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Summary
Hyperloop is a high-speed transportation mode that operates through magnetic levitation of so-
called pods which are then transported through a tunnel in which a low-pressure environment
is created. Due to reduced air resistance and friction, high velocities are achievable. This
thesis addresses the behaviour of such a system operating at high velocities, focusing mainly
on dynamic stability. The novelty of this study lies hereby in the implementation of a more
realistic guideway model in the analysis. This was achieved by modelling the Hyperloop tube
as an infinitely long cylindrical shell on a viscoelastic foundation from which the vehicle is
suspended through an electromagnetic force, including an active control system.

This study aims to evaluate the system’s stability and its sensitivity to changes in the model
by using mainly analytical methods which are supplemented by numerical computations where
needed. There are two fundamentally different instability mechanisms studied, namely the
electromagnetic instability caused by the inherent unstable nature of the suspension system and
the wave-induced instability which originates from the energy feedback of radiated anomalous
Doppler waves excited by the vehicle moving at large velocities. The research is motivated by
two central questions: (1) What is the influence on the steady-state response when employing
the more realistic guideway model? (2) What is the influence on the stability when employing
such a model?

To address the first research question, only the steady-state of the guideway is analysed.
Hereby, the electromagnetic force as well as the vehicle are disregarded and replaced by a
constant moving load. To solve the system, the governing equations are projected on circum-
ferential modes and transformed from space-time to the Laplace-wavenumber domain. This
study analyses various scenarios based on their dispersion curves and/or steady-state response
compared to a reference case.

For the second research question, the study analyses stability phenomena whereby the
response of the guideway is expressed using a convolution of its Green’s function and the
unknown electromagnetic force. Linearising the system around its steady-state equilibrium
allows a computation and analysis of its eigenvalues which describe its stability. To complement
and verify the analysis of the linearised system, a non-linear transient model is solved by using
a numerical time-stepping algorithm.

The study highlights that the cylindrical shell model significantly affects the critical veloc-
ity, compared to an Euler Bernoulli beam model. Analysing the vehicle-structure interaction
through the linearised stability analysis reveals stability concerns primarily driven by wave-
induced instability when operating at supercritical velocities. In the subcritical regime, insta-
bility is only caused by the electromagnetic suspension, which can be overcome when choosing
the right control parameters. To reduce the risk of instability it is advisable to choose the struc-
tural dimension such that the system operates at subcritical velocities to avoid the interaction
between the two instability mechanisms.

This research advances the understanding of Hyperloop dynamics and its stability, pro-
viding a foundation for future studies and practical implementations aimed at developing the
novel transportation mode.
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1
Introduction

1.1. Background
Due to the increasing population in urban centres and globalisation, traffic loads are predicted
to increase. Since aeroplanes and cars come with a large environmental cost, new travel modes
are being investigated. Trains offer a more sustainable option than cars and planes, but due
to their limited transportation speed (≈ 300 km/h on selected tracks), they cannot fully re-
place aviation [5]. The Hyperloop technology, on the other hand, has the potential to provide
transportation speeds around 800 km/h or higher. This could reduce the travel time between
major cities drastically and thus provide a viable more sustainable alternative to both domestic
and international travel [9]. However, the high speeds and technical intricacies of Hyperloop
systems pose a potential risk not only for the passengers but also for the longevity of the
infrastructure itself. To ensure a safe and comfortable operation further investigations regard-
ing the dynamic interaction between the vehicle and the substructure need to be facilitated
[15](pages 13-14). Furthermore, there is currently no such system in operation, which allows
for full freedom in the design and development but also means that there is no measurement
data which could influence certain design decisions. Therefore, the development of Hyperloop
infrastructure relies on computational modelling as a primary source of knowledge.

1.2. Research Problem
In the past, several researchers attempted to study the dynamic behaviour of a Hyperloop
system ([1], [6], [7], [28]). Most of them used a simplified approach to model the vehicle-
structure interaction using a single-degree-of-freedom system [8]. Hereby the effect of the waves
excited by the high-speed moving load problem is being neglected. Those studies considering
the effects of the moving vehicle often rely on a simplified modelling approach employing a
continuously supported Euler Bernoulli beam. It has been proven that moving loads (above
critical velocity) excite propagating waves in the structure even if the load itself is not oscillating
([3], [4],[24]). Considering the vehicle as a moving mass with its dedicated degree of freedom
– coupled to the structure by a spring or electromagnetic force – makes the travelling waves
interact with the vehicle as the contact force depends on the guideway and vehicle vibration.
This vehicle-structure interaction could cause extensive energy feedback into the moving object
raising stability concerns, more specifically wave-induced stability ([4], [13]). Adding to that,
the electromagnetic suspension system is inherently unstable and needs a control system which
forces stability by adjusting the electromagnetic current to maintain a desired target air gap.
The two main stability concerns have been studied in the past but often only for simplified
models and or separate from one another [7]. To make conclusions about the occurrence of

1



1.3. Research objective 2

instability phenomena and find potential measures to mitigate them, more realistic models are
required than currently available.

1.3. Research objective
The objective of this research is to delve into stability phenomena and vibrations within a
Hyperloop system under operational conditions. This is accomplished by employing a more
detailed model of the substructure, representing it as an infinitely long tubular shell on a
continuous visco-elastic foundation. The vehicle is characterized by a moving mass supported
by electromagnetic suspension. Two key stability phenomena are investigated: wave-induced
instability resulting from the moving load/mass problem and stability caused by the control
system of the electromagnetic suspension. The research employs analytical approaches wher-
ever feasible, supplemented by numerical methods where required. Essential information about
the structure and the system is drawn from the current technological state provided by the
company involved in this research project, Hardt Hyperloop. By modelling the system in this
manner, insights into the vehicle-structure interaction are gathered. By using the developed
model, the effects of various model parameters such as stiffness/damping coefficients and tube
dimensions can be explored to mitigate vibrations and potential stability concerns at opera-
tional velocities. Moreover, the shell model facilitates the examination of how circumferential
prestress, induced by the vacuum inside the tube, impacts the dynamic response of the system,
thereby advancing Hyperloop development. Further, the shell model allows the investigation
of how circumferential prestress, induced by the vacuum inside the tube, impacts the dynamic
response of the system. A successful analysis of the posed objectives will contribute to the pro-
gression of Hyperloop development, as it highlights yet unknown characteristics of the structure
and the structural model.

1.4. Research scope
Hyperloop systems are characterized by their technical complexity and since it is aimed to
operate at extreme conditions, the interplay of the single components is crucial for the oper-
ation of the system. Certain aspects of such a system have been extensively studied in the
past, especially the vehicle and electromagnetic force itself. This research, however, is predom-
inantly focused on the structural aspect of the system. The vehicle is modelled in a simplified
manner as a concentrated mass, neglecting the effects of aerodynamic forces. Recognizing the
tubular cross-section’s deviation from the Euler-Bernoulli beam theory due to its small radius-
to-span ratio, the study employs a shell analysis of the tubular cross-section for a more realistic
modelling approach. In contrast to the actual Hyperloop guideway, the vehicle is suspended
straight from the tube and not from an internal rail – only a one-layered model is analysed.
External factors such as thermal expansion, wind, and snow loads are not considered in this
research. On the other hand, the study includes the effects of the low-pressure environment on
the inside of the tube, the magnetic suspension, its nonlinear nature, along with the required
control system for levitation adjustments (PD controller). The track is assumed to be infinitely
long and straight, without turns, switches and out-of-plane motion of the pod.

1.4.1. Research Theory and Methods
The research project faces limitations in employing traditional large-scale experimental meth-
ods due to the absence of operational systems capable of achieving the high speeds crucial to
the thesis. Consequently, the study is solely based on the insights gathered from a computa-
tional model. Given the impracticality of a large-scale Finite Element Method (FEM) model,
a semi-analytical modelling approach is favoured, offering qualitative results to understand
the system’s dynamic behaviour. The modelling cycle involves building a model, whereby the



1.5. Research questions 3

guideway is expressed as a tube and analysed using the shell theory. To achieve the desired
outcomes, the process is split into two main parts. The first one focuses on building the guide-
way model and the second part looks mainly into the vehicle-structure interaction concerning
instability. In the first part, the guideway model is solved in the Fourier/Laplace domain to
obtain the Green’s function for a moving impulse load. Using this function allows computa-
tion of the linear response to any load by evaluating a convolution integral. Furthermore, this
section is supposed to expand the knowledge of tubular shells subject to moving loads and
how certain modelling decisions are affecting the steady-state response. The second part of
this thesis uses the Green’s function in combination with the linearised electromagnetic force
to quantify the stability of the system through an analysis of the eigenvalues. Thus properly
accounting for the interaction between the vehicle and the guideway. The results from that
analysis are verified by computing the non-linear response of the interaction using a numerical
solution routine. This gives also insights into potential limit-cycle vibrations of the system.

1.5. Research questions
Based on the research objective and scope the following set of research questions can be for-
mulated:

1. What is the influence on the system’s steady-state response when properly accounting for
the tube through a cylindrical shell compared to a classical Euler-Bernoulli beam?

• How is the critical velocity influenced by using the shell?
• To what extent do the structural characteristics influence the critical velocities and

consequently could be used in vibration reduction?
• How does the steady-state response change when the vacuum on the inside of the

tube is considered?
• Can a beam be used as a reduced-order or phenomenological model for the shell to

qualitatively predict the steady-state response?

Answering this research question is supposed to highlight the qualitative differences in-
herent to the shell model compared to a beam model. The variation in structural char-
acteristics can be studied based on the steady-state response of the shell. By trying to
define a beam model which is supposed to resemble the shells qualitatively, it is possible
to make the two different modelling methods more comparable and thus possible to spot
their differences. Further, this question is supposed to highlight the relevance of vibra-
tion suppression by adjusting the structural parameters of the guideway and highlights
the effects that the vacuum on the inside of the tube has. This aspect can solely be
studied in the shell model.

2. What is the influence on the system’s stability when properly accounting for the tube
through a cylindrical shell compared to a classical Euler-Bernoulli beam?

• To what extent do the structural characteristics influence the potential limit cycles
and vibrations under operational conditions?

By answering this second central research question it is aimed to generate more knowledge
on the dynamic stability of the shell and investigate how it diverges from the widely
studied beam theories.

1.6. Report Structure
This thesis report is divided into four main chapters: a literature review, a chapter dedicated
to deriving the equations which describe the structure, the analysis and interpretations of the
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guideway model, a chapter focusing on the derivation describing the electromagnetic force and
the instability of the system composed of the structure and the vehicle, and a final chapter
which analyses the results obtained from the vehicle-structure interaction and stability analysis.

The second chapter is the literature study conducted for this thesis and covers the funda-
mental concepts and the current state of research relevant to this study. It includes the basics
of the stability of systems, and the fundamentals of the dynamics of moving loads, emphasizing
the use of Fourier and Laplace transformations as well as wave propagation. One section is
dedicated to electromagnetic levitation, including control systems. Additionally, shell theory
is described, detailing the stress resultants on shell edges, circumferential discretisation, and
modeshapes of finite circular shells.

Chapter 3 describes the development and solution of the Hyperloop guideway model, exclud-
ing the vehicle suspended by the EMF. It starts by providing the assumptions and descriptions
underlying the guideway model, ensuring a clear understanding of the foundational aspects.
The solution method to obtain the time-domain response of the system is then described,
based on the formulation of governing equations in both space-time and Laplace-wavenumber
domains. The chapter discusses the dispersion relations for both free shells and shells on vis-
coelastic foundations. The chapter also focuses on the computational limitations of the selected
solution method, whereby an alternative method and further insights into computational cost
can be found in Appendix A. The final section of the chapter highlights the main findings ob-
tained from a steady-state response of the system. This includes the analysis of the influence
of several model properties as well as the consideration of the external pressure caused by the
low-pressure environment inside the tube. Furthermore, it was attempted to approximate the
behaviour of the cylindrical shell by tuning a beam model according to the dispersion relation
of the shell.

Chapter 4 focuses on extending the model from Chapter 3 to include the vehicle-structure
interaction through an EMF and conducting a stability analysis of the Hyperloop system.
It includes a derivation of the EMS in both non-linear and linearised formulations based on
[7]. The stability analysis is then addressed through the analysis of the eigenvalues of the
linearised system which can lead to either divergence (exponential growth) or Hopf bifurcation.
The unpressurised shell is compared to the one including the effects of the external pressure
and the adjusted beam model concerning the stability of their equilibrium point. Furthermore,
the chapter analyses the non-linear behaviour of the system to verify the stability of the linear
system as well as explore limit cycle vibrations.

The concluding chapter explains the relevance of this research to the posed problem and
presents a critical reflection on the research method and the results, focusing on answering
the main research questions. Finally, some recommendations and potential further steps are
proposed.



2
Literature review

2.1. Stability
The stability of equilibrium position(s) is expressed by its reaction to small perturbations. An
equilibrium point is considered stable when small perturbations in its vicinity will tend to zero
over time (attractive equilibrium point). In case of instability, this initial perturbation will
lead to growth over time. It is important to mention that perturbations need to be sufficiently
small to remain in the vicinity of the current equilibrium position and not jump to an adjacent
equilibrium point or diverge completely.

This concept can be explained by the example of one-dimensional systems given in [19]
(example 2.2.1). Hereby the stability of the equilibrium points is investigated for a simple
function of ẋ = x2 − 1. One has to imagine that fluid flows along a line with a local velocity,
whereby the fluid is called the phase fluid and the real axis is called the phase space. For
positive values of the function (positive velocities) the flow is to the right (positive axis) and
vice versa for negative velocities. The equilibrium or fixed point of the system can simply be
found by setting the function f(x) = x2 − 1 to zero. It is trivial that 0 = x2 − 1 results in two
equilibrium locations at x = ±1. The vector field as plotted in Figure 2.1 shows the nature of
the stability. For those locations where x2 − 1 < 0 the flow tends towards the left side and to
the right side where the value of the function is positive. It can be seen in Figure 2.1 that the
black equilibrium point on the left is indeed stable for small perturbations. The right point on
the other hand diverges from the equilibrium for even the smallest disturbance. This example
also shows that the definition of stability in this context is bound by small disturbances. In
case the perturbation from the fixed point at x = −1 brings the particle to the right of x = 1,
then the system can also become unstable and diverge to +∞. It can be classified as locally
stable but globally unstable [19].

Figure 2.1: Stability of fixed points; left point is stable and the right one unstable for small perturbations [19]

Another approach, rather than depending on graphical methods, involves assessing the

5
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vector field surrounding the equilibrium point. A stable equilibrium can be characterised by
the rate of decay that the perturbation experiences. This measure requires a linearisation
around the equilibrium position. As shown in section 2.4 of [19] a linearised system of the
shape η̇ ≈ η · f ′(xfix) is unstable when f ′(xfix) > 0 and stable if f ′(xfix) < 0. In that case,
perturbations either grow exponentially or decay over time. From this it can be concluded that
the slope around the equilibrium determines the nature of the stability and the magnitude of
that slope gives insights into the growth or decay rate of a perturbation. In case the derivative
is zero the higher-order terms cannot be neglected, hence a non-linear analysis is needed.

Trajectories for linear systems can be written in the general form:

x(t) = eλt · v (2.1)

whereby v is a determined vector. For a linear system of this shape, the following expression
holds:

Av = λv (2.2)

If this condition remains true, then v represents the eigenvector and λ the eigenvalue of
the matrix A. It follows from linear algebra that the eigenvectors are linearly independent
which allows the solution to a linear system to be expressed as a linear combination of its
eigenvectors.

In linear systems of higher order, the phase portrait can be expressed by its eigenvectors
and eigenvalues. If both eigenvalues in a two-dimensional system are negative, then the system
is stable. If both are positive then the system is unstable and if the eigenvalues have different
signs then the equilibrium node is a so-called saddle node. For that type of stability property,
the fixed point is unstable in case t → +∞ and stable if t → −∞.

In the presence of damping the eigenvalues are complex of the form λ = a + ib, where
Re(λ) = a and Im(λ) = b. In case a < 0 then the system is called an exponentially decaying
oscillator and considered stable. Then the phase plot shows a spiral that tends towards the
equilibrium as shown in Figure 2.2 (b). If the real part of the eigenvalue is positive then the
amplitude of the oscillation grows over time. In this case, the phase plot would be also a
spiral but in the opposite flow direction (away from the fixed point). For purely imaginary
eigenvalues (a = 0) the phase plane consists of concentric trajectories as shown in Figure 2.2
(a). [19]

Figure 2.2: Trajectories of complex-valued eigenvectors [19]

2.1.1. Bifurcation
To understand bifurcations, the basic scenario of one-dimensional systems can be revisited.
Bifurcations denote alterations in the system dynamics, such as the creation or destruction
of fixed points or changes in their nature of stability, are called bifurcations. A fundamental
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type of bifurcation is the saddle-node bifurcation, wherein fixed points are either formed or
eliminated due to the bifurcation process [19].

A simple example of such a bifurcation can be seen by the system ẋ = r+x2. The parameter
r can either be positive, negative or zero. In the case of a positive parameter, the system has
two fixed points, for r = 0 one solution can be found and for r > 0 no fixed point can be found.
If r approaches zero from below, the fixed points move towards each other and consequently
merge into one in case r=0 (see Figure 2.3). As the vector fields are qualitatively different for
positive and negative r makes the transition point at r=0 the bifurcation point of this problem
[19].

Figure 2.3: Example of saddle point bifurcation for one-dimensional systems [19]

Other cases of bifurcations for linear systems are transcritical bifurcation (bifurcation re-
sults in a change of stability) and pitchfork bifurcation (after bifurcation fixed points appear
in pairs were both are possible solutions) [19].

Making the transition to two-dimensional systems focuses not only on the nature of fixed
points but also on the extension of the behaviour of closed orbits which can also be generated
or destroyed at the bifurcation point. In this context an extension of the term bifurcation was
mentioned: ”If the phase portrait changes its topological structure as a parameter is varied, we
say that a bifurcation has occurred” ([19], chapter 8.0). Similar to one-dimensional systems, the
saddle-node, transcritical and pitchfork bifurcations can occur. While these types of instability
occur once the real-valued eigenvalues of the Jacobian matrix cross the imaginary axis, this is
not the case for Hopf bifurcations. In that case, the eigenvalues are complex conjugates and
cross the imaginary axis into the right half-plane simultaneously. If the real part is negative
and/or a complex conjugate the fixed point is stable. As for the other bifurcation types,
the Hopf bifurcation can occur as two types, namely the supercritical and subcritical Hopf
bifurcation. Hereby is the former characterised by an unstable spiral enclosed by a stable limit
cycle after the bifurcation (see Figure 2.4). In the case of a subcritical bifurcation, the system
is surrounded by a stable spiral enclosed by an unstable limit cycle. As the bifurcation point is
approached, the limit cycle shrinks to zero and the system becomes unstable. At this point, the
trajectories have to jump to a distant attractor which could be another limit cycle, fixed point
or potentially infinity. This sudden behaviour makes subcritical Hopf bifurcations especially
dangerous [19].

2.1.2. Limit cycles
A limit cycle is a closed trajectory where neighboring trajectories are either spiralling towards
or away from the limit cycle, but are never crossing the limit cycle. Limit cycles are classified
into stable, unstable and half-stable, whereby the former attracts all trajectories from within
and outside. In case this is not the case or only partially then the limit cycle is classified as
unstable or half-stable respectively (see Figure 2.4). Limit cycles can only occur in non-linear
systems, as the non-linear effects will limit the system’s oscillations. While the amplitude of
linear oscillations is only dependent on their initial perturbation, this is not the case for limit
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cycle oscillations, as they are determined by the structure of the system [19].

Figure 2.4: Different classifications of limit cycles [19]

2.2. Dynamics of moving loads
2.2.1. Fourier and Laplace transformation
In this section two important mathematical tools are used in solving vibration and wave prop-
agation problems. The Laplace- and Fourier transformations are used to transform a system
from the space-time domain into the frequency, wavenumber domain and vice versa when us-
ing their inverse form. By doing so it is possible to simplify partial differential equations into
ordinary differential equations or even algebraic equations. Both of the transformations are
based on the principle of linear superposition of harmonic waves, which renders it impossible
to capture any non-linear behaviour [2].

Fourier transformation
The Fourier transformation is based on the principle that any signal can be decomposed into
a sum of harmonic sinusoidal waves. If the transformation is applied to a function that is
dependent on a specific variable, it will be transformed in such a way that it will be dependent
on the reciprocal of the old variable. In the realm of signal processing, two primary types
emerge. The first involves employing Fourier transformation to convert a signal from the
time domain (t [s]) into the frequency domain (f [1/s]). Additionally, it can express spatial
coordinates (x [m]) in terms of the number of cycles per unit distance (k [1/m]), this number
is referred to as the wavenumber ([2], Chapter 4).

The analytical expression of the Fourier transformation applied over a space variable is
given by the following expression:

F (k, t) =

∫ +∞

−∞
f(x, t) · e−ikxdx (2.3)

Transforming the signal back into the space variable is possible by employing the inverse
Fourier transformation as expressed below:

f(x, t) =
1

2π

∫ +∞

−∞
F (k, t) · eikxdk (2.4)

Transforming an n-th order partial derivative for an arbitrary function can be done in the
following manner, starting with the first derivative and assuming the radiation condition of
f(x, t) → 0 for x → ∞:
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F ′(k, t) =

∫ +∞

−∞
f ′(x, t) · e−ikxdx =

[
f(x, t)e−ikx

]+∞

−∞
−
∫ +∞

−∞
(−ik)f(x, t) · e−ikxdx

= 0 + ik

∫ +∞

−∞
f(x, t) · e−ikxdx = ik · F (k, t) (2.5)

F ′′(k, t) =

∫ +∞

−∞
f ′′(x, t) · e−ikxdx = ik · F ′(k, t) = (ik)2 · F (k, t) = −k · F (k, t) (2.6)

...

F ,n(k, t) =

∫ +∞

−∞
f ,n(x, t) · e−ikxdx = (ik)n · F (k, t) (2.7)

Laplace transformation
This integral transform is similar to the Fourier transform but can also be used for causal
problems. This means that it can be applied for problems that are dependent on initial
conditions (transient problems) for both periodic and aperiodic signals; the Fourier transform
can only describe the steady-state of a signal. In contrast to the real-valued Fourier variable (ω
or k as mentioned above), the Laplace variable s = σ+ iΩ is complex which allows considering
not only the oscillatory part (eiΩt) but also the change in magnitude of a signal (eσt). The
constant variable σ also takes away the path of integration from the imaginary axis, ensuring
to capture also those roots with zero real part [2] (Chapter 5).

The analytical expression of the Laplace transformation applied over the time variable is
given by the following expression:

f̂(x, s) =

∫ +∞

0
f(x, t) · e−stds (2.8)

The inverse Laplace transformation can be obtained in the following manner:

f(x, t) =
1

2πi

∫ σ+∞

σ−∞
f̂(x, s) · estds (2.9)

The integration interval for this inverse Laplace transform spans the entire Laplace spec-
trum. However, if only a one-sided spectrum is available, the Sine and Cosine transforms, as
referenced in [2] (Chapter 5), can be employed. These transforms facilitate the conversion of
the signal back into the time domain when provided with the imaginary or real part of the
Fourier transformation, respectively. These integral transforms necessitate only a one-sided
spectrum and are applicable when the real part of s remains constant, hence possible to be
moved outside of the integral. For initial conditions of zero, the Sine transformation should be
utilized since that condition will be by default satisfied.

Applying the inverse Sine transformation to a function in the Laplace domain can be done
in the following manner:

f(x, t) = − 2

π
· eσt

∫ ∞

0
ℑ̂ [f(x, s)] · sin(ωt)dω (2.10)

The Laplace transform for a first and second-order derivative with respect to time, as it
is commonly used in mechanics, can be derived in the following manner by making use of
integration by parts and the assumption of zero initial conditions:
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˙̂
f(x, s) =

∫ +∞

0
ḟ(x, t) · e−stdt =

[
f(x, t)e−st

]+∞
0

−
∫ +∞

0
(−s)f(x, t) · e−stdt

= 0 + s · f(x, s) (2.11)
¨̂
f(x, s) =

∫ +∞

0
f̈(x, t) · e−stdt = s2 · f(x, s) (2.12)

2.2.2. Beam on continuous supports subject to a constant moving load
As this thesis considers a shell on a viscoelastic foundation, some initial understanding of
the wave mechanisms on a simpler element is required. Euler-Bernoulli beams on viscoelastic
foundations have been widely studied in the past ([3], [6], [7], [24]). In a moving load problem,
the system can experience resonance even though the load is not oscillating. This happens
when the load moves at the minimum phase velocity of waves in the guideway. In such a case
the displacement amplitude goes to infinity in an undamped system.

In [24] a beam subject to a moving load has been extensively studied. The equation of
motion for such a system reads:

EIu′′′′ + ρAü+ ksu = −Pδ(x− v0t) (2.13)

The primes denote derivatives of the displacement field u with respect to the spatial coordinate
x and the dots resemble derivatives with respect to time. EI signifies the bending stiffness,
ρA the distributed mass of the beam and ks the stiffness of the foundation. The force is in
this case a point load of magnitude P moving with a constant speed of v0.

The critical velocity of such a system is analytically known and is vcrit = β/γ, whereby
β = 4

√
ks/4EI and γ =

√
ρA/4EI [24]. The critical velocity divides the problem into two

domains; being the response at subcritical and supercritical velocities. The responses for a
steady-state case are shown in Fig. 2.5 (a) and (b) respectively. The former case is characterised
by a localised response and the latter response is dominated by a propagating wave field, with
the greatest displacement appearing behind the load.

(a) v0 < vcrit (b) v0 > vcrit

Figure 2.5: Steady-state response of an Euler Bernoulli beam on an elastic foundation subject to a constant
moving load [24]

In case a system is subject to a constant moving load, the system is always stable and
only subject to dynamic amplification due to resonance close to the critical velocity. In case
a moving mass is considered, which has a separate degree of freedom, then the load on the
beam is dependent on the interaction between structure and mass. In such a case the waves
generated at supercritical velocities can lead to negative energy feedback into the system and
an amplification of the vertical oscillations of the sprung mass. This mechanism is called wave-
induced instability and is caused by so-called anomalous Doppler waves. This kind of wave
can be characterised by its negative frequency and occurrence at supercritical velocities. While
normal Doppler waves extract energy from the system, anomalous Doppler waves feed energy
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back into the system. The stability is determined by the ratio of these two types of waves, i.e.
the energy propagation of the system ([24],[13]).

2.3. Electromagnetic Levitation
For this thesis project is important to understand the various types of magnetic suspension
systems, with the main focus on their operational principles and methods of quantification.
Notably, two main types of magnetic levitation systems were identified: Electromagnetic sus-
pension (EMS) and Electrodynamic suspension (EDS). It is not straightforward to say which
of the two systems is favourable, since each comes with its technological challenges and draw-
backs.

The EMS system offers technical simplicity and low energy consumption for vehicle sus-
pension, utilizing permanent attracting magnets on the vehicle and a ferromagnetic guideway
maintaining a small airspace (10− 20 mm). However, this system is inherently unstable, even
at low velocities, requiring an active control system to adjust the magnetic force corresponding
to the air gap when perturbations are applied. On the contrary, the EDS system employs re-
pulsive levitation, creating larger air gaps to mitigate infrastructure imperfections and ensure
stability by increasing the levitation force if the vehicle drops. Nonetheless, a major draw-
back of EDS is electromagnetic drag, complicating guideway construction and necessitating
magnetic shielding for the vehicle. Achieving a certain ”lift-off speed” for vehicle levitation
requires additional wheels at lower velocities. However, at higher speeds, electromagnetic drag
diminishes, making EDS cost-effective for high-speed operation. The ”Hardt Hyperloop” uti-
lizes EMS for attractive levitation and employs separate propulsion via a linear synchronous
motor. This choice is primarily motivated by lower construction costs and energy consumption
for levitation, as energy is only needed to adjust the magnetic force. To enhance safety in case
of power failure or loss of magnetic force, the ”Hardt” model incorporates a catching system
([9], [16]).

2.3.1. Control systems
As mentioned before, the EMS system is by default unstable in nature and therefore requires
an active control system to ensure the functioning of the system under operational conditions
(small perturbations). Two commonly used control systems are the proportional-derivative
(PD) and proportional-integral-derivative (PID) controllers. The latter represents hereby a
slightly more sophisticated version of the first one. In essence, both give feedback based on a
deviation from a target value. This error is computed at the beginning of the feedback loop,
by subtracting the measured value from the target value. Afterwards, a correction term is
determined based on a linear combination of the components used in the control system. In
the case of a PD controller, there are two terms and for PID there is one extra term present as
shown in Figure 2.6. Aside from the additional integral algorithm used in the PID controller,
the two types are identical in their structure. The control gains for each of the terms represent
a weighting function that is used in the linear combination of the components and results in
the control variable. Each of the control variables has a specific function and can remove a
certain type of error.

The proportional controller (P) adjusts the signal proportional to the error, which works if
the error is within a certain threshold. In case the error is too large, the controller overshoots
the signal due to the delay of the system; the controller loses stability.

The derivative controller (D) computes the rate of change of the error and counters over-
shooting and oscillatory behaviour of the control system. This controller is very sensitive to
noise in the signal as it amplifies the noise, resulting in instability of the system.

The integral controller (I) computes a constant error over time which allows to removal
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of steady-state errors – an error that cannot fully be removed due to the system limitations
is called a steady-state error. The integration over time makes it insensitive to noise which
improves the performance of such systems [25]. 1

Figure 2.6: Flow chart of PID controller feedback loop [25]

2.3.2. Electromagnetic force
The expression to describe the electromagnetic force was found in the literature and uses a PD
control system to regulate the electric current, thus maintaining stability. The equation mainly
depends on the air gap, the cross-section area, the electrical current and other parameters of
the electromagnet ([7], [8], [16]). The time-dependent electromagnetic force can be described
by the following expressions:

FEMS(t) = C

(
I

∆

)2

(2.14)

C =
µ0N

2Am

4

İ =
∆

2C

(
U − IR+ 2C

I

∆2
∆̇

)
(2.15)

U = Kp (∆−∆ss) +Kd∆̇ + U ss (2.16)

where F resembles the electromagnetic force (lift) needed to suspend the vehicle from the
guideway with a target air gap. This force depends on the air gap ∆ = w0 − u, the current
intensity I and the properties of the magnet, which are represented by the constant C. This
coefficient is composed of the vacuum permeability µ0, the number of turns used in the elec-
tromagnetic coil N and the area of the electromagnet pole Am. The dots over the coefficients
represent derivatives with respect to time. R is the resistance of the circuit and U represents
the voltage which is regulated through the control system, whereby the coefficients Kp and
Kd represent the feedback gains for the proportional and derivative control components used
in a PD controller. Note that this expression varies depending on the control system used

1The proportional and derivative controller can be interpreted as a spring and dashpot respectively, whereby
an increase in the control parameters has a similar effect as an increase in the stiffness and damping constant.
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in the model. The error which is supposed to be minimised by the control system is defined
by subtracting the air gap ∆ from the desired air gap ∆ss (ss stands for steady-state). The
voltage that leads to the desired air gap in an equilibrium state is represented by the coefficient
U ss ([7], [8], [16]).

2.4. Shell theory
Shell theory can be seen as an extension of plate theories, aiming to simplify once again a
three-dimensional continuum into a two-dimensional domain. This approach is particularly
applicable when the cross-sectional size or thickness is significantly smaller compared to other
dimensions such as radius or length. Unlike plate and beam theories, shell theory acknowl-
edges that shell curvature prevents the uncoupling of in-plane displacement (membrane action)
from out-of-plane displacements (plate action). In the case of thin shells, certain assumptions
are commonly made. The Kirchhoff hypothesis, for example, assumes that the cross-section
(thickness direction for plates and shells) remains orthogonal to the mid-surface, enabling the
expression of element behaviour at the mid-surface with linear variation in the thickness di-
rection. Another common assumption for thin shells involves neglecting out-of-plane shear
deformation ([10], Chapter 7).

The membrane shell theory is often considered the simplest shell theory and is typically
applied to thin shells subjected to distributed loads such as gravity, snow, wind, or pressure.
This theory assumes that the shell, due to its thin cross-section, cannot provide significant
resistance to bending deformation and thus only considers membrane forces (in-plane forces).
However, in the case of a Hyperloop guideway loaded by a ’point load’, significant bending
deformation occurs, limiting the applicability of the membrane shell theory.

Based on the classical shell theory (Kirchhoff-Love shell theory) the theories for cylindrical
shells were derived by adjusting the geometrical properties accordingly (R1 = R, R2 = ∞)
[10], [11]. The most common ones used are the Donnell-Mushtari shell theory (DM shell
theory), the Sanders-Koiter shell theory and the Flügge shell theory. The DM shell theory
resembles the most elementary one as it neglects the effect of the tangential displacement for
the midsurface changes in curvature [11]. The Flügge shell theory, on the other hand, is the
most complex of the three. It is important to note that there exist various shell theories for
both general cases which can be modified to be used for cylindrical shells. A selection of the
various theories is summarised in Chapter 1 of [11] (thin shell theories) whereby their difference
lies in the assumptions that are made throughout the derivation process, such as negligence of
the coupling through curvature in some terms or overall different definitions of curvature and
geometry.

In a study comparing the accuracy of different shell theories, documented in [20], the
difference between the Flügge and Sanders shell theory was found to be almost negligible.
However, the DM shell theory deviates substantially from the other two when applied to low
wavenumbers and long tubes.

The governing equation for the Flügge shell theory for cylindrical shells subject to an
arbitrary load is shown below in Eqs. (2.17) - (2.19) (formulation obtained from [10] Eqs.
(7.33)-(7.38), (7.40)). The expressions below have been modified by substituting the variable
s = x/R into the version used by A. Leissa [10]. The tree equations represent a system
of coupled partial differential equations whereby R resembles the radius of the tube, ν the
Poisson’s ratio, E the Young’s Modulus and h the thickness of the shell. Cylindrical coordinates
θ, r and x are used to describe the displacement field u⃗ = [u, v, w]T oriented as shown in Figure
2.7.
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[
R2 ∂2

∂x2
+

(1− ν)

2

∂2

∂θ2
− ρ

(1− ν2)R2

E

∂2

∂t2
+ κ

(1− ν)

2

∂2

∂θ2

]
u(x, θ, t)+ (2.17)[

(1 + ν)R

2

∂2

∂x∂θ

]
v(x, θ, t)+[

Rν
∂

∂x
+ κ

(
−R3 ∂3

∂x3
+

(1− ν)R

2

∂3

∂x∂θ2

)]
w(x, θ, t) = 0

[
(1 + ν)R

2

∂2

∂x∂θ

]
u(x, θ, t)+ (2.18)[

R2 (1− ν)

2

∂2

∂x2
+

∂2

∂θ2
− ρ

(1− ν2)R2

E

∂2

∂t2
+ κ

3R2 (1− ν)

2

∂2

∂x2

]
v(x, θ, t)+[

∂

∂θ
− κ

R2(3− ν)

2

∂3

∂x2∂θ

]
w(x, θ, t) = 0

[
Rν

∂

∂x
+ κ

(
−R3 ∂3

∂x3
+

(1− ν)R

2

∂3

∂x∂θ2

)]
u(x, θ, t)+ (2.19)[

∂

∂θ
− κ

R2(3− ν)

2

∂3

∂x2∂θ

]
v(x, θ, t)+[

1 + κ

(
R4 ∂4

∂x4
+ 2R2 ∂4

∂x2∂θ2
+

∂4

∂θ4

)
+ ρ

(1− ν2)R2

E

∂2

∂t2
+ κ

(
1 + 2

∂2

∂θ2

)]
w(x, θ, t) = 0

with κ = h2

12·R2 .

The coefficient κ represents the terms associated with the bending deformation of the shell.
This can be confirmed by considering that the plate membrane stiffness Eh/(1−ν2) yields the
plate bending stiffness D = Eh3/12(1 − ν2) when multiplied by h2/12.2 Consequently, it can
be inferred that the shell theory equals the membrane theory when κ is set to zero [10].

Figure 2.7: Coordinate system of closed cylindrical shell according to [10]

In [30] the stability of a shell was analysed, employing the Flügge shell theory as mentioned
above. The model described in the paper considered the case of a moving oscillator which is
running through a tubular shell embedded in an elastic half-space. In the paper, an indirect
boundary element method (BEM) was applied to express the tube embedded in a soil layer
through an equivalent elastic spring. The spring constant is dependent on the velocity and
frequency of the object. To obtain this information, the Green’s function for both the tube

2The membrane and plate bending stiffness are not present in this form since A. Leissa multiplies reformulated
the equations which can be seen by the inertia term, which is ρhẅ in the original form
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and the soil was computed, whereby the tube was solved by using a Fourier expansion in the
circumferential direction and a Fourier transformation in both the space and time domains. It
was noted in the paper that the instability is generally reached if the roots of the system cross
the imaginary axis (positive real part, see Sec. 2.1.1). In this specific case it was found that
at the onset of stability, the equivalent stiffness will reach a negative value, thus destabilising
the system for small perturbations. To analyse the roots the D-decomposition was used over
the parameters to find the stability regimes. In the paper, it was mentioned that only low-
frequency vibrations of the oscillator are critical with respect to instability. On the other hand,
high-frequency oscillations have stabilising effects on the system. This is due to the nature
of anomalous Doppler waves. These waves are actively feeding energy back into the system,
and are characterised by their negative frequency. Due to the oscillations of the object, the
kinematic invariant shifts upward in the dispersion graph, making it more difficult to excite
waves with negative frequencies. The absence of anomalous Doppler waves ensures the stability
of a moving mass, rendering the system generally stable for ”high-frequency” oscillations of
the object. The paper highlighted that an increase in the system stiffness and damping makes
it less susceptible to instability. An increase in soil damping, on the other hand, proved to
have negative effects in some instances.

Another paper ([17]) investigated the dynamic stability of a tubular shell under the influence
of a moving radial load. In that study, the elementary Donnell-Mushtari shell theory was used.
The choice of this shell theory in combination with the axisymmetric load case enabled the
elimination of the θ dependency altogether, significantly simplifying the governing equations.
The study’s novelty lies in examining the impact of periodically placed stiffeners along the shell
on system stability. To facilitate the analysis of varying stiffness, a Finite Element Method
(FEM) formulation was established. It was found in the study that periodic stiffeners are
beneficial for stability as fewer zones of instability were found at subcritical velocities, compared
to the uniform shell which was unstable for any velocity larger than the critical one (the speed
of moving load is equal to the minimum wave speed of the system).

2.4.1. Stress resultants on a shell edge
To solve any differential equation, boundary and/or initial conditions need to be defined. In
the case of mechanical systems, there are two main types of boundary conditions, the first
one being kinematic boundary conditions, which give information about kinematic quantities
(e.g., displacement, slope, etc.). The second type are Neumann boundary conditions, which are
expressed in terms of stress resultants. For one-dimensional theories, such as the beam theory,
the formulation of stress resultants which are then used in Neumann boundary conditions
can be straightforward. For plates and shells, on the other hand, multiple factors play a
role in formulating the stress resultants on the surface edges, such as the coupling between
displacement fields through the Poisson’s ratio.

For shell theories, there is an additional coupling between the membrane and bending forces
(in and out-of-plane motion) through the curvature of the element itself. In [20] the equations
were formulated for orthotropic carbon nanotubes comparing several thin shell theories, in-
cluding the Flügge shell theory formulation. The derivation of the constitutive relation is also
shown in [10], [11] and [23]. In the reviewed literature, the formulations were lacking trans-
parency in the used shell theories, coordinate orientation and assumptions made throughout
the modelling process. It was also found that supposedly equivalent theories seemed to not
align in their expressions. For this reason, this thesis uses the expressions as shown in [11] and
[21] as a reference.

The formulation of the curvatures varies between the different shell formulations as shown
in [26], changing the stress formulations. In the following context, the constitutive relations are
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going to be derived according to [11], starting from the strain on a shell edge and using linear
elastic isotropic material and the plane stress assumption (see Eq. (2.23)) to relate strains to
the stresses.

The strains in thin shells vary linearly according to the Love-Kirchhoff assumption, while
out-of-plane shear deformation is neglected. However, in the Flügge formulation, displacement
induces changes in curvature, necessitating its consideration in the formulation of stresses at
the boundaries.

The strain consists of two components: a constant strain in the middle surface (membrane
case) and a linear variation with thickness (shell bending case), dependent on the curvature
and twist of the deformed shell. Notably, in the absence of curvature, the formulations would
resemble those of plates. The strain expressions consistent with Flugge’s thin shell theory for
cylindrical shells are shown in Eqs. (2.20) - (2.22) below. Hereby εx represents the strain in
the axial direction (along the tube), εθ the strain in the circumferential direction (around the
perimeter) and γxθ the in-plane shear strain. The variable z indicates the distance perpendicu-
lar to the mid surface and runs therefore from −h/2 to +h/2, where h represents the thickness
of the shell element. In thin shell theories, the strains vary linearly with an increase of |z|.

εx =
1

R

∂

∂x
u(x, θ)− z

R2

(
∂2

∂x2
w(x, θ)

)
(2.20)

εθ =
1

R (R+ z)

(
−z

(
∂2

∂θ2
w(x, θ)

)
+ (R+ z)

(
∂

∂θ
v(x, θ)

)
+ w(x, θ)R

)
(2.21)

γxθ =
1

R2 (R+ z)

((
−2Rz − z2

)( ∂2

∂θ∂x
w(x, θ)

)
+ (R+ z)2

(
∂

∂x
v(x, θ)

)
(2.22)

+

(
∂

∂θ
u(x, θ)

)
R2

)
According to the shell equations the stresses can be computed in the following manner,

based on the material model (linear elastic, isotropic and plane stress; see Eq. (2.23)). σx
σθ
σxθ

 = [C]

 εx
εθ
γxθ

 =
E

1− ν2

1 ν 0
ν 1 0
0 0 (1− ν)/2

 εx
εθ
γxθ

 (2.23)

Figure 2.8: Stress resultants on edges of a cylindrical shell element. The y coordinate shown in the Figure is
equivalent to theta used in the formulations above [23]

From the formulation, it can be seen that the stress in the axial and circumferential direction
is not dependent on the shear deformation. The stress resultants on a cylindrical shell edge
can now be obtained through an integration over the thickness of the element.
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Nx =

∫ h/2

−h/2
σx

(
1 +

z

R

)
dz (2.24)

Nxθ =

∫ h/2

−h/2
σxθ

(
1 +

z

R

)
dz (2.25)

Mx =

∫ h/2

−h/2
σx

(
z +

z2

R

)
dz (2.26)

Mθ =

∫ h/2

−h/2
σθ

(
z +

z2

R

)
dz (2.27)

Mxθ =

∫ h/2

−h/2
σxθ

(
z +

z2

R

)
dz (2.28)

The out-of-plane shear force Qx can be computed based on an equilibrium equation [23].

∂Mx

∂x
+

1

R

∂Mxθ

∂θ
−Qx = 0 (2.29)

2.4.2. Circumferential modal expansion
To reduce the computational complexity and facilitate analytical or semi-analytical solutions,
a discretisation technique in the circumferential direction can be employed. This method has
been effectively utilized in various studies, including [18], [22] and [26], particularly in an-
alyzing the dynamic behaviour of cylindrical shells. In these investigations, the cylindrical
cross-section was represented using a truncated Fourier expansion, incorporating a finite num-
ber of circumferential wavenumbers. Although Finite Element discretisation along the pipe
was adopted (commonly referred to as the semi-analytical Finite Element approach; SAFE),
the discretisation technique utilizing a linear combination of harmonics is equally suitable for
analytical or semi-analytical formulations. The Fourier expansion facilitates the representation
of circumferential/cross-sectional behaviour through a series of harmonics, each multiplied by
space and time-dependent coefficients. This formulation, as seen in equations derived from
[18] and [26], involves the inclusion of Nh harmonics, where increasing this number enhances
the accuracy of the model, analogous to refining the mesh in Finite Element analysis. To get
an exact solution Nh would have to approach infinity but computational limitations require a
truncation even after a few harmonics.

Notably, harmonics with n > 1 are indispensable for accurately capturing cross-sectional
behaviour, their necessity contingent upon factors such as boundary conditions, dimensions,
and applied load configurations. The adequacy of the selected number of modes varies accord-
ingly to ensure the desired level of precision in the analysis. The formulation shown in Eq.
(2.30) below shows the full form of the circumferential modal expansion. In this form, u repre-
sents the axial motion, v is the tangential motion and w is the radial motion of a shell element
according to the definition shown in Figure 2.7. Nh represents the highest circumferential
mode that is included in the Fourier expansion; all modes from 0 to Nh are considered in the
analysis. The subscript 0 indicates the wave amplitudes corresponding to the circumferential
mode n = 0. Analogous the subscript n indicates the wave amplitude corresponding to the
”n-th” mode shape. The symbols c and s mark the amplitudes for the cosine and sine terms
respectively.
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u(x, θ, t) = u0(x, t) +

Nh∑
n=1

uc,n(x, t) cos(nθ) + us,n(x, t) sin(nθ) (2.30)

v(x, θ, t) = v0(x, t) +

Nh∑
n=1

vc,n(x, t) cos(nθ) + vs,n(x, t) sin(nθ)

w(x, θ, t) = w0(x, t) +

Nh∑
n=1

wc,n(x, t) cos(nθ) + ws,n(x, t) sin(nθ)

2.4.3. Modeshapes of finite circular shells
Similar to rectangular plates, circular shell vibration modes are characterized by two distinct
wavenumbers, corresponding to each coordinate direction. In the case of circular shells, a dis-
tinction is often made between shell modes (circumferential modes) and beam modes (longitudi-
nal modes) [10]. The latter is termed as such because they exhibit similarities to modeshapes
derived for one-dimensional (1D) elements. As depicted in Figure 2.9, the circumferential
mode n = 0 resembles a ”breathing” motion, signifying constant expansion or contraction of
the cross-section and no variation in θ direction. Modes with n = 2 and higher denote the
number of complete sine/cosine waves within one revolution, resulting in symmetric modes for
even circumferential wave numbers and anti-symmetric modes for odd ones. Notably, special
attention should be given to modeshape n = 1, which closely resembles a modeshape one would
obtain for a beam element. This mode exhibits no cross-section deformation but rather pure
translation. Figure 2.9 illustrates various shell vibration modes, showcasing the diversity of
behaviour exhibited by circular shells under dynamic loading conditions.

Figure 2.9: Shell vibration modes for a closed finite cylindrical shell [10]



3
Modelling of the Hyperloop Guideway

3.1. Description of the Model and solution method
In the course of the literature review, it was discovered that the dynamics of moving loads on
tubular shells have not been extensively studied in the past. This study introduces novelty by
transitioning from the well-established one-dimensional beam theories to the more sophisticated
shell theory. The model consists of an infinitely long tubular shell supported by a continuous
viscoelastic foundation along the bottom of the tube. The properties of this foundation are
adjusted to mimic the characteristics of a discretely supported system by distributing the
stiffness uniformly along each tubular element. Even though it is known that the results
would be different both qualitatively and quantitatively between the continuous and discretely
supported system [6], the limited scope of this thesis allows only an analysis of the former case.

The structure is subjected to a single lumped mass moving at a constant speed v0, connected
to the structure via an attracting electromagnetic force. This section derives the equations for
an arbitrary force and subsequently analyzes the steady-state response of the system under a
constant load, neglecting the interaction between the vehicle and the guideway. The effects
of the suspended mass, including the electromagnetic force, are examined in Chapter 4. The
model does not account for aerodynamic forces on the vehicle but does consider the impact of
the pressure difference between the inside and outside of the tube on the structural dynamics.
Other external factors, such as thermal expansion, wind, and snow loads, are not considered
in this research.

Figure 3.1 provides an overview of the structural scheme. The governing equations, based
on the Flügge shell theory for cylindrical shells, as introduced in Section 2.4 are adjusted to
resemble the posed problem and can be seen in Section 3.2.

Figure 3.1: Overview of the problem analysed in this thesis
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This section is dedicated to obtaining the steady-state response of the system. Given the
need to analyze dynamic stability while properly accounting for vehicle-structure interaction,
it is helpful to derive the Green’s function for the system. Therefore, this section also outlines
the steps necessary to obtain the Green’s function.

The formulations for the shell theory are mathematically two-dimensional in space and
dependent on time. To solve these equations analytically, a Fourier expansion in the circum-
ferential direction is employed to express the cross-sectional variation of the displacement as
a superposition of circumferential modes. Subsequently, the system is transformed into the
Laplace-wavenumber domain, where it can be solved for a moving unit impulse load, thereby
obtaining the Green’s function of the system. The corresponding Green’s function in the
space-time domain is computed by numerically applying the inverse Laplace transformation.

Solving the system in this manner allows determination of the response to an arbitrary
force through the convolution integral of the Green’s function with the force. This method
relies on the superposition principle, assuming the linearity of the guideway. It is important to
note that despite the linearity assumption for the guideway, the non-linear interaction between
the vehicle and the structure can still be captured through the time dependency of the vehicle
and the beam. Consequently, the interaction force is both time- and state-dependent. More
details about the interaction can be found in Chapter 4.3.

3.2. Governing equations in the space-time domain
The equations of motion according to the Flügge shell theory for an arbitrary load can be found
in Section 2.4. For moving load problems it is advantageous to introduce the moving reference
frame at the location of the moving load under the assumptions ξ = x − V0t, τ = t. It has
to be mentioned that the introduction of the new variables will introduce extra terms in the
equation of motion due to the dependency of ξ on time. The following equations (Eqs. (3.1)
-(3.3)) describe the displacement field of the shell in the moving reference system subject to an
arbitrary moving point load as shown in Figure 3.1.

[
R2 ∂2

∂ξ2
+

(1− ν)

2

∂2

∂θ2
− ρhΛ

(
∂2

∂τ2
− 2 · V0

∂2

∂ξ∂τ
+ V 2

0

∂2

∂ξ2

)
+ κ

(1− ν)

2

∂2

∂θ2

]
u(ξ, θ, τ)+

(3.1)[
(1 + ν)R

2

∂2

∂ξ∂θ

]
v(ξ, θ, τ)+[

Rν
∂

∂ξ
+ κ

(
−R3 ∂3

∂ξ3
+

(1− ν)R

2

∂3

∂ξ∂θ2

)]
w(ξ, θ, τ) = 0

[
(1 + ν)R

2

∂2

∂ξ∂θ

]
u(ξ, θ, τ)+ (3.2)[

R2 (1− ν)

2

∂2

∂ξ2
+

∂2

∂θ2
− ρhΛ

(
∂2

∂τ2
− 2 · V0

∂2

∂ξ∂τ
+ V 2

0

∂2

∂ξ2

)
+ κ

3R2 (1− ν)

2

∂2

∂ξ2

]
v(ξ, θ, τ)+[

∂

∂θ
− κ

R2(3− ν)

2

∂3

∂ξ2∂θ

]
w(ξ, θ, τ) = 0
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[
Rν

∂

∂ξ
+ κ

(
−R3 ∂3

∂ξ3
+

(1− ν)R

2

∂3

∂ξ∂θ2

)]
u(ξ, θ, τ)+ (3.3)[

∂

∂θ
− κ

R2(3− ν)

2

∂3

∂ξ2∂θ

]
v(ξ, θ, τ)+[

1 + κ

(
R4 ∂4

∂ξ4
+ 2R2 ∂4

∂ξ2∂θ2
+

∂4

∂θ4

)
+ ρhΛ

(
∂2

∂τ2
− 2 · V0

∂2

∂ξ∂τ
+ V 2

0

∂2

∂ξ2

)
+

κ

(
1 + 2

∂2

∂θ2

)
+

(
ks + cs

(
∂

∂τ
− V0

∂

∂ξ

))
δ(θ − π)Λ

]
w(ξ, θ, τ) = −Fw(τ) δ(ξ)δ(θ)Λ

with κ = h2

12·R2 and Λ =
R2(1−ν2)

Eh

The coefficient Λ resembles a factor that Leissa A. used to simplify the form of the equations
to the one presented in [10] and [11]. This needs to be taken into account whenever additional
terms such as external forces or foundation terms are added to the equations. In alternative
formulation as shown in [21] (Eqs. 2.3a-2.3c), this is not the case.

This problem will be solved by employing wavenumber integration, thus no interface con-
ditions have to be used. In case the alternative solution method was to be used which uses the
roots/poles of the system to assemble the displacement field as a summation of finite harmonics,
see the derivation shown in Appendix A. This method was not used since it posed significant
problems concerning computational expense, since the present root solver algorithms are inef-
ficient to be utilised for the present system configuration. To derive the dispersion relation,
the system is analysed without imposing any boundary or interface condition.

3.2.1. Circumferential projection
To remove the dependency on the circumferential direction, each of the equations can be pro-
jected on a finite set of circumferential harmonics. Substituting the Fourier series as indicated
in Eq. (2.30) into the governing equations Eqs. (3.1) - (3.3), multiplying with a specific
harmonic and integrating over the length of the modeshape (the circumference in this case)
projects the equations onto the harmonic it was multiplied with. This effectively ”filters” out
the terms containing one specific term by using the following properties of the sine and cosine
waves. This process will be referred to as ”projection” in the remainder of the thesis.∫ 2π

0
sin(nθ) · sin(mθ) dθ =

{
π, n = m

0, n ̸= m
(3.4)

In principle, this method is modal superposition whereby the modes are decoupled through
their orthogonality. In the case of an infinite shell, modes are only present in the circumfer-
ential direction; along the shell, waves are described as waves per unit length i.e. through
wavenumbers.

The combination of even and uneven order derivatives with respect to θ in the Eqs. (3.1)
- (3.3) make it impossible to decouple the cosine and sine terms for the circumferential modes
with n > 0. This means that any system that uses this shell theory is inherently partially
coupled. In this case, partially coupled means coupled within one projection. In other words,
the solution obtained from the projected terms onto mode n is independent of the one obtained
from mode m and can simply be superimposed based on Eq. (2.30).

Foundation and forcing term
The additional term describing the viscoelastic foundation in the EOMs is composed of two
parts one dedicated to the spring and another one to the damping of the foundation. The
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foundation is coupled with the displacement of the shell at a specific location, in this case at
the bottom of the tube along the whole length (see Fig. 3.1). Eq. (3.5) shows exemplary
the projection for the elastic part of the foundation term. Note that the projection requires
a division over the interval, which is 2π for the constant terms and π for the trigonometric
function. In the expression, the Dirac-delta function is used to evaluate the displacement at
the desired location, which inevitably couples all of the circumferential modes due to its sifting
property 1. Consequently, the system matrix will not be diagonal as cross-coupling terms
between the various modes will appear in the off-diagonal parts of the matrix. Therefore, the
whole system has to be solved at once to obtain the wave amplitudes and not per mode as
it would be possible in conventional modal superposition. The coupled system is of the size
3(1+2Nh), representing all the terms introduced by the Fourier expansion shown in Eq. (2.30).

1

π

∫ 2π

0
(ks · wn · cos(nθ)δ(θ − π)) cos(mθ)dθ =

1

2π
ks · wn · cos(nπ) cos(mπ) (3.5)

In the present problem configuration, the load is applied at θ = 0 and the foundation at
θ = π. This means that the sign for the external force remains unchanged when projected onto
the various circumferential modes since cos(nθ) evaluated at θ = 0 will be one regardless of
the mode. For the foundation term, on the other hand, this is no longer the case as cos(nπ)
is negative when n is odd and positive when even. Eq. (3.5) shows that the signs in the term
change based on combinations of n and m. If one is odd and the other one even the resulting
term will be negative. In case both are even or odd, the term has a positive sign.

Symmetric response
To reduce the size of the system matrix the symmetry of the structure with respect to loading
as well as the geometrical properties, can be used since symmetric loads on symmetric systems
can only excite symmetric responses. This knowledge about the structural response allows a
simplification of the Fourier expansion form Eq. (2.30) to the purely symmetric response as
indicated in Eq. (3.6) assuming the origin of the θ coordinate is on the top or bottom of the
tube.

The case n = 0, is a special one since the tangential displacement component with the
wave v0 describes a purely torsional motion of the shell. Such a motion cannot be excited by
the loading configuration of this problem and can therefore be excluded in the circumferential
expansion right away. The size of the coupled system can now be reduced from 3 + 6Nh to
2 + 3Nh, since all the sine terms and v0 drop out.

u(ξ, θ, τ) = u0(ξ, τ) +

Nh∑
n=0

uc,n(ξ, τ) cos(nθ) (3.6)

v(ξ, θ, τ) =

Nh∑
n=0

vs,n(ξ, τ) sin(nθ)

w(ξ, θ, τ) = w0(ξ, τ) +

Nh∑
n=0

wc,n(ξ, τ) cos(nθ)

1It is worth mentioning that in case a uniformly distributed spring foundation would be used, (ex. tube
embedded in homogeneous soil) the system could be partially decoupled – the system could be solved in the
same way as a free shell –, as the foundation term only appears in the projection onto the circumferential mode
n = 0. An embedded tunnel would be an example of such a case.
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In any case, the projection onto the circumferential modes removes the θ dependency but
on the other hand, leads to a growth of the system matrix, one set of governing equations for
each harmonic considered in the modal expansion (Nh). Due to the reduction in computational
cost, the assumption of symmetry as mentioned above will be used in further context. This
also means that the model created in the course of this thesis is only applicable for symmetric
loading and boundary conditions (symmetry around the axis running through θ = 0 and θ = π).
The presented methods are applicable, irrespective of the assumption of symmetry.

The projection of the EOM onto an arbitrary mode n obtained by 1/2π
∫ 2π
0 EOMu,wdθ,

1/π
∫ 2π
0 EOMu,w · cos(nθ)dθ and 1/π

∫ 2π
0 EOMv · sin(nθ)dθ. This operation will lead to the

following set of equations, whereby the subscript c stands for the amplitude of the waves with
the cosine and s for the ones with the sine terms. In the last EOM (Eq. (3.9)) it can be seen
that the foundation introduces a coupling among all the circumferential modes.
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The modal force Fw,n in Eq. 3.9 includes the factor 1/2π if projected on n = 0 or 1/π if
projected on n > 0.
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3.3. Governing equations in the Laplace-wavenumber domain
The partial differential equations can be transformed into a set of algebraic equations by trans-
forming the governing equations from the space-time domain into the Laplace– wavenumber
domain. In this case, the Fourier transformation is applied over space and the Laplace trans-
formation over time to include the effects of initial conditions. Commonly used is the following
expression below, whereby f̄ denotes an arbitrary function, k resembles the wavenumber and
s = σ + iω is the complex Laplace variable.

ˆ̄F (k, s) =

∫ +∞

−∞

∫ +∞

0
f̄(ξ, τ) · e−ikξ · esτdτdξ (3.10)

After substituting the above expression into the Eqs. (3.7) - (3.9) following the to procedure
shown in Section 2.2.1. The equations below resemble the EOMs projected onto a harmonic
n in the Laplace - wavenumber domain. By following this procedure, the partial differential
equations were transformed into algebraic equations, whereby both k and s resemble running
variables for the wavenumbers and frequency/Laplace variable respectively
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Ŵcj(−1)m+n = −F̂w,nΛ

3.4. Dispersion relation and shell modes
3.4.1. Dispersion relation for a free shell — uncoupled case
The purpose of this section is to explore the dynamic behaviour of the shell more thoroughly.
To start off, the cylindrical shell itself will be analysed, neglecting the viscoelastic foundation,
which allow to partially decouple the system and thus analyse each circumferential mode
individually. The structure analysed in this thesis is only finite in its circumference which is
why along the tubular shell modes cannot be defined as such, but rather expressed through
wavenumbers. In other words, the wavenumbers m as shown in Figure 2.9, are not integers
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representing the number of full waves in the system but expressed through the wavenumber k,
resembling the number of full waves per unit length.

The dispersion relation is a key tool in analysing the nature of the waves present in the
system. In an elastic mechanical system, it represents the relation between frequency and wave-
number, describing what frequency and wavenumber/ wavelength a wave in the system may
have; in other words, which waves can exist in the system. The dispersion relation describes
the property of the system itself and is independent of the load and other boundary conditions,
thus F̂w,n = 0 in Eq. (3.13). This means that the moving reference frame as introduced in
section 3.2, has to be omitted and a static reference frame introduced (substituting v0 = 0 into
the EOM). The dispersion relation can be obtained by applying the Fourier transformation
over space and time or assuming a harmonic wave in space and time by substituting the fol-
lowing expression for an arbitrary wave w̄(x, t) into the EOM which have been projected onto
a circumferential harmonic (Eqs. (3.1) - (3.3)):

w̄(x, t) = ˆ̄W · ei(ωt−kx) (3.14)

In this equation ˆ̄W represents an arbitrary wave amplitude and ω and k the frequency and
wavenumber respectively. The result is equal to the Eqs. (3.11) - (3.13) If the foundation term
is removed from the equations, the velocity is set to zero and iω substituted for the Laplace
variable s. To solve for the wavenumbers of the system, the roots have to be determined by
setting the determinant of the system matrix to zero. When assuming symmetry, a polynomial
of eighth order is obtained, leading to eight wavenumbers per frequency (six for n = 0). The
dispersion relation ∆ reads:

∆n(ω, k) = det ([Mn(ω, k)]) = 0 (3.15)
In the expression above, the matrix M represents the systems matrix in frequency– wave-

number domain projected onto the circumferential mode n. Computing the wavenumber k
based on an input frequency ω, or vice versa results in the dispersion relation ∆. The roots
can only be determined by using numerical root solvers, consequently, no analytical expression
for the dispersion relation can be obtained.

The dispersion curves for the first three circumferential modes are presented in Figure 3.2.
The dispersion graphs for the modes n = 3 to n = 6 can be seen in Appendix C. Hereby,
only the positive frequencies are shown as the dispersion graph would be symmetric around
the x-axis in case of low damping. On the x-axis, there are the absolute values of the real
and imaginary parts of the wavenumber plotted, whereby the imaginary part is displayed in
the negative part of the x-axis for visual purposes. On the y-axis, on the other hand, the
frequency is plotted in rad/s. This graph allows analysing the nature of roots in the system
as it gives insights into the development of the real and imaginary parts of a specific branch
of wavenumber. As mentioned before, there are eight wavenumbers for n = 0 and 16 for the
other modes in case the symmetry condition is not applied. In the symmetric response, the
number of wavenumbers reduces to six for n = 0 and eight for the remaining modes. Despite
the number of roots, only four distinct wavenumbers with respect to their amplitude of real
and imaginary parts were found for the projections on n > 1. The mode n = 0 does exclude
the torsional wave in the symmetric case, thus only three branches are present in sub-figure
(a). From the plots, it can be seen that in contrast to the beam theory, the cut-off frequency is
not at ω = 0, but rather at around 4000 rad/s. A similar shape of the dispersion curve can be
obtained for a beam supported continuously on an elastic foundation. This similarity indicates
that the membrane stiffness of the shell acts similarly as a spring foundation (displacement-
dependent feedback). In other words, an infinitely small shell element is supported elastically
by its neighbouring elements.
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Below the cut-off frequency, the waves excited are purely evanescent, which can be seen by
the large imaginary part in all the waves. Above the cut-off frequency, some waves carry way
more propagation energy than their decay rate i.e. the real part is dominating. In the absence
of damping, such waves would not decay but rather radiate with an unchanged amplitude and
are therefore referred to as propagating waves.

Comparing the dispersion graphs for the different circumferential modes, it can be seen
that the qualitative characteristics of the waves do not change much. Nevertheless, the cut-
off frequency for branches 1 and 4 increases for larger circumferential modes. This indicates
that propagating waves occur at higher frequencies for larger circumferential modes. From the
dispersion graphs 3.2 (a) it can be seen that there is a strong resemblance between a beam
model on an elastic foundation and the shell for branches 2 and 3 based on which it can be
concluded that these branches are dominated by bending motion of the shell. Branch 1 on
the other hand has similar characteristics to a rod and describes waves in the longitudinal
direction. In sub-figure (b) branch 3 describes waves causing a twisting motion similar to a
beam subject to torsion; this branch is not present at n = 0 as it resembles a uniform torsional
motion of the shell, which is by definition anti-symmetric and was therefore excluded (see Sec.
3.2.1).

(a) Dispersion graph n = 0 (b) Dispersion graph n = 1

(c) Dispersion graph n = 2

Figure 3.2: Dispersion graphs of the first three circumferential modes for a free, closed, cylindrical shell

3.4.2. Dispersion relation for a shell on viscoelastic foundation — coupled case
While the uncoupled case allows a distinction between the various circumferential harmonics,
the presence of the foundation couples all of those modes and therefore all of the roots have
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to be solved at once. A dispersion curve is strictly speaking the relation between wavenumber
and frequency in an undamped system. Therefore, the damping constant in the viscoelastic
foundation was set to zero. The graph below (Fig. 3.3) resembles the dispersion relation for
a coupled system with Nh = 2 (n = 0, n = 1 and n = 2). Despite the coupled nature of the
system, the branches can still be assigned manually to specific circumferential modes in this
case simply by finding the ones that resemble closest to the ones in the uncoupled case.

Also shown in the graph is the kinematic invariant (k = ω/v0), it resembles the moving
vehicle at a constant velocity; the slope resembles the speed. In this case, the speed of the
vehicle aligns with the phase velocity of a harmonic wave it excites; the vehicle is moving at
the critical velocity of the system. This quantity divides the sub- and supercritical regimes and
can be found iteratively by defining the kinematic invariant such that it meets the dispersion
graph tangentially. In such a case the velocity of the vehicle aligns with the phase velocity of
the excited wave. Each intersection between the dispersion graph and the kinematic invariant
marks a wave that is excited by the load moving at that speed.

Comparing the uncoupled to the coupled case shows that the coupling introduced by the
foundation has only minor effects on the system, as the dispersion curves as shown in Fig. 3.3
align overall almost perfectly. Nonetheless, there is an additional cut-off frequency introduced
for the n = 0 and n = 1 branches for low frequencies. This shows that the foundation stiffness
is causing the formation of this additional cut-off frequency, which consequently means the
one at around 4000 rad/s is caused by the membrane stiffness as it is already present in the
prior case (uncoupled case; without foundation term). For the n = 2 branches, this effect is
not present which suggests that this mode does not greatly activate the spring foundation. It
has to be mentioned that the large computational expense of computing the dispersion curves
for the coupled case using complex root solver algorithms, made it infeasible to compute cases
higher than Nh = 2. Consequently, it could be the case that coupling is more dominant in
larger modes than it is for n = 0 to n = 2.
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(a) Dispersion graph n = 0 (b) Dispersion graph n = 1

(c) Dispersion graph n = 2

Figure 3.3: Dispersion graph for a closed, cylindrical shell on an elastic foundation for the circumferential
modes n = 0, n = 1 and n = 2; comparison to the uncoupled case

3.5. Wavenumber integration
The computational cost of searching for complex roots grows rapidly for an increase in the total
number of circumferential modes considered Nh. The roots of the system are closely spaced
with each other and the numerical round of errors in the computation of the determinant due
to the LU decomposition make root solver routines such as cxroots inefficient and delicate.
Further, the velocity of the moving load introduces an asymmetry in the roots such that any
symmetry cannot be used to reduce computational time 2. Throughout this thesis several
approaches were analysed (graphical, Newton optimisation, adaptive initial guesses), but even
advanced algorithms such as cxroots seem to have difficulties finding roots due to the properties
inherent to this problem.

An alternative to the root-solving routine as shown in Appendix A is to compute the
inverse Fourier transformation numerically which is referred to as wavenumber integration in
the further context. The advantage is hereby, that the algorithm is not significantly affected by
an increased number of circumferential modes. Henceforth, a more realistic model including
more modes can be analysed. The response can be computed by evaluating the integral as
shown in Eq. (3.16) for every frequency. In this expression U⃗ = [U, V,W ]T marks the vector

2In case the dispersion curves are computed, the symmetry of the roots can be used as an initial guess in the
complex root solving routine using cxroots to significantly reduce the computational time.
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of complex wave amplitudes which are computed by inverting the system matrix numerically
to solve the system of the form [M] U⃗ = f⃗, whereby [M] and f⃗ represent the coupled system
matrix and the external force vector composed of all the projected EOMs introduced in the
Fourier expansion respectively. The individual wave amplitudes are then assembled based on
the modal expansion in the circumferential direction as shown in Eq. (3.6). In contrast to
the root-solving method, the domain does not have to be split at the interface and therefore
no boundary or interface conditions need to be imposed. As a consequence, all the forces
and other spatial features need to be considered in the EOM by making use of Heaviside or
Dirac-Delta functions to spatially assign the components.

u⃗(ξ, θ, s) = 1

2π

∫ +∞

−∞
U⃗(θ, s) · e−ikξdk (3.16)

In the numerical implementation, the integral is evaluated for every Laplace variable, fol-
lowing the frequency resolution with accordance to the Nyquist sampling rate 3 (df ≤ 1

Tmax
)

used in signal processing [2]. The wavenumbers need to be integrated over the whole domain,
to have the complete representation of the spectrum, nonetheless in numerical applications
fixed integration boundaries need to be set. These bounds need to be large enough to capture
all the singularities i.e. the excited waves, of the spectrum. Due to the complex nature of the
integrand/ wave amplitude, it is advisable to use an adaptive integration scheme which subdi-
vides the domain at locations of local singularities to achieve the desired accuracy, instead of
relying on conventional numerical integration algorithms with fixed bin widths 4.

3.6. Circumferential prestress due to vacuum
One of the key features of the Hyperloop system, and the one that distinguishes it from
conventional Maglev trains, is that it operates in an environment of near vacuum, to eliminate
aerodynamic drag. This section examines a method to capture the effects of pressure differences
on the shell surfaces caused by low internal pressure with the model built in this thesis. It has
to be mentioned that this cannot be considered in a beam model.

This preloading condition can either lead to an increase in fundamental frequencies in the
case of tensile forces or decrease them when the system is under compression [12]. In the latter
case, the system can also buckle at zero frequencies if the compressive force is sufficiently large
[11]. As the interior of the tube is at ’vacuum’ (leakage in the system will introduce a small
amount of pressure), the pressure will be directed inwards of the tube (negative w direction)
with a magnitude of 1 atmosphere (atm) assuming the system is at sea level. This will result
in a compression force on the shell.

The effect of the vacuum can be accounted for through an initial membrane force. The
equations of motion as shown in Eqs. (2.17) - (2.19) are already linearised and can therefore
not capture the effects that such external loading conditions have. Introducing the external
pressure in the linearised equations would be considered as a distributed force through a
constant particular solution. This solution would be added to the homogeneous solution,
creating a constant static offset in the displacements and thus not alter the dynamic response.
For that reason, additional terms need to be introduced to the equations which are based on
non-linear formulations. The required terms compliant with the Flügge thin shell theory used

3In this thesis a frequency step of df = 1
2Tmax

was used to avoid that the signal wraps around in the time
domain such that the end of the signal has the same value as the start since the transient response of this
problem is not periodic.

4In Python the adaptive quadrature function quad from the scipy.integrate package can be used. In that case
is advisable to use ± np.inf as the integration bounds since it is not only more accurate but also more efficient
than setting the boundaries to a fixed number which is large enough to capture the full wave spectrum. This is
because quad sets the bounds automatically if infinity is set.
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in this thesis can be found in [11] and are here shown in a slightly modified form for a uniform
circumferential preloading condition, i.e. axial and torsional loading conditions are removed
from the operator for brevity. Furthermore, the generalised variable s = x/R was substituted
such that the expressions read:

(1− ν2)N i
θ

Eh

[
∂2u(ξ, θ, τ)

∂θ2
−R

∂w(ξ, θ, τ)

∂ξ

]
(3.17)

(1− ν2)N i
θ

Eh

[
∂2v(ξ, θ, τ)

∂θ2
+

∂w(ξ, θ, τ)

∂θ

]
(3.18)

(1− ν2)N i
θ

Eh

[
−R

∂u(ξ, θ, τ)

∂ξ
+

∂v(ξ, θ, τ)

∂θ
− ∂2w(ξ, θ, τ)

∂θ2

]
(3.19)

The terms above are added to the equations of motion, whereby Eq. (3.17) - (3.19) corre-
spond with the equations for u, v and w respectively. The initial membrane force caused by
the external loading is considered in N i

θ = −p0R, where p0 is the pressure difference between
the inside and outside of the tube (1 atm in this case). If the external load causes a tensile
force in the circumferential direction (force vector points outwards), the sign in N i

θ needs to
be changed.

The equations can be transformed into the Laplace-wavenumber domain and projected
onto a circumferential mode in the same way shown in previous chapters for the EOMs. The
resulting expressions after applying this transformation are omitted for brevity and shown in
Appendix B.

3.7. Green's function of the system
The Green’s function is typically a unit impulse response function, but in moving load scenarios,
the impulse load is moving at a constant speed. Using the Green’s function to solve differential
equations relies on the superposition principle, making it inherently linear. By convolving the
Green’s function with the force in the time domain, one can obtain the response for any type of
time-dependent loading (Eq. (3.20) [7], [27]). The term wic(x, t) represents the free vibration
of the guideway based on the system’s initial conditions (static equilibrium position). This
initial displacement is used to counter the transient effects that a load application on a system
at rest has. It has to be added to the expression separately as the convolution integral captures
the response for zero initial conditions [7].

w(ξ = 0, t) = −
∫ t

0
f(τ) ·G(ξ = 0, t− τ)dτ + wic(ξ = 0, t) (3.20)

To obtain the Greens function, the coupled problem has to be solved for a unit load. In this
project, this can be done by setting the force Fw(τ) in Eq. (3.13) to −1·δ(τ). The negative sign
in the impulse function was introduced to displace the system in the positive radial coordinate
direction (+w) since the EOMs were established based on the force orientation as depicted in
Fig. 3.1, whereby the force vector points in the opposite direction of the positive coordinate.
After expressing the system in the Laplace-wavenumber domain and applying the moving
impulse load (assuming zero initial conditions) the system is solved and transformed into
the space-frequency domain by applying the wavenumber integration as shown in Eq. (3.16).
This enables evaluating the time response by computing the inverse Laplace transformation
numerically according to Eq. (2.10).

For this project, only the Green’s function for the radial displacement is of importance ie.
ŵ(ξ, θ, s). Although the axial and tangential responses could be computed in the same manner,
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they are not required anywhere in this thesis, as the electromagnetic force interaction depends
solely on the vertical displacement of the tube. 5 Nonetheless, the fully coupled system has
to be solved. For the vehicle-structure interaction, which will be more thoroughly explained
in Chapter 4, the Green’s function needs to be only evaluated at the point of action of the
electromagnetic force. Since a single point of contact is assumed, the response needs to be
computed for both ξ and θ = 0; more specifically ŵ(ξ = 0, θ = 0, s). In further context, this
specific function will be referred to as ĝ0(s) in frequency or g0(t) in the time domain (the hat
symbol indicates that the quantity is in the frequency or Laplace domain).

The Green’s function for this system is shown in Figure 3.4 (a), it is notable that the
response is dominated by low-frequency oscillations except for the single peak at the cut-off
frequency introduced by the membrane stiffness as shown in the dispersion graphs in Fig. 3.2.
Sub-figure (b) shows that the total number of circumferential modes introduces low-frequency
peaks after Nh > 1, suggesting that each of those peaks describes a wave dedicated to one of
the shell bending modes (n = 2 and beyond) as shown in Fig. 2.9. From the plot of the Green’s
function, it can also be seen that the n = 2 is the mode with the lowest frequency and therefore
the ”softest” one. All the modes after that have a higher frequency but are still in the lower
frequency spectrum and much softer than the membrane mode (n = 0) which has a frequency
of approx. 4000 rad/s. It is worth mentioning that the decay of the Green’s function with
respect to frequency is comparatively low, necessitating the inclusion of frequencies beyond
15000 rad/s to fully reduce the offset in the time domain response.

(a) Green’s function in frequency domain for Nh = 6
(b) Green’s function in the frequency domain for

varying Nh

Figure 3.4: Green’s function in the frequency domain; changes in the low-frequency spectrum depending on
the number of circumferential modes Nh.

3.7.1. Steady-state response due to a constant moving load
A steady-state response refers to the response of the system, where the transient effects inherent
to the system are no longer present.

To derive the steady-state response of a system subject to a moving impulse load one
can apply the Fourier transformation over time to obtain an algebraic equation which can be
transformed into the following form:

w̃(ξ, ω) = f(ξ, ω) ·Q0δ(ξ)2πδ(ω) (3.21)

Hereby f refers to the corresponding terms from the left-hand sight of the equation of
motion. Q0 represents the magnitude of the moving impulse load. Evaluating the equation at
ξ = 0, applying the inverse Fourier transformation leads to the equation:

5It is worth mentioning that the longitudinal green’s function could be used to investigate the effect of the
acceleration and breaking of the vehicle.
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1

2π

∫
w̃(ξ = 0, ω)eiωτdω =

1

2π

∫
f(ξ = 0, ω) ·Q02πδ(ω)e

iωτdω (3.22)

The sifting property of the Dirac-delta function applies when evaluating the integral, which
results in an evaluation of the functions at ω = 0. Therefore the exponent vanishes and the
steady-state response reads:

wss(ξ = 0, τ) = Q0 · w̃(ξ = 0, ω = 0) (3.23)

In case of an oscillatory force with frequency Ω, the Dirac-delta function would have to be
set to δ(ω − Ω). Hereby the sifting property causes an evaluation of the function for ω = Ω,
which then leads to the steady-state response due to an oscillatory force.
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3.8. Results and Analysis of the Guideway model
The following table summarises the parameters used by the reference case in this analysis,
whereby the geometrical properties resemble the ones used in the European Hyperloop Center
(EHC) and were provided by Hardt. Some of the parameters are being altered as a matter of
the analysis. 6

Table 3.1: Material Properties, Geometry, and Vehicle Parameters

Parameter Value Unit
Material Properties

Steel Loss Factor 0.002 -
Young’s Modulus of Steel (Es) 210× 109 N/m2

Density of Steel (ρs) 7850.0 kg/m3

Poisson’s Ratio of Steel (ν) 0.3 -
Young’s Modulus of Concrete (Ec) 50× 109 N/m2

Density of Concrete (ρc) 2640 kg/m3

Geometry
Tube Thickness (h) 16 mm
Outer Radius of Tube (R) 1.25 m
Column Diameter (dcolumn) 1.0 m
Length of Column (Lcolumn) 5 m
Span 16 m
Foundation

Foundation stiffness (ks) 9.82× 107 N/m/m
Foundation damping (cs) 33498 Ns/m/m
Vehicle

Critical velocity (vcrit) 458 m/s

The critical velocity vcrit is not a predefined parameter but the result of the analysis of the
dispersion relation for the present problem.

3.8.1. Model Validation using a FEM model – static case
This section will delve briefly into the results obtained from a FEM model built in the COMSOL
FEM package. The aim is hereby to validate the results obtained from the semi-analytical
model as described in this thesis, by comparing them to the ones from the FEM model. Hereby,
only the radial displacement due to a static constant load is considered.

Model description
The model built in the FEM software has the same geometrical properties as the one in the
semi-analytical model. The only difference is that the numerical model is finite in length. To
still capture the behaviour of the infinitely long tubular shell, a boundary condition could be
applied by using methods such as a perfectly matched layer (PML boundary). Since this is out
of scope for this thesis, the length of the tube was chosen in such a way that the displacement
due to the point load does not cause any deflection at the boundaries, in other words long

6The foundation stiffness was defined based on the stiffness of the column and reduced by a factor of 5 to
account for the stiffness of the soil. ks = EcAcolumn/(Lcolumn ·span·5). The damping coefficient was determined
based on the formulation of the critical damping for an SDOF system, whereby the damping ratio was set to 5e-2.
The damping constant depends therefore also on the foundation stiffness and reads cs = 2

√
ks · ρmean · 5e-2.
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enough to approach the behaviour of an infinitely long shell. In this case, the tube needed to
be approximately 100 m long to reach this state.

The model was subjected to a point load on the top of the tube with a magnitude resembling
the suspended vehicle at rest. For the sake of simplicity, force was chosen to be both constant
in space and time, consequently resembling a purely static case. The mesh had a resolution of
150mm and the analysis was geometrically non-linear for more reliable convergence.

Analysis and Interpretation
The comparison between the semi-analytical model and the solution obtained from the FEM
model is summarised in Figure 3.5. Next to the comparison of the two models, the plot
gives insights into the influence of the number of circumferential modes (Nh) on the static
displacement. The modes n = 0 and n = 1 were not plotted in the graph since they are
negligible in displacement magnitude and therefore to avoid clutter in the plot.

In the figure (Fig. 3.5), it can be seen that the cross-sectional behaviour of the tube is
captured accurately after the number of circumferential harmonics is sufficient. Interestingly,
the model built in this thesis overshoots the results obtained by the numerical model slightly
when considering more than five modes – converging to a value larger than the FEM solu-
tion. This could be caused by the geometrical non-linear effect that is not considered in the
semi-analytical modelling approach. Nevertheless, the results are of the same magnitude and
qualitatively equivalent.

(a) FEM solution from COMSOL (b) Semi-analytical model for various Nh

Figure 3.5: Comparison of cross-section displacement at ξ = 0 of the FEM solution and the semi-analytical
model due to a static load.

Furthermore, in Figure 3.5 it can be seen that the foundation stiffness is significantly larger
than the shell bending stiffness, judging by the difference in displacement magnitude. Due to
the scaling of the displacement field, it seems as if there is no displacement at the bottom of
the tube (θ = π). Since the displacement is dominated by the bending deformation, the shell
cross-section effectively ”decouples” the foundation from the vibrations occurring at the top of
the beam. Consequently, the stiffness of the foundation is expected to not greatly influence the
response of the system, hence explaining the similarity in dispersion curves between the coupled
and uncoupled case (see Fig. 3.3). It has to be mentioned that this might only be caused by
the limitations of this modelling approach rather than the reality. In case the tube would be
supported at discrete locations instead of the continuous foundation used in this study, the
”beam modes” of the tubular shell (bending along the tube) might be activated more, hence
showing larger displacement for n = 0 and n = 1. A similar effect could also occur, in case the
bending stiffness of the shell wall increases by enlarging the thickness or reducing the radius
of the tube, essentially bringing the foundation and the shell bending stiffness closer together.

To make judgements about the required amount of circumferential modes (Nh), the dis-
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placement was computed for a static constant load for various Nh. The results of this analysis
were summarised in the plot as shown in Fig. 3.6. Notable is the large increase in displacement
amplitude when making the transition from Nh = 1 to Nh = 2. This jump occurs since n = 2
is the first ’shell mode’ which describes waves leading to a cross-section deformation. Figure
3.5 shows clearly that the deformation of the cross-section dominates the response. In other
words, the modes n = 0 and n = 1 describe the membrane and beam-like behaviour, which are
much stiffer in this model configuration than the shell bending modes. An increase in the total
number of circumferential modes increases the displacement which seems to converge when
considering around 8− 9 modes. Nevertheless, there is no qualitative gain in the results when
increasing the number of modes even further. As a result of the trade-off between accuracy
and computational cost, Nh = 6 was chosen for further analysis.

Figure 3.6: Influence of the number of circumferential modes Nh on the radial displacement w for for static
constant load at θ = 0 and ξ = 0

3.8.2. Effects of model parameters on the critical velocity
This section aims to shed light on the various model parameters and how they influence the
steady-state response of the system, focusing on the variation in the critical velocity. The
critical velocity refers in this context to the case at which the phase speed of the excited waves
matches the velocity of the moving load. At that point, the waves are in phase which results
in an amplification of displacement magnitude due to resonance. Furthermore, this parameter
separates the system into a sub- and super-critical regime, whereby the former includes all
the velocities from zero up to the critical velocity and the latter everything that lies beyond.
It has to be mentioned that due to the various waves present in the system, visible by the
various dispersion branches in Fig. 3.2, multiple critical velocities will be present in the system.
Nonetheless, the one with the lowest velocity is the most important as the amplification will
occur first and the most dominant.

In this thesis, there were two methods used to estimate the critical velocity of a linear
system. The first one is using the dispersion graphs, whereby the kinematic invariant should
meet the dispersion curves tangentially. This means that the phase velocity of the excited
waves aligns with the velocity of the load (see the grey line in Fig. 3.3). The second method
relies on the computation of the steady-state response for a varying velocity of the constant
moving load. In such a plot the locations of large amplification indicate critical velocities. The
latter approach, gives a more accurate representation of the occurrence of critical velocities,
as the fully coupled problem is investigated and the interplay between the various waves is
captured correctly.

In the following sections, multiple parameters and scenarios will be analysed as to how
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they affect the dynamic amplification of the steady-state response with respect to the velocity
of the moving load. Based on this, the effects of the parameters on the critical velocity can
be investigated. This is important as it shows how certain parameters influence the response
of the system which gives insights into the behaviour of the system and highlights potential
limitations inherent to this modelling approach.

Extending the results from the previous section, the influence of the number of circumfer-
ential modes is once again studied for various velocities.

Furthermore, the effects of the foundation stiffness are analysed, which is important as it
is the model parameter with the greatest uncertainty because it dominantly depends on the
stiffness of the subsoil. In this model configuration, the stiffness of the column was used and
distributed over the span of the tube, which assumes a rigid soil layer and is therefore unre-
alistic. To account for the stiffness of the subsoil, multiple reduction factors are investigated.
Additionally, the influence of various tube spans can be evaluated, since this model parame-
ter also influences the ”equivalent” foundation stiffness; larger spans result in smaller spring
stiffness and vice versa. It has to be mentioned that this is only the case for this model con-
figuration with a continuously supported shell, as a model on discrete supports would change
the frequency of periodic excitation instead of the foundation stiffness.

Finally, the effects of varying tube dimensions are analysed (i.e. wall thickness and di-
ameter) since those parameters could potentially aid in enhancing the system performance
concerning dynamic amplification as well as stability concerns. In practical applications, these
parameters are determined with structural design requirements in mind, which depend on load,
span, and foundation type (elevated tracks or submerged tunnels). Consequently, some com-
binations may not comply with the chosen spatial dimensions and vehicle weight, potentially
leading to violations of design codes and regulations. However, this aspect will not be ad-
dressed in this thesis. Instead, the study is intended to provide an indicative analysis of how
certain parameters influence the system’s response, rather than serving as a reference for the
design and optimization of Hyperloop guideways.

Influence of the number of circumferential modes on the critical velocity
Figure 3.7 compares the steady-state response due to a constant moving load for various
numbers of circumferential modes used in the analysis (Nh). A significant jump in displacement
is observed when transitioning to a model with Nh = 2, as it was observed already in the static
case (see Fig. 3.6). However, models with only one or two circumferential modes, specifically
Nh = 0 or Nh = 1, can still accurately approximate the system’s critical velocity, despite
differences in the overall response. Each additional mode introduced in the analysis results
in a new peak or amplification in the supercritical regime. Although these peaks are of much
smaller magnitude compared to the amplification at approximately 420 m/s, each represents
a critical velocity associated with a specific mode. As previously inferred from the Green’s
function shown in Fig. 3.4, the modes from n = 2 onwards exhibit increased stiffness, leading
to their critical velocity being higher. Each additional mode will introduce another resonance
peak at supercritical velocities.
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Figure 3.7: Influence of the number of circumferential modes Nh on the radial displacement – critical velocity

Influence of the Foundation on the critical velocity
In Figure 3.8 below, the effect of the foundation stiffness on the critical velocity is analysed
by varying the reduction factor applied to the spring constant 7. From the figure, it is evident
that the variation of the foundation stiffness has negligible effects on the response at the point
of load application. Only when reducing the stiffness by a factor of 200, minor quantitative
changes in the critical velocity do arise. It can therefore be concluded that the localised
displacement on the top of the tube caused by the low bending stiffness of the shell walls, is
effectively decoupled from the displacement at the bottom. Consequently, the variation of the
foundation term does not pose any significant changes to the response for this specific model
configuration. A variation in the span will therefore not have significant changes and will not
be further analysed. In case the model would consider the discrete foundation, both foundation
stiffness and span are suspected to once again gain importance.

Figure 3.8: Influence of the foundation stiffness on the radial displacement – critical velocity

7In [7] the problem concerning the foundation stiffness was tackled by reducing the initial stiffness by a factor
to match the quasi-static displacements of a FEM model on discrete supports. The foundation stiffness of the
Euler-Bernoulli beam model was hereby tuned to match the displacements of a shell model, thus including the
effects of the cross-section deformation. In that study the reduction factor for the foundation stiffness was 1/40
of the initial value.
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Influence of tube dimensions on the critical velocity
To gain a better understanding of the effects of tube dimensions, the thickness and diameter
are analysed separately by changing only one parameter at a time. In both scenarios, the
dimensions of the reference case according to Tab. 3.1, were varied by approximately ±10%.

The graphs in Fig. 3.9 demonstrate that changes in either thickness or diameter significantly
influence the structural response, unlike the foundation stiffness, which had negligible effects
(see Fig. 3.8). Both thickness and diameter affect the critical velocity and the magnitude
of the response. As expected, a larger diameter or smaller thickness leads to an increase in
displacement amplitude and a decrease in critical velocity, both resulting in reduced system
stiffness on a cross-sectional level. A smaller diameter increases the curvature and consequently
activates more of the membrane action of the shell which is significantly greater than the
bending stiffness (plate action). In a model configuration where the axial bending contribution
is more dominant (n = 1 mode; beam-mode) compared to the circumferential bending modes
(n = 2 and higher), an increased diameter is expected to increase the stiffness for those modes
and consequently reduce the magnitude of displacement. In such a case the shell is also
suspected to be more comparable to a beam model. This state could be achieved by changing
the model configuration, for instance, by applying the load to the bottom of the tube to directly
activate the foundation.

The responses shown in Fig. 3.9 are qualitatively similar in all cases, even though it
is suspected that after a certain wall thickness, the shell bending modes will dominate the
response less. It can be concluded that wave-induced instability under operational conditions
could be mitigated by adjusting either parameter to effectively increase the critical velocity,
ensuring the system operates at subcritical velocities.

(a) Variation of tube thickness (b) Variation of tube diameter

Figure 3.9: Effects of the variation of the tube diameter and thickness on the steady-state response of the
system as well as the critical velocity

To further investigate the impact of the two parameters, the dispersion relation is used.
Fig. 3.10 shows the effects of the parameters based on the dispersion graphs for the first
three uncoupled modes. The figures reveal that the effects of these parameters are more
complex than indicated in Fig. 3.9. Variations in thickness lead to an overall change in the
wavelength for branches describing shell bending motion, while the branches for rod or axial
wave propagation remain unchanged (see Fig. 3.10 (a)-(c)). Changes in diameter shift the
dispersion graphs along the y-axis, causing a change in the cut-off frequency (see Fig. 3.10
(d)-(f)). This latter effect is similar to the dispersion graph of an Euler-Bernoulli beam on
a Winkler foundation when the spring stiffness is adjusted, accordingly. Reducing the radius
increases the stiffness of the shell wall in the circumferential direction, shifting the dispersion
branches to higher frequencies. The former case on the other hand has the same effects on the
dispersion graphs as an increase of the bending stiffness (EI) has for an Euler-Bernoulli beam.
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It can be concluded that in shells of greater diameter, propagating waves occur at much
lower frequencies. The changes in critical velocities shown in Fig. 3.9 align with the changes
of the slope for the kinematic invariant to meet the main dispersion branch tangentially, which
approximates the critical velocity.

(a) Dispersion graph n = 0, varying thickness (b) Dispersion graph n = 1, varying thickness

(c) Dispersion graph n = 2, varying thickness (d) Dispersion graph n = 0, varying diameter

(e) Dispersion graph n = 1, varying diameter (f) Dispersion graph n = 2, varying diameter

Figure 3.10: Variation in the dispersion graphs due to varying diameter and thickness; circumferential shell
modes n = 0, n = 1 and n = 2 for the uncoupled system

To summarize the main findings of this section, it was found that the number of circum-
ferential modes does not affect the lowest (main) critical velocity but introduces additional
resonance peaks at supercritical velocities, each corresponding to a critical velocity linked to a
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specific circumferential mode. Additionally, changes in the foundation stiffness do not signifi-
cantly impact the system’s response in the current problem configuration, as a result of the low
bending stiffness of the shell wall and the continuous support. This leads to a minor activation
of the beam modes. Lastly, it was shown that the critical velocity can be modified by adjust-
ing the tube thickness or radius, while the overall response remains qualitatively unchanged.
Increasing the diameter or reducing the thickness both result in a lower critical velocity and
higher displacement due to reduced dynamic stiffness 8. This allows a modification of the
structure such that the system operates at subcritical velocities to avoid anomalous Doppler
waves from being excited.

3.8.3. Variaton of the steady-state response across the cross-section
To expand on the insights of the shell dynamics from the previous sections, it is essential to
not only look at the response at the point of contact but also the whole cross-section. Fig.
3.11 shows the steady-state response across the cross-section for various velocities as a surface
plot. This plot is consequently an extension of the analyses presented in Sec. 3.8.2 in the
circumferential direction θ.

In the plot, there is once again a clear distinction visible between the subcritical and su-
percritical regimes, divided by the resonance peak at v/vcrit = 1. In the subcritical regime, a
quasi-static response dominates, which increases closer to the critical velocity due to resonance.
Once the system operates at supercritical velocities, it undergoes resonance with various cir-
cumferential wave modes, each of which represents a critical velocity of the system. This is
evidenced by the standing wave pattern, which shows an increasing number of fluctuations
around the circumference as the velocity increases. This indicates once again that higher
modes are stiffer and therefore amplified at higher velocities.

The plot also reveals that the radial displacement at the bottom of the tube (θ = ±π)
remains close to zero across all velocities. This highlights once again that the influence of the
foundation stiffness is not relevant to the dynamic response in this model configuration.

Figure 3.11: Variation of the steady-state response with respect to θ and velocity

Figure 3.12 shows the steady-state response of the cross-section at selected velocities.
Hereby it is notable that the sub-critical response remains qualitatively unchanged, but rather

8In a beam model one would intuitively assume that an increased diameter increases the bending stiffness.
In a shell on the other hand this is not the case if the deformation is dominated by shell wall bending modes,
i.e. n = 2 and above
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scales in magnitude with an increased velocity. In the supercritical regime, the response un-
dergoes several modes of resonance with the circumferential modes. Having multiple critical
velocities could cause the excitation of multiple anomalous Doppler waves which could feed
energy back into the system and therefore lead to wave-induced instability.

These results show that a standing wave field in circumferential direction occurs after the
critical velocity is surpassed which propagates as a flexural wave in the axial direction (along
the tube). This wave in the axial direction is expected to be qualitatively similar to the one
of a beam – shorter wavelength to the front and longer to the back (at supercritical velocities)
– with the only difference that the wave is distributed in the circumferential direction as a
standing wave.

Figure 3.12: Variation of the steady-state response with respect to θ for ξ = 0 and v0 = 0.5,1.13,1.3 vcrit.
Note that the displacement fields were scaled for graphical purposes.

3.8.4. Influence of the circumferential prestress caused by the low-pressure en-
vironment inside the tube

This section will highlight the changes in the steady-state response caused by the circumferen-
tial prestress due to the pressure difference between the inside and outside of the tube. As men-
tioned in Section 3.6, the force acting on the outer shell is assumed to be 1atm = 101325 N/m2,
creating a constant membrane compression force (prestress) on the system, thus referred as
the pressurised case in further context. This compression is expected to significantly impact
the results due to its large magnitude, shifting the dynamic response to lower frequency ranges
and making the system potentially more prone to instability and dynamic amplification [11].
In [12] it is shown exemplary on a compressed EB beam that with an increase of a compression
force, the stability of the system is impacted causing an exponential growth over time at lower
velocities; the onset of instability occurs at lower velocities with an increase in compression
force.

Figure 3.13 compares the Green’s function for the pressurized and unpressurised cases. It
can be seen that the low pressure in the tube results in a decrease in the response frequency,
introducing a frequency shift of around 20 rad/s for the first five peaks (circumferential shell
bending modes), while the peak at around 4000 rad/s remains unchanged (v = 0.1 vcrit,
i.e. subcritical velocity). The low-frequency waves dominate the system’s response, evident
from their large amplitude in the Green’s function. Consequently, the response is expected
to be qualitatively similar but of lower frequency. Notably, the peaks are slightly larger in
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amplitude, especially at ω = 0, where the difference is significant. This indicates that the
static displacement is being amplified by the pressurized case, which is intuitive considering
that a compressive force is applied to the tube, aiding the external load.

Figure 3.13: Effects of the prestress caused by the vacuum the inside of the tube on the Green’s function
v = 0.1vcrit

Figure 3.14 compares the steady-state responses for velocities up to twice the critical veloc-
ity, considering three pressure scenarios: no vacuum, half vacuum, and full vacuum (0.0, 0.5,
and 1.0 atm). The figure shows that the overall response is larger in magnitude and qualita-
tively different across these scenarios. While the intermediate case (yellow curve) somewhat
resembles the model which neglects vacuum effects, this similarity diminishes as the internal
pressure decreases. Notably, the critical velocity shifts to lower values with decreasing internal
pressure since that results in an increase in the prestress.

A Hyperloop system is expected to cruise at speeds of around 800− 1000 km/h (220− 280
m/s) [9]. While the critical velocity for the reference case was approximated to be 458 m/s
(obtained from the dispersion graphs in Fig. 3.3 and the steady-state response shown in
Fig. 3.7) it reduces to 284 m/s when the external pressure is considered. The reduction of
approximately 50% brings the system’s operational conditions close to supercritical velocities.
This means the system is not only subject to electromagnetic instability but also to wave-
induced instability due to anomalous Doppler waves excited at supercritical velocities.

However, it should be noted that results might differ with a more realistic model that
properly considers the internal rail and the discrete foundation. The periodic supports could
introduce another instability phenomenon, namely parametric instability. Nonetheless, the
negative effects on system stability are expected to persist even with these advanced modelling
approaches. This means that the consideration of the pressure difference leads to a reduction
of the critical velocity in any case.

To summarize, the effects of external prestress, whether caused by a difference in atmo-
spheric or hydrostatic pressure inside and outside the tube or by constant soil pressure in the
case of a submerged tunnel, lead to significant changes in the system’s behaviour. These effects
amplify with increasing pressure, resulting in larger deformations and lower critical velocities.
Therefore, these preloading conditions should always be considered when developing models
for such systems.
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Figure 3.14: Change of the steady-state response due to external pressure

3.8.5. Comparison of Tubular shell and equivalent Euler - Bernoulli beam
This section describes the attempts to align the responses of a tubular shell and an ”equiva-
lent” Euler-Bernoulli beam, highlighting the challenges and limitations of this approach. An
EB beam is inherently stiffer than a shell element because it neglects shear and cross-sectional
deformations. Therefore it is more practical to explore how beam theory can be adjusted to
match the characteristics of a shell element, rather than emphasizing their inherent differences.
The underlying idea is to investigate the possibilities of a beam to be used as a phenomenologi-
cal model to study the behaviour of shells or as a reduced-order model to save on computational
expense. The adjustment of the beam model should therefore be possible without major prior
computations of the shell model.

As discussed in Section 3.8.1, the primary contributor to the displacements in this problem
configuration is the bending of the shell walls, with the foundation having negligible effects.
In contrast, an Euler-Bernoulli beam element assumes an unchanging cross-section and cannot
differentiate between load applications at different points on the cross-section. For a tubular
shell, this distinction is significant: a load applied at the bottom directly engages the founda-
tion, while a load on top activates the shell’s cross-sectional bending, transferring force to the
foundation differently (as shown in Figs. 3.5 and 3.8). Therefore, both a beam and a shell
loaded at the bottom would be sensitive to changes in foundation properties. This highlights
the importance of considering these differences when attempting to align the behaviours of
shell elements and Euler-Bernoulli beams.

To tune the Euler-Bernoulli beam model in such a way as to resemble the characteristics
of the shell, the dispersion curve of the beam is matched to the one of the shell. Hereby, the
second shell mode (n = 2) is considered since it showed to have the greatest contribution in
the response for subcritical velocities (see. Fig. 3.4 (b)). The detailed procedure of the tuning
process is avoided for brevity and can be seen in Appendix D.

The performance of this tuned beam model is evaluated based on the difference between the
steady-state response of the two models across a range of velocities. Figure 3.15 (a) compares
the steady-state responses of the beam and shell models, with the beam model scaled by a
factor of 5 to match the static displacement of the shell model. This difference in displacement
is most likely caused by the other modes which are not considered in the beam model but still
contribute to the overall response of the system. Furthermore, the beam model considers no
shear deformation which could further increase the displacement and lead to a more comparable
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magnitude. From the plot, it is evident that the EB beam model aligns well with the shell
model in the subcritical regime. Around the critical velocity, the beam model exhibits a steeper
and larger spike, the magnitude of which is solely dependent on the system’s damping. In the
supercritical velocity range, the beam model fails to capture the effects present in the shell
model, particularly the cross-sectional effects that become significant due to the standing wave
field in the circumferential direction. This discrepancy is especially notable immediately after
reaching the critical velocity, where the shell model shows a negative displacement at the top
of the tube due to the resonance with one of the circumferential modes.

Comparing the activated masses between the two models (see Eq. (3.24)), shown in Figure
3.15 (b), it is notable that the beam’s activated mass is greater than that of the shell, once
the static displacement of the beam was adjusted accordingly. This difference is due to the
more localized displacement in the shell compared to the full cross-sectional translation in the
beam model. Additionally, the shell has multiple peaks at supercritical velocities due to the
resonance of higher circumferential modes. This analysis underscores the limitations of the
beam model in capturing the complex dynamics of the shell, particularly in the supercritical
regime, but also highlights areas where the models align better.

(a) Steady-state response vs. velocity (b) Activated mass vs. velocity

Figure 3.15: Comparison between the beam and the shell model after tuning – response due to a constant
moving load

The activated mass can be computed as shown below, with the shell’s activated mass
requiring integration over the circumference. It needs to be mentioned that this computation
is based on the steady-state response and could differ in a transient case.

meff,SH = ρh

∫ 2π

0
|w0,ss(θ)|dθ (3.24)

meff,EB = ρAw0,ss (3.25)

In summary, the beam model can capture the global characteristics of the steady-state
response of the shell model when properly tuned, but it fails to account for the intricacies
inherent to the cross-sectional effects, which involve more than just global displacement and
encompass wave propagation in the circumferential direction. These limitations might be
mitigated in a more realistic modelling approach where the load is applied not directly to
the shell wall but rather to an internal rail. Such a model could distribute the load more
evenly along the tube, potentially reducing the pronounced effects of the shell and making the
beam model a more viable alternative. Even a spatially distributed load, which more closely
resembles a realistic scenario, could enable the use of a beam model without introducing
significant inaccuracies.



4
Modelling of the Electromagnetic

Suspension and Stability Analysis

4.1. Model formulation
To explore the dynamic interaction between the Hyperloop vehicle and the guideway, further
extensions of the model developed in Chapter 3 are required. This entails combining the
two parts, namely the vehicle and the guideway through an electromagnetic ”contact force,”
which exhibits nonlinear behaviour dependent on the air gap between them. Particularly in
electromagnetic suspension (EMS) systems, analysed in this thesis, an increased air gap results
in a significant reduction in the attracting force. This property renders the system inherently
unstable, necessitating constant adjustment of the electromagnetic force through an active
control system. In this model, one of the simplest control systems, the proportional-derivative
(PD) controller mentioned in Section 2.3, has been adopted. The vehicle is represented as a
lumped mass suspended directly from the inside of the shell. While a more realistic approach
would involve suspending the vehicle from an internal rail with multiple points of contact, this
was not considered due to the scope limitations of this thesis. To describe the relative motion
between the guideway and the vehicle, a new degree of freedom representing the displacement
of the mass u needs to be introduced. The equation of motion (EOM) governing the dynamics
of this SDOF system is as follows:

Mü = FEMS(t)−Mg (4.1)

In this expression, M marks the mass of the vehicle, g the gravitational constant and
FEMS the time-dependent electromagnetic force due to the interaction between the mass and
the guideway according to Eqs. (2.14) - (2.16). The theoretical background of this chapter of
this thesis is based on the previous study by [7] on the vehicle-structure interaction between
an Euler-Bernoulli beam and a suspended mass. Since the present work focuses mainly on the
extension of the previous study by [7] through a more realistic guideway model, the detailed
derivations of the electromagnetic force are going to be omitted for brevity.

Transitioning from a moving load, as discussed in Chapter 3, to a moving mass problem
can introduce two main instability phenomena. Firstly, the electromagnetic suspension (EMS)
system itself can become unstable if not properly controlled, irrespective of velocity [8]. The
second instability mechanism is wave-induced instability which arises from radiated energy
feeding back to the vehicle through the reaction force provided by the infrastructure when
moving at supercritical velocities through anomalous Doppler waves [4]. The stability of an
equilibrium point is therefore influenced by the interplay of these two mechanisms [7]. It is

45
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worth mentioning that if the model were supported at discrete locations instead of continuously,
the system could also become unstable due to a phenomenon known as parametric instability
[14]. However, this third mechanism will not be considered in this thesis.

The interaction force between the vehicle and the guideway is non-linearly dependent on
the relative displacement between the two. To assess the stability of the equilibrium position,
with the proposed methods shown in Section 2.20, the system requires prior linearisation. To
verify the results obtained from the linear stability analysis and to study the formation of
limit cycles, the non-linear formulation is used. In the next section, the two formulations are
derived, starting with the non-linear governing equations of the vehicle-structure interaction.

4.1.1. Non-linear formulation of the vehicle-structure interaction
To formulate the interaction between the vehicle and the guideway, the displacement of the
latter needs to be evaluated at the point of action of the electromagnetic force i.e. ξ = 0 and
θ = 0. The response of the structure to any load can be obtained through the convolution
integral with the load and the Green’s function as outlined in Section 3.7. This part of the
solution is linear and is used in combination with the non-linear EMF to obtain the response
of the suspended mass. The governing equations of the vehicle-structure interaction are shown
in Eqs. (4.2) - (4.4) and obtained from [7]. Hereby w0 represents the displacement of the
guideway under the moving load, uML the displacement of the mass, I the current intensity,
C a constant describing the properties of the magnet (see Eq. (2.14)), U the voltage in the
electromagnet, ∆ss the target air gap and Kp and Kd the control gains for the proportional
and derivative components used in the PD control system respectively.

FEMS(t) = C

(
I

w0 − uML

)2

(4.2)

İ =
w0 − uML

2C

(
U − IR+ 2C

I

(w0 − uML)2
(ẇ0 − u̇ML)

)
(4.3)

U = Kp ((w0 − uML)−∆ss) +Kd(ẇ0 − u̇ML) + U ss (4.4)

To establish a non-linear formulation of the vehicle-structure interaction, the electromag-
netic force used in the convolution integral has to be discretised in time. In this model, a linear
variation between the time steps was chosen. The linear variation can be achieved through a
combination of the response of two triangular impulses evaluated at tn̄ and tn̄+1. This allows
an approximation of the convolution integral through the two impulses (see [7] Eqs. (7)-(9)).
The force in the convolution integral depends on the solution of the integral itself and is conse-
quently implicit in nature. Therefore, the solution is divided into a yet unknown instantaneous
contribution, initial condition and a history term. The solution of this form needs to satisfy
the equation of motion Eq. (4.1). After substituting the formulations of the EMS (Eqs. (4.2)
- (4.4)) into the EOM (Eq. (4.1)), the equations in the discretised form as shown in Eqs. (4.6)
- (4.6) can be obtained [7]. The subscript n resembles the discretisation over time. The full
expression for w0,n is obtained by evaluating the Green’s function for triangular pulses and
discrediting over time and can be found in [7] Eqs. (10-11). This results in the expression
being a function f of the initial displacement of the guideway wic

0,n, the past displacements
captured in a history term whist

0,n as well as the displacement of the mass un and the current
intensity In. After the discretisation, the governing equations read:

w0,n = f(wic
0,n, w

hist
0,n , uML,n, In) (4.5)
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Mün = C
I2n

(w0,n − uML,n)2
−Mg (4.6)

İn =
w0,n − uML,n

2C

(
Un − InR+ 2C

In
(w0,n − uML,n)2

(ẇ0,n − u̇ML,n)

)
(4.7)

Un = Kp (w0,n − uML,n −∆ss) +Kd (ẇ0,n − u̇ML,n) + U ss (4.8)

The system of discretised ODEs formed by Eqs. (4.6) - (4.8) can be solved through a
time-stepping routine. In this project, an in-house built version of a Runge-Kutta algorithm
was used.

4.1.2. Linearised model of the vehicle-structure-interaction
To analyse the stability of the system based on an eigenvalue analysis, the system is linearised.
As mentioned above, the interaction between the vehicle and the structure is non-linear in
nature, hence requiring linearisation upfront, to use the tools mentioned in Section 2.1.1. The
guideway model is already linear; a requirement for it to be solved via the Green’s func-
tion. Even though the system could have multiple equilibrium positions, only the behaviour
around its operational equilibrium condition is of interest (i.e., the standard steady-state of
an equivalent mechanical system) [7]. To do so, a perturbation was introduced around the
steady-state solution of the problem, by substituting w0(t) = wss +wtr(t), u(t) = uss + utr(t),
F (t) = F ss+F tr(t) and I(t) = Iss+ Itr(t) into the governing equations describing the electro-
magnetic force interaction Eqs. (2.14)- (2.16), (3.20) and (4.1). In this context, the superscript
ss stands for steady-state and tr for transient response. Employing the first-order Taylor series
expansion on Eqs. (2.14) – (2.15) and applying mathematical operations result in the following
set of linearised governing equations in the time domain [7]:

wtr
0 = −

∫ t

0
g0(t− τ) · F tr(τ)dτ (4.9)

Mütr = F tr (4.10)

F tr =
2CIss2

∆ss3

(
∆ss

Iss
Itr + utr − wtr

0

)
(4.11)

İtr =
∆ss

2C

[
−ItrR+Kp

(
wtr
0 − utr

)
+

(
Kd +

2CIss

∆ss2

)(
ẇtr
0 − u̇tr

)]
(4.12)

As mentioned earlier, the stability of the system is quantified through the eigenvalues of the
system matrix, i.e. the roots of the characteristic equation. Therefore, the linearised system
needs to be transformed into the Laplace domain, equivalent to the procedure outlined in Sec.
3.2. This results in the following set of equations, whereby the hat symbol indicates that a
quantity is in the Laplace domain:

ŵtr
0 = −ĝ0(s) · F̂ tr (4.13)

s2MûtrML = F tr (4.14)

F̂ tr =
2CIss2

∆ss3

(
∆ss

Iss
Îtr + ûtrML − ŵtr

0

)
(4.15)
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sÎtr =
∆ss

2C

[
−ÎtrR+Kp

(
ŵtr
0 − ûtrML

)
+

(
Kd + s

2CIss

∆ss2

)(
ŵtr
0 − ûtrML

)]
(4.16)

Substituting Eq. (4.15) into Eqs. (4.13) and (4.14) allow the expression of the system of
equations through a matrix whereby the right-hand side of the equations describes the initial
conditions of the system. Hereby f0 = suML,0 + v0 and uML,0, v0 and I0 are the initial
displacement, velocity and current intensity respectively. The initial current intensity is the
one used to levitate the vehicle at the desired air gap in a static case (∆ss = 15 mm). The
numerical value can be determined by removing the time dependency from Eq. (2.14), defining
the air gap and solving the current intensity I0. The initial displacement of the mass can be
found by adding the steady-state response of the guideway to the target air gap. The tube
is considered unperturbed concerning the steady-state response and therefore not included in
the expression. The system in the matrix reads:

 1− ĝ0(s)
2CIss2

∆ss3 ĝ0(s)
2CIss2

∆ss3 ĝ0(s)
2CIss

∆ss2

2CIss

∆ss3Ms2
1− 2CIss2

∆ss3Ms2
− 2CIss

∆ss2Ms2

− (∆ss2Kd+2CIss)s+∆ss2Kp

2C∆ss
(∆ss2Kd+2CIss)s+∆ss2Kp

2C∆ss
∆ssR
2C + s


 ω̂tr

ûtrML

Îtr

 =

 0
f0
I0

 (4.17)

The roots of the system can be found by computing the determinant of the matrix sym-
bolically (using Maple, Sympy or equivalent) and then searching for the values of s which
make the determinant vanish i.e. the roots of the characteristic equation. In this approach,
the right-hand side is considered to be zero, in other words, the stability of the unperturbed
case is analysed. To solve for the eigenvalues, an iterative procedure is used, as the Green’s
function is also s dependent. In this thesis, a numerical solver was utilised in Python (i.e.
Newton algorithm from the scipy.optimize package) with several initial guesses for s to cover
the areas of interest in the complex plane 1. In case either of the eigenvalues has a positive
real part, the amplitude of the vehicle displacement grows over time and renders therefore the
perturbed system unstable. To verify the results based on this linearised model, the non-linear
formulation can be used.

4.2. Green's function in the time domain
This section aims to analyse the Green’s function as computed in Section 3.7 after it has been
transformed into the time domain by evaluating the inverse Laplace transformation numerically
(see Eq. 2.10). By doing so, insights into the transient response of the structure can be gathered,
such as the decay of displacement magnitude and oscillation frequency.

The circumferential displacement shape in the sub-critical regime as shown in Fig. 3.5
leads to a very low activation of the foundation damping. Consequently, the system has
unrealistically small damping. In a real structure, multiple points of energy dissipation, such as
expansion joints and other connections, contribute to greater structural damping than activated
in this model. To overcome this, an artificial dashpot is placed at the top (θ = 0) (see Fig.
4.1). The damping coefficient was set to c∗ = 300 Ns/m2, to provide sufficient decay but also
not alter the results qualitatively. This additional element is incorporated in the EOM in the
same manner as the one at the bottom.

Figure 4.2 presents the Green’s function in the time domain. As mentioned in the chapters
before the Green’s function represents the impulse response function of a system, whereby the

1The area around the real axis is the most important since it dictates the stability of the system based on
Hopf bifurcation. To find the areas of interest, I suggest using contour plots of the real and imaginary parts of
the determinant to see where their zero crossings intersect and, consequently the location of the roots
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Figure 4.1: Extension of the structure with an additional dashpot to improve the decay over time

impulse is moving with a constant velocity of 0.1 vcrit in this case. Sub-figure (a) represents
the response without additional damper, i.e. the original configuration of the system. Hereby
it is evident that the decay is indeed very small, as the response of the system remains almost
unchanged beyond two seconds. By extending the time window even further, it was found that
the amplitude decreases only by a very small amount. Sub-figure (b) shows the effect of the
additional damper and it can be seen that the decay is indeed improved substantially. In panel
(c) the effect of the prestress, caused by the pressure difference, shows that the frequency of
the fluctuations decreases significantly. Furthermore, it can be seen that the amplitude of the
fluctuations short after the initial impulse peak are larger in amplitude compared to the cases
neglecting the external pressure ((a) and (b)), indicating an overall greater amplitude.

(a) Response of the guideway with c∗ = 0 (b) Response of the guideway with c∗ = 300

(c) Response of the guideway with c∗ = 300 and
external pressure

Figure 4.2: Green’s function in the time domain with-, without additional damper and external pressure at
ξ = 0 and θ = 0
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4.3. Results and Analysis of Vehicle-Structure-Interaction
The following table (Tab. 4.1) summarises the parameters used in this analysis, which were
chosen equivalent to the ones used in [7].

Table 4.1: Properties of the vehicle and the electromagnetic suspension

Parameter Value Unit
Vehicle Properties

Mass 7650 kg
Target air-gap (∆ss) 15 mm
Magnet Properties

Magnetic permeability of air or vacuum (µ0) 1.26× 10−6H/m
Number of turns (N) 800 -
Area of magnet (Am) 0.25 m2

4.3.1. Stability analysis of the linearised system
In this section, the stability of the linearised system is analysed by examining its eigenvalues.
Hereby, three scenarios are considered: the unpressurised case, the case with external pressure
due to the vacuum inside the tube, and the tuned Euler-Bernoulli (EB) beam model. The
latter case is analysed to see if there are parallels between the two systems concerning dynamic
stability. If so, the beam model could potentially be used as a phenomenological model to
more efficiently obtain qualitative results, thus allowing an investigation of multiple scenarios
which would be computationally infeasible when using the shell theory.

The presented models in this configuration capture two instability mechanisms: electromag-
netic and wave-induced instability, with the system’s stability determined by their interplay.
To study these mechanisms individually, two types of analyses are employed. The first is an
eigenvalue analysis with varying velocity, where the control gains are kept constant. This
approach provides insights into instability caused by radiated energy feedback through anoma-
lous Doppler waves, i.e., wave-induced instability. The second analysis examines eigenvalues
for different combinations of control gains Kp and Kd with a fixed velocity, allowing an obser-
vation of zones in which combinations of control gains are more favourable over others for a
set of fixed velocities. Repeating this analysis for multiple velocities can capture the interplay
between the two instability mechanisms.

Shell without external pressure, p0 = 0 atm
The model in this section has no external prestress, representing the reference case (parameters
according to Table 3.1). The model includes the additional dashpot in the model as outlined in
the previous section, ensuring consistency between the linear and nonlinear cases. The dashpot
aids in a faster decay of perturbations, thus saving computational time when analysing limit
cycle vibrations.

Figure 4.3 shows the eigenvalues of the linearised system for a fixed pair of control gains.
Sub-plot (a) depicts the eigenvalues in the complex plane, with colours indicating the vehicle’s
velocity. Sub-plot (b) illustrates the real and imaginary parts of the eigenvalues as functions
of velocity. The critical velocity vcrit = 458 m/s is estimated based on the dispersion graphs
or the steady-state response shown in Section 3.8.2. Generally, three distinct eigenvalues
can be found: one real-valued and two complex conjugates. At velocities around 1.1 vcrit,
two additional pairs of complex conjugates appear; at higher velocities, only one extra pair
was found. These additional eigenvalues, most likely, correspond to branch points of the
characteristic equation, introduced by the dynamic stiffness of the infinitely long guideway,
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and do not affect the stability of the equilibrium point [7]. In certain velocity ranges, such
as around 1.7− 2vcrit and 1.0vcrit, no complex roots were found due to the limitations of the
numerical root solver (Newton method). Locally adjusting the tolerances could help in finding
more roots, although the ones identified now are accurate and additional ones will not alter
the results significantly.

The real-valued eigenvalues in Figure 4.3 (a) remain mostly unchanged with increasing
velocity, whereas the complex-valued eigenvalues change significantly with varying velocities.
As the velocity approaches the critical value from the bottom, the negative real part of the
complex-conjugate pair increases in magnitude, indicating faster decay of perturbations. Be-
yond the critical velocity, the system undergoes multiple instability zones, shown by branch
formations in subplot (b). At supercritical velocities, wave-induced instability can occur due to
the anomalous Doppler waves excited by the moving vehicle. Given the shell’s multiple critical
velocities in the supercritical regime – marked by the grey dotted lines based on amplification
peaks of the steady-state response – it is suspected that successive zones of wave-induced in-
stability occur and interact with each other. In other words, it is suspected that the instability
zones caused by the anomalous Doppler waves for each of the critical velocities are overlapping
and thus rendering the equilibrium point unstable for a large range of velocities. In contrast,
the beam model exhibits only one instability zone before regaining stability [7].

(a) Eigenvalues on the complex plane versus velocity
(b) Real and Imaginary part of the eigenvalues versus

velocity

Figure 4.3: Eigenvalues of the linearised system versus the velocity of the vehicle. The bottom right is a
zoom-in of the top right plot. Kp = 20 [kVs/m], Kd = 20 [kV/m]

To gain a more comprehensive overview of the interplay between the two instability mech-
anisms, Figure 4.4 illustrates the stable zones in the control gain space for selected velocities.
The shaded areas indicate where combinations of Kp and Kd result in a positive real part of at
least one eigenvalue, signifying zones of instability. Regardless of the velocity, the equilibrium
position is unstable if Kp ≤ Kp,min ≈ 1.2e4 [kVs/m]. In this case, the control system is too
slow to stabilize the vehicle against gravity. Hereby, the real-valued eigenvalue is positive and
the system is unstable due to divergence. If Kp is greater than this threshold, the equilibrium
position can be stabilized by appropriately choosing Kp based on Kp. Poorly chosen control
gains can lead to instability of the equilibrium position at any velocity. In that case one of
the complex-valued eigenvalues has a positive real part and the instability mechanism is called
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Hopf Bifurcation. The range of stable regimes increases with larger velocities in the subcriti-
cal regime, reaching a maximum at v = 0.8 vcrit. Generally, the system’s stability improves
when the structure extracts energy from the system. As the dynamic stiffness of the system
decreases with increasing velocity, more energy is extracted due to the evanescent wave field,
leading to improved energy dissipation and stability. However, once the vehicle surpasses the
critical velocity, the effect reverses. At that point Anomalous Doppler waves feed energy back
through the guideway to the suspended mass, a phenomenon more pronounced in structures
with lower dynamic stiffness. Sub-figure (b) depicts the stable regimes for supercritical vehicle
velocities. Hereby, all the investigated velocities until ≈ 1.5 vcrit showed no stable zone. Af-
terwards, a small stable zone appeared which can be seen in Figure 4.4 (b). This zone grows
with an increase in velocity. Against the common intuition, an increase in the damping of the
system to mitigate vibrations does not help for instability (comparable to an increase in Kd),
but the energy feedback through the guideway into the vehicle actually increases, leading to
an unstable equilibrium point.

Even though there are velocities where no stable zone was found at supercritical velocities,
it is suspected that a very small zone exists throughout all velocities, which was just unable
to be detected due to the coarse grid size chosen in the analysis. This would align with the
qualitative behaviour of an Euler Bernoulli beam shown in [7]. Nevertheless, the small size of
the stability zone would make it practically impossible to stabilise the system from a control
system point of view.

(a) Subcritical velocities (b) Supercritical velocities

Figure 4.4: Stability vs control gains for different vehicle velocities; subcritical velocities v = 0.1–0.8vcrit (left
panel) supercritical velocities v = 1.5− 1.8vcrit (right panel); grey indicates combination of instability;

between 1.0− 1.5vcrit no stable zone was found.

Shell with external pressure, p0 = 1 atm
In this section, the results of the stability analysis are presented for the system which considers
the effects of the internal prestress caused by the vacuum on the inside of the tube. Figure
3.14 demonstrates that the prestress reduces the critical velocity (vcrit,p0 = 284 m/s) and
causes greater amplification in the steady-state response. Consequently, the system’s stability
response is also expected to change. Given the reduced critical velocity with internal pressure,
it is wise to normalize velocities based on the reduced critical velocity such that v/vcrit,p0 ≤
v/vcrit,p. This normalization allows a comparison of the two cases according to their specific
critical velocity and observes potential qualitative differences in their responses.
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The left panel of Figure 4.5 (a) shows the eigenvalues in the complex plane and the right
one the real and imaginary parts against velocity. For subcritical velocities, the system behaves
similarly to the unpressurised case, gaining stability due to the decrease in dynamic stiffness
and energy dissipation of the guideway. Beyond approximately 1.25 vcrit,p0, an additional
pair of complex roots appears, with one pair crossing the real axis, causing instability via a
supercritical Hopf bifurcation. The system then experiences an extended zone of instability at
supercritical velocities, similar to the reference case. Around 1.5 vcrit,p0, the system tends to
regain its stability but before it becomes stable the real part keeps growing once again until
2.0 vcrit,p0. The analysis shows that the system is not stable at any point after the initial onset
of instability; for the selected control gains the onset of instability happens at ≈ 1.25 vcrit,p0.
The grey dotted lines indicate once again the zones of amplification in the steady-state response,
consequently the critical velocities of the individual harmonics according to Fig. 3.14.

Compared to the unpressurised shell shown in Figure 4.3, the pressurised shell exhibits
fewer branches of instability. This difference is due to the relative velocities between the two
cases, as the pressurised shell effectively considers velocities up to approximately 550 m/s, even
though Figure 3.14 indicates that more critical velocities occur at higher velocities. This effect
is caused by the fact that the preloading condition, seems to affect the lower modes greater
than the higher ones. The onset of instability happens occurs at a much lower velocity for
the pressurised case than for the case without the consideration of the vacuum on the inside
of the tube. The system destabilises at 355 m/s opposed to 458 m/s, whereby it has to be
mentioned that the numerical values of these velocities might differ depending on the chosen
control gains.

(a) Eigenvalues on the complex plane versus velocity
(b) Real and Imaginary part of the eigenvalues versus

velocity

Figure 4.5: Eigenvalues of the linearised system versus the velocity of the vehicle. The bottom right is a
zoom-in of the top right plot. Kp = 20 [kVs/m], Kd = 20 [kV/m], p0 = 1 atm

Figure 4.6 shows the stable zones in the space of control gains for various velocities. Sub-
figure (a) illustrates that the initial loading condition positively impacts system stability. The
reduction in stiffness due to the external pressure increases the energy dissipation of the guide-
way. This effect is further amplified with increased velocity, eventually making almost the
entire region stable, provided that Kp ≤ Kp,min.

Sub-figure (b) shows the onset of instability at supercritical velocities. Hereby it can be
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seen that the unstable zone slowly grows until it abruptly changes from an overall stable zone
of control gains to a completely unstable one (see Sub-figure (c)). With the present resolution
of this analysis, no stable zone was found from that point afterwards.

It is important to note that although the preloading condition enhances the system’s sta-
bility for subcritical velocities compared to the unpressurised case, the range of subcritical
velocities is reduced significantly. This effectively brings the critical velocities closer to the
system’s operational conditions, thus potentially increasing its susceptibility to losing stability
as a consequence of the interplay between the two instability mechanisms.

(a) Subcritical velocities (b) Supercritical velocities v = 1.1–1.265 vcrit

(c) Supercritical velocities v = 1.27 vcrit

Figure 4.6: Stability vs control gains for different vehicle velocities for a pressurised shell; subcritical
velocities v = 0.1–0.7 vcrit (left panel) supercritical velocities v = v = 1.1 vcrit (right panel); grey indicates

zones of instability. After v = v = 1.27 vcrit no stable zone was found. p0 = 1 atm

Tuned Euler-Bernoulli model
The main idea of this section is to showcase the qualitative differences between the Euler-
Bernoulli beam model and the shell model, whereby former has been tuned to match the
properties of the shell model (see Sec. 3.8.5). This comparison allows an evaluation of the
beam model’s performance as a phenomenological or reduced-order model. As shown in Figure
4.2, the shell was damped locally at the top of the tube, since the foundation at the bottom
had negligible effects due to the decoupled motions. Since the beam model cannot distinguish
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between the point of load application, the damping constant at the top of the shell (c∗ =
300 Ns/m2) is used for the foundation of the beam model.

Figure 4.7 illustrates the qualitative differences in behaviour. While the shell is shown to
be mostly unstable after reaching supercritical velocity, the beam exhibits only one such zone
at very high velocities (for the chosen control gains).

Conceptually, both systems behave similarly: they remain stable at low velocities if the
control gains are chosen appropriately. As velocity increases, the real part of the complex
eigenvalues decreases, making the system less prone to losing stability due to perturbations.
Around the critical velocity, the system becomes unstable due to anomalous Doppler waves
excited by the vehicle moving at high velocities. If the velocity increases further, the system
regains stability. The same behaviour was found in [7]. However, depending on the parameters
or the type of the model the onset of instability and the unstable range differ significantly. The
analysed shell model is subjected to a much greater zone of instability compared to the beam
model.

(a) Eigenvalues on the complex plane versus velocity
(b) Real and Imaginary part of the eigenvalues versus

velocity

Figure 4.7: Eigenvalues of the linearised system versus the velocity of the vehicle. The bottom right is a
zoom-in of the top right plot. Kp = 20 [kVs/m], Kd = 20 [kV/m]

Figure 4.8 below shows the stability zones in the space of control gains. At subcritical
velocities (a), the stability zone is qualitatively similar to that of the shell model, as indicated
in Figure 4.4, although the beam model appears to have a slightly larger stable zone. This
is caused by the fact that the beam is tuned to the lowest frequency peak occurring in the
Green’s function, even though the response of the shell is composed of multiple modes each with
its resonance frequency. Increasing the velocity further improves stability, with a maximum
reached at approximately 0.5 vcrit. Beyond this point, the stability zone slightly reduces in size
(see v = 0.8 vcrit in (b)).

After the critical velocity is reached, the system feeds energy back into itself, resulting in
increased instability zones. Notably, around 1.5 vcrit, the unstable zone connects with the area
< Kp,min, leaving a small enclosed zone that remains stable throughout all velocities. As the
speed of the moving load increases, the instability zone continues to grow – the horizontal line
at 1.8 vcrit shifts upward (panel (c)). Further increasing the velocity shifts the horizontal line
upwards and increases the enclosed stable zone close to the origin. At a velocity of 2.0 vcrit
(panel (d)), the entire domain is unstable except for a small enclosed area near Kp,min.
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(a) Subcritical velocities (b) Transition from sub- to supercritical velocities

(c) Supercritical velocities (d) Supercritical velocities

Figure 4.8: Stability vs control gains for different vehicle velocities for the adjusted Euler Bernoulli beam;
subcritical velocities v = 0.1–0.5 vcrit (top left panel), the transition between the two regimes v = 0.8–1.5 vcrit
(top right panel), supercritical velocities v = 1.8–2.0 vcrit (bottom panels); grey indicates zones of instability.

Comparing the beam and shell models, the main stability characteristics are similar, espe-
cially in the subcritical regime. However, at supercritical velocities, the beam model fails to
capture the more complex wave propagation and interaction caused by the waves propagating
in axial but also circumferential directions (forming a standing wave field in case of steady-
state). The multitude of anomalous Doppler waves excited in the shell model extends its
instability zone over a much wider range of velocities. Nonetheless, the qualitative behaviour
concerning the control parameters is comparable to the beam model. For example, the small
stable zone close to the origin that exists at supercritical velocities exists for both the shell
and beam model (compare Fig. 4.4 (b) and Figs. 4.8 (b)-(d)). In conclusion, the beam model
can be used as a reduced-order model at subcritical velocities if tuned accordingly. However,
it must be noted that for this specific problem configuration, the stiffness was somewhat un-
derestimated by tuning the beam only to the first shell mode. At supercritical velocities, the
responses of the two models are qualitatively different, making it inadvisable to use the beam
as a reduced-order model. Instead, it should be considered a phenomenological model for
studying the influence of global parameters on the stability of the system.

It is worth mentioning that if this thesis’s model were extended to include another internal
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rail, an equivalent two-layered beam model could be a viable approximation.

4.3.2. Transient analysis
This section analyses the non-linear response of the model which is computed numerically
based on the formulation shown in Sec. 4.1.1, accounting for the interaction between the
tubular shell and the vehicle. This non-linear analysis is used to validate the results obtained
from the linear stability analysis. It should be noted that the non-linear response depends
largely on the chosen time duration, as a system can prove to be unstable if the observation
time is sufficiently long, even though it may initially appear otherwise. Furthermore, the non-
linear transient response is compared to the linear transient response, which can be obtained
by solving the linearised system in the Laplace domain (see Eq. (4.17)). The response can then
be transformed back to the time domain using the inverse Laplace transformation numerically.

Non-linear stability analysis
To assess the stability of the non-linear system for the given problem, the transient analysis
is computed numerically based on the Green’s function, which then gives insights into the
development of the response over time. Based on that the stability of the equilibrium position
can be judged and thus the results obtained from the linear stability analysis are validated.

When the equilibrium position is unstable, as indicated by the shaded regions in the space of
control gains (see Sec. 4.3.1), but close to the instability boundaries (black curves), limit cycles
can be observed, provided that Kp ≤ Kp,min. Limit cycles can only occur in non-linear systems,
as explained in Sec. 2.1.2. In this study, the limit cycles are caused by the electromagnetic
force and can therefore occur at any velocity. The limit cycle arises whenever the control
system responds aggressively to a deviation from the target air gap, i.e. a perturbation from
the steady-state equilibrium position. This results in an overshooting of the target value which
afterwards requires a correction by reducing the electromagnetic force to zero. At this stage,
the vehicle undergoes free fall until the control system increases the force again to prevent it
from dropping entirely. This cyclic behaviour creates the limit cycles as the control system
cannot react quickly enough. For a controlled system limit cycles can occur at any velocity if
the control gains are chosen accordingly. In that case the system is unstable but the amplitude
of the oscillations is limited by the limit cycle.

The Runge-Kutta algorithm used in this analysis includes a stop criterion if the non-linear
(NL) response diverges. If the force reaches zero at any point in time or the amplitude grows
over time slow enough to not cause divergence, limit cycle vibrations are considered to be
reached. If neither condition applies, the system can be considered stable for the given obser-
vation time. It is important to note that systems can still become unstable afterwards and the
results could vary for different initial conditions. By categorising the NL transient response
based on the criteria mentioned before, it is possible to define zones of stability, instability,
and limit-cycle oscillation in the space of control gains. Generally, an observation time of 25
seconds was chosen as a compromise between computational time and accuracy.

Figure 4.9 shows the stability zones obtained from the numerical analysis. Grey areas
indicate unstable zones and light grey areas are unstable zones with stable limit cycles. Sub-
figure (a) shows that a time signal of 25 seconds is not sufficient to fully detect the stability of
the system, as the analysis shows stability in the zones of Kp ≤ Kp,min. Generally speaking,
the formation of limit cycles takes longer at subcritical velocities because the amplitude growth
is smaller due to greater energy dissipation of the guideway compared to supercritical velocities.
Sub-figure (b) shows the vehicle moving at a supercritical velocity, where the system exhibits
a stability zone similar to that shown in the beam model (Fig. 4.4 (b)).

Compared to the linear stability analysis in Fig. 4.4 the non-linear transient analysis
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seems to overestimate the stable system configuration. Nevertheless, the fact that even after
50 seconds (in case of the analysis for subplot (a)) the system does not experience a growth
in amplitude, suggests that the instability will most likely never occur in a realistic scenario.
Since the amplitude growth is so small, limit cycle vibrations are expected to occur eventually
or vehicle is subject to new perturbations in the meantime.

(a) v = 0.5vcrit; 50 s time-frame (b) v = 1.8vcrit; 25 s time-frame

Figure 4.9: Non-linear stability analysis

Limit cycle vibrations
In this section, the limit cycle vibrations are presented for a selected case from Fig. 4.9.

In the presence of limit cycle vibrations, the control system prevents the vehicle from
colliding with the guideway by switching off the EMF altogether (zero current intensity). Due
to this property, the vibrations of the system are limited upwards to the magnitude of the
target air gap between the guideway and the vehicle. To the bottom, on the other hand, the
displacement magnitude can surpass that value, which results in an off-centred limit cycle. In
a real scenario, there is most likely a limit to the maximum current intensity that the magnet
can be subjected to which ultimately also limits the magnitude to the bottom. This was not
considered in the magnet model used in this thesis.

Figure 4.10 shows the transient response of the guideway, the mass and the electromagnetic
force in a configuration where limit cycle vibrations exist. This indicates that the equilibrium
position is considered unstable, which was correctly captured by the linear transient analysis, as
shown by the grey line. Unlike the non-linear response, the linear response is not self-limiting
and grows exponentially in magnitude over time. The lowest panel of the plot shows the
electromagnetic force, which drops to zero during the limit cycle oscillation to avoid a collision
of the vehicle with the track. The black line represents the steady-state response for the static
case, resembling the target value that the control system tries to maintain, i.e., a constant
air gap of 15mm. Notably, the mass displacement does not cross zero in the non-linear case,
as this would resemble a collision of the vehicle and the guideway which is prevented by the
control system. If the system does collide with the guideway, the control system is unable to
stabilise its fluctuations and the limit cycle can no longer exist. A similar effect occurs when
Kp is too large since the control system is so aggressive that it overshoots the target in such a
way that it breaks the limit cycle.

Figure 4.11 shows the limit cycle of the mass in the phase plane. It is important to note that
the limit cycle in this case is of infinite dimension and is only shown as a projection on a 2D
phase plane. Therefore, it appears that the trajectories are crossing each other, which would
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violate the uniqueness theorem, but in their multidimensional space, they do not intersect.

Figure 4.10: Transient response of the vehicle, the guideway and the electromagnetic force, for the linear and
non-linear case; limit cycle vibrations for v = 1.8vcrit and Kp = 20 [kVs/m], Kd = 5 [kV/m]. Note that limit

cycles can occur at any velocity due to the control system.

Figure 4.11: Limit cycle in the phase plane for v = 1.8vcrit and Kp = 20 [kVs/m], Kd = 5 [kV/m]



5
Conclusions and Discussion

This thesis aimed to expand the knowledge of the dynamic behaviour of a Hyperloop system by
employing a more sophisticated structural model. This was achieved by successfully modelling
the guideway as a tubular shell instead of 1D elements, based on which the dynamic amplifi-
cation andsthe stability was investigated. The model was solved in a semi-analytical manner
whereby numerical methods were used only when necessary. The implementation of the shell
theory resulted in qualitative changes in the system’s behaviour, advancing the understanding
of the mechanisms inherent to the structure. The study highlighted the effect of various model
parameters on the steady-state response of the system. Based on an eigenvalue analysis of the
linearised system, the stability of the steady-state equilibrium was investigated. The study
highlighted that the pressure difference between the inside and outside of the tube leads to
significant changes in the results, both for the dynamic amplification as well as the dynamic
stability.

5.1. First central research question
What is the influence on the system’s steady-state response when properly accounting for the
tube through a cylindrical shell compared to a classical Euler-Bernoulli beam?

The main difference between beam and shell elements is that the cross-section can deform
in the case of tubular shells, while the whole cross-section remains unchanged in beams. This
results in an overestimation of the stiffness in the latter case which consequently reflects on
the difference in critical velocities. Not only does the critical velocity occur at much lower
velocities for the shell, but also the presence of waves propagating in both circumferential and
axial directions, whereby the former leads to a standing wave field due to wave interference,
results in multiple critical velocities, each linked to a specific circumferential mode. Once the
vehicle surpasses the critical velocity the quasi-static displacement field changes to a standing
wave field in the circumferential direction, which changes depending on the velocity to different
resonance modes. The flexural wave moves therefore along the tube as a standing wave field
around the circumference.

The study highlighted the significant impact of various structural parameters on critical
velocities, demonstrating their potential for strategic vibration reduction. Specifically, it was
analysed how foundation stiffness, tube thickness, diameter, and prestress from internal vacuum
alter the dynamic behaviour. These effects were analysed through the system’s steady-state
response. (Sec. 3.8).

This analysis revealed that foundation stiffness has a negligible impact on the dynamic
behaviour at the top of the tube. As a result of the small bending stiffness of the shell wall

60
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compared to the foundation, the structure’s dynamic response at the top is effectively decoupled
from the bottom when loaded locally with a perpendicular force. In this case, the load is still
carried by the foundation but the additional feedback of the spring foundation due to dynamic
loading does not significantly influence the response at the top of the tube. Thus, varying
foundation stiffness results in negligible changes in the overall response. It has to be mentioned
that it might be exclusive to the properties chosen in this thesis and that the parameter could
gain importance if a larger thickness or smaller diameter were to be investigated. As this
model considers the effects of discrete supports by a distributed continuous stiffness, it is not
necessary to consider variations in span length, since it would only alter foundation stiffness
which changes were proven to be insignificant. However, in a model that accurately captures
periodic supports, the tube experiences periodic excitation with a frequency depending on
both the velocity as well as the span. While in the present model, the beam modes are not
much activated due to the continuous supports, it is expected that this changes as soon as the
supports are at discrete locations, since the tube would deform between two supports similar
to a beam. In that case, a variation of the span would be crucial as they change the frequency
of periodic excitation, greatly affecting the dynamic amplification.

The study further highlighted that the diameter and thickness of the tube significantly
influence the critical velocity. An increase in thickness or a reduction in diameter raises the
critical velocity. While both changes have similar effects on the critical velocity, their impact on
wave characteristics differs. A smaller diameter increases wave frequencies, whereas increased
thickness affects only the wavelength.

The novel implementation of the shell theory allowed an investigation of the effects that
the hoop stresses, caused by the low pressure on the inside of the tube, have on the dynamic
response of the guideway. Increasing internal pressure within the tube decreases the frequency
of the modes, resulting in a lower frequency response under a moving load. When considering
the vacuum inside the tube, the critical velocity was found to reduce by nearly half, causing
the system to operate closer to this critical velocity. The steady-state response also increases
in magnitude as the pressure effectively amplifies the response. Even in an extended model,
considering the internal rail as well as the discrete foundation, the effects caused by the external
pressure, will not differ qualitatively from the one of the present study. Considering that
Hyperloop systems are supposed to operate under vacuum conditions, the effect of the vacuum
on dynamic behaviour should be implemented in the analysis as the response is greatly differs.

Using beam models is often the first choice when building models due to their extensively
studied behaviour and computational efficiency. In the initial part of the thesis, it was ob-
served that the steady-state response of the shell can be accurately captured at subcritical
velocities using beam models, despite some differences in displacement magnitude. However,
as the vehicle moves at supercritical velocities, the effects of the circumferential displacement
field become more prominent, which cannot be adequately described by the beam model. Con-
sequently, the beam model cannot serve as a reduced-order model unless appropriately tuned
to match an existing more advanced (e.g., shell) model. Nevertheless, it provides valuable
insights into phenomena with minimal computational effort, making it suitable for use as a
phenomenological model to study the effects of parameters on the global behaviour of the shell.
Once again this could differ in case the structural characteristics change for example if the
contribution of the shell wall binding motion becomes less pronounced.

In summary, the critical velocities are significantly influenced by structural characteristics.
Geometric modifications, such as increasing thickness or reducing diameter, increase critical
velocities and thus reduce the dynamic amplification at operational conditions. However, in-
cluding the effects of the external pressure lowers critical velocities, which could be detrimental
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by bringing operational conditions closer to the supercritical zones. Therefore, strategic adjust-
ments to the tube’s structural characteristics can effectively enhance its dynamic properties
and reduce vibrations in the system. A beam model can be used to make judgements about the
global behaviour of the system if tuned accordingly, as it is computationally favourable over
the present model. However, if the vehicle is moving at supercritical velocities, the simplistic
model fails to capture the mechanisms of the shell model.

5.2. Second central research question
What is the influence on the system’s stability when properly accounting for the tube through a
cylindrical shell compared to a classical Euler-Bernoulli beam?

While the response of the beam model is qualitatively similar to the shell at subcritical
velocities, differences emerge as the vehicle exceeds the critical velocity. The shell exhibits
an extended instability zone from the onset of instability onwards, whereby it appears that
the instability zones caused by the individual circumferential modes overlap with each other
causing the extended unstable zone. The beam model on the other hand displays more grad-
ual instability onset, as long as the stiffness is not greatly overestimated as else the transition
between the stable and unstable configuration happens very suddenly. The beam model, how-
ever, serves well for investigative purposes, offering quick insights into the effects of certain
parameters on system stability. For instance, it helps identify the required length for reaching
limit cycle vibrations and the regions where they occur and allows an investigation of the
effects of changing stiffness, damping, and vehicle mass in a more efficient way than the shell
model.

The study showed, based on the steady-state response of the system, that an adjustment
of the structural characteristics can significantly improve stability by increasing the critical ve-
locity, thereby ensuring operational conditions remain within the subcritical range. Increasing
stiffness reduces energy dissipation of the guideway, which, while unfavourable for electromag-
netic instability at subcritical velocities, prevents the occurrence of wave-induced instability by
eliminating the excitation of anomalous Doppler waves, which actively feed energy back into
the system. The study showed that the interaction between the two instability mechanisms
causes a very large zone of instability and should therefore be avoided by any means.

The absence of the wave-induced instability makes the selection of the required control
gains simpler such that the occurrence of limit cycle vibrations can be avoided altogether.
Which although not causing a failure of the system, can lead to passenger discomfort or accel-
erated deterioration of the infrastructure. However, this may vary for more complex structures
involving internal rails.

It is important to note that although the system’s stability for subcritical velocities improves
with internal pressure compared to the unpressurised case, the range of subcritical velocities
is significantly reduced. This effectively brings the critical velocities closer to the system’s
operational conditions, potentially increasing its susceptibility to losing stability.

To summarise the main findings concerning the stability of the system, it was found that
beam and shell models show similar responses at subcritical velocities, but differences arise
beyond the critical velocity. The shell model exhibits an extended instability zone due to inter-
actions between circumferential modes, whereas the beam model shows a gradual instability
onset unless stiffness is overestimated. The beam model proved useful for quickly assessing the
effects of parameters like stiffness, damping, and vehicle mass on system stability but fails to
capture more complex mechanisms inherent to the system. Adjusting structural characteristics
can improve stability by increasing the critical velocity, and thus preventing wave-induced in-
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stability under operational conditions. However, the internal low pressure enhances stability at
subcritical velocities but brings critical velocities closer to operational conditions and increases
susceptibility to instability due to the interplay between the two instability mechanisms.

5.3. Discussion and Recommendations
This study investigates the influence of modelling a Hyperloop guideway as an infinite tubular
shell as opposed to a beam model or single-degree-of-freedom system, as it was done in the past.
From a practical point of view, the dynamic behaviour of a more realistic guideway model was
studied and insights into the shell subject to a constant moving load were gathered. Further, the
interplay between two fundamentally different stability mechanisms was investigated, namely
the electromagnetic instability inherent to the EMS suspension system and the wave-induced
instability caused by the vehicle moving at supercritical velocities. The stability of the system
is hereby determined by the interplay between the two mechanisms. Furthermore, the study
considers the initial membrane state of the shell due to the vacuum inside the tube and its
impact on structure response.

From a theoretical point of view, a method to analyse tubular shells subject to moving loads
in a semi-analytical manner was investigated. Whereby the problem-specific properties made it
challenging to solve the problem by assuming a solution based on a summation of wavenumbers.
This was potentially caused by the weak coupling of the circumferential modes of the shell
and consequently, close spacing of the roots in the complex plane, which required precision
of the root solver algorithms which was computationally infeasible with the provided tools.
Thereafter, the Greens’s function was obtained using wavenumber integration to numerically
evaluate the inverse Fourier transformation. This method allowed a study of various modelling
parameters as well as the transient response of the system and the stability of the equilibrium
point.

The study’s approach provides a comprehensive framework for evaluating critical velocities
and dynamic behaviour as well as understanding the underlying mechanics of the Hyperloop
guideway, contributing valuable insights for future research and development in this area.

5.3.1. Recommendations and further explorations
Due to the challenges faced in this thesis when solving the posed problem, it is advisable
to use the wavenumber integration right away or solve similar problems using numerical or
semi-numerical methods such as the semi-analytical finite element method (SAFE), which
partially discretises the problem and thus finds a compromise between the analytical and
purely numerical method (classical FEM). In a similar problem, considering an infinitely long
system, I advise using a discretisation in the circumferential direction to treat the infinite
boundaries analytically. Furthermore, the analysis of a more realistic cross-section could be
facilitated, such as a varying thickness to account for the internal rail or other local stiffening
elements that run along the tube.

Given the limited scope of this thesis, the proposed Hyperloop structure which is composed
of a tubular shell supported at discrete locations, contains an internal rail and stiffeners, and
is subject to a vehicle with multiple points of contact, had to be reduced to a simpler model. I
propose that further studies could look into supporting the tubular shell at discrete locations
and include stiffening elements or investigate the effects of having a two-layered system, prop-
erly accounting for an internal rail and the outer tube. Alternatively, a two-layered system
whereby both are modelled as beam elements could be investigated. For such a model, I sug-
gest that the element resembling the outer tube has periodic supports and that the internal
rail is either continuously connected to the outer tube or connected at discrete locations with
a different periodicity than the outer tube. Based on the results of this thesis, I assume that
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either of the two modelling approaches will cause significant changes in the behaviour of the
system. Thus greatly contributing to the already existing knowledge and aiding in the further
development of the system as a whole.
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A
Appendix A

A.1. Alternative solution method using root solving routine
This section is supposed to explain the required steps to solve the system by using an assumed
solution as a summation of harmonic waves, which is referred to as root solving routine in
this thesis. Although this method was not successful due to the computational limitations and
the tools available at this point, the method could be useful in analysing models whereby the
specific characteristics allow a more reliable computation of the roots of the system.

To facilitate the following analysis, the guideway was split into two displacement fields,
one describing the motion in front of the moving load (positive ξ domain) and one behind
(negative ξ domain). The two displacement fields are coupled at a moving interface and the
corresponding interface conditions. Splitting the displacement field at the point of the load
application renders also the equation of motion in the radial direction (w) homogeneous as Fw

from Eq. (3.3) is considered at the interface. This allows solving for the roots of the system
without the need for a particular solution. Note that Fw is positively defined in the positive
coordinate direction (outwards of the tube). Therefore the negative sign in Eq. (3.3) occurs
on the right-hand side of the equation.

Since the spatial derivative of w is of the fourth order and both u and v are derived twice
with respect to ξ in Eqs. (3.1) - (3.3), there is a total of 8 interface conditions that need
to be formulated (4 for each of the two domains). The stress resultants for a tubular shell
can be computed as explained in Section 2.4.1. For the structure analysed in this thesis (see
Figure 3.1), the following conditions have to be met at the shell interface, more specifically
at the contact point of the force ξ = 0. The superscript ”+” or ”-” denotes the positive or
negative domain of the spatial variable ξ respectively. At the interface, the continuity in the
displacements and internal forces has to be satisfied as well as the shear force equilibrium due
to the external load. The last two interface conditions shown in Eq. (A.7) and Eq. (A.8) are
the equilibrium of the Kelvin-Kirchhoff edge shear forces in- and out-of-plane respectively as
mentioned in [29].
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A.1.1. Interface conditions

u(0, θ, τ)− = u(0, θ, τ)+ (A.1)
v(0, θ, τ)− = v(0, θ, τ)+ (A.2)
w(0, θ, τ)− = w(0, θ, τ)+ (A.3)
w′(0, θ, τ)− = w′(0, θ, τ)+ (A.4)
Nx(0, θ, τ)

− = Nx(0, θ, τ)
+ (A.5)

Mx(0, θ, τ)
− = Mx(0, θ, τ)

+ (A.6)
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(A.8)

= Fw(τ)δ(θ)

The full expression of the individual stress resultants at the shell edge of a cylindrical shell
according to Flügge’s thin shell theory reads:

Nx(ξ, θ, τ) = − Eh

12R3 (ν2 − 1)

(
12R2

(
νw(ξ, θ, τ) + ν

∂

∂θ
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(A.9)
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Equivalent to the EOMs, the interface conditions have to be projected onto the circum-
ferential modes and expressed in terms of the wavenumbers. Hereby the, assumed solution
ˆ̄U(k, s) = ū(ξ, τ) · e−ikξ · esτ can simply be substituted into the expressions above. In this
expression, k represents the specific wavenumbers which represent the roots or poles of the
system and s the corresponding frequencies.

The interface conditions after projection and substitution are summarised below.

Interface conditions projected on the circumferential modes
Projected on mode n = 0:

u−0 (ξ, τ)− u+0 (ξ, τ) = 0 (A.15)
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w−
0 (ξ, τ)− w+

0 (ξ, τ) = 0 (A.16)

∂

∂ξ
w−
0 (ξ, τ)−

∂

∂ξ
w+
0 (ξ, τ) = 0 (A.17)

Eh

12R (ν2 − 1)

(
−12R

(
∂

∂ξ
u−0 (ξ, τ)

)
+ 12R

(
∂

∂ξ
u+0 (ξ, τ)

)
+ h2

(
∂2

∂ξ2
w−
0 (ξ, τ)

)
(A.18)

−h2
(

∂2

∂ξ2
w+
0 (ξ, τ)

)
− 12νw−

0 (ξ, τ) + 12νw+
0 (ξ, τ)

)
= 0

E h3

12R (ν2 − 1)

(
R

(
∂2

∂ξ2
w−
0 (ξ, τ)

)
−R

(
∂2

∂ξ2
w+
0 (ξ, τ)

)
− ∂

∂ξ
u−0 (ξ, τ) +

∂

∂ξ
u+0 (ξ, τ)

)
= 0

(A.19)

E h3

12R (ν2 − 1)

(
−R

(
∂3

∂ξ3
w−
0 (ξ, τ)

)
+R

(
∂3

∂ξ3
w+
0 (ξ, τ)

)
+

∂2

∂ξ2
u−0 (ξ, τ)−

∂2

∂ξ2
u+0 (ξ, τ)

)
(A.20)

=
F (τ)

2π
δ(ξ)

v−sn(ξ, τ)− v+sn(ξ, τ) = 0 (A.21)

1

2R2 (ν + 1)

((
R2 +

h2

4

)(
∂

∂ξ
v−sn(ξ, τ)

)
+

(
−R2 − h2

4

)(
∂

∂ξ
v+sn(ξ, τ)

)
+ (A.22)

n

4

(
h2

(
∂

∂ξ
w−
cn (ξ, τ)

)
− h2

(
∂

∂ξ
w+
cn (ξ, τ)

)
− 4R

(
u−cn (ξ, τ)− u+cn (ξ, τ)

)))
hE = 0

Projected on cosine-mode n > 0:
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− h3E

12R2ν2 − 12R2

(
−R2

(
∂2

∂ξ2
w−
cn(ξ, τ)

)
+R2

(
∂2

∂ξ2
w+
cn(ξ, τ)

)
+R

(
∂

∂ξ
u−cn(ξ, τ)

)
(A.27)

−R

(
∂
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(
w−
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))

= 0
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(
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(
∂3

∂ξ3
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−2R2
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∂2
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)
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∂

∂ξ
v−sn(ξ, τ)

)
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(
∂
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2

)
n
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=

F (τ)

π
δ(ξ)

Projected interface conditions in the Laplace-wavenumber domain
Projected on mode n = 0:

Û−
0 − Û+

0 = 0 (A.29)

Ŵ−
0 − Ŵ+

0 = 0 (A.30)

−ik
(
Ŵ−

0 − Ŵ+
0

)
= 0 (A.31)

12hE
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Ŵ−

0 − Ŵ+
0
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12
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(
Û−
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0
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Rk − ν

(
Ŵ−
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0

) = 0 (A.32)
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(
Ŵ−
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0
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R+ iÛ−
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Ŵ−
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0

)
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F
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Projected on sine-mode n > 0:

V̂ −
sn − V̂ +

sn = 0 (A.35)

hE

2 (ν + 1)R2

[((
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sn

)
R2 +

ih2

4

((
−Ŵ−
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cn

)
n+ V̂ +

sn − V̂ −
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))
k (A.36)

−Rn
(
Û−
cn − Û+

cn

)]
= 0

Projected on cosine-mode n > 0:

Û−
cn − Û+

cn = 0 (A.37)
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cn

)
R2 (A.42)
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)
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A.1.2. General solution to the coupled system
The general solution of the wave amplitudes for the homogeneous algebraic equations (Eq.
(3.11) - Eq. (3.13), when splitting the domain accordingly) is shown in Eq. (A.43) below.

un(ξ, s) =

Nroots∑
j=1

γu,n(s) · Cj(s) · e−i·kj(s)·ξ (A.43)

The wave amplitude in axial direction is for an arbitrary circumferential mode n. In this
notation, k represents the wavenumbers which represent the roots of the system matrix formed
by Eqs. (3.11) - (3.13). A wavenumber of the system is found once it makes the determinant
of the system matrix vanish; the matrix becomes singular. The coefficients C are found by
substituting the assumed solution into the interface conditions. They define the contribution of
each of the individual harmonic components that make up the wave amplitude. As the system
is assumed to be infinite in length, the radiation condition applies which ensures a decay of
the wave amplitude with increased distance from the load. This boundary condition is applied
by using only those wavenumbers which result in a negative real part in the exponent in other
words the wavenumbers must be chosen such that ℜ(−i · kj · ξ) is negative to ensure a decay
with increasing distance from the source. For this assumed solution we have the following two
cases when this condition is satisfied:

• ξ < 0 = ℑ(kj) > 0

• ξ > 0 = ℑ(kj) < 0

The coefficient γ represents the displacement ratios analogue to a mode shape (eigenvector)
and is needed in solving the coupled system. Since the wavenumbers and the wave amplitudes
are determined for the whole system in case of full coupling, they cannot be allocated to a
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specific displacement component anymore. The coefficient γ scales the individual harmonics
for the various wave amplitudes accordingly.

As the system size for the coupled symmetric case is of the size 2 + 3Nh, we have a total
of 6+ 8Nh roots in our system. In case the system would be possible to decouple – removal of
the foundation at the bottom of the shell – the γ factor is only needed for one circumferential
mode and therefore of size 3 (size 2 in case of n = 0), as there is still coupling between the
EOMs which is unavoidable for most of the shell theories.

Substituting the general solution for one wave amplitude mentioned above (Eq. (A.43))
into the circumferential expansion or general solution for the full displacement shown in Eq.
(3.6) the displacement field of the system in the Laplace domain can be obtained.

u(ξ, θ, s) =

Nroots∑
j=1

γu,0 · Cj(s) · e−i·kj(s)·ξ +

Nh∑
n=1

Nroots∑
j=1

γu,n · Cj(s) · e−i·kj(s)·ξ

 cos(nθ) (A.44)

v(ξ, θ, s) =

Nh∑
n=1

Nroots∑
j=1

γv,n · Cj(s) · e−i·kj(s)·ξ

 sin(nθ)

w(ξ, θ, s) =

Nroots∑
j=1

γw,0 · Cj(s) · e−i·kj(s)·ξ +

Nh∑
n=1

Nroots∑
j=1

γw,n · Cj(s) · e−i·kj(s)·ξ

 cos(nθ)

The largest computational cost in solving the problem comes in finding the roots kj of the
system (wavenumbers). Due to the coupled nature of the problem, the size of the system is
2 + 3Nh (assuming symmetry). For Nh = 1, thus considering the modes n = 0 and n = 1, the
limit of finding a symbolic expression for the determinant is already reached by using Maple,
SymPy or another symbolic software. The advantage of having such a solution is that the
roots of the characteristic polynomial can be found efficiently with a root solver algorithm
for polynomials. These algorithms are computationally favourable over optimisation-based
algorithms. In case Nh > 1, no polynomial can be obtained from the matrix and the roots
can only be found through complex root solvers, whereby a root is found when the real and
imaginary part of the numerically computed determinant is zero. Hereby the algorithms are
based on an optimisation algorithm (ex. Newton method) in the complex plane or algorithms
based on subdivisions and contour integration. These routines come with the drawback of
computational expense and sensitivity to their problem-specific parameters.
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B.1. Additional pressure terms projected on the circumferential
modes

Note that the terms are ordered according to the EOMs, δu, δv, δw. In this case of n = 0 the
EOM in tangential direction (v) is not present as symmetry in the response is assumed.

Projected on circumferential mode n = 0.

2R2pr
(
−ν2 + 1

) (
∂
∂ξw0(ξ, τ)

)
Eh

(B.1)

2R2pr
(
−ν2 + 1

) (
∂
∂ξu0(ξ, τ)

)
Eh

(B.2)

Projected on circumferential mode n > 0.(
−ν2 + 1

) (
R2pr

(
∂
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)
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)
Eh

(B.3)
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)
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Eh
(B.4)
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) (
R2pr

(
∂
∂ξucn(ξ, τ)

)
− 7Rprvsn(ξ, τ)− 49Rprwcn(ξ, τ)

)
Eh

(B.5)

B.2. Additional pressure terms in the Laplace- wavenumber
domain

Projected on circumferential mode n = 0.

−2iR2pr
(
−ν2 + 1

)
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Eh
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(
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(B.7)
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Projected on circumferential mode n > 0.(
−ν2 + 1

) (
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)
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) (
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)
Eh
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C.1. Dispersion curve for the uncoupled shell n = 3 to n = 6

(a) Dispersion graph n = 3 (b) Dispersion graph n = 4

(c) Dispersion graph n = 5 (d) Dispersion graph n = 6

Figure C.1: Dispersion graph for a closed, free, cylindrical shell for the circumferential modes n = 3 to n = 6

76



D
Appendix D

D.1. Tuning of the beam model according to the shell dispersion
curve

The dispersion relation of an EB-Beam has been extensively studied in the past and the
derivation is therefore omitted for brevity. The dispersion relation ∆EB shown below was
obtained from [3] whereby k resembles the wavenumber, ω the angular frequency, ks the spring
constant of the Winkler foundation, EI the bending stiffness and ρA the mass per unit length

∆EB = k4 − ρA

EI
ω2 +

ks
EI

= 0 (D.1)

for which the individual dispersion branches can be computed by solving ∆EB for k or ω.

k1,2 = ± 4

√
ρA

EI
4
√
ω2 − ω2

c (D.2)

ω1,2 = ±

√
EI

ρA
k4 + ω2

c (D.3)

The cut-off frequency of this system is found by solving for ω such that k = 0 which
results in ω2

c = ks/ρA. To tune the beam according to the results from the shell model, the
foundation spring stiffness ks can be adjusted to match the cut-off frequency, depending on
the mode considered (see Figs. 3.2 and 3.3). In Fig. 3.4 (b) it can be seen that shell mode
n = 2 has the greatest amplitude and therefore contributes the most to the response of the
system. Even though, the total response is composed of infinite modes (truncated at n = 6
mode), each contributing to the total response of the system, in the following, the beam model
is tuned to the second mode. The cut-off frequency of the n = 2 mode is very small and is
therefore not visible in Fig. 3.3 (c). Therefore a magnified plot of the low-frequency range can
be seen in Fig. D.1 together with the tuned and original EB model.

The critical velocity is reached when the velocity of the moving load is equal to the phase
speed of the propagating wave (ω1,2/k) [3]. The phase speed of the EB Beam can be computed
based on Eq. (D.3) above which leads to the following expression:

cph = ±1

k

√
EI

ρA
k4 + ω2

c (D.4)

From the equation of the critical velocity, it is evident that it depends not only on the cut-
off frequency, which is influenced by the foundation stiffness but also on the bending stiffness of
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the beam. This allows for independent tuning of the foundation stiffness and bending stiffness
based on the cut-off frequency and the critical velocity, respectively. However, it is important
to note that the distributed mass ρA is also dependent on the bending stiffness due to the
geometrical properties of the cross-section. In other words, both the moment of inertia (I) and
the cross-sectional area (A) are influenced by the dimensions and shape of the cross-section.

Due to the limited scope of this thesis, the bending stiffness is reduced by a factor without
adjusting any cross-sectional properties, such that EItuned = EI · fEI,adj.. While the beam
moves as a whole, the shell only deflects at the top portion, as illustrated by the cross-sectional
displacement in Fig. 3.5, which results in a significantly lower activated mass of the shell.

To match the dispersion graph of the shell shown in Fig. 3.3, the foundation stiffness has
to be reduced such that the cut-off frequency aligns with the one from the shell element (n = 2
branches, ωc ≈ 25 rad/s). Afterwards, the bending stiffness can be adjusted to match the
critical velocities.

The dispersion graph in Figure D.1 confronts the original as well as the adjusted beam
model to the shell model. Hereby the dispersion branches for n = 2 of the coupled shell
considering Nh = 2 modes. As outlined in previous chapters, the computational limitations
make it difficult to obtain the dispersion curves for Nh = 6.

Figure D.1: Dispersion graph for Shell model for Nh = 2, n = 1 and tuned Euler-Bernoulli beam model

The dispersion graph in Fig. D.1 shows that the shell model has a significantly lower cut-off
frequency than the original beam model (≈ 300 rad/s), which is not shown in the graph for
visual purposes. After adjusting bending and foundation stiffness the dispersion curves of the
two models align overall well; only considering the shell bending branches. The adjustment
factor for the spring foundation was determined analytically using the expression for ωc and
the one for the bending stiffness was determined iteratively; both are shown below:

• fEI,adj. = 0.9

• fks,adj. = 6.7e− 3
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