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Abstract: In this survey we present the state of the art about the asymptotic behavior and stability
of the modified Mullins—Sekerka flow and the surface diffusion flow of smooth sets, mainly due
to E. Acerbi, N. Fusco, V. Julin and M. Morini. First we discuss in detail the properties of the
nonlocal Area functional under a volume constraint, of which the two flows are the gradient flow
with respect to suitable norms, in particular, we define the strict stability property for a critical set of
such functional and we show that it is a necessary and sufficient condition for minimality under W>7—
perturbations, holding in any dimension. Then, we show that, in dimensions two and three, for initial
sets sufficiently “close” to a smooth strictly stable critical set E, both flows exist for all positive times
and asymptotically “converge” to a translate of E.

Keywords: nonlocal Area functional; Mullins—Sekerka flow; surface diffusion flow; global existence;
asymptotic stability

1. Introduction

Geometric evolutions are a fascinating topic naturally arising from the study of dynamical models
in physics and material sciences. Concrete examples are, for instance, the analysis of the behavior in
time of the interfaces surfaces in phase changes of materials or in the flows of immiscible fluids. From
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the mathematical point of view, they describe the motion of geometric objects or structures, usually
driven by systems of partial differential equations.

In this work we rethink, expand the details and present in a unified treatment the results of E. Acerbi,
N. Fusco, V. Julin and M. Morini [1,2] about two of the most recent of such geometric motions, namely,
the modified Mullins—Sekerka flow and the surface diffusion flow.

Both flows deal with an evolution in time of smooth subsets E, of an open set @ C R”", with
d(E,,0Q) > 0, for every ¢ in a time interval [0, T'), such that their boundaries 0E,, which are smooth
hypersurfaces, move with some “outer” normal velocity V; that, in the first case, is obtained as solution
of the following “mixed” system

V, = [0,,w/] on OE,
Aw, =0 in Q\ JE

W inQ\ IE, (mMSF)
w, = H; + 4yv, on OFE,

—Av, = ug, — foug,dx in Q (distributionally)

where vy is a nonnegative parameter, v,w : [0, T) X Q — R are continuous functions such that, setting
w, = w(t,-) and v, = v(¢,-), the functions v, and w, are smooth in Q \ JE,, for every t € [0, T); the
functions v,, H, are the “outer” normal and the relative mean curvature of 0E, and ug, = ZXE, - 1;
finally, the velocity of the motion is given by [d,,w,] which denotes 0, w; — 0, w;, that, is the “jump”
of the normal derivative of w, on JE,, where w; and w; are the restrictions of w, to Q \ E, and E,,
respectively.

The resulting motion, called modified Mullins—Sekerka flow [46] (see also [11,33] and [22] for a very
clear and nice introduction to such flow), arises as a singular limit of a nonlocal version of the Cahn—
Hilliard equation [4,41, 50], to describe phase separation in diblock copolymer melts (see also [49]).
It has been also called Hele—Shaw model | 7], or Hele—Shaw model with surface tension [19-21]. We
mention that the adjective “modified” comes from the introduction of the parameter y > 0 in the
system (mMSF), while choosing y = 0 we have the original flow proposed by Mullins and Sekerka
in [46].

In the second case, we will say that a flow of sets E; as above, is a solution of the surface diffusion
Sflow if the normal velocity is pointwise given by

V. = A\H, on OF,, (SDF)

where A, is the Laplacian of the hypersurface 0E,, for all ¢ € [0, T'). Such flow was first proposed by
Mullins in [45] to study thermal grooving in material sciences (see also [17] for a nice presentation),
in particular, in the physically relevant case of three—dimensional space, it describes the evolution of
interfaces between solid phases of a system, which are studied in a variety of physical settings
including phase transitions, epitaxial deposition and grain growth (see for instance [34] and the
references therein).

Notice that, while in this latter case, the velocity flow is immediately well defined, the
system (mMSF) is clearly undetermined as it is, since the behavior of the functions w, and v, is not
prescribed on the boundary of Q (which is also possibly not bounded). By simplicity, we will consider
flows in the whole Euclidean space and we assume that all the functions and sets involved are periodic
with respect to the standard lattice Z" of R". It is then clear that this is equivalent to “ambient” the
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problem in the n—dimensional “flat” torus T" = R"/Z", hence in the sequel we will assume Q = T",
modifying the definitions above accordingly. Another possibility would be asking that Q C R”" is
bounded, the moving sets do not “touch” the boundary of Q and that all the functions w, and v, are
subject to homogeneous (zero) Neumann boundary conditions on dQ (see Subsection 4.3).

A very important property of these geometric flows is that both are the gradient flow of a functional,
which clearly gives a natural “energy”, decreasing in time during the evolution (the velocity V; is minus
the gradient, that is, the Euler—Lagrange equation of a functional).

Precisely, in any dimension n € N, the modified Mullins—Sekerka flow is the H~!/>—gradient flow
of the following nonlocal Area functional

J(E)=ﬂ(<9E)+7/ / G(x, yup(x)ug(y) dxdy, (1.1)
TV! n

under the constraint that the volume Vol(E) = Z"(E) is fixed, where (here and in the whole paper),

ADE) = / dyu
OE

is the classical Area functional that gives the area of the (n — 1)—dimensional smooth boundary of any
sets E (u is the “canonical” measure associated to the Riemannian metric on 0E induced by metric of
T" coming from the scalar product of R”, which coincides with the n—dimensional Hausdorff measure
H™) and G is the Green function of T" (see [41], for details).

Similarly, the surface diffusion flow can be regarded as the H~'—gradient flow of the Area functional
A with fixed volume.

Then, it clearly follows that, in both cases, the volume of the evolving sets Vol(E,) is constant in
time, while neither convexity (see [16] and [36]) is maintained, nor there holds the so—called
“comparison property” asserting that if two initial sets are one contained into the other, they stay so
during the two flows. This is due to the lack of the maximum principle for parabolic equations or
systems of order larger than two. We remind that such properties are shared by the more famous mean
curvature flow, which is also a gradient flow of the Area functional (without the constraint on the
volume), but with respect to the L>—norm (see [42], for instance).

Parametrizing the moving smooth surfaces dE,; by some maps (embeddings) ¢, : M — T" such
that ¥,(M) = OE,, where M is a fixed smooth, compact (n — 1)—-dimensional differentiable manifold
and v, is the outer unit normal vector to JE, as above, the evolution laws (mMSF) and (SDF) can be
respectively expressed as

0
a_t¢t =V, = [6V,Wt]Vt s

and 5
Ewt = (AH)v,.

Due to the parabolic nature (not actually so explicit in the first case) of these systems of PDEs, it is
known that for every smooth initial set Ey in T", with boundary described by ¥, : M — T", both
flows with such initial data exist unique and are smooth in some positive time interval [0, 7). Indeed,
such short time existence and uniqueness results were proved by Escher and Simonett [19-21] and
independently by Chen, Hong and Yi [8] for the modified Mullins—Sekerka flow and by Escher, Mayer
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and Simonett in [17] for the surface diffusion flow of a smooth compact hypersurface in domains of
the Euclidean space of any dimension. With minor modifications, their proof can be adapted to get the
same conclusion also for smooth initial hypersurfaces of T".

The aim of this work is to show that, in dimensions two and three, for initial data sufficiently “close”
to a smooth strictly stable critical set E for the relative “energy” functional (the nonlocal or the usual
Area functional) under a volume constraint, the flows exist for all positive times and asymptotically
converge in some sense to a “translate” of E.

The notions of criticality and stability are as usual defined in terms of first and second variations
of J and A. We say that a smooth subset £ C T" is critical for J (or for A, simply choosing y = 0
in formula (1.1)) if for any smooth one—parameter family of diffeomorphisms ®, : T" — T", such
that Vol(®,(E)) = Vol(E), for t € (—¢&,¢&) and ®y = Id (E, = O,(E) will be called volume—preserving
variation of E), we have

d
TI@E))| =0
We will see that this condition is equivalent to the existence of a constant A € R such that
H+4yvg =24 on OF,

where H is the mean curvature of JE and vg is the potential defined as

Ve(x) = / G(x,y)up(y)dy,
Trl

with G the Green function of the torus T" and ug = y, — Xz

The second variation of J at a critical set E, leading to the central notion of stability, is more
involved and, differently by the original papers, we will compute it with the tools and methods of
differential/Riemannian geometry (like the first variation). We will see that at a critical set E, the second
variation of J (the second derivative at t = 0 of J(E,)) along a volume—preserving variation E;, = ®,(E)
only depends on the normal component ¢ on OE of the infinitesimal generator field X = %Lzo of the
variation. The volume constraint on the admissible deformations of E implies that the functions ¢ must
have zero integral on JE, hence it is natural to define a quadratic form Ilz on such space of functions

which is related to the second variation of J by the following equality
dZ
s(p) = T3/ @E))| (1:2)

where E;, = ®,(E) is a volume—preserving variation of E such that

t:0> Bk

on 0E, with vg the outer unit normal vector of OE.

Because of the obvious translation invariance of the functional J, it is easy to see (by means of the
formula (1.2)) that the form 1z vanishes on the finite dimensional vector space given by the functions
Y = (vgln), for every vector n € R". We underline that the presence of such “natural” degenerate
subspace of the quadratic form I1g (or, equivalently, the translation invariance of J) is the main reason
of several technical difficulties.
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We then say that a smooth critical set E C T" is strictly stable if
He(e) >0

for all non—zero functions ¢ : E — R, with zero integral and L>—orthogonal to every function =
(velm).

Then, the heuristic idea is that in a region around a strictly stable critical set E, we have a
“potential well” for the “energy” J (and the set E is a local minimum) and, defining a suitable notion
of “closedness”, if one set starts close enough to E, during its evolution by (minus) the gradient of
such energy, it cannot “escape” the well and asymptotically converges to a set of (local) minimal
energy, which must be a translate of E. That is, the strict stability of £ implies a “dynamical” stability
in a neighborhood.

At the moment, this conclusion, that we state precisely below, can be shown only in dimension at
most three, because of missing estimates in higher dimensions (see the discussion at the beginning of
Section 4). When n > 3 this and several other questions on these flows remain open. Anyway, this
is sufficient for the application to some physically relevant models, since the evolution laws (mMSF)
and (SDF) describe, respectively, pattern—forming processes such as the solidification in pure liquids
and the evolution of interfaces between solid phases of a system, driven by surface diffusion of atoms
under the action of a chemical potential (see for instance [34] and the references therein). In this paper,
we will only deal with the three—dimensional case, but we underline that all the results and arguments
hold, without relevant modifications, also in the two—dimensional situation of T? = R?/Z?, where the
moving boundaries of the sets are curves.

Moreover, we mention here that all the results also hold in a bounded open subset € of R? or R3,
for moving sets which do not “touch” the boundary of Q, imposing that the functions w, and v, in the
definition of the modified Mullins—Sekerka flow satisfy a zero Neumann boundary condition (as we
mentioned above), instead than choosing the “toric ambient” (see Subsection 4.3 for more details).

Theorem (Theorem 4.6 and Remark 4.7). Let E C T? be a smooth strictly stable critical set for the
nonlocal Area functional under a volume constraint and N, a suitable tubular neighborhood of OE.
For every a € (0, 1/2) there exists M > 0 such that, if E, is a smooth set satisfying

e Vol(Ey) = Vol(E),

e VOl(EgAE) < M,

e the boundary of E, is contained in N, and can be represented as
OEy = {y + Y5,(0ve(y) : y € OE},

for some function Y, : OE — R such that |y gllcrepry < M,

e there holds 2
/ IVwg,|"dx <M,
)
where wy = wg, is the function relative to E, as in system (mMSF),
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then, there exists a unique smooth solution E, of the modified Mullins—Sekerka flow (with parameter
y > 0) starting from E,, which is defined for all t > 0. Moreover, E, — E + 1 exponentially fast in C*
as t — +oo, for every k € N, for some n € R?, with the meaning that the functions y,,, : 0E +n — R
representing OE, as “normal graphs” on OE + n, that is,

OE; = {y + Y, (y))VEn(y) : y € OE + 1},

satisfy for every k € N, the estimates

oy llcrog+n < CrePd

for every t € [0, +00), for some positive constants C; and fy.

Theorem (Theorem 4.19 and Remark 4.20). Let E C T be a strictly stable critical set for the Area
functional under a volume constraint and let N, be a tubular neighborhood of OE. For every a €
(0, 1/2) there exists M > O such that, if E, is a smooth set satisfying

e Vol(Ey) = VOl(E),
e VOl(E,AE) < M,

e the boundary of Ey is contained in N, and can be represented as

OEy = {y + Yr,(0ve(y) : y € O},
for some function Y, : OF — R such that |y g,llcreor) < M,

o there holds 5
/ IVHol" duo < M,
IE,

then there exists a unique smooth solution E, of the surface diffusion flow starting from E,, which is
defined for all t > 0. Moreover, E, — E + 1 exponentially fast in C* as t — +oo, for some n € R3, with
the same meaning as above.

We remark that the line of the proof in [1] that we are going to present, is based on suitable energy
identities and compactness arguments to establish these global existence and exponential stability
results. This was actually a completely new approach to manage the translation invariance of the
functional J, in previous literature dealt with by means of semigroup techniques.

Summarizing, the work is organized as follows: in Section 2 we study the nonlocal Area functional
(constrained or not) and we compute its first and second variation, then we discuss the notions of
criticality, stability and local minimality of a set and their mutual relations, in this context. In Section 3
we introduce the modified Mullins—Sekerka and the surface diffusion flow and we analyze their basic
properties. Section 4 is devoted to show the two main theorems above, while finally in Section 5, we
discuss the classification of the stable and strictly stable critical sets (to whom then the two stability
results apply).

Mathematics in Engineering Volume 4, Issue 6, 1-104.



2. The nonlocal Area functional

We start by introducing the nonlocal Area functional and its basic properties.

In the following we denote by T" the n—dimensional flat torus of unit volume which is defined as
the Riemannian quotient of R"” with respect to the equivalence relation x ~y <= x -y € Z", with
Z" the standard integer lattice of R". Then, the functional space W*P(T"), with k € N and p > 1,
can be identified with the subspace of Wlﬁf (R™) of the functions that are 1—periodic with respect to all
coordinate directions. A set E C T" is of class C* (or smooth) if its “l1-periodic extension” to R" is of
class C* (or smooth,) which means that its boundary is locally a graph of a function of class C* around
every point. We will denote with Vol(E) = £"(FE) the volume of E C T".

Given a smooth set E C T", we consider the associated potential

v(x) = / Gx, Yur()dy, @1

where G is the Green function (of the Laplacian) of the torus T" and ug = x, — x..,- More precisely,
G is the (distributional) solution of

-AG(x,y)=06,—1 inT" with / G(x,y)dx =0, (2.2)

for every fixed y € T", where ¢, denotes the Dirac delta measure at y € T" (the n—torus T" has unit
volume).
By the properties of the Green function, vg is then the unique solution of

—Avg =ug —m in T" (distributionally)

/ ve(x)dx =0
T

where m = Vol(E) — Vol(T" \ E) = 2Vol(E) — 1.

Remark 2.1. By standard elliptic regularity arguments (see [29], for instance), vy € W*P(T") for all
p € [1,+0c0). More precisely, there exists a constant C = C(n, p) such that ||vg|ly2pm < C, for all
E C T" such that Vol(E) — Vol(T" \ E) = m.

Then, we define the following nonlocal Area functional (see [40,47,64], for instance).

(2.3)

Definition 2.2 (Nonlocal Area functional). Given y > 0, the nonlocal Area functional J is defined as

J(E) = AOFE) + y/ IVve(x)I* dx, (2.4)

Tﬂ

for every smooth set E C T", where the function v : T" — R is given by formulas (2.1)—(2.3) and

AE) = / du
OE
is the Area functional , where u is the “canonical” measure associated to the Riemannian metric on
OE induced by the metric tensor of T”, coming from the scalar product of R” (it is easy to see that u

coincides with the (n — 1)—dimensional Hausdorff measure restricted to 0E).
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Since the nonlocal Area functional is defined adding to the Area functional a constant y > O times
a nonlocal term, all the results of this section will also hold for the Area functional, taking y = 0.

Multiplying by vg both sides of the first equation in system (2.3) and integrating by parts (and using
also the second equation), we obtain

/ IVve(x)]> dx = — / ve(X)Avg(x) dx
= / ve(X)(ug(x) — m)dx
:/ ve(X)ug(x)dx
-

:/ / G(x, Y)up(x)ug(y)dxdy, (2.5)
o Jn

hence, the functional J can be also written in the useful form
J(E) = AE) + vy / / G(x, Y)up()ug(y) dx dy.
T’l n

2.1. First and second variation
We start by computing the first variation of the functional J.

Definition 2.3. Let £ C T" be a smooth set. Given a smooth map @ : (—&, &) XT" — T", for € > 0, such
that @, = O(z,-) : T" — T" is a one—parameter family of diffeomorphism with @, = Id, we say that
E, = ®,(E) is the variation of E associated to @ (or to ®,). If moreover there holds Vol(E,) = Vol(E)
for every t € (—¢, €), we call E, a volume—preserving variation of E.

The vector field X € C*(T";R") defined as X = % 10’ is called the infinitesimal generator of the
variation E,.

Remark 2.4. As we are going to consider only smooth sets E, it is easy to see that this definition of
variation is equivalent to have a family of diffeomorphisms @, of E only, indeed these latter can always
be extended to the whole T". Moreover, as the relevant objects are actually the boundaries of the sets
E and in view of the sequel, we could even consider only smooth “deformations” of E. We chose the
above definition since it is easier and more convenient for the computations that are following.

Definition 2.5. Given a variation E; of E, coming from the one—parameter family of diffeomorphism
®@,, the first variation of J at E with respect to @, is given by

d
—J(E
o (B

t=0 )

We say that E is a critical set for J, if all the first variations relative to variations E, of E are zero.

We say that E is a critical set for J under a volume constraint, if all the first variations relative to
volume—preserving variations E, of E are zero.

Itis clear that if E is a minimum for J (under a volume constraint), then it is a critical set for J (under
a volume constraint). We are now going to compute the first variation of J and see that it depends only
on the restriction to JF of the infinitesimal generator X of the variation E, of E.
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We briefly recall some “geometric” notations and results about the (Riemannian) geometry of the
hypersurfaces in R", referring to [26,42,51] for instance.

In the whole work, we will adopt the convention of summing over the repeated indices.

Given any smooth immersion ¢ : M — T" of the smooth, (n — 1)—dimensional, compact manifold
M, representing a hypersurface (M) of T", considering local coordinates around any p € M, we
have local bases of the tangent space T,M, which can be identified with the (n — 1)-dimensional
hyperplane dy,(T,M) of R" ~ T, T" which is tangent to /(M) at Y(p), and of the cotangent space
T,M, respectively given by vectors {6‘9—Xi} and 1-forms {dx;}. So we denote the vectors on M by X =
X"a%i and the 1-forms by w = w;dx;, where the indices refer to the chosen local coordinate chart of M.
With the above identification, we have clearly 6‘% ~ g—)‘fi, foreveryie{l,...,n—1}.

The manifold M gets in a natural way a metric tensor g, pull-back via the map i of the metric
tensor of T”, coming from the standard scalar product of R” (as T" = R"/Z"), hence, turning it into a
Riemannian manifold (M, g). Then, the components of g in a local chart are

(52 15¢)
8ij = -

8_361' ﬁxj

and the “canonical” measure g, induced on M by the metric g is then given by u = /detg;; £,
where .#"! is the standard Lebesgue measure on R"™!.

Thus, supposing that M has a global coordinate chart, we can write the Area functional on the
hypersurface /(M) in the following way,

ﬂ(W(M)):/MdH:/M \Jdetgii(x)dx. (2.6)

When this is not the case (as it is usual), we need several local charts (Uy, ¢;) and a subordinated
partitions of unity f; : M — [0, 1] (that is, the compact support of f; : M — [0, 1] is contained in the
open set Uy € M, for every k € 1), then

AWM) = /M du= /M fudn= ) /U i) Jdetgl (v dx.

kel kel

where gi.‘j are the coeflicients of the metric g in the local chart (Uy, ;).

In order to work with coordinates, in the computations with integrals in this section we will assume
that all the hypersurfaces have a global coordinate chart, by simplicity. All the results actually hold
also in the general case by using partitions of unity as above.

The induced Levi—Civita covariant derivative on (M, g) of a vector field X and of a 1-form w are

respectively given by
i 0X' dwi
VJX :8—xj+ijX , Vj(,()i:—.—rﬁ(,()k,

where l"j.k are the Christoffel symbols of the connection V, expressed by the formula

ro-1 ﬂ(i L9, _9 )
jk_Zg 8xjgkl (')xkg]l ﬁxlgjk )
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Moreover, the gradient V f of a function, the divergence div X of a tangent vector field and the Laplacian
Af at a point p € M, are defined respectively by

gVf(p)v)y=df,(v)  VveT,M,

). .
divX =tr'VX = V,.X' = — + T, X*
6)61'
(in a local chart) and Af = divVf. We then recall that by the divergence theorem for compact
manifolds (without boundary), there holds

/ divXdu=0, 2.7)
M

for every tangent vector field X on M, which in particular implies

| arau=o.
M
for every smooth function f : M — R.

Assuming that we have a globally defined unit normal vector field v : M — R" to ¢(M) (this will
hold in our situation where the hypersurfaces will be boundaries of smooth sets E C T", hence we
will always consider v to be the outer unit normal vector at every point of JE), we define the second
fundamental form B which is a symmetric bilinear form given, in a local charts, by its components

hij = —< Al v>

(?x,-axj
and whose trace is the mean curvature H = g'h;; of the hypersurface (with these choices, the standard
sphere of R” has positive mean curvature).
The symmetry properties of the covariant derivative of B are given by the Codazzi—Mainardi equations

Vihjk = thik = thij . (28)

In the sequel, the following Gauss—Weingarten relations will be fundamental,

oy oy ov oy
L Ay 2.9
0x,0x; Y Oxy I 0x; /8 0x; 2.9)
which imply
o 0% oy -
Ay = g'(—— - Tt ,—) = —g"h;;y = —Hv. 2.10
'70 8 (axiaxj l]axk) 8 ]V v ( )
Moreover, we have the formula
Av = VH - |BPv, (2.11)

indeed, computing in normal coordinates at a point p € M,

(921/ k ﬂ)
(')xl-axj i (')xk
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) s
— ol h Is 7V
& Oxi( 78 (?xs)

y VA Py
— ”Vih' Is iy . Is

. 0 g
=g"'Vh;;g" aij — g"hg"higv
=VH - [Bl’v,

d

ngk are zero at p € M in such coordinates and we used Codazzi—Mainardi

since all T'f; and
equations (2.8).
In the following, when it is clear by the context, we will write V, div and A for both the Riemannian
operators on a hypersurface and the standard operators of T" ~ R"/Z", but these latter will be instead
denoted by V™, div'" and A™ when they will be computed at a point of a hypersurface, in order to

avoid any possibility of misunderstanding.

Theorem 2.6 (First variation of the functional J). Let E C T" a smooth set and © : (—g,&) X T" — T"
a smooth map giving a variation E, = ®,(E) with infinitesimal generator X € C*(T"; R"). Then,

d
—J(E
dt(t)

o / (H + 4yve)XX|ve) du (2.12)
1= OE

where vg is the outer unit normal vector and H the mean curvature of the boundary OE (as defined
above, relative to vg), while the function v : T" — R is the potential associated to E, defined by
Sformulas (2.1)—(2.3).

In particular, the first variation of the functional J depends only on the normal component of the
restriction of the infinitesimal generator X to OE.

Clearly, when y = 0 we get the well known first variation of the Area functional at a smooth set E,

d
AGE,)| = /6 HOXlve) du.

Proof. We start by computing the derivative of the Area functional term of J. We let ¥, : 0E — T" be
the embedding given by

Yi(x) = O(1, x),

for x € OF and t € (—g,¢), then ¥, (OF) = OE, and 0.y,
simply the inclusion map of OF in T".

Denoting by g;; = g;;(t) the induced metrics (via i, as above) on the smooth hypersurfaces dE,; and
setting ¥ = ¥, in a local chart we have

|t:0: X at every point of JE, moreover i is

o 10 (oo
a5 lo = bt \ox, | o, /|,
_[9X| | [0X | o
B (9xl- axj (9Xj (9)(7,'
0 oy 0 oy oMy
=—(x|=)+—(x|=)-2(x
axi < 6xj> - ax]‘ < ﬁxi> < 6x,~6xj
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0 oy
-2 (x X,
axi< 8x]> (')x] <

where we used the Gauss—Weingarten relations (2.9) in the last step and we denoted with
X: = X — (X|vg)ve the “tangential part” of the vector field X along the hypersurface JF (seeing T,0E
as a hyperplane of R" = T, T").
Letting w be the 1-form defined by w(Y) = g(Xs, Y), this formula can be rewritten as

0 ow; Ow;

agij -0 = a— + — axj 2Fk a)k + 2h11<X|VE> = V,-a)j + Vja),- + 2h,]<X|VE> . (213)

a¢> o1k <X

o
ox, Tk> +2m (X | vE),

Hence, by the formula

d

97 det A(t) = det A(f) tr [A™' () 0 A'(1)], (2.14)
holding for any n X n squared matrix A(f) dependent on ¢, we get

\/detg, gL
= ,detg,J‘ jS o Jlt 0

\/detg,-jg (V,‘(J)j + Vja),- + 2h,1<X | VE>)
B 2

det g,'j(diVXT + H<X | VE>) , (215)

where the divergence is the (Riemannian) one relative to the hypersurface E. Then, we conclude
(recalling the discussion after formula (2.6))

0
Eﬂwagﬂ=—ﬂWﬁw»} du,|

(diVXT +H<X | VE>) det 8ij dx
OE

(divX, +H(X | vi:)) du
OFE

:/ H(X | vg)du (2.16)
O

where in the last step we applied the divergence theorem, that is, formula (2.7), on 0E.
In order to compute the derivative of the nonlocal term, we set

xmm=mm:/6mw%m@:/Gmw@—/Gmw@
E, E¢

where Ef = T" \ E,. Then,

d

= : |VvE,(x)|2dx)|t:0 = dit( v )P dx)‘lzo
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P
=2 /T V() VG, x)LO dx

=2 /T (up(x) m)(,%v(t, x)LO dx,

where in the last equality we used the fact that —Avy = ug — m and we integrated by parts. Now, we
note that

0 0
(.2 = = ( /E Gxy) dy)-=-( /E s dy), (2.17)
and, by a change of variable,
0 0
5(/& G(x,y) dy)‘ = (%(/ G(x, D(t,2))JD(1,2) dz)‘ L (2.18)

where J®(¢, -) is the Jacobian of ®(¢, ). Then, as JO(t, z) = det[dD(¢, z)], using again formula (2.14),
we have

9 _ 1,9
EJ(D(t’ Z) 't:() = Jq)(t, Z) tr [dq)(t’ Z) o Edq)(t’ Z)] ‘I:O
0
— -1 -
=JO(1, )tr [dd)(t, 7)o datq)(t’ Z)] L:o

=trdX(z)
=divX(z),

by the definition of X and being ®(0, z) = z. Thus, carrying the time derivative inside the integral in
Eq (2.18), we obtain

0
([ 6o )= [ (@6 IXG) + Gexy) divo)dy
E,
= [ divGexon
E

_ /a G, XOVED)) du(y).
E

By a very analogous computation we get

0
5[ G dy) = | GO0 dut. 2.19)

then, using equalities (2.1) and (2.2), we conclude

a ).V @Pdx| =4[ (ug(x)-m) / G(x, Y XWIve()) du(y)) dx
t=0 = OE
-1 /a ( / G(x, y)(up(x) = m) dx)(X@)IVEQ)) du(y)
Ay
—4 /a VY XWIVEM) du(y) (2.20)
E
Combining formulas (2.16) and (2.20), we finally obtain formula (2.12). O
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Given a smooth set E and any vector field X € C*(T"; R"), considering the associated smooth flow
D : (—¢g,&)xT" — T", defined by the system

(2.21)

%’(1, x) = X(D(t, x)),
D0, x) = x

for every x € T" and ¢ € (—¢, &), for some € > 0, we have a variation E, = ®,(E) with infinitesimal
generator X. We call this variation the special variation associated to X. Moreover, given any smooth
vector field X € C¥(AE;R"), it can be extended easily to a smooth vector field X € C*(T"; R") with
Xloe = X.

Hence, if E is a critical set for J there holds

(H+4yve)(Xlve)du =0,
OE

for every X € C*(T";R"). Choosing a smooth vector field X € C*(T";R") with X|yz = (H + 4yvg)ve,
we then obtain the following corollary.

Corollary 2.7. A smooth set E C T" is a critical set for J if and only if the function H + 4yvg is zero
on OE. When y = 0, we recover the classical condition H = 0 for a minimal surface in R".

It is less easy to characterize the infinitesimal generators of the volume—preserving variations of
E, in order to find an analogous criticality condition on a set E, for the functional J under a volume
constraint.
Given @ : (—¢g,&) X T" — T" such that Vol(®,(E)) = Vol(E;) = Vol(E) for all t € (-¢,¢), we let
X, € C*(T";R") be the family of the vector fields (well) defined by the formula

00
Xi(@(t.2) = —- (5. 2),

for every t € (—¢&, ) and z € T", hence, if t = 0, the vector field X = X is the infinitesimal generator of
the volume—preserving variation E,. Then, by changing variables, we have

d d d 0
0=—Vol(E, = — dx=— [ JO(t,2)dz = —JO(t,2)dz. 2.22
dtO(z) dt/Etxdt/E (Z)Z/Eat(Z)Z (2.22)

As JO(t, 7) = det[dD(t, )], by means of formula (2.14), we obtain

%Jd)(t, 2) = JO(t, 2) tr [dD(t,2) " 0 dX,(D(2,z)) 0 dD(t, 2)],

since, by the definition of X, above,

%dd)(t, z)=d aait)(t, z) = d[ X, (D(t, 2))] = dX,(D(¢,2)) o dD(t, 7).

Being the trace of a matrix invariant by conjugation, we conclude

%J(D(t, 7) = JO(, 2) tr [dX,(D(2, 2))] = JO(1, 2) divX,(D(7, 2)),
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hence, by equality (2.22) and the divergence theorem (in T"), it follows

0= /divX,((D(t, NJD(t,2)dz = / divX,(x)dx = / (X; 0 Dy|vg,)du, , (2.23)
E E, O0E
where vg, is the outer unit normal vector and y, the canonical Riemannian measure of the smooth
hypersurface dE,, given by the embedding ¢, = @, : 0E — T". Thus, letting ¢ = 0,

iVol(Et)| = | Xpvpydu=0 (2.24)
dt =0 JoE

and we conclude that if X € C*(T"; R") is the infinitesimal generator of a volume—preserving variation
for E, its normal component ¢ = (X|vg) on OF has zero integral (with respect to the measure ).
Conversely, we have the following lemma whose proof is postponed after Lemma 2.32, since the
arguments in the two proofs are very similar.

Lemma 2.8. Let ¢ : 0E — R a smooth function with zero integral with respect to the measure [ on
OE. Then, there exists a smooth vector field X € C*(T";R") such that ¢ = (X|vg), divX = 0in a
neighborhood of OE and the flow © defined by system (2.21) having X as infinitesimal generator, gives
a volume—preserving variation E, = ©,(E) of E.

Hence, with this characterization of the infinitesimal generators of the volume—preserving variations
for E, by Theorem 2.6 we have that E is a critical set for the functional J under a volume constraint if
and only if

(H + 4yve)Xlve)du =0,
O
for every X € C*(T";R") such that (X|vg) has zero integral on dE. By Lemma 2.8, this is similarly to
say that
H+4yve)pdu =0,
O
for all ¢ € C*(JE) such that |, oz P du = 0, which is equivalent to the existence of a constant 1 € R
such that
H+4yvp =2 on OE.

Remark 2.9. The parameter A may be clearly interpreted as a Lagrange multiplier associated with the
volume constraint for J.

Proposition 2.10. A smooth set E C T" is a critical set for J under a volume constraint if and only if
the function H+4yvg is constant on OE. When y = 0, we recover the classical constant mean curvature
condition for hypersurfaces in R".

Now we deal with the second variation of the functional J.

Definition 2.11. Given a variation E, of E, coming from the one—parameter family of diffeomorphism
®,, the second variation of J at E with respect to @, 1s given by
dZ
ﬁ‘, E) o
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In the following proposition we compute the second variation of the Area functional. Then, we do
the same for the nonlocal term of J and we conclude with the second variation of the functional J.

Proposition 2.12 (Second variation of A). Let E C T" a smooth set and ® : (—g,&) X T" — T" a
smooth map giving a variation E, = ©,(E) with infinitesimal generator X € C*(T"; R"). Then,

2

d
TSAGE) = | (Vo) - (Xive)1BP) dy
t =0 OF

+ / H(H(X|vE)? + (ZIvi) = 22X V(X)) + B(X+, X)) dut,
OE

where X. = X — (X|vg)vg is the tangential part of X on JE, B and H are respectively the second
fundamental form and the mean curvature of OE, and

0*® 0
Z=25(0.) = ZIX(@@ )| = +dX(X), (225)

%
ot li=0

where, for every t € (—¢, €), the vector field X, € C*(T";R") is defined by the formula

oD
X(@(t,2)) = —-(1.2),

for every z € T", hence, X, = X.

Proof. We lety, = ®(t, -)|se. By arguing as in the first part of the proof of Theorem 2.6 (without taking
t = 0), we have

d
d_ﬂ(aEt) = / H(X, o @|vg,) du,
t OE
where H; is the mean curvature of JE,. Consequently, we have
dzﬂ(aE)' L[ HAX, o Dulvi) Jdetgy d |
_ = — fe) ..
ar oo = 2 . Ay \VE, el gijax 0

where 8ij = gij(t).
In order to simplify the notation in the following computations, we drop the subscripts, that is, we
let H(z,-) = H,, v(t,-) = vg,, o(t,*) = (X; o Dy|vg,), Y(t,-) = ¢, and X(¢, ) = X, o O, (by a little abuse of
notation, since X is already the infinitesimal generator of the variation).
We then need to compute the derivatives
oH
o

since we already know, by formula (2.15), that

0 | . [
E‘ det 8ij ‘t:O = (leXT + H()O) det 8ij ‘t:O ,

hence, this derivative gives the following contribution to the second variation,

0
d —(X
an 6t< [v)

(2.26)

t=0 t=0

(eHdivX, + ¢’"H>) du.
OE
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Then, we compute (recalling formula (2.25))

HX|v) 0X ov B ov
t=0 < ot ‘ > t=0 " <X‘E> t=0 B <Z|V> " <X'E> t=0

ot
% N is tangent to JF, in a local coordinate chart we obtain

ov 3 oy |dv
a2 (5la

ox,,
where in the last inequality we used the notation X, = X7 667'/’. Notice that, ( a‘” |v)

and using the fact that

pefl,...,n—1}and t € (—¢, &), hence, using the Gauss—Weinggarten relations (2. 9)
(91// B (9_X y 8;[/ ov
at (9xp =0 \0x, ﬁxp o1
ov oy |dv
= —(X —(X|—
6x,,< i < (9x,,> " <axp 6t>
e[| o\, [ av]or
Ox,, ox,, 0x,| 0t [li=o
AN
Ox,, 0x,10x, 0x, 10t [li=o
()2
ox,, Ok, 0x; Ox,| ot
op - oY
= _Xi} li ; htdl hid
ax, T8 8a T <axp (9t>,:0
and we can conclude that P P
W |ov op
— = = + X?h,,,
<6xp 6t> =0 8xp b

0 for every

(2.27)

where h,, are the components of the second fundamental form B of JE in the local chart. Thus, we

obtain the following identity

0 oy |0y
_ - p| |22
o X ',:o M+ X; <ax,, at>t=0
d¢
={Zlv) - —XP + XPX1h
< |V> axp T+ T TPq

= {Zlv) = (X:|V(XIv)) + B(X:, X7)
and the relative contribution to the second variation is given by
/ H(ZIv) — (X V(X)) + B(Xe, X2)) dp
O

Now we conclude by computing the first derivative in (2.26). To this aim, we note that

oMy
H =
<3x,8x] >g
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hence, we need the following terms

og"
ot =0
0%y |0y
8Xiax]' ot =0
0 0%y
- v
(9t 8Xian =0
We start with the term (2.29), recalling that
%\ G+ Voo + 20 (XD
ot =0 iwj jWi ij

by Eq (2.13), where w is the 1-form defined by w(Y) = g(X;, Y).
Using the fact that g;;g’ = 0, we obtain

_ 98ij Jk 4 _ ik dg"
0= F t:Og gl] o 't - =g (V,(,()J + V](,()l + 2hlj<X|V>)+gl]7 -0
then,
agpk _ Jjp ik _ P vk kyp pk
= 8" (Viw; + Vi + 20 (X|v))= ~VPXE = VEX? — 207
1=
We then proceed with the computation of the term (2.30), by means of Eq (2.27),
0%y |ov oy |Ov
il = r - — +Xh
<ax,-axj 8t> =0 <ax 8t> T )
and finally we compute the term (2.31),
a Py X *(pv) 0*X,
— v)= v = v+ {—F—v).
ot ax,-(')xj Gx,@xj =0 Gx,ﬁxj 8xiax]'
We have
*(pv) )= 0%¢ N 0%y y
6x,~8xj B 8x,~0xj 6x,~6xj ¢
Rt
" Oxdx;  \ox ¢ ax
62 2
= h o olP
8)(?1'(9)(]' - 78 <8xl~(9xj V>‘,0
i !
= hig" h;
0x,0x T8 iy
and
*X, )= 0 [0X: y 0X.|ov
axiaxj - (')xi (')xj (')x] 6)61

(2.29)

(2.30)

(2.31)

(2.32)

Mathematics in Engineering Volume 4, Issue 6, 1-104.



19

0 oy 0X;
XP -
ax, <0xj( ('3xp)v> <8xj

2

_ 0 [Xp Fv |, ] X,
(’)xi Oxjc?xp ﬁx]

0 0X.|dv

= ——(XPh =

6)6'1 X 17]) <(9X] 8x,->

oy
— 5 xthy)- - (x2 3%)

0%y

0x;0x,

v
ax,-

oy
8x,

Ox; >

av\ 0X7 [ oy
6x,> Ox; <6xp
av\ 0X7 [ oy
0x,> Ox; <(9xp

-5 xth)-xe

ov
ox;

ov
0x;

44
K
—a—xi(thn/) Xy, <0xk

9 oxr
- _a(xfhpj)_xfrl;phﬂglqgkq B ghﬂg quq
f J
0 ox*
= == (XThy))- =X hi — ——ha.

Top 5xj
Hence, we finally get

oH : 6290 S 0
— | = —2h;V'X) - 2XIW)|B|* - + gk ——
b1 li=o j XIIBE — g5 xS i

0
+|B(X|v) - g”Fk hig X2 + g — o (XPh,;) + hi;V' X’
—|BXIv) = hijV'X! - Ap

7 (X0 ) (42|

= — ¢|Bf’ = Ap — h;;V'X! + g'Vi(XPh,))

= — @lBI* — Ap — h;;V'X! + div(X’h,))

= — ¢lBP — Ap + (X,| divB)

= — ¢lBI’ — Ap + (X,|VH), (2.33)

where in the last equality we used the Codazzi—Mainardi equations (see [42]). We conclude that the
contribution of the first term in (2.26) is then

/ o( - ¢|B* - A + (X,|VH)) dp.
OE

Putting all these contributions together, we obtain the second variation of the Area functional,

d2
dr

/ |-eA¢ = @|BP + o(X,|VH) + gH divX, + ¢’H’
OE

+ H(ZI) — (XY + B(X:, X0)] d.
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Integrating by parts, we have

/ o(XVH)du = — [ [H(X;|Vg) + Hp divX:]du
OE OE

and we can conclude

d2
—FAOE) | _ = / |IVel* = @?BP + 9"H? + H(ZIV) = 2(X:|Vep) + B(X, Xo)) | du,
= OE
which is the formula we wanted. O

Proposition 2.13 (Second variation of the nonlocal term). Let E C T", ®, E,, X, X, X, H, Band Z as
in the previous proposition. Then, setting

N(1) = / Vv, (0 dx,
T

where vg, : T" — R is the function defined by formulas (2.1)~(2.3) and 0,,vg = (V™g|vE), the
following formula holds

d2
—N(t
pr (0

_O=8 / / G(x, yYKX(OIWVE(ONXXWIVED)) du(x)du(y)
= dE J OE

+4 /a |[vE(HX 1 vEY +(ZIvE) = 2XCV(XIvE)) + B(Xr, X))
E
+ Oy, vi(Xlve) | du, (2.34)

giving the second variation of the nonlocal term of J.

Proof. By arguing as in the second part of the proof of Theorem 2.6 (equations (2.17)—(2.20)), we have

d
—N(1) = 4/ VEAX; o @|vg,) du, = 4/ VEAX; 0 Dy|vg,) [det g;;jdx.
dt OF O

Setting v(z, x) = vg,(x), v, = %(O, D, V= %(0, -) and adopting the same notation of the proof of the
previous proposition, that is, we let H(z, -) = H,, v(¢, ) = vg, and X(¢, -) = X, o @,, we have
2

d
dr? N(t)'tzo - 45‘

WXIY) \Jdet gy dx|

OE 1=

-4 / [vt(le) + v, XX ) + WXy divX,
OE
o H + v 2wy ' &
ot =0 H
—4 / [v,(le) + v, X (XY + WX divX,
OE

+ V(HXY? + (Z1v) = (XAV(X)) + B(X:, X2) | du
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by formulas (2.15) and (2.28). Then, integrating by parts the divergence, we obtain

& [.
EM%ﬂﬂAyMMﬂM@M%WmWM
+ V(HXIY)? + (ZIy) = 2XAV(XWY) + BX:, X)) | du
=4 / |[vi(XIvy + D, 0(XIv)y?
OE
+ V(HXIY)? + (ZIy) = 2XAV(XWY) + BX:, X)) | du

where 0,v = (VTV|v).
Now, by Egs (2.17)—-(2.19), there holds

vi(0,x) =2 / G, )XW du(y) (2.35)
OE
hence, substituting this expression for v, in the equation above we have formula (2.34). O

Putting together Propositions 2.12 and 2.13, we then obtain the second variation of the nonlocal
Area functional J.

Theorem 2.14 (Second variation of the functional J). Let E C T" a smooth set and @ : (—g,&) X T" —
T" a smooth map giving a variation E, with infinitesimal generator X € C*(T";R"). Then,

d2

a7 (E)

; (IVXIve)? = (XIve)*|BP) du
E

t=0:
+ 8y / / G, yXXWE(OXXIVE(D)) du(x) duly)
oE JoE
+ 4y / 0y, ve{Xlvg) du + R, (2.36)
OF
with the “remainder term” R given by

R= [ (H+4yvp)HXIV) + (ZIv) = 2X V(X)) + B(X:, X)) dut

O
. ) 0X,
= | (H+dyvp)|(XIve) div'X — div((XIve)X,) + (a—f ‘VE) | du
O ¢t li=0
where vi is the outer unit normal vector to OE, X, = X —(X|vg)vg is the tangential part of X on OE, vg :
T" — R is the function defined by formulas (2.1)—(2.3), 0,,vg = (V™g|ve), B and H are respectively

the second fundamental form and the mean curvature of OE, the vector field X, € C*(T"; R") is defined
by the formula X,(®(t,z)) = %’(t, 7) for every t € (—¢&,&) and z € T", and

il 0 X,
Z=55(0.) = 2 1X(@@ 1| =2t

Proof. Formula (2.36) and the first equality for R follows simply adding (after multiplying the
nonlinear term by ) the expressions for %ﬂ(aEt) |t:0 and j—; S IV Vg P dx|t:0 we found in
Propositions 2.12 and 2.13.

. +dX(X).

Mathematics in Engineering Volume 4, Issue 6, 1-104.



22

If now we show that

H(X|ve)® +(Zlvi) = 2(X:|V(X|vE)) + B(Xq, X;)

\ 0X
_ . T . t
= (X|vg) divi'X — div((X|ve)X,) + <E .

‘VE>, (2.37)

we clearly obtain the second expression for R.
We note that, being every derivative of vg a tangent vector field,

(X V(XIvg)) = (veldX(X7)) + (XKX:VVE))
= (VeldX(X0)) + (X (X:VvE))
= (veldX(X7)) + B(X:, Xo)

by the Gauss—Weingarten relations (2.9).

Therefore, since Z — %L:O = dX(X), we have

H(X|vg) + (Zlve) — 24X V(XIVE)) + B(X,, X;) — <E t:0|v>

= H(X|vg)* + (veldX(X)) = (X:V{(XIvE)) = (vieldX(X:))
= H(X|vE)? + (veldX((XIve)vi)) = (X V(XIvE))
= H(XIve)? + (XIve)(veldX (ve)) + (XIve) divX, — div((XIVe)Xy) . (2.38)

Now we notice that, choosing an orthonormal basis ey, ..., e, 1,e, = vg of R" at a point p € JE and
letting X = X'e;, we have

(@lVX'y = (el VIXT = (VX vi)ve) = div'X = (veldX(ve))

where the symbol V7f denotes the projection on the tangent space to JE of the gradient V'f of a
function, called tangential gradient of f and coincident with the gradient operator of JE applied to
the restriction of f to the hypersurface, while {¢;|V'X") is called tangential divergence of X, usually
denoted with div'X and coincident with the (Riemannian) divergence of JE if X is a tangent vector
field, as we will see below (see [63]). Moreover, if we choose a local parametrization of JE such that
g—i(p) =¢;, forie{l,...,n— 1}, we have e{ = ‘;—ﬁj = g" = ¢§;;at p and

(el V'X') = div'X = (e V'X}) + (el V(X))
= (e VX7) + (XIve) el Vi v)

— i 6w] Is 6‘#
=(eilVX7) + (Xlve) o, hug Ix.

=V Xi + <X|VE>]’ZZ','

€T

= divX,; + {X|vg)H,

where we used again the Gauss—Weingarten relations (2.9) and the fact that the covariant derivative
of a tangent vector field along a hypersurface of R” can be obtained by differentiating in R” (a local
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extension of) the vector field and projecting the result on the tangent space to the hypersurface (see [26],
for instance). Hence, we get

(VeldX(vg)) = divi X — (¢,|VTX") = div' X — divX, — (X|vg)H
and Eq (2.37) follows by substituting this left term in formula (2.38). O

Remark 2.15. We are not aware of the presence in literature of this “geometric” line in deriving the
(first and) second variation of J, moreover, in [9, Theorem 2.6, Step 3, Eq 2.67], this latter is obtained
only at a critical set, while in [6, Theorem 3.6] the methods are strongly “analytic” and in our opinion
less straightforward. These two papers are actually the ones on which is based the computation in [2,
Theorem 3.1] of the second variation of J at a general smooth set E C T". Anyway, in this last paper,
the variations of E are all special variations, that is, they are given by the flows in system (2.21), indeed,
the term with the time derivative of X; is missing (see formulas 3.1 and 7.2 in [2]).

Notice that the second variation in general does not depend only on the normal component (X|vg)
of the restriction to dE of the infinitesimal generator X of a variation @ (this will anyway be true at a
critical set E, see below), due to the presence of the Z—term and of B(X;, X;) depending also on the
tangential component of X and of its behavior around dE. Even if we restrict ourselves to the special
variations coming from system (2.21), with a normal infinitesimal generator X, which imply that all
the vector fields X, are the same and coinciding with X, hence Z = dX(X) and X, = 0, the second
variation still depends also on the behavior of X in a neighborhood of 0E (as Z). However, there are
very particular case in which it depend only on (X|vg), for instance when the variation is special and
X is normal with zero divergence (of T") on JE (in particular, if div' X = 0 in a neighborhood of dE
or in the whole T"), as it can be seen easily by the second form of the remainder term R in the above
theorem.

We see now how the second variation behaves at a critical set of J.

Corollary 2.16. If E C T" is a critical set for J, there holds

2

d
ﬁJ(E,)

= [ (VXWEE = (Xlvp)* BP) dp
OE

1=

+ 8y /6 /a G(x, Y XIVECONXIVE(®Y)) du(x) du(y)
E E

+47/ Oy, ve{X|ve) du,
oE

for every variation E, of E, hence, the second variation of J at E depends only on the normal component
of the restriction of the infinitesimal generator X to OE, that is, on (X|vg).

When y = 0 we get the well known second variation of the Area functional at a smooth set E such that
OE is a minimal surface in R",

d2
—zﬂ(aEai = [ (V(XWE)P = (XIve)BP) dp.
dt t=0 OE

Proof. The thesis follows immediately, recalling that there holds H+4yvg = 0, by Corollary 2.7, hence
the remainder term R in formula (2.36) is zero. |
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Finally, we see that the second variation has the same form (that is, R = 0) also for J under a volume
constraint, at a critical set.

Proposition 2.17. If E C T" is a critical set for J under a volume constraint, there holds
2

EJ(E,) )

) (IV{Xlve)* — (XIve)*|BP) du
E

+8y /a /a G, YY) XIVE)) dia() du)
E E

+ 47’/ 0y, ve(X|ve)? du,
OF

for every volume—preserving variation E, of E, hence, the second variation of J at E depends only on
the normal component of the restriction of the infinitesimal generator X to OE, that is, on (X|vg)

When y = 0 we get the second variation of the Area functional under a volume constraint, at a smooth
set E such that OE has constant mean curvature

d2
ﬁﬂ(aEt) e

) (IVXIVE) = (XIve)’IBI*) d.
E

Proof. By Proposition 2.10, the function H + 4yvg is equal to a constant 4 € R on JF, then the
remainder term R in formula (2.36) becomes

R= /1/ (H(XIV)? + (ZIv) = 2(XV(X]v)) + B(X-, X,)) dp
OE

Computing, in the same hypotheses and notations of Proposition 2.13, the second derivative of the
(constant) volume of E,, by Eqs (2.22)—(2.23) we have (recalling formulas (2.15), (2.28) and using the
divergence theorem)

& d [ . d
0="5VolE)|_ == /E | divX () dx| == | K],

/ |divX (X Vi) + H(X | Vi) + (ZIvi) = (XAV(XIve)) + B(Xe, Xo) |
OFE

/ [HOX V) + (ZIve) = 2XAV(XIVED) + B(Xe, Xo) | dp. (2.39)
OE
hence R = 0 and we are done.

O
Remark 2.18. Notice that by the previous computation and relation (2.37), it follows

d?

5 Vol(E) ' / (Xlve) divX + - | _O‘ diu=0, (2.40)
for every volume—preserving variation E; of E. Hence, if we restrict ourselves to the special (volume—
preserving) variations coming from system (2.21), as in [2], we have

d
77 Yol(E) | _

(X|ve)diviX du =0,
OE
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indeed, for such variations we have X, = X, for every t € (—&, ). One can clearly use equality (2.40)
to show the above proposition, as the term R reduces (using the second form in Theorem 2.14) to

. 0X,
R = /l/aE[<X|vE> divi'’X + <6_tt‘z:0‘v> ] du,

by the divergence theorem.
Moreover, we see that if we have a special variation generated by a vector field X such that div' X =
0 on OE, then a Vol(E)) |t:0 = 0 and if E is a critical set, R = 0. This is then true for the special

ar
volume—preserving variations coming from Lemma 2.8 and when X is a constant vector field, hence

the associated special variation E, is simply a translation of E (clearly, in this case J(E,) is constant
and the first and second variations are zero).

2.2. Stability and W*P—local minimality

By Proposition 2.17, the second variation of the functional J under a volume constraint at a
smooth critical set E is a quadratic form in the normal component on dE of the infinitesimal generator
X € C*(T";R") of a volume—preserving variation, that is, on ¢ = (X|vg). This and the fact that the
infinitesimal generators of the volume—preserving variations are “characterized” by having zero
integral of such normal component on JE, by Lemma 2.8 and the discussion immediately before,
motivate the following definition.

Definition 2.19. Given any smooth open set E C T” we define the space of (Sobolev) functions (see [5])

H'OE)={¢:0E >R : ¢ € H'(JE) and / ¢ du =0},
OE

and the quadratic form I1; : H'(E) — R as

e(p) = [ (IVel* — @*BI*) du + 8y / / G(x, y)p(x)p(y) du(x) du(y)
OE OE J OE
+4y / Oy, vEQ” du, (2.41)
OFE

with the notations of Theorem 2.14.

Remark 2.20. Letting for ¢ € H'(JE),

Vo(x) = /{9 i G(x, y)e(y) du(y),

it follows (from the properties of the Green’s function) that v, satisfies distributionally —Av, = ¢u in
T", indeed,

(W (0)IV(x)) dx = — / Ve (X)AY(x) dx
I

n

_ / /a Gx, V) AY(x) du(y)dx
n JoE
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- / o) / Gx, YAV dx du(y)
OE Tn

- / o(y) / AG(x, Y (x) dx du(y)
OE "

[ el - [ weoar]aue
OE ™
= / e () du(y),

OE

for all y € C(T"), since [, ¢(y) du(y) = 0. Therefore, taking ¢ = v,,, we have

Vo, o dx = / o), du)
T OE

hence, the following identity holds

/ / Gx, V) (e(y) du(x)du(y) = / o)1, du(y) = [ Vv, (oP dx,
OE J OE OF YR

and we can write

e(e) = [ (1Vf = 18F)d+ 8y [ 19vPdxdy [ 0,vedu. (2.42)
OE ™ 2]

E

for every ¢ € H'(OE).

Definition 2.21. Given any smooth open set £ C T", we say that a smooth vector field X € C*(T"; R")
is admissible for E if the function ¢ : E — R given by ¢ = (X|vg) belongs to H'(4E), that is, has zero
integral on OE.

Remark 2.22. Clearly, if X € C*(T"; R") is the infinitesimal generator of a volume—preserving variation
for E, then X is admissible, by the discussion after Corollary 2.7.

Remark 2.23. By what we said above, if E is a smooth critical set for J under a volume constraint, we
can from now on consider only the special variations E; = ®,(E) associated to admissible vector fields
X, given by the flow @ defined by system (2.21), hence

d
d_J(Et) = Xlvgydu =0
t = OE
and
d2
TI(ED| = Te(XIve)

where Il is the quadratic form defined by formula (2.41).

We notice that every constant vector field X = n € R" is clearly admissible, as
nlveydu = /divndx =0
OE E
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and the associated flow is given by ®(¢, x) = x + t7, then, by the translation invariance of the functional

J, we have J(E,) = J(E) and
dZ
0=—
dr?

that is, the form Ilg is zero on the vector subspace

J(E))

0 =e((mve)),

1=

T(@E) = {(nlve) : n € R"} C H'(OE)

of dimension clearly less than or equal to n. We split
H'(OE) = T(JE) ® T*(JE), (2.43)

where T*(0E) C H' (OE) is the vector subspace L>—orthogonal to T(AE) (with respect to the measure
uon JF), that is,

T+(0E) = {gp € H'(JE) : / ovepdu = O}
IE

={p € H'(OE) : /

OE

¢du=0 and / govEd,u:O}

OE

and we give the following “stability” conditions.

Definition 2.24 (Stability). We say that a critical set £ C T" for J under a volume constraint is stable
if
Me(p) >0  forall g € H(JE)

and strictly stable if moreover

Mz(p) >0  forall g € T*(GE) \ {0}.

Remark 2.25. Introducing the symmetric bilinear form associated (by polarization) to Iz on H'(OE),

Me(p +¢) — (e — ¢)
4

bE(QO’ ¢’) =

ata critical set E C T", it can be seen that actually T'(JE) is a degenerate vector subspace of H'(3E) for
b, that is, bg(p, ) = 0 for every ¢ € H'(0E) and € T(AE). Indeed, we observe that by formula (2.1)
and the properties of the Green function, we get

Vve(x) = / V,.G(x,y)ug(x)dy

/ V.G(x,y) dy - / V.G(x,y) dy
E E°

- / V,G(x,y)dy + / V,G(x,y)dy
E E°

-2 /6 G(x,y)ve(y)du(y), (2.44)
E
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where in the last passage we applied the divergence theorem.
By means of formula (2.11)
Avg = VH - |BPvg,

since E (being critical) satisfies H + 4yvy = A for some constant A € R, we have

—Avg — |BlPvg = V(dyvg — 1)
= V4yvg — 1) = 0,,(dyve — )

= _47(avaE)VE - 8')’/ G(X, }’)VE(Y) d/l(y)

OE

on 0F, by formula (2.44).
This equation can be written as L(v;) = 0, for every i € {1,...,n}, where L is the self—adjoint, linear
operator defined as

L(p) = —Ag — |Bl*¢ + 4y8,,vep + 8y / G(x, y)e(y) du(y) ,
OE

which clearly satisfies
brte) = [ WoWdn  and M) = [ (Weld.
OE OE

Then, if we “decompose” a smooth function ¢ € H'(9E) as ¢ = Y + (n|vg), for some n € R" and
W € T+(OE), we have (recalling formula (2.41))

[e(p) = ; (L(p)lp) du
E

= | (LWl dp + 2/ (LCnlvedlyy du+ [ (LEnlve)Knlve)) du
OE OE OE
=IgW).

By approximation with smooth functions, we conclude that this equality holds for every function in
H'(JE).

The initial claim about the form by then easily follows by its definition. Moreover, if E is a strictly
stable critical set there holds

Mg(e) >0  foreveryp € H(OE)\ T(IE). (2.45)
Remark 2.26. We observe that there exists an orthonormal frame {ey, ..., e,} of R” such that
(veleivele;) du = 0, (2.40)
O
for all i # j, indeed, considering the symmetric n X n-matrix A = (a;;) with components
aij = [,p Vi du, where vl = (vgle;) for some basis {g1, ..., &,} of R”", we have

(Ovp){(Ovg);du = (OAO™),,
OE
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for every O € S O(n). Choosing O such that OAO™! is diagonal and setting e¢; = O 'g;, relations (2.46)
are clearly satisfied.
Hence, the functions (vg|e;) which are not identically zero are an orthogonal basis of T(0E). We set

Ir ={ie{l,...,n} : (vgle;) is not identically zero}
and
Of = Span{e; : i € 1g}, (2.47)
then, given any ¢ € H'(JE), its projection on T+(0E) is

Z fﬁE QD<VE| l> d,Ll

DR 248
23 vl Egy T ED (249)

ni(p) =

From now on we will extensively use Sobolev spaces on smooth hypersurfaces. Most of their
properties hold as in R”, standard references are [3] in the Euclidean space and [5] when the ambient
is a manifold.

Given a smooth set E C T", for £ > 0 small enough, we let (d is the “Euclidean” distance on T")

N.={xeT" : d(x,0E) < &) (2.49)

to be a tubular neighborhood of OE such that the orthogonal projection map ng : N, — OE giving the
(unique) closest point on OE and the signed distance function dg : N, — R from 0F

(2.50)

. dx,0E) ifx¢E
x) =
£ _d(x,0E) ifx€eE

are well defined and smooth in N, (for a proof of the existence of such tubular neighborhood and of
all the subsequent properties, see [43] for instance). Moreover, for every x € N,, the projection map is
given explicitly by

mp(x) = x — Vdr(x)/2 = x — dp(x)Vdg(x) (2.51)

and the unit vector Vdg(x) is orthogonal to dE at the point 7z(x) € JE, indeed actually
Vdg(x) = Vdp(me(x)) = ve(re(x)), (2.52)

which means that the integral curves of the vector field Vdg are straight segments orthogonal to JE.
This clearly implies that the map

OE X (—&,€) > (v, 1) — L(y,t) =y + tVdg(y) = y + tve(y) € N, (2.53)
is a smooth diffeomorphism with inverse
N:3 x> L (x) = (me(x), dp(x)) € OE X (—&,¢).
Moreover, denoting with JL its Jacobian (relative to the hypersurface 0F), there holds

0<C<JL(y,H) <
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on JF X (—¢, €), for a couple of constants Cy, C5, depending on E and &.

By means of such tubular neighborhood of a smooth set £ € T" and the map L, we can speak of
“WkP_closedness” (or “C**—closedness”) to E of another smooth set F C T", asking that for some
6 > 0 “small enough”, we have Vol(EAF) < ¢ and that JF is contained in a tubular neighborhood N,
of E, as above, described by

OF ={y +y(y)ve(y) : y € OE},

for a smooth function ¢ : 0E — R with [|ylyxrge) < 0 (resp. |[Wllcre@e) < 6). That is, we are asking
that the two sets E and F differ by a set of small measure and that their boundaries are “close” in W+
(or C*) as graphs.
Notice that
W) =mo L (OE N{y+ vg(y) : 1€RY}),

where 7, : OF X (—¢, &) — R is the projection on the second factor.

Moreover, given a sequence of smooth sets F; C T", we will write F; — E in W*? (resp. C*) if for
every 0 > 0, there hold Vol(F;AE) < ¢, the smooth boundary JF; is contained in some N,, relative to
E and it is described by

OF; ={y +¥i(y)ve(y) : y € OE},
for a smooth function ¢; : dE — R with ||yllyer@gr), < 0 (resp. [Willckery < 0), for every i € N large
enough.

From now on, in all the rest of the work, we will refer to the volume—constrained nonlocal Area
functional J (and Area functional A), sometimes without underlining the presence of such constraint,
by simplicity. Moreover, with N, we will always denote a suitable tubular neighborhood of a smooth
set, with the above properties.

Definition 2.27. We say that a smooth set E C T" is a local minimizer for the functional J (for the
Area functional A) if there exists 6 > 0 such that

J(F) 2 J(E)  (A(F) 2 A(E))

for all smooth sets F C T" with Vol(¥) = Vol(E) and Vol(EAF) < 6.
We say that a smooth set E C T" is a W>P—local minimizer if there exists 6 > 0 and a tubular
neighborhood N, of E, as above, such that

J(F) 2 J(E)  (AF) =2 AE))
for all smooth sets F € T" with Vol(F) = Vol(E), Vol(EAF) < ¢ and OF contained in N, described by
OF ={y +y(y)ve(y) : y € OE},

for a smooth function ¢ : 0F — R with [[Y/|lw2re) < 0.
Clearly, any local minimizer is a W*—local minimizer.

We immediately show a necessary condition for W?”—local minimizers.

Proposition 2.28. Let the smooth set E C T" be a W*P—local minimizer of J, then E is a critical set

and N
Ig(p) >0 forall ¢ € H'(OE),

in particular, E is stable.
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Proof. If E is a W*P—local minimizer of J, given any ¢ € C*(3E)NH'(JE), we consider the admissible
vector field X € C*(T";R") given by Lemma 2.8 and the associated flow ®. Then, the variation
E, = ®/(E) of E is volume—preserving, that is, Vol(E,) = Vol(E) and for every 6 > 0, there clearly
exists a tubular neighborhood N, of E and € > 0 such that for ¢ € (—¢, €) we have

Vol(EAE,) < &

and
OE, ={y +y()ve(y) : y € OE} C N,

for a smooth function ¢ : 0E — R with [[¢/lly2rsE) < 0. Hence, the W?P_local minimality of E implies
J(E) < J(E)),

for every t € (=g, €). It follows

d
0=—J(E
dt([)

= / H+ 4yvp)pdu,
=0 Jor

by Theorem 2.6, which implies that E is a critical set, by the subsequent discussion and

2

d
0< ﬁJ(E,)

0: e (p),

1=

by Proposition 2.17 and Remark 2.23. N _
Then, the thesis easily follows by the density of C*(E) N H'(0E) in H'(OE) (see [5], for instance)
and the definition of Ilg, formula (2.41). O

The rest of this section will be devoted to show that the strict stability (see Definition 2.24) is a
sufficient condition for the W*P—local minimality. Precisely, we will prove the following theorem.

Theorem 2.29. Let p > max{2,n — 1} and E C T" a smooth strictly stable critical set for the nonlocal
Area functional J (under a volume constraint), with N, a tubular neighborhood of OE as in
formula (2.49). Then, there exist constants 6,C > 0 such that

J(F) > J(E) + Cla(E, F)T,
for all smooth sets F C T" such that Vol(F) = Vol(E), Vol(FAE) < 6, 0F C N, and
OF ={y +y()ve(y) : y € 9E},
for a smooth function y with ||Y|lw2roE) < 0, where the “distance” a(E, F) is defined as
a(E, F) = gre%l Vol(EA(F +1n)).

As a consequence, E is a W>P—local minimizer of J. Moreover, if F is W*P—close enough to E and
J(F) = J(E), then F is a translate of E, that is, E is locally the unique W>P—local minimizer, up to
translations.
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Remark 2.30. We could have introduced the definitions of strict local minimizer or strict W>P—local
minimizer for the nonlocal Area functional, by asking that the inequalities J(F) < J(E) in
Definition 2.27 are equalities if and only if F is a translate of E. With such notion, the conclusion of
this theorem is that E is actually a strict W>”—local minimizer (with a “quantitative” estimate of its
minimality).

Remark 2.31. With some extra effort, it can be proved that in the same hypotheses of Theorem 2.29,
the set F' is actually a local minimizer (see [2]). Since in the analysis of the modified Mullins—Sekerka
and surface diffusion flow in the next sections we do not need such a stronger result, we omitted to
prove it.

For the proof of this result we need some technical lemmas. We underline that most of the difficulties
are due to the presence of the degenerate subspace T (9E) of the form Ilg (where it is zero), related to
the translation invariance of the nonlocal Area functional (recall the discussion after Definition 2.19).

In the next key lemma we are going to show how to construct volume—preserving variations (hence,
admissible smooth vector fields) “deforming” a set E to any other smooth set with the same volume,
which is W?P—close enough. By the same technique we will also prove Lemma 2.8 immediately after,
whose proof was postponed from Subsection 2.1.

Lemma 2.32. Let E C T" be a smooth set and N, a tubular neighborhood of OE as above, in
formula (2.49). For all p > n — 1, there exist constants 6,C > 0 such that if ¥ € C*(0E) and
I lw2roE) < O, then there exists a vector field X € C*(T";R") with divX = 0 in N, and the associated
flow @, defined by system (2.21), satisfies

O(1,y) =y +yQ)ve®), forally € OF. (2.54)

Moreover, for every t € [0, 1]

D, -) — Id|lw2rE) < ClVlw2r @) - (2.55)

Finally, if Vol(E,) = Vol(E), then the variation E, = ®,(E) is volume—preserving, that is, Vol(E;) =
VoI(E) for all t € [-1, 1] and the vector field X is admissible.

Proof. We start considering the vector field X € C=(N,;R") defined as
X(x) = £(x)Vdg(x) (2.56)

for every x € N,, where dg : N, — R is the signed distance function from E and ¢ : N, — R is the
function defined as follows: for all y € 0F, we let f; : (—&,&) — R to be the unique solution of the
ODE

5@+ [(OAdE(y + tve(y)) = 0
£0) =1
and we set

£(x) = £+ vE(Y) = f,(0) = exp(- /0 Adg(y + sv(y) ds),

recalling that the map (y,7) — x = y + tvg(y) is a smooth diffeomorphism between JE X (—¢&, €) and
N, (with inverse x — (mg(x),dg(x)), where g is the orthogonal projection map on E, defined by
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formula (2.51)). Notice that the function f is always positive, thus the same holds for & and & = 1,
Vdr = vg, hence X = vg on OF.
Our aim is then to prove that the smooth vector field X defined by

W(rp(x)) ds _
X(x) = X 2.57
) /0 E(mp(x) + svp(mp(x))) (x) @7

for every x € N, and extended smoothly to all T", satisfies all the properties of the statement of the
lemma.

Step 1. We saw that X lsag = Ve, now we show that divX = 0 and analogously divX = 0 in N,.
Given any x =y + tvg(y) € N, with y € 0E, we have

divX(x) = div[£(x)Vdg(x)]
= (VEM)IVdE(x) + E(x)AdE(x)
0
= E[f(y + tve(W)] + £ + tve(V)AdE(y + tve(y))
= [0 + [OAdE(y + tve(y))
= O’
where we used the fact that )f () = (VEG+tve(Y)Ive(y)) and Vdg(y+1ve(y)) = ve(y), by formula (2.52).

Since the function
Y(ng(x)) ds
X 6(x) = /
0 E(mp(x) + sv(np(x))

is clearly constant along the segments 7 — x + tVdg(x), for every x € N,, it follows that

0
0= = [0Cr+ Vdp(0)]| = (VOIVdz(x),

1=

hence, _
divX = (VO|Vdg)é + 6divX = 0.

Step 2. Recalling that € C*(0E) and p > n — 1, we have

W =oE) < Wllcrvor) < CellYllweror)

by Sobolev embeddings (see [5]). Then, we can choose ¢ < £/Cp such that for all x € E we have that
X = Y (x)ve(x) € Ng.
To check that equation (2.54) holds, we observe that

Y(mg(x)) ds
0(x) = /
0 E(mp(x) + svp(me(x)))

represents t}A1§ time needed to go from mg(x) to me(x) + Y(me(x))ve(re(x)) along the trajectory of the
vector field X, which is the segment connecting 7 (x) and g (x)+Y(mg(x))ve(me(x)), of length Y (g (x)),
parametrized as

s = mp(x) + sY(np(x)ve(ne(x)),
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for s € [0, 1] and which is triveled with velocity &(mg(x) + sve(ng(x))) = fr.(s). Therefore, by
the above definition of X = 6X and the fact that the function 6 is constant along such segments, we
conclude that

(D(L)’) - q)(o’ )’) = ‘ﬁ()’)VE()’) )
that is, ®(1,y) = y + ¥(y)ve(y), for all y € OF.
Step 3. To establish inequality (2.55), we first show that

IXIlw2r v,y < CllYllweror (2.58)

for a constant C > 0 depending only on E and &. This estimate will follow from the definition of X in
Eq (2.57) and the definition of W2P—norm, that is,

2
”X”WZP(NS) = I Xlloavyy + IV Xy, + IV X e, -

As |Vdg| = 1 everywhere and the positive function £ satisfies 0 < C; < ¢ < C, in N, for a pair of

constants C; and C,, we have
X117 / / o ds EOVdp(o)|
X X
BN o E(mp(x) + svp(mp(x)) £

<N, /

dx

p

Y(re(x)) ds
/0 E(mp(x) + svp(me(x)))

CP
Cp / [y (e ()P dx
Ch &
= cr / [(me(y + tve(WIPJL(y, 1) di du(y)
1 JOE J—-¢

CP &
- & [ wor / JL(y, 1) dt du(y)

&

| WO due)
cnwnL,,(aE) ,

where L : 0EX(—¢, &) — N, the smooth diffeomorphism defined in formula (2.53) and JL its Jacobian.
Notice that the constant C depends only on E and ¢.
Now we estimate the L”—norm of VX. We compute

Vi (e (x))dme(x)
E(mp(x) + Y(mep(x)ve(re(x))) LV
B [ /w(ﬂs(x)) Vé(rp(x) + sve(ne(x)))

A E(mp(x) + svp(np(x)))
B [/W(NE(X)) Vé(rg(x) + sve(me(x)))
0 é—‘z(nE(x) + SVE(ﬂ'E(x)))

Y(re(x)) ds o o o
’ /O E(mp(x) + SVE(”E(X)))( E()Vdg(x) + E(x)V7dE(x))

VX =

drp(x) 1d a’s] ECOVdi(x)

dng(x)s dv(me(x)) dS] E(x)Vdg(x)
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and we deal with the integrals in the three terms as before, changing variable by means of the function
L. That is, since all the functions dng, dvg, V3dg, &, 1/€, VE are bounded by some constants depending
only on E and &, we easily get (the constant C could vary from line to line)

VX1, SC/ V(e dx +C | I(rp(x))” dx
N, Ne

=c/‘ VUre(y + v JLO. 1) di du(y)
OE

—&

+cﬁ ey + v TLy, 1) di du(y)

E J-¢&
=C/a (Ilﬁ(Y)l”+|Vlﬁ(\/)|”)/ JL(y, ) dt du(y)
E -&

< WL o, + CIVU o,
< Cllylr,

WLP(OE) *

p

LP(Ny) and we obtain also

A very analogous estimate works for ||[V2X]|

2y ||P p
IV X”LP(NE) < CH{'[/”WZJ’(aE) ’

hence, inequality (2.58) follows with C = C(E, ¢).
Applying now Lagrange theorem to every component of ®(-,y) for any y € dFE and ¢ € [0, 1], we
have

D(1,y) = yi = Di(1,y) = (0, y) = tX'(V(s,y))

forevery i € {1,...,n}, where s = s(y, #) is a suitable value in (0, 1). Then, it clearly follows
1Dz, -) = Id||z=0E) < CliXllzowv,) < CliXllw2ry,) < CllVllw2ror) (2.59)

by estimate (2.58), with C = C(E, &) (notice that we used Sobolev embeddings, being p > n — 1, the
dimension of OF).

Differentiating the equations in system (2.21), we have (recall that we use the convention of
summing over the repeated indices)

{%V’@j(h y) = VEXI(D(2, y))ViD,(t, y) (2.60)

Viq)j(O, y) = 5ij
for every i, j € {1,...,n}. It follows,
9 |ui 2 i j i
EW@ﬂm»ﬁﬂsﬂW@ﬂu%ﬁ@WW@@wwmmJﬂ

i 2
S2AVX oy [V'Ps(t, ) = 63 +20IV X,

VD (1,y) - 6y

hence, for almost every ¢ € [0, 1], where the following derivative exists,

0,_. .
Eﬂvmxuw—&¢sawxmwme®xnw—aﬁ+n.
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Integrating this differential inequality, we get
Vi (2, y) — 6y eIV ¥hvwor — 1 < ez — 1,
as t € [0, 1], where we used Sobolev embeddings again. Then, by inequality (2.58), we estimate

DTVt ) = Ol < CeMhwaran — 1) < Cllllwesar, (2.61)

1<i,j<n

as |[¥llw2ror) < 0, forany ¢ € [0, 1] and y € OF, with C = C(E, g, 0).
Differentiating Eq (2.60), we obtain

LVIVIQ(1,y) = VVEXI(D(t, y) VD1, ) VED,(2, y)
+ VEXT(O(1, y)) VIVID(2, y)
ViViD(©,y) =0
(where we sum over s and k), forevery t € [0, 1],y € OE and i, j, £ € {1,...,n}.
This is a linear non—-homogeneous system of ODEs such that, if we control Cl||ylly2,4E), the
smooth coeflicients in the right side multiplying the solutions V/V‘®,(-, y) are uniformly bounded (as

in estimate (2.61), Sobolev embeddings then imply that VX is bounded in L™ by C||¢/||y2,sE)). Hence,
arguing as before, for almost every 7 € [0, 1] where the following derivative exists, there holds

0
8_t|V2(D(t’ y)|$ ClIIVX|lz=,)

V20(t, y)|+CIVX(®(1, )
< Co|V2Q(t, y)|+CIV2X(D(1, )],

by inequality (2.58) (notice that inequality (2.61) gives an L*~bound on V®, not only in L”, which is
crucial). Thus, by means of Gronwall’s lemma (see [52], for instance), we obtain the estimate

t t
V2@, y)|< € / IV2X(D(s, y)|e ™V ds < C / IV2X(D(s,y))|ds,
0 0

hence,
t
P
V20, M) < C /9 | /O V2X(@(s. ) ds) du(y)

<C / / IV2X(D(s, )N du(y)ds
0 JOE

=C | |V2X(x)|PJL™"(x)dx
Ng

2
<CIVXIL, 0,
p
S C”X”sz(NE)

< Cligll; (2.62)

W2P(3E)

by estimate (2.58), for every ¢ € [0, 1], with C = C(E, &, 9).
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Clearly, putting together inequalities (2.59), (2.61) and (2.62), we get the estimate (2.55) in the
statement of the lemma.
Step 4. Finally, computing as in formula (2.39) and Remark 2.18, we have

2

d ]
—Vol(E)) = | (X|vg,)div'X du,,
dr? OE

for every t € [—1, 1], hence, since by Step 1 we know that divi’X = 0'in N, (which contains each JE)),
we conclude that %VO](E,) =0 forall r € [—1, 1], that is, the function ¢ — Vol(E)) is linear.

If then Vol(E,) = Vol(E) = Vol(E)), it follows that Vol(E,) = Vol(E), for all t € [—1, 1] which
implies that X is admissible, by Remark 2.22. m]

With an argument similar to the one of this proof, we now prove Lemma 2.8.

Proof of Lemma 2.8. Let ¢ : 0E — R a C* function with zero integral, then we define the following
smooth vector field in N,,

X(x) = p(rp(x))X(x),

where X is the smooth vector field defined by formula (2.56) agd we extend it to a smooth vector field
X € C*(T";R") on the whole T". Clearly, by the properties of X seen above,

XOME®)) = eOUXMIVED)) = ¢()

for every y € OF.

As the function x — ¢(mg(x)) is constant along the segments ¢ — x + tVdg(x), for every x € N,, it
follows, as in Step 1 of the previous proof, that divX = 0 in N,. Then, arguing as in Step 4, the flow
@ defined by system (2.21) having X as infinitesimal generator, gives a variation E, = ®,(E) of E such
that the function ¢ — VoI(E)) is linear, for 7 in some interval (-4, ¢). Since, by Eq (2.24), there holds

d
EVOI(Et)

= | (Xlvg)du =/ pdu =0,
OE OE

1=

such function ¢ — Vol(E;) must actually be constant.
Hence, Vol(E;) = Vol(E), for all # € (=6, 6) and the variation E; is volume—preserving. O

The next lemma gives a technical estimate needed in the proof of Theorem 2.29.

Lemma 2.33. Let p > max{2,n — 1} and E C T" a strictly stable critical set for the

(volume—constrained) functional J. Then, in the hypotheses and notation of Lemma 2.32, there exist
constants 6, C > 0 such that if |Yllwzre) < 0 then |X| < CKX|vE,)| on OE, and

IVXll20g) < CIKXIVE 11 0E,) (2.63)

(here V is the covariant derivative along E,), for all t € [0, 1], where X € C*(T";R") is the smooth
vector field defined in formula (2.57).
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Proof. Fixed € > 0, from inequality (2.55) it follows that there exist 6 > 0 such that if |[[|y2rg) < 0
there holds

Ve (D1, y)) —ve()| < &

for every y € OF, hence, as Vdg = vg on 0F, we have
IVd(®™' (2, %) = v, ()] = V(@™ (1, %) = ve, ()| < &
for every x € OE,. Then, if ||¥/lly2,4E) is small enough, ®~!(1,-) is close to the identity, thus
IVde(®7' (¢, x)) = Vdp(x)| < &

on JE, and we conclude
IVdg = vE =@k, < 2€.

Moreover, using again the inequality (2.55) and following the same argument above, we also obtain
||V2dE = Vg ll~oE,) < 2¢. (2.64)
We estimate X, = X — (X|vg,)vg, (recall that X = (X|Vdg)Vdg),

(Xl = 1X = (Xlve)vel
= KX|Vdg)Vdg — (X|vg,)vE)|
= KXIVdg)Vdg — (X|vg,)Vde + (XIvg )Vde = (XIvE )ve)|
< KXI(Vdg = ve )Vdel + KX|ve )(VdE = vE)|

< 2|X||Vdg - vg,|
< 4glX]|,
then
|Xo,| < delXr, + (X|vgyve,| < 4elXe,| + KXIve)l,
hence,

Xz, | < CKX|ve)| . (2.65)
We now estimate the covariant derivative of X;, along 0FE,, that is,
VX | =IVX = VXV )VE)

= |VXIVdg)Vdg) = V{X|VE)VE)

= |V(X|VdE)Vdg) — V(X|vg)VdE) + VAXIVE,)VdE) = VIXIvE )VE,)]

<IVKXI(Vdg — ve,))Vde)|l + IV(X|vE )(VdE = vE))|

< Ce[|VX] + [V(XIve )] + CIXI[IV(VdER)| + [Vvg,]

< Ce[[V((XIve, e, + Xe )l + VX + C(XIve ) + Xe, ) [[V2dE] + Vv, ]

hence, using inequality (2.65) and arguing as above, there holds

VX, < CIV(XIve)| + CUX v I[IV2dEl + Vvl .
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Then, we get

|N&MWMsawuwmﬁmm+c/WuwmﬂwMAmef@
OE,

2
|LP(6E,)

2 2 2
< CIKXIVE Mo,y + CIXIVENIE 5, [[IV2dkl + v,
Lr=2(0E;)

2
< CIKXWEN

where in the last inequality we used as usual Sobolev embeddings, as p > max{2,n — 1} and the fact
that ||Vvg |lrsE,) 1s bounded by the inequality (2.64) (as IIV2dg|| LP(OE,))-

Considering the covariant derivative of X = X;, + (X|vg,)vg,, by means of this estimate, the trivial
one

||V<X|VE,>||L2(0E,) < ||<X|VE,>||H1(5E,)

and inequality (2.65), we obtain estimate (2.63). O

We now show that any smooth set E sufficiently W>”—close to another smooth set F, can be
“translated” by a vector n € R” such that 0E — n = {y + ¢(y)vp(y) : y € OF}, for a function
¢ € C*(0F) having a suitable small “projection” on T(JF) (see the definitions and the discussion
after Remark 2.23).

Lemma 2.34. Let p > n— 1 and F C T" a smooth set with a tubular neighborhood N, as above, in
formula (2.49). For any T > 0 there exist constants 6,C > 0 such that if another smooth set E C T"
satisfies VO(EAF) < 6 and OE = {y + y(y)vp(y) : y € dF} C N, for a function ¢y € C*(R) with
l¥llw2ror) < O, then there exist 1 € R" and ¢ € C*(0F) with the following properties:

OE —n=1{y+¢)vr(y) : yeIF} C N,,

Inl < C”w”WlP(ﬁF)a ”‘PHWZP((?F) < C”w“WZ’/’({)F)
and
‘/ YvF dﬂ' < 7llell2or) -
oF

Proof. We let dr to be the signed distance function from dF. We underline that, throughout the proof,
the various constants will be all independent of ¢ : 0F — R.

We recall that in Remark 2.26 we saw that there exists an orthonormal basis {ey, ..., e,} of R" such
that the functions (vz|e;) are orthogonal in L*(0F), that is,

(vrleiXvrle;)du = 0, (2.66)

oF

for all i # j and we let I to be the set of the indices i € {1,...,n} such that [[{vgle;)ll;2@gF) > 0. Given a
smooth function ¢ : OF — R, we setn = I, n;e;, where

1 L
ey Jop OOy dpif i €1, (2.67)

i
ni=0 otherwise.
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Note that, from Holder inequality, it follows
nl < Cillvll2or) -
Step 1. Let 7, : OF — OF be the map
Ty() = mp(y + Y Ove(y) = 1)
It is easily checked that there exists gy > 0 such that if
W llw2ror) + Il < &9 < 1,
then T, is a smooth diffeomorphism, moreover,
1Ty — Ulz=@or) < ClYllcror
(here JT, is the Jacobian relative to 0F) and
1Ty — Idllw2r@r) + ||T¢71 = Idllw2ror) < CUWAlw2r@0F) + I7D) -
Therefore, setting E=E- n, we have

OE = (z + ¢(2)vr(2) : 7 € OF),

(2.68)

(2.69)

(2.70)

(2.71)

for some function ¢ which is linked to ¢ by the following relation: for all y € dF, we let z = z(y) € OF

such that
y+y)ve(y) —n =2+ ¢@vr(2),

then,
Ty(y) = np(y + Yy (y)vr(y) —n) = np(z + @(2)vp(2)) = 2,

thatis, y = T, (z) and

@(2) = p(Ty(y))
=dp(z + p(2)vr(2))
=dr(y +y)vr(y) — 1)
=dp(T;" () + W(T, @)vr(Ty(») — ).

Thus, using inequality (2.71), we have

lollwar@ry < Co(llWllwze@ry + 1),

for some constant C, > 1. We now estimate
/a e(2)vr(2) du(z) = /6 o(Ty)Ve(Ty (W) Ty (y) du(y)
F F

_ /a STy (IWR(Ty () du(y) + Ry,
F

Mathematics in Engineering

(2.72)

(2.73)

Volume 4, Issue 6, 1-104.



41

where
IRy| =

/3 e(TyWIve(Ty(y) Ty () — 11du(y)| < Gllllcrorllellzor) » (2.74)
oF

by inequality (2.70).
On the other hand,

/£F¢<7¢(y>)vF<7¢<y>)du(y)
= /,9 ) [y + ¢ Wve() —n = T,()] du(y)
=Z;D+¢0Wﬂw—n—ﬂﬂy+w@Wﬂw—nﬂ@&ﬂ
j@w@w@—nﬂmw—m@wmwmmmmww

=/ WOve(y) —m du(y) + R, , (2.75)
F

where

&:ApmwﬂMww@ww—M¢w>
Ia
1
=- /6 du(y) /O Vre(y + tg)v(y) — )W (y)ve(y) — n)dt
Ia

=—ijwwwww—mww+&. (2.76)

In turn, recalling inequality (2.68), we get

1
IRs| < /a du(y) / IVar(y + 1 )vey) = m) = VeI O)ve) = nldt < Callligr, - (2.77)
F 0

Since in N, by Eq (2.51), we have np(x) = x — dp(x)Vdp(x), it follows

on', 0dr  Od &dr
- = 51" - - —d
an (X) / ax,- (X) an (X) F(X) (9xl~(9xj

thus, for all y € dF, there holds

(x),

uys de (9dF
—Wy) =6, — —O)—O).
9%, () =4 e ) ox, )

From this identity and equalities (2.73), (2.75) and (2.76), we conclude

/@ @(2)vr(z) du(z) = / [W()VE(x) = (7 1vE())r(x)] du(x) + Ry + Rs .
F

oF

As the integral at the right—hand side vanishes by relations (2.66) and (2.67), estimates (2.74) and (2.77)
imply

‘/ eVr(y) dﬂ()’)‘ < GlWllcvor) ll@ll2or) + C4||W||iz(ap)
aF
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< Clillcrom (el 2or) + Wl26r))
1= 9
< Csllllyanom W2 (l@ll20r) + IWl20R)) (2.78)

where in the last passage we used a well-known interpolation inequality, with ¢ € (0, 1) depending
only on p > n — 1 (see [5, Theorem 3.70]).
Step 2. The previous estimate does not allow to conclude directly, but we have to rely on the following
iteration procedure. Fix any number K > 1 and assume that ¢ € (0, 1) is such that (possibly considering
a smaller 7)

T+6<e/2, C(1+2C)<t,  2Cs6’K<T. (2.79)

Given ¢, we set ¢y = ¢ and we denote by ' the vector defined as in (2.67). We set E; = E — ' and
denote by ¢, the function such that dE; = {x + ¢1(x)vr(x) : x € OF}. As before, ¢, satisfies

Y+ 0o0Vve®) =1 = 2+ @1(@veQ).
Since |[¥/llw2r@r) < 6 and || < CilYll2r), by inequalities (2.68), (2.72) and (2.79) we have
lp1llw2r@r) < C20(1 + Cp) < 7. (2.80)

Using again that |[/]|y2»r) < 0 < 1, by estimate (2.78) we obtain

‘/ e1Ve(y) du(y))| < C5||900||iz(5p)(||901||L2(5F) + ||900||L2(5F)),
iJa

where we have ||¢oll29r) < 0.
We now distinguish two cases.
If [leollr2or) < Klleill2r), from the previous inequality and (2.79), we get

'/ e1)VE) du(y)| < Cs6” (le1ll2or) + leollzom)
oF

< 2Cs6" K| lz20r)
< dlleillzor) »

thus, the conclusion follows with 7 = '.

In the other case,

||‘100||L2(6F) <
K

We then repeat the whole procedure: we denote by 7? the vector defined as in formula (2.67) with v

replaced by ¢;, we set E;, = E| —i* = E —n' — 1 and we consider the corresponding ¢, which satisfies

0
llp1llz20m) < X <9. (2.81)

W+ @ (WIVEW) = 2+ @1(@Ve() =177 =y + eo0ve(y) — ' =17

Since

1
lgollwzoar + ' + 171 < 6+ C16 + Cillgillzor < 6+ C1(1 + E) <C(1+2C) <,
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the map Ty, (y) = mp(y + @o(V)VE(y) — (7' + %)) is a diffeomorphism, thanks to formula (2.69) (having
chosen 7 and ¢ small enough).
Thus, by applying inequalities (2.72) (with n = ' + 77%), (2.68), (2.79) and (2.81), we get

C
l2llwzsar, < Colllgollwarar + In' +171) < Co0(1+ €1 + ) < 7.
as K > 1, analogously to conclusion (2.80). On the other hand, by estimates (2.68), (2.80) and (2.81),
o
l@illwzr@r) + 1 < C20(1 + Cy) + le <C(l1+2C) <,

hence, also the map T, (x) = wp(x + @1 (X)VE(x) — 17%) is a diffeomorphism satisfying inequalities (2.69)
and (2.70). Therefore, arguing as before, we obtain

‘/ e2(Vvr(y) du(y)| < CS”SDI”iz(ap)(”SOZ”LZ(BF) + ||901||L2(3F))-
aF

Since ||¢1ll;29F) < 6 by inequality (2.81), if ||@1ll;20r) < Klleallz2r) the conclusion follows with =
n' + 7. Otherwise, we iterate the procedure observing that

2 2 0
llr Iz (6F) < llollL (6F) <2
K K2 K2

llallz2om) <

This construction leads to three (possibly finite) sequences 7", E, and ¢, such that

E,=E-n'—--—7n", <8

lleallw2e@ry < Calllollwzrar + In' + -+ + 1) < C26(1 + 2C)

llenll2r) < %
0E, = {x + ¢,(x)vp(x) : x € OF}

If for some n € N we have |l¢,-1ll.20r) < Kll¢nlli2F), the construction stops, since, arguing as before,

| /a a0 () duy)| < Slleallizar
F

and the conclusion follows with = ' +--- + " and ¢ = ¢,. Otherwise, the iteration continues
indefinitely and we get the thesis with

(notice that the series is converging), which actually means that E = n + F. O
We are now ready to show the main theorem of this first part of the work.

Proof of Theorem 2.29.
Step 1. We first want to see that

mo = inf {TIe(¢) © ¢ € T*@E). gl = 1> 0. (2.82)
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To this aim, we consider a minimizing sequence ¢; for the above infimum and we assume that ¢; — ¢,
weakly in H'(AE), then ¢, € T+(AE) (since it is a closed subspace of H'(JE)) and if ¢, # 0, there
holds

my = 11_1){20 HE(e:) = Me(eo) > 0

due to the strict stability of £ and the lower semicontinuity of I1z (recall formula (2.41) and the fact
that the weak convergence in H'(AE) implies strong convergence in L?>(AE) by Sobolev embeddings).
On the other hand, if instead ¢, = 0, again by the strong convergence of ¢; — ¢, in L*(AE), by looking
at formula (2.41), we have

my = limTIg(p;) = lim [ Vg,

—00 (9E 1—00

Since ||QO,‘||L2(6E) — O.

Step 2. Now we show that there exists a constant 6; > 0 such that if £ is like in the statement and
OF ={y +yQ)ve(y) : y € OE}, with |[¥llw2r@E) < 01, and Vol(F) = Vol(E), then

) — m

inf {HF(SD) . ¢ € H'(OF), el or) = 1, / $VF d,u' < 51} 2 70- (2.83)
oF

We argue by contradiction assuming that there exists a sequence of sets F; with dF; = {y + y:(y)ve(y) :

y € OE} with |[llw2r@e) — 0 and Vol(F;) = Vol(E), and a sequence of functions ¢; € H Y(0F,) with

lillzor, = 1 and fBFi @vr, du; — 0, such that

my

HFi(QDi) < 2

We then define the following sequence of smooth functions
0i(y) = iy + Yive()) - ][ @iy + gi()ve(y)) du(y) (2.84)
OE

which clearly belong to H' (OF). Setting 6,(y) = y + ¥;(y)ve(y), as p > max{2,n — 1}, by the Sobolev
embeddings, §; — Id in C'* and vy, 06; — v in C**(JE), hence, the sequence @, is bounded in H'(JE)
and if {e;} is the special orthonormal basis found in Remark 2.26, we have (vg, o filex) — (vilex)
uniformly for all k € {1,...,n}. Thus,

/ wivele) du — 0,
OE

as i — oo, indeed,
/ ©ivEler) du — / @i{vF, o bilexydu — 0
OE OE
and

/ @i{VF, o bilex) du = / @i(vrlex) J6; ' du; — 0,
OF

OF;

as the Jacobians (notice that J6; are Jacobians “relative” to the hypersurface dE) J6;' — 1 uniformly
and we assumed |, o, PiVE, dpti — 0.
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Hence, using expression (2.48), for the projection map 7 on T+(JE), it follows

In(@i) — @illur gy — 0
as i — oo and
llirg”ﬂ(ai)”Hl(ﬁE) = }L%H%HHI((?E) = I_IH?O“(Pi”H‘((')F,-) =1, (2.85)

since |l@illw2rey — 0, thus [lgllciery — 0, by looking at the definition of the functions ¢; in
formula (2.84).

Note now that the W*P— convergence of F; to E (the second fundamental form Bsr, of OF; is
“morally” the Hessian of ¢;) implies

BBF[ o 9,~ i BﬁE in LP(GE) s

as i — oo, then, by Sobolev embeddings again (in particular H'(0E) — LI(JE) for any g € [1,2%),
with 2* = 2(n — 1)/(n — 3) which is larger than 2) and the W>*—convergence of F; to E, we get

\Bor P92 dp; — | |Bop@r du — 0.
OF; OE

Standard elliptic estimates for the problem (2.3) (see [23], for instance) imply the convergence of the
potentials
ve, — vg in CYP(T") for all 8 € (0, 1),

for i — oo, hence arguing as before,

aVF-vF[‘piz d:ul - avEVEF‘;EiZ d,u - 0.
oF; OE

Setting, as in Remark 2.20,
vEg(X) = / G(x, )@i(y) du(y) = / G(x, )ei(0:(y)) du(y) — m; / G(x,y)du(y)
OE OE OE
where m; = £, @iy + Yi())ve(y) du(y) — 0, as i — oo, and

VEg(X) = /a G(x,2)¢i(z) dui(z) = / G(x, 0:(0)pi(0:())J0,(y) du(y) ,
Fi

OE

it is easy to check (see [2, pages 537-538], for details) that

2 2
Ve ol"dx— | |[Vvegz | dx — 0.
T}‘I Tn

Finally, recalling expression (2.42), we conclude
Hr, (@) — e(pi) — 0,

since we have
”()01'”L2(6F,-) - ||§5i||L2(aE) -0,

Mathematics in Engineering Volume 4, Issue 6, 1-104.



46

which easily follows again by looking at the definition of the functions ¢; in formula (2.84) and taking
into account that [|¢;||c1egg) — 0, hence limits (2.85) imply

||V()0i”L2(6F,-) - ||Vz5i||L2(aE) — 0.

By the previous conclusion ||7(¢;) = @il o) — 0 and Sobolev embeddings, it this then straightforward,
arguing as above, to get also

[z (@) — He(n(g) — 0,

hence,
r (@) — He(n(e;) — 0.

Since we assumed that Iy, (¢;) < my/2, we conclude that for i € N, large enough there holds
— m
Mg (x(@) < = < mo,

which is a contradiction to Step 1, as n1(¢;) € T+(IE).
Step 3. Let us now consider F such that Vol(F) = Vol(E), Vol(FAE) < ¢ and

OF ={y+y()ve(y) : y € 0E} C N,

with [|ylw2r@E) < 6 where 6 > 0 is smaller than 6, given by Step 2.

Taking a possibly smaller 6 > 0, we consider the field X and the associated flow ® found in
Lemma 2.32. Hence, divX = 0 in N, and ®(1,y) = y + ¢y (y)ve(y), for all y € JE, that is,
®(1,0FE) = OF C N, which implies E| = ®(E) = F and Vol(E|) = Vol(F) = Vol(E). Then the special
variation E, = ®,(E) is volume—preserving, for ¢ € [—1, 1] and the vector field X is admissible, by the
last part of such lemma.

By Lemma 2.34, choosing an even smaller 6 > 0 if necessary, possibly replacing F' with a translate
F — o for some i € R" if needed, we can assume that

0
/ Wi du' < ZWllem- (2.86)
. 2
We now claim that
XIvewve, d| < 61 IKXIve 208, Y€ [0, 1]. (2.87)
OE

To this aim, we write
(XIVe)VE, dpy = | (X o @y|vg, 0 @)(vEg, o @) JO, du
OE OE

= | (Xo®lvp)vpdu + R,
OF

= | (X®OWe)yvedu+R + R,
OE

:/ lﬂVEd/,l+R1+R2+R3
OFE
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with appropriate Ry, R, and R; (see below).

By the definition of X in formula (2.57) (in the proof of Lemma 2.32), the bounds 0 < C; < ¢ < C,
and ||J(mg o (D,)‘lllLoo(aE) < (3 (by inequality (2.55) and Sobolev embeddings, as p > max{2,n — 1}, we
have ||®(z, -) — Id||cree) < ClYllwzror) < CO), the following inequality holds

VOE@ED) £ (r, x)) V(D X
/aE XL Dl dpe = /9E/o f((lé;((t,i) +))sv<7f,§<<1§<z,£>>) sk
<C [ Wne(@, ) du
= /9 W 0 ©)7@) di2)
< Clllzon. (2.88)

for every ¢ € [0, 1].
We want now to prove that for every € > 0, choosing a suitably small 6 > 0 we have the estimate

IRi| + IR | + |R3| < ellyllr2am)- (2.89)

First,

Ri= | (Xodvg o Dyvg, o ®JD, ~ 1]du
OE

+ (X o ®|vg, o O)ve, o Oydu — (X o @, vp)vedu
OE OE

= (X o (DtlvE, © (D1>VE, o®, [JD;, — 1]du + (Xo (Dz|VE, o®; —vp)vpdu
OE OE

+ [ Xo®|vg 0o O )vg o O, — vp)du
OE

< |X o O [|JD; — 1|=oE) du + |X o @] ||[ve — vE, 0 @l|r~oE) dit
OF OF

then, since by equality (2.54), it follow that for every ¢ € [0, 1] the two terms
WE = vE, o O, VllL~aE) and IV, — 1llz~@E)

can be made (uniformly in # € [0,1]) small as we want, if 6 > 0 is small enough, by using
inequality (2.88), we obtain
IR1| < elllli2om)/ 3.

Then we estimate, by means of inequality (2.54) and where s = s(¢,y) € [¢, 1],

IR,| < ; IX(@(1, x)) = X(O(1, )| + [X(D(1, x)) — X(x)| du
E

< |X(D(2, x)) — X(D(1, x))| + ||VX||L2(N€)|W||L2(6E)
OE
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0D,
= (1 =DIVX(D,(y))l ot ()’)’ du(y) + ”VX”LZ(NS)”lp“LZ(BE)
OE
< [VX(D(s, x)||P(z, x) — D(1, x)| + ||VX||L2(N€)||W||L2(6E)
OE

< ClIVXlio ) Cll2m) + IVX 2 W2 0F)

where in the last inequality we use Eq (2.88). Hence, using equality (2.58) and Sobolev embeddings,
as p > max{2,n — 1}, we get
IRo| < Clllweror) 1|22 0E)

then, since |[¥/|lw2r9E) < 6, we obtain

IR>| < EllYllizoe) /3,

if 9, is small enough.
Arguing similarly, recalling the definition of X given by formula (2.57), we also obtain |R;| <
ellYllz2sE), hence estimate (2.89) follows. We can then conclude that, for 6 > 0 small enough, we have

<

(X |VE, >VE, du,
OE

— o _
Yve d,U| + &llYll2oE) < (—1 + 8)||¢||L2(6E)
oF 2
for any ¢ € [0, 1], where in the last inequality we used the assumption (2.86), thus choosing € = §,/4
we get

(XIve)ve, dpy

30,
< THW”LZ(&E)-
OF

Along the same line, it is then easy to prove that

IKXIve 208y 2 (1 = EWl20E), (2.90)

for any ¢ € [0, 1], hence claim (2.87) follows.

As a consequence, since (X|vg,) € H! (0E,), being X admissible for E; (recalling computation 2.23)
and OE, can be described as a graph over E with a function with small norm in W2?(4E) (by
estimate (2.55) of Lemma 2.32), we can apply Step 2 with F = E, to the function
(X1 IKXIvE a1 o, » concluding

m,
g, ((XIve)) 2 70”<X|VE,>”H'(6E,)- (2.91)

By means of Lemma 2.33, for 6 > 0 small enough, we now show the following inequality on 0E,
(here div is the divergence operator and X;, = X — (X|vg,)vg, is a tangent vector field on 0E,), for any
te[0,1],

VX XD, = i X (X + G VD,

S CIVX l2@e) IKXIVED 25
LP=2(3E,)

+CIX N 2 (VX VE )20k,
Lr=2(E))
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< ClIXHe e lIXI] 2z,
(OE))

< C”X”HI(HE)
<C||<X|VE1>”H1(6E)7 (292)

where we used the Sobolev embedding H'(AE,) — vafp2 (OE,), as p > max{2,n — 1}.

Then, we compute (here X, is the tangent component of X, H, is the mean curvature and vg, the
potential relative to E, defined by formula (2.1))

J(F) = J(E) = J(E,) — J(E)

/(1—t)d2J(E)dt
:Ll(j—tXHa«Xh%))+R0dt
_ /0 (1 = DL (Xl ) di
/ 1(1 — ) 6E(4va, + Hy) div(X: (X|vg,)) du, dt.

by Theorem 2.14 and the definition of Ilg, in formula (2.41), considering the second form of the
remainder term R;, relative to E; and taking into account that div X = 0 in N, and that X, = X, as the
variation is special.

Hence, by estimate (2.91), we have (recall that 4yvg +H = 4yvg +Hy = A constant, as E is a critical
set)

1
m
J(F) - J(E) > 70 / (1 = DIXIVE 19, 41
0
1
_ / (1-0) [ (H; +4yvg,) div(X. (X|vg,)) dy, dt
0 OE;
1
m
:70/ (1_t)||<X|VEt>||iII(8E[)dt
0
1
_ / (1-0) [ (H, +4yvg, — D) div(X(XIvg,) du, dt
OE;
) / (1= DIV o,
/(l—t)IIH + dyvg, — /l”Lp(aEt)||le(XTt<X|VEt>)||L -T(9E,)
S / (1= DIKKIVE N o,
0

I
- C/ (1 = DIH, + 4yvg, - /ulU’(aE,)||<X|VE,>||?_11(3Et) dt,
0
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by estimate (2.92). If § > 0 is sufficiently small, as E, is W>—close to E (recall the definition of Vg, In
formula (2.1)), we have
IIH, + 4yve, — Allproe,) < mo/4C,

hence,

1
J(F) - J(E) > ? /0 (1 = DIKXIVE Ml 5, -

Then, we can conclude the proof of the theorem with the following series of inequalities, holding for a
suitably small § > 0 as in the statement,

1
m
J(E) 2 J(E) + = / (1= OIXVEM G o, dt
0

> J(E) + C||<X|VE>”22(6E)
> J(E) + ClWlI7 g,
> J(E) + C[Vol(EAF)]?

> J(E) + Cla(E, F)]%,

where the first inequality is due to the W>P—closedness of E, to E, the second one by the very
expression (2.57) of the vector field X on 0E,

ds

Y
oo = | [ 5o | < o

the third follows by a straightforward computation (involving the map L defined by formula (2.53)
and its Jacobian), as OE is a “normal graph” over dF with ¢ as “height function”, finally the last one
simply by the definition of the “distance” a, recalling that we possibly translated the “original” set F'
by a vector n € R”, at the beginning of this step. i

We conclude this section by proving two propositions that will be used later. The first one says that
when a set is sufficiently W?”—close to a strictly stable critical set of the functional J, then the
quadratic form (2.41) remains uniformly positive definite (on the orthogonal complement of its
degenerate subspace, see the discussion at the end of the previous subsection).

Proposition 2.35. Let p > max{2,n — 1} and E C T" be a smooth strictly stable critical set with N, a
tubular neighborhood of OE, as in formula (2.49). Then, for every 6 € (0, 1] there exist 09,0 > 0 such
that if a smooth set F C T" is W*P—close to E, that is, VOl(FAE) < § and 0F C N, with

OF ={y +y(y)ve(y) : y € IE}
for a smooth Y with |[Yllw2r@E) < 6, there holds
Mr(0) = TollelB o (2.93)

forall ¢ € H'(OF) satisfying
minlle — Mvellzer = 0llell2or)s
n€0g

where Og is defined by formula (2.47).
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Proof. Step 1. We first show that for every 8 € (0, 1] there holds

my = inf{HE(c,a) P QpE ﬁl(aE) Nellg@r =1 and nnel(i)n“@ - (TI|VE>||L2((3E) 2 9||€0||L2(6E)} >0. (2.94)
E

Indeed, let ¢; be a minimizing sequence for this infimum and assume that ¢; — ¢, € H'(3E) weakly
in H'(OE).

If ¢ # 0, as the weak convergence in H'(OE) implies strong convergence in L*(0E) by Sobolev
embeddings, for every € O we have

llo — <77|VE>||L2(BE) = }L% llp; — (77|VE>||L2(aE) > IIL% 9||90i||L2(aE) = 9||‘100||L2(6E)a

hence,
nnel(i)n lleo — Mvedllizoe) = Ollwolliz@oe) > 0,
E

thus, we conclude ¢, € H'(OE) \ T(OE) and
mg = ngg HEe(pi) = Mg(eo) > 0,

where the last inequality follows from estimate (2.45) in Remark 2.25.
If ¢y = 0, then again by the strong convergence of ¢; — ¢, in L>(AE), by looking at formula (2.41),
we have
mg = lim () = lim [ [Voil® du = lim [lgdl3,, 5 = 1
[—00 1—00 (9E [—00
Sil’lce ||QO,‘||L2(6E) b O.

Step 2. In order to finish the proof it is enough to show the existence of some 6 > 0 such that if
Vol(FAE) < § and OF = {y + y(y)ve(y) : y € OE} with [Y|ly2rr) < J, then

inf{ IMr(p) : € ﬁl(aF) , ||90||H1(6F) =1 and f,ﬁ%l,} Il — (77|VF>||L2(8F) = 9||90||L2(6F)}
1
>0 = E min{mg/z, 1} , (295)

where my), is defined by formula (2.94), with 6/2 in place of . Assume by contradiction that there
exist a sequence of smooth sets F; € T", with 0F; = {y + y;(y)ve(y) : y € OE} and ||Y;llw2r@gr) — 0, and
a sequence ¢; € H'(OF;), with ||g;llm or, = 1 and min,co, llo; — MIvellzor,) = Oll@ill2or,, such that

T (¢;) < g < mgpaf2. (2.96)

Let us suppose first that lim,_,«, ||¢ill;29F, = 0 and observe that by Sobolev embeddings ||¢;||z4r,) — 0
for some ¢ > 2, thus, since the functions ; are uniformly bounded in W**(4E) for p > max{2,n — 1},
recalling formula (2.41), it is easy to see that

}L% F (@) = ,IL% . \Veil* dp; = ,IL% ||90i||i,1(aFi) =1,

which is a contradiction with assumption (2.96).
Hence, we may assume that
llgg llgillz2r,) > O. (2.97)
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The idea now is to write every ¢; as a function on dE. We define the functions ;(0E) — R, given by

0i(y) = @iy + yi()Ve()) - ]i 0i(y + Yive)) du(y),
E

for every y € OF.
As y; — 0in W*P(HE), we have in particular that

GelOD.,  lwon—1 ad AL

b

||90i||L2(aF,-)

moreover, note also that vg,(- + ¥;(-)ve(-)) — vg in WULP(AE) and thus in C*¥(JE) for a suitable o €
(0, 1), depending on p, by Sobolev embeddings. Using this fact and taking into account the third limit
above and inequality (2.97), one can easily show that

.. .Mmin,o ||97 — mivelllizee ..
lim inf e @ > liminf
1—00 ||90i||L2(aE> =00 ||90i||L2(aE,-)

minyeo, lloi — MIvellzor, S

6.
Hence, for i € N large enough, we have

@il or) = 3/4 and nnel(i)n llg: — Mvedllzoe) = E”@HB(@E) ,
E

then, in turn, by Step 1, we infer

— 9
e(ei) 2 T6/or - (2.98)

Arguing now exactly like in the final part of Step 2 in the proof of Theorem 2.29, we have that all the
terms of I1r,(¢;) are asymptotically close to the corresponding terms of I1x(¢;), thus

F,(¢) = He(@) — 0,

which is a contradiction, by inequalities (2.96) and (2.98). This establishes inequality (2.95) and
concludes the proof. O

The following final result of this section states the fact that close to a strictly stable critical set there
are no other smooth critical sets (up to translations).

Proposition 2.36. Let p and E C T" be as in Proposition 2.35. Then, there exists 6 > 0 such that if
E’ C T" is a smooth critical set with Vol(E") = Vol(E), Vol(EAE") < 6, OE’ C N, and

OE" ={y +y(y)ve(y) : y € OE}
for a smooth  with |[Yllw2r@E) < 6, then E’ is a translate of E.

Proof. In Step 3 of the proof of Theorem 2.29, it is shown that under these hypotheses on E and E’, if
6 > 0 is small enough, we may find a small vector n € R" and a volume—preserving variation E, such

thatEy = E, E; = E' —np and
2

d
2/ (E) = CIVOU(EA(E - mI*,
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for all 7 € [0, 1], where C is a positive constant independent of E’.

Assume that E’ is a smooth critical set as in the statement, which is not a translate of E, then
47 (E,)|t=0: 0, but from the above formula it follows < J (E,)|t=1> 0, which implies that E” — 1 cannot
be critical, hence neither E’, which is a contradiction. Indeed, s — E;_; is a volume—preserving
variation for E’ — n and

d d
%J(El—s) o —EJ(EJ

<0,
t=1

showing that E’ — 7 is not critical. O
3. The modified Mullins—Sekerka and the surface diffusion flow

We start with the notion of smooth flow of sets.

Definition 3.1. Let £, C T" for ¢t € [0,T) be a one-parameter family of sets, then we say that it is a
smooth flow if there exists a smooth reference set F C T" and a map ¥ € C*([0,T) x T"; T") such that
Y, = ¥Y(¢, ) is a smooth diffeomorphism from T” to T" and E, = W,(F), for all t € [0, T).

The velocity of the motion of any point x = W¥,(y) of the set E,, with y € F, is then given by
oY
X,(x) = X(Fi0) = == ().

(notice that, in general, the smooth vector field X;, defined in the whole T" by X,;(¥,(z)) = %(Z) for
every z € T", is not independent of 7).

When x € JE,, we define the outer normal velocity of the flow of the boundaries 0E,, which are
smooth hypersurfaces of T", as

Vi(x) = (Xi(0)lvE, (%)),
for every t € [0, T), where v, is the outer normal vector to E;.
For more clarity and to simplify formulas and computations, from now on we will denote with

/ fdu the integral / fo®,du,,
OE, OF

forevery f : OE, — R, where in the second integral u, is the canonical Riemannian measure induced
on the hypersurface OE,, parametrized by ®,|yr, by the flat metric of T" (coinciding with the Hausdorff
(n — 1)—dimensional measure). Moreover, in the same spirit we set v, = Vg,.

Before giving the definition of the modified Mullins—Sekerka flow (first appeared in [46] — see
also [11,33] and [22] for a very clear and nice introduction to such flow), we need some notation.
Given a smooth set E C T" and y > 0, we denote by wp the unique solution in H'(T") of the following
problem

{AWE =0 inT" \ OE
3.1
wg =H+4yveg on OE,

where vg is the potential introduced in (2.3) and H is the mean curvature of dE. Moreover, we denote
by wy. and w the restrictions wg|g. and wglg, respectively. Finally, denoting as usual by vz the outer
unit normal to E, we set

[0y, wE]l = 0y, Wi — Oy, W = — (0, WE + 0,,Wg) .
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that is the “jump” of the normal derivative of wg on JE.

Definition 3.2. Let E C T" be a smooth set. We say that a smooth flow E, such that E;, = E, is a
modified Mullins—Sekerka flow with parameter y > 0, on the time interval [0, 7)) and with initial datum
E, if the outer normal velocity V, of the moving boundaries 0E, is given by

V. =[0,,w;] ondE,forallte[0,T), (3.2)

where w, = wg, (with the above definitions) and we used the simplified notation 9,,w, in place of
GVEth,.

Remark 3.3. The adjective “modified” comes from the introduction of the parameter y > 0 in the
problem, while considering v = 0 we have the original flow proposed by Mullins and Sekerka in [46]
(see also [11,33]), which has been also called Hele—Shaw model [7], or Hele—Shaw model with surface
tension [19-21], which arises as a singular limit of a nonlocal version of the Cahn—Hilliard equation [4,
41,50], to describe phase separation in diblock copolymer melts (see also [49]).

Parametrizing the smooth hypersurfaces M, = JE,; of T" by some smooth embeddings , : M — T"
such that ¥, (M) = OE, (here M is a fixed smooth differentiable (n — 1)-dimensional manifold and
the map (¢, p) — y(t,p) = Y,(p) is smooth), the geometric evolution law (3.2) can be expressed
equivalently as
<%

ot
where we denoted by v, the outer unit normal to M, = JE,.

Moreover, as the moving hypersurfaces M, = JE, are compact, it is always possible to smoothly
reparametrize them with maps (that we still call) i, such that

Vt> = [0,,w/], (3.3)

au,

o1 = [8V,Wt]vt5 (3.4)

in describing such flow. This follows by the invariance by tangential perturbations of the velocity,
shared by the flow due to its geometric nature and can be proved following the line in Section 1.3
of [42], where the analogous property is shown in full detail for the (more famous) mean curvature flow.
Roughly speaking, the tangential component of the velocity of the points of the moving hypersurfaces,
does not affect the global “shape” during the motion.

Like the nonlocal Area functional J (see Definition 2.2), the flow is obviously invariant by
translations, or more generally under any isometry of T" (or R"). Moreover, if ¢ : [0,T) X M — T" is
a modified Mullins—Sekerka flow of hypersurfaces, in the sense of equation (3.3) and
®:[0,7)x M — M is a time—dependent family of smooth diffeomorphisms of M, then it is easy to
check that the reparametrization Al/; : [0, T) x M — T" defined as J(t, p) = Y(t,O(t, p)) is still a
modified Mullins—Sekerka flow (again in the sense of equation (3.3)). This property can be reread as
“the flow is invariant under reparametrization”, suggesting that the really relevant objects are actually
the subsets M, = y,(M) of T".

We show now that the volume of the sets E; is preserved during the evolution. We remark that
instead, other geometric properties shared for instance by the mean curvature flow (see [42, Chapter 2]),
like convexity are not necessarily maintained (see [16]), neither there holds the so—called “comparison
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property” asserting that if two initial sets are one contained in the other, they stay so during the two
respective flows.

This volume—preserving property can be easily proved, arguing as in the computation leading to
equation (2.23). Indeed, if E, = Y,(F) is a modified Mullins—Sekerka flow, described by
Y e C*(0,T)x T"; T"), with an associated smooth vector field X, as above, we have

iwmm:/éwmw@:/ﬁmmwmmwmw@ (3.5)
dt - Ot .

= / divX,(x)dx = (Xilvi) du, = / Vi du,
E, OE,

OE,

= / [avtwt] dlut = / (av,w;— - av,wt_) dlut =0,
OE, OE;

where the last equality follows from the divergence theorem and the fact that w, is harmonic in T" \ 9E,.

Another important property of the modified Mullins—Sekerka flow is that it can be regarded as the
H~'/?_gradient flow of the functional J under the constraint that the volume is fixed, that is, the outer
normal velocity V, is minus such H~!/2—gradient of the functional J (see [41]).

For any smooth set E C T", we let the space H™'/2(OE) C L*(9E) to be the dual of H'/*(3E) (the
functions in H'/?(9E) with zero integral) with the Gagliardo H'/>~seminorm (see [3, 14,48, 61], for
instance) ,

Wy = B, = [ O )

|x — yl+!

(it is a norm for H'/2(9E) since the functions in it have zero integral) and the pairing between H'/2(E)
and H™'2(QE) simply being the integral of the product of the functions on dE.

We define the linear operator Ay on the smooth functions u with zero integral on JE as follows:
we consider the unique smooth solution w of the problem

Aw=0 inT"\OE
w=u on OF

and we denote by w* and w™ the restrictions w|g. and w|g, respectively, then we set
Agpu = Ow* — 0w~ = [0,w],
which is another smooth function on dE with zero integral. Then, we have
IVw|? dx = / diviwVw) dx = —/ ulypu du
™ EUE* OE
and such quantity turns out to be a norm equivalent to the one given by the Gagliardo seminorm on

HY 2(OE) above (this is related to the theory of trace spaces for which we refer to [3,25]), see [41].
Hence, it induces the dual norm

”v”zﬁ—l/Z(aE) = /6E v(_AﬁE)_IVd/J
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for every smooth function v € H Y%(JE). By polarization, we have the H "/2(9E)-scalar product
between a pair of smooth functions u,v : dE — R with zero integral,

<M|V>El/z(aE):/ u(—Age) 'vdu.

OE

This scalar product, extended to the whole space HY 2(6E~), maks:§ it a Hilbert space (see [27]), hence,
by Riesz representation theorem, there exists a function V., "J € H'2(8E) such that, for every smooth
function v € H'2(9E), there holds

/ v(H + dyvp) dut = 8J56(v) = IV D e, = / V(=Agr)” VI T dye,

OE OE

by Theorem 2.6, where v is the potential introduced in (2.3) and H is the mean curvature of 0E.
Then, by the fundamental lemma of calculus of variations, we conclude

(—AaE)_lvaﬁl;l/%] =H+ 4’}/VE +c,

for a constant ¢ € R, that is, recalling the definition of wg in problem (3.1) and of the operator Ayg
above,
1/2

VgIE_ J= _AéE(H + 4’)/VE) = —[avEWE] .
Iiclearly follows that the outer normal velocity of the moving boundaries V, = [d,,w,] is minus the
H~'2_gradient of the volume—constrained functional J.

We deal now with the surface diffusion flow.

Definition 3.4. Let E C T" be a smooth set. We say that a smooth flow E, = ®,(F), fort € [0,T),
with Ey = E, is a surface diffusion flow starting from E if the outer normal velocity V, of the moving
boundaries 0E, is given by

where A, is the (rough) Laplacian associated to the hypersurface JF;, with the Riemannian metric
induced by T” (that is, by R").

Such flow was first proposed by Mullins in [45] to study thermal grooving in material sciences and
first analyzed mathematically more in detail in [17]. In particular, in the physically relevant case of
three—dimensional space, it describes the evolution of interfaces between solid phases of a system,
driven by surface diffusion of atoms under the action of a chemical potential (see for instance [34]).

With the same argument used for the modified Mullins—Sekerka flow, representing the smooth
hypersurfaces 0E, in T" with a family of smooth embeddings i, : M — T", we can describe the flow
as

0
<% Vt> = AH;
and also simply as
Wi _ AHW. (3.7)
ot
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Remark 3.5. This is actually the more standard way to define the surface diffusion flow, in the more
general situation of smooth and possibly immersed—only hypersurfaces (usually in R"), without being
the boundary of any set.

By means of Eq (2.10), the system (3.7) can be rewritten as

v,

o = —A;Al; + lower order terms (3.8)

and it can be seen that it is a fourth order, quasilinear and degenerate, parabolic system of PDEs.
Indeed, it is quasilinear, as the coefficients (as second order partial differential operator) of the
Laplacian associated to the induced metrics g, on the evolving hypersurfaces, that is,

AYAP) = Dgyiti(p) = & (P)VE P VE Py (p)

depend on the first order derivatives of ¢,, as g; (and the coefficient of A;A, on the third order
derivatives). Moreover, the operator at the right hand side of system (3.7) is degenerate, as its symbol
(the symbol of the linearized operator) admits zero eigenvalues due to the invariance of the Laplacian
by diffeomorphisms.

Arguing as in computation (3.5), using the Eq (3.6) in place of (3.2), it can be seen that also the
surface diffusion flow of boundaries of sets is volume—preserving. Moreover, analogously to the
modified Mullins—Sekerka flow (see the discussion above), it does not preserve convexity (see [36]),
nor the embeddedness (in the “stand-alone” formulation of motion of hypersurfaces, as in
formula (3.7), see [28]), indeed it also does not have a “comparison principle”, while it is invariant by
isometries of T", reparametrizations and tangential perturbations of the velocity of the motion. In
addition, it can be regarded as the H ~!_gradient flow of the volume—constrained Area functional, in
the following sense (see [27], for instance). For a smooth set E C T", we let the space
H'(OE) C L(JE) to be the dual of H'(0E) with the norm |[ull oz = [ [Vul? du and the pairing
between H'(AE) and H™'(AE) simply being the integral of the product of the functions on JE.

Then, it follows easily that the norm of a smooth function v € H Y (JE) is given by

V1215, = / WA vdp = | (VAT V(=A)Y) dy
OE OE

and, by polarization, we have the H Y (OE)-scalar product between a pair of smooth functions u, v :
OE — R with zero integral,

UV 108y = / (V=D "ulV(=A)"v)du = / u(-N)"'vdu,
OE OE
integrating by parts. _
This scalar product, extended to the whole space H ~1(9E), make it a Hilbert space, hence, by Riesz

representation theorem, there exists a function Vg’;ﬂ €H ~}(0E) such that, for every smooth function
v € H ' (OE), there holds

/ vHdu = 6Az(v) = VIR 7o) = / W(=A)'VE Adu
OE OE
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by Theorem 2.6 (with y = 0).
Then, by the fundamental lemma of calculus of variations, we conclude

-A)'VEA=H+c,

for a constant ¢ € R, that is,

VI A= —AH.
It clearly follows that the outer normal velocity of the moving boundaries of a surface diffusion flow
V, = AH, is minus the H~'—gradient of the volume—constrained functional A.

Remark 3.6. 1t is interesting to notice that the (unmodified, that is, with y = 0) Mullins—Sekerka flow
is the H™'/2—gradient flow and the surface diffusion flow the H~'—gradient flow of the Area functional
on the boundary of the sets, under a volume constraint, while considering the unconstrained Area
functional, its L>—gradient flow is the mean curvature flow.

It follows that, in a way, the unmodified Mullins—Sekerka flow, representing the moving
hypersurfaces as of smooth embeddings ¢, : M — T", can be described as

o,

8tt = (At1 ’H,)y, = —Af/ 2y, + lower order terms,

showing its parabolic nature (differently by the surface diffusion flow, in this case the equation is
nonlocal, due to the fractional Laplacian involved, even if the functional is still simply the Area, hence
implying that the flow depends only on the hypersurface) — again quasilinear and degenerate — and
suggesting the problem of analyzing (and eventually generalizing the existing results) the nonlocal
evolutions of hypersurfaces given by the laws
% = (A'H,)v, = -A’*'y, + lower order terms,

when s > 0, arising from considering, as above, the H *—gradient of the Area functional on the
boundary of the sets (under a volume constraint).

Up to our knowledge, these flows are not present in literature and it would be also interesting to
compare them to the fractional mean curvature flows arising considering the gradient flows associated
to the fractional Area functionals on the boundary of a set (in this case such functionals are “strongly”
nonlocal), see [35, 38] and references therein, for instance.

3.1. Short time existence

To state the short time existence and uniqueness results for the two flows, we give the following
definition which is actually fundamental for the discussion of the global existence in the next section.

Definition 3.7. Given a smooth set £ C T" and a tubular neighborhood N, of 0E, as in formula (2.49),
for any M € (0, £/2) (recall the discussion in Subsection 2.2 about the notion of “closedness” of sets),
we denote by @}W(E), the class of all smooth sets F C E U N, such that Vol(FAE) < M and

OF = {x +yr(x)ve(x): x € OE}, (3.9

for some yp € C7(OF), with ||y rllc1or) < M (hence, OF C N,). For every k € N and « € (0, 1), we
also denote by (E’;j’(E) the collection of sets F € €} (E) such that || ¢llcter) < M.
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The following existence/uniqueness theorem of classical solutions for the modified
Mullins—Sekerka flow was proved by Escher and Simonett [19-21] and independently by Chen, Hong
and Yi [8] (see also [18]). The original version deals with the flow in domains of R”, but it can be
easily adapted to hold also when the ambient is the flat torus T".

Theorem 3.8. Let E C T" be a smooth set and N, a tubular neighborhood of 0E, as in formula (2.49),
Then, for every a € (0,1) and M € (0, &/2) small enough, there exists T = T(E,M,a) > 0 such that
if Ey € (Si,’f(E) there exists a unique smooth modified Mullins—Sekerka flow with parameter y > 0,
starting from E, in the time interval [0, T).

We now state the analogous result (and also of dependence on the initial data) for the surface
diffusion flow starting from a smooth hypersurface, proved by Escher, Mayer and Simonett in [17],
which should be expected by the explicit parabolic nature of the system (3.7), as shown by the
formula (3.8). As before, it deals with the evolution in the whole space R" of a generic hypersurface,
even only immersed, hence possibly with self—intersections. It is then straightforward to adapt the
same arguments to our case, when the ambient is the flat torus T” and the hypersurfaces are the
boundaries of the sets E;, as in Definition 3.4, getting a (unique) surface diffusion flow in a positive
time interval [0, T'), for every initial smooth set Ey, C T".

Theorem 3.9. Let g : M — R”" be a smooth and compact, immersed hypersurface. Then, there exists
a unique smooth surface diffusion flow ¥ : [0,T) X M — R", starting from My = yo(M) and solving
system (3.7), for some maximal time of existence T > O.

Moreover; such flow and the maximal time of existence depend continuously on the C*® norm of the
initial hypersurface.

As an easy consequence, we have the following proposition (analogous to Theorem 3.8), better
suited for our setting.

Proposition 3.10. Let E C T" be a smooth set and N, a tubular neighborhood of OE, as in
formula (2.49), Then, for every @« € (0,1) and M € (0,g/2) small enough, there exists
T = T(E,M,ax) > 0 such that if Ey € C‘Iﬁf(E) there exists a unique smooth surface diffusion flow,
starting from E, in the time interval [0, T).

In the same paper [17], Escher, Mayer and Simonett also showed that if the initial set E, is in
Gi’;’(B), where B C R” is a ball with the same volume and M is small enough (that is, E, is C>*—close
to the ball B), then the smooth flow E, exists for every time and smoothly converges to a translate of
the ball B.

The analogous result for the (unmodified, that is, with y = 0) Mullins—Sekerka flow, was proved by
Escher and Simonett in [22] (moving by their previous work [20]), generalizing to any dimension the
two dimensional case shown by Chen in [7].

The next section will be devoted to present the generalization by Acerbi, Fusco, Julin and Morini
in [1] (in dimensions two and three) of this stability result for the surface diffusion and modified
Mullins—Sekerka flow, to every strictly stable critical set (as it is every ball for the Area functional
under a volume constraint, by direct check — see the last section).

We conclude mentioning another interesting result by Elliott and Garcke [15] (which is not present
in literature for the modified Mullins—Sekerka flow, up to our knowledge) is that if the initial curve
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E, in R? of the surface diffusion flow is closed to a circle, then the flow E, exists for all times and
converges, up to translations, to a circle in the plane with the same volume. This is clearly related
to the fact that the unique bounded strictly stable critical sets for the Area functional under a volume
constraint in the plane R? are the disks (see the last section).

4. Global existence and asymptotic behavior around a strictly stable critical set

In this section we show the proof by Acerbi, Fusco, Julin and Morini in [1], in dimensions two and
three of the toric ambient, that if the “initial” sets is “close enough” to a strictly stable critical set of
the respectively relative functional, then the surface diffusion and the modified Mullins—Sekerka flow
exist for all times and smoothly converge to a translate of E. Heuristically, this shows that a strictly
stable critical set is in a way like the equilibrium configuration of a system at the bottom of a potential
well “attracting” the close enough smooth sets.

We will deal here with the (more difficult) case of dimension three. When the dimension is two, the
“exponents” in the functional spaces involved in the estimates (in particular the ones in the interpolation
inequalities, which are very dimension—dependent) change but the same proof still works (roughly
speaking, we have the necessary “compactness” of the sequences of hypersurfaces — see Lemma 4.5
and 4.18), modifying suitably the statements. If the dimension of the toric ambient is larger than three,
the analogous (mostly, interpolation) estimates are too weak to conclude and this proof does not work.
It is indeed a challenging open problem to extend these results to such higher dimensions.

For both flows, we will have a subsection with the necessary technical lemmas and then one with the
proof of the main theorem. Moreover, for the modified Mullins—Sekerka flow, we also briefly discuss
the “Neumann case”, in Subsection 4.3.

4.1. The modified Mullins—Sekerka flow — Preliminary lemmas

In order to simplify the notation, for a smooth set E, € T" we will write v, and 0,, in place of v,
and 9, , w, for the function wg, € H 1(T") uniquely defined by problem (3.1). Moreover, we will also
denote with v, the smooth potential function vg, associated to E; by formula (2.3).

We start with the following lemma holding in all dimensions.

Lemma 4.1 (Energy identities). Let E, C T" be a modified Mullins—Sekerka flow as in Definition (3.2).
Then, the following identities hold:

d
—J(E) = - / |Vw,[* dx, 4.1)
dt T
and g1 .
a2 ). \Vw,[* dx = ~TIg,([8,,w:]) + 5 /{9 ' (0, w! + 0,,w,)[0,w]* du, 4.2)

where I, is the quadratic form defined in formula (2.41).

Proof. Let y, the smooth family of maps describing the flow as in formula (3.4). By formula (2.15),
where X is the smooth (velocity) vector field X, = % = [d,,w]v, along OE,, hence

X = X, — (Xi|v;)v; = 0 (as usual v, is the outer normal unit vector of JE,), following the computation
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in the proof of Theorem (2.6), we have
d
—J(E) = / (H; + 4yv )(Xilvy) du, = / w0, w, ] du, = _/ |VW1‘|2 dx,
dt OE, OE, ™

where the last equality follows integrating by parts, as w, is harmonic in T" \ 9E,. This establishes
relation (4.1).
In order to get identity (4.2), we compute

d 1 _ 1 " 1 d _
7 /E, [Vw, P dx = 3 /6E, Iv* w, > (X lv,) du; + ) /E, Ewwt I* dx

1 n
= 3 /{)E |VTWt_|2[aV[W,] du +/E Vow, Vw, du,

1 - _ _
= E/ |VTW, Iz[évlw,] du + ow, 0,,w; du, “4.3)
OE, OE,

where we interchanged time and space derivatives and we applied the divergence theorem, taking into
account that w; is harmonic in E,.
Then, we need to compute d,w; on JE,. We know that

w, = H, + 4yv,
on 0E,, hence, (totally) differentiating in time this equality, we get
Ow; + (V'w;|X,) = 0;H, + 4y0v, + 4y(V v|X,)
that is,

ow; + [0, w10, w; =0H, + 4yd,v, + 4y[d, w0,
= - |Bt|2[av,wt] = A0y, wi] + 4y0,v; + 4y[0,,w]0,,v,,

where we used computation (2.33).
Therefore from Eqs (4.3) and (2.35) we get

dl
EE/E |VW;_|2 dx = — /6E av,W;_ At[av,wt] d,uz - /0E av,W;_ |Bt|2 [av,wt] d,ut

+ 8y / / G(x,y) 0,,w; (x) [0,,w 1Y) du(x)dp,(y)
OE, J OE,

+4y [ 0,,v:0,,w; [0,,w]du,
OE,

1 0 -

+3 / IV W, P10y, wi] dps — / (@, w; [0y, wi] dpy -
OE, OE,

Computing analogously for w; in E¢ and adding the two results, we get

d1l
- = |VWz|2 dx = / [0y, w:] A0y, W] du, + / |Bt|2 [5V,Wt]2 du,
dt2 Jq OE, OE,
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-8y / / G(x,y) [0, w](x) [0, W 1(y) du,(x)dp,(y)
OE; J OE,;

_47/ av,vt [av,Wt]z du,
OE;

+ ((6V/W;—)2 - (avtwt_)Z)[av,Wl] d,ut

OE,

1 n n
=3 | (VW = IV w0, wil dp
1
= — g ([0,,w/]) + 5 / (0, W + 0,,w,)[0,,w.)* du,
OE;

where we integrated by parts the very first term of the right hand side, recalled Definition (2.41) and in
the last step we used the identity

VWP = IV W, P = By,w)) = 0y,w;) = By, w] + 0, w;)[B,,w,].
Hence, also Eq (4.2) is proved. O

From now on, we restrict ourselves to the three—dimensional case, that is, we will consider smooth
subsets of T° with boundaries which then are smooth embedded (2—dimensional) surfaces. As we
said at the beginning of the section, this is due to the dependence on the dimension of several of the
estimates that follow.

In the estimates in the following series of lemmas, we will be interested in having uniform
constants for the families GII‘;’(F ), given a smooth set F C T" and a tubular neighborhood N, of F as
in formula (2.49), for any M € (0,&/2) and @ € (0,1). This is guaranteed if the constants in the
Sobolev, Gagliardo—Nirenberg interpolation and Calderon—Zygmund inequalities, relative to all the
smooth hypersurfaces 0E boundaries of the sets £ € (i,lf(F ), are uniform, as it is proved in detail
in [13].

We remind that in all the inequalities, the constants C may vary from one line to another.

The next lemma provides some boundary estimates for harmonic functions.

Lemma 4.2 (Boundary estimates for harmonic functions). Let F C T° be a smooth set and E € (ill‘j’(F ).
Let f € CY(OE) with zero integral on OE and let u € H'(T?) be the (distributional) solution of

—Au = f'“|aE

with zero integral on T3. Let u™ = ulg and u*™ = u|g. and assume that u~ and u* are of class C' up to
the boundary OE. Then, for every 1 < p < +oo there exists a constant C = C(F,M,a, p) > 0, such
that:

(1) lullzr@oE) < Cllfller@E)
(i1) 10y, u™ |l 20) + 10y,u lr20E) < Cllulle ok
(iii) 10y, u™ @) + 110y, u lroE) < Cllfllror
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(iv) lullcosory < CllfllzroE)

forall B € (0, ’%2), with C depending also on .

Moreover, if f € H'(OE), then for every 2 < p < +oo there exists a constant C = C(F, M, a, p) > 0,
such that

(p—1)/ 1/
||f||LP(6E) < C”f”[;l(aEf “u”L;aE) )

Proof. We are not going to underline it every time, but it is easy to check that all the constants that
will appear in the proof will depend with only on F, M, @ and sometimes p, recalling the previous
discussion about the “uniform” inequalities holding for the families of sets (S]l"f(F ).

(i) Recalling Remark 2.20, we have

u(x) = /a GO ) fO) du().
E

It is well known that it is always possible to write G(x,y) = h(x —y) + r(x —y) where h : R — R is

smooth away from 0, one—periodic and h(t) = ﬁm in a neighborhood of 0, while 7 : R — R is smooth

and one—periodic. The conclusion then follows since for v(x) = |,, li (—)y)l du(y) there holds

IVllzroey < CllfllzroE) »

with C = C(F, M, a, p) > 0.

(i) We are going to adapt the proof of [37] to the periodic setting. First observe that since u is
harmonic in E C T? we have

div (Z(Vulx)Vu — [VulPx + uVu) = 0. (4.4)

Moreover, there exist constants r > 0, Cp and N € N, depending only on F', M, a, such that we may
cover OF with N balls B,(x;), with every x; € F and

1
. < {xlve(x)) < Cy for x € 0E N By, (xy) . 4.5)
0

for every that E € GIIV’I“(F ).
If then 0 < ¢ < 1 is a smooth function with compact support in B,,(x;) such that ¢, = 1 in B,(x)
and |Vgy| < C/r, by integrating the function

div (i (2 Vaulx)Vue - [Vulx + uVu))
in E and using equality (4.4), we get
/ (Veorl 2 (Vulx) Vi — |VulPx + uVu) dx
E
= / div(p(2 (Vulx) Vi — [VulPx + uVu)) dx
E

= | QoV"ulx)dy,u — ol Vi uP(xlve) + oud,, u) du,
OE
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hence,
/(Vgok|2(VT3u|x)Vu — |VulPx + uVuydx — / Ul u” du — 2/ oi(Vulx)d,, u™ du
E OE OE

= —/ 90k|VT3M_|2<X|VE>d#+2/ @ildy,uP(xlve) du
OE OE

/ @rl0yu X xlve) du — / | Vul*(xveg) du .
OE OE

Using the Poincaré inequality on the torus T° (recall that u has zero integral) and estimate (4.5), this
inequality implies

/ 10,,ul*du < C | (@ +|Vul*)du+C / (u? + |Vul?) dx
OENB,(x;) OE T3

<C / (W + |Vul)du + C / \Vul* dx .
OE T3

Putting together all the above estimates and repeating the argument on E¢, we get

10y, + 10y, * Py dpt < C /

O0E

(6 + |Vul)du + C / |Vul* dx .
)

OE

The thesis then follows by observing that
\Vul* dx = / u(@,,u” —0,,ut)du.
T3 O

(i11) Let us define
Kfw= | (VIG(x, y)ve(0))f () du(y) .
E

We want to show that
K fllzroE) < CllfllzroE)- (4.6)

Bygthe decomposition recalled at the point (i), we have V¥3G3(x, y) = VI h(x - y)] + VI [r(x - y)], where
VoTh(x — y)] = =L+ 22, for |x — y| small enough and VX [r(x — y)] is smooth. Thus, by a standard

X 4r [x—yl x
partition of unity argument we may localize the estimate and reduce to show that if ¢ € Cr“(R?) and
U C R? is a bounded domain setting I' = {(x’, ¢(x’)) : ¥’ € U} C R? and

(x = yve(x))
Tf(x) = [ ———S ) du(y)
rolx—=yl

for every x € I', where vg is the “upper” normal to the graph I', then 7 f(x) is well defined at every
x €I and

T fllray < Clifllray -
In order to show this we observe that we may write
o(x") = (") = (Vo)X = y")

T =
TO= | =y + [9) — g

fO' o)) dy'.
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where we used the fact that
[={(,y) : ¥ —e()=F(,y) =0}

and then that
VF  (-Veox),1)

CIVEL T+ Ne)P

VE

Therefore,

|X’ _y/|l+a

T <C Loy)Ddy < C
A /U(|x'—y'|2+[sa(x'>—so<y'>]2>3/2'f O ey ldy <

Thus, inequality (4.6) follows from a standard convolution estimate.
For x € E we have

10" 60

U |X' _ y/|2—a

Vu(x) = /6 VEG(L ) fO) du(y),
E
hence, for x € EF there holds
(Vu(x — tvg(x)| ve(x)) = /ﬁ (VEG(x = tvE (), ) Ve(0)) F () du().
E
We claim that

1
Oyett () = lim (Vu(x = tvp () vp(x)) = Kf(x) + 2 f(x), 4.7)

for every x € OF, then the result follows from inequality (4.6) and this limit, together with the
analogous identity for d,,u™ (x).
To show equality (4.7) we first observe that

/ (VIGOIve() du(y) = 1 = Vol(E)  ifxe E\GE (4.8)

OE

/ (VEG(x, 1) Vi) du(y) = 1/2 = VOI(E)  if x € JE. (4.9)
OE

Indeed, using Definition (2.3), we have

Avp(x) / AG(x,y) dy - / AG(x, y) dy
: C

=-2 /3 (VIG(x, ) V() du(y)
OE
= 2VOI(E) — 1 — up(x),
then,
i (VIG(x, ) ve()) du(y) = 1/2 = VOl(E) + ug(x)/2,
FE

which clearly implies Eq (4.8). Equality (4.9) instead follows by an approximation argument, after
decomposing the Green function as at the beginning of the proof of point (i), G(x,y) = h(x—y)+r(x—y),
with A(r) = ﬁm in a neighborhood of 0 and r : R — R a smooth function.

Mathematics in Engineering Volume 4, Issue 6, 1-104.



66

Therefore, we may write, for x € 0E and ¢ > 0 (remind that v is the outer unit normal vector, hence
x—tvp(x) € E),

(Vu(x = tve(x)lve(x) = /8 (VIG(x = tve(x), YY) — F(x)) du(y)
E
100 | (VIG(x — tve(x), »)ve(x) = vi(y)) du(y)
E

+ f(x)(1 = Vol(E)), (4.10)

by equality (4.8).
Let us now prove that

t—0*

lim /a ) (Vi G(x = ve(x), ) vE)O) = F(0) du()
= | VIGEDIVEFO) = f00) dia),
observing that since E is of class C' then for |¢| sufficiently small we have
lx—y—tve(x)| > %Ix—yl forall y € OF . “4.11)

Then, in view of the decomposition of V,G above, it is enough show that

lim [ XY ZVEQDECD Ly 00 duty) = W(ﬂw — P duty),

=0" Jog Ix =y — tve(x)]? OE lx —

which follows from the dominated convergence theorem, after observing that due to the a—Holder
continuity of f and to inequality (4.11), the absolute value of both integrands can be estimated from
above by C/|x — y|*~® for some constant C > 0.

Arguing analogously, we also get

fim | (VIGG= e = v du) = | (TG00 = ve() du(y).
Then, letting r — 0* in equality (4.10), for every x € OE, we obtain
Lim (Vu(x = tvp(0))ve(x) = /a EWTG(x, WIVE)Y(fO) = f(x)) du(y)
+ S | (VTGO = vE)) du() + F()(1 = Vol(E))
: /a (VIGO0 du(y)

- | (VIG(x, Yve()) du(y) + f(x)(1 — Vol(E))
E
= Kf(x) + f(x)(VOl(E) — 1/2) + f(x)(1 — Vol(E))
1
=Kf(x)+ Ef(x)’
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where we used equality (4.9), then limit (4.7) holds and the thesis follows.

(iv) Fixed p > 2 and 8 € (0, ”sz), as before, due to the properties of the Green’s function, it is
sufficient to establish the statement for the function

fO»

o |x =yl

au(y) .

v(x) =

For x;, x, € OF we have

|11 = ¥l = |2 =

v(x) vl < [ 1fO) du(y) .
OE 1 = ylx2 =yl
In turn, by an elementary inequality, we have
[l = 31 = 1x2 = | |lxcr = 3117 + oa = 31| 5
< lx1 = xf”,

lxi = yllx2 =y lx1 =yl 1x2 =yl

thus, by Holder inequality we have

Ixi =y + |xp — yI' P
v(x1) —v(x)| < C(B) |f(Y)|| |
OE lx1 = ylx2 =yl

< C'BNflleolx —

du(y) |x; — leﬁ

where we set

1/p
C'B) =206 sup S duty))

21,22€0E J OF |Zl - Y|ﬂp, |Z2 - )’|

with p’ = p/(p - 1).
For the second part of the lemma, we start by observing that

1/2 1/2

If p > 2 we have, by Gagliardo—Nirenberg interpolation inequalities (see [5, Theorem 3.70]),

(-2/p 2/
o) < CUA g LAIZE
Therefore, by combining the two previous inequalities we get that, for p > 2, there holds
(p-D/p 1/
||f||L”(3E) < C”f”H]((')E)”f”H—p]((')E)'
Hence, the thesis follows once we show

fla-10E) < Cllull2E)-

To this aim, let us fix ¢ € H'(OE) and with a little abuse of notation denote its harmonic extension to
T? still by ¢. Then, by integrating by parts twice and by point (ii), we get

/ of du = —/ eAudu
OE OE
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= —/ u[aVEQD] dﬂ
OF
< ||M||L2(8E)||[av:59"]||L2(aE)

< ||M||L2(aE>(||(9vE90+||L2(aE) + 110y, 9" ll26E))
< Cllull2m) @l o)

Therefore,
I f1le-108) = sup / eof du < Cllulli2oE)
1J0E

el o<

and we are done. O

For any smooth set E C T, the fractional Sobolev space W*?(JE), usually obtained via local charts
and partitions of unity, has an equivalent definition considering directly the Gagliardo W*?—seminorm
of a function f € LP(0F), for s € (0, 1), as follows

lf(x0) - SO
U Bsrior) = /6 s % du(x)dp(y)
and setting || fllws=r@r) = [l fllr@E) + [flwsr@r) (We refer to [3,14,48,61] for details). As it is customary,
we set [ flgs@r) = [flws2or) and H (OE) = W*(JE).

Then, it can be shown that for all the sets E € (Sif(F ), given a smooth set F C T and a tubular
neighborhood N, of dF as in formula (2.49), for any M € (0,&/2) and « € (0, 1), the constants giving
the equivalence between this norm above and the “standard” norm of W*?(9E) can be chosen to be
uniform, independent of E. Moreover, as for the “usual” (with integer order) Sobolev spaces, all the
constants in the embeddings of the fractional Sobolev spaces are also uniform for this family. This is
related to the possibility, due to the closeness in C'® and the graph representation, of “localizing” and
using partitions of unity “in a single common way” for all the smooth hypersurfaces dE boundaries of
the sets E € @}"f(F ), see [13] for details.

Then, we have the following technical lemma.

Lemma 4.3. Let F C T3 be a smooth set and E € G}";’(F ). For every B € [0,1/2), there exists a
constant C = C(F, M, a, ) such that if f € H'*(0E) and g € W"*(3E), then

1-8
[fg]Hl/Z(aE) < C[f]Hl/Z(aE)||g||L°°(aE) + C”f”Lﬁ(6E)”g”ﬁ°°(aE)||Vg”L4(aE) .

Proof. We estimate with Holder inequality, noticing that 68/(1 + 8) < 2, as 8 € [0, 1/2), hence there
exists 0 > 0 such that (68 + 9)/(1 + ) < 2,

_ 2
e bnae <2 B elin +2 [ [ 170PED=EOE ducoduc)

oE JoE e = yP
2 2
< Z[f]Hl/Z(aE)”g”LDO((jE)

VORI = g0PI P o
w0 [ | A . o i)

2 2
< 2[f]H1/z(3E)||g||Lw(5E)
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so( [ ront [ — aucodu) " i
OE d T+

181 o
Elx -y
lg(x) — gI* (1-p)/2
: ( / T e dﬂ(x)d/l()’))
0E JOE |x — y|" TF
< 2[]6]?11/2(515)”8”%00(35)
4 (1+8)/2 28 2(1-B)
+C B d, o
(MO duO) Nl e 8T

2 2 2 28 2(1-p)
<2 fLpnop)Elisor + Cll f||ﬁ(mIIgIILm(ﬁE)IIVgIIU(aE) )

Hence the thesis follows noticing that all the constants C above depend only on F, M, @ and 3, by the
previous discussion, before the lemma. O

As a corollary we have the following estimate.

Lemma 4.4. Let F C T2 be a smooth set and E € C‘I[lv’[“(F ). Then, for M small enough, there holds

IWEllwsra@r) < C(F, M, a)(1 + ||H||12L11/z(0E)) ,

where H is the mean curvature of OE and the function Y is defined by formula (3.9).

Proof. By a standard localization/partition of unity/straightening argument, we may reduce ourselves
to the case where the function ¥ is defined in a disk D € R? and lellcrepy < M. Fixed a smooth
cut—off function ¢ with compact support in D and equal to one on a smaller disk D’ C D, we have

V(@) VY Ve
1 + Vgl

Alpyre) - = oH 1 +|Vyg? + R(x, Y5, ViE), (4.12)

where the remainder term R(x, g, Vi) is a smooth Lipschitz function. Then, using Lemma 4.3 with
B = 0 and recalling that ||[y||c1epy < M, we estimate

[A(Y )iy < C(F, M, CY)( MZ[VZ(SDlﬁE)]Hl/Z(D) + [Hlg2pe) (1 + IVYEll2m))
+ [l (1 + WEllyzemy) + 1+ Wellwes)) -

We now use the fact that, by a simple integration by part argument, if u is a smooth function with
compact support in R?, there holds

2
[AM]HI/Z(RZ) = [V M]HI/Z(RZ) .
hence,

[V @ye)lmrm = [A@Ye)lmem,
<C(F,M, CY)(M2[V2(901//E)]H1/2(D) + [Hlg20e/ (1 + IVYEl L)

+ Il (1 + W ellwesy) + 1+ W ellwes ),
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then, if M is small enough, we have

(VX @y )iy < COF, M, )(1 + [Hllg2gae)(1 + [IHess Yellap)), (4.13)
as
Hllz+0r) < CF, M, &)||Hl|g1258)s (4.14)

where we used the continuous embedding of H'/2(0E) in L*(0E) (see for instance Theorem 6.7 in [48],
withg =4,s=1/2and p = 2).

By the Calderén—Zygmund estimates (holding uniformly for every hypersurface JF, with
E € €, (F), see [13]),

|[Hess ¢E||L4(D) <C(F,M, CV)(||¢’E||L4(D) + ||A¢’E||L4(D)) (4.15)
and the expression of the mean curvature

Ay _ Hessye(VyeVig)

VI+IVUeP  (VI+[Vy)?

H=

we obtain

||Al//E||L4(D) < 2M||H||L4(6E) + M2||Hess l//E||L4(D)
< 2M|Hl|ps o) + C(F, M, @) MW Ell 3oy + 1AW El o)) - (4.16)

Hence, possibly choosing a smaller M, we conclude
AV Ellsp) < COF, M, a)(1 + |Hl|49r)) < C(F, M, @)(1 + |Hl|i120E)), (4.17)

again by inequality (4.14).
Thus, by estimate (4.15), we get

IHess Yells ) < COF, M, a)(1 +[H|,y o0, (4.18)

and using this inequality in estimate (4.13),

V2@ )lmrp) < C(F, M, a)(1 + ”H”H%(aE))Z’

hence,
2 2 2
[V2Yelgropy < C(F, M, a)(1 + ”H”H%(aE)) <CF,M,a)1 + ||H||H%(6E)).

The inequality in the statement of the lemma then easily follows by this inequality, estimate (4.18) and
lellcrepy < M, with a standard covering argument. O

We are now ready to prove the last lemma of this section.

Lemma 4.5 (Compactness). Let F C T be a smooth set and E, C (‘Z}‘;["(F ) a sequence of smooth sets
such that

sup [ |Vwg [*dx < +o0,
neN J T3
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where wg, are the functions associated to E, by problem (3.1).

Then, if a € (0,1/2) and M is small enough, there exists a smooth set F’ € (‘Z}VI(F ) such that, up to
a (non relabeled) subsequence, E, — F’ in W*? for all 1 < p < 4 (recall the definition of convergence
of sets at the beginning of Subsection 2.2).

Moreover, if

/ IVwg, [*dx — 0,

™

then F' is critical for the volume—constrained nonlocal Area functional J and the convergence E, — F’
is in W>/%2,

Proof. Throughout all the proof we write w,, H,, and v, instead of wg, , Hyg,, and vg, , respectively.
Moreover, we denote by W, = f.. w, dx and we set w, = f,, w,du, andH, = £, H, du,.
First, we recall that

w, =H, +4yv, ondE, and sup [[vallcrees) < +oo, 4.19)
neN

by standard elliptic estimates. We want to show that

=12 =12
llwn — Wn”HI/Z(aEn) < llwn - Wn”Hl/Z(aEn)- (4.20)

To this aim, we recall that for every constant a

b = alagr,, = Wl + PAGE,) - 2a /a W, dp,
then,
d
by = g, = 20AGE,) =2 /a o

The above equality vanishes if and only if a = fa £ Wn du,, hence,
IWn = Wall2@g,) = minllw, — allz2og,)
aeR

and inequality (4.20) follows by the definition of || - ||g12gg,) and the observation on the Gagliardo
seminorms just before Lemma 4.3.

Then, from the trace inequality (see [23]), which holds with a “uniform” constant C = C(F, M, @),
for all the sets E € (Ejl‘f(F) (see [13]), we obtain

IWa = Wall2 20y < Wa = Wallz 256, < C [ (VWP dx < C < +00 (4.21)
H'/2(E,) H'*(0Ey) 3
T.
with a constant C independent of n € N.
We claim now that
sup [[Hpllg2pE,) < +oo. (4.22)

neN

To see this note that by the uniform C'*“~bounds on dE,, we may find a fixed solid cylinder of the form
C = D x (=L, L), with D C R? a ball centered at the origin and functions f,, with

sup | fullcremy < +00, (4.23)
neN
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such that 90E, N C = {(x’,x,) € DX (-L,L) : x, = f,(x")} with respect to a suitable coordinate frame
(depending on n € N). Then,

Vit

VI + Ve ful?

where o is the canonical (standard) measure on the circle dD.

Hence, recalling the uniform bound (4.23) and the fact that ||H, —H,|| H12(9E,) are equibounded thanks
to inequalities (4.19) and (4.21), we get that ﬁn are also equibounded (by a standard “localization”
argument, “uniformly” applied to all the hypersurfaces 0E,). Therefore, the claim (4.22) follows.

By applying the Sobolev embedding theorem on each connected component of 9F, we have that

Vx’f;'l .x,

= | —X . do
ap 1+ |V 2 ¥

(4.24)

/ (H, - H,) dx’ + H, Area(D) = / div( )dx'
D D

”HnHU’(c’iE,,) < CHH"”H%(OEn) <C <+ for all pE€E [1,4].
for a constant C independent of n € N.
Now, by means of Calderén—Zygmund estimates, it is possible to show (see [13]) that there exists a
constant C > 0 depending only on F, M, @ and p > 1 such that for every E € G}‘f(F ), there holds

IBllr@ry < C(1 + [[HllroE)) - (4.25)

Then, if we write
OE, ={y +Y,()vr(y) : y € OF},

we have sup, . [Wnllw2r@r < +oo, for all p € [1,4]. Thus, by the Sobolev compact embedding
W2>P(OF) < C"“%(0F), up to a subsequence (not relabeled), there exists a set F’ € (S}l;I“(F ) such
that

W, = Yp in C**(OF) and v, — vp in CYA(T%)

forall @ € (0,1/2) and B € (0, 1).

From estimate (4.22) and Lemma 4.4 (possibly choosing a smaller M), we have then that the
functions v, are bounded in W>/22(9F). Hence, possibly passing to another subsequence (again not
relabeled), we conclude that E,, — F’ in W? for every p € [1,4), by the Sobolev compact embedding
(see for instance Theorem 6.7 in [48], with g € [1,4), s = 1/2 and p = 2, applied to Hess ¥,,).

If moreover we have
IVw,|*dx — 0,
T3

then, the above arguments yield the existence of 4 € R and a subsequence (not relabeled) such that
wa( -+, (ve(:)) = Ain H2(9F). In turn,

H, (- +¥n()ve() = A =4yve (- +p ()ve() = H(- +¥p ()ve(-))

in H'2(0F), where H is the mean curvature of F’. Hence F” is critical.

To conclude the proof we then only need to show that ¥, converge to ¢ = ¢ in W3/>2(9F). Fixed
0 > 0, arguing as in the proof of Lemma 4.4, we reduce ourselves to the case where the functions
W, are defined on a disk D C R?, are bounded in W>/>2(D), converge in W>?(D) for all p € [1,4) to
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¥ € W322(D) and ||V¢||;=py < 6. Then, fixed a smooth cut—off function ¢ with compact support in D
and equal to one on a smaller disk D" C D, we have

Ay Aly)
VI+IVEP 1+ [VyP

A
B

2 Vl//nVl//n _ VI/IVW
VN T wg R T )
+ QD(Hn - H) + R(X, lﬁn, an) - R(X, w’ Vlﬁ) 5

= (VA(gy,) — V()

where R is a smooth Lipschitz function. Then, using Lemma 4.3 with 8 € (0, 1/2), an argument similar
to the one in the proof of Lemma 4.4 shows that

[ Agyn)  Agy) ]
VIV, 1+ Vg larem
+ IV (i) — Vzwn%(D)uvw|€M(D)||V2¢||;fm+
+ [V2(90§1/n)]H1/2(D)||Vl//n — VYl
IV, 1y I = Vil ) IVl + 1V )™

+|H, = Hllg2py + W0 — w”WZ’Z(D)) .

< COM)(S IV (@) = V(@) iy

Using Lemma 4.3 again to estimate [A(¢yr,) — A(@y)]g12(py with the seminorm on the left hand side of
the previous inequality and arguing again as in the proof of Lemma 4.4, we finally get

[V2(@) = V(@) ey < COD(In =0l s + 11V = VI ) + IH, = Hiliizo))

W 1+5(D)

hence,

[V = VUi < COD(IWa = 0l o5 + 11V = VIl + IH = Hilgz)

w48 (D)

from which the conclusion follows, by the first part of the lemma with p = 4/(1+p) < 4 and a standard
covering argument. O

4.2. The modified Mullins—Sekerka flow — The main theorem

We are ready to prove the long time existence/stability result.

Theorem 4.6. Let E C T" be a smooth strictly stable critical set for the nonlocal Area functional under
a volume constraint and N, (with € < 1) a tubular neighborhood of OE, as in formula (2.49). For every
a € (0,1/2) there exists M > 0 such that, if E, is a smooth set in @;‘;IQ(E) satisfying Vol(Ey) = Vol(E)
and

[Vwg,|*dx < M
s

where wy = wg, is the function relative to Ey as in problem (3.1), then the unique smooth solution E, of
the modified Mullins—Sekerka flow (with parameter y > 0) starting from E,, given by Theorem 3.8, is
defined for all t > 0. Moreover, E, — E +n exponentially fast in W>/>2 as t — +oo (recall the definition
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of convergence of sets at the beginning of Subsection 2.2), for some n € R3, with the meaning that the
functions s, : OE + 11 — R representing OE, as “normal graphs” on OE + n, that is,

OE, = {y + Y, ())VEn(y) : y € OE + 1},

satisfy
b llwsr22 gy < Ce ™,

for every t € [0, +00), for some positive constants C and .

Remark 4.7. With some extra effort, arguing as in the proof of Theorem 5.1 in [24] (last part — see
also Theorem 4.4 in the same paper), it can be shown that the convergence of E, — E + n is actually
smooth (see also Remark 4.20). Indeed, by means of standard parabolic estimates and interpolation
(and Sobolev embeddings) the exponential decay in W3/%2 implies analogous estimates in C*, for every
k eN,

by llckopsn < Cre™PH,
for every t € [0, +00), for some positive constants Cy and S.

Remark 4.8. We already said that the property of a set E, to belong to CSII‘;’(E) is a “closedness”
condition in L' of Ey and E and in C"® of their boundaries. The extra condition in the theorem on
the L?>—smallness of the gradient of wy (see the second part of Lemma 4.5 and its proof) implies that
the quantity Hy + 4yvy on JE, is “close” to be constant, as it is the analogous quantity for the set £
(or actually for any critical set). Notice that this is a second order condition for the boundary of Ey, in
addition to the first order one E, € @Jl";‘(E).

Proof of Theorem 4.6. Throughout the whole proof C will denote a constant depending only on E, M
and a, whose value may vary from line to line.

Assume that the modified Mullins—Sekerka flow E; is defined for ¢ in the maximal time interval
[0, T(Ey)), where T(Ey) € (0,+oc0] and let the moving boundaries 0E, be represented as “normal
graphs” on OF as

OE, = {y +y,(y)ve(y) : y € OE},

for some smooth functions ¥, : E — R. As before we set v, = vg, v, = vg, and w; = wg,.

We recall that, by Theorem 3.8, for every F € (Eif(E), the flow is defined in the time interval [0, T'),
withT = T(E, M, @) > 0.

We show the theorem for the smooth sets E, C T satisfying

VOl(EoAE) < My, Wollerery < My and IVwol* dx < M3,
T3

for some positive constants My, M,, M5, then we get the thesis by setting M = min{M,, M,, M3}.
For any set F' € (S]l‘f(E ) we introduce the following quantity

D(F) = / d(x,0E)dx = / deg dx — / dg dx, (4.26)
FAE F E
where df is the signed distance function defined in formula (2.50). We observe that

Vol(FAE) < Cllyellor) < CllYrllizor
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for a constant C depending only on E and, as F C N,
D(F) < / edx < eVOl(FAE).
FAE
Moreover,
UZ36)]
1B, = 2 / / ¢ di du(y)
OE J0

W E)I
> / / d(L(y, 1), OF) dt du(y)
O0E JO

=2 / d(x,0E) JL™ (x) dx
EAF
< CD(F).

where L : 0EX(—¢, &) — N, the smooth diffeomorphism defined in formula (2.53) and JL its Jacobian.
As we already said, the constant C depends only on E and . This clearly implies

VOl(FAE) < Cllyrllior) < ClWEl2pr < CND(F). 4.27)

Hence, by this discussion, the initial smooth set E, € G}Q‘Y(E) satisfies D(Ey) < M < M, (having
chosen e < 1).

By rereading the proof of Lemma 4.5, it follows that for M,, M3 small enough, if |[y¢llcre@r < Ma
and

/ IVwel|? dx < M5,
T3

then,
¥ rllw2sor) < w(max{M,, M3}), (4.28)

where s — w(s) is a positive nondecreasing function (defined on R) such that w(s) — 0 as s — 0.
Hence,
IVellwiser) < @' (max{Ma, M3}), (4.29)

for a function «’ with the same properties of w. Both w and «’ only depend on E and «, for M small
enough.
We split the proof of the theorem into steps.

Step 1 (Stopping—time). Let T < T(E,) be the maximal time such that

Vol(E,AE) < 2My,  |Willcrepr) < 2M>  and / IVw,|* dx < 2Mj5, (4.30)
T3

for all ¢ € [0, T). Hence,
I llw3om) < w(2max{M,, M3})

for all + € [0, 7’), as in formula (4.28). Note that such a maximal time is clearly positive, by the
hypotheses on Ej.
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We claim that by taking M, M,, M5 small enough, we have T = T(Ey).

Step 2 (Estimate of the translational component of the flow). We want to see that there exists a small
constant § > 0 such that

min |18y wil = 1| 2oy 2 OO will 2, forallz€10,7), (4.31)

where O is defined by formula (2.47).

If M is small enough, clearly there exists a constant Cy = Co(E, M, @) > 0 such that, for every
i € Ig, we have [Keilvi)ll2pe, = Co > 0, holding [Kei|ve)ll2@e) > 0. It is then easy to show that the
vector 7, € O realizing such minimum is unique and satisfies

[0y, w:] = (e lvi) + &, (4.32)

where g € L*(0E,) is a function L?>-orthogonal (with respect to the measure g, on dE,) to the vector
subspace of L?>(AE,) spanned by {(e;|v,), with i € Iz, where {e,,...,es} is the orthonormal basis of R?
given by Remark 2.26. Moreover, the inequality

i < |10y wil|| 2 o, (4.33)

holds, with a constant C depending only on E, M and «.
We now argue by contradiction, assuming [|gll;2gg,) < 0||[3V,w,]||
the translation invariance of the functional J, we have

d
0= aJ(Ez +sm)| = (H; + 4yv)(n | vi) du, = / wiln, | ve) du, -

s=0 OE; OE,

It follows that, by multiplying equality (4.32) by w, — w,, with w, = f, w, dx and integrating over 9E,,
we get

/ Vil dx = - / wildy,w,] dp,
3 OE;

- (w; — wz)[av,wt] du,

OE,
- / (w; — wz)g du,
OE;

< QIIW, - Wt”Lz(ﬁE,)”[avrwt]”Lz(aEt)'

A

Note that in the second and the third equality above we have used the fact that [d,,w,] and v, have zero
integral on OE,.
By the trace inequality (see [23]), we have

=12 =2 2
||Wt - WZHLZ(()E[) < ||Wt - Wf”HW(aE,) < C/ |th| d-xa (434)
™

hence, by the previous estimate, we conclude

/ 9wl dx < CO[18 w2 0, (4.35)
T
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Let us denote with f : T> — R the harmonic extension of (1, | v,) to T, we then have

IV fllizers) < CIK vl < Clndivdlwiser, < Cll0ywil|| 2 g » (4.36)

where the first inequality comes by standard elliptic estimates (holding with a constant
C = CE,M,a) > 0, see [13] for details), the second is trivial and the last one follows by
inequalities (4.29) and (4.33).

Thus, by equality (4.32) and estimates (4.35) and (4.36), we get

11<7; | Vf)”iZ(aE,) = / [0y, w:)m; Vi) du
OE;

=—:/<VWAVfﬂM
T3

1/2 1/2
s( / IVw,Izdx) ( / |Vf|2dx)
s s

< co|ia, i

L2@QE)

If then # > 0 is chosen so small that C6 + 6*> < 1 in the last inequality, then we have a contradiction
with equality (4.32) and the fact that ||g||2sE,) < 9||[0V[w,]|| as they imply (by L?>-orthogonality)
that

L2(0E)’

2
K2 1Vl Gy > (1= ][00, W[ 2 -

All this argument shows that for such a choice of 8 condition (4.31) holds.
By Propositions 2.35 and 2.36, there exist positive constants oy and ¢ with the following properties:
for any set F € (S,lf(E) such that [[y¢llw239E) < 6, there holds

HF(QD) > 0’9||<P||i,1(31:)

for all ¢ € ﬁl(aF) such that min,co, [l — 7 1VvP)lli20r = Oll@ll2or) and if E’ is critical, VOl(E") =
VOI(E) with ”¢’E’”W2=3(6E) < ¢, then
E =E+n (4.37)

for a suitable vector n € R3. We then assume that M,, M5 are small enough such that
w2 max{M,, M3}) < 6/2 (4.38)

where w is the function introduced in formula (4.28).

Step 3 (The stopping time T is equal _to the maximal time T'(Eo)). We show now that, by taking
M, M,, M5 smaller if needed, we have T = T(E)).
By the previous point and the suitable choice of M,, M3 made in its final part, formula (4.31) holds,

hence we have
2

wep  forallze[0,7).

T, ([, w]) > o||[[0y,w]|

In turn, by Lemma 4.1 we may estimate
d (1 5 2 1 _ 5
d_t(i /T 1V dx) <~ 18y willl 1 g, + 3 /9 ’ @y, + 0y, w0, w,]” du,
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forevery t < T.
It is now easy to see that
Aw, = [av,Wt],Ut s

then, by point (iii) of Lemma 4.2, we estimate the last term as
@y w; + B, WOy, w P dp, < C | (10, w; P + 18, W, ) du, < C / 18y, wl du,,
OE; OE, OE,

thus, the last estimate in the statement of Lemma 4.2 implies

[[E3R A | a1 A N [

Therefore, combining the last three estimates, we get

d —
g [ dx < 208|105 wl|[ i, + Clove = Willizam 10wl o,
2

< - 09||[6erl]||H‘(3Ex)’

for every ¢ € [0, T), where in the last inequality we used the trace inequality (4.34)

=2 =2 2
”Wt - wl”LZ(Z)E,) < ”Wt - Wt”H]/z(()E,) < C‘/'T3 |th| dx < 2CM3’

possibly choosing a smaller M such that 2CM; < o.

(4.39)

This argument clearly says that the quantity fT3 |Vw,|? dx is nonincreasing in time, hence, if M,, M3
are small enough, the inequality [, [Vw|*dx < 2Ms5 is preserved during the flow. If we assume by
contradiction that T < T(E,), then it must happen that VOl(E7AE) = 2M, or |Wllcle@e = 2M,.
Before showing that this is not possible, we prove that actually the quantity ng |Vw,|> dx decreases

(non increases) exponentially.
Computing as in the previous step,

/ |VWt|2 dx = _/ Wt[av,Wt] du,
T3 OE,

= - (wy —wy) [av,wt] du,
OE,

<|lw; = Wl”Lz(aEt)”[avlwl]||L2((9E;)

12
< C(/ [Vw,|? dx) ||[8erl]||L2(6E,)’
T3

where we used again the trace inequality (4.34). Then,

2 2 2
/T Vil dx < 10wl 2 o, < CNDy Wil

and combining this inequality with estimate (4.39), we obtain
d

o IVw,|* dx < —cq / IVw,|* dx,
t ) T3
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for every ¢ < T and for a suitable constant ¢, > 0. Integrating this differential inequality, we get

IVw*dx < e [ |Vwo|* dx < Mse™ < Mj, (4.40)
T3 T3

forevery r < T.

Then, we assume that Vol(E7AE) = 2M, or ||:,l/7||C1,a(5E?) = 2M,. Recalling formula (4.26) and
denoting by X, the velocity field of the flow (see Definition 3.1 and the subsequent discussion), we
compute

d d

—D(E;) = _/ dpdx = / div(deX;) dx :/ de{Xi|vi) du,
dt dt E, E, OE,

= / deld,wldu, = - / (Vh|Vw,) dx,
OE, T3

where h denotes the harmonic extension of dg to T°. Note that, by standard elliptic estimates and the
properties of the signed distance function dg, we have

VAl 23y < Clldellcrory < C = C(E),
then, by the previous equality and formula (4.40), we get
d
ED(Et) < ClIVw 2y < C /M3 e V2

for every ¢ < T. By integrating this differential inequality over [0, T) and recalling estimate (4.27), we
get

VOl(E7AE) < Cllyzll2r,) < C+/D(E7) < C \/D(EO) +CM; < CIM5, (4.41)
as D(Ey) < M,, provided that M;, M5 are chosen suitably small. This shows that Vol(E7AE) = 2M,
cannot happen if we chose C /M5 < M.

By arguing as in Lemma 4.5 (keeping into account inequality (4.30) and formula (4.28)), we can see
that the L?—estimate (4.41) implies a W>*~bound on 7 with a constant going to zero, keeping fixed M,,
as fT3 |VWT|2 dx — 0, hence, by estimate (4.40), as M3 — 0. Then, by Sobolev embeddings, the same
holds for ||lp?||cl,a(aET), hence, if M; is small enough, we have a contradiction with ||lﬁ7||cha(aE7) =2M,.
Thus, T = T(E,) and

VOl(E/AE) < CMs5, Willcra@r,) < 2M>, / [Vw.* dx < Mae™, (4.42)
T3

for every t € [0, T(Ey)), by choosing M, M,, M5 small enough.

Step 4 (Long time existence). We now show that, by taking M, M,, M5 smaller if needed, we have
T(Ey) = +o0o, that is, the flow exists for all times.

We assume by contradiction that T(E;) < +oco and we recall that, by estimate (4.39) and the fact
that T = T(E,), we have

d
- /T Vil dx+ o1, wl o, <O
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for all t € [0, T(Ey)). Integrating this differential inequality over the interval
[T(Eo) —T/2,T(Eo)—T/4],

where T is given by Theorem 3.8, as we said at the beginning of the proof, we obtain

T(Eo)-T/4 ) s s
T(Ep)-T/2 s g

where the last inequality follows from estimate (4.42). Thus, by the mean value theorem there exists
te (T(Ey) —T/2,T(Ey) — T/4) such that

4M;

| [%W?]“iﬂ(aa) = Toy”

Note that for any smooth set F C T°, we have lVellerrsy < L, for some “absolute” constant L and that
wr is constant, then, since H'(JE;) embeds into LP(OE;) for all p > 1, by Lemma 4.2, we in turn infer
that

[Hf( + l/’;() VE(')) - HE]E‘O,H(&E)
< C[W;( + w?()VE()) - WE]%O,a(aE)
+ ClviC + iCvel) = Viltoaggr + CV = VElouap,

< Clwilz. + CL? |l + Cllutz = g}

2 2
O,a(aE?)”wfncl,a(aF) ”Cl"’((?F) )

< c% + CL W17 05, + CVOUEAE)?
where [-]coeg,) and [-]eoepE) stand for the a—Holder seminorms on JE; and JE, respectively and
remind that v;, vg are the potentials, defined by formula (2.1), associated to u; = Xe = Xong, and
UE =X = Xomgr
By means of Schauder estimates (as Calderon—Zygmund inequality implied estimate (4.25)), it is
possible to show (see [13]) that there exists a constant C > 0 depending only on E, M, @ and p > 1
such that for every F € CSII‘;’(E), choosing even smaller M, M,, M3, there holds

IBllcoe@r < C( + [H|coagr)) -

Hence, by the above discussion, we can conclude that E; € Gf{f(E). Therefore, the maximal time of
existence of the classical solution starting from Ej is at least 7', which means that the flow E, can be
continued beyond 7T'(E), which is a contradiction.

Step 5 (Convergence, up to subsequences, to a translate of E). Let #, — +oo, then, by estimates (4.42),
the sets E, satisfy the hypotheses of Lemma 4.5, hence, up to a (not relabeled) subsequence we have
that there exists a critical set E/ € €*(E) such that E, — E’ in W>/>2. Due to formulas (4.28)
and (4.38) we also have ||g/|ly239g) < 0 and E’ = E + i for some (small) 7 € R? (equality (4.37)).

Step 6 (Exponential convergence of the full sequence). Consider now

D,(F) = / dist(x,0F +n)dx.
FA(E+7)
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The very same calculations performed in Step 3 show that

DU(EZ) < C||VWI||L2(T3) < C A /M3e—c0t/2

b

for all + > 0, moreover, by means of the previous step, it follows lim,_,,. D,(E;) = 0. In turn, by
integrating this differential inequality and writing

OE, = {y + ¥, (0))VE+ () : y € OF + 17},

we get
+00
W22 < CDA(ED < / CMse ™ ds < C/Mze™"'* (4.43)
t

Since by the previous steps [V, |lw23oE+y;) 18 bounded, we infer from this inequality and interpolation

estimates that also ||y, |lc1sE+y decays exponentially for all 8 € (0,1/3). Then, setting p = ﬁ, we
have, by estimates (4.43) and (4.27) (and standard elliptic estimates),
Ve = vesllersersy < Cllve = veallwerasy < Clluy — upgllrrs)
< CVOl(E,AE +m)'"” < Clgy I,
< CM/*P ettt (4.44)

for all 8 € (0, 1/3). Denoting the average of w, on OE, by w,, as by estimates (4.34) and (4.40) (recalling
the argument to show inequality (4.20)), we have that

W, (- + (Ve () = Willn@esn < Cliwe = Wille@e,) W dlcr@en
< ClIVwilz2(r3)

<C AY; M3€_Cot/2 .

It follows, taking into account inequality (4.44), that
IH:( - 44, C)VE()) = Hil = Hogsy = Hoganl|| ooy = © (4.45)

exponentially fast, as t — +oo, where H, and ﬁ{)E_H] stand for the averages of H; on E; and of Hyg.,
on OE + n, respectively.

Since E, — E+7 (up to a subsequence) in W22, it is easy to check that [H,~Hpg.,| < Cllt, i @r+y)
which decays exponentially, therefore, thanks to limit (4.45), we have

||H,( : +’,[/n,t(')VE+n(')) - H6E+77||H1/2(3E+,7) -0

exponentially fast.
The conclusion then follows arguing as at the end of Step 4.
O
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4.3. A brief overview of the Neumann case

Let Q be a smooth bounded open subset of R". As before we consider the nonlocal Area functional
IN(E) = Aq(IE) + ?’/ Vvl dx,
Q

for every E C Q with dE N 0Q = @, where y > 0 is a real parameter and v is the potential defined as
follows, similarly to problem (2.3),

—AVvg =ugp—m in Q
0
PE 9 on 8Q
aVE

/VEdXIO
Q

with m = f, ug dx, ug = x, — x,,, and vg the outer unit normal to E.
As in formula (2.5), we have

/|VVE|2dX=//G(X,)’)”E(X)ME(Y)dXdy,
0 ala

where G is the (distributional) solution of

~AG(x,y) = 6, — VO+(Q) for every x € Q

(V,.G(x,y)|lve(x)) =0 for every x € 0Q

/ G(x,y)dx =0
Q

for every y € Q.

Note that, unlike the “periodic” case (when the ambient is the torus T"), the functional Jy is not
translation invariant, therefore several arguments simplify. The calculus of the first and second
variations of Jy, under a volume constraint, is exactly the same as for J, then we say that a smooth set
E C Q, with 9E N 0Q = @, is a critical set, if it satisfies the Euler-Lagrange equation

H+4yvp =24 on OF,

for a constant A € R, instead, since Jy is not translation invariant, the spaces T(9E), T+(JE), and the
decomposition (2.43) are no longer needed and, defining the same quadratic form IIz as in
formula (2.41), we say that a smooth critical set E is strictly stable if

Mg(e) >0  forallp € H(JE)\ {0}.
Naturally, E C Q is a local minimizer if there exists a 6 > 0 such that
IN(F) 2 IN(E),

forall F C Q, 0F N 0Q = @, Vol(F) = Vol(E) and Vol(EAF) < . Then, as in the periodic case,
we have a local minimality result with respect to small W*P—perturbations. Precisely, the following
(cleaner) counterpart to Theorem 2.29 holds (see also [39]).
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Theorem 4.9. Let p > max{2,n — 1} and E C Q a smooth strictly stable critical set for the nonlocal
Area functional Jy (under a volume constraint) with N, a tubular neighborhood of E as in
formula (2.49). Then there exist constants 6, C > 0 such that

In(F) = Jy(E) + C[Vol(EAF)]?,
for all smooth sets F' C T" such that Vol(F) = Vol(E), Vol(FAE) < 6, OF C N, and

OF ={y +¢¥(yve(y) : y € OE},

for a smooth y with |Yllw2roE) < 0.
As a consequence, E is a W>P—local minimizer of Jy (as defined above). Moreover, if F is W>P—
close enough to E and Jy(F) = Jy(E), then F = E, that is, E is locally the uniqgue W*P—local minimizer.

Sketch of the proof. Following the line of proof of Theorem 2.29, since the functional is not translation
invariant we do not need Lemma 2.34 and inequality (2.83), proved in Step 2 of the proof of such

theorem, simplifies to
> o

inf{TIr(¢) : ¢ € H'(OF), llgllor = 1)
where my is the constant defined in formula (2.82). The proof of this inequality then goes exactly as
there.

Coming to Step 3 of the proof of Theorem 2.29, we do not need inequality (2.86), thus we do not
need to replace F' by a suitable translated set F' — . Instead, we only need to observe that
inequality (2.90) is still satisfied. The rest of the proof remains unchanged. O

The short time existence and uniqueness Theorem 3.8, proved in [18] in any dimension, holds also
in the “Neumann case” for the modified Mullins—Sekerka flow with parameter y > 0, obtained (as in
Definition 3.2) by letting the outer normal velocity V; of the moving boundaries given by

V,=[0,,w;] ondE,forallte[0,T),

where v, = vg, and w, = wg, 1s the unique solution in H 1(Q) of the problem

Awg, =0 in Q\ JE,
wg, = H+4yvg,  on OE,
with vg, the potential defined above and, as before, [0,,w,] is the jump of the outer normal derivative of
wg, on OE,.
Then, we conclude by stating the following analogue of Theorem 4.6 (taking into
account Remark 4.7).

Theorem 4.10. Let Q be an open smooth subset of R* and let E C Q be a smooth strictly stable critical
set for the nonlocal Area functional under a volume constraint, with OE N 0 = @ and N, (withe < 1)
a tubular neighborhood of OE, as in formula (2.49). Then, for every a € (0, 1/2) there exists M > 0
such that, if Ey is a smooth set in GM’(E) satisfying Vol(Ey) = Vol(E) and

/ |VWEO|2 dx<M
Q
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where wy = wg, is the function relative to Ey as in problem (3.1) (with Q in place of T3\ OE), then, the
unique smooth solution E, to the Mullins—Sekerka flow (with parameter y > 0) starting from E, given
by Theorem 3.8, is defined for all t > 0. Moreover, E, — E exponentially fast in C*,as t — +oo, for
every k € N, with the meaning that the functions yr,, : OE — R representing OE, as “normal graphs”
on OE, that is,

OE, ={y+ wn,t()’)VEwy(Y) .y € OF},

satisfy, for every k € N,
||l//77,t”Ck(6E+;7) < Cke_'g"t,

for every t € [0, +00), for some positive constants C;. and fy.

The proof of this result is similar to the one of Theorem 4.6 and actually it is simpler since we do
not need the argument used in Step 2 of such proof, where we controlled the translational component
of the flow. Note also that in the statement of Proposition 2.35, in this case, inequality (2.93) holds
for all ¢ € H'(OF). Finally, observe that under the hypotheses of Proposition 2.36 we may actually
conclude that E’ = E, that is, there are no other critical sets close to E.

4.4. The surface diffusion flow — Preliminary lemmas

As for the modified Mullins—Sekerka flow, we start with the technical lemmas for the global
existence result.

Lemma 4.11 (Energy identities). Let E; C T" be a surface diffusion flow. Then, the following identities

hold:
d

—AWOE,) = - | |VH,[du,, (4.46)
dt o,
and
d1 )
5 |[VH,| d/vlt = - HE,(Ath) - B,(VH,, VH,)AH, d,ut
dt2 Ja, E,
1
+ = / H,|VH,|*AH, du, (4.47)
2 JoE,

where g, is the quadratic form defined in formula (2.41) (withy = 0).

Proof. Let ¢, the smooth family of maps describing the flow as in formula (3.7). By formula (2.15),
where X is the smooth (velocity) vector field X, = % = (AH,)vg, along J0E,, hence X; = X, —
(Xi|ve,)ve, = 0 (as usual v, is the outer normal unit vector of 0E;), following computation (2.16), we
have

d d
—AE,) = — d
dl‘ﬂ( ) a1 /BE, Hi

= | (divX: + H(X|vg,)) du
OE,

= / H,AH; dy,
OE;

Mathematics in Engineering Volume 4, Issue 6, 1-104.



85

=— [ IVHdu,,
OE,
where the last equality follows integrating by parts. This establishes relation (4.46).
In order to get relation (4.47) we also need the time derivatives of the evolving metric and of the
mean curvature of JE,;, that we already computed in formulas (2.13), (2.32) and (2.33) (where the
function ¢ in this case is equal to A;H, and X, = 0), that is,

6gi' (9 ij ii
—L=omAH,  and 2= —2wiAH,,
O0H
0—; = _|Bt|2Ath - AAH,

Then, we compute

dl1l 1 iy
A |VH1|2 du; = = / HI|VHI|2 AH; du, — / h”VthVth AH; du,
dt2 ), 2 Jok, OE,
- / gijVthVj(|B|2Ath + AIAZHI) du,
OE,
1
= 5 / Ht|VHt|2 AH, dy, - / B(VH,, VH,) A H, dy,
OE; OE,
+ / |Bt|2(Ath)2 du, + / AH; AAH, dyy
OE; OE;
1
= E / Ht|VHt|2 AH; du, - / B,(VH,, VH,) AH, du,
OE; OE,
+ |Bt|2(Ath)2 du, - / |VA,H,|2 duy
OE, OE;
which is formula (4.47), recalling the definition of Ilg, in formula (2.41). O

From now on, as before due to the dimension—dependence of the estimates that follow, we restrict
ourselves to the three—dimensional case.

The following lemma is an easy consequence of Theorem 3.70 in [5], with j =0, m =1, n = 2 and
r = g = 2, taking into account the previous discussion.

Lemma 4.12 (Interpolation on boundaries). Let F C T° be a smooth set. In the previous notations, for
every p € [2,+00) there exists a constant C = C(F, M, a, p) > 0 such that for every set E € (Z;‘;I“(F) and
g € H'(OE), we have

gllzroE) < C(||Vg||iz(aE)||g| ;(%E) + l1gllz20E)) »

with =1-2/p.
Moreover, the following Poincaré inequality holds

llg — glleror) < ClIVEIL20E) »

where g(x) = fr gdu, if x belongs to a connected component I of OE.
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Then, we have the following mixed “analytic—geometric” estimate.

Lemma 4.13 (H?—estimates on boundaries). Let F C T be a smooth set. Then there exists a constant
C = C(F,M,a, p) > 0 such that if E € €,"(F) and f € H'(OE) with Af € L*(3E), then f € H*(0E)
and

IV2 fll2om) < CIAfll2m (1 + ||H||i4(5E))-

Proof. We first claim that the following inequality holds,

[ wPdus [ asdusc [ 180957 du (4.48)
OE OE O
Indeed, if we integrate by parts the left—hand side, we obtain (the Hessian of a function is symmetric)
| e du=- | e TsTis
OF O
Hence, interchanging the covariant derivatives and integrating by parts, we get

_ / g ViV VifVif du = - / g "V ViVifVif du
OE

OE

—/ gikglekjipgpSstvlfdlu
OE

- [ VAT du- [ RieVR. P
OE OE

IAf dp+ / [IBPIVF? = HB(VF, V)] du

OE OE

< [ IAfPdu+C | IBEIVSI du,
OE OE

thus, inequality (4.48) holds (in the last passage we applied Cauchy—Schwarz inequality and the well
known relation [H| < V2|B], then C = 1 + V2).

We now estimate the last term in formula (4.48) by means of Lemma 4.12 (which is easily extended
to vector valued functions g : 0FE — R™) with g = Vf and p = 4:

6E|B|2|Vf|2 dl'l S ”Bllizt(aE)”Vf”iét(aE)
2
< ClIBIGs 5 IV Fll oty IV Al g + 1V Flli2a)
< ClIBIG+ o IV Fllizom IV Fllzzary + 19 Al o) -

Hence, expanding the product on the last line, using Peter—Paul (Young) inequality on the first term of
such expansion and “adsorbing” in the left hand side of inequality (4.48) the small fraction of the term

IV2£12, «p, that then appears, we obtain

V£ 1P oy < CAAS P, + 191 UIBIE s gy + 1B )
< CUIAS oy + 19 1B g (1 + 1Bl ) (4.49)
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By the fact that A f has zero average on each connected component of JF, there holds
”VinZ(aE) = - /a‘E fAfd/'t

=— [ (f- PHAfdu
OE

< |f = flleepllAflzeoE
< ClIVfllzepllAfllz2eE) »

where we used Lemma 4.12 again, hence,

IV fll2om) < ClIAflz20E) - (4.50)
Thus, from inequality (4.49), we deduce

IV £ g < CIAFI (1 + IBIIE

4@E)) - (4.51)

Now, by means of Calderén—Zygmund estimates, it is possible to show (see [13]) that there exists a
constant C > 0 depending only on F, M, @ and g > 1 such that for every E € Q}lf‘(F ), there holds

IBllzaory < C(1 + [H|z40E)) - (4.52)

Then, since it is easy to check that also all the other constant in the previous inequalities (and the
ones coming from Lemma 4.12 also) depend only on F, M, @ and p, if E € (i,l"f(F ), substituting this
estimate, with ¢ = 4, in formula (4.51), the thesis of the lemma follows. m]

The following lemma provides a crucial “geometric interpolation” that will be needed in the proof
of the main theorem.

Lemma 4.14 (Geometric interpolation). Let F C T° be a smooth set. Then there exists a constant
C = C(F,M, @) > 0 such that the following estimates holds

/ |BIIVHP|AH| dit < CIVAHIIZ, ,p, IVHI| 205y (1 + HI|
OE

Yoo
L2(3E) LO(OE)’ >

for every E € Cill‘f(F).
Proof. First, by a standard application of Holder inequality, we have

2 e AR
|BIIVHP|AH] dy < |AH|| 5o [ |BI2IVHP du)
oF OE

Then, using the Poincaré inequality stated in Lemma 4.12 and the fact that AH has zero average on
each connected component of JE, we get

IAHI|305) < CIIVAHI| 2.

Now, we use Holder inequality again

3 3 2/3 4 1/2 6 1/6
(f BEIVHPdu) ™ < (| [VHId) (| 1B dy)
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and we apply Lemma 4.12 with p = 4,

4 5 \1/? 2 2
( | IVH| du) " < CUIVHll2om|IVHl 2 + IVHI ) -

Combining all these inequalities, we conclude

|BIVHI’|AH| dt < CIIVAHI|2 g, I1Bllis(or) IVHIl 20 IV 268y + IV 201)) -

OE

By Lemma 4.13 and estimate (4.50), with H in place of f, the right—hand side of the previous inequality
can be bounded from above by

CIIVAHI| 2o 1Bl 5o 1A 2 o) IVH 20y (1 + 1HI s -

Hence, using again Poincaré inequality and estimate (4.52) with ¢ = 6, we have
IAHI| 208y < ClIVAHI 258,

and
1Bl sor) < C(1 + [Hllzs58)) -

Finally, using this relations and Holder inequality, we obtain the thesis

|BIIVHP|AH| dit < CIVAHIIZ, ., IVHI| 205y (1 + HI|
OE

3
L6(6E)) :
O

We now remind that since dFE can be disconnected (as in the case of lamellae), the Poincaré
inequality could fail for E. However, if E is sufficiently close to a stable critical set then it is true for
the mean curvature of 0F.

Lemma 4.15 (Geometric Poincaré inequality). Fixed p > 2 and a smooth strictly stable critical set
F C T3, let 6 > 0 be the constant provided by Proposition 2.35, with @ = 1. Then, for M small enough,
there exists a constant C = C(F, M, «, p) > 0 such that

H-HP?du<C | |VHPdu, (4.53)
OE OE

for every set E € (Z};;(F) such that OE C N, with

OE ={y + y()vr(y) : y € OF},
for a smooth function  with ||Y|lw2r@or) < 0.

Proof. Since

(H-H)yvgdu=0,
OE
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there holds

1 - H = (lve) du = [IH - HIR , + /a E(nlm2 dp > H = HI 4,

for all € R?. Choosing M < &, we may then apply Proposition 2.35 with # = 1 and ¢ = H — H,
obtaining

oy | H-HPdu< [ |VHPdu- | |BPFH-Hdu< | |VHdu.
OE OE OE OE

The following lemma is straightforward.

Lemma 4.16. Let E C T? be a smooth set. If f € H'(OE) and g € W'"*(OE), then

||V(fg)”L2({)E) < C||Vf||L2(aE)||g||L°°(aE) + C||f||L4(0E)||Vg||L4(6E) )

for a constant C independent of E.

Proof. We estimate with Cauchy—Schwarz inequality,

G, <A 68 +2 | 1PV i
hence the thesis follows. i

As a consequence, we prove the following result.

Lemma 4.17. Let F C T3 be a smooth set and E € CE;;I“(F ). Then, for M small enough, there holds

W ellws20r) < COF, M, a)(1 + I ) »

where H is the mean curvature of OE (the function Y is defined by formula (3.9)).

Proof. As we do in Lemma 4.4, by a standard localization/partition of unity/straightening argument, we
may reduce ourselves to the case where the function ¢ is defined in a disk D € R? and lellcrepy < M.
Fixed a smooth cut—off function ¢ with compact support in D and equal to one on a smaller disk D’ C D,
we have again relation (4.12) (see also [42]).

Then, using Lemma 4.16 and recalling that |[/gl|c1ep) < M, we estimate

VA e)llr2p) < C(F, M, a)( M2||V3(90¢E)||L2(D) + [IVHl| 206, (1 + IV EllL2(1))
+ |Hll208) (1 + WEllw2ep) + 1 + ||¢E||W2~4(D))~

We now use the fact that, by a simple integration by part argument, if u# is a smooth function with
compact support in R?, there holds

3
||VAM||L2(R2) =V M||L2(R2),
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hence,

IV (v e)llzmy = IVA@Y a2
< C(F, M, &) (M?|IV (¥ )ll2py + IVHIl 202y (1 + IV £l 1o(y)
+ [Hll 206/ + I ellwaepy) + 1 + ||¢’E||W2v4(D)) )

then, if M is small enough, we have

IV (@l < CCF, M, a)(1 + [Hllg155)(1 + [Hess Yellap)) » (4.54)
as
IHll208) < C(F, M, @)|Hl|g1 o5 » (4.55)

by Theorem 3.70 in [5].
By the Calderén—Zygmund estimates (holding uniformly for every hypersurface JFE, with
E € (SII‘f(F ), see [13]), we have again the inequality (4.15) and the most useful estimation (4.16).
Hence, possibly choosing a smaller M, we conclude (as in inequality (4.17))

A Ell 4y < C(F, M, a)(1 + |[Hl|z208) < C(F, M, a)(1 + |[Hl|z158)) »

again by inequality (4.55).
Thus, by estimate (4.15), we get

IHess Yellpspy < C(F, M, a)(1 + [H||g198)) » (4.56)
and using this inequality in estimate (4.54),

IV ()l 2y < C(F, M, a)(1 + |[Hllg1 o),

hence,

IVl < COF, M, @)(1 + [Hllgog)* < CF, M, @)(1 + HI, ) -
The inequality in the statement of the lemma then easily follows by this inequality, estimate (4.56) and

lEllcrepy < M, with a standard covering argument. O

Now, we state a compactness result whose proof is very close in spirit to the proof of Lemma 4.5,
however we present it explicitly in order to show how the lemmas above come differently into play.

Lemma 4.18 (Compactness). Let F C T° be a smooth set and E,, C G}‘;I"(F ) a sequence of smooth sets
such that

sup / \VH,|* du, < +co.
neN JIE,

Then, if a € (0,1/2) and M is small enough, there exists a smooth set F’ € (‘I}M(F ) such that, up to a
(non relabeled) subsequence, E, — F' in W*? forall 1 < p < +oo.
Moreover, if inequality (4.53) holds for every set E, with a constant C independent of n and

/ IVH,|* du, — 0,
IE,

then F’ is critical for the volume—constrained Area functional ‘A and the convergence E, — F’ is in
w32,
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Proof. We first claim that

Sup ||Hn||H](6En) < +00, (4.57)

neN
We set H, = f(’)En H, du,, then, by the “geometric” Poincaré inequality of Lemma 4.15, which holds
with a “uniform” constant C = C(F, M, «), for all the sets E € @};j’(F ) (see [13]), if M is small enough,
we have

IH, — ﬁn”ill(aE) < sup / IVH,|* dy,, < C < +0

" neN JoE,

with a constant C independent of n € N.
Then, we note that, as in Lemma 4.5, by the uniform C'*~bounds on JE,, we may find a solid

cylinder of the form C = D x (—L, L), with D C R? a ball centered at the origin and functions f,, with

Sup fullcram) < +00, (4.58)
ne

such that 0E, N C = {(x", x,) € D X (=L, L) : x, = f,(x")} with respect to a suitable coordinate frame
(depending on n € N). Hence, recalling the formula (4.24), the uniform bound (4.58) and the fact that
[|H, — ﬁnll H\(©E,) are equibounded, we get that ﬁn are also equibounded (by a standard “localization”
argument, “uniformly” applied to all the hypersurfaces dE,). Therefore, the claim (4.57) follows.

By applying the Sobolev embedding theorem on each connected component of F, we have that

IH,llzr e, < CliHlgoE,) < C < 400 for all p € [1, +00).

for a constant C independent of n € N.
Now, as before, we obtain
IBllzr@E) < C(1 + [ HllLr o)) -

for every E € G}Q"(F ) with a uniform constant C. Then, if we write

OE, ={y + ¥, ())vr(y) : y € OF},

we have sup, . lWnllwzrr) < 400, for all p € [1, +00).
Thus, by the Sobolev compact embedding W>P(0F) < C'“*(dF), up to a subsequence (not
relabeled), there exists a set F’ € (ﬁ}lf(F ) such that

Yu = Y in C(IF),

for all @ € (0,1/2) and B € (0, 1).

From estimate (4.57) and Lemma 4.17 (possibly choosing a smaller M), we have then that the
functions ¢, are bounded in W*2(0F). Hence, possibly passing to another subsequence (again not
relabeled), we conclude that E, — F’ in W?? for every p € [l,+c0), by the Sobolev compact
embeddings.

For the second part of the lemma, we first observe that if

/ IVH,* du, — 0,
OE,
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then there exists A € R and a subsequence E, (not relabeled) such that
H, (- +¢,(-)vr() = A= H( +p()ve(-)

in H'(OF), where H is the mean curvature of F’. Hence F" is critical.

To conclude the proof we only need to show that i, converge to = iz in W>*(9F).

Fixed 6 > 0, arguing as in the proof of Lemma 4.17, we reduce ourselves to the case where the
functions ¢, are defined on a disk D C R2, are bounded in W**(D), converge in W>*(D) for all
p € [1,+00) to y € W*(D) and ||Vi||z~(py < 6. Then, fixed a smooth cut—off function ¢ with compact
support in D and equal to one on a smaller disk D’ C D, we have

Alpyn) Agy) 2 2 VyVy
- =(Vi(y,) - V SRS AL A
VIF VP AT+ (VP (V) (W))(l +| V)32
Vo T T e

+ SD(Hn - H) + R(x, '7[/11’ an) - R()C, l/” le) ’

where R is a smooth Lipschitz function.
Then, using Lemma 4.16, an argument similar to the one of the proof of Lemma 4.17 shows that

y(_Ae) A
VIHIVGP 1+ (VP

< CMY(S* IV (prn) — V2 (@)l

12(D)
+ V3 (@) = V2@l oIVl
+ ||V3(90l//n)||L2(D)||V¢n = Vl=(p)
+ ||V2(90¢n)||L4(D)(||V2'ﬁn||L4 + ||V2¢||L4(D))
+1IVH, — VHIlz2(0) + [0 — Yllw2e)) -

Being H constant, that is VH = 0, by using Lemma 4.16 again and arguing as in the proof of
Lemma 4.17, we finally get

||V3(<Plﬁn) - V3(90W)||L2(D) < C(M)(llyr, = w”W“(D) + IV, — V| oy + |IVHn||L2(D)) s

hence,
||V3lﬁn - Vslﬁ”LZ(D') < C(M)(llyr, = Ullw2apy + IV, — V| oy + IVH,[l.2(p)) »

from which the conclusion follows, by the first part of the lemma and a standard covering argument.
O

4.5. The surface diffusion flow — The main theorem

We now show the global existence result for the surface diffusion flow, whose proof is very similar
to the one of Theorem 4.6. However, in order to make it clear, we present it in a detailed way.

Theorem 4.19. Let E C T? be a strictly stable critical set for the Area functional under a volume
constraint and let N, be a tubular neighborhood of OE, as in formula (2.49). For every a € (0,1/2)
there exists M > 0 such that, if Ey is a smooth set in Czlv}a(E) satisfying Vol(Ey) = Vol(E) and

/ IVHo|* duo < M,
IE
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then the unique smooth solution E, of the surface diffusion flow starting from E,, given by
Proposition 3.10, is defined for all t > 0. Moreover, E, — E + n exponentially fast in W>2 as t — +oo
(recall the definition of convergence of sets in Subsection 2.2), for some n € R?, with the meaning that
the functions yr,; : OE + 1 — R representing OE; as “normal graphs” on OE + n, that is,

OE, ={y+ l/’q,t(}’)VEm()’) . Yy €OE +n},

satisfy

”wn,t”le([)Eﬂ]) < Ce™ ,

for every t € [0, +00), for some positive constants C and f3.

Remark 4.20. The convergence of E; — E + 7 is actually smooth, that is, for every k € N, there holds

W dllck@psny < Cre™,

for every t € [0, +00), for some positive constants C; and S;. This is a particular case of Theorem 5.1
in [24], proved by means of standard parabolic estimates and interpolation (and Sobolev embeddings),
using the exponential decay in W3/%2, analogously to the modified Mullins—Sekerka flow (Remark 4.7).

Remark 4.21. The extra condition in the theorem on the L*~smallness of the gradient of Hy (see the
second part of Lemma 4.18 and its proof) implies that the mean curvature of dE, is “close” to be
constant, as it is for the set E or actually for any critical set (recall Remark 4.8).

Proof of Theorem 4.19. As in proof of Theorem 4.6, C will denote a constant depending only on E, M
and @, whose value may vary from line to line.

Assume that the surface diffusion flow E; is defined for ¢ in the maximal time interval [0, T'(E))),
where T'(Ey) € (0, +o0] and let the moving boundaries JE, be represented as “normal graphs” on OF as

OE, = {y +y,(y)ve(y) : y € OE},

for some smooth functions ¢, : dE — R.

We recall that, by Proposition 3.10, for every F € Ciif(E), the flow is defined in the time interval
[0,T),withT =T(E,M,a) > 0.

As before, we show the theorem for the smooth sets Ey C T° satisfying

Vol(EoAE) < My,  |lYollcrepry < M,  and / IVHo|* duo < M, (4.59)
O,

for some positive constants M, M,, M5, then we get the thesis by setting M = min{M,, M,, M5}. For
any set F € (i,l‘f(E), we define quantity in (4.26) and by the same arguments we obtain
estimation (4.27).

Hence, by this discussion, the initial smooth set E; € (Z}V’I“(E) satisfies D(Ey) < M < M, (having
chosen € < 1).

By rereading the proof of Lemma 4.18, it follows that for M,, M5 small enough, if

Wrllcreer) < M
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and

IVHP du < M3,
IF

then
I rllwsor) < w(max{M,, M3}), (4.60)

where s > w(s) is a positive nondecreasing function (defined on R) such that w(s) — 0 as s — 07.
This clearly implies
VEllwisor) < @' (max{M,, Ms}),

for a function w’ with the same properties of w (also in this case, w and w’ only depend on E and «,
for M small enough). Moreover, thanks to Lemma 4.15, there exists C > 0 such that, choosing M,, M;
small enough, in order that w(max{M,, M3}) is small enough, we have

H-HPdu<C | |VHPdu, (4.61)
OF OF

where, as usual, H is the average of H over oF.
We again split the proof of the theorem into steps.

Step 1 (Stopping—time). Let T < T(E,) be the maximal time such that

VOl(E,AE) < 2M;,  |Willcre@r < 2M, and \VH, [ dy, < 2Ms5, (4.62)
OE;

for all ¢ € [0, T). Hence,
I illw2eor) < w(2 max{M,, M3}) (4.63)

for all 7 € [0,7"), as in formula (4.60). B
As before, we claim that by taking M, M,, M5 small enough, we have T' = T(Ey).

Step 2 (Estimate of the translational component of the flow). We want to show that there exists a small
constant § > 0 such that

nnel(i)n”AH’ =M, villizee,) = OlAH 2ok, for all 7 € [0, 7) ) (4.64)
E

where Op is defined by formula (2.47).

If M is small enough, clearly there exists a constant Cy = Co(E, M, @) > 0 such that, for every
i € Ig, we have [Ke;, v)lli2e,) = Co > 0, holding [[{e;, ve)ll29r) > 0. It is then easy to show that the
vector 7, € O realizing such minimum is unique and satisfies

AH; = (n, vi) + &, (4.65)
where g € L*(0E,) is chosen as in relation (4.32). Moreover, the inequality
I < ClIAH 128, (4.606)

holds, with a constant C depending only on E, M and «.
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We now argue by contradiction, assuming |gll;2E,) < OllAH|20E,)-
First we recall that AH, has zero average. Then, setting H = Jfa g, Hdp,, and recalling relation (4.61),
we get

IH; = Hillf2o, < C | [VHI dpg
0
= _C/ HtAHt d/lt
OE,

= —C/ AH,(H, - ﬁt) dp
OE,
< ClH; = Hillr2@,) [|AH 28, - (4.67)

Hence, we conclude _
IH, — Hill;206,) < CIIAH || 2008,) - (4.68)

/ H, v, dy, = / vidu; =0,
OE, OE,

by multiplying relation (4.65) by H, — H,, integrating over E,, and using inequality (4.68), we get

Since, there holds

|/ - H)AH, dy,

OE,

= ‘ (H; - ﬁz)g du,

OE,
< 0lIH; — Hill 20, IAH 208,
S CellAHtlll%Z((')Er) .

Recalling now estimate (4.66), as g is orthogonal to (1, v;), computing as in the first three lines of
formula (4.67), we have

1€, Vf>”iZ(aE,) = / AHLn,, vi) dpy
OE;

= - / (VH,, V(Uta Vi) d:ut
OE;

< MAIVYllzoe) IVH 208,

— 1/2
<C ||VVI||L2(6E,)||AHI||L2(8E,)‘ / (H; - H)AH, dy,

OE;

< C VOVl IAH, 4
< C VO|AH,|]?

L%(0E,)’

where in the last inequality we estimated [|Vv/|[;25,) With C||i,]|w26E,) and we used inequality (4.63).
If then 6 > 0 is chosen so small that C V6 + 6> < 1 in the last inequality, then we have a contradiction
with equality (4.65) and the fact that [|gll;2k,) < 0llAH/lI12sE,), as they imply (by L*—orthogonality) that

K7 VOl > (1= ONAHR, -
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All this argument shows that for such a choice of 8 condition (4.64) holds.
Then, we can conclude as in Step 2 of Theorem 4.6, by replacing the W**—norm on dE with the
W2_norm on the same boundary.

Step 3 (The stopping time T is equal to the maximal time T(E,)). We show now that, by taking
M, My, M5 smaller if needed, we have T = T(E,).

By the previous point and the suitable choice of M,, M3 made in its final part, formula (4.64) holds,
hence we have

Mg (AH) > 0ol AHIZ, ,p,  forallz e [0,7).

In turn, by Lemma 4.11 and 4.14 we may estimate

d1
—= / IVHI? du, < = allAHIIIG, 5 + / |BIIVH,*|AH,| dy,
dt2 /s, ' OE,
< - O-QHAHIH?_II(QE[)
+ CIVAH)IE o IVHA 200 (1 + I )
< - O-GHAHt”%.I]((')Et)
+ CAMIIVAH)IE: g (1 + 1Hil B,
< - O-GHAHtll?{](aE[)
+C \/M3||AH,||311(6E0(1 + Cw(max{M,, M3})) (4.69)
for every t < T, where in the last step we used relations (4.62) and (4.63).
Noticing that from formulas (4.67) and (4.68) it follows
IVH |28, < CIIAH 1208, < CIIAB |18, »
keeping fixed M, and choosing a suitably small M3, we conclude
[ VP dy < -ZAHIR, < —collVH|
E 6Et| t| M = _7” t”Hl(ﬁE,) = _COH ’”LZ(BE,) .

This argument clearly says that the quantity |, OE, |VH,|? dy, is nonincreasing in time, hence, if M,, M
are small enough, the inequality |, OF, IVH,|?> du, < Mj is preserved during the flow. As before, if we

assume by contradiction that T < T(E,), then it must happen that Vol(E7AE) = 2M, or |[Y7llcrewr) =
2M2.

Before showing that this is not possible, we prove that actually the quantity féE, \VH, | du,
decreases (non increases) exponentially. Indeed, integrating the differential inequality above and
recalling proprieties (4.59), we obtain

/ IVH, dy, < e / IVHos, [ duo < Mse™' < M, (4.70)
O0E, 0Ey

for every t < T. Then, we assume that Vol(E7AE) = 2M, or ||¢/7||C1,a(5ET) = 2M,. Recalling

formula (4.26) and denoting by X; the velocity field of the flow (see Definition 3.1 and the subsequent
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discussion), we compute

d d

—D(E,) = —/ dde=/ diV(dEXt)d-x:/ dp(Xy, ve) dpty
dt dt J, E OE,

= / dp AH, du, — (Vdg, VH,) du,
OE, OE,
< C”VHtlle(ﬁEt) < C 1[M:;e—c‘()l‘/Z ,

for all t < T, where the last inequality clearly follows from inequality (4.70).
By integrating this differential inequality over [0, T') and recalling estimate (4.27), we get

VOI(ETAE) < C”wT”LZ(BET) < C \/D(ET)
<C \/D(Eo) +C+M; < C\IMs5, 4.71)

as D(E,) < M,, provided that M;, M5 are chosen suitably small. This shows that Vol(E7zAE) = 2M,
cannot happen if we chose CV/M; < M;.

By arguing as in Lemma 4.18 (keeping into account inequality (4.62) and formula (4.60)), we can
see that the L?—estimate (4.71) implies a W*°~bound on 7 with a constant going to zero, keeping fixed
M,, as f 9E, |VH7|2 du, — 0, hence, by estimate (4.70), as M3 — 0. Then, by Sobolev embeddings, the
same holds for ||1//7||C1,n(357), hence, if M3 is small enough, we have a contradiction with ||¢//7||C1.a(3E7) =
2M,.

Thus, T = T(E,) and

VOl(E,AE) < C\IMs,  Willcier,) < 2Ms, / IVH,* du, < Mse™ ", (4.72)
OE;

for every t € [0, T(Ey)), by choosing M, M,, M5 small enough.

Step 4 (Long time existence). We now show that, by taking M,, M,, M5 smaller if needed, we have
T(E(y) = +o0, that is, the flow exists for all times.
We assume by contradiction that 7(E() < +oco and we notice that, by computation (4.69) and the
fact that T = T(E,), we have
d

— [ IVH, d; + ollAH|

0
dt /s,

2
H'(OE,) =

for all + € [0,T(E)p)). Integrating this differential inequality over the interval
[T(Ey) —T/2,T(Ey) — T/4], where T is given by Proposition 3.10, as we said at the beginning of the
proof, we obtain

T(Eo)-T/4 5 5
4 / IAHR, o, di < / IVHP dptrs,,-1
T E

(Eo)-T/2 (-5

- / IVHP dptr g,
OE

T(EO)—%

< Ms;,
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where the last inequality follows from estimate (4.72). Thus, by the mean value theorem there exists
te (T(Ey) —T/2,T(Ey) — T/4) such that

4M;

112
”AHt”Hl(aE?) S TO'@

Then, by Lemma 4.13

||V2H;||iz(5E?) <C ”AH;”iZ(ﬁE;)(l + ”H;”‘LL“(ﬂE;))
< CM;(1 + w*(2 max{M,, M5}))

where in the last inequality we also used the curvature bounds provided by formula (4.63). In turn, for
p € R large enough, we get

[Hf]éo,u(aE;) < C”VH;”%P((?E?) < C”VH?H?_II([)E?) < CM3(M2’ M3) 5

where [-]coagg,) stands for the a—Holder seminorm on JE; and in the last inequality we used the
previous estimate.

Then, arguing as in Step 4 of Theorem 4.6, it is possible to show that flow E, exists beyond T (Ey),
which is a contradiction.

Step 5 (Convergence, up to subsequences, to a translate of F). Let #, — +co, then, by estimates (4.72),
the sets E, satisfy the hypotheses of Lemma 4.18, hence, up to a (not relabeled) subsequence we have
that there exists a critical set E’ € €*(E) such that E,, — E’ in W>2. Due to formulas (4.60) (and
estimation (4.38), that also holds in this case) we have ||z |lw2s9g) < 6 and E’ = E +7 for some (small)
ne€R3.

Step 6 (Exponential convergence of the full sequence). Consider now
D,(F) = / dist (x,0E + n)dx.
FA(E+n)
The very same calculations performed in Step 3 show that

d —C
| ZDA(ED| < CIVH ) < C Mze™”

for all # > 0, moreover, by means of the previous step, it follows lim,_, ;. D,(E;) = 0. In turn, by
integrating this differential inequality and writing

OE, = {y + wr],t(y)VEH](Y) 1y e OE + 77} >
we get

+00
||wn’t||i2((9E+r]) < CD,](EI) < / C1/M3e_cos/2 ds < C /M?)e—Cot/Z )
t

Since by the previous steps [y, lw26@E+y; 18 bounded, we infer from this inequality, Sobolev
embeddings and standard interpolation estimates that also [y, llc1se+y decays exponentially for

B €(0,2/3).
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Denoting the average of H, on dE, by H,, as by estimates (4.67) and (4.70), we have that

IHL G + ¥ (Ve () = Hillm @z

< ClIH; = Hillg ey IWn.ller@e+n)
< ClIVH{20E,

< C/Mze= "7

It follows that _ _
||[Ht( + wn,t(')VEH;(')) - Ht] - [H6E+n - HBE+n]||H1(aE+n) -0 (4-73)

exponentially fast, as t — +oo0, where ﬁ,9E+,, stands for the average of Hami on QE + 7.
Since E;, — E+n (up to a subsequence) in W32, it is easy to check that [H, —Hpg.,| < Clly.dllcr@pn)
which decays exponentially, therefore, thanks to limit (4.73), we have

IH: (- + ¥ (OVE+n () = Hopaylln op+n) — 0

exponentially fast.
The conclusion then follows arguing as at the end of Step 4 of Theorem 4.6. O

5. The classification of the stable critical sets

In this final section, we are going to discuss the classes of smooth sets to which Theorems 4.6
and 4.19 can be applied, hence, “dynamically exponentially stable” for the modified Mullins—Sekerka
and surface diffusion flow. Much is known for the stable and strictly stable critical sets E C T" (or of
R™) of the Area functional (hence, for the unmodified Mullins—Sekerka and surface diffusion flows),
characterized by having constant mean curvature H and satisfying respectively

ete) = | (Ve = 18P > 0
for every ¢ € H(OE) = {¢ € H'(JE) : Jo5 ¢ du = 0} and

o) = | (Ve = 18P du > 0
for every ¢ € T*(OE) = {¢ € H'(OE) : [,,¢du = 0 and [,,¢vpdu = 0}, according to
Definition 2.24. Instead, considerably less can be said for the “nonlocal case”, relative to the modified

(with v > 0) Mullins—Sekerka flow, for which in the above formulas we need to consider analogously
the positivity properties of form

HE(p) = / (IVel* = ¢*|BI*) du + 8y / / G(x, Y)p(x)p(y) du(x) du(y)
OE OE J OE

+4y/ avaEgozd/l,
OE

on the critical sets E (in T” or in domains of R", with “Neumann conditions” at the boundary) satisfying
H + 4yvg =0 on OF.
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Concentrating for a while on the Area functional, we observe that it is easy to see that (by a
dilation/contraction argument) any strictly stable smooth critical set must be connected, but actually,
being the normal velocity of the surface diffusion flow at every point defined by the local quantity
AH, it follows that Theorem 4.19 can be applied also to finite unions of boundaries of strictly stable
critical sets (see [24] and the Figure 1 below). Moreover, by the very definition above, if 0E in T" is
composed by flat pieces, hence its second fundamental form B is identically zero, the set E is critical
and stable and with a little effort, actually strictly stable. It is a little more difficult to show that any
ball in any dimension n € N is strictly stable (it is obviously a critical set), which is connected to the
study of the eigenvalues of the Laplacian on the sphere S"~!, see [30, Theorem 5.4.1], for instance.
The same then holds for all the “cylinders” Rf x S"*! ¢ R”, bounding E C T" after taking their
quotient by the same equivalence relation defining T", determined by the standard integer lattice of
R".

Notice that if n = 2, it follows that the only bounded strictly stable critical sets of the (in this case)
Length functional in the plane are the disks and in T? they are the disks and the “strips” with straight
borders. This is clearly in agreement with the two—dimensional convergence/stability result of Elliott
and Garcke [15], mentioned at the end of Section 3.

In the three—dimensional case, a first classification of the smooth stable “periodic” critical sets for
the volume—constrained Area functional, was given by Ros in [59], where it is shown that in the flat
torus T3, they are balls, 2—tori, gyroids or lamellae.

4 \ -
o8 13t
A ®o_0

Figure 1. From left to right: balls, 2—tori, gyroids and lamellae.

Notice that, despite their name, the lamellae are (after taking the quotient) parallel planar 2—tori
and the 2—tori are quotients of circular cylinders in R?. As we said, with the balls, these surfaces are
actually strictly stable, while in [31,32,60] the authors established the strict stability of gyroids only
in some cases. To give an example, we refer to [32] where Grosse-Brauckmann and Wohlgemuth
showed the strictly stability of the gyroids that are fixed with respect to translations. We remind that
the gyroids, that were discovered by the crystallographer Schoen in the 1970 (see [62]), are the unique
non—trivial embedded members of the family of the Schwarz P surfaces and then conjugate to the D
surfaces, that are the simplest and most well-known triply—periodic minimal surfaces (see [60]).

For the case y > 0, that is, for the nonlocal Area functional, a complete classification of the stable
periodic structures is instead, up to now, still missing.

It is worth to mention what is shown in [2] about the minimizers of J. The authors proved that if a
horizontal strip L is the unique global minimizer of the Area functional in T", then it is also the unique
global minimizer of the nonlocal Area functional under a volume constraint, provided that y > 0 is
sufficiently small. Precisely, the following result holds.

Theorem 5.1. Assume that L C T" is the unique, up to rigid motions, global minimizer of the Area
functional, under a volume constraint. Then the same set is also the unique global minimizer of the
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nonlocal Area functional (2.4), provided that 'y > 0 is sufficiently small.

This theorem then allows to conclude that the global minimizers are lamellae in several cases in
low dimensions (two and three), for suitable parameters y and volume constraint. Moreover, in [2], it
is also shown that lamellae with multiple strips are local minimizers of the functional J, if the number
of strips is large enough.

Finally, we conclude by citing the papers [9, 10, 12,44,53-58] with related and partial results on the
classification problem which is at the moment fully open.
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