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my absence - have bitterly marked these two years in the Netherlands. To all those festivities in my town
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Lodosa, especially the after-rehearsal beer gang. There is no way of expressing how much the distance
between me and each and every of these things pains me daily, deep in my heart and soul.

Jorge Martinez Castillo
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Abstract

This thesis studies the dynamics of Phobos, Mars’ bigger moon, as part of the preparation for coming
Phobos-bound missions. Existing observations have not been able to properly constrain the interior of
the two Martian moons in general and Phobos in particular, being therefore inconclusive about their
origin and formation. Thus, on-site measurements with the aid of Phobos landers is planned for the near
future. In particular, this thesis focuses on the couplings between Phobos’ translational and rotational
dynamics. Their effect in state propagation is quantitatively described and their impact on parameter
estimation is assessed.

For this, the trajectory of Phobos has been computed by propagating a given initial state in two ways.
A first manner integrates Phobos’ translational and rotational equations of motion simultaneously; a
second manner integrates Phobos’ translational equations of motion alone, and assumes that Phobos is
in a fully-locked configuration with a once-per-orbit longitudinal libration. A first part of the results is
an analysis of the differences between these two solutions, in terms of position and orientation.

A second part of the solution is the analysis of least-squares estimations, by which the uncoupled
model is fit to observations taken from the coupled trajectory. In doing so, the best way in which the
uncoupled model can imitate the coupled model by changing some dynamical parameters is found. The
results are analyzed in terms of estimation post-fit residuals - the final differences between the coupled
and uncoupled solutions - and differences between the parameter estimates and the true parameters.
These parameters comprise mostly the once-per-orbit libration amplitude and the quadrupole gravity
field, all of which provide information of Phobos’ interior.

The outcome of this thesis is a detailed and quantitative study of the extent to which an uncoupled
model can imitate a coupled model and how the differences generated by couplings are absorbed into
modifications of estimated parameters to keep the to trajectories as similar as possible. This provides a
preliminary approximation of the type of true errors that state-of-the-art estimations contained in their
fitted solutions.
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1
Introduction

Our knowledge of the history of the Solar System is shaped by the theories of planetary system formation
and evolution. The two Martian moons, Phobos and Deimos, seem to fit many and none of these
theories. The physical properties of these bodies - albedo, density, ... - suggest they are asteroids that
were captured by Mars. However, their (quasi)equatorial and (quasi)circular orbits make this possibility
very unlikely, as it would involve strong circularizing mechanisms to bring the moons’ orbits from the
highly elliptic capture orbits to circles, not to mention the big inclination change (about 25º) of Mars’
equator with respect to the ecliptic.

Because the Martian moons push the limits of our knowledge on the formation and evolution of
planetary systems, they represent a very good opportunity to improve on what we know. The biggest
of the two, Phobos, has received the most attention of the two since their discovery in 1877 (Woolard,
1944; Kerr and Whipple, 1951; Smith, 1970; Veverka, 1978; Dobrovolskis, 1982; Murray et al., 2006;
Oberst et al., 2014; Usui et al., 2020). State-of-the-art knowledge of this moon mainly comprises its
bulk mass, with its mass distribution usually being extracted from better or worse estimates of its
once-per-orbit longitudinal libration amplitude (e.g. Lainey et al. (2021)) and gravity field coefficients
(e.g. Lainey et al. (2007) or Jacobson (2010)). This has not been sufficient so far to properly constrain
Phobos’ interior structure in terms of composition, layering and/or porosity, and many models still fit
current observations (Maistre et al., 2019).

In order to acquire new types of observations, space missions to Phobos are being under way, the
most prominent being JAXA’s sample return mission MMX (Martian Moons eXploration) (Usui et al.,
2020). The Phobian regolith brought to Earth by this mission will provide unprecedented information
on Phobos’ surface composition (Usui et al., 2020). The mission, which will consist of a Phobos orbiter
and a lander, will require orbiter tracking. On the one hand, landing on Phobos imposes unprecedented
requirements on the modelling of the position and orientation of Phobos. On the other hand, range and
range rate measurements to the orbiter and, potentially, to the lander, will bring an orders-of-magnitude
improvement in state-of-the-art observational uncertainty. This in turn reduces the uncertainty of
state-of-the-art parameter fits.

With better observations, appropriate dynamical models used to process them should not compromise
the quality of the science products. This thesis evaluates state-of-the-art dynamical models used to
process existing data in order to assess whether they are appropriate to also process data generated by
future missions. In particular, it focuses on the couplings between Phobos’ translational and rotational
dynamics. In nature, the accelerations and torques acting of Phobos are determined by both Phobos’
position and orientation, so that Phobos’ translation and rotation interact with each other “in real time”
- i.e. the two motions are coupled. However, state-of-the-art models assume a simplified rotation and
consider only Phobos’ translational dynamics - they are uncoupled models. It is assumed that this is
sufficiently close to reality to properly process data - and until now, this has been the case. However, this
assumption should be re-evaluated in the context of an improved observational accuracy. This thesis
provides a systematic analysis to determine the extent to which these uncoupled models can really be
used in lieu of coupled models, more representative of Phobos’ actual dynamics.
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Chapter 1. Introduction 2

1.1. Research questions
Following the line of thought from the introduction, the main research question this thesis will try to
answer can be formulated as follows:

• To what extent can an uncoupled dynamical model of Phobos’ translation and rotation emulate a
coupled dynamical model?

In order to facilitate the research work and guide the answer to the broader research question above,
the following subquestions have been formulated:

• How does the trajectory of Phobos change when an initial state is integrated with an uncoupled
model as opposed to a coupled model?

• How well do analytical approaches to describe Phobos’ orientation in an uncoupled model
represent the features of the rotational motion obtained by numerically integrating a coupled
model?

• What are the differences between the parameters estimated by an uncoupled estimation model
and the parameters used to generate the observations with a coupled model?

1.2. Thesis outline
The bulk of the content of this thesis is provided in the form of a research paper included in chapter 2.
Using the findings in this paper, chapter 3 provides specific answers to the research (sub)questions
presented above in section 1.1. It also gathers recommendations of future work that naturally follows
the line of research of this paper. Complementary sections are provided as appendices. In particular,
Appendix A presents the process that was followed in order to select the integrator that was used in
numerical simulations. On the other hand Appendix B gathers the different ways in which the software
that was developed has been verified. This includes validation of the propagation suites, both in
terms of translational and rotational dynamics. Of particular interest is the verification of the damping
algorithm in section B.2. The estimation suite was also verified in section B.3 and, in fact, a bug was
found in Tudat’s computation of the state partials when the dynamical model features the once-per-orbit
longitudinal libration. Thus, an alternative partial computation scheme had to be developed, which is
therefore verified in section B.4.



2
Research paper

The main body of this thesis has been written in the form a research paper. It is included in this chapter
in the corresponding paper format.

3



Translational-rotational couplings in the dynamics of Phobos

Jorge Martineza

aDelft university of Technology, Kluyverweg 1, Delft, 2629HS, The Netherlands

Abstract

Upcoming science missions to Phobos will potentially provide unprecedented observations of Phobos’ orbit in the
form of lander tracking data. This will likely require updating dynamical models currently used to invert this data.
State-of-the-art estimations are performed using translational models together with an evolution of Phobos’ orientation
determined by the translational state itself. This paper investigates the role that couplings between Phobos’ transla-
tional and rotational dynamics play in the moon’s motion in order to assess the extent to which uncoupled models can
emulate coupled models, and what consequences the mis-modelling has on the products of data inversion. We con-
sidered two models: a coupled model that propagates Phobos’ translational and rotational dynamics simultaneously,
and an uncoupled model that assumes Phobos to be in a fully-locked configuration with a once-per-orbit longitudinal
libration. By simulating the dynamics for about 10 years, first in a coupled and then in an uncoupled manner, the
results were compared and, furthermore, the coupled trajectory was used as simulated observations for an estimation
of different parameters using uncoupled translational dynamics. For identical initial states, differences between the
coupled and uncoupled trajectories were found to accumulate to 40 m, most predominantly in Phobos’ direction of
motion. Longitudinal librations were mis-represented by the uncoupled model particularly around the frequencies of
the normal mode, where forcings are amplified up to 3.6 × 10−3 degrees. Long-term latitudinal librations also arise
from forcings due to coupling-induced changes in orbital inclination. The use of uncoupled models in data inversion
results in true errors in the estimated parameters. In this case, estimations of different lengths up to 250 days were
performed estimating Phobos’ initial state, once-per-orbit libration amplitude and harmonic coefficients C2,0 and C2,2.
Errors in dynamical parameters were found to be in the order of 10−3 degrees for the physical libration amplitude
and of 10−5 for the harmonic coefficients. These true errors are 1 to 3 orders of magnitude above the formal errors
expected from laser ranging measurements to a Phobos lander, indicating that uncoupled models are not suitable for
the proper inversion of such data.

Keywords: Phobos, Libration, Spin-orbit coupling

1. Introduction

The two Martian moons, Phobos and Deimos, are the
only natural satellites - together with our own - that or-
bit a terrestrial planet. However, the moons of the red
planet are completely different from that of the Earth.
Discovered by Hall (1878), they were repeatedly ob-
served from Earth during the next years - e.g. Pickering
et al. (1879); Keeler (1888); Newall (1895) - and they
were found to be in (quasi-)equatorial (Marth, 1879)
and (quasi-)circular (Woolard, 1944) orbits. This sug-
gested that the two moons had been formed in Mars’
proto-planetary disc. However, with the advent of Mar-
tian orbiters, space-borne photography revealed Phobos
to have very low albedo (Smith, 1970), while colored
pictures showed Phobos’ surface composition to be very

similar to that of a carbonaceous chondrite (Veverka,
1978). This indicated that the Martian moons had likely
been captured asteroids.

As recently as 2023, the origin and evolution of the
Martian moons - and in particular of Phobos - is still
unclear (Miranda et al., 2023). Information on the
present day interior of Phobos can help constrain its
evolution. This information can obtained by process-
ing observations of Phobos’ position - as done by Tol-
son et al. (1977) or Akim et al. (2007) - the amplitude
of Phobos’ so-called once-per-orbit longitudinal libra-
tion (see Duxbury and Callahan (1989), Willner et al.
(2010) or Oberst et al. (2014)) and Phobos’ gravity
field. The dynamical models used to process observa-
tions should be at least as accurate as the observations
themselves, meaning that errors arising from dynamical
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(mis)modelling should stay below observation-derived
uncertainties.

Current efforts in inverting orbit data integrate Pho-
bos’ dynamics under the assumption that Phobos is in a
fully-locked configuration (Lainey et al., 2007), often
times featuring a once-per-orbit longitudinal libration
(Shishov, 2008; Jacobson, 2010; Jacobson and Lainey,
2014; Lainey et al., 2021). Phobos’ gravity field is of-
ten represented by the so-called quadrupole field, i.e.
only the C2,0 and C2,2 harmonic coefficients (Lainey
et al., 2007; Jacobson, 2010; Jacobson and Lainey,
2014; Lainey et al., 2021). Because of the simple dy-
namical model assumed for Phobos, estimated dynam-
ical parameters are limited to the amplitude of Phobos’
once-per-orbit longitudinal libration (Jacobson, 2010;
Lainey et al., 2021) or the values of the C2,0/C2,2 coeffi-
cients (Lainey et al., 2007; Jacobson and Lainey, 2014).
Latest estimates are accurate to the 0.01 degrees (0.9%)
for the libration amplitude (Lainey et al., 2021) and to
the 10−3 − 10−4 (2.7%-6.3%) for C2,0 and C2,2 (Jacob-
son and Lainey, 2014). Jacobson (2010) notes that si-
multaneous estimation of all three of these parameters
is not possible because the resulting estimation problem
is ill-posed. Dirkx et al. (2014) also attempted to fit a
broad range of libration amplitudes and phases to sim-
ulated observations, both in longitude and latitude, and
reported very high correlations among them.

On the other hand, the shape of Phobos can be
measured through bundle block adjustments (Duxbury,
1974; Burmeister et al., 2018). This product, how-
ever, is insensitive to Phobos’ interior. A by-product
of these bundle-block adjustments is the amplitude of
the once-per-orbit longitudinal libration, provided as
well by Willner et al. (2010), Nadezhdina and Zubarev
(2014) and Oberst et al. (2014). A broader range of
librations has been investigated by the semi-analytical
ESAPHO theory (Chapront-Touze, 1988), which was
used by Borderies and Yoder (1990) to study Phobos’ li-
brations, most notably longitudinal librations at the fre-
quencies of once, twice and three times the mean mo-
tion.

However, current estimates of so-far considered pa-
rameters - i.e. once-per-orbit longitudinal libration, C2,0
and C2,2 - have not been able to sufficiently constrain the
interior of present-day Phobos, and several different in-
ternal structures are still possible (Maistre et al., 2019).
Phobos-bound space missions - e.g. MMX (Nakamura
et al., 2021) - are currently under way, which will
provide orbiter and (potentially) lander tracking data.
These new observation types are expected to repre-
sent order-of-magnitude improvement in observational-
derived uncertainty of data inversion products (Dirkx

et al., 2014), and therefore current dynamical models
used in these data inversions should be reevaluated in
order to keep up with this new observation-imposed re-
quirements. It was noted by Yang et al. (2020) that a
simultaneous integration of Phobos’ orbit and rotation
would allow their work to provide more meaningful re-
sults. A coupled translational-rotational model has in
fact not yet been used in data inversion - or state propa-
gation for that matter - when studying Phobos’ dynam-
ics, with the state-of-the-art being uncoupled transla-
tional models. It is this area of dynamical couplings
between Phobos’ translational and rotational dynamics
that this work will investigate. More precisely, it will
attempt to assess the extent to which state-of-the-art un-
coupled dynamical models can emulate the translational
and rotational features of coupled models, and what dy-
namical parameters minimize position differences be-
tween the two solutions.

An overview of the mathematical description of Pho-
bos’ dynamics is given in section 2. This section will
also provide an in-depth analysis of different consider-
ations of Phobos’ rotational motion, like normal modes
and librations. Section 3 will introduce all definitions
and equations used in this work concerning the estima-
tion problem and data inversion. Then, results will be
presented in section 4 and, finally, section 5 and sec-
tion 6 will focus on what these results mean in the con-
text of future work and will gather the main points of
this paper.

2. Dynamical model

In this work, Phobos’ translational dynamics are de-
scribed through the translational equations of motion
(EOM), while two different descriptions of Phobos’
rotational motion are used: a dynamical description
(through EOMs) and a kinematical description. While
the former uses torques to integrate a set of variables
that represent Phobos’ orientation (e.g. Euler angles),
the latter uses simplified closed expressions to describe
the time evolution of those variables.

This section will first present the mathematical for-
mulation of all the elements that make up the equations
of motion. Then, it will collect the kinematic descrip-
tions of Phobos’ motion that are most relevant for this
work, and how using a dynamical description of this
motion plays a role in the equations of motion. Finally,
the different dynamical models used in this work will be
presented.

2



2.1. Equations of motion
For the sake of context, a brief description of some

reference frames of interest is provided first. Then, the
state vector of Phobos is defined, and then the equa-
tions of motion describing the time evolution of said
state vector are presented.

The motion of Phobos will be described within the
Martian system, and a reference frame - from now on
J2000 - is defined with origin at Mars’ center of mass.
The orientation of this frame, however, is referred to
Earth’s equator of date at the J2000 epoch, with the
frame’s x-axis pointing towards vernal equinox and its
z-axis aligned with the Earth’s rotation vector as it was
in the epoch of J2000. The y axis completes the right-
handed triad. Each body can be assigned a so-called
body-fixed frame or simply body-frame, with origin at
the body’s center of mass and the three axes aligned
with the body’s principal axes of inertia, with the x-axis
along the longest axis and the z axis along the shortest
one. In the following, any of these reference frames may
be used to express vectors.

The state vector x⃗ of Phobos contains a description of
its state of motion at an innd orientation rate (rotational
state, x⃗r), or both. In this work, the translational state
vector will be formed by Phobos’ position and veloci-
tystant of time, which can be in terms of translation (the
translational state, x⃗t), the orientation a vectors with re-
spect to Mars, r⃗ and v⃗ respectively. On the other hand,
the rotational state vector will be formed by Phobos’ ro-
tation quaternion, q, and Phobos’ angular velocity vec-
tor, ω⃗. The components of ω⃗ are always referred to the
body-frame.

As any other body, Phobos’ translational dynamics
are driven by accelerations, while its rotational dynam-
ics are driven by torques. In this work, all accelera-
tions and torques are gravitational in nature and they are
formulated as in Equation 1 (drag, solar radiation pres-
sure and the Yarkovsky effect are ignored due to low
expected impact on results and difficulty in modelling
them). In these equations, UA and UB are the gravita-
tional potentials of bodies A and B respectively, ρ⃗AB is
a vector going from A to B expressed in the body-frame
of A and similarly ρ⃗BA is a vector going from B to A
expressed in the body-frame of B. Subscripts A and B
in ∇A and ∇B indicate that the gradients are taken with
respect to coordinates associated to the body-frames of
A and B respectively, and the result is to be understood
as vectors expressed in said reference frames. That is
why the rotation matrices RI/A and RI/B are required
to rotate them to a common, inertial frame.

a⃗AB = RI/A∇AUA(ρ⃗AB) (1a)

T⃗AB = −MARI/B
(
ρ⃗BA × ∇BUB(ρ⃗BA)

)
(1b)

In this work, the gravitational potential U that a body
exerts at any point in space will be represented through
the so-called spherical harmonic expansion, as in Equa-
tion 2 (Battin, 1999). Here, the distance to the origin r,
longitude λ and latitude ϕ are the spherical coordinates
of the point at which the potential is computed referred
to a reference frame attached to body A. On the other
hand, µ and R are the gravitational parameter and ref-
erence radius of body A, Pl,m are the so-called Legen-
dre polynomials of degree l and order m and Cl,m and
S l,m are the associated cosine and sine coefficients. This
works considers all bodies as rigid bodies, so that these
harmonic coefficients and time-invariant.

UA(r, λ, ϕ) =
∞∑

l=0

l∑

m=0

UA,l,m(r, λ, ϕ) (2a)

UA,l,m(r, λ, ϕ) =
µ

r

(R
r

)l

Pl,m(sin ϕ)×
× (

Cl,m cos (mλ) + S l,m sin (mλ)
) (2b)

With this notation, the mutual acceleration between
Phobos and Mars is given as in Equation 3 (Dirkx et al.,
2014), where the M stands for Mars and P stands for
Phobos. The bar and hat notations indicate the center
of mass and extended body terms of the accelerations
respectively - i.e. a⃗ÂB̄ is the evaluation of Equation 1a
where UA is evaluated as in Equation 2 starting at l = 1.

a⃗ = (µM + µP)
(
− r⃗

r3 +
1
µM

a⃗M̂P̄ −
1
µP

a⃗P̂M̄

)
(3)

This work includes the accelerations and torques ex-
erted on Phobos by Mars, Deimos, the Sun, the Earth
and Jupiter, as well as Phobos’ own gravitational field.
Note that, in the case of Phobos’s own acceleration and
torque, Equation 1 requires, on the one hand, the eval-
uation of RI/P, the rotation matrix from Phobos’ fixed-
frame to J2000 and, on the other hand, the evaluation
of ρ⃗Pi, the vector going from Phobos’ center of mas to
any body i. This means that computing both acceler-
ations and torques involves both the translational and
rotational states of Phobos. The full dynamics of Pho-
bos are given by Equation 4 (e.g. Dirkx et al. (2019)),
under the assumption of a time-invariant inertia tensor
I in the Phobos-fixed frame (i.e. Phobos is treated as a
rigid body). In this equation, x⃗t and x⃗r represent Pho-
bos’ translational and rotational state vectors, T⃗ is the
resultant torque and q is Phobos’ rotation quaternion,
with its i-th component denoted qi. It is emphasized

3



that this quaternion is not treated in this work in a rigor-
ously mathematical manner as the classical quaternion
object (e.g. Goldman (2011)), but rather as a vector in
the sense of a collection of values. More specific de-
tails on the terms of these equations of motion can be
found on Appendix A. For this work, these equations
have been numerically integrated using an RKF8(10)
integrator working in a fixed-step regime of 5 minutes,
resulting in a sub-millimeter accuracy.

˙⃗xt =

[ ˙⃗r
˙⃗v

]
=

[
v⃗
a⃗

]
(4a)

˙⃗xr =

[
q̇
˙⃗ω

]
=

[
Qω⃗

I−1
(
T⃗ − ω⃗ × (

Iω⃗
))
]

(4b)

Q =
1
2



−q1 −q2 −q3
q0 −q3 q2
q3 q0 −q1
−q2 q1 q0


(4c)

Equation 4 represents a coupled system of ODEs that
can generally written as in Equation 5, where the depen-
dence of each state derivatives in both the translational
and rotational state vectors has been made explicit.

˙⃗xt = f⃗t
(
x⃗t, x⃗r

)
(5a)

˙⃗xr = f⃗r
(
x⃗t, x⃗r

)
(5b)

In conclusion, Phobos’ dynamics are coupled by na-
ture. However, an uncoupled model can be defined that
propagates only the translational equations of motion
(Equation 5a) by imposing some fixed x⃗r(t) that is not
integrated. However, a coupled model that incorporates
the same accelerations and the appropriate torques is re-
garded as more faithful to reality.

2.2. Kinematic rotation descriptions
There is a number of ways to parameterize the orien-

tation of a body (Fukushima, 2012). For Solar System
bodies, the most popular manner is by specifying the
orientation of the rotation axis - or pole - by its right
ascension and declination with respect to a frame of
inertial orientation, together with the longitude of the
meridian in said frame (see e.g. Archinal et al. (2018);
Burmeister et al. (2018)). This amounts to three param-
eters, and attempts have been often made at providing
expressions for their evolution in time (Duxbury and
Callahan, 1981; Stark et al., 2017; Archinal et al., 2018).

Phobos’ pole follows the long-term orientation of the
orbital plane normal (Stark et al., 2017), and Phobos’
rotates about it at a frequency that follows the long-term
evolution of the mean motion (Jacobson et al., 2018). In

MarsF’

x̂

-ψγ

M
θ

Figure 1: Librational geometry, where θ and M are the true and mean
anomalies of Phobos in its orbit, ψ is the tidal libration angle and γ
is the physical libration angle. F′ represents the empty focus of the
ellipse. The fact that M is the angle between the moon-to-empty-focus
and the apse line has been taken from Murray and Dermott (1999).

terms of Phobos’ body-fixed frame (see subsection 2.1),
this means that, on average, Mars’ Phobos-fixed posi-
tion is constant in time. Furthermore, there exist oscilla-
tory deviations from this constant rotational rate, known
as longitudinal librations. This situation allows to vi-
sualize Phobos’ orientation in two dimensions, which is
represented in Figure 1. The deviation of Phobos’ x-axis
from the moon-planet direction is sometimes termed the
tidal libration angle (Lainey et al., 2019), and is denoted
ψ in Figure 1. The sign of this angle in the figure is just
a matter of definition, and in this work this tidal libra-
tion angle is defined as in Equation 6, where λ is the
longitude of Mars in Phobos’ body-frame.

ψ = −λ (6)

When, instead of the moon-planet direction, the
moon-to-empty-focus direction is taken as reference
from which to measure the direction of Phobos’ x-axis,
the deviation of this axis from the reference is known
as the physical libration angle, denoted γ in Figure 1.
However, the use of this reference direction presents a
complication. Because Phobos’ orbit is not perfectly
Keplerian, the shape and size of the ellipse change over
time and the empty focus moves, so this reference is
by definition unstable. Furthermore, with the orienta-
tion of Phobos following the orbital geometry for long
timescales, taking a geometrical construct as reference
introduces long-periodic terms in Phobos’ physical li-
brations, which are really the orbital trends of node and
apse precession.

The angle between the empty-focus-to-moon line and
the line of apsides is given by the mean anomaly M
(Murray and Dermott, 1999). Note that, because the
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Figure 2: Evolution over one orbit of the tidal libration ψ = −λ, opti-
cal libration 2e sin M and physical libration γ = 2e sin M + ψ.

angles of the triangle formed by Mars, Phobos and the
empty focus have to amount to 180º, one can write
Equation 7, where the final approximation is taken from
Murray and Dermott (1999). This quantity is sometimes
termed the optical libration (Lainey et al., 2019).

γ − ψ = θ − M ≈ 2e sin M (7)

The largest component of these longitudinal libra-
tions is an oscillation with period the same as the orbital
period, and Phobos’ orientation in the plane is often rep-
resented in research just by this component. In terms of
the physical libration angle γ, this oscillation is given
by Equation 8 where A is just the amplitude of the os-
cillation - the so-called libration amplitude. The scaled
libration amplitude B for the tidal libration angle was
introduced by Lainey et al. (2019) as a fitted parameter
in their work, and is also the parameter that Tudat1 uses
to describe this once-per-orbit libration.

γ = A sin M with A < 0 (8a)

ψ = A sin M − 2e sin M = −Be sin M

with B > 0
(8b)

The signs of A and B are required for Equation 8a
and Equation 8b to be consistent with Figure 2, where
the sign of both γ and ψ is seen to be the opposite of
sin M.

Because A and B are related through Equation 8b,
Phobos’s orientation in the orbital plane can be de-
scribed through either. This work will use the latter for

1TU Delft Astrodynamics Toolbox, the software used in this work.
See https://docs.tudat.space/en/latest/.

two reasons. On the one hand, consistency with Tudat,
the numerical tool used for simulations. On the other
hand, it lends itself to a clearer interpretation because
it is defined with respect to a stable, well defined refer-
ence. Other works, however, prefer to use A. Depend-
ing on how different authors define their libration an-
gles, different relationships between A and B will hold
for different sources. In this particular work, this rela-
tionship is given as in Equation 9.

A = (2 − B) e (9)

The value of the libration amplitude provides infor-
mation on Phobos’ moment of inertia through Equa-
tion 10 (Murray and Dermott, 1999), where σ = (B −
A)/C and A ≤ B ≤ C are Phobos’ main moments of in-
ertia. Thus, estimation of the once-per-orbit libration
amplitude can help constrain the interior structure of
Phobos.

A = 2e
1 − 1

3σ

(10a)

B = 2
1 − 3σ

(10b)

Although the discussion so far has focused on lon-
gitudinal librations - oscillations about Phobos’ z-axis
- and the orientation of Phobos’ x-axis in the orbital
plane, because those are indeed the most prominent as-
pects of Phobos rotational motion, other oscillations ex-
ist about Phobos’ x and y axes, the latter being called
wobble and latitudinal librations respectively. Kine-
matic descriptions of the rotation of Phobos usually
don’t include them, and they have rarely been consid-
ered in Phobos’ dynamics, with Borderies (1977) and
Rambaux et al. (2012) being works that have been partly
dedicated to the study of latitudinal librations.

In the most popular of these simplified, kinemati-
cal descriptions of Phobos’ orientation, which feature
the once-per-orbit longitudinal libration, the rotational
state x⃗r of Phobos is not driven anymore by torques,
but rather is completely determined by the translational
state x⃗t and some extra parameters, namelyA orB. This
effectively decouples Equation 5a from Equation 5b by
making, for example, ˙⃗xt = f⃗t

(
x⃗t,B). Although this re-

duces the computational cost of simulations, it intro-
duces inaccuracies in the dynamics by eliminating lon-
gitudinal librations of other frequencies and all latitudi-
nal librations.

2.3. Normal modes and damping

The rotational equations of motion Equation 4b can
be linearized for small angles ε around each axis of the
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Phobos-fixed frame, yielding Equation 11a for the evo-
lution of each small angle (Rambaux et al., 2010), where
f is the appropriate component of the torque - the forc-
ing. In the homogeneous case (for f = 0), this equations
still yields an oscillatory solution, with a frequency of
oscillation ωo. This oscillation is called the rotational
normal mode, and there exists one for each axis of the
Phobos-fixed frame. Because there are no elements in
Equation 11a that are external to the body if f = 0, these
normal modes are not characteristics of the dynamical
environment but rather physical properties of the body
itself.

ε̈ + ω2
oε = f (11a)

ε =
∑ fi

ω2
o − ω2

i

sin(ωit) (11b)

In the general case where f , 0, oscillations appear at
an infinite range of frequencies. In the context of rotat-
ing moons - and more specifically Phobos - where oscil-
lations about the moon’s three axes are called librations
(see subsection 2.2), these oscillations excited by forc-
ings are called forced librations. These forced librations
about each axis are given, in the linearized case, by the
solution to Equation 11a, namely Equation 11b (Ram-
baux et al., 2010), where fi and ωi are the amplitudes
and frequencies of all the components that make up the
forcing f .

There are two things to point out in this equation. On
one hand, the components of the forcing that oscillate
close to the normal mode will produce a big librational
response as opposed to those components for which ωi

is further from ωo. This is particularly important for
Phobos because its longitudinal normal mode is close
to the orbital mean motion, a frequency at which is only
natural that forcings oscillate. On the other hand, the
normal mode itself is not present as one of the frequen-
cies at which the libration oscillates. This is because
damping is assumed to have already existed over long
time scales, making the normal modes disappear.

There exist analytical expressions for the frequencies
of the normal modes collected by Rambaux et al. (2012)
and gathered in this work in Equation 12, where ωlon,
ωlat and ωwob are the longitudinal, latitudinal and wob-
ble normal mode frequencies and A ≤ B ≤ C are Pho-
bos’ main moments of inertia. The last of these is an
oscillation about Phobos’ x-axis.

ωlon ≈ n
√

3σ (12a)

ωlat ≈ n

√
(1 + 3β + αβ) +

√
∆

2
(12b)

Table 1: Frequencies in rad/day of all three normal modes, as com-
puted with Equation 12, compared to those obtained by Rambaux
et al. (2012). Differences stem from the different inertia properties
used in each work.

ωlon ωlat ωwob

This work 12.354 27.165 7.336
Rambaux et al. (2012) 12.275 27.270 7.498

ωwob ≈ n

√
(1 + 3β + αβ) − √∆

2
(12c)

∆ = (1 + 3β + αβ)2 + 16αβ (12d)

α =
C − B

A
β =

C − A
B

σ =
B − A

C
(12e)

Table 1 collects the values of all three normal modes
as computed by Equation 12, and compared to those ob-
tained by Rambaux et al. (2012). The largest difference
between the two computations is in ωwob, where they
differ by 2%. The differences in the other two frequen-
cies are below 1%. Such a good agreement serves to
show consistency between the gravity field developed
by Maistre et al. (2019) used in this work to compute the
moments of inertia (a detailed explanation of how this
is done can be found in Appendix A), and the moments
of inertia derived by Willner et al. (2010) and used by
Rambaux et al. (2012).

Equation 11b is also representative of Phobos’ lon-
gitudinal rotational kinematics in the present day. The
normal modes are not observed anymore because damp-
ing has made them disappear over the history of the
Solar System. However, when Equation 11a is inte-
grated - and more generally Equation 4b - both the nor-
mal modes and the forced response will arise. Unless
a physically realistic initial state is used, one needs to
forcefully remove the normal modes from the solution.
In this work, this is done in the same way as presented
by Rambaux et al. (2012), which is to introduce a damp-
ing algorithm and add a virtual torque in the equations
of motion. This virtual torque is computed as to pre-
serve the average rotation of Phobos around its z-axis
while opposing any other rotation. The dynamics are
propagated forward in time with the torque, and the fi-
nal state is used to propagate the dynamics backwards
without the torque. This procedure is performed several
times in an iterative process to generate the initial state
used to propagate Phobos’ dynamics. Specific details
on this algorithm and the computation of such torque
can be found in Appendix C.
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2.4. Self-inconsistency of the concept of librations

As seen in subsection 2.1, the concept of “libration”
simply does not exist in the real-life dynamics of Pho-
bos, mathematically represented by the equations of
motion. Thus, when librations are introduced in the
propagation of an uncoupled translational model to rep-
resent the orientation of Phobos, they should always be
understood, in a way, as useful yet artificial constructs
that are computed with actual quantities of the motion
- like position, velocity or the Keplerian elements. For
instance, Equation 8b gathers the most popular repre-
sentation of the most popular librational component,
the once-per-orbit longitudinal libration. It is given in
terms of the eccentricity of Phobos’ orbit and the mean
anomaly of Phobos. This artificial nature of librations is
exacerbated in a non-Keplerian dynamical environment
where the strict definition of orbit becomes dubious, in
the sense that an abstract “instantaneous” ellipse needs
to be defined at each instant of time. This renders the
Keplerian elements time-changing, i.e. the so-called os-
culating elements. In this scenario, the term once-per-
orbit becomes ill-defined.

In particular, with the mean motion changing with
time, forcing the longitudinal libration angle to oscil-
late at a frequency equal to the mean motion requires to
either compute an average mean motion or use the os-
culating mean motion and accept that the libration angle
is going to oscillate at different frequencies. However,
if average Keplerian elements are used for its compu-
tation, one runs the risk of making the definition of the
libration angle incompatible with the translational state
in short time scales, and therefore misrepresent Phobos’
orientation relative to Mars - which renders the compu-
tation of state derivatives wrong.

The software used in this work - Tudat - uses the
longitudinal libration angle implementation presented
by Lainey et al. (2019), who uses the approximation
in Equation 13a, valid for small eccentricities, to write
Equation 13b. Here, E is the eccentric anomaly of Pho-
bos. This leads to the implicit use of osculating Keple-
rian elements, namely the quantity in Equation 13b will
oscillate at different frequencies, mostly those contained
in the mean motion itself. This is very well illustrated
in Figure 3, where the frequency content of the once-
per-orbit longitudinal tidal libration ψ has been plotted
together with the frequency content of the mean motion.
As can be seen, the frequency content of ψ has a main
peak at the average mean motion, but has large peaks at
other frequencies, corresponding to the frequencies of
the osculating mean motion n - the largest of them oc-
curring at integer multiples of the average mean motion.

Figure 3: Frequency content of the longitudinal libration of an un-
coupled translational state in which a fully locked configuration of
Phobos has been assumed, together with a once-per-orbit longitudi-
nal libration.Dashed vertical lines indicate the average mean motion
(green), and the three normal modes: longitudinal (black), latitudinal
(red) and wobble (violet). Dotted lines are integer multiples/divisors
of dashed lines.

e sin M ≈ e sin E ≈ r⃗ · v⃗∣∣∣⃗r × v⃗
∣∣∣

(13a)

ψ = −Be sin M ≈ −B r⃗ · v⃗∣∣∣⃗r × v⃗
∣∣∣

(13b)

The fact that the implementation of the once-per-orbit
longitudinal libration angle produces contradictory re-
sults in which its frequency content presents peaks at
frequencies other than the average mean motion might
be - and will likely be - an inherent limitation to the
use of librational models when high fidelity models of
Phobos’ dynamics are required. The aim of this work
is to quantify the impact of this mis-representation of
Phobos’ orientation made by librational models on its
translational dynamics. This will serve as an indication
of which applications accept the use of librational mod-
els, and which ones do not.

2.5. Model variations

In order to study the couplings between Phobos’
translational and rotational dynamics, the equations of
motion (Equation 5) have been integrated both in a cou-
pled manner and an uncoupled manner - from now on
the coupled model and the uncoupled model respec-
tively.

The uncoupled model integrates Phobos’ transla-
tional equations of motion (Equation 5a) independently
from the rotational equations of motion (Equation 5b).
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In this uncoupled model, an a-priori rotational state vec-
tor history x⃗r has been imposed, such that Phobos is in a
fully locked configuration - its long axis always pointing
directly towards Mars - with the addition of the once-
per-orbit tidal longitudinal libration of amplitude Be.
This angle is computed as in Equation 8b, the factor
e sin M computed as in Equation 13a.

The coupled model, however, integrates both the
translational and rotational equations of motion simul-
taneously. This requires the execution of the damping
algorithm discussed in subsection 2.3 prior to the actual
propagation so that a realistic initial state is obtained.

In order to fully isolate the effects of couplings, the
coupled and uncoupled models have been made as sim-
ilar as possible to each other by using the same initial
state and gravity coefficients for both. Furthermore, the
Fourier transform of Phobos’ tidal longitudinal libra-
tions as computed by the coupled model is used to com-
pute the amplitude of the oscillation with frequency that
of the orbital mean motion, which is used as amplitude
Be for the uncoupled model. Because the initial state is
an output of the damping algorithm, the algorithm is ex-
ecuted on the coupled model and the translational part
of the resulting initial state vector is used as initial state
for the uncoupled model.

As explained in section 3, all these equivalences do
not apply during estimation, where one or more of those
parameters are estimated.

2.6. Role of couplings in propagation

The fundamental difference between the coupled and
uncoupled models are Phobos’ librations that the rota-
tional equations of motion (Equation 4b) will generate
but that are not modelled by an uncoupled model imple-
menting Equation 8. This comprises all “minor” libra-
tions in longitude - those at frequencies other than the
mean motion - and the librations in latitude. In evalu-
ating Phobos’ acceleration on itself through Equation 2,
variables λ and ϕ are Phobos’ longitudinal and latitudi-
nal libration angles, bundling together all librations of
each kind. If only the quadrupole field (C2,0 and C2,2) is
considered - as done in this work - the out-of-plane com-
ponent of Phobos’ acceleration on itself is proportional
to sin ϕ. This means that (a) latitudinal librations are re-
quired for this out-of-plane component to exist and (b)
the contribution of longitudinal librations to this out-of-
plane component will be small if the latitudinal libration
angle is small. Borderies and Yoder (1990) also hint
at all longitudinal librations contributing to the secular
part of Phobos’ potential. Differences between the cou-
pled and uncoupled trajectories are therefore expected

to contain a comparatively small out-of-plane compo-
nent driven by the (small) latitudinal librations and a
secular in-plane component driven by minor longitudi-
nal librations.

3. Estimation

Using the same model parameters - initial state, libra-
tion amplitude and gravity field - for both the coupled
and uncoupled model will inevitably create differences
in the propagated states, because x⃗r in Equation 5 is dif-
ferent in both. However, in quantifying how valid it is to
use an uncoupled model in place of a coupled model, it’s
required to find those conditions in which the two mod-
els behave most alike, and look at what differences still
remain. This has been done by means of estimations,
and this section will explain what types of estimations
have been performed and why.

The section will begin by defining what is meant by
estimation and estimator in the present work, as well
as the notation used for the different relevant elements
of the estimation problem. This will be followed by an
explanation of the role that couplings play in this esti-
mation process. Finally, the two main elements of the
estimation will be presented, i.e. the observations (and
observation model) and the estimated parameters (and
estimtion model).

3.1. The estimation problem

Provided a set of observations z⃗ either obtained from
reality or generated with a simulation model, a set
of differential equations - from now on the estimation
model - can be used to replicate them, providing the
so-called model values h⃗. The equations in this esti-
mation model contain some dynamic parameters, col-
lected in a vector y⃗ that will determine the value of h⃗,
so that h⃗ = h⃗

(⃗
y
)
. The estimation will be understood as

the process of finding a vector y⃗ ∗ such that the differ-
ences between z⃗ and h⃗, called residuals and defined as
in Equation 14a, are minimized. The estimator is the
method by which the estimation is performed. In this
work, a non-linear least squares estimator is used.

Least-squares means that the quantity to be mini-
mized is the sum of the squares of the residuals, math-
ematically written as J = ε⃗ T ε⃗ under the assumption
that all observations in z⃗ have the same associated un-
certainty. On the other hand, because the problem at
hand is inherently non-linear, the model values are lin-
earized around a reference h⃗o = h⃗(⃗yo) and one can define
the residuals as in Equation 14b, where H = ∇h⃗

(⃗
yo

)
is

usually called the design matrix and ∆y⃗ = y⃗ − y⃗o.
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ε⃗ = h⃗ − z⃗ (14a)

ε⃗ ≈ h⃗o + H∆y⃗ − z⃗ = H∆y⃗ − ∆z⃗ (14b)

Then, an iterative process begins, each iteration con-
sisting of computing ∆y⃗ ∗ that minimizes J with this lin-
ear model for h⃗ around a reference y⃗o and updating the
reference to y⃗1 = y⃗o + ∆y⃗ ∗o. This new reference is used
to linearize h⃗ in the next iteration. The parameter update
∆y⃗ ∗ is computed by solving the so-called normal equa-
tions in Equation 15. Note that, at each iteration, all the
elements in this equation will be different: the normal
matrix is computed at each reference y⃗k and ∆z⃗ is also
computed using the different references for the model
values, ∆z⃗k = z⃗ − h⃗k.

(
HT H

)
∆y⃗ ∗ = HT∆z⃗ (15)

The end of the iterative process is defined by some
convergence conditions. In this work, the only stopping
criterion has been a maximum number of iterations.

3.2. Observation simulation

This work has made used of simulated observations
in all the performed estimations, which means that z⃗ as
defined in the previous subsection has been generated
using simulations. Observations have been generated
using the coupled model.

Observations consist of position observables. This
means that the word observation in this work is to be
understood as a position vector, more specifically the
position vector of Phobos with respect to Mars, with the
components expressed in the J2000 reference frame (see
subsection 2.1). These observations have been gener-
ated every 20 minutes, which means a ∼15.5º spacing
in Phobos’ orbit between two consecutive observations.
A preliminary analysis of this frequency was performed
by running estimations with observations generated ev-
ery 10 minutes, and the results were the same. Obser-
vations start 1h after the beginning of the estimated arc
and finish 1h before the end of the estimated arc.

Observations are noiseless and ideal, meaning that
there will be no uncertainty associated to them.

With respect to the elements defined in the previous
subsection, z⃗, h⃗, ε⃗ ∈ R3no×1, where no is the number of
observations, each of which has three components. If a
number np of parameters are estimated, then y⃗ ∈ Rnp×1

and H ∈ R3no×np .

3.3. Role of couplings in estimation
Consider a set of parameters y⃗o (e.g. the initial state

x⃗o) with which the coupled model has been propagated.
Using these parameters, the coupled model produces a
state history x⃗c(t, y⃗o). If an estimation is performed in
which the observations are taken from x⃗c(t, y⃗o) and then
an uncoupled model is used as estimation model, the
vector of residuals can be written as in Equation 16,
where x⃗u(t, y⃗) is the model values produced by the un-
coupled model when the set y⃗ of parameters is used.
Note that, because x⃗c and x⃗u are different by defini-
tion, ε⃗(t, y⃗o) will not be nil and the solution to the cor-
responding least squares problem will be some vector
y⃗ ∗ = y⃗o + ∆y⃗ ∗ , y⃗o.

ε⃗(t, y⃗) = x⃗u(t, y⃗) − x⃗c(t, y⃗o) (16)
The parameter increment ∆y⃗ ∗ will appear in order

to account for the differences in x⃗(t) generated by cou-
plings. In other words, the effect that couplings have
on the trajectory will be absorbed by this ∆y⃗ ∗. If this
absorption is perfect and the resulting y⃗ ∗ is such that
ε⃗(t, y⃗ ∗) = 0⃗, one could effectively propagate the dy-
namics of Phobos with an uncoupled model combined
with y⃗ ∗ to obtain the exact same result as they would
using a coupled model combined with y⃗o. This is con-
venient for state propagation, as it allows to simplify
the dynamics if the parameters are chosen appropriately.
This is never the case, and although ε⃗(t, y⃗ ∗) T ε⃗(t, y⃗ ∗) is
indeed smaller than ε⃗(t, y⃗o) T ε⃗(t, y⃗o), it is never 0. Ab-
sorption is then said to be imperfect and some residuals
are left, representing a part of the effects that could not
be absorbed by any of the parameters.

When it comes to estimation, however, absorption is
usually an inconvenient. Absorbing the effect of cou-
plings into the parameters contaminates the solution and
makes it differ from the true y⃗o. This is the scenario
in current state-of-the-art estimations. Phobos’ real life
dynamics incorporate, by definition, all possible cou-
plings, while state-of-the-art estimation models are un-
coupled. In trying to estimate the values of y⃗o through
estimation, a solution y⃗ ∗ is instead obtained, which con-
tains the bias ∆y⃗ ∗, while y⃗o remains unknown. The
aim of this work is to quantify this bias ∆y⃗ ∗. This y⃗
often includes the once-per-orbit longitudinal libration
angle or Phobos’ gravity coefficients C2,0 and C2,2, all
of these containing information about Phobos’ interior.
Mis-estimation of these parameters effectively results in
mis-information about the interior structure of Phobos.

3.4. Estimated parameters
We have performed estimations using the uncoupled

model as estimation model and the coupled model as
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truth model. When different parameters are estimated,
a combination of uncoupled model and dynamical pa-
rameters is obtained that emulates the coupled model
as best as possible. Residuals are the differences that
the uncoupled model is not able to represent no matter
what. As explained in subsection 3.3, the estimated pa-
rameters will be mis-estimated due to couplings.

Three different estimation sets have been performed,
estimating different parameters each. They respond to
typical estimations, as mentioned in section 1. These
sets estimate:

• Set 1: Initial translational state, x⃗t,o

• Set 2: Initial translational state and once-per-orbit
longitudinal libration amplitude, x⃗t,o and B (like
Jacobson (2010) or Lainey et al. (2021))

• Set 3: Initial translational state and Phobos’ nor-
malized quadrupole gravity coefficients, x⃗t,o, C2,0
and C2,2 (like Lainey et al. (2007))

The first set will provide a baseline as to how well the
uncoupled model can emulate the coupled model when
the rest of the parameters is the same. Comparisons of
other estimations with this one will quantify how well
other dynamical parameters can absorb the effects of
couplings. The second and third set represent typical es-
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Figure 4: Schematic of the work done in this paper.
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timation schemes in state-of-art studies of Phobos. Set
2 is the one used by Jacobson (2010) or Lainey et al.
(2021), while Set 3 is the one estimated by e.g. Lainey
et al. (2007). Results of these estimations, in particu-
lar of sets 2 and 3, will quantify how well an uncou-
pled model can emulate a coupled model - for which
residuals will have to be studied - and how much the es-
timated parameters are contaminated by the dynamical
mismatch of couplings.

4. Results

This section will gather the results obtained through
simulations. There are two big groups in which results
can be categorized: state propagation and parameter es-
timation. The effect of couplings was analyzed by mak-
ing the coupled and uncoupled models as physically
similar as possible, as was explained in subsection 2.5,
and comparing how they propagated the same transla-
tional initial state. How couplings impact the results of
estimations was studied through the analysis explained
in subsection 3.3. A flowchart summarizing the proce-
dure followd in this work is provided in Figure 4.

In the remainder of the text, extensive use will be
made of the so-called RSW frame. At any point of a
trajectory, one can define a reference frame formed by
the right-handed triad {r̂, ŝ, ŵ}. Unitary vectors r̂ and
ŵ are parallel to the instantaneous position and angular
momentum vectors, while ŝ completes the triad. The
RS plane corresponds to the plane of the instantaneous
elliptical orbit (in-plane), while the W direction is the
direction perpendicular to it (out-of-plane).

4.1. State propagation

As a first approach to the study of couplings, the same
initial state was propagated using two different mod-
els, the uncoupled model and the coupled model, which
have been made as similar to each other as possible as
explained in subsection 2.5, for a total of 81920 hours
(around 9 years and 4 months). There are two main ar-
eas in which the differences between these two simula-
tion results are interesting: translation and rotation.

4.1.1. Translation
For an order-of-magnitude context, Figure 5a shows

that the norm of position differences between the cou-
pled and uncoupled trajectories accumulate to ∼40 m.

The time dependence of all three components can be
seen in Figure 5b. As expected, the along-track com-
ponent shows a secular trend (the uncoupled trajectory

gets ahead of the coupled one) superimposed by oscilla-
tions of ever-increasing amplitude. The radial and out-
of-plane components lack that secularity, and just oscil-
late around 0 with a growing amplitude of up to 4 m
at the end of the integration time. The largest of these
oscillations occurs at the orbital frequency of the mean
motion n, as seen in Figure 5c. Oscillations in the or-
der of millimeters are present at frequencies very close
to the latitudinal normal mode (ωlat = 27.27 rad/day),
a frequency close to which Rambaux et al. (2012) iden-
tified a resonant forcing. Rambaux et al. (2012) notes
that these frequencies are due to oscillations in Phobos’
inclination and changes in the secular part of the mean
anomaly, and the fact that there exist differences at this
frequency between the coupled and uncoupled model
indicates that this libration still has some influence on
the orbit that, although small, cannot be accounted for
by uncoupled rotational models.

Insight is gained when looking at the Keplerian ele-
ments. With fundamental differences between the cou-
pled and uncoupled models being in the orientation of
Phobos, the orbital energy as measured by the semi-
major axis of the orbit should not change. Figure 5d
shows that, although it presents small oscillations in the
order of centimeters, the mean semimajor axis remains
constant when couplings are introduced. The main dif-
ferences in position were seen to be a secular trend in
along-track position and the onset of out-of-plane oscil-
lations (Figure 5b). In terms of keplerian elements, the
latter is mostly contained in the inclination of the or-
bit. The dominant frequency of the inclination is 0.01
rad/day, driving the low-frequency oscillations in the
RSW components of the effects of couplings, as men-
tioned above.

Ω̇ + ω̇ = −3
4

n
(R

a

)2 [
2C2,0 + σ

Izz

MR2

5 + 9σ
1 − 3σ

]
(17)

On the other hand, secular effects of couplings in
along track direction can be identified to be qualitative
similar to those of the once-per-orbit longitudinal libra-
tion. In this regard, Equation 17 (Borderies and Yoder,
1990) indicates that the once-per-orbit libration ampli-
tude induces a decreasing linear trend in ∆Ω+∆ω. Here,
n, Izz, M, R and a are Phobos’ mean motion, polar mo-
ment of inertia, mass, reference radius and semi-major
axis, while σ is the inertia ratio from Equation 12e. The
fact that such a trend is observed in Figure 5d (yel-
low line) with a slope of 18 mas/day owes to the fact
that couplings induce the same in-plane motion as the
once per-orbit libration, which was expected from the
fact that all longitudinal librations - once-per-orbit or
otherwise - are bundled together in Mars’ Phobos-fixed
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(a) Norm of position difference between the states propagated by the uncoupled
model and those propagated by the coupled model.
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(b) Time evolution of the RSW components of the position differences between
the coupled and uncoupled trajectories.

(c) Frequency content of the RSW components of the position differences between
the coupled and uncoupled trajectories.
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(d) Differences in selected Keplerian elements between the coupled and uncou-
pled trajectories.

Figure 5: Propagation results. The differences in position is studied in different ways: norm (top left), components (top right), frequency content
(bottom left) and Keplerian elements (bottom right). Vertical lines in the bottom right picture represent (multiples of) the mean motion (n) and
latitudinal normal mode (ωlat).

longitude in the evaluation of Phobos’ gravitational po-
tential (Equation 2). This is reinforced by the similar-
ities between the in-plane effects of couplings and the
once-per-orbit libration after the 9 years and 4 months
of simulation, seen in Figure 6a. The out of plane effects
(Figure 6b), however, are completely different. In the
context of parameter estimation, this points at the once-
per-orbit libration amplitude having a lot of potential in
absorbing the effects of couplings, which means that it
will likely be mis-estimated in minimizing the in-plane
components of the residuals generated by couplings.

Differences in rotational motion can be divided in two
axes: longitudinal and latitudinal differences. The un-
coupled model, by definition, produces no latitudinal li-
brations because Phobos’ orbital and equatorial planes

are always coincident, so it would be trivial to assess
the effects of couplings in this sense. It is still of in-
terest to study the latitudinal librations produced by the
coupled model. Table 2 collects the five largest peaks
of the frequency spectrum of the tidal latitudinal libra-
tions, i.e. equivalent to Mars’ Phobos-fixed latitude. In
studying these types of librations instead of the physical
librations, the low-frequency orbit-induced effects are
removed. In these lines, tidal latitudinal librations are
purely associated with high-frequency forcings, which
are amplified if they are close to Phobos’ normal modes.
It is to be noted that the first two components in Ta-
ble 2 correspond to the 2nd and 5th terms tabulated by
Rambaux et al. (2012), attributed to resonances with the
latitudinal and wobble normal modes, ωlat = 27.165
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Figure 6: Comparison between the position differences between the coupled and uncoupled trajectories (blue) and the position differences between
the uncoupled and fully-locked trajectories (orange). Only the final 10 orbits of the 9 years and 4 months have been plotted. Note the different
units.

Table 2: Strongest components of latitudinal tidal librations from the
coupled model.

Freq. [rad/day] Amp. [mdeg]
27.1547 8.48481
7.46106 5.09929
19.7102 0.809964
12.2326 0.448258
46.8503 0.197696

Table 3: Main peaks of the tidal longitudinal libration as computed by
the coupled and uncoupled models

Frequency
[rad/day]

Amplitude [mdeg]
Coupled Uncoupled

39.3887 25.1998 21.5162
13.5769 3.5805 0.3672
27.1557 1.5757 0.7545
59.0831 0.36885 0.23865
12.2643 0.25452 —
7.4613 0.12578 0.08761

rad/day and ωwob = 7.336 rad/day. The third term in
Table 2 occurs at the orbital frequency of the mean mo-
tion, while the fourth corresponds to a resonance with
the longitudinal normal mode ωlon = 12.354 rad/day.

On the other hand, longitudinal librations are present
in both the coupled and uncoupled models. As a re-
minder, the uncoupled model should ideally only con-
tain one single librational component at the orbital fre-
quency. It was shown in subsection 2.4 that this is how-

ever not the case. Nevertheless, with the coupled model
introducing the phenomenon of resonance for weak
forcings at frequencies close to the normal modes (see
subsection 2.3), it is expected to have a richer frequency
spectrum particularly around normal modes, while the
once-per-orbit libration amplitude should be exactly the
same in both models - as explained in subsection 2.5.
Table 3 collects the most important peaks obtained from
a frequency decomposition of the Phobos-fixed longi-
tude of Mars - Phobos’ tidal longitudinal librations. The
amplitudes produced by both the coupled and uncou-
pled models have been tabulated for comparison. The
once-per-orbit libration has been left out because the
amplitude obtained from the coupled model was im-
posed on the uncoupled model. As a point of refer-
ence, the first and second peaks in this table can be
correlated to the second and fifth terms in Table 4 by
Rambaux et al. (2012). Of particular interest is the fact
that the peak at 12.2643 rad/day, close to the longitu-
dinal normal mode ωlon (see Table 1) is not produced
by the uncoupled model because this model does not in-
corporate resonances between dynamical forcings and
Phobos’ normal modes.

Phobos’ once-per-orbit longitudinal libration ampli-
tude can be extracted from the results of the coupled
model, producing a scaled tidal libration amplitude of
B = 3.29918 rad (the one used for the uncoupled model
in this work), which can be compared to the analytical
prediction of Equation 10, i.e. B = 3.29807 rad. The
error between the two values is of 0.03%, which trans-
lates in an error of 10−3 degrees in the amplitude of the
once-per-orbit physical libration amplitude. Note that
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the analytical prediction was developed in the context
of uncoupled models, and their predictions matching so
well with the result of a coupled propagation indicates
that uncoupled models can naturally replicate the once-
per-orbit libration amplitude of the complex coupled dy-
namics of Phobos.

4.2. Parameter estimation
This subsection will quantifying the absorption that

an uncoupled model produced on estimated parameters
when a coupled model is used as truth to generate obser-
vations. Similarly, the remainder effects that cannot be
absorbed, observed in estimation post-fit residuals, will
be studied as well.

This will be done in a systematic analysis of the es-
timation sets presented in subsection 3.4, which will be

performed for different arc lengths up to 250 days. All
estimations start at the same epoch to (1 year after the
J2000 epoch). In assessing the quality of the estima-
tion, the residuals and estimated parameter difference
from truth will be used as figures of merit. The former
will be studied both as norms and as RSW components.

4.2.1. Estimation of initial state
First, an estimation of initial state is performed with

the uncoupled model, using observations generated by
the coupled model. Looking at the results of this es-
timation will allow to isolate the effects of estimating
additional dynamical parameters by providing a base-
line as to how estimating only the initial state brings the
uncoupled model closer to the coupled model. Then,
residual reduction observed in further estimations will
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(a) Differences between the coupled and uncoupled trajectories when the same
initial state is used and when the best-fit estimated initial state is used for the
uncoupled model.
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(b) Time history of the RSW components of residuals.
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(c) First 10 orbits of the component-wise residual history of a 250-day estimation
of initial state.

(d) Frequency content of residual components. Vertical lines indicate the mean
motion (green) and the three normal modes: longitudinal (black), latitudinal (red)
and wobble (violet). Dashed lines are multiples/divisors of solid lines.

Figure 7: Residuals of a 250-day estimation of initial state. A coupled model was used for observations and an uncoupled model for estimation.
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be solely due to the estimation of additional dynamical
parameters when compared to the present estimation of
initial state.

In this estimation, focus will be put on an analysis
of residuals. These residuals will will provide insight
on what effects the initial state cannot absorb and will
represent an upper bound for residuals of latter estima-
tions. Residuals that remain in latter estimations will
represent effects that additional parameters cannot ab-
sorb, while improvements will represent effects of cou-
plings that additional parameters can absorb.

Couplings were seen to impact the along-track mo-
tion in a more significant way than the R or W com-
ponents (see subsection 4.1), with the uncoupled orbit
mostly getting ahead of the coupled orbit. This is ex-
pected to translate, in the context of an estimation of
initial state, as bigger along-track components of resid-
uals as opposed to the R and W components, so that the
estimated orbit starts behind observations and it eventu-
ally gets ahead of them - meaning the initial correction
will be in the negative ŝ direction. As an order of mag-
nitude reference, Figure 7a shows how fitting the initial
state reduces the differences between the coupled and
uncoupled models, in terms of the norm of the position
differences between the two. The blue line shows the
differences between the two propagations if the same
initial state is used in both, while the red curve shows
the differences between the two when the fitted initial
state is used to propagate the uncoupled model. Then,
Figure 7a shows that differences are reduced by a whole
order of magnitude, from a maximum of around 3.5 m
to below 50 cm. Recalling Equation 16, the blue line
would correspond to |ε⃗(t, y⃗o)| while the red line would
correspond to |ε⃗(t, y⃗ ∗)|. There is of course a ∆y⃗ ∗ as-
sociated with this reduction, given in this case in Equa-
tion 18 in terms of the difference in position (∆ρ⃗) and
velocity (∆η⃗) in RSW components. As expected, the
S component of the position error is negative and the
largest of the three in absolute terms. The R and W
components, on the other hand, are comparable to each
other and much lower than the S component. In any
case, the error in the estimated position is in the order
of centimeters, while the error in the estimated velocity
is in the order of micrometers per second.

∆ρ⃗o =


10.62
−26.74
−8.27

 cm ∆η⃗o =


29.50
−24.17
−17.63

×10−6 m/s (18)

As expected from such a fit, the norm of the residuals
- red curve in Figure 7a - seems to reach a minimum at
the center of the arc (meaning that all three components
are 0), and increases to reach its maximum at the two
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Figure 8: Differences in inclination and Ω + ω between observed and
estimated trajectories.

ends of the arc. A quantitative analysis can be done on
the basis of Figure 7b. On the one hand, the S compo-
nent is, as expected, the largest component of the resid-
uals, reaching 30 cm at the ends of the arc, while the W
component is the smallest one and reaches maxima of
around 12 cm. All three of them feature fast, large os-
cillations - better observed in Figure 7c - which seem to
have a dominant frequency equal to the mean motion.
It is then of interest to take a look into what frequen-
cies make up these oscillations. A Fourier decomposi-
tion of all three components can be seen in Figure 7d.
Indeed, the dominant frequency is that of the mean mo-
tion n, with contributions at millimeter level of twice
the mean motion and close to half the frequency of the
latitudinal normal mode. Furthermore, there are also a
series of peaks at sub-mm level that, although irrelevant
in the current estimation - because residuals are at the
level of several centimeters - they all can be correlated
to frequencies close to the normal modes, at which forc-
ings are amplified by resonance and significant libra-
tions were observed. Once again, the slow frequencies
of the residuals components have been cropped out of
Figure 7d for clarity, but they all show large oscillations
below 0.1 rad/day and at around 0.01 rad/day, coinci-
dent with the long term orbit-induced effects mentioned
in subsection 4.1.

Geometrical insight is gained when the analysis of
residuals is carried out on the basis of Keplerian ele-
ments, in particular of the orbit’s Euler angles (Ω, i and
ω). Their evolution can be seen in Figure 8. Because
none of the terms in Equation 17 are changed in an esti-
mation of initial state alone, the secular drift of ∆Ω+∆ω
is the same in both Figure 5d (differences between cou-
pled and uncoupled trajectories for same initial state)
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and Figure 8 (differences for fitted initial state), namely
Ω̇+ω̇ = 18 mas/day. Figure 8 also contains both the pre-
fit (purple) and post-fit (red) inclination residuals. As
can be seen, the longest periods of the coupling-induced
variations in inclination (Figure 5d) are not contained in
this 250-day estimation. Rather, the inclination varia-
tion is perceived almost in its entirety as a straight line,
and the post-fit residuals is just the solution that the least
squares estimation finds. However, a frequency decom-
position revealed that the components of ∆i close to the
wobble normal mode in particular is present in both the
pre-fit and post-fit residuals at the same level, owing
again to the inability of an uncoupled model to emu-
late the resonance properties of the rotational equations
of motion.

Finally, it is practical to see how these results ex-
trapolate to estimations performed over arcs of different
lengths. An in-depth analysis of each arc will not be car-
ried out, but rather the extrapolation will be performed
only on the basis on the post-fit residual norm history
and on the error in estimated initial state. In this regard,
Figure 9a shows that, regardless of the arc length, the
residual norm increases linearly from the mid-arc point.
In this sense, extrapolation becomes straight-forward,
and one could easily predict how the residuals of a 300-
day arc would behave. On the other hand, Figure 9b
shows the evolution of the error in estimated initial state
as a function of the length of the estimated arc. There
are two things to point out. On the one hand, errors
increase monotonically with increasing estimation du-
ration. On the other hand, the hierarchy observed in
Equation 18 is maintained for all arc lengths. The error

in estimated initial position is dominated by the S com-
ponent, and the W component shows the smallest error.
As for velocity, the importance of the in-plane compo-
nents is reversed - now the radial component dominates
the error - and the out-of-plane component is still the
smallest.

This estimation of initial state will be used in follow-
ing subsections as baseline to assess how different pa-
rameters (see subsection 3.4) can absorb the effects of
couplings. To this regard, subsection 4.1 showed that
the libration amplitude will likely improve the in-plane
components of residuals but will not be able to correct
the out-of-plane components. Similarly, the zonal and
sectorial harmonics of degree 2 represent a gravity field
that is symmetric with respect to the equator. In the un-
coupled model used as estimation, Phobos’ equator is
always coincident with its orbital plane, meaning that
a gravity field with symmetry about the equator has no
ability to induce out-of-plane motion, meaning that out-
of-plane components of residuals will also remain when
the harmonic coefficients are estimated.

4.2.2. Estimation of additional parameters
As mentioned in subsection 3.4, two more sets of es-

timations were performed. One of them estimates the
initial state together with the once-per-orbit longitudi-
nal libration amplitude; the other estimates the initial
state together with the C2,0 and C2,2 gravity coefficients
of Phobos. The results of both estimations were found
to be very similar in terms of residuals, so they will be
presented together for the sake of brevity. It is however
emphasized that the libration amplitude and harmonic
coefficients were not estimated simultaneously at any
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Figure 9: Comparison of the results of estimations of different lengths. All of them estimate only initial state. All of them have the same true initial
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point, due to ill-posedness of the resulting least squares
problem.

Both the once-per-orbit libration amplitude B and the
degree 2 harmonic coefficients C2,x of Phobos are ex-
pected to absorb the in-plane effects of couplings, but
not the out-of-plane effects (see subsection 4.1). Fig-
ure 10a shows the residual history of a 250-day estima-
tion of initial state and libration amplitude. Figure 10b
shows the differences between these residuals and the
residuals of a 250-day estimation of initial state and
gravity coefficients. The R and W components of the
two are within 0.5 cm of each other and will be con-
sidered equal in the following, while the S component
shows a growing difference between the two. This trend

is such that along-track residuals are lower in the esti-
mation of gravity field, so that the joint estimation of
C2,0 and C2,2 shows more potential at absorbing cou-
plings than the sole estimation of the libration ampli-
tude. Comparison of Figure 10a with Figure 7b shows
that the out-of-plane residuals are indeed not corrected
by the estimation of either B or C2,x, while the radial
component is completely flattened out (oscillations at
millimeter level). The S component, however, shows
long-period oscillations at the centimeter level that the
estimation of additional parameters cannot account for.
This residual reduction has been achieved by adjusting
the libration amplitude. Through its relation to Phobos’
moments of inertia (Equation 10) and as noted by Ram-
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Figure 10: Results in terms of residuals for an estimation of initial state and once-per-orbit libration amplitude and an estimation of initial state and
gravity coefficients. The observations are generated with a coupled model and estimation is performed with an uncoupled model.
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baux et al. (2012), this quantity is most related to the
short-period behaviour of Phobos’, with the long peri-
odic dynamics being independent from it. It therefore
makes sense that an estimation of libration amplitude
cannot correct for this long-periodic behaviour.

Figure 10c shows the residual components at these
fast frequencies. There are some that cannot be cor-
rected by adjusting the libration amplitude or harmonic
coefficients, namely those that are tightly connected
with the resonance phenomenon present in rotational
dynamics featured in the coupled model. Particularly
the component close to the latitudinal mode ωlat (red
solid line) and half of it (red dashed line) in Figure 10c
are seen at the same level for the estimation of initial
state alone (yellow curve) and for estimations with addi-
tional parameters (blue and purple curves). These arise
from forcings amplified by the rotational equations of
motion contained in the coupled model that the uncou-
pled model does not have the ability to amplify in the
same manner, no matter the changes in libration ampli-
tude or harmonic coefficients.

As was done in subsubsection 4.2.1 with the estima-
tion of initial state, Figure 10d shows how the residu-
als of the estimation of initial state and libration am-
plitude behave when arcs of different lengths are con-
sidered. Because residuals are now dominated by the
out-of-plane component, and this is the same in estima-
tions of initial state alone and estimations of initial state
with libration amplitude, the same conclusion is drawn
in this case, and one could easily predict the residuals
some time beyond the end of the estimated arc by linear
extrapolation. However, this assumption of dominance
of out-of-plane component could break if longer arcs
are estimated and that results in the long-period along-
track oscillation seen in Figure 10a growing faster than
the out-of-plane oscillations.

Because a good part of the effects of couplings have
been absorbed into the new estimated parameters, their
estimated values will differ from the true ones used to
generate the observations. It is of interest to look at how
the initial state estimate obtained in subsubsection 4.2.1
changes when additional parameters are estimated with
it. Because both the longitudinal libration amplitude
and the zonal and sectorial harmonic coefficients of de-
gree 2 can directly produce in-plane motion only, it is
expected that the biggest changes occur in the R and S
components of the estimated initial state. Equation 19
shows the error in estimated initial position (∆ρ⃗o) and
estimated initial velocity (∆η⃗o) in RSW components for
an estimation of initial state and libration amplitude -
the result for the estimation of initial state and harmonic
coefficients is very much the same. As expected, the
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Figure 11: Errors in estimated parameters for estimations performed
with arcs of different lengths. Observations are generated with a cou-
pled model and estimation is performed with an uncoupled model.
Libration amplitude errors given in terms of the physical libration am-
plitudeA (see subsection 2.2).

W components of both of them remain unchanged from
Equation 18. On the other hand, the errors in R and S
components have been reduced by 2 orders of magni-
tude by introducing additional estimated parameters.

∆ρ⃗o =


−0.11
0.21
−8.17

 cm ∆η⃗o =


−0.68
0.28
−17.73

 × 10−6 m/s (19)

This improvement in estimated initial state is driven
by the absorption of couplings into other parameters,
namely the libration amplitude and the normalized har-
monic coefficients C2,0 and C2,2, whose estimates con-
sequently contain errors with respect to their true values.
This estimation error has been plotted in Figure 11 for
estimations of different durations. For the 250-day esti-
mation, the errors in C2,0 and C2,2 is of −5.385 × 10−5

and 2.022×10−5 respectively (relative errors of 0.0184%
and 0.129%). These errors are one order of magnitude
below the uncertainties derived by Jacobson and Lainey
(2014) from the moments of inertia provided by Willner
et al. (2010). On the other hand, errors in the gravity
coefficients grow with estimation duration. For estima-
tions up to 250 days, the error in C2,2 is more than 3
orders of magnitude above the formal errors reported
by Dirkx et al. (2014) for a laser ranging system to a
Phobos lander after a year. The error in the once-per-
orbit longitudinal libration amplitude seems to quickly
stabilize, and acquires a value of 1.575 × 10−3 degrees
for the 250-day estimation. This is 4 orders of magni-
tude below the formal error reported by Lainey et al.
(2021), but one order of magnitude above the formal er-
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ror predicted by Dirkx et al. (2014) for a laser ranging
system to a Phobos lander after 1 year. This shows that
couplings are not required for the proper inversion of
current data, but will become necessary to process ob-
servations from lander missions.

5. Discussion

This section will put the results from this paper in the
context of current and future missions and data. It will
assess what the impact of these results is on currently
available and future information on Phobos’ interior.

5.1. Future missions

Phobos’ libration amplitude A and harmonic coeffi-
cients C2,0 and C2,2 have so far been determined from
their effect on Phobos’ orbit (e.g. Lainey et al. (2007);
Jacobson (2010); Jacobson and Lainey (2014)), achiev-
ing typical uncertainties of 0.01º for A (Lainey et al.,
2021) and of 10−3 − 10−4 for the gravity coefficients.
Alternatively, the libration amplitude has also been de-
termined from bundle block adjustments (Oberst et al.,
2014; Burmeister et al., 2018), achieving uncertainties
in the same order of magnitudes as those from orbit
data. Phobos’ trajectory cannot be used to simultane-
ously estimate all three parameters, and Jacobson and
Lainey (2014) reported very high correlations in their
estimates of C2,0 and C2,2. Geophysical knowledge of
Phobos is therefore limited by the nature of available
observational data.

Coming missions featuring an orbiter and (poten-
tially) a lander will shift this paradigm. Direct-to-
Earth tracking of both orbiter and lander will involve
models for Phobos’ ephemeris, orientation and gravity
field, while lander-to-orbiter communications are insen-
sitive to the moon’s position. A lander can further de-
couple Phobos’ rotational motion by direct observations
of Phobos’ orientation using a start-tracker, insensitive
to Phobos’ ephemeris.

Maistre et al. (2013) studied the inversion of direct-
to-Earth Doppler data as well as star tracker measure-
ments to determine the amplitudes of several librations
in both longitude and latitude, achieving formal errors in
the order of 10−3 − 10−5 degrees for the once-per-orbit
longitudinal libration amplitude. On the other hand, the
inversion of direct-to-Earth laser ranging data was stud-
ied by Dirkx et al. (2014), reporting formal errors in the
order of 10−5 degrees for the same parameter. Addi-
tionally, orbiter tracking can also be used to determine
the libration of Phobos, as will be done with the JUICE
mission for Ganymede (Cappuccio et al., 2020).

On the one hand, all these formal errors are below
the true errors in estimation of libration amplitude re-
ported in the present paper (see subsubsection 4.2.2 and
Figure 11) originating from coupling (mis)modelling.
This indicates that couplings will necessarily have to be
considered in the inversion of data coming from such
missions. On the other hand, couplings were shown to
produce a drift in the along-track direction (see subsec-
tion 4.1 and Figure 5b), which accumulate to several
meters over ∼50 weeks. The effect of a meter level
bias in Phobos’ ephemeris on the product of inverting
Doppler data from a Phobos lander was investigated by
Maistre et al. (2013), and found true errors in estimated
libration amplitude in the order of 10−2 − 10−1 degrees,
well above all expected formal errors. This is therefore
another manner in which couplings will deteriorate the
determination of the libration amplitude.

The determination of Phobos’ harmonic coefficients
C2,0 and C2,2 will benefit greatly from tracking to a Pho-
bos orbiter. On the one hand, the signature of these
two parameters on a spacecraft orbiting Phobos is deter-
mined by the position of the spacecraft in the Phobos-
fixed frame, most notably by the orbiter’s Phobos-fixed
longitude λ and latitude ϕ (see Equation 2). Although
these two coordinates are sensitive to Phobos’ own li-
brations, they are dominated by the orbiter’s position
in its Phobos-bound orbit. This allows to de-correlate
the estimates of libration amplitude from the estimates
of harmonic coefficients. Furthermore, the two coeffi-
cients C2,0 and C2,2 have unambiguously different sig-
nals in the trajectory of a Phobos orbiter, allowing for
further de-correlation of the two. A Phobos lander can
also provide estimates of the moon’s quadrupole field
through its effect on its own ephemeris, although the
estimates are expected to be highly correlated. Dirkx
et al. (2014) predicts formal errors of ∼10−4 for C2,0 and
∼10−8 for C2,2 after 1 year of a laser ranging concept
to a Phobos lander. Figure 11 shows that, for a 250-
day arc, the true errors of both coefficients arising from
coupling (mis-)modelling are in the order of 10−5, and
the true error for C2,0 grows with increasing arc-length.
In this light, couplings will need to be considered when
modelling Phobos’ dynamics in the inversion process of
lander laser ranging data.

In their study, Dirkx et al. (2014) use a refined model
of Phobos’ rotation in combination with an uncoupled
translational model, featuring a total of 15 different lon-
gitudinal librations, as well as 9 librations of Phobos’
right ascension and declination angles. They estimated
all amplitudes of the sine and cosine term of each li-
bration, which amounted to a total of 66 estimated pa-
rameters to determine the orientation of Phobos. They
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reported extremely high correlations among them. The
3D orientation of Phobos can be minimally described
using 4 singularity-free parameters: the 3 components
of the unitary axis of rotation and the angle of said ro-
tation, namely Phobos’ rotation quaternion q. Using
more parameters simply overdetermines the estimation
of Phobos’ orientation. Although it has not been done in
this paper, the next natural step in this direction is using
a coupled dynamical model in estimation, which uses
7 scalar parameters (Phobos’ rotation quaternion q and
angular velocity vector ω⃗) to represent an infinite num-
ber of librations about all three axes of Phobos. Note
that this would involve a constrained estimation to en-
sure that |q| = 1 at all times.

5.2. Libration mis-modelling
A-priori rotational models are required inputs in bun-

dle block adjustments, the process by which the shape
of Phobos - or any other Solar System body - is inferred
by concurrent estimation of a series of surface points
that are identified in different pictures (Burmeister et al.,
2018). Uncoupled models have been shown (subsec-
tion 4.1) to most notably mis-represent latitudinal libra-
tions and longitudinal librations resonant with Phobos’
proper modes (subsection 2.3), the biggest of which the
leading latitudinal libration of amplitude 8.5 × 10−3 de-
grees at 27.14 rad/day (see Table 2). An uncoupled
model can introduce displacements in surface points of
up to 2 m. These errors arising from dynamical mod-
els are below observational quality indicated by e.g. the
resolution of 2.6 m/pixel of the Super Resolution Cam-
era of Mars Express (MEX) (Oberst et al., 2014). These
librations are therefore not critical in the process of cur-
rently available photography.

On the other hand, MMX will carry TENGOO, an
optical camera with a 0.9 m m/pixel resolution (Kameda
et al., 2021). In this new scenario, latitudinal librations
produced by coupled models will be significant in pho-
togrammetry studies using these new images. A possi-
ble solution is to include relevant librations at the appro-
priate frequencies and estimate their amplitudes in the
same way the once-per-orbit longitudinal libration am-
plitude is estimated in current bundle block adjustments.
This, however, presents the complication of identifying
what frequencies are relevant in the frequency spectrum,
in particular when they are associated to resonances
with normal modes.

Expressions for the normal modes exist (Equation 12)
that use information on the principal moments of iner-
tia. They could in principle be used to locate librational
frequencies of interest and include them in kinematical
rotational models to estimate their amplitudes. This was

attempted by i.e. Dirkx et al. (2014), who estimated
the amplitudes and phases of 15 different longitudinal
librations and 9 librations of Phobos’ right ascension
and declination angles, amounting to a total of 66 esti-
mated parameters. They reported very high correlations
among them - in the order of 0.99. In their work, Dirkx
et al. (2014) considered librations at the frequencies re-
ported by Rambaux et al. (2012)2. These frequencies
are a result of the moments of inertia that Rambaux et al.
(2012) use in their simulations (namely the one devel-
oped by Willner et al. (2010)). The validity of such an
approach is however limited by the fact that not much
is known about Phobos’ interior in the first place, and
librational estimates are a means to obtain this informa-
tion - rather than the other way around.

The advantage that coupled models bring in this re-
spect lies in the fact that 7 scalar parameters - the size
of the rotational state vector (see subsection 2.1) - can
represent an infinite amount of librations in all three
axes. Least squares estimations will however need to
implement constraints, namely that the obtained rota-
tion quaternion is unitary (|q| = 1).

5.3. Phobos’ interior composition
Equation 20 (Dirkx et al., 2019) provides Phobos’

moments of inertia as functions of the (unnormalized)
gravity coefficients C2,0 and C2,2 as well as the scaled
mean moment of inertia Ĩ = I/MR2, where M and R
are Phobos’ mass and reference radius. Note that Equa-
tion 20d relates Ĩ with the once-per-orbit longitudinal
libration amplitude A. With the errors in estimated
harmonic coefficients and libration amplitude from Fig-
ure 11, the inertia moments can be mis-calculated by
3 − 5 × 10−4 (0.2 − 0.3%).

Ixx

MR2 =
1
3

C2,0 − 2C2,2 + Ĩ (20a)

Iyy

MR2 =
1
3

C2,0 + 2C2,2 + Ĩ (20b)

Izz

MR2 = −
2
3

C2,0 + Ĩ (20c)

Ĩ =
2
3

C2,0 + 12C2,2

(
1 − 2e
A

)
(20d)

Maistre et al. (2019) provides the values of the libra-
tion amplitude, harmonic coefficients and moments of

2Dirkx et al. (2014) mention that their method is able to deter-
mine the amplitudes to a precision smaller than the cut-off applied by
Rambaux et al. (2012) to their reported spectrum. In the context of
the potential of their work, the rotational model used by Dirkx et al.
(2014) is therefore effectively incomplete.
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inertia for different interior structures of Phobos - rub-
ble pile, layered, ... The moments of inertia of differ-
ent structures differ by ∼15%, while models are largely
indistinguishable among them in terms of libration am-
plitude and degree 2 gravity coefficients, with the ex-
ception of the highly fractured and the disrupted-and-
reaccreted bodies (both necessitating a monolithic Pho-
bos at least at some point in time). In the light of the
results of this paper, couplings will not induce a suffi-
cient shift in estimated observables to discriminate be-
tween categories, or to draw erroneous conclusions to
this respect. It is likely to allow, however, for the fine
determination of e.g. the percentage of porosity of a
rubble pile Phobos.

Coupled models offer a different estimation approach.
The libration amplitude itself cannot be estimated with
a coupled model, but the mean moment of inertia Ĩ can,
providing a direct determination of Phobos’ radial mass
distribution.

6. Conclusions

This paper has investigated how couplings between
Phobos’ translational and rotational dynamics affect the
propagation of a given initial state, as well as how us-
ing an uncoupled model in data inversion impacts the
results thereof. The solution of propagating an initial
state with coupled and uncoupled dynamics were di-
rectly compared between them, and the latter model was
used to estimate different parameters from observations
generated by the former.

On the one hand, it was confirmed that couplings
have a qualitatively similar effect to the once-per-orbit
longitudinal libration when it comes to motion inside
the orbital plane. Differences between the coupled and
uncoupled trajectories were largest in the along track
direction, with the uncoupled solution getting ahead of
the coupled one as much as 40 m after 9 years and 4
months. A secular component was however not present
in the differences in the radial and out-of-plane direc-
tions, which just oscillated with a growing amplitude
that reached 4 m.

State-of-the-art uncoupled models are by definition
not designed to emulate the latitudinal librations present
in Phobos’ motion. Misrepresentations in longitudinal
librations stem from the inability of uncoupled models
to introduce resonance-amplified librations, particularly
of forcings close to the longitudinal normal mode. The
largest longitudinal and latitudinal librations that uncou-
pled models cannot account for stand at amplitudes of
3.6×10−3 and 8.5×10−3 degrees respectively - displace-
ments at Phobos’ surface of 0.8 and 1.9 meters respec-

tively. Furthermore, latitudinal librations couple with
Phobos’ orbit to produce an ever-growing oscillation
of Phobos’ inclination with a period of about 2 years,
which in turn induces long-term librations that are not
accounted for by uncoupled models.

Mismodelling of couplings in estimation results in
true errors of estimated parameters, which should ide-
ally stay below formal errors. True errors in the ampli-
tude of the once-per-orbit physical longitudinal libration
A and Phobos’ normalized coefficients C2,0 and C2,2
were found to be of about 1.6×10−3 degrees, 5.4×10−5

and 2.0 × 10−5 respectively after 250 days. The error in
libration amplitude was seen to quickly stabilize at that
value when different estimation times were tested, while
error in harmonic coefficients are expected to grow for
longer estimations. All these true errors are well within
error bars of current inversion products, but are 1 to 3
orders of magnitude above the expected formal errors
computed by Dirkx et al. (2014) for a lander ranging
concept. Thus, a proper inversion of this data will not
be possible with the use of uncoupled models. This type
of observations represent the limiting factor in a likely
Phobos-bound mission that provides lander and orbiter
range measurements. This data will be most fruitfully
processed together as a single observation set. For this,
the use of coupled models in estimation will be required.

On the other hand, estimation post-fit residuals were
seen to occur mostly in the out-of-plane direction, in
which the once-per-orbit longitudinal libration and Pho-
bos’ zonal and sectorial gravity coefficients of degree 2
have little to no effect. They showed the largest values at
10 cm at the two ends of the 250-day arc. However, the
along-track residuals showed a long-periodic oscillation
that could potentially outgrow the out-of-plane compo-
nents for longer estimations. Further study is required
in this direction.

Appendix A. Complete simulation definition

Appendix A.1. Third body forces

The time-evolution of Phobos’ translational and ro-
tational states x⃗t = [⃗r, v⃗] and x⃗r = [q, ω⃗] is given,
in its general form, as in Equation 4, where a⃗ and T⃗ are
the total acceleration and torque on Phobos respectively,
while I is Phobos’ inertia tensor and qi is the i-th com-
ponent of the rotation quaternion q. The mutual accel-
eration between Mars and Phobos is given as in Equa-
tion 3, where both Mars and Phobos are treated as ex-
tended, aspherical bodies. Due to the large distances of
the Solar System, the interactions between Phobos and
other bodies - namely Deimos, the Sun, the Earth and
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Jupiter - have been modelled as interactions between
two point masses. The acceleration that a body i cre-
ates on Phobos, expressed in the Mars-centered frame
(see subsection 2.1) is provided in Equation A.1, where
i and P stand for body i and Phobos, r⃗iP and r⃗iM are vec-
tors going from body i to Phobos and Mars respectively,
and riP and riM are their respective norms.

a⃗ = −µi


r⃗iP

r3
iP

− r⃗iM

r3
iM

 (A.1)

In the evaluation of all the terms in the equations of
motion, the positions of all bodies is required, as well as
their gravitational parameters and, in some cases, their
harmonic coefficients as well. The rest of this section
will specify the sources of all this data used in this work.

Appendix A.2. Mars

• Gravity field: MRO120D developed by Konopliv
et al. (2016). Mars’ reference radius (R in Equa-
tion 2b) is 3396.0km and the Martian gravitational
parameter is µM = 42828.3750104 km3/s2. All
sine and cosine coefficients up to degree and order
12 have been included.

• Rotation model: The rotation model developed by
Konopliv et al. (2016), used also by Lainey et al.
(2021).

Appendix A.3. Phobos

• Gravity field: Spherical harmonics collected in Ta-
ble A.4, taken from the homogeneous model of
Phobos by Maistre et al. (2019). The reference ra-
dius is 14km and the mass is 1.06 × 1016kg. A
value of G = 6.67259 × 10−11 was used, resulting
in µP = 707294.54m3/s2. Coefficients presented
in Table A.4 are normalized as shown in Equa-
tion A.3.

• Rotation model: See subsection 2.5.

• Inertia tensor: Computed with the gravity coeffi-
cients as per Equation A.2 (Maistre et al., 2019),
where Ĩ is the mean moment of inertia. These mo-
ments are normalized with MR2. In this work, the
value of Ĩ was selected to be consistent with the ho-
mogeneous model of Phobos. The full tensor for a
gravity field containing all coefficients up to degree
and order 2 is provided in Eq.(23) by Maistre et al.
(2019), from which a normalized mean moment of
inertia of Ĩ = 0.2645233 can be inferred.

Table A.4: Normalized harmonic cosine
(
Cl,m

)
and sine

(
S l,m

)
coeffi-

cients of degree l and order m. Normalization performed as shown in
Equation A.3.

l m Cl,m S l,m

0 0 1.0 —

1 0 0.0 —
1 0.0 0.0

2
0 -0.029243 —
1 0.000084 0.000072
2 0.015664 -0.000020

3

0 -0.002222 —
1 -0.002450 0.001399
2 0.004268 -0.000537
3 0.000917 -0.006642

4

0 0.002693 —
1 -0.001469 0.000402
2 -0.000920 -0.000555
3 0.001263 -0.001218
4 -0.000032 0.000088

Ixx =
1
3

C2,0 − 2C2,2 + Ĩ

Iyy =
1
3

C2,0 + 2C2,2 + Ĩ

Izz = −2
3

C2,0 + Ĩ

Ixy = −2S 2,2

Ixz = −C2,1

Iyz = −S 2,1

(A.2)

Appendix A.4. Third bodies

• Sun and Earth: The masses of these bodies are
taken from the INPOP19a (Fienga et al., 2019)
ephemerides product. Their locations are com-
puted with a combination of the NOE-4-2020
ephemerides (Lainey et al., 2021) within the Mar-
tian system.

• Deimos: The mass and position of Deimos
are computed with the NOE-4-2020 ephemerides
(Lainey et al., 2021).

• Jupiter: Use is made of the NOE-5-2021
ephemerides (Fayolle et al., 2023) to compute
Jupiter’s mass and position with respect to the
Jovian system’s barycenter. The INPOP19a
(Fienga et al., 2019) ephemerides and NOE-4-2020
(Lainey et al., 2021) are then use to compute its po-
sition with respect to Mars and Phobos.
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[
Cl,m

S l,m

]
=

√
(l + m)!

(2 − δ0,m)(2l + 1)(l − m)!

[
Cl,m

S l,m

]
(A.3)

Appendix A.5. Numerical integration

All these equations and terms have been numerically
propagated using Tudat (TU Delft Astrodynamics Tool-
box), which offers a wide range of possible integrators,
propagators and environments. In this work, all sim-
ulations have been performed using the Cowell propa-
gator formulated in Equation 4 in combination with an
RKF8(10) integrator working in a fixed-step regime of
5 minutes. For reproducibility purposes, Equation A.4
provides the translational and rotational initial states re-
turned by the damping algorithm discussed in subsec-
tion 2.3 and described in Appendix C. The translational
state has been used for both the coupled and uncoupled
models in propagation.

x⃗t,o =



−1991723.0176246795
−8742964.680527888
−3180540.016758049
1843.0987517454296
−43.60246872601227
−1018.5417927808861



(A.4a)

x⃗r,o =



0.7117384685576372
0.3074341368827725
0.0347308749007907
0.6306396516101695

6.2438591968356885 × 10−9

−1.3079675754811962 × 10−7

2.323693355272973 × 10−4



(A.4b)

Appendix B. Libration definitions

This section will collect different possible combina-
tions for the definition of the libration angles to serve
as reference when comparing this work with others, as
well as other works among them.

The different combinations will be defined with re-
spect to the definition used in this work, which is de-
picted in Figure 1. As a reminder, the tidal libration
is denoted as ψ, the physical libration is denoted as γ,
the true and mean anomalies will be denoted θ and M
respectively, andA and e are the amplitude of the once-
per-orbit physical longitudinal libration and the eccen-
tricity of the orbit respectively. It is emphasized that
the definition used in this work, is mathematically rep-
resented by Equation B.1a and Equation B.1c. The al-
ternative definition ofA in Equation B.1b could also be

used in combination with Equation B.1a. From Equa-
tion B.1b and Equation B.1c, two alternative definitions
for B can be inferred. It is also emphasized that the one
used in this work is A = (2 − B)e, inferred from Equa-
tion B.1c in combination with ψ = −Be sin M.

γ − ψ = θ − M = 2e sin M (B.1a)

γ = −A sin M , A > 0 ; ψ = − (A + 2e) sin M (B.1b)

γ = A sin M , A < 0 ; ψ = − (2e −A) sin M (B.1c)

About the definition used in this work, it is noted that
the tidal libration angle ψ is the opposite of Mars’ lon-
gitude in Phobos’ sky (see Equation 6). That is why an
alternative definition of the libration angles has ψ de-
fined in the opposite direction as this work. In this case,
Equation B.2a applies. The two possible definitions of
A that can be used in combination with this equations
are collected in Equation B.2b and Equation B.2c

γ + ψ = θ − M = 2e sin M (B.2a)

γ = −A sin M , A > 0 ; ψ = (2e +A) sin M (B.2b)

γ = A sin M , A < 0 ; ψ = (2e −A) sin M (B.2c)

The definitions in Equation B.1 and Equation B.2 re-
quire the introduction of a negative sign in Equation 8a
in order to keepA > 0. Thus, another sensible and use-
ful definition of γ has the angle defined in the opposite
way of this work, in combination with the same defini-
tion of ψ. These definition of the angles is represented
by Equation B.3.

γ + ψ = M − θ = −2e sin M (B.3a)

γ = A sin M , A > 0 ; ψ = − (A + 2e) sin M (B.3b)

γ = −A sin M , A < 0 ; ψ = (A− 2e) sin M (B.3c)

Finally, one could define not one, but both ψ and γ op-
posite to those in this work. Then, Equation B.4 should
be used.

γ − ψ = M − θ = −2e sin M (B.4a)

γ = A sin M , A > 0 ; ψ = (2e +A) sin M (B.4b)

γ = −A sin M , A < 0 ; ψ = (2e −A) sin M (B.4c)

It is emphasized that, if used appropriately, all these
different equations are actually equivalent, even though
different authors may choose different definitions and
combinations. What is key is the correct use of this an-
gles in the equations of motion. However, any of these
definitions could be used in analytical discussions and
to present results. Note that the relationship between
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the physical and tidal librations is only required when
both are actually used in the discussion. This is rarely
the case, and works often manage only physical libra-
tions.

A few examples that do discuss and differences be-
tween tidal and physical librations are Jacobson (2010)
and Lainey et al. (2021). For instance, Eq.(2) by Jacob-
son (2010) is clearly equivalent to Equation B.4a, while
Eqs.(3-4) of the same source are identical to Equa-
tion B.4b. It is then inferred that they defined both
angles in the opposite way as this work while keeping
A > 0. On the other hand, Lainey et al. (2019) and
Lainey et al. (2021) state that their A is the opposite as
that of Jacobson (2010). At the same time, the combi-
nation of Eq.(8) and Eq.(22) by Lainey et al. (2019) is
identical to Equation B.1c. Although no such informa-
tion is stated by Lainey et al. (2021), it can be assumed
that the same convention is used. This is to say that
their libration angles are defined in the same way as in
this paper together with the same sign ofA. As a matter
of fact, the software employed in this work implements
the libration angles as used by Lainey et al. (2021), and
the conventions in this work have been chosen to follow
suit.

Appendix C. Damping algorithm

The damping algorithm used in this work is that used
by Rambaux et al. (2012). This algorithm is heavily par-
ticularized for obtaining an initial state of bodies that
are locked in spin-orbit resonance and present a con-
stant (averaged) rotation around their z axis. Such a
constant rotation rate will follow the evolution of their
orbital mean motion, and will be denoted here as ωo.
The algorithm is designed to damp the normal modes
around all axes, while preserving this constant rotation.

For this, a virtual torque is added to the dynamics of
the moon, which is known to oppose its rotation. This
virtual torque Γ⃗d is computed as in Equation C.1.

Γ⃗d = − 1
τd

I
(
ω⃗ − ω⃗o

)
(C.1)

In this equation, τd is a given dissipation time that is
provided by the user, ω⃗ = [ωx , ωy , ωz] is the rotational
velocity of the moon (expressed in body axes) and ω⃗o =

[0 , 0 , ωo] is the constant angular velocity of a moon
in pure synchronous rotation.

In order to obtain the damped dynamics of the moon,
the algorithm propagates the dynamics with the torque
forward in time for a time of 10τd. The final state is used
to start a propagation backwards in time and without

the virtual torque. The result of this forward-backward
propagation is a damped initial state at t = 0 that, if
propagated forward in time without the virtual torque,
the dynamics will not contain the normal modes.

Or at least, not in such a strong way as before the
two propagations. The damping provided by the virtual
torque is not perfect, so the process is repeated several
times with ever-increasing dissipation times. Each iter-
ation, the damped initial state from the previous itera-
tion is used to propagate the dynamics forward with the
damping torque. This way, the initial state is damped
even further in each iteration.

The process and result of this damping algorithm
is portrayed in Figure C.12. In this work, an initial
value of τd = 4h has been used, and each iteration of
the damping algorithm doubles this damping time, up
to a final damping time of τd = 8192h. Note that a
value of τd = ∞ means there is no damping at all. In
Figure C.12a, the Phobos-fixed angular coordinates of
Mars are plotted in a longitude-latitude map, where the
(0,0) coordinate is identified with the moon-to-planet
line. Here the overall effect of the full damping algo-
rithm is very well represented. Pre-algorithm dynam-
ics feature Phobos’ x-axis deviating from the moon-to-
planet line about 4.5º in longitude and 0.03º in latitude,
product of a mixture of normal modes together with
resonant forcings. The damping algorithm removes all
oscillations occurring at the frequencies of the normal
modes while leaving all librations due to forcings be-
hind, as well as the once-per-orbit longitudinal libration.

The difference in the frequency spectrum of the
damped and undamped librational motion of Phobos
is presented in Figure C.12b and Figure C.12c respec-
tively. It is worth noting how the oscillations close to
the longitudinal normal mode in Figure C.12b (black,
dashed, vertical line) are decrease from ∼1 to ∼10−4 de-
grees. It is also worth noting how this is not the case
for the latitudinal libration close to the latitudinal nor-
mal mode, which seems to not be damped at all. The
progressive damping of these librations, however, can
be seen in Figure C.12d. This picture makes it apparent
that there were three peaks very close to the latitudinal
normal mode, and only one was actually a forced li-
bration (the middle one), whose amplitude remains the
same over the whole damping process, while the other
two peaks where excitations of the normal mode that
had been damped by 1 to 2 orders of magnitude after
the final iteration of the algorithm.
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(a) Comparison between damped and undamped tidal librations. (b) Frequency content of Phobos-fixed longitude of Mars for both the damped and
undamped dynamics.

(c) Frequency content of Phobos-fixed latitude of Mars for both the damped and
undamped dynamics.
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(d) Damping process of the latitudinal librations close to the latitudinal normal
mode.

Figure C.12: The damping algorithm, explained in figures. Dashed vertical lines indicate the mean motion (green) and all three normal modes:
longitudinal (black), latitudinal (red) and wobble (violet).
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3
Conclusions and recommendations

This section will synthesize the outcome of the research paper included in chapter 2 in the form of
answers to the research (sub)questions formulated in section 1.1.

3.1. Conclusions
This section will collect the answers to the research (sub)questions from section 1.1. The subquestions
will be answered first, which will serve to shape an answer to the main research question.

• How does the trajectory of Phobos change when an initial state is integrated with an uncoupled
model as opposed to a coupled model?
In studying the position differences between the coupled and uncoupled trajectories, it was found
that the uncoupled trajectory got ahead of the coupled trajectory by as much as 40 m after 9 years.
Differences in the radial and out-of-plane directions were limited to oscillations whose amplitude
grew up to 4 m.
In terms of Keplerian elements, it was found that the quantity Ω + 𝜔 decreased at a rate of about
0.75 arcsec/year in the uncoupled trajectory when compared to the coupled trajectory. Orbital
inclination showed long-period oscillations each 2.3 years with growing amplitude that reached
0.06 arcsec after 9 years.

• How well do analytical approaches to describe Phobos’ orientation in an uncoupled model
represent the features of the rotational motion obtained by numerically integrating a coupled
model?
Uncoupled models featuring only a once-per-orbit longitudinal libration are not designed to
produce latitudinal librations. Thus, any rotation in a coupled model that occurs about an
axis other than Phobos’ polar axis cannot be represented by uncoupled models. Furthermore,
uncoupled models do not give rise to the phenomenon of resonance, by which small dynamical
forcings are amplified when their frequency is close to one of Phobos’ normal modes. This causes
resonant forcings to be mis-represented by uncoupled models. The most significant of these
resonances is a longitudinal libration with amplitude 2.5 × 10−4 degrees close to the longitudinal
normal mode of the coupled model, which does not exist in the uncoupled model. The peak in
longitudinal libration close to the latitudinal normal mode is amplified in the coupled model to
twice its amplitude in the uncoupled model; the peak close to half the latitudinal normal mode is
amplified in the coupled model to ten times its amplitude in the uncoupled model.

• What are the differences between the parameters estimated by an uncoupled estimation model
and the parameters used to generate the observations with a coupled model?
Three different parameter sets were estimated in this thesis:

– Initial state
– Initial state and once-per-orbit longitudinal libration amplitude
– Initial state and gravity coefficients 𝐶2,0 and 𝐶2,2.
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Errors in estimated initial position were in the order of several centimeters, while errors in initial
velocity were in the order of 𝜇m/s. When estimated on its own, the along-track component of
the estimated initial position showed the largest error, owing to the large along-track effects of
couplings, while the out-of-plane components of both position and velocity showed the smallest
errors, with relative errors in the order of 10−9 for both position and velocity. When additional
parameters are estimated together with the initial state, however, errors in 𝑅 and 𝑆 components of
both position and velocity decrease by 2 orders of magnitude, while errors in the 𝑊 components
stay the same, becoming the largest.
This decrease in initial position estimate is caused by absorption of couplings into the libration
amplitude or the harmonic coefficients. For a 250-day arc, the estimate of the once-per-orbit
physical longitudinal libration amplitude differed from the true amplitude by about 1.6 × 10−3,
while the estimates of 𝐶2,0 and 𝐶2,2 were off by 5.4 × 10−5 and 2.0 × 10−5 respectively.

To what extent can an uncoupled dynamical model of Phobos’ translation and rotation emulate a
coupled dynamical model?

This work has considered uncoupled models that feature the once-per-orbit longitudinal libration.
The main differences introduced by couplings are longitudinal librations at other frequencies, as well
as all latitudinal librations. Furthermore, coupled models introduce the resonant amplification of
forcings close to Phobos’ normal modes, which the uncoupled model cannot account for. This results
in the underestimation of longitudinal librations close to the latitudinal normal mode, as well as the
complete omission of librations close to the longitudinal normal mode. This mis-representation of
Phobos’ orientation causes Phobos’ orbit to get ahead when computed with an uncoupled model as
opposed to the coupled solution. The along-track offset between both solutions accumulated to 40 m
after 9 years. The uncoupled solution also features oscillations in the radial and out-of-plane directions,
whose amplitude grow up to 4 m after 9 years.

Differences between the coupled and uncoupled solutions were minimized by finding the dynamical
parameters that produces a trajectory as computed with the uncoupled model that best fits the coupled
solution through a least-squares parameter estimation. For this, the once-per-orbit libration amplitude
and gravity field coefficients 𝐶2,0 and 𝐶2,2 were separately estimated, each of them together with the
initial state. Both estimations provided extremely similar results. It was found that position differences
in the along track direction could be reduced by an order of magnitude, while radial differences could
be reduced to small oscillations at millimeter level. These parameters, however, were not effective in
reducing the differences in the out-of-plane direction. Furthermore, long-period oscillations in the
along-track component of residuals were seen to be relevant for long estimations. These reductions are
driven by changes in estimated parameters with respect to their true values. For the libration amplitude,
the change was of 1.6 × 10−3 degrees, while for the harmonic coefficients 𝐶2,0 and 𝐶2,2 the changes were
of 5.4 × 10−5 and 2.0 × 10−5 respectively.

3.2. Recommendations
There are several steps that could be taken in order to improve on the product of this thesis that have
been left for future research. They are collected here in order of complexity taking this thesis as starting
point.

• It was observed that estimations of the libration amplitude and gravity coefficients produced
residuals featuring long-period oscillations in their along-track components that had the potential
to become dominant for longer estimations. Considering longer time scales in these estimations
would therefore clarify how these residuals would evolve with time.

• This thesis has used ideal observations of Phobos’ center of mass in all the estimations for
practicality reasons and to facilitate the insight in the dynamical effects of couplings. Furthermore,
these observations were all equally spaced from one another and spanned most of the estimated
arc in a consistent manner. A perhaps more useful type of observations in the context of the use
of these results for future missions would be to use range observations to a lander on Phobos’
surface. These range measurements should account for visibility conditions, resulting in short
arcs separated by hours or days, that are processed together.
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• The dynamical model used in this thesis has been made as minimal as possible to help in isolating
the effects of couplings while still retaining all relevant dynamics usually considered in the study
of Phobos. However, a deeper study of the role of couplings in parameter estimation could benefit
from the inclusion of additional perturbations, in particular in terms of Phobos’ gravity field,
where its irregular shape could render higher harmonics relevant in the study.

• As a continuation of the previous point, the big uncertainties associated to Phobos’ higher
harmonics usually makes their inclusion in state-of-the-art estimation schemes impractical, and a
quadrupole gravity field of Phobos is still widely used. In this sense, the potential improvement
that a coupled model could represent over an uncoupled model in estimation could be tested
by using the same quadrupole-field dynamics to fit both models to observations generated by a
coupled model with an extended gravitational field of Phobos.

• This thesis has shown that couplings will be necessary to process observations of a laser ranging
system to a Phobos lander, while a Phobos-bound mission will likely also provide range mea-
surements to a Phobos orbiter and the most advantage can be taken by processing all of them
together. Thus, the science return of such a lander + orbiter mission can then be analyzed with
the knowledge that this analysis should be done by using a coupled model to represent Phobos’
dynamics.
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A
Integrator selection

Preliminary work made it clear that integrator constraints were tight in this problem. To set a numerical
requirement on the admissible integrator error, the effect of the phenomenon of interest needs to be
quantified. In this case, this phenomenon is the coupling between Phobos’ translational and rotational
equations of motion. The following was done to quantify them.

First, the damping algorithm described in the presented research paper was applied on the coupled
model as explained in Appendix C of the research paper included in chapter 2. The result is a ∼9 year
long arc free of proper modes, which will act as a simulated ephemeris of Phobos. This ephemeris was
used to obtain (a) the real libration amplitude of Phobos and (b) an initial translational state. These two
elements were fed to the translational uncoupled model, making it as similar as possible to the coupled
model. The uncoupled model was then propagated for the same ∼9 year long arc, and the differences
in position were computed between the two arcs. The norms of these position differences can be seen
in Figure A.1. In the same figure, the same quantity is plotted for a period of 1 month - similar to the
duration of the estimation arcs that we will work with.

All this was done with a preliminar choice of integrator of RKF10(12) with a fixed time-step of 5min.
Figure A.1 shows that errors of nearly 100m can accumulate only due to couplings over 10 years.

However, by working with shorter estimation arcs - in the order of several weeks or a few months - it
is more representative to consider the plot in Figure A.1b, where errors just reach the 1m line, with
10cm being a more conservative approximation of this error. A good choice of integrator will have
integration errors fall between 2 and 3 orders of magnitude below these 10−1 m, so an integrator accuracy
of 10−4 − 10−3 m will be sought.

Tudat provides three main types of integrators: Runge-Kutta (RK), Bulirsch-Stoer (BS) and Adams-
Bashforth-Moulton (ABM). All these will be made to work in fixed-step regime, in order to have
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Figure A.1: Coupling effects
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consistency and uniformity in the solution output points. Of these, extrapolation integrators (i.e.
BS integrators) are not as suitable for dense outputs, as required in the present thesis, since they
perform several sub-integrations for each integration point. The consequences of this were observed
in preliminary analysis, where integration times of BS integrations were far higher than those of RK
integrators for the same accuracy performance. So much so, that some of the attempts with this type of
integrator were interrupted and a comprehensive analysis was deemed too time-consuming. Therefore
the focus was turned to RK and ABM integrators.

A study was done on all RK integrators and several orders of the ABM integrator using both the
coupled and uncoupled models, and an optimal step size was sought that met accuracy requirements
while not going into the region of dominance of rounding error. The range of time steps that were
studied is bounded from above by output density, which is preferred to be high - some simulations are
supposed to represent “continuous reality” - and from below by the storage capacity of the laptop used -
the implementation of the forward/backward propagation of the damping algorithm generates a huge
amount of data. The time steps that were considered go from 30 seconds to 10 minutes.

The comparison can be seen in Figure A.2. In particular, the ABM integrator with orders 2, 4 and 6
does not present any time step setting that falls within accuracy requirements. Furthermore, integrators
RKF10(12) and RKF12(14) do not present the rounding-truncation transition in this range of time-steps,
and only their rounding region is observed. All these integrators will not be considered for further
analysis. Due to available diversity, the ABM integrator with order 8 will be discarded from further
analysis, as it only provides one single point within accuracy requirements. The same plot for the
remaining integrators is presented in Figure A.3. Here, it is possible to see that the ABM integrator with
order 10, and both RKF9(8) and RKV9(8), fall into rounding dominance before or right when they begin
complying with accuracy requirements. The same thing happens to RKF8(10). Thus, an RKDP integrator
seems the most suitable for this problem. The transition from truncation to rounding dominance occurs
around a time step of 4.5 minutes (270 seconds). This will be the choice of integrator for the rest of
the work. The error of this integrator is plotted, for a month, in Figure A.4a. As a final sanity check,
Figure A.4b shows that the integration error falls always between 2 and 3 orders of magnitude below
the physical differences created by the couplings in Phobos’ translational and rotational equations of
motion.

Although seemingly complete, this analysis was a preliminar one in order to select a somewhat
intermediate integrator. Once the choice of integrator was made, estimations were performed and a
new approach was taken at quantifying the required numerical accuracy.

The definition of the difference between coupled and uncoupled models has some additional subtleties in
this work. The thesis presents several estimations for which observations have been simulated using a
coupled model, while the estimation model is an uncoupled one. The estimation will fit the uncoupled
model to the coupled one by changing the initial position and possibly some parameters. In this case,
the difference between the two models is not what is seen in Figure A.1, but rather the residuals of the
estimation.

Preliminary estimations were performed using the selected integrator - the RKDP7(8) with a 4.5min
time step - and the residuals were studied for different cases. Figure A.5a shows some statistics of the
post-fit residuals of an estimation with only initial state fitting for different lengths of the estimated arc.
On the other hand, Figure A.5b shows the same thing but for an estimation that fits both initial state
and the harmonic coefficients 𝐶2,0 and 𝐶2,2 of Phobos. On the other hand, Figure A.5c shows the post-fit
residual time history for an estimation fitting initial state and gravity field during 90 days. As can be
seen, the difference between a coupled and uncoupled model is not in the order of 1 × 10−1 meters, but rather
in the order of 1 × 10−2 meters.

If physical differences in the models are in these orders of magnitude, one would want numerical
error to be below 1 × 10−4 meters, at least. This new requirement is quite stringent in the looks of
Figure A.2 and Figure A.3, where the range 1 × 10−4 − 1 × 10−3 seems to be the door to rounding for
all integrators. It looks like one is forced to work in a regime in which integration error and physical
differences coexist at the same level. However, one can manage to make the two look very different if
numerical errors are set to work in the rounding regime. Physical differences accumulate in a rather
smooth manner, as can be appreciated in Figure A.5c or Figure A.1. On the other hand, rounding error is
known to be erratic. The more erratic they are, the more different they will look from model differences.
One can take advantage of this by choosing an integrator that works well within its rounding regime.
At the same time, the smaller time steps will be avoided if possible so as to decrease computation time -
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Figure A.5: Residual statistics for two different estimations. An uncoupled model estimates a coupled model.



Appendix A. Integrator selection 39

0 20 40 60 80
Duration o  estimated arc [days]

10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

|ε⃗
| [

cm
]

RMS o  normed post-fit residuals and integration errors

Residual RMS
RKDP7(8) with Δt= 4.5min
RKF10(12) with Δt= 3.5min
RKF10(12) with Δt= 4min
RKF8(10) with Δt= 5min
Minimum )esidual
2 o)de)s o  magnitude below )esidual RMS

Figure A.6: Residual RMS for different estimation times and time evolution of the integration error for different integrator and
integrator settings. Both initial state and Phobos’ quadrupole gravity field were fitted

although not expected to be a bottleneck, lower run times are always preferred. They also do not present
any advantage in terms of rounding error.

There are now two different scenarios, in which different requirements have to be imposed:

• Numerical errors are at least 2 orders of magnitude below residuals. Here, we accept an integrator
working in truncation regime.

• If numerical error and physical differences coexist, the integrator should work in rounding regime.

Figure A.6 contains all the information required to make this choice. On the one hand, the residual
RMS for different estimation times of an estimation that fits both initial state and libration amplitude.
On the other hand, the numerical error of a selection of different integrators over time. It is intuitive to
plot them together because an estimation of 20 days will encounter all the integration errors of those 20
days, but will be “immune” to those after that. Additionally, two thresholds are shown in the same plot:
the 2-orders-of-magnitude-below-RMS and the minimum residual. The first one will be prioritized, as
it gives a better indication of the order of magnitude of the residuals.

In the light of Figure A.6, there is really no case in which a clear rounding-driven behaviour - like
the one seen for the RKF10(12) integrator with a 3.5 minute time step, or for the the RKF8(10) integrator
- coexists with an integration error at the same order of magnitude as the residuals. Furthermore,
truncation seems to dominate after 40 days for all integrators except for the RKF8(10). The RKF10(12)
with a 3.5 minute time step also shows non-truncation errors towards the end of this 90 day range,
although a significant truncation dominated exists above the indicated thresholds between days 30 and
70. The RKF8(10) also presents such a region, but it is much shorter, between days ∼17 and ∼40. Thus,
the RKF8(10) integrator with a time step of 5 minutes will be used for this thesis.



B
Verification and validation

This section will explain how it has been made sure that the software developed for this thesis works as
it should. All Tudat features - orbit propagation and estimation suites - are assumed to work properly,
as they have been developed and tested by a professional community. Thus, the individual pieces
of software - i.e. integrator, propagator, ... - will not be explicitly validated here, but how they have
been put together for this thesis will. There are three important parts that play a role in this thesis:
translational dynamics propagation (aka the orbit propagation), rotational dynamics propagation and
the estimation or orbit determination algorithm. More precisely, we will look at the following:

• Orbit propagation, analyzed based on the obtained trajectory and Keplerian elements.
• Propagation of rotational dynamics, analyzed mainly through Phobos’ Euler angles in time and

frequency domain, as well as Mars’ location in Phobos’ sky.
• Orbit determination, which has been tested by making one dynamical model estimate itself.

This thesis will involve - or has involved - 3 different dynamical models:

• Fully-locked: This is an uncoupled translational model that propagates Phobos’ translational state
vector under the assumption that its 𝑥 is always aligned with the moon-to-planet line.

• Uncoupled: Similar to the fully-locked model, this uncoupled model features a once-per-orbit
longitudinal libration that deviates Phobos’ 𝑥 axis from the moon-to-planet direction by an amount
𝜓 = −ℬ𝑒 sin 𝑀.

• Coupled: This is a coupled translational-rotational model that simultaneously integrates Phobos’
translational and rotational equations of motion.

In principle, there are two models (fully-locked and uncoupled) that need to be verified in two
difference performance settings (verification of rotational dynamics does not apply to them), and one
model that needs to be verified in all three. However, use will be made of past Tudat use and simulations
that have been extensively done without any signs of problems will be assumed to have been verified, if
anything by extensive past experience. These elements are:

• Orbit propagation using the fully-locked model.
• Orbit determination using the fully-locked model.
• Orbit propagation using the uncoupled model.

Furthermore, estimations will not be performed using the coupled model, so that is one less thing
that needs verifying.

In this section, the orbit propagation using the coupled model will be verified in section B.1, the
rotational dynamics using the coupled model will be verified in section B.2, and the orbit determination
of the uncoupled model will be verified in section B.3.

40



Appendix B. Verification and validation 41

(a) Top view of the orbit. Distances expressed in Martian radii, 𝑅 = 3390
km.

(b) Side view of the orbit. Distances expressed in Martian radii,
𝑅 = 3390 km.

(c) Inclination and eccentricity. Differences with respect to nominal
values of 𝑖 = 1.1º and 𝑒 = 0.0151. Note the scales and units.

(d) Semi-major axis. Difference with respect to nominal value of
𝑎 = 9375 km.

Figure B.1: Projection of Phobos’ trajectory over 9 years and 4 months onto two of the three inertial planes (top) and time history
of some selected orbital elements (bottom).

B.1. Orbit propagation
The propagation of the translational dynamics will be made on the basis of the orbit not blowing up. It is
good practice to plot the overall orbit. This does not give a lot of quantitative information because scales
are usually quite big, but it does validate the pre-assumptions that one approaches the problem with. In
this case, these assumptions are that the orbit is (quasi-)equatorial and (quasi-)circular, and it should
remain like that for the whole integration time (i.e. 𝑒 , 𝑖 ≈ 0).

The top and side views of the orbit, can be seen in Figure B.1. At first sight, the orbit is indeed
regular, with very low eccentricity - see Figure B.1a - and inclination - see Figure B.1b. One the other
hand, more detailed information can be found in Figure B.1c and Figure B.1d, which show that the
orbit’s semi-major axis, eccentricity and inclination all oscillate close to and around their nominal values
of 𝑎 = 9375 km, 𝑒 = 0.0151 and 𝑖 = 1.1º.

Offsets and oscillations will still exist, as the plots are obtained with a very specific dynamical model
and report osculating values of the elements, while the tabulated information is an average taken from
ESA (2019).

B.2. Rotational dynamics
The impact of Phobos’ orientation on its orbit is not so big that one can look at plots of the Keplerian
elements and see if something is going on with its orientation. Thus, a dedicated verification process of
the propagation of Phobos’ rotational dynamics is required. A typical description of the orientation of a
body is the 3-1-3 Euler angles. With Phobos in fully-locked rotation, one would expect the first two
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angles to be near 0 and the third angle to complete a full revolution per orbital period. This situation,
however, leads to the Euler angles being ill-defined, since the axes around which the first and third
rotations occur are identical. Furthermore, the Euler angles are defined with respect to three axes
that are fixed in inertial space. With Phobos’ orientation following its orbit over long timescales, the
precession of the nodes will carry onto the Euler angle representation of Phobos’ orientation.

For these reasons, it is practical - and sensible - to analyze Phobos’ orientation by looking at
Mars’ Phobos-fixed spherical position, i.e. the location of Mars in Phobos’ sky. If Phobos rotates in a
fully-locked configuration - understood as Phobos’ long axis pointing always directly towards Mars -
then Mars should not move at all as seen from Phobos. However, because we are not imposing this
kind of rotation but rather propagating the dynamics, Phobos will show librations in all three axes,
which will make Mars oscillate around this otherwise fixed point. The rotation of Phobos is mostly
driven by its own gravity field. This coupled model uses only the 𝐶2,0 and 𝐶2,2 coefficients to describe
Phobos’ gravity field, whose gravitational potential 𝑈 behaves as shown in Equation B.1, where 𝜃 and
𝜙 are the Phobos-fixed longitude and latitude of Mars, respectively. With Phobos’ gravity field being
both latitudinally and longitudinally symmetric, oscillations of Mars in the Phobian sky should also be
symmetric about 𝜃, 𝜙 = 0.

𝑈 ∝ 𝐶2,0 cos (2𝜙) − 4𝐶2,2
(
1 + cos (2𝜙)

)
cos (2𝜃) (B.1)

The most prominent of these oscillations should occur in the East-West direction, lead by the
once-per-orbit longitudinal libration of Phobos. Equation 9b in the research paper included in chapter 2
provides an expression for the scaled amplitude of the once-per-orbit longitudinal tidal libration. It has
been collected in Equation B.2 for convenience. On the other hand, Equation B.3 gathers the numeric
values of all the terms in the equation. Note the introduction of the eccentricity to obtain the un-scaled
amplitude of the libration. For a correct verification and validation of the rotational dynamics, the
Phobos-fixed coordinates of Mars should oscillate most prominently in the East-West direction with an
amplitude of around 2.86◦. In terms of the once-per-orbit physical longitudinal libration of Phobos,
𝒜 = −1.125◦, which matches well with the known libration of ∼1.1◦ (Rambaux et al., 2012; Lainey et al.,
2021).

𝒜 =
2𝑒

1 − 1
3𝜎

ℬ =
2

1 − 3𝜎 𝜎 =
𝐼𝑦𝑦 − 𝐼𝑥𝑥

𝐼𝑧𝑧

𝐼𝑥𝑥 =
1
3𝐶2,0 − 2𝐶2,2 + 𝐼 𝐼𝑦𝑦 =

1
3𝐶2,0 + 2𝐶2,2 + 𝐼 𝐼𝑧𝑧 = −2

3𝐶2,0 + 𝐼

(B.2)

𝐼 = 0.2645232788265306 𝐶2,0 = −0.01307786717320527 𝐶2,2 = 0.02426656445399719
𝐼𝑥𝑥 = 0.22250469649285748 𝐼𝑦𝑦 = 0.2629489705828529 𝐼𝑧𝑧 = 0.3081161694038815
𝜎 = 0.13126306927755121 𝑒 = 0.015115059930190826 ℬ𝑒 = 2.857188134150437◦

(B.3)

Figure B.2: Librations corresponding to the quadrupole field of Phobos.
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In this thesis, the rotational dynamics come into play in the coupled model, where they are
propagated together with the translational dynamics. Thus, all plots shown in this section should be
assumed to have been generated by propagating the coupled dynamical model. In particular, Figure B.2
shows the position of Mars in the Phobian sky, which is the equivalent to Phobos’ tidal librations, 𝜓 (see
section 2.2 of the research paper included in chapter 2). Indeed, Mars most prominently oscillates in the
East-West direction with an amplitude of ∼2.9◦. Latitudinal oscillations extend to about ±0.15º, without
showing any preferred directions. The small asymmetries between the upper and lower edges of the
shape are attributed to the asphericity of Mars’ gravity field, which as been expanded to degree and
order 12 in this thesis.

(a) Phobos-fixed position of Mars for the damped (orange) and
undamped (blue) dynamics. (b) Undamped librational spectrum

(c) Damped librational spectrum
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librations are conserved, while normal modes are damped.

Figure B.3: Performance of the damping algorithm. Dashed vertical lines indicate the frequency of the orbital mean motion
(green) and the three normal modes: longitudinal (black), latitudinal (red) and wobble (violet). Dotted lines are integer

multiples/divisors of dashed lines.

Although Phobos rotates as was expected, there is one final aspect to verify: the damping algorithm.
As explained in section 2.3 of the research paper included in chapter 2, directly propagating the rotational
motion of Phobos will excite its normal modes, which are not seen in the present state of the moon. To
get rid of them, the damping algorithm covered in appendix C of the same research paper is applied.
In the proper functioning of this algorithm, the original dynamics contain all normal modes of the
moon, while the final, damped dynamics do not. This change can be seen in two ways, and both are
gathered in Figure B.3. On the top-left, Figure B.3a shows, as earlier, the Phobos-fixed spherical position
of Mars. The undamped dynamics result in Phobos rotating significantly around its three axis, with
greater longitudinal and latitudinal librations (blue in Figure B.3a) than the damped rotation (orange in
Figure B.3a). On the top-right, Figure B.3b shows the frequency spectrum of Phobos’ tidal longitudinal
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librations for the undamped (blue) and damped (orange dynamics). Although all frequencies have been
greatly reduced, the effect is most significant in the libration associated to the longitudinal normal mode
(vertical black dashed line), whose amplitude is reduced in 4 orders of magnitude. Librations at other
frequencies, like those at half the latitudinal normal mode, or those associated to the mean motion, are
seen to remain after damping, being therefore librations produced by forcings and amplified by their
proximity to the normal modes themselves. The same thing, but for latitudinal librations, can be seen in
Figure B.3c. Although a lot of frequencies around the normal modes seem to remain, the zoom-in view
in Figure B.3d shows how the peak around the latitudinal normal mode - which in the left picture looks
like a single peak, is in fact 3 different peaks, two of which are associated to the excitation of the normal
modes (on the sides) and one which is a forcing amplified by its proximity to the normal mode (in the
middle). As a reminder, the frequencies of the normal modes have been computed as in Equation 12
of the paper included in chapter 2, which are linearized approximations, explaining why Figure B.3d
shows peaks that seem to be displaced from the red line.

B.3. Orbit determination
The second main part of this thesis is the implementation of the estimation problem - in this astrodynamics
context called also orbit determination. Although the individual parts that are required to solve the
orbit determination problem - residual computation, variational equation integration, ... - are done by
Tudat, the setup of the estimation problem is done by the user. It is this “putting all the pieces together”
that needs verifying. As a reminder, only verification with the uncoupled model will be performed.
For that, an estimation was performed such that this dynamical model had to estimate itself, i.e. the
observations were generated using the exact same dynamics as those used for estimation. Then, the
initial state was slightly perturbed and the estimation was left to minimize the residuals. Because the
matching is perfect, post-fit residuals are expected to be nil - rather, at the level of numerical noise - and
the parameters are expected to quickly converge to their real values.

The test estimation involved the uncoupled model estimating its own initial state for an arc of 30
days. After observations were simulated, the initial state was perturbed for estimation. The estimation
algorithm was let to run for a fixed number of iterations: 10 in this case. The estimation post-fit residuals
can be seen in Figure B.4a. To its right, in Figure B.4b, the evolution of the difference between the
estimated and real initial state has been plotted (iteration 0 is the pre-fit value, i.e. the perturbation that
was applied on the initial state). Post-fit residuals are at the level of numerical noise (10−5 m) and show
signs of rounding error dominance, so they can be considered nil or “flat”. On the other hand, the error
in the estimated position is in the order of 10−6 m, and those in the estimated velocity are in the order of
10−9 m/s, i.e. completely negligible. Although post-fit residuals and estimated parameters do reach the
expected level of agreement with the observations, convergence had been expected to be quicker and
more straight-forward. However, it is observed that the estimator does not reach a stable value of the
estimated parameters, but rather reaches the minimum residual - “converges” - at the very last iteration.
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Figure B.4: Estimation results for an estimation of initial state. A librational model estimates itself.
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Figure B.5: Estimation results for an estimation of initial state. A synchronous model estimates itself.
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Figure B.6: Estimation results after 10 iterations for different estimation times. A synchronous model estimates itself.

To check whether this was common in other scenarios - and the expectation was somehow wrong -
or this is an issue that should be further looked into, the same estimation test was performed using
the fully-locked model. The same as shown in Figure B.4 is now shown in Figure B.5 for this new
estimation. The post-fit residuals in Figure B.5a are very similar to those in Figure B.4a - at noise
level and case-showing rounding dominance - while the convergence trend observed in Figure B.5b
resembles what was expected of the test more than that in Figure B.4b: a rapidly decaying error and a
fast convergence reached in only 3 iterations.

To further investigate this, several arcs of ever-increasing duration - 1, 7, 14, 21, 30, 45, 60, 75 and
90 days - were used to test the limits of this “weak” convergence. All estimations ran for 10 iterations.
Figure B.6 shows the results, after 10 iterations, of the estimation test performed with the uncoupled
model, but for different estimation times (note the units in Figure B.6a). For estimation times of up to a
month, residual RMS stay below the millimeter level, and errors in position and velocity are 12 orders
of magnitude below the actual values. For longer estimation times, things are quite different. Residual
RMS increases to around the meter level for an estimation time of 45 days, and completely blows up
beyond that. In particular, one sees that residuals increase by some tens of centimeters between a 30
and a 45 day arc, but they jump ∼100 km between a 45 and a 60 day arc. A similar trend is observed in
the error of the estimated initial state (Figure B.6b). There is a significant increase at the 45 day mark,
and a completely disproportionate jump at the 60 day mark.

This phenomenon is not expected from an estimation in which observations and estimation are
performed with the same dynamical model, because the residual function has one very clear absolute
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minimum: the parameters with which observations were generated. The least squares algorithm was
not performing as well as it should. Something was suspected to go wrong, and the first reason that
was thought of was a mis-propagation of the variational equations. Thus, an in-depth investigation was
carried out to assess whether this was indeed the case.

B.4. Libration partials
In verifying the orbit determination setup, it was suggested that Tudat might not correctly integrate the
variational equations when the once-per-orbit libration is present in the dynamics. Further investigation
was carried out on the partial derivatives of the state vector - or, rather, of the position vector, which
is what in the end represents the observations used in this thesis. For this, Tudat’s analytical partial
derivatives of the position with respect to all possible estimatable parameters - initial state, libration
amplitude, and harmonic coefficients, which will be collectively called the “parameter vector, ®𝑦” -
were compared to numerical partial derivatives. These numerical partial derivatives were computed
through a central difference approximation as in Equation B.4, where 𝑦𝑖 represents one component of
the parameter vector and ℎ is a small number. Note the Taylor expansion on the right hand side.

𝜕 ®𝑥
𝜕𝑦𝑖

≈
®𝑥 (𝑦𝑖 + ℎ) − ®𝑥 (𝑦𝑖 − ℎ)

2ℎ =
𝜕 ®𝑥
𝜕𝑦𝑖

+ 1
6
𝜕3 ®𝑥
𝜕𝑦𝑖3

ℎ2 + 𝒪
(
ℎ4

)
(B.4)

The first step was to choose an appropriate value of ℎ to compute the central difference. For this, the
error ®𝜀 of the central difference approximation will be computed by taking the difference Δ ®𝑓 between
two central differences computed with two different values of ℎ, as in Equation B.5. By choosing
ℎ2 << ℎ1, one gets a very good approximation of the error of the central difference computed with ℎ1.
By definition, the error in the derivative by using ℎ2 will be even smaller. Note that an appropriate
value of ℎ might be different for the different parameters.

Δ ®𝑓 = 1
6
𝜕3 ®𝑥
𝜕𝑦𝑖3

ℎ2
1

(
1 −

(
ℎ2
ℎ1

)2
)

(B.5)

If a value of ℎ1 for each estimated parameter is found to be “precise enough”, the central difference
computed with ℎ2 will be by definition more precise. At the same time, this ℎ2 will perturb the trajectory
in an even less significant manner, and it might be the case that the effect it has on the dynamics is so
small that it is swamped by numerical error. It is important to check that this is not the case. This effect
can be approximated by Δ®𝑟 = ®𝑓 × ℎ2.

Choosing an appropriate ℎ therefore involves comparing |Δ ®𝑓 | with | ®𝑓 (ℎ1) | and making sure that the
former is much smaller than the latter, while at the same time comparing | ®𝑓 (ℎ2) | with the numerical
noise and making sure the latter is much smaller than the former. Here, “much smaller” means “at
least 2 orders of magnitude below”. The first of these two comparisons can be seen in Figure B.7 for the
derivatives with respect to the initial state vector ®𝑥𝑜 (Figure B.7a) and for the derivatives with respect
to the libration amplitude and the two harmonic coefficients (Figure B.7b). The second comparison
can be seen in Figure B.8 for the derivatives with respect to the initial state vector (Figure B.8a) and the
derivatives with respect to ℬ and the harmonic coefficients (Figure B.8b). The values of ℎ1 and ℎ2 that
were used for each parameter are collected in Table B.1.

Figure B.7a shows that the gap between | ®𝑓 | and |Δ ®𝑓 | is of ∼ 4 orders of magnitude for the derivatives
of the position with respect to the initial velocity, and of ∼ 6 orders of magnitude for the derivatives
with respect to the initial position. In Figure B.7b, errors in | ®𝑓 | are seen to be ∼ 5 orders of magnitude
below | ®𝑓 | itself for the derivatives with respect to the harmonic coefficients, and between 2 and 3 for the

Parameter 𝑥𝑜 𝑦𝑜 𝑧𝑜 𝑣𝑥,𝑜 𝑣𝑦,𝑜 𝑣𝑧,𝑜 ℬ 𝐶2,0 𝐶2,2
ℎ1 10.0 10.0 10.0 10−5 10−5 10−5 0.01 0.001 0.001
ℎ2 1.0 1.0 1.0 10−6 10−6 10−6 0.001 0.0001 0.0001

Table B.1: Values of ℎ1 and ℎ2 that were used in Equation B.5 to compute the error in the central difference with respect to each
parameter. Note that ℎ2/ℎ1 = 0.1 for all cases.
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Figure B.7: Central differences (solid) computed with ℎ1 from Table B.1 and their errors (dashed) computed as in Equation B.5.
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Figure B.8: Effect on trajectory caused by variations of size ℎ2 from Table B.1 in parameters compared to the integration error.

derivatives with respect to ℬ. Note that some of the errors even show signs of rounding error in them.
All these values of ℎ1 - and therefore of ℎ2 - comply with the precision requirement. On the other hand
all lines in Figure B.8 can be seen to be no less than 4 orders of magnitude above numerical noise level,
and therefore all values of ℎ2 comply as well with this requirement.

Now that it is sure that central differences are indeed a good representation of the partial derivatives,
we can proceed in comparing these “numerical derivatives” with the “analytical derivatives” computed
by Tudat by integrating the variational equations. The numerical differences, collected in a “numerical
design matrix 𝑯̃” can be directly subtracted from the analytical derivatives, collected in an “analytical
design matrix 𝑯”, to compute the errors in 𝑯 . In doing the analysis, it was found that working in RSW
components was more insightful than working in Cartesian components. Thus, plots will be shown
containing derivatives of the RSW components of the position vector with respect to RSW components
of the initial state vector and the parameters. These are computed on the basis on Equation B.6a together
with relationships in Equation B.6b. In these expressions, Δ®𝑟 and Δ®𝑣 indicate changes in position and
velocity expressed in 𝑋𝑌𝑍 components, Δ®𝜌 and Δ®𝜂 indicate a change in position and velocity expressed
in 𝑅𝑆𝑊 components and 𝑹 is the inertial-to-RSW rotation matrix such that Δ®𝜌 = 𝑹Δ®𝑟. Furthermore, 𝛼
represents any estimatable parameter that is not part of the initial state vector, i.e. ℬ, 𝐶2,0 or 𝐶2,2.

Δ®𝑟 = 𝚽𝒓𝒓Δ®𝑟𝑜 +𝚽𝒓𝒗Δ®𝑣𝑜 =⇒ Δ®𝜌 = 𝚽𝝆𝝆Δ®𝜌𝑜 +𝚽𝝆𝜼Δ®𝜂𝑜
Δ®𝑟 = 𝑺Δ𝛼 =⇒ Δ®𝜌 = 𝚲Δ𝛼

(B.6a)
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[
𝚽𝒓𝒓 𝚽𝒓𝒗

]
=

[
𝜕®𝑟
𝜕®𝑟𝑜

𝜕®𝑟
𝜕®𝑣𝑜

]
=⇒

[
𝚽𝝆𝝆 𝚽𝝆𝜼

]
=

[
𝑹𝚽𝒓𝒓𝑹𝑻

𝒐 𝑹𝚽𝒓𝒗𝑹𝑻
𝒐

]
𝑺 =

𝜕®𝑟
𝜕𝛼

=⇒ 𝚲 = 𝑹𝑺

(B.6b)

The derivatives of the position with respect to the initial velocity involve a total of 18 scalar quantities.
For the sake of clarity, the values of 𝑯̃ and 𝑯 themselves will not be reported, but rather the errors
among them Δ𝑯 = 𝑯̃ − 𝑯 will be given. Although this might limit the interpretation of the data in
terms of absolute numbers, a wrong integration of the variational equations is expected to manifest in an
ever-diverging trend in the errors. Although this divergence might be slow in some derivatives of some
components of the position vector - and therefore not appreciable in the 30 days of the estimated arc -
the presence of the quickly diverging error of the derivative of one single component of the position
vector with respect to some generic parameter 𝛼 is indication enough that the derivatives wrt said
parameter are not correctly computed. In fact, because a diverging signal in the derivative of one
position component carries on to the norm of the derivatives of all three components, the analysis can
be made on the basis of this latter quantity, reducing the relevant data by two thirds.
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Figure B.9: Numerical derivatives and Tudat’s errors.

In an ideal situation, these errors Δ𝑯 should always remain very small compared to the values
of either 𝑯̃ or 𝑯 themselves, as the two correctly computed quantities are always approximately the
same. Errors in the order of 5% are usually considered worrying already, so the difference between the
two derivatives should always remain at least 2 orders of magnitude below the derivatives themselves.
However, when some of the two quantities are wrongly computed, the error is expected to grow beyond
the 10% of 𝑯̃ . This, however, requires specifying in how much time this should happen, as this might
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not be the case for this 30-day test and still occur in 90-day estimations, for example. Thus, a better way
to assess whether the error is too big is to look at its trend. If Δ𝑯 grows faster than 𝑯̃ , the analytical
partial derivatives are considered to be wrong.

The values of the numerical position derivatives 𝑯̃ (solid) together with Tudat’s derivative errors
Δ𝑯 (dashed) can be seen plotted in Figure B.9. Each color in Figure B.9a represents the norm of one
column of 𝚽𝝆𝝆, each color in Figure B.9b represents the norm of one column of 𝚽𝝆𝜼 and each color in
Figure B.9c represents the norm of a column of 𝚲. As was expected, the order of magnitude of the error
can be seen to increase much faster than the order of magnitude of the derivatives themselves in all nine
cases - in the extreme, the two become comparable for derivatives with respect to ℬ in Figure B.9c.

In the light of this analysis, it was concluded that the variational equations are not integrated correctly
by Tudat. Although the ideal solution would be to fix Tudat, it is not feasible at all due to time - and
capability - constraints. Thus, the problem was circumvented by using the numerical derivatives that
had already been implemented. Two tests were performed to truly assess that the numerical derivatives
were indeed working correctly.

B.4.1. Test 1: Linearized residual increment
If we call ®𝑧 the vector of observations and ®ℎ the vector of model values - i.e. the model’s attempt at
recreating the observations - the vector of residuals is given by ®𝜀 = ®𝑧 − ®ℎ. The model is parameterized
with vector ®𝑦, so that we can write Equation B.7 about ®𝜀, and define an increment in residuals as in the
same equation. Here, 𝑯 is the design matrix, which is a concatenation of all matrices

[
𝚽𝒓𝒓 𝚽𝒓𝒗

]
at

each observation epoch one below the other. This is, it collects all relevant partial derivatives.

®𝜀
(
®𝑦
)
= ®𝑧 − ®ℎ

(
®𝑦
)

=⇒ Δ®𝜀 = ®𝜀
(
®𝑦 + Δ®𝑦

)
− ®𝜀

(
®𝑦
)
≈ 𝜕®𝜀

𝜕®𝑦
Δ®𝑦 = −𝜕 ®ℎ

𝜕®𝑦
Δ®𝑦 = −𝑯Δ®𝑦 (B.7)

In testing whether Equation B.7 holds, an arc of 30 days was considered, starting 1 year after J2000,
and the initial state was taken as estimated parameter. The arc was propagated with some default
initial state. Then, the partial derivatives 𝑯 were numerically computed and a parameter Δ®𝑥𝑜 was
computed by solving the normal equations 𝑯𝑻𝑯Δ®𝑥𝑜 = 𝑯𝑻 ®𝜀

(
®𝑥𝑜

)
. Now, one can compute the numerical

residual Δ®𝜀𝑛 = ®𝜀
(
®𝑥𝑜 + Δ®𝑥𝑜

)
− ®𝜀

(
®𝑥𝑜

)
and the linearized post-fit residuals Δ®𝜀𝑙 = −𝑯Δ®𝑥𝑜 . In the ideal case,

the numerical and linearized residuals are the same - within 1%. Both
��Δ®𝜀𝑛

�� and
��Δ®𝜀𝑙

��, together with��Δ®𝜀𝑛 − Δ®𝜀𝑙
�� can be seen plotted in Figure B.10. The gap between the residual difference and the residuals

themselves is roughly 2 orders of magnitude. It is, however, close enough to the limit that doubts
about the performance of this algorithm could still persist. Nevertheless, this is just one small doubt in
one iteration of a much bigger scheme. That is why a second test encompassing a full estimation was
performed.

The result of this test is in the limit of “satisfactory”. Given that this is just one iteration of a much
bigger estimation process. The next test involves performing such an estimation, and will therefore be
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Figure B.10: Residual increment computed in two ways for a 30-day arc.
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used as final word in tipping the balance for or against the use of numerical partials in estimation.

B.4.2. Test 2: Performance of full estimation
The final test was performing a full estimation, for which the same estimation settings were used as the
ones described in section B.3. The aim is to recreate Figure B.6, with the expectation that post-fit residual
RMS and estimated parameter error do not show such variability when changing the estimation time.
The results are show in Figure B.11, which is completely analogous to Figure B.6, but for an estimation
in which the partial derivatives have been computed numerically. As expected, residual RMS stays
below the millimeter for all arc lengths - noise level - and errors in the estimated initial state remains
∼ 11 orders of magnitude below the initial state itself.
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(a) Evolution of post-fit residual RMS. Shown here, the component of the
residuals along each RSW direction.
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Figure B.11: Estimation results after 10 iterations for different estimation times. A synchronous model estimates itself. Partial
derivatives of the position vector were obtained numerically.

For the sake of brevity and cleanliness, similar results for simulations in which the libration amplitude
and/or Phobos’ gravity field are estimated will not be shown. However, the same tests were done and
the same conclusion was reached. Thus, the whole numerical estimation algorithm was tested and
verified.

As a final conclusion, and in the light of the variational equations not providing the expected results
for times longer than a month, it will be stated that all estimations performed in this thesis will be done
using Tudat if the estimation time is lower than or equal to 30 days, while the numerical partials will be
used for longer arcs. Unless otherwise stated, it should be assumed so.
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