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ABSTRACT

Transition zones, characterized by significant variation in track properties (e.g., foundation
stiffness) near rigid structures like bridges and tunnels, necessitate more frequent maintenance
compared to standard track sections due to higher levels of differential settlements observed at
transition zones. Field measurements on one-way tracks reveal asymmetric settlement patterns
(i.e., different settlement in the soft-to-stiff vs. stiff-to-soft transitions), yet existing literature
often investigate either one or the other transition type without investigating the potential limited
validity of results. This study investigates the similar aspects as well as the dissimilar ones
regarding the behaviour of soft-to-stiff and stiff-to-soft transitions. Modelling results show that
the behaviour of the two transitions can be considerably different. These results strongly suggest
that for a mitigation measure to be efficient, it may be necessary to have different designs for
the two types of transition wherever possible (i.e., in one-way tracks). This study can help
researchers and engineers understand the different degradation patterns obtained using more
complex models or from field measurements.

INTRODUCTION

The increased demand on railway transport causes an acceleration in infrastructure
degradation leading to an increased frequency of maintenance and repair operations. Transition
zones, areas with substantial variation of track properties (e.g., foundation stiffness) encountered
near rigid structures such as bridges, tunnels, etc. require considerably more frequent
maintenance than the regular parts of the railway track [1]. This is caused by excessive
differential settlements that can be related to stresses amplification encountered at transition
zones [2-13]. For example, Nielsen et al. [14] found a strong correlation between the track
stiffness inhomogeneity and local irregularities in the vertical track geometry (i.e., differential
settlement).

Field measurements (e.g., [15]) and numerical simulations (e.g., [16]) on one-way tracks
reveal a strongly asymmetric settlement pattern in the soft-to-stiff vs stiff-to-soft transitions.
Despite this, the majority of literature studies of transition zones and corresponding
countermeasures consider either one or the other transition type without investigating if the
results are valid for both transition types. Furthermore, a limited amount of studies (e.g., [17—
19]) that treat the difference between these two transition types are available in literature.
However, these limited studies focus only on quantitative analysis of the response and its
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variation as changes are made to the structure. Currently, there is no clear explanation as to why
and under which conditions the response amplification is different for the two transition types.
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Figure 1: Model schematics: infinite Euler—-Bernoulli beam resting on a piecewise-
homogeneous Winkler foundation, subject to a moving constant load.

To this end, this study aims to explain and reveal similarities and dissimilarities in behaviour
of the (i) soft-to-stiff and (ii) stiff-to-soft transitions. This study is based on work presented by
the first author's PhD dissertation [20]. This study can help researchers and engineers understand
the different degradation patterns obtained using more complex models or from field
measurements.

MODEL FORMULATION AND SOLUTION

To investigate the responses in the soft-to-stiff and stiff-to-soft transitions, we choose one of
the simplest representations of a railway track, namely an infinite Euler-Bernoulli beam resting
on Winkler foundation acted upon by a moving constant load (Fig. 1). The Winkler foundation
has a jump in stiffness at x = x;.(subscript tc stands for transition centre), dividing the infinite
inhomogeneous domain into two semi-infinite homogeneous ones. The equation of motion of
the system reads

EW" +pw+ka(x)w=—Fd(x—vt),  Vx,Vi, (1)
NS ) <C k(_. ~‘<--C-
w(x,t) = {m(\ b X=X ka(x) = { W XS K

welX, 1), X2 % Kiss X 2 Xies

where the primes and overdots represent partial derivatives with respect to space and time,
respectively, El and pare the bending stiffness and mass per unit length of the beam,
respectively, while k;, and k- are the (homogeneous) foundation stiffnesses of the left and
right semi-infinite domains, respectively. F, and v are the magnitude and the velocity of the
moving load, while w; and w, represent the displacements of the left and right semi-infinite
domains, respectively. The space and time dependency of the unknown displacements is omitted
from most expressions for brevity. Furthermore, the use of both the < and > signs in the
definition of w(x, t) emphasizes that there is continuity in this quantity at the interface between
the two domains (see below).
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At the interface between the two domains, continuity in displacement and slope as well as in
shear force and bending moment is imposed. Furthermore, the displacements at infinite distance
from the moving load should not be infinite (if material damping is neglected) or should be zero
(if material damping is accounted for). The interface and boundary conditions thus read

wi(Xie. 1) = wi(Xie. 1), wi(Xie,1) = wiXie, 1), )

wi,(XtCa t) = W;l (xtcat): W{H(xtca [) = wﬁll (x107[)7 (3)
lim (X, 1) < oo, lim  wp(x,t) < oo,

(J\‘f\’f)%*MWI(x; ) i (/\-,vl)%wwr(x» ) (4)

As the system is infinite and only locally inhomogeneous, the response is assumed to be in
the steady state before the load reaches the transition zone. Consequently, initial conditions do
not need to be formulated. Thus, Egs. (1)—(4) constitute a complete description of the current
problem.

The response of the inhomogeneous system described by Egs. (1)—(4) can be obtained semi-
analytically in various ways (e.g., [20]), but has not been determined fully analytically yet. We
choose to apply the Fourier transform over time and represent the response as a summation of
wave modes because we consider this method to be most elegant for this problem. The response
obtained in the Fourier domain is analytical and the inverse transform is then performed
numerically. The equation of motion in the Fourier domain reads

I A~ ~io7
Wk (X)W = “EIE , (5)
ki =/ —P® +kqy, X< Xies
k(x) = — (6)
kr:4_ﬁw2+kdr X 2> X

where the tilde denotes the quantity in the Fourier domain, the overbar indicates that the
quantity is scaled by EI, and w € (—o0, ) is the Fourier-domain variable. To determine w
from Eq. (5), a particular solution is superimposed to the solution of the homogeneous equation.
The particular solutions w,,; and W, ,. are sought for having the same spatial distribution as the
forcing and read

3 .
HP](X._CO) = *ﬂ%e_]w‘l XS-'\‘[C- (7)
El w4 — kl V4
I = —iox
Wpr(t,0) = —— oY x> Xie. ®)

__'—e
El w* — kv*
The particular solution W, is the frequency-domain eigenfield of a homogeneous system
with the properties of the left domain (and analogously for W, ). In other words, evaluating
the inverse Fourier transform of the particular solution would lead to the eigenfield. The

complete solutions to Eq. (5) (including the solutions of the homogeneous equation) are given
as follows:

Wl(-xs CO) :Alefikl,\‘_|_Blei/\'14\‘_|_cle/\’1,\‘ +D1€7kl'\‘+wp\1<xa w) X < Xee, (9)
wr(x, ) = Are” 5 £ Bl 4 ettt 4 De i 4 Wpr(X, @), X=X (10)
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The four branches of k;, (where h = {l,r}) are all complex valued when w is below the cut-
off frequency w.on =+ ka/p and when w > w.,, there are two real-valued and two
imaginary-valued branches. The branches of k, are chosen such that the imaginary part is
negative and the real part is positive. This choice leads to A; = D; = B, = C,, = 0 when the
boundary conditions imposing a finite displacement at infinite distance from the load are applied,
leading to the following expression for the displacement:

= B 4 Cieb™ 45, 1 (x, @), ¥ ¥,
T | Are R 4 Dee R 0 (1, @), X2 K (11)

The remaining four amplitudes are determined from the interface conditions (Egs. (2) and
(3)). Their expressions are not given here for brevity, but can be obtained straightforwardly by
using a symbolic mathematical software (e.g., Maple or Mathematica). To obtain the solution in
the time domain, the inverse Fourier transform is applied numerically.

RESULTS
Response amplification at transition zones

Fig. 2 presents the transient response in the time domain together with the eigenfield (of an
homogeneous system with the properties of the left domain) for comparison. Far away from the
transition zone, the two responses are practically identical (theoretically they are identical only
at t -» —o0). When the moving load is close to the transition, the transient response is distorted
in comparison to the eigenfield. In the process of the load passing the transition, waves are
radiated; the most noticeable are propagating in negative x-direction, although the wave radiation
occurs in both directions. Furthermore, evanescent waves that remain in the vicinity of the
transition zone are also excited. It can also be observed that the wave propagation still occurs
even when the load has left the transition zone (provided that the damping in the system is small).
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Figure 2: Snapshots of the displacement field at different time moments for the soft-to-stiff
transition at a velocity of v = 0.9ccr, where cer is the critical velocity. The stiff domain is
represented through the grey background.
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For certain time moments, amplification of the response can be observed in the vicinity of
the load, both downwards and upwards (e.g., the two middle panels in Fig. 2). This is the
amplification of stresses and strains that can be associated with the differential settlements at
transition zones [7] (although Fig. 2 presents displacements, the force in the foundation is
obtained when multiplying the displacement by k;(x)). The response amplification is caused by
the interference of the incoming eigenfield and the reflected wave-field at the transition, referred
to as the free field. Mathematically, the free field is nothing else than the homogeneous solution
(see Eqg. (11)) that is necessary to satisfy the interface conditions. It becomes obvious that the
more pronounced the free field is compared to the eigenfield, the larger the amplification (the
amplification is always relative to the approaching eigenfield).

Soft-to-stiff vs stiff-to-soft transition types

Fig. 3 presents a comparison of the two transition scenarios. The displacement evaluated
under the moving load is presented for a relatively low velocity v = 0.5c,, (top panels) and a
relatively high velocity v = 0.95¢., (bottom panels), where c., is the critical velocity. To
highlight the response amplification, the steady-state displacement under the moving load
(corresponding to the soft domain) is also presented through the horizontal dashed lines. Note
that only the one in the soft domain is presented because we are interested in the response
amplification before (for the soft-to-stiff) and after (for the stiff-to-soft) the man-made structure.
The reason for this is that most of the differential settlement occurs in the zones adjacent to the
man-made structure, and not on it [15].

107

w(x,t =) (m)
\

'1073

10 15 20 0 20 40 60
x (m) x (m)

0

Ut

Figure 3: The transient response evaluated under the moving load in the soft-to-stiff
scenario (left panels) and stiff-to-soft one (right panels) for a relatively low velocity v =
0.5ccr (top panels) and a relatively high velocity v = 0.95ccr (bottom panels); cer is the
critical velocity. The stiff domain is represented through the grey background, while the
horizontal dashed lines indicate the steady- state displacement in the soft domain
evaluated under the moving load.
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Fig. 3 shows that for a relatively small load velocity, the results in the two scenarios are
similar, even though the amplification in the stiff-to-soft scenario is slightly larger than in the
soft-to-stiff one. More importantly, the amplification in both scenarios for the small velocity (top
panels) is significantly lower compared to the large velocity (bottom panels). For the large
velocity, the responses in the two scenarios are significantly different. In the soft-to-stiff
scenario, the eigenfield travelling in positive x-direction interferes with the free-field travelling
in negative x-direction, leading to the response under the moving load to oscillate with a high
frequency. In the stiff-to-soft scenario, both interfering fields (eigenfield and free field) travel in
positive x-direction, and for the large speed (v = 0.95c.,), they have similar travelling
velocities. This leads to their constructive interference to occur over a much larger distance, and
to a low frequency oscillation of the response under the moving load. This implies that, for a
relatively large velocity, the settlement in the soft-to-stiff scenario will occur close to the stiff
zone and will have a small wavelength, while the opposite is true for the stiff-to-soft scenario.

Fig. 3 also shows that the maximum response amplification in both transition types is similar
in magnitude. However, this is only the case for the system without material damping. Once
damping is accounted for in the foundation, the free field decays with distance from the
transition. This causes the amplification in the stiff-to-soft scenario, which occurs at a large
distance from the transition, to decrease considerably even when prescribing a small amount of
damping. This is shown in Fig. 4 that presents the maximum amplification in both scenarios
versus relative load velocity (v/c.,), for a small (top panel) and a large (bottom panel) amount
of damping. The addition of damping causes the maximum amplification in the stiff-to-soft case
to decrease at large relative velocities to values even smaller than at low relative velocities, while
the presence or amount of damping does not significantly influence the amplification trend in
the soft-to-stiff case (it does affect the magnitude, but not the trend). It is important to note that,
at low to medium relative velocities, the maximum amplification in the stiff-to-soft scenario can
be larger than in the soft-to-stiff one, but the velocity range over which this occurs decreases the

higher the damping is.
soft-to-stiff
stiff-to-soft /
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Figure 4: The maximum amplification (i.e., maximum transient response Wmax relative to

the maximum steady-state response wmax) versus velocity of the moving load for a small

amount (top panel) and a large amount (bottom panel) of foundation damping for both
soft-to-stiff and stiff-to- soft scenarios.
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DISCUSSION

The low-fidelity model used in this study enables the exploration of wave-field interference
that leads to the response amplification asymmetry observed in the previous section. However,
it omits several factors that could potentially influence the transition process and the associated
response amplification, such as a more detailed vehicle model (e.g., multiple wheels and the
vehicle's own degrees of freedom), precise modeling of the substructure with layers of varying
properties, the inclusion of wave propagation in transverse directions (i.e., considering the three-
dimensional nature of the problem), among others. While these factors may quantitatively affect
the results, the wave-field interference that causes response amplification asymmetry is a
fundamental aspect of the transition problem and will persist even when all these additional
elements are incorporated. The extent to which this mechanism influences response
amplification when the aforementioned factors are included remains to be explored in future
research.

From a practical standpoint, the findings of this study reveal that the response amplification
in the two transitions types show a fundamentally different behaviour. Therefore, it is crucial for
researchers and engineers to consider both transition types when assessing transition zone
performance. Moreover, these results indicate that effective mitigation measures should be
specifically tailored for each type of transition to ensure efficiency.

CONCLUSIONS

This study compared the response amplification at railway transition zones for two transition
types: soft-to-stiff and stiff-to-soft. The goal was to explain the difference observed in
differential settlement between the two transition types, both observed in field measurements
(e.g., [15]) and in numerical simulations (e.g., [16]). To this end, a simplified model of a railway
track with a transition zone was formulated; more specifically, the model consists of an Euler—
Bernoulli beam resting on a Winkler foundation with a piecewise-homogeneous stiffness in
space, acted upon by a moving constant load.

Although the soft-to-stiff and stiff-to-soft transitions seem to poses a certain symmetry,
results show that their responses are quite distinct. It was shown that the response amplification
at transition zones is caused by the interference between the steady-state field (eigenfield) and
the free field generated during the transition process. Results show that the difference between
the two transition types stems from the interference between the two wave-fields:

¢ In the soft-to-stiff scenario, the eigenfield travelling in positive x-direction interferes with
the free-field travelling in negative x-direction, leading to the response under the moving
load to oscillate with a high frequency.

e In the stiff-to-soft scenario, both interfering fields (eigenfield and free field) travel in
positive x-direction, and for the large speed (v = 0.95c¢.,), they have similar travelling
velocities. This leads to their constructive interference to occur over a much larger distance,
and to a low frequency oscillation of the response under the moving load.

Furthermore, the soft-to-stiff transition, the response amplification has been observed to be
significant at load velocities between 75% and 100% of the critical one, and it increases
considerably as the load velocity approaches the critical one. For the stiff-to-soft transition, the
strongest response amplification occurs at lower velocities than for the soft-to-stiff ones, namely
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between 50% and 80% of the critical velocity, after which the amplification decreases. These
results strongly suggests that for a mitigation measure to be efficient, it should be designed
differently for the two types of transition.
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