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A B S T R A C T

The stiffness model plays a crucial role in improving the performance of robots. During the 
operation of an underground mining cable-driven parallel robot (UMCDPR), insufficient stiffness 
can lead to motion instability, posing safety hazards. Additionally, the complexity of the un
derground mining environment, which is often accompanied by external disturbances, leads to 
offline stiffness indices failing when used underground as an optimal criterion. To address these 
problems, this article proposes a robust optimal stiffness direction (ROSD) index grounded in 
Rayleigh’s theorem, which is characterized by three primary features: (1) strong robustness, (2) 
suitable for multi-trajectory optimization engineering problems, and (3) global visualization. 
Firstly, considering the influence of pulleys on the end-effector, the stiffness model of UMCDPR is 
modified. Secondly, a trajectory optimization method utilizing ROSD is introduced, incorporating 
the Kepler Conjecture and stiffness model correction. Finally, the characteristics of ROSD are 
validated through numerical simulations. Based on two numerical simulations, the ROSD index 
can serve as an optimal criterion for guiding stiffness optimization of UMCDPR. Furthermore, an 
optimal stiffness trajectory is obtained to meet the task objectives of UMCDPR.

1. Introduction

In 2020, China’s raw coal output amounted to 3.84 billion tons, while its total coal consumption approximated 4.14 billion tons [1]. 
According to research on China’s coal resources, underground mining is the principal extraction method, with opencast mining 
comprising less than 15 % of overall coal production [2]. Notably, underground mining offers several substantial advantages, 
including the reduction of transportation costs, the enhancement of mining efficiency, and the mitigation of labor intensity. These 
factors collectively underscore the significance of underground mining in the context of China’s coal industry.

Hydraulic supports are mainly transported by cranes on the ground as pivot equipment for fully mechanized mining. Assembling 
the equipment underground assists in reducing transportation and operational costs. Nonetheless, traditional cranes, due to their 
weight and size, are unsuitable for underground operations. Cable-driven parallel robots (CDPRs) are characterized by high speed, 
high stiffness, high loading capacity, high flexibility, and high motion accuracy [3,4]. Their potential advantages allow them to replace 
large lifting devices for accomplishing underground tasks, enabling them to adapt to more complex environments and fulfill various 
task requirements. Therefore, it is imperative to select an appropriate technology to develop UMCDPR to ensure the transport of 
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hydraulic supports in the limited space of underground mines.
UMCDPR is susceptible to external disturbances in the complex underground environment, resulting in motion instability and 

triggering potential safety incidents. Having great stiffness can assist UMCDPR in withstanding underground disturbances during its 
operation. One of the current research hotspots is how to evaluate the stiffness of robots. Cui et al. [5] defining a new cable tension 
constraint workspace concept to analyze and measure the controllability of the overall and local stiffness of CDPRs. Yu et al. [6] 
proposing a stability factor to evaluate the stability of CDPRs. Following this requirement, a feasible workspace and an SFW generation 
algorithm are presented based on convex set theory. Jamshidifar et al. [7] propose the cables’ tension redundancy problem. 
Redundancy resolution is studied considering the directional stiffness of the moving platform as the objective function to maximize. 
Yuan et al. [8] analyze the dynamic and static stiffness of CDPRs by considering the mass of the cables, revealing that the mass of cables 
significantly impacts the stiffness of CDPRs. Unfortunately, most scholars predominantly concentrate on the system stiffness of CDPRs, 
neglecting that the stiffness index used to reflect CDPR systems is only valid within a certain range of external disturbances, while 
becoming invalid beyond this range. This issue is particularly prominent in underground environments.

UMCDPR is a novel underground mining equipment that requires remarkable safety, reliability, and economy before being put into 
production. Nonetheless, directly developing an online control system is not a smart choice. On the one hand, given the inability to 
accurately estimate underground disturbances (including mutual influence between workshops [9] and rock layer movements [10]), 
online control is difficult to execute accurately when disturbances are not accurately estimated [11]. On the other hand, novel online 
algorithms must be redeveloped to meet the explosion-proof requirements of different underground environments, and the longer 
cycle increases the cost of use [12]. Therefore, offline simulations are employed to select a direction with minimal deformation for 
UMCDPR trajectory planning to increase stiffness performance. Due to the presence of underground disturbances causing the indices to 
fail, there is a significant discrepancy between offline simulation planning and actual online planning. One effective solution is to 
improve the robustness of the index [13,14]. In this article, the disturbance boundary value that exactly does not cause the indices to 
fail is defined as the disturbance capacity. Meanwhile, offline analysis based on stiffness optimization index is a commonly used 
method in many works [5–8]. According to the compliance/stiffness ellipse mechanism [15,16], alterations in the robot’s motion 
direction induce variations in system stiffness. Meanwhile, motion direction is also related to the robot’s task trajectory. In other 
words, appropriate motion trajectory planning can effectively enhance the stiffness of CDPRs. To the authors’ knowledge, most 
existing researches focus on optimizing CDPRs’ motion stiffness from the perspective of cable tension distribution [5–8], while 
overlooking CDPRs’ actual task trajectories. This article proposes a novel approach by enhancing the system’s stiffness performance 
through directional optimization that aligns motion direction with task requirements, thereby achieving more effective stiffness for 
CDPRs.

Trajectory planning is a necessary means for CDPRs to achieve task objectives, and reasonably setting path information enhances 
the working efficiency of CDPRs. Trajectory optimization is performed offline to enhance CDPR performance, allowing it to satisfy or 
exceed the expected goals. Cheng et al. [17] presenting an optimal trajectory planning control method to suppress the vibration of a 
variable-stiffness flexible manipulator considering the rigid-flexible coupling. Zhao et al. [18] propose a method of constructing the 
hybrid stiffness index to enhance the stiffness of the serial robot in completing friction stir welding tasks. Posa et al. [19] present a 
novel method for trajectory planning of rigid body systems that contact their environment through inelastic impacts and Coulomb 
friction, eliminating the requirement for a priori mode ordering. In fact, the core elements of trajectory optimization are the opti
mization indices from the authors’ perspectives. Generally, the optimization indices are converted into mathematical equations and 
optimized through appropriate methods. Such as reducing energy consumption [20], minimizing operational time [21], enhancing the 
force-feasible workspace [22], motion/force transmissibility [23], available wrench set robustness [16], load capacity indices [24] and 
performance evaluation for other parallel robots [25,26]. However, for certain engineering problems, the requirements are relatively 
vague and lack a clear definition [27]. According to the task requirements (transporting a load between two areas) of UMCDPR, there 
are multiple options for initial and final points of trajectories within a narrow tunnel. Currently, no suitable method exists for selecting 
an optimal stiffness trajectory from multiple possible trajectories. Therefore, evaluating the optimization results obtained from 
multiple initial point selections is also one of the problems to be addressed in this article. Furthermore, visualization in optimization is 
regarded as a crucial means to mitigate local optima [28]. Once the global optimization results of UMCDPR within the task workspace 
are established, it significantly reduces the difficulty for users in utilizing the methods, facilitating promotion and application in the 
future.

Nomenclature
kpi the modified stiffness model coefficient of the i-th cable
kpi the modified stiffness model constant of the i-th cable
TWt the optimized task workspace based on the kpi
TW the task workspace before optimization.
K1 the modified controllable stiffness matrix
K2 the modified inherent stiffness matrix
Kp the modified stiffness matrix of UMCDPR systems
τp, j, min the optimal position stiffness direction at the j-th point
τФ,j,min the optimal rotation stiffness direction at the j-th point
pj the position vector at the j-th point
pj+1 the position vector at the j+1-th point
τj,min the optimal stiffness direction located at pj
Δt the sampling time

(continued on next page)
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(continued )

δ the radius of the unit sphere
aj the direction of movement from pj to pj+1.
an the n-th search/motion direction from search/motion direction space

For CDPRs, choosing the cable tension from the wrench feasible workspace (WFW) is an effective method to improve controllable 
stiffness [29]. This is achieved by aligning the eigenvector associated with the maximum eigenvalue of the stiffness matrix, thereby 
ensuring significant stiffness in the direction of motion [30]. The eigenvectors corresponding to the eigenvalues of the stiffness/
compliance matrix can serve as a standard of stiffness, with an important index being the stiffness/compliance ellipsoid [15,[16]. 
When the stiffness/compliance ellipsoid is defined, the longer/shorter length of its semi-axes (eigenvalues of the stiffness/compliance 
matrix), the smaller deformation under force in the corresponding direction (corresponding to the eigenvector), indicating better 
stiffness performance. The authors can further infer that the optimal stiffness direction of UMCDPR can be determined at any 
generalized coordinate by changing the eigenvalue of the stiffness/compliance matrix. Hence, choosing the eigenvector corresponding 
to the minimum or maximum eigenvalue as the optimal stiffness direction is indeed an effective means. To the best of the author’s 
knowledge, there is no literature providing theoretical proof for the existence of the optimal stiffness direction. This article serves as a 
pioneering work, combining Rayleigh’s theorem to demonstrate the existence of the optimal stiffness direction. This method of the 
optimal direction not only enhances the visualization of stiffness indices but also takes into account the global distribution of ROSD in 
the task workspace.

In summary, considering the underground environment of UMCDPR, a stiffness optimization index is proposed to ensure the 
credibility of the results during offline simulation, especially when there are significant differences in disturbances compared to actual 
experiments. The main contributions of our work can be summarized as follows: 

(1) ROSD index: This article proposes the ROSD to address the issue of index failure caused by the mismatch between offline 
simulations and actual experimental disturbances. Numerical simulations are designed to verify the direction similarity under 
different disturbance means, demonstrating the robustness of this index;

(2) Multi-trajectory evaluation mechanism: For the multi-trajectory optimization problem of UMCDPR, a multi-trajectory 
evaluation system is established based on the ROSD index. The main objective is to select an optimal stiffness motion trajec
tory from all possible trajectories as the motion trajectory of UMCDPR;

(3) Global visualization: According to the generalized coordinates of UMCDPR, it is straightforward to obtain the global distri
bution of ROSD in the task workspace. When the global distribution of ROSD is observed, this approach facilitates user utili
zation and helps avoid getting trapped in local optima.

The remainder of this article is organized as follows. In Section 2, an overview of preparatory work on UMCDPR is presented. In 
Section 3, the ROSD index is proposed by Rayleigh’s theorem. Subsequently, an approximation segmentation method of the task 
workspace is obtained by applying the Kepler Conjecture as the foundational theory, and the ROSD offline trajectory optimization 
method is proposed with the principle of maximizing the similarity value. In Section 4, both numerical simulations are conducted to 
verify the correctness of the properties of ROSD, and the mean similarity is introduced into ROSD, from which a trajectory with a 
maximum deformation no exceeding 0.027 m is obtained to achieve the task objectives. In Section 5, conclusions and future work are 
presented.

2. Preliminaries

As a precursor to the subsequent sections, this section briefly introduces backgrounds, task objectives, UMCDPR structure, kine
matic modelling, and the design of TW. Besides, this section provides explanations of some concepts about ROSD.

2.1. Background and task objectives

The hydraulic support serves as the pivotal equipment for fully mechanized mining faces, capable of adjusting its height according 
to the thickness of coal seams to safeguard the working conditions within the roadway [31,32] (Fig. 1(a)). The hydraulic support is 
mainly composed of several parts: front beam, top beam, shield beam, rear linkage, front linkage, base, and support legs (Fig. 1(b)). All 
of these components can be disassembled for transportation to the underground for assembly.

The mining hydraulic frame structure is commonly utilized for underground lifting and transportation of hydraulic supports (Fig. 1
(c)). It primarily consists of a lifting unit and an elevating unit, and is renowned for its strong load-bearing capacity, high flexibility, 
and ease of access to the underground. However, compared to chain drives, the UMCDPR offers superior controllable stiffness and 
control accuracy, as well as a higher safety factor. Therefore, we retain the elevating unit and replace the lifting unit with a cable- 
driven unit. To a certain extent, the adoption of a mining hydraulic frame needs collaboration with humans. When UMCDPR at
tains sufficient trajectory stiffness, it can effectively safeguard personal safety and enhance stability (Fig. 1(c)). Therefore, UMCDPR is 
designed based on the structural characteristics of the mining hydraulic frame. Its structure comprises three parts: a dual cable-driven 
winch, a pulley system, and a hoisting component (Fig. 1(d)), and is introduced in detail in Section 2.2.

Typically, hydraulic support components are equipped with lifting holes, enabling hooks to be directly connected to these holes. 
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Fig. 1. (a) Hydraulic supports mining faces; (b) Composition of hydraulic support; (c) Mining hydraulic frame working drawing; (d) UMCDPR schematic.
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However, prolonged exposure of the lifting hole to heavy loads can cause severe wear, and since it is a part of the hydraulic support and 
cannot be replaced, it results in a decrease in UMCDPR model accuracy. The permanent magnetic lifter boasts a strong adsorbing force, 
with a maximum individual capacity to hold objects weighing up to 6000 kg, and it is easy to install and replace. Hence, we utilize four 
permanent magnetic lifters to mount onto the hydraulic support components, thereby constructing the end-effector in conjunction 
with the hydraulic support. To minimize swinging during lifting, after determining the center gravity of hydraulic support components 
through the suspension method during installation, we position it within a rectangle formed by the centers of four permanent magnetic 
lifters (The area enclosed by a cube is defined as the suitable installation area), thereby enhancing the stability of the load during 
movement (Fig. 2(a)). Meanwhile, most of the components of hydraulic supports are cylindrical, elongated, or flat in shape. Under 
conditions of low speed and heavy loading, the torque experienced by the end effector is minimal and hardly considered. Therefore, we 
can consider the UMCDPR as redundant [33,34]. A reasonable assumption is proposed to facilitate subsequent analysis.

Assumption 1. In an ideal state, the speed is relatively low, allowing the end-effector to consider the hoisting component with 3-DOF 
translation. This state represents the quasi-static state of UMCDPR.

Based on these background descriptions, UMCDPR primarily has two task objectives.
Establishing stiffness index under disturbance via offline methods: When the end-effector is subjected to strong disturbances, 

it can lead to the failure of offline indices, resulting in significant discrepancies in experimental outcomes. Consequently, this may lead 
to unsafe displacement of the end-effector, triggering various potentially unsafe phenomena such as colliding mining hydraulic frames 
or humans. Therefore, our first objective is to propose a robust optimization criterion that can guide the expected experimental results 
through offline optimization.

Selecting the optimal trajectory from multi-trajectory: This research mainly focuses on the transportation situation of UMCDPR 
in a workspace. Before standardizing the assembly process, the UMCDPR is only responsible for transporting loads from one assem
bling area to another. At this stage, the task objectives lack fixed initial points, terminal points, and explicit motion direction, which 
renders optimization particularly challenging to achieve. Therefore, our second objective is to select an optimal movement trajectory 
that is crucial to normalizing the underground assembly process and ensuring personal safety (Fig. 2(b)).

In brief, our total objective is to transport the hydraulic support components between two assembling areas and to select the 
optimal trajectory with the best stiffness among the possible multi-trajectory.

2.2. Underground mining cable-driven parallel robot

UMCDPR mainly consists of a dual cable-driven winch, a pulley system, a hook, an end-effector, and a mining hydraulic frame 
(Fig. 3). It is characterized by its simple structure and low cost. The legend for Fig. 3 is shown in Fig. 3(e). Below is a detailed 
introduction of each component:

Dual cable-driven winch: The dual cable-driven winch includes dual reels, a redirect pulley, an explosion-proof motor, a syn
chronous belt, and a wiring mechanism (Fig. 3(a)). There are four of them in the UMCDPR system, evenly fixed on both sides of the 
mining hydraulic frame. Once the motor is activated, the dual reels rotate, causing the wiring mechanism to move along the x-axis to 
ensure a uniform cable layout on the dual reels [35]. Then, the direction of the cable is changed by the redirect pulley so that it enters 
the guide pulley. It’s worth noting that when installing the dual cable-driven winch, the channels of the two redirect pulleys need to be 
aligned with those of the guide pulley.

Pulley system: The pulley system comprises a swivel pulley, a tension pulley, and a guide pulley. The guide pulley primarily 
directs the cables from the winch and alters the direction in which the cables enter the tension pulley, allowing the tension pulley to 
effectively tighten the cables and improve the system stiffness performance. When installing the pulley system, first adjust the positions 
of the four guide pulleys as required and then fix them onto the mining hydraulic frame, ensuring that the dual cables extend along the 
x-axis. The tension pulley can reduce the loss of tension in the cable during the operation of UMCDPR and increase the rolling friction 
of cables. When installing the tension pulley, ensure that the mounting plane of the guide pulley and the tension pulley coincide (Fig. 3
(a)), which can reduce friction between the cable and the edges of the pulleys, thereby enhancing the lifespan of both the pulleys and 
cable. The pose of the hoisting component can determine the angle of the swivel pulley, and its cable hole structure allows the cable to 
enter the swivel pulley from a fixed position (Fig. 3(d)) [36]. The rotational axis of the swivel pulley lies on its plane of symmetry. 
When installing the swivel pulley, it should be ensured that the rotation axis aligns with the z-axis and the rotation angle remains 
between -90◦ and 90◦. The pressing device of the swivel pulley ensures that the cable enters through the fixed cable hole, which can 
reduce the complexity of kinematic modeling.

Hook and cable trend: UMCDPR employs a single, double-stranded cable connected to the end-effector through a hook, enhancing 
the cables’ load-bearing capacity, system stiffness, and cable utilization efficiency (Fig. 3(b)). The hook adopts a pulley form for 
connection with the cable, facilitating easy replacement and enhancing stability (Fig. 3(c)). The inner side of the hook is equipped with 
a fender plate to prevent the cable from detaching from the hook, thereby enhancing the safety of UMCDPR. When installing UMCDPR, 
first secure both ends of a cable onto dual reels, route it around the redirect pulley, and then pass it through the dual channels of the 
guide pulley and tension pulley in sequence. Then, it enters the pressing device to prevent the cable from becoming dislodged from the 
swivel pulley end during the movement of UMCDPR, which could lead to safety issues. Finally, the cable forms a loop around the pulley 
of the hook (Fig. 3(c)). To make the kinematic model more general and facilitate subsequent research, the two cables are seen as a 
single unit.
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Fig. 2. (a) Hydraulic support connection and installation: The gravity center of the load should be maintained within a rectangular area formed by four permanent magnetic lifters. The green rectangle 
represents the area enclosed by the centers of four permanent magnetic lifters. (b) Possible trajectories during lifting: The green area in the figure represents the assembling area. The orange area is the 
task workspace, which is also the working area for UMCDPR. The yellow area is the safety area.
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Fig. 3. Profile schematic of UMCDPR. (a) Schematic of the dual cable-driven winch components; (b) Cable trend Schematic; (c) Schematic of the hook connected to the cable; (d) Details of the swivel 
pulley; (e) Legend of Fig. 3.
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2.3. Kinematics

Kinematics is the foundation for the analysis of the stiffness model. To establish the static stiffness model of UMCDPR, the kinematic 
modelling of UMCDPR is first analyzed. It is well-known that the swivel pulley is a factor influencing the positional kinematics of 
UMCDPR [37,38]. Although UMCDPR has no extremely high requirements for positional accuracy based on the multi-trajectory task 
objective (It is fully feasible for UMCDPR to stop either inside or at the edge of the assembly area), it has requirements for UMCDPR 
speed. Eq. (4) establishes the basic formula for static stiffness [5]. When the velocity of the UMCDPR is excessively fast, it also impacts 
the static stiffness model, resulting in model failure and causing the UMCDPR to deviate from the quasi-static state. The extent of this 
influence requires further research. Therefore, Sections 2.3 and 2.4 further explore the extent to which the swivel pulley affects ve
locity kinematics.

The kinematic model of UMCDPR is shown in Fig. 4(a). The global coordinate system O-xyz is fixed on the ground, while the 
moving coordinate system P-xpypzp is fixed on the end-effector. Therefore, the generalized coordinate is ε = [pT, ΦT]T, where the 
position vector is p = [x, y, z]T and Φ = [θx, θy, θz] T. Ai is the center of the swivel pulley rotation axis. Bi is the connection point between 
the end-effector and the cable. The vector distance is denoted as bi. Ei is the geometric center of the pulley, as shown in Fig. 4(b). The 
radius of the swivel pulley is r. The unit direction vector of EiCi is denoted as uri. The φi represents the wrap angle of the swivel pulley. 
The distance between Ai and Ei is denoted as h. Di and Ci are the entry and exit points of the cable, respectively. In Fig. 4(c), θi denotes 
the swing angle of the swivel pulley. R is the rotation matrix of the end-effector. For i = 1, 2, …, m, there are 2m cables in UMCDPR.

The velocity equation for UMCDPR can be directly presented, taking into account the pulley kinematics. 

l̇i = ṗ + ω × bi +
rcosφi − h

yri ⋅ ci
(ṗ+ω× bi) +

2cosφi

yri ⋅ ci + h
(ṗ+ω× bi) (1) 

whereci = p+ R ⋅ bi − ai.
The established process of Eq. (1) can be referred to [38] and Appendix A. The relationship between the velocity of the end-effector 

and the velocities of cables, in consideration of the influence of pulleys on the velocity of the end-effector, is shown by Eq. (1). 
Furthermore, Eq. (1) can be simplified into 

kpi = 1 +
rcosφi − h

yri ⋅ ci
+

2cosφi

yri ⋅ ci + h
⇒ l̇i = kpi(ṗ+ω× bi) (2) 

where kpi is constant. Finally, the cable velocity is obtained as 

l̇i = kpi(ṗ + ω × bi) ⇒ l̇i = kpiuT
i (ṗ + ω × bi)

⇒ L̇ = [ l̇1 l̇2 ⋯ l̇m ]
T
= kpiJ

[
ṗT

,ωT]T
= kpiJẼε̇ = kpiJ̃ε̇

(3) 

where ui is the unit vector of the cable. Utilizing the operational rules of scalar triple product, we have uT 
i(ω × bi) = (bi × ui)Tω. J =

[u1, u2, u3, u4; u1 × R⋅b1, u2 × R⋅b2, u3 × R⋅b3, u4 × R⋅b4] is force Jacobian matrix, Ẽ = [ I3×3 03×3; 03×3 E3×3 ], ω̇ = E3×3Φ̇, J̃ =
JTẼ. E3×3 is related to the rotation matrix R. The matrix R is described by Euler angles. When the kinematics of the pulleys are not 
considered, the cable velocity in UMCDPR can be expressed as [39] 

L̇ = J̃(ε)ε̇ (4) 

When comparing the differences between Eqs. (3) and (4), Eq. (3) contains an additional term, kpi, which is mathematically more 

Fig. 4. (a) UMCDPR kinematic model; (b) Side view of the swivel pulley; (c) Top view of the swivel pulley.
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complex than Eq. (4). In the harsh underground environment, this significantly escalates the complexity of the control system. 
Consequently, kpi is approximated to 1 in order to simplify the control system and the static stiffness model. kpi is defined as the 
correction factor for cable velocity when considering the swivel pulley.

2.4. Task workspace

For this part of the work, the TW of UMCDPR is further optimized to make the distribution of kpi within the TW close to 1. Firstly, 
considering the varying sizes of the hydraulic support components, it is necessary to leave a certain safety distance within the mining 
hydraulic frame with 0.5m on both the left and right sides, to prevent the end effector from coming into contact with the mining 
hydraulic frame; Then, to avoid the situation where the small inclination angle of cables in the horizontal direction fails to coun
terbalance the gravity of end-effector and to prevent end-effector from touching the bottom of mining hydraulic frame, a space of 
1.28m needs to be left in the height direction. Lastly, a space of 1m should be left at the front and back of the mining hydraulic frame to 
facilitate the work of operators. Thus, the UMCDPR motion region should be smaller than the mining hydraulic frame. Considering the 
largest possible size of the end-effector, we obtain ||bi|| = 2.78 m. The relevant parameters are shown in Table 1. The TW represents the 
permissible range of motion for point P and the pre-optimized task workspace.

To identify sections within TW where the kpi approximates 1, an initial step involves conducting a sampling analysis of points 
within the TW, from which it is observed that the maximum kpi is approximately 6.20, 5.80, 6.20, and 5.80, respectively. When kpi is 
instead ignored, it may result in significant differences between the end-effector and the cable end speed, increasing the risk of safety 
incidents. The pulley greatly affects the end speed of UMCDPR. The main processing steps and the kpi corresponding to each cable are 
shown in Table 2.

The final kpi distribution in the TW of UMCDPR is shown in Fig. 5. The distribution of kpi boundary values in TWt is shown in 
Table 2. To distinguish between the TW before and after optimization, the optimized TW is defined as TWt. The trajectories in the 
following sections are all optimized within TWt. From the results, the differences in kpi distribution are minimal, so the mean kpi 
distribution in TWt can be directly calculated. Since the motion accuracy requirements for the hydraulic support components are not 
high during the hoisting process of UMCDPR, Eq. (2) can be directly simplified to a constant in the subsequent stiffness model 
correction process, i.e. the mean value of the kpi.

3. Developed ROSD multi-trajectory optimization

This section introduces ROSD and offline multi-trajectory optimization methods. Although we simplify the kpi via optimizing TW, 
which still impacts the mathematical model of UMCDPR, particularly the static stiffness model. Hence, the static stiffness model of 
UMCDPR is modified using the simplified kpi. To achieve the task objectives of UMCDPR, ROSD is proposed depending on the modified 
stiffness model. This index provides a criterion for the offline multi-trajectory in disturbed environments and global visualization to 
help non-professional users select the best stiffness trajectory. Considering the task objectives, conventional trajectory optimization 
methods are difficult to apply, leading to the proposal of a new optimization method.

3.1. Correction of UMCDPR static stiffness model

The equilibrium equation of UMCDPR under quasi-static conditions can be expressed as 

JT + We = 0 (5) 

where UMCDPR cable tension is T = [t1, t2, t3, t4]T, external force is We = [fe; me]T. The stiffness equation of UMCDPR can be 
established as 

ΔWe = KΔε (6) 

where K is the stiffness matrix of the system. The expression of the stiffness matrix is derived by taking the derivative of Eq. (6)
concerning the general coordinate ε, which can be described as 

∂We

∂ε +
∂J
∂ε T + J

∂T
∂ε = 0 ⇔

∂We

∂ε = −
∂J
∂ε T − J

∂T
∂ε = K1 + K2 (7) 

Table 1 
UMCDPR structure parameters.

Name Relevant parameters

The size of the mining hydraulic frame Length: 30 m, Width: 5 m, Height: 5m
The distance between P and Bi, denoted as ||bi|| 2.78m
The radius of the pulley size r 0.02m
The turning radius of the pulley h 0.08m
TW Length: 28 m, Width: 4 m, Height: 2.44m
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where the stiffness matrix K is divided into two types: one type is the controllable stiffness K1, and the other is the inherent stiffness K2. 
K1 can be controlled by adjusting the cable tension when the end-effector is at a specific pose. K2 is related to the system structure and 
the end-effector’s pose. In considering the influence of pulley kinematics on the end-effector, the mathematical descriptions for K1 and 
K2 are no longer applicable. This article corrects some of the formulas presented in [30]. First, Eq. (3) can be further expanded as 

l̇i = l̇i ⋅ ui + li ⋅ u̇i = kpi ⋅ ṗ + kpi ⋅ ω̇ × bi

= kpi[ I − bi × E3×3 ]ε̇=kpiGpiε̇
(8) 

where Gpi∈R3×6 denotes the algebraic matrix, kpiis the mean value of kpi in TWt. From Eq. (3), The following is obtained as 

l̇iui = uikpi[J̃]iε̇ (9) 

where [⋅]i is the i-th row of the matrix. Furthermore, Eq. (9) can be simplified as follows: 

l̇iui = kpi

⎡

⎢
⎣

cosαi[J̃]i
cosβi[J̃]i
cosγi[J̃]i

⎤

⎥
⎦ε̇ = kpiQi ε̇ (10) 

where ui = [cosαi cosβi cosγi]T, cos2αi + cos2βi + cos2γi = 1. Hence, it follows that 

Table 2 
Changes in kpi distribution within TW and processing procedure of kpi.

Steps The optimization process of kpi kp1 kp2 kp3 kp4

1 Remove the unreasonable points 6.195~-5.673 5.803~-5.845 6.195~-5.673 5.803~-5.845
Mean 6.20 5.80 6.20 5.80

2 3 times deviation filter points 1.114~0.649 1.083~0.664 1.114~0.649 1.083~0.664
3 Identify the intersection points and remove discontinuous TWs. 1.079~0.802 1.082~0.664 1.079~0.802 1.082~0.664

Mean 0.883 0.880 0.883 0.880

Fig. 5. (a) The distribution of kp1 value in TWt. (b) The distribution of kp2 value in TWt. (c) The distribution of kp3 value in TWt. (d) The distribution 
of kp4 value in TWt. The color bar represents the kpi value.
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∂ui

∂xj
= kpi

[[

− sαi,0,
cai ⋅ sai

cγi

]T

⋅
∂αi

∂εj
+

[

0, − sβi,
cβi ⋅ sβi

cγi

]T

⋅
∂αi

∂εj

]

(11) 

Further, the Hessian matrix can be depicted as 

Hj
p =

⎡

⎢
⎢
⎢
⎣

∂u1

∂xj
⋯

∂um

∂xj

∂[R ⋅ bi] × u1

∂xj
⋯

∂[R ⋅ bm] × um

∂xj

⎤

⎥
⎥
⎥
⎦

(12) 

Finally, the controllable stiffness matrix of UMCDPR, taking into account pulley kinematics, is obtained as 

K1 = − HpT, H =
[

H1
p H2

p ⋯ Hn
p

]
∈ Rn×n×m (13) 

where n represents the DOFs of the end-effector. m is the number of cables.
Considering the pulley kinematics of UMCDPR, the properties of the cables remain unchanged. Therefore, the inherent stiffness K2 

can be directly modified as 

K2 = k
2
piJ̃ ⋅ diag

(
E1 ⋅ A1

lo1
,⋯,

Em ⋅ Am

lom

)

⋅ J̃
T

(14) 

where Ei, Ai, and loi are intrinsic properties of the cables. The system stiffness of the modified UMCDPR is 

Kp = K1 + K2 (15) 

The above are the vital revision formulas for the static stiffness matrix of UMCDPR, which is equally applicable to other CDPRs 
considering the swivel pulley kinematics. Based on Assumption 1, when the position of UMCDPR is determined, K2 cannot be 
changed. Therefore, this article mainly focuses on analyzing K1. To simplify the subsequent description, the terms "stiffness" and 
"deformation" mentioned in Sections 3.2 to 4.2 specifically refer to controllable stiffness and controllable deformation.

3.2. Robust optimal stiffness direction

For the first task objective, the index of reflecting stiffness needs to be prevented from failing when UMCDPR is subjected to strong 
disturbance environments. Generally, stiffness itself functions as a measure of the stability of UMCDPR. When stiffness increases, the 
robot’s ability to resist external disturbances becomes stronger, and the index reflecting stiffness at this time becomes more accurate. In 
other words, the accuracy of indices reflecting the robot’s performance can decrease when disturbances increase, ultimately leading to 
their failure [13]. The same phenomenon occurs for the index reflecting stiffness. Essentially, by maximizing the stiffness of UMCDPR, 
the robustness of the index reflecting stiffness at that time is maximized, and the degree of mismatch between offline simulations and 
actual experiments can be minimized simultaneously.

The length of the semi-axis of the stiffness ellipsoid is related to the magnitude of the eigenvalues of the stiffness matrix, and the 
direction corresponding to its eigenvectors can be used as a reference direction for trajectory planning [40]. For the second task 
objective, to associate stiffness with the motion trajectory, the stiffness/compliance ellipsoid index can be used as an inspiration, 
simultaneously considering the relationship between direction and stiffness. By aligning the eigenvector associated with the eigen
value of the stiffness matrix, significant stiffness can be achieved in the direction of motion [41]. Based on this, it can be deduced that, 
when stiffness is maximized, there exists an optimal stiffness direction τmin. When the motion direction of UMCDPR coincides with or 
approximates τmin, it ensures that the stiffness during movement is maximized or approximated for maximization. In this respect, the 
optimal stiffness direction τmin can be found, and UMCDPR can be controlled to always move along this direction. As a result, a 
trajectory that maximizes the robot’s stiffness can be obtained.

Nonetheless, τmin is a unit vector that only represents direction, so it cannot assess the magnitude of stiffness. Alternatively, we 
cannot accurately measure whether this direction is the optimal stiffness direction. Typically, the amount of deformation can serve as a 
measure of the robot’s stiffness, so the relationship of max Kp ⇔ min Δε can be established. The magnitude of deformation can be 
indirectly reflected by the magnitude of the eigenvalue, and the eigenvector corresponding to this eigenvalue represents the defor
mation caused by the direction of motion of the end-effector at this time [30]. When the eigenvalue at this point corresponds exactly to 
the minimum deformation, its corresponding eigenvector is τmin, i.e. ROSD. Thus, we can determine whether the current direction of 
motion is the optimal stiffness direction based on the magnitude of the deformation. Suppose ROSD of all points can be represented in 
the entire TWt and ROSD of the next motion point can be required. In this case, the optimal stiffness trajectory can be planned by ROSD. 
Therefore, a connection between ROSD and minimum deformation needs to be established by the relationship between eigenvalues 
and eigenvectors. Then, the following theorem needs to be proven.

Theorem 1. min ‖ Δεp‖= ‖ We‖
̅̅̅̅̅̅̅̅̅
λmin

√

Proof: First, the flexibility matrix of UMCDPR can be expressed as 

Δεp = Cp ⋅ We (16) 
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where Δεp = [ΔpT, ΔΦT] T, Δp = [Δx, Δy, Δz]T, and ΔΦ = [Δα, Δβ, Δγ]T. Cp = K p-1. Δp and ΔΦ represent the linear displacement and 
angular displacement deformations of the end-effector, respectively. Expanding Eq. (16), it can be illustrated as 

[
Δp
ΔΦ

]

=

[
Cfd Cfδ
Cmd Cmδ

][
f e
me

]

(17) 

where Cfd is the force-linear displacement flexibility matrix, Cfδ is the force-angular displacement flexibility matrix, Cmd is the moment- 
linear displacement flexibility matrix, and Cmδ is the moment-angular displacement flexibility matrix. The vector ud = [ed 03×1] and uδ 
= [03×1 eδ], where ed and eδ are the unit vectors of Δp and ΔΦ, respectively. Multiplying Eq. (17) by uT d and uT δ on the left, 
respectively, can be expressed as 

[
‖ Δp ‖

03×1

]

=

[
eT

dCfd eT
dCfδ

03×3 03×3

][
f e
me

]

,

[
03×1
‖ ΔΦ ‖

]

=

[
03×3 03×3

eT
δ Cmd eT

δ Cmδ

][
f e
me

]

(18) 

Furthermore, by combining Eq. (16) and converting Δεp into scalar form, which can be formulated as 

‖ Δεp ‖=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

WT
e

(
uT

xK− 1
p

)T(
uT

xK− 1
p

)
We

√

, ux = {ud, uδ} (19) 

Replace Eq. (19) with the quadratic standard form matrix S = (ux
TKp

-1)T (ux
TKp

-1). According to the Rayleigh theorem, the form of 
Eq. (19) can be transformed into 

R(S,We) =
WH

e SWe

WH
e We

=
‖ Δεp ‖

2

WH
e We

(20) 

The eigenvector of S, which is the critical point of the function R(S, We), is the direction vector of We. The eigenvalue corresponding 
to the eigenvector is the value of the function R(S, We) at this critical point. Where the eigenvalues λmax and λmin are the maximum and 
minimum values of matrix S, Eq. (20) can be depicted as 

λmax = max
‖We‖∕=0

WH
e SWe

WH
e We

, λmin = min
‖We‖∕=0

WH
e SWe

WH
e We

(21) 

where We
HWe =‖ We‖

2. Combining with Eq. (20), Eq. (21) can be formulated as 

‖ We ‖
̅̅̅̅̅̅̅̅
λmin

√
≤ ‖ Δε ‖ ≤ ‖ We ‖

̅̅̅̅̅̅̅̅̅
λmax

√
, λmin =

{
λpmin, λΦmin

}
, λmax =

{
λpmax, λΦmax

}
(22) 

The λpmin, λpmax, λФmin, and λФmax correspond to the eigenvalue coefficients for the minimum and maximum displacement Δp, as 
well as the eigenvalue coefficients for the minimum and maximum rotation ΔΦ, respectively. According to the inequality in Eq. (22), 
the min Δεp can be expressed as 

(23)

Proof completed. Below is ROSD calculation method in TWt as follows:

Method 1:ROSD calculation method in TWt
Initialization:

⋅pj is a certain point in TWt
⋅Tmax, Tmin
⋅We
The number of points in TWt is nt.

Output:τp,j,min, τФ,j,min
1: for j ← 1: nt do
2: if pj ∈ TWt
3: for Nξ ← Tmin + Ji

†We: Tmax + Ji
†We do Search for T in WFW

4: Using Eqs. (13) and (14), to obtain Kp, and C p = (K p)-1

5: Using Eq. (31), to obtain Δε, determining u xi
6: Si = (uT xiC p)T (uT xiC p)
7: Solve for eigenvalues λp,i and λФ,i of Si, as well as the corresponding eigenvectors τp,i and τФ,i.
8: Save λp,i, τp,i in Ωp, and λФ,i, τФ,i in Ωr, respectively.
9: end for
10: end if
11: min(Ωp)→λpmin, τp,j,min and min(Ωr) →λФmin, τФ,j,min
12: Ωp = Ø, Ωr = Ø
13: end for

The stiffness matrix Kp of UMCDPR is determined by the position p, orientation Φ, and tension T of the end-effector. The p and Φ 
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are connected with the position of the end-effector at a certain point in TWt. (based on Assumption 1, Φ = 0). The K1 can be altered by 
adjusting the tension T at the current pose. From Eq. (5), the force T can be resolved by calculating the Moore–Penrose generalized 
inverse matrix [42]: 

T = − J†We + Nξ (24) 

where J† = JT(JJT)-1∈Rm×n, ξ∈Rr is an arbitrary constant, N∈Rm×r is the null space matrix of J, using an m-cable n-DOF CDPR, r = m - n. 
It is necessary to ensure that the cable’s tension satisfies condition:Tmin≺ T≺ Tmax,0≺ Tmin≺ Tmax. This maximum tension can be 
related to the torque limits of the motor reeling in the cable or the maximum tension that the cable can withstand without breaking. 
The minimum tension is to prevent "virtual driven" in the cables during the movement of UMCDPR. Eq. (24) can be formulated as 

{
ξ|Tmin + J†We≺ Nξ ≺ Tmax + J†We

}
(25) 

From UMCDPR kinematic, m = 4, n = 3, r = 1, ξ∈R is one-dimensional, making WFW relatively simple [43]. Since K1 is 
controllable, the tension T can be adjusted to maximize the stiffness Kp of UMCDPR, which correspondingly reduces λpmin. From the 
above analysis, this ROSD calculation method based on TWt can be derived i.e. Method 1. The logic of Method 1 is as follows: 1) 
UMCDPR stops at a certain point in TWt to ascertain WFW. 2) In WFW, ξ is adjusted with a certain step to establish the cable tension T, 
which defines the stiffness matrix Kp. 3) The matrix S is obtained according to Eq. (19). 4) The minimum deformation τmin at each point 
in TWt is confirmed.

3.3. ROSD multi-trajectory optimization method in TWt

As mentioned in Section 3.2, each position point in TWt contains ROSD. In this section, we need to standardize the movement 
trajectory of UMCDPR. When the maximum stiffness for each point in TWt is decided, the direction of τmin is also confirmed. At this 
point, the ROSD distribution within TWt can be fully observed (Fig. 9). However, for the second task objective, it is difficult to optimal 
due to the lack of fixed initial and terminal points. Moreover, if UMCDPR consistently moves along the path defined by ROSD, it 
becomes challenging to fulfill the comprehensive tasks. Therefore, we can effectively segment TWt and extract the set of points that all 
possible trajectories of UMCDPR must pass through i.e. z-axis. Then, by approximating the motion direction of each sampling point 
along the trajectory to ROSD, the overall deformation of the trajectory is minimized, and the stiffness Kp is maximized. Finally, the 
optimal stiffness trajectory can be required.

All sampling points in TWt satisfy the equation τj, min = τp,j,min. Assuming the end-effector moves from the initial point p0 to the 
terminal point pn along a predetermined trajectory P in TWt, tj+1 = tj + Δt. When UMCDPR is located at a point in TWt, its position is pj 
= [xj, yj, zj]T, and when it transitions to the next point, the position of UMCDPR is pj+1. aj is the motion direction of UMCDPR at 
sampling point pj. Δt is the time taken to move from pj to pj+1, representing the unit time step. Discretize the trajectory P into j path 
points and describe it in matrix form: 

(26)

where P∈R3×j represents the position trajectory matrix of UMCDPR. Setting a constant speed ‖ ṗj‖ for the sampling points between pj 

and pj+1 can be expressed as 

‖ Δpj ‖=‖ pj+1 − pj ‖= ‖ ṗj ‖Δt 0 ≤ j ≤ n − 1, j ∈ N+ (27) 

According to Eq. (27), the motion direction aj of UMCDPR can be decided as 

aj =
pj+1 − pj

‖ ṗj ‖ Δt
(28) 

When aj approaches τj, min as closely as possible, the stiffness of UMCDPR at this position becomes closer to the optimal stiffness. 
Since UMCDPR operates consistently at low speeds, the speed is set to a constant value. This means that the distance traveled during 
each sampling interval is equal. Likewise, TWt can be re-divided to ensure that the distance from a sampling point to its surrounding 
points is ‖ ṗj‖Δt.

3.3.1. TWt segmentation principle based on Kepler conjecture

Definition 1. The pj in TWt has a neighborhood δ, within which the τj,min at the point pj is completely identical. The surrounding 
neighborhood is called the unit sphere, whose position center of the sphere is pj.

Following Definition 1, the existence of both unit spheres can be assumed, with their center located at pj and pj+1 respectively, and 
both unit spheres have a radius of δ. When UMCDPR moves from pj to pj+1, we have δ =‖ ṗj‖⋅Δt/2. It is not feasible to divide TWt into an 
endless number of points under the real operating conditions of UMCDPR. Generally, the number of sampling points in TWt is 
ascertained by δ. Therefore, TWt can be divided into countless unit spheres with a radius δ, where the center position of each unit 
sphere is at pj. Meanwhile, the double unit spheres centered at pj and pj+1 are positioned tangentially. δ determines the number of 
points in TWt. The smaller δ is, the more points there are in TWt, resulting in higher accuracy of the obtained trajectory. The precision 
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of the final trajectory depends on the extent to which the unit spheres cover TWt. The broader the coverage of the sphere domains over 
TWt, the higher the precision of the fitted trajectory, but the greater the burden on the computer. The accuracy of the final result 
depends on the number of unit spheres in TWt, but it also places a greater burden on the computer.

Theorem 2. No packing of congruent balls in Euclidean three-space has a density greater than that of the face-centered cubic packing 
[44,45].

Based on Theorem 2, the TWt can be divided such that the sampling points are equidistant from their surrounding points, while still 
ensuring that the optimized trajectory maintains a certain level of accuracy. Theorem 2 is the fundamental principle of Kepler’s 
conjecture, which introduces the concept of face-centered cubic packing and body-centered cubic packing. Meanwhile, the body- 
centered cubic packing is segmented into quasi-cuboid, which is defined as the segmentation units. This unit is formed by 
combining one hemisphere and four octant-spheres and comprises five sampling points: four vertices and one center point. This 
approximation achieves an efficiency of about 74.04 %.

The segmentation schematic is illustrated in Fig. 6(a). TWt is uniformly divided into unit spheres, where the Euclidean distance 
between any sampling point pj and its surrounding point pj+1 within TWt is equal. Additionally, each unit sphere is ensured to be 
tangent to 12 surrounding unit spheres.

Furthermore, the TWt segmentation principle is as follows: 1) In the body-centered cubic packing, which is divided into three 
layers, let’s designate the spheres in the middle layer as A (blue) and the spheres in the upper and lower layers as B (green), as show in 
Fig. 6(a). Here, a form consisting of one sphere A and four spheres B can be regarded as a basic unit of the body-centered cubic packing. 
This form can be defined as A+4B, as illustrated in Fig. 6(b); 2) When exacting the A+4B structure, there are three ways to divide it, 
ultimately resulting in a quasi-cuboid, as shown in Fig. 6(c); 3) The quasi-cuboid is composed of four octant-spheres and one hemi
sphere; 4) Using a quasi-cuboid to fill in the TWt. Align the four vertices of the quasi-cuboid with the boundaries of TWt. Arrange the 
quasi-cuboids sequentially along the x, y, and z directions of TWt. In this respect, octant-spheres are stitched along the x-axis or y-axis, 
whereas hemispheres are stitched along the z-axis. The fill process continues until one of the four vertices extends beyond the 
boundaries of TWt. At this point, it can be observed that TWt fills the unit sphere, with each unit sphere’s center representing a 
sampling point. The flowchart of Kepler’s Conjecture segmentation method is shown in Fig. 7. xd, yd, and zd are the lower boundaries of 
TWt. Meanwhile, xu, yu, and zu represent the upper boundaries of TWt. The final output is the segmented TWt.

Based on the characteristics of the TWt, it is mainly divided into two parts: one where x > 0 and y < 0, and the other where x < 0 and 
y > 0. The two regions are connected along the z-axis. According to the second task objective, UMCDPR always passes through the z- 
axis during operation. According to the second task objective, when the UMCDPR moves within the TWt, it inevitably crosses the z-axis. 
When initiating the optimization process, it is reasonable to start the search from points located on the z-axis as initial search points. 
After dividing TWt using Theorem 2, all the division points on the z-axis are sequentially selected as the multi-initial search points for 
optimization (note that these initial points for optimization are not the same as the initial points for UMCDPR trajectory). Another 
benefit of this approach is that it helps prevent the final multi-trajectory optimization from getting trapped in a local optimum and 
failing to connect the two regions, as illustrated in Fig. 8(a).

3.3.2. Similarity calculation mechanism
After segmentation and calculation using Method 1, each sampling point in TWt contains two types of information: positional 

information pj and ROSD information τj, min. To maximize the stiffness at each point along the UMCDPR trajectory, the similarity 
between the motion direction aj and both τj, min, and τj+1, min can be formulated as 

max
∑nj

j=1
Sj
(

aj, τj,min, τj+1,min
)

⇒
∑nj

j=1
maxSj, pj ∈ TWt (29) 

where Sj (aj, τj, min, τj+1, min) represents the similarity between aj and both τj, min and τj+1, min. Essentially, when the motion direction aj 
is most similar to τj, min and τj+1, min, the stiffness of this direction is maximized. The stiffness of each direction on the trajectory P is 
maximum, and the stiffness of the entire trajectory is also maximum. Since the trajectory is discrete, maximizing the similarity at each 
step is equivalent to maximizing the overall similarity along the entire trajectory P. Furthermore, the similarity obtained at each step of 
UMCDPR can be described as 

Fig. 6. Mechanism of segmentation TWt based on Kepler’s Conjecture. (a) The body-centered cubic packing; (b) A+4B; (c) Quasi-cuboid.

W. Jia et al.                                                                                                                                                                                                             Mechanism and Machine Theory 214 (2025) 106095 

14 



Sj =
τT

j,min

(
pj+1 − pj

)

‖ ṗj ‖ Δt
+

τT
j+1,min

(
pj+1 − pj

)

‖ ṗj ‖ Δt
=

(
τj,min + τj+1,min

)Taj Sj ∈ [ − 2,2] (30) 

3.3.3. Search and motion direction space
According to the geometric properties of body-centered cubic close packing, each unit sphere is surrounded by 12 neighboring unit 

spheres. Consequently, when the point pj moves to pj+1 along the P, there are 12 different options available. Each choice of pj+1 
corresponds to a specific motion direction aj. The current position of the body-centered cubic packing can be set as the origin, with 
arrangements of a1, a2, …, and a12 exhibiting symmetry and uniformity. The arrangement directions of a1~a4 represent the edges of a 
regular tetra pyramid, with the sphere’s center as the apex. The directions of a9~a12 correspond to four symmetric edges formed by 
reflecting a1~a4 across the xoy plane. Meanwhile, the arrangement of a5~a8 forms a cross shape with the unit sphere at pj as its center, 
as shown in Fig. 8(b).

Based on the geometric relationships of a1~a12, the unit vector coordinates for each can be expressed as follows: a1 = [0.5, 0.5, 
0.707]T, a2 = [-0.5, 0.5, 0.707]T, a3 = [-0.5, -0.5, 0.707]T, a4 = [0.5, -0.5, 0.707]T, a5 = [1, 0, 0]T, a6 = [0, 1, 0]T, a7 = [-1, 0, 0]T, a8 =

[0, -1, 0]T, a9 = [0.5, 0.5, -0.707]T, a10 = [-0.5, 0.5, -0.707]T, a11 = [-0.5, -0.5, -0.707]T, a12 = [0.5, -0.5, -0.707]T. Based on the 
characteristics of TWt, when selecting a point on the z-axis as the starting point for an outward search, there are two possible search 

Fig. 7. Flowchart of Kepler’s Conjecture segmentation method.

Fig. 8. (a) Initial point selection and search boundaries; (b) Search and motion direction space; (c) Similarity calculation mechanism.
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directions along the x-axis. The search direction is continually ensured to form an acute angle with the x-axis to prevent repeat searches 
at the same position. Generally, the search directions are divided into two groups: one group coincides with the motion direction and 
another opposes it. The forward or backward of the search direction depends on reaching the TWt boundary as the trajectory’s terminal 
or initial point, as shown in Fig. 8(c). This results in two distinct search direction aj spaces: 

(31)

where each direction space contains seven directions, with the two sets of directions contrasting to each other. In Ax+, the search 
direction corresponds with the motion direction, while in Ax-, the search direction opposes the motion direction. This setup facilitates 
subsequent multi-trajectory optimization.

The calculation method for ROSD offline multi-trajectory optimization in TWt is as follows:

Method 2:ROSD offline multi-trajectory optimization method in TWt.
Initialization:

⋅TWt
⋅Unit sphere radius δ.

Output: The trajectory P
1: Based on the face-centered cubic close packing, TWt is segmented to generate a series of points pj.
2: for i = 1, M do There are M initial points on the z-axis.
3: while pj+1∈TWt do
4: for n = 1, 7 do Iterate through all an within the motion direction space.
5: if pj∈{(x,y)|x>0, y<0}
6: an←Ax+
7: else
8: an←Ax-
9: end if
10: Using pj+1 = pj + 2δ⋅an, Method 1(pj+1, pj)→τj+1, min, τj, min.
11: Using Eq. (30), obtain Sj, and save Sj in S.
12: end for
13: Smax = max (S)
14: Record the pj+1 corresponding to the maximum value Smax, P ← pj+1
15: end while
16: end for

In summary, the flow of ROSD offline multi-trajectory optimization in TWt is as follows: 

(1) By setting an appropriate δ, TWt can be divided into a finite number of unit spheres following the principle of Kepler’s conjecture 
segmentation. Based on the distribution rules of ROSD, the two assembling areas are determined to be either the initial area or 
the final assembly area, with this determination being discussed further in Section 4.1;

(2) After completing the segmentation of TWt, an initial point is selected on the z-axis to commence the search. Depending on the 
terminal or initial areas of the trajectory, a decision is made regarding whether pj+1 should choose the search space of Ax+ or Ax- 
at this point. Meanwhile, search boundaries and initial points are determined by the characteristics of TWt and the task ob
jectives of UMCDPR;

(3) From the search and motion direction space, select aj to decide pj+1. Utilize Method 1 to ascertain τj+1, min and τj,min, and 
subsequently calculate the similarity value between aj and both τj+1, min and τj, min as indicated by the similarity calculation 
mechanism;

(4) After iterating through all possible aj, select the pj+1 corresponding to the maximum similarity value. This calculation process is 
repeated until pj+1 exceeds the boundary of TWt.

Finally, the flowchart of the ROSD offline multi-trajectory optimization method in TWt is obtained. Since this method selects 
multiple sets of initial points from the z-axis to form multiple trajectories and ultimately selects the trajectory with the optimal 
stiffness, it is called the "multi-trajectory optimization method."

4. Numerical simulations

This section intends to validate the vital conclusions from the previous sections through two groups of numerical simulations. 
Eventually, the trajectory with the minimal maximum deformation of 0.027 m is selected as the motion trajectory of UMCDPR. These 
two numerical simulations validate the properties of ROSD and achieve both task objectives. The conclusions are as follows: 1) When 
the mean value of disturbances falls within the disturbance capacity, the ROSD in this state can serve as an index for offline opti
mization of the UMCDPR; 2) An optimal stiffness trajectory is obtained based on the distribution rule of ROSD. Upon verification, the 
maximum displacement along this trajectory falls within the safe distance range.

W. Jia et al.                                                                                                                                                                                                             Mechanism and Machine Theory 214 (2025) 106095 

16 



Fig. 9. Experimental results of ROSD robustness verification. (a) The distribution of ROSD in the plane where z = -1.5. (b) The distribution of ROSD 
in the plane where z = -0.9. (c) The distribution of ROSD in the plane where z = -0.1. (d) The distribution of ROSD in the plane where z = 0.1. (e) 
The distribution of ROSD in the plane where z = 0.5. (f) The distribution of ROSD in the plane where z = 1.1.
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4.1. ROSD robustness verification

Firstly, to achieve the two task objectives, we need to verify whether ROSD can maintain a consistent distribution rule when the 
disturbance is within a certain range, thereby ensuring that the offline simulation results are more reliable for underground experi
ments. Five sets of numerical simulations and four comparison results are designed to evaluate the robustness of ROSD. Based on 
Table 1, we have supplemented the relevant parameters.

4.1.1. Simulation steps

(1) Based on Assumption 1, UMCDPR has 3-DOF translation. Considering the gravity acting on the end-effector, the magnitude of 
the external force is selected as We = [0, 0, -mg]T;

(2) Partition the TWt into six distinct planes: z = 1.1 m, z = 0.5 m, z = 0.1 m, z = -0.1 m, z = -0.9 m, and z = -1.5 m, and analyze the 
variations exhibited by ROSD on each of these partitioned planes;

(3) A disturbance ξi is introduced to the external force. We have We = [ξi, ξi, -mg+ξi]T. The simulation is divided into five groups, 
with different mean values for ξi: ξ1 = 0, ξ2 = 50 + sqrt(0.01)*randn, ξ3 = 500 + sqrt(0.01)*randn, ξ4 = 1000 + sqrt(0.01) 
*randn, ξ5 = 2000 + sqrt(0.01)*randn. The function randn in MATLAB returns a random scalar drawn from a standard normal 
distribution. Meanwhile, we select δ = 0.4 to sample points in TWt, generating ROSD projection onto the xoy plane;

(4) The cosine similarity is chosen to evaluate ROSD changes as the disturbance progresses from ξi to ξi+1. The similarity formula 
can be formulated as 

S =
τδi ⋅ τδi+1

‖ τδi ‖‖ τδi+1 ‖
(32) 

where τδi and τδi+1 represent ROSD under different disturbances, with S∈[-1, 1]. The closer S is to 1, the higher the similarity value 
between ROSD before and after the disturbance, indicating greater robustness of ROSD at that point. Ultimately, the initial areas and 
terminal areas are determined based on the distribution pattern of ROSD.

4.1.2. Simulation results
The simulation results are shown in Fig. 9(a) to (f). Meanwhile, Sum the x-axis coordinate values of ROSD and plot a bar chart based 

on the y-axis and z-axis coordinates of ROSD, as shown in Fig. 10(a) to (f), leading to two results: 

(1) ROSD robustness results: Fig. 9 can be regarded as illustrating the distribution rule of ROSD in TWt under different distur
bances. The horizontal axis represents the x-axis of the TWt, and the vertical axis represents the y-axis of the TWt. This figure 
depicts the distribution rule of ROSD in the three-dimensional workspace by establishing six planes with the z-axis as the normal 
vector at the levels of z = -1.5 m, z = -0.9 m, z = -0.1 m, z = 0.1 m, z = 0.5 m, and z = 1.1 m to slice the TWt. (Since it is difficult 
to observe the distribution rule of ROSD in the three-dimensional space of TWt, we choose to project ROSD onto different planes. 
Furthermore, given the task objectives of this article, which involves transporting the mobile load from the negative x-half axis 
to the positive x-half axis, we select planes parallel to the xoy plane for projection.). Fig. 9 represents the distribution of ROSD 
after it has been projected onto six planes under different disturbances. Since ROSD merely represents the desired motion di
rection of the end-effector at each point in TWt, it is represented by arrows. A general representation for a title is defined as z =
a/ξi/ξi+1. The title "z = a" indicates that the coordinate of this plane is a. The first ξi indicates the current disturbance mean for 
UMCDPR, while the second ξi+1 refers to the disturbance mean being compared. For example, "z = -1.5m/ξ2/ξ1" represents 
ROSD distribution on the z = -1.5 m plane under disturbance ξ2, with the color bar showing the similarity values when 
compared to ROSD under disturbance ξ1. When the disturbance shifts from ξi to ξi+1, the areas with the greatest changes in 
similarity appear firstly at the boundaries of the TWt. This denotes that UMCDPR is highly prone to instability when moving the 
boundaries of TWt. In most areas, the colors are almost entirely dark red, indicating that the similarity value of ROSD remains 
consistently close to 1 when the disturbance varies from ξi to ξi+1. Especially when the disturbances from ξ3 change to ξ1, the 
area of dark red is the largest of the comparing results. However, as the ξi increases, the areas with notable ROSD changes 
expand further into the interior of the TWt. These areas, shown in blue, suggest lower similarity values and that ROSD expe
riences greater directional shifts under larger disturbances;

(2) ROSD along the x-axis distribution rule: When the disturbance mean value does not exceed ξ3, the sum components of the 
ROSD along the x-axis (i.e. the x-coordinates cumulative sum of the ROSD) >> 0, maintaining a level around 50. This indicates 
that, on the whole, the directional component of the ROSD along the x-axis is consistent with the direction of the x-axis (Fig. 10
(a) and Fig. 10(b)). However, when the disturbance mean value exceeds ξ3, the sum of the components of the ROSD along the x- 
axis can be less than 0 (Fig. 10(d) and Fig. 10(e)). This also suggests that the disturbance capacity of the ROSD does not exceed 
ξ3. Secondly, in Fig. 10(c), the sum of the components of the ROSD along the x-axis is less than 0, and this phenomenon starts 
from the edge of the TWt (where y = 0 represents the boundary value of the TWt). These two results are consistent with the 
variation rule of the ROSD disturbance shown in Fig. 9.
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Fig. 10. The sum of the x-coordinate values of ROSD under different disturbances. (a) When the disturbance is ξ1;(b) When the disturbance is ξ2; (c) When the disturbance is ξ3; (d) When the disturbance 
is ξ4; (e) When the disturbance is ξ5. "x-coordinates cumulative sum" represents the cumulative sum of the x-coordinate values of ROSD. "z-axis" represents the z-coordinate of ROSD. "y-axis" represents 
the y-coordinate of ROSD.
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4.1.3. Discussion and analysis
When the mean value of the disturbance affecting ROSD is within a certain range, there always are some areas with a similarity 

value of 1. These areas are defined as "insensitive areas." The disturbance capacity is the critical disturbance, which suggests that it can 
trigger changes in insensitive areas. In other words, When the disturbance average value exceeds the disturbance capacity, it results in 
causes the insensitive areas to shrink. At this point, the insensitive areas are unable to fill the entire TWt space, resulting in significant 
changes to the distribution rule of ROSD. Consequently, there is a discrepancy between the actual experiment and the offline simu
lation results. Further inference indicates that as long as the disturbance average value affecting ROSD is below the disturbance ca
pacity, the entire TWt is equipped with robustness. Meanwhile, it is ensured that the distribution rule of ROSD in actual experiments is 
consistent with that in offline simulations. This insensitive area provides a theoretical basis for transferring offline simulation tra
jectory to underground environments. According to the experimental results, the extent of the insensitive area reaches its maximum 
when the mean disturbance approximates 500. Consequently, when the parameter settings are set in Tables 2 and 3 for UMCDPR, the 
disturbance capacity margin is 500, approximately. In this disturbance capacity, ROSD offline distribution rule closely matches the 
distribution rule in the underground environment. Since the end-effector in this article operates in a heavy-load environment, the 
estimated cumulative conversion of dynamic disturbances in the underground tunnel into end-effector disturbance forces does not 
exceed 100 [46], which is far less than the 500 considered in this article. Therefore, the index of ROSD allow for offline multi-trajectory 
optimization of the UMCDPR through an offline approach. In future research, the structural parameters of UMCDPR are also optimized 
based on insensitive areas to enhance the magnitude of these areas. However, this requires extensive experimentation to obtain ac
curate values for the disturbance capacity.

The task objective of UMCDPR is to transport loads from one assembling area to another. However, it is uncertain whether the 
UMCDPR moves from the negative x-axis to the positive x-axis or vice versa. According to the task objectives, sufficient stiffness needs 
to be achieved during the motion. Therefore, by guiding the UMCDPR to move along the ROSD, sufficient stiffness can be obtained. 
This determines the direction of motion, the initial area, and the termination area for the UMCDPR. Fig. 10 represents the x-co
ordinates cumulative sum of ROSD under different disturbance mean values. It can be observed that when the disturbance is less than 
ξ3, the component of ROSD along the x-axis is significantly greater than 0. This indicates that a greater stiffness is achieved when 
moving from the negative half-axis of x to the positive half-axis of x. Therefore, we ultimately choose the assembling area pointed by 
the x-axis as the initial area, with the other assembling area serving as the terminal area, as well as confirming the movement direction 
of the UMCDPR.

To further illustrate the robustness advantages of ROSD, we compared ROSD with the state-of-the-art CDPR stiffness orientation 
selection methods. The relevant details are provided in Appendix B.

4.2. Verification of ROSD index and selection of multi-trajectory

After identifying the regions containing the initial and termination points, the next step is to select the optimal stiffness trajectory 
among all possible trajectories. Additionally, it is necessary to further confirm the correctness of using similarity measures to evaluate 
the stiffness of UMCDPR trajectories. To ascertain the relationship between similarity value and trajectory stiffness, we designed 20 
sets of ROSD multi-trajectory optimization numerical simulations based on the characteristics of TWt. The critical parameters across 
these 20 numerical simulations are compared, including total similarity, the number of sampling points, mean similarity, and total 
deformation. The results confirmed that the relationship between similarity value and system stiffness is consistent with the theoretical 
analysis. And a stiffness trajectory with a deformation not exceeding 0.027 m is obtained, within a safe distance.

4.2.1. Simulation steps
(1) Select a unit sphere with δ = 0.05, and set UMCDPR movement speed to ‖ ṗj‖ = 0.25 m/s;
(2) Other relevant parameters are decided by values in Tables 1 to 3. Meanwhile, the experiment is conducted when the mean 

disturbance is set to ξ3;
(3) As mentioned earlier, when the exact locations of the initial point and terminal point are unavailable, we choose a position that 

the UMCDPR must pass through within the TWt space as the initial search point (i.e. the z-axis). As mentioned in Section 4.1.3, Ac
cording to the ROSD distribution rule, it is evident that the points on the boundary of the area where x > 0 are chosen as the terminal 
points, while the points on the boundary of the area where x < 0 are selected as the initial points;

(4) Determine which trajectory exhibits the optimal stiffness according to Eq. (25). Additionally, assess whether the UMCDPR can 
collide with the mining hydraulic frame.

4.2.2. Simulation results
The experimental results are shown in Figs. 11–13, leading to two results: 

(1) Results of search with different initial points: After completing the above experimental steps, a scatter plot with multi- 
trajectory is generated. To facilitate the observation of experimental results, B-spline curves are used to fit this scatter plot. 
The colors in Fig. 11 represent the trajectories obtained from selecting different initial search points. The results show that using 
point (0, 0, 1.1866) as the initial search point does not generate a valid trajectory. The initial search points of each trajectory are 
shown in Table 4. The initial search points of each trajectory are in Table 4.
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(2) Analysis of critical variable trends: By the selected speed, it is determined that the time taken for each trajectory does not 
exceed 150 s. The trends of total trajectory similarity ΣSj, the number of sampling points nj, and mean similarity MSI are plotted 
as bar charts and line graphs, as shown in Fig. 12. Fig. 13 shows the maximum deformation of UMCDPR during movement. The 
mean similarity can be defined as 

MSI =

∑nj

j=1
Sj

nj
, i = 1,⋯,19 (33) 

where j = 1, … nj. The method is provided for calculating the mean similarity, whose specific applications are in Section 4.2.3. Table 5
shows the two most significant results with the maximum deformation selected from 19 trajectory samples.

4.2.3. Discussion and analysis
For the practical task objectives of underground tunnel hoisting, we aim for UMCDPR to move from the negative of the x-axis to the 

positive while ensuring that the stiffness deformation of UMCDPR is minimized. Fortunately, the experiment results show that all 19 
trajectory samples satisfy the task objectives. The possible reason that #20 does not generate a trajectory is that the point pj+1 with the 
maximum similarity is located outside the TWt, resulting in no feasible points within TWt. Therefore, the search terminates imme
diately under Method 2. When selecting points for search in task workspaces for other CDPRs, it is advisable to avoid choosing points 
near the boundary of task workspaces. Besides, the correctness of ROSD index is analyzed as follows:

To determine whether the similarity between ROSD and the motion direction of UMCDPR can function as a criterion for evaluating 
trajectory stiffness, the relationship between total similarity and total deformation, as defined by Eq. (29), needs to be taken into 
consideration. Based on Fig. 13, the total deformation Σ||Δεp|| of UMCDPR at different initial positions and the corresponding total 
similarity for each trajectory are obtained. The change trends of both variables are presented in Fig. 14(a). Observations reveal that 
when the total similarity varies significantly among different trajectories, the total deformation trend aligns with the total similarity 
trend. For instance, there is a significant difference in total similarity between #1 and #2, as well as between #7, #8, #9, and #10. The 
trend in their total similarity aligns consistently with the trend in their total deformation. In contrast, when the differences in total 
similarity are small, the trend of total deformation is opposite to that of total similarity. For example, in the circled section of Fig. 14(a), 
the trend in total similarity is opposite to the trend in total deformation. According to previous conclusions, greater similarity cor
responds to smaller deformation. However, partial trends in Fig. 14(a) contradict this conclusion. The reason is that when total 

Fig. 11. Experimental results with different initial points. The trajectory IDs are numbered from bottom to top, with 19 samples. The initial search 
points for each trajectory are shown in Table 4.

Table 3 
UMCDPR simulations parameters.

Name Relevant parameters

The quality of hydraulic support m 6500kg
The maximum tension Tmax 40000N
The minimum tension Tmin 400N
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Fig. 12. Trend of critical variables. Bar chart values follow the blue left axis, and line chart values follow the red right axis.
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Fig. 13. Trend of deformation changes in UMCDPR. The numerical value in Fig. 7 indicates the maximum deformation amount for UMCDPR. The 
horizontal axis represents the motion time, and the vertical axis represents the motion deformation. The colors in the figure are consistent with those 
in Fig. 11.
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similarity values differ significantly, the number of sampling points for UMCDPR shows significant differences across different tra
jectories. Thus, the accumulation of similarity exhibits notable differences due to substantial variations in sampling points. In other 
words, when the number of sampling points varies significantly, UMCDPR accumulates a much higher total similarity, which obscures 
the relationship between total similarity and total deformation. Accordingly, this leads to a trend that contradicts our theoretical 
results.

Conversely, when the difference in the number of sampling points is relatively small, the true trend based on the total deformation 
and total similarity of ROSD becomes increasingly evident. Therefore, the significant difference in the total similarity is primarily 
attributed to the substantial difference in the number of sampling points of UMCDPR across different trajectories. When the difference 
in total similarity is relatively small, it suggests that the impact of the number of sampling points in UMCDPR on enhancing the total 
similarity is minor, making the influence of ROSD in the simulation unmasked. The trends circled in Fig. 14(a) illustrate that when the 
differences in different trajectory total similarities are small, the total deformation trends in the opposite direction to the total simi
larity. This observation validates the correctness of the ROSD trajectory method.

Calculating only the total similarity is insufficient to determine the quality of trajectory stiffness, according to Fig. 10(a). Based on 
the above analysis, we understand that significant differences in the number of sampling points can lead to substantial deviations in 
assessing trajectory stiffness using total similarity. Therefore, the mean similarity is considered as the criterion for evaluation. The 
maximum deformation and the mean similarity of 19 trajectory samples are plotted as a line graph, as shown in Fig. 14(b). At the 
beginning of Section 3.2, we analyzed that max Kp ⇔ min Δε. Similarly, min Kp ⇔ max Δε. This graph shows that mean similarity is 
inversely proportional to maximum deformation. As the mean similarity increases, the deformation during UMCDPR’s movement from 
pj to pj+1 becomes smaller. A smaller maximum deformation indicates better trajectory stiffness, according to the analysis results of 
Section 3.2. Therefore, mean similarity can be a criterion for selecting the optimal stiffness among multi-trajectory.

The highest mean similarity occurs at #18 and #19, indicating that the trajectories corresponding to these points have the greatest 
stiffness and the smallest maximum deformation, as shown in Fig. 14(b). According to the equation that max Kp ⇔ min Δε, the tra
jectory with the shortest time and smallest maximum deformation is selected. Ultimately, #19 is chosen with a maximum deformation 
of 0.027 m.

According to the second task objective, the UMCDPR must not collide with the mining hydraulic frame. Based on Table 1, the 
minimum distance between TWt and the mining hydraulic frame is 0.5 m, and 0.027 m << 0.5 m, so UMCDPR does not collide with the 
mining hydraulic frame during its movement.

5. Conclusion

This research primarily proposes the offline multi-trajectory optimization index, ROSD, for UMCDPR, which exhibits three critical 
characteristics: (1) This index can select the trajectory with the optimal stiffness from multiple possible trajectories. (2) When the 
actual disturbance mean does not exceed the disturbance capacity, ROSD retains most distribution rules, indicating strong robustness. 
(3) The distribution rules of this index within TWt are globally visible. The significance of this index lies in the fact that the generated 
optimal stiffness trajectories are equally reliable and plausible even in a strong disturbance environment. Based on this research, the 
following application values can be drawn: 

(1) From a safety perspective, within the threshold of disturbance capacity, the ROSD index ensures the invariance of the distri
bution rule in offline simulations. This allows for multi-trajectory optimization through offline simulations, with results that are 
more reliable compared to other stiffness optimization indices.

(2) The ROSD offline multi-trajectory optimization method is capable of addressing engineering problems with relatively ambig
uous task objectives. It standardizes the underground assembly trajectories, ensuring personal safety.

Table 4 
Corresponding initial search points for different trajectory IDs.

IDs #1 #2 #3 #4 #5

Initial point (0, 0, -1.5000) (0, 0, -1.3586) (0, 0, -1.2172) (0, 0, -1.0758) (0, 0, -0.9344)
IDs #6 #7 #8 #9 #10
Initial point (0, 0, -0.7930) (0, 0, -0.6516) (0, 0, -0.5102) (0, 0, -0.3688) (0, 0, -0.2274)
IDs #11 #12 #13 #14 #15
Initial point (0, 0, -0.0860) (0, 0, 0.0544) (0, 0, 0.1968) (0, 0, 0.3382) (0, 0, 0.4796)
IDs #16 #17 #18 #19 None
Initial point (0, 0, 0.6210) (0, 0, 0.7624) (0, 0, 0.9038) (0, 0, 1.0452) (0, 0, 1.1866)

Table 5 
The IDs of two trajectory samples with the largest and smallest maximum deformation values.

IDs The number of sampling points 
(nj)

Total similarity 
(
∑nj

j=1
Sj)

Total deformation 
(
∑nj

j=1
‖ Δεj ‖)

Mean similarity 
(MSI)

Maximum deformation (max 
Δεp)

#2 742 902.352 1.242 1.216 0.034
#19 337 472.487 0.555 1.402 0.027
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Fig. 14. Comparison of deformation and similarity trends: (a) The trends in total deformation and total similarity. (b) The trends in maximum deformation and mean similarity. The blue line cor
responds to the blue vertical axis and the red line corresponds to the red axis.
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(3) The mean similarity, which serves as a performance index for evaluating the stiffness of robotic trajectories, establishes a new 
criterion for assessing stiffness across multi-trajectory.

This index is equally suitable for other CDPRs and introduces ROSD for assessing multi-trajectory stiffness, marking a pioneering 
effort. In future research, the core objective will be to rigorously test the ROSD framework through various operational requirements of 
CDPR systems, eventually seeking to generalize and refine the multi-trajectory optimization method pertinent to ROSD applications.

CRediT authorship contribution statement

Weihan Jia: Writing – original draft, Visualization, Validation, Software, Methodology, Investigation, Formal analysis, Data 
curation, Conceptualization. Gang Cheng: Writing – review & editing, Validation, Supervision, Project administration, Investigation, 
Funding acquisition, Conceptualization. Jun Li: Writing – review & editing, Software, Investigation, Conceptualization. Yusong Pang: 
Validation, Supervision, Investigation. Mengyao Hu: Writing – original draft, Software, Investigation. Wei Gu: Validation, Super
vision, Investigation.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared to 
influence the work reported in this paper.

The authors declare the following financial interests/personal relationships which may be considered as potential competing 
interests:

Acknowledgment

This study was supported by the Postgraduate Research & Practice Innovation Program of Jiangsu Province with grant No. 
KYCX24_2717 and the Graduate Innovation Program of China University of Mining and Technology with grant No. 2024WLKXJ073. 
The authors wish to thank the National Nature Science Foundation of China (NSFC) with grant No. 52275039.

Appendix A

The kinematic equations for UMCDPR can be formulated as 

AiBi = ci = p + R ⋅ bi − ai (A.1) 

The pulley coordinate system Ai-xriyrizri is fixed to the pulley. zri along the pulley’s rotation axis. Unit vector yri is parallel to the 
direction of AiEi. The direction of xri is determined by the right-hand rule. According to the notation used in [47], the coordinates xri, 
yri, zri can be expressed in terms of the global coordinates x, y, z as follows: 

zri = z, xri = − xsinθi − ycosθi, yri = xcosθi − ysinθi (A.2) 

where 

According to the geometric relationship of the pulley motion, Ci, Di, and Bi always remain on the same plane, with Bi being the point 
of tangency, as follows: 

ci = hyri + ruri + liui (A.3) 

where li is the length of the cable. uri and ui are the unit vector directions of EiCi and li, respectively. In the coordinate system Ai-xriyrizri, 
ui and uri can be expressed as 

uri = yricosφi + zrisinφi, ui = yrisinφi − zricosφi (A.4) 

By taking the dot product of Eq. (A.3) with uri, the solution can be depicted as 

(yricosφi + zrisinφi) ⋅ ci = r − hcosφi (A.5) 

The φi can be formulated as 

φi = 2arctan

⎛

⎝h + yri ⋅ ci

r + zri ⋅ ci
+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

h + yri ⋅ ci

r + zri ⋅ ci

)2

+
r − zri ⋅ ci

r + zri ⋅ ci

√ ⎞

⎠ (A.6) 

To determine the velocity and acceleration of UMCDPR, Eqs. (A.1) and (A.3) are combined and then differentiated concerning time 
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as follows: 

l̇i = ṗ + ω × bi − hẏri + ru̇ri (A.7) 

where ω represents the angular velocity of UMCDPR, and differentiating Eq. (A.2) for time gives: 

ẋri = − yri ⋅ θ̇i, ẏri = xri ⋅ θ̇i (A.8) 

Since points Ai and Bi lie on the same plane, xri is always perpendicular to the plane. We have xri⋅(p + bi – ai) = 0, taking the 
derivative of this equation as follows: 

ẋri ⋅ (p+R ⋅ bi − − ai) + xri ⋅ (ṗ+ω× bi) = 0 (A.9) 

Substituting Eq. (A.8) into Eq. (A.9) can be solved as 

θ̇i =
xri ⋅ (ṗ + ω × bi)

yri ⋅ ci
(A.10) 

For equation Eq. (A.7), uri is still unknown. Let’s now find the expression for uri. Firstly, Eq. (A.4) is differentiated concerning time. 
Since zri is constant and does not change with time, the derivative of uri can be described as 

u̇ri = ẏricosφi − ui ⋅ φ̇i (A.11) 

Secondly, differentiate Eq. (A.5) for time, and substitute Eq. (A.11) with it. This allows us to solve for 

φ̇ =
2yri ⋅ (ṗ + ω × bi)cosφi

(yri ⋅ ci + h)sinφi
(A.12) 

Finally, by combining equations Eqs. (A.7), (A.8), (A.10)–(A.12), the velocity equation along cable can be solved as 

l̇i = ṗ + ω × bi +
rcosφi − h

yri ⋅ ci
(ṗ+ω× bi) +

2cosφi

yri ⋅ ci + h
(ṗ+ω× bi) (A.13) 

Appendix B

This article selects other indices describing CDPR stiffness orientations for robustness comparisons. The mathematical formulations 
of the optimal stiffness selection methods described in [30,41], and [48] can be expressed as 

max C(S) =
λ2

maxλ2
min

λ2
min + λ2

min
(B.1) 

where, λmaxandλmindenote the maximum and minimum eigenvalues of the stiffness matrix. When the value of C(S) is maximized, the 
corresponding stiffness matrix is considered the optimal stiffness matrix, and the eigenvector corresponding to its maximum eigen
value represents the optimal stiffness orientation. 

Fig. 15. Comparison of total similarity between ROSD and other indices.
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According to the methods described in Refs. [30,41,48], we derived the optimal stiffness orientations for all sampling points in TWt. 
Under the condition that the ξ1, ξ2, ξ3, ξ4, ξ5 are kept the same as the parameters in this article, we calculated the total similarity before 
and after applying different disturbances to all sampling points in TWt and compared it with the ROSD proposed in this article, as 
shown in Fig. 15. The total directional similarity of ROSD is greater than that of the index selected from Refs. [30,41,48], demon
strating that the optimal stiffness orientations selected by the method proposed in this article are more robust. Furthermore, both 
indices show a decreasing trend in total similarity as the mean disturbance increases, which validates the rationality of the total 
similarity criteria used in the simulations.

Data availability

Data will be made available on request.
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