under the constraints that
i¢gp.l O

The interpretation of this disconnecting set is that it discon-
nects the input u; of the target module from all other inputs to
parametrized modules. To illustrate this, consider the situation
as depicted in Fig. 2. The disconnecting set {u,} disconnects
{uq} from {us3}. As a result, the dependency of us on uy is fully
covered by the signal u,. This phenomenon is closely related to
the concept of blocked parallel paths from u; to yj, i.e. parallel
to the target module Gj; (Dankers et al., 2016), i.e. u, blocks all
connections from u; to y; that are not passing through Gj;.

As we are focusing on estimating the entry Gj(q) of our MIMO
system, we focus on its input u; and determine a decomposition
of the vector IC,E)] as follows:

kil = | upe (14)
ur

where u is a remainder set, after defining upc. In the example
us
Ug |’

The full input vector u is then composed of the elements
in IC,EI] complemented with the input signals ur related to a
priori known terms in G(q, 8);.. In the sequel the following set
of external signals will appear to be instrumental.

of Fig. 2, u; = uq, Upc = up and uy =

1 upc will obviously be dependent on i and j. In the remaining text we will
focus on one fixed choice of i and j, avoiding the use of more complex notation.
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Definition 5. Let x++ be defined as those components in vector
signal x, that in the graph of the input signal u, have a path to
{ur} without passing through {upc}. O

On the basis of expression (13) for u, we can then remove
(immerse) the signals ur from the equations and derive an ex-
pression for u as follows.

Proposition 3. Consider the expression (13) for u and consider the
decomposition of u as specified in (14). Then there exist rational
transfer function matrices Ts(q) and Rs(q) such that us can be
written as:

ur(t) = Ts(qQ)upe(t) + Rs(q)x7=(t). (15)

Proof. See Appendix.

Note that for external signals that pass through {upc} before
reaching {u+}, their contribution to u is covered by the transfer
function Ty(q) in (15).

We can now formulate the following result, which is a further
sharpening of the result of Proposition 2.

Theorem 4. Consider the situation of Proposition 2, where the input
signals are generated according to (13), the input signal decomposi-
tion (14), and x+ according to Definition 5.

o Let the columns of Mj(q, 6) corresponding to the input sig-
nals ujypc be parametrized independently from the columns
corresponding to the input signals uy.

e Let uyupc*m* be the projection2 of signals ujypc onto the
orthogonal complement of x+.

Then GJ-i(q, 0)= Gﬁ(q) is unique in the minimum of the cost function

in(5)if

@ ,1i1() > 0 for almost all w (16)
with
) . EJ-XT*
Ke

Proof. See Appendix. O

The interpretation of this result is as follows:

a. It is not the full input vector KIEI] of inputs that have a
parametrized map to the output, that requires excitation.
Only a subset of input signals, present in u; pc need exci-
tation.

b. For exciting this subset of inputs, all external signals x can
be used, except for the x signals that are present in x7+«. For
excitation of ujypc we can use those signals x that in the
graph of the input network reach {u;,pc} without passing
through {u+}. )

c. The white noise signals in /cem are trivially sufficiently ex-
citing.

Remark 2. Since the white noise signals e in /ce[’] are considered to
be independent of x, an equivalent statement for (16) would be

Uy pe T (w) > 0. However, for generalization of these results
to the dynamic network case, we prefer the current expressions
(16)-(17).

2 Projection is considered with respect to the inner product defined by
(Xm» Yn) = E[xm(t)ya(t)], while the projection of a vector signal x onto a vector
signal y is defined as the projection of every component of vector x onto all
components of vector y.



P.MJ. Van den Hof, S. Shi, S.J.M. Fonken et al.

Remark 3. In this section, the node set {upc} is defined as any
disconnecting set from u; to {KE]}\{ul-}. It may seem attractive to
select it as a minimum disconnecting set to reduce the number
of required excitation signals, but since D¢ also influences the set
x7+ such a choice does not always lead to the smallest number

of excitation signals to be added.

Interpretation (a.) above confirms the earlier insights of
Dankers et al. (2016), that for consistently estimating a target
module Gj it would be sufficient to measure input u; and those
inputs that block all parallel paths from u; to y; This has been
formalized in the Parallel Path and Loop condition (Dankers et al.,
2016), or alternatively phrased as a separating/disconnecting set
condition (Dankers et al., 2016; Shi et al., 2022).

The current results show that we do not need to exclude
the remaining inputs from the predictor model, as was done
in Dankers et al. (2016). We can include the inputs us in our
predictor model, but the concerned input signals do not require
additional excitation. Their effect on output y; is modeled, but
for this we do not require a consistent estimate of the concerned
transfer functions that map the input signals to y;. In this setting
the current result improves on the results of Van den Hof and
Ramaswamy (2020), Van den Hof et al. (2023) where persistence
of excitation of all inputs was chosen in order to guarantee
data-informativity.

6. Example

We illustrate the result of Theorem 4 through the four-input
one-output example as indicated in Fig. 2. In the considered
situation, Gj; is the target module to be estimated, while the
predictor model is given by:

4
e(t,0) = H(q, 0) ' y(t) — Y Gi(g, O)u(t)]. (18)

k=1

First we consider the situation that all four modules Gj(q, 6),
k = 1,...,4 are parametrized. A minimum disconnecting set
{upc} from input u; = u; to all other inputs of parametrized
modules is {uy}. In an alternative interpretation it is clear that
u; blocks all parallel paths (i.e. parallel to the target module Gj;)
from u; to output y;.

The signal u;ypc is composed of u; = uq, upc = uy, while
ur = [us u4]”. Possible excitation or noise signals x3 and x, will
serve as x7+«. Since u and e are considered to be independent, and
e is white noise, the condition (16) can be replaced by a positive
definite spectrum of w34,

For evaluating this spectrum we can write u; and u, as func-
tion of the external signals affecting the system:

4 4
w =Y Ful@lt); =Y Fal(@nt). (19)
k=1 k=1
The vector signal u;2;-**4) can then be written as
Fu(q) F(q)||x
Li{x3.x4} _ 11 12
oz [Fm(CI) Fa(q) | | x2
[N S —)
F(q)

A positive definite spectrum of u{luz}“"3*"4} is then obtained for
almost all w if the matrix F(z) has full row rank over the field
of rational functions, and the spectrum of [x; x,]T is positive
definite (Van den Hof & Ramaswamy, 2020).

This shows that excitation of inputs u; and u, is sufficient for
data-informativity, while excitation of u3 and uy4 is not necessary.

Moreover the signals x3 and x, cannot be used to excite
(uq1, uy) since they pass through {u;} before reaching {u;}(=
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{upc}), and therefore they belong to x7+. To understand why x3
and x4 cannot be used for excitation of (uy, u;) we consider the
prediction error

4
e(t,6) = H(q, 0)"" [Z AGy(q, 0)ux(t) + Ho(q)e(t)} :

k=1

Writing uy, as a function of the variables x, according to the
situation of Fig. 2, this can be rewritten as

4
e(t,0) = H(g, 0)"" [Z Ti(q, 0 u(t) + H"(q)e(t)}

k=1

with
P> P3Py,
Ti(q,0) = AGj1 + AGp—————— + AGg—————
1 J J ]—P32P23 J ]_P32P23
Ty(q,0) = AG 1 A, t2
2(q,0) = AGp————  P—
71— P3Py 71 — Py,Py3
Ty(q.0) = AGh— 2 4 AG !
q, = iy —————— g ———————
’ 21— PyPy P 1= PyPy
Py3P34 P34
T4(q,0) = AGp————— + AGs———— + AG;
4(e.9) 21— PPy P1 = PPy i

where AGj == Gﬁ((q)—ij(q, 0),fork =1,..., 4. The minimum of
the cost function Ee’(t, 0)e(t, 6) is achieved if the Ti-dependent
terms are zero. Presence of x, implies that Ty(q,6) = 0 in
the minimum of the cost function. If x; and x, are present and
persistently exciting, then T; and T, are forced to be zero, which
implies that AGj; = 0, and thus a consistent estimate of G(.’1 is
guaranteed. This follows from the observation that T(q, 6‘§ =
AGj1 + Py1Ty(q, 0). If we would replace x, by presence of x3, a
similar result does not exist. Introducing x4 shows that Ty(q, 6)
gets involved in the expression and a new unknown term AGj, is
introduced also. This explains that forcing T; and T, to be zero is
not sufficient for arriving at AG;; = 0, or in other words: exciting
x1 and x4 does not lead to a consistent estimate of the target
module.

In the case that module Gj,(q) is not parametrized, but known
a priori, there are two options for choosing (minimum) discon-
necting sets:

e When selecting upc = uy, it follows that u; = [uz u4]’, and
as a result x3 and x4 cannot be used for excitation of (uq, uy),
and therefore we need excitations x; and x;.

e When selecting upc = us, it follows that ur = uy4, and
as a result x4 cannot be used for excitation of (uq, u3). This
implies that external signals (xi, X, x3) can be used for
realizing a positive definite spectrum of u{1U3}“T*. This is
guaranteed by having an excitation x; plus either x, or xs.

The result can be verified by setting AG;, = 0 in the above
expressions for Ti(q, #). Then AGz = 0 will follow from the
presence of either x; or x3, while AGj; then follows through the
presence of x;.

Note that in case multiple disconnecting sets are possible,
each one of them provides a set of sufficient conditions for
data-informativity. Not satisfying the conditions for one partic-
ular choice of disconnecting set, does not necessarily lead to
the conclusion that the data-informativity conditions are not
satisfied.

In the case that Gj4 is not parametrized and known a priori,
the (minimum) disconnecting set from u; to {u,, us} is given by
uy. Then ur = u3, while the external signals x+ that affect us
are given by x7+ = [x3 x4]7. This implies that (only) signals
(x1, x2) are available for realizing a positive definite spectrum of
u(luzﬁ"T*. Verification of this through the expressions of Ty(q, 6),
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shows that with AGj; = 0, the linear combination of the two
terms in T; and T4 are different from the linear combinations
of AGj and AGj; in the expressions for T; and T,. As a result
the original result with all modules parametrized follows as the
solution.

7. Path-based interpretation

As shown in earlier work (Van den Hof & Ramaswamy, 2020),
a spectrum condition for data-informativity like (16), can be guar-
anteed to hold generically, if particular path-based conditions
on the network graph are satisfied. As was shown to hold in
a related identifiability studies in Hendrickx et al. (2019), rank
conditions on particular transfer functions in a dynamic network
can generically be translated into conditions on vertex disjoint
path connections between sets of nodes in the network graph.
Two directed paths are called vertex disjoint if they do not share
any vertex, including the starting and ending vertices. They can be
calculated on the basis of the network graph through a max-flow
min-cut algorithm as the Ford-Fulkerson algorithm. For handling
this result we copy the formulation from Van den Hof et al.
(2023), replacing « by uY! from (17):

Proposition 5 (Van den Hof et al., 2023). The spectrum condition
@11 > 0 for almost all w, holds generically® if in the graph of the
network there exist dim(uU1) vertex disjoint paths from the node sets
{x, e} to {1}, and the signals in x are mutually independent and
persistently exciting.

Actually, it should be sufficient to require only those x signals
to be persistently exciting that serve as starting nodes in the
vertex disjoint paths. When specifying the above result for the
particular situation treated in Section 5, we obtain the following.

Corollary 6. The graph-based condition in Proposition 5 is satisfied
if there exist dim(upc) + 1 vertex disjoint paths between the node
sets {x\x7+} and {ujupc}.

Proof. Since u and e are independent, the spectrum condition
@,i1(w) > 0 can be recast into the expression @, 1« (@) > 0.
Together with the fact that by assumption &, aﬁ > 0 for all w,
this directly leads to the result. O

We can illustrate this result for the example in Section 6.
In the situation where all G-modules are parametrized it was
found that {upc} = {up}, {tiupe} = {u1, ux} and {x\x+} =
{x1, x2}. Therefore, two vertex disjoint paths between {x;, x,} and
{uq, uy}, are sufficient to guarantee (generic) data-informativity.
This condition is satisfied if both x; and x; are present.

8. Single module identification in dynamic networks
8.1. Single module data-informativity results

In this section we are going to make the step from the iso-
lated open-loop situation as considered before, to the situation
where the considered MIMO/MISO system can be part of a dy-
namic network, including possible feedback loops. Dynamic net-
works are interconnections of dynamic systems and can be repre-
sented in different forms, one of them being the so-called module
representation (Van den Hof et al.,, 2013), defined by

w(t) = GA(Qw(t) + Ho(q)e(t) + u(t) (20)

3 In line with its use in Hendrickx et al. (2019), this concerns a property that
holds for all possible dynamic modules in the network, except possibly for a set
of measure 0.
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with w an L-dimensional vector, G°(q) a hollow rational transfer
function matrix, i.e. with zeros on the diagonal entries, e an L-
dimensional vector of white noise processes, H°(q) the rational
disturbance model, and u(t) = R° - r(t), accounting for the effect
of measured external excitation signals r on the network, with R®
a binary L x K matrix and r a K-dimensional vector of excitation
signals. A non-zero element Gﬁ[(q) in G%(q) is referred to as a
module.

It is further assumed that the network is stable and well-
posed (Van den Hof et al., 2013). In this paper it is also assumed,
for simplicity, that all elements in G%(q) are strictly proper.

When targeting on the identification of a single module G0 in
this network, several approaches are available for arriving at a
consistent module estimate. An indirect identification method is
suitable when there is a sufficient number of u signals present in
the network, see e.g (Dankers et al., 2016; Gevers et al., 2018; Van
den Hof et al., 2013). When noise signals e are required to provide
sufficient excitation in the network for consistent estimation of
the target module, a direct method is the prime approach, see
e.g. Dankers et al. (2016), Ramaswamy and Van den Hof (2021),
Van den Hof et al. (2013). In this paper we will focus on the direct
method.

In this method a predictor model is constructed composed of
a set of predictor inputs wp and a set of predicted outputs wy,
on the basis of which the following predictor model equation can
be formulated:

wy(t) = Cq)wp(t) + H(q)Ey(t) + TO(q)u(t). (21)

This actually concerns the description of part of the network
(20), where the equations for the nodes outside of wy have
been decoupled and removed, while the network nodes that are
not present in Wyup have been removed (immersed) from the
description. The noise contribution H(g )6y (t), represents the
(correlated) noise that affects the output wy, with H%(q) being
monic, stable and stably invertible, and &, a vector white noise
process. In general, the noise model in (21) is the result of a spec-
tral factorization, after manipulating the network Eq. (20); that is
why the noise term &y, is typically different from e,,. The matrix
T%(q) represents the effect of external excitation signals on wy.
Note that not all excitation signals that are present in the network
will appear in the term T°(q)u(t). Excitation signals that enter the
network on nodes wp will generally contribute to wy, through
their respective input term wyp. The matrix T%(q) can have both
dynamic terms and fixed terms, the latter situation, e.g., occurring
when an excitation signal directly enters the network on a node
in Wy.

The single module identification problem is then formulated
as the problem of identifying a single module Gﬁ(q), defined
as the mapping from w; to w; in (21), on the basis of data
{wpuy(t), u(t)}e=o,...n—1, under the condition that Go(q) G(q),
i.e. the original module in the network. Estimation i 1s done on the
basis of the one-step ahead prediction error

&(t,0) = H(q,0)"" [wy(t) — G(g, O)wp(t) — T(g, O)u(t)]  (22)

and a quadratic type of cost function as in (5).

In order to arrive at a consistent estimate (Ljung, 1999) of the
target module, a set of conditions has been formulated in previous
works:

: : H —0 — 0
a. In order to guarantee module invariance, i.e. Gﬁ(q) = Gﬁ(q),

a parallel path and loop (PPL) condition® is assumed to be
satisfied, which influences the selection of predictor inputs
wop, see Dankers et al. (2016).

4 The PPL condition (Dankers et al., 2016) requires that each path in the
network from w; to w; excluding the path through Gj, and every loop around
wj, pass through a measured node that is included in the predictor input.
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b. In order to cope with confounding variables® multivariable
noise models can be used to model the correlated distur-
bances, leading to a selection of an appropriate set of node
signals in wy, and wp, see Ramaswamy and Van den Hof
(2021).

c. Conditions on data-informativity, see Van den Hof et al.
(2023).

d. Technical conditions on the presence of delays in the net-
work, see Ramaswamy and Van den Hof (2021).

e. A system-in-the-model set condition, implying that the
chosen model set is sufficiently flexible to include the true
system dynamics.

In the research so far, the mentioned data-informativity con-
ditions have been formulated for consistent estimation of the full
“subnetwork” G°(q). However, in view of the results presented
in Section 5, these conditions can now be further relaxed, by
focusing on consistent estimation of Gﬁ(q) only, i.e. the jth row
of G%(q), corresponding to the output of the target module, and
actually on element Gj(q) = Gj(q) only, while taking account
of the structurally zero and possible fixed (non-parametrized)
entries in this row.

For the formulation of the relaxed conditions, we denote

M(q,6) =[G(q.0) H(q.0) T(q.0)] (23)
and AM(q.0) = [AG(q.0) AH(q,0) AT(q,0)], with
AG(q,0) = G%q) — G(q, 9) etcetera, where the resulting pre-
diction error can be written as

e(t, 6) = H(q, )" AM(q, O)(t) (24)
with

Wp
= |:§y:| . (25)
u

In accordance with the reasoning in Section 5 we focus on output
node w; and therefore on the jth row M;j(q, 8) of M(q, ), evaluat-
ing under which conditions the power of the signal AM;(q, 0!
is equal to zero, where

i = (26)

u?f]

being those terms in « that correspond with a parametrized term
in the corresponding column of the row Mj(q, 6).

Definition 6. Let {wpc} be defmed as a disconnecting set from
w; to the other components in {wD} under the constraint that
i¢D".

Note that Definition 6 is similar to Definition 4, but the con-
sequence is slightly different, in the sense that, because of the
network structure, there can be nodes in wpc now that are
not necessarily in-neighbors of w;. Similar to the situation of
Section 5, we define

e wy as the node vector defined by wy = w%]\ fwiwpe )’
i.e. the set of input nodes to parametrized modules, exclud-
ing wj;, that are not in the disconnecting set.

. wB’f] as the node vector with nodes that are inputs to a
non-parametrized (known) module in the jth row of the
predictor model.

5A confounding variable is an unmeasured variable that has paths to both
the input and output of an estimation problem (Pearl, 2000).
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We can now formulate a companion result for Proposition 3
for the network situation.

Definition 7. Let x++ be defined as those components in vector
signal x = vec(u, e), that in the graph of the network, have a path
to {w+} without passing through {wpc}.

Proposition 7. Consider the network Eq. (20) for w and consider
the node vectors w;, wr, wpc and X+ as defined above. Then there
exist rational transfer function matrices Ts(q) and Rs(q) such that w+
can be written as:

wr(t) = T(q)wpe(t) + Ro(q)x7+(t). (27)

Proof. The proof of this result is dual to the proof of Proposition
3, with all u-node signals replaced by w-node signals. O

This provides the right conditions for showing the
data-informativity result for single module identification.

Theorem 8. Consider the network (20), predictor model (21)-(22),
the signal vector kU1 (26) and the node vectors w;, Wpc, Wy, X7+ as
defined above. If

e row Mj(q, ) is parametrized independently from the other
rows in M(q, 0), and

e the columns in M;j(q, 0) corresponding to the inputs wiupc
are parametrized independently from the other columns in
Mj(q, 0),

then G],(q 0) = Go(q) is unique in the minimum of the quadratic
cost function (5) applzed to (22), if

(a) ®,i(w) > 0, for almost all

with
. Ax
- |:thJD ] (28)
&)
and
X7*
x=[£&- (29)

Proof. See Appendix. O

One of the main differences with the situation of Section 5
is that the two components in the vector nl! are no longer
independent. Because of possible feedback loops present in the
network, the concerned signals can be correlated. An implication
of the spectrum condition is that w;,pc should be persistently
exc1ted through the presence of external signals that exclude x
and éy, while “;‘y should be persistently exciting in itself. This
latter condition is due to the fact that these signals are inputs to
parametrized terms in the noise model, and therefore cannot be
used for exciting the elements in G.

The external signals y that are excluded from serving as
excitation sources for estimating Gﬁ(q), now also include all u-
signals that are input to a parametrized module towards the
target output wy, i.e. the inputs that correspond to parametrized
terms in [T(q, 6)];+, the jth row of T(q, #) in (22). Note however
that, different from the term éy , the signals in ul! do not require
excitation, as they are not part of the vector signal 50,

Following the reasoning in Section 7 we can now also for-
mulate the path-based conditions for generically satisfying the
positive definite spectrum condition in Theorem 8.

Proposition 9. Consider the situation of Theorem 8, and consider
the selections of external signals, defined by:
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Fig. 3. Network situation with target module Gj;. Module Gjg is known and
therefore not parametrized. The disconnecting set {wpc} is disconnecting from
node w; to the remaining inputs to parametrized modules. wpc and w; need
sufficient excitation from external signals, either e- or r— signals, while external
signals that have a parametrized link to the output wj are excluded. Note that
u = R with R® a binary matrix.

e e1Y: All e signals in the network that do not have an unknown
path® to wy, and

o u': All u-signals in the network that do not have a parametr-
ized link to wj in the predictor model.

Then the data informativity condition (a) in Theorem 8 is generi-
cally satisfied if there exist dim(D°) + 1 vertex disjoint paths from
(e, uY\{x7+} to {wiupc}, and the signals in {e*¥, ul} are mu-
tually independent and persistently exciting.

Proof. See Appendix. O

The result shows that for appropriately exciting w; pc, we can
use all external signals that in the predictor model do not have
a parametrized link to the output. External signals that do have
such a parametrized link are required for exciting the concerned
entries in H(q, #) and T(q, #) respectively, and therefore are not
available for exciting the node inputs for estimating Gﬁ(q). From
the remaining set of external signals, only those external signals
can be used that reach the predictor input signals through the set
of nodes {w;jypc}, without passing through {w+}.

An illustration of this situation is provided in Fig. 3.

Remark 4. The selection el¥ as formulated in Proposition 9, can
in some specific cases of predictor models, be slightly enlarged,
in particular when the number of e nodes with an unknown
path to ey, exceeds dim(w-). This holds for predictor models that
allow for predictor inputs that have a confounding variable with
an output signal, a so-called nonempty set {wz} (Ramaswamy
& Van den Hof, 2021). A further specification of this will be
presented elsewhere.

8.2. Discussion

The new single module data-informativity results presented
in Theorem 8 and Proposition 9, are relaxed versions of the
data-informativity conditions presented in Van den Hof et al.
(2023), where the target was to consistently estimate the full
(unstructured) predictor model. It has been shown in Van den
Hof et al. (2023) that for satisfying those data-informativity con-
ditions it may be necessary to adjust the selection of predictor
inputs and outputs. In other words, for a particular selection
of predictor inputs and outputs, it is not guaranteed that the
data-informativity can be met by adding a sufficient number of
external excitation signals. That is different in the current results,

6 An “unknown path” is a path that contains a link with unknown dynamics
that is parametrized in the predictor model.
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where the data-informativity conditions can always be satisfied
by adding a sufficient number of external excitation signals at
appropriate locations.

Corollary 10. Consider the situation of Theorem 8. Then for any
predictor model that satisfies the structural conditions for module
invariance and confounding variables handling,’ there exists a dis-
connecting set {wpc} such that the data-informativity condition for
consistent estimation of the target module Gﬁ.(q) can be satisfied,
by adding a sufficient number of external excitation signals to the
predictor inputs wjypc.

When estimating a single module Gﬁ(q) in a dynamic network,
the user has the option now to require two different sets of con-
ditions for data-informativity, either the single module conditions
of the current paper, or the full predictor model conditions of Van
den Hof et al. (2023). While the single module conditions are
more relaxed, this situation also comes at a cost. When validating
an estimated module, as part of a consistently estimated predictor
model, model validation can be applied to the full predictor
model, for validating all of the present modules. This can e.g. be
done by considering a validation data set. However when only the
target module is estimated consistently, validation of this module
using a validation data set, would require that in this validation
data set, the node signals that are input to parametrized modules
in the predictor model, are exactly the same as in the estimation
data set. This is caused by the fact that in the consistent single
module estimation case, the estimated modules, different from
the target module, will become dependent on the particular input
node signals, present in the estimation data set.

So far we have been dealing with the data-informativity con-
ditions for the direct method of estimating predictor models in
a dynamic network, see Ramaswamy and Van den Hof (2021).
There are alternative methods, as e.g. the multi-step method
of Fonken et al. (2023), where data-informativity conditions are
also more relaxed. Construction of predictor models for both the
direct method and the multi-step method, including the different
types of data-informativity conditions, has been implemented in
the MATLAB app and toolbox SYSDYNET (Van den Hof et al,
2024).

One of the prime consequences of the results presented in
this paper is in the relation with single module identifiability.
Identifiability conditions for single modules in a dynamic net-
work have been studied in Hendrickx et al. (2019), Shi et al.
(2022, 2023), Weerts et al. (2018a). These conditions are typi-
cally not dependent on a particular identification algorithm. At
the same time, identification algorithms have been studied that
provide consistent target module estimates under specific con-
ditions, among which data-informativity conditions. One would
expect that if the single module identifiability conditions are
satisfied, that there exists an estimation algorithm that can pro-
vide the consistent target module estimate. However, so far this
step has only been achieved for a particular situation, namely
when the single module identifiability conditions are satisfied by
external excitation signals r only. In that situation an indirect
method can be used to estimate the target module consistently,
see e.g. Dankers et al. (2016), Gevers et al. (2018), Van den Hof
et al. (2013). However when both r-excitation and external e-
signals are required for satisfying the single module identifiability
conditions, there was a gap with the related data-informativity
conditions of the estimation algorithms.

In order to understand how the current results close this gap,
we consider the identifiability result as formulated in Theorem
4 and Corollary 1 of Shi et al. (2022), adapted here to the situ-
ation of single module identifiability. We also consider a model

7 See conditions a. and b. in Section 8.1.



P.MJ. Van den Hof, S. Shi, S.J.M. Fonken et al.

Fig. 4. Two node example with correlated disturbances and target module
G21(q).

set M of a full network that satisfies the basic assumptions as
formulated in Shi et al. (2022), including the assumption that all
modules in G(q, 8) are strictly proper.

Theorem 11 (Shi et al,, 2022). Let X; be composed of those com-
ponents in x = vec(u, e) that in the model set M do not have a
parametrized link to w;. Then Gj; is generically identifiable in M from
(w, 1) if there exists a disconnecting set {wpc} from {X; U wi} to
{wg’;}\{wi}, subject to i ¢ D¢, such that there exist dim(wpc) + 1
vertex disjoint paths from X; to {wiupc}.

Now it appears that the conditions for generic single module
data-informativity, as formulated in Proposition 9 are extremely
closely related to the generic single module identifiability condi-
tions of Theorem 11. While in Proposition 9 external signals in set
{x7+} are excluded from excitation, this similar situation is cov-
ered in Theorem 11 by requiring that the disconnecting set {wpc}
should also be a disconnecting set from X; to {wg’;}\{wi}. Le.
external signals that reach {w%]}\{w,v} without passing through
{wpc} are excluded. This set is exactly covered by {w+}.

The single difference between the conditions in the two re-
sults, is in terms of the white noise signals e that are available
for excitation. While in Theorem 11 only white noise signals
with a parametrized link to w; are excluded, in Proposition 9
these are the white noise signals with a parametrized path to
wy. In the situation of a single output (MISO) predictor model
these sets are exactly the same. However in the multi-output
case, there is apparently some conservatism in the direct iden-
tification method. Choosing a multiple output predictor model
for identification of a single module is typically done for coping
with confounding variables, see e.g. Ramaswamy and Van den
Hof (2021). Increasing the number of outputs apparently comes
at the cost of more strict data-informativity conditions. This is in
line with the data-informativity conditions for consistency of full
predictor models, as presented in Ramaswamy and Van den Hof
(2021), Van den Hof et al. (2023). The multi-step method (Fonken
et al.,, 2023) does not seem to suffer from this conservatism, due
to an alternative handling of confounding variables.

9. Examples
9.1. Two-node example

We consider the 2-node example as depicted in Fig. 4 (Van den
Hof & Ramaswamy, 2020) with target module G;;.

Because of the confounding variables that occur due to the
correlated disturbances, we include node signal w; in the output,
leading to a predictor model w; — (wq, w). In the original rea-
soning of the local direct method, data-informativity is analyzed
for the full SIMO model, leading to the situation that neither u;
nor u, can be used for excitation of input w;. This is due to the
fact that in modeling output w1 in the predictor model, and since
w- is not an input signal, both u; and u, appear in the predictor
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Fig. 5. Six node example with target module Gq,(q) and correlated disturbances
V1, U2.

expression for w; with unknown dynamic terms, reflecting the
sensitivity of the feedback loop between w; and w,. The solution
was then to move to a 2-input 2-output model (wq, wp) —
(w1, wy) which then satisfies the data-informativity conditions
when both u; and u, are present (Van den Hof et al,, 2023). In
the analysis of the current paper, we consider the predictor model
wy — (w1, wy), but for data-informativity only need to account
for the mapping wi — w;. In this case w; = wq, wj =wy, T =0
and D¢ = ¢. Since in the predictor model for predicting w,, u; is
not present, and u, appears with a constant term 1, it follows that
ull = ¢, and therefore both u; and u, can be used to excite w.
As a result, data-informativity is guaranteed generically if either
Uy Or Uy is present.

9.2. Six-node example

We consider the 6-node example with target module Gjq,
presented in Section 2, while for ease of reference we repeat
its figure as Fig. 5. Given that the target module is Gi; we start
composing the predictor model with input w, and output wj.
Because of the parallel path connection between w, and w;
through ws, we add w3 as predictor input. And in order to handle
the confounding variable that is present through the correlated
disturbances vq, v, we add w, to the predictor output. This
leads to a predictor model (w,, w3) — (w1, wo), that satisfies
the structural conditions for consistently estimating the target
module. With this choice, w; = w, and wpe = ws.

When analyzing the data-informativity conditions as devel-
oped in this paper, the vector signal composed of (w,, w3) would
need appropriate excitation. Let us first consider possible lo-
cations (xs, x3, Xg) for unmeasured disturbance signals. Possible
disturbance signals xs es and X = eg will not provide exci-
tation for (w,, ws) as these disturbance signals have unmeasured
paths to one of the output signals w; or w;. Therefore their white
noise sources are part of e¥, and cannot be used for excitation. A
disturbance signal x3 e3 will lead to excitation for the input
signal ws.

An external excitation signal xs = us, will have an unknown
path to output w,, but in the predictor model equation for the
target output w; will not appear as input to an unknown term.
As a result us will belong to u'! and therefore is available for
exciting w,. The conclusion is that two vertex disjoint paths are
present between us and (us or e3) on the one side and {w,, w3} on
the other side, thereby satisfying the conditions for target module
data-informativity of G;.

When applying the earlier results for full predictor model
data-informativity, as presented in Van den Hof et al. (2023), the
result would be that the present predictor model cannot satisfy
the data-informativity conditions by adding a sufficient number
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of external signals only. Relying on the result of Proposition 5
in Van den Hof et al. (2023), we would need to extend the
predictor model to (wq, wy, w3, ws) — (w1, wy), thus adding
ws as input node signal to be measured, and also adding w; to
the predictor input. This is based on the result of the mentioned
Proposition, indicating that each loop in the network around
nodes that appear both in the input and the output, should
pass through an input node. Sufficient conditions for (full pre-
dictor model) data-informativity would then be that ws and
w3 are excited by either a noise signal (es, es) or an excita-
tion signals (us, us), and that both w; and w, are excited by
an external excitations signals u; and u,. This illustrates how
single module data-informativity can lead to significantly more
relaxed conditions for instrumenting the network with sensors
and actuators.

10. Conclusions

It has been shown that data-informativity conditions for MIMO
models can be relaxed if we are only interested in identifying
a single target module (transfer function) in the MIMO model,
while using a direct prediction error method. Only a subset
of input signals require excitation, where the subset is con-
structed on the basis of a disconnecting set property. Starting
from an open-loop situation, the results have been formulated
for generally interconnected dynamic networks, and graph-based
conditions have been developed that guarantee satisfaction of
the conditions in a generic sense. The resulting path-based data-
informativity conditions are shown to be closely related to earlier
derived conditions for generic identifiability of single modules
in a dynamic network. This implies that in specified situations,
satisfaction of the generic single module identifiability conditions
guarantees that the local direct method provides an algorithm for
consistently estimating the target module.
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Appendix A. Proof of Proposition 3

With the decomposition of input signal u according to (14),
and adding the inputs ur to non-parametrized terms, we can
write the expression (13) for u by reordering its rows as (leaving
out time arguments (t) for brevity):

u; 0 Ti2(q) Tiz(q) Tia(q) u;
Upe Ti(q) Ta(q) Ta(q) Tau(q) | | upe
ur | 7 | T31(q) T(q) Tsa(q) Tsa(q) ur +Rex. (A1)
Ur Ta(q) Taa(q) Tas(q) Taa(q)| [ ur

The components ur can be removed (immersed) from the de-
scription through Gaussian elimination, leading to the expression

u; 0 j:lZ(Q) fn(fJ) u; B
|:“Df:| = |a(q) Taa(q) Tas(q) |:“Df:| + Tu(q)x. (A2)
ur T31(q) Tsa(q) Tss(q)| LUT

The components of x that appear in the equation for uy, k € {i U
DU T} are then the x components that are directly added to the
concerned nodes in the original system representation, plus all
those components x that only pass through nodes in {ur} before
they reach {ug}. This is a direct result of Gaussian elimination
(immersion) of the nodes {ur} (Dankers et al., 2016).
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Because of the disconnecting set property of {upc}, it follows
that T31(q) = 0. As a result, the third block row of the expression
can be rewritten as:

ur(t) = (I = Tss(@)) ™ Toalqhupe(t) +
+(=T(@) [0 0 ] Ta(®) (A3)

The components of x that appear in this equation, are the x-
components that are directly added to us, plus the components
of x that are directly added to ur and only pass through nodes
in {ur} before they reach {u;}. Differently formulated: the x-
components that affect the equation for u, are those x compo-
nents that directly enter nodes {usy»} and that have a path to
{u+} without passing through {uj pc}. Since any path from u; to
{u+} has to pass through {upc}, it is sufficient to check the passing
through {upc}. O

Appendix B. Proof of Theorem 4

We consider the expression AM;(q, 8)xU(t), where M; is con-
structed from M; by removing the non-parametrized terms, and

we decompose the expression as
AM(q, 0)U(t) = AM(q, 0 )k (1) + AMF(q. 0 )k J)(1). (B.1)

With an appropriate decomposition of AI\_/I]-“(q, 0), corresponding
to (14) according to:

AM(q,6) = [AGi(q.0) AXq.0) AX(q.6)] (B.2)

as

- 5 Ui

AN, 00l = [AGy(a.0)  A%(q.0) Aq. 6] {] (B3)
ur

Since according to (15), us can be written as a function of upc
and x+, substituting this in the above expression provides

[AGi(q,0) A%, 0)+ Alq, 0)T(q)  ANq, 0)Rs(q)]

Denote v = |: Ui

Upc
V = Ve, +Vix,. and using the fact that A]‘.’(q, 0) is parametrized
independently from AGj; and Aj”, we can rewrite AI\_/I;’(q, Q)KL[,]] as

]. Then we can decompose v according to

=[4Gi(q,0) A(q.0) | Alq,0)R(q)] [UXT* ;r ”XT*]

T
where Aj?(q, 0) replaces the term Aj?’(q, 0) + Aj’-’(q, 0)Ts(q). The
expression for AI\_/I}‘(q, 9)/{&” is now written as a summation of
two terms that are mutually uncorrelated: one driven by x;+ and
Vx.,. and one driven by its orthogonal complement. According to
(B.1), for evaluating AM;(q, 6)<'(t) a third term is added, given

by AM{(q, 0), leading to

AM(q, 0)kV(t) = [AGi(q,0) AN(q,0) | APg,0)R(q)]

Ux 4 Vlx « \ [j1
'<[xXTT*] + [ (Xf D + AM;(q, 0)kg".

Since both terms v iy . and /ce[i] are orthogonal to x+, it follows
now that E[| AM;(q, 0)x(t)|* = 0 implies

[4Gi(q,0) Af(q,6) AMf(q,6)] = 0 under the condition that
@ 1 (w) > 0 for almost all @ with ;U given by

0 _ Vixrx
8 [ K }
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as specified in (17). This implies AGj(q, #) = 0 in the minimum
of the quadratic cost function. O

Appendix C. Proof of Theorem 8

The proof follows a reasoning that is similar to the proof of
Theorem 4. For completeness we include it here. _

We consider the expression AM;(q, 0 )«V(t), where M; is con-
structed from M; by removing the non-parametrized terms, and
we decompose the expression as

ARt 0)cV(6) = AN (0. O)wh(e) + AW (0. 00
+AM]' (g, 0 )ul(t). (1)

As a consequence of the definition of wpe and the resulting w,
following Definition 6, the term AIVI].'“(q, Q)w%] can be written as

_ Wi
AM(q, 0)wd) = [AGi(q.0) AXg.0) A(g.0)] | wpe
wr

with {wpc} = {wpe} N {w[’D]}. By complementing wpc with
the remaining components of wpc and adding O entries to the

accompanying A]‘?(q, 0), this can be rewritten as

~ Wi
Af(q,0)  A7(q,0)] | woe
wr

AMjw(q, Q)WD = [AGjl(q o)

Since according to (27), w+ can be written as a function of wpec
and xr+, substituting this in the above expression provides

[AGi(q.0) A%q.0)+ Alq.0)Ti(q) Al(g. 0)R(q)] -
wj
Wpce
X

Denote v := [wwic} and x = {x;+~Uul}. Then we can decompose
D!

v according to v = v, 4+ vy, and using the fact that AJ’.’(q, 0) is
parametrized independently from AGj; and A]‘?, we can rewrite
AMw(q, G)wD as

= [AGi(q.0) 4%(q.6) | A,’?(q, OR(q)] - [”Xj ”LX}
7’*

The expression for AM“(q, 0wy ! is now written as a summation
of two terms that are mutually uncorrelated: one driven by x=
and v, and one driven by a term that is orthogonal to this. For
evaluatlng AM{l(q, 0)l(t) two additional terms are added, given
by AM (q,G)Sy and AM“(q, 6)ulll,

The’ first of these two terms is possible correlated with v, ,,
while the second is not. _

It follows now that E[AM;(q, 6)U(t)]? 0 implies
[A@j,-(q, 0) A]‘?(q, 0) | AI\_/I].é(q, 0)] = 0 under the condition that

@, i)(w) > 0 for almost all & with n! given by

0 | YLx
! [55]]’

as specified in (28). This implies that Aﬁﬁ(q,@)
minimum of the quadratic cost function. O

0 in the

Appendix D. Proof of Proposition 9

When applying the graph-based results of Proposition 5 to
the results of Theorem 8, the graph-based condition becomes to
having dim(nV) vertex disjoint paths from all external signals
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{u, e} to {nU'}. With the expression (28) for Ul this becomes
dim(n¥) vertex disjoint paths from {u, e}\{)} to {wiupe, ;-‘y}

The white noise signals é)[ﬂ] are typically constructed after
spectral factorization of the disturbance process affecting wy,. If
in the predictor model, the noise model H(q, #) is parametrized
fully, this implies that every noise signal e, € e, that in the
network has a path to a node wy with unknown dynamics
(i.e. the dynamics in the path is not fixed a priori), will potentially
contribute to 53“,] Note that this does not only refer to noise
signals e that have a direct link to wy in the network; it also
involves noise terms e on unmeasured nodes that are not part of
the predictor model. If H(q, ) has a structured parametrization,
like e.g. a block diagonal form, then we can restrict the class
of e-signals that should be excluded from the subset of ey to
those signals e, that have a path to an output w, € wy of
which the disturbance component is correlated to the disturbance
component of wj.

In the vertex disjoint path condition, this set of signals e¥
is then required to establish the positive definite spectrum con-
dition for 53“,], which is satisfied by definition. The remaining
term then becomes: dim(D) + 1 vertex disjoint paths between
{u, e}\{e”, x} and {wiupc}. Or equivalently dim(D¢) + 1 vertex
disjoint paths between {u\ul!, e\e¥}\{x;+} and {wj pc}, which
proves the result.

Appendix E. Proof of Corollary 10

External excitation signals that are directly entering input
nodes wp will contribute to u'Y, except when there is a confound-
ing variable between the concerned input and wy. The input
node is then classified to belong to set {wz}, Van den Hof et al.
(2023). For the data-informativity conditions, one can always
construct a disconnecting set {wpc} consisting of nodes that are
out-neighbors of w;. For satisfying the structural conditions a. and
b., nodes in {wy} are not allowed to be out-neighbors of w;. As a
result there always exist a disconnecting set that does not contain
nodes in {wB} and external excitation on these nodes will always
appear in u%
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