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Abstract

This thesis analyses a lumped element circuit proposed for an analogue quantum simulation of opto-
mechanics. The circuit consists of two resonators, a simple LC-resonator, and a similar resonator in
which the inductor is replaced by a SQUID as a flux tuneable inductance. The interaction between the two
resonators is established by mutual inductance between the inductor in the LC-resonator and the SQUID
loop part of the other resonator. This makes the resonance frequency of the SQUID-resonator a function
of the flux in the LC-resonator. It is shown that mutual and self inductances in the SQUID loop give rise
to two transcendental constraints, for the magnetic flux in the SQUID loop, and the generalised flux
across the SQUID. By an approximate solution for the constraints and under the assumption that the loop
inductance is small compared to the SQUID inductance, we derive an approximate description for the
circuit dynamics. We demonstrate that the circuit Hamiltonian contains the asymmetric opto-mechanical
interaction, but in addition also a self-Kerr non-linearity in the analogue optical cavity, as well as a weak
cross-Kerr interaction between the two resonators.
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Chapter 1

Introduction

The title of this work may be considered a strange one; it encompasses an interaction between an
optical and a mechanical system, yet it is about an electrical circuit formulation that involves neither
optical nor mechanical parts. The essence is that we will analyse an electrically implemented “analogue
quantum simulation” of an opto-mechanical system. This basically means that we analyse an electrical
circuit that presumedly behaves in analogue ways as an opto-mechanical system. It is not that simple
however and therefore I have much to explain. Let us start with a general but short description of what
opto-mechanics entails, and then step by step explain where the idea of an analogue simulation fits in
one of the possibly realisable paths leading to the goal of achieving full control over the quantum state
of a mechanical object—especially for the generation of macroscopic superposition states, i.e. states
described by a non-Gaussian wave-function. Afterwards we give an answer to the question “why have we
have embarked on this strange endeavour” and explain our motivation, possible applications and further
implications the results of this work may bring forth.

1.1 Cavity opto-mechanics

In a sense, starting with an observation by Kepler [1] in the year 1619 that the tail of a comet always
points away from the sun, the field of cavity opto-mechanics, see Ref. [2] for a review, focusses on the
interaction between optical and mechanical degrees of freedom, all based on a Hamiltonian description of
optical radiation reflecting on a mechanically moveable mirror as first derived by Law [3]. Conceptually,
as drawn Fig. 1.1, an opto-mechanical system is constructed from two opposing mirrors set some distance
apart—forming an optical cavity in which light can bounce back and forth and may form standing wave
resonances if the wavelength coincides with a resonance—and one of the mirrors mounted on a spring
such that it can move back and forth, under the influence of the radiation pressure, thereby changing the
separation distance between the mirrors and thus the optical resonance frequency.

Mechanical Optical
oscillator  cavity

M(H) <__—_>
e—)

Figure 1.1: Schematic drawing of a typical cavity opto-mechanics setup.
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Because the energy involved in a single quantum of light in an optical frequency is much higher
than the average thermal energy in a degree of freedom at room temperature: iwoptics > kT, the field
of quantum optics [4] provides a well established toolbox for manipulating the states of optical systems
due to an absence of thermal de-coherence. The same cannot be said of mechanical systems due to
their much lower resonant frequencies even for nano-scale mechanical resonators. However as we
shall see, interacting optical systems with mechanical systems through a radiation pressure interaction
yields interesting opportunities for exerting control on mechanical degrees of freedom through optical
channels.

The radiation pressure force on the mechanics, being quadratic in radiation and having a back-
action linear in position on the optical cavity by changing the frequency (energy) of the radiation
field, constitutes a non-linear and asymmetric interaction between the optical and mechanical part
of the system. This has many interesting consequences and applications, some of which have been
demonstrated experimentally while others are only anticipated theoretically. Some of the already
demonstrated consequences are cooling of the mechanical resonator to its quantum ground state [5, 6],
opto-mechanically induced transparency (OMIT) [7, 8] and absorption/amplification [9, 10], mechanical
position measurements with a precision approaching the standard quantum limit [11]—which states that,
as a trade of between shot-noise in the measurement signal (photon number uncertainty, decreasing
with intensity) and the measurement back-action (increasing with intensity), the total measurement
imprecision in continuous measurements cannot be lower than the zero-point fluctuations of the oscillator,
see Ref. [12] for a thorough discussion—generation of squeezed states of the the optical cavity field [13, 14]
and the mechanical oscillator [15, 16, 17] and coherent state transfer of quantum information from one
system to the mechanics [18, 19]. Note that this paragraph constitutes by no means an up to date nor
complete literature survey.

1.2 Quantum opto-mechanics

With most of these phenomena, except for the transfer of a single photon of quantum information, the
expectation values of the measurement outcomes behave according to what classical mechanics would
predict, it is only in the statistics where one might observe quantum noise or limits such as the quantum
ground state (both actually correspond with Heisenberg’s uncertainty relation) that quantum effects
are observable. The reason for this is that the optical and mechanical parts of the system constitute
harmonic degrees of freedom and that all so far mentioned phenomena follow from a weak opto-
mechanical coupling that is well described by a linearised variant of the interaction. In this regime, the
interaction always turns Gaussian states (states with a Gaussian wave-function, a subclass of states
whose observable’s average behave according to classical mechanics) into Gaussian states. This means
that it is impossible to generate non-Gaussian states that can not be described in classical mechanics—an
illustrative example of such a state is a cat state which can be described as a superposition of two
Gaussian states akin to Schrédinger’s cat [20] being both dead and alive.

In order to generate such non-Gaussian states from Gaussian states, a significant non-linearity
is needed in the system. In opto-mechanical systems this may be achieved by increasing the opto-
mechanical coupling strength until the interaction generates an effective Kerr non-linearity [21] in the
optical cavity that upon the addition or escape of a single photon shifts the cavity frequency by more
than its resonance line-width; this marks what is called the single photon strong coupling regime.

Another options is to combine opto-mechanics with a single photon sources and detectors [22]. An
example is the (non-)emission of a photon to the opto-mechanical cavity that is entangled with the
quantum state of a two level system (a qubit) as a single photon source, this has been demonstrated
in Ref. [19], and has potential applications as a quantum memory and carrier frequency converter for
quantum information. Yet another option is to add intrinsic non-linearity to the cavity or the mechanics,
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but that would conceptually be close to circuit quantum electrodynamics and would therefore not bring
much news to the table; only a mechanical qubit would be a remarkable novelty as well as a low frequency
qubit in a thermal state—on this work is done by other people in the group. Both these alternative options
are outside the scope of this work, but are merely mentioned as alternative approaches for obtaining
quantum state control over mechanical objects.

1.3 Enhanced coupling through the Josephson effect

Experimentally speaking, the single photon strong coupling regime has proven to be rather elusive; so far
as at the time of writing it has not been achieved. All current approaches to opto-mechanics have been
widely studied and seem to have reached a plateau in the optimisation of the coupling rate. A new idea,
that has been proposed in a couple of different forms in Refs. [23, 24, 25], is to mediate the movement
of a mechanical element by coupling its movement to the magnetic flux tuning a superconducting
quantum interference device (SQUID), which as a flux-tuneable inductance can be seen as to frequency
tune the microwave LC-circuit equivalent of an optical cavity (in contrast to traditional microwave
opto-mechanics where mechanical movement of a capacitor plate tunes the capacitance). Incidentally,
the second reference also proposes to incorporate the dynamical Casimir effect into the system by
parametrically driving the SQUID inductance.

The crux of the idea is that the non-linearity in the Josephson inductance as a function of flux boosts
the coupling. More important is that all of above references conclude that with this kind of approach it is
feasible to reach the single photon strong coupling regime. Another approach using Josephson junctions
in opto-mechanics based on charge tuning the inductance of a single Cooper-pair transistor is proposed
in Refs. [26, 27] and first experimental results are reported in Ref. [28] but were far from strong coupling;
a more recent experiment incorporating a piézo electric mechanical oscillator in the same architecture
achieved near ground state cooling [29].

1.4 Analogue quantum simulation of cavity opto-mechanics

However, such a combination of a SQUID with embedded mechanical resonator is challenging to fabricate,
and recently it has been proposed in Ref. [30] that the mechanical element embedded in the SQUID be
replaced by low frequency electrical resonator whose magnetic field tunes the SQUID inductance. We
call this an analogue quantum simulation of an opto-mechanical system since there is no mechanics
involved, but the high level dynamics should be similar enough to call such a system an electrical
equivalent of an opto-mechanical system. The main point is that—even though it is not useful for e.g.
observing quantum-gravitational effects (unless the mass of the electrical charge carriers is significant
however unlikely)—such a system may give the opportunity to explore the physics of the single photon
strong coupling regime in an intermediate all electrical circuit before making the step incorporating a
mechanical element.

A first experiment with such a circuit is described in Ref. [31] demonstrated opto-mechanical effects,
i.e. OMIT, but did not achieve single photon strong coupling.

1.5 Scope of this work

In this thesis we study and derive theoretical models for circuits, see e.g. Fig. 1.2, whose dynamics are
analogue to opto-mechanical systems. Starting from the classical circuit equations of motion we derive
the quantised Hamiltonian and predict from the result its opto-mechanical properties. We do this based
on a careful analysis of a SQUID with its loop inductance sharing a mutual inductance with another
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Figure 1.2: The circuit for the analogue quantum simulation of opto-mechanics. It is a lumped element
version of the transmission line circuit proposed in Ref. [30]. There is a mutual inductance between the
inductor on the left and the SQUID loop on the right.

disjoint inductor. From the result we predict the strength of the opto-mechanical parameters in the
circuit. We also discuss the effect of the intrinsic oscillator anharmonicity due to the Josephson junctions.
The report is structured as follows. In

Chapter 2 we introduce the concept of resonators, the transmission line equations and the most common
way microwave resonators are implemented.

Chapter 3 explains what a SQUID is, discusses its characteristics and how a SQUID as a flux tuneable
inductance can be used to create frequency tuneable resonators.

Chapter 4 describes the procedure of circuit quantisation and how in flux variable representation
mutual inductances can be taken into account in the circuit description.

Chapter 5 Applies this to the circuit simulating quantum opto-mechanics. In
Chapter 6 we conclude and provide an outlook for future research directions. In the

Appendix we derive the full Hamiltonian for the simulation circuit in the absence of approximations.



Chapter 2

Resonators

An intuitive example of a resonator is that of a swing as drawn in Fig. 2.1a. If one gives the swing a
push it starts oscillating back and forth (with decaying amplitude due to friction). Now when one gives
pushes periodically with a time period between each push that coincides with the time the swing takes
to oscillate back and forth once, then the amplitude of the oscillatory movements increases on each
consecutive push (until a balance is reached due to friction). On the other hand when the timing of the
pushes is different, the growth in the amplitude of the oscillations does not occur. This is called resonant
behaviour, and a device that exhibits such behaviour is called a resonator.

More formally spoken, a resonator is a device that exhibits higher oscillatory behaviour when peri-
odically driven at one of its resonance frequencies than when driven at other non-resonant frequencies.

(@) (b)

Figure 2.1: An intuitive example of a resonator is that of (a) a swing or equivalently (b) a two-dimensional
pendulum that consists of a mass m hanging on a (massless) rod of length ¢ attached with a hinge to the
ceiling such that the mass can oscillate back and forth over part of a circular trajectory centred around the
attachment point and in a vertical plane determined by the hinge.

We start with a discussion of lumped element circuit resonators because it turns out that different
kinds of resonators behave similarly when driven near resonance. As such they can be described in terms
of what is called an equivalent lumped element circuit. After reviewing the standard lumped element
resonators, the transmission line resonator is introduced'. The chapter concludes with a discussion on
capacitively coupling resonators to a feed-line.

'The sections on lumped element resonators and transmission line resonators are inspired by the explanations given in the
book by Pozar [32]. A more in depth description of circuit theory can be found in e.g. the book by Peikari [33].
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Figure 2.2: Lumped element resonant circuits. (a) Series RLC-circuit. (b) Parallel RLC-circuit. Figures from
Ref. [32].

2.1 Lumped element resonators

In circuit theory, two standard textbook examples of linear oscillators are the series and the parallel
RLC-circuit. Both are depicted in Fig. 2.2.

2.1.1 Series RLC-circuit

The series RLC-circuit, depicted in Fig. 2.2a, is considered first. From the circuit topology it is evident
that the current 7 is the same across all elements.

Applying Kirchhoff’s voltage law (the sum of voltages across electric components connected in a
loop is zero: XpeloopVr = 0) and substituting the voltage current relations for the resistor Vg = IR,

capacitor V¢ = % /_ too 7 dt" and inductor Vp, = L% yields after taking a time derivative

2

1
(L pdl 1, 4V (2.0
C dt

This is the equation of motion for a damped harmonic oscillator with as mechanical analogue mass L,
spring constant & and damping R, driven with a force % generated by the source.

Equation (2.1) is most easily solved in the frequency domain. Introducing the Fourier transform
X(w) = f_o; X(t)e ! dt, it is transformed to

- 14 v
—c +iwl + R Zin~

(2.2)

which directly provides an algebraic solution. In the last step the input impedance at the circuit connection
with the voltage source is defined as

Vi
Zin _n
Iin

1 .
= — +iwL+R. (2.3)
iwC

As can be seen in Eq. (2.2) resonance occurs at the frequency where Im{Z;,} = 0 (the damping
constant R prevents the oscillations from becoming unbounded). This is the condition that determines
the resonant frequency. In the present case it corresponds to: woL — ﬁ = 0, which is easily solved
giving the resonance frequency

Wy = (24)

1
VIC'
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In this work the interest is in the behaviour of a resonator near resonance. To simplify in that
regime, the input impedance is usually written in terms of w, and is then often approximated by a Taylor
expansion around the resonant frequency

2
Zin=R+iL(a)—w—0)zR+12L(a)—a)0). (2:5)
©

2.1.2 Parallel RLC-circuit

Next we consider the parallel RLC-circuit as depicted’in Fig. 2.2b. In contrast to the series RLC-circuit,
it is the voltage “V across each constitutive component that is the same as can be seen from the circuit
topology.

Invoking Kirchhoft’s node law (the sum of currents going through the connections of a circuit node
is zero: Xpenodedn = 0) together with the current voltage relations (now in the form emphasising current:

Ip = % for the resistor, 7o = C ‘é—‘tl for the capacitor and 7} = % f_ too V dt for the inductor) gives

eV o1dv 1, dI

az "Rar 'L T A’

(2.6)

Similar to the series RLC-circuit, this is an equation equivalent to a driven damped harmonic oscillator,
but in this case described in terms of voltage V and with mass C, damping %, spring constant | and

driving force %—{ generated by the source.
Taking the Fourier transform of Eq. (2.6) gives

v I I (2.7)
= = — 2.7
: 1 1 .
iwC+ —r + % Yin

and subsequently provides a solution in terms of the circuit input admittance

I, 1 11
Yn=—=—>—=10C+ —+—. 2.8
T Ve Z iwL R (28)
For this circuit the resonance condition is Im{Y;,} = 0 which gives for the resonant frequency
wy = ﬁ, the same as for the series RLC-circuit. A Taylor expansion of the input admittance written in
terms of wy gives an approximate expression
2

1 1
Yinz§+1C(w—%)zl—e+i26’(w—wo), (2.9)

which is valid in the region around the resonant frequency.

2.1.3 Q-factor and decay rate

The Q-factor (also called the quality-factor) of a resonator is defined as

average energy stored
Q= wo —— (2.10)
energy dissipated per second

and is proportional to the fraction of stored energy that is dissipated from the resonator per oscillation.
External circuits connected to the resonator decrease the Q-factor as they open additional dissipation

*There is a subtle error in this figure. The ideal voltage source should be an ideal current source. The reason is that an infinite
internal resistance is needed in the source to avoid altering the parallel circuit characteristics.
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channels. The Q-factor of the resonator itself in the absence of loading effects Q, is denoted the unloaded
Q-factor. The Q-factor with loading effects Qy is called the loaded Q-factor.

We now work out the unloaded Q-factor for the series RLC-resonator. Substituting the average
magnetic energy 1L|I|? plus electric energy 1C|Vc|? = 1 C:)OZ |12, both of which have equal contribution
at resonance3, and average energy dissipation %R|I |2 into the definition (2.10) gives*

woL _ 1
R~ woRC

Qo = for the series RLC-circuit . (2.11a)
Next we work out the unloaded Q-factor for the parallel RLC circuit. Substitution of the electric energy
1C|V|? plus magnetic energy ;L|I;|* = %ﬁo‘ |V|2, which both as with the series RLC-circuit equally
contribute at resonance, and the dissipation rate %%lVlz yields

R
Qo = 7= woRC  for the parallel RLC-circuit . (2.11b)

Wo
The loading effects from external circuits connected to the resonator can be taken into account as a
load resistor Ry, which in case of the series RLC-circuit adds in series to the internal resistance: R + R,

and combines in parallel in case of the parallel RLC-circuit: 1§+}%L' Then, the external Q-factor is defined
as

0 “’RLLL for the series RLC-circuit, (2.12)
= 2.12
¢ % for the parallel RLC-circuit,
0

such that the unloaded and external Q-factor add up reciprocally to the loaded Q-factor: ﬁ = i + Qi
An analogue parameter is the decay rate which is defined as
energy dissipated per second  wy

= average energy stored - 5 ) (2.13)

The decay rate can also be separated in an internal x; = % and external contribution k. = %, both of
which however add up directly to the total decay rate: k = xj + K.

2.1.4 Adding loss through complex resonant frequency

In the book by Pozar [32], a trick is described for adding loss to a system that is initially modelled as
lossless and whose input impedance or admittance is approximated as a first order Taylor expansion
around a resonance frequency.

Because loss in an electrical circuit is described by the real part of its input impedance or admittance,
the idea is to replace the resonant frequency in the @ — wy term with a complex resonant frequency
defined as

Wy — Wy (l + ZLQO) (2.14)

3That for an RLC resonator the electrical and magnetic energy are equal when driven at resonance is easily checked by
substituting the resonance frequency into the respective expressions.
4The expressions for energy can be derived from the definition in circuit theory of instantaneous power

P()=I()V(@)

and energy ,
S(T):/ P(¢)dt’

together with the elements constitutive relations. Using the fact that in linear circuits under time harmonic drive all state variables
oscillate with the drive frequency, applying a few trigonometric identities and taking the average by leaving out the time oscillating
terms, gives the used results which are easily expressed in phasor notation. For the energy integral one further assumes that the
currents and voltages are switched on adiabatically between = —co and ¢ = 0.
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such that upon substitution the imaginary part of the complex resonance frequency appears as a real
valued dissipative term in the input impedance. This can be shown to work for both the parallel and
series resonant circuits:

L
Zin = 2L (0 — wy) — % +i2L (w0 — wy) = R+ i2L (w — wp) for the series RLC-circuit,  (2.153)
o

C 1
Yin = i2C (0 — wg) — wQL +12C (0w — wp) = R +i2C(w — wy)  for the parallel RLC-circuit, (2.15b)
o

where for both circuits in the last step the respective unloaded Q-factor as derived in Egs. (2.11a) and (2.11b)
is substituted.

This method yields exact results for the dissipation of the series and parallel RLC-circuits where the
losses are independent of frequency. For resonators whose dissipative terms do depend on frequency
this method is an approximation that

- assigns the losses at the resonant frequency to all frequencies,

« requires the resonance frequency to be independent of losses or the losses to be weak such that
any subsequent shift in resonance frequency is negligible, and

« assumes that the losses can be modelled as a linear dissipative element.

This however is reasonable for high Q-factor resonators where the terms relating to dissipation are small,
especially when only the region near the resonant frequency is considered.

2.2 Transmission line resonators

An introduction to transmission line resonators is provided in this chapter where we mainly follow the
book on microwave engineering by Pozar [32]. A derivation for the dynamics of a transmission line
based on circuit theory is given, but first the differences between a transmission line and the underlying
assumptions of circuit theory are discussed. In the process a solution in the form of time harmonic
propagating waves is found. Then the effects of a load by which a transmission line may be terminated
are discussed. As will be explained, it gives rise to reflection of the input signal and results in the
emergence of standing waves. This will finally lead us towards the theory of transmission line resonators
and a description of their dynamics in terms of equivalent lumped element circuits.

2.2.1 Transmission line theory

A transmission line consists of two parallel elongated conductors, and is usually depicted as a two-wire
line as in Fig. 2.3a. The conductors can have any geometry as long as they are parallel and elongated.
Examples of geometries are the coaxial cable, but also the coplanar wave-guide that will be discussed
later.

Distributed elements model

The main difference between circuit and transmission line theory lies in the size of the corresponding
electrical circuits. Where circuit theory assumes the circuit size to be much smaller than the wavelength
A of the signals propagating through the circuit, a transmission line has a length that is at least a
considerable fraction of a wavelength. This means that the voltages V(z, t) and currents 7 (z, t) will vary
over its length. Therefore the lumped element approach of circuit theory can not be applied directly to a
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I(z,t) Do
_— | |
te T *
V(z,t) Lo
— -
Az z
(@)

I(z,t)  RAz L'Az I(z + Az, t)
V(z,t) G'Az — C'Az V(z + Az, t)
Y o

Az
(b)

Figure 2.3: Schematics illustrating the distributed element model of a transmission line: (a) a two wire
transmission line and (b) a lumped element circuit describing the dynamics of a short transmission line
segment. The length Az is much shorter than the wavelength over which the voltage or current vary spatially
such that the lumped element description of the segment is valid.

transmission line, only to infinitely short line segments. As such a transmission line can be considered a
distributed parameter network.

Now, if one considers only a short segment of length Az < A much smaller then the wavelength
(and the same applies to the separation distance between the two conductors), such a segment can be
modelled as a lumped element circuit as presented in Fig. 2.3b where R and L’ respectively denote the
series resistance and inductance and G’ and C’ respectively the shunt conductance and capacitance, all
per unit length. A transmission line can be seen as a large sequence of such segments connected in series.

Applying Kirchhoff’s voltage- and current law to such a segment gives

V(z,t) — R'AzI(z,t) - L'Az% - V(z+Az,t)=0, (2.16a)
I(z,t) = G'AzV(z + Az, t) — C’Azw —I(z+Az,t)=0. (2.16b)

Dividing both equations by Az and taking the limit Az — 0, letting the segments be infinitesimally short,
then yields the equations

0V(z1)

, ,01(z,t)
2l _ RI(zt)-L Pl (2.172)
Mol e - V=Y (2.17b)
Oz ot

which are known as the “telegrapher equations”.
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Phasor notation for time harmonic signals

When dealing with time harmonic signals®, it is convenient to work in so called phasor representation. It
is a short hand notation for time harmonic signals in terms of complex exponentials which are much
easier to work with than the corresponding real valued trigonometric terms.

Let X be a signal of time harmonic form

X(z,t) = Xo(z) cos(wt + px), (2.18)

where X(z, t) denotes voltage or current, Xy(z) the real amplitudes, w the radian frequency and ¢ x the
phase shift of the signal at time ¢ = 0. Its phasor representation is obtained by carrying out the following
substitution

X(z,1) — Xo(2)el @+ = X(z)el®* (2.19)

where X(z) as the signals complex amplitude now incorporates the phase information e#X. Through
Euler’s formula e = cos(x) +isin(x), the real signals can be (re)obtained as the real part of the complex
phasors

X(z,t) =Re {X(z)eim} . (2.20)

Phasor representation is however only valid when the mathematical operations involved are linear®.

Here non-script letters denote the complex equivalent of the real valued signals denoted by script letters.

Wave propagation

In phasor notation the telegrapher Egs. (2.17) simplify from two partial differential equations to two
coupled ordinary differential equations

dv(z) = —(R' +iwLl)I(z), (2.21a)
dz

@) _ 6 4 inc)V(). (2.21b)
dz

Note how the time dependence carried by the factor e!“? shared by all terms drops out of the equation.
These equations can be decoupled by differentiating them and substituting the expression from one into

the other, which yields two uncoupled second order differential equations

V) iy o
dZIZ(ZZ) —yiI(z) = 0, (2.22b)

where y = y/(R’ + iwL’)(G’ + iwC’) is the complex propagation constant. The general solution to the
ordinary second order differential equations is

V(z) =V, e "* + V;ye?, (2.232)
I(z) =Ije " + Iye"*. (2.23b)

5Note there is no loss of generality in assuming a signal time harmonic as any signal can be denoted as a linear combination of
time harmonic signals with different frequencies by its Fourier transform.

OThat is any operator £ that satisfies £{aX(z) + bY(z)} = aL{X(z)} + b L{Y(z)}. If that is not the case, one should work
with the full Fourier representation of the involved signals.
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Writing the propagation constant as the sum of its imaginary and real part y = « + i and tagging
on the implied time dependence (converting back to the time domain),

(V(Z, t) = Re {V0+e—oczei(wt—ﬁz) + Vo—eazei(wHﬂz)} , (2'24)

it is seen that the general solution consists of a linear combination of waves, with wavelength (the
spatial distance between two identical points on two successive waveforms at the same instance of
time—neglecting dissipation)

A= %{ (2.25)

and propagating forward and backward with speed given by the phase velocity

dz : d [ wt — constant o (2.26)
Cdr dt 22

B B
In essence, the imaginary part f of the propagation constant, the phase-constant, fulfils the role of

wave-number. Furthermore, it is seen that the real part « of the propagation constant, the attenuation
constant, quantifies the decay of the signal with propagation distance z.

Characteristic impedance

Substitution of the voltage solution (2.23a) into the first telegrapher Eq. (2.17b) gives a relation between
current and voltage

Y - -
1) = s (Vo'e T = Vye?) (2:27)

Comparing this result with the current solution (2.23b) we can define a “characteristic impedance”

R’ +iwl’ R’ +iwL’
Zy = = - (2.28)
Y G’ +iwC’

to relate the voltage and current amplitudes of the forward and backward propagating waves such that

Zy =-—, (2.29)
in essence an impedance for running waves.

The lossless line

In this work we will be dealing with superconducting circuits that will be approximately lossless. As
such we can set the terms R’ and G’ to zero. In that case y = iwVL’C’ which implies that the attenuation
constant ¢ = 0 and that the wave-number = wVL’C’. From Eq. (2.28), the characteristic impedance of

the line then becomes a real number
L/
Zy = o (2.30)

With zero attenuation, the general solution for the voltage along the line becomes
V(z) = Ve 7 1 vy el? (2.31)

and through the definition for the characteristic impedance the general solution for the current along
the line can then be written as

v |7/
I(z) = Lehz _ Oz 2.32
) Ze Ze (2.32)
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where the wavelength is

21 21
A=—= (2:33)
B wVL'C
and the phase velocity is given by
w 1 ( )
V=—= . 234
B ~NLC

2.2.2 Loaded transmission lines

Here we consider the properties of a lossless transmission line when one end is connected to a load
impedance Z;, as drawn in figure 2.4.

V(2), 1)

Zp, B 143

n

Figure 2.4: A transmission line terminated with a load impedance Zy.. Figure from Ref. [32].

The reflection parameter

It is assumed that there is an incident wave V" e™"* (generated by a source at z < 0) propagating in
the positive z direction along the transmission line. The ratio between the voltage and current of the
incident wave is the characteristic impedance Z,. However, at the interface at z = 0, the ratio of the net
voltage and net current is set by the circuit impedance Z;, of the load. Whenever Z, # Zi, this causes a
reflected wave to be excited such that the summed voltage and current of the incident and the reflected
wave satisfy the interface boundary condition set by the load impedance. Thus for z < 0

V(z) =V, e "* +V er*, (2.35)
1
I(z) = Z (Ve = Vyer?) (2.35b)

while at z = 0 we have the constraint

Vo) Ve + Vg

Z1, = = . .36

L 1(0) 0 Vo+ —v; (2.36)
This equation can be solved for V;” which gives

— ZL - ZO + +

= V=TV, .

0 7L+ Zo 0 0 (2.37)

where we have defined the voltage reflection coefficient as
2L =2
= (2.38)

T 2L+ Zy
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Figure 2.5: A transmission line feeding into another transmission line. Figure from Ref. [32].

With this result the voltage and current along a transmission line with a mismatched load can be written
as

V(z) =V, (e7V* + I'e'?), (2.39a)
VO+ _

I(z) = — (e —Te"?) . (2.39b)
Zy

Input impedance

Because in case of a mismatched load, the voltage amplitudes on the line oscillate with its length, we see
that the line’s (input) impedance also varies with position. This can be seen from Egs. (2.39) as follows

V(-I) Vi (e7Y% + Ie??) 14 et
Zf _l - = = . .
in(=1) (=) OVJ (e-Y7 —Ter?) 0 1_ le-2rl (2.40)
Substituting Eq. (2.38) for I then gives
71 + Zy tanh(yl)
Zin(=) = 2y —————, .
in(=0) 0 Zy + Z1, tanh(yl) (2.41)
and for a lossless line
71, + 1Zy tan(p€
Zinl-1) = 27,2 0 0D (242)

Zy +iZp tan(Be)

The transmission parameter

We also consider a line with characteristic impedance Z that is loaded with another transmission line of
characteristic impedance Z; as in Fig. 2.5.

A wave moving in the positive z direction is assumed incident on the feed line, which sees a load
of impedance Z; from the other load line. As explained in section 2.2.2, when the impedances are not
matched, when Z, # Z;, then a reflected wave is excited whose amplitude is related to the amplitude of
the incident wave with the reflection coefficient I". Thus we have

V(z) = Vg (e77* —Te'®) for z<0, (2.43)

where just as in the previous sections V" is the amplitude of the incident wave.
At the interface, located at z = 0, the voltage must be the same for both the load line and the feed line.
This leads to a transmitted wave which assuming no further reflections in the load line can be written as

V(z) =V, Te?"* for z>0. (2.44)
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The boundary condition at the interface, equating the voltage of both lines at z = 0, then gives an
expression for the transmission coefficient

Zi-2Zy 27
Z1+ 2y - ZI+ZO’

T=1+T=1+ (2.45)

where we have used Eq. (2.38) with Z = Z;.

% zo

Figure 2.6: Transmission line with equal characteristic impedance on both sides and a circuit side-coupled
in the middle of the line at z = 0.

Transmission line with side-coupled circuit Asan extension to above formalisme, we also consider
the case where in the middle of a transmission line some circuit with impedance Z is connected to the
two leads as drawn in Fig. 2.6. The characteristic impedance Z; of the transmission line on both sides
are taken equal. With an incident wave coming from the left, this system is very similar to the case of
two coupled transmission lines with different characteristic impedances. The difference is that interface
impedance as seen from the feedline at z = 0 is a parallel combination of the load lines characteristic
impedance and the circuit impedance of the side-coupled circuit

1 1\7!
Zi ==+ = . .46
f (ZO Z) (2.40)

Other than that, the boundary conditions for the transmitted and reflected waves remain identical to the
case of two connected transmission lines. Thus for the reflection and transmission parameters we have

- Zit =2y (2.472)
Zif + Z() ’ ’
T=1+T. (2.47b)

2.2.3 Coplanar wave-guides

A type of transmission line of particular importance is the coplanar wave-guide. It consists of a center-line
conductor separated by a narrow gap from conducting ground planes on each side. The conductors
and ground planes are created in a single layer on top of a dielectric substrate as drawn in Fig. 2.7. The
ground plane together with the centerline constitute the two conductors of the transmission line.

Following an explanation in the book by Simons [34], the geometric capacitance per unit length C” is
determined from a conformal mapping technique in Ref. [35] as

’ _ K(kO)
C’' = 4€0£eﬁK(k6) . (2.48)

The effective dielectric constant e for an infinitely thick substrate is given as

1+ ¢

Eeff = 5 (249)
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Figure 2.7: Cross section of a coplanar wave-guide on a dielectric substrate. Figure from Ref. [34].

though this is said to be an approximation [34]. The elliptic integrals are defined as

e

B do
K(kx)—/o m (2.50)

together with the moduli

S
T S+ow’ C512)

ki =~1-ko*. (2.51b)

The geometric inductance per unit length L; following Ref. [36] is given as

= @K(ké) (2.52)
57 4 Kko) >

ko

In practice there is often also another contribution to the inductance per unit length of the transmission
line. This arises from the inertia of the charge carriers and gives rise to a kinetic inductance Ly (where
the respective energy is stored as kinetic energy in the momentum of the charge carriers). The total
inductance per unit length is then given as L’ = Ly + Ly.

Expressions for the kinetic inductance for the case of superconducting thin films in coplanar wave-
guide geometry are presented in Refs. [36] and [37] (the latter reference points to a typo in the former)
as a function of the London penetration depth for the magnetic field in the employed superconducting
substrate.

2.2.4 Transmission line resonators

As we have already seen, incident waves propagating over a transmission line are (partially) reflected at
a mismatched load at the end. We have also seen that this, due to interference between the reflected and
incident waves, gives rise to standing waves.

In this section we consider transmission lines of specific length, loaded with a short-circuit at one
end and an open-circuit at the other end as drawn in Fig. 2.8a for a quarter-wave resonator, and a
line terminated with an open circuit at both ends as drawn in Fig. 2.8b for a half wave resonator. The
motivation for calling the configurations as such will be explained.

How to actually couple externally to such devices will be discussed in a later section (usually the
boundary condition is imposed approximately by employing a capacitor or inductor to connect the input
end to an external circuit).
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O O O
Zy > Zy, B, Zy => Zy.B.
O O O
V4 V4
(a) (b)

Figure 2.8: Transmission lines of length ¢ (a) loaded with a short-circuit and with an open-circuit imposed
on the input end, and (b) an open termination on both sides. Figures from Ref. [32].

As can be seen from Eq. (2.38), a boundary with an open-circuit leads to a reflection parameter
I' = —1, which corresponds to complete reflection of incoming waves, but with a phase shift of = radians
in the voltage of reflecting waves. The case where the boundary is terminated with a short-circuit
also leads to complete reflection of incident waves, but with zero phase shift, i.e. I' = 1. This shows
that the short-circuited boundary acts as a voltage node and that the open-circuited boundary acts as
a voltage anti-node (with %—‘Z/ = 0 at the boundary) as follows from Eq. (2.39a). The roles of the two
different boundary conditions are reversed when considering the current along the line as can be seen in

Eq. (2.39b).

Quarter-wave resonator

First we consider the quarter-wave resonator from Fig. 2.8a. The boundary condition imposed by the
open circuit in tandem with the one imposed by the load, allow only a specific set of standing waves,
called normal modes, to emerge. The normal modes then consist of interfering forward and backward
propagating waves (bouncing back and forth between the two ends of the transmission line) with such
phase velocity and wavelength that the boundary conditions are satisfied.

This can be made concrete by considering the input impedance of a short-circuit terminated trans-
mission line as a function of length ¢, which referring to Eq. (2.41), can be written as

Zin = Zp tanh ((a + if)¢)
tanh(af) + itan(f¢)
’1+ itan(f¢) tanh(af) (2.53)
_y tanh(a?) (1 + tan?(B0)) + itan(B¢) (1 — tanh?(a?))
- 1+ tan?(B¢) tanh®(al)

)

where the second equality follows from an identity for the hyperbolic tangent [32]. In the limit of small
attenuation, the input impedance is Zi, ~ iZ; tan(f¢) as for a lossless line?. It can be seen to be periodic
in length, or equivalently in wave-number .

Thus, by imposing an open circuit at the lines input end, the input impedance at that point must be
that of an open-circuit: Z, = oo, which gives the constraint tan(f¢{) = co that determines the normal
modes. If on the other hand one would place a short-circuit on the input of the line, the constraint would
be 22 = tan(f¢) = 0.

Taking into account the 7 periodicity in B¢ of the resonance conditions, two sets of resonance

7Note that transmission line losses do not influence the resonance conditions, but rather cause the input impedance not to
reach to the extremes zero or infinity as in the lossless case, see the last line in Eq. (2.53).



2.2. Transmission line resonators 21

conditions are found one for a diverging input impedance and one for a vanishing input impedance

Q

Wnp 4 n(n—i—l), Zi 0
(= "2¢=02n— = , nef{0,1,2,...}. )
Bn = e w(n+ 1), Zn~ oo n e { } (2.54)

Q

Each conditions corresponds with a different normal mode. Here, the length is regarded as given, and
the A, correspond to the different normal modes. We restrict our attention to the case with Zj, = co and
the n = 0 fundamental mode, which corresponds with ¢ = ’1—" and is as such called the quarter-wave

resonance. Its resonant frequency as determined by Eq. (2.54) is

o

Wy = — .
LY

(255)

The voltage and current distribution corresponding to the normal modes follow from Egs. (2.39a)
and (2.39b) with I = 1 as corresponds to the short circuit loading. Then, for the lossless case we have,

Vu(2) = V,(€) sin (%z) , (2.56a)
I,(2) = iV"Z(f) cos (%z) , (2.56b)

where v, follows from Eq. (2.54). Note that V;, and I,, respectively represent the complex voltage and
current amplitude along the line. for the nth mode. In the time domain, this constitutes a waveform of
which every point oscillates around zero at the same frequency and in phase®. The voltage and current
distributions corresponding to the first few modes are plotted in Fig. 2.9a.

Vi

(a) Quarter-wave resonator (b) Half-wave resonator

Figure 2.9: Voltage standing wave modes for (a) the quarter-wave resonator and (b) the half wave resonator.
The fundamental mode is drawn together with the next two higher modes. The mode shapes for the
corresponding current amplitude distributions are depicted in thin dashed lines.

In order to derive the equivalent lumped element circuit that represents the quarter-wave resonance,
the input admittance, the reciprocal of Eq. (2.53), is Taylor expanded around the quarter-wave resonant
frequency wy, but first the input impedance is simplified somewhat. In the envisioned application to
superconducting circuits, the attenuation constant is assumed to be in the limit af < 1 such that

8When adding losses, deviations from the given mode-shapes occur due to the running waves, which give rise to the standing
waveforms as a result of interference, now exponentially decaying with propagation distance. The waveform is no longer real as in
Egs. (2.56), but carries a position dependent phase, causing the different parts of the waveform to no longer oscillate in phase,
though still at the same frequency.
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tanh(af) ~ af. Then the input admittance is written as

_ 1 1+ialtan(fl) 1 al—icot(pl)

= Zy af +itan(Bl)  Zy 1 —ial cot(BL)
at  €(1-a%?)

~x —+]——= — (2-57)
Z i oz (w — wp)
al

~ — +1 - s
ZO 120)020 (w wO)

where the second step follows from a first order Taylor expansion. The last step follows from the
approximation 1 — @?¢? ~ 1 and substitution of the mode frequency back into the equation.
Referring to section 2.1.2, the last expression is equivalent to the input impedance of a parallel
RLC-circuit (2.9) with
al’
. (2:58)

C= ,
4200)0

and invoking the resonance condition of an RLC-resonator

1 47,

Cwo? Ty

(2.59)

A parallel combination of above three components constitutes the equivalent lumped element circuit.

Half-wave resonator

Now we discuss the half wavelength resonator as drawn in Fig. 2.8b. In contrast to the quarter-wave
resonator, the transmission line is terminated with an open circuit on both ends. As discussed, this
requires that the allowed modes have a voltage anti-node at both ends, which results in normal mode
voltage distributions such as drawn in Fig. 2.9b.

To make this concrete we note that the input impedance of a transmission line loaded with an open
circuit referring to Eq. (2.41) after letting Z;, — oo is

Zin = Zy coth ((a +if)0)

1 + itan(p¢) tanh(af) (2.60)
® tanh(af) + itan(Bt)

In the limit of no loss, when a ~ 0, the input impedance can be approximated as Zi, ~ —iZ, cot(f¢), just
as with the quarter-wave resonator a m-periodic function in S¢.

This shows that also in this case two kinds of resonances are possible depending on the input
impedance imposed on the lines input, one for which Z;, vanishes and one for which Z;, diverges.
Not going into too much detail, we note that an open circuit is imposed on the input, for which the
corresponding resonance condition is cot(f{) = co. This implies that

4
ﬁn€=&€:2n—=n(n+l), ne{0,1,2,...}. (2.61)
v An
The fundamental (n = 0) mode corresponds with ¢ = %, hence the name half wave resonator. The
fundamental resonance frequency is
W = o . (2.62)

¢
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Following Egs. (2.39a) and (2.39b), for this case with the reflection parameter set as I' = —1 corres-
ponding to the open circuit boundary condition, and neglecting loss gives for the voltage and current
distribution corresponding to the normal modes

Vu(z) = V,(€) cos (%z) , (2.63a)
I(z) = —iVnT(f) sin (%z) , (2.63b)

where the w, follow from Eq. (2.61).

Next deriving an equivalent lumped element circuit, we take the input impedance Eq. (2.60). Assuming
the loss to be low af < 1 we make a Taylor expansion of the input admittance around the fundamental
resonance frequency wy = m7 with the result
1 af +itan(f¢f)

Yin ® =—
"7 Zo 1 + il tan(BO)

Q

(2.64)

Q|

1 i

— + (0= wy) — (1+ a*C*
o (w (uo)ZO( a’t?)
1 +i
— +i
af O)()ZO

X

(w0 — wp) ,

where we have set 1 + a?(? ~ 1 and substituted % = - This expression is equivalent to the input
admittance of a parallel lumped element circuit resonator as described by Eq.(2.9) with

Zy
R=—,
al
T
C=——,
A (2.65)
1 2%

wOZC Tty ’

2.3 Capacitively coupled resonators

This section discusses how to couple to a resonator such that it can be excited from an external circuit.
Two kinds of capacitive coupling to a transmission line (feed-line) will be introduced: one-port coupling
and side coupling, both of which are shown in figures 2.10 for the case of a parallel RLC resonator.
The role of the external Q-factor will be discussed together with the response functions describing the
scattering parameters for input signal reflection and also transmission in the case of side-coupling.

2.3.1 One port coupled parallel RLC-circuit
Input impedance

The circuit of a paralle]l RLC-resonator capacitively coupled to a feed-line is drawn in Fig. 2.10a. The
input impedance of the resonator as seen from the feed-line through the coupling capacitor

1 1
Zin = + (2.66)

1 1 - :
R + by + 10wC 1C‘)CC

is difficult to work out when including the resistance. Instead the lossless case with an infinite resistance,
R — oo is worked out after which loss is included by the complex frequency trick described in section 2.1.4.
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(a)

Figure 2.10: RLC-circuits capacitively coupled to transmission line. (a) One port coupled parallel RLC-circuit.
(b) side-coupled parallel RLC-circuit. Figures courtesy of Daniel Bothner.

A bit of algebraic manipulation in this limit on the input impedance of the corresponding coupled lossless
resonator yields
W L(C+C) -1

A ik s ) 6
Y oC. (1= ?L0) (2.67)

1
Vicco

is found?, slightly shifted from the resonator’s uncoupled resonant frequency'. Rewriting the input
impedance in terms of the resonant frequency and making a Taylor expansion around that point gives

which vanishes at the resonant frequency wy = , where a series type of RLC-circuit resonance

. wz
! (w_oz - ) 2i 2iL(C + C.)°
~ (0=w) = ——5——
Ce

Zin =
wCe(1— w?LC)  Cewy? (1 — wo?LC)

(w — wp) (2.68)

after which losses are added by substitution of the complex resonant frequency wy < wy (1 + ﬁ) in

the (w — wg) term with the result

L(C-C) [wo .
Zin ® —2c — +2i(w—wp)] . (2.69)
Cc QO
9Incidentally this shows that the coupling capacitor acts as an impedance inverter.
19 Actually, there are two resonances as in the lossless case the input impedance diverges for w = \/% the resonators uncoupled

resonance frequency. Separating the input impedance in its full form including losses by setting 0 < R < co into its real and
imaginary part

wC, : 1 1 1

R +1((wc— o) (r —@(C+C) - ﬁ)

C, 1 \2
“;ZC +wCe (0C - 1)

incidentally shows that the resonance condition Im {Zj, } = 0 does depend on R and thus losses. However for high but finite
Q-factor resonators, i.e. those with 0 < R < oo, the resonance condition becomes approximately

Zin =

1 1
0= (wC——) (7—(4)(C+CC))
oL \wL

which shows that the from the lossless case derived resonance frequencies are reasonably accurate. From this we see that

1

VL(C + C.)

which shows that the difference between the two resonances is expressed by

1
=~ and that Zj, (m =

2
R(wC- L)

Zin

1 1
Zinlwo=—|>»Znh|lvo= ———| .
( \/LC) " VL(C+Co)

This difference is important because in order to transfer energy from the feed-line to the resonator, the feed-line and resonator
should be impedance matched, i.e. setting Zi, ~ Zj, which effectively allows no more than one of the two resonators to be
accessible at the same time.
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The approximate input impedance for the coupled resonator is of the form Zy, = Rs + 2iLs (0 — wy) as
for a series RLC circuit (discussed in Sec. 2.1.1) with

woL (C - C,)? L= L(C-C)* 1 1

R, = , = d G =
s Q0Ce? s C.2 Cewo? (1 — wo?LC) at s

M . (2.70)

Internal and external Q-factor

This analysis does not provide the necessary information for relating the Q-factor to the lumped elements
of the coupled parallel RLC circuit. In order to do this and to understand the loading effects of the
coupling capacitor together with the transmission line, we consider the external circuit impedance
connecting to the resonator as seen from the resonator.

Noting that a semi-infinite transmission line at its interface can be considered a resistance to ground
equal to the line’s characteristic impedance Z, we can write the external impedance as

1

iwCe.

Zo =2y + (2.71)

This impedance can be written in terms of an equivalent parallel combination of a resistor R, and a
capacitor Cp, as follows

1 1 iwC, W?CEAZy +iwC: 1 ol (2.72)
— = = - = = — 10! 2.72
Ze ZO + ﬁ 1+ ICUCCZO 1+ Q)ZCCZZO2 RL L 7

with for the lumped elements in the equivalent parallel combination
1+ w?C2Zy? 1
R = 2 ~ 2,
w?C.“Z, w?C.2Z,

Ce
= TCCZZOZ ~ CC . (273b)

(2.732)

CL

The approximations are valid for ©?C.?Zy? < 1 which is usually the case in practice where the coupling
capacitors are often chosen small.

Taking the external impedance together with the internal impedance shows that the coupled resonator
can be considered a loaded parallel RLC circuit with a modified capacitance

Ci~C+C, (2.74a)

and effective resistance
RRy, R

Rt: ~ 2 2 s
R+R. 1+ w?C.*ZyR

(2.74b)

and unmodified inductance L. Thus the resonance frequency of this circuit is the same as the approximate
shifted resonance condition found from the input impedance.

The Q-factor can then be found by applying the definitions from Sec. 2.1.3. The loaded Q-factor for
the loaded resonator is

RR Rwy (C + C
L w0 (C+Co) ~ o ( c)

= RiwoCy = .
Qr = RinCy R+Ry 1+ wy2C2ZyR

(2.75)
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Considering R, ~ m the external load and R the internal load we find for the unloaded and external

Q-factorrespectively

Qo = wR(C+Co) , (2.76a)
wy (C+Cc)  woL(C+ Cc)?
Qe ~ : ) == 3 (2.76b)
w“Cc“Zy C*Zy

We can easily check that these add up reciprocally to the loaded Q-factor. The latter form of the external
Q-factor will be useful for finding a convenient expression for the reflection parameter.

Scattering parameter

The reflection parameter or equivalently the Si; scattering parameter can be determined using Eq. (2.38)
in Sec. 2.2.2 from transmission line theory:

— 2 @, .
-2 %(Q—g+21(w—wo))—zo

T Zn+Zy LC-C) (ﬂ

+ 2i ((/) - (x)o)) + 2y

[ o
i & - A 20— w) (2.77)
%+%+2i(m—wo)
~ %—%+2i(w—wo)
- %+%+2i(w—wo)'

Note that substituting in the external Q-factor results in a reasonably compact expression. There are a
few things to observe:

« at resonance, the reflection parameter I' — 0 when the difference Q. — Qy — 0;
« far from resonance, the reflection parameter I' — 1, regardless of the Q-factors;

« the sign of above difference determines whether the real part of the reflection parameter is positive
or negative at the resonance.

These observations can be derived straightforwardly from Eq. (2.77) and its modulus. They however
also point to another aspect that is a relation between the matching of the input impedance Z;, to
the transmission line characteristic impedance Z; and the ratio between the internal and the external
Q-factor.

""Note that we assume the internal Q-factor of this parallel equivalent circuit to be identical to the internal Q-factor imposed by
the complex frequency trick on the input impedance of the resonator as seen from the feed-line. To show that this is true, we
refer to footnote 10 where the full input impedance is worked out in the approximation of a high but finite Q-factor resonator.
Note that the imaginary part of the input impedance in this regime is approximately equal to the input impedance in the limit
of an infinite Q-factor. Thus, considering only the shifted resonance with wy = L , the series equivalent inductance

VL(C+Co)

Ls = =——~1—— of this resonator should be the same as the one in Egs. (2.70). Further, we can relate the approximate input
Ceawp?(1-wy?LC)

1

2
impedance from footnote 10 at the resonance frequency to the series equivalent resistance Ris =R (wOC - m) . Substituting

this into the definition for the internal Q-factor for a series RLC resonator gives after some algebra

R(—2--C

woLs ((UOZL )
=0 2 L - R(C+C

Qo R, ooLC. R ( c)

which shows that indeed the internal Q-factor for the two representations are pretty much equivalent in the given approximations.
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Coupling coefficient

Defining the coupling coefficient as
ke
J Qe Kj

we can distinguish three conditions, all of which can be verified from the response function Eq. (2.77):

(2.78)

g < 1: The external decay rate is smaller than the internal decay rate (or Q. > Qy); The real part of the
reflection parameter remains positive and the resonator is said to be under-coupled.

g = 1: The external decay rate is equal to the internal decay (Q. = Qo) and at resonance the incident
wave is totally absorbed by the resonator; This shows that the condition is equivalent to the
impedance matching condition Zj, = Zy; In this case the resonator is said to be critically coupled.

g > 1: The external decay rate is greater than the internal decay rate (or Q. < Qy); The real part of
the reflection parameter becomes negative in the region around the resonant frequency and the
resonator is said to be over-coupled.

2.3.2 Side-coupled to transmission line

The case of a side-coupled parallel RLC-circuit as drawn in Fig. 2.10b is from a circuit perspective similar
to the one port coupled resonator as described in the previous subsection. The difference is a transmission
line identical to the feed-line is also connected to the resonator interface. This allows incident waves to
not only be reflected or absorbed at the interface, but also to for them to be transmitted over the new
line. The extra load this imposes will be seen to affect the input impedance as seen from the feed-line as
wel as the external circuit seen by the resonator.

Q-factors

The only difference in the external circuit as seen from the parallel RLC resonator’s perspective for the
case of side-coupling compared with one-port coupling is that the resistive external load is now a parallel
combination of two identical resistors to ground with impedance Z,. This leads to an effective resistance
of % in a circuit that is otherwise indistinguishable from the corresponding circuit for the one-port
coupled resonator. Thus if one substitutes

Zy — 2 (2.79)
into the relations derived from the circuit corresponding to the one-port coupled resonator derived, the
result should be the corresponding relations for the side-coupled resonator.

Carrying out this substitution, load resistance in the parallel equivalent for the external circuit is
found to be

R~ — (2.80)
N 2.80
- a)02CCZZO
There is a slight influence on the parallel equivalent load capacitance
Ce
CL= izt~ Ce, (2.81)

1+ 4

which is however negligible. The extending transmission line has no further effect on the approximate
expressions for the resonant frequency and internal Q-factor. The external Q-factor (and thus also
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the loaded Q-factor) is modified however. Using the corresponding equation for the one-port coupled
resonator and the substitution we directly write

2woL (C + C.)?

Qe = woRL (C + Ce) » C27

(2.82)

Input impedance

The input impedance as seen from the feed-line at the interface is a parallel combination of the resonator
input impedance for the case of single port coupling—which we already derived in Eq. (2.69)—and the
other transmission line which behaves as a resistance to ground equal to its characteristic impedance Z;.
Working this out gives the input impedance for the side-coupled resonator

1 C.2 1

= + =,
i L(C=C)? (% + 2i(w—w0)) Zo

N

ZoL(C + C.)? (% +2i (- a)o))
Zin = -
ZoC2 + L(C + C.)? (% + 20— wo))
@
Qo
Z,C.?
L(C+C.)?

% +2i(a)—a)0)

0 - .
2&+%+21(w—wo)

(2.83)
+ 2i(w — wp)
= ZO

+%+Zi(w—w0)

The equation with the Q-factors substituted in is already brought to a form that is convenient for
obtaining the scattering parameters.

We can already see that for large o — @, the ratio é—‘: — 1. From this we can conclude that for highly
off-resonant incident waves the feed-line and the net load impedance are matched such that for this case

virtually no reflection occurs.

Scattering parameters for reflection and transmission

With the input impedance, the reflection parameter

20 4 2i(cw—ewp)
Qo _
r Zo 28—2+S—g+2i(u}—wo) Zo
N 0 1 2i(w—wp)
Z() (ooQO [0 N - + Z()
2@+Q—0+21(w—w0)
o +2i(w—w) - 25 — 5 — 2i(w - w) (2.84)
B o +2i(w—wo) + 25 + 5+ 2i(w — w)
Y
B %+%+2i(m—wo)

is determined from its defining equation from transmission line theory Eq. (2.38).
The transmission parameter is derived from the reflection parameter by invoking Eq. (2.45), which in
Sec. 2.2.2 we have seen to be valid for this case of an interface incorporating an embedded circuit—the
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coupled resonator—between two transmission lines,

%+2i(w—w0)
T=1+I= ——(—— . (2.85)
@+@+21(w—w0)

Note that where the reflection coefficient is almost zero for highly off-resonant waves, the transmission
coefficient is very close to unity. Thus when plotting the modules of the scattering parameters, the
reflection parameter forms a peak while the transmission parameter forms a dip. Their respective
maximum and minimum occurs at the resonant frequency with the values determined by the internal
and external Q-factors:

_ QO _ Ke
IT(wo)| = 0+ 0y retr (2.86a)
T(o)] = =2 = X (2.86b)

Qc+Qy  Ke+Ko

There are a couple of further observation to be made here that are interesting to put in contrast with
the response function for the one-port coupled resonator:

+ A large internal Q-factor Qp > Q. favors reflection and reduces transmission;
« Vice versa, a large external Q-factor Q. > Qo favors transmission and reduces reflection;

« Whenever the internal and external Q-factors are equal, i.e. Q. = Qo , then modulus of the reflection
and the transmission parameter obtain their respective maximum and minimum, both with the
same value:

1
IT(@0)|ge=0, = IT(@0)|ge-0, = > (2.87)

Above three points indicate that the coupling coefficients g = % fulfills an analogue role for the case of
a side coupled resonator.



Chapter 3

Flux tuneable resonators

The theory of opto-mechanics is defined in terms at least two resonators where the position of one
resonator (the mechanical resonator) sets the resonance frequency of the other (the optical cavity). This
constitutes a parametric interaction since the resonance frequency is changed by changing one of the
resonator parameters. In case of an optical cavity these are the length between its mirrors, but modifying
the propagation velocity of light in the optical medium is also possible. For an electrical resonator, its
resonant frequency can be tuned by varying the inductance or capacitance parameters of its constituent
components. For our purpose we analyse the embedding of a SQUID as variable inductance in electrical
resonators, since in the analogue simulation circuit this essentially constitutes the electrical analogue of
the distance between the mirrors in an optical cavity.

The chapter is divided in two parts; first an introduction is given to superconductivity, quantum
mechanical phenomena such as flux quantisation and the Josephson effect and how the last two can
be used to create a tuneable inductance in a device called a SQUID; then its embedding in electrical
resonators for creating flux tuneable resonators is analysed.

3.1 Superconducting quantum interference device

Before introducing flux tuneable resonators, we first consider what is a crucial element. This section
provides a short introduction to what a SQUID (Superconducting QUantum Interference Device) is. It
starts with a discussion of a Josephson junction (a tunnel barrier in a superconducting circuits). Then,
putting two junctions in parallel connected in a loop, thereby creating two pathways, the interference
that will result as a consequence is discussed. The section will conclude with a discussion of the lumped
element description of a SQUID. Some attention to the non-linearity in the inductance will also be given
as it will be relevant later on. For the parts of superconductivity and flux quantisation inspiration is
drawn from Refs. [38, 39] while the discussion on Josephson junctions and the SQUID is mainly based
on the latter reference but considerably extended.

3.1.1  Superconductivity

While by no means meant as a formal introduction, some aspects of superconductivity are relevant in this
work. Superconductivity as described by BCS theory [40] in essence occurs because at low temperatures
in some substrates, the electrons, fermions with spin-% following the Pauli exclusion principle, form pairs
which behave as bosonic particles with spin-1 or spin-o. The main point is that, in the quantum statistics
of identical particles, at low temperature, as described by the Bose-Einstein distribution, most bosons tend
to condense into the ground-state, the wave-function of which is spread over the whole superconductor,

30
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forming a super-fluid. This all follows from the symmetry postulate for identical and indistinguishable
particles that under particle permutation, the Hamiltonian is invariant, which for bosons means that the
many particle wave-function is even symmetric under every two-particle permutation'.

At low temperature below the critical temperature upon which the phase transition occurs that
marks the point where the so called Cooper-pairs start to form and condense into a super-fluid, the
amplitude of the ground-state component of the many particle Cooper-pair wave-function i becomes a
macroscopically large complex number. Because of that, the probability density of finding a Cooper-pair
at a certain point

P(F. 1) =" (F. )Y (7. 1) (3.1)
can be interpreted as as a particle density. With this, it is intuitive to write the wave function as
¥(r) = Vp(re®?, (3-2)

where the particle density p can be considered a classical variable. The phase 8, which drops out upon
observation of the density, will be seen to play a role upon observation of particle current.
The local variation in particle density can be expressed through a continuity equation

opP S
i -v.J (3:3)

in terms of the probability current which for the case of a super-fluid may be interpreted as a particle
current density. For charged particles in a magnetic field the latter is equivalent to?

i e i e
2V - gA -2V —-gA
*1 4 v+ y— 4 /A

m m

J=

14 (3-4)

1
2

In this expression, A is the magnetic vector potential, g the charge of a Cooper-pair and m the pairs
effective mass. The meaning of the phase 6 can then be made concrete by substituting the macroscopic
wave-function (3.2) into expression for the current (3.4) which gives

j=l (vo-14),. (35)

Considering jas a current density pv of a fluid, then the momentum of a particle can be expressed as
mv = hVO — gA. This shows that the gradient of the phase corresponds to a particle’s observable kinetic
momentum in the absence of a magnetic vector potential.

3.1.2 Flux quantisation

The fact that in the superconducting state all Cooper-pairs condense into the same macroscopic wave-
function has profound consequences. One such consequence is flux quantisation which emerges whenever
a superconductor has a hole, as is the case with a superconducting ring. Flux quantisation stems from

'Why this is the right symmetry as for the bosons, and why pairs of electrons behave as bosons is beyond the scope of this
work, for that consult a textbook on quantum mechanics.
>The expression for the current, as explained in e.g. Ref. [39] can be derived by differentiating Eq. (3.1), and substituting the
result into the Schrédinger equation for charged particles in an electromagnetic field,
Yy 1 (n 2\°
ih—=—|-V-qA +
ih=s Zm(i q ) Y +q9y

with ¢ the electric potential, and then rewriting the result in the form of Eq. (3.3).
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the requirement that the wave-function (3.2) for a superconducting condensate spanning a ring must be
a single-valued function for quantum mechanics to be consistent.

Noting that according to the London theory of superconductivity [41] the current well inside a
superconductor (deeper than the London penetration depth) can be considered zero, the phase differ-
ence between two points of the Cooper-pair wave-function is found by integrating the current for a
superconducting fluid (3.5) over a path ¢ connecting the two points

Aezg/X«di (3.6)
hiJe

where the path is to be taken well within the boundaries of the superconductor. This gives a direct
relation between the relative phase of the wave-function and the magnetic field.

So far so good, however integration of Eq. (3.5) over a closed path C inside a superconductor must
satisfy further constraints such that the wave-function (3.2) is single-valued. For instance, if the path
encloses a hole3, the phase difference accumulated over one roundtrip should be equal to an integer
multiple n of 21

g}{]\)-dE:Znn, nez. (3.7)
hJe

Recognising that as follows from stokes theorem fc A - d5 = @ is equal to the magnetic flux &
enclosed by the closed path C, we have

2nth
@:nizngbo, nezZ, (3.8)
q

that the flux threading a hole in a superconductor is quantised in units of the flux quantum

_ 2ah

$o = . (3-9)

3.1.3 Josephson effect

Now, we apply this macroscopic quantum mechanics to a concrete system that consists of two supercon-
ductors separated by a non-conducting barrier called a Josephson junction. The crucial point is that if
the barrier is made thin enough, electrons or Cooper-pairs can tunnel through. The system is depicted
schematically in Fig. 3.1.

The Josephson relations

Following the lectures of Feynman [39], written in the basis where the ground state for a particle on one
side is ¢4 and on the other side ¢/,, and considering that there is a tunnelling amplitude for a particle to
cross the barrier, the Schrédinger equation (with magnetic field left out) for this system is

0 [ U K\ ([
ih— = s .10
ot (% ) (K Uz) \¥2 (310)
where the U describe the energies of the states corresponding to the two respective sides, and K denotes
the tunnelling amplitude as a characteristic of the junction.

Now, It is important to note that in the superconducting phase, the states i/; and i/, are the respective
ground-states occupied by approximately all Cooper-pairs on each side of the barrier (if K where zero).

3In case the path does not contain a hole, the integral in Eq. (3.7) should be equal to zero to avoid a singularity inside the
domain of definition—in essence the space spanned by the superconductor—for the wave-function (3.2).
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INSULATOR
n

SUPERCONDUCTOR

Figure 3.1: A Josephson junction: two superconductors connected by a thin non-conducting barrier. Figure
from Ref. [39].

Connecting the two superconductors to a battery with voltage V leads to an energy difference U; U, = ¢V
between the two states separated by the barrier. Redefining the zero of energy to be halfway between
the two states and substituting in the potential difference gives

L0 () "
lha( %)_ ( I//2), (3.1

the Schrédinger equation for a two level system with inter level coupling.
Because we are dealing with a superconducting system, we make the substitutions

1 = \pre?
2 = \pae'®,

where the respective 6 and p denote respectively the phase and density of the Cooper-pairs on each side.
Equating the real and imaginary part, the result, with § = 6, — 64, is a set of four equations

av

> K
av

2

(3-12)

0 2 .
% = +£K\/,01P2 sin(d),
(3.13a)
% - _ng/ sin(8)
T R ’
00, _ K [po q
T + i\ o cos(d) o7
(313b)

00, K [p1 qv
P2 _ 2 P sy + I
ot =T g OOt g

The first two say that the rate of change in the Cooper-pair densities is equal but opposite on each
side, but because the two superconductors are connected to a battery, an approximately infinite supply of
in this case Cooper-pairs, the densities will remain constant. Therefore these equations actually describe
the current that traverses the barrier, which is seen to depend on the phase difference § across the barrier

I = % sin(8) = L. sin(5), (3.14)

where we have defined the critical current of the junction as I, = Zth ¢ with poy the Cooper-pair density

taken equal on both sides.
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Subtracting the time evolution Egs. (3.13b) for the phases on each side gives an equation for the phase
difference in relation to the voltage across the junction

05 qVi 2n
—=——=—V .
Friai . (3.15)
or differently written
hdd o 6
== ———, . 6
! q ot 271 ot (3.16)

where in the last step, the flux quantum is defined as ¢y = % with the charge q = 2e of a Cooper-pair
substituted?.

Equations (3.16) and (3.14) are called the Josephson relations and together describe the dynamics of
the Josephson junction as first described by Josephson [42]. Integrating the last equation, it is seen that
at zero voltage, there can be a super-current across the junction between —I. and L. It is also easy to see
that when applying a DC voltage, the current becomes oscillatory with an average of zero.

Josephson non-linear inductance

Following lecture notes of Martinis and Osborn [43], the dynamics of the junction can be mapped to
a lumped element circuit by differentiating the current relation Eq. (3.14) and substituting the voltage
relation Eq. (3.16) for % which gives

g 0L 0L

Vi=s—F—e—=L—. .
J 2ntl. cos(6) Ot 7ot (3.17)
In the last step we have defined the Josephson inductance as
%o == %o (3.18)

L1 =
17 onl. cos(9) onl. [1 ~ (ﬁ)z
Ic

with the sign being negative only when |5 mod x| > 7. Since the phase difference § depends on current
through Eq. (3.14), the inductance is non-linear. Note that this shows that the Josephson inductance can
be positive or negative depending on the phase difference.

4Note that the Josephson relations can be used to derive a kind of generalised flux that can be stored in a Josephson junction. If
we define the generalised flux for a circuit element x as

t
¢XE/ Vi dt,

then upon substitution of the voltage Josephson relation, we see that

¢ = %’[ (6(¢) — 6(-=0)), orsimilarly 8(¢) = 27[% +6(-00).

Putting this last result into the current Josephson relation gives the constitutive relation for the Josephson element
Iy = I sin (Znﬂ + 5(—00)) s
%o

which evidently can be considered a non-linear inductor. This will prove to be very useful later on. Also observe how the definition
of generalised flux coincides with magnetic flux when applied to a magnetic inductor with self-inductance L:

todrg

$L = LT dt = L(IL(2) + IL(-)) ,
—co0 t

up to an offset. Note that the offset in the magnetic and generalised flux do not need to come from a loop current or phase difference

at t = —oo if the systems in question are not isolated from the rest of the universe as then other processes may also contribute to

an offset.
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To make the last equality explicit, we note that inversion of the current Josephson relations Eq. (3.14)
to find an expression for the phase difference in terms of current, gives two infinite sets of solutions

arcsm( ) + 2nm, if |§ mod x| <

with neZ (3.19)

ST ERNTE]

- arcsm( ) +2nm, if |6 mod | >
and where we have defined the principle branch for the multivalued arcsine function as having the
codomain —7% < arcsin(.) < 7, i.e. as returning a value in that range. Within each set, the solutions are

separated from each other by integer multiples of 27t. Thus putting this result in the argument of the
cosine function, which is 27-periodic, merges al the solutions within a set together, leaving us with two

valid solutions
_ (D)) _ 2 I 5\’
cos(d) = £ cos (arcsm (Z)) = i\/l — sin (arcsm (I—)) = 44/1-— (f) , (3.20)

with the sign being negative only when [§ mod | > 7.

Josephson energy

The energy stored in a Josephson junction can be derived straightforwardly through the usual path in
circuit theory together with the Josephson relations

t
u= [ 5

_L io / sin (5)
[ ’ (3.21)
. Lo 8(1) )
- '/5(_00) sin(8) dt
= 0 cos(o-o0)) - cos(3(1)

Usually §(—o0) is assumed such that the system is completely at rest in the beginning of time, meaning that
at t = —oo the current and voltage are both zero, which corresponds to setting §(—c0) = 0 (or §(—0) = =
which would let the system start with a negative inductance, but also in an unstable equilibrium, thus
not fully at rest). This still leaves a constant offset in the energy, which however can be neglected—i.e. set
to zero without further assumptions on §(—oco)—since this is a potential energy. As such the Josephson
energy is usually defined as

C¢0

2
&(8) =~ cos(s) = 7o\ 1 - (£) (322
with the sign being positive only when [§ mod | > 7.

Incidentally this shows—when considered from a thermodynamics perspective assuming a low
temperature environment—that a Josephson junction will usually prefer to be in the state with |§ mod
nt| < % which corresponds with a positive inductance, as this corresponds with an energy minimum.
The negative inductance state on the other hand corresponds with an energy maximum and is as such
unstable, and will if not constrained evolve into a positive inductance state. As such the negative
inductance state usually does not occur in practice allowing us to replace cos(d) with its absolute value,
thus selecting the positive branch of its representation in terms of current.
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Figure 3.2: Drawing of a SQUID, two Josephson junctions in parallel, with respective phase jumps &, and &,
Figure from Ref. [39].

3.1.4 Two Josephson junctions in parallel

At this point we have enough information to introduce what is called a SQUID, in essence it consists
of two Josephson junctions connected in parallel as drawn in Fig. 3.2. Now there are two paths, an
upper and a lower, connecting the two superconducting leads, and this time (due to similarity with the
discussion in Sec. 3.1.2) it is important to include the magnetic field in the discussion.

Considering the superconducting circuit and following one of Feynman’s lectures [39], the wave-
function (3.2) must be single-valued across the whole circuit, which means that the phase difference
across the two paths from one side to the other, should be the same plus-minus an integer factor n of 2.
This is the same argument as with flux quantisation in a superconducting ring, the only difference being
that there is a phase jump &, and also Jy, across each tunnel junction.

Working out the phase differences 6 across the upper and lower path, using Eq. (3.6), but including
the phase jumps, we have

2 >
Aelowerz(sb"’_e A-ds,

h lower

9e R (3-23)
Abypper = 8 + —/ A-d5.

h upper

Then working out the constraint ABypper = Abiower + 27tn and subtracting the two equations from each
other gives
2e - 2e P
Op— 0 = — A-ds+2nn=—®+2nn=2n(—+n) (3.24)
hJr h Po

with @ the flux threading the loop connecting the two junctions

SQUID with negligible loop inductance

Defining & = 5"‘;5", the average of the phase differences across the two junctions, we express the

individual junction phase differences as

53250—n(2+n) and 5b:50+n(2+n). (3.25)
o o
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Then the total current across the circuit can, invoking Eq. (3.14) twice and then a trigonometric identity,
be expressed as

Liotal = I, sin (50 +7 (2 + n)) + I, sin (50 -7 (2 + n)) = 2[, cos (ng + T[n) sin(dy) (3.26)
o o 0
where we have taken the critical current—now denoted with a subscript 1 to emphasize its means as a
single junction property—of both junctions identical.
Now this equation is of the same form as the current Jophson relation Eq. (3.14) if we regard the
pre-factor of the sine as a critical current

$o

This suggests that a SQUID may effectively be considered as a single Josephson junction whose critical
current is modulated by the flux threading the SQUID loop>.

In order to show that a SQUID can indeed be considered as such, a relation between the voltage V
over the SQUID and average phase ) of the same form as the voltage Josephson relation (3.16) must
hold. This is easy to show through Kirchhoff’s loop law, but first note that we must take into account an
emf equal to ‘é—q: in the loop due to Faraday’s law®. This leads to

(]
I, (®) = 2L, cos (TE— + Jm) . (3.27)

1do 1do
V=ANy+-——-=VYV— ——
2dr " 2de
where we take the loop inductance as being distributed equally over the two arms of the loop.
Substituting into Eq. (3.28) the voltage Josephson relation Eq. (3.16) for each junction, and express
the phase differences 8, and &y, in terms of the average phase difference §y and the magnetic flux @ as in
Egs. (3.25), the flux dependent terms are seen to drop out wich leaves us with

27[d50
V=""0,
¢o dt

(3-28)

(3-29)

thus showing that it is indeed the case that a SQUID can be considered effectively as a single Josephson
junction.

SQUID with significant loop inductance

There is however one fact we stepped over in the description above: If the loop inductance L, is not
negligibly small (see Fig. 3.3), the currents circulating in the SQUID loop also contribute to the magnetic
flux; Moreover, because a net current through the SQUID breaks the symmetry in the current through
the two branches of the SQUID loop, Eq. (3.28) is not exactly valid.
The correct version of this equation is
T th=m -y L, (330)

V=V, +—
2

5Note that it is possible that the effective critical current is negative; the effect is a reversal of the currents but also a negative
inductance as demonstrated in Eq. (3.18). on the other hand, if a mshift occurs in both the average phase and phase difference of the
junctions, then the sign of the inductance is preserved and only the net magnetic flux has made a jump to another solution of the
transcendental relation in Eq. (3.33).

%As a side-note focussing on the latter equality in Eq. (3.28). Substituting in the voltage Josephson relation (3.16) for the two

junctions and rearranging a bit
4, 4o, _2mdo

dt  dt ¢ dt
shows that Faraday’s law must be included in order to allow for a time varying flux.
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Figure 3.3: SQUID in lumped element representation with Loop inductance incorporated. It is assumed
that the loop inductance L¢ is distributed uniformly over the loop. Also the orientation of the inductance
in the two arms is opposite such that they both contribute constructively to the flux ¢ in loop. Junction
capacitances and sub-gap resistances are left out of the consideration for now.

where an over-dot denotes a time derivative and the variable &, is introduced as an externally applied
flux. This shows that the we can write the magnetic flux as

L
b=, — 7" (I - L) = b — Lo Iy (3.31)

where we have defined 7, = % as the current circulating in the loop. The latter can be worked out

using the Josephson relations, a trigonometric relation and Egs. (3.25):

I () I () ()
Ip==Zsin|8+n— + nn| — =sin(d — n— — nn| = L cos(&) sin [ t— + nn| . .32
14 2 (o o ) 2 (o o ) ) ( o ) (3-32)

This in turn allows us to find a non-invertible transcendental equation for the total flux threading the
loop

()]
® = P, — Lyl cos(p) sin (n¢— + TU’I) . (3:33)
0

Observe that the circulating loop current screens the magnetic loop flux away from half-integer flux
quanta towards an integer number of flux quanta. Finally, we derive a modified expression for the voltage
across the SQUID from Eq. (3.30)

Vv = (Va + %(ﬁe + %ijja
= LSy — 3 + 1d. + L1,
= - odo + 3 L¢ (Jé + JL)

_ ﬁ%go + %L(IC%(COS (n% + mt) sin(50))

(3-39)

where we have taken the a-branch of the loop. First we substitute the voltage Josephson relation with the
phase difference written in terms of the average phase §, and the flux @, and then Eq. (3.31), which causes
a lot of terms to drop out, and finally allows us to substitute Eq. (3.26) to get a closed form expression in
terms of flux and the average phase. Note that this shows that from a voltage perspective a SQUID with
a loop self-inductance can be regarded effectively as a single (tuneable) Josephson junction in series with
an inductor.
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b €363

Figure 3.4: Equivalent circuit for a more realistic Josephson junction. We do leave out the less then infinite
electrical resistance of the substrate forming the tunnel barrier.

In summary, a SQUID with non-zero loop inductance is described by the three equations

I =2I, cos (n% + m'c) sin(8y) ; (3.352)
vV = %9{)05'0 + %L[IC%(COS (n% + nm) sin(&)) ; (3-35b)
@ = P, — Lyl cos(p) sin (n% + nn) . (3-35¢)

It is however unfortunate that the net magnetic flux @ is not a simple function of the applied magnetic
flux &, but is the solution to a transcendental equation that also depends on the average phase difference
do. This not only makes it perhaps impossible to find closed form solutions for the set of equations by
analytical means, but also makes the net flux a variable that cannot be controlled precisely in experiments’.
A practical way out is to make the loop inductance negligibly small such that ¢ ~ @, and the SQUID
can be considered a single effective Josephson junction with a tuneable critical current described as by
Eq. (3.27) and behaviour as described in Sec 3.1.3.

3.1.5 A more practical SQUID considered as a lumped element

So far we have discussed ideal Josephson junctions and SQUIDs consisting of ideal Josephson junctions.
In practice however, a Josephson junction has associated with it a capacitance as well as a less than
infinite resistance called the “sub-gap resistance”. The latter opens a dissipation channel as it allows
normal conduction of unpaired electrons through the barrier whenever a voltage across it appears. These
two practical additions as well as effects of thermal (and quantum?) noise are described in the RCSJ-model
of a Josephson junction; see Ref. [44] for a more in depth discussion regarding its application in SQUIDs.
For the scope of this work, we will ignore most of these practical additions, but we will consider the
effect of junction capacitances in this section. Losses due to the sub-gap resistance can be lumped into
an overall Q-factor for the resonator in which the SQUID is incorporated.

Then a practical junction should be considered a parallel combination of an ideal Josephson junction
and a capacitor Cj as depicted in Fig. 3.4. This introduces a so called plasma mode with (depending on
the connecting circuit) a resonance frequency

- L (3.36)

“ VLG

where the effective inductance is given by Eq. (3.18) at zero current or zero phase difference. Because we
are dealing with a non-linear inductance, above frequency is strictly speaking only valid for oscillations
who’s current amplitude satisfies

5

2
1- (z) ~1. (3.37)

7Actually, Eq. (3.33) has the form of a constraint, effectively reducing the amount of degrees of freedom in the SQUID by one.
Moreover, while we cannot solve this equation for @, it can be used to express cos(J) as a function of flux. Something to try and
work out later...
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Figure 3.5: The electrical circuit for an ideal lumped element SQUID-cavity. In essence it is an LC-resonator
with the inductor replaced by a SQUID. Because the SQUID forms a non-linear inductance, the resonator
becomes anharmonic.

The plasma frequency decreases for higher currents as those effectively increase the Josephson inductance.

The presence of plasma modes influences the other modes in the circuit incorporating Josephson
junctions. The effect, however, is in almost all cases negligible, because in practice the junction capacit-
ances can to good approximation be considered zero. This causes the plasma mode frequencies to be
much higher than any of the other mode frequencies occurring in the circuit. The plasma modes are
thus highly off resonance and therefore have little effect on the other dynamics occurring in the circuit.

Another aspect that needs further consideration is that the Josephson elements may be driven into a
non-linear regime. For instance, when increasing the current amplitude, at some point, the Josephson
inductance can no longer be considered constant. From that point on, one must include the non-linearity
into the circuit description. This, however, complicates circuit theory as the phasor network description
breaks down in the presence of non-linearities.

3.2 Tuneable resonators

Here we introduce two kinds of flux tuneable resonators:
1. alumped element implementation which is essentially a SQUID shunted with a large capacitance;

2. a transmission line resonator that is terminated at one end with a SQUID as an analogue to a
moveable mirror.

For each we start with a time domain analysis in order to investigate non-linear circuits, and then move
on to an effective lumped element description.

3.2.1 Flux tuneable lumped element resonator

As the simplest example of a flux tuneable resonator, we disregard dissipation and start from a simple
LC-resonator and replace the inductor with a SQUID. This way we have essentially a SQUID that is
shunted with a large capacitance, as drawn in Fig. 3.5. The self-inductance of the SQUID loop we neglect
for now. For completeness we begin our discussion with the time domain equations of motion as derived
from Kirchhoff’s laws. Lumping together the junction capacitances and the large shunt capacitance, and
expressing the voltage and current in terms of the average phase and loop flux through the effective
Josephson relations for a SQUID, Egs. (3.26) and (3.29), we obtain
Po d28

P\ .
C%W + 2I. cos (n%) sin(8y) = 0, (3-38)

a non-linear second order differential equation. Dividing by C ?—f{ and making a third order taylor

3
expansion: sin(dy) = &y — 5%, gives the equation for a Duffing oscillator

8 2 3
qz T (@)5 — K(P)op” =0 (3-39)
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Figure 3.6: Resonance frequency of an ideal lumped element SQUID resonator as a function of flux tuning
in the small amplitude limit. The critical current of the Josephson junctions is taken as 0.75 pA; the capacitor
is set to 9.21 pF.

where

47l d
wo(P) = cos (7[—) (3.40)
‘ Ceyo Po
is the resonant frequency in the small amplitude limit where the cubic term vanishes; note that we would
have obtained the same resonant frequency had we substituted the linear approximation of the Josephson
inductance for the SQUID. A plot of the small amplitude resonance frequency is given in Fig. 3.6.

The strength of the Duffing non-linearity is given by

K@) = 22 cos (ng) : (3-41)

Harmonic approximation

In any case, Eq. (3.39) shows that when the amplitude of the average phase J is not too large depending
on K(®), we can essentially assume |wo?8| > |K&°| and neglect the Duffing term. This effectively
renders the system a harmonic oscillator. This is important because it allows us to express it as a linear
lumped element LC-resonator with capacitance C and for the inductance the expression for the linearised

SQUID inductance L = S M—
4ml. cos(nd%)

Effect of the Duffing non-linearity

Here we discuss qualitatively some of the effects the cubic non-linearity may have. The arguments
presented are by no means exact, but are given merely to provide an intuitive description of two important
characteristics of driven weakly damped Duffing oscillators. Thus the results should be regarded as
nothing more than a very crude approximation. There is much more to be said about Duffing oscillators
(including e.g. chaotic dynamics) but for the scope of this work we leave it at an amplitude dependent
resonance frequency and bifurcation of the resonance curve for the driven weakly damped version. For
a more in depth discussion see Ref. [45] or the original publication by Duffing Ref. [46].
Let us first rewrite Eq. (3.39) as
2 50

St (@)~ K@)3") 8y = 0. (342)

Now, if we replace, in the term enclosed by parenthesis, the average phase squared with its average:

8% — 8%, we see that we there is an amplitude dependent shift in resonance frequency. Since this is a
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hand-waving argument, we will make it a bit more concrete by substituting a harmonic trial solution
A cos(wt) in the equation of motion even though the the system is anharmonic

(a)oz - wz) Acos(wt) — KA® cos®*(wt) = 0. (3.43)

Upon substitution of a trigonometric power reduction formula: cos*(wt) = i (3 cos(wt) + cos(3wt)), we
obtain

3 1
(woz - ZKAZ - wz) cos(wt) — ZKAZ cos(3wt) =0 (3.44)

where we see that the non-linearity introduces a third harmonic in the equation (and should introduce
more harmonics as shown by recursively substituting the higher order terms into the equation). For
long time scales we may disregard the higher harmonic(s) by which we consider the motion effectively
harmonic. Then we find an approximate expression for the amplitude dependent resonance frequency

/ 3 3
(,()6 = Q)OZ - Z_}KAZ ~ Wy — gKAz . (345)

This is still hand-waving since the effects of damping and driving are not taken into account, but the
result is close enough for our discussion.

When we add harmonic driving F cos(wt) and weak linear damping y% to the equation

2
i—fzo + y% + wy*8y — K(®)8y® = F cos(wt), (3.46)
another phenomenon may be observable for sufficiently strong driving: a bifurcation of the resonance
curve. This can be understood as follows. The oscillatory amplitude depends on a balance between
driving and damping, while the effectiveness of the driving depends on how much the driving frequency
falls within the resonance line-width around the resonance frequency. Since the latter depends on the
actual amplitude of oscillation, one can imagine that for some oscillatory amplitudes, the frequency is
shifted by more than a line-width. This indicates a bifurcation where there are two stable solutions: one
where the in this case highly excited resonator is driven on its strongly shifted resonance; and one where
the resonator is driven at the same frequency but is only weakly excited causing the drive to miss the
now negligibly shifted resonance.
The average of the non-linear SQUID inductance we derive from the approximate resonance frequency

1 1 Po
Leff = —5—= =~ 3 = . (3-47)
wg?C (wo? - ZKAZ) C  4nl. cos (n%) (1- éAz)

Note that this may be different from the non-linear SQUID inductance averaged assuming harmonic
motion. If we are to write the input impedance—a formalism defined in the framework of linear electrical
networks—for this non-linear system, it is the former effective inductance we should use; the amplitude
A must however be known beforehand.

Input impedance

The input impedance in the harmonic approximation is easily written in terms of the effective SQUID
inductance and the shunt capacitance as if it were a parallel LC-resonator

iwL i

— 270 :
1-w’LC 4l cos (n%) — w?PyC

Zin = (3.48)
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A crude generalisation to the weakly non-linear version is given by instead substituting Eq. (3.47) for
the effective SQUID inductance
ia)¢0

4nl, cos (n%) (1- %Az) — @2¢C

Zin = (3-49)

For the electrical characteristics one may observe when coupling this system to a feed-line, see Sec. 2.3.

3.2.2 Flux tuneable transmission line resonator

This subsection introduces a SQUID loaded transmission line resonator, which consists of a transmission
line terminated with a SQUID at one end and with an open circuit at the other end. Changing the
SQUID inductance modifies the boundary conditions for the current and voltage distribution over the
transmission line, and therefore influences the standing wave resonances. As such, this results in a
tuneable resonator whose resonant frequency depends on the bias flux through the SQUID loop. This
setup is discussed and analysed in Refs. [47, 48]; especially the former reference contains a thorough
analysis that also discusses the effects of the non-linear SQUID inductance. On a side note, hysteresis
effects arising when the SQUID loop-inductance is significant are analysed on a phenomenological level
in Ref. [49]. In order to understand the dynamics of the system, we first discuss a transmission line
loaded with an inductor in a time domain analysis. Then we consider the effect of making the inductor
non-linear by replacing it with the flux tuneable inductance of a SQUID, before deriving an approximate
lumped element description.

Transmission line loaded with inductor

We start with a discussion of the dynamics of a transmission line open ended on one side and terminated
with an inductor on the other side, as drawn in Fig. 3.7. Since a transmission line is a one dimensional
medium that supports linear wave propagation, the current or voltage dynamics in its bulk satisfy a wave
equation; where in Sec. 2.2.1 we discussed the frequency domain characteristics we will here instead

start in the time domain.
ZO’ 14 } LL
.—

¢ ¢ ->

Figure 3.7: Transmission line loaded with an inductor

Time domain characteristics The bulk equation of motion for the current leaving out dissipation is
given as
>V LoV
2z Vo2 T
ot Ox
the current distribution 7 (x, t) satisfies the same equation. Boundary conditions are derived from the
principle of current conservation. At the open end, charge cannot jump into the vacuum, and therefore

ov() _
dx

0; (3-50)

I(0)=0 and similarly 0 (3.51)

as can easily be seen from the telegrapher equations (2.17). The other boundary condition is less trivial
to work out as, at the other end where the inductor is connected, it relates the current to the voltage
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through a time derivative

07 (0)

V() =L——: (3-52)
assuming charge conservation at the interface, we can by the telegrapher relation % =-L' % transform
it to a Robin type boundary condition

L oV(¢)
V() = T o (3.53)

Harmonic resonances Since the electrical network is linear and the wave equation supports plane
wave propagation we try a harmonic solution of the form

V = Asin(wt) cos(kx) (3.54)

that automatically satisfies the insulating boundary condition at x = 0. Given a solution of this form, the
dispersion relation is obtained from the bulk equation of motion

w=kv. (3-55)
Substitution the trial solution into the other boundary condition gives
L L L
cos (gf) = Q—Sin(gf) or cot (gf) -2z 9 (3.56)
1% v L 1% v vL 2

Solving this transcendental boundary condition determines the harmonic resonance frequencies and
corresponding normal modes.

Non-linear correction

If we replace the linear load inductor with a SQUID with negligible loop inductance and junction
capacitances, we obtain the circuit drawn in Fig. 3.8. Because the load inductance has now become
non-linear, the replacement modifies the boundary condition at the interface between the load and the
transmission line. While in principle we can substitute into the boundary condition the the non-linear
SQUID inductance, it would not bring the boundary conditions to a useful form. The reason is that the
inductance is a non-linear function of current and the latter is not easily expressed in terms of voltage
without including a time derivative; That complicates the boundary condition.

pu o

#
ya [ N
S\ 4

Figure 3.8: A SQUID loaded transmission line of specific length.

Transformation to node flux variables The way out is to integrate the equation of motion and
boundary conditions over time and transform the equations to a new variables defined as

¢
gb(x,t)E[ V(x,t)dt. (3.57)

Such variables are called node fluxes; more about those will be discussed later, but see e.g. the book by
Peikari [33] for a thorough and general treatment of circuit theory in this representation. Note that in
this representation the current and voltage along the transmission line are easily expressed in terms
of respectively a spatial- and time derivative of the node variables (as can be checked easily with the
telegrapher equations).
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Anharmonic boundary condition In terms of node flux variables, the equations of motion and
boundary conditions read

0? 0?
a—tf - vza—xqj =0 (3.58a)
20 (358)
0x
P(t) = ¢0 (3-58¢)
;—}%ﬁf)) = 2Iccos (n%) sin (Jg) (3.58d)

The last two equations form the equivalent of the boundary condition at the interface between the
transmission line and the SQUID. The first of the two follows from equality of voltage at both sides of
the interface and the voltage Josephson relation; the second follows from charge conservation and the
current Josephson relation. Combining the last two equations into a single boundary condition gives

T ox 2Ic cos (n¢0)s (271 40 ) (3-59)

Since the boundary condition at the open end has remained invariant in the transformation, we try
the same harmonic trial solution, even though the other boundary condition is now non-linear. First
making a Taylor expansion to third order in ¢(£) of Eq. 3.59

~go 104(0)
4mtlc cos (n%) L dx

2
~s0-3(3) o (3.60)

Then upon substution of ¢ = A cos(wt) cos($x) we obtain

$o

mﬂ cos(wt) sin (65{’) = cos(wt) cos (%[) - é (i)zAz cos*(ot) cos® (%5) 36

%o

Rewriting using the trigonometric power reduction formula cos®*(wt) = 1 1 (3 cos(wt) + cos(3wt)) we see
that a third harmonic is generated by the non-linear boundary condltlon Since the effect of the third
harmonic should average out on long time scales if the dynamics remain approximately harmonic at the
original resonance, we may (as we did with the lumped element variant) disregard the contributions to
the boundary condition oscillating at three times the resonance frequency. This yields

zmcaiﬁm;)‘/ sin (%Z) = cos (%5) EPY (%)ZCOS (wg) (362

Dividing by cos (£¢£) or sin (2¢) gives the amplitude dependent resonance condition in more practical
form

%o itan (Q{;) =1- 1A (¢—)Zcos (wf) (3.632)

47l cos (n%) Ly v

8The third harmonic in the boundary condition may excite higher harmonics in the transmission line and thereby may effectively
create a coupling between neighbouring resonant modes that are otherwise independent.
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or

2 3(w
“) s (30 (3.63b)

() (2]
4mtl, cos (7{%) v v 2 \¢o) sin(20)

which has the same form as the expression derived in Ref. [47] (though the constants may be different, I
have not checked precisely; in that paper they have a slightly different approach also incorporating the
SQUID’s plasma frequency).

In contrast to the lumped element resonator, here it is not so easy to obtain a closed form expression
for the resonance frequency. One thus has to resort to numerical methods for solving the transcendental
boundary condition.

Effective load inductance An effective load inductance can be derived by comparing Eq. 3.62 with
the same equation for the harmonic case Eq. 3.56 and lumping the non-linear correction together with
the SQUID inductance inductance

(3-64)

9o n\* ALy cos® ()
Leg

=_s— + P - .
4ml, cos (n%) (¢0 20 sin (2¢)

This however requires one to know the resonance frequency beforehand and corresponds to adjusting
the a linear inductance in the harmonic model until the resonance frequency corresponds to a main
resonance of the anharmonic resonator.

If we are to model the primary anharmonic resonance as a linear lumped element network, this is the
effective inductance we should employ; thereby not forgetting the effective inductance and resonance
frequency both depend on the amplitude of oscillations. Equation (3.64) may further prove useful for
determining the relative strength of the non-linearity.

Input impedance

The next thing to do is figure out the input impedance of the transmission line loaded with an inductor,
as drawn in Fig. 3.7. The inductor loads the line with an impedance Z;, = iwL;, We use Eq. (2.41) for the
input impedance of a loaded transmission line from Sec. 2.2.2. With that and leaving out losses we obtain

iwLy + iZy tan(p¢)
Zin = Zy >
Zy + 2wl tan(fl)
wL I3 .6
7 +tan (47) (3.65)

14

=iZy———.
L 14
- % an (40)
The input impedance can be simplified further by noting the following relations,
« that for any branch of the arctangent function

oLy, wly,
—— = tan | arctan (—) ;
Zy Zy

« and (see e.g. the handbook by Abromowitz and Stegun [50]) the tangent relation
tanz; + tan zo

tan(z; + z9) = ——m8M8M8M8M8M8™ .
(@ 2) 1 —tanz; tan z,

These allow us to rewrite the input impedance as

L 14
Zin = iZy tan (arctan (u) + w_) . (3.66)
Z() 14
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Figure 3.9: Graphical solutions of the resonance conditions for an inductor loaded transmission line resonator.
The resonance frequencies are at the intersections of the two plotted functions in each graph. The length
of the transmission line 5 mm, its characteristic impedance 50 €2, the phase velocity 100 km/s and the load
inductance 35 nH.

Resonance conditions As we know from circuit theory (see Sec. 2.1 or 2.2.4), series type of resonances
are found at the zeros of input impedance in its imaginary part while parallel kinds of resonances occur
at the poles thereof. Then, from Eq. (3.65) we see that as expected for a transmission line resonator,
two infinite sets of resonances exists, one containing all the series kind of resonances, the other all the
parallel kind resonances. A bit of algebra gives us explicit expressions for the resonance conditions

4 L

tan (a)_) =2 for Zin=0, (3.672)
12 ZO
4 L

cot (a)_) - 90 for Yy, =0. (3.67b)
1% Zo

In contrast to the resonance conditions for the quarter- and half-wave resonators, these are tran-
scendental equations and can as such not be solved exactly. They can however be solved numerically,
or graphically. The latter method is demonstrated in the graphs in Fig. 3.9. Note that the resonance
frequency with increasing mode-number n approaches (n + %)n for the series resonances and nm for the
parallel resonances, while the first few moded, depending on the load inductance, this can be the other
way around.

Using the fact that cot(x) = tan(—x + 7) we can write the resonance conditions in more explicit form

14 L
£° 4+ arctan (u) =(1+nn for Z,=0 (3.68a)
14 Z()

{ L
£° | arctan (%) =(3+n)n for Y,=0 (3.68b)
v 0

where n € {0,1,...} and we use the principle branch of the arctangent function —% < arctan(.) < 7.
Note that we have restricted the range of allowed integers n to avoid negative frequency solutions.
Because the arctangent function is a one-to-one map, these resonance conditions can easily be solved
by any numerical root finding algorithm®. In figure 3.10 a numerical approximation for the resonant
frequencies for the first few modes are plotted as a function of the load inductance.

We focus on the parallel kind of resonance where n = 0 and Yj, = 0. This is the lowest frequency

mode present in this system. This resonant frequency wy then is defined as the solution of

a)oLL) wol 1

+— = . 6
5 (3-69)

arctan (
v

0

9 As long as the argument for the arctangent is not too large, since that would cause the function’s derivative to vanish.
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Figure 3.10: Mode frequencies for an inductor loaded transmission line resonator. The symmetric modes
are drawn with dashed lines. Note how for higher mode numbers the frequency modulation is stronger
in the region where the Load inductance approaches zero Henry. The transmission line has the following
characteristics: v = 100 km/s, £ = 5 mm and Z = 50 Q.

We note that in the limit of L, = 0, the resonance frequency (3.69) becomes wy — 7 %, that of a

quarter-wave resonator, which is to be expected as in this case the transmission line is effectively loaded

with a short. In the other limit of a very large Load inductance, arctan (ng) — 7 such that resonance

frequency wy — 77, equivalent to that of a half-wave resonator, this can also be explained intuitively
by noting that a very large inductance can effectively be considered an open circuit.

Equivalent circuit Carrying out a first order Taylor expansion for the reciprocal of the input imped-
ance written in compact form in Eq. (3.66) around the resonance frequency defined in Eq. (3.69) gives an
expression for the input admittance that is valid for frequencies close to the resonance frequency

dY;
Yin ® Yin +(a)—a)0) dm
[N @ lwy
14 Ly 1
_ + Pt S S
. Z W 2
e SR N (3:70)
== — o
. 3.70
Zo _ gin? (arctan (w%—ﬁ‘L) + w%f)
i[¢ 1
L L -
Z T
ZO (V L_E +6¢)0271[;)

where in the last step the sine squared is seen to be equal to unity upon substitution of the resonance
condition Eq. (3.69).

The result can be mapped upon a parallel RLC-circuit (see Sec. 2.1.2). A comparison with Eq. (2.9),
the input admittance of a parallel RLC-resonator in a first order Taylor expansion, gives

1 (¢ + 1 ( )
=— (24—, 3.71a
2Zy \v f—E + woz%
1
L= (3.71b)

C()OZC ’
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and through the addition of a Q-factor (i.e. dissipation) by substitution of a complex resonance frequency
wy — w1+ ﬁ) as described in Sec. 2.1.4

Qo
R==_. .
woC (3716)

SQUID loaded transmission line resonator

Now, building upon the results of the previous section, we replace the load inductor used in the previous
section with the effective inductance of a SQUID, which due to the SQUID’s flux tuneability, makes the
resonant frequency tuneable simply by changing the flux threading the SQUID loop.

For the results in this section, we consider the SQUID as a single Josephson junction whose critical
current is a function of flux, for this we assume the Loop inductance to be negligibly small. We further
assume that the Junction capacitances are negligibly small, thereby neglecting the internal modes in
the junctions as explained in Sec. 3.1.5. We further assume that the current going through the SQUID is
much smaller than its critical current. These assumptions taken together cause SQUID to be considered
a (flux tuneable) linear inductance. Then Eq. (3.18) for the Josephson inductance together with Eq. (3.27)
for the critical current give

Ly(@) ~ % O L I (3:72)

2 2
4l cos (n%)\/l - (4)) 4rl, cos (T[ ¢>o)

2[Cl cos(n d%

Because the only difference between a SQUID loaded transmission line and the previously discussed
inductor loaded transmission line, is that the load inductance now is a function of flux as expressed in
Eq. (3.72), we can reuse the results derived in the previous section by substitution of the SQUID inductance.
Considering only the lowest frequency mode, this results within a first order Taylor approximation in an
equivalent parallel RLC-circuit with input admittance

1 .

Yin ~ ) +i20(®) (w — wo(P)) (3.73)
and circuit elements as given by'®
1|7 1
C((D) = 7 -+ > s (3743')
2 ol V 4nle, Zo cos (T[dTo) 4 Po (D)
$o 4mle, Zy cos (nq;%)
1
D)= —————, .74b
(@) o @)D (3.74b)
Qo(?)

R(®) = ———. .74¢
(P) oo @C@) (3-74¢)

Translating Eq. (3.69), The resonant frequency «wo(®) for the lowest frequency mode is the solution of

W wel 1
arctan ( 0¢0 ) + =" -

. P (3.75)
4mle, Z cos (n%) vo2

°Note that we assume the Q-factor to depend on flux. Such dependence may be possible because the resonance frequency
may be a function of losses inside the SQUID as can be seen in Eq. (3.65) by adding a real component to the load impedance, even
though this is difficult to work out due to equations becoming very cumbersome when doing this.
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Figure 3.11: Resonant frequency of a SQUID transmission line resonator as a function of flux threading the
SQUID loop. The transmission line length is 5 mm, its characteristic impedance 50 €2 and its phase velocity
100 km/s. The critical currents of both Josephson junctions are taken equal and set to 0,75 pA. Higher modes
have less flattened modulation curves as for these modes the frequency sensitivity is higher in the lower load
inductance region as is demonstrated in Fig. 3.10.

The resonance frequency numerically solved as a function of flux is plotted in Fig. 3.11. These results
show that this system constitutes a resonator whose frequency is tuned as a function of magnetic flux
through the SQUID loop.

Note that by this procedure we have essentially disregarded all anharmonic effects in the resonator.
In addition to that, our time domain discussion of this system did suggest that an interaction is possible
between the different resonances mediated by the non-linearity in the boundary conditions. Hower,
in case one is only interested in the “harmonic” resonances in the small amplitude regime, this seems
reasonable.



Chapter 4

Going from a circuit Lagrangian to a
quantised Hamiltonian

In classical mechanics any system is usually described by its equations of motions; for mechanical
systems Newton’s second law together with the laws describing the forces acting on or between the
system’s elements/parts; and for electrical circuits Kirchhoff’s laws together with constitutive relations
between the voltages and currents across the networks constituent lumped elements (as branches). There
are however other but equivalent formulations of classical mechanics such as the Lagrangian and the
Hamiltonian formalism. Both use a mathematical object defined in terms of the system’s kinetic and
potential energy as the starting point together with Hamilton’s principle for deriving/generating the
equations of motion. Provided the energy related expressions are in correspondence with physical laws
and written consistently in terms of generalised coordinates plus generalised velocities or conjugate
momenta in case of the Hamiltonian formalism, these alternative formalisms present a different path
for obtaining the equations of motion besides carefully analysing Newton’s second law for the system
together with the forces mediating interactions between its elements. Furthermore, most formalisms of
quantum mechanics build on top of the Hamiltonian formalism of classical mechanics.

In this chapter we will rephrase the circuit theory we have employed so far into an equivalent
Lagrangian formulation. In doing so we will also transform our circuit description from a representation
in terms of voltages and currents to one in terms of accumulated charges and generalised fluxes in
anticipation of an intuitive mapping to canonical position and momentum like coordinates in the
Hamiltonian formalism as well as quantum mechanics. Using generalised flux as coordinate further will
allow us to incorporate Josephson tunnel junctions into the circuit description on the same level as other
circuit elements; more on that later.

Considerable attention will be given to mutual inductances and biassing fields and their mapping to
the voltages and currents in the circuit. This is needed in the next chapter to explain the interaction
between two disjoint circuits mediated by a mutual inductance between an inductor embedded in one
circuit and the loop of a SQUID embedded in the other. In essence this chapter presents the final parts
of the theoretical background required for providing a quantum circuit description of a analogue opto-
mechanical circuit. In doing so we follow the path for finding a quantum mechanical description of
electrical circuits as explained by Devoret [51].

51
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4.1 Lagrangian formulation of circuit theory

In this section we discuss in general a formulation of circuit theory in terms of flux and charge variables
rather than currents and voltages, the constitutive relations for a few circuit elements in terms of the
new variables, and how to find the equations of motion. We particularly discuss how to systematically
deal with mutual inductances. The section concludes with a Lagrangian description of the same circuit
theory together with limitations arising from the underlying circuit theory as well as those arising from
Lagrangian mechanics.

4.1.1 Generalised branch flux and branch charge

An electrical network can be described as a network of branches each containing a dipole element
connected to nodes. Each branch b is characterised by the voltage V;, across the dipole element it
contains and the current 7, flowing through it.

For a Hamiltonian description of an electromagnetic circuit, branch voltages or current are not
convenient as generalised coordinates as they are analogues to forces and velocities in a mechanical
system and as such do not map well to position and momentum like coordinate pairs. For that, the charge

t
a= [ na (419)
accumulated on a capacitive element, or generalised flux, a generalisation of magnetic flux stored in an
inductive element

¢b = [ WV, dt (4.1b)

can be chosen as coordinate. It will be seen that in the Hamiltonian description, the generalised branch
fluxes and charges are canonically conjugate position and momentum (or vice versa). In these definitions
we assume that at ¢ = —oo the system is completely at rest with all currents and voltages equal to zero;
any static biassing fields are assumed to be switched on adiabatically between t = —co and t = 0.

Note that in the circuits we will be considering branch charge corresponds intuitively with electrical
charge accumulated on capacitor plates, but as is the case with a Josephson junction it is not necessarily
true that generalised flux corresponds with magnetic flux generated by current through the element;
the latter is only true for an inductor coil. This will be made clear in the following section where we
introduce the constitutive relations for inductors and capacitors, as well as Josephson elements (for which
generalised flux will prove to be a convenient coordinate in dealing with the non-linearity inherent to
elements of this kind).

4.1.2 Constitutive relations en stored energy

This section briefly rephrases in terms of flux and charge variables the general constitutive relations as
well as expressions corresponding to stored energy for capacitive and inductive elements.

Inductive and capacitive elements

The circuit components are further characterised by constitutive relations that link the branch voltages
to branch currents. We distinguish'between capacitive elements, for which the relation is of the form

W = flav) (4-2)

'As a Lagrangian or Hamiltonian description in itself does not incorporate dissipation, we only consider inductive and capacitive
components.
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and inductive elements for which the relation is of the form

-Zi) = 9(¢b - ¢offset) . (4-3)

In the latter relation however, mutual inductance is neglected—when this is taken into account, this
relation should also be a function of the branch fluxes in the other components that interact through
mutual inductances—we consider both cases in the following subsections. A static external flux through
an inductor switched on adiabatically has the effect of introducing an offset flux @, in the constitutive
relations.

Energy stored in capacitive and inductive elements

With the usual sign convention for the branch currents and voltages employed in circuit theory the
energy absorbed by a circuit element is defined as the time integral of the branch voltage times current

t
&= [ wha. (4.0
Note that branch voltage can be written as the time derivative of generalised branch flux:
dgy,
WY, = d;i ; (4.52)
and that similarly the branch current can be expressed as the time derivative of branch charge:
dgp
I =—. 5b
b=y (4.5b)
This means that we can express the energy accumulated on a branch in terms of generalised branch flux
t . én(2)
&= [ Rdar= [ ggnras (460
—0o $p(=00)
for an inductive element or in terms of branch charge for a capacitive element
t qv(2)
&= [ Wadr= [ flandg, (4.6
- gp(—0

where an over-dot denotes a time derivative.

The general case for two inductive elements sharing a mutual inductance

Let’s consider the case of two inductor labeled 1 and 2 sharing a mutual inductance. In this case, the
constitutive relations are

I = gi(¢1, $2) (4.72)
I = g2(¢1, $2) (4.7b)

and the energy contained in both elements
t

¢ . . d t
E+6 = ‘[ 91(P1, P2)P1 + Go(P1, P2)Po dt = / —Gum(dy, p2) dt = Gum(d1, P2) . (4.8)

—oo dt
which requires that a function Gy exists such the following two equations
0G 0G
91(¢1,42) = T’;;A and  ga(¢1, ¢2) = Tﬁ]:{ (4.9)

are true.
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4.1.3 Degrees of freedom - constraints

As we know already, the voltages and currents across the branches of a network do not constitute an
independent set of degrees of freedom because they are constrained as a function of the network topology
by Kirchhoff’s laws introduced in Sec. 2.1. Rephrasing these in terms of generalised branch fluxes and
charges by an integration over time gives?>

b = Pe (4.10)

all b around loop ¢

96 = qn (4.11)

all b arriving at node n

where the magnetic flux q;;) threading loop ¢ or the charge g, accumulated on node n are usually taken
constant and fulfil the role of external biassing fields. Any of the two Kirchhoff laws can be used to
generate an independent set of equations describing the circuit dynamics.

For more complicated circuits it can be challenging to find a convenient set of independent degrees
of freedom. A systematic procedure for constructing such a set is the method of nodes which is the most
popular; this method is the one employed in the lecture notes by Devoret [51]. The other method, the
method of loops, is defined in terms of loop charges and provides a circuit description that is dual to
the one obtained by the method of nodes. A thorough explanation of both can be found in the book
by Peikari [33]. The former method in essence works by choosing one node in the network as ground
and from that node constructing a spanning tree connecting every other node to the ground node by
exactly one path; then for each node a node flux is defined as the sum of all branch fluxes along the path
connecting the node to ground in the spanning tree.

For the circuits we will be considering such a procedure is not needed as the number of degrees of
freedom in the circuits we will be considering is small.

4.1.4 Equations of motion and Lagrangian for an electrical circuit

Taking the following together,

« that the voltage and current in a branch are related by the time derivative of respectively the
branch flux and charge, see Egs. (4.5);

« that each branch has a constitutive relation linking the voltage to charge or the current to flux; and

« Kirchhoff’s two laws as constraints respectively coupling the branch charge or the branch flux
degrees of freedom as a function of network topology,

we are presented with an an over-complete set of equations describing the dynamics of the circuit. This
allow us to distil a smaller sets of independent equations describing the circuit’s dynamics. The difference
between the sets being in the choice of variables—flux or charge—and in the specific form in which one
or more of Kirchhoff’s laws are applied. The only caveat is that one needs to be able to invert one or

%It is perhaps surprising, but Eq. (4.10) is consistent with our treatment of a SQUID and flux quantisation. This can be seen
most easily by considering the flux quantisation condition for a SQUID

DO+, -8, =2nn, ne”Z.

Expressing the phase jumps in terms of generalised flux using Eq. (4.36) one basically obtains Kirchhoff’s law, setting n = 0 as is
possible due to the periodicity of the Josephson relations. From a circuit perspective, the flux can be incorporated as the magnetic
flux in an inductor. This does however show that, for Kirchhoff’s loop law to remain consistent with flux quantisation, inductive
elements must couple to the phase of the superconducting wave-function (either indirectly through the magnetic field or directly
as is the case with tunnel junctions).
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more of the constitutive relations when both an inductive and capacitive branch are involved in the same
equation—this then gives rise to a differential equation and thus dynamics, while otherwise it is only an
algebraic relation. This gives us a bit of freedom in constructing the circuit Lagrangian or equations of
motion as it allows us to express any degree of freedom in terms of charge or in terms of generalised
flux. The latter option will be the most natural coordinate for incorporating Josephson elements.

I = 91(¢1,1232) [ Iy = g2(¢1, $2)

Vi = filq) ——= —L‘Vz = f2(q2)

= =

Figure 4.1: Example lumped element network consisting of two LC-resonators interacting through a mutual
inductance. Note that we keep the constitutive relations completely general.

As a general example for the circuits of interest, we derive the equations of motion for the circuit in
Fig. 4.1 that incorporates a mutual inductance between two LC-resonators. We intentionally keep the
constitutive relations extremely general. An easy path for obtaining the equations of motion for these
kinds of topologically simple networks, where each (sub)network contains no more than one inductive
branche and no more than one capacitive branch, is to equate the current gi, coming from a capacitive
branch to the current —g;, going into the connecting inductive branch (or vice versa). For the circuit in
Fig. 4.1 this yields

das

d .
a Eflﬁl((vl) = %f{l(¢1) = —91(¢1, $2) (4.122)

16 = 0.8 (g12b)

where the superscript ~! on top of a function f; denotes the inverse of that function. Note that we could
have equally written the equation in terms of branch charges rather than fluxes, though this would
have required us to invert the inductive constitutive relations instead; also we could have obtained
the equations of motion by equating branch voltages rather than currents (in essence using the other
Kirchhoff law); all of these give however equivalent results, only in charge rather than flux variables.
However, when only the inductances are non-linear and all capacitances are linear the representation in
terms of flux variables is the most convenient.
One can verify that these are Euler-Lagrange equations

doL oL
— === be{1,2) (4.13)
dt o¢,  O»
that can be derived from the Lagrangian3where the inductive constitutive relations satisfy the require-
ments specified in Sec. 4.1.2

q1(2) q2(t)

L= é1 df; (d) +/ b2 dfy ' (¢) —/ 91(p1, $2)d1 + ga(1, $2)¢ dt (4.19)
) q: ) 00

q1(=c0 2(—0 -

3A general explanation for Lagrangian (as well as Hamiltonian) mechanics can e.g. be found in the book by Goldstein [52] on
classical mechanics. Explaining how the Euler-Lagrange equations are equivalent to Newton’s laws or follow from Hamilton’s
principle of least action, that is the vanishing of the first order derivative in the variation of the integral over the Lagrangian
(considered as a functional) from an initial to a final state, is beyond the scope of this report.
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which as we will show corresponds to the difference between the capacitive energy and inductive energy
in the circuit

L= Skin - 8pot (4-15)

fulfilling respectively the role of kinetic energy and potential energy if this were a mechanical system.
The last two terms can be related to Eq. (4.6a) and is thus the inductive energy stored in the combination
of two inductive elements

Epot = [ g1(¢1, ¢2)451 + g2(¢1, sz)fﬁz dt = Gm(¢n, ¢2) - (4-16)

The other part of the Lagrangian is slightly more difficult to relate to capacitive energy; however a bit of
rewriting of Eq. (4.6b)

qp(

() 0 .
Ee = /q folq)dq = / AW A W) = / o ) (417)

b(—00) an(-=

shows that this is indeed the case, such that the kinetic energy of the Lagrangian

q(t) . q(t) .
Ean= [ GiafiGy 4 [ edfG) (418)
q1(=e0) g2(=0)

is the capacitive energy in the circuit; note that this implicitly relies on Kirchhoff’s voltage law. Had we
chosen charge as coordinate, the roles for the capacitive and inductive energies would have been the
other way around.

References [53, 51] further explain how to construct the Lagrangian and Hamiltonian for electrical
circuits. The former introduces the main idea in terms of charge variables and the former generalises
that idea by doing the same in terms of flux variables. We have mainly followed the latter approach.

4.1.5 Limitations in circuit theory and Lagrangian mechanics

There are two aspects with above’s procedure that need emphasis. Observe that in order to obtain the
equations of motion in differential form, we needed to invert the constitutive relation for either the
capacitive or the inductive branch connecting to the same node; this constitutes a limitation in circuit
theory.

There is also a limitation in Lagrangian mechanics. For the Lagrangian to generate equations of
motion that are of the form one would obtain from Kirchhoff’s laws in circuit theory, the analogue
kinetic energy part must be a quadratic form when written in terms of the time-derivatives of the flux or
charge degrees of freedom in the circuit. The latter is generally the case for mechanical systems, but in
circuit theory this is not necessarily true when one or more components are non-linear.

Thus in summary there are two requirements:

« from Lagrangian mechanics that the kinetic energy is a quadratic form of the generalised velocities;
« from circuit theory that at least one of constitutive relations between the two is invertible.

Generally if in the capacitive branch and inductive branch connecting to the same node only one is
non-linear, one can make a choice to describe that node’s dynamics in either charge or flux variables such
that the non-linearity will be part of the potential energy keeping the kinetic energy a quadratic from. If
however both the capacitive and inductive branches are non-linear, than it seems not generally possible
to find a Lagrangian that would generate Kirchhoff’s laws through the Euler-Lagrange equations. A
good description on different approaches exploiting the duality in circuit theory and the limitations is
given in Ref. [54].
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An extra limitation that we will encounter is that constraints imposed on the system by circuit
nodes connecting only capacitive or only inductive elements can impose non-invertible coordinate
transformation on the equations of motion and the Lagrangian. For the latter it is however always
assumed that any transformation to generalised coordinates is invertible [52], see Sec. 5.2.8 for a more
thorough discussion.

4.2 Various linear and non-linear circuit elements

In this section we describe various linear and non-linear circuit elements that will be necessary for
constructing the Lagrangian for the circuit opto-mechanics analogue that is the topic of this thesis. We
start with linear capacitors and inductors and then move to the non-linear inductance in Josephson
tunnel junctions and SQUIDs.

4.2.1 A linear capacitor

Setting the influence of any external electric field zero, the charge on a capacitor is to good approximation
linearly related to the voltage across it

b
W= fla) = 2 (419)
b
where G, is the capacitance of the branch.

Capacitive energy

Using Egs. (4.19) and (4.6b) the energy stored in a linear capacitor is found to be

t qc(t) 2
qc . qc qc
Ec= | Zgcdt= “dgc == :
C [ o /qc(oo) ¢ dac = 5= (4.20)

where we have set the charge at t = —oo to zero, as is consistent with a system starting completely at
rest.

Because we will be choosing generalised flux as coordinate for the Lagrangian, we first express
energy in terms of voltage using the constitutive relation (4.19) and then substitute Eq. (4.52)

1 1 .
Ec = 0V = §C¢c2 (4.21)

where ¢c is the branch flux in an inductive element connected parallel to the capacitor.

4.2.2 A linear inductor

A relation between the generalised flux and magnetic flux in an inductor coil is easily derived from
Lenz’s law, which relates the voltage across an inductor to the time-derivative of the magnetic flux ¢ in

the inductor iE 4
I VI T
WY, = L_dt + 4 (4.22)

where we have separated contributions to the flux from the current 7;, and external fields ¢,. Substitution
into Eq. (4.1b), the definition of generalised flux, and integration over time from —co to the present time ¢
gives

tdn, dey
¢b—[wLE+Edt—Lﬂ>+¢b- (4.23)
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where in accordance with a system completely at rest, we have assumed all fluxes and currents zero at
t = —co. We see that the generalised flux in an inductor coil is linearly proportional the magnetic flux it
contains, the net sum of the contributions from the current through the inductor and external fields. If
the latter is to fulfil the role of a static biassing field, it wil have to be switched on adiabatically between
t = —oco and t = 0 to avoid inducing any excitations in the electrical network that embeds the inductor.
Inversion of above relation gives the constitutive relation for a linear inductor

b — @b
Iy = e (4-24)
L
in the presence of a static external magnetic field.
Energy stored in a linear inductor
Similarly we find the energy in an inductor using the consitutive relation (4.24) and Eq. (4.6a)
t t 2
b= @b ; (¢p — 1)
& = / Ty dt = Soser + / ¢T‘”¢b dt = Eofpet + ¢2—L‘” . (4.25)
—00 0

The adiabatic switching on of the bias flux introduces a constant energy offset that is difficult to evaluate
but otherwise uninteresting since it does not contribute to any dynamics.

4.2.3 Dealing with a linear mutual inductance

As a small intermezzo, before moving on to the next section, we briefly introduce how to deal with a
linear mutual inductance. A linear mutual inductance M between two inductors is defined such that
the contribution of magnetic flux in one inductor L; due to the current J; in the other is given by
M1I;. Because a magnetic mutual inductance is reciprocal, the same relation holds when swapping the
inductors. In practice, the mutual inductance can be expressed in terms of the self-inductances of the

two involved coils
M = k+LL,, (4.26)

where k € [0, 1] is the coupling coefficient.

Linear inductors with mutual inductance and static external flux

We consider the case where two inductors L; and L, are interacting through a mutual inductance and
are under the influence of external static fluxes ¢; and ¢, respectively. In this case there are three
contributions to the magnetic flux inside the inductors:

« a contributions from each inductor’s self inductance;
« a contribution from an externally applied static flux; and
« a contribution emerging from the flux in another inductor through the mutual inductance.

The circuit relations for the two inductors under influence of a mutual inductance are

dI1+MdI2+%

V= LIE EM+ (4.272)
. dh dZ;  de,
V, =1L, " +M " + " (4.27b)
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where the sign of the mutual inductance terms depends on whether the inductors are aiding- or working
against each other (it depends on the sign convention for the currents and the orientation of the inductors
with respect to each other). Substituting these into the definition of generalised flux (4.1b), we obtain

todr,  dn d

¢1 = / le_tl + Md_tz + —;;1 dt = LIL + Mz-z + @1 (4283.)
t 4, dn d

¢y = / Lot e ML+ % dt = LoIy + MI; + 93 (4.28b)

where we have set the currents at t = —oo to zero and also assume the static external fluxes ¢; and ¢,
to be switched on adiabatically from t = —co to t = 0. Above set of equations is more conveniently

expressed in matrix notation
dr—o1\ (L1 =M\ (L
(¢2 _ (pZ - iM LZ ]'2 . (429)

Solving this set of equations for 7; and 1; is a matter of inverting the inductance matrix. This yields the
constitutive relations for the inductors mutually interacting with each other.

L _ 1 L2 FM ¢)1 -1

(Iz) T LiL, - M2 (:LM L ) (¢z - qoz) ' (4:30)

It is also possible to incorporate the external bias fluxes into the circuit description by means of

constraints imposed by Kirchhoft’s voltage law in the spirit of Eq. (4.10). For now, since we have not

defined any connecting network in this example, we keep the external flux explicitly in inductors, but do

note that this approach allows one to move the description of external flux to the constitutive relations

of e.g. Josephson junctions if it occurs in series with the linear inductors in the network topology. This

is usefull because in contrast to linear inductors, a static flux offset does influence the dynamics in a
non-linear inductor.

Energy stored in a pair of mutually coupled inductors

The energy stored in a pair of inductors coupled through a mutual inductance can be expressed as the
sum of the energies in the respective branches

t
Eur, = / LV + LWy de (431

where the number subscripts denote to which branch the corresponding variable belongs. Using the
constitutive relations (4.30) and Eq. (4.5a) gives the integral

t i\ T -
= [ o () (e ) 6n) @ =
which when evaluated‘gives
1 1 ¢1—<P1T L,  FM\ [¢1—¢1
S, = Em (¢2 _ (Pz) ($M I ) (¢2 _ <pz) + Eoffset (4-34)
up to an irrelevant energy offset due to the adiabatic switching on of the bias fluxes between t = —co

and t = 0.

41t is interesting to compare this with the expression for the same energy in terms of currents
1 1
Eu=Lil'+ LB+ ML (4-33)

this relation can be derived from the expression for work in electrical circuits and Kirchhoff’s laws together with the definition of
the mutual inductance.
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4.2.4 The Josephson non-linear inductor

For a Josephson tunnel junction, the generalised branch flux is not a magnetic flux, but is rather related
to the phase difference § across the junction of the wave-function for the superconducting condensate.
This is made clear by substitution of the Josephson relation for the Josephson voltage Eq. (3.16) into the
definition for generalised flux Eq. (4.1b)

t
$odd o
—oo 27 dt de = 27':5' (4:35)

¢ =
Thus the phase difference can be conveniently expressed in terms of generalised flux

o= 27[? . (4.36)

0
Substituting this result into the expression for the Josephson current Eq. (3.14) we obtain the con-
stitutive relation for a Josephson junction

Iy =L sin (zfﬁ) : (4-37)
o
which shows that in the picture of generalised flux, a Josephson junction is a non-linear inductor, as the
current traversing it can be expressed entirely as a non-linear function of generalised flux.

Energy stored in a Josephson tunnel element

The energy in a single tunnel junction is easily found through its constitutive relation (4.37)

& = /_ L sin (2%%) (/’SJ dt = d;LT? (1 — cos (Zn%)) (438)

where again we set ¢;(—oco0) = 0 corresponding to current being completely at rest initially.

4.3 Quantum electromagnetic circuit theory

Following the procedure for quantising electromagnetic circuits by Devoret [51], we review a method
for constructing the circuit Lagrangian, transform it to a Hamiltonian, and then quantise the system by
promoting the generalised position and momentum coordinates to quantum operators while imposing
the canonical commutation relations.

4.3.1 Transforming to the Hamiltonian formalism

While in the framework of classical mechanics the Lagrangian and Hamiltonian formalism can be
considered equivalent, quantum mechanics usually is based on a Hamiltonian description of reality. The
Hamiltonian formalism has an advantage in that it allows us to describe the classical physics and the
quantum physics of the system in a more compatible language. We will make use of this by describing
the amplitude of the optical resonator in terms of a complex scalar field that corresponds with the
expectation value of the quantum annihilation operator from the second quantisation formalism in
quantum mechanics. More on that later.

In any case, formally a system’s Hamiltonian is defined as the Legendre transform of the Lagrangian

H=) qxds—L (4:39)
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in which the generalised velocities are transformed to the conjugate momenta defined as

_9L

gx = 24, (4.40)

Note that whereas the Lagrangian is a function of the generalised coordinates and velocities, the
Hamiltonian is a function of the generalised coordinates and their conjugate momenta.
The equations of motion then are given by Hamilton’s equations

dg. = OH

W = Ox (4.41)
déx - IH (4.42)
dt 0qx

which generate a set of equations equivalent to the Euler-Lagrange equations.

4.3.2 Describing the Hamiltonian in terms of a complex scalar field

Following a book on advanced quantum mechanics [38], in the classical Hamiltonian formalism we bring
the system to a form that closely resembles the second quantisation formalism of quantum mechanics.
For that we first rewrite the Hamiltonian in a form that corresponds to that of a set of harmonic oscillators
of mass one

1
H = Z E (Px2 + wszxz) + Hother - (4-43)

We call the P, and Qy the system’s generalised positions and momenta respectively. Note that for this
to be true, the term Hyp,er, which describes the interactions and deviations from harmonic behaviour,
should be a small. The next step is to express the Hamiltonian in terms of a kind of complex scalar
coordinates d, defined as

WxQx + 1P

dy = ———= (4-44)
20y
Expressing the generalised position and momentum in terms of the complex scalar coordinates
Qe = —— (e +d) (.459)
= 4.45a
* V2wy * * >
. @ *

Py =-i 7)( (dx —dy"), (4-45b)

and substituting the result into the Hamiltonian we obtain
H = Z xdx'dyx + Hother - (4-46)

X

This result is already very close to the quantum mechanical description, but misses the commutation
relations.

Note that the d, correspond with the normal coordinates of the harmonic oscillators in the absence
of coupling. These are, however, not the normal coordinates corresponding with the normal modes in
the system of coupled resonators that may hybridise in any non-trivial way.
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4.3.3 Going from a classical to a quantum mechanical circuit description

The next step is to treat the system as a set of harmonic oscillators, promote the position and momentum
variables to quantum operators and impose the right commutation relations, which according to Dirac [55]
are related to the Poisson brackets from classical mechanics.
For the conjugate momentum and generalised coordinate pairs in the Hamiltonian, the commutation
relations are
[Qx, Px] = if. (4-47)

Further, since the system is a set of harmonic oscillators, the Hamiltonian can be written in terms of
boson creation and annihilation operators by the substitution

Oy = U (ax + axT) (4-48)

20y

—i\/? (ax - axT) (4-49)

operators are defined as

Py

where the creation a, and annihilation a,'

WxQyx + 1Py
Ay = ——— (4.50)
20wy
and satisfy the commutation relations
[ax’ axl] =1. (4-51)

Afterwards, the Hamiltonian can be brought to a from similar to
1
H = zx: hoy (axTax + 5) + 7_{other (4-52)

where Hyper describes any interaction between the oscillators, deviations from harmonic behaviour, or
coupling to other systems such as a thermal environment or a forcing one one or more of the oscillators.



Chapter 5

Deriving the opto-mechanical
coupling from the circuit Lagrangian

Opto-mechanics is a field that is traditionally focused on the interaction between an optical resonator
and a mechanical resonator. An optical resonator can be seen as two mirrors trapping a standing
electromagnetic wave. Typically the mechanical resonator constitutes a vibrating end mirror of the
optical cavity. The mechanical oscillator, in its oscillating back and forth movement, changes the length
of the optical cavity and thereby changes its resonance frequency. This scheme is schematically explained
in figure 5.1a.

Mechanics  Cavity Mechanics Cavity
) G L,
(a) Traditional opto-mechanics setup. (b) Lumped element analogue.

Figure 5.1: Side to side drawing of (a) a cavity opto-mechanics setup and (b) a lumped element analogue
of that system with the interaction being mediated by a SQUID as variable inductance. The LC-resonator
on the left whose components are labelled 1 is the analogue of the mechanical resonator, while the SQUID
resonator on the right with embedded SQUID corresponds to a microwave cavity. The capacitances always
present in the tunnel junctions are represented as C, and Gy, in parallel to their respective Josephson junctions
incorporated as x’s in the circuit. The Inductance of the SQUID loop is represented as L, and Ly, in the two
branches, each equal to half the total self inductance L, of the loop. Biassing of the SQUID by an external
flux is incorporated as a constant external flux ¢. threading the loop, which will be taken into account as
residing half in each of the two inductors part of the loop, but with opposite orientation.

In a more general sense, opto-mechanics is a field that focusses on a parametric coupling between
two resonators, in which a quadrature of one oscillator sets the frequency of the other resonator. The
latter can also be realised in an analogue system consisting of two electrical resonators where the
strength of the inductor (i.e. an embedded SQUID) in one is a function of the of the magnetic flux in the
other as drawn in Fig. 5.1b. In essence, the circuit consists of two electrical resonators, an LC-resonator
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and a similar resonator where the inductor is replaced by a SQUID fulfilling the role of flux tuneable
inductor. An interaction is established by a mutual inductance M between the SQUID loop and inductor
L;. The magnetic flux in inductor L; then modifies the effective inductance of the SQUID as seen from
capacitor C, and thereby tunes the resonance frequency of the SQUID-resonator. This should establish an
opto-mechanical kind of interaction between the electrical resonators, where the flux in the LC-resonator
is the analogue for the position of the mechanical oscillator. The SQUID-resonator then is the analogue
of the optical cavity.

This idea has first been proposed in Ref. [30] for a setup with transmission line resonators as
discussed in the sections 2.2.4 and 3.2.2. In this chapter we analyse a lumped element varient of the circuit
analogue of an opto-mechanical system as depicted in Figs. 5.1. We first derive the classical equations of
motion from Kirchhoff’s laws and then construct the circuit Lagrangian. It is demonstrated how current
traversing the SQUID can generate a flux in the SQUID loop, exerting a radiation pressure force on the
LC-resonator through the mutual inductance. In order to quantise the system, we Legendre transform the
Lagrangian to a Hamiltonian and then apply the canonical quantisation postulate. We will also discuss
the implications the intrinsic non-linearity of the SQUID may have. A goal is to map the expressions in
terms of circuit parameters to the corresponding parameters in cavity opto-mechanics.

5.1 Lumped element SQUID opto-mechanics curcuit

The full circuit for the lumped element SQUID opto-mechanics setup is drawn in Fig. 5.1b. The circuit
consists of three parts:

1. An LC-resonator, whose element are labelled with 1 in the circuit diagram, which fulfils the role
analogue to the mechanical resonator in opto-mechanics.

2. A SQUID-resonator, fulfilling the role of the optical cavity in opto-mechanics. The frequency
tuneability by the “mechanical” resonator will be mediated by the SQUID and a mutual inductance.

3. The SQUID embedded fulfils the double role as inductance in the “optical” cavity, and together
with the mutual inductance as mediator for the interaction between the two resonators. It is
formed by the loop containing two Josephson junctions a and b whose respective capacitances are
represented in the circuit diagram by a parallel combination with the capacitances C, and Gy,

The self inductance Ly of the SQUID loop is equally divided over the two branches of the loop and

incorporated in the circuit as

L
La=1Ly = ? . (5.2)

Each of the loop arm inductances L, and Ly, has an equal but opposite mutual inductance with inductor
Ly

Ma = _Mb = ? (5~2)
that is half the net mutual inductance M between the inductor and the SQUID loop inductance.

5.2 Classical equations of motion

Because Josephson junctions are usually made with very high plasma frequency due to the Junction
capacitances being very small, we can work in the limit where C, = G}, = 0 since their dynamics occur at
much smaller time scales than the other parts of the circuit. This corresponds to neglecting the SQUID
plasma modes. Below we derive the classical equations of motion from the constitutive relations and the
constraints imposed by the network topology.
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5.2.1 Inductance matrix

Let us first give the expressions for the magnetic fluxes in the linear inductors as a function of branch
currents in the absence of an externally applied fields

¢L1 Ly 27/1 - % ]1
. l=l% F o ||L (53)
P, - % 0 % 1

expressed as a matrix equation where ¢, is an external bias flux. Since the two branches of the SQUID
are connected in a loop, we can define

L- T
IfzaTb and Iy =1, + Iy, (5.4)

respectively a loop current and a net current traversing the loop. Transforming to these new variables
and defining analogously

$r=¢r, — ¢, and ¢, = % (5.5)

respectively the loop flux and orthogonal average magnetic loop arm flux, we rewrite Eq. (5.3) as

o1, Ly M 0\(L
¢{; =M L[ 0 I{? . (5.6)
Pis 0 o L/\5

In this form the inductance matrix is easily inverted giving us the branch currents as a function of the
flux variables

I ) L, —-M 0 fr,

I|=———|™ L 0 ge |- (5.7)
LiLe — M? Y

7] Lile R CUER YAV

5.2.2 SQUID inductances and constraints

Referring to Sec. 3.1.4, the current I5, traversing over the SQUID as well as the circulating loop current
I, both are a function of the

averaged sum ¢y, =

fa ; P and difference A¢y = ¢, — Py, (5.8)

of the generalised fluxes in the individual junctions (note that the average generalised flux is directly

related to the average phase as ¢5, = ?_260)' The latter is related to the loop flux and any externally

applied flux by Krichhoff’s voltage law

o+ P, — P, — ¢, = P or equivalently Ay = g — Pe . (5.9)

Substitution of this constraint into the constitutive relations for the SQUID yields

Is = 2I. cos (£ (¢e — ¢e)) sin (z—nqﬁjz) , (5.10a)
0 $o
I, = —I cos (i—:qﬁk) sin (% (e — qﬁe)) . (5.10b)
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5.2.3 Capacitive relations

Referring to Sec. 4.2.1, the current to the linear capacitors can be expressed in terms of the time derivative
of the net generalised fluxes across the in parallel connected capacitive branches

I =-Ci¢y and Iy = -Coés, (5.11)

where as derived from Kirchhoff’s voltage law ¢, = @1, and ¢, = ¢}, + ¢1; are the net generalised fluxes
over the in parallel connected inductive branches.

5.2.4 Two extra constraints in the limit of zero junction capacitances

Before we construct the equations of motion, there is one observation that we must discuss. We have
two expressions for the current 75 and for the current Z,. This is a consequence of setting the junction
capacitances to zero.

Had we not set the junction capacitances to zero, then the circuit would contain two extra degrees of
freedom, thus two extra equations of motion. These correspond with the plasma modes in the SQUID.
Usually they are of very high frequency and have therefore on the much longer timescales at which the
evolution of the other modes occur negligible effects. Setting the junction capacitances to zero however
does transform the equations of motion for the plasma modes to constraints we have encountered twice
in the form of two distinct expressions for the same variable.

The two constraints, for both the SQUID currents equating the two expressions, are

_ —M¢1 +L1¢[ _ 2_7-[ ) 1 ~
I = T, M I. cos (¢o ¢Jz) sin (¢0 ($e ¢e)) , (5.122)
4 T . [2m
Iy = E (¢2 — ¢y,) = 21 cos (% (pe — ¢e)) sin (%ﬁblz) . (5.12b)

These are transcendental expressions that cannot properly be solved analytically. On the other hand,
numerical approximations to their solutions can be found, and this will be useful to find the equilibrium
positions of the system. Moreover, if the solutions of the system correspond with small oscillations, then
we can make a Taylor expansion around the equilibrium positions and then considerably simplify the
equations of motion.

5.2.5 Exact equations of motion in the limit of zero junction capacitances

With the circuit elements constitutive relations and the constraints from Kirchhoff” laws and those
imposed by the SQUID with zero junction capacitances, we have a closed set of equations. The equations
of motion are obtained by equating for each capacitor the current coming from the connecting inductive
branches to the current going into the capacitor; this yields two equations of motion

. qusl - MQS[ _

Cigr + Ll M2 0, (5.13a)
. 4

C2¢2 + L_g (¢)2 - ¢J2) =0. (513b)

Then the constraints should be embedded. In order to do that we must first solve the constraints in
Egs. (5.12) in closed form for two different variables

b1 =15 (L~ M) cos (i—’:%) sin (% (be - ¢e>) + 2 (5.142)
L T 4
P2 =@y, + IC?E cos (% (¢ — Q{)e)) sin (z)_oqsk) . (5.14b)
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Note that there are only two variables for which we can bring the constraints to closed form. It constitutes
a non-invertible map from the squid phase coordinates to the integrated voltages the capacitors see.
Combing the equations of motion with the constraints gives

2 — M? T T
Cld—z (%(ﬁ[ + MIC cos (2—¢k) sin (— (¢ — ¢e)))

dt M $o o
1 L¢ 21 . T (5:152)
+M¢g + MIC cos (%(ﬁk) sin (% (e — qﬁe)) =0
d? L, 7T o [2m 7T o [2m :
CZF (ngJ2 + Ic? cos (% (¢pe — ¢e)) sin (%ijz)) + 21, cos (% (de — ¢e)) sin (%QSJZ) =0 (5.15b)

which in the limit of zero junction capacitances are the exact equations of motion for this system. Observe
how, if one works out the derivatives, the coordinate transformation has in a way made the capacitors
non-linear. Note also that by employing a non-invertible transformation to new coordinates, there may
be side effects of a more mathematical nature. I have no idea how to generally solve these equations of
motion, but let’s see what we can derive from them?.

5.2.6 Equilibrium positions

The second of the constraints, Eq. (5.12b), corresponds with the current 75 traversing the SQUID. Since
the current is collected by a capacitor and it would be unphysical to build up infinite charge on the
capacitor plates, we can safely assume that in static equilibrium the current is zero. Then because the 75
is odd symmetric with respect to the generalised flux ¢;,, we deduce that in static equilibrium

¢_Jz =0, (5.16)

if there is no symmetry breaking synchronisation between ¢, and ¢y,

The first constraint, the one related to the loop current is in general non-zero at equilibrium. However,
the constraint solved for the inductor flux Eq. (5.14a) can be substituted into the equation for the current
in inductor Ly, the first of Egs. (5.7), which yields

_ Legpi—M¢r Ly 2n (o 1 "
I = W == cos (¢o gbjz) sm(¢o (Pe ¢e)) + M¢£ (5.17)

Requiring the current 7; to be zero, as should be the case at static equilibrium together with the already
discussed equilibrium position in ¢y, , gives an expression for the equilibrium position in the loop flux

I.Lscos (z—n(ﬁk) sin (1 (¢[ - ¢e)) +¢r=0. (5.18)
o Po

An overline indicates the average of its argument. The odd symmetry in this constraint is broken by
the addition of an extra bias flux ¢. under the sine function. Therefore in general E # 0. Also, because
the expression contains the sum of a linear and a trigonometric term that are both a function of ¢, this
transcendental equation must be solved self consistently. As a side note, this relation, if we leave out the
averaging, is actually the same relation we would have obtained had we neglected the mutual inductance
and added the contributions to the loop flux from an external magnetic field and the loop current; this is
to be expected as a mutual inductance is just a channel for externally applying a flux into the SQUID
loop.

When ¢y, is not identically zero for all time but some function that is oscillating around zero, then
the cosine shifts away from unity as a function of its amplitude. This can be interpreted as a kind of
radiation pressure force shifting the displacing the equilibrium point of the loop flux.

't is also very difficult, perhaps impossible, to find a Lagrangian that would generate these equations of motion.
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Figure 5.2: Equilibrium position for the loop flux as a function of external flux applied to the SQUID loop at
zero radiation pressure, or equivalently solutions to the self consistency relation Eq. (5.18) for different loop
inductances or critical currents, under zero radiation pressure, i.e. with ¢;, = 0 for all time. Note that there
is an asymmetry causing the loop flux to be periodic with two flux quanta instead of one with respect to
the externally applied flux. However, the boundary conditions for the superconducting condensate in the
SQUID are periodic with one flux quantum. This means that, taking the previous two statements together,
the solution for the loop flux is bi-stable. Radiation pressure, may decrease the effect. Generally speaking
however, the effect only becomes significant for large loop inductances and critical currents.

Further, as can be seen in a plot, Fig. 5.2, of a numerical solution to Eq. (5.18) for the equilibrium
loop flux under zero radiation pressure as a function of external flux, there seems to be a doubling in
the oscillation period of @ as a function of ¢, from one flux quantum to two flux quanta. This would
make the solution for ¢, depend on whether the externally applied loop flux ¢, is near an even or an
odd integer flux quanta. This seems strange, since usually there should be no specific preference for
any specific number of flux quanta (i.e. some kind of guage invariance). In fact there can be no such
preference since, as we have derived in Sec. 3.1.4, the boundary conditions on the wave-function for
the superconducting condensate in a SQUID are invariant to any integer shift in the amount of loop
flux-quanta. This means that the system is bi-stable in loop flux; this is similar to what is the case in a
flux qubit [56].

There are a couple of other consequences to mention about the external flux induced symmetry
breaking. One consequence is that, whenever the slope of the linear term is less steep than that of the
trigonometric term with respect to @,

s
ILLe—>1, (5-19)
%o
there may exist even more solutions for the loop flux equilibrium point depending on flux biassing.
Figure 5.3 graphically demonstrates above’s statement.

5.2.7 A first attempt at an approximate solution

Given that we are interested in oscillatory harmonic like solutions, we note that for such solutions of
small amplitudes a Taylor expansion to second order usually gives a reasonably good approximation of
the dynamics. What makes the equations of motion complicated is the non-linear nature of the Josephson
junctions; not only that, but also the non-linear constraint we need to impose on the system due to the
inductances with and in the SQUID loop.
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Figure 5.3: Graphical solution for the equilibrium loop flux. Note that when the amplitude of the trigono-
metric term exceeds unity, more than one solutions may be possible depending on the external flux. For the
figure, the flux tuning was set to a quarter flux quantum.

A Taylor expansion up to leading terms of the trigonometric terms brings the constraint to the form

aypy + aegpe + 0‘2‘]5]22 —ap =0, (5.20a)

Bapa — Psdys — Bege + o =0. (5.20b)

While this set of equations can be solved for both the pairs ¢;, ¢, and ¢, ¢j;, there are two solutions for
the last pair which correspond with the same ¢; and ¢,. This is caused by the squared term?®in the first
equation. Thus the constraints constitute a two-to-one map of the coordinates ¢¢, @y, to ¢y, ¢2.

Because the two solutions for ¢, with ¢, correspond to physically different conditions, this makes
one wonder whether it is valid to incorporate such a coordinate transformation in the equations of
motion. After some though, I believe this is no problem for the reason that a specific solution to the
equations of motion depends on the initial conditions of the system, which actually constitute a choice
along which of the two possible paths the system starts3. Thus working in the coordinates ¢, and ¢y,
we postpone the choice, while if we choose to work in the coordinates ¢; and ¢, we make the choice
explicit.

5.2.8 A complication in Lagrangian mechanics

Since our goal is to find a quantised Hamiltonian description of this system, through a path called
canonical quantisation, we need to derive a Lagrangian that would generate the same equations of
motion as we have derived, be it in its exact form or a Taylor expanded version. It is here that a
complication arises.

A Lagrangian is essentially defined for mechanical systems as the total kinetic energy minus the
potential energy in the system

L = Ekin — 8p0t . (5.21)
The equations of motion are then generated from the Lagrangian by the Euler-Lagrange equations
do 0
— L _ 9L =0 for any coordinate n in the system . (5.22)
dt 0x, Ox,

Here an over-dot denotes a time derivative. The Euler-Lagrange equations can be derived from Newton’s
laws or by a variational method (Hamilton’s principle), however an explanation is beyond the scope of

*We cannot neglect this term since it is of the same order as the radiation pressure force which as we shall see is quadratic in
the same variable.

3There may be a problem if there are conditions at which the coordinates and velocities are the same for both possible evolution
trajectories.
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this work; for further reading on that topic consult a book such as Ref. [52]. An important property of
the Lagrangian is that under a transformation to new coordinates, the Euler-Lagrange equations remain
invariant. The latter is not the case if the transformation to new coordinates is not one-to-one. The
book by Goldstein on classical mechanics mentions that it is always assumed that the transformation is
invertible [52].

Given that we are dealing with a two-to-one coordinate transformation, the complication mentioned
above applies to our system. A way around could be to instead of merging two branches to one, as
occurs when transforming to ¢, and ¢y, specifically choose one branch of the two possible paths for
the transformation to the variables ¢; and ¢,. One could say that in that case, the transformation is
invertible, but I cannot say for sure until I have successfully applied this to our system. In any case, if
this works, then the equations of motion and the Lagrangian would be quite a complicated function of
its coordinates, since solving Egs. (5.20) for ¢, and ¢y, is algebraically complicated.

For now, we will try to find a regime in which the non-linear coordinate transformation is avoided.

5.2.9 Small loop inductance approximation

The complications we have encountered are due to non-invertible constraints in the form of self-
consistency relations that emerge due to the non-linear Josephson inductances being a function of the
flux in the linear inductances in the SQUID loop. In Eqs. (5.14), it is clear that the self-consistency relations
vanish when the the self and mutual inductances in the SQUID loop are set to zero. With that we arrive
at the goal this section discusses, which is to find an approximation regime where we can accurately
describe the system yet avoid the complications arising from the mentioned loop inductances.

Starting with the constraint in Eq. (5.14b), we see that

¢ = ¢y, for ILy < ¢y, (5.23)

that, if the average junction flux is much larger than the average magnetic flux in the arms of the loop,
we can regard the net flux in the SQUID cavity as equivalent to the average generalised flux across the
tunnel junctions. This removes the bifurcation in the solution of the constraints for ¢j,. Note that in
order for the loop inductance to be small while maintaining a significant mutual inductance, the latter
being defined as M = kvL1L, with 0 < k < 1, one requires the inductance L; to be large.

For the other constraint in Eq. (5.14a), we similarly see that

L L
$1 ~ Ml for IM < Mlqﬁ[. (5.24)

where we have essentially applied the same approximation but for the mutual inductance.

There is a problem however, which we encounter upon substitution of these simplified constraints
into the unconstrained equations of motion Egs. (5.13). We not only decouple the LC-resonator from the
SQUID—thereby removing all inter resonator interactions—but we also bring the SQUID-cavity equation
of motion into undefined territory by essentially dividing zero by zero. The here proposed simplifications
are therefore too strong and a more refined approximation is needed.

5.2.10 First order recursive approximation

The constraints presented in Egs. (5.14) are what is called self-consistency relations; a relation of that
kind equates a variable to a function of the same variable. The solution is the position in the variable
for which the values of both are consistent to the relation between them. The main point to be made
is that the constraints we are dealing with can be solved implicitly for the variables in question as a
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transcendental function of themselves. The constraints in Egs. (5.14) therefore have a recursive structure
as exemplified below for both of them

M 1.
b= 01 (LiLe = M?) cos (¢ ¢Jz) sin (¢0 ($e ¢e))
M I 7T
=LhL (LiLe = M?) cos (%%) (5.252)

x sin ( (2= 1 = M) os S sin 5 40 00) - )
¢ CoS (% (Sbl’ - ¢e)) sin (i_n(ﬁk)
Lt cos (% b - ¢e>) sm( - ( L cos (% e - ¢e>) sin (Z—f@)))

where we have essentially substituted the solution into itself for both relations. Because the two relation
are actually inter-depend on each solutions, the recursion should actually be done in two dimension, one
for each self-consistent variable. With that the constraints after a single recursion are written as

¢]z =¢

(5.25b)

br = LM1¢1 - i—cl (LiL¢ = M?) cos (¢0 (¢z leLe (% (pe — ¢e)) sin(z—:@z)))

(5.26a)
X sin (¢0 (M¢ i_cl (LlLf - Mz) cos (i_g:d)k) sin (% (¢f - ¢e)) - d’e) ) s
b = s ILf (;; ( ¢ — (L1L5—M ) cos (i—:gﬁk) sin (% (¢[_¢e)) —¢e))
(5.26Db)

><sm(¢)0 ( IL€ (% (¢f—¢e)) sin(z—:@z))) .

In principle one can recur like this indefinitely, but for the sake of simplicity we keep the number of
iterations at one. The main point is that this provides a path for a more refined approximation by
truncating the recursive structure. That is achieved by setting both the variables ¢, and ¢}, according to
a guess for which we choose zero*

(15]2 ~ ¢2 -

T (M . [2r
“(% (z¢1‘¢e))5‘“(%¢2) 5270
b~ g = (Ll =) os ¢O¢Z)sm( = (2o ¢)) (527b)

This way we avoid the linearisation and uncoupling of the LC-resonator to the SQUID and restore
the SQUID-cavity equation of motion. Note that while the error in the loop flux ¢, introduced by the
truncation may be absorbed into an effect external flux tuning ¢, this cannot be done for the generalised
SQUID flux ¢y, since its dynamics are odd symmetric around zero; we therefore need the loop inductance
L¢ to be small compared to the SQUID inductance.

One may wonder how accurate this first order recursive approximation is. It is probably a quiet crude
description of the actual solution which can be seen as being the result of an infinite recursive chain, so

4The equilibrium position for the loop flux ¢, would arguably be a better choice for the loop flux variable. The effect to first
order, however, is a relatively uninteresting shift in the flux biassing; that is if we are not crossing a critical point from which the
recursive approximation would start converging to a different solution when there is more than one possible, see section 5.2.6.
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Figure 5.4: Average magnetic flux in inductor Ly as a function of bias flux ¢ in the SQUID loop and zero
radiation pressure, or equivalently solutions to the self consistency relation Eq. (5.29a) for different mutual
inductances. The critical current for the Josephson junctions is I = 0.75 pA and the inductor self inductance
Ly = 2.6 nH. Note that there is an asymmetry causing the inductor flux to be periodic with two flux quanta
instead of one with respect to the externally applied flux ¢e. The the strength off the asymmetry is also
influenced by the critical current I.. Radiation pressure, referring may decrease the effect. Generally speaking
however, the effect only becomes significant for large mutual inductances. Given a small loop inductance
L¢ = 10713, a more realistic value is M oc yL1Lg o 10712,

definitely the approximation is different. On the other hand, since figuratively speaking all elements in
the recursive chain are identical, and the approximation embeds one such element, its characteristics
should be similar, but probably of a strength slightly stronger or weaker than in the real solution.

5.2.11 Approximate equations of motion

Combining the simplified constraints in Egs. (5.27) together with the unconstrained equations of motion
presented in Egs. (5.13), gives the approximate equations of motion

d2¢1 27 _
d — 451 I cos (¢0 ¢2) Sm(¢ ( b1 — ¢e)) =0 (5.28a)

Cdz—¢+ZIcs( ( ¢ qﬁ))sin(—nqﬁ)—o (5.28Db)
2d2 % 1~ Pe %o 2] = 0. 5

Note that in the approximation we now use flux variables corresponding to what the capacitors see.

5.2.12 Equilibrium position inductor flux

Since the time derivatives in the equations of motion should be zero on average, we have from the
approximate equations of motion Egs. (5.28) two expression for the average currents in the two resonators
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as a function of the cavity coordinates rather than the SQUID coordinates

—_ d)l 27 d)z . TT M—_ _ 202
R e o ()= 5299
I, = 2Icos (¢ ( ¢ — nge)) sin (ngz) =0 (5.29b)

which are both zero since it would be rather unphysical to build up infinite charge on the capacitors.
Here we have made use of the odd symmetry in the sine function around zero, and have taken the liberty
of approximating the sine function in the first equation with an offset term as being locally linear. We
see that

@ =0 from symmetry, but also that a #0 (5-30)

due to the odd symmetry around the equilibrium point being broken in Eq. (5.29a) caused by the external
tuning flux ¢, under the sine function. These are very similar to the one we derived earlier for the SQUID
variables ¢, and ¢y,. See Fig. 5.4 for a plot of the average inductor flux as a function of flux biassing
under zero radiation pressure.

Observe that modulation of the critical current by oscillations in ¢, cause an on average non-zero
shift in the displacement of ¢;. Further, the equilibrium positions in ¢; and ¢, determine the point around
which ideally a Taylor expansion should be taken, which we will later do to simplify the description of
the system we are discussing.

5.3 Circuit Lagrangian

The next task is to find a Lagrangian that generates the same equations of motion as we have derived
in the preceding section. In doing so we find expressions for what can be considered the analogue for
kinetic and potential energy in classical mechanics. Since it is for reasons already discussed difficult to
find a Lagrangian for the exact equations of motion, we in this section derive a Lagrangian corresponding
with the approximate equations of motion.

5.3.1 Approximate Lagrangian

Because the time derivatives in the approximate equations of motion (5.28) operate on linear functions,
it is easy to verify that they are Euler-Lagrange equations that are generated from the Lagrangian

L= —C1¢1 + C2¢2 - EL_1¢ +— ! 450 (;Z ( ¢ - ¢e)) COS(Z)—:@) > (5.31)

where we denote a time derivative with a dot above the respective variable as a short hand notation.
Here we recognise as the analogue kinetic energy the energy stored in the capacitors

& = % (C1¢5.12 + C2¢.22) (5-32a)

and as the analogue potential energy the sum of the Josephson energy in the SQUID (neglecting energy
in the loop self inductance) and inductive energy in the inductor

= L 2—@c cos 2_7[ 2
Sp = 2L1¢1 (¢0 ( ¢1 — ¢e)) (¢0 452) . (5.32b)
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A notable absence from the energy expressions is the is the inductive energy stored in the SQUID
loop. Evidently, we have in our approximations left out contributions from the loop inductance to the
dynamics. The loop inductance must therefore be small compared to the SQUID inductance for the
approximation to be valid.

5.4 Quantum mechanical description

This section describes the route we take for deriving a quantum mechanical description for the SQUID
opto-mechanics system. First we derive the momenta conjugate to the coordinates used in the Lagrangian.
These are needed for the quantum mechanical commutation relations one needs to impose on the system
in order to satisfy Heisenberg’s uncertainty principle. After the Hamiltonian is derived as a Legendre
transform of the Lagrangian, the system is quantised by promoting the canonically conjugate positions
and momenta to quantum operators and imposing the canonical commutation relations.

5.4.1 Legendre transform the Lagrangian to a Hamiltonian

Before transforming the circuit Lagrangian into a Hamiltonian, we first find expressions for the conjugate
momenta for each of the generalised coordinates. From its definition as a derivative of the Lagrangian
over the respective generalised velocity we obtain

0L -
= — = C s .
a1 o4, 191 (5-332)
0L -
== =Cyd. .33b
qz o, 202 (5-33b)

The conjugate momenta are seen to correspond respectively with the electrical charges stored on the
capacitors.

Since above two relations are easily inverted, we can express the generalised velocities in terms of
the conjugate momenta. Therefore, a Hamiltonian, defined as a Legendre transform of the Lagrangian
from the generalised velocities ¢; and ¢, to the conjugate momenta g; and g, is obtained as

_a’ @t kb (m (M 2

the sum of the inductive and capacitive energy stored in the system.

5.4.2 Simplifying the Hamiltonian

Before discussing the quantum mechanical aspects of this Hamiltonian, we first make the harmonic
nature of the resonant modes as a first order approximation explicit. Under the assumption that the
amplitude of oscillation in both resonators is small, the trigonometric expressions for the Josephson
energy are Taylor expanded around the averages of ¢; and ¢, the first of which is non-zero as derived
in Sec. 5.2.12 while the latter is zero.

The non-zero average inductor flux would create a static offset term in the Taylor expansion. However,
if one transforms to coordinates centred around the static offset, the term drops out and is instead absorbed
into ¢. as an effective flux tuning of the SQUID. In this understanding we carry out the expansion around
zero in both the variables, noting that a slight shift in flux tuning is to be expected. Expanding under the
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given assumptions the Hamiltonian to fourth order around zero yields
2 q? 11 =l (M)}
q=d 2 - —+E(—) cos(n¢e) 1’
2 2C;  2\Li ¢o \Ly %o

]2 2] a2

2IM (7 \? (n¢e) ) (n)3(M)2 (n¢e) 5, 5
+ — | sin|{—— —I.|—| [+ cos
Ly (¢0) o $12 ¢ o Ly Po noe
where we have left out constant contributions and contributions of order higher than two in the inductor
flux ¢;, but we keep the Duffing non-linearity in the SQUID-cavity in the Hamiltonian. We further
disregard a linear term in ¢; which corresponds with a static displacement in the inductor flux and thus
only influences the SQUID flux tuning.

Had we carried out the Taylor expansion further, higher order non-linear terms and especially more
interaction terms would have emerged. They will al be of the form

knm (a) $1"P™ with ne{0,1,2...} and me{0,2,4...}. (5.36)

A further thing of note being made explicit in the simplified Hamiltonian is that there is a renormalisation
of the LC-resonator inductance L. This can be interpreted as the SQUID forming a parallel inductance

PoLs?
Ly=——"—""— (5-37)

2 L
nl.M? cos (¢0 ¢e)

as a consequence of the mutual inductance with the SQUID loop. The effect is the result of a second
order term in ¢; in the Taylor expansion. Because in the here discussed Hamiltonian description the
effect is static, we will leave it out from now on.

5.4.3 Canonical quantisation

We then promote the generalised coordinates and momenta to quantum operators and impose canonical
commutation relation between the conjugate position and momentum pairs®

[p1.q1] =i and [¢2,q.] =iRr. (5:38)

Transforming the Hamiltonian to new observables defined as

01 = \/C_1¢1 , b= \7—% (5-39a)
1

and

Q= \/C_2¢2 , Py= j—é (5.39b)
2

5 Generally speaking, the commutation relations are related to the classical Poisson brackets

1
{A,B}=1—- —[A, B]=1
in

as shown by Dirac [55].
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brings, preserving the commutation relations, the Hamiltonian to a form that corresponds with two
mechanical harmonic oscillators of mass one (the form described in Sec. 4.3.2) plus a non-linear correction
and an interaction term

1 1
7-{ = E (Pl2 + C‘)12Q12) + 5 (P22 + Q)ZZQZZ) + 7_{Dufﬁng + %nteraction (5-40)
with
1

w1 = .41a
o) (5.412)

1 4ml. T
Wy = 4| — cos [ — (5.41b)

: Cy o ( 0¢e)

the resonance frequencies for the two resonators in the absence of interactions and anharmonicity.
The next step is to express the Hamiltonian in terms of boson creation and annihilation operators

_ w2Q2+iP2 _ (,L)lQl +iP1
a=—"—" and b= —"—"——

V2hw, V2how,

which, as can be derived from the commutators for the flux and charge variables, satisfy the commutation
relations

(5.42)

[a, aT] =1 and [b, bT] =1. (5.43)

Note that conforming to literature on opto-mechanics we use the b operators for the LC-resonator as the
mechanical analogue and the a operators for the SQUID-resonator as the analogue optical cavity. With
these definitions we may express the flux and charge observables as

be= i, (@t o). o= —igpe (ax-a) with xe{12) (544)

and as the flux zero point fluctuations

f /] /thwx
szpfx = 2C 0, and qzpf, = " (5-45)

This results in the following Hamiltonian

H =l (bTb + %) + A, (aTa + %) - h% (a + af)4 +hgz—0 (a + aT)z (b + bT) - thl (a + af)z (b + bT)Z .

(5.46)
What will be the strength of the Kerr non-linearity is defined as

i )\ o RS
v= ot () (5 - (5) o

The optomechanical single-photon coupling constant is defined as

41, h T\* M T
= — | —sin|—¢.] . 5.48
g0 Gz \ 2C104 (¢0) Sm( ¢ ) 49
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One can easily check that the single photon opto-mechanical coupling rate is in fact equivalent to

doz
1d¢1’

in correspondence with the traditional explanation of the opto-mechanical Hamiltonian. Finally, what
later may be regarded the strength of the quadratic opto-mechanical or cross-Kerr interaction is defined

* _ Al n\’ (M2 TP
9= GG (%) (L_l) COS( Po ) ' (550)

5.4.4 A further approximation

Go = —Ppf (5-49)

The term relating to the Duffing non-linearity can be simplified by expanding the quartic term, and
throwing away terms that do not conserve the number of excitations or energy since we are considering
a closed system®. Leaving out constant contributions to the Hamiltonian, we approximate

4 2
(a + aT) ~6 (aTa) +6da. (5.51)

This result is in agreement with what one would obtain had one treated a harmonic oscillator with
perturbation theory using the Duffing non-linearity as perturbation [57].

Similarly we expand the cubic interaction term h% (a+ cf)2 (b+ b+) and simplify by similarly throw-
ing away all terms that do not preserve energy

2 . i )

(a + aT) =a®+2da+1+d ~2da+1. (5.52)
Since this is done within a product, the constant appearing in above’s equation carries physical meaning:
It corresponds with a shift in the LC- or analogue mechanical resonator, which, since it is a byproduct of
the non-commutative nature of quantum observables, we may interpret as being caused by the zero-point
fluctuations in the SQUID-resonator, the analogue optical cavity. When taking into account a reference
amplitude, however, the zero-point fluctuation induced displacement cancels out because it is also part
of the reference amplitude.

Doing the same with the quartic interaction term 2% (a + a"')2 b+ bT)2 gives

(a + aT)Z (b + bf)2 ~ (2aTa + 1) (2bfb + 1) = 4d'ab'b + 2d'a + 2b'b + 1. (5.53)

where again we will neglect the static shifts of the two resonator resonance frequencies and the constant
term.
With these approximations and dropping constant terms we may write the Hamiltonian as

2
H = hwbb + hwyda — hy (aTa) + hgoaTa (b + bT) - hglaTabTb . (5.54)

Besides the presence of both an opto-mechanical and a cross-Kerr interaction, an addition is a photon
dependent shift of the cavity due to the Kerr non-linearity.

This is the main result of this work. We have derived the leading interactions occurring between the
two resonators in the proposed circuit and we have shown that it includes interactions equivalent to
those that are the focus of the cavity opto-mechanics field.

%Had we added a drive and transformed the Hamiltonian to a frame rotating with the drive frequency, this would be called
the rotating wave approximation. A hand-waving explanation is that in such a rotating frame the neglected terms are rapidly
oscillating with respect to the dynamics occurring in the frame of interest and would therefore average out—in addition to being
off-resonance with any other part of the system, thus driving no transitions.
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Figure 5.5: Strengths for (a) the single photon opto-mechanical coupling and (b) the cross Kerr interaction,
both as a function of loop flux. Screening effects due to the mutual inductance and self-inductance are
neglected. The parameters for this system are as follows: C; = 1.88 nF, C2 = 9.21 pF, L1 = 2.6 nH, I. = 0.75
pA, and M = 1 pH assuming a loop inductance of L, = 1073 pH; the parameters are however unoptimised.

5.4.5 Characterisation

The opto-mechanical single photon coupling strength is plotted in Fig. 5.5a as a function of loop flux.
With the parameters given in that figure, the strength of the Kerr non-linearity is ;- = 1.05 MHz, much
stronger than the opto-mechanical coupling as in the plot. The cross-Kerr interaction is insignificant
compared to all the other terms in the Hamiltonian. The question is whether we can increase g, while
decreasing y by optimising the parameters.

The self-Kerr non-linearity as expressed by Eq. (5.47) is made smaller by increasing the SQUID-cavity
capacitance C,. In order to keep the resonance frequency w; constant, one must then increase the critical
current I.. The latter has however, as discussed in Sec. 5.2.6, may introduce a bi-stability in the SQUID
loop flux.

Referring to Eq. (5.48) and Egs. (5.41), the single photon opto-mechanical coupling strength is increased
by increasing both the resonance frequencies w; and w,, as well as increasing the mutual inductance
M. The latter, however, requires one to increase the SQUID loop inductance, which would complicate
the SQUID dynamics; or increase the inductor inductance L;, which reduces the resonance frequency
w1. On the other hand decreasing the capacitance C; has no such limitations. The increase in resonance
frequency w; is limited by the self-Kerr non-linearity y and one’s ability to fabricate large critical current
Josephson junctions.



Chapter 6

Conclusion and Outlook

The main result presented in this work is an investigation of an approach to analogue simulation of an
opto-mechanical system with a superconducting lumped element circuit.

In contrast to microwave implementations of opto-mechanical systems, where in an LC-resonator
one of the capacitor plates constitutes a mechanical drum and hence the capacitance is a function of
mechanical position, the implementation considered here employs the variable inductance of a SQUID in
the harmonic limit. Since the inductance of a SQUID is a function of flux threading its loop, the analogue
of the mechanical position is the flux of an additional LC-resonator whose magnetic flux threads the
SQUID loop. The idea is that this makes the frequency of the resonator embedding the SQUID a function
of the flux in the other resonator, similar to how in cavity opto-mechanics the relative position of the
mirrors in an optical resonator sets the cavity resonance frequency.

6.1  SQUID opto-mechanics with loop inductances

An analysis has been conducted on the interaction between an inductor and a SQUID through a mutual
inductance with the inductor and SQUID loop. The results are relations between the currents and
voltages across the inductor and the SQUID including its constitutive parts, which are the inductances
and junctions in both arms of its loop. Since we are considering any capacitance in the junctions as
negligible, we can in principle eliminate two of the four degrees of freedom and express the net voltage
across the SQUID and the inductor in terms of the loop flux and the average of the gauge invariant phases
across the two tunnel junctions. From the two net voltage relations two expressions for the generalised
fluxes across the SQUID and inductor in terms of the phase and loop flux are easily derived—these in
essence constitute the constraints by which the number of degrees of freedom in the system is reduced.

Arranging the inductor in parallel with a capacitor and doing the same with the SQUID gives us
the setup for the lumped element analogue opto-mechanics simulation. The equations of motion are
obtained by equating the current from each capacitor to the current through the corresponding in parallel
connected inductive element (Kirchhoff’s current law). These equations of motion are expressed in terms
of the flux through the SQUID loop and the average phase across the SQUID.

6.1.1 Complications in Lagrangian mechanics

There is a problem however that arises when we try to find a Lagrangian that would generate the same
equations of motion: The relations between the resonator generalised fluxes (the constraints) and the
loop flux with the average junction phase do not constitute an invertible one-to-one map, but rather a
non-linear many-to-one map. This seems to give problems in Lagrangian mechanics because in general
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the equations of motion are not invariant for the the specific branch in the transformation along which
the system dynamics are evolving. Since a Lagrangian does not encode such information, a Lagrangian
circuit description for these kinds of systems may therefore not exist.

It is known that canonical circuit quantisation schemes only work when each pair of conjugate
capacitive and inductive branches has only zero or one of the two containing non-linearities. In a sense,
the non-invertible transformation to the generalised coordinates has made the linear capacitors in the
circuit effectively non-linear. Note however that in our case, this is not a limitation in circuit theory
having to do the with the invertibility of either the capacitive or the inductive branch connecting to a
circuit node, it is rather a limitation in Lagrangian mechanics.

6.1.2 A way out?

A way around this complication might be to Taylor expand the constraints around a point at one of
the possible solutions and truncating before multiple solutions become possible, thus constructing a
locally valid one-to-one map for the constraint. This approach is problematic as even quadratic terms
may introduce multiple solutions which then prohibits the inclusion of any cubic (as required for
opto-mechanics) or higher order interaction terms.

Another approach is to include the junction capacitances’, thereby eliminating the constraints but
increasing the degrees of freedom to four. This approach has not been attempted (however do see the
appendix for a start) but should in principle allow us to find an exact Lagrangian description since it does
not involve any non-linear transformation and the underlying circuit contains only linear capacitors.
Moreover, if successful, we may be able to eliminate two degrees of freedom from the system by taking the
limit to zero junction capacitances on the level of the Lagrangian or Hamiltonian, but after transforming
it to a normal mode basis where the two plasma modes (in the basis of the loop flux and average junction
phase such that their linear interaction with each other decouples) hybridise pairwise with the two
cavity modes due to a linear interaction mediated by the loop self and mutual inductances; thus avoiding
the non-linear constraint by letting the two now hybridised plasma mode frequencies approach infinity
effectively rendering the corresponding degrees of freedom inaccessible.

6.1.3 Speculations on consequences and possible applications

The above mentioned complications are a consequence of putting tunnel junctions in series with linear
inductances. The precise dynamics that emerge from such setups are non-linear and may admit more
than one stable solution. The former is intrinsic to Josephson junctions, but the latter follows specifically
from the interplay between the linear inductances and the junctions. An interesting application of the
bi-stability in loop flux we encountered is in the flux qubit whose state is encoded in the occupation of
two stable loop flux states. What makes this interesting is that the phases of the resonant modes coupled
to the SQUID depend on the branch taken in the bifurcation of the SQUID state—one could consider this
a kind of symmetry breaking; the same should apply to the interaction between the resonant modes.
For example consider flux-biassing the SQUID loop to halve a flux quantum in the opto-mechanics
simulation setup; then, due to even symmetry and the existence of two solutions for the net loop flux
(akin to a flux qubit), the opto-mechanical interaction for both solutions differ in sign but are otherwise
identical. Now doing opto-mechanical driving of the LC-resonator through OMIT there are two possible
coherent states into which the system can be driven, differing only by a 7 phase shift. Something to look
into for future experiments would be to use techniques developed for the flux-qubit to bring the SQUID

'Incidentally there is a note in the lecture notes by Devoret [51] that mentions that there should be no node connected to only
inductances (and that the sub-network of capacitances must be connex) in order for the conjugate momenta to be defined. This
would not have been relevant had the elimination of the corresponding degrees of freedom through non-linear constraints not
given us problems in the Lagrangian mechanics.
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in a superposition without altering the dynamics of interaction between the resonant modes. This could
e.g. be used to drive the LC-resonator into a cat state starting from a superposition of the SQUID>.

Whether this may be possible might depend on the degree of anharmonicity in the resonant modes
since the theory of opto-mechanics is formulated assuming harmonic resonances.

6.2 SQUID opto-mechanics in first order recursive approxima-
tion with small loop inductances

For this thesis, another path has been followed as, also with a Taylor expansion of the trigonometric
terms, the equations of motion are not easy to analyse due to mixed time derivatives, making it difficult
to find the normal coordinates. Instead we tried to find a solution in the limit where the SQUID loop
inductances can be considered small such that self-reference disappears from the constraints. This
approach did not work because it removes the SQUID mediated interaction between the resonators and
brings the SQUID cavity equation of motion into undefined territory.

The way out as employed here is to substitute the self-consistency relations into themselves and then
make the small loop inductances approximation. This way we truncate the infinitely recursive structure
in the self-consistency relations. We will have to accept a deviation in the predicted interaction strengths,
but the main characteristics should remain intact because a single instance of the self-consistency
relations (which essentially contains all the information) is embedded in the approximation; only the
cumulative effects in the infinite structure are left out.

In this approximation, we have inverted self-consistency relations opening the way to express the
equations of motion in terms of cavity variables rather then SQUID variables while maintaining the
interaction between them but also non-linearities, not only in the interaction but also in the resonant
modes. The latter is inherent in circuits incorporating tunnel junctions and can be made weaker by
increasing the capacitance of the SQUID cavity3 (and increasing the critical to compensate for the change
in the cavity resonance frequency). Increasing the critical current however has the same strengthening
effect on the bi-stability in loop flux as the loop inductance. The opto-mechanical interaction can be
made stronger by increasing the frequency of both the resonators as well as the mutual inductance;
for the latter one must however take care to keep the loop inductance small compared to the SQUID
inductance.

For the approximate equations of motion a classical Lagrangian and Hamiltonian are easily derived
without the need for a Taylor expansion of the trigonometric terms. Doing the latter to second order
in LC-resonator flux and to fourth order in the SQUID-cavity flux gives quadratic terms for the flux in
both resonators corresponding to a harmonic oscillator, a quartic duffing or self-Kerr non-linearity in
the SQUID-cavity, a cubic radiation pressure interaction term linear in LC-resonator flux but quadratic
in the SQUID-cavity flux, and a quartic interaction term quadratic in both the resonator fluxes which
corresponds with a quadratic opto-mechanical or a cross-Kerr interaction. The latter is however much
weaker than all the other terms in the Hamiltonian.

Following the canonical quantisation procedure and introducing creation and annihilation operators
we obtain a Hamiltonian that can easily be transformed to the standard opto-mechanics Hamiltonian
by leaving out terms that do not conserve energy. Effects of losses and external driving can be added
through input-output theory (see e.g. an appendix in Ref. [12] or a chapter in Ref. [4] for an introduction),

?Speculating a bit further, a similar bifurcation also exists in the generalised flux across the SQUID and one could imagine
adding current biassing the SQUID-cavity. Generally speaking the opto-mechanics simulation setup in analogy may be considered
twice the combination of resonant modes with a spin (the Hilbert space is the direct product of the resonant modes with the spin
states) interacting opto-mechanically. From a theoretical point of view the system has quite a bit of symmetry and it is only flux
biassing (or current biassing) that allows the asymmetric opto-mechanical interaction to emerge.

30r by employing an array of SQUIDS which allows one to keep the inductance constant while lowering the non-linearity.
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and from this the semi-classical and quantum equations of motion are usually obtained, but that is not
anything new with respect to the Hamiltonian of an opto-mechanical system.

6.3 Final remarks

The essence of this work is a rigorous derivation of the Hamiltonian of a circuit consisting of two
resonators interacting through a mutual inductance with a SQUID embedded in one of the resonators.
We have shown that under

+ aloop inductance that is small compared to the SQUID inductance, and

« arecursive approximation, truncated after one iteration, for the self-consistency relations imposed
on the circuit as constraint by the SQUID,

such a device is described by an opto-mechanical kind of Hamiltonian.

Therefore the circuit is shown to be indeed an analogue simulation of said systems. In contrast
to earlier work, we have fully incorporated the mutual inductance in the model and have from that
explicitly derived the interaction. We are thus able to fully explain the physics behind the interaction
whereas in earlier work it has been derived on a more phenomenological level emerging as a seeming
action at a distance from the dependence of the resonance frequency in one resonator on the flux from
the other resonator.

The results can be used for optimising the circuit parameters for the analogue simulation in order to
try increasing the coupling strength and to try reaching the single photon strong coupling regime. Note,
however, that the effects of loop inductances are incorporated in simplified form and likely result in a
different coupling strength in practice; a numerical approximation for the self-consistency relations may
allow for a more accurate prediction of the opto-mechanical interaction strengths.
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Appendix - full Hamiltonian for the
SQUID opto-mechanics circuit

In this appendix we derive the circuit Hamiltonian for the full circuit including plasma modes for the
SQUID opto-mechanics circuit. To get a better overview of the degrees of freedom we have rearranged
the network as drawn in Fig. 1. Because this circuit is topologically a bit more complicated we will apply
the method of nodes for finding the degrees of freedom, as explained in Ref. [51].

Figure 1: The opto-mechanics simulation circuit rearranged to emphasize the different node flux degrees of
freedom. The nodes are labelled 1, 2,a and b and marked as such in drawing. The SQUID loop self inductance
is divided with even symmetry over the arms, while the external flux tuning and mutual inductance are
divided with odd symmetry over the loop arms.

Method of nodes

The circuit has six nodes, but since there are two disjoint circuits, we have chosen two nodes as
corresponding with ground. At the remaining nodes we define so-called node fluxes as

t
o, = / g, dt ()

the time integral of the net voltage at the node relative to ground. A node flux corresponds to the net
sum of branch fluxes in any path connecting the node to ground. Note that branch fluxes correspond
with the difference between the node fluxes in the connecting nodes. This way the circuit constitutive
relations are easily expressed in terms of node fluxes.

The next step is to define a spanning tree connecting each node to ground by a path that does not
form any loops. For our purpose it is most convenient to choose the tree such that it contains only
inductive branches. Note that all branches not in the spanning tree, the capacitive branches with our
choice of spanning tree, are closure branches which when combined with the spanning tree form loops.
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The equations of motion, four for our circuit, are then obtained by equating the currents arriving at a
node from the inductive branches to the current leaving into the capacitive branches. For this to work in
terms of flux variables, the constitutive relations need to be known, and one needs to be able to invert
the capacitive ones.

Inductive constitutive relations

The constitutive relations for the Josephson junctions are known

I, = I sin (21‘[%) (2)
1y, = I sin (Zn%) (3)

but the relations for the linear inductors are more complicated due to the mutual inductances. To find
the constitutive relations for the inductors we need to invert the following set of equations

M M
¢L1 I](/} L? 2 ILl
=l 5 F 0 |4 (4)
o) \ o w\n

which we have expressed in branch fluxes for now, the conversion to node fluxes we will do when
deriving the equations of motion. Inverting the inductance matrix we obtain the constitutive relations
for the inductors

T L, -M M

L1 1 _y RlaleM? -M? oL
I, |= L, - Lo L AL, | - (5)
1, ! M *L]‘j —ZLlLL”[_M Ir,

Constraints

Before we can write the equations of motion, however, we should consider the constraints imposed by
Kirchhoff’s voltage law, which states that in a loop, all branch fluxes plus any external magnetic flux
threading the loop should add up to zero. This must be taken into account when writing the constitutive
relations in terms of node fluxes. The constraints are

$u, = ¢, = Py (6a)
b= do—dut L m a4 P
L= ¢, ~fat S =P — Pt T (6b)
¢u, = dc, — b_%=®2_@b_% (6¢)

where we have also written the linear inductive branches in terms of the node fluxes.

Equations of motion

The equations of motion are obtained by

Cigr, + I, =0 (7a)
Codpp+ I, + I1, = 0 (7b)
Cipa+ L~ I, =0 (7¢)

C]¢b + -Zi) - ]i‘b =0 (7d)
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for each node equating the currents arriving at the node from the inductive branches (i.e. the spanning
tree) to the current going into the capacitive branch from the node. This gives together with the
constraints

Le®; + M®, — MPy, — M,
L Lf — M2

C1 (ﬁl + =0 (83)

C,d ch <1>b+ @, =0 (8b)
2572 L[a Lg sz—

. _ )\ 2 M®y = 2Eay, + L (2LiLy - M2) @, — Lige
Gy, + I sin 21t¢— - L—(Dz + L TPYE =0 (8¢)
0 4 16 —
M? 1 2
. ‘ o, 2 —M®; — =P, + £ (2L1Le — M?) Dy + Ly e
Cydy + L. sin (27[% - L_g(I)Z + ‘ L:L[ — - (8d)

These equations of motion become much compacter if we transform the representation from the
junction coordinates to the average junction flux and loop flux relative to the external flux bias

¢€=¢L3_¢Lb=q§b_@a+¢e (93)
by, + D,
g = = (5b)
as coordinates, which yields
. Loy —M
C1®1 + —Illel[ — Mng =0 (loa)
. 4 4
C2<D2 - —(]52 + L—(DZ =0 (1Ob)
.. - 4
2Cy¢5 + 2, cos (TE 9~ ge ) (2n¢—2) - —@, + ¢)2 =0 (10¢)
$o do L,
Gy P\ . [ Pe— P —MD+ L1¢e
e +1, 2n == = d
5 ¢¢ + I cos ( b . ) sin (n . LI, 02 (10d)

Observe that in this basis the linear interaction between the plasma modes decouples. Also note that if
we take the limit C; — 0 we will obtain the same transcendental constraints we encountered earlier in
this work.

Circuit Lagrangian and Hamiltonian

Instead, however, we try to find a Lagrangian that generates above equations of motion, which, after a
bit of work, is found as

C Cy
L =—1<1>1 + —@z +Cifs” —¢f
1 Lg , 1 L1 2, 2,
_ - - - — _(p - =
2LiLe—M2 ' 2LiL, —M2¢" Ly ° L(,‘i’z (1)

+ %cos (n¢€¢_ ¢e) (2n¢—2) + —M o)

n 0 o
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If we convert the result to a Hamiltonian and Taylor expand the trigonometric term up to second order
and leading interaction terms, we obtain

2 2 2 2
1 L
7—{:&+qi+qi+qi+_—€ 2
20, 2C;, 4Gy Cyp  2LiLy—M?

1 Ly T Pe 1(4 T Pe
+ E (—Lng Y + IC% cos (n%)) ¢f2 + 5 (L_g + 416% cos (n%)) ¢22 (12)

2
T . ¢e M 4
+ 21, (%) sin (TE%) ¢[¢22 - m@lgﬁf - L_[(Pngz

where we drop a meaningless constant contributions and a static displacements of the loop flux; the first
does not contribute to the dynamics while the latter only induces a shift in the effective flux biassing.
The conjugate momenta correspond with charge on the respective capacitors, and for the plasma modes
respectively with the total charge and the charge difference in both junctions.

This Hamiltonian consists of four Harmonic oscillators labelled 1 and 2 for the two circuit modes,
and ¢ and X for the two plasma modes. The uncoupled resonance frequencies are seen to be

L
W = —62 (132)
Ci (LiLe — M?)

0y = C24Lg (13b)

N I
we = \/C] (Lng myYD +IC¢0 cos (n¢0)) (13¢)
T

but do note that apart from the opto-mechanical interaction there is a linear interaction mediated by the
SQUID loop inductances between the resonators 1 and £, and between 2 and ¥. The linear interaction
causes the oscillator pairs to hybridise, upon which four new modes with different resonance frequencies
emerge.

Quantisation

The next step is to quantise this system in terms of boson creation and annihilation operators. For that

we substitute
/] . [hCyw
Px = 4 ’ Cos (ax + al) and gy = —i4/ — = (ax - a};) (14)
xWx

with

[ax,ajc] =1 and xe€{1,2,¢,%} (15)



Appendix 91

and where we take Cs = 2Cj and C, = % The result, leaving out constant contributions, is

H =hw1a1ra1 + hwza;az + ha)pa;ag + hwza;az

hoL h(n)z,(¢e) ; 2
+ = —_— | — s | T— (af + at,) (az + az)
ZCsz C]wg ¢0 ¢0
- = a a a a
2 Cjclwgwl LlL[ - M2 ! 1 ¢ ¢
L
— Al 71a a a a .
2\ 2CGCwswy Le 2 2 > =

The results presented in this appendix in their current form are merely useful for qualitatively discussing
the dynamics of the circuit. In the given basis, there are two pairs of linearly interacted modes, each pair
coupling a plasma mode and a circuit mode of highly different frequency, while a radiation pressure kind
of interaction exists between the two plasma modes. The problem is that the descriptions are presented
in the wrong basis. For the case of very small loop inductance and very small junction capacitances,
this becomes especially evident, not only in the diverging uncoupled resonance frequencies, but also in
divergences in the linear interaction terms.

While it is to be expected that plasma modes become unbounded in the limit of zero junction
capacitance, this can not be the case for the remaining two circuit modes. It is therefore important to
find the normal modes for the circuit. The latter can be done in the absence of the radiation pressure
interaction since it is much weaker than the linear interactions. A transformation to a basis spanned by
these modes, corresponds to a block diagonalisation of the Hamiltonian around the radiation pressure
interaction. The latter then should become a four mode opto-mechanical interaction, though two would
likely be of inaccessibly high frequency.

In a classical picture, finding the normal modes in a system of linearly coupled harmonic oscillators
is a solved problem, though a bit tedious. I therefore leave it as an exercise for the reader. In quantum
mechanics, there should similarly exist a unitary transformation that decouples linear interactions
between harmonic oscillators.

Discussion
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