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Abstract

We study the Ginzburg-Landau stochastic models in infinite domains with some special
geometry and prove that without the help of external forces there are stationary measures
with non-zero current in three or more dimensions.

Keywords Non-equilibrium steady state - Phase transition

1 Introduction

Equilibrium statistical mechanics is based on the paradigm of the Boltzmann—Gibbs distribu-
tion. This extremely powerful paradigm describes equilibrium thermodynamics and applies
to a large class of systems, including phase transitions. By contrast, it does not exist a general
and system-independent approach to non-equilibrium statistical mechanics, where instead
dynamics plays a key role. The most natural way to create a non-equilibrium state is by putting
an extended system in contact with two heat or mass reservoirs at different temperatures or
chemical potentials. One could think of a d-dimensional box [—N, N ¢ which identifies the
volume of the system and the two reservoirs are attached to the opposite faces along, say, the
x-direction (for simplicity periodic boundary conditions are chosen in the other directions).
Due to the reservoirs, the state has a non-zero current in the x-direction. This defines the set-
ting of boundary-driven systems and the stationary measure of those systems is then called a
non-equilibrium steady state. Usually one requires that such a state satisfies the macroscopic
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laws of transport, such as the Fourier’s law, by which the heat current is proportional to the
gradient of the temperature, or the Fick’s law, implying proportionality between the mass
current and the gradient of the mass density. As a consequence, the current in a large system
scales as the inverse of the system length N. In particular, an infinite system (N — o00) has
zero current.

The main question in this paper is about the opposite, namely the existence of stationary
states of infinite systems having a non-zero current. This seems paradoxical because intuition
says that some external forces are needed to sustain the current which otherwise would die
out. However the fact that the system has “a special geometry” does the trick, as we shall
see. Ruelle [1] was the first to give an example of all that by considering a quantum model
describing two infinite systems which interact with each other via a third finite system. He
proved that indeed, in this setting, there are stationary states with non-zero current.

Later on Gallavotti and Presutti [2—4] studied a similar geometry, namely a finite system
in interaction with several distinct infinite systems. The dynamics in [2—4] is given by the
classical Newton equations with Gaussian thermostatic forces added. The focus was however
on the existence of dynamics in the infinite-volume and the equivalence between Gaussian
thermostats and infinite reservoirs.

We will consider here the analogue of the Ruelle model in stochastic systems, the so called
Ginzburg-Landau models. These are lattice systems with unbounded (real valued) spins ¢
called “charges”. The dynamics is stochastic but it conserves the total charge. It is therefore a
continuous version of the well-known Kawasaki dynamics in the Ising model. As mentioned,
the spatial geometry has an essential role. The crux of our argument is that in the geometrical
set up that we consider there may exist non-constant bounded harmonic functions. We will
prove that in such a case there are indeed, in d > 3 dimensions, infinite-volume stationary
states with non-zero current.

For technical reasons we will prove the statement for super-stable Hamiltonians with non
negative, finite range interactions, the class is quite general to include cases where phase
transitions are present. We use such assumptions to prove the existence of the infinite volume
dynamics, we believe that they could be relaxed but this is not in the spirit of our paper.

In the case of general Hamiltonians we miss the existence of the infinite-volume dynamics
but we can prove that the Fick’s law is violated, namely putting the system in contact with
two reservoirs which fix the chemical potentials at the right and left faces (as described in
the beginning of the introduction) we observe a current which does not decay when the size
of the system diverges. See however the remarks after Theorem 3.4.

In the next section we describe the model, in Sect. 3 we state the main results which are
then proved in the successive sections.

2 The Model
2.1 The Geometrical Setup

We consider an infinite system arising from two semi-infinite volumes that are put in contact
by means of a channel. For n € N, we define the d-dimensional semi-infinite lattice foﬁ L as
the set of all points to the right of the hyperplane x| = n

ZZ,_‘_ = {x = (xl,...,xd)eZd: xlzn}. 2.1)
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368 G. Carinci et al.

Similarly we define the semi-infinite lattice Zdy_ as the set including all points to the left of
the hyperplane x; = —n
z%, _=lx:=(x,...,xa) € 2% x; < —n}. 2.2)

—n,—

Finally the channel C, is defined as the centered squared box of side 2n + 1 connecting the
two semi-infinite lattices

Coi={xeZ: x| <n Vi=1...4d)} (2.3)
The infinite-volume domain is then obtained as the union
Xy=78 ,uc,uze, _. (2.4)

Often we shall derive results about the infinite volume by first considering a finite volume of
linear size N and then studying the limit N — oo. Thus for all integers N > n we define

Any =X N[=N,NIY and  Syn = Ann+1\Ann. 2.5)

We will use the notation x ~ y to denote nearest neighbor sites in X}, and {x, y} for the
un-oriented bond joining them.

2.2 Harmonic Functions

We continue by identifying harmonic functions for our special geometry. Let {X(¢), ¢t > 0}
be the simple symmetric continuous-time random walk on A}, which jumps at rate 1 to any
of its nearest neighbor sites. We denote by P, the law of this process started from X (0) = x.
The process is defined by the generator working on functions ¢ : &,, — R as

Gy =Y W) — vl (2.6)
yeX,
y~x
We can interpret (2.6) as a conservation law because ) _ e, GY(x) = Oandthen jy,(¥) =
¥ (x) — ¥ (y) can be interpreted as a “current”. When studying the Ginzburg-Landau model
we will also have currents and the main point of our analysis will be that there are stationary
measures whose average current is equal to jx— y(3) with ¢ an harmonic function.

A function ¢ : A}, — R is said to be harmonic if Gy (x) = 0 for all x € &;,. Harmonic
functions are stationary for the evolution defined by (2.6). When studying Fick’s law we will
be interested in currents through a section of the channel. Thus, for |£| < n, we consider the
total flux /¢ through a section X¢ in the channel perpendicular to the xj-axis, i.e., Xg = {x €
C, : x-e; =&} where e; denotes the unit vector along the x; axis. We thus define

W) =) jresxc () 2.7)

XEEE

The crucial feature of our geometrical setup is that in dimension d > 3 there are non-constant
harmonic functions. We shall say that the random walk X (-) is definitively in a set A if there
exists a finite 7 > 0 such that for all # > T one has X () € A.

Definition 2.1 (The harmonic function A) We fix A, AT € R with A~ < A and define a
function A : X,, — R as

Ay =17 -pr +ATpl, (2.8)
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with
pE =Pu(X() € Z4, , definitively). (2.9)
The following proposition is proved in Appendix A:

Proposition 2.2 The function A in Definition 2.1 satisfies the following properties.

(1) It is a bounded harmonic function of the process {X (t), t > 0} with generator G.
(2) If the spatial dimension d > 3 then p + p; = 1 and X is a non-constant function.
(3) The flux Iz (L) associated to A has the same value for any |§| < n and fﬁl(}l) < ﬁ for

some ¢ > 0.

We will also consider harmonic functions in a finite volume A, v U A with A C §, y. To
this aim we introduce the process {X™-2(¢), t > 0} with generator

Zyeﬁ,;w (Y () — ¥ )]+ ZﬁéW(ﬁ —Yy@)]ifx € Ay N,
GNAy(x) = ! ’ (2.10)
0 ifx € A.

The process { XV+2(t), 1 > 0}, taking values in A, y U A, is a continuos time random walk
that jumps at rate 1 to its nearest neighbors in A, y U A and is absorbed when it reaches A.
We call t such absorption time.

Definition 2.3 (The harmonic function AN with boundary condition o on A) We fix
A C Su.n [see (2.5)] and o : A — R and define a function A(N-2%) : A, y UA — Ras

ANAD) =N o PV A () = ) 2.11)
YEA

)\'J(YN,A,U)

Notice that =o, forx € A.

While several results of our paper hold true for a general boundary condition o on arbitrary
set A C S, n, two particular cases will be of special interest and are described hereafter.

Hypothesis 2.4 (Special settings) (a) Fick’s law In this case
A=A;rUA_ where Ai={yeS,n:yFe €A,n} (2.12)

and o, = A* forx € Ay.
(b) The full setting In this case

A= Sy (2.13)

and o, = A, for x € A, where A is the harmonic function in Definition 2.1.

Remark 2.5 Hypothesis 2.4a is the natural set-up for the Fick’s law, as discussed in the
Introduction. Under Hypothesis 2.4b we have that A,ICV’A’G = Ay with x € A, y for any
integer N, see item (3) in the proposition below. This will be used to study the infinite
volume dynamics via partial dynamics, that will be defined in Sect. 2.5.

The following proposition is proved in Appendix A:

Proposition 2.6 The function A‘N-2-9) in Definition 2.3 satisfies the following.
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370 G. Carinci et al.

(1) It is an harmonic function with boundary condition o on the set A for the process
{(XN-2(1), t > 0} with generator G2,

(2) Under Hypothesis 2.4a we have limy_, « A;N’A’g) = Ay.

(3) Under Hypothesis 2.4b and for any N € N we have AECN’A’U) = Ay forx € Ay .

Remark 2.7 Ttem (2) of Proposition 2.2 and item (2) in Proposition 2.6 show that in the context

of Hypothesis 2.4a the current jxﬁy(AN*A’”) = )L/(VN’A’”) — )L(yN’A’”)

in the limit N — oo.

is not identically zero

2.3 Hamiltonian

As customary in the theory of lattice systems the energy is given in terms of its potential,
thus the formal Hamiltonian is

H(g) =) Va(ga), (2.14)
AcA

where A is the set of all finite subsets of the lattice X, p4 = {¢x}xeca and V4 (¢4) are C*°
functions. We may write V4(¢) for Va(¢4), ¢4 in such a case is the restriction of ¢ to A.
To study the infinite volume limit we will restrict to the following case:

Definition 2.8 (Positive interactions) By this we mean Hamiltonians which satisfy the fol-
lowing four conditions.

e V4 = 0 if the cardinality |A| of A is > 3, moreover there is R so that V{, y; = 0 if
[x —y| > R.

e V4 = Vpif B is atranslate of A.

o Vie (@) = 0, Viy(¢) = ag? — b, a > 0.

o Viey (@) < c(¢? + ¢2).

Remark 2.9 In the first condition we restrict to one and two-body interactions with finite
range; in the second one we suppose that the interaction is translational invariant; the third
one is special. To understand the origin of the third condition it is convenient to consider the
typical two-body interaction, that has the form —c, y¢. ¢, . In the ferromagnetic case ¢y y > 0
so that we can rewrite it as %cx,y (x — <]§y)2 — %CX,y (¢£ + d)f). This means that the one body
potential at x has an extra term —% 2oy Cx, y$2, the assumption is then that, despite this
additional term, the one-body potential is > ad))% —b, a > 0. Thus the third condition may be
seen as a strengthening of the usual super-stability condition for ferromagnetic interactions.
The fourth condition is clearly satisfied in the usual case where the two body interaction has
the form — cy y@,y.

Remark 2.10 The stronger super-stability condition is satisfied in the case of quadratic, fer-
romagnetic two-body interactions and when the one-body potential grows as cqﬁ)‘:, c>0A
particular case is the Hamiltonian

1
H@) =) @7 =17+ 5 ) (0 — ). (2.15)

which has a phase transition at small temperatures in Z¢,d > 2, as proved by Dinaburg
and Sinai [5]. Indeed the one-body potential has a double-well shape with two minima at
=4 1 and thus forces the charges to be close to &+ 1; the quadratic interaction term forces the

@ Springer



Stationary States in Infinite Volume... 371

charges to be equal. As a consequence, at low temperatures the Gibbs measure concentrates
on configurations where the charges are mostly close to 41 (or to — 1).

Remark2.11 Another Hamiltonian that satisfies the four conditions stated above is the
quadratic Hamiltonian

1
H@) =5 ) 7 2.16)
xeX,
Here the potentials are only one-body, the interactions are absent. It is however interesting

because it has almost explicit solutions obtained by using duality.

We use the assumption of positive interactions to study the infinite-volume dynamics. In
finite volumes we can be much more general. In the whole sequel A will denote a bounded
set in &), and

Ha(ga) = Y Va(ga), (2.17)

Ae A:ACA

the energy of ¢ in A.

Definition 2.12 (“General” interactions)

e There are integers K and R so that V4 = 0 if the cardinality |A| of A is > K or if the
diameter of A is > R.

e V4 = Vpif B is atranslate of A.

e There are a > 0 and b > 0 so that, for any bounded A € A,

HA($n) = HR (@n) + Hp(pr),  HR(pa) =a ) ¢l Hy(a) = —blA|

xeA
(2.18)
e There are k and c so that, forany A € 4 and any x € A,
Vsl + |- vao)| + [ S vaen| e 0 @19)
— — c .
A(Pa 20 A(Pa E¥y) AlPa)| = e

xeA

Equation (2.18) is the usual super-stability condition which states that the energy is the sum
of a stable Hamiltonian plus a positive quadratic term. The assumption on the derivatives
in the last condition will be used when studying the dynamics. To prove the existence of
DLR measures in the thermodynamic limit we need more assumptions which are not stated
because we will use the above definition only in finite volumes.

When studying dynamics for general Hamiltonians we will first introduce a cutoff, use it
to prove existence and finally show that it can be removed. We use the following notation:
A and A always denote sets in A),, their complement being meant as the complement in X,.
Let A be a bounded set ¢, and ¢ac configurations in A and its complement, we then set

HA(palpac) = HA(@a) + D Va@). ¢ = (a. ¢ac) (2.20)

A:ANAAD
ANAC £

We next introduce the cutoff function gg(£), € € R4, R > 1, by setting gr(§) = 1 when
&E§ <R-—1,gr(€)=0when& > R and gg(&) a decreasing C* function of & in (R — 1, R)
which interpolates between the values 1 and 0.
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372 G. Carinci et al.

Definition 2.13 (“Cutoff Hamiltonians”) The general Hamiltonian H with cutoff R > 1 is:

Hp r(@aldac) = Hy(dn) + gr(Ioal3) Hy ($aldac) (2.21)
where Hg (¢a) is defined in (2.18) and
lpall; =) ¢7 (2.22)
XEA

Thus, when ||¢>A||% > R, the Hamiltonian Hp gr(Pa|Pac) becomes quadratic with no
interaction among charges.

2.4 Dynamics

The stochastic Ginzburg Landau model on &), describes the time evolution of variables
¢ (t) which represent the amount of “charge” at site x € X}, at time ¢t > 0. The evolution is
governed by the infinite system of stochastic differential equations

! oH oH
Y = Qyx 0 _ d _— —_——_—
¢x (1) = ¢x(0) /0 SyeXE,,,)Wx { e (@(5)) 2%, (d)(S))}

+B72 Y w0, xex, (2.23)

YEXn,y~x

where the variables w, y(¢) are defined in a space (2, P) as follows. An element w € Q2 is
the collection {B, ,(t),t > 0} where x, y run over the pairs x ~ y such that x < y in the
lexicographic order. P is a product measure such that each {B, y(¢),t > 0} is a standard
Brownian motion. We then set

Wy y(t) = By (@) if x <y, Wy y(t) = =By @) if x >y (2.24)

Remark 2.14 We will prove an existence theorem of the dynamics for “Positive interactions”
(see the previous subsection) and for “General interactions” in the finite-volume case that we
will describe below.

Remark 2.15 Restrict the system (2.23) to only two equations, one for x and the other for y
with x ~ y. By summing the two we see that the total charge ¢ (t) + ¢, (¢) is conserved thus
the process describes exchanges of charges between the two sites. There is a random white

noise term dwy y(t), to which it is added a drift given by [ OH (p(1)) — %(qﬁ (l))] that we

s )
will call the instantaneous expected current from x to y, which is thus defined as
oH 0H
Jisy=7—7— . (2.25)
0py 09y

2.5 Partial Dynamics

As mentioned in Remark 2.14 above we will first study a partial dynamics where only finitely-
many charges (those contained in a finite volume of linear size N) may evolve, while all the
others are frozen at their initial values. The infinite volume dynamics will then be obtained
in the limit N — oo.
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The partial dynamics in A,y freezes all charges outside Ap, . We denote by ¢ a configuration
in A, N, by qb a configuration outside A, y and by (¢, ¢) a configuration in &},. We then
write qb(N Ao) (1) = {qb)(CN A, g)(t|q>, ¢, w,A,0),x € Ay, N} for the solution (when it exists)
of

t
(N,A,0) _ _ (N,A,0) (N,A,0)
oMA9) (1) = 6,(0) f()ds( v {a¢x(¢ (). ) a¢y(¢ (s), ¢)}

YEA, N, Y~X

5 [ o)

YEA,y~x
+B7EY wey, x €Ay (2.26)

y~x

We interpret (2.26) by saying that at each bond {x, y} withx € A, y and y € Aitis attached
areservoir which exchanges charges at a rate dictated by the chemical potential o.

Remark 2.16 Under Hypothesis 2.4a we are in the setup of the Fick’s law and the partial
dynamics in (2.26) is customary in the analysis of boundary-driven processes, where the
boundary processes simulate external reservoirs attached to the right and left faces of the
system and generating currents. As we will see in d > 3 dimensions the currents do not
decay as N — oo so that the Fick’s law is violated in our geometrical setup. The Hypothesis
2.4b is used to study the infinite-volume limit. The choice of these boundary processes is
therefore crucial in our analysis and it is at this point that the harmonic function A of Definition
2.1 enters into play.

We close this section by observing that the partial dynamics with a cut-off Hamiltonian is
a Markov process, as the following proposition precisely states. For a general Hamiltonian
H we define the differential operator

D D P D Yy (2.27)

X, YeEA, N XeEA, N YEA
{x,y} yx

which acts on smooth functions as follows:

(aH 3H><8 a) 1(3 a>2

Lyy=-— 2 SR N (2.28)
0y 0¢y ) \ 0y 3¢y B \0px 09y

i OH 9 1 92 5 20
*’y—{‘(a@“’y)awﬁaqsg}' 229

Proposition 2.17 Let H in (2.26) be a cutoff Hamiltonian (see Definition 2.13). Then, for
any ¢, ¢, A, o, Eq. (2.26) has solution ¢™-2-2) (1) = oM (t|¢p, ¢, w, A, &) for P-almost
all o. The law of {p™N-2-9) (1), t > 0}, defines the transition probability starting from ¢ of a
Markov diffusion process whose generator is L™ %9 in (2.27).

Equation (2.26) with the cutoff Hamiltonian have globally Lipschitz coefficients. The proof
of Proposition 2.17 then follows, see for instance the book by Strook and Varadhan [6], and
Chapter VII, §2 in [7].
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374 G. Carinci et al.

3 Main Results
3.1 Finite Volumes

We fix arbitrarily n and N > n, and shorthand ¢ = {¢,,x € A, n}. We also fix ¢_> A,
0 = {0y}yea and shorthand 1} = )L,(CN’A’T), withx € A, v U A, see Definition 2.3. Recall
that A; =oy fory € A. Let ju,, v, (d¢|¢) be the Boltzmann-Gibbs measure

- 1 _ H N AF .
o1 @1 = — LT, 2] g G.1)
Zn N+ (@)
where H (-|q_3) is defined in (2.20). The normalizing partition function is
- B8l H N X AF N
Zun e (D) = / LGP Tren,  150:] g (3.2)

We will prove in Sect. 4 the following theorem.

Theorem 3.1 For a general Hamiltonian H, let L™N-% be as in (2.27) and f a smooth test
function, then

/ (LN Y (@), e (dDlD) = 0. (3.3)

Morever, if H in (2.26) is a cutoff Hamiltonian (in the sense of Definition 2.13), then p, N+
is an invariant measure for the partial dynamics.

We will use Theorem 3.1 to extend the invariance statement to general Hamiltonians. We
denote by P”*N’}‘*(d¢da)|¢_)) = Mn,N,A*(d¢|<i;) X P(dw) where P(dw) is the law of the
Brownian motions Bix, y}(¢) used to define the dynamics. Furthermore we write oW 1) =
{¢§N)(t|¢, b, w,A,0),x € Ay, N} for the solution (when it exists) of (2.26) with initial
datum ¢. We will prove in Sect. 5 and Appendix B the following theorem.

Theorem 3.2 With the above notation, for any @, A and o there is a solution ¢™N) (1) =
oM (t|p, d. 0, A, o), t >0 of (2.26) for PN _almost all (¢, w). Moreover for any test
function f

/dPn’N’)L*f((b(N)(l‘)) = /dMn,N,A*f(qb) 34

Finally, recalling (2.25) for notation,
/dP"va**JHy(wN)(z)) =2 -2 (3.5)

Non-validity of Fick’s law With reference to Hypothesis 2.4a, and using Propositions 2.2 and
2.6 the above theorem states that, in the limit N — oo, the current (3.5) is not identically
zero, against what stated in the Fick’s law.

To study the infinite-volume dynamics we will use that, under Hypothesis 2.4b, A* = A
and that DLR measures with chemical potential A are invariant under the partial dynamics,
a statement that we specify next. For this we need more complete notation. We thus write ¢
for a configuration on &},, ¢ and ¢c for its restriction to A, y and Az. n- For A and o as
in Hypothesis 2.4b we define an evolution on configurations ¢ by setting

TNV (@, 0,0) == (¢™ (tIpa, pac, 0, A, 7)., pac) (3.6)
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whenever the right hand side is well-defined, the definition being non empty because of
Theorem 3.2. We will prove in Sect. 5 the following theorem.

Theorem 3.3 Let yu be a DLR measure for the formal Hamiltonian H — ) . Ax¢x and P =
w x P. Then, under Hypothesis 2.4b, for any N > n and any test function f,

[aprot® .o = [ans G

Thus the DLR measures are stationary for all partial dynamics. However the existence
of DLR measures for the general Hamiltonians of Definition 2.12 is an assumption, more
conditions being needed to ensure their existence, for instance those stated in Definition 2.8
for positive interactions.

3.2 Infinite Volume

We restrict here to positive Hamiltonians H in the sense of Definition 2.8 and for notational
simplicity we consider the specific case of the Dinanburg—Sinai Hamiltonian defined in
(2.15). Let A be the harmonic function of Definition 2.1, p a regular DLR measure with
formal Hamiltonian H — ) ¢, A,. By regular we mean that it is supported by configurations
¢ such that, for all x large enough, |¢,| < (log lx1/3,

We call P = p x P with P(dw) the law of the Brownians which define the dynamics.
We then write ¢ (1) = ¢ (t|¢, w) as the solution (when it exists) of (2.23) with initial datum

0.
We will prove in Sect. 6 and Appendix C the following result.

Theorem 3.4 With P-probability 1 there is a solution ¢ (t) = ¢ (t|¢p, w) of (2.23). For any
test function f and anyt > 0

/dpf(¢(t)) Z/duf@b) (3.8)

so that | is time-invariant. Finally, recalling (2.25) for notation,

/‘dPJx—nv((p(t)) =iy — }”y 3.9)

Theorem 3.4 proves the claim, stated in the introduction, that there are stationary measures
in infinite volumes carrying a non-zero current. The theorem will be proved by showing that
the solution of the partial dynamics converges, as N — 00, to ¢ (1).

Validity of Fick’s law Let & € {—n, ..., n} then the stationary current per unit-area through
a section X in the channel is, by (3.9),
1 I: (V)
Je =071 > (AHI - Ax) = a1 (3.10)
X€Xg

By Proposition 2.2 it follows that J¢ does not depend on & and it is bounded by ¢ /n. Contrary
to what stated after Theorem 3.2 this shows the validity of the Fick’s law if we think of the
system as the channel with the semi-spaces Zf,i as “gigantic” reservoirs. They provide a
steady current in the channel but, despite that, they do not change in time: this has evidently
to do with the fact that they are infinite, but this is not enough to explain the phenomenon
because in d = 2 the effect is not present.
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376 G. Carinci et al.

3.3 The Quadratic Hamiltonian

The quadratic Hamiltonian in the title is the one defined in (2.16). Being quadratic it may
be seen as a cutoff Hamiltonian so that the properties stated in Theorem 2.17 apply. In
particular, for any ¢, d_), X (2.26) has solution ¢(N ) (t) for P-almost all w. Moreover the
quadratic Hamiltonian fits in the class of positive Hamiltonians so that Theorem 3.4 applies
and the infinite-volume dynamics ¢ (¢|¢, @) is well defined with P-probability 1 and the
DLR measure p; with chemical potential A (which is a product measure) is time-invariant.

We have however much more information, in fact, for an Ornestein—Ulhenbeck process
it is known that Gaussian measures evolve into Gaussian measures, so that we only need
to determine mean and covariance of the process. In our case this can be done using dual-
ity. Duality for the quadratic Ginzburg-Landau model follows from the algebraic approach
discussed in [8], see [9] for a derivation based on Lie algebra representation theory. For
completeness we shall also provide a direct proof in Sect. 7.

For finite volumes A, y duality is stated as follows. Given A and o the duality function
is

DA (@, m = []or [] n(d0) (3.11)

xeA xXelAy N

where h,(£) with £ € R denotes the Hermite polynomial of degree n and € N4=~ with
nl=>,c A,y e < 00 Duality relates the Ginzburg-Landau evolution of {¢N (t),t > O}

to the evolution of the Markov process {nN ),t > 0} with generator

L= Y Leyt+ D Y Luy (3.12)

X, YEA N xelA, N YEA
{x,y}
where
Ly y HHD =0 (f ) = L) + 0y (f (") — £ () (3.13)

with n*»Y the configuration obtained from 1 by moving a particle from site x to site y and

Ly ) =nx(f (™) — f(m) (3.14)

Thus the dual process is made of independent particles with absorptions at A. We denote by
&), the expectation with respect to the law of the process {(nN(#),t > 0} started at 5. Similarly,
we denote by E, the expectation with respect to the law of the process {¢™ (¢), 1 > 0} started
at ¢. We will prove in Sect. 7 the following result.

Theorem 3.5 With the above notation we have

Eg[D™7 (9" (0. n)] = &[D™ (6, 0" ()] (3.15)

Remark 3.6 Using duality, the mean and covariance of the Gaussian process ¢ (¢) can be
computed starting the dual process with one and two dual particles. Furthermore duality also
implies convergence in the limit # — oo to the Gibbs measure w, y 1+ (d¢) given by

pnse@d) = T] 5 -exp |~ bge — 102} do (3.16)

xXeX,

@ Springer



Stationary States in Infinite Volume... 377

where Z is a normalizing constant. Indeed the duality formula (3.15) gives

Tim B0, 1= [] (X PXeo=noy)" = ] 09 G17)

XeEA, N YEA xX€An N

Expression (3.16) follows by recalling that, for a Gaussian random variable ¥ with mean m,
one has

Eh,(Y)]=m" . (3.18)

Similarly one can check invariance of (3.16). Labelling the particles of 1, we describe 7 as a
configuration X = {X;,i = 1, ..., |n|} where the particles evolve independently and X; ()
is the position of the i"” particle at time 7 > 0. We have

Il | Il

/ @)D =Ex | [Tr50 [ =T1Ex [t ] =[]+ 619
i=1 i=1

i=1

where in the last equality it has been used that A is harmonic. Thus
/foz)(d@D((ﬁ, n = fﬂx(d¢)D(¢, - (3.20)

Remark 3.7 The duality formula can be used to characterize the measure at infinite volume
[by taking the N — oo limitin (3.15)] and to show existence of the infinite-volume dynamics
for general initial conditions ¢ which may grow polynomially at infinity.

Remark 3.8 There is a large class of models where duality holds, including both particle
systems (symmetric exclusion, Kipnis—Marchioro—Presutti model, independent particles,
symmetric inclusion) and several interacting diffusions. We refer to the survey in preparation
[8]. Results similar to those of the Ginzburg-Landau model with quadratic Hamiltonian can
be obtained in models where duality holds.

4 Proof of Theorem 3.1

Equation (3.3) will be proved via an explicit computation that uses that A* is harmonic.
This generalizes a previous computation by De Masi et al. [10]. In this section we shorthand
L = L"™N-A:9 We have

1 ol H 13— A
/(Lf)(rb)un,zv,,\(d@ =3 ‘/(Lf)(¢)e BlH@ID-Tsen, y 110 ]d¢
n,N,:
Zn,0.N B Y ren, y Mide
= L e xXEA, N X
Zu, N < f >;Ln,1v,o
_ Zon (7, Lo Bremmi97) @)
Z\N B N0

where (f, &)y, vo = f f(@)g(@) tn N.0(dp) and LY denotes the adjoint in LZ(M,LN,O).
Hence, to prove (3.3) it is enough to show that

(LTg)@) =0 for gu(g) = e Zretnn 4.2)
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We compute the adjoint

L'= Y LI + > YL, 4.3)

X, VEAL N X€A, N YEA
{x.y) y~x
As in [10], we have
L}, =Ly,
Li, = Teetan b [ 7P Taen,n ¥ (4.4)
Thus we find
%(L;yguw) = 5.(9) - [(;Z - 35) (o =25) + (% - xj)z}
= g1(9) - (ax — ay) Ay — 1Y) (4.5)
where x, y € A, n and we have defined
ay == A} — gZ (4.6)
Similarly
L 7 _ IH\ « 2
E(Lx,yg,\)(tb) = g1.(9) - |:<Uy - @) Ay —oy) + (A —0oy) ]
= gu(¢) -ax - (Ay —oy) 4.7
where x € A, y and y € A. Hence (4.2) is equivalent to
Y (ax—apGi -2+ > Y a0 —0y)=0. (4.8)
X, yEAn N X€A, N YEA
{x.y} yx

Changing from a sum over bonds to a sum over neighboring sites, we can rewrite this as

dooa| Y M-+ ) (-0 ]| =0, 4.9)

XEA, N YEA, N yeA
y~x y~x
which is clearly satisfied as a consequence of Proposition 2.6. O

5 Proof of Theorems 3.2 and 3.3

For brevity we call A = A, v, and u(d¢) := wy N+ (dp|d). We write Hp g(¢|¢) and
M(R) when we consider the Hamiltonian with cutoff R, see Definition 2.13. We have already
proved that the stochastic differential equations (2.26) with the cutoff Hamiltonian have, for
any initial datum, global solution with P-probability 1, they are denoted here by ¢® (¢).
By what proved in the previous section the Gibbs measure 1% (with the chemical potential
A*) is invariant. We will exploit this to prove a “time super-stability estimate”. We write
PR — M(R) x P, and for any configuration ¢ in A, v,
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eIz =Y o1

XEAV,.N

Then we have:

Theorem 5.1 Given T > 0 there are A > 0 and B (independent of R) so that, for all S > 2,

P“”[sup lp® @0)13 > s] < e ASHE (5.1)

t<T

Theorem 5.1 will be proved in Appendix B.
We will next prove that we can replace u® by w in (5.1).

Proposition 5.2 Calling du™® (¢) = G® (¢)d¢ and dju(¢p) = G($)dp, we have
/ de|G®(¢) — G@)| <2(p+ p) (5.2)

where
p=nu®I613 > R].  p' =nu[lol > R] (53)

Proof Call Z® the partition function then

7 =/ A e PHAR@ID) 4 7 (R)
IplI3<R

so that
e~ BHARSIP) . o—BHAW@ID)
- = =(-p — _
Joig=r d e PHnr @) Jipp<r d e=PHA@ID)

G (p)=1-p) lpl3 < R

The analogous formula holds for G(¢’) so that calling
e~ BHAG15)
dg e=PHAGIP)’

g(9) = lpl3 < R,

f\ld)H%fR

one has

A

/d¢|G(R’(¢)—G(¢>)| _/W Rd¢(G(R)(¢)+G(¢))+/  d$1GP$)-G @)

llpliz<R

IA

p+p/+/ dp g(@d)(p+p) <2(p+p)
lpl3<R
hence (5.2). O
Corollary 5.3 There are A > 0 and B so that, calling A = {sup,.r o (t)ll% > S},
|(u™® x P)Al— (u x P)[A]| < e 8T8 R>§ (5.4)
Proof By (5.2) the left hand side of (5.4) is bounded by
[ar [as16®@) - G@n =20+ p) 5:5)

and (5.4) follows from (B.1). ]
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Existence There are a’ > 0 and b’ so that, for R > S,

(ux P suplg® 013 < §] =1 =275 @ >0
t<T

having used (5.4) and (5.1). Therefore, calling ¢ (¢) the solution of (2.26), we have also

(1 x P) sup ¢ )3 < S| = 1= 2¢75+
t<T

because ¢®) (1) = ¢ (¢) in the set

{sup 1P (1))2 < S], S<R

t<T
Thus
(ux P)| sup ()3 < 00| =1
t<T

hence the existence of solutions to (2.26) with probability 1.
Time invariance It is enough to prove that, given any ¢t > 0,

/ dn(@) / dPF (1)) = f du(@) f (@) (5.6)

for any test function f such that sup | f(¢)] < 1.
Given any € > 0, let S be such that

(ux P sup g3 = 5| > 1=, u® x P)[suplp® )13 = 5] > 1 - e
t<T t<T
for any R > S, then

| [ auo [arsom - [  du@) xdPf@T)| =€ 65D
sup, <7 [ (D)ll3<S

ForR > S
/ du(¢) xdPf(p(T)) = / dp® (@) xdPf(p(T)) (5.8)
sup,<7 llgI3<S sup, <7 |¢® 1)[3<S
and
/ du® ($) / dPf (™ (T)) — / du(@) x dPf@P(T)] <€ (59)
sup, <7 lo® (1)[13<S
Since
/ du'® () / dPf(p®(T)) = / du® () f(¢) (5.10)
we get
‘ / dun(e) / dPF(@(T)) — / dn@) f ()] < 2¢ 5.11)
O
Average current: proof of (3.5). From time-invariance,
/ di(9) / dPJyy(¢(T)) = / di(@)Jx—y(P) (5.12)

Then (3.5) easily follows, using integration by parts, from the definition of the current (2.25)
and the explicit expression for the stationary measure (3.1). O
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Proof of Theorem 3.3 Fix N, we claim that any measure p on X, of the form dp(¢) =
dv (¢A§,N Ydiin, N (D, v |¢A;,N ) is invariant under the partial dynamics with N. By choos-
ing v to be the restriction of p to configurations on the complement of A, » and by using
the DLR property, we will then get the invariance statement in the theorem. Let f(¢) be a
smooth test function and let g¢Az i (Da,n) = f(Da,ns ¢A2,N)' By Theorem 3.2 we get

/ Pdd)Pdw) f o TN (G, A, o)

= / v(dpa: ) / b N e (A, B ) / P(dw)

<8ppe @V WlpA, . bac 0. A 0))

=/V(d(ﬁA;,N)/Mn,N,A*(d¢An_N|¢A;,N)8¢A;.N(¢An1N)

= / pdo) f(¢)
O
6 Proof of Theorem 3.4
We are in the setup of Hypothesis 2.4b so that, by item (3) of Proposition 2.6, A)]CV Ao Axs

throughout the section 2 is the harmonic function in Definition 2.1. We will use the following
shorthand notation: given n and N > n we denote by ¢ a configuration on A, n, by ¢
a configuration in the complement of A, y and by u N.$, , (d¢) the Gibbs measure with

Hamiltonian H — ) ¢ Ax and with boundary condition ¢.

The starting point is again a time superstability estimate. We can not use the one proved
in Appendix B because the parameters in the estimates are volume dependent. In Appendix
C we will first prove an equilibrium superstability estimate.

Theorem 6.1 There are a > 0, No > 0 and b so that for all N > Ny the following holds.
Let |¢y| < (log lxD'/3 for all x ¢ Ap N, then for any xo € Ay Nj2 and S > 0

_ ¢4
g |19l = S| =S, 50 € A (6.1)

The bound on ¢ is motivated by Corollary 6.3 stated below.
Definition 6.2 We set:
e M, is the set of all DLR measures u with chemical potential A such that
u[lqul > S] <o forall  x e X,

e The set G of “good configurations” is:

g=Uav. ov= [ 1ol = oglxp'”] 6.2)

N>n x¢Ap N

Corollary 6.3 With the above notation:

o The set My, is non-empty because, if ¢ € G then, calling ¢y the restriction of ¢ to the
complement of A, N, any weak limit point "f:““N,éN,A isin M.
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o If ;L € M, then, for any a’ < a, there is b’ so that
u[Gn] = 1 — 7 oM (6.3)
and therefore u[G] = 1.

Proof The first statement follows from Theorem 6.1. Since ,u[lqul > S] < e—ast+h , then

“["PX' > (log |x|)1/3] < o—allogx)*+b
which yields (6.3). ]

We shall next extend the super-stability estimates to the time-dependent case. Given n and
N as above and a boundary configuration ¢ we consider the partial dynamics defined in Sect.
2.5 with Hamiltonian (2.16) and denote by {¢, (), x € A, n} the corresponding process.
Recall that the charges outside A, y are frozen to the initial value ¢ and that the dynamics
does not depend on the chemical potential A. We denote by PHN_M =UygarXP the law of
the process ™) (¢|¢, w) when it starts from g NG In the sequel we fix arbitrarily a positive
time 7" and study the process in the time interval [0, T]. Using that w . B is invariant we
will prove in Appendix C the following:

Theorem 6.4 Let ¢ be a configuration in A,y suchthat || < (og |x'/3 forall x € A N
Then, given T > 0 there are A > 0 and B (independent of N and ¢) so that, for all S > 2,

Py [ 5001060 = S| < 458 x e Ay (64)
Tt
The infinite-volume limit Here we prove Theorem 3.4. We need preliminarily to extend the

super-stability estimates from conditional Gibbs measures to DLR measures.

Theorem 6.5 Forany N, any measure . € M, is invariant under the evolution Tt(N) (¢, w, 1),
see (3.6). Moreover for all S > 0,

Pulsup sup gV 0)] = S| = eTASHE 4 e (or 6.5)
t<T x€An Ny/4

where a’ and b’ are as in (6.3).

Proof Invariance has been already proved in Theorem 3.3. We condition the probability on
the left hand side of (6.5) to the configuration ¢ outside A, ». We can use the bound in (6.4)

when ¢ € Gy and get in this case the bound with ¢~AS*+B The additional term comes from
the contribution of the configurations ¢ which are not in Gy, their probability is bounded
using (6.3). ]

It follows from Theorem 6.5 that:

Corollary 6.6 Let v € M, then

PfgT=1. d=Udk Gy={sw s 160 =dogM] (66

N>n 1<T x€An,N/4
Proposition 6.7 There exist a” > 0 and b” so that in g;\, we have:
sup  sup [pM (1) = pCN (1)] < ¢ NIogN+b ©6.7)

XEAn.NU/S te[0,T]
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Proof We need to bound the differences |¢,((N) t)— ¢)((2N) (1)| (recall that 2N is the first integer
after N in the set {2",n € N}) withtr < T and N > Ny. We have:

oH
[0 — g2V )] < / ds Z [ 6™en - 6™ on)
X 0x d’y
-2 (¢<2N>( D~ g s | (6:8)
96 0%,

The contribution of the two-body potential V' to
term is bounded as follows:

¢ is uniformly Lipschitz, the one body

] ¢ 270N - ¢ 22 9P D] = 1200022026 (5) = 9PV (69)
because (log 2N)!/3 bounds [ (s)],i = N, 2N.
It then follows:
t
16N 1) — ¢ ()] < clog N f ds Y M) =PV ()| (6.10)
0 YEAN,|y—x|=3

We can iterate (6.10) K times with K the largest integer such that N/8 +4K < N /4. After
K iterations we get (6.7). ]

In the theorem below we write 7, (¢, ) 1= ¢™ (t]¢, w).

Theorem 6.8 For any (¢, w) € G there is ¢(t|¢, w) which satisfies the infinite volume
stochastic differential equations (2.23) and, for any x and any t < T, (f),((N) (t|p, w) has a
limit when N — oo, that we denote by ¢, (t|¢, w):

lim  sup [N (t]g, w) — px(tlgp, w)| =0 (6.11)
N—00¢10,T]

Moreover, if w € M, then for any test function f,

/M(d¢)fP(dw)f(¢(tl¢,w)) :/u(d¢)f(¢) (6.12)

Proof Let N be such that (¢, w) € g;v. Since it satisfies the equations (2.26) then ¢,((N)(t),
t € [0, T], is equi-continuous and bounded and therefore it converges by subsequences to
a limit ¢, (¢). The limit is independent of the subsequence because ¢>(N )(1) is Cauchy by
Proposition 6.7.

By the invariance of u for the partial dynamics and Theorem 3.3, we have, for all N,

ARG AN (6.13)

Then (6.12) follows from (6.11) and the Lebesgue dominated convergence theorem. O

7 Proof of Theorem 3.5

Recalling the notation in Sect. 3.3, the duality statement (3.15) is a consequence of the
following:
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Lemma1 For x, y nearest neighbors in A, y we have

Ly yD*7(,m)(@) = Ly yD*(p, V(1)

For x € A, y and y € A nearest neighbors we have
LeyD®(,m) (@) = L yD (@, ) ()

Proof To alleviate notation we do not write the argument of the polynomials. We have

Loyp*com@y =] [T me][TTo*]

2€An N, ZFEX,Y zEA

[h;’xh,]y + hy b — 20 B
= Guly Iy = Byho Iy i, Wy + yH .

We regroup terms as follows

LoD @y = ] ha][TTe"]

ZEN, N .ZFEX,Y €A
(11, @y, = 1) + (7 = gy Dy,
+ (ehy, — Wy R+ By, (Rl — ¢yh;7y)],

and then use the following identities for Hermite polynomials

hy,(§) = nh,_1(§) (7.1
Enn (&) — hy (&) = hpt1(8) (7.2)
hy(€) — &R (§) = —nh,(§) (7.3)
to find
LoD @ = [T m][TTo*]
ZEN, N ZFEX,Y zeA

[nx (hnx_lhﬂy+1 - hnxhny) + ny(hnﬁlhrzy—l - h’].rh’]y)]
= L yD*(p. ) ().

Similarly, for the boundaries we have

Lopen@ =TT ][ TT o]

ZEA, N, ZFEX ZEA,zF#Yy
Ny 1 Ny 7
[oy ) = (@ — 0y)0) hnx]
This can be rewritten as

Lopen@ =TT m][ TT o]

ZEA N TFX €A ZF#Yy

o 0]
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By using the identies (7.1) and (7.3) one arrives to

LeyDC, (@) = [A]‘[#hn][l—[#yan]

v+l .
[nx(ayn’ hpe—1 — 0;‘7}hnx)]

= [/x,yD((p, ()

[m}
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Appendix A

Proof of Proposition 2.2 Item (1) Introducing the notation B* = {X(-) € Zin’ideﬁnitively},
we may write

A = ATPL BT+ AP [B7] (A.1)

By letting the walker X (-) do its first jump to one of its neighbors, and calling d, the number
of neighbors of x, we can write

1
F(B]= — 3 PBy[5*] (A2)

YEX),
y~x

Inserting (A.2) into (A.1) we find
dde =) Ay (A3)

yeX,
y~x

from which it follows that A is an harmonic function.
Item (2) The proof follows from classical estimates on the recurrence of random walks on
74 This explains why we need a spatial dimension larger than two. Ind < 2 the random walk
X (-) comes back infinitively many times to the channel C,, and therefore the only harmonic
functions are the constant ones. For completeness we give some details.

To show that pi + p; = 1 itis enough to show that if d > 3 then the random walk X (-)
is definitively in the complement of C,,. Let

K,={xeX,:x1=n, |xi| <n} (A4)
and define the hitting time of {X(¢), t > 0} to K, as

T(Ky,) =inf{t >0 : X(t) € K,;} (A.S5)
Denoting by PX the law of the X (-) process started from x, and defining

Sty =24, NSun-1. (A.6)
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where S, y—1 has been defined in (2.5), we claim that px+ + p; = lis implied by
lim min IP’ [t(K,) =00] =1. (A7)

N—>ocxes

Indeed, we distinguish the following cases:

e If x € A, y then with probability 1 the walker X (-) will hit S: § NS,y in a finite time.
o If x € ZZ,JF\AH,N it can only reach K, after passing through SZN. The analogous
statement holds for x € Zﬁ,_\A,,y N-

To prove (A.7) we call {Y (), t > 0} the usual continuous-time random walk on 74 that
jumps with intensity 1 to any of its nearest neighboring sites. Classical estimates prove that,
if d > 3 then for any compact set K,

lim miJIrl ]P;I[T(K) =o0]l=1 (A.8)

N—o00
xESn,N

where PY denotes the law of the {¥ (¢), t > 0} process started from x. We may couple X
and Y in such a way that

Xity=Y;t) i=2,...,d (A9)
while

Y if Y (t) = n,
Xi(t) = {—Yl(t)—i—Zn —1ifYi(t) <n.

If we call T the first time when X (r) € K,, then Y(T') € (K,, U K, _1). Therefore the claim
(A.7) follows from (A.8) with K = K,, U K,,_1.

To prove that A, is non-constant as x varies in X;, we observe that p;” — 1 and p; — 0
when x; — +o00 and the opposite occurs when x; — —oo. This sufficies.
Item (3) To show that the flux is the same on each section it is enough to prove that /¢ (L) =
Ie 1 () for |¢] < n. For such a & we write, recalling ((2.6)) and that A is harmonic,

(A.10)

0= Z GA(x) = Ie(A) — Ie 1 (V). (A.11)
X€Xg

We work with the central section inside the channel, i.e. £ = 0 and prove that for each
x € o, we have A,_,; — Ay < ¢/n. This in turn follows if we prove that

c

+ +
P — Pl = (A.12)
where we recall that pgt is defined in (2.29) we take x0 = (x?, R xg), yO ( R yd)
withx? =0,y = —landx? = y? fori =2, ...,d.

Call{X(¢),t > O}and {Y (¢), t > 0} two copies of the random walk process with generator
G in (2.6), starting respectively from x° and y°. We will prove that there exists a coupling
Q of these two processes so that

N
Q[X(-) definitively in Z, + and Y (-) definitively in Z,,;] < (A.13)

C
n
which clearly implies (A.12).

To define the coupling Q it is convenient to realize the process X(7) in terms of its
coordinates X;(¢). To each i € {1,...,d} we associate an exponential clock which rings
with intensity 2, all clocks are independent. When a clock rings we take a variable ¢ with
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values =+ 1, all the e-variables are mutually independent. If the i-th clock rings and ¢ is the
associated variable, then X; tries to jump: X; — X; + ¢, the jump is done if after the jump
X € A, otherwise it is suppressed.

Definition of Q: The coupling Q is a measure on the sample space 2 and we will define

i,x

X(¢) and Y (z) on 2. The elements o € 2 are of the form w = {t,i’x, e 11 by where

ief{l,..., d} and n € N. Under Q, the times t,';’x and t,%’y are realizations of Poisson
processes of intensity 2 and the increments &b and s,l,’y are realizations of Bernoulli processes
with parameter 1/2. All these processes are independent of each other. Thus Q is completely
defined.

Representation of X (t): We define the processes {X;(?)};>0, withi = 1,...,d, as the
collection of walkers that are initialized from x? and at the times 7, jumps by &, if the
jump is allowed (the walker can not exit A},).

Representation of Y (t): We first define the auxiliary processes {Yl/ (t)};>0 where i =
1,...,d. They start from y? and they use the variables {t;*, ;" } fori = 2,...,d and the
variables {t,}’y, si’y} for the first coordinate {Yl’ (t)}i>0. To define {Y (¢), t > O} we introduce
the time 7 as

f=inf{r >0 : Y @) =X ()}

and define Y (r) = Y'(¢) fort < 1. Then {Y (¢), 1 > 1} is constructed by using the variables
{ty", en* Y withi =1, ..., d and starting at time 7 from Y’ (%).

Clearly the law of X(-) is P,o and the law of Y (-) is IP’yo, thus Q defines the desired
coupling. Having defined the coupling Q, we now start the analysis of (A.13). To this aim,
it is convenient to define two processes X (¢) and Y*(¢). The process {X(t), t > 0} is
initialized from 0 and, at times 7,", jumps by eb* (with no restrictions). We define similarly
the auxiliary process {Z1(¢), t > 0}: it starts from —1 and it uses the variables {t,}’y, 8,1,')]}.
To define {Y{(¢),t > 0} we introduce the time ¢* as the first time when Z;(¢t) = Xj(t)
and define Y () = Z(¢) for t < t*. {Y{(¢),t = t*} is constructed by using the variables
{t,}’x, eyl,'x} and starting at time 7* from Y’(*). As a consequence, X () = Y () forr > r*.

We introduce a stopping time 7 as

r=inf{t20 : max{|X1(t)|,|Y1(t)|}=n} (A.14)

and observe that the following three properties hold true:

°
Xi(t) =Y;(t), fori > 2, t <t (because this holds at time 0) (A.15)

°
X1(t)=Xj(t) and Y (t) =Y (t) for t <t (A.16)

°

Ifattime T < t, X(T) =Y(T) then X(r) =Y (¢t) forallt > T (A.17)
Thus, by law of total probability, we may write

OIX(T) #Y ()] = Qlt =T1+ Qlr > T; X1(T) # Y1(T)] (A.13)
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where (A.15) has been used in the second term of the r.h.s. By using (A.16) we have

(r =Ty ={sup 1x{@) = n| N { sup ¥ (9)] = n} (A.19)
s<T

s<T
By classical estimates for the maximum of a random walk, there exist @ > 0 and b so that

e—(an2/T)+b

r<T)< — (A.20)
© T
As a consequence of (A.16) we also have that
Olt > T; X\(T) # Y1(T)] = Qlt > T; X{(T) # Y{(T)] (A.21)
Thus
/!
Olt > T; X\(T) #Yi(T)] < Q[X{(T) # Y[ (D] < —= (A22)
N
for some constant ¢”. Choosing T = n? we then get (A.13) because, by (A.17),
Lhs. of (A.13) < Q[X(T) # Y(T)] (A.23)
Proof of Proposition 2.6 Item (1) We recall that
AN =N o PU(XN A7) = y) (A.24)

YEA

Similarly to item (1) of Proposition 2.2, by letting the walker X V-2 (-) do its first jump to one
of its neighboring sites, and calling d, the number of neighbors of x € A, x, we can write

NAa o L NA( N\ _
P,(X™" () =y) = d. ZEAX]\;UA P.(X" (1) =y) (A.25)

Inserting (A.25) into (A.24) we find

dAN80) - Z )LgN,A,a) (A.26)
ze€A, NUA
~x

from which it follows that GV-2A(N-4:9)(x) = 0, i.e. it is an harmonic function.

Item (2) We are in the setting of Hypothesis 2.4a. For notational simplicity we assume in
this section that the spatial dimension is fixed to d = 3. For any x, let k be an integer so that
x € Ay k. We define

o =inf{t >0 : X(1) € S, US,,} (A.27)
and we have
o= Y RAX@) = I[BB8 (A28)
YESTUS
We call
e = sup Py[B7] (A.29)
yeSIk
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then
A = APUX () € S 14+ AT PUX () € S, ]| < e@emax(AT] A7) (A30)
Similarly, writing XV for XV2, we take N > k and define
™V =inf{t >0 : |XN ()| = N). (A31)

Then, writing AV for A(V-2.9) we have

W Y R = B () = N+ B X (V) = )
yeS; L us,,
(A.32)
We define
€k,N = Sup P),[X{V (rN) = —N] (A.33)
yeSZk
and get

A = AP (XN (@) € SF ]+ AP XN () € Snjk]‘ < e,y max(AT] A7) (A34)

Since X (1) = XN (¢) fort < i then combining (A.30) and (A.34) we find
[he = 20| < (e + ex.v) max (AT, A7) (A.35)

By (A.7) 4 — 0 as k — oo so that we only need to bound €, y. Let

D={xeA,n : x1=n,|xi| <n, fori =2,...,d} (A.36)
and
p =inf{r >0 : X(¢) € D}. (A.37)
Then
€x,N < sup ]P’y[tD < tN] (A.38)
yest,

It is convenient to change coordinates x| — x; — n. For notational simplicity we rename N
instead of N — n and k instead of k — n. O

The aim is to reduce to an estimate on the simple symmetric random walk in Z3, that we
shall call {Y (¢), t > 0}. This can be done by generalizing the argument in the proof of item
(2) of Proposition 2.2. Thus we introduce a set

D = Uiy my)ez2 Dmy.ms

where Do.o = D, Dyy+1,m3 = Dmy,m3 £ (2N + 1)ex which means that Dy, ,, is translated
by (2N + 1)e>. Analogously Dyyy m3+1 = Dpmymy £ (2N 4 1)e3. We define

tp =inf{t >0 : Y(r) € D}, (A.39)
N = inf{t >0 : Yi(t) € {N,—N —1}}, (A.40)
Ay = the boundary of{x : |x;| <k,i =1,...,d}, (A41)
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and
Af = Arnfx t x| = 0} (A.42)
Then
€, N < sup Py[tp < tn] (A.43)
xeAf

The proof that €, x vanishes for k and N large follows from:

Proposition A.1 There exist positive constants c1, c2, ¢3, a such that for all x € AZ’

2 2

n n
P <cp— - —avN A44
x[rD<rN]_C1k +Czﬁ+63e ( )

Proof The proof follows from classical estimates for random walks, in particular the estimate

for the Green function G (x, z) < ﬁ in 3 dimensions, see [11, Chapter 6, §26]. Let

D' = Uy my) 22 mal <N m3), </N) Pz m3
and
D" =D\D'.
Then
Piltp < tv] < Peftp < 00] + Py[1pr < #V] (A.45)
We have
Pty <col< : - e c1"k—2 +czn2g (A.46)

zeD’

where the first term bounds the contribution of Dy o = D and the second term comes from

3 én’ (A47)
; Nm| '
meD'\ Dy o
and
Puftp < #V] < Pi[rpr = NOFD2 3] 4B [2Y = NOFD272]0 (A48)

By classical estimates on the displacement of a random walk we obtain
P, [y < #V] < cze VN (A.49)
Hence (A.44) is proved. ]

By letting first N — oo and then k — oo we obtain A — A, from (A.35), after recalling
that, by (A.7), e — 0.
Item (3) We recall that

e = ATPLBTI+ AP BT (A.50)
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so that

e =% )0 PUBYIBAX (D) =y 447 ) PyBTIRX (1) = ]

yESn,N YESu,N

= ) MEIX(@) =)] (A51)

}'ES,,,N

By using that XV+2 () = X (1) for t < 7 we thus find A, = Ay

Appendix B

The following is a weak (volume-dependent) form of Ruelle’s superstability estimates.

LemmaB.1 There is ¢ (which does depend on A and ¢, but since they are fixed we may
regard c as a constant) so that

WL () = G (g) < cemPHINE (B.1)
Proof Let A be the finite set of points in A€ interacting with those in A. Recalling Definition
2.12 for notation, we write
Hy (9|$) = Hj(¢ldpa) = Hyya (@, $a)) — Hp(Pn)
Hence, by (2.18),
H)(¢|¢) = —BIA U A| — [H(¢s)]

The latter term can be regarded as a constant because it only depends on ¢. Thus H [’\ r(@ |§) >
—8(I¢1)(IBIIA U Al +|Hy (éa)]) = ¢ and therefore

e BUHAR@IO)-Eiep bt} < /o= B Lrenladi—hcds) < //o=B% Lien 92

We bound from below the partition function by restricting the integral to |¢,| < 1 for all
x € A and we obtain (B.1). O

To extend the bound to time intervals we will use the following theorem which will be
used again in Appendix C.

TheoremB.2 Let z(t), t € [0, T], T > 0 be a process with law P. Suppose that fort < T

t t
(1) = f dsyi(s) +M,, M} =M+ f dsyx(s) + Ny (B.2)
0 0
with M; and N; martingales (Ng = 0) and that
sup{ E[y1()*1 + Ely2()*1 + E[z(0)*]} < o0 (B.3)
t<T

Then
T T
E[supzz(t)] 52T/ dsE[ylz(s)]—|—4/ dsE[y>(s)] + E[z(0)*] (B.4)
0 0

t<T
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Proof Since it is short we give for completeness the proof which can be found in Holley and
Strook [12—14] and in De Masi and Presutti [15]. We write

E[supzz(t)] < Z(E[sup { /Otdsyl(s)]z] + E[sup Mf])

t<T t<T t<T

By Cauchy-Schwartz

E[Isgp;{/otdsyl(s)}z] < TE[/OTdS)/lz(S)] = T/OT dSE[J/lz(S)]

which is the first term on the right hand side of (B.4).
By Doob’s theorem

E[ sup 7| < 4E[ M} ]

t<T
By (B.2)
E[M7] = E[Mg] + TE[y]
which completes the proof of the theorem recalling that My = z(0). O

Proof of Theorem 5.1 Given S > 2 we define a smooth function f(£), & > 0, in such a way
that f(§) = 1 for§ > Sand f(§) =0for§ < S — 1. When |[§] € [S—1,5], f(§)isa
strictly increasing C*° function with 0 derivatives at the endpoints. As a consequence f (&)
is a smooth non decreasing function with derivatives bounded uniformly in S, and if the
derivatives f/(§) #0or f”(§) #0then& € [S — 1, S].

Writing f; for f(||¢(t)||%) (5.1) reads as

P(R)I:Supft > 1] < ¢~AStHB (B.5)
t<T
which is implied by
E(R)[sup f,2] < o ~AS+E (B.6)
t<T

We will bound (B.6) using Theorem B.2 with z(#) = f; and

v =Lf, y»=Lf>-2fLf (B.7)

where L is the generator L™N-* (with cutoff R) of (2.27). The role of the measure P in
Theorem B.2 is now taken by P®)_ Since this is time-invariant we get from (B.4)

AL [ sup f[z] < 2T2EM<R) [yl + ATE, [yl + E, ® (2] (B.8)
t<T
e Bound of the term with y;.
Recalling (2.27), a contribution to Lf comes from the first order derivatives and it is a
finite sum of terms of the form

a 0 ;- a
{55 HR®) + @ HL @B x 5=/ @) (B.9)
while the second order derivatives give rise to a sum of terms of the form
32 0 / _ / 2 p1
875%]"(@ = @{Zfﬁxf (D)} =21(¢) + 49, [ ($) (B.10)
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The key point is that both | /| and | f”| are bounded by < CIII¢H§EIS—1,SJ and since g and
its derivatives are bounded, the expectation of y12 is bounded by the sum of finitely-many
terms like

E;L(R)[n((b)lquH%e[S—l,S]] = E,L(R) [7'[(¢’)2]1/2 X /‘«(R)[Hgb”% els—1, S]]l/z

(B.11)

where 7 (¢) is a polynomial in ¢. By (B.1) this is bounded by ce~S=D@P/2 | with ¢
depending on 7 (¢), and in conclusion:

E, wlyf] < ce 52 (B.12)
e Bound of the term with y».
We have
Lont =6 (G = DV F Lewr =y (B.13)
A dpy By T TN T B2 '

then, by (B.7), we are reduced to the analysis of terms as those considered for y; and we
get

E,w[y2] < ce 5P/ (B.14)
e Bound of the last term in (B.8). We use (B.1) to write
E, w[f?] < ce P86V ] / eTPEH < (TSP (B.15)
xeA
This concludes the proof. O

Appendix C

We start by extending the super-stability estimates in [16—18] to the present case, namely for
the Hamiltonian (2.15) to which it is added the contribution of a chemical potential A which
is a harmonic function. This is a special super-stable Hamiltonian where the one body term
is

U(py) — Mx)y > %qs;‘ + %45)% - B (C.1)

(with B a suitable constant) and where the two-body potential, |@yx — ¢, |2, is nearest neighbor
and evidently non negative. We will exploit all that to simplify the proofs given in the general
case.

Proof of Theorem 6.1 Dropping the dependence on X in the notation we want to bound

—BlHA, y+Wy ]

1 .

=— | d e mN c2
P = 7 [ donuin €2
where Hy,  is the energy in A,y (Which includes the chemical potential A) and Wy, jac

is the interaction between the charges in A, y and those in AZ, N

The idea in [16—-18] is to estimate the integral in (C.2) by introducing a stopping time. To
this end we denote by A, the cubes of side 2¢g + 1 centered at xq taking ¢ > go where gy is
such that, for ¢ > qo,

|Aqllogg — |Ag—1]log(g — 1) < 8dq" ' loggq (€3
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We choose Ny so that, for N > No, Agy C Ay n. We often write in the sequel for brevity
A=Ay N, N = Ay nt1and ZA(@) = Zp,  (@).
We partition the configurations on X into the following atoms:

Api={pexn: Y 82 =|A,llogaqo) (C4)

xeAqO

and, for g > qo,

Ag={oexn: Y #=lngllogg. Y 62> 16g000gql g0 =q <q)

XeAZNA xeAq/ﬂA
(C.5)
Thus ¢’ stops as soon as erAqu $? < |Ag4llogg.
We call p, (¢y,) the integral in (C.2) extended to A, so that
P(by) = Y pg(dhs) (C.6)

4=40

We split the terms p, (¢x,) into three classes.

® gy (¢x,). Here we will prove the bound (C.11) below. We first drop the non negative
interaction between the charges in A, and those in the complement getting

1 - A A\Ag, | A|AC
Pao (o) < ZA(@ /d¢A\X0e ﬂ[H g1 THM A T Wa ] (C.7)

because by the assumption on g there is no interaction between A, and the complement of
A. By (C.1) we have

1 1
Hagyo 2 300, +5 D 97— BlAgl (C8)

XEAqo_l

We use the term with ¢f to perform the integrals over the variables ¢, x € Agy—1\xo so that

1 f’,¢‘? +c|Agy—1l / *ﬁ[HA\A +Wy c]
0, ¢x < — 37x0 q0 d(z)‘ A q0—1 |A Cco9
qO( 0) ZA(¢)e \ q07le ( )

To reconstruct a partition function we write |@pa -1 | < 1 for the set where |¢,| < 1 for all
x € Ayy—1. Then there is ¢’ such that

/ _BH
eC\Aqo|/ d¢AqO—1e BHay, >
\dJAqO,I\Sl

We claim that 2| A4 |(log g0 + 2d) > WA\A‘IO—llAfIO—l' Proof: let x € Ayy—1 and y € Ay,

x ~ y. We bound (¢, — ¢y)2 < 2(4))% + ¢>§). By (C.4) the sum over all such y is bounded
by 2| Ay, | log go while the sum over all such x is bounded by 2d (| Ay, | — [Ay,—1]) hence the
claim. We then get

1< eﬂ2|AqO|(logqo+2d)/ d¢Aq07le—ﬁ[HA407]+WA\AqO,|\Aq07]] (C.10)
|¢>Aqo_1\§1

By (C.9) and (C.10) we then finally get:

_ﬁ¢4
Py (Pxg) < ce 370 (C.11)
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o pg(px,) with g such that A, C A. With the same procedure we get the analogue of (C.9):

Zn(@)
(C.12)
Finally we need an analogue of (C.10) to reconstruct the partition function. By (C.3) we
have
> ¢] =8dg? logg (C.13)
yEAq\Aq—l

and proceeding as before we get

Pa(ry) < e 5% ¢~ § 108a=DIAG-11+¢/18g-1|+68dg" ogg (C.14)

o pg4(¢x,) with g such that A, N A" # @. We integrate as before over the charges in
Agz—1 N A and drop the interaction between A\A,_| and A, N A as well as the
interaction between A,_1 N A and A¢. We then get again

—ﬂ[HA\Aq,l Waa, |A”]

Pq($xo) <

L Byt _Biog(g— .
o 5ol =50z 1)\Aq71|+c|Aqfl|/dd)A\Aq_le

ZA($)
(C.15)

The reconstruction of the partition function is now more complicated because we need
to take into account also the interaction between A,_1 N A and A€. We call B the set
of points in A\A,_1 which are in a bond with a pointin A, 1 N A. B°" instead is the
set of points in A€ which are in a bond with a pointin A, _; N A. Thus we consider the
partition function

/ dona, inne
loa,_nal=l

Wa,_inajgin 1 bounded as in (C.13).

_ﬂ[HAq_lmA+WAq7lﬂA\Bi“+WAq7 |ﬂA|B°'~“]

(C.16)

Wa,_ o= Y Y lbe—yl* gl <1 Iyl < clogN)'/3

XE€AG_INA yeBout
because y € A’\A. We have g > N /2 (because xo € A, n,2 and the cube of side 2¢ + 1

and center x( has non-empty intersection with A;y ~)- Therefore log N < log 2¢ so that

Wa, najpou < ¢’ (log Q' Pg!

In conclusion we get

_Bapt B _ d-1 % 1/3 d—1
Pq($ry) < e 3%%) o5 108(g—DIAg—11+clAg11+8dg ™ log g+Bc” (logq) g

The sum in (C.6) is then bounded as on the right hand side of (6.1) which is therefore
proved. O

Proof of Theorem 6.4 Let S > 2 and f (&), & > 0, be the same as in Appendix B, thus f (&)
is a smooth non decreasing function with derivatives bounded uniformly in S, and if the
derivatives f'(£) #Oor f”(£§) #Othen& € [S— 1, S]. We fix x € Ay n/4 and write f; for
f (o« (®)]). It is then enough to prove that

_ 4
Eunia | sup fP] s emastE €17
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Eny 2 being the expectation relative to the process with law P, - .

Since ¢ (1) solves the stochastic differential equations (2.26) we have the following mar-
tingale decomposition:

t t
fi =/ dsyi(s) + M, M} =M§+/ dsya(s) + N; (C.18)
0 0
with M; and N, martingales (Ng = 0) and
@ =Lf,  y@ =Lf-2fLf; (C.19)

see for instance Revuz and Yor, [7]. Since 1y B is time invariant we get, analogously to
(B.9),

Eins [}“}T) ff] <2T2Ey W)+ 4T Eny ) + Epy 1) (C.20)

Recalling that x € A, y/4 and that f” and f” are bounded and equal to O unless |¢,| €
(S —1,S5), we have
oH

OH »
|Lx,yf| fCSllq)x\e(S—l,S)(‘g‘+’£‘+,3 )
x y

Thus, after summing over |y — x| = 1,

oH |2 _ oH |2
yi < 6/521|¢x|e(5—1,5)(‘7’ +B7%+ Z 7‘ ) (C21)
0 = 1oy
ly—x|=1
Moreover
oH
g, (004 30 10+ 100) = (g 424021+ 37 190P)
< 77 —z|=1 717/ —z|=1
so that 9K 12
3 212 4
(59, =</ (U0l 24020+ 37 190t €22)
i/ —z|=1
Thus
2 / 8 2 4
Epygilvil=c” e X B [1\¢x\e<s—1,S)(S + 8716 )]
In conclusion, after using Cauchy—Schwartz and (6.1)
EuN,(;s,A[Vf] < C<Sge_"s4 + Sze_(”/z)(5_1)4) (C.23)
Since 5
°f
—1
= — C.24
n=_ 992 (C.24)
E”N,é,x [y22] is bounded in a similar way as well as E,LM;'A [fz], we omit the details. O
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