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Temporal Graph Reproduction With RWIG
Sergey Shvydun , Anton-David Almasan , and Piet Van Mieghem , Fellow, IEEE

Abstract—We examine the Random Walkers Induced temporal
Graph (RWIG) model, which generates temporal graphs based on
the co-location principle of M independent walkers that traverse
the underlying Markov graph with different transition probabil-
ities. Given the assumption that each random walker is in the
steady state, we determine the steady-state vector s̃ and the Markov
transition matrix Pi of each walker wi that can reproduce the
observed temporal network G0, . . ., GK–1 with the lowest mean
squared error. We also examine the performance of RWIG for
periodic temporal graph sequences.

Index Terms—Generative models, Markov process, network
dynamics, random walks, RWIG, temporal networks.

I. INTRODUCTION

T EMPORAL networks have attracted a lot of attention in the
last decades [1], [2], [3]. Many complex systems, including

infrastructural, biological, social, and financial networks, evolve
over time which, in turn, affects the topology and the processes
that propagate over these networks. Modeling these systems
enhances our understanding of their dynamics and the processes
that propagate through them, such as diffusion and contagion,
while also providing valuable predictions [4], [5].

Modeling temporal networks is more difficult and challenging
than modeling static graphs. While the static network generation
is aimed to reproduce some emergent network structure (e.g.
power-law degree distribution [6], community structure [7],
[8], motifs [9] or small-world [10] properties), the temporal
network generation should take into account a highly non-trivial
interplay between the topology and the evolutionary process of
the network, which exhibits temporal patterns, memory effects
and dependencies, including burstiness of links, their quasi-
periodicity (e.g. day-night or weekly rhythms) and temporal
correlation. There exist temporal network models that mimic
real-world networks in terms of certain topological features such
as the number of links, clustering coefficient, degree distribution,
connected components or motifs [11], [12], [13]. A system theo-
retical approach towards emulating temporal graphs is presented
in [14]. Various approaches to human mobility are discussed
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Fig. 1. Inverse problem for RWIG: non-identifiability of the initial process.

in [15], [16], [17], [18], [19]. However, most existing models do
not provide precise knowledge about the underlying process that
generates temporal graphs. If the underlying evolutionary pro-
cess is stochastic, then an observed graph sequenceG0,…, GK-1

represents just one possible realization. Therefore, replicating
such sequences without capturing the underlying process may
result in overfitting and inaccurate predictions of future network
dynamics and propagating processes.

This paper aims a deeper understanding of network evolution-
ary processes. Specifically, we examine the Random Walkers
Induced temporal Graph (RWIG) model [19] that generates
temporal graphs based on the underlying Markov process. The
essential components of RWIG are

a) M random walkers on a fixed underlying graph,
b) the fixed underlying graph is a Markov graph on N states

(nodes). The random walk on a Markov graph specifies
a stochastic process that steers the walker, which we
interpret as the walker policy. In principle, each inde-
pendent walker wi possesses its own Markov graph on
N states) specified by an N×N probability transition
matrix Pi.

c) the co-location principle creates the links in the contact
graph Gk between walkers that are in the same state in the
underlying graph at time k.

Fig. 1 exemplifies M = 3 random walkers, who traverse
the same Markov graph (left) with N = 8 states (shaded) in
discrete-time steps according to the transition probabilities pij .
Fig. 1 (right) shows T possible contact sequences between M
walkers. Initially, all walkers form a clique in the contact graph
G0, because they are in the same state at discrete time k = 0.
At each discrete time k, RWIG generates the contact graph
Gk by creating links between all walkers found in the same
state in the Markov graph. Therefore, any sequence of graphs
G0, . . ., GK-1 consists of the union of disconnected cliques,
which is in complete accord with the topology of the empirical
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co-location contact graphs in [20]. However, RWIG cannot
reproduce real-world networks with a non-clique structure.

A physical interpretation of RWIG is a collection of indi-
viduals moving through space (e.g. city map). Each node of
the underlying graph is a physical location (workplaces, homes,
hospitals, schools, public transport stations, etc.) while links
are physical paths between locations. RWIG assumes that the
Markov process generates human motion over a set of places
(states). Almasan et al. [19] derived closed-form solutions for
the probability distribution of contact graphs at discrete time k.
Here, we focus on the inverse problem and discuss how well
RWIG can reproduce a temporal graph sequence. Our goal is to
infer the initial state and the Markov graph of each walker that
can generate a given K-length graph sequence G0, . . ., GK–1.

Solving the inverse problem for RWIG is challenging. If the
evolutionary process of the temporal network is not determin-
istic, the observed sequence G0, . . ., GK–1 is only one possible
realization of the stochastic process and does not replicate the
entire process. Fig. 1 illustrates an example where only realiza-
tion 4 is observed. Hence, identifying the RWIG’s parameters
from a single realization may not be feasible.

Our major contributions can be summarized:
� We determine the steady-state vectors of the walkers in

RWIG that generate a temporal graph sequence with the
same average graph density and clique distribution as in
the observed graph sequence G0, . . ., GK–1.

� If G0, . . ., GK–1 is produced by RWIG in the steady state,
then we identify the underlying common policy matrix (the
Markov graph) of the walkers that generates the observed
graph sequence G0, . . ., GK–1.

� We demonstrate that RWIG with different policies of the
walkers is able to reproduce any periodic graph sequence.
We propose the algorithm that defines the Markov graph
and initial state of each walker.

The paper is organized as follows. Section II describes RWIG
and discusses the performance metrics for the inverse problem.
Sections III and IV discuss RWIG in the steady state. Section III
provides the solution for the steady-state vectors of the walk-
ers. Section IV determines the Markov graph of the walkers.
Section V discusses periodic graph sequences. We summarize
the notation in the Appendix A.

II. RANDOM WALKERS INDUCED TEMPORAL GRAPH (RWIG)

A. Temporal Networks

We consider a temporal graph G = {Gk(M,Lk)}K–1
k=0, con-

sisting of a setM of |M| = M walkers connected by a setLk of
Lk links at discrete time k ∈ {0, 1, . . .,K–1}. The graph Gk is
described by an M×M adjacency matrix A[k] whose elements
aij [k] are either one or zero depending on whether there is a
link between walkers wi and wj or not at discrete time k. For
simplicity, we assume that the set of nodes is fixed and the graph
is undirected without self-loops. Then all adjacency matrices
A[k] = (A[k])T are real symmetric matrices. Since our focus is
on the inverse problem of RWIG, we also assume that the graph
Gk is composed of a set of disconnected cliques.

B. Description of RWIG

The random variable Xi[k] denotes the state in the Markov
graph of walker wi at discrete time k and Pr[Xi[k] = l] is the
probability that walker wi is in state l in the Markov graph at
discrete time k. The probability transition matrix Pi encodes the
time-independent policy of walker wi

(Pi)lj = Pr[Xi[k + 1] = j|Xi[k] = l]

at any discrete time k. Given the initial 1×N state vector
si[0] of walker wi (its initial position), the corresponding
1×N state vector si[k] at discrete time k is defined in [21] as

si[k] = si[0]P
k
i ,

where the l-th element of the probability state vector si[k] for
walker wi at discrete time k is (si[k])l = Pr[Xi[k] = l].

RWIG generates a sequence of contact graphs G0, . . .,GK–1

where the contact graphGk consists of the union of disconnected
cliques. Hence, RWIG is not able reproduce sequences of non-
clique graph structures.

Almasan et al. [19] derived the probability of an m-clique
contact graph gk = {A1[k], . . .,Am[k]} at discrete time k

Pr[Gk = gk] =

N∑
i1=1

. . .

N∑
im=1

im �∈{il}m–1
l=1

m∏
j=1

∏
wu∈Aj [k]

(su[k])ij ,

or, equivalently,

Pr[Gk = gk] =
∑
π∈Pg

(∏
C∈π

(−1)|C|−1(|C|−1)!
) ∏
A∈g(π)

σA[k],

whereAi[k] for all i ∈ {1, . . .,m} represent the cliques formed
at discrete time k, Pg is the set of all partitions on g, |C| denotes
the number of cliquesA in cell C of partition π on g, g(π) is the
contact graph in which the cliques are formed by the cells C and
σA[k] is the probability that walkers of a subset A ⊆M are in
the same state at discrete time k

σA[k] =

⎛⎝⊙
wj∈A

sj [0]P
k
j

⎞⎠uT , (1)

where
⊙

denotes the Hadamard product [22] and u is the 1×N
all-one vector.

Since the Markov process generates the temporal graph se-
quence, the probability of the observed contact graph sequence
g0, . . ., gK–1 is given by

Pr [G0 = g0, . . . , GK–1 = gK–1]

= Pr [G0 = g0]

K–1∏
k=1

Pr [Gk = gk|Gk–1 = gk–1], (2)

where Pr[Gk = gk|Gk–1 = gk–1] is the conditional probability
of an m-clique contact graph gk at discrete time k given that an
p-clique contact graph gk–1 occurs at time k–1 with

Pr [Gk = gk|Gk–1 = gk–1]

=

N∑
c1,...,cp=1
c1 �=...�=cp

N∑
i1,...,im=1
i1 �=... �=im

p∏
r=1

m∏
j=1

∏
wl∈Aj [k]∩Ar[k–1]

(Pl)crij . (3)

Intuitively, (3) considers possible positions of M walkers in
the Markov graph at time k–1 and k and then evaluates the
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probability of walker transitions between these states. Identifi-
cation of the transition probability matrix Pi and the initial state
si[0] of each walker wi may not be analytically tractable for (2)
because the conditional probability Pr[Gk = gk|Gk−1 = gk−1]
has N(N–1)M variables and each term in (3) is the product of
M variables1. Hence, we examine another performance metric
for RWIG.

Theorem 1 defines the joint probability of a clique in a contact
sequence, which is generated by RWIG.

Theorem 1: Consider RWIG with M walkers w1, . . .,wM

where each walker wi has the N ×N transition probability
matrixPi and the initial state si[0]with si[k] = si[0]P

k
i . Denote

by IC [k] the indicator variable whose values are either one or
zero depending on whether a clique C among walkers exists in
graph Gk. Then

1) The joint probability of a link (i, j) at discrete time k + κ
and k between walkers wi and wj is

Pr
[
aij [k+κ]=1, aij [k]=1

]
=si[k]diag

(
Pκ
i

(
Pκ
j

)T)
sTj [k].

2) The joint probability that a clique C ⊆M occurs at dis-
crete time k + κ and k is

Pr[IC [k+κ]=IC [k] = 1]=

⎛⎝⊙
wi∈C

si[k]

⎞⎠⎛⎝⊙
wi∈C

Pκ
i

⎞⎠uT .

3) The joint probability that a clique C ⊆M occurs from
discrete time k to discrete time k + κ is

Pr[IC [l]=1 k≤l≤k+κ]=

⎛⎝⊙
wi∈C

si[k]

⎞⎠⎛⎝⊙
wi∈C

Pi

⎞⎠κ

uT .

The proof of Theorem 1 is provided in Appendix B.

C. Performance Evaluation of RWIG

Suppose that RWIG generates the sequence Â = (Â[0], . . .,

Â[K–1]) of adjacency matrices over K time slots. RWIG’s
performance can be assessed by measuring the mean squared
error (MSE) between links in A and Â

MSElink

(
A, Â

)
=

1

K(M2 )

K–1∑
k=0

M∑
i=1

M∑
j=i+1

(aij [k]–âij [k])
2, (4)

where aij [k] and âij [k] are real and estimated entries corre-
sponding to the link between wi and wj in graph Gk.

Since all random walkers move independently of each other
in the Markov graph, the probability of a contact âij [k] between
two walkers wi and wj at discrete time k depends on the
corresponding probability state vectors si[k] and sj [k]

âij [k] =

N∑
l=1

Pr [Xi[k] = l,Xj [k] = l]

=

N∑
l=1

∏
u∈{i,j}

Pr [Xu[k] = l] = si[k] · sTj [k]. (5)

1Each walker wi has the N×N transition probability matrix Pi

with N(N–1) variables. The total number of walkers is M . The term∏m

j=1

∏p

r=1

∏
wl∈Aij

∩Bcr (Pl)ijcr in (3) has polynomial degree M , be-

cause it contains one element from each matrix P1, . . .,PM .

Eq. (5) imposes constraints on vectors s1[k], . . . , sM [k] of the
walkers at discrete time k to reproduce graph Gk.

Lemma 1: RWIG reproduces the sequence Â = (Â[0], . . .,

Â[K–1]) of adjacency matrices with MSElink(A, Â) = 0 if
and only if for any discrete time k

1) si[k] = sj [k] = el for aij [k] = 1 where el is the l-th stan-
dard basis vector, l ∈ {1, . . ., N};

2) si[k] ⊥ sj [k] for aij [k] = 0.
Substituting (5) into (4) yields

MSElink

(
A, Â

)
=

1

K(M2 )

K–1∑
k=0

∑
i<j

(
aij [k]–si[k]s

T
j [k]

)2
. (6)

Given the sequence A = (A[0], . . ., A[K–1]), we need to
identify the initial state vectors sM[0] = (s1[0], . . ., sM [0]) of
M walkers and their Markov matrices PM = (P1, . . ., PM )
that minimize (6). However, identifying sM[0] and PM is not
analytically tractable because si[k] and sj [k] in (6) involve
powers of unknown stochastic matrices P1, . . .,PM as well
as unknown initial state vectors s1[0], . . .,sM [0]. For instance,
the term si[k]s

T
j [k] = si[0]P

k
i (P

k
j )

T sTj [0] is a polynomial of
degree 2(k + 1) with 2(N2–1) variables2.

Eq. (4) compares only the links in A and Â. Alternatively, we
can extend MSElink(A, Â) and compare higher-order struc-
tures, such as cliques of size r. Denote by Mr a set of(
M
r

)
possible combinations of r walkers from a set M. The

MSEclique measure compares all cliques of size r (2 ≤ r ≤M )
in sequences A and Â

MSEclique

(
A, Â

)
=

M∑
r=2

∑K–1
k=0

∑
C∈Mr

(IC [k]−σC [k])
2

K
(
M
r

) ,

(7)
where σC [k] is defined in (1) as the probability of clique C at
discrete time k,

(
M
r

)
is the number of cliques of size r in a

complete graph and IC [k] defines the existence of clique C in
graph Gk. We analyze MSElink and MSEclique of RWIG in the
steady state in Section III.

III. GENERATING GRAPHS IN THE STEADY STATE

A. RWIG With a Single Stochastic Matrix P in the Steady State

Suppose that all walkers have the same N×N Markov tran-
sition matrix P (i.e., Pi = P for all wi ∈M), which admits a
1×N steady-state vector s̃ = s̃P with s̃u = 1. Then the steady-
state probability vector of each walker wi ∈M is

lim
k→∞

si[k] = s̃.

Assume that all M walkers start in the same steady state s̃.
Then s1[k] = . . . = sM [k] = s̃ and the probability of contact
âij [k] between walkers wi and wj at discrete time k is

âij [k] = si[k] · sTj [k] = s̃ · s̃T =
N∑
l=1

s̃2l = p. (8)

2Walker wi has N–1 variables for the initial state vector si[0] and N2–N
variables for the N×N transition probability matrix Pi. The total number of
variables for each walker is N2–1. Each entry of P k

i has polynomial degree k

and si[0]P
k
i has degree k + 1.
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Applying the Cauchy-Schwarz inequality [22] to the N×1
vector s̃ and the N×1 all-one vector u gives(

N∑
l=1

s̃l

)2

≤
N∑
l=1

s̃2l

N∑
l=1

u2
l ,

or, equivalently,

1

N
≤

N∑
l=1

s̃2l = p, (9)

because
∑N

l=1 s̃l = 1 and 0≤s̃l≤1. Since
∑N

l=1 s̃
2
l≤

∑N
l=1 s̃l,

we conclude that p∈[ 1N , 1]. Hence, there is always a non-zero
probability that walkers wi and wj form a contact between each
other in the steady-state.

Relation (8) shows some limitations of RWIG in the steady-
state (RWIGss) for temporal network generation. First, the prob-
ability p of a contact between walkers wi and wj is invariant
of the discrete time k, because RWIG is in the steady-state.
Thus, an m-clique contact graph G is equally likely to emerge
acrossK time slots. Second, the probability of a contact between
any two walkers has a fixed probability p = s̃s̃T , which is not
realistic for many real networks. Third, relation (9) shows that
the lower bound of a contact probability p is rather high for small
N (e.g. p ≥ 1

4 for N = 4). Hence, it is unlikely for RWIGss

to accurately reproduce any specific labeled contact sequence.
Nevertheless, although all links have the same probability p to
appear, RWIGss is different from any existing random graph
model for static networks. Indeed, RWIG always produces a
set of cliques. Consequently, RWIGss can also be viewed as a
new random graph model for fixed graphs. Lemma 2 defines the
properties of RWIGss.

Lemma 2: Consider RWIG where all M walkers have the
same Markov matrix P with N states, which admits a steady-
state vector s̃ = s̃P , and si[0] = s̃ for any wi ∈M. Then,

1) the expected number of links Lk in graph Gk at any
discrete time k ∈ {0, . . .,K-1} is, with p = s̃s̃T ∈ [ 1N , 1],

Lk =
M(M–1)

2
p ∈

[
M(M–1)

2N
,
M(M–1)

2

]
;

2) the joint probability of a link (i, j) at discrete time k + κ
and k in the steady state is

Pr [aij [k+κ]=aij [k]=1]

= s̃diag
(
Pκ (Pκ)T

)
s̃T∈

[
1

N2
, 1

]
.

The proof of Lemma 2 is provided in Appendix C.1.

B. Performance of RWIGss With Respect to MSElink

We analyze MSElink of RWIG, where all M walkers start in
the steady state s̃. Substitution of (8) into (6) gives

MSElink

(
A, Â

)
=
(
s̃s̃T –a

)2
+ b, (10)

where b is a non-negative constant and a is the average density

of a temporal graph with a =
2
∑K–1

k=0

∑M
i=1

∑M
j=i+1 aij [k]

KM(M−1) . Ap-
pendix C provides additional information on the simplification
of MSElink. The global minimum of (10) occurs at s̃s̃T = a.
Indeed, (10) demonstrates the variational principle of variance

V ar[X] [21] stating that the best least-square approximation of
the random variable X is its mean E[X].

Since the average density a∈[0, 1] for any arbitrary graph
sequence and s̃ is the steady-state vector with s̃s̃T ∈ [ 1N , 1],
s̃s̃T = a does not necessarily have a solution for a fixed N . The-
orem 2 defines the accuracy of RWIG with respect to MSElink

as well as the conditions on steady-state vector s̃.
Theorem 2: Consider RWIG where all M walkers have the

same Markov matrix P with N states, which admits a steady-
state vector s̃ = s̃P , and si[0] = s̃ for any wi ∈M. Any se-
quence A = (A[0], . . ., A[K–1]) of M×M adjacency matrices
with an average density a can be reproduced by RWIG with

1) MSElink(A, Â) =
∑K–1

k=0

∑M
i=1

∑M
j=i+1 (aij [k]– 1

N )2

K(M2 )
>0 if

a< 1
N . The steady-state vector is s̃ = u

N .

2) MSElink(A, Â) = V ar[A]

K(M2 )
≥ 0 if a ≥ 1

N . The steady-

state vector s̃ satisfies s̃s̃T = a and has finite solutions
if and only if a ∈ { 1

N , 1}.
The minimal number of Markov states N to achieve the lowest
MSElink is N = �1/a�.

The proof of Theorem 2 is provided in Appendix C.3. The-
orem 2 demonstrates that RWIGss, where si[0] = s̃ for any i ∈
M, is able to reproduce the sequence of graphs G0, . . .,GK–1

accurately (MSElink(A, Â) = 0) if and only if V ar[A] = 0
and, consequently, G0, . . ., GK–1 is a sequence of complete
graphs or a sequence of null graphs (there are no links between
walkers). Moreover, Theorem 2 shows that for a /∈ { 1

N , 1}, it
is impossible to identify the initial steady-state vector using
MSElink because equation s̃s̃T = a has infinitely many solu-
tions. Hence, we defined a class of the steady-state vectors s̃
that generate a temporal graph sequence with the same average
graph density a as in G0, . . ., GK–1.

C. Performance of RWIGss With Respect to MSEclique

Section III-B demonstrates that, in most cases, the initial
steady-state vector s̃ cannot be recovered based on the MSElink

criterion. In this section, we show that the vector s̃ can be
uniquely defined using the MSEclique criterion defined in (7).

We analyze MSEclique of RWIG, where M walkers start in
the steady-state s̃ and follow the same policy P . Assume that all
components of the steady-state vector s̃ are not zero. From (1),
the probability that r walkers of set A = {wi1 , . . .,wir} form a
clique at discrete time k becomes

σA[k]=

⎛⎝⊙
wj∈A

sj [0]P
k
j

⎞⎠uT =

⎛⎝⊙
wj∈A

s̃

⎞⎠uT =
N∑
i=1

s̃ri , (11)

Eq. (11) is invariant to the discrete time k and provides the same
value for any set of r walkers, because they all have the same
steady-state vector s̃. Hence, for simplicity, we denote σA[k] by
σr. Substitution of (10) into (7) gives

MSEclique

(
A, Â

)
=

M∑
r=2

(σr–qr)
2 +

M∑
r=2

br

K
(
M
r

) , (12)

where br ≥ 0 is a constant, qr =
∑K–1

k=0

∑
C∈Mr

IC [k]

K(Mr )
denotes the

probability of cliques of size r in the observed graph sequence
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G0, . . .,GK–1. Appendix C provides additional information on
the simplification of MSEclique.

The global minimum of (12) occurs when σr = qr for any
2 ≤ r ≤M . Explicitly, by (11)⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∑N
i=1 (s̃)i = 1,∑N
i=1 (s̃)

2
i = q2,

· · ·∑N
i=1 (s̃)

M
i = qM .

(13)

The set of equations in (13) can be solved using the Newton
identities for polynomials [21], [23]. Consider a polynomial
pN (z) of degree N in the complex variable z

pN (z) =

N∑
r=0

arz
r = aN

N∏
r=1

(z − (s̃)r) , (14)

where a0, . . ., aN are the coefficients of a polynomial pN (z)
with aN = 1 and (s̃)1, . . ., (s̃)N are the roots of pN (z). For
each integer r ≥ 1, the rth power sum σr is

σr =

N∑
i=1

s̃ri .

The relation between the coefficients a0, . . ., aN and the power
sums σ1, . . ., σN is derived in [21] as

ar = − 1

N − r

N∑
l=r+1

alσl. (15)

Lemma 3 shows that RWIGss, where walkers start from s̃, is
able to generate a temporal graph with the same probability of
cliques as in G0, . . ., GK–1.

Lemma 3: Let qr be the empirical probability of cliques of
size r with 1 ≤ r ≤M . The minimum of MSEclique(A, Â)
satisfies (12) and occurs when the components of the 1×N
vector s̃ are the non-zero roots of a polynomial of order M

pM (z) =

M∑
r=0

arz
r, (16)

where ar = − 1
M−r

∑M
l=r+1 alql with aM = 1. The minimum

number of states in the Markov graph is

N = M −min{r|ar �=0 and al = 0 for all l < r}.
System (13) can be transformed into (16). Given the assump-

tion that the observed contact sequence G0, . . ., GK–1 between
M walkers is produced by RWIGss with N≤M states, the
rth power sum σr can be estimated from G0, . . .,GK–1 for
any 1≤r≤M as σr = qr. Given the power sums σ1, . . .,σM ,
we can evaluate the coefficients a0, . . ., aM using (15). The
number of statesN in the Markov graph can be defined based on
a0, . . ., aM , because the number of zero coefficients equals the
number of zero roots of the polynomial pM (z). The non-zero
roots of the polynomial in (16) provides3 the values of the
steady-state vector components (s̃)1, . . .,(s̃)N . Any permutation
of (s̃)1, . . .,(s̃)N forms a steady-state vector s̃. However, if

3For polynomials of degree N = 5 or higher, we can obtain the roots using
the companion matrix in [22].

G0, . . ., GK–1 is generated by RWIG withN>M states, we can-
not identify the steady-state vector s̃, because the probabilities
qM+1, . . .,qN are not observed and, consequently, coefficients
aM+1, . . .,aN of the N -order polynomial pN (z) cannot be
defined.

Lemma 3 requires that the empirical contact probabilities
q1,…, qM are equal to the steady-state contact probabilities
σ1,…, σM . The recoverability of the initial steady-state vector
s̃ from a single realization of RWIG is discussed in Appendix D.

D. MSElink of RWIGss With Stochastic Matrices P1, . . . , PM

Suppose that each random walkerwi has anN ×N stochastic
matrix Pi, which admits a steady-state distribution s̃i = s̃iPi

and the initial state si[0] of walker wi is equal to the steady-state
probability vector s̃i, i.e. si[0] = s̃i. The probability of contact
âij [k] between walkers wi and wj at discrete time k is

âij [k] = si[k] · sTj [k] = s̃is̃
T
j = pij ∈ [0, 1]. (17)

Relation (17) demonstrates that the probability of a contact
between any two walkers at discrete time k is invariant to
time in the steady state. Hence, any given m-clique contact
graph G is equally likely to emerge across K time slots. This
version of the simplified RWIG model is more flexible than the
simplified RWIG model (Pi = P ) from Section III-A, because it
incorporates varying probabilities of contacts between walkers.
RWIGss can be also viewed as another random graph model for
static graphs that generates a set of cliques from steady-state
vectors s̃1, . . ., s̃M .

Substitution of (17) into (6) gives

MSElink

(
A, Â

)
=

1(
M
2

) M∑
i=1

M∑
j=i+1

(
s̃is̃

T
j − aij

)2
+b, (18)

where b is a non-negative constant and aij is the average
number of links between wi and wj in G0, . . ., GK–1 with

aij =
∑K–1

k=0 aij [k]
K . Appendix C provides additional information

on the simplification of MSElink.
Relation (18) shows that the global minimum of MSElink

occurs when s̃is̃
T
j = aij for ∀i �= j. Therefore, we need to

examine whether the system of equations⎧⎪⎪⎨⎪⎪⎩
s̃is̃

T
j = aij , ∀i, j ∈M,

s̃iu = 1, ∀i ∈M,

(s̃i)l ≥ 0, ∀i ∈M, ∀l ∈ {1, . . ., N}
(19)

has a solution. The solution set of (19) depends on the average
number of links aij . For instance, if aij = 0 for any two walkers
wi and wj (the graph sequence has no links), then all walkers
traverse different states of the Markov graph at any discrete time
k. One possible solution for the walker wi is the M × 1 steady-
state vector s̃i = δil where δ is the Kronecker delta (δil = 1 if
l = i, and 0 otherwise). Another example, if aij = 1 for any
two walkers wi and wj (walkers form a complete graph at any
discrete time k), the solution of (19) is the 1×1 steady-state
vector s̃i = 1 for any wi ∈Mwhile the Markov graph has only
N = 1 state. However, if a12 = 1, a13 = 1 and a23 = 0, the
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solution of (19) does not exist4. Lemma 4 provides an example
of static graph sequences for which system (19) always has a
solution. The proof of Lemma 4 is provided in Appendix E.1.

Lemma 4: Consider RWIG where M walkers have N×N
Markov transition matricesP1, . . ., PM with an arbitrary number
N of states, which admit 1×N steady-state vectors s̃1, . . ., s̃M
and si[0] = s̃i for any wi ∈M. Then any sequence of graphs
G0, . . ., GK–1 that do not change over time, whereG0 consists of
the union ofm disconnected cliques, can be accurately modelled
by RWIG in the steady state where N ≥ m.

The system (19) can be represented by an M ×M Gram
matrix G of all inner products of steady-state vectors s̃1, . . ., s̃M

G =

⎡⎢⎢⎢⎢⎣
g11 a12 · · · a1M

a12 g22 · · · a2M
...

...
. . .

...

a1M a2M · · · gMM

⎤⎥⎥⎥⎥⎦ = SST ,

where S = [s̃1 s̃2 . . . s̃M ]T is an M×N matrix of the steady-
state vectors and gii = s̃is̃

T
i . Geometrically, S represents the

constellation of possible latent positions of M vectors on an
(N -1)-dimensional simplex. Unfortunately, given G, it is im-
possible to recover S. If R is an N×N orthogonal matrix
(RTR = RRT = I), then an M×N matrix S̃ = SR has the
same Gram matrix5 [22]. Hence, the solution of (19) is identifi-
able only up to an orthogonal transformation.

The diagonal element gii = s̃is̃
T
i of G can be interpreted as

the probability that walker wi remains at the same state of the
Markov graph in the next time slot. Unfortunately, g11, . . ., gMM

are not known as we only observe contacts between walkers and
we do not have access to the underlying Markov graph. However,
the diagonal elements of G should satisfy certain conditions in
order for system (19) to have at least one solution.

Theorem 3: Let G be an M×M symmetric matrix with
gij∈[0, 1] for any i �=j andG = UΛUT be the eigenvalue decom-
position of G whereU = [u1 u2. . . uM ] is anM×M orthogonal
matrix formed by the scaled, real eigenvalues uk belonging to
eigenvalue λk(G), Λ = diag(λk(G)) is an M×M diagonal ma-
trix of eigenvalues and λ1(G)≥. . .≥λM (G). Then G is the Gram
matrix of 1×N steady-state vectors s̃1, . . ., s̃M if and only if

1) G is positive semidefinite;
2) gii ∈ [ 1N , 1];
3) N>rank(X̃), where X̃ is an (M–1)×M matrix with X̃

= [x2–x1… xM–x1]
T and X = UΛ1/2 = [x1. . . xM ]T ;

4) there exists an N × 1 non-zero vector n such that⎧⎨⎩
∑rank(G)

j=1 nj(X̃)ij = 0, ∀i ∈ {1, . . .,M–1},
|∑rank(G)

j=1 nj(X)1j |
||n|| = 1√

N
.

5) there exists an N×N orthogonal matrix R such that
XR = [s̃1 s̃2 . . . s̃M ] and 1√

N ||n||Rn = u
N .

The proof of Theorem 3 is provided in Appendix E. Theorem 3
defines the conditions on the diagonal of G and defines a class

4By Lemma 1, a12 = 1 and a13 = 1 implies s̃1 = s̃2 = s̃3 = (1, 0, 0, . . .),
which in turn contradicts with a23 = 0.

5S̃S̃T = (SR)(SR)T = S(RRT )ST = SST = G.

of the steady-state vectors s̃1, . . .,s̃M that generate a temporal
graph sequence with the same probability of a contact between
any pair of walkers as in G0, . . ., GK–1. We provide the solution
of (19) for M = 2 and M = 3 (for N = 2) in Appendix E.3.

IV. RECOVERING THE MARKOV GRAPH OF RWIG

A. Recovering the Matrix Pi From the Steady-State Vector s̃i

Section III discusses how to find the 1×N steady-state vec-
tor s̃i of each walker wi given the temporal graph sequence
G0, . . .,GK–1 and the initial condition si[0] = s̃i. To recover an
N ×N stochastic matrix Pi from a given steady-state vector s̃i,
we need to utilize properties of stochastic matrices [21]. First,
Pi is an N ×N square matrix of nonnegative real numbers with
each row summing to 1. Second, the steady-state vector s̃i is
the left eigenvector of Pi that corresponds to the eigenvalue 1.
Hence, the stochastic matrix Pi can be obtained from the set of
linear equations⎧⎪⎪⎨⎪⎪⎩

Piu
T = uT ,

s̃iPi = s̃i,

(Pi)jk ≥ 0 ∀j, k ∈ {1, . . ., N}.
(20)

The solution of (20) is always not unique. For instance, Pi = I
and Pi = [s̃i s̃i . . . s̃i]

T are solutions of (20) for any s̃i. Thus,
the set of linear equations in (20) defines the class of stochastic
matrices Pi having the same steady-state vector s̃i.

Example 1: Let walker w1 be in the steady state s̃1 = [ 14
3
4 ].

Then the 2× 2 stochastic matrix P1 of walker w1 is

P1 =

[
−2 + 3p22 3− 3p22

1− p22 p22

]
,

where 2
3 ≤ p22 ≤ 1.

As a remark, a set of linear equations in (20) are sufficient to
define the stochastic matrixPi if and only if si[0] = s̃i, because it
is possible that limk→∞ si[k] = limk→∞ si[0]P

k
i �= s̃i for some

si[0] and Pi from system (20). However, if the Markov chain
is irreducible, aperiodic, and positive recurrent [21], then any
initial vector si[0] converges to the unique steady-state vector s̃i.

Example 2: Let walker w1 be in the steady state s̃1 = [ 12
1
2 ]

T .
Then the 2× 2 stochastic matrix P1 of walker w1 is

P1 =

[
p22 1− p22

1− p22 p22

]
,

where 0 ≤ p22 ≤ 1. Suppose p22 = 0 and P1 =

[
0 1

1 0

]
. If

s1[0] = [ 12
1
2 ]

T then s̃1 = limk→∞ si[0]P
k
i = [ 12

1
2 ]

T . However,
if s1[0] = [1 0]T , the steady-state vector s̃1 does not exist.

B. Recovering the Matrix P From the Contact Sequence

Assume that the contact sequence G0, . . .,GK–1 is generated
by RWIGss where all walkers have the same Markov policy
P and steady-state vector s̃. We demonstrate that, under this
assumption, we can recover the Markov graph using the time
correlation between cliques. Since si[k] = s̃ for any walker wi

in the steady state, we rewrite the joint probability that a clique
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C ⊆M occurs at discrete time k and k + 1 from Theorem 1 as

Pr [IC [k] = 1, IC [k + 1] = 1] =

(⊙
wi∈C

s̃

)(⊙
wi∈C

P

)
uT

=

N∑
c0=1

N∑
c1=1

(s̃c0Pc0c1)
|C|. (21)

Eq. (21) is independent of the walker set C and the discrete time
k and is determined solely by the size of C. For simplicity, we
denote the joint probability in (21) by σr,1 where r = |C|.

Denote by W the N ×N matrix obtained from matrix P and
steady-state vector s̃

W =

⎡⎢⎢⎢⎣
s̃1P11 s̃1P12 · · · s̃1P1N

s̃2P21 s̃2P22 · · · s̃2P2N

· · · · · · · · · · · ·
s̃NP11 s̃NP12 · · · s̃NP1N

⎤⎥⎥⎥⎦ = P � s̃T .

The sum of elements in i-th row of W is
∑N

j=1 s̃iPij = s̃i. The

sum of elements in j-th column of matrixW is
∑N

i=1 s̃iPij = s̃j ,
because s̃ is the steady-state vector of P . Thus, WuT = s̃T and
uW = s̃. The sum of all elements of W is

∑N
i=1

∑N
i=j wij =

uWuT = 1. Furthermore, for each integer r > 1 the rth power
sum of elements of W defines the joint probability that graphs
Gk and Gk+1 contain the same clique of size r

N∑
i=1

N∑
i=j

wr
ij = σr,1.

Theorem 4 shows that the elements of W can be identified
using the Newton identities for polynomials [21], [23]. The proof
of Theorem 4 is provided in Appendix F.

Theorem 4: Consider the N ×N matrix W = P � s̃T .
Given the steady-state vector s̃ and the steady-state joint proba-
bility σr,1 for each integer 2 ≤ r ≤ N2, the elements of matrix
W are the roots of a polynomial of order N2

pN2(z) =

N2∑
r=0

arz
r, (22)

where ar = − 1
N2−r

∑N2

l=r+1 alσl,1 with aN2 = 1. The position
of the rth root zr of (22) in the matrix W is defined by the
solution of the placement problem⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑N2

r=1 yirzr = s̃i, for all i∈{1, . . ., N},∑N2

r=1 yrjzr = s̃j , for all j∈{1, . . ., N},∑N
j=1 yrj = 1, for all r∈{1, . . ., N2},∑N
i=1 yir = 1, for all r∈{1, . . ., N2},∑N2

r=1 yir = N, for all i∈{1, . . ., N},∑N2

r=1 yrj = N, for all j∈{1, . . ., N}

(23)

where yir, yrj ∈ {0, 1} for all i, j ∈ {1, . . .,N} are the binary
variables that define if the rth root zr, r ∈ {1, . . .,N2} has
position wij in matrix W .

Given the assumption that G0, . . ., GK–1 is produced by
RWIGss, we identify the steady-state vector s̃ using Lemma 3
and evaluate the joint probability σr,1 for any 1 < r ≤M2.
We define the coefficients a0, . . . , aN2 and identify the roots

Fig. 2. 3-periodic sequence for a temporal graph with 4 walkers.

{zr}N2

r=1 of (22). The solution of (23) is not unique because W
and WT satisfy WuT = s̃T and uW = s̃. The set of stochastic
matrices P is derived from s̃ and W .

Example 3: Consider the Markov graph with N = 3 states
and M = 9 walkers that traverse the Markov graph according
to the 3×3 Markov transition probability matrix

P =

⎡⎢⎣0.567 0.157 0.276

0.373 0.276 0.351

0.327 0.502 0.171

⎤⎥⎦ .

Given the steady-state probability qr of the clique of size
r for r ≤ 9, Lemma 3 defines the steady-state vector
s̃ = [0.447, 0.284, 0.269]. Given the steady-state joint
probability σr,1 that the same clique of size r occurs in
two adjacent time slots for r ≤ 9, the roots of (22) are z
= [0.254, 0.135, 0.123, 0.106, 0.1, 0.088, 0.078, 0.07, 0.046].
From (23), there are only two possible arrangements or roots
{zr}9r=1 in the W matrix

W1 =

⎡⎢⎣0.254 0.07 0.123

0.106 0.078 0.1

0.088 0.135 0.046

⎤⎥⎦ , W2 = WT
1 .

Dividing each row i ofW1 andW2 by the corresponding compo-
nent s̃i of the steady-state vector produces transition probability
matrices P1 (the initial matrix) and P2

P1=

⎡⎢⎣0.567 0.157 0.276

0.373 0.276 0.351

0.327 0.502 0.171

⎤⎥⎦, P2=

⎡⎢⎣0.567 0.236 0.197

0.248 0.276 0.476

0.459 0.37 0.171

⎤⎥⎦.
Example 3 illustrates how the initial Markov graph can be

inferred from Theorem 4. We show in Appendix D how The-
orem 4 is applied to identify the underlying topology of the
real transportation system (PATH rail system) from contacts of
random walkers.

V. RWIG FOR PERIODIC SEQUENCES

Section III demonstrates that RWIGss can accurately repro-
duce only static graph sequences G0, . . .,GK–1. We call such
graph sequences 1-periodic because ∀k ∈ {0, ..,K–2} Gk =
Gk+p for p = 1. In this section, we examine whether RWIG
can accurately reproduce p-periodic graph sequences where
p > 1. Our motivation for studying periodic sequences is that
many real-world systems possess a quasi-periodic dynamic that
repeats during a certain period of time [14], [24].

Definition 1: The graph sequence G0, . . ., GK–1 is called p-
periodic if p is the smallest positive integer p < K–1 such that
Gk = Gk+p for any k ∈ {0, ..,K–p–1}.

An example of 3-periodic sequence for a temporal graph with
M = 4 walkers is shown in Fig. 2.
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Fig. 3. RWIG with N = 7 states for 3-periodic graph sequence from Fig. 2.

Lemma 5: The RWIG model where the walkers have the same
N ×N Markov transition matrix P can accurately reproduce
only 1-periodic graph sequences G0, . . ., GK–1.

The proof of Lemma 5 is provided in Appendix G.1.
Consider RWIG where M walkers have N ×N transition

matrices P1, . . .,PM . Since aij [k] = aij [k+p] for any walkers
wi andwj at any discrete time k ∈ {0, ..,K–p–1}, RWIG repro-
duces p-periodic graph sequenceG0, . . .,GK–1 accurately if and
only if aij [k] = âij [k] = âij [k+p] for any k∈{0, ..,K–p–1}
and any wi, wj∈M where âij [k] is defined in (5). We assume
that each walker wi traverses the Markov graph with period p
(i.e. si[k] = si[k+p] for any k ∈ {0, ..,K–p–1}) and prove that
any p-periodic graph sequenceG0, . . ., GK–1 can be reproduced
by RWIG if any graph Gk contains a set of cliques.

First, we demonstrate in Fig. 3 the solution for the 3-periodic
graph sequence from Fig. 2. We introduce N = 7 states in the
Markov graph because there are 2 cliques in G0, 2 cliques in G1

and 3 cliques inG2. Each state of the Markov graph corresponds
to one of the cliques in the temporal graph at discrete time k ∈
{0, 1, 2}. Initially, the walkers w1, w2 and w3, w4 are placed in
the same state as they have a contact in G0 (see Fig. 3, bottom
right). At each discrete time k, walkers move to the same state
if they have a contact between each other. Otherwise, a walker
wi moves to its own state in discrete time k (see Fig. 3, top
right). The transitions of the walkers are shown in Fig. 3 (red for
walker w1, blue for walker w2, green for walker w3 and black
for walker w4). The total number of walker transitions in the
Markov graph, or, equivalently, the total number of non-zero
elements in the transition matrices P1, . . .,P4 is sum of walkers
periods, i.e.,

∑4
j=1 pi = 12.

Lemma 6: Any p-periodic graph sequences G0, . . ., GK–1

can be accurately reproduced by RWIG where M walkers
have different N ×N Markov transition matrices P1, . . .,PM

and N =
∑p−1

k=0 nc[k], nc[k] is the number of cliques in
G0, . . ., Gp–1.

The proof of Lemma 6 is provided in Appendix G.2.
Lemma 6 shows that any periodic graph sequence can be

represented by RWIG where each walker wi follows p-periodic
walk. We formulate two research questions:

1) What is the minimal period of each walker to reproduce
p-periodic graph sequence?

Fig. 4. RWIG with N = 5 states for 3-periodic graph sequence from Fig. 2.
The transitions of the walkers are shown in red for w1, blue for w2, green for
w3 and black for w4.

Fig. 5. RWIG with N=4 states for 3-periodic graph sequence from Fig. 2.
The transitions of the walkers are shown in red for w1, blue for w2, green for
w3 and black for w4.

2) What is the minimal number of states N in the Markov
graph to reproduce p-periodic graph sequence?

Intuitively, the shorter the period pi of each walker wi, the
fewer states are needed to describe the walk of wi and, conse-
quently, the fewer number of states N should be in the Markov
graph. However, we demonstrate that the minimal period of the
walkers does not imply the minimal number of states.

Lemma 7: Any non-zero p-periodic contact sequence be-
tween walkers wi and wj can be reproduced by RWIG where wi

and wj traverse the Markov graph with periods pi and pj such
that
� LCD(p1, p2) mod p = 0, where LCD(p1, p2) is the least

common denominator of p1 and p2.
� min(p1, p2) ≥ LCD(p1,p2)

p

∑p−1
k=0 aij [k]

� �k1, k2 < LCD(p1, p2) with aij [k1] = aij [k2] = 1 and[
k1 mod p1 = k2 mod p1,

k1 mod p2 = k2 mod p2.

Lemma 7 defines the set of periods (pi, pj) for walk-
ers wi and wj to reproduce the observed contacts be-
tween them. For instance, the contact sequence [1 0 0] be-
tween w3 and w4 can be reproduced by RWIG if (p3, p4) ∈
{(1, 3), (2, 3), (3, 3), (3, 1), (3, 2)}. The proof of Lemma 7 is
provided in Appendix G.3.

The minimal period pi of walker wi in p-periodic contact
sequence is the period, which is present in all sets between
walker wi and other walkers. For instance, the 3-periodic graph
sequence from Fig. 2 can be modelled by RWIG where walkers
w1, w2, w3, w4 have periods p1 = p2 = p3 = 3 and p4 = 1 (see
Fig. 4). Hence, the minimal number of states in the Markov
graph is N = 5 because walkers w1 and w2 require 4 states w1
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Algorithm 1: Markov Graph Generator.
Input: periods p1, . . ., pM of M walkers, contact graph
sequence G0, . . ., GK–1.
Output: periodic states sequence X1, . . ., XM of
walkers, the size N of the Markov graph.

1: N ← 0
2: for i← 1 to M do
3: Xi← 0pi×1
4: for p← 1 to pi do
5: for k ← p to K step pi do
6: j ← GETFIRSTCONTACT(Gk), i
7: ifj �= 0 then Xi[p]← Xj [k mod pj ] break
8: end if
9: end for

10: if Xi[p] = 0 then
11: s← GETFREESTATE(N, [X1, . . .,Xi])
12: if s = 0 then
13: Xi[p]← N + 1, N ← N + 1
14: else
15: Xi[p]← s
16: end if
17: end if
18: end for
19: end for
20: return [X1. . . XM ], N

and w2 traverse three states, sharing two of them and walker
w4 requires one additional state w4 remains in the same state.
The total number of transitions in the Markov graph withN = 5
states is 10.

However, N = 5 states states are not minimal. Suppose that
all walkers traverse the Markov graph with period p = 3. We
propose Algorithm 1, which is a heuristic method that constructs
the Markov graph with a small number of states for p-periodic
graph sequence G0, . . .,GK–1. First, Algorithm 1 selects walker
w1 and generates N = p1 states in the Markov graph where
the states of w1 are X1[k] = k for k ∈ {1, . . .,p1}. Then Algo-
rithm 1 chooses the next walker w2 that traverses p2 states. If
walker w2 has a contact with walker w1 at discrete time k ≤ K
(function “GetFirstContact”), then walker w2 shares one of the
existing states with w1, i.e., X2[k mod p2] = X1[k mod p1].
However, ifw2 has no contact withw1 at timek,w2 visits the first
available state l in the Markov graph (function “GetFreeState”)6.
If such states are not available, we add an additional state to the
Markov graph for walker w2. Thus, Algorithm 1 iteratively pro-
cesses each walkerwi until allM walkers have been considered.

Fig. 5, obtained by Algorithm 1, shows that the 3-periodic
graph sequence from Fig. 2 can be modelled by RWIG with
N = 4 states. The total number of transitions in the Markov
graph withN = 4 states is 12, which is more compared to Fig. 4.
Hence, Algorithm 1 demonstrates that the minimal periods of
the walkers do not imply the minimal number of states.

6State l ∈ {1, . . .,N} is available for walker w2 if X1[k] �= l for any (k
mod p1) = l (w2 never meets w1 at state l) and X2[t] �= l for t < k (w2 have
not visited state l).

VI. DISCUSSION

We examined the inverse problem for RWIG in the steady state
(RWIGss). If all walkers have the same transition probability
matrix P and start from the steady-state vector s̃, RWIGss is
able to accurately reproduce only a sequence of complete or
null graphs. Any other temporal graph G0, . . ., GK–1 with M
walkers can be approximately modelled by the graph sequence
that has the same probability of a clique of size r and the joint
probability σr,1 for each r ≤M . Furthermore, we demonstrate
that inferring the initial ergodic Markov process is possible:
given G0, . . ., GK–1, we derive an exact analytical solution
that defines the transition probability matrix P of the walkers.
Our findings are based on fundamental results of Newton in
polynomial theory and functional analysis. The scalability and
computational complexity of our methodology are driven by the
O(n2) complexity of existing root-finding methods for n-order
polynomials.

If walkers have different transition probability matrices
P1, . . ., PM that have steady-state vectors s̃1, .., s̃M , RWIGss

can accurately reproduce only a sequence of m-clique graphs
that do not change over time. The lowest possible MSE occurs
when s̃is̃

T
j = aij for all pairs of walkers wi and wj , where aij is

the average number of links betweenwi andwj inG0, . . ., GK–1.
We imposed several constraints on s̃1, . . .,s̃M to achieve this
MSE value. However, the general solution for s̃1, .., s̃M for
arbitrary N and M remains unknown.

For periodic sequences, we have proven that, if the walk-
ers follow the same policy P in the Markov graph, RWIG
can accurately reproduce only 1-periodic sequences. How-
ever, any p-periodic sequence can be reproduced by RWIG
where M walkers traverse the Markov graph with dif-
ferent transition probability matrices P1, . . ., PM . We pro-
vide the lemma that defines the minimal period pi of each
walker wi.

There are several future directions for this research. First, we
have identified the constraints on the temporal graph sequence,
which can be reproduced by RWIG with the lowest MSE. How-
ever, if a given temporal graph sequence G0, . . .,GK–1 does not
satisfy these constraints, what are the parameters of RWIGss to
approximateG0, . . .,GK–1? Second, how to infer the parameters
of RWIG when the contact sequence is neither periodic nor
generated in the steady state? Finally, our findings are valid
only for graph sequences that can be generated by RWIG.
Therefore, we emphasize the importance of solving the inverse
problem for other generative models that produce non-clique
structures.

REFERENCES

[1] P. Holme and J. Saramäki, “Temporal networks,” Phys. Rep., vol. 519,
no. 3, pp. 97–125, 2012.

[2] P. Holme, “Modern temporal network theory: A colloquium,” Eur. Phys.
J. B, vol. 88, pp. 1–30, 2015.

[3] P. Holme and J. Saramäki, Temporal Network Theory. New York, NY,
USA: Springer, 2019.

[4] J. L. Iribarren and E. Moro, “Impact of human activity patterns on the
dynamics of information diffusion,” Phys. Rev. Lett., vol. 103, 2009,
Art. no. 038702.

Authorized licensed use limited to: TU Delft Library. Downloaded on July 21,2025 at 13:05:45 UTC from IEEE Xplore.  Restrictions apply. 



3024 IEEE TRANSACTIONS ON NETWORK SCIENCE AND ENGINEERING, VOL. 12, NO. 4, JULY/AUGUST 2025

[5] M. Karsai et al., “Small but slow world: How network topology and bursti-
ness slow down spreading,” Phys. Rev. E, vol. 83, 2013, Art. no. 025102.

[6] A.-L Barabasi and R. Albert, “Emergence of scaling in random networks,”
Science, vol. 286, pp. 509–512, 1999.

[7] P. W. Holland, K. B. Laskey, and S. Leinhardt, “Stochastic blockmodels:
First steps,” Social Netw., vol. 5, no. 2, pp. 109–137, 1983.

[8] A. Grönlund and P. Holme, “Networking the seceder model: Group for-
mation in social and economic systems,” Phys. Rev. E, vol. 70, 2004,
Art. no. 036108.

[9] F. Bois and G. Gayraud, “Probabilistic generation of random networks
taking into account information on motifs occurrence,” J. Comput. Biol.,
vol. 22, no. 1, pp. 25–36, 2015.

[10] D. J. Watts and S. H. Strogatz, “Collective dynamics of small-world
networks,” Nature, vol. 393, pp. 440–442, 1998.

[11] D. Zhou, L. Zheng, J. Han, and J. He, “A data-driven graph generative
model for temporal interaction networks,” in Proc. 26th ACM SIGKDD
Int. Conf. Knowl. Discov. Data Mining, 2020, pp. 401–411.

[12] G. Zeno, T. LA Fond, and J. Neville, “DYMOND: Dynamic
motif-nodes network generative model,” in Proc. Web Conf., 2021,
pp. 718–729.

[13] A. Longa, G. Cencetti, S. Lehmann, A. Passerini, and B. Lepri, “Generating
fine-grained surrogate temporal networks,” Commun. Phys., vol. 7, 2024,
Art. no. 22. [Online]. Available: https://www.nature.com/articles/s42005-
023-01517-1

[14] S. Shvydun and P. Van Mieghem, “System identification for temporal
networks,” IEEE Trans. Netw. Sci. Eng., vol. 11, no. 2, pp. 1885–1895,
2024.

[15] H. Barbosa et al., “Human mobility: Models and applications,” Phys. Rep.,
vol. 734, pp. 1–74, 2018.

[16] B. Chang et al., “Markov modulated process to model human mobility,”
Stud. Comput. Intell., vol. 1072, pp. 607–618, 2022.

[17] A. Panisson, A. Barrat, C. Cattuto, W. Van den Broeck, G. Ruffo, and
R. Schifanella, “On the dynamics of human proximity for data diffu-
sion in ad-hoc networks,” Ad Hoc Netw., vol. 10, no. 8, pp. 1532–1543,
2012.

[18] G. Mauro, M. Luca, A. Longa, B. Lepri, and L. Pappalardo, “Generat-
ing mobility networks with generative adversarial networks,” EPJ Data
Sci., vol. 11, p. 58, 2022. [Online]. Available: https://epjdatascience.
springeropen.com/articles/10.1140/epjds/s13688-022-00372-4

[19] A.-D. Almasan, S. Shvydun, I. Scholtes, and P. Van Mieghem, “Gen-
erating temporal contact graphs using random walkers,” IEEE Trans.
Netw. Sci. Eng., vol. 12, no. 3, pp. 1649–1659, May-Jun. 2025,
doi: 10.1109/TNSE.2025.3537162.

[20] M. Génois and A. Barrat, “Can co-location be used as a proxy for face-to-
face contacts?,” EPJ Data Sci., vol. 7, no. 11, pp. 1–18, 2018.

[21] P. Van Mieghem, Performance Analysis of Complex Networks and Systems.
Cambridge, U.K.: Cambridge University Press, 2014.

[22] P. Van Mieghem, Graph Spectra for Complex Networks. 2ed, Cambridge,
U.K.: Cambridge University Press, 2023.

[23] I. G. Macdonald, Symmetric Functions and Hall Polynomials. London,
U.K.: Oxford University Press, 1998.

[24] E. Andres, A. Barrat, and M. Karsai, “Detecting periodic time scales of
changes in temporal networks,” J. Complex Netw., vol. 12, no. 2, 2024,
Art. no. cnae004.

Sergey Shvydun received the master’s degree in
business informatics with distinction in 2014, and the
Ph.D. degree in applied mathematics cum laude,in
2020 from HSE University, Moscow, Russia. He was
an Associate Professor with HSE University and as a
Senior Research Fellow, the Institute of Control Sci-
ences of the Russian Academy of Science, Moscow.
Since 2023, he has been a Postdoctoral Researcher
with the Delft University of Technology, Delft, The
Netherlands. He is author of more than 30 papers in
peer-reviewed journals and edited volumes and one

book on centrality in networks. His research interests include network science,
machine learning, operations research, and social choice theory.

Anton-David Almasan received the Master of En-
gineering degree with specialisation in information
and computer engineering from the University of
Cambridge, Cambridge, U.K. Since 2024, he has been
the Ph.D. degree student with the Delft University
of Technology, Delft, The Netherlands. He was an
AI Consultant with Deepsea Technologies and as a
Data Scientist, Thales U.K. His research interests
include span machine learning, network science, and
stochastic processes.

Piet Van Mieghem (Fellow, IEEE) received the mas-
ter’s and Ph.D. degrees in electrical engineering from
KU Leuven, Leuven, Belgium, in 1987 and 1991,
respectively. He was with the Interuniversity Micro
Electronic Center (IMEC) from 1987 to 1991. He
was a Visiting Scientist with MIT from 1992 to 1993
and a Visiting Professor with UCLA in 2005; Cornell
University in 2009; Stanford University in 2015, and
Princeton University in 2022. Since 1998, he has been
a Professor with the Delft University of Technology
and the Chairman of the section Network Architec-

tures and Services. He is the Author of four books: Performance Analysis of
Communications Networks and Systems, Data Communications Networking,
Graph Spectra for Complex Networks and Performance Analysis of Complex
Networks and Systems. He was awarded an Advanced ERC grant 2020 for
ViSiON, Virus Spread in Networks. During 1993 to 1998, he was a Member of
the Alcatel Corporate Research Center in Antwerp. He is also a Board Member of
the Netherlands Platform of Complex Systems, a Steering Committee Member
of the Dutch Network Science Society, an external Faculty Member with the
Institute for Advanced Study of the University of Amsterdam, Amsterdam,
The Netherlands. He is currently on the editorial board of the OUP Journal
of Complex Networks. He was a Member of the editorial board of Computer
Networks 2005-2006, the IEEE/ACM Transactions on Networking 2008-2012,
the Journal of Discrete Mathematics 2012-2014 and Computer Communications
2012-2015.

Authorized licensed use limited to: TU Delft Library. Downloaded on July 21,2025 at 13:05:45 UTC from IEEE Xplore.  Restrictions apply. 

https://www.nature.com/articles/s42005-023-01517-1
https://www.nature.com/articles/s42005-023-01517-1
https://epjdatascience.springeropen.com/articles/10.1140/epjds/s13688-022-00372-4
https://epjdatascience.springeropen.com/articles/10.1140/epjds/s13688-022-00372-4
https://dx.doi.org/10.1109/TNSE.2025.3537162


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


