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SUMMARY 

An investigation is made into the state of s t ress in a closed toroidal shell 
of uniform thick-walled circular cross section, when loaded by uniform internal 
and external pressures . 

The general equations of the classical theory of elasticity, expressed in terms 
of s t ress components, are solved approximately by expanding the solutions in power 

ser ies in a small parameter [-^j (a is the external radius of the cross section and 
(1) R the radius of the axis). This method was used (inter alia) by E. Gohner in his 

investigation of the twist and pure bending of the sector of a circular ring. 

The first approximation yields the known solution of the problem of Lame for a 
thick walled cylinder. The equations for the higher approximations reduce to the 
problem, of plane strain in a circular ring. Only the first three terms of the power 
series are calculated in this report. The convergence of the series is not investigated. 

* Dr. Kornecki is a Senior Lecturer at the Technion (Israel Institute of Technology), 
Haifa and was a visiting Senior Research Fellow in the Department of Aircraft Design. 
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1. Statement of the P r o b l e m . Genera l Equations 

It i s convenient, because of the boundary condit ions, to r e fe r the t o ru s to 
orthogonal curv i l inear co-ord ina tes P, 6 and </> (F ig . 1) defined as follows: 

X = (R + a psin 6) cos (p 

y = (R + ap s inü) sin 9!» (1) 

z » apcos 6 

where the symbols used a r e explained in F ig . 1. The non-dimensional rad ia l co 
ord ina te , p , v a r i e s in the range 

a " - < p < 1 , 
a 

while 0 and 0 va ry between 0 and 2J/ . 

The boundary su r faces p = 1 and p = a a r e loaded by constant p r e s s u r e s . 
The problem considered is thus an ax i symmet r i c a l one, which means that: 

1 ^ = 0 . 1 ^ = 0 , w = 0 , (2) 

where u, v, w denote the components of the d isp lacement vector in the d i rec t ions 
p , 6 , and 0 respec t ive ly . 

Making use of the bas ic equations of the theory of e las t ic i ty in genera l t enso r 
form, or m o r e conveniently in the form presented in Ref. 2 (pp 104-107), the 
following se t s of equat ions a r e obtained for the a x i s y m m e t r i c a l p rob lems r e f e r r ed 
to co -o rd ina tes p , 0 and ^ . 

The s t r a in -d i sp l acemen t re la t ions a r e : 

1 au 1 / 3v , 
'P ' a ^ ' 't" —p[w + ^) ' H 

1 / c)u , 9v \ 
>'pt >' = 17 V 3 ^ ' ^ ^ '^J • y t ^ = ^ 

where 
n = 1 + n p sin 0 

and the suffices p , t and I cor respond to the co -o rd ina tes p 
respec t ive ly . 

The s t r e s s - s t r a i n re la t ions a r e 

E e^ = °p - ^ <°t ^ "l^ ' ^ ^ "'"t " "^K "• °p>' ^ h= '̂ e " "̂  <°p """'t^ 
(5) 

E y = 2(1 + i^)r - 2(1 +i . ) r ; T = 0 ; r , = 0 . 
P t P -v t-C 

The different ial equations of equi l ibr ium a r e reduced in the axiS3nTimetrical case 
to two only, namely: 

= 7r"(u sinO + v c o s 6 ) , 

y = U . 

0 and <p 

(3) 

(4) 



— ^ + - I CT - a . + 
dp p \P 

, , da.. r- -. (6) 

dp p 

t "̂  ^ ) "̂  è [% "''^ ^^''^^ +TcoseJ - o 
- / J C \ p— —I 

- ( 2 r + — ^ ) + - ^ ( a^ - a J c o s e + TsinO = 0 
P \ ae / RM L t <• J 

while two of the six equations of compatibili ty a r e identically satisfied in view of 
(2), and the remain ing four become 

L (a ) - 1 ^ ( a - a + 2 fX-) - - ^ ^ - ^ 2 ^ r - ( ^ y r 2 (a - a J s i n ^ e + r sin 2 el 
p p'' \ p t dO/ RM P \RA</ L P ^ J 

. ^ ^ - ^ - 0 . 
1 + "̂  9 p* 

, , . ^ 2 / ^ „ a r \ ^ a 2 cosö 
L (CT.) + —2 1 a - a + 2 —- I + -— T 

t p ^ V p t a e / Rju p 
(7) + J _ r i _ 9ls^ 1. a_si Q 

1 +1^ L P ' 36" P 9p J 

T / \ , 2 r a , . o 1 a cos e , ^ / a Y r / o \ sin 26 

J 1 +1/ ae \ p ap p^y 

L (ae) + 2 ( ^ ) (a sin^e + a, cos^ö + r s in 26 - a . ) + ^ T ^ ( s i n ö | i + S^^i | | ) . 0. 
*- \ i^ '^ / p t * ' R j u i + i / \ a p p a e / 

w h e r e ^ , , ^ 1 .,2 
A =• - ^ + - - ^ + - ^ 

ap* p 9p p* ae* 

T A . a / . „ a cose a \ , „ , 
L . A + - ( ^ s m e - - . ^ _ ; (8) 

S » a + a, + a-
p t •& 

Our prob lem is thus to de t e rmine four functions a^ , a , a^ and r , per iodic in 6, 
which sat isfy the six equations (6), (7) and the following boundary conditions 

CT » - p ; and r = 0 at p = 1 
P "" (9) 

a = - p. ; and r =• 0 at p =• a 
P 1 

It should a lso be noted that the solution m.ust be s y m m e t r i c with r e spec t to the 
plane = ± IT 12. 
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2. Method of Solution 

It i s a ssumed that the solution can be r ep resen ted in the form of a power 
s e r i e s : 

k k , o R k , i \ R / k , 2 
k = p , i,l (10) 

T " T 

where the p a r a m e t e r — is supposed to be sma l l or 

(11) 

Introducing the s e r i e s (10) into the bas ic equations (6), (7), expanding the terna 

— into power s e r i e s and compar ing t e r m s with the s a m e powers of the p a r a m e t e r 

— , gives the following equations for the f i rs t approximat ion : 

da 

(o) ap 

dr 

£_L2 + 1 
ar o 

CT - CT. + ——-
p \ p ,o t ,o ae 

(o) ap p \ o ae / 

-(o) 

^(o) 

ar a*s 
A (a ) - ^ ( CT - CT, + 2 —^) + T ^ —4-

p , o p \ p , o t , o ae / i+v a p " 

A (CT, ) + -fe ( CT - CT, + 2 -^s-
t , 0 p \ p , 0 t . O 36 

(12) 

^ 

1 
1 + "̂  \ p ae 

, a*s , as 
1 o . 1 ° dp 

0. u 
3. > - A ( r ) + -2 a^ (a - CT, ) - 2 r 
(o) o p [_oö p , o t.O o J 

1_ o 
i+v ae \ p ap J 

(13) 

A(CT„ ) " 0 

For the higher approximations, the system of equations (12), (13) becomes non-
homogenous. 

%) ' ho) %)~-ë(o) %) - V ) ^(i)- ' (o) %) = ̂ (o) ^'^e., =No)- <̂ >̂ 

%) ' %) - ho) " "̂ "̂ ^ • \ ) ' %) - Ho) P ^^"' = %) - \ ) - h(o)''«'"'-' \o) '• 

\ ) ' 'U) - \o) P «i^e + p^ ĵ ; ê )̂ - j^^j - j^^j p sine + q̂ ^̂  ; ( (15) 

^<^e,a = ^ i ) - N o ) P «^"'-^^(o) 
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The formulae for a, , . . . r , . a r e wri t ten down explicit ly in Appendix I. 
(n) (n) 

It i s evident that the longitudinal s t r e s s component CT» cannot be calculated 
d i rec t ly from the equations of equi l ibr ium (12) but mus t be de termined by 
integrat ion of the compatibi l i ty equations (13). A m o r e detailed ana lys is shows 
that th i s integrat ion enables one to calculate CT, , to within an additive function 

F(p , 6) = A^ + A^ p s i n e + A^p c o s e 

where A , A , A , a r e a r b i t r a r y cons tan ts . 

Symmet ry impl ies A^ = 0. The two remain ing constants of integrat ion, A, 
Aj , will be chosen to make the resu l tan t of the s t r e s s a. satisfy the in tegra l 
conditions of equi l ibr ium, (16) below, which follow from (6) and (9). Rear rang ing 
equations (6), in tegrat ing them over the c r o s s - s e c t i o n and keeping in mind the 
boundary conditions (9), one obtains the following express ions for the resul tant force 
and bending moment of the longitudinal s t r e s s e s * : 

.(16) 

p /U(CT + a )dp de 
P ^ 

o a 

Equat ions (16) will be used to de te rmine A, and Aj at each stage of the 
approximat ion. The right hand side in tegra l of the second equation (16) i s to be 
calculated in consis tence with the o r d e r of approximation adopted in the differential 
equations of equi l ibr ium and compatibi l i ty . 

3. F i r s t approximat ion 

It may be checked, by subst i tut ion, that the following solution sa t i s f ies all 
the differential equations (12), (13), the re la t ions (16) and the boundary conditions (9): 

C^ C^ 
a = C, + -2- , CT, = C, - -J- CT. = C, r = 0 (17) 
p , o 1 p* t , o 1 p* * .o « o 

where a* p. - p a (p - p . ) 
c, . -^—^ • q = -f-^ . (18) 

* 

'.V 

The bending moment lying in the equator ia l plane 6 = ± 7r/2 van i shes , i . e . 

/ Op cosOp* dp de = 0, in view of the s y m m e t r y of the solution. 

0 a 
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4. Second approximation 

Equations (14), after subsituting from formulae (17), give 
C 

^(1) P' 

c 

sine 
(20) 

b/ \ " + —r cose 
( i ) p 

2C 

'^(l) 

%) 

%) 

A (a. ) 

91 

3> 

X 

at 

2C 
2 

• P ' 2C 
2 

" P ' 
0 , 

sine 

sin 6 

cose 
(21) 

J 
where the a, e, . expressions are defined by Appendix I. 

In view of (9) and (17), the boundary conditions to be satisfied are 

a = 0 and r = 0 a t p = l ; p = a 
P . i ' 

Using an Airy s t ress function, we may assum.e that the solution of the 
equilibrium equations (20) is 

P .1 

(22) 

1 9*, ^ 1 9 ' * , 
p ap p* ae* 

a*$, 

a p " 

a / 1 1 3 $ , 
ae V p̂  1 p 9p 

c 
2p ^^«^^ 
C 

4 ^'^' 
; -̂  2p 

» 

* 

cose 

' t . , 

Introducing these relations into the compatibility equations (21) yields 

(23) 

AA$ 0 (24) 

Now, in view of the form of the particular integrals in (23), the biharmonic 
s t ress function $ should be taken in the form 

* » f d̂  p ' + - ^ + d^'p In p ) sine (25) 

where the constants d , d', and d" must be chosen to satisfy the boundary conditions (22). 

Substituting (25) into (23) and afterwards into (22) gives 

2d" - C 
2d, + - \ ^ - 2d; - 0 . 

2d, a + 
2d" - C, 

1 a 

2a 

2d' 
(26) 

= 0 
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Equat ions (26) a r e insufficient to de te rmine the t h r ee unknowns. The thi rd 
condition to be satisfied is that of the s ing le-va luedness of the d i sp lacemen t s 
This condition yields (cf Appendix II) 

Now, equations (26) imply 

C 
d 

1 

d'l 

8(1 - i ' ) ( l + a*) 

C^a^ 
(28) 

8(1 -i^)(l + a*) 

and after substi tution into (25) and (23) one obtains 

C 

P. I 

' t . , 

1 

= 

a: 

m 

2 

4(1 -

C 
2 

4(1 -

C 
2 

4(1 -

•V) 

•v) 

•u) 

- + zr-.—2 -̂ j J sin e 
1 + a* p 1 + a* p' 

3p ^ 3 - 4v Q* 1 \ . ft ,oa\ 
. _J 2 + - 1—7—2 - J S i n e , (29) 
1 + «2 p 1 + a p J 

1 + a* p 1 + a* ^ j 

Introducing formulae (29) into the compatibi l i ty re la t ions (21) yields * * 

* . 1 _ 

p ae* 

a { '%i 
ae \ ap 

C^(2 -v) 

1 -V 

* ' i = 
9p 

1 

- P '̂ e,, 

sine 
p ' 

C^(2 - î ) 

1 - V 

\ C2<2 

/ - 1 -

sine 
P' • 

- I') 

cos e 
P' 

(30) 

Integrat ing these and adjusting the constants to satisfy the in tegra l conditions 
(16) of equi l ibr ium, we find 

^ £ _ . L ] s i n e (311 
e , , 2(1 -y) Vi + "• P 

The genera l p rob lem of s ing le -va luedness of the d i sp lacements in the case of the 
s ta te of plane s t r a in in a c i r cu l a r (closed) r ing is studied by Timpe in Ref. 4 and 
the r e s u l t s a r e quoted in Ref. 3 (pp 116-120). A different approach to the s ame 
problem by means of complex function theory is to be found in Ref. 5 (pp 218-223). 

See a lso Appendix II, equation (A. 7). 
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5 . T h i r d a p p r o x i m a t i o n 

I n t r o d u c i n g t h e r e l a t i o n s (17 ) , (29) and (31) in to t h e r i g h t hand s i d e s of e q u a t i o n s 
(15) one o b t a i n s 

%) " ^2 P sin* 6 + ^ ̂  \ .H + ( r ^ 2 - '—^ + r ^ . . i , ) cos2e] 
l - i ' ) L p \ l + a p 1 + a" p'J J 

> ) 
« D p sin 6cose + 4(1 - y ) \ 1 + a' 

6 - 5i; Q^ 
2 • -^ ) s i n 2 6 

1 + a* p ' ' 

(32) 

"(2) 4(1 -V) 
2 1 

3 + - 2 + 
1 + a'' o* 

1 + a* "* 
3 a ' 

(2) 4(1 -v) 
C 

- ^ - i -h r - i -
1 + a* p* L 1 + «̂ ^ 

P 

12(1 -v) 

T—_—2 • - 4 c o s 2 e 
1 + a p ' 

1_ 

P 

3a* 
1 + a" 

] I 
l.]cos2eJ ^ 

(a) 4(1 - y ) 

C . 
Aa. 

1,2 

w h e r e 

C2 r 

1 + a' 

5 - v' 

6v 3a* 1 , , - . 
I 1 + a p 

D . 

(1 + ^ ) ( 1 + a*) 

C (2 -i;) 
2 

+ ^ ~ l^ cos 26 
2p ] 

(33) 

(34) 
(1 - i ' ) ( l + a*) 

and t h e a, . . . . e . , e x p r e s s i o n s a r e de f ined by A p p e n d i x I . 

T h e b o u n d a r y c o n d i t i o n s to be s a t i s f i e d a r e 

CT = 0 , r = 0 a t p = l and p = a 
P ,2 2 

(35) 

A p p l y i n g , s t e p by s t e p , t h e s a m e p r o c e d u r e a s fo r t h e p r e v i o u s a p p r o x i m a t i o n s , 
t h e s t r e s s c o m p o n e n t s a , a , a , and r c a n be c a l c u l a t e d , s a t i s f y i n g 

p ,2 t , 2 *, 2 2 
e q u a t i o n s (32) and (33) a s w e l l a s b o u n d a r y c o n d i t i o n s (35) and i n t e g r a l r e l a t i o n s (16 ) . 
S u b s t i t u t i n g t h e s e s t r e s s e s and the e x p r e s s i o n s (17 ) , (29) and (31) i n t o t h e p o w e r 
s e r i e s ( 10 ) , g i v e s t h e f ina l f o r m u l a e : 

CT 
P 

"̂ t 

» c + 
1 

- s -
y 
C2 

p* 

c 

+ 

+ 

4(1 -v) 
C 

^ R ; U + a ' 1 + a ' 

4(1 - ̂ ') L W V + «" "̂  
4v ^ M • . ^ 1 /'a ~* 

l + a 2 VR 

C +, "& ^1 2(1 -v) 

C 

I) ' -4.^ 
(f̂  + g .̂ cos 26) j 

P y '^"^ "" 2 VR. 
(fg + g ^ c o s 2 6) J 

4(1 -V) 1 + a* 
- - 7 ^ -3 ) cose + i ( i t f sin 26 | p 1 + a p / 4 \EJ s J 

(36) 

w h e r e f . . . g„, f , a r e f u n c t i o n s of t h e v a r i a b l e p a l o n e and a r e w r i t t e n down in 
A - i - T TTT -^ s 
A p p e n d i x III . 
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In the l imi t , when the wall th ickness becomes ve ry sma l l , ( i . e . when 
p •• 1, o •• 1), exp re s s ions (36) give 

CT « 0 , r = 0 , 

/ ,2 ^ ( 3 7 ) 

t̂ - f r [ ^ - i - - ^ ( i ; - ^ ] 
[ 1 . H l / c o s 2 e ] CT " E ^ r i + - ' -e 2t L 2 \ R / J • (38) 

where t = a - b denotes the wall th ickness of the she l l , and p = p. - p . 
'̂  1 o 

Equations (37) coincide with corresponding formulae known from the m e m b r a n e 
theory of to ro ida l she l l s ; however , the axial s t r e s s e s CT^, defined by (38), differ 
by the sma l l underlined t e r m from the m e m b r a n e solution. 

6, Numer ica l example 

The r e s u l t s of calculat ions for the case v =« 0.3, a = 0.5, a/R » 1/3, p = 0, 

and p. = p a r e i l lus t ra ted in F i g s . 2 -5 . The s t r e s s components a , a , a and r 
o If IT 

a r e plotted against p for 6 = 0 , - , and - — . Some conclusions may be drawn 

from these f igures : 
(a) The shear ing s t r e s s , r , i s very sma l l , re la t ive to the other s t r e s s components . 

(b) The rad ia l s t r e s s differs only sl ightly from i ts value for a cyl indr ical tube 

(— = 0). It r e a c h e s i t s max imum negative value at p » a, where 
R 

CT^ = -p . 

in accordance with the boundary condit ions. 

(c) The hoop s t r e s s , a , r e a c h e s its max imum value at points lying on the inner 

su r face , (p =• a) , with 6 = - W2 (point A on F ig . 1). This is given 

(for v= 0.3) by 

a.Ka,--^) =• . — * ^ 2 + 
t ' 2 1 - a'' 1 - a 

2 / a , 1 .714a '+ 0.286a , Aa (39) 

where the coefficient, \(a), is plotted in F ig . 6. 

(d) The axial s t r e s s , CT. , s e e m s to be somewhat sensi t ive to the curva ture of the 

tube, a /R , and the convergence of i ts power s e r i e s i s r a t h e r poor . At the 
points p •• a, 6 = - •"•/2, this s t r e s s i s given by 

'e'". - ''̂ ) - f^> [«" - (I) '•"?„; "'" -(!ƒ'<«' ] '"» 
where the coefficient, 6 ( a ) , is plotted in F ig . 6. 

The equivalent s t r e s s will be c r i t i ca l at the points p ''^ a, Q = - '"l2. 
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APPENDIX I 

^n) 

(n) 

(n) 

^(n) 

aa , / dr 
p,n ^ 1 / , n 

—r^— + — l a - o, + •—— ap p \ p,n t,n ae 
a T 

dp 

da. 
+ - [ 2 T + 

P \ n 
t . n 

ae 

A (a ) p,n 
2 
—2 
P 

ar . , a*s 

p,n t,n ae / 1 +1' ap* ae 

9n 
= A (a ) + ^ ( CT -CT, + 2 ~ ) + - i — 

t ,n p \ p,n t ,n ae / 1 + v 

, a*s , as 
1_ n 1_ n 

p* ae* p ap 

a*s 
^ n ) 

^(n) 

^(n) 

^ n ) 

' (n) 

4 

••(n) 

(n) 

= 

= 

= 

= 

= 

= 

= 

A (r ) + Kï 
n p L 

- [ ( C T -CT„ ) |_ p,n e,n 

- [ ( C T , -CT. ) 
L t.n <',n 

- [sine - ^ 
dp 

-

-

-

r 90-. 
sine J'"" 

dp 

r dr 
^^"' ap 

L"^"ö ap 

a 
aë (CT 

P . n 

s i n e + 

c o s e + 

+ 

+ 

+ 

+ 

c o s e 

p 

c o s e 

p 

c o s ö 

p 

c o s ö 

p 

-CT, ) 
t , n 

T c o s 
n 

r s i n 
n 

aa 
p . n 

36 

t . n 
36 

/ • ^ ^ n 

V ae 
do„ 

e,n 
ae 

n j 1 + v |_ 
l n 1 
0 a p a e p* 

6 1 

e 

~1 2 c o s 6 
+ T 

P n 

• 

2 c o s 6 
- r 

P n 

+ CT •- a , ) p.n t.ny 

/ 9S 
1 • ^ n , c o s e 

+ , 1 s i n e - — + 
1 + y \ a p p 

Wk3 

n ~| 
ae J 

as X1 
n ) ae y J 

L . = 2 (CT - CT„ ) s in*e + r sin 2 6 , 
(o) p ,o *, o o 

p, . » 2 (CT, - CT. ) cos*e + T sin 2 6 , 
(o) t.O t,o o 

q/ V = (a + CT - 2CT ) sin6 cosÖ + r ^(o) p , o t.O e, o o 

'(o) L p.o 
sin*e + CT, cos*ö + r sin 26 t, o o \o] 

n = O, 1, 2. 
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APPENDIX II 

Relations (3) and (5) imply 

E-p^ = (l+u)a-vS (A . l ) 
a a p p 

ap \ae ' " / "" ' " "t E r ^ t ^ + u ) = (1 + y) CT, - i; S (A. 2) 

- ^ ( 1 ^ - ^ + P 1^) - 2 ( l + . . ) r (A.3) 
a p \ a 6 9p / 

Integration of (A. 1) gives 

^ u = (1 +1,) / CT dp - y f s dp + f(e) (A.4) 

where f(ö) is an a rb i t r a ry function of the variable 6. 

Relation (A. 2) yields, after integrat ion, 

^ v - (1 +v)p I a^dQ - vp I S dQ -^ I udQ + g(p) (A. 5) 

where u is defined by (A.4) and g(p) is an a r b i t r a r y function of the variable p alone. 

On substituting equations (A.4) , (A. 5) and (23) into the relat ion (A. 3), which 
must be identically satisfied, the functions f(e) and g(p) will be defined, and the single-
valuedness of the displacements u and v checked. 

To calculate S, use will be made of equations of compatibility (21). Since 

2 / 3T \ a2 / a * $ \ ^C 
^ («^ -<", + 2 T ^ ) = A (A*,) - A { r - j ' ) §• sin 6 (A.6) 
p \̂  p,i t , i 96 J dp* 1 \ 9 p / p 

as can readi ly be checked, and since 
9*$ \ / 9** / d « .̂ / 0 * 

A(CT ) " A A * ^ - 3—z' » - A -T—' 
P. I \ < 6 p / \ 9p2 

in view of (24), the first equation (21) implies 

2C^ 
(A$,) - —T sin 6 

a*s 

ap* a p ' 

On integrating this relat ion one obtains 

C. 

(A. 7) 

s , = (1+1^) r A$, - — sine"! + f,(e) + p f^(e) (A.8) 

Substituting (A. 8) into the remaining equations of compatibility shows that the 
a r b i t r a r y functions f (6) and fj.6) a re 
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f (6) + pf (6) = A + A p s i n e , 
1 2 1 2 

thus 
S, » (1 +1^) A $ . s i n e + A, + Aj. psin< (A. 9) 

where A and A a r e a r b i t r a r y cons tan ts . 

Equat ions (A. 9). (23), (25) and (A.4) imply 

1 E 
1 +v a "i 

d' (2d" - C ) (1 - 2v) 
(1 - 4i.)d,p^ + •p+— ^ Inp 

A 
V 2 2 

1+v 2 P sin e 

T^ \P + «e) (A. 10) 

Equat ions (A. 5), (23), (25) and (A. 10) give : 

1 E 
1+v a ^1 

d' 
(5 - 4i/)d,p* + - \ 

(2d" - C )(1 - 2î ) C (1 + 2v) 
Inp + 

+ (1 - 2v)d" iTT 

A 
cos6 - / f(e) de + g(p) (A. 11) 

Substi tuting (A. 10), (A. 11), (23) and (25) into (A.3) yields : 

f | + / f ( e ) d 6 = . 2 
C (1 - 2v) 

2 2 d'J (1 - 1̂) cos e 

or 
f(e) 

C,(l - 2v) 
2 d" (1 -v) 6 c o s ö 

The r ight hand side of the l as t express ion mus t vanish, because of the single-
va luedness of the d i sp l acemen t s , and we obtain finally 

1 4 1 -i^ 
(27) 



3 - t/* 2 

(1 +v)(l -ha*) " 

- 3 -f 21/ 2 

i~r^ • " 
1 - 4 v + v ^ 2 
(l+i.)(l-Ha*) ^ 

5 - i/* 
(1 -̂  i^)(l -I- o*) 

P o /o 2̂  , , 3va='(2-y)-l- 5-y-v* 1 2 
2g^ = ^3VAH3-O^)VK+ ^^J:^2 J P 

[ S A -K3 - a)K+ ^"' *(2-v)-f- 4 -1^1 
1 -t-Q* J ' 

3 - i / * 
1 -hy 

-1- A -I-K -1- 3 - 2y 

-3 -t- 2v+ 3y* 
1 -1- y 

- A -K -1- 3 - 4v 

- < . ^ ^ . - ^ ^ 

- 7 -1- 5y 

- 2A- 2 K - 4 -̂  y 

(3 -i/*)a* 1 
(l-i-v)(l+a*) • p^ 

.[,.„.^,K.<|^].1, 
(3 -v^ö^ 1 

{l+v){l+a') • p* 

a^ 1 
1 + a*- p = 

. UA-.(l+a*)K.<^-^-fr^-1 [_ 1 -̂  â  

-[-'-"•'-¥f^}^ 

^ ' ^ 

Ka* 

P* 

1 

• p * 

^ 2 K a * 

P*' 

-I- (2-v)lnp 

- (2-v)lnp 

- ( l -2v)( l -h;) lnp 

2(2 -v)lnp 

> 
tl 
H 
Z 
ö 

Nota t ions : 
^ (2 -v)a^ . 
A = —; 5— In o 

1 - or* K = (1 - «*) =̂  
["2 - y -I- (1 -1- o*) A I 
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