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Unit Cell Analysis of Cylindrical Conformal
Connected Arrays

Roderick G. Tapia Barroso , Graduate Student Member, IEEE, and Daniele Cavallo , Senior Member, IEEE

Abstract—We present an analysis of cylindrical connected
array unit cells. Analytical expressions of the active input
impedance are derived for both connected slots and dipoles in
the presence of a backing reflector. The dipoles and slots can be
oriented along the circumferential or longitudinal directions in
cylindrical coordinates. A study on the variation of impedance
as a function of the radius of curvature is presented. Difficulties
with the numerical implementation of high-order cylindrical
Floquet modes are discussed. To solve these issues, a method
is proposed to approximate the higher order mode component of
the cylindrical array impedance with the one of the equivalent
planar geometry. This approach is justified by the observation
that the reactive energy associated with the unit cell is weakly
dependent on the curvature.

Index Terms—Active input impedance, connected arrays, cylin-
drical arrays, spectral domain method, wideband arrays.

I. INTRODUCTION

W IDEBAND arrays capable of covering a large scan
range have received increasing attention in the last

decades. The broadband performance is specially advanta-
geous in size-constrained platforms, where there is a growing
need to integrate multiple functionalities in a single radiating
aperture. Such platforms, for example, aircraft, uncrewed
aerial vehicles, and other mobile platforms, may also benefit
from conformal arrays to improve aerodynamic efficiency
and for seamless integration [1], [2], [3], [4]. Furthermore,
cylindrical arrays have also received attention for applications
requiring 360◦ azimuthal scanning due to their scan-invariant
directivity, sidelobe level, and polarization purity. These
advantages have found applications for naval multifunction
systems [5], for direction of arrival estimation in surveil-
lance and navigation radars [6], and for polarimetric weather
radars [7].

Common antenna solutions for ultrawideband arrays include
the Vivaldi-type or flared notch arrays [8], [9], the tightly
coupled dipoles [10], [11], and the connected slot array
[12], [13]. These elements have also been recently used in
cylindrical conformal configurations for Vivaldi arrays [5],
tightly coupled arrays [14], [15], [16], and connected arrays
[17], [18]. The last type is investigated in this article, with
focus on the development of an efficient analysis method to
estimate the active input impedance.
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Regarding the analysis of cylindrical arrays, different meth-
ods have been presented in literature. Arrays of waveguide-fed
slits on a conducting cylinder were studied in [19], based on
a modal representation of the unit cell, to derive an analytical
solution for the element pattern. A similar geometry was
investigated in [20] to study the mutual coupling, using an
eigenvalue analysis of the scattering matrix. A modal approach
was also employed in [21] to study the mutual coupling in
cylindrical slot arrays and in [22] to analyze cylindrical arrays
of waveguides combined with frequency selective surfaces.

While analytical solutions exist only for simple array
geometries, more general elements have been studied with
method of moments analyses, either in the spectral [23] or
in the spatial domain [24], [25]. To apply the spatial domain
method of moments to cylindrical structures, particular effort
has been made in the evaluation of the closed-form spatial
Green’s function of cylindrical stratified media, also address-
ing the singularity of the space-domain Green’s function for
observation points close to the source [26], [27], [28], [29].

In order to model with a method of moments the unit cell
of a periodic cylindrical array, the periodic spectral domain
Green’s function can be used, as in [30] and [31]. This can
be constructed starting from the spectral Green’s function
of cylindrically stratified media, which can be derived with
the general procedure presented in [32] and [33], with the
algorithm in [34], or with the network methods derived in
[35] and [36].

The goal of this article is to analyze cylindrical connected
arrays of dipoles and slots in the presence of backing reflectors
or cavities, as shown in Fig. 1. The analysis includes both
dipoles or slots oriented parallel to the cylinder axis or along
the circumference, needed for dual-polarized cylindrical arrays
applications. Similar geometries were previously studied in
[37], but the solution was numerical, based on a method of
moments approach. A summary of the methods to analyze
cylindrical arrays is reported in Table I. Unlike previous works,
in this article, we introduce analytical expressions of the active
input impedance or admittance of cylindrical connected arrays,
based on a spectral-domain method. Being the expressions
analytical, they can be evaluated with extremely reduced
computational resources, much faster than numerical methods,
such as the method of moment or the finite element method.
This speed-up can be especially beneficial for optimization
of the geometrical parameters in cylindrical connected array
designs.

The analysis of planar connected arrays was derived earlier
in [38] and [39], leading to expressions of the input impedance
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Fig. 1. Cylindrically connected arrays (a) z-connected dipoles, curved
along their H-plane, (b) φ-connected dipoles, curved along their E-plane,
(c) z-connected slots, curved along their E-plane, and (d) φ-connected slots,
curved along their H-plane.

TABLE I
COMPARISON WITH PREVIOUS WORKS ON ANALYSIS OF CYLINDRICAL

GEOMETRIES

in the form of double Floquet sums. To obtain similar formulas
for cylindrical geometries, the explicit expression of the spec-
tral dyadic Green’s functions for both electric and magnetic
sources is derived here.

The evaluation of the higher order Floquet modes requires
the computation of Bessel and Hankel functions with large
order and large argument, which can give rise to numerical
overflow or underflow. We propose here a procedure to over-
come these problems. The input impedance sum is split in a
radiative component associated with the fundamental Floquet
mode and a reactive component related to the higher order
modes. It is shown that this latter component is weakly depen-
dent on the radius of curvature and hence can be approximated
by the reactive component of the equivalent planar geometry.
This approach allows to completely avoid the numerical issues
mentioned above.

Based on the expressions given here, we also study the
variation of the input impedance of connected slots and dipoles
as a function of the radius of curvature, to highlight the
main difference between array elements curved in their E- or
H-plane.

Fig. 2. Unit cells of (a) z-connected dipole array, (b) φ-connected dipole
array, (c) z-connected slot array, and (d) φ-connected slot array.

II. ACTIVE IMPEDANCE OF CYLINDRICAL CONNECTED
DIPOLE ARRAYS

One of the advantages of planar connected arrays is that
their active reflection coefficient can be calculated with ana-
lytical formulas in negligible computational time. That allows
for efficient optimization of the unit cell performance as a
function of the geometrical parameters [40]. Here, we derive
expressions of the active impedance or admittance for cylin-
drical connected array unit cells, as depicted in Fig. 2.

A. Connected Dipoles Along z

The first case we consider is the case of connected dipoles
oriented along z, as shown in Fig. 2(a). The array is periodic
in the z-direction with period dz and in the circumferential
direction with period larc. As such, it is a 2-D periodic
problems that can be analyzed through its unit cell. The
circumferential periodicity can be related to the radius of
curvature of the connected array ρ0, as ρ0 = Nlarc/2π, with
N being the number of elements along φ. We can also define
an unit cell angle α = 2π/N, related to the curvature of the
array. Furthermore, regarding the stratification, we consider a
backing reflector in the form of a perfect electric conductor
(PEC) cylinder with radius ρ = a and thus located at a distance
h = ρ0 − a from the radiating elements, which are assumed to
be in free space. The delta-gap feed is characterized by length
δd and the dipole’s width is given by wd. Following similar
steps as the 2-D planar connected array [39], the active input
admittance of the cylindrical connected dipole array can be
calculated as

Yd,z = −
1
dz

∞X
mz=−∞

sinc2
�

kzmδd
2

�
Dd,z (kzm)

(1)
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Fig. 3. Unit cell in HFSS for the modeling of cylindrical (connected) arrays.

where sinc(ξ) = sin(ξ)/ξ and

Dd,z (kzm) =
2π
α

∞X
mν=−∞

GEJ
cyl,zz (νm, kzm) J0

�
νmwd

2ρ0

�
. (2)

The function J0 represents the Bessel function of the first
kind and zeroth order. The input admittance is formulated
as a double Floquet summation in mz, associated with the
periodicity of the feeds in z, and mν, associated with the
circumferential periodicity along φ. The explicit formulas of
the Floquet wavenumbers are given as follows:

kzm = kz0 +
2πmz

dz
, νm = ν0 +

2πmν

α
(3)

where kz0 = k0 cos(θ0), k0 is the free-space wavenum-
ber, θ0 is the scan angle with respect to the z-axis, and
ν0 ∈ [0,±1,±2, . . . ,±N−1] represents the phase-mode index
associated with the φ-periodicity.

The expressions (1) and (2) resemble the case of the 2-D
planar connected dipole array [39], but the key difference lies
in the zz-component of the spectral dyadic Green’s function
GEJ

cyl,zz, which represents the radiation of an electric point
source located at ρ = ρ0, radiating in the presence of a PEC
cylinder of radius a. The procedure to derive the spectral
dyadic Green’s function in cylindrically stratified media is
summarized given in the Appendix. The zz-component of the
dyadic Green’s function is calculated by using (36), (37), (53),
and (54) from the Appendix, with the substitutions m → νm,
kz → kzm, ρ = ρ′ = ρ0, and α̂ = ẑ, resulting in the following
explicit expression:

GEJ
zz (νm, kzm) =

−k2
ρm

4ωε0
H(2)
νm

�
kρmρ0

�
×
h

Jνm

�
kρmρ0

�
−

Jνm (kρma)
H(2)
νm (kρma) H(2)

νm

�
kρmρ0

�i
. (4)

The functions Jνm and H(2)
νm are the Bessel function of the first

kind and the Hankel function of the second kind, respectively,
both of order νm, ω is the angular frequency, ε0 is the free-
space permittivity, and kρm = (k2

0 − k2
zm)1/2.

The formulas are implemented in MATLAB and validated
by comparison with the commercial software Ansys high-
frequency structure simulator (HFSS) [41]. A typical HFSS
unit cell model of a cylindrical array is shown in Fig. 3. The
periodic boundary conditions in the circumferential direction

Fig. 4. Active input impedance of the z-connected dipole array for elements
excited with (a) equal phase, (b) pointing to θ = 60◦, and (c) phase mode 1
(i.e., ν0 = 1). Comparison between analytical expressions and Ansys HFSS is
shown, for wd = δd = λ0/20, dz = larc = 0.4λ0, and h = λ0/4, with λ0 being
the wavelength at the frequency f0 and N = 5.

are implemented as slanted planes, while the periodic bound-
aries in the direction with no curvature are parallel planes.
A perfect matching layer (PML) is used to avoid reflections
and simulate a radiation boundary condition. As an example,
we consider an array with N = 5, dz = larc = 0.4λ0, and
h = λ0/4, with λ0 being the wavelength at the frequency f0,
and wd = δd = λ0/20. The active input impedance Zd,z of the
considered unit cells, that is, the reciprocal of the admittance
defined in (1), is shown in Fig. 4(a), assuming equal phase
excitation for all array elements. A good comparison with
HFSS can be observed. A similar agreement is observed in
Fig. 4(b), for scanning to θ = 60◦, corresponding to each
element pointing to 30◦ from the radial direction (x̂) in its
xz plane, according to the reference system in Fig. 2(a).

As a last comparison, we consider the configuration with
ν0 = 1. This corresponds to the unit cells having progressive
phase shifts of 2πν0/N = 72◦ along the circumferential
direction. The correspondent input impedance is shown in
Fig. 4(c) and agrees well with HFSS simulated results. The
case of phase-mode index ν0 = 1 corresponds to a phase
variation of 2π along the array circumference. This can be
visualized in Fig. 5, where the electric near-field distribution
of the array on the plane z = 0, simulated with HFSS, is shown
for ν0 = 0 and ν0 = 1.

B. Connected Dipoles Along φ

For dipoles connected in the circumferential direction, as
shown in Fig. 2(b), the active input admittance is given by

Yd,φ = −
2
ρ0

∞X
mν=−∞

sinc2
�
νmδd
2ρ0

�
Dd,φ (νm)

(5)
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Fig. 5. Magnitude of the electric near field on the plane z = 0, for the array
of dipoles oriented along z, simulated with HFSS (a) ν0 = 0 and (b) ν0 = 1.

Fig. 6. Active input impedance of the φ-connected dipole array for elements
excited with (a) equal phase, (b) pointing to θ = 60◦, and (c) for ν0 = 1.
Comparison between analytical expressions and Ansys HFSS is shown, for
the same geometrical parameters as shown in Fig. 4.

with

Dd,φ (νm) =
1
dz

∞X
mz=−∞

GEJ
cyl,φφ (νm, kzm) J0

�
kzmwd

2

�
. (6)

The φφ-component of the spectral dyadic Green’s function
can be found by using the expressions reported given in the
Appendix, more specifically by using (42), (53), and (54) with
α̂ = φ̂, resulting in

GEJ
φφ (νm, kzm) = −

1
4ωε0

(
ν2

mk2
zm

k2
ρmρ

2
0

×
h

Jνm

�
kρmρ0

�
−

Jνm (kρma)
H(2)
νm (kρma) H(2)

νm

�
kρmρ0

�i
H(2)
νm

�
kρmρ0

�
+ k2

0

"
J′νm

�
kρmρ0

�
−

J′νm (kρma)
H(2)′
νm (kρma) H(2)′

νm

�
kρmρ0

�i
H(2)′
νm

�
kρmρ0

� )
(7)

where the primed functions denote the derivative of these
functions with respect to their argument.

The active impedance calculated with the given formulas
is compared with HFSS simulations in Fig. 6(a)–(c), for
equal phase excitation, for scanning to θ = 60◦, and for
ν0 = 1, respectively. One can note that, for the last scanning

Fig. 7. Separation of the slot problem into external and internal problems;
application of the periodic boundary conditions and the image theorem.

configuration, the φ-oriented dipoles have very low input
resistance due to a resonances of the entire circular ring of
dipoles.

III. ACTIVE IMPEDANCE OF CYLINDRICAL CONNECTED
SLOT ARRAYS

A. Connected Slots Along z

For a connected slot array along z, shown in Fig. 2(c),
or equivalently an E-plane curved connected slot array, the
formulation is similar and, due to duality, the input impedance
is given as follows:

Zs,z = −
1
dz

∞X
mz=−∞

sinc2
�

kzmδs
2

�
Ds,z (kzm)

(8)

with

Ds,z (kzm) =
2π
α

∞X
mν=−∞

GHM
cyl,zz (νm, kzm) J0

�
νmws

2ρ0

�
. (9)

In the analysis of the connected slot unit cell, the original
problem of a slot excited with a delta-gap source can be
replaced with an equivalent problem, where the slot is filled
with PEC and two equivalent surface magnetic currents (equal
and opposite) are located above and below the metal, as
described in Fig. 7. Thus, the total Green’s function can be
split in two components, one representing the external problem
of a magnetic source on a PEC cylinder and one representing
the internal problem of a magnetic current radiating in a
coaxial cavity. This is mathematically represented as follows:

GHM
cyl,zz (νm, kzm) = GHM

zz,ext (νm, kzm) + GHM
zz,cav (vm, kzm) . (10)

The Green’s function for the external problem is derived
from (36), (38), (53), and (54) given in the Appendix, with
Rext(ρ0) and with the substitutions m → νm, kz → kzm, ρ =

ρ′ = ρ0, and α̂ = ẑ, which results in

GHM
zz,ext (νm, kzm) =

−k2
ρm

4ωµ0
H(2)
νm

�
kρmρ0

�
×
�

Jνm

�
kρmρ0

�
−

J′νm (kρmρ0)
H(2)′
νm (kρmρ0)

H(2)
νm

�
kρmρ0

��
(11)
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Fig. 8. Active input impedance of the z-connected slot array for elements
excited with (a) equal phase, (b) pointing to θ0 = 60◦, and (c) for ν0 = 1.
Comparison between analytical expressions and Ansys HFSS is shown, for
the same geometrical parameters as in Fig. 4, with ws = δs = λ0/20.

where µ0 is the free-space permeability.
For the coaxial cavity problem, by using (36) and (38) in

(57), the Green’s function can be derived explicitly as

GHM
zz,cav (νm, kzm) =

−k2
ρm

4ωµ0

˚
Jνm

�
kρmρ0

�
H(2)
νm

�
kρmρ0

�
−H(2)

νm

�
kρmρ0

�
R1 − Jνm

�
kρmρ0

�
R2
	
. (12)

It should be noted that the coefficients R1 and R2, due
to the multiple reflections from the boundaries, depend on
νm, kρm, and ρ0, but this has been suppressed in (12) for the
sake of compactness. The expressions of these coefficients are
as follows:

R1
�
νm, kρm, a, ρ0

�
= J′νm

�
kρma

�
×

H(2)
νm

�
kρmρ0

�
J′νm

�
kρmρ0

�
− H(2)′

νm

�
kρmρ0

�
Jνm

�
kρmρ0

�
J′νm

�
kρmρ0

�
H(2)′
νm

�
kρma

�
− H(2)′

νm

�
kρmρ0

�
J′νm

�
kρma

� (13)

R2
�
νm, kρm, a, ρ0

�
= H(2)′

νm

�
kρmρ0

�
×

Jνm

�
kρmρ0

�
H(2)′
νm

�
kρma

�
− H(2)

νm

�
kρmρ0

�
J′νm

�
kρma

�
J′νm

�
kρmρ0

�
H(2)′
νm

�
kρma

�
− H(2)′

νm

�
kρmρ0

�
J′νm

�
kρma

� . (14)

Cavity walls at φ = ±α/2 are considered [Fig. 2(c)], to
avoid modes propagating between the slot surface and the
backing reflector. To account for these walls, νm in GHM

zz,cav
must be always evaluated for ν0 = 0. This is because, as
shown in Fig. 7, in the internal problem, no phase difference
exists when applying the image theorem to the side walls. On
the contrary, in the external problem, the periodic boundary
conditions allow for a possible phase progression along the
circumference.

The analytical expression of the active impedance is com-
pared with HFSS in Fig. 8(a)–(c), for different scanning
configurations, showing good agreement.

B. Connected Slots Along φ

Finally, we consider the slot curved along its H-plane and
thus connected along the φ-direction, as depicted in Fig. 2(d).
The input impedance can be calculated as follows:

Zs,φ = −
2
ρ0

∞X
mν=−∞

sinc2
�
νmδs
2ρ0

�
Ds,φ (νm)

(15)

with

Ds,φ (νm) =
1
dz

∞X
mz=−∞

GHM
cyl,φφ (νm, kzm) J0

�
kzmws

2

�
. (16)

Similar to the previous case, the Green’s function is the sum
of two terms

GHM
cyl,φφ (νm, kzm) = GHM

φφ,ext (νm, kzm) + GHM
φφ,cav (vm, kzm) (17)

which can be derived by applying (42) with α̂ = φ̂ resulting,
for the external problem, in

GHM
φφ,ext (νm, kzm)

=
−1

4ωµ0

(
ν2

mk2
zm

k2
ρmρ

2
0

h
Jνm

�
kρmρ0

�
−

J′νm (kρmρ0)
H(2)′
νm (kρmρ0) H(2)

νm

�
kρmρ0

�i
× H(2)

νm

�
kρmρ0

�
− k2

0

h
J′νm

�
kρmρ0

�
−

Jνm (kρmρ0)
H(2)
νm (kρmρ0) H(2)′

νm

�
kρmρ0

�i
H(2)′
νm

�
kρmρ0

� )
(18)

and, for the internal coaxial cavity problem, in

GHM
φφ,cav (vm, kzm)

=
1

4ωµ0

(
ν2

mk2
zm

k2
ρmρ

2
0

�
Jνm

�
kρmρ0

�
H(2)
νm

�
kρmρ0

�
−H(2)

νm

�
kρmρ0

�
R1 − Jνm

�
kρmρ0

�
R2
�

+ k2
0

h
J′νm

�
kρmρ0

�
H(2)′
νm

�
kρmρ0

�
−H(2)′

νm

�
kρmρ0

�
R3 − J′νm

�
kρmρ0

�
R4

i )
(19)

with the coefficients R3 and R4 given as follows:

R3
�
νm, kρm, a, ρ0

�
= Jνm

�
kρma

�
×

H(2)′
νm

�
kρmρ0

�
Jνm

�
kρmρ0

�
− H(2)

νm

�
kρmρ0

�
J′νm

�
kρmρ0

�
Jνm

�
kρmρ0

�
H(2)
νm

�
kρma

�
− H(2)

νm

�
kρmρ0

�
Jνm

�
kρma

� (20)

R4
�
νm, kρm, a, ρ0

�
= H(2)

νm

�
kρmρ0

�
×

J′νm

�
kρmρ0

�
H(2)
νm

�
kρma

�
− H(2)′

νm

�
kρmρ0

�
Jνm

�
kρma

�
Jνm

�
kρmρ0

�
H(2)
νm

�
kρma

�
− H(2)

νm

�
kρmρ0

�
Jνm

�
kρma

� . (21)

Because of the cavity walls assumed to be at z = ±dz/2
[Fig. 2(d)], kzm in GHM

φφ,cav must have kz0 = 0.
The analytical expression of the active impedance is in good

agreement with HFSS in Fig. 9(a)–(c), for different scanning
configurations.
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Fig. 9. Active input impedance of the φ-connected slot array for elements
excited with (a) equal phase, (b) pointing to θ0 = 60◦, and (c) ν0 = 1.
Comparison between analytical expressions and Ansys HFSS is shown, for
the same geometrical parameters as in Fig. 4, with ws = δs = λ0/20.

Fig. 10. (a) Unit cell of the z-connected slot array loaded by a dielectric slab
and (b) active input impedance comparison between analytical expressions
and Ansys HFSS, for ws = λ0/25, δs = λ0/10, dz = larc = 0.4λ0, h = λ0/4,
hag = λ0/13, and hd = λ0/20, with λ0 being the wavelength at the frequency
f0, and N = 5.

C. Dielectric Loading

Sections II, III-A, and III-B showed the explicit Green’s
function for the evaluation of connected arrays in free space.
In this section, we show a generalization for a z-connected slot
array loaded by a thin dielectric slab, as shown in Fig. 10(a).
In this example, we consider a dielectric slab with relative
permittivity εr = 9 and thickness hd = λ0/20, at distance
hag = λ0/13 from the slots. The input impedance can be
calculated using the formulas (8)–(10). However, due to the
presence of the dielectric, GHM

zz,ext(νm, kzm) must be calculated
taking into account the generalized reflection matrices as
described given in the Appendix. The active input impedance
calculated with the method presented here is shown in
Fig. 10(b) and agrees well with the HFSS results. In terms
of computation time, our method can evaluate the impedance
in Fig. 10(b) in 0.13 s, while HFSS takes 119 s.

Fig. 11. |G| versus mode indexes mν and mz, for N = 8. (a) Default imple-
mentation of Bessel and Hankel functions and (b) asymptotic approximation
for large order of Bessel and Hankel functions.

IV. ANALYSIS OF IMPEDANCE VERSUS RADIUS OF
CURVATURE

A. Asymptotic Evaluation of Bessel/Hankel Functions

The validations shown in Sections II and III assumed a small
radius of curvature with N = 5. When implementing the same
formulas for larger N, some numerical problems occur in the
evaluation of Hankel and Bessel functions of large order and/or
large argument. To highlight this issue, Fig. 11(a) reports the
magnitude of the function

G = H(2)
νm

�
kρmρ0

� h
Jνm

�
kρmρ0

�
−

Jνm (kρma)
H (2)
νm (kρma) H(2)

νm

�
kρmρ0

�i
(22)

used both in (4) and (7), versus the mode indexes mz and
mν, for N = 8. The white areas indicate undefined numerical
values (“not a number” in MATLAB) resulting from overflow
or underflow of the MATLAB built-in Bessel and Hankel func-
tions. To overcome this problem, large order approximations
can be implemented [43]

Jm (x) ∼
1
√

2πm

� ex
2m

�m
(23)

H(2)
m (x) ∼ j

2
√
πm

� ex
2m

�−m
(24)

with e being the Euler constant. Other known approximations
of the Bessel and Hankel functions can be found in [23]
and [44]. Expressions (23) and (24) can be used in (22) to
approximate it as follows:

G ∼
j

πνm

"
1 −

�
a
ρ0

�2νm
#
. (25)

By using this approximation, the undefined numerical values
in Fig. 11(a) can be computed resulting in Fig. 11(b). Please
note that the approximations in (23) and (24) are only valid
for large order m with respect to the argument m � x.

When we consider a larger radius of curvature, for example,
N = 80, the numerical instabilities extend to a larger part
of the computation domain [Fig. 12(a)]. One can note that,
for N = 80, the range [−50, 50] for the modes mν and mz

corresponds Bessel/Hankel functions with orders in the range
[−4000, 4000] and arguments up to ≈ −4000 j.

The numerical overflows and underflows are not only asso-
ciated with the large order but also with the large argument
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Fig. 12. |G| versus mode indexes mν and mz, for N = 80. (a) Default
implementation of Bessel and Hankel functions, (b) large-order approximation
and scaling of Bessel and Hankel functions for large argument, and (c) bilinear
interpolation to recover the missing values.

evaluation of the Bessel and Hankel functions. The approxi-
mation in (25) can be used to recover the values in a small
region around the axis mz = 0, as shown in Fig. 12(b). For the
numerical instability associated with the large argument, one
can use MATLAB’s built-in scaling option for the computation
of Bessel and Hankel functions [45]. This consists in defining
a modified version of the functions as follows:

J̃m (x) = e−|={x}|Jm (x) (26)

H̃(2)
m (x) = e jxH(2)

m (x) (27)

where ={x} represents the imaginary part of the argument.
Expression (22) can be then calculated with the scaled func-
tions, with an a posteriori correction to account for the scaling
as follows:

G = J̃νm

�
kρmρ0

�
H̃(2)
νm

�
kρmρ0

�
−

J̃νm (kρma)
H̃(2)
νm (kρma) H̃(2)

νm

�
kρmρ0

�
H̃(2)
νm

�
kρmρ0

�
e−2 jkρm(ρ0−a). (28)

Using (28), the area around the mν = 0 axis can be computed
as shown in Fig. 12(b). However, the solution is not complete,
as there are still numerically undefined regions. In order to
recover the whole matrix, we use a bilinear interpolation to
approximate the invalid numbers, resulting in Fig. 12(c).

For the case of the φ-oriented dipoles, we can apply the
same scaling for the large argument, while for the large-order
approximation, using (23) and (24) in (7), together with the
recurrence relations to evaluate the derivatives J′νm

and H(2)′
νm ,

gives the following large order approximation:

GEJ
φφ (νm, kzm) ∼

− j
4ωπε0k2

ρmρ
2
0

×

(
νmk2

ρm

"
1 −

�
a
ρ0

�2νm
#
− k2

0

�
a
ρ0

�2νm
)
.

(29)

The proposed method allows the study of the active
impedance of the cylindrical connected dipoles as a function of
the radius of curvature. In Fig. 13, the impedance of cylindrical
dipole arrays curved in their E- or H-plane is shown for N
varying from five to ten. For comparison, the solution of an
equivalent planar structure (N → ∞) is also reported, to verify
that the impedance of array with increasing radius of curvature
converges to the planar array solution. From this result, one

Fig. 13. Active input impedance of connected dipole unit cell versus N
(a) dipoles along z and (b) dipoles along φ. The geometrical parameters are
as defined in Fig. 4, for varying N and the elements are excited with equal
phase.

can also observe that the array curved in its E-plane is more
affected by the curvature and converges slower to the planar
case, compared to the array curved in its H-plane. This can be
explained by the fact that a stronger mutual coupling occurs
in the E-plane, compared to the H-plane, due to the electrical
connection of the dipoles [42].

B. Decomposition of the Input Impedance

It should be mentioned that deriving (29) is algebraically
intense and is impractical for the connected slots, because
of the longer expressions of the Green’s functions. For this
reason, we introduce an alternative approach to solve the
numerical issues, based on comparing the higher order com-
ponent of the input impedance of the cylindrical array with
the one of the equivalent planar structure.

As an example, we look at the dipoles connected along φ, as
they show larger deviation with respect to the planar case. The
input impedance, calculated as reciprocal of (5), is written as
a modal expansion with mode indexes mν and mz. By splitting
the mν-sum in mν = 0 and mν , 0 and the mz-sum in mz = 0
and mz , 0, we can separate the impedance in three terms as
follows:

Zd,φ = Zcap
d,φ



 �Zind
d,φ + Z00

d,φ

�
(30)

where the capacitance associated with the gap is represented
by the higher order modes in mν and is defined as

Ycap
d,φ =

1
Zcap

d,φ
= −

2
ρ0

X
mν,0

sinc2
�
νmδd
2ρ0

�
Dd,φ (νm)

. (31)

The dipole inductance, associated with the modes mz , 0,
is defined as

Zind
d,φ = −

ρ0

2dz

P
mz,0GEJ

cyl,φφ (ν0, kzm) J0

�
kzmwd

2

�
sinc2

�
ν0δd
2ρ0

� (32)

while the term associated with the fundamental Floquet mode
(mν = mz = 0) gives

Z00
d,φ = −

ρ0

2dz

GEJ
cyl,φφ (ν0, kz0) J0

�
kz0wd

2

�
sinc2

�
ν0δd
2ρ0

� . (33)

Authorized licensed use limited to: TU Delft Library. Downloaded on April 23,2026 at 06:17:26 UTC from IEEE Xplore.  Restrictions apply. 



BARROSO AND CAVALLO: UNIT CELL ANALYSIS OF CYLINDRICAL CONFORMAL CONNECTED ARRAYS 3137

Fig. 14. Equivalent circuit representing the active input impedance of
connected arrays of (a) dipoles and (b) slots.

Fig. 15. Active input impedance of connected φ-oriented dipole unit cell
versus N. (a) Fundamental Floquet mode and (b) higher order modes. The
geometrical parameters are as defined in Fig. 4, for varying N and the elements
are excited with equal phase.

A similar split can be also made for the dipoles along z, with
the difference that the mν-modes are related to the inductance
and the mz-modes are related to the capacitance. The three
terms can be represented as the equivalent circuit in Fig. 14(a).
The equivalent circuit representation for the slots is also shown
in Fig. 14(b).

For the φ-connected dipoles, when studying the variations
of the separate fundamental and higher order components of
the impedance versus N, the curves in Fig. 15 are obtained. It
is evident that the fundamental mode varies significantly with
N, as it is associated with a radiated cylindrical wave with
changing curvature. Only for large N, the fundamental mode
approaches the solution for the planar case. On the contrary,
the higher order components of the impedance appear to be
independent on N. This can be interpreted with the fact that
the reactive energy, associated with the capacitance of the feed
and the inductance of the dipole, is a localized effect mainly
related to feed length δd and the dipole width wd, and thus
weakly dependent on the curvature.

This finding can be exploited to overcome the numerical
issues described in Section IV-A, by approximating the higher
order impedance of the cylindrical array with the one of the
planar geometry, which is numerically stable

Zd,φ ≈ Zcap
d,planar



 �Zind
d,planar + Z00

d,φ

�
(34)

where the expressions of Zcap
d,planar and Zind

d,planar were reported
in [46].

The planar equivalent array is defined as the array that scans
to the same direction of the cylindrical array with respect to
the normal to the feed at its center. Please note that, for ν0 , 0,
which corresponds to a phase shift along the circumference of

Fig. 16. (a) Cylindrical array of connected dipoles with phase shift φ1 −φ0 =
φ0 − φ−1 = ∆φ = 2πν0/N and (b) equivalent planar array to evaluate the
reactive component of the input impedance.

Fig. 17. (a) Higher order active input impedance of connected φ-oriented
dipole for different scanning conditions (N = 5) and (b) maximum difference
between cylindrical and planar array impedance as a function of N. The
geometrical parameters are as defined in Fig. 4.

∆φ = 2πν0/N, the equivalent planar array would scan to an
angle that changes with frequency θ0( f ) = asin[∆φ/(k0larc)],
as depicted in Fig. 16.

The approximation of the higher order terms by the planar
problem remains valid in all the scanning conditions, as shown
in Fig. 17. The impedance associated with the higher order
modes is always equal to the equivalent planar array, as shown
in Fig. 17(a), for equal phase, for scanning to θ0 = 30◦, and
for ν0 = 1. Moreover, one can plot the maximum absolute
difference, over the frequency band, between the cylindrical
and the planar array solution (maxf |Zd,φ(N) − Zd,planar|) as a
function of N for the fundamental mode and the higher order
modes, as shown in Fig. 17(b). For all considered scanning
cases, unlike the fundamental mode, the higher order modes
converge to the planar array for very small N. We also
note that, for unequal phase excitation, the convergence of
fundamental mode to the planar arrays is slower with N.

Although this study has been presented for φ-connected
dipoles, we observe similar behavior for z-connected dipoles
and both slot polarizations. The separation of the impedance
terms for the slots, represented by the circuit in Fig. 14(b),
allows the convergence study for increasing radius of curvature
for the connected slots. This is reported in Fig. 18, for z- and
φ-oriented slots. Also for this geometry, the array curved in
the E-plane requires a larger N to converge to the planar array
solution.

V. CONCLUSION

We presented a unit-cell analysis for cylindrically connected
arrays. The main contributions and insights of this work can
be summarized as follows.
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Fig. 18. Active input impedance of connected slot unit cell versus N. (a) Slots
along z and (b) slots along φ. The geometrical parameters are as defined in
Fig. 4, for varying N and with ws = δs = λ0/20.

1) Analytical expressions for the active impedance were
derived for both connected slots and dipoles in the
presence of a cylindrical reflector. These expressions
enable efficient computation of the active impedance
with significantly reduced computational cost, making
them well suited for the optimization of the array’s
geometrical parameters.

2) Model was extensively validated through comparisons
with the commercial software Ansys HFSS. Arrays in
both free space and cylindrically stratified media were
considered, demonstrating the accuracy of the proposed
method in each case.

3) Challenges associated with the numerical implementa-
tion of higher order cylindrical Floquet modes were
addressed, and an efficient approximation was proposed
in which the higher order impedance modes of the
cylindrical geometry are modeled using the equivalent
planar geometry.

4) This enables the study of the variation of input
impedance with the radius of curvature. Due to mutual
coupling, the array curved in its E-plane is more affected
by the curvature and converges slower to the planar case
for increasing radius of curvature, compared to the array
curved in its H-plane.

APPENDIX
DERIVATION OF RELEVANT SPECTRAL GREEN’S

FUNCTIONS

In this appendix, we summarize the derivation of the spec-
tral Green’s function in cylindrically stratified media. Fig. 19
shows a general dielectric stratification with N layers, invariant
with respect to z and φ. The different dielectric layers have
index i, with the outer infinite layer having index i = N. We
assume an elementary electric ( ~J) or magnetic ( ~M) source to
be located in the sth layer, at ~r′ = (ρ′, φ′, z′). The source is
polarized in the α-direction, where α̂ can be either ẑ or φ̂.

Following [32], in cylindrical coordinates, the zα-
component of the spatial dyadic Green’s function (gzα) can
be expressed as the inverse Fourier transform of its spectral

Fig. 19. Elementary electric ~J or magnetic ~M source radiating in cylindrically
stratified media.

counterpart (Gzα)

gFC
zα

�
~r,~r′

�
=
X

m

e− jm(φ−φ′)

× 1
2π

Z ∞
−∞

GFC
zα

�
m, kz, ρ, ρ

′
�

e− jkz(z−z′)dkz (35)

where ~r = (ρ, φ, z) is the observation point, the superscript
F can represent either the electric (E) or the magnetic (H)
field, and the superscript C can refer to either the electric (J)
or the magnetic (M) source. A general expression of the zα-
components of the electric and magnetic Green’s function that
is valid in cylindrically stratified media, in the dielectric layer
where the source is located, is given in [32] as�

GEC
zα (m, kz, ρ, ρ

′)
GHC

zα (m, kz, ρ, ρ
′)

�
=
−1
4ω

˚
Jm
�
kρρ<

�
H(2)

m

�
kρρ>

�
I

+ am,s
�
ρ′
�

H(2)
m

�
kρρ
�
+ bm,s

�
ρ′
�

Jm
�
kρρ
�	
·
←−
D′C
(36)

where ω is the angular frequency, kρ = (k2 − k2
z )1/2, k

is the wavenumber in the source layer, ρ< = min(ρ, ρ′),
ρ> = max(ρ, ρ′), I is the 2 by 2 identity matrix, am,s and bm,s

are 2 by 2 matrices that depend on the boundary conditions in
the cylindrical stratification. The three terms between braces
in (36) represent the impressed field due to the source, the
outgoing wave component due to reflections, and the standing
wave component due to reflections in the source layer s,
respectively. The vector operator

←−
D′C depends on the source

being electric

←−
D′J =

" 1
ε

�
k2ẑ + jkz∇

′
�
· α̂

jωẑ · ∇′ × α̂

#
(37)

or magnetic

←−
D′M =

"
− jωẑ · ∇′ × α̂

1
µ

�
k2ẑ + jkz∇

′
�
· α̂

#
(38)

and acts on the functions to its left, as indicated by the arrow.
The dielectric layer containing the source is characterized by
permittivity ε and permeability µ. The nabla operator is given
as follows in the spectral domain:

∇′ = ρ̂
∂

∂ρ′
+ φ̂

jm
ρ′

+ ẑjkz. (39)
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For some of the analyzed connected array geometries,
the φφ-component of the dyadic spectral Green’s function
is needed. In cylindrical coordinates, for a homogeneous
medium, the z-transverse electric (~Et) and magnetic ( ~Ht) fields
can be derived from the z-components as [32]

~Et =
1
k2
ρ

(− jkz∇tEz − jωµ∇t × ẑHz)

~Ht =
1
k2
ρ

(− jkz∇tHz + jωε∇t × ẑEz) (40)

with the transverse nabla operator expressed in cylindrical
coordinates as follows:

∇t = ρ̂
∂

∂ρ
+ φ̂

1
ρ

∂

∂φ
. (41)

Applying the relations in (36)–(40) and recognizing from
(35) that ∂/∂φ → − jm in the spectral domain, the φα-
components of the Green’s functions can be derived from the
zα-components as"

GEC
φα (m, kz, ρ, ρ

′)

GHC
φα (m, kz, ρ, ρ

′)

#
= −

1
k2
ρ

24 mkz
ρ

− jωµ ∂
∂ρ

jωε ∂
∂ρ

mkz
ρ

35
·

"
GEC

zα (m, kz, ρ, ρ
′)

GHC
zα (m, kz, ρ, ρ

′)

#
. (42)

To derive the explicit expressions of the Green’s function,
the coefficients of the outgoing wave am,s and the standing
wave bm,s must be calculated. The coefficients are given as [32]

am,s =
�
I −eRs,s−1 ·eRs,s+1

�−1
·eRs,s−1

·
�
H(2)

m

�
kρ,sρ′

�
I + Jm

�
kρ,sρ′

�eRs,s+1
�

(43)

bm,s =
�
I −eRs,s+1 ·eRs,s−1

�−1
·eRs,s+1

·
�
Jm
�
kρ,sρ′

�
I + H(2)

m

�
kρ,sρ′

�eRs,s−1
�

(44)

where the matrices eRs,s−1 and eRs,s+1, refer to the generalized
backward and forward reflection matrices in the source layer
s [32]. For any layer i, the generalized backward and forward
reflection matrices can be calculated as follows:eRi,i−1 = Ri,i−1 + Ti−1,i ·eRi−1,i−2

·
�
I − Ri−1,i ·eRi−1,i−2

�−1
· Ti,i−1 (45)eRi,i+1 = Ri,i+1 + Ti+1,i ·eRi+1,i+2

·
�
I − Ri+1,i ·eRi+1,i+2

�−1
· Ti,i+1 (46)

where Ri,i−1 and Ri,i+1 are the local backward and forward
reflection matrices, respectively. Similarly, Ti,i−1 and Ti,i+1 are
the backward and forward transmission matrices, respectively.
The generalized reflection matrices are calculated recursively
by realizing that R1,0 = 0 and RN,N+1 = 0, where N is the
index of the outer layer. The local reflection matrices are given
by

Ri,i+1 = D−1
·

h
H(2)

m

�
kρ,ia

�
H(2)

m

�
kρ,i+1a

�
−H(2)

m

�
kρ,i+1a

�
H(2)

m

�
kρ,ia

�i
(47)

Ri,i−1 = D−1
·
�
Jm
�
kρ,i−1a

�
Jm
�
kρ,ia

�
−Jm

�
kρ,ia

�
Jm
�
kρ,i−1a

��
(48)

with

D =
h
Jm(kρ,ia)H(2)

m (kρ,i+1a) −H(2)
m (kρ,i+1a)Jm(kρ,ia)

i
. (49)

The matrices Jm(kρ,ia) and H(2)
m (kρ,ia) are defined as

Bm
�
kρ,iρ

�
=

1
k2
ρ,iρ

×

"
− jωεikρ,iρB′m

�
kρ,iρ

�
−mkzBm

�
kρ,iρ

�
−mkzBm

�
kρ,iρ

�
jωµikρ,iρB′m

�
kρ,iρ

� # (50)

where Bm can refer to either Jm or H(2)
m , k2

ρ,i = k2
i − k2

z , with ki

being the propagation constant of the ith medium. The forward
and backward transmission matrices can be calculated in the
following way:

Ti,i+1 =
2ω
πk2

ρ,ia
D−1
·

�
εi 0
0 −µi

�
(51)

Ti,i−1 =
2ω
πk2

ρ,ia
D−1

�
εi 0
0 −µi

�
. (52)

The general procedure described thus far can be used to
derive the explicit expressions of the Green’s functions for
the specific problems in Fig. 20, needed to model the backing
reflector and slot surface in connected arrays. The local
reflection matrices can be calculated by imposing the PEC
boundary condition, that is, vanishing tangential electric fields,
at the respective boundaries, for the canonical external and
internal problem, depicted in Fig. 20(a) and (b), respectively.
For the analysis of connected dipole and slot arrays in free
space, two canonical cases can be identified. The first case
considers an elementary source, either electric or magnetic,
located at ρ = ρ′ radiating at a distance h on top of a PEC
cylinder of radius ρ = a, as illustrated in Fig. 20(a). Such a
boundary results in the following coefficients for the outgoing
and standing wave components, respectively.

am,s = H(2)
m

�
kρρ′

�
Rext, bm,s = 0 (53)

with

Rext (a) =

264− Jm(kρa)
H(2)

m (kρa) 0

0 −
J′m(kρa)

H(2)′
m (kρa)

375 . (54)

Another canonical case one must consider is the one of a
source located at ρ = ρ′ radiating inside a PEC cylinder of
radius ρ = ρ0, similar to the case of a circular waveguide,
as show in Fig. 20(b). In such a geometry, the amplitude of
the outgoing and standing wave components can be found as
follows:

am,s = 0 , bm,s = Jm
�
kρρ′

�
Rint (55)

with

Rint (ρ0) =

264−H(2)
m (kρρ0)

Jm(kρρ0) 0

0 −
H(2)′

m (kρρ0)
J′m(kρρ0)

375 . (56)

The reflection matrices and hence the coefficients am,s and
bm,s only depend on the geometry of the stratification and the
source location, since the source type (electric or magnetic) is
taken into account through the operator

←−
D′C in (36).
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Fig. 20. Elementary source (a) located outside a PEC cylinder infinite along
z, (b) inside a PEC cylinder (cylindrical cavity), and (c) in between two PEC
cylinders (coaxial cavity).

The aforementioned reflection matrices can be used to
derive the Green’s function of the more complex structure
depicted in Fig. 20(c), which represents a coaxial cavity
bounded by two cylinders of radii a and ρ0 and a source
located at ρ′ ∈ [a, ρ0]. In this case, the amplitude of the
outgoing and standing wave are given as follows:

am,s =
�
I − Rext · Rint

�−1

· Rext ·
�
H(2)

m

�
kρρ′

�
I + Jm

�
kρρ′

�
Rint

�
bm,s =

�
I − Rint · Rext

�−1

· Rint ·
�
Jm
�
kρρ′

�
I + H(2)

m

�
kρρ′

�
Rext

�
(57)

where the reflection matrices are given in (54) and (56).
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