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Technical Notes and Correspondence

An Interpolation Strategy for Discrete-Time Bilinear MPC  program, which is less demanding than using the interpolation strategy

Problems proposed in [5]. The note starts with a discussion of the potential of
I-O feedback linearization in Section I, and describes the interpola-
H. H. J. Bloemen, M. Cannon, and B. Kouvaritakis tion strategy in Section Ill. The results of the note are illustrated by

means of a numerical example in Section IV. Finally, the note is con-
) o cluded with a discussion in Section V.
Abstract—input—output (I-O) feedback linearization suffers from a
number of restrictions which have limited its use in model-based predictive
control. Some of these restrictions do not apply to the case of bilinear Il. INPUT-OUTPUT FEEDBACK LINEARIZATION
systems, but problems with input constraints and unstable zero dynamics
persist. The present note overcomes these difficulties by means of an
interpolation strategy. Involved in this interpolation is a feasible and

Given the stabilizable bilinear model

stabilizing trajectory, which is computed through the use of invariant w(k+1) =Ax(k) + G(x)u(k)
feasible sets, and a more aggressive trajectory, which can be chosen to be G(x) =[B+ [Fra(k)...., Fna(k)]
either the unconstrained optimal trajectory or any alternative one. ) —Calk ’ e 1
Yyitrk) =C Tk

Index Terms—Control Lyapunov function, discrete-time bilinear y(k) (k) @)

systems, interpolation. whereu € R™ is the input,e € R"™ is the statey € RP is the
output,and4, B, Fi,..., F,,, C are state-space matrices of conformal
I. INTRODUCTION dimensions. Consider the input constraints
Feedback linearization is a design technique that, through the use of —u<u<u 2

an appropriate nonlinear state transformation and feedback law, yields

an input—output map (I-O feedback linearization), or an input—stasere the aforementioned inequalities apply element wise. Then, the
map (I-S feedback linearization) which is equivalent to that of a linefoblem to be considered is to optimize a predicted performance crite-
system, see, e.g., [1], [2]. I-O feedback linearization is less restrictijen, such as (notationfw||§ = w” ¥w)

than 1-S feedback linearization. 1-O feedback linearization is a pow- o
erful tool that has been investigated within the context of model-based J(k) = Z ly(k+i+ 1)||§J (3)
predictive control (MPC), e.g., [3]. It has not found wide acceptance =0

because its use is restricted to the class of models which: i) are affine , " . - . .
in the input; ii) have a definite relative degree; and iii) have stable ze ere() is a positive—definite weighting matrix. Moreover, the goal is
dynamics [4]. Bilinear models meet the first two requirements, but Lg ensure that

course these could have unstable zero dynamics. A further objection to lim (k) = 0. (4)
the applicability of feedback linearization arises on account of the fact k—oco

that iv) original linear input constraints become nonlinear state depg#; convenience, it is assumed that the only constraints on the problem
dent constraints. are symmetrical input saturation constraints; it is noted that other more

The aim of this note is to show that for bilinear systems, itis pPSSi%neral input, output and state constraints can be accommodated just
to use a linear interpolation strategy between two trajectories in or easily. It is usual to include in the cost of (3) a tdfaik + i)||2

to handle constraints and to cope with unstable zero dynamics. One {fay penalizes control effort; the rationale is that the positive definite

jectory is designed as a "cautious” trajectory which is feasible and sigaghing matrix® can be used to avoid highly tuned controllers that

bilizing for all initial conditions within a given set. The other trajectory. ;14 result in violation of constraints with a consequent loss of per-
can be the unconstrained optimal trajectory, i.e., the “desired” raj§gimance. However, this is an ad hoc and suboptimal way of handling
tory. Difficulties arising in connection with unstable zero dynamics ¢ty nstraints which in this note will be taken care of explicitly; hence the
be overcome by the imposition of a convergence constraint. It is th§fsance of the control effort term in the cost of 3).

possible to interpolate between the two trajectories so as to get as cloq@ is easy to show that everywhere outside the region

to the unconstrained optimum as possible, while still ensuring nomingl _ {z:ranKCG(x)) < p) the system of (1) has relative de-
closed-loop stability (irrespective of the stability of the zero dynamica)ree 1 and is I-O feedback linearizable. In particular, if one can avoid

and feasibility of the input constraints. Alternative “desired” trajector; 44 if the zero dynamics of (1) are stable, it is easy to show that

ries can be incorporated as well. The online computations of the algg \nconstrained optimal control law with respect to the cost of (3) is
rithm presented in this note consist of solving a one-dimensional Ime@\r,en by the I-O feedback linearizing control law

u(k) = —(CG(x(k))) " CAx(k) (5)
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where for the purpose of computational tractability, the sequencause the state to converge to the origin. For example, given that the
c(k),...,c(k + v) is of finite length. It is then easy to show that theoutput (not the state) is the variable of primary interest, one may wish
cost of (3) is equivalent td (k) = >%_ |lc(k + i)||3,. Therefore, the to emphasize the convergenceyato zero. This can be accomplished
obvious strategy is to make the perturbations as small as allowedhtyyreplacing (10) by
the requirement for feasibility. R R

Clearly.J (k) has to be minimized subject to constraint (2). Itis pos- L = |4+ G(uj) Kallp 2el + [[A + G(vj) Katllorge
sible to solve this problem in a computationally very efficient way vj=1,...,N (11)
(albeit at the cost of a small degree of suboptimality) by extending N " )
techniques deployed in the linear case [6]. This approach will not Bce under the above conditiot)” Pz (k) provides an upper bound
explored here, however, because condition (4) must still be satisfié#, the cost of (3) [7]. Note that (11) implies (10) so that lemma 1 still
which is difficult in the case where (1) has unstable zero dynamics. iRolds.
stead in the sequel we consider an interpolating strategy which is alsé:€mma 1 provides a local stability result for the origin of the system
computationally efficient, and thus, may be the strategy of choice foﬂ_a) in closed loop with (7). In order to arrive at an expression for the re-

fast-sampling application where the online computational complexigjon of attraction, the state must remain within the polytbpevore-
has to be kept to a minimum. over, condition C1) needs to be addressed. Sufficient conditions for

these requirements are stated below.
Lemma 2: The ellipsoidE = {a: 2" P < n} is invariant under
(1) in closed loop with (7) provided thdt andn satisfy (10) or (11)
Let the control law: (k) = Kq.s(x(%)) denote a control law such as gnd
that of (5), which gives good (in the case of (5) optimal) performance

I1l. I NTERPOLATING MPC

with respect to/ (k). On the other hand, let erél", < r Vr=1,...,nf (12)
r n
u(k) = Ko (k) (") where the subscript refers to therth row, andn; is the number of

rows of [ andd. Moreover, feasibility with respect to (2) is guaranteed

be a linear state feedback law which is known to be stabilizing. Cor?- . . 2
if the following constraints are satisfied:

sider the interpolating control law

o1l . P
u(k) =ME) Kax(k) + (1 = AMk) Kaea(2(k)), K; < — Vr=L...m (13)

n
<Mk) <1 -
0 <A(k) < (8) whereR’,. denotes theth row vector of K.

With respect to (8), it is clear that, at each time instank;) should be Proof: If . remains within the polytop#’, then the value of the

as small as possible with a view to improving the output performané¥apunov function can be bounded Wfk‘r).TP{'?(ﬁ) S is an el-
while taking into account the following constraints: C{():) is such e?je’?t’ Oﬂ”2 if T < 6 (9), which is satisfied ite" T T’z < 6.

that constraint (2) is satisfied, C2)k) satisfies a condition which «" L (1/6;)I've < 1V r =1,....ny, which leads to (12) through
ensures that in the closed loop the state converges to zero, and C3j@se of the ellipsoid” Pz < . Next, invariance off’ is accom-

the next time instant a feasibleexists, namely\(k) exists such that Plished by Lemma 1. Feasibility with respect to (2) can be proven along

aA(k + 1) exists that satisfies C1) and C2) at the next time instarthi¢ Same lines as feasibility with respect to (9). o
These issues are handled in this section. First, consideration is given tgléarly, Lemma 2 restricts the applicability &f.; to initial con-
the design of (7). ditions which belong to the ellipsoiff. Therefore, to increase appli-
cability one may seek to chood@ so as to maximize the volume of
A. Design of a Stabilizing State Feedback Law E. Via the variable transformationr® = S~', K. = YS~' and

through the use of Schur complements the inequalities (10)—(13) can
be rewritten as linear matrix inequalities (LMIs), see [7] for details.
Then, the volume oF is maximized by [8]

LetV be a polytope in the state space, containing the oridioan
be represented by

= Co{vi,...,uN f={x:Tax < 8} ) )
Vi=Cofuroon} o V= {a:Te < 6} © min —log(det(S)), subject to the appropriate LMis  (14)
In the left representatiori; is defined as the convex hulC ) of N "

verticesv, € R",j = 1,...,N. In the right representatioi] is Such an approach usually leads to a very conservéfiveor a large

defined as the region that satisfies the constrdints< 6. Both repre- UPpPer bound on the costin case of (11). A compromise between a large

sentations will be used in the note. volume of £ and a smalh can be reached either by replacing the objec-
The following lemma states a sufficient condition which ensures thiife function in (14) bypn —log(det(5)), wherep is a suitable positive

(8) satisfies condition C2) fok(k) = 1. user-defined scalar, or by fixing the value fp(usually to 1, e.g., [9]).

Lemma 1: The control law of (7) locally asymptotically stabilizes The solgtion to the optimization problem (14) yields the Lyapunov
the origin of (1) if there exists a positive—definiesuch that for (small) function z* P for the bilinear model in closed loop with the feed-

e>0 back lawu = K, and with a guaranteed region of attraction given
B by the ellipsoidE’, which is an inner approximation of the polytope
P — (A4 G(v;)Kuo)' P(A+G(v;)Ke) > el due to (12). Therefore, aiming at a large region of attraction requires a
Vj=1,...,N. (10) largevolume of”. On the other hand, a large volumel6fmay cause

inequalities (10) or (11) to be more stringent and thus may even rule
Proof: Given the affine dependence@fx) onz, condition (10) out the existence of a feasible and K. A systematic procedure to
ensures that everywhere insitfethe control law of (7) gives:(k + maximize the region of attraction is given by the following steps: a)
)T"Px(k+1) < 2(k)"Px(k) ¥V 2(k) # 0, i.e., locallyz” Pz isa Choose an initial polytop¥, for example a hypercube IR", that ad-
strictly decreasing Lyapunov function for the origin. [0  mitsasolutionto (14). Under the assumption that the linearized bilinear
ForA(k) = 1, the interpolating control law of (8) will revert to that model at the origin is stabilizable, it is possible to find a feasible solu-
of (7) and, at such times, one may wish tta does more than just tion to (14) by choosindg” small enough, since thef() approaches
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B. b)Based on the solution to (14), construct a new polyidpleat fits —— SZD and UZD with (10)

tightly around (e.g., is tangential t@) in the directions of the principal _ _ SZDwith (11)
axes of the ellipsoid. This can be done easily through a singular value 1 _//':' > | = vzDwith(11)
decomposition. c) Increase the volume of the new polytofgsinceE /-/ *, .

/

is an inner approximation df this step is necessary in order to allow ~ g
for a largerE)), and re-solve (14). d) Repeat steps b) and c) untio
longer increases in size. Thus, the polytdpes a design variable. The
Lyapunov function:” Pa: essentially is a control Lyapunov function
since withinE a feasible input is guaranteed to exist (ile+= K..x)

. am
N ok K
-

\
N\

B!
\

that satisfies the decrease:df P:. Under the restriction of this con- 2 3 o ] >
vergence constraint the input may deviate from control law (7). This %,
property is used in the interpolation strategy, see Section III-B.
Theorem 1: Forz(k) € E C V,thechoice\(k) =1,k =0,1,... Fig. 1. Ellipsoids for model (20) withC; (SZD) and C. (UZD) with

satisfies conditions C1)-C3) and hence guarantees asymptotic stabfiityvergence constraints (10) and (11). The asterisks and numbers refer to the
of the origin of the model of (1), under the control law of (8), subjecfitial states of the simulations in Fig. 2.

to (2).
Proof: This is a direct result of Lemmas 1 and 2. the algorithm, replace (10) by (11); ii) in the online step, replace (17)
O by
B. Interpolation With a Desired Control Law (k)P — | Aw(k) + Gl (k))u(k)||7
With respect to (3), an obvious choice for a “desired” control law is > le()IZr + | Aw(k) + Ga(k))u(k)|Erge-  (18)

the I-O feedback linearizing law (5). Far= 0, the control law of (8) v, Th i hi laorith I
in general does not necessarily satisfy C1)—C3), in which case therglgar y, Theorem 2 applies to this adapted algorithm as well.

no guarantee of closed-loop stability. This difficulty can be removed An alternative for the “desired” controller could be the controller that
through the use of the following stratégy maximizes the decrease of the Lyapunov functidrPz, which leads

1
Offline: For (small)e > 0 and using (10), (12), and (13) designto [10]

g ) . . »
K., P, n as described in Section IlI-A. Kaw(2(k)) = — [G(I)TPG(U:)] G(x)TPAw(k). (19)

Online:
1) Perform the following optimization: Since the stability property in Theorem 2 does not depen g, the
] ) theorem still holds if theq.s(x(k)) of (5) is replaced by that of (19).
min A subject to (13) I the unforced dynamics are stable at the origin, then there exi&ts a
(2),(8), Kaes = (5) (16) such that the unconstrained control law (19) is globally stabilizing (ex-
2 ()2 =l Az (k) + Ga(E)u ()| > =) (17) cluding the points whereank(G(x)) < m) [10]. The interpolation

algorithm provides a computationally cheap way to handle input con-
2) For the optimah(k), compute from (8) and implement theStraints, and moreover, in the offline step it provides a way to design

corresponding value af(k); at the next time instant, go to a P for which the unconstrained control law (19) is locally (witHip
Step 1). stabilizing even for bilinear models of which the unforced dynamics

Constraint (17) is quadratic in the one-dimensional variabland are unstable.

thus, under the implicit assumption that%) is known, defines two
explicit bounds forA. On the other hand, the input constraints (2) in
conjunction with the control law of (8) are linearnand thus definea  Consider the model of (1) for
further two explicit bounds on. Besides\ is bounded between zero

IV. NUMERICAL EXAMPLE

and one, see (8). Therefore, the optimization of (15) subject to (16) A= { 0.28 _0-78} _ [0-71}

and (17) reduces trivially to selecting out of the six bounds the greatest —0.78 —0.59 1.62

lower bound. e {().34 0.36 } (20)
Theorem 2: Forz(k) € E C V, the interpolation algorithm guar- 0.41 —-0.65

antees asymptotic closed-loop stability of the origin of the model (1), Cy =[-0.69 0.86] Cy=[—-0.69 0.20] (21)

subject to constraints (2).

Proof: Under the assumptions of Lemma 1 and Lemm&2,1  which has unstable unforced dynamics and which locally (around the
provides a feasible solution which satisfies conditions C1)-C3), sedgin) has stable zero dynamics (SZD) 16 and unstable zero dy-
Theorem 1. To complete the proof, note thas chosen so as to satisfy namics (UZD) forC,. The input is subject to the constraint given by
conditions (16) and (17) explicitly, which ensure that the state nev@) forz = 0.5. The parameter&’s; and P for both these models were
leaves the ellipsoid’, that the signal constraints are satisfied, and thaiptimized so as to maximize the area of the relevant invariant/feasible
2" Pz is strictly monotonically decreasing. O ellipsoid E, for fixed , = 1, as described in Section IllI-A. The re-

The benefits of the “desired” control law in terms of output perforsulting ellipsoids are shown in Fig. 1 fer= 0.001, @ = I. ltis
mance can only be derived for small The case of = 1 is catered obvious from Fig. 1 that a less restrictive convergence constraint, i.e.,
for by Theorem 1. For interim values &f however, the only handle on (10) compared to (11), leads to a larger region of attractioR of
output performance is provided by (17), and as given this coneerns Simulations were performed for the initial states indicated in Fig. 1.
noty, and, moreover, for small can only guarantee slow convergencelhe closed-loop costg,, i.e., (3) for the simulated values gf nor-
Indeed fore = 0, it would be possible that the interpolation algorithrmmalized with the 2-norm of the initial state, are displayed in Fig. 2 for
fails altogether to steer the state and even the output to zero. An different choices off{4.. For the model with stable zero dynamics
vious remedy to this problem is the following: i) in the offline step o{SZD) the performance of the controller based on interpolation with
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SZD with (17) SZD with (18) UZD with (17) UZD with (18)
15
15 15
16| gle
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1 2 3 4 5 6 7 8 5 6 7 8 1 3 4 5 6 7 8 5 6 7 8

reference to x(0) reference to x(0)

reference to x(0)

reference to x(0)

Fig. 2. The normalized closed-loop costs for the initial states indicated in Fig. 1. The black bars correspond to interpolation with (5), the wbited@ond
to interpolation with (19). The values in the plots indicate the height of the bars that run off the scale.

the feedback linearizing controller (5) is superior to interpolation witauxiliary input variable, and this allows (15)—(17) to be recast as a
(19). The performance is better due to the fact that the inverse dynanpointwise min—norm optimization. However, the aim of the pointwise
impose no problem with respect to (4) for model SZD. min—norm strategy in [11] is inverse optimality, which is achieved
For the model with UZD the interpolation with the feedback linthrough the minimization of the norm of the actual input. This
earizing controller (5) leads to a worse performance than the intermgproach results in conservative responses since it disregards output
lation with (19). This is due to the fact that condition (4) is not satigserformance. For example, in the case of stable unforced dynamicsitis
fied by (5) for model UZD. Through the interpolation strategy a stabléely to lead tou = 0, thereby leaving the plant uncontrolled. On the
closed loop can still be obtained. If the convergence constraint is mitither hand, interpolation provides the means of recharacterizing the
the third plot in Fig. 2, the convergence is slow, which leads to a larglegrees of freedom in the input through the definitioqf. and K.
(but finite) value of the simulation cost. If the convergence constraiirt (22). Different poles of interpolation lead to different definitions of
is more stringent, the fourth plot in Fig. 2, the convergence is fastauxiliary inputs and thus allow for significant improvements in output
leading to a reasonable simulation cost even for interpolation with (performance, as demonstrated in Fig. 2 and discussed in Section IV.
Although the zero dynamics of UZD are unstable, the feedback lin-Finally, note that for more general control-affine nonlinear models
earizing controller may still play a role in the transient response.  the interpolation strategy of this note can be used as well, in which case
the online computational complexity is not affected. The most difficult
part for more general control-affine nonlinear models is the design of

. L . . K. The affine nature of the nonlinearity in bilinear models, (&),
Feedback linearization provides a convenient means for computi N y Cer)

ng. . ) : A
. ) - : . : . vides an easy way to define a polytopic uncertain linear model to
the optimal unconstrained predicted input trajectories with respectp y way polytop

1 . L
- . : capture the dynamics of the bilinear model.
the output of bilinear systems, but it does not necessarily meet con-p Y

straints and does not guarantee that the state converges to zero or even
that it remains bounded. The bilinear nature of the model considered in REFERENCES
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