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On Passivity and Power-Balance Inequalities of
NonlinearRLC Circuits

Dimitri Jeltsema Student Member, IEEERomeo Ortegarellow, IEEE and Jacquelien M. A. Scherpen

Abstract—Arbitrary interconnections of passive (possibly non- reactive power—our result unveils some sort of reactive
linear) resistors, inductors, and capacitors define passive systems, power-balance.
with power port variables the external source voltages and cur- The remainder of the paper is organized as follows. In Sec-

rents, and storage function the total stored energy. In this paper, tion I briefl - fund tal its in circuit
we identify a class oRLC circuits (with convex energy function and lon i, we brietly review some fundamental resufts in circuits

weak electromagnetic coupling), for which it is possible to “add a theory, like the classical definition of passivity and Tellegen's
differentiation” to the port terminals preserving passivity—witha  Theorem. The new passivity property fet. andRCcircuits is

new storage function thatis directly related to the circuit power. To  established in Section IIl. In Section 1V, this result is extended to
establish our results, we exploit the geometric property that volt- a class oRLCcircuits using the classical Brayton—Moser equa-

ages and currents inrRLC circuits live in orthogonal spaces, i.e., Tel- i Finall lude th ith K d
legen’s theorem, and heavily rely on the seminal paper of Brayton 1ons. Finally, we conclude the paper with some remarks an

and Moser published in the early sixties. comments on future research. _
Index Terms—Brayton—Moser equations, nonlinear circuits, Notation: ThrogghouF the paper we W!” denOt? by

passivity, Tellegen’s theorem. V.V(x,-)the parual _derlvat|ve of a vector functidf(z, -) with
respect to a-dimensional column vectar = col(z1, . .., ),
ie.,

|. INTRODUCTION
. ) oV
ASSIVITY is a fundamental property of dynamical sys- VaV(z,) = 5 (x,).

tems that constitutes a cornerstone for many major devel-
opments in circuit and systems theory, see, e.g., [3], [9], ak@nsequentlyV2V (z,-) denotes the second partial derivative
the references therein. It is well known that (possibly nonlinedfiessian), i.e.,
RLC circuits consisting of arbitrary interconnections of pas- 92V
sive resistors, inductors, capacitors, and voltage and/or current ViV(z,:) = W(x, -).
sources are also passive with power port variables, the external v
source voltages and currents, and storage function of the total
stored energy [2]. Our main contribution in this paper is the Il. TELLEGEN'S THEOREM AND PASSIVITY
proof that for allRLor R_Ccircu_its: and aclass cRLCcircuits,_ it Consider a circuit consisting af;, inductorsyic capacitors,
is possible to “add a differentiation” to one of the port vanableﬁ,R resistors, and:s voltage and/or current sources, called the

(either voltage or current) preserving passivity with a storagg,nchewf the circuit. Leti., — col(iy,...,i, ) € R™ and
function which is directly related to the circuit power. The new _"¢j(, v, )€ R witﬁlw/ z ’{Z"”O R, S}, de-
- 00 A Yry ' - [ Rkt '

passivity property is of interest in circuit theory, but also hagyte the branch currents and voltages of the circuit, respectively.
applications in control (see [7] for some first results regardingjs well known that Tellegen’s Theorem [8] states that the set

stabilization). of branch currents (which satisfy Kirchhoff's current law), say

Since the supply rate (th.e.product of the pa;sive_ port vafk- - mb p — 5. n., and the set of branch voltages (that sat-
ables) of the standard passivity property, as defined in, e.g., Kirchhoff's V(/)Itage law), sajK,, C R, are orthogonal sub-
and [9], is voltagex current, it is widely known that the dif- s

. . . gaces. As an immediate consequence of this fact we have
ferential form of the corresponding energy-balance establishes
the activepower-balance of the circuit. As the new supply rate Z iTvy =0 (1)
is voltage x the time derivative of the current (or curremt 5 7

the time derivative of the voltage-quantities  which  are

sometimes adopted as suitable definitions of the supplilé{ﬁ‘iCh states that the total power in the circuit is preserved.
Corollary 1: Voltages and currents in a (possibly nonlinear)

. : . . _ RLCcircuit satisfy
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The proof of this corollary is easily established noting that, ithereF'(ig) = Y-, Fi(ir, ). If the resistors are passive, the
iy € K; (respectivelyy,, € K,), then, clearly alsédi~)/(dt) € circuit X defines a passive system with power port variables
K; (respectively(dv,)/(dt) € K,), and then, invoking orthog- (vs, (dis)/(dt)) and storage function of the total resistors con-
onality of K; andKK,,, see also [1], [8] and the references thereirent.

Another immediate consequence of Tellegen’s theorem is theSimilarly, arbitrary interconnections of passive capacitors
following, slight variation of the classical result in circuit theorywith the convex energy functiofc(qc), voltage-controlled
see, e.g., [2, Sec. 19.3.3], whose proof is provided for the saksistors, and sources, satisfy the power-balance inequality
of completeness.

t
Proposition 1: Arbitrary interconnections of inductors and / ig(t/)dvs (t")dt' > Glog(t)] — Glvr(0)] (8)
capacitors with passive resistors verify the energy-balance in- 0 dt’
equality whereG(vg) = Y12, Gi(vr, ). Ifthe resistors are passive, the

+ circuit X defines a passive system with power port variables
/ is (ws(t')dt' > Elpp(t), qc(t)] — ElpL(0),qc(0)]  (is.(dvs)/(dt)) and storage function the total resistors co-con-
J0 tent.

(4) Proof: The proof of the new passivity property fRi cir-
cuits is established as follows. First, differentiate the resistors

where we have defined the total stored enefifyr,qc) = content

Er(or)+ Ec(qc) with ¢, € R™> andge € R™¢ the inductor
i i dF . dig
fluxes and the capacitor charges, respectively. If, furthermore, & (i) = o YR (9)
the inductors and capacitors are also passive, then, the network dt " d
defines a passive system with power port variabless € R"S  Then, by using the fact that
and storage function of the total energy.

) . ) -
Proof: First, notice that(dE)/(dt) = ilvr + idve, di, _ d _ (der 9
where we have used the fact that = V., Er(¢r) and dt — dt Ve Brlen)] = dt Ve brler)
ve = V4. FrL(qe), and the relations, = (der)/(dt) _ . , .
and ic q; (dgc)/(dt). Then, by (1) we have that a'?d by invoking Faraday’s law, i.eu;, = (dr)/(dt), we 0b-
ifvr +iLve = isvs —ifvg (notice that we have adopted thd@n
standard sign convention for the supplied power). Hence, noting Tdig, T2
. . ) . — = E > 1
thati,vr > 0 for passive resistors, and integrating the latter Lt T Vo Prlpr)vr 2.0 (10)

equations form 0 td, we obtain (4). Passivity follows from \ynere the nonnegativity stems from the convexity assumption.
positivity of £(ip.., gc) for passive inductors and capacitors. - Finally, by substituting (9) and (L0) into (2) of Corollary 1, with
B e =0andic = (dgc)/(dt) = 0, and integrating form 0 to
yields the result.
l1l. NEW PASSIVITY PROPERTY FORRL AND RC CIRCUITS The proof forRC circuits follows verbatim, but now using

In this section, we first consider circuits consisting solely dB) of Corollary 1 instead of (2), the relatidflvc)/(dt) =
inductors and current-controlled resistors and sources, deno¥ag Ec(4c)ic and the definition of the co-content. u
by 1., and circuits consisting solely of capacitors and voltage- Rémark 1: In some cases it is also possible to apply Proposi-
controlled resistors and sources, denotedtpy Furthermore, tion 2 toRL (respectivelyRC) circuits containing voltage-con-
to present the new passivity property, we need to define So,_tﬁ@lled resistors iy, (r_e_spectively, current-controlled _resistor
additional concepts that are well known in circuit theory [6]1 ¥c) under the condition that thgr, vr) curves are invert-

[8], and will be instrumental to formulate our results. ible. If, for example X, contains a voltage-controlled resistor,
Definition 1: The contentof a current-controlled resistor is S8 Fx, and its constitutive relatiofiz, = g, (v, ) is invert-
defined as ible, it should then be possible to rewrite the characteristic equa-

tion in terms of the current, i.evg, = g, (ir, ). In the linear

in, : . LR .
N Ly ” case, this means that instead of writig = (1/Rx)vg,, (Orin
Fi(in,) = /0 on, (in,) dig, ®) " terms of the resistors co-contet (vr, ) = (1/(2Rk))vE,),
hile. f I I ) he f ) we may writevg, = Riig, (Ohm’s law in its conventional
while, for a voltage-controlled resistors, the function form), and hence its content reads (ix,) = (1/2)Rxi},
vR, and the new passivity property (7) can be established; see also,
G (vm, ) = / i (V) dv, ) Fig. 1. 0
/0 Remark 2: The new passivity properties of Proposition 2
is called the resistorso-content differ from the standard result of Proposition 1 in the following

Proposition 2: Arbitrary interconnections of passive induc‘eSpects. First, while Proposition 1 holds for genétal cir-
tors with convex energy functio’, (¢, ), current-controlled Ccuits, the new properties are valid only fat. or RC systems.

resistors and sources, Satisfy the power-ba|ance inequa"ty USing the fact that paSSiVity is invariant with respect to negative
feedback interconnections it is, of course, possible to combine

t di RL andRCcircuits and establish the new passivity property for
Tyt S /1 / . - .
'/0 vs (t >W(t )dt' > Flir(t)] - Flir(0)] (7) someRLCcircuits. A class oRLCcircuits for which a similar
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Ry whereL(iz) = V;, ¢r(ir) € R"2*" is the inductance ma-
trix, C(ve) = V. do(ve) € R *™¢ s the capacitance ma-
trix, P : R"£*t"¢ — Ris called the mixed-potential and is given
Gy by

Fy, P(iL,Uc) = i{l“vc + F(LL> - G(Uc) (12)

> iR, whereI' € R"+*"c is a (full-rank) matrix that captures the
(@ interconnection structure between the inductors and capacitors.

VR, If we add external sources(11) can be written as
Q(x)i = V,P(x) — Bus (13)

where z = col(ip,ve), 2 = (dz)/(dt),Q(z) =

diag(—L(i1),C(vc)), and B = col(Bg,0) with

Bgs € Rrrxns,

i > iR, Remark 4: Notice that the mixed-potential function contains

() both the content and co-content which are, due to the topo-
Fig. 1. (a) Resistor characteristic with invertiblér, ,vr,) curve. (b) logical completeness assur_npﬂon, described in te.rms of the in-
Noninvertible resistor characteristic. ductor currents and capacitor voltages, respectively. In other
words, for topologically complete circuits there exist a matrix

property holds will be identified in Section IV. Second, the corl-z € R"7= """ such that, for the resistors containedip, we
dition of convexity of the energy functions required for Proposi@ve thatir, = I'zir, while for the resistors contained ¥

Fy

tion 2 is sufficient, but not necessary for passivity of the dynami€ havevr. = T'cvc, with ' € R™re e, O
L andC elements. Hence, the class of admissible dynamic ele- ) ) )
ments is more restrictive.  B. Generation of New Stage Function Candidates

Remark 3: 1t is interesting to remark that the supply rate Let us next see how the Brayton—Moser equations (13), can
of the new passive systems defined by either the prodim used to generate storage functionsRbeC circuits. Suppose
vl (dis)/(dt) or il(dvs)/(dt), relates with an alternative we multiply (13) byz ", i.e.,
definition of reactive power. The interested reader is referred

to, e.g., [5] and [11] for more details on this subject. O &7Q(z)d = &'V, P(x) —i " Bus
—_————

# P()

IV. PASSIVITY OF BRAYTON—MOSERCIRCUITS

The previous developments show that, using the content VHEiCh' after reorganizing the terms, yields the following equa-

co-content as storage functions and the reactive power as su '619

rate, we can identify new passivity propertieRifandRCcir- dP T T

cuits. In this section, we will establish similar propertiesfRhiC (@) =& Qz)d +& Bus. (14)
circuits. Toward this end, we strongly rely on some fundamental ~

results reported in [1]. Furthermore, we assume thatithe That is,(dP)/(dt)(x) consists of the sum of a quadratic term
current-controlled resisto®;, € Rr,with Ry € R"#.*"#.  plus the inner product of the source port variables in the desired
are contained i, and thenp,. voltage-controlled resistors formi " Bus = v (dis)/(dt) (compare with the left-hand side
Rg, € Rc,with Rc € R™#cX"rc | are contained itc. The of (7) of Proposition 2). Unfortunately, even under the reason-
class ofRLC circuits considered here is then composed by &@ble assumption that the inductor and capacitor have convex

interconnection ok andXc. energy functions, the presence of the negative sign in the first
main diagonal block of)(z) makes the quadratic form sign-in-
A. Brayton and Moser’s Equations definite, and not negative (semi-)definite as desired. Hence, we

Inthe early 1960s, Brayton and Moser [1] have shown that t@nnot establish a power-balance inequality from (14). More-
dynamic behavior of a topologically compleéteircuit (without OVer, to obtain the passivity property an additional difficulty
external sources) is governed by the following differential equétems from the fact that(x) is also not sign-definite.

tions: To overcome these difficulties we borrow inspiration from
i [1] and look for other suitable pairs, s&y4(x) and P4(z),
—L(iL)—L - V,;,f(iL, ve) which we calladmissiblethat preserve the form of (13). More
dgt precisely, we want to find matrix function@4(z) € R™*",
C(vc)d—tc = V.. Plip,vc) (11) with n = ng + nc, verifying
1A circuit is called “topologically complete” if it can be described by an in- QI(LL’) +Qa(z) <0 (15)

dependent set of inductor currents and capacitor voltages such that Kirchhoff's
laws are satisfied. For a detailed treatment on topologically completeness, séRestricting, for simplicity, to circuits having only voltage sources in series
[10]. with the inductors.
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and scalar function®, : R” — R (if possible, positive semi- must ensure that the transformed dynamics (16) can be ex-
definite), such that the circuit dynamics (13) can be (re)writtggressed in the form (13), which is equivalent to requiring that
as P(x) = P(z) — 27 Bus. This naturally restricts the freedom
) - in the choices foi and M in Proposition 3.
Qa(2)i = VyPa(w) — Bus. (16) Theorem 1: Consider a (possibly nonlinegRLC circuit sat-

isfying (13). Assume the following.
. A.l. The inductors and capacitors are passive and have
&' Qa(x)i = 4" V,Pa(r) — i Bug strictly convex energy functions.

dP, T A.2. The voltage-controlled resistofg- in X are passive,
= W(x) — & Bus. linear, and time-invariant. Alsalet(Rc) # 0, and

Hence, if the symmetric part 6f 4 () is negative semi-definite, thus by taking the sum of () we have th@vc) =

Tp-1
thatis, if (15) is satisfied and thus @ 4 (z)i < 0, we may state A3 Sé;();r’%lfzc;nvc >0 \f;é ﬁl{lﬂqjg_
(noting thatis = BJir) that - yinir,ve,

If we multiply (16) by " like before, we have that

N 1/2 Tr—1/2/;
Py o rdis |G (ve) Rel L2 (i)l < 1
dt =5 dt where|| - || denotes the spectral norm of a matrix.

from which we obtain a power-balance inequality with the de- Under these conditions, we have the following power-balance
sired port variables. Furthermore Jif, (z) is positive semi-def- inequality:
inite we are able to establish the required passivity property. .; di . .
In the proposition below, we will provide a complete char—/ rug(t’)—f(t’) dt’ > Palip(t),vc(t)] — Palir(0),vc(0)]
acterization of the admissible paifss (x) andP4(z). For that, /0 dt (19)
we find it convenient to use the general form (11), ig(z)z =

\ where the transformed mixed-potential function is defined as
V. P(z), where for the case considered héter) = P(x) —

T - 1
' IﬁgSésition 3: For any\ € R and any constant symmetricPA(iL’vC) =Flio)+ ?LFRCFTZ'L
matrix M € R™*" + % (T4 — Rglvc)T Re (Tip — Rgtoe) -
Qa(z) = AQ(2) + VL P(z)MQ(x) A7) ¥, furthermore
P4(z) = AP(x) + %VIP(z)MVxP(x). (18) A4. ;ige cgrroent-controlled resistors are passive, i.e.,
Proof: A detailed proof of (17) and (18) can be found inrpen the Z(:Llr)m]t (;Iefines a passive system with power port
[1, p.19]. B variables(vs, (dis)/(dt)) and storage function the transformed

An important observation regarding Proposition 3 is that, f%ixed—potentialPA(z'L, ve).
suitable choices of and M, we can now try to generate ama-  proof: The proof consists in first defining the parameters
trix Q.1 () with the required negativity property, i.€,i(x) + ) andM of Proposition 3 so that, under the conditions A.1-A.4
Qa(r) < 0. _ of the theorem, the resulting 4 satisfies (15) and4 is a pos-
Remark 5: SinceP(z) has the units of power anbly () =  jtive semi-definite function.
AP(z)+ a quadratic term in the gradient aP(z) (see (18)),  First, notice that under assumption A.2 the co-content is
P4(z) also has the units of power. A similar discussion hold§ear and quadratic. To ensure tiat(z) is linear invs, as is
for P4(x), which is the mixed-potential without the sourcesequired to preserve the desired port variables, we may select
The difference betweeR, (+) and the original mixed-potential \ _ | gnq v = diag(0,2R¢). Now, using (17) we obtain
P(z) is that we have “swapped” the resistive terms. Howeve{fer some straightforward calculations
the solution of the differential equation (13) precisely coincides
with the solution of (16), i.e.,

Q7N (2)V.P(z) = Q7' (2)VaPa(z) (=)

Qalir,vc) = _L(giL) 2Ff55$0)

Assumption A.1 ensures that:;, ) andC (v ) are positive defi-
O nite. Hence, a Schur complement analysis [4] proves that, under

Remark 6: Some simple calculations show that a change @fssumption A.3, (19) holds. This proves the power-balance in-
coordinatez = ®(ir,vc),® : R* — R, on the dynam- equality. Passivity follows from the fact that, under Assumption
ical system (11) acts as a similarity transformation@fx). A.2 and A.4, the mixed-potential functiaR, (iz, vc) is posi-
Therefore, this kind of transformation is of no use for our putive semi-definite for ali;, andvc. This completes the proof.
poses where we want to change the sig¢f) to render the [ |
quadratic form sign-definite. g Remark 7: Assumption A.3 is satisfied if the voltage-con-

) o trolled resistance&¢, € R¢ are “small.” Recalling that these

C. Power-Balance Inequality and the New Passivity Property istors are contained i, this means that the coupling be-

Before we present our main result, we first remark thatveenX; andX., that is, the coupling between the inductors
in order to preserve the port variablé¢ss, (dis)/(dt)), we and capacitors, is weak. O
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Remark 8: We have considered here only voltage sources. L,
Some preliminary calculations suggest that current sources 211%
can be treated analogously using an alternative definition of all Ly
the mixed potential. Furthermore, it is interesting to under- A
score that from (14) we can obtain, as a particular case with
P(ir) = F(ir), the new passivity property fdRL circuits of NVN— Rr,
Proposition 2, namely Rc,
dF di -G |
_(’LL) :S'I' S ’UZV?QLEL(QOL)?)L. . U
dt dt 25
However, the corresponding property RE circuits vs1
dG dvg ) ) Fig. 2. SimpleRLCcircuit with nonlinear current-controlled resistor.
—(ve) =ig—= —i¢Vi Eclqo)ic
dt dt
does not follow directly from (14), as it requires the utilization V1. CONCLUDING REMARKS
of (3) instead of (2), as done above. L Our main motivation in this paper was to establish a new pas-
sivity property forRL, RC, and a class dRLCcircuits. We have
V. EXAMPLE proven that for this class of circuits it is possible to “add a differ-

Consider theRLC circuit depicted in Fig. 2. For simplicity, €ntiation” to the port variables preserving passivity with respect
assume that all the circuit elements are linear and time-invariaigt,@ storage function which is directly related to the circuit's
except for the resistaR, . The voltage-current relation ¢f,, Power. The new supply rate naturally coincides with the defini-
is described byr, = fr, (ir,). The interconnection matrix tion of reactive power.

I, the contentF(ir,,) and the co-content(ve, ) are readily Instrumental for our developments was the exploitation of
found to bel = [1, 1], F(ir,) = Ji** fro, (#7,)di,, and Tellegen’s theorem. Dirac structures, as proposed in [9], pro-

G(ve,) = (1/(2Re,))v2. , respectively, and thus, the mixed-vide a natural generalization to this theorem, characterizing in
1 1 17 ’

potential for the circuit is an e_Iegz_;mt geometri_cal language the ke)_/ n_otion (_)f power pre-
, serving interconnections. It seems that this is the right notion to
Plin, in, ve,) = /”‘ Fro, (i) dit, — Lvé try to extend our results beyond the realnRifCcircuits, e.g.,
1A 2R ! to mechanical or electromechanical systems. A related question
+ irn,ve, —iL,vc, - is whether we can find Brayton—Moser like models for this class

systems.
®There are close connections of our result and the shrinking
dissipation Theorem of [12], which is extensively used in analog

Hence, the differential equations describing the dynamics of tﬂ
circuit are given by

I dip, fr, (in) very large-scale integration circuit design. Exploring the rami-
—hgy = TR L) = s, e, fications of our research in that direction is a question of signif-
dir, icant practical interest.
—Lg = —’Ucl
dt
dve, _ . vo, . ACKNOWLEDGMENT
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