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Abstract

We consider a subset of simple proving exercises that are part of the Lean 4 tuto-
rials. The exercises consist of a statement, and the task will consist of creating a proof
term of the desired type through the use of tactics. Large Language Models on their
own are known to be able to produce syntactically correct pieces of text but are unable
to come up with semantically correct pieces of text once very similar solutions are
lacking in the dataset it was trained on. This work reviews the Sequential Monte Carlo
with Expectation-Maximization (SMX) algorithm for general reinforcement learning
problems, and applies it to theorem proving using LLLMs. This work shows that the
SMX algorithm is applicable to tasks where formal verification can be performed on
the output, allowing the calculated reward to steer the reasoning process. We further-
more formally prove a theorem that will be important in showing that the resampling
step in SMX is necessary to mitigate sample impoverishment. The theoretical part of
this thesis builds on the theory of the SMX paper by verifying the derivation of the
E-step, starting from the Evidence Lower Bound (ELBO). This derivation was missing
from the original SMX paper.
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Chapter 1

Introduction

Consistency and critical thinking are essential parts of human cognition, which we often rely
on for complex tasks. As large language models are increasingly used for tasks designed
for humans, their inability to replicate these qualities becomes a significant limitation. This
is most likely due to the way they are trained and the way inference is done on these mod-
els [25]]. This master thesis focuses on improving both the training method and inference
methods for large language models.

The current training approach, known as autoregressive language modeling [4], involves
predicting the next wordpiece (called a token) in a sequence given previous ones. This thesis
proposes an enhancement inspired by expert iteration and reinforcement learning, where a
reward function evaluates how relevant each step is. Steps are furthermore only considered
if they can be validated by a proof assistant. This makes sure the model generates logically
sound and verifiable reasoning.

While prior methods such as RLHF [29] have been used to align outputs with human
preferences, they do not enforce logical consistency. Alternative methods, such as neuro-
symbolic reasoning in Pan et al. [30], attempt to integrate structured reasoning into neural
models, but these often require separate symbolic components to which the solving gets
delegated to solvers. This thesis proposes an extension of these efforts by integrating proof
validation at both the training and inference stages.

For inference, large language models generate text one token at a time by sampling
from a probability distribution over possible next tokens. This distribution is determined by
the predictions of the model at each step, which assigns probabilities to every token in the
vocabulary based on the preceding context (i.e., the text provided to the model up to that
point). Sampling methods such as top-p [18]] and temperature scaling [38]] are then applied
to guide token selection. Top-p considers tokens until their cumulative probability exceeds
a threshold, and temperature adjusts the sharpness of the probability distribution to control
diversity.

Existing LLM inference techniques rely on token-by-token sampling strategies, often
supplemented by heuristic search methods such as Monte Carlo Tree search [33] 34, [7],
other forms of tree search [23] or chain of thought [51]. However, these require compu-
tationally expensive expansions or constraining reasoning to a single linear chain, limiting
their ability to explore multiple reasoning paths efficiently at the same time. Instead, this
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1. INTRODUCTION

thesis proposes using Sequential Monte Carlo, which allows efficient exploration paths,
prioritizing paths based on logical validity and relevance.

This work introduces a method combining Sequential Monte Carlo (SMC) with these
sampling strategies, drawing inspiration from Macfarlane et al. [27]. SMC is a probabilistic
inference method that uses a set of weighted samples, called particles, to approximate a
target distribution. The particles are iteratively updated through importance sampling and
resampling steps to focus computational resources on high-probability regions of the dis-
tribution. The approach uses SMC to promote running different reasoning paths in parallel
during inference, prioritizing paths based on validity and relevance. One domain where
reasoning correctness is critical, and particularly suited to validation, is formal theorem
proving. In traditional mathematics, a theorem is considered proven when its reasoning
is detailed enough to convince fellow mathematicians of its validity. Formal proofs take
this a step further, by working out the proof completely until it is reduced to axioms and
universally accepted rules applied to these axioms. This level of rigor allows the proof
to be verified by a computer using a proof assistant. To achieve this, the proof must be
translated into the formal language of the proof assistant, which then checks whether the
reasoning logically follows from the axioms. The proof assistant that will be used in this
thesis is called the LEAN4 proof assistant, the foundation and inner workings of which will
be described later on in this thesis.

To illustrate how formal theorem proving works, consider the following logical state-
ment: If it is not the case that for all z;, p(x) is false, then there must exist some x for which
p(x) is true.

=V, =p(x)) = (Fz, p(2))

In a formal proof, this must be verified step-by-step using logical rules. This would be
proven by contradiction, as follows: Assume the negation of what we want to prove: sup-
pose that =(3z, p(x)) holds. Yet —(Va, —p(z)) is also true, since this is also something we
assume in the statement.

By definition of negation and the existential quantifier, saying —(3x, p(x)) means that
for every x, p(x) must be false, i.e.

~(3z,p(x)) < Va,-p(r)

We only go from the left to the right statement so that direction is the only direction we have
to establish. We introduce an arbitrary = and assume p(z) holds. However, this leads to a
contradiction since there does not exist an = for which p(z) holds (—=(3z, p(z))). Therefore,
for arbitrary = we know p(x) does not hold, i.e. Vx, —p(z).

Now, we have established Vz, —p(z), but out of our assumptions we have —(Vz, —p(z)),
thus we have derived the desired contradiction. Thus we obtain the proof of the logical
statement —(Vz, —p(x)) — (Fz, p(x)).

Recent research has explored integrating LLMs into theorem proving via heuristic search
methods [33] 34, 23]]. While these approaches show promising results because it does infer-
ence and training using tree search-based methods they are more computationally demand-
ing, due to expansion during inference and backpropagation during training, as already
mentioned, our proposed method mitigates this. However, concurrent work Xin et al. [|52]]
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significantly improved state of the art, in part due to optimizations in proof search and tactic
handling. Notably, they allow the model to generate proofs freely, truncating at the nearest
error message. Additionally, instead of treating actions as individual tactics, they frame
them as code continuations and later decompose them into specific tactics using a modified
Lean REPL. We will discuss these implementation choices in more detail in the methods
section and the discussion.

Besides implementing a different training and inference technique for large language
models, we will formally prove Karp’s theorem, which will be useful in proving that the
resampling step in particle filtering is necessary to mitigate two issues: weight degeneracy,
where all weight concentrates on a single particle, and progressive loss of diversity, where
fewer unique particle lineages persist over multiple iterations, reducing the effectiveness of
the approximation.

Beyond taking inspiration for implementing a different inference technique based on
Macfarlane et al. [27]], this thesis also builds on its theory, which combines Expectation-
Maximization (EM) with Sequential Monte Carlo (SMC) sampling. The Expectation Max-
imization algorithm is an iterative optimization technique designed for problems where di-
rectly optimizing all parameters simultaneously is difficult or intractable. EM addresses this
by breaking the problem into two interdependent steps: the E-step (Expectation step) and
the M-step (Maximization step).

Specifically, we provide a derivation in the E-step from the Expectation Maximization
from the Expected Lower Bound (ELBO). While Macfarlane et al. [27] presents an E-
step formulation, their work does not give the derivation of it, leaving some details and
assumptions unexplained. This thesis addresses this by presenting a complete derivation
of the E-step, making the assumptions on the theory and notational simplifications more
explicit.

1.1 Outline & research questions

The structure of this thesis is as follows. Chapters [2Jand [3]review background information
on Large Language Models and the LEAN4 proof assistant, and programming language,
respectively. Then in Chapter 4 we describe Karp’s theorem and its application to this
thesis. In the SMX chapter (Chapter [5), we go over the theory introduced by Macfarlane
et al. [27], which combines Expectation Maximization and Sequential Monte Carlo, and
rederive the E-step, the derivation itself is described in Appendix [B.I] Related work on
improving Large Language Model reasoning through external verification is discussed in
Chapter [6] The methodology of this thesis is described in Chapter [7] where we attempt to
answer the following main research question followed by the results in Chapter [§] Finally,
Chapter [9)draws conclusions based on the results and provides recommendations for future
research.
The main research question we attempt to answer in this thesis is:

Will a hybrid approach with an LLM and a symbolic

solver improve in reasoning performance compared to only using the LLM?
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We focus on the SMX algorithm and the proof assistant as our symbolic solver. Concretely,
the research questions investigated in this thesis are:

1. How does supervised fine-tuning influence computational efficiency and accuracy in
formal theorem proving using the SMX algorithm?

2. How does the number of particles in the SMX method affect accuracy on the test set
and the efficiency across the problems in the test set?

3. What is the relationship between temperature, top-p, and their combined effect on
efficiency and accuracy in the SMX method?



Chapter 2

Large Language Models

In this chapter we will go into detail about how standard transformer-based large language
models work, focusing on inference techniques and fine-tuning methods. Before going into
these specifics though, we will give an introduction into how large language models work.

There are various types of large language models, such as mixture of expert models and
state space models. However, most popular models today are transformer-based. These
transformer-based models are typically decoder-only and pretrained in an autoregressive
manner. One of the most well-known examples is the Generative Pretrained Transformer
(GPT) model. In the sections below we will look specifically at the LLaMA-3 architecture,
whenever we go into detail on how large language models work internally.

The LLaMA-3 is the third iteration of improvements on the decoder-only large language
models developed by Meta. The architecture improved the computational efficiency com-
pared to the original transformer architecture. It furthermore improved the performance by
modifying the three key processing stages of the transformer architecture. Before these can
be discussed in detail, it is necessary to first introduce these fundamental processing stages
common to decoder-only transformer models.

When a decoder-only transformer processes text, the computation can typically be bro-
ken down into the following stages:

» Tokenization: Converting text into a sequence of tokens (sub-word units)

* Positional Encoding: Adding positional information to the tokens to account for the
order of words.

* Transformer Decoding: Applying the layers of the transformer decoder to generate
predictions, to be processed in the next layer.

All three components can vary significantly across decoder-only transformer models. We
will look into each component in detail. In the last Transformer Decoding layer the predic-
tions will be used as logits each entry corresponding to a different wordpiece/token. This
will be normalized, giving a probability distribution over the next possible tokens.

5



2. LARGE LANGUAGE MODELS

2.1 Tokenization

In this stage, the text gets broken down into pieces called tokens. An example of this is
illustrated in the figure below.

The quick brown fox jumps over the lazy dog

Figure 2.1: Illustration of tokenization, adapted from the Tokenizer Playground available
on Hugging Face Spaces (Xenova).

Figure[2.1|shows the sentence "The quick brown fox jumps over the lazy dog" tokenized
into individual tokens. Each token represents a sub-word or word unit, with different colors
highlighting the separation between tokens. Tokenization breaks down the piece of text into
smaller, more manageable units for the language model to process.

Each of these subwords known as tokens is mapped to an integer. In the case of the
abovementioned sentence, this would be

[791, 4062, 14198, 39935, 35308, 927, 279, 16053, 5679

Each number would then indexes into a large list of vectors that represent that token.

This collection of wordpieces is called a vocabulary. The way this collection is created
in the case of llama3 is through using byte pair encoding [11]], an example of byte pair en-
coding is given in [2.2] Byte pair encoding (bpe) is a way to better handle uncommon words
more effectively. It works by iteratively merging the most frequent token pairs to create a
vocabulary of subwords. In this way it is not necessary to give every word a different token.
Only the most frequent ones receive a token and the rest get decomposed into subwords
giving us a balance between coverage and efficiency. In the next section, we will illustrate
how Byte pair encoding (bpe) works with a small example.

2.2 Basic example byte-pair encoding

To create a byte pair encoding we start by selecting a corpus of text to apply the encoding
to. Let us for this example pick the sentence:

“a fox is not caught twice with the same snare."

This then gets split into individual characters including the spaces and punctuation. Each of
these characters is then assigned a token ID. We then count the token pairs, also known as
bigrams. For our example sentence, we get the following bigrams:
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2.3. Positional encoding

(/CL,,/ l)
(/ /7/ fl)
(lf/’/ 0/)

(/6/ ! /)
The most frequent 7 pairs are:
e ("', "), with frequency 3
e ("' s"), with frequency 2
o ("1, with frequency 2
e ("t') ), with frequency 2

o ("t 1), with frequency 2

("w')i"), with frequency 2

o (") f"), with frequency 1
The most frequent pair is then added as another subword. In this case the pair “e ” would be
merged into a single token. This new subword gets added to the vocabulary, which initially
consists of only individual characters, and is assigned its own token ID.

We then repeat this process: counting the frequency of token pairs (bigrams), merging
the most frequent one, and updating the vocabulary with the newly created subword. This
cycle continues until no more pairs can be merged or until a predetermined vocabulary size
is reached.

2.3 Positional encoding

In the upcoming sections, we will see that the transformer decoder is naturally permutation-
invariant, meaning it processes tokens without considering their position in the sequence.
However, for natural language processing the order of tokens is critical for understanding
meaning.

For example, consider the sentences

The dog bit the man

and
The man bit the dog
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Despite containing the same words, the change in order changes the meaning of the sen-
tence. To address this, the original transformer paper [S0] proposed adding a small position-
dependent value to each vector after the tokens are converted into embedding vectors. This
value would vary depending on where the vector lies within the sequence. This allows the
transformer decoder to learn to account for the ordering of the input tokens.

While the original transformer uses additive positional encoding, in the case of LLaMA-
3.2 the positional encoding is multiplicative. The positional encoding used is called RoPE-
embeddings, introduced in the RoFormer paper by Su et al. [40]. The idea is that the relative
distance between tokens affects how their representations interact in the attention mecha-
nism. We will explain what this means in more detail later in this section. RoPE stands for
Rotary Position Embedding. This is because each embedding vector is effectively matrix-
vector multiplied with a rotation matrix:

f{q,k} (a:m, m) = R(@, m)W{%k}aﬁm,

where z,,, € R is the embedding vector, where d is the number of entries of the embedding
vector. And

cos(mfy) —sin(mb) 0 0 0 0
sin(m#y)  cos(mb) 0 0 0 0
0 0 cos(mby) —sin(mbs) 0 0
R(©,m) = 0 0 sin(m#fz)  cos(mbs) 0 0
0 0 0 0 .. cos(mblgy)  —sin(mbys)
0 0 0 0 oo sin(mbyjp)  cos(mby))

with © = {0; = 10000-20-V/d j € [1,2,...,d/2]} [40]. Lastly Wy, is a weight ma-
trix for either transforming the embedding to queries or keys. We will discuss the role of
queries and keys in more detail in upcoming sections, but for now, the important point is
that embedding vectors that are nearby will undergo less rotation with respect to each other
compared to vectors of tokens that are farther apart.

After applying Wy, 1 to project the input into query and key spaces, the resulting vec-
tors are rotated by R(O,m). This rotation affects the inner product between the query and
key vectors, which in turn will have an impact on how attention is computed. We will
discuss the attention layer in the next section.

2.4 Transformer Decoder

The majority of the computation happens in this step. The transformer decoder is the de-
coder part of the transformer neural network architecture [50], which consists of the trans-
former encoder and the transformer decoder. The transformer architecture is schematically
shown in Figure 2.2]

Aside from the number of layers most of the core building blocks of the transformer
model have remained largely unchanged. In tasks like translation and question answering,
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2.4. Transformer Decoder

Qutput
Probabilities

-~
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Attention Attention
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Embedding Embedding
Inputs Qutputs
(shifted right)

Figure 2.2: This figure shows the original transformer architecture with the encoder and
decoder part. Adapted from Attention Is All You Need by Vaswani et al. (2023) [50].

the encoder is used to encode the input sentence or question. During inference, the de-
coder generates the tokens on a token-by-token basis. It produces either the answer or the
translation, depending on what task the transformer was trained to perform.

The exact details of this are outside of the scope for this thesis. However, in 2018 the
GPT-1 model was introduced by openAl [37]. This model relied only on the transformer
decoder and thus was purely autoregressive —meaning it generates tokens one by one, with
each token being conditioned on the previous ones. Interestingly, this model was able to
perform tasks such as translation and question answering, and many others. These tasks
were possible as long as the initial sequence properly primed the model into outputting the
right response. This starting sequence is often referred to as the prompt.

Other popular decoder-only models include GPT-2 and GPT-3 [38] [5]. Additionally,
all of the llama-models from Meta [48]] [49]] [[14] are decoder-only models. The popularity
of these models can be attributed to the fact that they can be trained to predict the next

9



2. LARGE LANGUAGE MODELS

token over very large text corpora without the need for any supervision. Moreover, their
architecture allows for parallelized training, which we will discuss in more detail in the
section on training.

Because of the aforementioned properties, the decoder-only transformer model is very
amenable to scaling both data and the number of parameters/layers. This makes it a popular
approach among large and well-funded companies such as OpenAl and Meta.

As mentioned before, the LLaMA-3.2 model is a decoder-only transformer model.
When the embedding vectors derived from the tokens are being given as input, these vectors
go through the following types of layers:

 Attention layer
* Feedforward layer
* RMSNorm

We will discuss each layer in detail, and afterward how they form the transformer decoder.

2.5 Attention layer

The LLaMA-3.2 model uses a variant of multihead attention that is more efficient than the
normal multihead attention (MHA) called grouped-query attention (GQA) [1]]. In Figure@]
the different versions of attention are displayed visually.

For single-head attention, each embedding vector x; gets transformed by three matrices
Wy, Wy, Wy, into queries g;, keys k;, and values v;, respectively. Let n be the number of
different embedding vectors the set of these embedding vectors is denoted as {z;}!" ;. The
terms ’queries’, "keys’, and ’values’ are intentionally chosen. The naming reflects the idea
of querying a database, where queries retrieve information based on keys. Each embedding
vector produces a query, which is compared with the keys of all the other embedding vec-
tors in the sequence derived from the text [13]]. The similarity scalars (sj);?:1 are used to
compute a weighted sum over the values Z}Z:l sjv;, producing the output vector o;. This
process is similar to database retrieval. This similarity scalar consists of the inner product
between the queries and the keys, followed by normalization. We will discuss this in more
detail when we describe the grouped-query attention.

For the first layer instead of transforming by just W, W,,, W}, we also apply the rotation:

f{q,k} (ij, m) = R(@, m)W{qyk}:cm.

Applying either W, or W), depending on whether we must output queries or keys.

Then for multihead attention (MHA) we repeat this but with different weight matrices
for each head, obtaining of?, with h = 1... H, with H being the number of heads.

Because the queries from one embedding vector can retrieve values from any other vec-
tor, the model can learn to capture the nuances of language. However, this detailed retrieval
process increases memory usage and reduces the speed of both inference and training. The
way in which LLaMA-3.2 solves this problem is to make use of grouped-query attention
instead of using normal multihead attention.

10



2.5. Attention layer

Multi-head attention Multi-query attention Grouped-query attention
(MHA) (MQA) (GQA)

Values

-~ 000 1 i0

— §iI0  WIER  AAAD

Figure 2.3: This figure shows the different attention mechanisms: multihead attention
(MHA), multi-query attention (MQA), and grouped-query attention (GQA). Adapted from
Friendli.ai [[13]].

GQA was introduced by Google [[1] to control the trade-off between performance and
quality. In the case of MQA, there was a small but noticeable drop in performance Ainslie
et al. [1] compared to multihead attention. As we will discuss, MQA and multihead attention
can be seen as a special case of GQA. Hence, we will present the mathematical formulation
of GQA, and discuss how the other two types of attention can be derived from it, which
reveals why it strikes a balance between computational demand and flexibility.

Let us consider the following sentence: "The dog bit the man". For simplicity, assume
each word is transformed into a single embedding vector. We will ignore positional encod-
ing for now and focus solely on just the GQA computation.

Then after mapping to embedding vectors we obtain z; € R%medet, 4 = 1,... .5, and
each z; is a d dimensional vector with d,,,,q4¢; being the embedding dimension. For the sake
of simplicity let us consider d,,,4¢; being of dimension 10. In LLaMA-3 this dimension is
4096 [11].

We will start with the definitions:

* b: Batch size, this defines the number of sentences to process in parallel.

* n: Sequence length, this defines the largest sentence within the batch. Since the
transformer computations require uniform length tensors, sentences shorter than this
maximum length n must be extended by adding special tokens known as padding
tokens. Padding makes sure each sentence matches the maximum length n. The
attention mechanism masks these padding tokens to prevent them from influencing
the computations (this will be explained in more detail later).

* dpoder: Embedding dimension of the model, the input tokens get this many entries
when transforming them into vectors.

* hg: Number of query heads. For each embedding vector, we get h, query vectors.

* hi: Number of key/value heads. For each embedding vector, we get iy, key and value
vectors.

11



2. LARGE LANGUAGE MODELS

* g: Number of groups, which is the ratio of query heads to key/value heads (¢ =
hq/hi).

* d: head dimension, which is equal to d = dyode1/ hq

Now, the embedding vectors x;, 7 = 1, ..., can be put into the matrix form:

X1

X2
X — X3
X4

X5

Here, the matrix has a shape of (5, d;,04e1); in the general case, the shape is (b, 1, dodet)-

Then in order to obtain the query matrix, we multiply the embedding matrix X by
the learned weight matrix W, € R¥modet Xdmodet - The resulting query matrix @ has shape
(b,n, dpmoder) Or in our case (1,5, dnoder) Which can be considered (isometrically) equiva-
lent to (5, dimodel)-

Now, let di, = d - hy. We obtain the key matrix K by multiplying the embedding
matrix X with the learned weight matrix W}, € R%medetXdkv This results in the key matrix
K = X W), with shape (5, di,) in our specific case, and in the general case (b, n, di, ).

Similarly, for V', we calculate it as V' = X W, where W, € Rmodet X div resulting in V'
having shape (b, n, d,,) as well or in our case (5, diy).

We now have our keys, values, and queries in matrix form as K,V and ). However, in
order to continue the calculations, the matrices need to be reshaped. While this operation is
not standard in traditional linear algebra, it is very common in deep learning. It consists of
rearranging the entries of a matrix (or tensor, as it is often called in deep learning) to fit the
desired shape. Suppose we have a tensor X of shape (di, ..., d,), where the total number
of elements is:

N=di xdy x---xd,
A reshape operation transforms this tensor into another tensor Y with a new shape (c1, 2, . . ., ¢,
such that:

€1 XCy X+ Xcm=N.

The reshape preserves the total number of elements and their ordering, but changes how
these elements are indexed.

Formally, we can express a reshape as a bijection from the original indices to the re-
shaped indices. Given an element at original indices (i1, ?2, ..., %), its position in a flat-
tened representation is computed by:

flat_index = i,, + dpin_1 + dpdn_1in—o + -+ + (dndn—l - dg)il

12



2.5. Attention layer

Then, to get the new indices (j1, jo, - - . , jm ) in the reshaped tensor, we invert this flattening:

Jm = flat_index mod c,,
. flat_index
Jm—1= | —————

mod ¢;,—1
Cm

) { flat_index J
=

CmCm—1...C2

We will start with reshaping Q:

Qreshaped = Tes}bape(@a (b7 n, hq7 d))

This effectively splits the d,,q4e1 Sized vectors into h, query vectors, each of dimension d.
Similarly K and V' are reshaped as follows:

Kreshaped = TeShap@(Ka (b) n, hg, d))

and
‘/;‘eshaped = TeShape(V> (ba n, hk’v d))

resulting in the shapes (b, n, hy, d), (b, n, hy, d) and (b, n, hy, d) respectively.

Next, in order to calculate the attention, we need to first group the queries into g groups,
each containing h heads. After this, we permute the dimensions to prepare for the attention
calculation:

Qgrouped = TeShape(Qreshaped> (ba n,g, hka d))'permUte(Ov 2a 3a 17 4)
giving Q grouped shape (b, g, hi;, n, d). We apply a similar permutation to K:

errmuted = permUte(Kreshapedy (Oa 27 17 3))

resulting in Kpermuteq having the shape (b, hy, n, d).
We now calculate the inner product between the d-dimensional query vectors and d
dimensional key vectors, by multiplying Q g, ouped and Kpermuteq along the d-dimension:

d
o = Y1 Qvghni - Ko hni
,g,n,n,mn T \/&

Here we use 7 to denote the third axis in the tensor Kpermuted, as the variable name n
is already in use when describing the fourth axis in the tensor Qg ouped-

Notice that for each group, the attention score can be calculated in parallel. Moreover
as we will see, K has less entries here than in full MHA. As a result, GQA requires less
memory access during computation, which reduces the time needed perform the computa-
tion.

The entries in this attention score represent how strongly the query and key vectors are
correlated. A highly positive score will result in the corresponding value vector having a

13



2. LARGE LANGUAGE MODELS

significant influence on the output for that position in the sequence. Conversely, a very
negative value will result in the value vector belonging to this key vector having almost no
effect on the output vector.

This will become clearer in later sections when we describe the rest of the computation.
The key point here is that any sequences shorter than the longest sequence must be padded
to create a valid tensor so that the attention score calculation can be performed properly.
However, these artificially added padding tokens should not contribute to the predictions
of the model. To make sure this is the case, the attention scores corresponding to padding
positions are explicitly set to —oo.

After this score « is calculated we apply the softmax function along the 7 axis:

Ap.ghnn = softmazy(wghnn)

The softmax function normalizes the scores along the n axis, converting them into a proba-
bility distribution [8]]:

eri

softmazx(x;) = =——

> j eri
Where z is a vector of values. So, in this specific case, the softmax evaluates to:

e%b,g,h,n,

n Ap,g,h,n,i
. 29,1, 1,
Z’Lzl e

These values are then used as weights for the output tensor:

Ap,g,hn,n =

n
Ob,g.hnd = Z Apghn,iVohid
i=1
Due to the —oo values in «, the corresponding entries in A will be set to zero, because
of the way the softmax is calculated. This ensures that the values associated with padding,
as explained earlier, do not affect the output.
To obtain the final output we need to perform some reshaping and permutations. We
start by permuting the output:

Opermuted = permute(0O, (0,3,1,2,4))

This results in Opermuteqd having shape (b,n, g, h, d). By permitting O into the shape
(b,n, g, h,d) first, we place the token dimension n next to batch dimension b. This makes
sure that when we flatten the dimensions g and A into a single dimension hy = g - hy, each
resulting h,-dimensional vector correctly corresponds to exactly one token position. Next,
to combine the groups, each containing hj d-dimensional vectors, we reshape the output:

Ocombine = TeShape(Opermuteda (b, n, hqu d))

where we use the fact that b, = g - hy,. Finally, we combine the h, many d-dimensional
vectors into a single vector of size d,odei:

Oflattened = 7’63}1@])6(Ocomb'me7 (b7 n, dmodel))

14



2.6. FeedForward layer

In our simplified example, this results in O fjq¢¢eneq having shape (1,5, dinoder) Or more
simply (5, dynoder )> ignoring the redundant first dimension. In the general case the shape of
Oflattened has shape (b> n, dmodel)'

To obtain MHA we set hy, to hg, which results in g = 1. This eliminates the advantage of
sharing keys across groups. Additionally, the tensor K becomes larger leading to increased
latency due to the overhead of loading larger tensors from memory, which slows down
computation.

2.6 FeedForward layer

The FeedForward layer takes the output of the multi-head attention mechanism and applies
the following transformation [[15]:

y = Wi (SILUW{'x) @ Wi'x),

where:

« x € R¥™: input, this denotes the input of the FeedForward layer, usually the output
of the attention layer.

o Wi, Wy € Rdimxhidden_dim. Jearned weight matrices that usually upscale the input
significantly in terms of its dimension, i.e. hidden_dim > dim.

o W, € Rhidden_dimxdim. Jearned weight matrix that downscales the input back to its
original size again.

» SiL.U: sigmoid linear unit activation function [36]; see Figure
* (©: elementwise multiplication.

The FeedForward layer enables the model to capture more non-linearities in the data by
expanding each input vector to the hidden dimension, applying the non-linearity entrywise,
and projecting the result back to its original size. Without the Feedforward layers, the model
would in fact be unable to capture non-linear relationships in the data since the attention
layer is fuly linear.

2.7 RMSNorm

This layer applies root mean square normalization (RMSNorm) to the output of the previous
layer. In the case of this thesis, the previous layer is the attention layer. The RMS function
is defined as:

RMS(x) =
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2. LARGE LANGUAGE MODELS
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Figure 2.4: SiLU (Sigmoid Linear Unit) activation function, adapted from the official Py-
Torch documentation [36].

where = has shape (b, n, d), representing batch size b, sequence length n, and feature di-
mension d. The elements of x are squared entrywise, summed over the feature dimension,
and then averaged. Then the square root is applied. More precisely:

and the output of the layer is

x
Y= RMS@) +e "
where again, more precisely, we have:
Tpn,d

Yound = RMS(z)py, +€ Y

Here, £ makes sure no division by 0 occurs, and + is a learnable vector with d entries.
For this division to work, the RM S(x) is broadcast across the feature dimension d. This
means its elements are repeated for each entry in the feature dimension, and the division
is applied elementwise. For each value of b (batch index), n (sequence index), and d, we
use the value of RM S(x) at index b, n along with the same scalar value of e. This concept
of broadcasting is also applied to the multiplication by . The purpose of RMSNorm is

16



2.8. Transformer block

to scale each layer according to the mean. According to the authors, [54], this improves
stability during training.

2.8 Transformer block

In Figure 2.3] the LLaMA-3.2 architecture is shown with the layers we have discussed in
the previous sections. It can be noticed in Figure [2.3]that the transformer block is repeated
N times, where NV is 32 in the case of LLaMA-3.2-8B. The only layer we have not touched
on is the linear layer which is, as the name suggests, just a linear mapping that will make
sure the embedding vectors will map to a tensor that is as large as the vocabulary of the
model. So that after applying the softmax it can be treated as a probability distribution over
the next token.

Furthermore, the & symbol signifies the residual connections. These are there to miti-
gate the vanishing gradient problem, they were first introduced in He et al. [16].

Feed Forward
SwiGLU
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Figure 2.5: This figure shows the LLaMA-3.2 architecture. Adapted from PyTorch LLaMA
Notes by Umar Jamil (2023) [20].
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2. LARGE LANGUAGE MODELS

2.9 Training Large Language Models

Large language models such as Qwen [3[], DeepSeek [[10], Meta’s models [14], Mistral [21]]
and the GPT series such as GPT-1, GPT-2, GPT-3 [3] are all pretrained using autoregressive
next-token prediction.

As mentioned in the previous section, this approach works well because of the large
amount of text data available online. Moreover, predicting the next subword in a sequence
does not require generating new labels, since the labels are simply the next subword in the
text.

We will illustrate autoregressive next-token prediction with a simplified example. Let
us again look at the following example sentence:

The dog bit the man

We will again make a simplifying assumption that the tokens consist of individual
words. Then, the input will have shape (5, dioder) Or (1,5, dmoder) if We consider batches.
In the general case, the shape will be (b, n, d;,04e1 ), Where we reuse the variable definitions
from the previous section.

The final output of the model, denoted as ¢, is obtained after processing the input
through all layers, including the last linear layer and softmax. The notation y distinguishes
the predictions of the model from y, which represents the ground truth label from a dataset
this model would be trained on.

The model output ¢ has shape (b,n, V'), where V' denotes the vocabulary size. This
vocabulary size is the same number as the number of tokens from Section [2.I] For each
batch b and each token position n, the model outputs a probability distribution over the
vocabulary. Specifically, for all b and n:

14
Z gb,n,v =1
v=1

Let us introduce a notation for the model. Let fy represent the LLaMA-3.2 model,
where x is the input of shape (b, n, dpode1) and 6 is a vector of trainable parameters in
the model. The model outputs a tensor of shape (b,n, V). The goal of training fy is to
maximize the probability of outputting the right tokens.

An important detail to note is that, when training the transformer model autoregres-
sively, a causal mask is applied. This ensures that the model learns to predict each token
based only on the previous tokens, not to the ones that come after. For each batch b, the
causal mask is applied such that for each token position n, it prevents it from attending to
positions ¢ > n:

Ap,g,h,n,i — —O0

This makes sure that the query corresponding to the n** embedding vector/token cannot

retrieve the values of any embedding vectors/tokens that come afterwards. In this way we

remove the risk of the transformer model "cheating" by using future tokens (including the
very token it tries to predict).

18



2.9. Training Large Language Models

The labels are generated by taking the next token ¢ + 1 for each token: =1,...,n— 1.
For each of these tokens, we find its index in the vocabulary and create a vector of V' entries
with zeros everywhere except on the desired word/subword’s index. There we put a one
instead. Repeating this process for each batch b and each token in the sequence n we get
the desired labels y with shape (b, n, V).

The training of these models is based on gradient descent, applied to a loss function
called cross-entropy loss:

1%
Eb,n(yv @) = - Z Yvnw 10g(@b,n,v)~

v=1

Since the dataset is very large, the loss is usually calculated for subsets (batches) of the

dataset:
s+z n V

‘CS(yv Q) = - nl > Z Z Z Yb,iv IOg(gb,i,v)v

b=s i=1 v=1

where s denotes the s batch of size z, these batches are randomly selected during training
uniformly. The uniform random selection makes sure the different parts of the dataset will
inform the updates in the model approximately equally. The loss is in this case averaged
across the sequence and across the subset of the batch.

The gradient descent step is as follows:

OL(y, fo(x))

Oi =0 —n——7o

Where 7 is the learning rate, which usually is some small positive number. The term
W points in the direction that will result in the steepest increase of the loss value.
Thus, Zupdating each 6; in the opposite direction, scaled by n will make it move into the di-
rection with the steepest decrease. In other words, this process "nudges" all the parameters
of the model in such a way that cross-entropy loss decreases.

This results the term EL/:l Yb,n,v 108 (Jp.n.v) getting closer to zero for each token in the
sequence and each batch, assuming that the batches are representative of the full dataset.
To see why this is effective, observe that when the model predicts the next token with high
probability, the loss term for that token goes to zero. Specifically, if the model outputs a
probability close to 1 for the correct token, we obtain:

Y 10g(Jpnw) =®1-0=0

at the index v that represents the correct next token index. Where we used log(1) = 0 in the
approximate equality. Conversely, for incorrect tokens:

Yo, log(gb,n,v) <0-M=0

where 3, , , = 0 for incorrect tokens. Here, M represents a real number such that log (9., )
M.
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2. LARGE LANGUAGE MODELS

In this thesis and many other works a more advanced optimizer than standard gradient
descent [45]] [9] is used. Specifically, we use the ‘AdamW* [26]] optimizer, which adapts
the learning rate for each parameter §; and penalizes larger values for 6;. Furthermore, the
learning rate is not constant; it decays linearly as training progresses [26]]. Lastly, we apply
the LORA finetuning method in this thesis [[19]. This method, along with the other details
mentioned in this paragraph, is beyond the scope of this thesis, but interested readers can
refer to the references cited above for more information.
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2.10. Inference methods

2.10 Inference methods

After training, the model can provide a probability distribution over possible output tokens
given a sequence of tokens. Language model inference involves sampling from this proba-
bility distribution in an effective way. In this section we will mainly cover beam search and
top-p sampling, which are two examples of inference methods. The former tries to generate
text with high likelihood under the model, while the latter focuses on increasing diversity.

In Figure the two types of sampling are compared. Beam search tends to produce
more redundancy, since repetitive text is often assigned high probability. Pure sampling,
which selects tokens directly from the model’s probability distribution and iteratively ap-
pends them to the text, often results in incoherent output. This is because rare tokens, once
sampled, cannot be undone, forcing the model to continue generating even though the text
already has degraded quality. Moreover, because most text found on the internet is coher-
ent, the input to the model will be out-of-distribution once low-quality tokens are sampled,
degrading the quality of token generation afterwards. Lastly, Top-p shows little incoherence
and less repetition than Beam search. As will be discussed in Section [2.10.2] top-p is sim-
ilar to Pure sampling, resulting in having more diversity, but mitigates the incoherence by
avoiding the sampling of rare tokens.

2.10.1 Beam search

Under the assumption that the model assigns higher probability to higher-quality text, a
naive method of sampling would be to pick the highest-probability token at each step. This
method is known as greedy search. However, a drawback of this method is that selecting
the most likely token at each step independently may result in a lower-probability sentence
than when the tokens are jointly selected to maximize the overall likelihood. Given our
assumption, this can lead to a less natural sounding sentence.

Beam search solves this problem by maintaining B candidates, where B is known as
the beam width, rather than only selecting the single most likely token. At each step, beam
search expands all B candidates [32]]. This produces B? possible continuations. These can-
didates are then pruned on their multiplicative weight, leaving B top candidate sequences.
The multiplicative weight for each possible sequence (y;,y;), with i,j € {1,..., B} and
starting prompt x, is calculated as:

P((y1,y2)|z) = P(y1]x) - P(y2|z, 1)

Choosing a sufficiently large beam width results in sequences with a much higher likeli-
hood than those produced by greedy search. However, despite the high likelihood, the gen-
erated text often appears overly repetitive when read by a person, as shown in Figure [2.6]
This repetition most likely occurs because repetitive text is more predictable, leading the
model to assign a higher likelihood to it even though the text sounds more generic and
redundant.

A way to address this issue is to place less emphasis on maximizing the likelihood of
a certain text and occasionally sample less likely tokens. This comes at the cost of a lower

21



2. LARGE LANGUAGE MODELS

likelihood but results in a more varied text that is often of higher quality. The next sampling
method will follow this principle.

An unprecedented number of mostly young whales have become stranded on
the West Australian coast since 2008.

WebText
The number of stranded whales has increased by more than 50 per cent in the past year,
with the number of stranded whales on the West Australian coast increasing by more
than 50 per cent in the past year. The number of whales stranded on the West Australian
coast has increased by more than 50 per cent in the past year, with the number of
stranded whales on the West Australian coast increasing by more than 50 per cent in the

Beam Search, b=16 past year.
5 The Australian Food Safety Authority has warned Australia's beaches may be revitalised
this year because healthy seabirds and seals have been on the move. More than 50,000
o seabirds, sea mammals and seahorses have been swept into the sea by the Holden
7 CS118 and Adelaide Airport CS300 from 2013. A major white-bat and umidauda
Pure Sampling migration across Australia is under way in Australia for the first time, with numbers
reaching an estimated 50,000.

There has been an unprecedented number of calves caught in the nets of whaling

stations that operate in WA. Pilot whales continue to migrate to feeding grounds to

feed their calves. They are now vulnerable due to the decline of wild populations;

they are restricted to one breeding site each year. Image copyright Yoon Bo Kim But,

with sharp decline in wild populations the size of the Petrels are shrinking and dwindling
Nucleus, p=0.95 population means there will only be room for a few new fowl.

Poor nutrition has led to a rise in the number of stranded humpback whales on the
West Australian coast, veterinary researchers have said. Carly Holyoake, from Murdoch
University, at the Australian Veterinary Association's annual conference in Perth on

Wednesday, said an unprecedented number of mostly young whales had become
WebText stranded on the coast since 2008.

Figure 2.6: Comparison of generations produced by beam search, top-p sampling, and pure
sampling. The blue highlighting represents excessive repetition, and the red highlight indi-
cates incoherence. Adapted from Holtzman et al., The Curious Case of Neural Text Degen-
eration (2020) [18]].

2.10.2 Top-p sampling

In Top-p sampling, rather than pursuing tokens that jointly optimize the likelihood, we
construct a "nucleus" of high-likelihood tokens from which we sample [18].
Specifically, we create a top-p vocabulary V() < V as the smallest subset of the vo-
cabulary such that [18]]:
Z P(zlzii-1)) = p

zeV ()

Where 2 represents the potential next token and x;.(;_1) is the sequence of tokens that forms
the context. Lastly, p is the probability threshold. In practice, this subset is constructed
by adding the highest probability tokens in descending order until the sum of probability
exceeds the threshold p.

After constructing this set, the probabilities within it are renormalized to sum to 1,
while tokens outside this set are given probability 0. On this new probability distribution,
sampling takes place.
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2.10. Inference methods

2.10.3 Temperature scaling

Temperature scaling is an inference method that adjusts token probabilities before sampling.
In temperature scaling, we modify the logits y; of the second last output layer of the Large
Language Model. Temperature scaling, in the form of modifying logits before applying the
softmax, was first introduced in Hinton et al. [17], where it was used to smooth softmax
probabilities. Recall, the output layer of the Large Language Model is a probability distri-
bution where each token gets assigned a probability; these probabilities are derived from
the so-called logits from the model. These logits are fed through the softmax function to
produce the probabilities:

(pi)iL, = Softmax(N;yo, ..., yn)

eyO eyl eyN
- bl EAR )
Zé\]:o e¥s Zé\]:o e¥s Zé\fzo e¥s

When we apply temperature scaling, we modify this softmax with a division by 7":

bi = N Tt
Zj:() eyj/

A larger value for 7', will make the probabilities more uniform, resulting in less probable
wordpieces becoming more likely. This promotes more diverse outputs being generated by
the model. A smaller value for 7" magnifies the differences between the logits, thus making
higher likelihood wordpieces even more likely, and less likely wordpieces even less likely.
This results in the model generating less diverse and more conservative outputs.
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Chapter 3

Lean 4

3.1 Dependent type theory

In this thesis, we aim to have a large language model interact with a program that validates
proofs, known as a proof assistant. For the proof assistant to validate a proof, it must be
written in a formal language. The formal language and proof assistant we are using is
called LEAN4. This language has as its foundation in dependent type theory, specifically
the Calculus of Inductive Constructions (CIC). In this section, we will give an introduction
to dependent type theory.

In almost every mathematics program, we start with its foundation in set theory. How-
ever, describing every object as a set misses the benefits of using types to clearly distinguish
the various objects, as developed in programming languages.

In most programming languages we have variables with types, types such as integers
and floating points, and operations that can only be done on variables of a certain type.
To run a program written in such a language, it often needs to be compiled, though this is
not always the case. In this process the compiler first checks if the types match within the
program. For example, if a function expects a certain type as an argument, the type of the
variable passed to it must match. If the types do not match, the compiler will throw an error
and will not return the executable the computer can run to execute the desired program.

To make optimal use of this type-checking paradigm when trying to validate mathemat-
ics, the developers of LEAN4 used dependent type theory as its foundation. Analogous to
how every mathematical object in set theory is a set, in dependent type theory, every mathe-
matical object is a term with a specific type [6]. One fundamental type is the function type.
For example, if a term f has a function type that takes input of type A and produces output
of type B, then this is denoted as f : A — B.

On these types, specific typing rules define how they can be combined and what the
resulting type will be [[6]. For instance, consider a term f with a function type A — B,
which maps terms of type A to terms of type B. Then provided a term x of type A (written
as x : A), a typing rule dictates that applying f to x, written as f(z) or fx, results in a
term of type B, i.e., f(x) : B. If x were of type B instead of A, the LEAN4 proof assistant
will throw an error, as this combination of terms would be illegal. The application of such
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3. LEAN4

typing rules leads to "typing judgments" [6].
The typing rule for function application more formally can be described as:
''+tf:A—-B TI'tz: A
't f(z): B ’

this has the form of )
Premises

Conclusion’
The left part of the premise says that out of context I" we can obtain f having type A — B.
The right part of the premise says under the assumptions in I", we can obtain z has type A.
Then the conclusion says, under the assumptions in I' we can obtain that f(x) has type B.
Both the conclusion and the left and right part of the premise are type judgments. Type
judgments are statements of the form:

't T,

asserting a term ¢ has type 7. Another important type in dependent type theory is the
product type. Suppose we have two values a : A and b : B, we can form a pair that has type
A x B, called the product type:

(a,b): Ax B

In set theory this structure is constructed using sets. In LEAN4, which uses the calculus
of inductive constructions (CIC) form of dependent type theory, this is defined through
inductive types. We will discuss inductive types in later sections.

Everything covered so far is also captured within basic type theory. However, LEAN4
uses dependent type theory so that types can depend on other terms [[6]. For instance,
Buzzard et al. [6] provides the example of the type R™, where the type depends on another
term n : N. This is called a dependent type.

A different type that involves dependencies between terms and types is the sum type.
Sum types allow a term to belong to multiple types. Suppose ¢ : A, functioning as an index
or tag, and x : B(t). Then (¢, x) is a sum type, where ¢ is a "tag" that indicates to which
type  belongs to. The notation for this type is [22]]:

(t,z): > B(t)
t:A

where t is of type A and x is of type B(t). Here B(t) is a type-valued function, making it a
dependent type.

Up until now, we have discussed typing judgment, typing rules, and some important
types, such as sum types, product types and function types. However, an essential part of
dependent type theory is still missing: reduction rules from A-calculus [6]. For example,
suppose we have a term (n +— n -n) : N — N. When applied to 3 : N, this term reduces
to 3 - 3 by a reduction rule. This is then by definition of multiplication equal to 9. This
reduction rule is known as [3-reduction.

Given the versatility of the described types, along with inductive types (covered in the
next section), many mathematical statements can be expressed using them. In this setup, as-
sumptions are treated as terms of a type representing the kind of propositions they describe.
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3.1. Dependent type theory

We will use an illustrative example from [[6]. Let P and () represent types corresponding to
a mathematical statement. We can then associate P = () with the function type P — Q
(formally known as the Curry-Howard isomorphism [6]). Using this propositions as types
framework, we can construct a proof term of type () by composing a function b : P — Q)
with a proof term hp : P, giving h hp : ), using the typing rules. In this way, we can see
that proving becomes a form of typing judgment [6].
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3.2 Inductive types

Inductive types are another essential way to construct other types in Calculus of Inductive
Constructions (CIC). Important types that are built using inductive types are List, Bool,
N, x (product type) and X (sum type). In fact except for the function type, the universal
quantifier (¥) and type universes, every type is constructed using inductive types [6]. What
is especially surprising is that equality can be defined as an inductive type. This is however
out of scope for this thesis. For the curious reader we recommend the following reference
[2] for more information on this topic, specifically, the chapter on inductive types will hit
on this specific topic.

Type universes are where the types themselves reside, we will not discuss this in detail.
In LEAN4 these type universes are denoted by Sort u or Type u where u denotes the
level, and Type 0 = Sort 1 i.e. they are equivalent up to a difference in indexing.
Another fact we will use is that Sort 0 is where propositions reside and Sort 1 is where
R, Z and N resides.

The name mathematical induction actually has to do with the principle of mathematical
induction. The principle of mathematical induction on natural numbers follows naturally
from how natural numbers are constructed using inductive types. We will discuss this in
later sections. Let us first discuss how the construction looks like in the case of natural
numbers:

inductive N : Type
| zero : N
| succ : N—= N

An inductive type enumerates the ways in which the type that is being defined can be con-
structed. In the case of the natural numbers, there are two. The first constructor is zero : N,
so this can be used to define a term without any arguments. On the other hand, we have
the constructor succ : N — N, which can only be applied using a previously constructed
natural number. We can obtain any number of successors of zero using the succ function.
The first successor can be constructed using succ zero : N, which in turn is succeeded by
succ(suce zero) : N. Moreover, what is implicit in this definition is that each of these
terms is unequal to one another, i.e. differently constructed terms of an inductive type are
unequal. This results in 0 being unequal to 1 in particular [6]. In lean this principle is called
the no confusion principle and is automatically generated when you define an inductive type
[35].
The inductive type for V is:

inductive V (a b : Prop) : Prop where
| inl : a — a V b
| inr : b - a V b

Where there are two ways to construct the type a V b. The arguments it takes in must
be of type Prop, which are where the propositional types reside, Prop is another name for
‘Sort 0°. We only want V to be used for terms of type Prop since we only want this to be
used in the context of propositional logic. For more examples see Avigad et al. [2].
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3.3 Inductive types and induction

Let us again have a look at the inductive type for natural numbers. For every inductive type,
LEAN4 automatically generates a recursor. In the case of natural numbers, this recursor
can be used to apply induction.
The purpose of a recursor is to be able to define a dependent function f from N to any
domain,i.e.:
f(n: N) = motive n

Where motive : N — Sort u [2]. In other words motive n : Sort w. ‘Sort u‘ here can
describe any type universe.

Suppose we want to show that when zero is added to a natural number this is equal to
the number itself, i.e. 0 + n = n. Let us describe how this would work with the recursor.
The function signature of N.recOn is:

(motive : N — Sort u)
— (£t : N

— motive zero

— ((n : N ) — motive n — motive (succ n))

— motive t

We want to establish a proof, so the motive : N — Sort wu, will have u = 0, since we
want to create a term with type proposition Prop. motive will be defined as ((n : N)
0 +n = n). The second argument in recOn will specify on which variable induction is
applied. In our case this is n : N. The third and fourth argument will be the base case and
induction step, motive zero will after applying the typing rules and reduction be equal to:

04+0=0:Prop

LEAN4 will in this case reduce the addition using its definition obtaining 0 = 0, this process
is called elaboration. In LEAN4 this term can be constructed using ‘rfl which uses the
reflexivity principle of equality to produce a term of the type 0 = 0 : Prop. Since ‘rfl’
produces a term of exactly the type 0 = 0 we have produced the desired proof term, hence
we have proven the base case. The fourth argument is the induction step where we are
supposed to provide a function taking value (n : N) a term ¢h of type motive n (proof of
0+ n = n, the induction hypothesis) and the function should then return motive (succ n)
(proof of 0 + (n + 1) = (n + 1)).

Before continuing, let us establish that 0 + succ n = succ(0 + n), this follows from
the reduction of the definition of addition and comparing this with the term 0 + succ n =
0 4 succ n constructed by reflexivity. Furthermore, we know 0 4+ n = n by the induction
hypothesis, thus substituting this in succ(0 + n), we obtain succ n. In LEAN4 we can
chain these calculations together using a calc statement:

calc 0 + succ n
= succ (0 + n)

rfl
by rw [ih]

= Succ n
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Each : = is followed by a proof of equality from the current line to the line before it.

The rw [ih] will look for a subexpression within a given type in this case (0 + n)
and will use the equivalence 0 + n = n provided by ¢ to substite it for n. rw is one of the
many tactics provided by LEAN4, whenever you want to use a tactic you must first use the
keyword by, i.e. by rw [ih]. We will talk about tactics in a later section. The complete
code is:

theorem zero add (n : Nat) : 0 + n =n :=
Nat.recOn (motive := fun x => 0 + x = Xx)
n
(rfl)

(fun (n : Nat) (ih : 0 + n = n) =>
calc 0 + succ n

= succ (0 + n) := rfl

_ = succ n := by rw [ih])

In LEAN4, whenever we want to specify a theorem, we first write the keyword ‘theo-
rem‘ and write the name of the theorem. Theorems are effectively functions that provided
0 or more arguments returns a term of the type that represents the mathematical statement
you tried to prove. In this case it takes as its argument a term n of type N.

The third arugment is the function with type:

(n : N) — motive n — motive (succn)

Where we used a concept called currying. Using currying we can rewrite a function as:

(fun (n : N) => (fun ih : O+n =n => ...))
to
(fun (n : N) (ih : 04n = n) => ...)

Two additional ways to write zero_add that are all three equivalent to one another is:
theorem zero_add : (n : N) 0+n = n := andtheorem zero_add

V(n : N ), 0+n = n := . The last statement makes use of a quantifier in-
stead of a function, this quantifier in CIC is actually just a different notation for (n : N) —
(0+n)=n[2].

The recOn function in LEAN4 is rarely used, however when using higher level tactics
such as induction or as we will later see match, recOn is used by LEAN4 under the
hood. Below the theorem can be seen written fully in tactic mode:

theorem zero_add (n : N ) : 0 + n = n := by
induction n with
| zero => rfl
| succ n ih =>
calc 0 + succ n
= succ (0 + n) := rfl

= succ n := by rw [ih]

30



3.4. Tactics

3.4 Tactics

As mentioned before, we prepend "by" to a keyword to let LEAN4 know you use a tactic.
When "by" is used within the proof LEAN4 enters in tactic mode. Tactics make it more
natural to write incremental proofs. After every tactic, the user will see what is still left to
do to formally prove a theorem.

When in tactic mode we start with an initial goal state which specifies the desired type
we want a term to have. We furthermore start with terms that are given as input variables.
The goal and initial variables are separated by the symbol I-.

In the code section below a proof of a Proposition can be seen.

example : p V g - g V p := by
/,
p g : Prop
FpVa—=qgVp
-/
sorry

/— no goals -/

The /- -/ enclosed sections are comments, here the states right after by and after
sorry are shown. The tactic sorry can produce a term of any type and is usually used
to break up a proof into smaller pieces assuming one part to be true, using that part of the
proof somewhere else, and proving the part that you initially proved using sorry.

Tactics are small programs that build terms, the term is then applied to the goal state
using type judgment and reductions which are mentioned in the previous section [6]. When
the typing judgment fails LEAN4 throws an error that the tactic failed.

We will go through two example problem statements, proving pV g — ¢V p and proving
(Fz,p x A7) — (Fz,p ) AT.
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-/

example p VvV g — example p V g — example p VvV g —
gV p :=Dby qV p := Dby gV p :=Dby
/= /= /=
p g : Prop jo e Prop jole] Prop
FpVa—=qgVp FpVag—=>gVp FpVag—=qgVp
-/ -/ -/
intro hp_or_g intro hPQ intro hp_or_g
/- match hPQ with /-p g Prop
p g : Prop | Or.inl hp => hp_or_g PV g
hp_or. g : p V g /- g Vvp -/
FgvVvp P g Prop cases’ hp_or_g
-/ hPQ : p V g with hp hg
apply Or.elim hp : p /=
hp_or_g FgVp case inl
case left => -/ p g : Prop
/= apply Or.inr hp : p
p g : Prop exact hp FagVvp
hp_or_ g : p V | Or.inr hg => case inr
q /- p g : Prop
Fp—>gVp p g : Prop hg : g
-/ hPQ : p V g FaVvp
intro hp hg : g -/
apply Or.inr FaVvp case inl =>
exact hp -/ apply Or.inr
case right => apply Or.inl /=
/= exact hg P g Prop
p g : Prop hp : p
hp_or_g : p V Fp
q -/
Fg—=>gVp exact hp

case inr =>

intro hg apply Or.inl
apply Or.inl /-P q Prop
exact hg hg : g

Fog-

exact hg

In the code above we see three similar ways of proving the first statement. Match uses,
as the name suggests, pattern matching. As we have discussed pV ¢ is the inductive type with
two constructors Or . inl and Or . inr, with match you have to define what operation to
do for each possible constructor. However, you get to write it in an intuitive way and let the
LEAN4 pattern-matching mechanism resolve what the types are of the variables written. In
the example code thats hp and hq, with types p and g respectively.
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Another way displayed above is using cases’. The cases’ syntax will split the
inductive type into the cases that could have brought about this term. Here we can choose
the names of the terms as well. We then target the two subgoals that were brought about
separately using case followed by the name of the newly created subgoal.

In the third code block we see how we can use Or . e1lim to deconstruct the V inductive
type. The keyword apply will make LEAN4 try to combine the goal and the term that
follows the apply keyword. Or.elimhastype: Or.elim(h : aVb)(left : a — c)(right :
b — ¢) : ¢, using again currying to make implications into function arguments where a, b, ¢
are propositions. So Or.elim hp_or_qg will have type:

(Or.elim hp_or_q) : (p —>q) = (¢ —>¢) > ¢

Now c here can still represent any proposition. But when using it in conjunction with apply,
we will try to combine this term with the goal, resulting in ¢ being changed to ¢ V p. If
alongside hp_or_q we gave left and right, we would obtain the desired term ¢ \V p. However,
‘left* and ‘right‘ are not provided so the ‘apply‘ keyword will not throw an error for not
having proven the goal, instead the missing pieces in the proof will become the next goals
to prove.

In this case, the goals can be referenced with the names case left and case right,
which will have the goals p — ¢ V p and ¢ — ¢ V p respectively.

The last keyword worth mentioning is the exact keyword exact is very similar to apply
however there is a restriction that there should be no goals left after the exact tactic. In
the Or.elim part above we would for example have to provide the terms for 1eft and
right alongside h. For example, we can change

intro hp
apply Or.inr
exact hp

toexact (fun hp : p => Or.inr hp), since this has type p — q V p.
Let us now take a look at two proofs of the second problem:

example (p : @« — Prop) : (I x, px Ar) - (Ix, px) AT
:= by
intro hExists
apply Exists.elim (hExists)

intro x

intro hPxAndR

have hxPx : 3 x, p x := ( x, hPxAndR.left)

exact ( hxPx, hPxAndR.right)

and

example (p : a« — Prop) : (I x, px Ar) - (Ix, px)ATr

:= by

intro ( %, hPxAndR)

have hxPx : 3 x, p x := ( x, hPxAndR.left)

exact ( hxPx, hPxAndR.right)
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In the first code block, we see a new eliminator of 3, this eliminator has type:
Exists.elim(hy : 3z,p x)(he :V(a:a),p a—b):b

Now, Exists.elim (hExists) will resultin type (V(a : a),p a — b) — b. Where
b still can be chosen freely. Then similarly as before ‘apply‘ will set b to be (Jz,p x) AT,
moreover hg has not been provided yet, hence this will be the next goal.

The next line of note is have hxPx : 3dx, p x := ( x, hPxAndR.left).
The have keyword is a way to construct a term that can then be referred to by the name
specified afterward. The name is then followed by the type of the term and the proof term
is then constructed after : =.

The ( x, hPxAndR.left) isanexample of using the anonymous constructor. When
the type is clear from the context LEAN4 can infer how to construct a term from a certain
type without having to write it out completely. Another place where it is used often is when
constructing a term of type a A b with a : Prop and b : Prop, here we can construct a term
of that type with ‘a,b®, as long as LEAN4 knows what the desired type is.

In the last line we again use anonymous constructors in this case to create (3x,p =) Ar
from hxPx : (3z,p z) and hPxAndR.right : r. The ‘.right‘ here retrieves the right part
of the A inductive type. These last two lines could have been written into one line: exact
((x, hPxAndR.left), hPxAndR.right) since LEAN4 could have gotten that from
context.

In the second code block we see intro (x, hPxAndR), here we use the pattern
matching ability of LEAN4 again, it effectively does the same thing as:

intro hExists
match hExists with
| ( x, hPxAndR ) =>

In match as well as with Exists.elim the automatically generated recOn is used
under the hood.
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Chapter 4

Karp’s theorem

In this chapter, we derive Karp’s theorem. Sections {.I]and [.2]introduce important back-
ground necessary for understanding the theorem. Then in Section §.3]an example applica-
tion of Karp’s theorem is given to provide the reader with a more intuitive understanding
what the assumptions mean and what the theorem implies. Section §.4]discusses the rele-
vance of Karp’s theorem to the rest of the thesis. Section [.5|will illustrate the differences in
assumptions and the proofs themselves between Karp’s theorem as presented in Tassarotti
and Harper [44] and the version in this thesis. Finally, in Section the proof for Karp’s
theorem is presented.

4.1 Execution time

When analysing algorithms, a key quantity of interest is the execution time, often denoted
by W, for an input of size n. Many algorithms solve a problem by recursively breaking it
into smaller subproblems. This leads to a recurrence relation describing the execution time.

Let us briefly introduce Quicksort before using this as our example. Quicksort is a re-
cursive sorting algorithm that works by selecting a pivot element, partitioning the array into
elements smaller and larger than the pivot, and recursively applying the Quicksort algorithm
on both the subarrays. For single single-element arrays, Quicksort returns just the array it-
self, ensuring the sorting algorithm will terminate. The execution time W,,, measured in the
number of comparisons, of Quicksort satisfies the following recurrence relation:

W, =Wy +Wn_py-1+Chp

Where U is the randomly chosen pivot, C), is the number of comparisons needed to split
the array into the two subarrays, Wy; is the comparisons needed when applying Quicksort
again on the left subarray (elements smaller than the pivot); and W,,_r;_; is the number
of comparisons needed to sort the right subarray (elements larger than the pivot). Then
according to Tassarotti and Harper [44] this can be solved to obtain:

E[W,] = O(nlogn)
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Where O(nlogn) means there exists a constant ¢ € R such that the expected time E[W,,]
is bounded by ¢ - (nlogn), i.e.,

E[W,] <c-(nlogn)

This expectation gives an average-case guarantee, but it does not quantify the likelihood of
large deviations from the expected runtime.

4.2 Tail bounds

Tail bounds, such as Karp’s theorem, help quantify these deviations. In Tassarotti and
Harper [44], a bound for Quicksort is given:

P(W,, > cgnlogn) < F

Where W,, is the number of comparisons that are made when sorting a list with length n.
And ¢y, is a scalar value depending on k such that the probability denoted on the left-hand
side is smaller than 1/n*. This shows that the probability of exceeding O(nlogn) time
—and thus O(nlogn) time— decreases polynomially with n.

4.3 Leader election algorithm

Let us introduce the setup of Karp’s theorem and tail bounds before going into detail about
its proof. We will do this by applying Karp’s theorem to an example algorithm.

Suppose we have n candidates to elect into becoming a leader. Then the leader election
algorithm will consist of sampling a Bernoulli for each active candidate with p = % At the
start all candidates are active. We terminate at the round where only 1 candidate is left. In
the event no candidate is left, then that round’s result gets ignored and we continue with the
active candidates of the previous round. What we want to show with Karp’s theorem is that
the probability of the rounds going over a certain number get vanishingly small. Concretely,
the authors of Tassarotti and Harper [44] were able to show:

3 w
ifn>1,P(W, > klog(n)+1+w) < <4>

Where W, is a random variable that represents the number of rounds that the leader election
algorithm will take. n represents the number of candidates and w is an integer that can be
chosen to be any non-negative value. k is furthermore defined as k := W' In order to

prove this statement we will first rewrite the statement to make Karp’s theorem applicable:

if size(z) > 1,P(W(z) > klog(size(z)) + 1+ w) < <z>w

Now, instead of keeping the input implicit we explicitly call the input z, which represents
the indices of the still active candidates, and refer to their number as size(z). In other
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words, each candidate is initially assigned a unique index, and z denotes the set of indices
containing all the candidates that are still active.

Let us introduce the functions a and h here. Let I be a finite set of inputs that can be
given to the election algorithm. Then let z : I denote an input that is contained in set I.
Now let D([]) represent the set of all probability distributions on . Then

h:(z:1I)— D)

represents applying the leader election algorithm once, returning a distribution over the
number of still active candidates. a represents a toll function, this represents the cost of a
single iteration of an algorithm. In the case of leader election, it will be equal to 1 for every
round except when a leader was already selected in which case nothing has been done so
the toll would be 0. The toll function and the work W (z) are related in that:

W(z) = a(z) + W(h(z))

Since W will represent the number of rounds, choosing a(size(z)) as the number one
makes sense, since for each iteration of the algorithm, we go to another round. In Tassarotti
and Harper [44]] the authors defined a as:

0 ifr <1,
alr)=qzr—1 ifl<z<2,
1 ifz > 2.

Since Karp’s theorem defined in their paper requires a to be defined from R= (the non-
negative reals) to R and continuous. In this thesis, we drop the continuity assumption on a,
since we do not use it anywhere. We will go into detail on the assumptions in Section
Broadly speaking, Karp’s theorem can be summarized as follows: it involves two main
steps.

* First, bound the expected size of the recursive subproblem by identifying a function
m such that E[h(2)] < m(size(z)).

* Then, determine a solution u that satisfies the deterministic recurrence relation:u(x) >
a(x) + u(m(x)), forall z : R.

Then Karp’s theorem states that we get the following inequality:

P(W(z) > u(size(z)) + wa(size(z))) < <m(size(z))>w

- size(z)

for all w : Z>o. Intuitively m(z) represents the expected size reduction after one iteration
of the algorithm starting from problem of size z. For the leader election algorithm we have

{Zz ifx > 2,

mi\xr) =
(@) 0 ifr<2,
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We derive the bound for > 2 by recognizing that there are two mutually exclusive scenar-
ios. The first consists of there being zero survivors after the the Bernoulli distributions have
been sampled, the probability of this is:

P =0 --p=(3)

Where x are the number of candidates we started with before the Bernoulli sampling. X is
a random variable representing the sum of the Bernoullis after sampling, i.e. the number of
candidates after the Bernoulli sampling is done for each candidate. The second possibility
is that there are one or more candidates left after the sampling has completed. The expected

number of candidates in this case is:
1
E[X] =z:p=z-3

Now by the law of total expectation we get:

E[size(h(z))] = E[X]+ 2 -P(X = 0)

1 1\*
:29“*(2)
<1:L'+1
-2 4
3
_Zl‘

Where in the second last line we used x > 2. For x < 2 we can only have that one
candidate is left so a leader can be selected and the election is done. So the problem size
can be thought of as zero.

u(x) estimates the expected time for the algorithm to reduce the problem to a minimum
size. In the case of the leader election algorithm this is defined as:

k-log(x)+1 ifx>1,
u(z) = .
Umin ifx <1,

Umin here is defined as u(1) and represents the minimum value of u, which in this case is
Umin, = 1. The time or number or rounds estimate increases logarithmically as the input
size increases linearly.

Two important terms we have not yet mentioned are sample spaces Q,(z) and Qyy(2)
which is where outcomes w : £2;(z) and w : Qy(2) live for distributions W (z) and h(z)
respectively. Events such as {WW(z) > u(size(z)) + w - a(size(z))} C Qp(2) can also be
denoted as

{w : Qp(2)|W(2)(w) > u(size(z)) +w - a(size(z))}

Moreover h : N X (z : I) = D(I), represents a distribution over input after applying h a
number of times. h(n)(z) will give the distribution after applying h n times starting from
z: 1
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4.4 Relevance

Karps theorem is relevant to the rest of this thesis because it provides a probabilistic frame-
work for analyzing recursive algorithms where the problem size shrinks in expectation after
each iteration. So it can be applied to analyze the behavior of weights in Sequential Monte
Carlo (Section [5.1.4)), which gets executed in the SMX algorithm after each iteration of the
E-step, see Algorithm []in Section

The Sequential Monte Carlo method involves updating weights through importance
weighting followed by a resampling step that samples in accordance to the weights the
particles carry. Ensuring higher weight particles get copies and lower weight particles get
discarded. Over successive iterations this process leads to weight concentration, where a
single particle retains nearly all the weight, while the remaining particles obtain a negligi-
ble weight. The question Karp’s theorem allows us to then answer is: how many iterations
does it take for this concentration to occur?

We can analyze this process by drawing an analogy to the leader election algorithm. In
leader election, the number of active candidates decreases at each round due to independent
bernoulli trials, much like how the number of effectively active particles in SMC decreases
after weighting and resampling. The leader election analysis showed showed that the num-
ber of rounds required for termination is logarithmic in the number of initial candidates,
with exponentially vanishing probability of exceeding this bound.

Similarly, in SMC, the effective sample size (ESS)— which represents the number of
significantly weighted particles— shrinks over iterations. The definition of ESSS depends
on whether resampling is performed:

* With weight resampling, ESS is the number of particles originating from different
"ancestors" that still have significant weight. When ESS drops to 1, this means all
samples effectively originated from a single starting action. This process is similar
to sample impoverishment, though it occurs gradually over multiple iterations rather
than in a single resampling step. Sample impoverishment refers to the loss of di-
versity in a particle set due to resampling. When particles with small weights are
eliminated and those with larger weights are duplicated, the number of particle lin-
eages decreases. This can harm the approximation accuracy.

* Without weight resampling, ESS is simply the number of particles that retain signifi-
cant weight. Here, termination of the algorithm implies that the posterior distribution
estimate has collapsed to a single particle, a phenomenon known as weight degener-
acy.

In either case, the problem size x (ESS) decreases over iterations, and Karp’s theorem pro-
vides a tail bound on how quickly this occurs. By defining: W (z) as the number of iterations
until weight collapse, h(z) as the transformation of particle weights after one iteration, a(z)
as the cost per iteration (set to 1 per step), m(z) as the expected reduction in ESS after one
iteration. We can then invoke Karp’s theorem to derive an exponential tail bound on the
number of iterations needed for weight concentration.
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In particular, if the effective sample size decreases in expectation by a factor of p per
iteration (analogous to the % reduction in leader election), then the probability of the weight
concentration takes significantly more that O(log n) iterations is exponentially small. This
guarantees that, with high probability, SMC reaches weight collapse in logarithmic number
of iterations.

Thus Karp’s theorem provides a way to bound the number of SMC iterations before all
particles trace back to an original ancestor. Moreover, it shows the necessity of resampling
to prevent weight degeneracy when running SMC for more than O(log N) steps, with NV
being the number of particles.

4.5 Contribution

Compared to Tassarotti and Harper [44], we remove the continuity assumption on a, as it
is not used anywhere in our proof. Moreover, we specialize Karp’s theorem algorithms that
take only a finite number of possible inputs I. Because I is finite, llema31 in the proof is also
modified. Specifically, this lemma uses a summation instead of an integral, as in Tassarotti
and Harper [44]]. Additionally, the proofs are written out in detail. For instance, the different
cases in the main theorem — are explicitly treated in this thesis, whereas
they were left to the reader in Tassarotti and Harper [44]. Then the proving technique used
in lemma [lemma hD_nonDec|is original, and the decision to state it as a separate lemma
was not made Tassarotti and Harper [44]. However, it was done in the formal proof in the
formal theorem proving language Coq written by the same authors [43].

4.6 Assumptions

Let us briefly describe each variable again for the general case:

z : I: This denotes a single instance of an input, not a random variable. This type I
is finite, which means it has only a finite number of terms, and it represents the type
of all possible inputs.

* W (z): This is a random variable that represents the distribution over work. The
distribution is over the space Qyy ().

» a:R>? — R>0: This represents a toll function

* d : R: This variable represents the threshold. If the size of the input is smaller than d
the algorithm will not execute any more recursive calls.

e h: I — D(I): This represents a family of random variables, for a given z : I, h(z)
is a distribution over new problems. The distribution is over the space ().

e h:N— I — D(I): h(n) represents a distribution over input after applying & to it n
times.
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o size : I — R>Y, the size function will give a real number that represents the size of
the input.

* m : R — R, this must be a continuous function that will bound the expectation of
a certain random variable. The constraints will be elaborated on in more depth after
introducing the theorem.

* u : R — R, this is the minimal solution to some recurrence relation, this will get
clearer later on. It is also an upper bound on the expected work.

¢ 7, : R — R, this is the inverse of « which is also continuous.

* Umin := u(d), this represents the upper bound on the expected work when the input
size is d large.

In order to apply Karp’s theorem certain conditions must be met on m, u and a. We will
go through the assumptions in this section. On the toll function a we require that after a
certain size d no more recursive calls are made and the toll should be zero we will name
this assumption hCutOff. We furthermore require the toll function to be increasing, this
assumption we call halncreasing. Lastly, we need a to be strictly larger than zero whenever
x > d, this is called hApos. The names along with the statements are:

e hCutOff:3d,Vr < d — a(r) = 0.
* halncreasing: Vp ¢ : R,p > g — a(p) > a(q)
* hApos: Vz,d <z — a(x) >0

As mentioned before Tassarotti and Harper [44] requires a to be continuous, but in this the-
sis, we can drop this assumption as we have not used this within our proof. The assumptions
on m are of course that it must bound the average size of the problem after the algorithm
is applied for one iteration. Moreover m must always be positive or equal to zero for all
inputs z : I and m evaluated on the size of z, m(size(z)), must be smaller than the size of
z itself. We furthermore require m(y)/y to be a non-decreasing function.

e hM: V(z : I),E[size(h(2))] < m(size(z)) A0 < m(size(z)) < size(z)
* hMnonDec:Vy,y' : R,0<y =y <y — m(y)/y <m(y)/y

For the u we eventually select for our theorem we must have that it is monotone increasing,
has an inverse 4 that is always positive and u must have a lower bound that is strictly smaller
than u(z) for all x larger than d in size. Lastly, it must satisfy a certain recurrent relation.

* Umonolnc: Vz y,z <y — u(z) <u(y) AVe y,o >d—z <y — u(z) < u(y)
» U2pos:Vz, u(x) > 0, this means that % is a positive function.
o U2inv: Vz,u(i(x)) = 2 AVe,4(u(x)) =z

e UminLb: Vz,z > d — u(z) > Umin
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e Urec: Vz,z > d — u(x) > a(z) + u(m(x))

For the work W we require that it must be non-negative for all z : I. We furthermore
require that the probability W' (z) > r can only be as large as the sum of all the possible
next states of the probability the next state is 2’ times the probability W (z') exceeds the
remaining time r — a(size(x)).

* hWgeq0: Vz, W (z) >0

« Wree:V(z : D)V(r : R),P ({w|(W(2)(w)) > 1}) <X precrmgm P {w h(z)(w) = 2'})-
P({w|(W(z)(w)) > r — a(size(x))})

The latter intuitively follows whenever these two events are set to be equal:

(W(x) > r} = J{h(z) =2} n{W(2)) > r — a(size(x))})

Then the union bound gives us P(W(z) > r) < >/ P(h(z) = 2/, W(z') > r —
a(size(x))). Then using independence we get the desired inequality. Lastly for the work
W, we have that for inputs x with size(z) < d that the work is smaller u(d), i.e. W (z)(w) <
u(d),V(w : Qw (x) is smaller than u(d).

* Wbelow: Vo w, size(z) < d — W (z)(w) < Umin

Now for i we also have a recurrent relationship. The recurrent relationship represents how
the behavior of the algorithm over ¢ + 1 steps can be decomposed:

* hRec: P(size(h(i+1)(2) > d)) = 3 cmg(n(ey P(A(2) = @) - P(size(h(i)(q)) > d)

This assumption can be obtained through applying the total law of probability. We can
partition the event {size(h(i + 1)(z) > d} on possible outcomes g of h(z):

P(size(h(i+1)(z)) > d) = ZIP’(h(z) = q) - P(size(h(i + 1)(2)) > d|h(z) = q)

Now, if we know h(z) = g then h(i 4+ 1)(z) = h(i)(gq), so

P(size(h(i+1)(2)) > d|h(z) = q) = P(size(h(i)(q)) > d)
Substituting this back gives us the desired assumption. The last assumption we will discuss
is on h as well, and it boils down to that the algorithm will eventually stop in a finite number
of iterations:

« hPFinite: 3k, P(size(h(k)(z)) > d) = 0
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4.7. Proof of Karp’s theorem

4.7 Proof of Karp’s theorem
Let us first rewrite the theorem into a more convenient form. Let K be defined as:

K(r,z) =P({w : Qw(2)|W(2)(w) > r})
=P(W(z) >r)

Where r represents the time threshold. We are concerned with the probability that the run-
ning time of the algorithm W (z) exceeds r. z represents the initial state of the algorithm
from which we start measuring the running time or work W (z). In the case of the leader
election algorithm the state contains the number of active participants or candidates remain-
ing in the election and current round number. Then let us define D as

1 if r < Upin
0 ifr > umin ANx < d
D(r,z) =41 ifr > Upin AT <u(z) ANz >d
’—7;1;(1)] .
<mg(f) = s otherwise
u(r—a(m)-(sz’ )

Then if we prove the following:

K(r,z) < D(r,z)

Karp’s theorem will follow after substitution. Now, the reason why Karp’s theorem follows
has to do with how D is defined. Substituting r for u(size(z)) + w - a(size(z)) gives us
the desired form of Karp’s theorem. The form of D is specifically chosen to make proving
easier while still being able to support the substitution. Let us go through the cases of D to
explain why using D we will not interfere with proving the original Karp’s theorem bound.
When r < Umin, Umin 1S the minimal possible running time of the algorithm for input 2
with size(z) > d. So in this case the algorithm cannot finish in less than w,y,;, time, the
probability that W (z) > ris 1. Now, for inputs 2z’ with the size size(z") < d Wbelow states
that W (2') < u(d) = Mynin so the probability of W (z') > r is not necessarily 1. However,
1 is still a valid upper bound in this case.

When r > up;, and size(z) < d, then the problem size is small enough so that the
algorithm is finished before u,,;, (Encoded in Wbelow). Therefore it also finished before r
which comes after w,y,;,. Hence W (z) > r has probability 0. Thus D(r, size(z)) = 0isa
valid upper bound in this case.

For the case that 7 > Uy, 1 < u(size(z)) and size(z) > d, we know that the problem
size is larger than threshold d. So the algorithm is unlikely to complete before the expected
running time u(size(z)), so we set D(r, size(z)) = 1 to represent this high probability that
W(z) > r.

The case size(z) > d and r > wu(size(z)) represents the problem size being large

and that we consider times beyond the expected running time respectively. For the sake of
brevity let x := size(z). @ represents the expected reduction factor after 1 iteration.
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[T;(“z()x )1 calculates the number of additional steps beyond u(x) required to reach time 7.

a(x) is the additional time per recursive step.

r—u(x) -‘

()

models the exponential decrease in the probability as the number of additional steps in-
creases. There is also a correction term to the right of the exponentially decreasing term in
the fourth case of D, how this came to be will become clear in the proof. Karp’s theorem
formally can be written down as:

Theorem 4.7.1 (Karp’s theorem). Let I be a finite set of all possible inputs to the algorithm,
letm : R — R a function that satisfies hM and hMnonDec, furthermore let u : RZ0 — R=0
a function that satisfies Umonolnc U2pos U2inv UminLB and Urec. Let a be the toll function
that satisfies hCutoff halncreasing and hApos, let r € R and z € 1. Then

. , m(size(z))\"

P(W(z) > . < | —

(W(z) > u(size(z)) +w - a(size(z)) < < size(2) >
for all w € Z2°

We will now establish Lemmas that will support us in proving the main theorem.

Lemma 4.7.2 (K_proto_unfold). Foranyr € Rand z € I,

K(riz) < > P(h(z) = i) - K(r — a(size(2)), 1)

i€lmg(h(2))

Proof. This proof follows trivially by unfolding the definition of K and applying Wrec to r
and z. O

Lemma 4.7.3 (KO). Foranyr € Rand z € I, ifr < 0, then
K(r,z)=1.
Proof. First, recall the definition of K:
K(r,z)=P(W(z) >r).
Given that r < 0, we need to show:
P(W(z) >r)=1.

We know that for any z, W (z)) > 0, by the non-negativity of W (hWgeq0). Therefore,
since r < 0, it follows that < (W (z)) for all z.

Hence we can establish that Vz, Vw : Qu (2),w € {w : Qw (z)|W(2)(w) > r}. Thus

Next, consider the probability expression:

P({w|W(z)(w) > r}) = P({w : Qw(2)})
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Since the sum of the probabilities in Q7 (2) is 1, we obtain
PHuw[W(z)(w) >r}) =1
Therefore, K (r,z) = 1. O]
Lemma 4.7.4 (K_unfold). Foranyr € R and x € I,
K(r,z) < Epg) [K(r — a(size(x)), )]
Proof. We start this proof by unfolding the definition of expectation making our goal

K(r,z) < Z P({w|h(z)(w) = 2'}) - K(r — a(size(2)),1)

z'€Img(h)

And the proof of this follows directly from the application of Lemma K_proto_unfold. [

We will now define three more concepts that will help us bound K.

Ky(r,x) ifn=0

Kr s Ty =
wel(n,7,7) {Ewwh(lﬂ) [Krec (n — 1,7 — a(size(z)),w)] ifn>0

Where

Ko(r,x) =

1 ifr < umin
0 otherwise

We will use Kiec(n,r,x) as a recursive definition that will bound K Let I be a set, r € R,
and x € I. Define the function Krec_sup(r, x) as follows:

Krec_sup(r,z) =sup {v: R | 3n € N, Kc(n,r,2) = v}
= sup Krec(iy T 55)

(2

Where R is the extended real numbers. We will show that K is bounded by the supre-

mum. And we will show by induction on 7 that D bounds each of the K (i, -,-)’s.

Let us first establish the following lemma

Lemma 4.7.5 (Krec_non_dec). Let I be a set of inputs, v € R, and x € I. Suppose
size(x) < d. Forall i € N, the following inequality holds:

Krec(ia r? x) S Krec(i + 17 747 '1‘)7
Proof. We will proceed using induction on .
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4. KARP’S THEOREM

Base Case (1 = 0)
We need to show that for » € R and z € I we get

KFCC(O7 747 :I:) S KI'GC(17 r? x)?
Unfolding the definition of K. here we obtain

Ko(’l“, $) < Krec(L Ty l‘)
= Ep(a) [Krec (0,7 — a(size(x)), -)]
= Y P(h(z) = 2)Ko(r — alsize(z)), z)

z:Img(h(z))
Now K| actually does not depend on x, hence we can sum out the probability and we obtain
Ko(r,z) < Ko(r — a(size(z)), x)

This holds trivially looking at the definition of K.

Inductive Step

Assume the lemma holds for some ¢ : N. We need to show it holds for 7z + 1.

KI'BC(i + 17 T? x) Z Krec(ia r? x)’
We will start with unfolding Kec(i + 1,7, ) and then applying the induction hypothesis,
we then obtain
Krec(i 4+ 1,7,7) = Ep(y) [Krec (1,7 — a(size(w)), )]
= Z P(h(z) = z)Krec (1,7 — a(size(x)), x)

mg(h(2))

> P(h(2) = ) Kreeli — 1,7 — afsize(z)), z)

z:Img(h(z))
= ]Eh(:v) [Kre (7’ - 17 r—= a(size(m)), )]
— Krec(ia T, .%')

Proving the induction step as well, completing the induction. O

Lemma 4.7.6 (K_Krec_leq_below). Let I be a set, r € R, and x € 1. Suppose size(x) < d.
For all i € N, the following inequality holds:

K(T‘, x) < Krec(i’ T, SU),
Proof. We again proceed by induction on 4.
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Base Case (z = 0)
We need to show that for r € R and = € I with size(z) < d,
K("ﬁ l’) < KO(Tv .T)

Consider two cases:

Case 7 < Upmin:

By the definition of Ky,
Ko(r,x) =

We need to show:
P({neQw(z)|r<W(x)(n)}) <1.

This is trivially true since probabilities are always less than or equal to 1.

Case r > Upmin:

Since size(z) < d, we have (W (z)(w)) < Umip for all w € Qr(x) by the hypothesis
Whbelow.
Therefore,
Pr({w € Qu() | r < (W(z)(w))}) = 0.

We need to show:

0 < Ko(r,x).
By the definition of K,
Ko(r,x) =0 ifr > upmin-
Hence,
0 < Ko(r,x).
Inductive Step

Assume the lemma holds for some i : N. We need to show it holds for ¢ 4 1. So the goal is
to show:

K(r,z) < Kpec(i + 1,7, ).

Now with the induction hypothesis we obtain
K(r,z) < Kee(i, 7, ).

Now using transitivity and lemma Krec_non_dec we get the desired proposition.

This completes the induction.
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Lemma 4.7.7 (KrecLtK_imp_PropPos). Let I be a set, r € R,i € N, and x € 1. Suppose
Koo (i) (r)(x) < K(r)(x). Then have the following:

P(size(h(i)(z) > r) > 0,

Proof. We will once again proceed by induction on .

Base Case (1 = 0)

Suppose Krec(7)(7)(2) < K(r)(z) holds. Then we must show P({w : size(h(0)(z)(w)) >
d}) > 0. Now by our assumption hOz we have Vw : Qp,(z), h(0)(2z)(w) = z. Hence this is
equivalent to showing size(z) > d.

We will prove this by contradiction, suppose size(z) < d, then by lemma K_Krec_leq_below
we know K (r)(z) < K(0)(r)(z), which contradicts the assumption we made at the start.
Completing the base case.

Inductive Step

Assume the lemma holds for some 7 : N. Then we need to show it holds for ¢ + 1. Our goal
becomes:

Kiec(i+ 1)(r)(2) < K(r)(2) — P(size(h(i)(2)) > d) > 0
Let us assume Ke.(i + 1)(r)(z) < K(r)(z) holds. Then applying lemma K_unfold and

unfolding the definition of K .. we obtain:

Ep, [K (i) (r — a(size(2)), )] < Ep [K()(r — a(size(2)), )]

unfolding the definition of expectation we obtain:

Y. Pwlh(z)(w) = y}E@)(r — alsize(2)))(y) <

yelmg(h(2))

Y. PUwlh(z)(w) = yHK(r - alsize(2)))(y)

y€lmg(h(z))

Now, we have

Fy, P{wlh(2)(w) = y}) > 0A
Kree (1) (r — a(size(2))(y) < K(r — a(size(2)))(y)

This we obtain by contradiction, since if the proposition would have been false the left hand
side would be larger than the right hand side contradicting the < relation. Now by the
assumption hRec we have

P(size(h(i+1)(z) > d)) = Z P(h(z) = q) - P(size(h(i)(q)) > d)
q€lmg(h(2))
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Now we also have K,..(i)(r)(z) < K(r)(z), using transitivity together with Kie.(i +
1)(r)(z) < K(r)(z) and lemma Krec_non_dec. Composing this with the induction hy-
pothesis we obtain P(size(h(i)(y)) > d) > 0. Hence we have

P(size(h(i+1)(2)) > d) > P(h(z) = y) - P(size(h(i)(y)) > d) >0

Using P({w|h(z)(w) = y}) > 0 and P(size(h(i))(y) > d) > 0. Completing the
inductive step. Hence we have proven the proof statement using induction. O

We will now show that Vr z, K(r)(z) < sup; K(i)(r)(2).

Lemma 4.7.8 (K_le_supKrec). Let I be a set, r € R;i € N, and z € I. Then have the
following:
K(r)(z) < sup K(i)(r)(2)

(]

Proof. We will prove this by contradiction, so we obtain the hypothesis:

Ir x,sgp K(i)(r)(z) < K(r)(x)

So take r x such that sup; K (i)(r)(z) < K(r)(x) holds then unfolding the definition of
the supremum we obtain that

Vi, K (i)(r)(2) < K(r)(2)
Hence using lemma KrecLLtK_imp_PropPos with  x we obtain
Vi, P(size(h(i)(z) > d) >0

However we have assumed with hPFinite that 3k, P(size(h(k)(z) > d) = 0. This leads to
a contradiction, hence we have proven the lemma by contradiction. 0

We will now prove that D(r)(x)/z is non-decreasing for 0 < = < u(r) where u(r)
is the inverse as mentioned in the assumptions U2inv). This will then be used to apply
lemma31 (which we will prove later on) to obtain the inequality

D(r — a(size(z))) (min(size(2), a(r — a(size(z)))))

E[size(h(z))] min(size(z), 4(r — a(size(z))))

We will then use this to show that the K (i)(-)(-)’s are all bounded by D.

Lemma 4.7.9 (hD_nonDec). Let v € R, € N, and x € I. Then for 0 < z < a(r),
D(r)(z)/x is non-decreasing.

Proof. We have D(r)(z)/xz = 0 forz < d A D(r)(x)/x > 0 for x > d. By unfolding the
definition of D(r) hence we know that for « € (0, d] that D is non-decreasing.
For the case = € [d, u(r)] we define S(r)(u)(k) as

Sr)(u)(k) := {z € [d,a(r)] | k= [(r—u(z))/a(z)]}
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Now we can trivially show a lemma Sunique: Vz, 3k, € S(r)(u)(k). Furthermore we
can trivially show lemma XLeY_imp_KLeL: Vz y,z <y — Vk,z € S(r)(u)(k)AVl,y €
S(r)(u)(k) — k < I. This can be proven by first realizing using Sunique that the V& and VI
refer to only one unique k and [ respectively, and using Umonolnc to show that for x < y
we would have k < [ whenever both k and [ are nonnegative (otherwise || will not preserve
inequality). And lastly by using U2inv we know (r > u(x)) and (r > u(y)), hence we can
establish k and [ are both nonnegative.

We start with the goal:

z <y — D(r)(z)/z < D(r)(y)/y
Let us introduce the hypothesis that x < y and unfold the definitions. Then we see the goal
becoming:

M [r—u(z)/a(x)] 1
< v > a(r— [r— ulz)ja(@)] aly))
(m(y)) [r—u(y)/a(y)] 1
y a(r — [r—u(y)/a(y)] a(y))

Using lemma Sunique we can obtain k, [ thus giving us

(m(x)ya r—lka< D =
(ry L
Moving i to the other side we obtain:
<m())k ) <m;y>>l )

< <m(y) >l
Y
Where we used, 4(r — ka(z)) > a(r — la(y)), by r — ka(x) > r — la(y) (where we used

Amono) and U2Pos to make sure division by @ preserves the inequality.
We will split the proof now up into two cases

Case ) > 1:

<m($))k < <m(y))k (by Mnondec)

!
) (by k<)
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4.7. Proof of Karp’s theorem

Case ™) < 1.
m(z)\* _ (m(@)\' m(z)
( > g( > (byk<land —= < 1)
X X X
m(y)\'
< <> (by Mnondec)
Y
Thus we solve the desired goal for both cases. Therefore we have proven the lemma. O

Lemma 4.7.10 (lemma31). Let X be a random variable with its domain being of type €.
Where ) is a type of which there are only finitely many values that are of that type. Let x
be the maximum value that is taken for all values on ). Let f : R — R+ be a nonnegative
function such that f(0) = 0. And suppose that there exists some constant ¢ such that for
y > ¢ fly) = 1and f(y)/y is non-decreasing on (0, c|. We furthermore assume y > 0
and ¢ > 0. Then we have

E[X]f(min(z,c))

min(z, c)

Ex[f()] <

Proof. We will start by showing

fly) < LS min(, )

min(z, ¢)

We start by splittingoncasesy =0V y > 0:

Case y=0

for y = 0 we know f(y) = 0 using this we obtain the goal

f(min(z, c))

0<0
~  min(z,c)

simplifying this we obtain our goal.

Casey > 0

We will again split into two cases x < cV x > c:

Casezxr <c

Then we get the goal

fW/y < f(@)/x

By moving y to the left hand side and simplifying min. This goal can then be solved by
f(x)/x being nondecreasing.

51



4. KARP’S THEOREM

Case x > ¢

Then once more we will split into the cases y < cV y > c:
case y < ¢ = moving y to the lefthand side of the goal and simplifying min(z, ¢) using
x > ¢ we obtain the goal

fw)/y < fle)/c

This then follows from f(y)/y being nondecreasing and y < c.
casey >c¢ —

fly)=1 (byVy=>c f(y)=1andy =)
= f(c¢) (byVy>c, f(c)=1landc> ¢)
< f(e) - Y (by y/c > 1, using nonnegativity of y and ¢ to preserve inequality)
c
no more goals are unsolved hence this statement is proven. Now we will move on to the
main goal:
E[X] - f(min(z,c))

min(z, c)

E[f(X)] <

Ef(X)]= ) Plw:QX(w)=y})- [y

y€lmg(X)

< > P({w:Q\X(w):y})w
y€lmg(X) ,

<Ll ST R 21X =)y
min(z, c) Jetmtx)

SWE[X}

Where in the second line we used the statement proven before moving on to the main goal.
O

Theorem 4.7.11 (Karp’s theorem). Let ¢ € N, let m : R — R a function that satisfies hM,
reRandx € 1. Then
Kree(i)(r)(z) < D(r)(size(x))

Proof. We will prove this statement by induction on %

Base case 7 = 0:

For 7 = 0, we must show
Kiree(0)(r)(z) < D(r)(size(z))
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unfolding the definition of K .. we obtain
Ko(r)(z) < D(r)(size(z))
Let us split this into two cases r < Umin V T > Umin
Case r < Upmin:
Simplifying both sides using r < u;,;,, We obtain
0<1

which holds trivially.
Case r > Upmin:
simplifying using the definition of Ky and 7 > wu,,;, gives us

0 < D(r)(x)

This holds trivially as well since D is a nonnegative function. By m and @ are positive
functions.

Induction step:

For the induction step let us suppose that for some & : N we have
Vr x, Keec (k) (1) (z) < K(r)(z)
Lets introduce r and z, then the goal becomes
Kree(k +1)(r)(z) < D(r)(z)
Now we have

Krec(i +1)(r)(z) = Epp) [K(i)(r — a(size()))(-)] (by unfolding)
< Ep(@)[Dr—a(size(z))(-)]  (by induction hypothesis)

D(r — a(size(x)))(min(size(z), u(r — a(size(x))))

< Eh(m) [size(‘)] : min(8i26($)v ﬂ(T — a(size(l'))))

D(r — a(size(x)))(min(size(z), a(r — a(size(x))))

< m(size(z)) - min(size(x), i(r — a(size())))

In the third line, we used lemma31 and the fourth line uses that m : R — R satisfies
hM. Hence we obtain the inequality:

D(r — a(size(x)))(min(size(z), a(r — a(size(x))))
min(size(z), 4(r — a(size(x))))

Kiee (i 4+ 1)(r)(z) < m(size(z)) -
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Now let ¢ := min(size(z), u(r—a(size(x)))) and 7 := r—a(size(x)). Then the inequality
becomes:
D(7)(q)

q

Kiec(i + 1)(r) () < m(size(x)) -

Let us denote this inequality as hKleqMD. Let us start the proof by splitting into two cases
7 < Umgn VT > Umin

case 1 < Uiy, — For r < Ui, we have D(r)(size(x)) = 1 we furthermore know
Vi r x, K(i)(r)(x) < 1, this can be proven inductively. Hence the goal is satisfied for
T < Umin-

case 1 > Umin — FOrr > Um,n, we can split it up further into size(z) < dV (size(z) >
d Nu(size(x)) >r)V (size(x) > d ANu(size(z)) <)

case size(r) < d = in this case we have D(r)(z) = 0 applying hKlegMD we get
the following goal:

Now, ¢ < size(z). Thus we have D(#)(q). Now
(size(x)) (by definition)

r—a
r—0 (by Alower with size(x) < d)
”

Hence we have D(7)(q) = 0, due to # = 7 > Uy, and due to g < size(z) < d. Hence
rewriting D(7)(¢q) = 0 into the goal we obtain:

m(size(z)) - — <0

QDO

simplifying this will give us the desired term.
case size(x) > d A u(size(x)) > r = simplifying D(r)(size(z)) we would get

Kree(i +1)(r)(z) < 1

Now, as mentioned before, we can use induction to show Vi r z, K(i)(r)(z) < 1. Which
would solve this case when applying it for (¢ + 1), r and z.

case size(x) > d A u(size(x)) < r = This part is the hardest part of the proof we will
again split it into two cases size(z) < 4(r — a(size(x))) V size(x) > u(r — a(size(z))):
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Case size(x) < u(r — a(size(x)))

Then g = size(x) Now let us establish two equalities

7 —u(q)
a(q
_ r—a(q) —u(qg)
a(q)
_r—u(g)
O

Let us denote this equality with hEql. And

(53

-0 (30
(by hEqland [- — 1] = [-] = 1)

=1 — a(size(z)) - ([

M (by ring axioms )
a(size(x))
Let us denote this equality as hEq2. Now applying hKleqMD we obtain:
D(7)(q)
q

m(size(z)) - < D(r)(size(z))

Now simplifying D using size(z) > d A u(size(z)) < r and 7 > wpy;, We obtain the
expression

T—u(qw

lxm@md@):<wmn>[m>

q

(et (7))

Where we used ¢ = size(x). Let us name this expression hdEq. Now we can establish
that 7 > 1w, since we have that size(z) < u(r — a(size(x))). Hence, u(size(x)) <
r — a(size(x)), by U2inv. Hence

7 =1 —a(size(x)) (by definition)

> u(size(z))

> Umin (by UminLDb)

Now, we furthermore know that u(size(z)) < 7, from the inequalities we have established
above. And we know size(x) > d. Hence we can simplify D(7)(size(z)) within the goal:

l@)w

m(size(az)); . (m(q)> [

q

size(x

i (7 —ala) | 62 |)

< D(r)(size(z))
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Now,

(by hEql)

(by hEq2)

Applying this to our goal we indeed prove the goal:

D(7)(q)
q

m(size(x)) - < D(r)(size(x))

giving us the proof for this case.

Case size(x) > u(r — a(size(x)))
Now let z := size(x). In this case we can again simplify D using size(z) > d, u(size(x)) <
rand r > um;,. Giving us the equality hdEq:

r—u(z)-‘

m(z)ya@

z

D)) = (

Furthermore

u(q) = u(i(r — a(z))
r—a(z) (by U2inv)

7 (by definition of 7)

vV
>

hence we know that D(7)(q) = 1, since we can assume without loss of generality that
q > d, so both for #* < i, and 7 > Uy, We obtain D(7)(q) = 1. We can assume ¢ > d,
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since we otherwise obtain D(7)(q) = 0 after which our goal becomes trivial after applying
hKlegMD. Hence our goal becomes after applying hKleqMD:

m(z)
q

< D(r)(2)

Now,  — u(z) > 0 and

u(z) >r—a(z)
u(z) —r > —a(z)
a(z) >r —u(z)

Furthermore we know a(z) > 0, since z > d and using hApos. Hence we know by dividing

by a(z) on both sides:
r—u(z)

a(z)

|

We can then use this to simplify the equality hdEq to obtain:

0< <1

Therefore we can establish

Using this we can now rewrite our goal:

m(z) m(z)
¢ S ar—a()

Which holds by equality using the definition of ¢ together with size(x) > u(r—a(size(x))).
Hence we have shown that the induction step holds for all cases. Proving this theorem. []
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Chapter 5

SMX: Sequential Monte Carlo
Planning for Expert Iteration

5.1 Background: Markov Decision Processes (MDPs)

Sequential decision-making is often formalized as a Markov Decision Process (MDP), de-
fined as a tuple (S,.A, T, 7,7, 1). Here S is the set of possible states, representing the dif-
ferent configurations the system can be in. A is the set of actions available to the decision-
maker at each state. 7 : S x.4 — P(5) is the transition function, describing the probability
distribution over the next states given a current state and action. r : S x A — R is the reward
function, quantifying the desirability of the state-action pairs. y € [0, 1] is the discount fac-
tor, determining the importance of future rewards compared to immediate rewards. Lastly,
 1s the initial state distribution, representing the likelihood of stating in each possible state.

The objective is to find a policy 7 : S — P(.A), which maps each state to a probability
distribution over actions, maximizing the expected cumulative reward

S8

7 = argmax E,
mell =0

where 7, = 7 (s, ay) is the reward received at time ¢. In the context of this thesis, the MDP
framework models reasoning steps in formal theorem proving, where states correspond to
a sequence of Lean 4 tactics (predefined commands or operations used to manipulate the
proof goals) and the resulting proof goals (intermediate objectives in the proof). Actions
represent Lean 4 tactics that can be applied to a given state.

5.1.1 Control as Inference

The authors Macfarlane et al. [27] then suggest to connect MDPs with the SMX algorithm
by reformulating the above objective, also called the reinforcement learning objective as a
probabilistic inference problem. Instead of maximizing the cumulative reward directly, we
introduce an “optimality variable" Oy, defined such that:

p(Or = 1|7) x exp(’ytrt)
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where 7 = (s, ag, s1, a1, . .., ST, ar) is a trajectory, representing a path through the Markov
Decision Process. This allows us to frame the goal as finding the target distribution over
trajectories given optimality at all timesteps, p(7|O1.7). The policy optimization problem
becomes [28]]:

logp-(0O=1) = log/ﬂ(r)p(O = 1|7)dr

where p(O = 1) represents the probability of acting optimally across all timesteps. Notice
also that p(O = 1|7) factors as:

T
p(O =1|r) = Hp(0t|st,at) X exp (Z 7%})

t=0

5.1.2 Evidence Lower Bound (ELBO)

Since directly optimizing this objective is difficult, the evidence lower bound (ELBO) is
used as a tractable approximation. By introducing an auxiliary distribution ¢(7), the ELBO
is expressed as:
r T

logpr (0O =1) > Eyry [Z: vté — log fr((7>)]
Here, ¢(7) is an auxiliary distribution that simplifies optimization by allowing us to com-
pute the ELBO through sampling, instead of directly computing the intractable integral from
the previous section. Furthermore, « is a normalization constant. This lower bound is the
foundation of the SMX method, it combines the Sequential Monte Carlo (SMC) sampling
with Expectation-Maximization (EM) to iteratively improve the policy. SMC sampling is a
probabilistic technique that approximates distributions by generating and resampling parti-
cles (samples) to represent the target distribution effectively. EM is an iterative optimiza-
tion algorithm that alternates between estimating hidden variables (E-step) and optimizing
model parameters (M-step) to maximize a likelihood function. The derivation of this bound
can be found in the appendix [B]

5.1.3 Expectation maximization

In the case of the SMX algorithm, the E-step corresponds to generating auxiliary distribution
q by evaluating the policy using sampled trajectories. This ¢ will be generated in such a way
as to optimize the ELBO shown above. The M-step updates the policy 7 to align with the
auxiliary distribution q.

5.1.4 Sequential Monte Carlo

Sequential Monte Carlo (SMC) sampling is used to approximate the target distribution over
trajectories, which in this context represents the probability distribution of reasoning paths
that align with logical correctness and relevance. SMC maintains a set of weighted particles,
where each particle represents a possible trajectory. At each step, the importance weights
of the particles are updated based on how well they align with the target distribution.
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5.2. SMX

The target distribution, denoted as p(z), is often intractable to sample from directly.
SMC solves this by using a tractable proposal distribution that is denoted by Macfarlane
et al. [27] as 5(x¢|x1.4—1), which provides an approximation for sampling trajectories in-
crementally. Each trajectory is weighted according to how well it represents the target dis-
tribution relative to the proposal distribution. The set of weighted particles {xﬁ”), wt(n) 7]:’:1
approximates the target distribution as:

N

p(@) ~ Y w5 o (@)

n=1

where § ) (z) is a Dirac delta function centered at x,g"), and w§”) are the importance
t

weights of the particles. The importance weights are updated at each step using Sequential
Importance Sampling (SIS), the weights are computed as:

0" (214) = wim1 (F1:4-1) - W
and -
ol =
D k=1 Wy
for each particle n = 1,..., N. The normalization here makes sure the weights remain
interpretable as probability, and reduces numerical instability from very large or very small
weights.

To prevent the loss of diversity and maintain an accurate approximation of the target dis-
tribution, computational resources are reallocated through the resampling process. During
resampling, particles with low-importance weights are discarded, while particles with high
weights are duplicated. This makes sure that the particle set remains focused on regions
of high probability in the target distribution while avoiding issues like sample impoverish-
ment, which occurs when only a small subset of particles dominate the weight distribution,
reducing diversity in the sampled trajectories.

5.2 SMX

SMX combines Sequential Monte Carlo (SMC) sampling with Expectation-Maximization
framework for MDPs. We iteratively refine the auxiliary distribution ¢ in the E-step, and
update the policy 7 to align with the auxiliary distribution in the M-step.

5.2.1 KL-divergence

Shortly we will discuss the derived E-step, which will contain two new terms: the KL diver-
gence and Q values. So before we introduce this step we will introduce the KL divergence.
The KL stands for the Kullback-Leibler divergence. This is a measure of how one proba-
bility distribution q differs from another distribution 7.The KL divergence between ¢ and 7
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5. SMX: SEQUENTIAL MONTE CARLO PLANNING FOR EXPERT ITERATION

is given by:
q(7)

m(T)

KL(g||) = > q(r)log
This formula represents the expected logarithmic difference between ¢(7) and 7 (7), with
the expectation taken under ¢(7). A smaller KL divergence indicates that ¢ and 7 are more
similar, and the divergence is zero if ¢(7) = w(7) for all 7.

5.2.2 Q values

The second new term that will show up is the Q value function. The )-function, denoted as
Q1(s, a), represents the expected cumulative reward when starting in state s, taking action
a, and then following a policy defined by the distribution g for subsequent steps. Mathe-
matically, it is expressed as:

T

Qq(S,(l) = ]ETNq ZWtTt ‘ S0 = S,a0 = af ,
t=0

where as stated before T = (sg, ag, s1, a1, ..., Sr,ar) is a trajectory sampled according to
the policy ¢ and v € [0, 1] is the discount factor, lastly r; is the reward obtained at time-step
t. Actions in the context of this thesis would consist of LEAN4 tactics. Intuitively, Q?(s, a)
answers, what the expected total reward would be if we start at state s, take action a, and
then follow the policy g.

5.2.3 E-step

The authors of Macfarlane et al. [27] state that the E-step optimization can be written as:

max IEu(s) [Eq(a|s) [Qq(87 a)]] - aKL(Q("S) ’ ‘ﬂ—("sv 9))]

q
derived from the ELBO bound. However, our derivation in Appendix shows that, start-
ing from the ELBO bound, we arrive at:

Q(s,a)

max ) [Eqws) [

2] (7 4 DBy (B4 KLGatals) (el

Our derivation of the E-step differs in constants such as « and (7" + 1) and the definition
of the expectation specifically, we use d,(s), the time-averaged state visitation under g,
whereas Macfarlane et al. [27] use p(s), the initial state distribution. However, since « and
(T"+ 1) do not affect the maximization itself, our bound is effectively equivalent to theirs.

It is worth noting that Macfarlane et al. [27] do not provide the full derivation of their E-
step objective. Because of this, their assumptions on the MDP remain unclear. In this thesis,
we present a rigorous derivation to ensure the derivation is verifiable and transparent. The
differences will likely be caused by definitional choices, such as whether the MDP uses a
finite horizon (with a maximum time 7") or an infinite horizon (where T = 00), as well as
the form of the state-visitation distribution.

62



5.2. SMX

State visitation distributions describe the frequency with which states are visited under
a given policy. There are two types of state visitation distributions. The time-averaged
state visitation d,(s) reflects the proportion of time spent in each state over the trajectory,
whereas the discounted state visitation emphasizes states visited earlier by weighting visits
using the discount factor y. The time-averaged state visitation is usually used for finite-
horizon problems and the discounted state visitation is usually used for infinite-horizon
problems.

Additionally, Macfarlane et al. [27] simplifies notation by using p to represent both the
state visitation and the initial state distribution interchangeably. While this naming choice
is convenient, it can make differences in the assumptions used less visible.

Macfarlane et al. [27] then applies a common simplification, where the ()-values are
fixed to represent the action-values of a fixed policy 7. For the fixed policy we use the
most recent estimate of g. The authors propose using a queue of states that are visited most
recently to determine pz. Macfarlane et al. [27] then also reformulates the problem as:

maxEy,, (o) [Eqa)s) [Q7 (5, )]

s.t. E,. [KL(q(als)||7(als, 0;)] < e

However, Macfarlane et al. [27] also label p7 as an approximation of the initial state dis-
tribution. Since the queue samples states from all time steps iz more closely approximates
the overall state-visitation distribution dz. This matches the E; ) [...] term in our E-step
derivation, but it does not match our E,,[. ..] term, which theoretically uses only initial
states. Nevertheless, using uz as an approximation for both expectations is common in
reinforcement learning, thus we will do this in this thesis as well.

Macfarlane et al. [27] then solved this expression using Lagrangian multipliers, obtain-

ing:
Q7(s,a) — Vﬁ(S))
/r]*

Here n* is a normalizing constant that has to be solved for using a convex dual function.
This is out of scope for this thesis, however.

Here, V™ (s) represents the value function, which quantifies the expected cumulative
reward when starting in state s and following policy 7 for all actions up to that point. It is
related to the Q-function as:

gi(als) < m(als, ;) exp <

VW(S) - anﬁ(als) [Qﬁ(sa a)]

Intuitively, it represents the overall value that can be obtained by applying policy 7.

Estimating Target Distribution
As established in the above section the E-step is optimized by a target distribution of the

form: _ _
Q™(s,a) = VT )

gi(a|s) < w(als, 0;) exp < e
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5. SMX: SEQUENTIAL MONTE CARLO PLANNING FOR EXPERT ITERATION

This is a distribution that is not tractable to sample from immediately. For the SMX algo-
rithm, this is done using Sequential Monte Carlo sampling as we discussed earlier in this
chapter. We will specifically apply Sequential Importance Sampling, to do this we need to
select p and 3, for which we select the following:
AT (ay, s
Pi(Te|T1:e-1) o< T (8t41]8t, ar)mi(ae|st, 0;) exp <(nit)>
i
B(7e|T1:6-1) o T (8t+18t, ar)mi(at|st, 0;)

Where we define A™(ay, s;) = Q7 (s,a) — VP¥(s), this is also called the advantage, since
we look at what the total reward would be if the agent exclusively does a specific action
a in state s, when following policy 7 compared to the total reward that would have been
obtained in state s if the agent just followed policy 7.

The weight updates then become [27]:

w(T1:) o< w(Tr:e—1) - exp (AT (ag, s¢)/n;)

Macfarlane et al. [27] visualized this with Figure @

In figure [5.I] we can see that we start at the starting state S;. In our case this would
be the starting proof state when we have not yet applied any tactics. We can then see [V
edges coming out of this, giving us N different next states. These new states are obtained
by doing a}, withi = 1,..., N, actions sampled according to my(als;), i.e. ai ~ mp(als;),
fori=1,...,N

) ) " A(s,a)

n
z' o w(@hyq) z' (@)

R -

&
o ®

el e ML

- - - -

E-step

Figure 5.1: This figure visually represents the SMX search process, where multiple trajec-
tory samples (denoted as x',...,z") are generated in parallel using a policy 7;. During
each step of the environment, particle weights are adjusted based on the advantage, as in-
dicated by the size of the circles. The resampling stages are depicted where particles with
higher weights are more likely to be prioritized for propagation, and the weights are reset to
be uniform afterward. The final step involves estimating the target distribution g;, which is
constructed by the particles that are left in the final stage and their corresponding weights.
This target distribution is then used to refine policy 7 in the M-step. Adapted from SPO:
Sequential Monte Carlo Policy Optimization by Macfarlane et al. (2024) [27].
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5.2.4 M-step

Since in this thesis we were unable to also implement the M-step and instead chose for
supervised fine-tuning we will not validate and derive the M-step in this thesis. This will
instead be left as future work. Below we show the M-step as it was derived by Macfarlane
et al. [27]:

max By, (5) [Bqi(als) llog w(als, 6)]]

S.t. Eﬂq (s) [KL (F(a’370i)77r(a‘37 0))] <Em

%
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Chapter 6

Related Work

In this chapter, we review existing approaches related to this thesis, focusing on methods
that use large language models (LLMs) for reasoning and theorem proving. We discuss how
Monte Carlo Tree Search (MCTS) and other proof-guided reasoning techniques have been
applied to improve the performance of LLMs in structured reasoning tasks. Additionally,
we review alternative approaches like Hypertree proof search and Logic-LM, which aim to
achieve faithful logical reasoning through symbolic solvers.

6.1 MCTS guided reasoning in LL.Ms

Monte Carlo Tree Search (MCTS) is a decision-making algorithm widely used in reinforce-
ment learning. It combines random sampling of future actions with systematic exploration
of high-reward paths to build a search tree. MCTS iteratively improves its decision-making
by simulating outcomes, updating the values of visited states, and balancing exploration
and exploitation. MCTS is a valuable tool for guiding reasoning processes, particularly in
scenarios requiring sequential decision making, such as theorem proving.

In the work of Feng et al. [[12]], MCTS is proposed as a method for guiding reasoning
in LLMs during both training and inference. The authors mostly look at smaller LLM’s
with sizes ranging from 150 Million parameters to 7 Billion parameters. Due to this smaller
size the authors suggests that the model will not have a good internal critic ability—that is,
the capacity to evaluate the quality of intermediate states. To address this, they recommend
using separate parameters for evaluating a states and for generating an action.

For computational efficiency, the authors suggest that using a shared model architecture
with different heads for the policy and the value functions. In this setup, the policy model
(responsible for generating actions) and the critic model (responsible for evaluating states)
share the majority of the model’s parameters, differing on only the final layers, known as
heads. Each head is trained for its specific purpose, policy generation or value evaluation.
This would be optimal for compute efficiency.
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6.2 Neural theorem proving

Theorem proving involves generating formal proofs for mathematical or logical statements
through a sequence of reasoning steps, called tactics. Recent advances have explored using
large language models (LLMs) to assist with or automate theorem proving. Traditional
approaches rely on proof assistants, which require manually writing down the tactics by
a human, while the described methods use autoregressively trained Transformer models
trained on text to suggest tactics instead of letting humans come up with suggestions. The
work of Tian et al. [46] is similar to Feng et al. [12], however here the models are larger and
no separation is made between the value and policy network. The larger model does both.
Some critical differences are that the authors try to alleviate 3 main problems

* Imperfect feedback: The authors use multiple (3) critic models

» Search efficiency: By lumping together tokens into a single action, furthermore a fast

rollout policy 7" is used instead to traverse the MCTS tree.

 Data scarcity: After the MCTS stage the author collects the trajectory with the highest
reward from the critic models as a training example to improve the model.

In our case the solution for imperfect feedback will come from using a proof assistant in-
stead of using multiple critic models.

6.2.1 Tree Guided Neural Theorem Proving

The model in [33] is trained using two objectives

* Proofstep objective: This is a conditional language modeling objective. Where the
model is asked to generate the PROOFSTEP given the GOAL [33]

* Outcome objective: Using this objective a value function is supposed to be imple-
mented. It is supposed to represent the likelihood a proof gets solved.

The model architecture is a GPT-2 type of model with at its largest only 774 Million pa-
rameters. Similar to what we do in this paper is they make use of an expert-like principle,
where the data that is produced during training, specifically the subgoals and their proofs
are added as training data for the next iteration of the model. The work of [34] has a very
similar strategy but here instead of providing a large starting dataset, the authors propose a
way to automatically generate and manually curate a dataset without proofs that the model
will try to solve, again using expert iteration. Furthermore, LEAN was used instead of
metamath as the proof assistant. Lastly, the model is trained using two different objectives

* Proofstep objective: Similar to [33]] the language model is conditioned on the theorem
name and the goal state.

* Proofsize objective: Unlike [33] the authors propose to have as its second objective a
conditional language modeling objective where the task is generate tokens that repre-
sent a proof size estimate bucket for the current goal. So instead of representing the
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likelihood a proof gets solved, it represents the number of tactics that are needed to
solve the goal.

6.2.2 Hypertree proof search guided theorem proving

In the work [23] the authors develop something called hypertree proof search. This proof
search progressively grows a hypergraph starting from the goal state g. The process of the
proof search consists of three steps:

* Selection: The authors point out that the number of nodes in the proof hypergraph
grows exponentially with the distance to the root. Making breath first search a bad
candidate if we want to find complicated proofs. Since these would require deep
proofs (proofs that require many steps). Hence similar to MCTS the authors use a
policy model Py together with current estimates from the critic cg. The critic here
represents the probability that the current goal gets solved.

* Expansion: To expand a node g, the authors use a policy Py to sample tactic. These
are sampled token-by-token using a transformer decoder model, where the authors
condition the transformer on the goal and its previously generated tokens. The authors
add a hyperedge for each valid tactic ¢; from the expanded node g to its children
{ g?, ey gf} which are the subgoals that result after applying tactic ;.

* Back-propagation: For each goal g in the simulated proof tree 7', the value is set to
vr(g) = 1 when it is solved (no more subgoals) or v7(g) = 0 when the node is
invalid (error state in the proof assistant). If it is neither its value is estimated by the
critic model vr(g) = cg(g). This can be used to give a value to all leaves in 7. Then
the authors use the following formula to estimate the value of the inner nodes:

or(@)= J[ (e

céEchildren(g,t)

Where ¢ is the tactic hyperedge connecting the children with the parent, that was
selected in the expansion step. These are accumulated over multiple graph traversals.
And eventually used to get a total action value Q(g,t). The process is detailed in
Figure[6.1] see [23]] for more information on the exact details of this method.

In Figure [6.1] the visit count N the total accumulated values W are mentioned, however in
our short description of the method this is left out for sake of brevity. If the reader wants to
have a better understanding of the interplay of N, W and the critic cgy the reader is urged to
take a look at the paper [23].

6.3 Logic-LM: Empowering Large Language Models with
Symbolic Solvers for Faithful Logical Reasoning

In Pan et al. [30] the authors take a very different approach, where instead of trying to let the
model validate its reasoning using a proof assistant. The problem gets phrased in a formal
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Selection Expansion Back-propagation
vr(g)=(1x0.1)x0.4
N(g,te)=1 (g, t2)=0 N(g,t:)=2
W(g,ty)=0. W(g, ts)=0.1 W(g,t:)=0.5+(1x0.1)x0.4

W(gs, t1)=0

O V“(gg):lxo.ll QI vi(g1)=0.4
)y
N (go, to) =1 N (g1, te)=1
W(go, to) =1x0.1 W(g1, to)=0.4
A4 v
vr(gz)=1 -
=0.4
%2 wen (@ 0)(@])vw
N (g4, t1)=0

Figure 6.1: This figure is adapted from [23]]. It describes finding a proof of the root theorem
g. Either proving {g5}, {90, 91} or {gs, g7}, will lead to a proof of g. Tactic ¢; is selected
for expansion. The calculation of values can be seen in the backpropagation step, through
backpropagating to the root and using the critic.

way such that it can be put inside a symbolic solver. In Figure[6.2] an overview is made of
the Logic-LM model.
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Metals conduct electricity. No giant language model could have bad performance In an antique car show, there are three vehicles: a tractor,
Insulators do not conduct electriciy. If a language model has good performance, it is used by some researchers. a convertible, and a minivan. The tractor s the second-
If something s made of iron, then it is metal. Awork used by some researchers should be popular. newest. The minivan s newer than the convertible
FIN T - If BERT is a giant language model, then the same for GPTS.

BERT is a giant language model Which of the following is true?

A) The tractor is the oldest.

el pe i G s oy Is the following statement true, false, or unknown? GPT3 is popular. B) The convertible is the oldest.
unknown? Nails cannot conduct electriciy. ST SRR

| S —

X Problem Formulator

! I —

Rules: R Facts: ™\ (‘Domain: Variables

« Metal(x, True) - ConductElectricity(x, True) * —(3x(LanguageModel(x) A Giant(x) A =GoodPerformance(x))) 1: oldest tractor € [1, 2, 3]

+ MadeOflron(x, True) — Metal(x, True) + Vx(LanguageModel(x) A GoodPerformance(x) — UsedbySomeReseachers(x)) 3: newest minivan € [1, 2, 3]

Facts: * Vax (UsedbySomeResearchers(x) - Popular(x)) convertible € [1, 2, 3]

+ MadeOflron(Nails, True) * LanguageModel(bert) A Giant(bert) — LanguageModel(gpt3) A Giant(gpt3) Constraints:

* ConductElectricity(Insulator, False) * Language(bert) tractor == 2

Query: * Giant(bert) minivan > convertible

* ConductElectricity(Nail, False) / Query: Polular(gpt3) AllDifferentConstraint(tractor, minivan, convertible)
e 2 \

@b Symbolic B ) & _ ) = ) I !
: Y! EY Logic Programming & First-order Logic Prover g Constraint Optimization |
| ©+@ Reasoner Z = }
N N 4 _____ _
(—— T\ T ANttty \
| @ Result - L ) ) . !
| = ConductElectricity(Nail, True) Entailment {convertible: 1, tractor: 2, minivan: 3} |
t L Interpreter |
N & ____________ l ______________ i ______________________ J

=0 The statement “Nails cannot The statement “GPT3 S
Answer s . ” A) The convertible is the oldest.
conduct electricity” is false. is popular” is true.

Figure 6.2: This figure is adapted from [30] The model consists of three modules. (1) The
problem formulator, this essentially consists of prompting an LLM to generate a symbolic
representation of the input. (2) The second module is called the Symbolic Reasoner. This
effectively consists of inputting the problem into a symbolic solver. (3) The third step is
executed by the Result interpreter which essentially interprets the symbolic answer.
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Chapter 7

Methods

This chapter explains how Neural Theorem Proving is done with LLMs using SMX. The
three main ingredients for Neural Theorem Proving are the neural network, which in our
case is a Large Language Model; the inference procedure, which is the E-step in this thesis;
and the improvement procedure of the neural network, which ideally would be the M-step
but, in this thesis, will just be supervised fine-tuning. Section [7.1]introduces the problem
setting and specifies the performance metrics for evaluation, and Section explains the
overall approach. Then, Section explains the inference procedure that is used to solve
the formal theorem-proving problem. Additionally, Section explains the improvement
step of the neural network that is used to improve the neurally parameterized policy for se-
lecting tactics. For Neural network inference and modeling PyTorch [31] and 11ama . cpp
were used.

7.1 Problem Setting

This thesis considers the problem of theorem proving, which has been cast as a Markov
Decision Process (Section [5.1)) with a transition model of the environment. We will go
over the various components of the Markov Decision Process, how they are instantiated,
and why it is instantiated in this way.

7.1.1 States

The states s; are internal states of the LEAN4 Interface, consisting of the current LEAN4
proof script (i.e., the sequence of tactic applications written so far), along with the remain-
ing proof goals and their associated local contexts (assumptions available for each goal).
The textual representation of this is shown in Figure in the Periwinkle Gray-colored
rectangle on the left. When this information is fed to the generative model, it is transformed
into this textual representation. The textual description also includes an Affirmation Prompt
and examples alongside the already-mentioned textual information. This format was cho-
sen because of the effectiveness of a similar type of prompt in Chen et al. [7] in guiding a
generative model into giving better answers.
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7.1.2 Actions

The actions a; are json formatted strings:

{"Tactic":"<tactic>","Goal":"<GoalName>"}

The tactics are always targeted towards a particular goal that is referenced in the textual rep-
resentation of the state s;. The reason for choosing a json format in particular is because
this structure is enforceable by 11ama . cpp, which makes parsing the output tractable.

Most commonly used LEAN4 tactics are supported, including apply, exact, simp,
and 1inarith. These tactics allow the model to use lemmas and theorems from Mathlib
to progress a proof, as well as to apply constructors of inductive types, such as Or.inl
and Or . inr for disjunctions. However, tactics that require explicit case-splitting using the
| ... => ... syntax,such asmatch and induction, are not supported.

This limitation was also present in Yang et al. [S3]], whose LEAN4 environment re-
stricted the set of usable tactics. However, because we developed our own LEAN4 interface,
we were able to extend support to the have tactic, allowing the model to introduce interme-
diate lemmas, and the cases’ tactic, which enables explicit case handling in proofs. This
extension improves the models ability to express proofs more naturally, as these tactics fre-
quently appear in human-written Lean4 proofs. This is discussed in more detailed in Section
with examples illustrating how these additional tactics improve the expressiveness of
the model.

The reason why actions are individual tactics instead of fragments of text is that the
generative model chosen was LLaMA-3.1, which frequently outputs LEAN3 instead of
LEAN4, which renders this strategy less feasible. Furthermore, when considering a Markov
Decision Process, it is natural to let tactics correspond with actions since both represent
steps taken towards a goal state.

Xin et al. [52]] did go the route of defining actions as pieces of LEAN4 text. The authors
would let the generative model continue generating new tokens until it generates the end-
of-text token, which signals the generative model is finished generating text. They then
truncate the outputted text to the first error that is returned by their LEAN4 interface.

The reason why their strategy would not have worked in this thesis is, in order to truncate
to the first error a modification has to be made to the LEAN4 REPL as also described in
Xin et al. [52]. This would be out of scope for a master’s thesis, especially alongside the
theoretical part of the thesis.

7.1.3 Transition Model

The transition function 7 is in the case of this thesis, a deterministic function that represents
how the proof states change after applying an action/tactic. The LEAN4 Interface functions
as the transition model. It maintains the state consisting of the code, and the unsolved goal
names with their corresponding goal type and context.
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7.1.4 Rewards

The reward function r; uses the generative model alongside a prompt derived from the state
s¢. The prompt can be seen in Figure [/.1]in the Fog (light blue) colored rectangle on
the right. This prompt, similar to the prompt derived from the states s;, was inspired by the
prompt shown in Chen et al. [7]. It starts with a similar affirmation, after which a description
of the bucket options is given. The bucket options are how the generative model will need
to categorize the proof goals based on the estimated size of their proofs (i.e., the number of
tactics necessary). The classification can be seen in Table [7.1]

Bucket Description

>

Goals that have an infinite proof size (i.e., they are unprovable).
Goals with a proof size larger than 20 steps.

The third largest proof size among the categorized goals.

The fourth largest proof size among the categorized goals.
Goals with a proof size larger than the median.

Goals with a proof size approximately equal to the median.
Goals with a proof size smaller than the median.

The fourth smallest proof size among the categorized goals.
The third smallest proof size among the categorized goals.

The second smallest proof size among the categorized goals.

A = = T O mmoaw

The smallest proof size among the categorized goals.

Table 7.1: Proof Size Categorization Buckets

The buckets are then transformed to rewards, with K being 10 and A being 0, and every
bucket in between linearly interpolating between the two. The number of tactics is related
to the buckets linearly as well:

10+ (ngaes — 1)

b 20-1

Where b is the bucket index, if 1445 is larger than 20, we take the minimum of whatever
Ntacs 18, and 20. Furthermore, n,.s can never be smaller than 1.

The output of the reward prompt conditioned generative model is also restricted to be
json formatted:

{"Bucket":"<Bucket letter>"}

In Polu and Sutskever [33] the reward was tied to the likelihood that the generative model
would be able to output the generated tactic; however, in their second paper Polu et al.
[34]], the authors used these buckets that estimate the difficulty of the proof goals. Using
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the latter approach gave a better performance, so we opted for this approach as well. As
the authors already described in their paper, the reason why we want the generative model
to output buckets instead of the precise number of tactics is because for proofs it is often
hard to predict how many tactics are still needed to prove a particular theorem beforehand,
so making the target buckets instead of precise numerical estimates makes it easier for the
model to learn since it cannot get penalized for small deviations in the predicted number of
steps.

The difference between our approach and that of Polu and Sutskever [33]] is that in their
case instead of producing the reward by running inference on the generative model, they
look at logits of all the valid bucket letters, normalize them since they do not sum to one if
you ignore the probability of tokens that are not valid, and takes a weighted sum obtaining
the following reward:

v(g) = % > milg)-b
# beB

Where # B are the number of buckets, so in this thesis it would be 10; B are the bucket
indices, so since we go from A to K this would go from 0 (for A) to 10 (for K); and p(g)
would for each b be the likelihood that token b is given as the continuation. The reason
why in this thesis this approach is not used is that 11ama . cpp does not provide a way
to obtain the logits of the next token prediction conditioned on a certain prompt. It only
provides a way to quickly use inference techniques (e.g., top-p and temperature scaling) to
return a certain generated text, with the option to add certain restrictions on how the output
is structured.

Another approach implemented by Xin et al. [52] would have been to make the final
reward binary, with 0 for unverified proofs and 1 for verified proofs. This would result in
rewards becoming very sparse, so the authors introduce an intrinsic reward whenever the
action introduces a new state that has not been seen before. In this thesis, we did not opt
for this approach, since in the E-step with Sequential Monte Carlo we only have a limited
number of particles, and we want to maximize the number of useful particles; thus, a reward
purely based on exploration would not work in our case.

7.1.5 Policy function

The policy function 7y(a|s;), like the reward function, consists of the generative model
alongside the prompt that can be seen in Figure [7.]as mentioned already in Section [7.1.1]
The generative model itself is a Large Language Model, the particular model chosen for
this thesis is LIaMA-3.2-8b. This model was chosen because it was the newest and best
model at the time for a reasonable inference/training cost. The 70-billion parameter version
performed significantly better in the preliminary analysis; however, this would have been
too computationally expensive to fine-tune.

The sampling from this policy model is done using top-p and temperature scaling, see
Section [2.10] The grammar that the model can output is furthermore restricted to json
format as described in Section Lastly, to make sure the generative model actually
comes up with valid tactics before committing to the action a; it sampled, we check if a;
will produce a valid transition when it is given to the LEAN4 interface. If it does, it gets

76



7.1. Problem Setting

accepted. Otherwise, 5 more samples are generated, and the first of the 5 that succeed
gets accepted; and if all of them fail, the particle gets into the failure state. The sampling
algorithm is summarized in Algorithm

Algorithm 1 Sampling and Validation of Actions

1: Input: Current state s;, policy 7(a|s, #), LEAN4 interface

2: Hyperparameters: Top-p threshold, temperature 7

3: Output: Valid action a; or failure state

4: Sample a; ~ 7(+|s¢, 0) using top-p sampling and temperature scaling
5: Restrict a; to valid json format (see Section|7.1.2)

6: if LEAN4_valid(s,a;) then

7:

8:

9

Accept ay
else
Set attempts = 5
10: fori=1,..., attempts do
11: Sample new agl) ~ (|t 6)
12: if LEAN4_valid(sy, af)) then
13: Accept agi)
14: Break
15: end if
16: end for
17: if no valid action found then
18: Assign particle to failure state
19: end if
20: end if

7.1.6 Formal problem statement

Now that we have established all the relevant components for our problem, we can formally
write down the problem statement. Let the MDP be modelled by the tuple (S,.A, T, 7, u).
Unlike the standard MDP setup, we omit the discount factor v as we treat every reward
the same alongside the proof sequences that reach a terminal solved state; this would be
equivalent to taking v = 1. Furthermore, u is the initial state distribution, which will
represent a distribution over the theorem statements we care about.

The set of states S contains the states specified in Section [7.1.1] and the set of actions
A contains the actions specified in Let my be the policy that is parametrized by
the generative model conditioned on the textual representation of the state as seen in the
Periwinkle Gray-colored rectangle on the left in Figure A general objective for theorem
proving can then be expressed as:

maxEg,
o

ZT(St, at)]

t=1
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where S ~ p represents sampling a theorem statement .S from the initial state distribution
w. The summation over ¢ represents that we are interested in optimizing the reward over
the entire proof trajectory. The trajectory terminates either when a valid proof is found (i.e.,
reaching a solved proof state) or when the predefined time horizon 7’ is reached, in which
case the proof attempt may be incomplete.

However, in this thesis, we approximate the general objective by training on a finite
dataset D of theorem-proof pairs. This results in a supervised learning objective:

T
maax E(S,P)ND [H 7'('9((115|St)]

t=1

where (S, P) ~ D represents problem statements .S paired with their corresponding proof
sequences P, drawn from the dataset D. This formulation treats D as an empirical approx-
imation of y, allowing us to train the policy in a data-driven manner.

7.1.7 Performance metric

For our testing, we care about compute used and about the accuracy obtained. To compute
the accuracy, we use a test set containing 10 problems. For each run, the algorithm attempts
to solve all 10 problems, and the accuracy is calculated as n/10, where n is the number
of correctly solved problems. This process is repeated 4 times, resulting in 4 accuracy
values. In some cases, as shown in the bar plots within the results section, the large language
model server may become unresponsive, making it impossible to generate tactics. When this
happens when starting a new problem, it would prevent the SMX algorithm from running.
When this occurs, we exclude the affected exercise from the evaluation and compute the
accuracy by dividing n by the number of remaining test exercises.

We have tested the algorithm in various configurations to pick apart what matters in
terms of what increases the accuracy and the amount of compute used when solving the
problems. The testing and training data samples are given in the Appendix

Alongside the accuracy estimation, we also track the number of attempts that were
needed while running the algorithm. For each particle, we record at which ¢ in Algorithm

(4)

Iwe accept a; ~ as a valid action. Then ¢ + 1 is our number of attempts since we always
start with one attempt. For each particle, this number of attempts is calculated and summed
up to get the total number of attempts made during the running of the SMC algorithm.

7.2 The Approach: Interfacing with LEAN4

The approach in Polu et al. [34] and Yang et al. [53] use a LEAN proof assistant to provide
feedback to the actions/tactics generated by the policy function my. In both of the two

works, tactics such as cases’ _ with, case _ => , and have are not supported.
This limits the policy in generating tactics that targets the goals or sub-goals in a structured
way.

Using the cases’ _ with and case _ => tactics allows the model to target

specific goals or sub-goals in a way that aligns with how humans typically approach them.
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This results in the generation of code that is more human-like and consistent with the pat-
terns encountered during pre-training, resulting in the improvement of the model’s perfor-
mance.

Furthermore, using the have <hypothesisName> : <type of hypothesi
tactic allows the generative model to come up and prove intermediate proofs, also called
lemmas, that will help in proving the main goal. Since human proofs often rely on this
tactic, its use allows the model to generate more structured and human-like proofs. While
it is possible to do everything without using lemmas, as shown in the motivating examples
(Section [7.2.1]), this requires deeper understanding of the proof strategy beforehand. With-
out lemmas, solving more complex problems becomes less feasible, since this will require
even more foresight from the model.

7.2.1 Motivating Examples

In Section we discussed how previous work [34, 53] does not support tactics like
cases’ _ with, case _ => , and have, limiting the model’s ability to generate
structured proofs. To illustrate the importance of these tactics, we present two examples
that show how their use enables more human-like and readable proof strategies.

Consider the two code examples below. The statement we want to prove is that p V ¢
implies q V p. This trivially follows from the commutativity of the "or" operation, but we
will rigorously prove it in LEAN4.

In both cases, we start by introducing the term hPorQ: pV q. Our goal then becomes to
show ¢ V p, which we test by the second tactic show ¢ V p. If that were not the case, this
tactic would throw an error, which it did not. The next tactic in the two examples is where
the important difference lies.

The third tactic models a standard approach in proving that is often taught in introduc-
tory proof courses [24]]. If we can show that some proposition ¢ holds when p holds (i.e.,
p — ¢) and we can show that when ¢ holds ¢ holds as well (i.e., ¢ — c¢), then it follows
that when p or ¢ holds then c holds (i.e., p V ¢ — ¢). This reasoning, known as Or elimi-
nation, underlies both apply Or.elim hPorQand cases’ hPorQ with hp ha.
The latter allows us to name the variables introduced in each sub-goal explicitly. In the first
case called inl, the newly created term that is added to the context is named hp, which
will have type p. In the second case, called inr, the newly created term is called hq, of

type q.

In the right LEAN4 code example, we see that we write the tactics for both goals out
without making use of case _ => to specify which tactics apply to which sub-goal. For
simple examples like the one shown below, the difference is small. However, for larger
proofs, this will get significantly harder to read for humans. As a result, this style of writing
proofs is more rare in pre-training data.

79

s>



7. METHODS

example : p Vg — gV p :=example : pV g — gV p

by := by
intro hPorQ intro hPorQ
show g V p show g V p
cases’ hPorQ with hp hg apply Or.elim hPorQ
case inl => intro hp
apply Or.inr apply Or.inr
exact hp exact hp
case inr => intro hqg
apply Or.inl apply Or.inl
exact hg exact hg

As a second example, consider the two LEAN4 code snippets below. In this case, we
want to prove the following statement:—(Vx, —p x) implies 3z, p =. Where p is a function
that returns a proposition, i.e., p : (x : @) — Prop. This too is an intuitively logical
statement, as it asserts that if it is not the case that —=p x holds for all x, then there must
exist an x for which p x holds.

We begin both cases by introducing hnxnPx:—(Vz, —p x) using intro hnxnPx. In
introductory math textbooks like Lay [[24], this would be written as ’Suppose —(Vx, —p x)’.
In formal theorem proving, this introduction has to be referenced explicitly when it is used
later on in the proof; hence, we assign it the name hnxnPx. Our goal then becomes showing
dx,p x.

We proceed via proof by contradiction. Instead of directly proving 3x,p x, we assume
the opposite and derive a contradiction i.e.,

—(3z,p x) — False.

Thus, in both cases, we introduce the assumption hnxPx:—(3z,p x). The goal now is to
derive a contradiction.

When doing a proof by contradiction, it is important to look for what could possibly
create two contradictory statements (i.e. ¢ A =c). We observe that x, —p z cannot hold for
all x (hnxnPx); but at the same time, we see that there does not exist any = for which p =
holds (hnxPx). Intuitively, we can already see that both cannot be true at the same time.
In this case, the best approach would be to show the opposite of hnxnPx to also hold, i.e.,
Vx,—p z.

To do so, we introduce an arbitrary = : o, using intro x. Then the goal becomes
showing that —p z holds, which is modeled in formal theorem proving as p z leading to a
contradiction (i.e. p * — Flalse). Thus, we assume that p x holds, denoted by hPx, and
we then must show a contradiction (i.e.,F'alse). At this point, we have found an x for which
p « holds. However, we also have hnxPx:—(3x,p x), so these two combined give us the
contradiction from which anything follows, so also F'alse, thus establishing the opposite of
hnxnPx (i.e., V&, - p ).

This can then be used to prove False again, as we have explicitly derived contradic-
tory propositions: V,—p z and hnxPx:—(3z,p x). Both the upper and lower code exam-
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ples follow this reasoning. However, the lower example relies on LEAN4 to infer miss-
ing steps. Instead of explicitly proving the lemma and applying it with apply absurd
hxNotPx hnxnPx,itapplies apply absurd _ hnxnPx, leaving what remains to be
proven Vz, —(p ).

With simple examples like the two code examples below, it is hard to show the necessity
of lemmas. But when problems get more complex, it is usually hard to know if the direction
you are going in is the correct one. A common strategy is to establish intermediate claims
that seem both reasonable and useful in proving the main goal. When multiple of such
claims are needed, directly applying a lemma is often infeasible, making the trick we used
in the lower code snippet much harder to implement.

These examples show why allowing the model to use tactics like cases’ _ with
and have improves proof structuring. Without them, the model must rely on proof strate-
gies that are less structured and harder to follow, reducing alignment with human-written
proofs. By supporting these tactics in our LEAN4 interface, we ensure that the model can
generate proofs in a way that is both more readable and more aligned with the patterns found
in pre-training data, potentially leading to better performance.

example : = (V x, = p x) — (4 x, p x) := by
intro hnxnPx
apply byContradiction
intro hnxPx
have hxNotPx : V x, = (p x) := by
intro x
intro hPx
exact absurd ( x, hPx ) hnxPx
exact absurd hxNotPx hnxnPx

example : = (V x, = p x) = (I x, p x)
intro hnxnPx
apply byContradiction
intro hnxPx
apply absurd _ (hnxnPx : —V (x : «a), - p X)
show V (x : ), = p X
intro x
intro hPx
exact absurd ( x, hPx ) hnxPx

by

7.2.2 Overview LEAN4 Interaction with LLM

In Figure we can see a schematic overview of how LEAN4 code is processed before
entering the Large Language Model. The LEAN4 Interface processes the code to retrieve
the current state and afterward returns a prompt used by the Large Language Model to pre-
dict the next tactic. When this tactic is successfully applied, the LEAN4 Interface updates
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the state. Afterward, it retrieves the prompt that the Large Language Model will use to
predict the bucket that represents how many tactics are needed to solve the remaining goals.

example:p A g eq A p:=sorry

{g@ LEAN4 Interface

Figure 7.1: In this figure we can see how the input problem in LEAN4 is processed within

the SMX algorithm.

{6 LEANA4 Interface

[Affirmation Prompt]
[Examples]

Now! It's your turn.
Current state:

import Mathlib.Tactic.Cases
open Classical

variable (p q r: Prop)
example:p A q« qAp:=hy
sorry

Context mainGoal:
pqr:Prop
Fpageqap
*mainGoal: pAgeqAp

Action Input:

S LM

{"tactic": "apply Iff.intro",
"Goal": "mainGoal"}

7.3 Inference Procedure

[Affirmation Prompt]
[Description Bucket Options]
[General Template]
[Examples]

Now! It's your turn.

Current state:

import Mathlib.Tactic.Cases
open Classical

variable (p ¢ r: Prop)

import Mathlib.Tactic.Cases
open Classical

variable (p q r : Prop)
example:p A qe qAp:=by
apply Iff.intro

sorry

sorry

Context mainGoal:

case mp

pqr:Prop

FpAag-qgap

Context mainGoal_1:

case mpr

pqr:Prop

FqAap-=pAq

*mainGoal: pAg-=qAp
*mainGoal_1: qAp-pAq

Bucket:

SO LLM

{"Bucket:": "C"}

The inference method consists of the search algorithm, in this case the E-step in SMX,
and the generative model 7y, which in this case is an LLM. The generative method samples
tokens using top-p and temperature scaling, mentioned in Section [2.10] Recall from Section
[5.2.3|Figure In Figure [7.2]we again see how the E-step in SMX is applied using particle
filtering. We will use this same approach in this thesis.
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Figure 7.2: This figure visually represents the SMX search process, where multiple trajec-
tory samples (denoted as x',...,z") are generated in parallel using a policy 7;. During
each step of the environment, particle weights are adjusted based on the advantage, as in-
dicated by the size of the circles. The resampling stages are depicted where particles with
higher weights are more likely to be prioritized for propagation, and the weights are reset to
be uniform afterward. The final step involves estimating the target distribution ¢;, which is
constructed by the particles that are left in the final stage and their corresponding weights.
This target distribution is then used to refine policy 7 in the M-step. Adapted from SPO:
Sequential Monte Carlo Policy Optimization by Macfarlane et al. (2024) [27].

Each particle, representing a trajectory, gets an updated weight after an action/tactic
has been applied. However, the way we update the weights differs from how it is done in
Macfarlane et al. [27]]. In Macfarlane et al. [27]], weights are updated in the following way:

w(T1:) X w(T14—1) - €XP (Aﬁ(ata St)/n:)

where the advantage function A™ gets approximated as 7y + V7 (sy1) — V7 (s;). Here, we
introduce 7; instead of 7; as our notation to distinguish it from the reward function defined
in our MDP (Section [7.1.4). The term 7 represents the immediate performance of the
action a; in the state sy, this reward indicates how well that action performed on itself, not
looking ahead. On the other hand, the value function V™ (s) gives the expected cumulative
reward from state s, i.e.,

VT(s) =Erur

T
St | _] |
t=0
The policy 7 determines the distribution of trajectories 7 = (sg, ag, $1, a1, ..., S7,ar)
when calculating the expected cumulative reward. We took a simplified approach:
w(T1:) = w(T1:-1) + Vi — Vi1

Where the value function V; is modeled by ;. We apply supervised fine-tuning to make
ry = r(s¢, ay) accurately represent the number of tactics we still have to apply at state sy11
(the state after having applied action a; to s¢).

83



7. METHODS

As already mentioned, normally, the reward 7; evaluates the immediate benefit of an
action in a given state, while the value function aggregates future rewards to assess the
desirability of the state itself. However in our setting, the function r; = (s, a;) already
provides an estimate of the number of tactics that remain to be applied at s¢4 1. This means it
inherently looks ahead and acts more like a value function than a standard reward function.
Thus, we omit ; in our formulation and rely solely on V;, which is modeled using 7.

The idea behind A™ in the weights update of Macfarlane et al. [27]) is to take into account
the actual reward obtained from the environment, with #;; and the increase in expected
cumulative reward, with V; — V,_1. In our case, since value really just means the expected
number of actions that still have to be done, we already get the desired functionality without
7¢+. Namely, when the number of tactics would decrease as expected, the value difference
would be positive, thus increasing the weight. When the number of tactics decreases more
than expected, the weight would increase even more since the difference would be higher.
On the other hand, if the number of tactics increases, the weight would get smaller.

In Algorithm E], the SMC search algorithm of Macfarlane et al. [27] is shown. Further-
more, in Algorithm [3]we can see the modified SMC algorithm made in this thesis. We can
see in line 1 that we start with initializing the /V different particles all starting at the starting
state s¢, and in line 2, we set the weights all to 1. We then iterate over h steps, where we
sample from the policy 7y in accordance to how it is described in Section [7.1.5] Then in
line 7 in both algorithms, we see the weights getting updated in the two different ways. In
line 8 of Algorithm (3] we see check_cond. This checks if one of the particles succeeded
in solving all goals or if all particles are in failure state. In both these cases, the algorithm
would terminate.

Furthermore, in line 12 of Algorithm (3| we apply the softmax function. This is done
to ensure the weights sum up to 1, and negative weights become positive. Then in line 13,
we set the weights to zero for the weights corresponding to a failure state and implicitly
renormalize afterwards. Finally, in line 14, we resample the trajectories, where trajectories
with higher weights are more likely to get sampled than trajectories with lower weights.
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Algorithm 3 SMC ¢ target estimation (modified)

1: Initialize {s\" = s,}"_,

Algorithm 2 SMC ¢ target estimation (timestep ) 2: Set {wgn) = 1}nN:1

1: Initialize {s\") = st}N_ 3: fori En{t +1,.. -7;75 + hi[do
2: Set {w(n) = 1} 4 {(1 ~ ﬂ'( |S 70) )n:l
3 foric {t+1,. t + h} do 5 {31+1 ( ) i
4 {a§"> ~ w<~\s§”>, O, 6 {r” <s Al
5. {S n) ( En) (n)) 7. {w ( ) )+ r( n) (n) ni
6 {r! ”) ~ 74( ’ Z )}N 8: if check cond({serl 1) then
7. {wi — wz(_)l exp(A(s Z(n)7 in 7 H—l) S, 9: Break (terminate loop early)

g if(i— t) mod p =0 then 10: ?ifld_ if | .

9: {x“ |~ Mult(N; w( )»---,WEN)) 11: if (i —t) mod p = 0 then " .
10: {w 1} 12: {w}N_, = Softmax(N w; e w )
11; end ifl =t 13: set zeros({w , z+1})

12: end for 14: {CUtn) N ~ Mult(N w( ), covy QI)Z(N))
13: {agn)} as the set of first actions of {xﬁilh}gzl 15: {wi — 1}n:1
14: G(alse) = Yo0_y W™6 ) (a) 16:  endif

‘ 17: end for

18: {at h} as the set of actions of {:ct t+h}N , that solve
si, where k € {1,..., N}

7.4 Neural Network Improvement Procedure

In this section we will discuss the M-step, how it is implemented in the SMX paper, and
how it could be integrated with this thesis. Furthermore, we will go into what we did in this
thesis and why. Lastly, the limitations of the implemented approach will be discussed.

7.4.1 M-step of Macfarlane et al. [27]

In Section [5.2.4] we see the main objective of the M-step, from Macfarlane et al. [27] we
can see that the following loss functions are brought about by it:

Lr(0) =~ gilals)logms, (als)

s,a~D
‘Ca(ga O‘) =« (Ea - Es~p(s) [Sg DKL(TFGOM H 779)])
Lrr(0,a) =sgla]Es ps)[Prr(moy || 0)]

We left out the loss function to optimize 1 since this is not relevant to our discussion. This
then results in the following pseudocode [27]]:
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Algorithm 4 SMX Algorithm

1: B+ 0
2: Initialize the policy, value function, temperature, and alpha:
3: Initialize g, ¢, N0, o
4: for iteration £k = 0,1, 2, ..., num_iterations do
5: Expectation Step (E-step):
6: for agentm = 1,2, ..., M in parallel do
7: Initialize state sg
8: for timestep i = 1, 2, ..., rollout_length do
9: a= {a<n>}£y:1 ~ qgsmc(Sis Mk, Ok, Ok) > Sample-based estimate of ¢;
10: a~ {a™}V_, > Sample an action to execute in the environment
11: Si+1 ~ T (si,a) > Execute action a, observe next state s;11
12: ri ~ r(si,a) > Observe reward 7;
13: Store (s;,7i,a) in B
14: end for
15: end for
16: Maximization Step (M-step):
17: for batch b = 1, 2, ..., num_batches do
18: Sample batch from replay buffer:
19: Sample batch of size N from replay buffer (s,r,a) ~ B
20: Update value function using GAE targets:
21: Gr+1 < argming B, p [(Vaar(s, @) — V (s, ¢))?]
22: Update parameterized policy using sample-based estimate of g:
23: Or+1, a1 < argming o Egop [Lr(0) + La(0, ) + Lk1(6, )]
24: Update dual temperature:
25: Ni+1 < update_eta(ng,B)
26: ¢’ < polyak(¢’, dp+1)
27: end for
28: end for

In lines 6 to 13 we see the Sequential Monte Carlo loop being repeatedly applied and
the resulting weighted vector of actions gets sampled and applied to the environment. The
resulting rewards r;, weighted vector of actions a, and state s; get stored as a sample for use
in the M-step.

From lines 17 to 26 the actual M-step starts. We start by sampling from the dataset
generated from the E-step in line 19. Then in line 21, we use the GAE value estimate
(see Appendix to improve the parameters of the value network. In line 23 we both
optimize « and 6. The purpose of optimizing « is to adjust « to become larger when the
KL gets larger than € and to decrease « if the KL gets smaller than €, adjusting the strength
of the KL loss dynamically. Furthermore, 7y gets optimized with Lky (6, «) to make sure
the policy does not diverge too much from the previous policy. Large differences in the
policy can inadvertently remove what made the policy work before, causing large drops in
performance; Ly (6, «) mitigates this effect. In line 25 we update 7), we abstracted this
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away in a function, since this is not relevant to this thesis.

Lastly in line 26, we update value function parameters ¢’, using polyak averaging. This
means that the newly updated parameters ¢ 1 (obtained from the value function update in
line 21) are slowly incorporated into ¢’ using the update rule:

¢ —71¢ + (1 — 7)ot

Where 7 is some smoothing factor close to 1. This gradual update ensures that the parame-
ters ¢’ do not change too quickly, leading to a more stable estimation of the value function.
Since the GAE method relies on the value function to compute the advantage targets, keep-
ing ¢’ stable helps reduce variance in those estimates, improving learning stability.

7.4.2 Integrating M-step of Macfarlane et al. [27]

To integrate the M-step described in the previous section with this thesis, we need to in-
tegrate the learning of the reward function into this algorithm. We propose to reuse gsmc-
Instead of just returning a weighted vector with possible actions, it should also return the
number of tactics needed to solve the problem. Additionally, it should include an indica-
tor that specifies whether this number is an estimate or if the problem was actually solved
within the horizon h of the SMC algorithm. In line 12, we can use the actual bucket from
the real number of tactics when this is returned from line 9. When the reward is stored in
B in line 13, it should also indicate whether the reward estimate comes from the generative
model. This would allow us to use only the real rewards to train the generative model.

Then for training the reward function, this could be done using supervised fine-tuning
as is also done in this thesis. Furthermore, since the value function and 7 are not present in
our thesis, we can remove lines 21, 25, and 26 in algorithm H]

7.4.3 Practical Implementation in This Work

Due to time constraints, we focused mostly on the Sequential Monte Carlo aspect of the
SMX algorithm. Instead of generating data using the model itself through the E-step, we
used a dataset we constructed ourselves of exercises from the LEAN4 tutorial. We further-
more did not use the loss functions L., £, and L, to train the policy 7y and reward 7y,
instead we used supervised learning as described in Section [2.9] In the next section, we
will give the specific details of training, and in the two sections after, we discuss how the
tactic data and reward data is constructed.

Training

The training is done with pytorch, specifically with torchtune [47]], which has a fine-
tuning script where you can customize how the data in the dataset gets formatted when
entering the model. To see how the data gets structured when entering the model in this
thesis, see the appendix section We trained the model for 15 epochs with the adamW
loss function, and after each epoch, the model was saved so that we could test the model
after each epoch. The learning rate was set to 3-10~* and is cosine scheduled with warmup.
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We furthermore added weight decay to the optimizer with 0.01. We used QLORA as the
fine-tuning method. Most of these parameters in the finetuning script (such as the optimizer,
learning rate and weight decay) were kept to their default value, the formatting, epochs, and
fine-tuning method were the only modified parameters in the config. The training and test-
ing itself took place on the cloud computing service called runpod. io since the compute
requirements are high when training such large models.

Dataset construction

The syntax of LEAN4 is very flexible, and not every part of the LEAN4 syntax can fit well
into the mold of generating tactics one at a time. Especially, pattern matching with ‘match
with, which we discussed in section [3.4] on Tactics. To address both the computational
constraints and concerns regarding the model’s performance on more difficult problems, we
constructed a simplified dataset containing only a subset of the syntax supported in LEAN4.
To make it possible to still make use of cases, the cases’ with syntax is supported,
which we also discussed in the tactics Section and Section

The dataset is created with the exercises from the theorem proving in LEAN tutorial
[2]. Each of these exercises is processed into problem statements and the tactics that would
solve that problem statement. This is visualized in Figure The human-readable form
of the state is then collected after each tactic application, which takes the same form as the
text in the greyish-blue rectangle (Periwinkle Gray) in Figure Not all exercises are
used for training; a part is left out to test the algorithm on. How the testing takes place was
described in Section [Z.1.71

Reward collection

The reward collection is inspired by Polu et al. [34]], where the reward is based on the
model’s estimate of the number of tactics needed, provided with the current state. Predict-
ing the exact number of tactics required given the current state is, of course, challenging.
Instead, like Polu and Sutskever [33]], we let the model predict buckets from A to K, where
A indicates that the proof is impossible from this point onward. K represents the smallest
possible proof size, as discussed in
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{"tactic": "apply Iff.intro",
"Goal"; "mainGoal"}

import Mathlib.Tactic.Cases {"tactic": "case mp =>",
variable (p q r : Prop) "Goal"; "mainGoal}
example:p AqeqAp:i=by

apply Iff.intro

case mp => {"tactic": "intro {hp, hq}",
intro {hp, hq} "Goal": "caseGoal1"}
exact show q A p from (hqg, hp)
case mpr =>
intro { hg, hp) {"tactic": "exact show g A p from (hq, hp}",
exact show p A g from (hp, hqg) "Goal": "caseGoal1"}

{"tactic": "case mpr =>",
"Goal": "mainGoal"}

{"tactic"; "intro { hg, hp)",
"Goal™ "caseGoal2"}

{"tactic"; "exact show p A q from (hp, hq)",
"Goal": "caseGoal2"}

Figure 7.3: This figure shows how a solved problem is converted into individual tactics that,
if given to the LEAN4 Interface in sequence, will solve the problem statement.
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Chapter 8

Results

In essence, we need to evaluate three aspects. The first aspect is the evaluation of the
simplified neural improvement algorithm. We saved the parameters of the generative model
at multiple stages during training for each of the saved parameters we will evaluate the
accuracy. Additionally, we track the number of attempts required to obtain a valid next state
when applying an action during the algorithm’s execution.

The second aspect is evaluating how increased computational power benefits the algo-
rithm. Since it is closely related to Sequential Monte Carlo, we expect that increasing the
number of particles will raise computational costs, while also improving the performance.

The third aspect is determining the influence of hyperparameters such as the p in top-p
and the temperature 7 in temperature scaling in the inference mechanism of our generative
model. During an inspection of less performing runs, we have seen that these hyperparame-
ters have a sizable influence on the algorithm’s behavior. Thus, this behavior is investigated
and evaluated.

These three aspects are evaluated and discussed in Sections [8.1] [8.2] and [8.3] respec-
tively. Each section begins with the broader question we aim to answer, followed by the
concrete question investigated and addressed. To fit the scope of this thesis, we made
simplifications in our implementation and worked within the constraints of limited com-
putational power. We will discuss these limitations wherever they impact our findings. All
experiments are conducted on a single A40 GPU rented using runpod. io, the specifics
for each experiment are displayed in table 8.1

The second column in table [8.1] gives the Lora Checkpoint used in the experiment.
LoRa is a training method where the updates to the model weights are stored in a small
tensor. Because this tensor is small, LoRa training needs less data and fewer weight updates
for the same performance increase. In Section [2.9 we briefly discuss this and reference
relevant sources for more details. The third column in table|8. I{represents the Top-p param-
eter value in the experiment. The p in Top-p influences the diversity the generative model
when generating text (see Section [2.10.2). Similarly, the fourth column gives the value
for another parameter that influences the diversity of the generative model when generat-
ing text. This parameter is called the Temperature and influences the sharpness of the next
token prediction probability distribution (see Section [2.10.3). The fifth column represents
the number of particles IV that the SMC algorithm has while running. The more particles
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the more proofs are attempted in parallel, see Section

Experiment LoRa Checkpoint Top-p Temperature Particles Time
grateful-surf 6 0.9 0.8 5 6h29m27s
swept-voice 8 0.9 0.8 5 6h7m28s
rare-star 10 0.9 0.8 5 4h58m9s
lilac-snow 12 0.9 0.8 5 6h18m20s
wobbly-fog 14 0.9 0.8 5 5h22m41s
quiet-snowflake 1 0.9 0.8 8 10h37m13s
clean-sponge 1 0.9 0.8 12 15h10m4s
trim-fire 1 0.9 0.8 14 15h21m14s
zany-wildflower 1 0.9 0.8 16 19h35m30s
jumping-shadow 1 0.9 0.8 18 16h35m49s
glad-haze 14 0.9 0.8 5 2h36mS51s
fast-shape 14 0.9 0.8 12 1h26m58s
light-galaxy 14 0.9 0.8 16 5h52m22s
fanciful-forest 14 0.9 0.85 5 3h21m36s
lunar-dawn 14 0.9 0.9 5 4h24m40s
worthy-moon 14 0.9 0.95 5 4h39m24s
laced-eon 14 0.9 0.85 18 4h55m9s
royal-butterfly 14 0.9 0.9 18 6h41m49s
exalted-vortex 14 0.9 0.95 18 10h29s
noble-feather 14 0.85 0.8 14 3h16m32s
vocal-capybara 14 0.9 0.8 14 4h26m
bumbling-firefly 14 0.95 0.8 14 5h20m1ls
lyric-brook 14 0.8 0.95 14 3h43m47s
iconic-dawn 14 0.9 0.95 14 6h30m23s
proud-glitter 14 0.95 0.95 14 11h6m30s
quiet-aardvark 14 0.9 0.95 5 3h40mSs

Table 8.1: Experiment configurations, including LoRa checkpoint, sampling parameters,
and particle count, along with the computation time required for each run.

8.1 Evaluation of the Simplified Neural Improvement

Algorithm

In this section, the neural improvement algorithm is evaluated. On the small dataset con-
taining LEAN4 exercises we apply supervised fine-tuning as discussed in Section [7.4.3]
The motivation behind it is that we want to be able to answer the following question:

Does the proposed Neural improvement algorithm

make the search algorithm more accurate and efficient?
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This research question is out of scope for this thesis. Therefore, the research question is
simplified to:

Does supervised fine-tuning influence computational

efficiency and accuracy in formal theorem proving using the SMC algorithm?

Where instead of using the proposed neural improvement algorithm, normal supervised
fine-tuning is used with a training dataset of LEAN4 problems. See Section [2.9|on training
for more information on supervised fine-tuning.

8.1.1 Experimental setup

To address this research question, we tested the SMC algorithm on 10 test problems using
checkpoints 6 through 14 (corresponding to the 7th and to the 15th training checkpoints).
The earlier checkpoints (0 through 5) were skipped to reduce computational costs.

For each checkpoint, we tracked the number of attempts required for the SMC algorithm
to solve the test problems. This allowed us to analyze whether performance trends could be
attributed to failures of SMC instances.

Additionally, for 4 different checkpoints, we compared the number of attempts while
running the SMC algorithm. For 6 and 14, and for 1 and 14. The difference being that for
the former we take the number of particles as N = 5 and for the latter we take the number
of particles as N = 14.

8.1.2 Results and Discussion

Let us start with displaying how the loss function changes over multiple gradient descent
steps. In Figure [8.I] we can see the loss decreasing. Despite the model being better at
predicting the next tokens on the training set, it does not perform significantly better when
applying the SMC method described in the methods section. The loss function is the cross-
entropy loss described as:

»
+

zZn

\%
Z Ybviw IOg yb,z,v)
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Ls(y,9) =

3
x
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where ¢ is the prediction, y is the actual label, V' is the vocabulary size (number of different
tokens). z is furthermore the number of batches and s € N is the s batch that was uni-
formly sampled from 1, ..., z. See Section [2.9]for more information on this formula and
training in general.

In Figure it can be seen that the accuracy on the test problems does not improve
along the different checkpoints of the training process, see Appendix [C.3]for the test set
problems. This is likely due to the dataset being too small, containing tactics derived from
only 30 distinct problems. While Figure [8.1]shows that the training loss decreased over
iterations, this reduction likely is due to overfitting. The model seems to have learned to
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loss
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Figure 8.1: Model loss progresses over the training loop

output correct tactics for the training data but fails to generalize when suggesting tactics
during the execution of the SMC search algorithm on the test data.

The overfitting in this context is memorization driven. In other words the model has
learned to replicate training examples word for word rather than capturing generalizable
patterns for generating tactics. This exacerbated by requirement for exact syntax in tactic
suggestions. Even a small variation in capitalization would already produce the wrong
tactic. This result implies that an iterative process, such as alternating between the E-step
(executing SMC search, see Section [7.3)) and the M-step (fine-tuning on newly generated
data, see Section [7.4)), would be more beneficial. By generating additional data through the
repeated application of SMC search, the model could incrementally improve its predictions.
This iterative approach also offers advantages of using self-generated data, which includes
good, medium and poor-quality tactics. Having this diversity allows the model to correct
when it is overly optimistic about the effectiveness of a tactic.

Figure compares the number of attempts for the latest checkpoint and the 6¢" check-
point. We can see how the number of attempts looks relatively similar between the two. This
confirms the suspicion that the dataset was too small to lead the model to generalize. As a
result, improvements in performance or efficiency can be seen across these checkpoints.

In the bar plots of Figure [8.4] we can see that some problems have fewer bars than
others. This is because in these instances the SMC algorithm never started up because the
large language model server failed to start on time. Unfortunately, this will influence the
accuracy scatter plots and attempts bar plots. This is even more visible in Figure [8.14]
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Lora checkpoint vs Accuracy
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Figure 8.2: This figure displays how the accuracy changes over the various Lora check-
points. N = 5 in this case, meaning, the number of particles in sequential Monte Carlo is
5. The Top-p parameter is 0.9, and the temperature is set to 0.8. The numbers 1, 2, and 3
indicate how often a specific accuracy value was observed.

8.2 Impact of Increased Computing Resources on Algorithm
Performance

In this section, the impact of increasing the computing resources on the performance is
assessed. The following general question is answered:

Does the performance of the proposed search algorithm increase

as the amount of computing resources increases for searching.

In the case of this thesis, the E-step proposed in the thesis is out of scope computationally.
Therefore, we look at the inner SMC loop instead (see Algorithm [3)). The research question
is simplified to:

How does the number of particles in the SMC method

affect overall accuracy on the test set and efficiency

across individual problems?

Here the simplification is that the amount of computing resources used is substituted for the
number of particles used in the SMC algorithm. Since more particles mean more proofs are
attempted in parallel, the amount of computation done increases as the number of particles
increases, making this substitution a reasonable simplification.
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Attempts vs Problems (with Correct Attempts Hatched)
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Figure 8.3: In this figure we can see the number of attempts of two different Lora check-
points. Both have 5 different particles (N = 5) in the SMC algorithm and have a top-p of
0.90 and a temperature of 0.8

8.2.1 Experimental setup

To be able to answer the simplified research question, we varied the number of particles (5,
8, 12, 14, 16, and 18) to evaluate how this parameter affects accuracy and the number of
attempts. We conducted these tests for two LoRA checkpoints: checkpoint 1 and checkpoint
14.

8.2.2 Results and Discussion

Figure [8.7) shows the model’s performance after being trained for 15 epochs. The figure
shows that the performance indeed does increase as we increase the number of particles,
particularly for the final checkpoint. However, when there are 16 particles, the average ac-
curacy decreases, as seen in the right plot of Figure [8.7] This makes it difficult to determine
whether this reflects a genuine pattern or is due to the randomness inherent in the SMC
algorithm. We will further explore what makes N = 14 and N = 16 different in Figure [8.6]

In the bar plots in Figure [8.6| we compare two different number of particles: N = 14
and N = 16, shown in the right plot of Figure For N = 16, none of the SMC instances
tasked with solving problem 4 successfully started. Both N = 14 and N = 16 experience
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Attempts vs Problems (with Correct Attempts Hatched)
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Figure 8.4: In this figure we can see the number of attempts over the different problems as
bars in a bar plot the two bar plots belong running the SMC algorithm with two different
checkpoints. For the number of particles we have 14 (N = 14), p = 0.9 and the temperature
is 0.8

failing processes, leading to high variance in the accuracies for N = 14 but with a relatively
high average accuracy. In contrast, for N = 16 we have a lower average accuracy despite
solving 12 out of the total 25 successfully started exercises, compared to N = 14 which
solves 6 of 23.

The variability in the dots representing the different average accuracies across chains
has to do with failing processes. We will go into how this can be remedied in the future
in more detail in the discussion section (Section [9.3)). With Figures [8.8 and [8.9] we can
gain insight into the relationship between the number of particles and efficiency. Despite the
increase in particles, the number of attempts in the lower bar plots remains comparable. This
could be explained by the resampling process: states with a higher weights are more likely
to be copied. These states, coincidentally, may also align with those where the model can
generate valid tactics with high likelihood. The co-occurrence of giving a higher likelihood
for valid tactics combined with that state having a high weight gets higher as the number
of particles increases. Conversely, when the number of particles is low, the algorithm may
get stuck on a set of states where valid tactics are harder to produce, leading to a higher
frequency of failed attempts.
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Attempts vs Problems (with Correct Attempts Hatched)
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Figure 8.5: In this figure we see two bar plots, one applies SMX with 14 particles and
another applies SMX with 16 particles. The temperature is 0.8 and p = 0.9. As our Lora
checkpoint we use the 14" checkpoint.

8.3 Influence of Hyperparameters on Inference Behavior

An inspection of low-performing SMC instances showed cases where the model repeated
actions that were not useful and repetitive, see example [8.16]and example This sug-
gests that using a higher temperature could help prevent the generative model from getting
stuck in repetitive predictions. Which is what motivates this last research question:

How do hyperparameters influence

the performance and efficiency of the proposed algorithm?

In this thesis, the generative model has two hyperparameters, the temperature 7 and the p in
top-p. So the research question is rephrased as:

How do temperature and top-p individually affect

efficiency and accuracy in the SMC method, and what is their combined impact?
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Attempts vs Problems (with Correct Attempts Hatched)
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Figure 8.6: In this figure we see two bar plots, one applies SMX with 14 particles and
another applies SMX with 16 particles. The temperature is 0.8 and p = 0.9. As our Lora
checkpoint we use the 14" checkpoint.

8.3.1 Experimental setup

To determine the effects of temperature and top-p on the performance of the SMX algorithm,
we varied these parameters individually and in combination.

First, we evaluated how accuracy and efficiency change with temperature values of 0.80,
0.85, 0.90, and 0.95. These experiments were conducted for two different particle counts:
5 and 14.

Next, we investigated the impact of top-p by varying p values (0.80, 0.85, 0.90, 0.95).
These experiments were performed under two fixed temperature conditions: 0.95 and 0.80,
with the number of particles set to 14.

8.3.2 Results and discussion
Results

In Figure [8.I0] we can see that increasing the temperature has more of a beneficial effect
when the number of particles is higher. This aligns with the intuition that, with more parallel
attempts running concurrently, selecting more diverse next possible tokens leads to greater
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Number of Chains vs Accuracy (with Average Line)
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Figure 8.7: The accuracy over different numbers of particles (/V) and for two different Lora
checkpoints (14 and 1). The top-p parameter here is 0.9 as well and the temperature is 0.8.
The numbers 1, 2, and 3 indicate how many times a specific accuracy value was observed.
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Figure 8.8: In this figure we can see two bar plots over different numbers of particles. Here
p = 0.9 and the temperature is 0.8 and we use the latest Lora (14)
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Attempts vs Problems (with Correct Attempts Hatched)
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Figure 8.9: In this figure we can see two bar plots, one with 14 particles in SMX and another
with 8 particles in SMX. The temperature is 0.8 and p = 0.9, here we use the second Lora
(Lora 1).

variation in proof continuations. This diversity better leverages the parallelism by avoiding
redundant or overly similar proof continuations across the parallel runs.

The plots in Figure [8.1T]illustrate how accuracy changes when we increase the p in the
top-p inference method for two different temperature settings. In the left plot, we observe
that the accuracy goes down when p increases. The underlying reason behind this is unclear;
however, given the relatively small difference, it may be the randomness inherent in the
SMC algorithm, or as we will see in Figure [8.14]it may be a consequence of many failing
SMX instances. In contrast, when the temperature is larger (0.95 compared to 0.8) as in
the right plot, we can see that the accuracy increases significantly as p increases. This adds
even more evidence to the intuition that further increasing diversity leads to better accuracy.

In Figure [8.12] we examine how the number of attempts varies across two different
temperature values when using 5 number of particles. The number of attempts does not
differ significantly between the two bar plots. However, for problem 5, we see that the
number of attempts for one of the SMX instances is notably higher in the lower bar plot than
that of any of the bar plots for problem 5 in the upper bar plot. Despite this, the differences in
the two bar plots are not significant enough overall to conclude that the number of attempts
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Temperature vs Accuracy (with Average Line)
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Figure 8.10: In this figure we can see the accuracy over different temperature values. Here
as default values we have p = 0.9 and we use the latest Lora checkpoint (14). The numbers
1, 2, and 3 indicate how often a specific accuracy value was observed.

increase as the temperature increases when we have 5 particles.

In contrast to N = 5, for N = 18 in Figure [8.13] we see that in some of the problems,
significantly more attempts are made in the lower bar plot belonging to the case where the
temperature is 0.95 for problem 3 and 4. However despite this, problem 4 has not been
solved at all in the lower bar plot whereas in the upper bar plot 2 out of 4 instances were
able to correctly solve it. But for exercises 0, 1, 2 and 5 we do see that the exercises are
more frequently solved. Showing that the higher temperature does benefit the success rate
of the SMX algorithm, which can also be seen in Figure [8.11] but at the cost of doing more
attempts.

Figure [8.14] shows for two values of top-p the number of attempts for the different
problems. In the lower barplot of this figure, we see that a lot of problems have missing
bars due to the SMX algorithm instances not successfully starting for these problems. This
failure can partly explain why in the left plot of Figure [8.11]the accuracy is lower for the
higher value of p (p = 0.95). The large number of failed instances reduces the reliability of
the accuracy estimate for this setting.

The top bar plot in Figure [8.15] also indicates that the right plot in Figure [8.I1]is
unreliable in terms of its starting accuracy at p = 0.8. Meaning, that while the general
pattern found in [8.11]is accurate, its steepness most likely is not.

Discussion

In the discussion of the second research question (Section [8.2.2), we established that reat-
tempts likely stagnate because the algorithm relies on "crutches"actions that are safe but do
not contribute to achieving the goal. In other words, it generates actions that avoid errors
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Top p vs Accuracy (with Average Line)
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Figure 8.11: In this figure we can see the accuracy over different values of top-p. We use the
latest Lora checkpoint (14) and we use as the temperature hyperparameter 0.8. The number
of particles here is N = 14. The numbers 1, 2, and 3 indicate how many times a specific
accuracy value was observed.

but fail to make progress. This explanation is supported by Figures [8.12]and [8.13] With in-
creased temperature, less likely token continuations are explored more frequently, resulting
in significantly more attempts when the number of particles is 18 compared to 5 or even 14.

Hence, despite resampling steps leading to states with fewer reattempts when the num-
ber of particles is large, higher temperatures introduce variability that counteracts this effect,
leading to increased reattempts even in those states.

As was shown with example [8.16|and example [8.17]in the results section, states with
high weights but low likelihood for requiring reattempts are often states where the same
tactic is applied repeatedly. This observation also explains why a high temperature allows
the algorithm to more easily break out these repetition loops and avoids entering them in the
first place. Problems with repetition is also found with the inference method called beam
search, as discussed in section [2.10] which bears similarity with our method. This provides
additional evidence supporting the hypothesis that repetition is a contributing factor.

Regarding, how the combined effect of Top p and temperature influences the accuracy
and efficiency, Figure [8.11] shows that with a temperature of 0.8, increasing top-p has a
smaller impact on accuracy compared to a temperature of 0.95. However, this result is
should be interpreted with caution, as Figure [8.14] and [8.15] show that there are a large
number of failing processes, which can distort the accuracy estimation.

Nevertheless, some notable trends show up. In Figure the number of attempts
reaches to more than 500 in the when top-p is 0.8 and the temperature is 0.95. This implies
that in this case, the algorithm avoids looping on repeated tactics, although it still fails to
reach a proof. In contrast, the lower bar plot of the same figure [8.15] shows configurations
with a top-p of 0.95 that makes use of fewer attempts but achieve relatively high accuracy,
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Attempts vs Problems (with Correct Attempts Hatched)
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Figure 8.12: In this figure we can see two bar plots one showing the number of attempts
when SMX is applied with a temperature of 0.8 and the other for when SMX is applied
with a temperature of 0.95. We use for the number of particles N = 5 we furthermore have
p = 0.9 and use the latest checkpoint (14).

as shown in the right plot in Figure .11} Furthermore, configurations with higher top-p
values have minimal failed processes, which makes their accuracy estimates more reliable.

One possible explanation for this discrepancy in the number of attempts is that higher
top-p values retain less likely tokens necessary for generating valid tactics. These tokens
could be less likely, which are still necessary to express the right tactic. However, more
research is needed to validate this hypothesis.
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Attempts vs Problems (with Correct Attempts Hatched)
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Figure 8.13: In this figure we can see a comparison of two bar plots with the number of
attempts being shown for the 10 test problems. Here we have 18 for the number of particles
and p = .9, here too we use the latest Lora checkpoint. The temperatures are 0.85 and 0.95
respectively.
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Attempts vs Problems (with Correct Attempts Hatched)
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Figure 8.14: In this figure we can see two bar plots corresponding to two different SMX
algorithm runs with different values for p (p = 0.85 and p = 0.95). We use the latest Lora
checkpoint and a temperature of 0.8.
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Attempts vs Problems (with Correct Attempts Hatched)
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Figure 8.15: In this figure we see two bar plots corresponding to two different running the
SMX algorithm across problems with two different set of hyperparameters. The top one has
p = 0.8 and the bottom one has p = 0.95. The temperature is 0.95, we use the latest Lora
checkpoint and we use 14 as our number of particles.
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import Mathlib.Tactic.Cases
open Classical
(pagr

variable Prop)

example : = (p AN gq) — - p V
- q := by
intro h
have hk : =
intro hp
have hpr : = r := by
intro hpr
skip
skip
have hg

(m p) := by

- g := by
- g := by
intros hpr
SOorry

have hg : = g := by
Sorry

have hg

sorry
sorry
skip
have hg : = g := by
sorry
sorry
sorry

Figure 8.16: Proof of De Morgan’s law in
Lean
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import Mathlib.Tactic.Cases
open Classical
variable (o

— Prop)

Type) (p 9 : «

example VvV x, VvV x,
q x) —

Vx, pxVgzx :=by
intros x1

cases x1

p x) V

intro x
intros
intros
solve_by_elim
intro x
have hp : p x := by
have hp : p x := by
have hp p X := by
skip
skip
have hp : p x := by
have hp : p x := by
have hpl
by
Sorry
sorry
sSorry
sSorry
sorry
sSorry
intros
have Goal
by
sorry

pxVgx :=

sorry

Figure 8.17: Example of universal and exis-
tential quantification in Lean



Chapter 9

Conclusions and Future Work

This chapter gives an overview of the project’s contributions. After this overview, we will
reflect on the results and draw some conclusions. Finally, some ideas for future work will
be discussed.

9.1 Contributions

9.1.1 Better Inference with SMC for Theorem Proving

Firstly, we propose and implement an inference technique that combines Sequential Monte
Carlo (SMC) sampling with standard sampling strategies (e.g. top-p and temperature scal-
ing) to promote exploring diverse reasoning paths during inference. We specifically applied
the SMC inference method to the domain of formal theorem proving in LEAN4.

Secondly, we investigate the impact of top-p and temperature scaling values on the
accuracy and efficiency of the proposed SMC algorithm.

Thirdly, we analyzed the impact of scaling the number of particles in SMC, we showed
that there is a trade-off between computational cost and model performance.

9.1.2 Theoretical Contributions to Expecation Maximization and SMC

Fourthly, we provide a rigorous derivation of the E-step for the Expectation Maximization
framework, starting from the Evidence Lower Bound. This derivation makes the assump-
tions and notational simplifications clear that were not detailed in Macfarlane et al. [27]].

9.2 Conclusions

This thesis investigated the application of the SMX algorithm for formal theorem proving
in LEAN4. The proposed algorithm is based on a combination of the Expectation Maxi-
mization algorithm and Sequential Monte Carlo. During the E-step, tactics are being run
in parallel using SMC with particles representing the different trajectories. This works be-
cause the resampling steps in the SMC algorithm make successful trajectories replicate,
while filtering out those that lead nowhere.
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The interface used to check the validity of LEAN4 tactics was made to additionally
support cases and have tactics. Moreover, this thesis also investigated the impact of
supervised fine-tuning and hyperparameter configurations on the efficiency and accuracy of
formal theorem proving using the simplified SMX algorithm.

Our results indicate that supervised fine-tuning has minimal impact on computational
efficiency and accuracy, likely due to limited dataset size. While the training loss decreases
over iterations, this effect is primarily due to overfitting. An iterative approach that al-
ternates the E-step and fine-tuning on newly generated data (M-step) could provide better
generalization.

The number of particles in the SMX method strongly influences accuracy. Large particle
counts improve performance by reducing the likelihood of getting stuck in unsuccessful
search paths.

Regarding the interplay between top-p and temperature, higher top-p values appear to
stabilize accuracy, but the presence of failed processes complicates the interpretation. The
number of attempts increases significantly when both top-p and temperature are high, po-
tentially preventing loops in tactic generation. This suggests that these parameters affect not
only accuracy but also search behavior. More research is needed to validate this hypothesis.

Finally, our observations align with known challenges in inference strategies like beam
search, where repetition is a common issue.

9.3 Discussion/Reflection

As can be seen in the results section of this thesis some of the experiments failed to start.
This is most likely caused by the large language model server 11ama . cpp taking more
time to load than was given as startup time. Furthermore, in some cases the server discon-
nected randomly, while the SMX instance did start successfully. So choosing a different
large language model server such as SGlang [56] would have been better. Moreover, the
output of the LLM is required to be parsable as a json, as shown in Appendix the
way large language models are prompted matters significantly, and with SG1lang structured
generation would have been possible, which would make the output of the large language
model faster, more reliable and more accurate. Additionally in the current setup we had
to load in the Large Language Model with different LoRA checkpoints in a cumbersome
manner where the LoRA adapter had to be fused with the base model then the server had to
be shut down to reload the model with a different LoRA checkpoint. In SGlang a list of
different LoORA adapters can be given so that the model does not have to be reloaded from
disk every time a different LoRA should be used.

Letting the LLM predict the code on a tactic-by-tactic basis complicated the interface
significantly, and took a significant amount of time to develop. What Xin et al. [52] did
is let the large language model continue writing until it produces the end token. This is
then truncated up to the first error. So instead of going tactic-by-tactic, we would go from
correct code fragment to correct code fragment. In addition to adapting the interface that
was created by Xin et al. [52]], the pretrained model the authors released alongside would
also have been a significant improvement. Unfortunately, this work was made concurrently
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with this thesis, when Xin et al. [52] was released the LEAN4 interface and fine-tuning code
were already written.

Lastly, In the conclusion section, we can see that the fine-tuning had little to no effect.
This is likely because of the size of the dataset. If instead of the tactic-by-tactic approach,
we took the correct code fragment to correct code fragment approach we could have used
a much larger dataset to train on since we would have had less stringent requirements on
what syntax would have been allowed.

9.4 Future work

This thesis opens up several interesting directions for future research:

9.4.1 Implementing the M-Step

The most straightforward extension of this work would be to implement the M-step de-
scribed in Section [5.2.4

max By, (s) [Bq(als) log 7(als, 0)]]
s.t. By, (s) [KL (7(als, 0;),7(als, 0))] < em

a5
This would require training the model to predict the Value of the current and previous state,
in order to accumulate these values in the weights generated through the Sequential Monte
Carlo search algorithm. A possible approach would be to use Generalized Advantage Esti-
mation (GAE) [39] as was also recommended in the SMX paper Macfarlane et al. [28]].

9.4.2 Generalizing Reasoning Validation

While the focus of this thesis is on formal theorem proving, the methodology combining
EM with SMC could be generalized to reasoning tasks more broadly. Approaches like
Chain of Thought (CoT) reasoning [S1]] have shown that explicitly breaking down problems
into intermediate reasoning steps improves the performance of large language models on
complex tasks. CoT involves generating sequences of intermediate "thoughts" that guide the
model toward the solution, similar to how humans reason step by step. Recent work, such
as Team [45]] improves open source developments of Chain of Thought models, leveraging
these models to fine-tune on top off could significantly improve performance.

A suggested extension would be to treat "thoughts" in a chain-of-thought process as
actions, similar to how LEAN4 tactics were treated in this thesis. Each action could then
be evaluated by a Process-Reward Model (PRM), which assigns rewards based on the cor-
rectness of a certain step. The PRM itself can be trained using methods described in Zhang
et al. [55)]. However, instead of relying on LLM-as-judge approaches to verify the reward
estimation, the verification would be done formally in the LEAN4 language, in the same
way as was introduced in this thesis, but with the modifications that were given in the dis-
cussion section. One challenge with this approach is that the large language model has to
not only solve the problem but also generate the corresponding LEAN4 problem statement,
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which may or may not be correct. This would require supervision during training to ensure
correctness.

9.4.3 Fine-Tuning for Specialized Applications

As shown in this thesis, a single model can be used for multiple functions (e.g., policy
model, reward model). However, in the proposed improvements given in this section, we
propose that the model would take on the role of the policy model, value function, and
PRM, in which case the model would benefit from an improved fine-tuning technique like
the method called Transformer? in Sun et al. [41]], that works especially well in a multi-task
scenario such as this.
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Appendix A

Implementation details

A.1 Interface

In figure[A.T|we can see how the input gets transformed from LEAN4 code to REPL output
using the LEAN4 REPL which in turn gets processed by the LEAN4 interface to more hu-
man/LLM readable form. We can see in the human readable form that we give the LEAN4

example:=(p = q)— p A =q :=sorry

L REPL
{"tactics™: {Initial input prompt}
[{"tactic": "sorry", Current state:
"proofState": 1, import Mathlib.Tactic.Cases
"pos": {"line": 4, "column": 34}, open Classical
"goals":"pqr:Prop-(p=>qg)—=pA-q" variable (p q r: Prop)
"endPos": {"line": 4, "column": 39}}], example:=(p—-q)—p A -q:=by
"sorries": sorr
[{"proofState": O, Lean4ILmrface Cont}éxt mainGoal:
"pos": {"line": 4, "column": 34}, pqr:Prop
"goal":"pqr:Prop\n-(p—-q)—=>p A q" F-(p—=>q)—=>pA-q
"endPos": {"line": 4, "column": 39}}], * mainGoal: ~(p—=>q)—=p A -q
"messages":
[{"severity": "warning", Action Input:

"pos": {"line": 4, "column": 0},

"endPos": {"line": 4, "column": 7},

"data": "declaration uses 'sorry'}],
"env": 0}

Figure A.1: In this figure we can see how the code gets processed into human readable form

code that contains the tactics that are applied up to this point. We furthermore see the that
the context is provided for the goal called mainGoal. If there are multiple sub-goals, then
for all of these sub-goals we display their context. This context contains the relevant vari-
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A. IMPLEMENTATION DETAILS

ables that have been declared up to this point and the goal itself. We furthermore enlist the
goals with their name and the type of the goal. If the large language model wants to use a
tactic on one of the goals, it has to output the target goal and the tactic in json format. An
example of this can be seen below:

{"tactic": "intro hnPtoQ", "Goal": "mainGoal"}

124



Appendix B

Proofs

In this chapter, we provide the derivations from Macfarlane et al. [27]]. Since the origi-
nal paper does not include these derivations, our results may differ in some cases. These
differences will be discussed in the main text.

B.1 Derivation E-step

Let us recall from the main text that

p(O =1|r) < exp (Y ~'ri/a)

t
from the inference-based formulation, thus

1y — &P (& Si2'm)

p(O = Z(a)

where Z(«v) is a normalization constant independent of 7. By introducing an auxiliary
distribution ¢(7) and applying Jensen’s inequality we obtain,

p(O = 1!T)W(T)}
q(1)

log p (0O =1) > Eyry [log

1 t
Then substituting p(O = 1|7) = W, we get

1
logp-(0 =1) > Eyr) [a Z’ytn + log (1) —log q(7) — log(Z(«v))
t

Since log(Z(«)) is constant with respect to ¢, it can be dropped from the optimization
perspective. Hence

t
logpﬂ_(o = 1) > Eq(T) [Zt; Tt . lOg q(T):|

()



B. PROOFS

Now we furthermore assume ¢ and 7 can be factorized as:
(1) = p(s0) g (arlse) T (se41]50, ar)

q() = p(s0)Mi—oa(aclse) T (se1lse, ar)
The transitions 7(s;+1|s¢, a;) and initial distribution x(so) appear in both 7(7) and ¢(7).
Thus, in the ratio (( )) these terms cancel out:

q(7) _ ;q(a|st)
(1) ILm(a|st)

Hence:

log

= Sos 2ot
at\st
Then substituting this back into the inequality:

logp-(0 =1) > Ey [ Z'y re— Zlo aladls:)

at|st

Our next steps will be to establish

logp(0=1) > 3 () S alals) [Q‘ ] (T 3 d(5) S afels)KElala) ()

where
T

1
dq(s) = T+1 ;Q(St = 5)

which is also called the discounted state visitation distribution under g,
— &) — t—1
q(st =s) = Z p(s0)IL,—oq(aw|se)T (spq1|se, ap) T (s¢|se—1, ar—1)
50,40,--+,5t—1,0t—1
and
q(se,ae) = > p(s0) I Zoa(ailsi) T (siva]sis ai)qarse) T (selse—1, ar-1)
50,20,--,5t—1,0t—1

Furthermore, to proceed with the following steps it is important to clarify how E,[-] gets
computed for g(s¢, at), Eq(r) [g(st, at)] becomes

Eq(T)[g(8t7at)] = Z g(stuat)Q(807a07' ..,ST,GT)

$0,A0,--+,8T,0T

= Z 9(s¢,ar)q(se, ar)

St,at

= Est,at [g<3t7 at)]
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B.1. Derivation E-step

In the second equality we use the definition of ¢(s;, a;), and in the last line we defined
Es, . [-]- Let us recall another definition Q%(s, a),

T

QU(s,a) =Erng | _'rilso =s,a0=a
t=0

as also mentioned in the main text the Q-function Q?(s, a) represents the expected cumu-
lative reward when starting in state s, taking action a, and then following a policy defined
by the distribution ¢ for subsequent steps [42]. 7 = (s, ao,...,S7,ar) again is a tra-
jectory sampled according to ¢q. v € [0, 1] is the discount factor, determining the relative
importance of future rewards. 7r; is the reward obtained at time-step t. We can rewrite

Eq(r) [ZtT:o 72*} into incorporating Q4(sg, ag):

- é]Eso,ao [Qq(507 a())]

We used the total law of expectation from the first to the second line and the definition of
the (Q-function from the second to the third line. Then, let us recall one last definition: the
KL divergence. The KL divergence is defined as:

q(at|st)
(a|st)

KL(q(ar|s)||m(arlse)) = qlass;) log

at

The Kullback-Leibler divergence is a measure of how one probability distribution ¢ differs
from another distribution 7, as was already discussed in the main text. We furthermore want
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B. PROOFS

to rewrite the term: ), Eg, o, [log %] to one that contains the KL divergence term.

e [y

=373 alst = $)KL(g(al )| (al5))

= ZKL(q(a|s)||7T(a|s)) (Z q(st = 5))
—ZKL (als)|m(als)) - (T'+ 1)dq(s)

Now, we want to rewrite the expectation E[QP(s¢, ag)]/«, using q(s, a) = q(s)q(s|a):

Eso,ao [Qq(807 ao)}/a
= > Q%(s0,a0)q(s0)q(aols0)

50,0

—Z (s0) Z (als0)Q"(s0,a)

In the last step, we removed the subscript under a since the action that is taken under distri-
bution ¢ depends only on the current state sy, not on the time-step ¢ under which the action
a was taken. Substituting this into the inequality we obtain:

g0 = 1) = () Y atals) | L (740) T ay9) Y alaloIKL (el (el

Here we use pu(s) = q(sp = s), since p is the starting state distribution, as we recall from
the main text. Then, if we write this in terms of expectations we obtain the desired objective
function:

Q(s, a)

(01

log px(0 = 1) > B,y [Eq<a|s> [ H (T+1)Eq, 3 [Eqtals) [KL(a(als) | (als))]

This objective is similar to the one that is shown as the E-step by Macfarlane et al. [27].
However, since the derivation of this bound is not shown in the paper we cannot determine
if the difference results of a different derivation or if their bound is incorrect.
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Appendix C

Training

C.1 GAE calculation

Below we can see how GAE gets calculated.

129



C. TRAINING

Algorithm 5 Value Function Update via GAE (corresponding to line 21)

Require: Value network V' (s; ¢), replay buffer B containing rollouts, discount factor -,

10:
11:

13:

15:

16:
17:
18:

19:

20:
21:
22:
23:

GAE parameter )\, learning rate (.

function COMPUTEGAEANDTARGETS
Initialize an empty list ValueTargets.
for each trajectory 7 in B do

T= 1{(507 ao, ro)a (817 ai, 7‘1), SRR (8T> ar, TT)}’
Let A7 = 0. > Advantage at the terminal is zero
fort =7 — 1 down to 0 do > Compute 1-step TD error (a.k.a. d;)

6 = re+7 (1 —done) V(ser150) — V(s;9),
> GAE update (backward pass)
Ay = 6 + yA(1—doney) Ayyq.

end for
> Now form the target for each state s;
fort =0to7 do

Vtarget(st) = V(Sﬁ(b) + A

ValueTargets.append (st » Viarget(S¢ ))
end for
end for
return ValueTargets
end function

: function FITVALUENETWORK(ValueTargets)

2

MSE(¢) = 1 Z ['Utgt - V(s 9)

: (s, vigt) € ValueTargets
¢ <« argming MSE(¢) > In practice, do SGD/Adam steps
return ¢
end function
procedure UPDATEVALUEFUNCTION > Corresponds to line 21 in the SPO

pseudocode
ValueTargets = COMPUTEGAEANDTARGETS
¢ < FITVALUENETWORK (ValueTargets)
return ¢

end procedure
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C.2. Policy update

C.2 Policy update

Algorithm 6 Policy Update with Full Loss (Line 22-23, SPO Algorithm)

Require:
mg,: Old (fixed) policy from the previous iteration
7. New policy to be updated (parameters 6)
a: Dual variable enforcing KL (7, ||mg) < €
B: Replay buffer containing (s, a) samples (or advantage weights)
e: KL threshold
PoLIicYOPT, ALPHAOPT: Optimizers (e.g. Adam) for 6 and «

procedure UPDATEPARAMETERIZEDPOLICY (g, av, B, 7g,,)

1:
2: batch < B.sample(batch_size) > e.g. (8q, a;, w;) for each sample
3: KL < 0, PolicyLoss <« 0
4: for each sample ¢ in batch do
5: 7o, (|si) = FORWARDPASS(m,, s;) > old policy (no gradient)
6: mo(-|s;) = FORWARDPASS(my, s;) > new policy (learnable)
7: KL; = Dxr(ma,(-[si) || ma(-]5i))
> Compute the "main" policy improvement term, e.g. — w; log mg(a;|s;):
8: PolicyLoss, = —w; logmg(a; | si)
9: KL += KL;
10: PolicyLoss += PolicyLoss;
11: end for

12: KL = KIL/batch_size
13: PolicyLoss = PolicyLoss/batch_size

> Construct £, and Lk,

14 Lo(0,a) = a e — KLJ > o adjusts based on how KL compares to €
15: Lxi(0,a) = sgla] KL > penalizes 6 for large KL, with  viewed as constant
> Combine the "main" policy improvement loss with the KL terms:

16: TotalLoss = PolicyLoss + L4(6,) + Lki(0, ®).

17: ZEROGRAD(POLICYOPT, ALPHAOPT)
18: BACKWARD(TotalLoss) > Compute gradients w.r.t. both 6 and «
19: STEP(POLICYOPT, ALPHAOPT) > Update 6 and o simultaneously

20: return (0, o, KL, PolicyLoss)
21: end procedure

131



C. TRAINING

C.3 Test set

example : p V (g A r) < (pV g A
apply Iff.intro
case mp =>
intro hPorQandR
cases’ hPorQandR with hp hQandR
case inl =>
have hPorQ : p V gq := by
exact Or.inl hp
have hPorR : p V r := by
exact Or.inl hp
exact ( hPorQ, hPorR )
case inr =>
let ( hg, hr ) := hQandR
exact ( Or.inr hg, Or.inr hr )
case mpr =>
intro ( hPorQ, hPorR )
cases’ hPorQ with hp hg
case inl =>
apply Or.inl
exact hp
case inr =>
cases’ hPorR with hp hr
case inl =>
apply Or.inl
exact hp
case inr =>
apply Or.inr
exact ( hg, hr )
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C.3. Test set

example : ((p Vg) — r) < (p — r) N (g — r) := by
apply Iff.intro
case mp =>
intro hPorQtoR
constructor
case left=>
exact show p — r from (fun hp : p => hPorQtoR (Or.inl
hp) )
case right=>
intro hg
exact show r from (hPorQtoR (Or.inr hq))
case mpr =>
intro ( hPtoR, hQtoR )
intro hPorQ
cases’ hPorQ with hp hg
case inl =>
exact hPtoR hp
case inr =>
exact hQtoR hg

example : = p = (p — qg) := by
intro hnp
intro hp
exact show g from absurd hp hnp

example : = (p AN gq) — - p V = g := by
intro hnPQ
cases’ (em p) with hp hnP
case inl =>
cases’ (em ¢g) with hg hnQ
case inl =>
exact False.elim (hnPQ ( hp, hg ) )
case inr =>
apply Or.inr
exact hnQ
case inr =>
apply Or.inl
exact hnP
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C. TRAINING

example : = (p - q) — p AN = g := by
intro hnPtoQ
cases’ (em p) with hp hnP
case inl =>
have hnQ : = g := by
intro hg
exact show False from hnPtoQ (fun hp : p => hq)
exact ( hp, hnQ )
case inr =>
cases’ (em ¢g) with hg hnQ
case inl =>
have hPtoQ : p — gq := by
intro hp
exact hg
contradiction
case inr =>
have hPtoQ : p — gq := by
intro hp
exact absurd hp hnP
exact absurd hPtoQ hnPtoQ

import Mathlib.Tactic.Cases
variable (a : Type) (p g9 : a — Prop)
variable (r : Prop)

open Classical

example : (V x, p x) V (V x, gx) =>2Vx, pxVgzx :=Dby
intro hxpx_gx
intro x

cases’ hxpx_gx with hxPx hxQx
case inl =>

apply Or.inl

exact hxPx x
case inr =>

apply Or.inr

exact hxQ0Ox x
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C.3. Test set

example : (- d x, p x) & (V x, = p x)
apply Iff.intro
case mp =>

by

intro hnxPx
intro x
cases’ (em (p x)) with hPx hnPx
case inl =>
exact False.elim (hnxPx ( x, hPx ) )
case inr =>
exact hnPx
case mpr =>
intro hxnPx
intro ( x, hpx )
exact (hxnPx x) hpx

example : (V x, px = r) < (Ix, px) —r

apply Iff.intro
case mp =>

intro hxpx_to_r

intro ( %, hpx )

exact show r from (hxpx_to_r x) hpx
case mpr =>

intro hxpx_to_r

by

intro x
intro hpx
exact show r from hxpx_to_r ( x, hpx )
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C. TRAINING

example : (V x, p x) & - (4 x, = p x) by
apply Iff.intro
case mp =>
intro hxPx
intro ( x, hnPx )
exact absurd (hxPx x) hnPx
case mpr =>
intro hnXnPx
intro x
cases’ (em (p x)) with hPx hnPx
case inl =>
exact hPx
case inr =>
have hxNpx : 3 x, = p x := by
exists x
exact absurd hxNpx hnXnPx

example (a : a) : (I x, r - p x) & (r - 3 x, p x) by
apply Iff.intro
case mp =>
intro ( x, hr_to_px )
intro hr
exact ( x, show p x from hr_to_px hr )
case mpr =>
intro hrToxPx
cases’ (em r) with hr hnR
case inl =>
let ( %, hpx ) := hrToxPx hr
exists x
intro hr
exact hpx
case inr =>
exists a
intro hr
exact absurd hr hnR
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