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ABSTRACT

We studythelocationof local minimaof thefinite sampleap-
proximationto the constanimoduluscostfunction. This paper
concentrate®n sourceseparation.The main resultis a con-
nectionbetweernthe numberof samplesandthe probability of

obtaininga local minimum of the finite approximationwithin

agivenspherearoundthelocalminimumof the CM costfunc-

tion.

1. INTRODUCTION

Blind equalizatiorandsourceseparations a wide field of re-
searchijnitiated by the works of Sato[9] Godard[2] and Jut-
tenandHerault[6]. Oneof themostwidely usedandanalyzed
amongthe mary methodsstudiedthe constantmodulusalgo-
rithm (MA) proposedy [2] and[12] for channelequalization
or for cochannelnterferencesuppressionn radio communi-
cationsystemgq3]. The asymptoticbehaior of the CM cost
functionis well understoodi.e. the locationof the local min-
ima of the CM costfunction have beencharacterizedirst in
the noiselesscaseandthenin the noisy casein [4], [14],[7].
We refer the readerto the excellentoverview paperby John-
sonet. al [5] for adetailedoverview on thevariousalgorithms
usingthe CMA costfunction,aswell asmary of its properties.
For moreontheCM arrayfor multiple userseparatiorse€g[10]
andthereferencesherein.

Althoughmuchresearcton the propertiesof the CM cost
function as well as other cost functions has beendone, we
couldnotfind ary studyof the performancenf thesemethods
with finitely mary samples.Onerelevantresultin the noise-
lesscaseis the uniquenessf the solutionsto the CM problem
for BPSKsignals[11], which stateghata sufficient condition
for obtainingonly the zeroforcing solutionsis having all 2¢~*
mary constellationswith first elementl. This meansthatin
thenoiseless.i.d. casewith probabilityapproaching we will
obtainthe exact solution. Sucha theoremcanno longerhold
in the noiselesscase,and similar resultfor arbitrary CM sig-
nalsstill lacksa rigorousproof, althoughit is expectedto be
true.

Several algorithmswhich works well with finite samples
in thenoiselescasehave appearedOnesuchalgorithmis the
ACMA [13] whichanalyticallysolvesthenon-linearequations
involved. Anotheralgorithmin differentdirectionis the finite
window CMA [16] which is basedon the LS-CMA [1], but
reuseghedata.

In this paperwe proposea generalframevork for ana-
lyzing the finite samplepropertiesof various cost functions
throughthe useof the centrallimit theoremandChebyshe's
inequality To simplify the mathematicsnvolved we shallas-
sumethatthesignalsamplesarealsoi.i.d. However moregen-
eral treatmentis possible. The ideaspresentedn this paper
canbe consideredas an extensionof Ljung’s analysis[8] of
the MSE costfunctionto amoregeneralsetup.

2. MAIN THEOREM

In this sectionwe will studythe relation of the local minima
of ageneralostfunction

J=(w) = BxJ(w;x) @)

to the local minima of its finite sampleapproximation.At no
point we specializeto the CM costfunction, but at the next
sectionwe will try to estimatesomeof the constantsnvolved.

The motivation for our study are two problems: Equal-
ization of communicationsignals,and blind separationof a
desiredsignal in multiuserervironment. In orderto main-
tain simplicity we will focusonthecaseof blind beamforming
whichis somavhatsimplerto analyze Note however thatsim-
ilar resultscanbe obtainedfor the equalizatiorproblem.

In our casewe aregiven a setof antenna®utputs

x(t) = As(t) + n(t)

whereA is the array responseowards the receved signals,
s(t) isavectorof receied signalsassumedo benon-Gaussian,
andn(t) is the receiersnoisewhich is assumedo be Gaus-
sianwhite with covariances?l.

Adaptive beam-formeris basically a linear combinerof
theantennautputs,designedo separat®nesignalout of the
mixtures,with maximalsignalto interferenceplusnoiseratio.
Many adaptve methodstry to separateisersbasedon mini-
mizing astochasticostfunction Ex.J (w, x). Oneof themost
successfuils the CMA trying to minimizetheC M A(2, 2) cost
function

Jou (w) = Bx (|wx]* - 7«)2.

wherer is the dispersiorconstant.
We will assumehatwe aregiven asetof N realizations

X:[xl,...,xN]



of x, anddefineJ” (w; X) by:

T (%) = 30 T(w x). @)

k=1

Let w, be a local minimum of J*°(w). We would like to
boundthedistancebetweenw, andtheclosestocalminimum
of J¥ (w; X), in termsof the statisticalpropertiesof the cost
function andits derivatives. Obviously, sinceour definitionis
basednrealizationof arandomprocessye cannotexpectto
obtaina deterministicresult. Hencewe would lik e that given
aprobabilitye andaradiusr to know whetherthe probability
thata local minimum of J~ (w; X) hasa distanceat mostr
from wy is greatetthanl — e.

We will assumethat the Hessianof J*°(w,) is positve
definite. Especiallyit is non-singular In the noiselesscase
this implies that the numberof signalsis equalto the num-
ber of sensors.This limitation is artificial and follows from
the factthatin this casethereareno truelocal minima, since
addinga componentn thedirectionof the noisesubspacevill
not changethe value of J*°. To overcomeit oneshouldnote
thatby the resultsof [7] the CM recever areall in the signal
subspaceaven in the noisy case. Hencea sensiblefirst step
would beto projectthe sensorontothe signalsubspaceThis
exploits the available secondorderstatistics somethingdesir
ablein the noisy case.A further stepof whiteningis possible
but notnecessaryor our analysis.

Letwy bethelocal minimaof JV (w; X) closesto w,.
Firstwe shallprove thefollowing theorem:

Theorem 2.1 For everyr > 0 andanye > 0 theris N =
N(r,e) sud that P(||lwy — wol|| < r) > 1 — . Moreover

we can chooseN(r, &) = w whe’ Amin is the
minimaleigervalueof the Hessiarnof J* evaluatedat Wo.

The proof of theorem2.1 is divided into two parts: First we
studythelocationof local minimaof thesecondrderapprox-
imationto JV aroundw,. Thenwe shaw thatif r is chosen
sufficiently smallthe existenceof alocal minimum of the sec-
ondorderapproximatiorof .JV in asphereof radiusr ensures
the existenceof a local minimum of JV in the samesphere.
To simplify notationlet X = [x,...,xn]. Let J& (w;X)
bethesecondorderTaylor approximatiorof J aroundw,:

J3 (w; X) = JN (wo, X) + VIV (wo, X) (W — W)
+%(w — WO)HHN(WO, X)(w —wo) .
JY (w; X) hasalocal minimumat

wh = wo + HY (wo, X) ' VIV (w,, X) (4)

provided that HY (w,, X) is positive definite. H*®(w,) is
positive definite sincew, is a local minimum. We shall as-
sumethat it is positve definite. If this assumptionis vio-
lateda higherorderanalysisis needed.Basedon the central
limit theoremwe candeducahatHN is positive definitepro-
videdthat N >> A1, where Amin is the minimal eigen-

min’
value of H*(w,). In this casethe maximal eigervalue of

HY (wo, X) ! |s(as)A -(1+0( loeloe Ny [15]. Hence

we obtain:

||VJN("VmX)||2
)\2

min

®)

[[ws' = woll” <

Therefore

N O.X
P(||w§v—wo|| >r) <P(HVJ)\($)|| >1">.

Assumingthatx; arei.i.d (andwith somemild assumptions
on VJ°) we obtain:

Varyg (IIV.7 (woi X)IP) = TeVarx (1 (woi %))

N
(6)
Using Chebyshe's inequalityandthe positivity of
IVJIN (wo; x)|| we concludethat
N Varx||VJ (wo; )|l
Pllwe’ = woll > ) < —=——F5=2. (7)
SettingN suchthatw = ¢ yieldsthe de-

siredresultfor J3' . i.e.,
Varx||VJ (wo; )|l
)\mint’;"r‘2
Finally we commenton a possiblestrongimprovement. We
know thatwhen N is large, J¥ (w; X) is the averageof i.i.d

variables. Hencewe can apply the centrallimit theoremto
obtainthat

VN (VJN (w; X) — ExV.J(w; X))

VVarxVJ(w;X)

is asymptoticallynormally distributed. This enabledo deter
mine sharpetboundson the relationbetweenr,e and N. We
shalldemonstratéhis by simulations put a morethoroughde-
scriptionwill appearelsevheredueto lack of space.

The next stepis to shav thatfor r suficiently small, the
local minima of J¥ (w,X) are suficiently closeto theseof
J¥ (w,X). Weknow that

TV (w; X) = I3 (w; X) + O(llw — wol[*).

Thusby definitionof J3' (w,X), thereis anro anda constant
¢ suchthatfor every w suchthat||wy — w,|| < ro , we have

|3 (w,X) — IV (W, X)| < er®.
This is sufficient, by the following argument:Let ¢ be given.
Let IV belarge enoughsuchthat
r 4Varx||VJ (wo; x)|>
Wol| > 2) < N NT? =e.
N

wherew? is the minimum of J3' (w.X). We know that if
w2 — wol|| < Z, thenfor ary w suchthat||w — w,|| = r,

N =

P(|lwy

J3 (w.X) —

and

N, N N2
o' (W25 X) 2 Aina N (wo)llw — wa ||

N 72
Amin(B8N (woy [W — w3 I” > Amin(HN (W) (5) .

Hencewe obtain

Amin(HN (Wo)) 2 3

IV (w; X) — IV (W X) > — 2er®.
Thisis positive for ary r sufliciently small. ThusJ" (w’; X)
is smallerthanJ™ (w; X) for ary w suchthat||w — w|| = r,
so theremust be a local minimum of J~ (w; X) inside the
sphere:

{w i llw—wol <r}.
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Figurel: Distribution of localminimafor variousvaluesof N.
(@) N =100, (b) N = 1000, (c) N = 10%, (d) N = 10°.

3. SSIMULATIONSFOR THE CM COST FUNCTION

In this sectionwe describesome simulationswe have per
formedin orderto testthe behaior of the location of the N
sampleapproximationgo the CM costfunction,to bedenoted
CMA(2,2,N).

In thefirst experimentwe have mixed two randomphase
CM signalsusingthe unitary matrix

cos(h)
—sin(0)

_ sin(@)

A= cos(f) |-

andé = 60°. We have addeda randomGaussiamoisewith
signalto noiseratio of 30dB. For logarithmicallyspacechum-
berof samplesbetweeni00 and10® we have initialized amin-
imizationof the CM costfunctionwith oneof thezeroforcing
solutions,and cornvergedto the nearestocal minimum point
usinga BFGSQuasi-Nevton algorithm. The justificationfor
the initialization is that for good SNR the CM beamformer
is expectedto be nearthe ZF solution. For eachvalue of N
we have repeatedhe experiment1000 times. Figure 1 (a-d)
presentghedeviationsof the estimatedCM beamformefrom
the CM beamformerestimatedoy averagingthe locationsof
all theexperimentawith 10° mary samples)for variousvalues
of N. We canclearlyseethatthelocationsof thelocalminima
tendsto concentrat@roundthetrue solution,asexpectedrom
theorem2.1. Next we have turnedto estimatethedistribution
of thelocal minimaasa functionof V.

Using the asymptoticexpressioncomingfrom the central
limit theoremwe have expectedto find a linear connection
betweenthe logarithm of the radiuswhich ensuregprobabil-
ity 1 — ¢ of finding alocal minimumto the CMA(2,2,N) cost
function andthe logarithmof the numberof samples.To test
thatwe have usedthe orderstatisticsof thedistanceto the CM
beamformer Figure 2(a) presentghe 10,30,50,70 and90'th
percentileof thedistanceof local minimaof the CMA(2,2,N)
to the CM beamformeras a function of log,, N. We can
clearly seethat the lines are paralleland are linear  To ver-
ify thelinearity we alsopresentheleastsquarefits, in figures
2(b)-(d).

In orderto presentheeffectof theeigervaluespreadf the
mixing matrix, whichis expectedo getinto the probability ex-
pressiorthroughAmin We have repeatedhe above experiment
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Figure2: Orderstatisticsof thelog distanceto the CM beam-
former as a function of N. (a)10,30,50,70,9@ercentilesas
function of log, 0(N). (b)-(d) LS line fitting to the 10, 50
and90 percentiles.
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Figure3: Distribution of localminimafor variousvaluesof N.
(@) N =100, (b) N = 1000, (c) N = 10%, (d) N = 10°.

with a mixing matrix
1 2
St

whichhaseigervalues—0.372, 5.372. Theeigevaluesof A~!
are—2.6861, 0.1861 whichimpliesthattheestimatesrelikely
to be more spreadin onedirection. Figures4(a)-(d) presents
the locations of the local minima. We can clearly seethe
wideningdueto the smallesteigervalue.

Finally in orderto testthe dependencbetweenN andr
for arny givene we have computedhe coeficienta, bin theLS
fitting of — log,o(r?) = alog,,(N) + b, as afunction of the
percentiles. Figuresb,6 describegheresultsfor both simula-
tions. We canseethatthedependencis of theform N = ”r(—i)
i.e.,thea coeficientis extremelycloseto 1 in all cases.This
completelyagreeswith the analysisof therelationbetween-?
and N presentedn the previous section. The dependencen
€ however canbeimproved usingthe centrallimit theorem.



—+ 10%
gl [% 3%

—+  10% distance
— Lsfit

4
log loN

6

5 —+ 50% distance
— Lsfit

—+  90% distance
— Lsfit

2 4
IogloN

6

4
IogloN

6

Figure4: Orderstatisticsof thelog distanceto the CM beam-
former as a function of N. (a)10,30,50,70,9(percentilesas
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