Asymptotic symmetries of three dimensional Anti-de-Sitter space from

a perspective of representation theory

Master Thesis
written by
Joost de Nijs
under the supervision of Dr Bas Janssens, Prof Dr Koenraad Schalm, Prof Dr

Yaroslav Blanter, in partial fulfillment of the requirements for the degrees of

Master of Science Applied Mathematics
Master of Science Applied Physics

at Delft University of Technology.

Date of the public defense: Members of the Thesis Committee:
June 17th 2026 Dr Bas Janssens

Prof Dr Koenraad Schalm

Prof Dr Yaroslav Blanter

Prof Dr Jan van Neerven

Dr Alexandre Artaud

]
TU Delft



Abstract

As Wigner showed in 1939 for the Poincaré algebra, fundamental particles can be classified
using symmetry algebras. In a universe including gravity, the Poincaré algebra cannot be
the correct symmetry algebra, as this is the symmetry algebra for flat space. Instead, one
should consider a symmetry algebra of asymptotic symmetries, which preserve only the
asymptotic structure of gravity. Many of these asymptotic symmetries are not physically
useful and are therefore considered ’trivial’. In this thesis we give a new, quantum,
definition of trivial symmetries, namely that a symmetry is trivial if it does not change
which fundamental particles are found in a classification. We then specialize to three-
dimensional asymptotically Anti-de-Sitter space. To calculate which symmetries are trivial
we first determine the second cohomology group of the asymptotic symmetries. Using the
second cohomology group it is then found that the useful asymptotic symmetry algebra
is given by o @ o @ R, where w is the Witt (centerless Virasoro) algebra, whereas the
standard definition of trivial symmetry gives o @ to as the useful symmetry algebra. The

extra factor of R is interpreted to be a kind of center-of-mass momentum.
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Chapter 1

Introduction

Symmetries play an essential role in physics. We will show this in three different stadia of
physics, starting with classical physics. This is the physical study of day-to-day objects such
as billiard balls, cars, seesaws, bridges, rockets, et cetera. In classical physics, symmetry
transformations such as time translations, space translations and rotations lead to energy,
momentum and angular momentum conservation respectively. Let us show this in the case
of the billiard balls. If a rolling billiard ball hits a stationary billiard ball, the momentum
of the rolling billiard ball is transferred to the stationary billiard ball, meaning that the
ball that was previously rolling will stop, and the stationary billiard ball will start rolling
with the same speed as the ball that hit it. The total momentum of the two billiard balls
is thus the same before and after the collision. Moreover, it is clear that space translations
are a symmetry in this case; if we move both of the balls equally, the physics does not
change. We can break this symmetry however, by including the walls of the billiard table.
If we now move the two balls (but not the table), one of the balls could end up outside the
billiard table, meaning that we no longer have space translations as a symmetry. We also
no longer have momentum conservation, as the total momentum of the two balls changes
whenever a ball hits a wall. Indeed, imagine that one ball is stationary and the other is
rolling towards a wall. As soon as it hits the wall, the momentum flips sign and is thus
not conserved. Of course, if we also translate the billiard table when performing a space
translation, and if we include the momentum of the billiard table, the billiard balls and
table are again symmetric under space translations, and momentum is again conserved.

The connection between symmetries and conserved quantities is made formal in
Noether’s theorem, which essentially tells us that every continuous symmetry corresponds
to a conserved quantity [Noel8]. We will therefore call this connection between symmetries
and conserved quantities the Noether perspective of symmetry.

Secondly, let us look at special relativity. This is the study of objects with a velocity
on the scale of the speed of light, but without gravity being relevant. The main hypothesis
of special relativity is that the speed of light is constant in every reference frame, meaning
that the relative speed of a ray of light is the same when you are traveling towards this ray
as when you are moving away from it. When objects travel at velocities near the speed

of light, the passage of time slows down and the length of an object starts to depend on



the observer. The exact way in which these phenomena occur can be derived by assuming
that classical physics should be invariant under Lorentz transformations [Res68]. Lorentz
transformations are symmetry transformations such as rotations, alongside additional
symmetry transformations. These additional symmetry transformations are constructed in
such a way that the speed of light is the same after applying a transformation, as required
by the main hypothesis of special relativity. As special relativity is thus determined by
these Lorentz symmetry transformations, we have found another application of symmetries.

Lastly, the Lorentz group of symmetries plays an important role in the classification of
elementary particles, through Wigner’s classification [Wig39]. The elementary particles are
the particles that are not composed of other particles and include the particles that make
up all of the matter around us, such as electrons and the quarks that make up protons
and neutrons. Aside from these "matter particles”, there are also ”force particles”, which
correspond to the fundamental forces in the universe. The photon, for example, is the
force particle that corresponds to the electromagnetic force. The properties of the particle
tell us something about the corresponding force; e.g. the higher the mass of the particle,
the shorter the effective range of the corresponding force is. We are thus interested in
what kind of elementary particles can exist in our universe, and as shown by Wigner,
this can be classified using the symmetry group. We will call this connection between
particles and symmetries the Wigner perspective of symmetries. The Wigner perspective
of symmetries is more oriented towards quantum mechanics than the Noether perspective,
as the conserved quantities of the Noether perspective are only classically conserved.

Now we turn to general relativity, which is the theory that describes situations with
very strong gravity, such as black holes, the big bang, or the universe itself. In a similar
fashion to classical mechanics, in general relativity symmetries again lead to conserved
quantities. The issue, however, is that realistic models of our universe are not symmetric.
In other theories, such as special relativity or classical dynamics, there is a background
space, which we can use instead to define symmetries. For example, in classical mechanics
one can typically translate all bodies of interest in space with respect to the background
space. If the system consists only of these bodies, the interactions only depend on the
distance between the bodies and are therefore not affected by this translation, leading to a
symmetry. This symmetry then gives us momentum conservation. Think of the billiard
balls; when the translation symmetry was broken by the billiard table, we could simply also
move the billiard table to repair this. In contrast, in general relativity this ”background
space”, the spacetime, is the object of interest or in the billiard analogy, the spacetime
is the billiard table. Now if the billiard table is the universe, what does it mean to move
the billiard table? This does not make sense and therefore does not lead to a conserved
quantity.

Instead, one can consider asymptotic symmetries. These are not exact symmetries,
but intuitively, they become exact symmetries for very large distances. For instance, the
distance from the sun to the nearest neighboring star, Alpha Centauri, is about 268,770
AU [NAS], meaning that it is about 10,000 times further than the distance between Neptune

and the sun. If we were to consider a rotation of the solar system, this would not be an
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Figure 1.1: Two dimensional Anti-de Sitter space. [ is the radius of the space, t is an
angular coordinate and r is the radial coordinate.

exact symmetry, as spacetime is not invariant under rotations near the solar system. For
very large distances from the sun, as long as we are also very far from other massive objects
such as Alpha Centauri, say 10,000 AU, spacetime is almost flat and rotating it is very
close to a symmetry. Intuitively, this is an approximate symmetry.

Now the solar system is well described by Newtonian gravity and thus does not benefit
much from a description in terms of asymptotic symmetries, but for larger structures, such
as the entire universe, these asymptotic symmetries can be valuable. For example, they
can be used to define the Bondi energy, which is a measure for the total energy of the
system [Wal09][BBM62]. This Bondi energy can then be used to analyze the energy carried
away by gravitational waves.

Moreover, there is a great interest in asymptotic symmetries in something called the
AdS/CFT correspondence. This is a duality between a string theory in an asymptotically
Anti-de-Sitter (AdS) space, which is the solution of the Einstein equation for an empty
universe with negative cosmological constant (see figure 1.1), and a conformal field theory
(CFT) on the boundary of the AdS space. This AdS/CFT correspondence is currently one
of the main avenues to explore quantum gravity [AE15] and can be used to study strongly
interacting quantum field theories [Kle09]. The conserved charges of the asymptotic
symmetries of AdS are used explicitly to construct the duality between the string theory
and the CFT.

However, not every asymptotic symmetry is useful in the Noether point of view, as some
do not lead to useful conserved charges. These symmetries are called trivial symmetries.
The asymptotic symmetry group is then typically defined to be the quotient of all allowed
asymptotic symmetries by the trivial asymptotic symmetries. This reduces the size of the
asymptotic symmetry group and makes it easier to work with, while only losing symmetries
that are trivial anyway. This Noether point of view definition of trivial symmetries is
standard [BH86][Obl17].

Using this asymptotic symmetry group, the fundamental particles of AdS; are then
typically determined by looking at the projective unitary positive energy representations,
akin to Wigner’s classification. We think that the Noether definition of trivial symmetries
is ill-suited for this application of the asymptotic symmetries, however, as these trivial

symmetries could still impact what fundamental particles are found in a classification,



meaning that excluding them from the asymptotic symmetry group might not be the right
choice. Indeed, there could be symmetries that do not generate a classically conserved
charge but are necessary to find the correct fundamental particles, which should thus not
be excluded from the asymptotic symmetry group. Furthermore, when one determines
the fundamental particles of bms,, which is the asymptotic symmetry algebra of four
dimensional flat space in the Noether perspective, the resulting particles are not as
physically expected [Obl17]. It could therefore be fruitful to consider a new definition
of trivial symmetries which is better suited for determining the fundamental particles.
Hence in this thesis we look at trivial symmetries from the Wigner perspective and
consider a symmetry to be trivial if it is trivial in every projective unitary positive energy
representation. With this new definition, taking the quotient by the trivial symmetries
does not change which particles are found in a classification. Specifically, regarding this

topic we will answer the following research questions:

What is the largest normal subgroup of the weak asymptotic symmetry group of AdSs for
which every symmetry is trivial in every projective unitary positive energy representation?
What is the quotient group of the weak asymptotic symmetry group by this normal subgroup

and how does it differ from the standard asymptotic symmetry group?

This new definition of trivial symmetries is more oriented towards quantum mechanics,
as the Noether perspective is a classical perspective of symmetries, whereas the Wigner
perspective takes quantum mechanics into account.

One might wonder why we only look at projective unitary positive energy representations,
or what this even means. To start answering this, we first ask ourselves what a symmetry
should be in the quantum context.

In quantum theory, states are normalized complex wavefunctions on a Hilbert space.
The observables are operators acting on this Hilbert space and expectation values for these
observables are calculated using the inner product, for example (B) = (¢|B|¢) = (¢, BY)
for a wavefunction ¢ and observable B. A symmetry should then act on the wavefunctions
in such a way that these expectation values do not change. All the ways that a symmetry
(an element of some group) can act on a Hilbert space are given by the representations of
the group on the Hilbert space. The core idea is that all of these different ways of acting
on a Hilbert space represent different particles.

If we thus understand all the representations, we understand all of the possible particles,
which is why we consider representations. However, there are additional constraints
that we should impose on the symmetries, which are given by the adjectives projective,
unitary and positive energy. To start, a symmetry should preserve the expectation values,
which happens precisely if the representation is unitary. Furthermore, quantum states
are normalized and phases are irrelevant as multiplying a wavefunction by a phase does
not change any of the expectation values. Thus a symmetry U that sends ¢ — U and a
symmetry U : ¢ — €'?Uq) for some ¢ are equivalent. The projective representations are
exactly the representations that take this equivalence into account. Lastly a representation

is of positive energy if the energy of all the states is bounded from below. If this is not



the case, a particle could keep decaying to lower energy states, whilst radiating energy.
This is deemed nonphysical, leading to us only considering positive energy representations.
Combining all of the above, we see that we should only consider projective unitary positive
energy representations.

Three dimensional Anti-de-Sitter space is a good model to start with, for the following
reasons. First of all, it is typically simpler than higher dimensional AdS spaces. It is
often a good idea to start with the simplest model, as this can give you valuable intuition
without getting lost in technical difficulties. Two dimensional spaces might be even
simpler, but general relativity is not well defined in two dimensions, as the Einstein tensor
vanishes identically in two dimensional theories. Thus AdSs is the simplest interesting
version of AdS. From the perspective of asymptotic symmetries, AdSs is also different
then higher dimensional spaces, as the asymptotic symmetry group of AdSs is infinite
dimensional [BH86], whereas in higher dimensional AdS,, spaces it is the same as the
normal symmetry group of AdS,, [AMS84]. These facts lead to AdS3 being an interesting
space to consider for our calculation of the asymptotic symmetry group with the new
definition of a trivial symmetry. Three dimensional AdS can essentially be pictured as in
figure 1.1, except each point on the hyperboloid is actually a circle of points.

We will start this thesis by quickly introducing the core concepts of Lie theory and
locally convex vector spaces in chapter 2. Lie theory is essential, as this is used to describe
continuous symmetry groups. A continuous symmetry is a symmetry transformation that
depends on a parameter, say x, which takes values in R, so for each z € R we have a
symmetry transformation. An example is given by the translation xg — xg + . These
continuous symmetries are easier to handle than non-continuous (discrete) symmetries, as
we can differentiate continuous symmetries in their parameter x. These differentials, also
called infinitesimal symmetries, turn out to be easier to handle while still giving us plenty
of information about the continuous symmetries. They form an object called a Lie algebra,
and these are the objects we will focus on in the thesis, thus we spend some time on their
basic properties.

We then turn to representation theory in chapter 3. As mentioned earlier, symmetries
in a quantum context are given by representations, thus we must define them rigorously,
and the same holds for projective, unitary and positive energy representations. Combining
all of these adjectives, we get projective unitary positive energy representations, and it is
shown in section 3.3 that these can be understood through something called Lie algebra
cohomology. We define this cohomology in section 3.4 and we lastly give a nontrivial
example of Lie algebra cohomology in section 3.5 by looking at symmetries of the circle,
which form the Witt (or centerless Virasoro) algebra.

We are then ready to introduce the actual asymptotic symmetries, which is done in
chapter 4. We first look at what asymptotic symmetries should be in general in section 4.1
and we then specify to AdSs in section 4.2. In the next two sections we take care to
define the boundary conditions in a mathematically rigorous fashion. We can then finally
compute what the asymptotic symmetries are, which is done in section 4.5.

Next we look at the Lie algebra cohomology of the asymptotic symmetries to gain an



understanding of the projective unitary positive energy representations in chapter 5. A
start to this is made in section 5.1. We then need some more powerful tools, which are
developed next in section 5.2. Using these tools, we can compute the rest of the cohomology
in sections 5.3, 5.4.

Before continuing with the calculation of the trivial symmetries in the Wigner perspec-
tive, we first shortly discuss how the trivial symmetries are determined in the Noether
perspective and what the result is. Afterwards, having computed the cohomology, we
are ready to compute the trivial symmetries, which is done in section 6.2. The result is
nontrivial, so we give some ideas on how the result is to be interpreted in section 6.3. We

finish by giving a summary of the results and a conclusion in chapter 7.



Chapter 2
Lie theory

The ultimate goal of this thesis is to describe asymptotic symmetries. These are continuous
symmetries and to understand those we need Lie theory. Symmetry groups are often Lie
groups, which are groups where the multiplication and inverse are smooth operations. To
understand what it means for these operations to be smooth, we need a bit of differential
geometry. We will discuss both in section 2.1, in an informal manner as we will only
use them to motivate other definitions. For a more complete introduction to differential
geometry and Lie groups, we refer to Ref. [Leel2].

The symmetry group we will consider will consist of asymptotic symmetries. As we
only restrict the behavior of these symmetries at infinity, they are very free in finite space,
leading to the group or algebra of asymptotic symmetries being infinite dimensional. To
handle infinite dimensional Lie groups and algebras we will need the theory of locally
convex vector spaces, which will be treated in section 2.2. This section is a bit technical
and if your goal is only to understand the main ideas of this thesis, this section can safely
be skipped.

Instead of working with symmetries themselves, it is typically a lot easier to work with
the generators of symmetries, as these form a vector space. In fact, this space of generators
forms a Lie algebra, which we will define in section 2.3, on a rigorous level as this is the
structure we will mainly work with. We will then also discuss some of the properties of Lie

algebras with a focus on quotient and complexification constructions.

2.1 Differential geometry and Lie groups

Lie groups are inspired by groups of continuous symmetries, meaning that they should be
both a group and be able to vary continuously in some sense. For the last property, the

correct setting is a manifold:

e A finite dimensional manifold is a topological space that locally looks like R™ for

some dimension n.

e A finite dimensional Lie group is both a manifold and a group, in such a way that

group multiplication and inverses are smooth



Figure 2.1: Tangent space T, M of a manifold (or Lie group) M at the point z. A
tangent vector v with corresponding curve «(t) is also shown. Figure was taken from
Wikipedia [TN].

Now because a manifold M locally looks like R™, at each point x in M we can consider
the tangent space T, M of that point, see figure 2.1. This tangent space describes all the
derivatives of curves ~(t) going through x. These derivatives are vectors, denoted by v
in the figure. For a Lie group, using the multiplicative structure, one can identify all the
tangent spaces T, with the tangent space at the identity T.. This tangent space has the
structure of a Lie algebra, which we will describe in section 2.3.

The symmetry groups that we will consider will be infinite dimensional however. In
that case, instead of saying that a Lie group locally looks like R"™, we say it locally looks
like V' where V is some infinite dimensional vector space. Furthermore, to construct the
tangent space T, we need to differentiate the curves «(t¢) as in figure 2.1. This requires
V' to have a topology, as differentials are defined via limits. For finite dimensional vector
spaces there is only one Hausdorff topology such that addition and scalar multiplication
are continuous, which is the standard topology on R™. In contrast, for infinite dimensional
vector spaces there are multiple topologies and not every one of them can be used to define
derivatives. In fact, we need the vector space V' to be locally convex [Nee06|, which we will
define in the next section. We will say that a Lie group G is locally convex if the vector

space V is locally convex.

Remark 2.1. We will mainly be concerned with infinite dimensional Lie groups, which
are not as well behaved as finite dimensional Lie groups, for example the exponential
map from the corresponding Lie algebra might not be surjective on a neighborhood of
the identity [Mil85]. Translating information between the Lie group and the Lie algebra
therefore becomes harder, which is why we will mainly stay on the Lie algebra level. For a

survey on infinite dimensional Lie groups, see Ref. [Nee06].

Now the symmetries we are interested in are symmetries on a spacetime. These are
diffeomorphisms, which are smooth bijective maps ¢ : M — N between manifolds M, N
such that the inverse is also smooth. If a diffeomorphism exists between M, N, for the intents
and purposes of differential geometry they are the same or isomorphic in mathematical

language. The reason for the smoothness requirements on the diffeomorphism becomes
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Figure 2.2: A vector field on the sphere. Figure taken from Wikipedia [BTo]

clear from this point of view; we want to be able to translate a smooth function f: M — R
to a smooth function f : N — R if M, N are isomorphic, and the smoothness requirements
on the diffeomorphism ensure that f is again smooth. A symmetry should moreover be
an automorphism, meaning that it is a diffeomorphism ¢ : M — M. Lastly, spacetime is
not just a manifold. It is a manifold with a metric (also called a Lorentzian manifold).
This metric specifies the distance between two points on the manifold. On 4 dimensional
flat space, the metric is for example typically written as ds® = —dt? + da? + dy? + dz?,
where we use natural units with ¢ = 1, as we will use all throughout the thesis. We could
however, specify a different metric on R* such that we get a hyperbolic space. In such a
space, parallel lines do not stay parallel and the sum of the angles in a triangle do not
add up to 180 degrees, thus spacetime would look very different. A true symmetry should
therefore not change the metric. An isometry is a diffeomorphism ¢ : M — M such that
the metric stays the same when transformed using ¢ and is thus the exact symmetry we
are interested in. Asymptotic symmetries are diffeomorphisms that become isometries
infinitely far away from all matter in the spacetime.

The symmetry groups that we will look at are thus groups of diffeomorphisms. These
are however not always Lie groups. Regardless, we will see that we can associate a Lie
algebra with them, by looking at curves of diffeomorphisms and differentiating them, just
as before. To see what kind of objects we get by differentiating these curves, let us look
at a special kind of curves, namely one-parameter groups of curves. These are curves
v : R — Diff (M) such that v(¢)y(s) = vy(t + s) and y(-)(-) : R x M — M is continuous.
They are also called global flows. Now note that for x € M, y(t)(x) is a curve in M going
through z. The derivative in time is thus a vector in 7, M. We conclude that the derivative
of a global flow specifies a vector in T, M for each x € M. This is called a vector field and

an example is given in figure 2.2. Conversely, a vector field on M also generates a flow,

11



although this need not be a global flow. Instead, for each x € M, the map ~(-)(z) (which
now represents a local flow) is only defined for some some t € (—t4,t,) and satisfies the
additive property on this domain. On the Lie algebra level, the symmetry algebra that we

are looking for thus consists of vector fields on the manifold M.

2.2 Locally convex vector spaces

A normed vector space is a vector space together with a norm. In some cases a norm is too
strict however. For example, for the smooth functions on the circle C°°(S!) the standard
supremum norm makes differentiating discontinuous. Instead of a single norm, one can

also consider a family of seminorms.

Definition 2.2 (Seminorm). Let X be a vector space over a field K which is either R or

C. A seminorm p is a map X — R such that:
1. p is nonnegative: p(z) > 0 for all x € X
2. p is absolutely homogeneous: p(sz) = |s|p(z) for all s € K,z € X
3. p satisfies the triangle inequality: p(z +y) < p(z) + p(y) for all z,y € X

Note that the nonnegativity actually follows from

0=0p(z —z) =p(0(z — x)) = p(z — x) < p(z) + p(—=z) = 2p(x) (2.1)

where we only used the homogeneity and the triangle inequality.

The topology generated by this family of seminorms then forms a locally convex space.
Definition 2.3 (Locally convex topological vector space).

e A topological vector space X is a vector space over a topological field K, which is a
field with a topology such that all operations of the field are continuous, together with
a topology on the vector space such that addition of vectors and scalar multiplication

are continuous.

e A locally convex topological vector space (LCTVS) is a vector space V together with
a family P of seminorms. The topology on V is the coarsest topology such that all

seminorms p € P are continuous.

Equivalently, a LCTVS is a topological vector space where the neighborhood basis at

the origin consists of convex and balanced sets. These are sets S such that:
1. For each point z,y € S the line between x,y is contained in S (Convex)

2. For each point x € S and scalar |a| < 1, az € S (Balanced)

12



This is where the name locally conver comes from. For a more complete introduction, see
Ref. [NB10]. The similarity in terminology between convex sets and convex functions is no
coincidence. Indeed, a function is convex precisely if the set of points above and including
the graph is convex.

In a normed vector space the norm generates the whole topology and in a LCTVS
all of the seminorms are needed to generate the topology. The norm is thus replaced by
a typically infinite set of seminorms. Furthermore, every LCTVS is a topological vector
space [NB10].

An example of a LCTVS is C*°(S!) with the seminorms:

pi(f) = sup |95 f(x)| (2.2)

z€eSt
The absolute homogeneity is immediate and the triangle inequality holds as the triangle
inequality holds for both the absolute value and the supremum. Aside from the seminorms
in the generating family, there can be other continuous seminorms. We show that these

are all bounded by a finite linear combination of seminorms in the generator family.

Lemma 2.4. Let q be a seminorm on a locally convex vector space V with family of
seminorms P. Then q is continuous if and only if there exist p1,...,pn € P such that

q < Cip1+ -+ Cupyn where Cq,...,C, are positive constants.

Proof. First assume that ¢ is continuous, then ¢g=1([0, 1)) is an open neighborhood of zero in
V. Now the family of preimages p~1([0,7)) for p € P,r > 0 form a neighborhood subbasis
of 0 [NB10], so there exist p1,...,p, € P,r1,...,7 > 0 such that ﬂ?zlpi_l([(),ri)) -
g %([0,1)). Now let € V, and assume that p;(z) = 0 for all 1 <7 < n. Then for all [ > 1,
pi(lz) =0 < r;, so q(lz) < 1 meaning that ¢(z) < 1/l for all { > 1. Thus ¢(z) = 0 and the
conclusion is trivially true. Now if there exists i such that p;(x) # 0, define y = m
?:ﬁogmagﬁ/n < p]-fig}rj =rj/2 < r;j, and thus also
q(z

q(y) = m < 1,50 q(x) < 323y pi(x)2/rs.

3

Now either p;j(y) =0 < r; or p;(y) = D

Now for the other direction, assume there exist p1,...,p, € P such that ¢ < Cip1+---+
Chnpn. Note that p = Cip1 + - -+ + Cpp, is a continuous seminorm as scalar multiplication
and addition are continuous in topological vector sp aces, and g < p implies that ¢ is

continuous whenever p is continuous, which is shown in Ref. [NB10]. O

Two families of seminorms P, () can induce the same topology on a vector space V. We

will here give a condition for this to be the case:

Lemma 2.5. Let P,Q be two families of seminorms on the vector space V. Suppose that
for allp € P,q € Q) there exist p1,...,pn € P,q1,...,q: € Q such that

p(@) <qi(z) + -+ qr(v)

(2.3)
q(z) < pi(x)+ -+ pa(x)

Then the topologies induced by P,(Q are equivalent.

13



Proof. Let (V, P), (V,Q) be the locally convex vector spaces with topologies induced by
P, Q respectively and let ¢ : (V, P) — (V, Q) be the identity mapping. We will show that
this is a homeomorphism. It is clearly a bijection. For continuity, note that by assumption
for all ¢ € Q there exist p1,...,p, € P such that ¢(¢(z)) < p1(z) + - - - + pn(z), meaning

that ¢ is continuous [NB10]. The proof that the inverse is continuous is the same. O

We will regularly encounter quotient and product spaces. The next two lemmas from
Ref. [NB10] show that these are again LCTVSs and describe the corresponding family of

seminorms.

Lemma 2.6 (From Ref. [NB10]). Let X be a LCTVS and let P be the corresponding
family of seminorms. Suppose Y is a subspace of X, then the quotient X/Y is again a
LCTVS with seminorms P, where p € P is given by p(Z) = infyey p(x +y) forz € X/Y.

Lemma 2.7 (From Ref. [NB10]). Let (Xs)ses be a family of LCTVSs and for each s € S,
let Ps be the corresponding family of seminorms on X,. Then the product [[ . g Xs with
the product topology is again a LCTVS and the seminorms on [[,c ¢ Xs are given by p o 7,

where s is the projection on the subspace X5 and p € Ps.

The following lemma will help us prove when a multilinear map to a LCTVS is

continuous:

Lemma 2.8 (From Ref. [NB10]). Let A be a multilinear map A : X1 X -+ x X;, =Y
where Y is a locally convex vector space determined by the family of seminorms Q and all
X; are topological vector spaces. Then A is continuous if and only if for each seminorm
q € Q there are continuous seminorms pi,...,Pn on Xi,..., X, respectively and C > 0
such that q(A(z1,...,2n)) < Cpi(z1)...pp(xy) for all 1, ..., 2, € X1 X -+ X X,

For example, the derivative 9, : C®(S') — C*°(S!) is continuous as pi(0,f) =
Pr+1(9z).
Lastly, we give a lemma that shows when a LCTVS is metrizable, in which case it is

sequential, so we also characterize when a sequence converges:

Lemma 2.9 (Paraphrased from Ref. [NB10]). Suppose X is a LCTVS with a countable
family of seminorms P. Then X is pseudometrizable. If furthermore for all x,y € X there
exists p € P such that p(x — y) # 0, X is metrizable and therefore sequential.

In any case, a sequence (xn)neny € X converges to x € X if and only if p(x, —x) — 0
for each p € P.

2.3 Lie algebra

We can now define what a Lie algebra is. As described above, this structure is inspired

from the tangent space structure of a Lie group.

Definition 2.10 (Lie algebra). A Lie algebra g over a field K is a vector space over K
together with a Lie bracket [-,-] : g X g — g satisfying the following properties:
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1. The bracket [, ] is linear in both arguments
2. The bracket is antisymmetric: [a,b] = —[b,a] for all a,b € g
3. The Jacobi identity holds: [[a,b],c] + [[b, c],a] + [[¢c,a],b] = 0 for all a,b,c € g

The prototypical example of a Lie algebra is gl(n), which is the set of n x n matrices.
The bracket is then given by the commutator [A, B] = AB — BA. This is the tangent
space of the Lie group GL(n), which consists of the matrices with nonzero determinant and
standard matrix multiplication. The commutator [A, B] then describes how the elements
exp(A), exp(B) commute in the Lie group.

The Lie algebra of a locally convex Lie group will again be locally convex. We therefore

define locally convex Lie algebras abstractly as well.
Definition 2.11 (Locally convex Lie algebra).

o A locally convex Lie algebra is a Lie algebra which is locally convex as a vector space

and has a continuous Lie bracket.
e A Lie algebra homomorphism is a linear map that preserves the Lie bracket.

We saw previously that the smooth functions on the circle, C*°(S!), form a locally
convex vector space. With the Lie bracket [f,g] = f¢' — gf’, where the prime denotes
differentiation, C°°(S!') becomes a locally convex Lie algebra, which will be proved in
section 3.5.

A perfect Lie algebra is essentially a Lie algebra in which each element can be written
as a finite sum of commutators of other elements. This property can come in handy in

certain computations.

Definition 2.12 (Perfectness). A Lie algebra is called perfect if it is equal to its own

commutator ideal:
g = [9, 0] := span{[a, b]|a,b € g} (2.4)

Remark 2.13. For a locally convex Lie algebra, one can also consider the closed linear span
of the commutator. Our definition is slightly stricter and gives more information about

the algebraic structure of the Lie algebra.

2.3.1 Complexification

Often it is easier to work in the complexification of a Lie algebra, for the same reason that
it is typically easier to work with complex exponentials than with sines and cosines. We
therefore define this complexified structure and show that we can use it to draw conclusions

about the real Lie algebra.

Definition 2.14 (Complexification of a Lie algebra). The complexification of a locally
convex Lie algebra g with bracket [-,:], written as gc, has the following vector space
structure:

gdg (2.5)
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together with the bracket [-,-]" : gc X gc — gc¢:
la-+ib,c+id] = ([a,c] — [b,d]) + i([b, ] + [a,d)) (2.6)

The topology is given by the product topology of g X g.

That the bracket [-, )" is a continuous Lie bracket will now be explained. First of all, it
is clearly antisymmetric. Furthermore, C-linearity of [-, -]’ follows from the R-linearity of
[-,+] is. The Jacobi identity clearly holds for [a,c]’, [ib, c]', [a,id]’, [ib,id]" and by linearity it
holds in general. The Lie bracket is continuous as it is a linear combination of continuous
functions.

We also define an involution on the complexification, namely a + bi = a — bi. It is
immediate that for z € g¢, if Z = 2z, z € g. Now for any subalgebra § of gc, we define the
real part to be Re(h) = {z € h|z = z}. Clearly Re(gc) = g.

Proposition 2.15. Let h be a subalgebra of g. Then the complexified commutator can be

calculated from commutator of the complexification:

(9. blc = [gc, bl (2.7)

and in particular, the normal commutator is the real part:

[gv h] = Re([g() hC]) (28)

Proof. First let a € [g,b]c, then a = b+ ci with b = 37, [ug, v],c = > ;[z;,y;] and
U, Tj € 9,0k, Y; € h. Now ug, iz € gc, vk, y; € be and a = Y [ug, vg] + > ;[izj, y;] so
a € [gc, bel-

For the converse, let a € [gc, hcl, so a = Y [ug, vi) with uy, = by + icy, v = x + iyp,

then a = 3 ([bk, zx) — [ck, yk]) + i([er, k] + [br, yr]) € [g,b]c
Now we have

(9, 5] = Re([g, bc) = Re([gc, bel) (2.9)

2.3.2 Quotient algebra

Next, in a lot of situations it can be fruitful to consider the quotient of a Lie algebra by an
ideal, which is a subspace i such that [g,i] C i. We now show that the Lie algebra structure

of the quotient vector space is unique.

Lemma 2.16 (Lemma 17.10 in [Banl0]). Let i be an ideal of the locally convex Lie algebra
g. The linear quotient g/i has a unique Lie algebra structure such that the projection

g — g/i is a continuous and open Lie algebra homomorphism.

Proof. As 7 is surjective, for [a],[b] € g/i we can always find a,b € g such that 7(a) =

[a], 7(b) = [b]. If we want 7 to be a Lie algebra homomorphism, we need [[a], [b]] =
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[m(a),m(b)] = 7([a,b]). We will show that this is indeed a Lie bracket on g/i and in that
case it is clearly unique. First, note that it is well defined as for z,y € i, [[a + ], [b+ y]] =
[7(a + x),7(b+ y)] = [r(a), 7(b)] = [[a],[b]]. Next, linearity and antisymmetry of the

bracket follow immediately from the linearity of w. Lastly, the Jacobi identity also follows:

[[[a], o], [c]] + [[[b], . [a@ + {[[C], all, [b@ — 7 ([[asb], ] + [[bsclsa] + [[esa),b]) = 0
(2.10)

Thus the bracket on g/i is indeed a Lie bracket and unique. With the quotient topology, =

is continuous and open by definition. O

The quotient Lie algebra g/i is therefore also defined with this bracket. It is Hausdorff
if and only if i is closed, which follows from lemma 2.6. The quotient ”commutes” with the
commutator, as the projection is a Lie algebra homomorphism, which gives the following

corollary:

Corollary 2.17. Suppose i is an ideal of the Lie algebra g and i C [g, g].

9,01/ = [9/i,9/i] (2.11)

Proof. Let [a] € [g,g]/i. As the projection 7 : g — i is surjective, there exists a € [g, g
such that 7(a) = [a] and a = ) _,[b;, ¢;] where b;, ¢; € g for all 7 and the sum is finite. Now
as 7 is a Lie algebra homomorphism, 7(a) = ). [7(b;), 7(¢;)], thus a € [g/i, g/i].

The reverse inclusion follows from the above argument but in reverse, again using that

7 is surjective. ]

The complexification and quotient structures behave nicely with respect to each other;

the complexification of the quotient is the quotient of the complexifications:

Lemma 2.18. Let g be a Lie algebra and i an ideal, then

(8/1)c = gc/ic (2.12)

Proof. Let ¢ : (g/i)c — gc/ic be given by ¢([a] 4+ i[b]) = [a + ib], which is clearly well-
defined and linear. Now if ¢([a] 4+ i[b]) = [0], a + ib € ic, meaning that [a] = [b] = 0, so ¢ is

injective and surjectivity is trivial. Lastly, ¢ also preserves the bracket:

o([[a) +i[], [c] +i[d]]) = ¢<[[a], [c]] = [[b], [d]] + i[[b], []] + %[[a], [d]]) =
qﬁ([[a, d] — [[b,d]] +i[[b, c]] + i[[a,d]]) = [la,c] = [b,d] + i[b, ] + ila, d]] = [[a+ bi,c+ di]] =

[la+bil, [c +di]] = [¢(la] +i[b]), ¢([c] + i[d])]
(2.13)

O]
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We will also need to know when the sequence of locally convex Lie algebras
0—idgSg/i—a0 (2.14)

with i an ideal, splits, which means that there exists an s : g/i — g such that it is a
left-inverse of m. For vector spaces, such a s always exists, namely s([z]) = z — 7(z) where
7 is the linear projection onto i. For topological vector spaces this already becomes a bit
more difficult, as ™ need not be continuous. The following lemma will show when the

sequence splits for locally convex Lie algebras.

Lemma 2.19. Suppose we have a short exact sequence of locally convex Lie algebras, where
i is an ideal :
0—-idgSg/is0 (2.15)

Further assume that there exists a linear projection 7 : g — i that is continuous. Then this

sequence splits if g/i is isomorphic to a subalgebra by of g.

Proof. Suppose that g/i is isomorphic to a subalgebra h of g and suppose 7 : g — i is the
continuous linear projection. Then as topological vector spaces g =1® g/i 2i® h. For
z,y € g, we can write x = 7(x) + (z — 7(x)) with (z — 7(z)) € h. Now define s: g/i — g
by s([z]) = © — 7(x). This is well defined, as if a € i, s([a]) = a — 7(a) = 0. Furthermore s

is linear and we will show that it preserves the bracket:
[z,y] = 7([7(z) + (x — 7(2)), 7 (y) + (y — 7(y))]) = (2.16)
)

where the last equality follows as [z — 7(z),y — 7(y)] € b as it is a subalgebra. Continuing

the calculation:

[z,y] = [7(2),7(y)] — [z —7(2), 7(y)] = [7(z),y — 7(y)] =

(2.17)
[z,y] + [7(2),7(v)] — [z, 7(y)] — [7(2),y] = [z —7(x),y — 7 (y)] = [s([x]), s([v])]

Thus s is a continuous Lie algebra homomorphism. Lastly w o s = 1 is immediate. O

The lifting or splitting operator s is defined to be the operator s in the above lemma.
If g/i is not isomorphic to a subalgebra of g, a lifting operator is any linear splitting, which
always exists (although it need not be continuous).

We further define the notion of the unitary Lie algebra, which is the Lie algebra of

unitary operators. This will be used later to define the unitary representations.

Definition 2.20 (Unitary Lie algebra [JN25]). Let D be a complex vector space with
inner product (-,-). The space of linear operators from D — D is denoted by £(D). We

then define the space of linear operators with adjoint:
£/(D) = { X € LD)IX" € £(D) : (XM, m) = (v, Xn) | (2.18)
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We can now define the unitary Lie algebra:
u(D) = {X e LHD)XT+ X = o} (2.19)

where the bracket is given by [X,Y] = XY — Y X for X,Y € £LI(D)

That the unitary Lie algebra is indeed a Lie algebra follows from Lf(D) being an
associative subalgebra of £(D). Indeed, X+ YT = (X + V), (XY)! = YTXT and (cX) =
¢Xtfor X, Y € L(D),c € C. This means that £f(D) is closed under addition, multiplication
and scalar multiplication and is thus a subalgebra. Furthermore, as additionally (XT) = X,

the map X — X' is an involution.
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Chapter 3
Representation Theory

In this chapter we will give a basic overview of the representation theory that is needed
in the rest of this thesis. Again, the main research question is about when a symmetry
is trivial in every projective unitary positive energy representation. To make sense of
that question and to answer it, we need to discuss representation theory. After discussing
what projective unitary positive energy representations are, we show how the second
cohomology group of a Lie algebra is connected with its projective unitary positive energy
representations in section 3.3. In fact, the trivial symmetries from the Wigner perspective
are largely determined by the Lie algebra cohomology, and we thus cover some more Lie
algebra cohomology in section 3.4 and finish the chapter with the important example of
the Witt algebra.

3.1 Representations

The idea of representation theory is to describe objects, such as groups, Lie groups or Lie
algebra’s, as automorphisms of vector spaces. If the vector space is finite dimensional, this
means that they are represented as matrices. Then one can convert problems concerning
the original group or algebra into linear algebraic problems, which are typically easier to
solve. We start with the definitions of a Lie group and algebra representation. For these
definitions, we follow Ref. [JN24].

Definition 3.1 (Representation). A Lie group representation of a Lie group G is a vector
space V together with a group homomorphism 7 into the automorphism group of this

vector space:
m: G — GL(V) (3.1)

A Lie algebra representation of a Lie algebra g is a vector space V together with a Lie

algebra homomorphism p into the endomorphism Lie algebra of this vector space:

p:g— gl(V) (3.2)

As mentioned in the introduction, we want our representations to be symmetries in a

quantum theory. We will adopt the viewpoint that this means that all numbers that we can
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measure should stay the same under a symmetry transformation. In quantum mechanics
these measurable numbers are the probabilities of finding a value A when measuring the
value of an observable O. If |¢) is an eigenvector of O, this probability is given by

(16 P 53

(Y¢)(¢le)

A symmetry transformation S should thus preserve these probabilities, meaning that
|(SY|S@)| = [(¢|¢)] should hold for all states ¢, . By Wigner’s Theorem [Wigh9], all
symmetries in quantum mechanics are represented either unitarily, or anti-unitarily, with
the latter only occurring in disconnected groups (for a modern proof, see Ref [Wei95]). We
are only interested in connected groups, as Lie algebras only give information about the
identity component of a Lie group, and we will therefore only need to consider unitary

representations.

Definition 3.2 (Unitary representation). A unitary Lie group representation of a Lie
group G is a Hilbert space H together with a group homomorphism 7 into the unitary
group of the Hilbert space:

m:G— U(H) (3.4)

A wunitary Lie algebra representation of a Lie algebra g is a vector space D with an inner

product together with a Lie algebra homomorphism p into the unitary algebra of D:
p:g—u(D) (3.5)

Remark 3.3. One might expect that a Lie algebra representation would again be a rep-
resentation onto a Hilbert space. By looking at the following example however, we can
see that this is far too strict of a definition: Let 7 : U(1) — U(L?(S!)) be given by
(7 (/)] (6) — (0 — ¢). This gives us a derived representation on the Lie algebra u(1), as
in def. 3.6:

, d
[dr(2)9](0) = | [r(expitz)y](6) = —|  $(0 —tz) = —adpt) (3.6)
=0 t=0
Now this would not be well defined if we would have required dr(x)y € L*(S!) again.
Furthermore, as neither the differentiable or the smooth functions form a complete vector
space, we would rather view them as dense subsets of L?(S!) and take this dense subset as

our representations space.

Remark 3.4. This definition of a unitary Lie algebra representation only makes sense for
real Lie algebra’s. If we were to have a complex Lie algebra g, a representation 7 and an
element in the Lie algebra X € g, then 7(iX)! = —in(X)T, so if 7(X) is skew-Hermitian,
7(iX) is not. Instead, for complex Lie algebra’s it is common to consider Lie algebra’s
with an involution T and define a unitary representation to be a *-representation, i.e. a
representation such that 7(XT) = 7(X)!. This then reduces to a unitary representation in

the sense of def. 3.2 on the real part of the Lie algebra.
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As Lie groups have a smooth structure, we also want representations to preserve some

of this structure. A first guess might be to want these representations to be bounded, i.e.

continuous with respect to the norm topology. This is too much to ask however, as many

interesting examples of representations are not bounded. For example, the representation

7 from remark 3.3 is not bounded in the norm topology. Indeed, it is discontinuous in the
norm topology at ¢ = 0:

lim || 7(€) — 1| = lim sup | w(e)p— o |lp2> lim sup || €= — ¢ |,

) =0 ez,

»—0 ¢—0
PpeL2(St (3.7)

= lim sup [e=™¢ — 1| || €™ || 2> 2
¢—=0nez
where the last inequality follows as for ¢ small, we can always take n large enough such that
e~ ™% is approximately —1. Thus 7 is not norm continuous, whereas it is an interesting
representation that we want to include in our definition.
We therefore instead use the following definitions from Ref. [JN24], which define a

representation to be continuous if all the orbit maps are continuous:

Definition 3.5 (Continuous and smooth representations). e A unitary representation
(m,H) of a Lie group G is called continuous if for all ¢ € H the map 7y, : G — H :

g — m(g)v is continuous.

e A unitary representation (p, D) of a Lie algebra g is called continuous if for all p € D
the map p¢ : g — D : g — p(g) is continuous.

e A vector ¢ € H is called a smooth vector if the map my : G — H : g = 7(g)¥
is smooth, and we denote the subspace of smooth vectors by H>® C H. The

representation m is called smooth if H* is dense in H.

Any smooth unitary representation of a Lie group induces a representation of the Lie
algebra. Furthermore, for connected Lie groups, this induced, or derived representation
determines the Lie group representation, and we can thus use the Lie algebra representation

to solve problems regarding the Lie group.

Definition 3.6 (Derived representation). Let 7 be a smooth unitary representation of the
Lie group G with Hilbert space H. The derived representation dn : g — End(H™) of the
Lie algebra g is defined by

(e =& espie)y (3.8)
t—

3.2 Projective representations

In quantum mechanics, states are not elements of a Hilbert space, but instead elements
of the projective Hilbert space P(H), which is the quotient of the Hilbert space by the
equivalence relation ¥ ~ ¢ if there exists A € C such that v = A\¢, for ¢,¢ € H \ {0}.
Intuitively, this means that two quantum states are considered the same if they differ only

by a complex phase and only norm one quantum states are allowed. This is based on
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equation 3.3, as this formula shows that the difference between two states differing only in
norm or complex phase cannot be measured. As we cannot measure the difference between
those states, we consider them to be equivalent. Elements of the projective Hilbert space
are called rays and we will denote them as [£] for £ € H. We further define the projective
unitary group by PU(H) = U(H)/T1, i.e. in PU(H) two unitaries are considered the same
if they differ by a complex phase.

We can now give the definition of a projective unitary representation:

Definition 3.7 (Projective unitary representation). A projective unitary representation of
a Lie group G is a projective Hilbert space P(H) together with a group homomorphism 7

into the projective unitary group of the Hilbert space:
7: G — PU(H) (3.9)

A projective unitary representation of a Lie algebra g is a projective inner product space
P(D) together with a Lie algebra homomorphism dr into the projective unitary algebra of
the inner product space

dr : g — uw(D)/u(1) (3.10)

where the projective unitary algebra u(D)/u(1) is the quotient of u(D) by the equivalence

relation a + i\ ~ a.

We will denote projective representations with a bar.
The projective unitary group is the natural choice here, over the normal unitary group,
for the following reason. Suppose we have some unitary U €U(H) and a ray [¢)] € P(H).

Then the following two states are the same:
(U] = Uy, (3.11)

for all § € [0,27), as complex phases are irrelevant for quantum states. This is true for
every ray [¢], and we would like two operators to be equal if they assign the same states
to a state. Therefore U ~ TU and the projective unitary group is the correct choice.
This can also be thought of in a slightly different way; we don’t need a unitary
representation 7 to be an exact homomorphism into the unitary group. Instead, it only

needs to be a homomorphism up to a phase:

w(g)m(h) = ¢ COMr(gh) (3.12)

for some function C : G x G — R/27Z. This function C' is constrained by the need for 7™

to be a group homomorphism, as group operations are associative:

7(f) [7(g)w(h)] = [F(F)7(9)] 7 (h)

1
iC(f.9h) (iC(g.h) _ iC(f.9) ;iC(fg.h) (3.13)



Hence we need C to fulfill the following property, for all f,g,h € G:
C(f,gh) +C(g,h) = C(f,g9) + C(fg,h) (3.14)

This property is known as the (group) 2-cocycle condition and a function C : G x G —
R/277Z satisfying this property is called a (group) 2-cocycle. With such a function, we can

define a central extension of G

Definition 3.8 (Central group extension). A central extension of G by T is a short exact

sequence:
1 TG -G -1 (3.15)

where the image of T is central in G*.

Intuitively, this means that G consists of pairs:
G'=GxT (3.16)
such that (1,T) is in the center of G¥:

(LA ) = (F ) (1 A) (3.17)

Any group 2-cocycle C can be used to define a central extension of G, as in this case the

multiplication can be defined as:

(fiM(g 1) = (fg, A+ p+C(f,9)) (3.18)

This gives a well defined group multiplication because of the 2-cocycle condition.
Thus any 2-cocycle defines a group extension. The reciprocal also holds, although the
2-cocycle need not be smooth outside of a neighborhood of (e,e) € G x G, see e.g. [JN19].
We can then consider the exact (non projective) representations of G*. If we assume
that these will be of the form:

m((f,A) = e?7(f) (3.19)

where T is a projective unitary representation with cocycle C, as in eq. 3.14, then the

multiplication:

T ((f, M)t ((g, ) = HIT(f)m(g) = AHFCTIDT(f g) = 7F (£, M) (9. 1) (3.20)

is well defined.
Hence projective unitary representations of G give rise to exact representations of G¥.

Furthermore, any Lie group extension also gives rise to a Lie algebra extension:

Definition 3.9 (Central Lie algebra extension). A central Lie algebra extension of g by R
is a short exact sequence:
0-R—=g"5g—0 (3.21)
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of Lie algebras such that the image of R is central in gf.

These are easier to classify and we will therefore mainly be concerned with these.
Equivalently to the group case, every central Lie algebra extension gives rise to a Lie

algebra 2-cocycle, which is a continuous, bilinear, alternating map w : g — R such that

0= w([&1,&].€3) + w([&2, &3], &) + w([€3,&1], &) (3.22)

The projective unitary Lie algebra representations dr are then the representations such
that

dr(la, b)) = [dr(a),dn(b)] + iw(a,b) (3.23)
for a 2-cocycle w. We will come back to these cocycles in section 3.4, but for now we
conclude with the following summary: every projective unitary representation dr of g has an
associated exact unitary derived representation drm of a central extension of g. This central
extension has a corresponding 2-cocycle. Thus every projective unitary representation dm
has an associated 2-cocycle w. This 2-cocycle will be of great importance in determining
the kernel of the representation dm as we will see in section 3.3

We first again define what it means for a projective unitary representation to be smooth.
Note that the definition from before does not apply anymore, as the projective spaces are
not vector spaces. We still follow Ref. [JN24].

Definition 3.10 (Continuous and smooth projective representations). e A projective
unitary representation of a Lie group G (7, H) is called continuous if for all [¢)] € P(H)
the map 7y : G — P(H) : g — 7(g)[¢)] is continuous.

e A projective unitary representation of a locally convex Lie algebra g (7, D) is called

continuous if the lift 7% : g¥ — u(D) is continuous.

e A ray [¢] € P(H) is called a smooth ray if the map 7y : G — P(H) : g = 7(g)[¢]
is smooth, and we denote the subspace of smooth rays by P(H)>* C P(#H). The

representation 7 is called smooth if P(H*°) is dense in P(H).

3.3 Positive energy representations

In this section we will give the main proposition that we will use to determine if a symmetry
is trivial in every positive energy representation. It will show that being in the kernel
of a projective unitary positive energy representation is intimately connected with the
corresponding cocycle being zero.

A second characteristic of quantum mechanics, next to states being elements of the
projective Hilbert space, is that any quantum mechanical system is characterized by its
Hamiltonian H, which is a (typically unbounded) operator with spectrum bounded from

below, meaning that for some real number Ej:

;g;w,ﬂw > Ey (3.24)
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Note that we can assume Ey = 0 by redefining H — H — Ey. We therefore expect a
Lie algebra g of a quantum symmetry group to also have such an element and with this

intuition we define what it means for a representation to be of positive energy:

Definition 3.11 (Positive energy representations (Def 6 in Ref.[JN25])). Let D be a
complex inner product space with Hilbert space completion H. Furthermore, let g be a

locally convex Lie algebra.

e A continuous unitary representation p : g — u(D) is called a positive energy repre-

sentation at ¢ € g if

inf (), —ip(§)y) = 0 (3.25)

YeD

e A continuous projective unitary representation p: g — pu(D) is of positive energy at

¢ € g if it has a lift 7 : g* — u(D) that is of positive energy at ¢! covering €.

e A smooth unitary representation 7 : G — U(H) is of positive energy at £ € g if the

derived representation dm of g on H™ is so.
With this definition, we can prove the following proposition from Ref. [Nie23]:

Proposition 3.12 (Proposition 4.4 in Ref. [Nie23]). Let G be a Lie group with Lie algebra
g. Suppose p is a continuous projective unitary G-representation with derived representation
dp. Suppose the representation space of dp is the inner product space D and let the lift of
dp be dp : g* — u(D) for some continuous central R-extension g* of g. Let w represent the
corresponding 2-cocycle.Let dp be of positive energy at & € g. Suppose that n € g satisfies

[[€,m],m] = 0. Then w([¢,n],n) >0 and

w([&,n),n) =0« dp([€,n]) =0 (3.26)

Proof. First assume that w([¢,n],1) = 0. We define H = —idp(¢*). As dp is of positive
energy at &, equation 3.25 holds in particular for the state exp(tdp(n®))y :

0 < (exp(tdp(n*))w, H exp(tdp(n*))1) = (v, exp(—tdp(n*)) H exp(tdp(n®))¥)  (3.27)

Here we used that dp(n*) is skew-Hermitian. Now note that the right-hand side is given by
Ad(exp(—tdp(n?)))Hv and that Ad(exp(X)) = e2d(X):

0 < (¥, ead(—tdp(nﬁ))H¢> (3.28)
We can calculate the exponential term:
A1) B — (et 20 gty —

(3.29)

2
H — idp(—, € + S, [, €]+ ..
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The bracket between the centrally extended elements is given by equation 3.43:

", €% = (In,&],w(n,9)) (3.30)
[, (7%, €] = (0,w(n, [0, €])) (3.31)

As the second bracket is zero up to a constant times the central element, all of the higher
order iterated brackets will be zero as well. Hence the ... in equation 3.29 are zero and

the exponential is given by:

2
A = H + itdpl(1,€) 0) + itdp [(0,0(1,€)))) = S idp[(0, (. [1,€])]~ (3-32)

Now the representation of a central element should again be central. As the only central
elements in u(?) are constants, idp [(0,w(n,§)))] = Cw(n, &) for some constant C. Plugging

the above equation into equation 3.28 we find

2
0 < (H)y +it{dp[([n, €], 0)])y + tCw(n,§) + %Cw(m 1,€])) (3.33)

This quadratic inequality holding for all ¢ € R is equivalent to:

Cw(n, [n,€])) >0
(H)y 20

’ (3.34)
<i<dp[([777€}’ 0)])y + CW(?%&)) < 2(H)yCw(n, [n,¢]))
The result is immediate as dp[([n, £],0)] = dp([n, £])
Now for the conserve, note that
iw([& ], n) = [dp([€, n]), dp(n)] — dp([[§, nl, n]) = [dp([&; n]), dp(n)] (3.35)

as [[¢,7],m] = 0. Furthermore, by assumption dp([¢,7]) = 0, thus dp([£,7)]) is scalar and
[dp([€, n]), dp(n)] = 0. O

3.4 Lie algebra cohomology

In the previous section we saw that we can show that a symmetry is trivial in every
projective unitary positive energy representation by a property of the corresponding
cocycle. We therefore want to understand these cocycles better, which we will do by
considering them from the viewpoint of cohomology. We will only cover what is necessary

for this thesis and refer for a more complete reference to Ref. [Fuk86].

Definition 3.13 (Cochain). Let g be a locally convex Lie algebra, k a nonnegative integer

and E a g-module. Then an FE-valued k-cochain c on g is a continuous, multilinear,
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alternating map:

cigx-xg—=>E: (&, &) > &, &) (3.36)

We call the space of k-cochains on g with values in E C% (g, E) and define the cochain
complex C%(g, E) = @5, Ck (g, E). As the cochains are alternating, if g is finite dimen-
sional then every k-cochain with & > dim(g) is zero. In addition, if we do not mention the
module F, it is assumed to be R with trivial action. These will also be our main concern,
and we will specify explicitly if we are considering a cochain with values in a module E
that is not R.

Definition 3.14 (Chevalley-Eilenberg differential [Obl17]). The Chevalley-Eilenberg dif-
ferential dy, : C% (g, E) — C¥"l(g, E) is given by:

k+1
dew (& &) = YD) w(én & i)
=t o - (3.37)
+ Z (_1)Z+]w<[§i7€j]7€17’"7£i7"'7£j7"'5k'+1)
1<i<i<k+1

Here, the hat means that this argument is omitted. The first three differentials with

trivial action will be most important to us:

dowo(£1) = 0 (3.38)
diwi(§1,82) = —w([€1,&2]) (3-39)
dawa(§1,82,&3) = —w([€1,&2],&3) — w([€s, &), €2) — w([€2, &3], €1) (3.40)

Clearly, dy ody = 0,dy o dy = 0. In fact, it can be shown that dj o dx_1 = 0 [Fuk86].
Therefore, any k cochain wy with the property that there exists a (k — 1)-cochain wy_1
such that wy = dr_1wg_1, will also fulfill the property diwi = 0. The converse need not be
true of course. We will call k-cochains wy with wy = dip_qwg_1 k-coboundaries and those
with djwy, = 0 k-cocycles. The space of k-coboundaries is denoted by BY (g, F) and the
space of k-cocycles by Z%(g, E). In this terminology, any k-coboundary is a k-cocycle.
We define the k" cohomology space HY (g) as the quotient of the spaces of cocycles and

coboundaries:

Definition 3.15 (Lie algebra cohomology).
Hyg(g, E) = Ker(dy) /Im(dy—1) = Z4i(9, E)/ Bz (g, ) (3.41)

The first two cohomology groups have important and easy to understand interpretations.
First, note that if the Lie algebra is perfect, i.e. g = [g, g, then any 1-cocycle is identically
zero, as w([€1,&]) = 0 for all &1, &. If g is not perfect, HL(g) classifies ”how much” in the

following sense:

H\(9) = 9/]g, 9] (3.42)
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This follows from the fact that any element in g/[g, g] uniquely defines a 1-cochain that
equals 1 for that element, and is zero everywhere other than the line spanned by that
element.

The second cohomology group classifies the central extensions of g. Any 2-cocycle w

gives rise to a central extension with the bracket:

[(€, ), (€ w)] = ([€, ¢], (&, ) (3.43)

Now note that the 2-cocycle property, eq. 3.40 being equal to 0, is essentially a Jacobi
identity, and therefore this new bracket also satisfies the Jacobi identity. The converse,
that every central extension gives rise to a 2-cocycle, is also true, see Ref. [JN19]. Lastly, if
two 2-cocycles differ only by a coboundary, they give identical extensions. To show this,

we first have to define when two central extensions are isomorphic:

Definition 3.16 (Extension isomorphism). Suppose we have two central extensions:

0-R5g 590 (3.44)

0R 5 g S g0 (3.45)

If there exists a Lie algebra isomorphism ¢ : g* — gﬁ/ such that ¢poi =14 s o p = s, then

the extensions gf, gﬁ/ are isomorphic.

Suppose 7 is a 1-cochain and w is a 2-cocycle. Then the central extensions corresponding
to w and w + d11) are isomorphic as extensions, with isomorphism f : (§,A) — (§, A\ +¥(§)).
Thus the second cohomology group indeed classifies the central extensions.

We also want to define what a homomorphism between two cochain complexes should be.
This should be a map that sends k-cochains to k-cochains, coboundaries to coboundaries

and cocycles to cocycles. We will show that the following definition suffices:

Definition 3.17 (Cochain homomorphism). Let g,h be Lie algebras and E, M be g, b-
modules respectively. A map F : Cy(g,E) — C%(h, M) is a cochain homomorphism if
w2 Ck(g,E) — Ck(h, M) is a well defined linear map for each k and if do F' = F od.

Now F' induces a map between the cohomology spaces, F': H%(g, E) — H%(h, M) as
for [w] € HY(g, E), we have that [dFw] = [Fdw] = [0] and if w = d¢, [Fw] = [dF¢] = 0. In
other words, coboundaries are mapped to coboundaries and cocycles to cocycles, meaning
that F': HY(g, E) — H2(h, M) is well defined.

We will also define a notion that describes when two cochain homomorphisms are 'the

same’. This is a cochain homotopy.

Definition 3.18 (Cochain homotopy). Let F,G : C2(g, E) — C%(h, M) be two cochain
homomorphisms. A map L : C%(g, E) — C% (b, M) is a cochain homotopy between F
and Gift F—G=dL+ Ld

Cochain homomorphisms that are related by homotopy act the same on the cohomology
spaces. Indeed, if F, G are homotopy related through L and [w] € HY(g, E) , [(F — G)w] =
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[dLw + Ldw] = [0]. Importantly, the special case G = 0 shows that dL + Ld itself is
homotopy connected to 0.

A subset of a complex is again a complex if it is a subcomplex.

Definition 3.19 (Subcomplex). Let C%(g, E) be a cochain complex. A complex A® is
called a subcomplex if A* C C% (g, E) and dAF C AF+L,

The image of a cochain homomorphism is a subcomplex.
Now an important class of cochain homomorphisms are given by the pullbacks of Lie

algebra homomorphisms:

Definition 3.20 (Pullback). Suppose ¢ : g — b is a continuous Lie algebra homomorphism.
Then the pullback ¢* : C%(h, E) — C%(g, F) is defined by ¢*c =co (¢,...,¢). The action
of gon F is defined by £ -z = ¢(§) - x for € € g,z € E.

That ¢*c is again a cochain follows from ¢ being a continuous and linear map. In
addition we immediately see that if s : h — g is also a Lie algebra homomorphism, then

(s¢)* = ¢*s*. We will now show that the pullback is indeed a cochain homomorphism:

Lemma 3.21. Suppose c is a k-cochain on b with values in the h-module E and ¢ : g — b

is a continuous Lie algebra homomorphism. Then di(¢*c) = ¢*(djic).

Proof. The following computation gives the result:

Cb*(dkc)(fl’ cee 7§k+1) = (dkc)(¢(§1)v s 7¢(§k+1)) =

k+1

DD - e(dl6o), - S, DEri1)

j=1

> (FU)e([0&) E] En)s- D(Es D), SERi1)) =
1<i<j<k+1

. A (3.46)

D (DM e((80)s -, 06, BlEks))

j=1

+ Y )M D) BE) - (&, BE, - BlErs)) =
1<i<j<k+1

dk(¢*c) (517 s 7§k+1)

Note that we made use of ¢ preserving the Lie bracket in the second equality. O

As ¢* is a cochain homomorphism, ¢* induces a map between cohomology spaces
¢* : HE(h) — HE(g). One might now hope that a short exact sequence of Lie algebras
then also induces a short exact sequence of cohomology spaces. To this end, we give the

following partial result:

Proposition 3.22. Suppose we have an exact sequence:

0—isg>h—0 (3.47)
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where the maps are continuous Lie algebra homomorphisms. If the sequence of Lie algebras
splits, i.e. there exists a continuous Lie algebra homomorphism s : h — g such that

mos = 1y, then the following sequences are also exact:

0— HY(5) > HE(g) (3.48)
HE(9) & HE () (3.49)

Regardless of splitting, we have im(7*) C ker(¢*).

Proof. Suppose 7 has right-inverse s. Then id = (7s)* = s*7*, so 7 has a left-inverse and
is therefore injective.

Now the only thing left to prove is that im(7*) C ker(.*). Suppose w € im(7*),
then there exists @ € HE(h) such that w = 7*@. Now 1*w = (*7*0 = (T o1)*w = 0 as
im(¢) = ker(m). O

If + has a left-inverse t, +* is surjective. This left inverse however does not exist in
general, even if the sequence of Lie algebra’s splits. This is shown by the following example:

Let g be a Lie algebra with basis vectors ¢, x,y and brackets:
tz]== [tyl=y, [z, =0 (3.50)

Then i = span{z,y} is an abelian ideal, and the second cohomology space of i is 1-
dimensional with the 2-cocycle ¢ : i x i — R such that i (z,y) = 1 as basis vector. Now
you might expect that this can be extended to a 2-cocycle e g X g — R. This cannot

exist however, as the 2-cocycle property of ¥ gives:

3: D[t 2],y) + ¥ ([, 9], 1) +P([y 1], @) (3.51)

= P(a,y) + (2, )

This is in contradiction with 1& being an extension of .
The reverse inclusion, ker(¢*) C im(7*) also does not hold in general, which can be
seen from the next counterexample. Let i = h = R, g = R?, with trivial brackets. Then

the sequence
0— HAZR) =05 HA(R?) =R S HA(R) =0 — 0 (3.52)

is not exact as ker(¢*) € im(7*).

3.4.1 Exact sequences of cohomology spaces

In the end, we want to classify the 2-cocycles, as these can be used for constructing central
extensions. We will therefore restrict our attention to these for now. If we have a Lie
algebra ideal, we also have a short exact sequence of Lie algebras. We can use this sequence
to construct sequences of the second cohomology space.

For a subalgebra h of g, the notation HZ(g)1 is used for the g-cocycles in the kernel of
the restriction map: Res: HY(g) — HZ ().

31



Remark 3.23. If [w] € HL(g)1, then t.w = d¢ for some (¢ — 1)-cochain ¢. Assuming that
there exists a continuous projection 7 : g — b, we can define (;3 = 7*¢ and then we find
that [w] = [w — d¢]. Now t4(w — d¢) = 0. Thus if b is complemented, H%(g); consists of
the g-cocycles that vanish on . For ¢ = 2, we can always use Hahn-Banach to extend ¢ to

g, so in this case the assumption that b is complemented is unnecessary.

We now start the construction of an exact sequence that describes what happens
when we inflate a 2-cocycle from the quotient g/i to g itself. We will assume that i is
complemented, but we expect that this is unnecessary if the Hahn-Banach theorem is used

instead.

Lemma 3.24. Suppose i is a complemented ideal in g with continuous linear section s.

Then the map v : H3(g) — HL(g/i, CL (1)) induced by v(w)(€) = w(s(€),-) is well defined.

Proof. Let &,&,&1 € g/i and z, 21,29 € i. Taking p = v(w), we see that (§) is clearly

linear and continuous. Computing the differential:

(d1(80,61))(2) = &0 - ¥(§1)(2) — &1 - ¥(60)(2) — ¥([€o, &1])(2) =

(3.53)
—w(s(&1), [5(60), 2]) + w(s(&o), [s(61), 2]) — w([s(&0), s(&1)]), 2) = 0

where we find that this is zero because of the 2-cocycle identity of w. Hence 1 is indeed a
1-cocycle.

Now suppose that w is a 2-coboundary, so there exists ¢ € HZ(g) such that w = dy¢ and
V(&) = —o([s(€),]) = & ¢ = dyp(€). The differential dy denotes the Chevalley-Eilenberg
differential for C%(g/i, CL(i)). Thus ¢ = dg¢, 1) is a 1-coboundary and + is well defined. [J

Proposition 3.25. Let Hft(g)l be the 2-cocycles vanishing on a complemented ideal i,
7 : g — g/i the projection and s the continuous linear section. Then the map v : H%(g)1 —
H(g/i, HL (1)) induced by v(w)(€) = w(s(€),-) is well defined, independent of the section
s, and ker(y) = im(7*)

Proof. Well definedness follows from lemma 3.24 and that v(w)(£) = ¢(§) is a 1-cocycle:

d1((€)) (21, 22) = —w(s(E), [21, 22]) = w(lz1, 8(E)]; 20) + w([s(€), 20], 21) = 0. (3.54)

The last equality follows from the fact that i is an ideal and w vanishes on i. Independence
of the section s follows the fact that for a different section 5 , s(§) —5(§) € i and w vanishes
onixi.

We will now prove ker(y) = im(7*). Suppose w € im(7*). Then there exists @ € H2(g/i)
such that w = 7*©. We can calculate v(w)(§)(2) = @w(m(s(€)), n(2)) = 0 as 7(z) = 0 for all
z € i. For the converse, suppose w € ker(y). Then w(s(§),z) =0 for all £ € g/i, z € i, hence
w = s*w is independent of the lifting operation s and therefore a well defined 2-cocycle on
g/i. We note that som = 15 +1, hence 7*@ = w(s(n(-)),s(n(:))) = w(:,-), as w(g,i) = 0.
We conclude that ker(vy) = im(7*). O

In terms of exact sequences, we can now conclude
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Corollary 3.26. Suppose we have an exact sequence:
0—=isgSg/i—ao0 (3.55)

where the maps are Lie algebra homomorphisms and which splits, i.e. there exists a
continuous Lie algebra homomorphism s : g/t — g such that wo s = 14, then the following

sequence is also exact:
0 — H2(g/i) 5 HZ(g)1 2 H)y(a/i, HL (1)) (3.56)

In particular, if Hg (i) = 0, Hz(g/1) = Hi(gh

We will need to extend the above sequence to the case where the sequence of Lie

algebras does not split. This is done by considering the following cohomology space:
Hyy ()9 = {[¢] € HL()|[t- 6] = 0 for all ¢ € g/i} (3.57)
with the action of g/i on HY(i) given by:

t-o=—o(s(t), ) (3.58)

for some linear continuous section s. The action is independent of the section because of
the 1-cocycle property. Furthermore, as the only 1-coboundary is identically 0, it does not
matter if we consider [t - ¢] to be 0 as a quotient class, or ¢t - ¢ to be 0 as a cochain. With

this space defined, we extend our sequence:

Proposition 3.27. Suppose i is a complemented ideal and we have an exact sequence:
0—=isgog/i—a0 (3.59)

where the maps are continuous Lie algebra homomorphisms. Then the following sequence

15 also exact
Hy ()% 5 Hg,(a/i) & Ha(oh = Hy(a/i, Hy(i) (3.60)

In particular, if Hy (i) = 0, Hz(g/1) = Hi(gh

Proof. Let s: g/i — g be a continuous linear splitting, i.e. a right inverse of 7, but not
necessarily a Lie algebra homomorphism, so s does not need to preserve the bracket. It
then follows that [s(z),s(y)] — s([z,y]) € kerm = 1.

Let [¢] € HL(i)%/'. We then define a 2-cochain on g/i:

w(@,y) = o([s(x), s()] = s([z,y])) (3.61)

This is clearly linear, alternating and continuous, as s, ¢ are linear and continuous. w is in
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fact a 2-cocycle:

)
)+ (3.62)
)

O([s([z, ), s(2)] + [s([y; 2]), s(2)] + [5([2,2]), 5(y)]) =
o ([s([z,y]) — [s(x), s(y)], s(2)] + [[s(x), s(y)], s(2)] +

[s(ly, 2]) = [s(v), s(2)], s(2)] + [[s(v), s(2)], s(x)] +

[s([z.2]) = [s(2), s(@)], s(y)] + [[s(2), s(2)], s(v)]) = (3.63)
¢([s(fz,y]) = [s(2), s(y)], s(2)]+

[s(ly. 2]) = [s(v), 5(2)], s(2)] +

[s([z.2]) = [5(2), s(2)], 5(»)])

where the last equality again follows by the Jacobi identity. Now as

[s(a), 5(y)] — s([z,y]) € kerw =i

and ¢([a,x]) =0 for all a € i as x - ¢ = 0, the 2-cocycle property holds.
We can now define the map o : H5(1)%' — H2(g/i) by a([¢]) = [w] with w as defined
above. Again, as 1-coboundaries in H, clt(i)g/ tare 0, a maps equivalence classes to equivalence

classes and is well defined. Furthermore, if we were to take a different section §, then

o([5(), 5(y)] — 5([z,9])) — ¢([s(2), s(y)] — s([z,y])) =
¢([5(z) — s(x), 3(y)] + [s(2), 3(y) — s(y)] = 5([z,y]) + s([2,9])) = (3.64)
¢( =3z y]) + s([z,9]) = (¢ (s = 5)([z.y])

which is a 2-coboundary. Thus « is independent of the section s we choose.
Now let [w] € im(a).

m(z),7(y)]) =
( ) 8(m(y)) =yl = [s(x(x))

m(y) - ¢(s(r(@)) —z) — w(@) - #(s(7(y)) — y) — do(s(x ()
( )

|
8
=
3
—~
s
+
'
—~
)
—~
8
=
2

(3.65)

Here we used that ¢ is a 1-cocycle and invariant under the action of g/i. Thus 7*w(z,y) =
d(¢po (1 —som))(x,y), hence [7*w] = 0 and im(«) C ker(n*). For the converse, let
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[w] € ker(n*). Then m*w(x,y) = ¢([r,y]) for some 1-cochain ¢ € H'(g) and z,y € g.
Let a € i, then ¢([a,z]) = m*w(a,z) = 0 as w(a) = 0. Thus ¢ = @; is in HL({)%/
and 6([s((z]), s([BD)] — s([le) D) = S(s((a]),s(D)) — S(s((le], 1)) = w(lal,[y]) —
¢(s(([z], [w])- As ¢ o s([[z],[y]]) is a 2-coboundary, a([¢]) = [w] and [w] € im(a), so
im(«a) = ker(7*)

O

Remark 3.28. The above exact sequence is a piece of the 7-term Serre-Hothschild sequence,
see for example Ref. [DHW12].

We can also describe the relation between H2(g); and H2(g) using an exact sequence.
Before we do this, we first define HZ(i)9/¢, the 2-cocyles on i that are invariant under the

action of g/i, which is given by (z - w)(a,b) = —w([z,a],b) — w(a, [z, b])

H ()Y = {[w] € HL()|[t-w] = 0} (3.66)

This is well defined, as if w,w’ € [w] and [t - w] = 0, & = w + 1 for some 2-coboundary
dip, then t - 9 is again a 2-coboundary, which can be seen from the Jacobi identity. Thus
[t -] =t w].

Proposition 3.29. Suppose we have the short exact sequence
0—>i—g—g/i—0 (3.67)
then we get an exact sequence of cohomology spaces:
0~ Hi(gh — H(g) = H(0) (3.68)

Proof. As H2(g)1 is the kernel of the restriction map Res : H2(g) — H2(i), it is a subspace
of H2(g) and therefore maps injectively into it. The inclusion map ¢ : i — g is a continuous
Lie algebra homomorphism and hence ¢* is a cochain homomorphism.

We will now show that im(:*) € H2(i)9/!. Suppose [w] € im(¢*), then there exists [0] €
H?Z(g) such that t*& + d¢ = w for some 2-coboundary d¢ on g. Now let [z] € g/i,a,b € i,
then

([2] - w)(a,b) = —w([z,a],b) = w(a, [2,b]) =

(
= &(e([x,a]), ) = &(e([b,2]), a) = ¢([[z, a],b]) — ¢([[b, 2], a]) = &([a, b], ) + &([[a, ], z])
(3.69)

as i is an ideal, meaning that the Lie brackets are again in i. This is indeed a 2-coboundary
on i, so w € HZ(i)%" and thus «* : H%(g) — H2(1)¥! is well defined. By definition of
H2(g)1, the exactness at H2(g) follows.

O
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3.4.2 Invariance under periodic flow

In this section we will assume that the Lie algebra g consists of vector fields on a manifold
M and contains a complete vector field E. If the flow generated by the vector field FE is
periodic, we will show that we only need to consider the cocycles invariant under that flow.

We define the Lie derivative of a k-cochain by the Cartan magic formula:

Definition 3.30 (Lie derivative of cochain). The Lie derivative of a k-cochain w along an
element = € g is given by:
Low = tpdpw + dp_1tpw (3.70)

where ¢ denotes the interior product.

It is thus immediate that the interior product is a cochain homotopy between the Lie
derivative and 0.

We then define the k-cochains that are 0 under the Lie derivative along E:

k(g == {c e Ch(g)|Lre = 0} . (3.71)

From the Cartan magic formula we immediately find dCg = Lgd, meaning that
d:C%(g)o — C5 1 (g)o is well defined, and C%(g)o is thus a subcomplex.
The next lemma shows that pullbacks of flows at different times are homotopy connected.

We will then use this to show that cohomology of C%(g) and C%(g)o are isomorphic.

Lemma 3.31 (lemma 3.10 from [Mia22]). Let (¢')i~0 be the flow generated by the time-
dependent vector-field (X)i~o. Then for all t1,tg > 0 and c € C%(g), we have

(gbtl)*c — (gbto)*c = Ktl’todc + thl,tOC (372)

t
where Ky, 1,¢ = ftol Lx, ¢F cdt

Proof. First assume X} is actually time independent. Then we have the following formula
(proposition 12.36 in Ref. [Leel2])

d * O\ 0)*
7 t:to((qﬁt) ¢) = (¢"°)" (L) (3.73)

Now as this formula only depends on the time ¢y and the vector field X; at ¢ = ¢y, it also
holds when X; is time dependent. Using the definition of the Lie derivative and that d

commutes with the pullback:
(p' ) Lx, ¢ = d(g' ) ixi ¢+ (p' ) tx,, de (3.74)

Now we integrate both sides. On the left side, using the fundamental theorem of calculus,

[
b dt

we find:

((¢")"c)ds = (¢")"c — (¢")"c (3.75)

t=s
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On the right side, using that ¢; and ¢x, commute as ¢, is generated by vx,,

t1 t1
tx, (%) edty + / tx,(¢%)*deds = dKy, g, + Ky, g, dc

(3.76)

t1
/ dix, (¢°) e+ 1x,(9°) deds = d/

to to

O]

We define ¢f : R x M — M. As E is complete, the flow is global. Further assume that
¢ is periodic with period T', meaning that ¢7 = ¢° = id. Using lemma 3.31 with tq = T', we
conclude that (¢f)* is homotopy connected to the 1dent1ty Then with Nc:= £ fo (¢h)*cdt,
N is again homotopy connected to the identity through A T fo Kydt. Thus for any k-cocycle

¢ T
7 [ @) = 1d (3.77)

Using the periodicity, we will show that % fOT(qzbt)*cdt is invariant under the flow generated
by E:
T T T+s T
) [ @yede= [ @royer= [ @ya= [(@yrar @)
0 0 5 0

where we used the periodicity of ¢! in the last step. Thus Lg fOT (¢')*edt = 0 and

fOT(qbt)*cdt € C%(g)o. Hence up to a k-coboundary, every k-cocycle is invariant under E.

Theorem 3.32. Suppose E is a complete vector field and the flow generated by E is

periodic. Then the inclusion v : C%(g)o — C%(g) induces an isomorphism:

HE(g) = HE (9)0 := ZE(9)0/BE (9)0 (3.79)

Proof. 1 is injective, as if ¢ € C*(g)o is a coboundary, then it is also also a coboundary

in C*(g). Furthermore, ¢ is surjective as for any [w] € HE(g), [w] = [fOT(gzbt)*wdt] and

T *
[fo (¢")wdt] € HE(g)o- O
Now let Fy,..., E, all be Complete commuting vector fields that generate periodic
flows ¢1,...,dn. Define C*(g)o := {c cCk)|Lpc=0 Vi=1,2,... ,n} .. We then have

a similar result:

Theorem 3.33. The inclusion ¢ : C%(g)o — C%(g) induces an isomorphism:
k(o prk ok k
Hei(9) = He(9)o := Ze(8)o/Bei(a)o (3.80)

Proof. First note that once again [ fOT(qbf)*cdt] = [c] and Lg, 7 fg(@)*cdt = 0. Now

T”/ / () edty . T" 1/ / (Pl edty . dt, ) = [d]

(3.81)
where we applied that [ fOT @) *cdt [ ] n-times. Now as flows commute when their vector
fields commute, £ EZT—IH fo fo 1 . (¢ln)*edty ... dt, = 0 by the same argument as
in the n =1 case. O
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Remark 3.34. An important case is when the Lie group corresponding to the Lie algebra
has a compact abelian finite dimensional subgroup. Such a subgroup is isomorphic to S¥
for some k, and all the vectors in the corresponding subalgebra will commute and will
generate a global periodic flow. Thus the cocycles need to be invariant under the flow

generated by all the vectors in this subalgebra.

3.4.3 Cohomology of complexification

As noted in section 2.3, sometimes it is easier to work with the complexification of a Lie

algebra. The next proposition shows how the real and complex 2-cocycles are connected.

Proposition 3.35. 1. Suppose w is a real 2-cocycle on g. Then
we(z + iy, a + ib) = (w(z,a) — w(y, b)) +i(w(y,a) + w(z,b)) (3.82)

is a complex 2-cocycle on the complezification gc

2. Suppose we is a complex 2-cocycle on gc. Then the real and imaginary parts, restricted

to g, are real 2-cocycles:

WR(x7 y) = %(WC(xv y) + WC(.%’, y))
(3.83)

w1($7y) = %(WC’(%,Z}) - OJC(.’L',y))

Proof. 1. That we is linear, continuous and antisymmetric is immediate from the
definition. Furthermore, the 2-cocycle identity clearly holds for we(z, a) with x,a € g.
By linearity it holds for all = + iy, a + ib € gc.

2. First note that g is a real subalgebra of gc¢, so that restriction to g is well defined.
Again, linearity, continuity and antisymmetry are clear. The 2-cocycle identity is
also immediate.

O

Proposition 3.35 shows that the real 2-cocycles determine the complex 2-cocycles and
vice versa. Indeed, suppose w is a real 2-cocycle. Then w¢ as in proposition 3.35 is a
complex 2-cocycle and w = we|gxg. Now if we is a complex 2-cocycle, wg,wy are real

2-cocycles and wg = wpr + iwy.

3.5 Witt algebra

We will encounter a locally convex Lie algebra called the Witt algebra later in the asymptotic
symmetry algebra of AdS. We describe it and its first two cohomology groups here, as
the theory is already known and it provides an important example of a locally convex Lie

algebra.
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Definition 3.36 (Witt algebra). We define w to be the Lie algebra of real smooth vector
fields on the circle S!. We equip it with the following family of seminorms, turning it into
a locally convex Lie algebra. Let f0, be a smooth vector field on S', then for k € N we

define the k-th seminorm as:
pr(f0z) = sup{|0; f(z)| : w € S'} (3.84)
The Lie bracket is given by:

[fa?ca gaﬂc] = (faxg - ga:pf)ax (3.85)

To see that the Lie bracket is continuous with this topology, note that addition and
scalar multiplication are continuous in all locally convex vector spaces, and the differential
is continuous as well as py (05 f0z) = pr+1(f0z). Thus if we show that multiplication is

continuous, the Lie bracket is continuous as well. This is shown in the following lemma:
Lemma 3.37. Multiplication v x 10 — 10 : (f0y, g0z) — fg0y is continuous.

Proof. Using lemma 2.8, we need to prove that for every seminorm py, there exist continuous
seminorms p, q such that pg(fgd,) < Cp(f0z)q(g0s;) for some constant C. As Opfg =
Zf:o (’;) fW k=D ysing the generalized Leibniz rule, we have

k k
Pr(f90) < Z( )pl (f02)Pr—1(992) < K1 pi(f0:))O _pi(9ds))  (3.86)
=0 =0

and the sum of continuous seminorms is again a continuous seminorm, meaning that

(Zfzo pi(fOz)), (Zf:o pi1(g0z)) are the continuous seminorms p, ¢ that we need. O

The complexification of the Witt algebra, ¢ is the Lie algebra of complex smooth
vector fields on the circle. For the rest of the section, when we write v we mean the
complexified Lie algebra. We will first show that the complex exponentials are dense in
the Witt algebra, for which we will need some notation: If f is a smooth function on the

circle, define the Fourier coefficients of f by

fo) =5 [ f@e e (387)
Then from partial integration it is immediate that (8; F)(n) = inf(n). As po is a norm
and the family of seminorms on to is countable, tv is metrizable by lemma 2.9. Thus the
complex exponentials are dense in w if each 0, € w is a limit of a sequence of complex
exponentials. The limit converges if it converges in each seminorm, also by lemma 2.9.

For the pg seminorm, this follows from the following theorem:

Theorem 3.38 (From Ref. [Nee22]). For all f € C(S') we have

Jimsup |f——z Z F(k)e* | =0 (3.88)

N—
o zes! n=0 k=—n
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From the py case, we can derive convergence in all other seminorms as well
Lemma 3.39. D = span{e™®|n € N} is dense in tv.

Proof. Let f0, € w. Then the sequence defined by the elements fy0, = Z Zk__n F(k)ekr e
D converges to f0,:

N—
li 'Lkz _1 an = knzk:p_
Jim pi((f Z:: kZ 0r) = Jim sup [0} f nz%;_:nf (i |
N— n
1 f -~ (0£) (k)e™| = 0
075 3 3 O

(3.89)

where the last equality follows from theorem 3.38, as 07 f is again a continuous function. [J

We now go on to show that the Witt algebra is perfect, for which we first need the
following lemma, which states that functions on the circle have an antiderivative if their

mean is zero.

Lemma 3.40. Let f € C*®(SY). Then there ervists a function F € C>®(S') such that
f = 0.F if and only f027r f(z)dx =0

Proof. Suppose fo z)dx = 0, then we can simply take F'(x fo t)dt. By the
fundamental theorem of calculus, f = 0, F and F is periodic as fo )dx = 0. Now
assume that there exists a function F' € C*°(S!) such that f = 9,F. From here we see
2T f(x)de = F(27m) — F(0) = 0 as F is periodic. O

Using this lemma, we show that the Witt algebra is perfect.
Proposition 3.41. 1 is perfect, i.e. [, 0] =1

Proof. First we note that [cos(z)0,,sin(z)0;] = 0, and thus all constant vector fields are
included in [to, w]. Now let f0, € w, then by lemma 3.40, there exists a vector field F0,
such that OuF = f— ok [27 f(t)dt. Now [0, FO,] = 0,F0y = fO, — & [27 f(t)dtdy, so
(f— % 0 " f(t)dt)o, € [m w]. As [to, 0] is a vector space including the constant vector
ﬁelds, f&m € [, ]. O

That t is perfect means that the first cohomology group is 0. We will now go on to

calculate the second cohomology group.
Proposition 3.42. The second cohomology group of w is 1 dimensional, H% () = R and
spanned by the Gelfand-Fuks cocycle:

2m

Ww(X0,,Y0,) = X (2)03Y (x)dx (3.90)
0
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Proof. Firstly, we will work in the complexification w¢ and then conclude the result for
the real part afterwards. We also drop the subscript C for now. Then note that £ = i0, is
a complete vector field that generates the periodic flow ¢! : € — €!(*+!) By theorem 3.32,

we only need to consider the the 2-cocycles invariant under E:
HZ(vo) = HZ (1) (3.91)

Thus for [w] € H2 (), we can assume Lpw = 0. Then Lpw(e d,, ™" 9,) = —(n +
m)w(e® 9y, eI 9,) = 0, so w(e™ Ay, ™ d,) = 0 for n+m # 0. Now we can use

the 2-cocycle property:

0= w([eimxaw eixaw], efi(erl):Cax) + w([eixam efi(erl)xax], eimxax) + w([efi(erl)zam’ eimxax], eixax)
= (1m0, A, i+ 2)u(e 0, €0,) 4+ i(2m + V(e %y, €70))
(3.92)

Writing ¢, = w(e™™*9,, e""*3,), we get the recurrence relation:
0=(m—1)cms1 — (M +2)cm + (2m + 1)y (3.93)

This is a recurrence relation with a 2 dimensional solution space, as the values of ¢1, co
determine all the other values. The solution space is spanned by ¢,, = m and ¢,, = m?, as
it is easily checked that these are solutions of the recurrence relation.

Now define the following 2-cochains:

2w
W(X0,,Y0,) = X(2)0,Y (x)dx
o (3.94)
w(X0,,Y0,) = X (2)03Y (z)dx
0

They are clearly linear, and that they are alternating can be seen from partial integration.

Continuity follows from the following formulae and lemma 2.8

|w' (X 0y, YO )| < 27po(X0y)p1 (Y Oy)

(3.95)
|W(Xax7 Yam)| < 27Tp0(Xam)p3(Yax)

We can see however, that w’ is a 2-coboundary as we have the following expression for

27
W (X0,,Y0,) = % / X0y, Y 8,]dx (3.96)
0

which follows from partial integration. Similarly, we can show that w is a 2-cocycle:

27
w([X0y, Yy, Z20,) = / (X0x —YOx)0,Z3dx =
0

21
X(0:(0,Y0?Z) — 0*YO2Z) — Y(0,(0.X0°Z) — 92X D2 Z)dx:
0

(3.97)
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which follows from the product rule of differentiation. Now, using partial integration, we
find

21
X(0:(0,Y0?Z) — 0*YO2Z) — Y (0,(0,X0%Z) — 02X 02 Z)dx =
0
21
0:X0,YO2Z — X02Y02Z — 0,X0,YO?Z + Y02 X0 Zdx = (3.98)
0
21
— | XO}YO:Z -YOPX0?Zdx
0

From this last expression the 2-cocycle property is immediate. Furthermore, for any 2-
coboundary 7, 7(e"*0,, e~ "0, ) = ¢([(e"* 0y, e~ "*D,]) = —2ing(0,) for some 1-cochain
¢, so any 2-coboundary has coefficients ¢, o n. It is easily checked that w has coefficients
¢, o n3 and therefore, w is not a 2-coboundary.

Thus w’ is the 2-coboundary corresponding to ¢,;,, o m and w is the 2-cocycle cor-

3. Hence these are the unique (up to scaling) 2-cocycles on the

responding to ¢, x m
subspace of complex exponentials. Now as the complex exponentials are dense in the Witt
algebra by lemma 3.39, they are the unique 2-cocycles on tv.
For the complexified Witt algebra we conclude that the second cohomology space H?(tv)
is one dimensional and is spanned by the Gelfand-Fuks cocycle:
2
w(X0,,Y0,) = X (2)03Y (x)dx (3.99)
0
Now for the real Witt algebra, using proposition 3.35, we see that if wgp would be a
real 2-cocycle, it would define a complex 2-cocycle such that wp = wc|wxw. Then
WR = Wlwxw + dPC|wxw, thus the real Witt algebra also has a one dimensional second

cohomology space spanned by the Gelfand-Fuks cocycle.
O

To close off, we note that the unique central extension of the Witt algebra is called the
Virasoro algebra. The Gelfand-Fuks cocycle is accordingly additionally called the Virasoro

cocycle.
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Chapter 4

Weak asymptotic symmetries of
three dimensional Anti-de-Sitter

space

In this chapter, we first look at what an asymptotic symmetry should be in section 4.1. The
description of asymptotic symmetries is typically only done on the Lie algebra level, but we
show how this Lie algebra can be derived from a group of asymptotic symmetries. These
group asymptotic symmetries are diffeomorphisms that preserve the metric asymptotically,
which will be defined rigorously first. After describing asymptotic symmetries in general,
we give a description of the geometry and isometry group of three dimensional Anti de
Sitter space, also known as AdSs, in section 4.2. Next we derive the asymptotic boundary
conditions in section 4.3. To this end we follow the derivation in the seminal paper by
Brown and Henneaux [BH86]. However, their boundary conditions are not mathematically
rigorous, as they give no definition of what fall-off behavior such as O(r~!) means. Thus we
give an exact definition of fall-off behavior in section 4.4, which allows us to finally derive

the weak asymptotic symmetry algebra from these boundary conditions in section 4.5.

4.1 Asymptotic symmetries

A symmetry of spacetime is an isometry, which is a diffeomorphism that preserves the
metric. The metric should be preserved as this is what determines the curvature of
spacetime, which means it determines the behavior of gravity. In terms of equations, if M

is a Lorentzian manifold with metric g, a diffeomorphism ¢ : M — M is an isometry if

P'g=yg (4.1)

where ¢*g is the pullback of the metric, which is how the g transforms under the coordinate
transformation induced by ¢. For an introduction to pullbacks and pushforwards from a
physical perspective, we refer to Ref. [Carl19] and for a mathematical introduction we refer
to Ref. [Leel2].
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As mentioned in the introduction, a realistic model of the universe will not have many
symmetries. It can nevertheless have something called asymptotic symmetries, which
intuitively means that the metric is preserved in the limit of r — oo. To make this
exact, we will first define a subset S C T'(S?27*M) of the symmetric (0,2) tensors that
we want to call equal asymptotically. As S should be a subset of metrics, at each point
p € M, S, should consist of symmetric (0,2) tensors with the same signature as g. The
signature of a metric is only preserved under linear combinations and scaling by positive
constants, meaning that S, should be a cone. We call a fiber bundle S C I'(S?*T*M) a cone
bundle if S, is a cone for all p € M. The tangent space at h € S, T}S is defined as the
equivalence classes of smooth curves in S starting at h, with two curves being equivalent
if their time derivatives at 0 are equal. These time derivatives are defined pointwise, i.e.
(GO @) = §((O)p)).

With this in mind, we define the asymptotic symmetries as follows:

Definition 4.1 (Asymptotic symmetry). Let ¢ : M — M be a diffeomorphism and let
S C I'(S?T*M) be a cone bundle that is a subset of I'(S?T* M), which contains the metrics
that we want to call asymptotically equal. Then ¢ is an asymptotic symmetry if for all
hes,
¢*(h) € S,(¢7)"(h) € 8 (4.2)
Remark 4.2. Equivalently ¢ is an asymptotic symmetry if ¢*(S) = S and weak asymptotic
symmetries are thus automorphisms on S.
These asymptotic symmetries clearly form a group, which we call the weak asymptotic
symmetry group WAS(M ). Even though this need not be a Lie group, we can still associate

a Lie algebra of weak asymptotic symmetries to this group:

Definition 4.3. The weak asymptotic symmetry algebra (toas) is given by:

q
dt

where smoothness means smoothness of the orbits ¢,(p) for all p € M.

orln € ([0, 1), WAS(M)), 6,(0) = 1} (43)

t=0

This definition is not that easy to work with. We want to characterize was in terms of a
property of the vector field £ = % ‘ +—o®t- A natural candidate is to consider vector fields &
(¢¢)*h € T}, S, so we need to understand jt‘ (¢r)*h. If ¢ is a global flow,

t=0 t=0
we know that this is the Lie derivative. It turns out that this is the Lie derivative even if ¢

d
such that i

is not a global flow, as we will show next, starting with the pushforward on vector fields.

Lemma 4.4. Let ¢ € C*([0,1], WAS(M)), #+(0) = 1 with £ = %{tzo(bt' Then for any

vector field X on M

d
o t:0(¢t)*X = —LcX (4.4)

Proof. Let f € C*°(M),q € M. Then the pushforward at ¢ is given by

((¢t)*X)qf = X¢;1(q)(f © ¢t) - Xg;l(q)aa(f © (bt)‘(;,t—l(q) = thfl(q)aaqﬁﬂqs;l(q)a/ﬁf‘q (4'5)
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Now taking the derivative at t = 0,

d - d o 8 B d
% tzo(((z)t)*X)qf — % t:0X¢;1(q)aa¢t |¢;1(q)8ﬁf - (% o
— 10, X000 f + X20al05 = [X,€)of = —(LeX)of

(4.6)

where (4| _ ¢;'(q)) = —¢ follows from the following trick. Note that ¢ = ¢¢(¢; '(q)),
and thus %‘t:0¢t o 1(q)) = 0. Computing the left hand side, we find %‘tzoqbt(@_l(q)) =

&+ %¢_1|t:0(Q) =0.

Lemma 4.5. Let ¢ € C*°([0,1], WAS(M)), #+(0) = 1 with £ = %{t:o‘ﬁt' Then for any
(0,2) tensor field h on M

O

d

Z| (90h = Leh (4.7)

t=0
Proof. First, we note that for f € C*°(M), X a vector field on M and p € M, let
v :[0,1] = M be a curve such that v(0) = p,¥(0) = X,,, then

d d
_ *X -
dt t:0(¢t) p dt

d

ds

d

@Mw=£_f%%=ﬁ%$% (4.8)

t=0 s=0

Next, the pullback on A is given by:

(D 1)p(Xps Yp) = hgy ) (60 Xps (60):Yp) = (B, () ap ((90): Xp) * (01)4Yp)” (4.9)

and using the Leibniz rule we take the derivative:

d *
|, G ) = G| Galeal(@): (001" =

@Mwmwﬁ+umwwwﬂ<m@@m@

Now one can either recognize immediately that this last expression is the Lie derivative, or
note that the last expression only depends on &, and not on ¢;. In particular, one can take
¢t to be the flow generated by ¢ and in that case %L:O(qﬁh)p(Xp, Y,) = (Leh)p(Xp, Yy)
by definition. As the answer is independent of the curve as long as the curve is generated
by &, it holds for all ¢;. O

Remark 4.6. This proof works for all tensor fields, not only (0,2) tensor fields.

We will say that S is integrable if Lch € T3S for all h € S implies that there
exists a curve of diffeomorphisms ¢; such that ¢, € C°°([0, 1], WAS(M)), ¢:(0) = 1 with
&= %‘ +—o®t- Under this assumption, was is simply the Lie algebra of vector fields £ such
that L¢h € T),S for all h € S.

Proposition 4.7. Suppose S is integrable. Then the weak asymptotic symmetry algebra is
given by the vector fields & such that L¢h € TyS for all h € S.
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Proof. First, let £ be a vector field in the weak asymptotic symmetry algebra. Then
there exists a curve of diffeomorphisms ¢; such that ¢, € C*°([0, 1], WAS(M)), ¢:(0) =1
with £ = %’t:ogﬁt' Then clearly for all h € S, %’tzo(gbt)*h € TS and by lemma 4.5,
Leh =], o(00)*h € TyS.

The converse is given by S being integrable. O

Next, we show that happens when an asymptotic symmetry acts on an element of
the tangent space of .S, as this will be need later. Asymptotic symmetries preserve S be

definition, and the tangent space is simply shifted.

Lemma 4.8. Let h € S and let ¢ be an asymptotic symmetry. Then
" (ThS) C Ty (n)S (4.11)

Proof. Let £ € T3S, then there exists a smooth curve « : [—1,1] — S such that y(0) = h
and 7/(0) = & Now as ¢ is an asymptotic symmetry, ¢*(v(¢)) is again a curve in S,
smooth as ¢ is smooth, and ¢*(v(0)) = ¢*(h). Furthermore, as ¢* is linear and smooth,
Lli—09* (7(t)) = ¢*(£). We conclude that ¢*(£) € Tz S- O

4.1.1 Center of symmetry group

Now we show that elements in the center Z(WAS(M)), which is the normal subgroup
of elements that commute with every other element, impose restrictions on tvas, namely
the vector fields in toas should be invariant under the pushforward of these elements. In
fact, we slightly generalize this, by defining WASy(M) to be the component of WAS(M)
path-connected to the identity and defining Zo(WAS(M)) to be the elements in WAS(M)
that commute with WASq(M). We only need elements to commute with the component

path-connected to the identity as this component uniquely determines the Lie algebra.
Proposition 4.9. Suppose ¢ € Zo(WAS(M)). Then for £ € was, . () =&.
Proof. Let ¢y € C*°([0,1], WAS(M)), ¢¢(0) = 1 with £ = %’t:(ﬁbt' Then ¢; = 9¥pyp~! and
thus
E= 0 b= | o = . (6) (112)
O]

For large groups of diffeomorphisms it is not easy to see what the center should be.
The next proposition shows that a discrete normal subgroup N is in Zo(WAS(M)). Here

discrete means that the orbits NV - z are discrete for all x € M.

Proposition 4.10. Let N be a discrete normal subgroup of WAS(M). Then N C
Zo(WAS(M)).

Proof. Let ¢, € C*°([0,1], WAS(M)), #:(0) = 1 and ¢ € N. Then C : WAS(M) — N :
¢ — ¢! is well defined as N is normal and the orbits (C¢;)z are discrete for x € M
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as N is discrete. Now as (C'¢y)z is continuous in t with discrete image, it is constant.
Thus (Coi)x = (Coo)r = x. As x was arbitrary, (C¢y) = ¢ from which ¢4) = ¢y is
immediate. Thus ¢ € Zo(WAS(M)). O

Lastly we note that the subgroup of pointwise asymptotic symmetries, T' = {¢ €
WAS(M)|¢(g) = g¥g € S}, is a normal subgroup.

Corollary 4.11. Suppose T' = {¢p € WAS(M)|(9) = gVg € S} is discrete. Then
V(&) =& for all § € was,p € T.

4.1.2 Trivial symmetries

The weak asymptotic symmetry algebra is actually too large for most applications. We only
want the 'useful’ symmetries. What useful’ means can differ by application, for example if
one is interested in conserved quantities, useful could mean that the symmetry defines a
nontrivial conserved quantity. A trivial symmetry is then a non-useful symmetry, i.e. a
symmetry that leads to a zero conserved charge. This is actually the standard definition of
a trivial symmetry.

We will take a different approach, by considering a symmetry useful if it is nonzero
in every projective unitary positive energy representation of the asymptotic symmetry
algebra. In that case, it corresponds to a particle with energy that is bounded from
below, which we expect a physical particle to satisfy. The corresponding trivial symmetries
can be determined from proposition 3.12 by first calculating the cohomology of the weak
asymptotic symmetry algebra. Note that the trivial symmetries form an ideal as they are
given by the intersection of kernels of Lie algebra homomorphisms.

A slight issue with this approach is that WAS(M) might very well not be a Lie group.
We can therefore not use proposition 3.12 to determine which symmetries are trivial in
every projective unitary positive energy representation of the weak asymptotic symmetries.
We will therefore instead define weakly trivial symmetries, which become trivial symmetries
when a Lie group structure is available. These are determined more easily and by requiring
that the actual asymptotic symmetry group has a Lie group structure, we ensure that the
notions of weakly trivial and trivial symmetries are equivalent in the asymptotic symmetry
group. As the trivial symmetries form a closed ideal, we can also define the weakly trivial

symmetry algebra to be a closed ideal.
Definition 4.12 (Trivial symmetries).

e Let g be a Lie algebra. An element 7 € g is a trivial symmetry if p(n) = 0 for all

projective unitary positive energy representations p of g.

e Let £ be the positive energy element in was(M). The weakly trivial symmetry algebra
t is the closure of the ideal of the weak asymptotic algebra generated by the vector
fields [, n] such that [[£,n],n] = 0 and w([¢,n],n) = 0 for all 2-cocycles w.
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Figure 4.1: Two dimensional Anti-de Sitter space. [ is the radius of the space, t is an
angular coordinate and r is the radial coordinate. Identical to figure 1.1

e The asymptotic symmetry group AS(M) is the largest quotient group of WAS(M)
such that AS(M) is a Lie group and such that the Lie algebra as(M) contains no

trivial symmetries.

We will now explain that these weakly trivial symmetries are a correct generalization
of trivial symmetry. First suppose that WAS(M) is a Lie group. Then again by propo-
sition 3.12 every weakly trivial symmetry is a trivial symmetry. Now if WAS(M) is not
a Lie group, but i C t is some ideal such that was/i has a corresponding Lie group, then
every weakly trivial symmetry [£,7] ¢ i turns into a trivial symmetry. Indeed, let @ be a
2-cocycle on tvas/i and let 7 : toas — was/i be the projection. Then 7*®w is a 2-cocycle on
was and hence @ ([[§,7]], [n]) = 7*@([§,n],n) = 0 and thus by proposition 3.12 7 is a trivial
symmetry. We conclude that whenever was/i has a corresponding Lie group, the weakly
trivial symmetries turn into trivial symmetries. By requiring the asymptotic symmetry
group AS to be a Lie group we therefore ensure that not containing any trivial symmetries

at least implies not containing any weakly trivial symmetries.

4.2 Symmetries of 3-dimensional Anti de Sitter space

As mentioned in the introduction, we are mainly interested in three dimensional Anti de
Sitter space, AdSs in short. In this section we will give a short introduction to this space
and its isometry group.

AdSs is defined as the maximally symmetric space with negative cosmological con-
stant [Car19]. It is a submanifold of R* with metric:

ds® = g datde’ = da® + dy* — du® — dv? (4.13)
and the submanifold being given as:
AdS3 = {(z,y,u,v) € RYu? +v? =12 4 22 + ¢} (4.14)

This is a hyperboloid, which in 2 dimensions looks like figure 4.1. In three dimensions,
instead of for each r there being a circle of points, there is a torus of points for each r.

The constant [ is a length scale, the major radius of the torus at r = 0, given by the
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cosmological constant (note that for higher dimensional AdS spaces the proportionality

factor is different):

1
2 _
l (4.15)

The isometry group of AdSs is then the group of diffeomorphisms, which can in this
case be written as 4 x 4 matrices, My 4 that preserve the metric g in equation 4.13, as in

equation 4.1. This group is called O(2,2):

0(2,2) = {A € My4|ATDA = D} (4.16)

where D =diag(1,1,—1,—1) and we used that A*D = ATDA.
0(2,2) is a matrix Lie group, the Lie algebra of which is given by

0 ={X € My4|exp(tX) € O(2,2)Vt} (4.17)

By definition of O(2,2), this means that (e!*)” De!X = D for all ¢, and in particular the ¢

derivative at ¢ = 0 should zero.

0= %\tzo(e”f )I'De™ = XTD + DX (4.18)
As D? =1, this is equivalent to:

0(2,2) C{X € My4|DXD =-X"} (4.19)

Furthermore, if X € {X € My4|DXD = — X7}, then (/X)TDe!XD = X" e tXT — 1 50
()T DetX = D and exp(tX) € O(2,2)Vt, thus

0(2,2) = {X € My4|DXD = -XT} (4.20)

It can easily be checked that this is a six-dimensional space, with the following matrices:

0 a b c
—a 0 d
“ ¢ (4.21)
b d 0 f
c e —f 0

for a,b,c,d, e, f € R. A maximally symmetric space of dimension n should have n—i—%n(n— 1)
linearly independent symmetries, n ”translations” and %n(n— 1) "rotations” [Carl9]. These
”translations” and ”rotations” are only global translations and rotations in a flat space.
Locally however, we can always find n symmetries that act locally as translations and
%n(n — 1) that locally act as rotations. For n = 3 this means that a maximally symmetric

space has six linearly independent symmetries, thus AdSs is indeed maximally symmetric.
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In terms of the coordinates u, v, x,y we can write the 0(2,2) symmetries as:

& = uOy — Uau» §o = xay - yaxa &3 = Uay + yau

4.22
€4 =00y + 20y, & = u0y + 20y, & = v0y + Y0y (4.22)

The interpretation of these symmetries is not so clear. This is mainly because the coordinate
system wu, v, x,y does not have a clear interpretation. By instead parameterizing AdSs with

the following coordinates 7, t, ¢:

u=V12+r2cos(t/l)
v =112+ r?sin(t/l)

(4.23)
x = rcos(p)

y = rsin(¢)

we get a clearer interpretation. Indeed, r is then a radial coordinate as for large r u, v, x,y
are all proportional to r and ¢, ¢ are both angular coordinates. ¢ is however also the time
coordinate, which is typically not an angular or periodic coordinate, as otherwise time
runs in a loop! Therefore the universal cover of AdSs is typically considered, which means
that the hyperboloid in figure 4.1 is rolled out along the ¢t coordinate, leading to ¢ being
an arbitrary real coordinate and no longer being periodic. For now, we will not take this
approach and we keep using the original AdS3 space.

Now we also want to write the metric, equation 4.13 and the symmetries, equation 4.22,
in terms of these coordinates, so that those also get a clearer interpretation. Therefore we

first need to know how the differentials and basis vectors transform under this coordinate

transformation:
212
du = ﬁ cos(t/l)dr — \/? sin(t/1)dt
21,2
dv — ﬁ sin(t/1)dr + \/? cos(t/l)dt (4.24)
dx = cos(p)dr — rsin(¢)de
dy = sin(¢)dr + r cos(¢)d¢
Oy = ——— (cos(t/1)Dy + sin(t/1)Dy) + cos(¢)Dy + sin(¢)d;
2 +r?
0= YT st /1)0y — sin(t/D,) (4.25)

l
0 = r(cos(9), — sin(6),)

Knowing this, we can now write down the metric:

ds? = —(1+r2/1%)dt> + + r2dg? (4.26)

_art
1+7r2/12
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As mentioned in the introduction, in the limit A — 0, or equivalently [ — oo, we should

get flat space. Indeed, in this limit the metric becomes:
ds? = —dt® + dr® 4 r*dg? (4.27)

which is exactly the flat metric in polar coordinates.

Now the diffeomorphism PT : (r,t/l,¢) — (r,t/l + 7,¢ + 7) or PT(u,v,x,y) =
(—u, —v, —x, —y) is central in O(2,2) as PT = —1I in the u, v, x, y-coordinates, and therefore
by proposition 4.9 PT,.£ = £, where we note that O(2,2) is a weak asymptotic symmetry
group with S = {gaqs}. As PT,(§"0,) = & o PTO), for p € {r,t, ¢}, we find that for £*9,,
Er(rt/l+m p+m) =EM(rt/l,¢) .

Lastly, in terms of the r, ¢,t coordinates, 0(2,2) is given by the basis:
&1 =10
§2 =04

& =12+ r2cos(t/l)sin(¢)0, — Pir

= sin(t/1) sin(¢)d; + — cos(t/1) cos(¢)0y

N
cos(t/1) cos(¢p)0, — 12:_72 sin(t/1) sin(¢)0y

sin(t/1) cos()0; — ”2:7"2 cos(t/1) sin(¢)dy

VIZ 12
cos(t/1) sin(¢)d; + l% sin(t/1) cos(¢)0q

(4.28)

&y = \/msin(t/l) cos(¢)0, +

1242

& = V12 +r2cos(t/l) cos(¢)0r —

12 4 r2

& = V12 +r2sin(t/l) sin(¢)0, +

1242

which can be verified by plugging in the basis vectors in equation 4.25 and comparing with
equation 4.22. This is quite a tedious computation and can also be done using a symbolic
calculator, see appendix A.

Thus there are translational symmetries in the ¢, ¢ directions, which is expected as the
metric in equation 4.26 does not depend on t, ¢, and 4 additional symmetries, all of the
following form:

ri2 VET T
\/ﬁé‘ﬂ(t $)0 + faqﬁX(t» ¢)8¢ (4.29)

for some function X periodic in both ¢ and ¢.

E=VI2+1r2X(t,0)0, +

4.3 Boundary conditions

To define the weak asymptotic symmetry group, we first need to know what the cone
bundle S of asymptotically equal metrics is, as shown in section 4.1. We will do this
by defining when a metric is asymptotically Anti de Sitter, following the conventions
in physics. The conditions for calling a metric asymptotically AdS are typically called

boundary conditions, as they are often conditions on the metric for r — oo and r = oo is
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seen as a boundary. For AdSs, these boundary conditions were derived in Ref. [BH86], and
we will partially replicate the motivation for these boundary conditions. We would like our
boundary conditions to at least contain all the metrics of conic defects of AdSs, which are
the metrics corresponding to a point mass in AdSs. Let «, A be arbitrary real numbers,

then the conic defect metric corresponding to «, A is given by:

2 2 _ g2 -1
Gudatdz” = _(;—2 + a?)dt? + 2Aadtdg + <T 7T a2> dr? + (r* — A%)d¢* (4.30)
Furthermore, we want our definition of asymptotically AdSs metrics to contain at least all
of the metrics obtained by applying a diffeomorphism in O(2,2). Equivalently, all of the

following metrics should satisfy the boundary conditions:
Guv + Legu  is asymptotically AdS for £ in 0(2,2) and g asymptotically AdS  (4.31)

As g, is not a function of ¢, ¢, the symmetries £, &> are exact symmetries of the conic
defects and L¢g,, = 0 in that case. The Lie derivatives for {3 were calculated using a

symbolic calculator and are shown in Appendix B. There, we find for £ = &3

Legrr  Legre Legro O™ O(r=3) O(r3)
Legir  Legu  Legrs | ~ [ O3 O(1) O(1) (4.32)
Legor Legor Legos o3 o) 0@

&4, &5, & give the same result as £3 as they are all of the same form, see equation 4.29.

The boundary conditions for an asymptotically AdSs space are thus:

Grr Gré  Grt L vor o@?) O(r=3)

gor 9oo 9ot | ~ | O@T?)  rP4+0() (1) (4.33)
2

g Gt Gut O(r=3) o1 - +0(1)

Intuitively, f ~ O(r~™) means that f behaves as r~" for large 7, but an exact definition
will be given in the next section.

The analysis will be simpler in light-cone coordinates, defined as
4+ t
=y +¢ (4.34)
from which we also find da* = %dt 4 d¢. These are called light-cone coordinates because
the unit vectors d,+ become orthogonal null vectors in the limit r — oo, meaning that

they span the light-cone in this limit. With these coordinates, and writing & for 2% in the

indices, the boundary conditions become:

Grr e Gre Lo o ? O(r3)
Gir G+ 91— |~ | 0@ o) 0Q) - i (4.35)
9 gt g o o) -2 o)
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We note that a periodic function in ¢, ¢ is not necessarily periodic in 2™, 2~ separately, as
for example sin(¢) = sin(ﬁ%). However, £ € 0(2,2) is periodic in 2, 2~ separately due
to &(r,t/l+m,¢+m) =&(r,t/l,$) and as the conic sections are also periodic in 2,27, Leg
is as well. We thus require a general asymptotically AdS metric to be periodic in ™, 2~
as well and we take our boundary conditions to be as in equation 4.35 with f € O(r™%)
meaning that f is periodic in 1,2~ and O(r~%) in the r coordinate, the precise meaning
of which will be given in the next section.

We now define the manifold S C T'(S?T.M) as follows. h € S if h has the same
(—,+,+) signature as the conic defect metrics, h is periodic in ™, 2~ and if h satisfies the

boundary conditions in equation 4.35. Then for h € S, g € TS if:

Grr Grt Gre O(r=1) O(r=?) O@~?)
g+r 9+ g+ |~ [OGT) 0@1)  OQ) (4.36)
9-r 9t 9 or=?) o) o)

4.4 Fall-off algebra

The boundary conditions needed to specify asymptotic symmetries, are often written

by specifying certain fall-off behavior of the metric, e.g. g4 is of order r—3.

We want
a somewhat stricter behavior of what this fall-off behavior means then the standard,
algorithmic, big O notation, which is commonly seen in the physics literature. The reason

for this is that in the standard big O notation, we have the following[Obl17]:

(Al
sin(r™) is of order 1/r (4.37)
(Al
Or sin(r )is of order 70, (4.38)
T

whereas we would prefer if for any f of order r*, ,f would be of order r*~!. We will

therefore use the following definition, where we let = 1/r:

Definition 4.13 (Fall-off algebra). Let a € (0,00) be a positive real number and n € N.
A smooth function f : D D (a,00) — R, is said to be O, (r~™) if f: F 2 (0,1/a) — R :
f(Q) = f(1/r) extends smoothly to I = F U (—¢,0] for some € > 0 and has vanishing
derivatives up to order n at 0: 06f|Q:0 =0 for 0 < k <n. For n =0, we only need f
to extend smoothly to an open neighborhood of 0 and do not put any constraints on the
value or derivatives at 0. Furthermore, we say f ~ O, (r™) if 1/r"f ~ O4(1). Lastly for
k € Z, we define O,(r*) to be the set of all O,(r*) functions.

Typically we will only be interested in the asymptotic behavior of functions and the
constant a will not matter. We will therefore not write it, unless strictly necessary. Do
note that when we write O(r™), all functions f € O(r"™) share the same constant a. Let us

now give some properties and examples of this definition.

Proposition 4.14. For n,m € N,a,b € Z:
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1. O(r?%) is a vector space with pointwise addition

2. If a < b, O(r*) C O(r")

3. With pointwise multiplication, O(r~™)O(r~") C O(r~(m+n)

4. In particular O(r=™) with pointwise multiplication is a non-unital associative algebra.
5. Forn <m, r"O(r=™) = O(r"™™)

6. If n>2 and f € O(r™), then [ f(t)dt € O(r—("~D)

7. Forn>1, 8,0(r ™) = O(r— 1) and 9,0(1) C O(r—2)

8. If f € O(1), we can define f = f — f(0) with f € O(r~1)

Proof. 1,2,8 follow immediately from the definition. 3 can be proven using the general
Leibniz rule. Let f € O(r=™),g € O(r™"), then

k

6f9= (?) FOgED, (4.39)

=0

Now if k < m+n,l < k, either k—1 < n or I < m. In both cases f® g = is zero in Q = 0.
4 simply combines 1,2,3.

For 5, we start with the forward inclusion " O(r=™) C O(r"~™) for n = 1, so m > 1.
The inclusion for n > 1 then follows from repeatedly applying the n = 1 case. Suppose
f € O(r~™) and let U be an open neighborhood of 2 = 0 on which f is defined and
smooth. Then by Hadamard’s lemma f(Q) = Qg(Q) for some smooth g defined on U.
Clearly % f () = g(2) is defined on U and by the general Leibniz rule:

= kg D)  (4.40)

05 f(Dlgg = 9629y = (V@ +hg* V()|

and hence ¢¥)(0) = 0 for 0 < k < m — 1, which proves that %f(Q) € O(r'=™). Now
suppose f € O(r"~"™). Then by 3, r="f € O(r™ ) and hence f e rtO(r™).

The proof of 6 is as follows: First, f @) fo Q)/ Q2dQ By 5, there exists
g € O(r~("2) guch that §(Q) = Q2f(Q), so j f)dt = [;79(Q)dQ. As § extends
smoothly to a neighborhood of 0, its 1ntegral does as well. Furthermore, by the fundamental

theorem of calculus, for k > 1:
Q ~ ~
agmzo/ G(0)dQ = 05 a—0g(Q) =0 fork—1<n—2 (4.41)
0

whereas the value of the integral at Q = 0 is clearly 0. Thus the integral of g is in O(r—(*=1)
and we conclude [7° f(t)dt = [ g Q)dQ € O(r— (=),
Next, the forward inclusion of 7 for n > 1, 8,0(r=") C O(r~("*1) can be shown using

o f = —Q%0af. (4.42)
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As Oof is O(rt) if f € O(r™™), and Q% € O(r~2), the result Q2o f € O(r—(+1)
follows from 3. Now assume f € O(r—(®*t1). Then g := — [ ft)dt € O(r~™) and
f = 0Org, thus f € 0,0(r™). For n = 1, note that f(Q) = f(Q) — £(0) is O(r~1), so
o f=0,f€O(r?)

]

Remark 4.15. From property 5 we see that we could have alternatively defined O(r%) =
r*O(1) for a # 1, with O(1) defined in the same way as now, or using property 7 we could
equivalently have defined O (=) = grO(r—1).

Remark 4.16. Note that 1//r ¢ O(1) as v/Q does not extend smoothly to = 0. One
could use an alternative definition which does include these type of fractal functions, by
for example requiring a function and all its derivatives to have a smooth limit as r — oo,
but this broadens the class of O(1) functions immensely. Furthermore, the usage of a
compactification and Q) = % coordinates is standard, and we follow this convention, leading
to the exclusion of fractional power functions.

As 1/r = Q clearly extends to © = 0, with 6%9\910 = Qlo=o = 0, we see that
1/r € O(r~!) as expected. By using property 6 we also find 1/7" € O(r~"). Lastly,
w ¢ O(r—1) as it does not extend smoothly to £ = 0, which can be seen from the first
derivative diverging as 2 — 0.

We further define O(c0) = (32, O(r~F). Clearly O(r~")O(c0) C O(c0),,0(c0) C
O(00), and it is an algebraic ideal. The functions in O(co) are the functions that are flat at
2 = 0, meaning that all derivatives at 2 = 0 are zero. Examples include e™" and functions
that are zero for all r greater than some r’.

We will next deal with functions on (a,00) x S! x S! for some arbitrary real number
a and we want to define when such a function is O(1). This is done by saying that
f:(rzt,z7) > ReOQ)if f(,zT,27) :r - R € O(1) for all zT,2~ and O(r ™) =
r~™O(1). Then we note that for f: (r,z",27) — R smooth, if f € O(r~™), the partial
derivatives have the same fall-off behavior: 04 f,0_f € O(r=™), as r™o, f,r™o_f € O(1).

4.4.1 Topology

We now give O(1) a topology. This topology will later be used to give the weak asymptotic
symmetry algebra a topology. A standard topology for smooth functions on a manifold
is the compact-open topology, which in our case is defined as follows. First note that
the functions in O(1) are actually smooth functions on [0,a) x S x St in the Q, 2%z~
coordinates. Let U = [0,a) x S* x S' and let (K,),en be an increasing sequence of
compact subsets of U, such that all K; contain the boundary T' := {0} x S x S1 and their
union is U. Furthermore take a = (k,l,m) to be a multi-index with |a| =k + 1 + m and
0% = 858} O to be the partial derivative corresponding to the coordinates (2, xT, T,

We then define the following seminorms:

Pi;n(f) = sup max |0% f(z)] (4.43)
IGKJ' |OC‘STL
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We define the topology to be the one induced by these seminorms:

Definition 4.17 (Topology on O(1)). e The topology on O(1) is defined to be C*

topology, which is generated by the following family of seminorms P:

PK;n(f) = sup max [0%f(z)| (4.44)

zeK; laj<n

P ={pk,n Vi,n>0}.

e We further define the C* topology to be the topology generated by Py, = {p Kin Vi2>
0,k >n>0}.

This turns O(1) into a locally convex topological vector space, so addition and scalar
multiplication are continuous. Furthermore, multiplication of functions is also continuous,
the proof of which is the same as for lemma 3.37. Lastly, pKi,n(aggaiai ) < pr; ntatvre(f)s
showing that derivatives are continuous as well.

We now show that these families of seminorms are equivalent to the family of seminorms
given by

PK; kilm = Sup |060L.0™ f ()] (4.45)
wEKj

Lemma 4.18. The family of seminorms P is equivalent to the family of seminorms
P = 1P ktm Vi, k,1,m >0}

Proof. This is immediate from pg; g 1m < DK, (k+1+m) and pr; n < MaXkti4m<n DK kim-
O

We will now go on to show that the subspaces O(Q2*) are closed in O(1). To this end,
we note that a subset A C X of a locally convex topological vector space is closed if and

only if the quotient X/A is Hausdorff. We will therefore first compute the quotient:

Lemma 4.19. The topology on O(1)/O(Q*) is given by the following family of seminorms
P:
pk‘,l,m(f) = Sup{‘aéaian’on,m+,x* ’l‘+, T € Sl} (446)

P = {pk,l,m Vk <a,l,m> O}

Proof. By lemma 2.6, the seminorms of this quotient topology are given by:

i kim(f) = inf m(f + inf OEDL O™ (f + 4.47
P kim(f) = b Pi kim(f +9) = gegl(m)mseulgj\ 0002 (f + 9) (4.47)

Clearly pr; k,m(f) = Prim- Now take g = o 01 S},Z o4 fla=o — f, then g € O(Q%) and

a—1 a—1

P kim(f +9) = sup |960) 3mz 3Qf|9 of < SUP |06,0% 3m 3§if’sz:o|
z€K; i=0 i=0 zeK (4 48)
a—1 i a—1 ’
< Z sup 89 i SUP 104,07 0% flaol <> Cipim(f)
re 1=0
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where M = sup,¢ K; 2 and C; = 95~ are constants independent of f. We conclude that

the family of quotient seminorms is equivalent to the family of seminorms py, ;.

O]

This is again Hausdorff, as if py 0 0(f) = 0 for all k£ < a, then f € O(Q%) and f is thus
zero in the quotient. We conclude that O(Q2?) is closed in O(1) and with the subspace
topology O(Q%) is also closed in O(Q°) for all b < a.

We now demonstrate that O(2%) is complemented, meaning that there exists a contin-

uous linear projection 7 : O(1) — O(2*). We define this projection by

a—1

k
mif > f- Zagfm 0y (4.49)

which is clearly linear. It is continuous as addition, scalar multiplication, function multipli-
cation and differentiation are all continuous. The projection indeed maps into O(2%) as
oh(f - EZ;(I) 86f|920%)|920 =0 for all 0 <[ < a. The same argument shows that = is

idempotent.
Proposition 4.20. The subspaces O(2*) of O(1) are closed and complemented.

Lastly we show that the subspace of exponentials and powers of € is dense in O(1)/O(a).

First we give the analogue of theorem 3.38 for this case:

Lemma 4.21. Let f: (Q,2%,27) — C be continuous, then the following holds:

—1N—-1 n

lim sup |f(QaT,27)— — Z Z Z Z f 0, k1) m+eil:’:_| =0 (4.50)

N—
Pzt z-est n=0 m=0k=—nl=—m

Proof. Let € > 0, then by theorem 3.38 we can find an M; € N such that for all Ny > M,

we have

sup |f(Q, 2t Z Z FQk,27)e* | < /2 (4.51)

zt,x—eS! n—0 k——n

Next, also by theorem 3.38 we can find an My € N such that for all No > Ms we have

1N-1
sup ZZka: yeikrt 222i Zkal Yehe il < ¢ /2
:Eﬂac*GSl n=0 k=—n N n=0 m=0k=—nl=—m

(4.52)
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Then for all N > max(M;, M3) we have:

n

sup | f(Qat,a) — SO Ak DR e | <

ﬁMZ

1N—
zt,x—eS! mZ: k=—nl=—m
N-1 n
sup  |f(Q,2T,27) — Z Z eiha™ |+
zt,z—eSt =0 ke—n
N—-1N-1 n
+SUP1NZZka mﬁ_NZZZZ Zkalex+eilm_]<e
zt,x— €S n=0 k=—n n=0 m=0k=—nl=—m
(4.53)
O

Proposition 4.22. The set E = span {Qbeikfc+ei"$7|0 <b<a,beNkne Z} 1s dense
in O(1)/0(Q%).

Proof. Let f € O(1)/0(02%), then f = Z?:_ol JOO212T) i Then let (fn)n>0 be the

il

sequence defined by

—1N—-1 n

fy = ]\ﬂZZZ sz Olezzkﬁux (4.54)

n=0 m=0k=—nl=—m =0

Clearly (fn)n>0 € E and furthermore,

Pred(f = fn) = sup |05050%(f — fn)la=ol

zt,x—eSt
N—1N-1 n

= Sup |ai8i(f(k)(0,$+,x - —= Z Z E Z f(k 0,7 " Zk$+€ilx7)‘

zt,z—eS!

n=0 m=0j=—nl=—m
—-1N-1 n
= sup laiaif(k)(O,m+,x - — Z Z Z Z k) (0,4,1) Zk)c(il)deikfreil“f‘
zt,x—eSt 7m0 =0 j=—n 1=
—-1N-1 n
= sup |8§r8if(k)(07x+7l, _ Z Z Z Z o o f k) (0, e Zkﬁe””]
zt,x—eSt 70 =0 j= 1=

(4.55)
and thus by lemma 4.21 imy 00 P c,d(f — fv) = 0 from which we conclude that fx — f.
Thus FE is dense in O(1)/0(Q%). O
4.5 Weak asymptotic symmetry algebra

Now that have a nice definition of O(r~"), we can specify the boundary, or fall-off conditions
that we want our metric g to have. We use the boundary conditions that we determined in
section 4.3. We then determine the weak asymptotic symmetry algebra by first calculating
which vector fields & satisfy L¢g € TS and then showing that S is integrable.
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Definition 4.23. A metric g is called asymptotically Anti de Sitter, if its component

functions have the following fall-off behavior:

9rr Gr+  Gr- % + O(T_4) O(T_?)) O(T_g)
Gir G+ G- |~ O(r=?) o(1) (1) — g (4.56)
9r 94 9 o3 o@1)—-g*  01)

The cone bundle S is also defined as in section 4.3. The tangent space is then given by
h € TyS if

her  hes Ty o) Or=3) O@3) o(1) 0Q) 09Q)
har hiy heo [~ [O@7)  OQ1)  0O@1) |=[0®) O1) OQ1)| (457)
hey h_y h__ or3) 01) o) oQ) 0(1) 0(1)

Note that when converting to the Q coordinate, dr = —Q~2dQ, 50 hyrdr? = h,..(Q)Q~4dQ? =
hoadQ?.

Furthermore, we use the following: f ~ g+ O(r~") means that f —g € O(r~") and
fO(r—™) 4+ g ~ O(r~™) means that for all h € O(r~™) there exists n € O(r~™) such that
fh+ g =n. It follows immediately that fO(r—™) ~ O(r~") with f € O(r~*) implies
k>n—m.

We will first determine the Lie algebra of vector fields § such that L¢g € T,S for all
g € S, and then show that S is integrable. The following is a result from Refs. [BH86]
[ODbl17]:

Theorem 4.24. The Lie algebra of vector fields § such that Leg € TyS for all g € S is
given by

(—% [0, X (at) +0_X(a7)] + (’)(7'_1)) o,

< + P oo - —4
+ | X(x )—l-ﬁa_X(J: )+ O(r )) O+ (4.58)

§

12

+ <X(:r_) + 27283)(@#) + O(r_4)) 0_

where X, X are 2m-periodic functions.

Proof. The Lie derivative is given by:

Legu = € oG + (0,6 g0 + (8,6 gru (4.59)

Clearly, if ¢/ € S, ¢ = %er — r2daztdz™ + K, where ' € T,S. We will show that
Leg € TyS holds for g = %dr2 —r2dxtdx~ and for b’ € T},S, and then we are done.
First, the rr part:

12 12
['697‘7‘ :gra’rﬁ + 287"5”*2 (460)
r r
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As L¢grr should be in O(r=%), for this to hold we need

& =rd e + 0>

(4.61)

This differential equation can be solved, using property 6 from proposition 4.14, as follows:

1 r 1 T -3
- 725 + ;&"f ~O(r™)
1 -
0,(-€) ~ O ™)
1
€+ FlataT) ~ O(r7?)
giving the solution:

& =rFt,z7)+ 0>
For the r=+ part, we find
Legrs = 01Egrr + 06T g ~ O(r™?)
using equation 4.63, we get
12 . 1 _
?8i]-"(a:+,x ) — §T23r§$ ~O(r?)

which can again be solved to yield

l2

EF=XF(at,27) - —28i.7-"(x+, 7))+ O™
r
Now let a,b € {+,—} and we use the notation =+ = F. Then

Legab =€ 0rgap + 0aE 926 + € gar = € 0 Gab + 90a€ gt + € " Guma =

—3r7 (006 +0467) € = rP(0-€ +0467)
—rg = 3rA0-€" +0,.6T)  —3r2(0-€F +0.¢¥)

The off-diagonal part gives:

1
Flzt,z7) + (0-X"+ LX) ~O(r™?)
Or F(zt,27) = —1(0-X~ + 9, X ) + O(r2). Lastly, the diagonal part shows:

DLEF ~O(r72)

l2

O+ X (2t 27) — 2

0+ X T (2%, 27) =0

60

(9:2,[.7:(:E+, )+ 0™ ~O(r?)

(4.62)

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)

(4.68)

(4.69)



Thus we can set X (z7) = X (27), X(27) = X~ (27). Combining everything, we get

(—f [0, X (xt) +0_X(a7)] + O(r_l)) o,

. 2

A T —4
+( X(z")+ 2T28,X(x )+ O™ %) ) 0+ (4.70)
ooy, P + —4
+<X(:L’ )+2T28+X(IL‘ )+ O(r™%) ) o-
or in the coordinate Q = 1/r
¢ = (2 [0+ X (=) +0_X(z7)] + 0(93)> Do
+ (X(:ﬁ) + Z?Q&X(x‘) + O(Q“)) Dy (4.71)

+ (X(a;) + ﬂ;l?aixw) + 0(94)> o_

Now we will show that for an arbitrary b’ € T3S, L¢h' € Ty S for € as in equation 4.71.
To this end, note that as £ smoothly extends to Q =0, (L¢h'),, € O(1) for all b’ € TjS.
Thus we only need to show (L¢h)otr € O(R). Now this is given by

(LehNox = £20,0(Q) + (908 yy. + (0:M) g (4.72)
The A\ = ) term is given by:
0(©2)920(2) + (920(2))O(Q) + (0:0(2))O(1) ~ O(Q) (4.73)

and the A = + term

£70,0(Q) + (9o "+ + (0:67)0(Q) (4.74)
which is also clear O(£2). The same holds for A = —. We conclude that indeed (L¢h')o+ ~
o).

O

We denote the Lie algebra of vector fields of the form above by g. We further define
the vector field §(x,x) to be given by:

Exm = (—3 04X (") +0-X(@)]) 0,

2

1 <X(:c+) + ;ﬂazX(x‘)> o (4.75)
2

- (X(:c_) - zlﬂaiX(f)) 0-

Moreover, we define &, = ¢ (einzt ) and &, = f( and let i be the space of vector fields

¢ in g such that X = X = 0.

07€in:c_)
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4.5.1 S is integrable

We will now show that S is integrable and that g is therefore the weak asymptotic symmetry
algebra by proposition 4.7.
We start of by looking at the complete vector fields and show that these at least preserve

the tangent space T},S.

Lemma 4.25. Suppose & is a complete vector field with €2 € O(Q) and 0ot* € O(Q). Let

+
@1 be the flow generated by &, then (¢i)q € O(2) and 6556 € O(Q) for allt € R.

Proof. As €2 e O(Q), we have €2 = Q&2 with €2 € O(1). Now let p = (0,2, z7), then

¢¢(p) is the unique maximal integral curve starting at p [Leel2]:

L 62(0) = E2(60) = 62 P)EGu(p))
do(p) =p=(0,2",27)

(4.76)

Now clearly (5? (p) = 0 is a solution to the above equation and as the solution is unique,
this is the solution. Thus by definition of O(Q), ¢ € O(Q) for all t. Furthermore, as in
fact Oné™ € O(Q), dot* = QEF with again £+ € O(1). Now as ¢ (p) = 0

d 0oF _9d gyt _

dt 9Q |o_, 99 dt¢t Q=0 g () a0 (4.77)
p .

O () o ¢t =0

000 (0) _ (). Thug 220 (%etan)

and the initial condition is clearly 50

= 0 for all ¢, and
Q=0

% e 0(Q). O

Proposition 4.26. Suppose ¢y is a curve of diffeomorphisms such that ¢ € O(Q) and
%9 ¢ O(Q) for all t € R. Then (¢,)*T,S C T,S

Proof. The Jacobian of ¢; is given by:

Jor ~ 0@ 01) 0x) (4.78)

Let h € T;,S, then the pullback is given by:

(@) h)p = (Jo)" - B,y - Tt (4.79)
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where the superscript 1" denotes the transpose. Now as

0(1) 0Q) OQ)
hg,y ~ 1 O() O(1) OQ1) (4.80)
o) o) 0@1)

and
01) 0©Q) oQ)\ 5 [01) 09 o)
0@ o1 on | ~|ow oa ow (4.81)
0Q) 01) o@) 0Q) o) o

we find (¢)*h € T,S.
0

The proof that S is integrable will rely on the fact that we can smoothly cutoff a
vector field near €2 = 0 and therefore split every vector field into one that is complete and
one that is zero in a neighborhood of {2 = 0. We now show that we can give a curve of
diffeomorphisms that is generated by a vector field of the second category and also preserves
T,S. First we show that every function can be smoothly split up into non-decreasing and

non-increasing parts.

Lemma 4.27. Let f: R — R be a smooth function. We can then split up f into smooth
functions f+, f~ such that f = f* + f~ and f* is non-decreasing, f~ is non-increasing.

Proof. Define f*(z) = h(z), f~(z) = f(z) — h(z) with h(z) = [ h(y)dy. Then let
e > 0 and define h(y) = S(f' () + V[ (y)2+e). Clearly (f1)(z) = h(z) > 0 and
(f7)(x) = f'(x) = h(z) = 2(f'(y) — /' (y)2+€) <0, thus f+, f~ are non-decreasing and

non-increasing respectively. O

Lemma 4.28. Let £ be a vector field on M such that L¢h € T),S and assume £ is identically
zero for Q € [0, €] for some € > 0. Then there exists a curve of diffeomorphisms ¢, such

that ¢g = id, d)o =&, and ¢¢ is an asymptotic symmetry

Proof. Let £ be a vector field on M such that Lch € T)S and £ is identically zero for
Q € [0,€ for some € > 0. We then decompose ¢ = £%dq + £49,,. For each , €49, is a
vector field on S! x S and therefore generates a global flow ¢>|t| on S' x S'. We then
note that f(Q,z%,27) = £2/Q is well defined as & is zero near Q = 0. Now define
YEQ, xT,27) = Qexp(xtfF(Q, 2, 27)) for t € [0, 1], where f* is the splitting of f as in
lemma 4.27. Clearly ¢ (Q,2,27) = Q. Now

agqj}ti(ﬂ,:v+,:n_) = exp(:ttfi(Q,:U+,x_))(l + tQ(fi)'(Q,m+,x_)) >0 (4.82)

as +tQ(f)(Q,zF,27) > 0. Thus 1/)15i is strictly increasing and therefore a diffeomorphism
for each 2, 2~. Next, define ¢, = (1, ) "' o (¥;", 2, 27). This is clearly a diffeomorphism

for each 27,2~ as wti is a diffeomorphism, and it is the identity at ¢t = 0. We can also



calculate the t derivative at ¢t = 0:
e = (W) M=o + U Dy )T = QUF T + ) = ¢ (4.83)

Now take ¢¢(Q, 2T, 27) = (1, Ll)(Q,aﬁ,:U*). This is a diffeomorphism for each ¢ € [0, 1],
the identity for t = 0 and ¢y = &. Note that for Q € [0, €], 1,(Q) = id as & is zero there,
meaning that for g € S, g = g + h where h is zero for Q € [0,¢) and v} g has the same
signature as g as the signature is invariant under pullbacks, thus ¢jg € S. The same

reasoning works for ¢, 1. We conclude that ¢; is an asymptotic symmetry. ]

Thus we only need to show that we can combine the two curves of diffeomorphisms from
proposition 4.26 and lemma 4.28, such that we get one curve of asymptotic symmetries,
which is generated by the vector field that we smoothly cut off. This is shown in the next

theorem.
Theorem 4.29. S is integrable.

Proof. Let £ be a vector field such that L¢h € T3,S. Then by definition of g, £ € g. Now
using a smooth cutoff function, we can smooth split & = & + &, where & is zero for
Q € [0,€¢] and & is zero for 2 > e. As & is compactly supported and tangent to the
boundary 2 = 0, & is complete and denoting its global flow by ¢¢, (¢:)*T,S C TyS by
lemma 4.25, proposition 4.26 and as the fall off conditions are satisfied for all £ € g. Using
lemma 4.28 and proposition 4.26, we can also construct a curve of diffeomorphisms ); that
is generated by &, and such that ¢ is a weak asymptotic symmetry for all ¢ € [0, 1]. Define
Py = ¢y 0 . Now

Orli=o®s = do(0) + (Jo)tho = & (4.84)

and clearly ®g = id. Thus if we show that ¢, is an asymptotic symmetry for ¢ € [0, 1], we
are done. To that end, note that [Leel2]

$19 = Do (Leg) (4.85)

t=to

dt

and thus for p € M
t
$1g—g= / 0% (Leg)ds (4.86)

Now Leg € T,S and (¢s)*TyS € TS, so the integrand is in 7S for all s. Now we can
consider the components ¢}(L¢g))u of the integrand, which have certain fall off behavior,
say ¢5(Leg))w ~ O(Q2%v), where ay, is determined by the form of the tangent space
as in equation 4.36. Therefore ¢*(Leg))u = Q% f,,(s) for some f,,(s) € O(1). Hence
fot(qﬁ:(ﬁgg))ds = Qv fot fuv(8)ds € O(Q%»). Thus the integral is in T,S, fot PE(Leg)ds €
TyS. Now ¢;g has the same signature as g as the signature is invariant under pullbacks,
g+ he S for h e T,S if g+ h has the correct signature, thus ¢fg € S. As this holds for
all t and ¢, V=6, ¢*,g € S as well and ¢, is an asymptotic symmetry. O
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4.5.2 Structure, brackets and topology
As derived in theorem 4.24, the asymptotic symmetry algebra g is given by the following
vector fields:

(—g [0, X (at) +0_X(a7)] + O(r_l)) o,

2
+ (X(a;*) + L g X(z7)+ O(r4)) 0+ (4.87)

§

2027
+ <X(:r_) + ;;aiX(er) + (9(1"_4)) 0

for some smooth functions on the circle X, X. Furthermore we have defined i to be the

space of such vector fields such that X, X are zero, thus
i=00"19,+00r Mo, +0(r o (4.88)

We will now calculate some of the relevant brackets and thereby show that i is an ideal
in g, and that g/i consists of two copies of the Witt algebra.
Proposition 4.30. The brackets in g are as follows:

[€x.0) Evio)] = &(1xa4,v0,1,0)

[€0,%):§(0,)) = &0, 1x0- o))
2o ) (4.89)
[€x0) €] = 57103 X0-, 02V 0, ]

g,i] Ci

We conclude that i is an ideal and that b = g/i consists of two copies of the Witt algebra,
h=toL wg.

Proof. The first bracket is calculated as follows:

T 1 12
[€x,0):&v0)] = — §3+X (—28+Y8r — 381Y8>

T
T 9 2 3
+ X (5080 + 0, Y0y + 5501V O
r 1 12
+50+Y (—28+X8r — Tgaixa_>
r 12
~Y (-201)(@ +0: X0y + Wa?;xa) (4.90)
r
=-3 (X01Y - Y93 X) 0,
+(X0.Y — Y0, X)0y
l2
+ ﬁ(mxmw +X0,Y3 -0, YR X - Y92 X)o-

=E([x04,Y0,],0)
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The calculation of the second bracket is identical. Now the third bracket is given by:
r 1. - 2 5
[5()(,0)7 5(07}7)] = — §8+X —58,}/&« — T—38_Y8+
 Boex(<lorve, + L otvo. +o_vo
2r2 "t 2 T ezt T P

Ty o 1 ?
+ fB,Y —-04X0, — 501 X0_
2 r3
(4.91)

- 53027 (—28 2X0 + 0, X0y + 550 +X8_>
14 _

L (01X0°Yo, —9°Yo X0 )
l4

[82 X0_,0°Y0,]

To show [g,i] C i we start with the bracket [{x ¢),i]. We use superscripts O(r~")" to

denote an arbitrary function f € O(r™"), i.e. O(r~") is not a vector space, but a function.

[€x.00 O 108, + O~ 10y + O(r—4)20_] =
- gmx (0,01 1%, + 0,0(r~*)' 01 + 8,0(r~*)%0_ )
+ X (0200109, +0,0(r™ )0y + 0,0(r™4)%0-)
2
+ La2 X (0_0(r"1°0, + 0_0(r~Y'o, + 0_0(r1)%0_)

12

— o> H° (—28+X6r — rgaixa_>

_ r 12
- O(T 4)1 <_283Xar + ﬁaiXa_ + 8+X8+> =
2
([—M@ + X0y + 5501 X0 + }LX} o)+ ;aiXO<r—4>1> O+

l2
0+ X0 + X4 + ﬁaixa_ — 8+X> O(r—Hlo, +

l\.’)\ﬁ

12 _ 12 _ 12 _
[—&X@ + X0 + 55 aixa} O(r 2 + r—gaiXO(r 1o _ 27281)(0(7« 4)1> o_
(4.92)

By analyzing the orders of the last expression, we see that [{(x ¢),i] € i. The calculation

for §y xy is the same. Lastly [i,i] C i] is immediate when one writes out the bracket. [

In terms of the coordinate 2 = 1/r, the vector space g is given by g = wy ® top @
O(2)0q® 02101 ©O(Q*)I_. We give O(Q™) the subspace topology inherited from O(1).
Note that oy, wp are also subalgebra’s of O(Q2)9q @ O(1)04+ @ O(1)0—, thus g itself is a
subalgebra of O(2)0q & O(1)0+ @ O(1)0—-. Using this structure, we define the topology of
g.

Definition 4.31 (Topology of g). The topology of O(Q)dq ® O(1)0+ & O(1)0- is taken
to be the product topology of O(€2) x O(1) x O(1) We then define the topology of g to be
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the subspace topology given by the inclusion g C O(2)0q & O(1)04+ & O(1)0-.

As direct sums of locally convex spaces are again locally convex, g is a locally convex
vector space. Furthermore, we saw that function multiplication and derivatives were
continuous in the discussion near definition 4.17, thus the Lie bracket on g is continuous,
turning it into a locally convex Lie algebra.

We will now prove that g/i = w;, @ tog with the isomorphism now being a homeomor-

phism as well.

Lemma 4.32. The map n: g/i — wp ®Wwg: {x+ x-) = X0y + X0 is a Lie algebra

isomorphism and homeomorphism

Proof. That n is a Lie algebra isomorphism is immediate from proposition 4.30. By

+

lemma 2.7, the seminorms on tvy, @ g are given by pf omT, where 7% are the projections

onto 0+ and pf are the seminorms on the Witt algebra. Now let § x+ x-) € g/i. Then

e (€ xx)) = P (XT04) = pogom™ (Ex+ x-)) (4.93)

and the — case is analogous, meaning that 7 is continuous. Next, let ¢ € r,+, — and let
f 7 +,— —1,0,2 be the map given by the orders of 7 in {x+ ), so f(r) =1, f(+) =
0, f(=) = 2 and let g be the same except for { x-)

Prtm™ (§(x+ x—)) < Crbm 00 4y kP sy (X 04 + X70-) + Crbi,00() kP sy (XT0L + X 70-) =

Crbm,00 £y kP ()T (1€ (x+,x-))) + Ck01,004() kPmrgny™ (M(E(x+,x-)))
(4.94)

which shows that 7 is open. We conclude that 1 is a homeomorphism. U
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Chapter 5

Cohomology of the weak

asymptotic symmetries

In this chapter we will determine the first and second cohomology groups of the weak
asymptotic symmetry group. The second cohomology group will help us calculate what the
trivial symmetries are, which is why we are interested in it. The first cohomology group is
determined first, as this can provide information about the second cohomology group. The
first cohomology group is isomorphic to the abelianization of g, which we thus work out.
We then describe a general method that decomposes the second cohomology group as a
direct limit of cohomology groups that are easier to compute. Finally we use this general
method and some explicit computations to calculate the second cohomology group of g.
We remind the reader that g is the weak asymptotic symmetry algebra as derived in

theorem 4.24 and i is an ideal in g containing the following vector fields:
i=00r"hHo,+00r Ho, + 00 Ho_ (5.1)

These are the symmetries that are trivial in the standard, Noether perspective definition
of trivial symmetries, as shown by Brown and Henneaux [BH86]. Note that they need
not be trivial in our new Wigner perspective of trivial symmetries, and whether they are
is in fact exactly what we want to determine. The quotient has also been calculated in

proposition 4.30, showing that g/i = wy @ tog.

5.1 Commutator ideal

We will now determine the commutator ideal and abelianization of g. In fact, we do this
for the complexification gc, as it is easier to work with complex exponentials than with
sines and cosines. We then take the real part, which is equal to [g, g] by proposition 2.15.
To calculate [gc, gc], we first show that the commutator contains two subspaces of gc, I
and J. In the next part, all Lie algebras, e.g. g, v are the complexified version of the real
Lie algebra.

First let I be the set of the vector fields independent of ™, z~ and of sufficiently high
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order in r,
I={d0; € icla” € O(r~2),a*,a” € O(r ") and a'(r,2*,27) = a'(r)} (5.2)

this is a subalgebra, which can be shown in identical fashion to the proof of proposition 4.30.
Next let J be the vector fields whose component functions either have zero mean over x™
or over r ,
2r 2r
¢'dxt =0forie {rzT, 2"} or g'dr” =0foric {rzt, 2"}
0
(5.3)

J is not a Lie subalgebra however. For example Si“(j”*)ar, Sinff;*)ar € J, but [Sin(fﬂ&n, Sinﬁ;ﬁ)@] =
sin?(zt)
)

x~ is not in J, as for £'0; € J, fo% 027T E(r,xT, 27 )drdr™ = 0. In particular 1/r0, ¢ J
and also clearly 1/r0, ¢ I. Lastly,

J = span {{’& €ic

0

Oy ¢ J. Furthermore, any vector field that is nonzero constant in both z* and

I+ J=span{{a'd;|a” € O(r ?),a",a” € O(r ")} U{a"0,|a"0, € J}} (5.4)

We will show that these two vector spaces are in the commutator, as well as the 2 Witt

algebras. In fact, we can obtain all of these as commutators with the Witt algebra’s and

clearly [w, + wg, gc] C [gc, 9c]
Proposition 5.1. 1. oy +wg C [wy, + g, gc]
2. J C [wg + g, gc]
3. I Cror + tog, gc]
Proof. 1. As proven in proposition 3.41, o is perfect, so toy, + g C [top + g, gc.

2. Let £10; € J. Let us assume that f027r Ei(r,ot, 27 )drt =0 for i € {r,z*,27}. Then
by the same proof as for lemma 3.40, we can find Z° such that 9, =" = ¢, namely
5= fgﬁ €(r,z,27)dr. Furthermore, Z0; € ic as we can exchange integrals and
derivatives by the Leibniz integral rule. Then [0, ,Z'0;] = £'0;, so £°0; € [rop+tR, gc)-
If fo% E(r,xt, 27 )dr™ = 0 we can find Z¢ such that 0_Z¢ = ¢ and Z9; € ic. Again
[0_,Z%0;] = £'0;, s0 £10; € [tof, + g, gc]. By linearity J C [y, + tog, gc| follows.

3. We will show this in three steps. First, we will show that cO_ € [w + wg, gc] for
c € O(r~*) and ¢ independent of 2+, x~. To this end, we take

(5.5)
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and calculate the following bracket:

, A 2 . )
[g(X,O)a C] = [_i;eufrar + ezx+a+ - ﬁe“ﬁa,, B_ZIJrC,l&, =
7 (5.6)
(—ifa Coy—iCi + 0) 0. =L 8,rC_1)d
2 rU—1 -1 — o r —1)0—
Thus we expect C_1 to have the following form, as the bracket should give cd_:
2i
C_i(r) = 7qz/c(r)rdr (5.7)

By proposition 4.14, c¢(r)r € O(r=3) as ¢ € O(r~*), and thus we can integrate
c(r)r, also by proposition 4.14. We then find that C_; € O(r=%) so C € ic. Thus
cO_ € [ +1g, gc]. Now we note that 7 and x~ are symmetric in the sense that if
we exchange every 7 and ™, every result should stay the same. Using this intuition,

we expect that

X =e"

B = B_l(T)C_iI78 (5 8)
27

B_{ = 2 b(r)rdr

should give [5(07 X)» B] = b04. Indeed,

T i 1T l2 1 —ix~
[g(O,X)v B] == |:_742€ 81" +e 8_ — ﬁe 8+, e B—la— =
. (5.9)
T . _ v g2 _
( i50, B —iB_1 + o) 0- = =50, B_1)0- = bo-

Lastly, for a0, with a € O(r~2) and independent of 2+, 2™, we take a similar ansatz

X ="
A=A_i(re "9, (5.10)
Afl € O(T_2)

Again, we calculate the bracket

2 . .
l—QemJr O_ e A, (r)oy| =

T iz ix
[é-(X,O)aA] = |:—Z2€ +8r+€ +8+ — o

(T A_l l2
— 1 567-14_1(74) + A_l(’r) + O - T 67~ - EA_I(’I”)a_ = (511)

—ia A_1)0, — A l28
§7~(T —l)r —17”73—

As Ay € O(r72), % € O(r=9), so A,li—ia, € ic and we can thus find a C € ic
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such that [{x),C] = A1 %6,, as shown above. Using this C

[€x,0,A+C]= —%Br(rA,l)ar (5.12)

at which point we see that .
A =22 /a(r)dr (5.13)
r

gives [{(x,0), 4 + C] = ad,. Furthermore, by proposition 4.14, [a(r)dr € O(r~1), so
indeed A_; € O(r~2). We conclude that I C [ty + g, gc].
]

The above proof in fact shows something stronger, namely the next proposition.

Proposition 5.2. Let a > 4, then
O(r 0, +O(r "o+ + O(r—*)o- C o, + o, O(r "0, + O(r~*)04+ + O(r~*)0_]

Proof. This follows from step two and three in the proof of proposition 5.1. For step
two, note that Z%9; is in O(r=*)9, + O(r=%)0+ + O(r~*)o_ if £ € O(r=*)0, + O(r=*)04 +
O(r=*)0—, as E is simply the integral over % or = of ¢ and this does not change the
order in r. For step three, it is easily checked that A_q, B_1,C_1 are of the same order in

r as a, b, ¢, leading to the desired result. ]

We now want to show that [gc,gc] € (I + J + o + o), where the angular brackets
denote the ideal generated by the vector space I + J +twp + top C gc. We will do this
by first calculating the quotient of g¢ and this ideal. Afterwards, we use corollary 2.17
to calculate [gc,gc]/(I + J + wr + wgr). We will show that this is 0, meaning that
9, 0c] € (I + J + o, + wpg).

Lemma 5.3. The quotient is given by
1
gc/{I + J + o, + tog) = span{ [r&a]} (5.14)

Proof. First, let [z] € gc/{(I + J + 1w +1pg). Then x € gc, so z =& + (a0, + b+ + c0-)
for £ € o @ g, ady + b0y + cO— € ic. Clearly, [z] = [a0, + b0+ + cO_]. Furthermore,
for b= 5 027r b(r,zt, 27 )dxt we have b(r,z+,27) — b € J and the same holds for a and c.
Thus

[z] = [a(r, 2™ )0, + b(r,x7 )04 + &(r,z™)0_] (5.15)
We can do the same for z—, as with b = % 02Tr b(r,z")dz—,b—b e Jso

2] = [&(r)@r FB(r)ds + 5(74)@,} (5.16)

Now b(r)d4+¢c(r)d_ € I, so we find [z] = [a(r)d,]. Using proposition 4.14, as a(r) € O(r~1),

we can write this as a(r) = la(r) for a € O(1). Now a(r) = &(0) + &(r) for some
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a(r) € O(r~') and where &(Q) = a(1/r). Thus a(r) = 1(&(0) + a(r)) and clearly

T

a(r)/r € O(r=%). We then find [a(r)0,] = [&(0)/rd,], conclude that [z] € span{[10,]} and

gc/{(I +J + o +wgr) = span{ L{@T]} (5.17)

O]

Note that we only used properties of the vector space quotient to show the above and
%& ¢ I+ J 4w +wg. Hence, we have gc = span{%&n} @ (I+J+wyp+1og) as a vector
space.

We could still have that [20,] = [0] however. We will now show that this is not the

case.
Lemma 5.4. 19, ¢ [gc, gc]

Proof. We will proof this by contradiction. Suppose %& € [gc, gc]. Then there exist
&, F; € ge such that

> &, Fil = %& (5.18)

)

Now let the brackets [ denote the equivalence class brackets in the vector space quotient
gc/(I+J+ g +wg). Then as %87« ¢ I+ J+ 1wy + tog, there is at least one i such that
[[&, F3]]" # 0. As the vector space quotient is one dimensional, [[&;, Fj]]" = [£8,])’ for some
constant ¢. Now without loss of generality we can assume that there exist £, F' € gc such
that

1€, FI) = [1/ro,) (5.19)

If £, F € wy + wg, by proposition 4.30 [£,F] € wy +wgr + 1 + J, so [[£,F]]' = 0.
The same holds if &, F € ic. Thus we can assume £ € wy + twg and F € i¢c. In
that case there exist vector fields on the circle X, X € C°°(S!) such that ¢ = (x.%)
and we have A € O(r™'),B,C € O(r~*) such that ' = A0, + Bdy; + CO_. Then
&, F) = [§, Fl:0r+ (€, F14:0++ (€, F]-0— with [, F|4 01 +[§, F]-0_ € I+J by equation 5.4,
so [[€, FII' = [I¢, Fl, ]

r - 2, - ?
§(8+X +O_X)+ gB(ﬁX + gcaEX
(5.20)

Now %G%X&FA&«, %BiXﬁ_A&, (%B@iX + %C@%X) O € I+ J, as all the coefficient
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functions are O(r~3).

:[g(X,X)a F]Ta’l":|/ =

- ) _ A - !
<;(8+X +0-X)0, A+ XOL A+ X0 A+ (04X + 3X>> 5‘r] = (5.21)

_<;<6+X FOLK)OA -~ S (0,X +0_X) 4 0.(XA) + 0. <XA>> ar]/

The functions 94 (X A),0_(XA) clearly have zero integral over xF,z~ respectively, as
X A, X A are periodic functions. Hence 0, (X A)0,,0_(XA)0, € J.

[[f(x,x), F]rar}/ _ [_;(mx +O_X)9, A~ §(8+X . a_;‘()}' )
/ (5.22)
[—;(mx + 8_X)8T(TA)}

This term is also zero, as 7A € O(1) and 9,(rA) € O(r—2) by proposition 4.14. Then
—%(8+X+8/_X)8T(TA) € O(r=2) so —3(8+ X +9-X)0,(rA)9, € I +.J. We conclude that
[[ﬁ(x’x), F]} = [0]’, which is a contradiction as [1/rd,]" # 0. O

Theorem 5.5. The commutator is given by
l9c, 9¢c] = (I + J + 1o + 1wg) (5.23)

the quotient of gc by this ideal is then

gc/loc,gc] = span{ 50, } (524

and from lemma 2.18, we immediately find

o/l6,g] = span{-9,) (5.25)

Proof. The inclusion (I + J +wr +tog) C [gc, gc] was proven in proposition 5.1. Now let
a € [gc, gc). Using corollary 2.17, we have

loc, 9c]/(I+ J+rp+wgr) =[gc/{I+J+wr+1gr),g¢c/{(I+J+rp +wg) =0 (5.26)

as the quotient Lie algebra is 1-dimensional and therefore abelian. Furthermore the
equivalence class [a] € [gc, gc|/(I + J + 1o +1og) and [a] =0,s0 a € (I +J + 1wy +wpg).
Thus [gc, gc] € (I + J + o, + tog) and equality follows.

gc/lgc, 9] = span{10,} is then immediate from lemma 5.3 and lemma 5.4 O

Now the quotient space g/[g, g] is Hausdorff if and only if [g, g] is closed. As g/[g,g] =
span{%@r}, as the supremum norm separates these functions and the supremum norm is in

the quotient topology, this quotient is Hausdorff. Thus [g, g] is closed and H}(g) = R.
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5.2 Pullback to boundary

In this section we will consider cocycles w and what happens if we smoothly pull them back
to the boundary defined by €2 = 0. We will see that this pullback allows us to construct a
coboundary d¢ that is equal to w on a domain of vector fields that vanish ”fast enough”
when pulled back to the boundary, meaning that w is cohomologous to a cocycle that is
zero on this domain. This will give us a short exact sequence that will help us calculate

the second cohomology group.

5.2.1 Flows

Let g be a subalgebra of the Lie algebra of vector fields on some manifold M with boundary
OM and let Y € g be some vector field tangent to the boundary. We will assume that g is
equipped with the compact-open topology. By the Fundamental Theorem on Flows [Leel2],
there exists a unique smooth maximal flow @ : D — M whose generator is Y, where
D C R x M is an open subset such that for p € M, D®) = {t € R|(t, p) € D} is an open
interval containing zero. Now let k > 1, f(t) = —W + A5 if k> 1 and f(t) = In(t)
if k = 1. Define D®) = {t > 0|(f(t),p) € D}, which is an open interval containing one.
Next, let D= {(t,p)lp € M,t e DP} and T : D — M : (t,p) — Q'@ (p). Then T" is the

flow generated by Y? := ¢t~ FY"
7= LI = FHY Q1Y) = hy (1Y) = Y!(TY) (5:27)

and 7' = QM) = Q¥ = 1. The flows at different times commute, as is shown by the
following calculation: TPT® = Q/WQF () = QFW+f(s) = QF()QF(®) = TsT*. Furthermore,
for k=1, (Tt)~! = TVt as TVt = QnO+(1/t) = Q0 = 1,

If necessary, we will call flows generated by time-independent vector fields time-
independent flows, and flows generated by time-dependent vector fields time-dependent
flows. Most of the time, we will just call them flows as the context will show what we
mean.

For a vector field X € g and a cochain ¢ € C4(g), the pullback on X and pushforward

on ¢ under a diffeomorphism ¢ are given by:

(6" X)p = (672X = (630) Xt (5.28)
Guc(X1,.. ., Xy) = c(¢" X1, ..., 6" X,) (5.29)

Now note that ¢! is only evaluated at ¢(p), so only on the image of ¢. Thus even if ¢ is
only a local diffeomorphism, meaning that each x in its domain has an open neighborhood
U such that ¢|y : U — ¢(U) is a diffeomorphism, we can still define the pullback of vector
fields and pushforward on cochains. Furthermore, every flow is a local diffeomorphism, so
the pullback of a vector field by a flow is well defined.

In coordinates, (gb(;(lp))* is given by the Jacobian J (¢_1)¢(p), which by the inverse
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function theorem is given by:
T(6 Do) = (Jop) (5.30)

The pushforward on c is only well defined if all of the pullbacks are again in g, so we will

define g-flows in this way:

Definition 5.6 (Half-global and g-flows). e A time-dependent flow S is called half-
global if (0,1] € D®) for all p € M.

o A time-dependent flow S is called a g-flow if S is half-global and (S!)*X € g for all
X eg.

e A time-independent flow Q is called a g-flow if @ is global and (Q")*X € g for all
X eg.

Note that for Tt = Q/®) with Q a time-independent flow, T is half-global whenever Q
is global. The converse does not hold, as is shown by the vector field Y = 20q, which
generates the flow Qf, = %, which is clearly not global, but T* = Qf(®) = % =
% is half global. We now show that pullbacks by a weak asymptotic symmetry are
again in the weak asymptotic symmetry algebra. Thus if a half-global flow is also an

asymptotic symmetry for all ¢ then it is a g-flow.

Lemma 5.7. Suppose g is a weak asymptotic symmetry algebra and let ¥ be a diffeomor-

phism in the asymptotic symmetry group. Then ¥*(§) € g for all £ € g.

Proof. As £ € g, there exists a smooth curve of diffeomorphisms ¢, such that ¢y = 1 and
by = £. Now () = %|t:0¢_1¢t¢ € g as ¥ '¢u) is once again a smooth curve in the

weak asymptotic symmetry group. O

We now show that the pushforward T?c is again continuous. To see this, note that for
any seminorm p on g, T'p is again a continuous seminorm, as right composition and multi-
plication by a smooth function is continuous in the compact open topology, see Appendix C.

Moreover, as c is continuous, there exist seminorms pi,...,p, such that [¢(X1,..., X )| <

p1(X1) ... pg(Xy), in which case [Tlc(X7, ..., Xq)| = lc(T)* X1, .., (T")*X,)| < Tip1(X1).

As these are again continuous seminorms, Ttc is continuous by lemma 2.8.

5.2.2 Projections

The pullback (7%)* X might diverge in the limit ¢+ — 0 for X € g. We will therefore consider
all cochains restricted to a smaller domain and see if these can be pulled back to the
boundary. We will define projections that achieve this. Let j be an ideal in g such that j is
complemented. Then g =j @ g/j as a topological vector space, meaning that there exists a
continuous projection 7 : g — j and a continuous section s : g/j — g. We therefore also
have a continuous projection onto the lifted quotient, mq : g — s(g/j), which is given by
mq = 1 — 7. Thus every X € g decomposes as X = mX + 7y X. Let I C{1,2,...,q} be a
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set of indices, and define X} = mX; it i € I and X! = 7qX; if i ¢ I. Lastly we define a

projection P, : C%(g) — C%(g) on the space of cochains using this notation:

Pp(o)(X1,.... X)) = > oX{,.... X)) (5.31)
1C{1,2,....q}
[7|=p

The P, operator thus projects the arguments such that p of the arguments are in j.

Note that P,(c) is again continuous as the projections are continuous and clearly still
multilinear and alternating. We now claim that every cochain decomposes in terms of

these projections.

Lemma 5.8. Let ¢ € CY(g) be a continuous q-cochain. Then for Xi,...,X, € g

(X1, Xg) =Y Pple)(Xy,..., Xy) (5.32)

Furthermore, Py(P,(c))(X1,...,Xy) = 0ifk # p and P,(Py(c))(X1,...,Xy) = Pp(c)(Xq,. ..

Proof. First, for every I C {1,2,...,q}, if I contains [, take I’ = I\ {l} and if not,
I'=TU{l}. Now e(X{,.... XD +ex{',... . X'y =e(x{,..., X;,..., X]). Therefore

YooXy, X XD = ) X X X)) (5.33)
IC{LI+1,....q} IC{i+1,...,q}
and using this formula for [ = 1 through [ = ¢ gives

q

S B()(Xy, . X = > o XS, X)) =e(X, ., XY) (5.34)
p=0 I1C{1,2,...,q}

Now for the second part, let I,.J C {1,2,...,q}, then (X/)? =0ifl € I\ JUJ\ I thus
the only way X; can be nonzero is if | € INJU(IUJ)¢. Therefore c((X{)”,..., (Xé)J) #0

only if for every [ € {1,...,q}, either [ is in both I, J or in neither. In that case I = J.

We conclude that c¢((X{)”, ..., (Xé)J) # 0 only if I = J. Therefore

Pe(Pp(e))(X1,.. ., Xg) = > SoooaxD) L xh= >0 Y dx)

IC{1,2,0,q} JC{1,2,..,q} I1C{1,.2,...,q} J=I
[|=p [J|=k lI=p =k
(5.35)
which is zero if k£ # p and equal to P,(c)(X1,...,X,) otherwise. O

The projections P, are thus orthonormal and from this we show that the map P :
Cei(9) = D)o im(Py) is a linear isomorphism.

Proposition 5.9.
q

Cy(e) = P im(P) (5.36)

p=0
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Proof. Let P : C(g) — @j—oim(Py) : ¢ = Y21 Py(c). First, we note that if (co, ..., ¢q) €
EBZ:o im(Py), then each ¢, is continuous as P, maps continuous cochains to continuous
cochains. Their sum is then again continuous and therefore @7 _ im(P;) C C¢(g). Next,
as P, is clearly linear, P is linear as well. Furthermore, P is idempotent, which follows
from the orthogonality of P,, and therefore surjective. For injectivity, note that if Pc =0,
then P,(P(c)) = Py(c), so Py(c) = 0 for all p. Then as ! P,(c) = ¢ by lemma 5.8, we

have that ¢ = 0. Thus P is injective. We conclude that P is a linear isomorphism. O
Next we will show P, how 'commutes’ with the differential.

Proposition 5.10. Let ¢ € C% ' (g) then if p > 1
P,dc = Pyd(Ppi1¢+ Pyc+ Pp_ic) (5.37)

and
Pide = Pld(PQC + Plc) (538)

Proof. First, note Pydc = P,(d>_f_, Prc) = > 1_, PpydPyc. Now

PydPie(Xy,..., Xg) = Y dPe(X{,...,X])
1C{1,2,...q}
|1|=p
= > Yo ()R] X)X, XXX
IC{1,2,...,q} 1<i<j<q
|1|=p

(5.39)

Now Pkc([XiI,X][],X{,...,XiI,...,X]-I,...,Xé) is only nonzero if there are at least k
arguments with a nonzero projection onto j. If p < k — 2, there are at most p +
1 < k with nonzero projection onto j and thus P,dP,c = 0 for p < k — 2. Next,
Pkc([XZ.I,XjI],X{,...,X'{,...,X'JI,...,XJ) is only nonzero if there are at least ¢ — 1 — k
arguments with a nonzero projection onto g/j. If p > k + 2, then at least k + 2 of the
arguments X{,..., X é are projected onto j and therefore at least k + 1 of the arguments
([XiI,Xf],X{,...,XiI,...,Xj[,...,Xé) are in j as well. Therefore at most ¢ — k — 2 of
the arguments have a nonzero projection onto g/j. Thus P,dPyc = 0 for p > k + 2. We
conclude that P,dc = Pyd(Py+1c+ Pyc+ P,_ic). Now for p =1, at least one of the argu-

ments ([XiI,XjI],X{,...,XZ-I,...,X][,...,X;) is in j and thus at most ¢ — 2 have nonzero
projection onto g/j. Therefore Poc([XiI,Xf],X{,...,X{,...,X},...,qu) = 0 and thus
PldP(]C:O. ]

5.2.3 [-trivial ideals

We will now show that if j is something called an [-trivial ideal, for each cocycle we can
construct a coboundary such that they are equal on a part of the domain of the cocycle.

These ideals depend on the order v of the cochains that we are considering, which is the
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smallest v such that the cochains are continuous in the the C7 topology. Every cochain is

of finite order as shown in the next lemma.
Lemma 5.11. Let ¢ € C%(g). Then c is of order v for some v > 0.

Proof. As cis continuous in the C* topology, there exist seminorms ps, s, - - -, Pky,n, Such
that ¢(X1,...,Xq) < Pryn (X1) ... PK,n,(Xg). Then define v = maxn;, so that px, p, is
a continuous seminorm in the C7 topology for all 1 <+ < ¢. Then c is continuous in the

C"7 topology as well. O

We are now in position to define what an [-trivial ideal is.

Definition 5.12 (I-trivial ideal). Let [ > 0, > 0 be integers and suppose 1" is a g-flow,
then we define an [-trivial ideal j C g of order ~y to be an ideal such that for all ¢ € C%(g)

that are continuous with respect to the C7-topology,
lim P,(Tte)(Xy,...,X,) = !
fm o(Te) (X, ..., Xy) =0 (5.40)

for all p > [ and
2111]% Py(ty,Tle) (X1, ..., X4—1) is finite (5.41)
—>

for all p > max({ — 1,1). Furthermore, we also need that for all p > max(l —1,1),
| Po(evi TEe) (X1, -, Xgo1)] < g(OB(Y)p1(X1) - - pg—1(Xg-1) (5.42)

where g(t) is an integrable function on (0,1] and p, p1,...,pg—1 are continuous seminorms.

If we do not mention the order of the ideal, it is of order co.

Note that if y; > 2, then any [-trivial ideal of order ~; is included in an [-trivial ideal
of order 79, as the C"* topology is finer than the C72 topology.

We define m = max(l — 1,1) as a shorthand.

We can calculate j, if we assume that there exists some number v such that lim; otV (T%)*X €
g for all X € g and the convergence is in the C"7 topology. We note that these assumptions

are actually unnecessary if [ = ¢ > 1.

Proposition 5.13. Let ¢ > 2,q > 1 > 0 be some integers and take j to be an ideal such
that:
iC{Xeg: }in%t_’“(Tt)*X €g} (5.43)
—

)

where the convergence is in the C7 topology, m = max(l—1,1) and r = max ((q_l_g)wrk (q_ll)l”re)

where € > 0 is arbitrary. Then if equation 5.42 holds as well, j is an l-trivial ideal of order
5.
Proof. Let ¢ be a g-cochain that is continuous with respect to the C7 topology. Then, to

prove equation 5.40, note that

lim Py(Tle)(X1,.... X)) = Y Tle(X{,...,X])
[1|=p
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and as T!c is alternating, we can always, under the possible introduction of a minus sign,
reorder (X{,... ,Xé) such that I = {1,2,...,p}. In that case

lim ¢t ~“Tle(X{, ..., X)) = lim et (T X{, ... .77 (T X[ /(T X[, (T X))
t—0 t—0

with ' = % and the last limit exists as lim;_ot(7%)*X and lim;_o = (TH*Y are
again in g when Y € j and as we used that ' < r, p > [. As this limit exists and lim;_,o ¢ =
0, we must have lim;_,o Tlc(X{, ... ,qu) = 0, and therefore lim;_,o P,(T%c)(X1,...,X,) =
0.

Then for the second limit, first note that (T%)*Y* = Y. Now take 7 = W,
then

lim By (ty i) (Yoo, Ygor) = Dm0 7%V (T)Y L (T)Y]L) (5.46)

t—0
IC{1,2,....q—1}

|I|=p

which exists if limy_,o ¢~ "™t~ 1=m) (Y, (TH)*Y, .. ., (Tt)*YqI) exists as —k = —rm+v(qg—

1 —m). Then, again without loss of generality, assume [ = {1,...,m}, in which case

lim ¢~ (Y (T Y, L (TYYY,) =
t—0 ] ] (5.47)
lim e(Y, ¢ (T)*Y, .o 7 (T Y, t" Y1, -, 7 (TH)* Y1)

t—0

exists as 7 < r and by continuity of c.
O

For the following proposition, note that the closure of an ideal j is again an ideal,
as for € j, there exists a sequence (n)n>0 C j such that =, — x and for y € g,
[z, y] = limy, o0 [Zn, Y] €.
Proposition 5.14. Suppose T is a g-flow. Let | > 0 be an integer and let j be an l-trivial
ideal of order ~y, such that its closure j is complemented. Then if ¢ is a q-cocycle that
is C7 continuous, there exists a q-coboundary d¢ € C2(g) such that Py(c(X1,...,Xq)) =
Py(d¢)(Xq,...,X,) whenever p > 1.

Proof. By the first condition, equation 5.40, for p > [, we have

Py(c)(X1,...,Xy) = lim(Py(T}c) — Py(Tle)) (X1, .-, Xy)

t—0

= lim (P (K1,ede) + Py(dK1,0)(X1, ..., Xg) = lim By(dK1 ) (X1, X)
(5.48)

where Kj; is the operator from lemma 3.31 and we used that ¢ is a cocycle. Now for
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p > m = max(l — 1,1), the following pointwise limit exists:

1
%in% P (Kyc)(Xq,...,Xq1) =lm | P,(eysTie)(Xy,..., Xqg—1)ds =
—

t—0 J4

: (5.49)

tim | Pp(slkac)(x X1, o) Xyo1)ds = Py(Ke)(X1, .. Xoo1)
as the limit exists in the second line because the integral exists for all ¢ > 0 and

lim,_q Pp(S%TfC)(K Xi,...,X4-1) is finite by the second condition, equation 5.41, meaning
that the integrand is bounded in a neighborhood of 0. Moreover, |P,(Kc¢)(X1, ..., Xq-1)| <
fol g()dtp(Y)p1(X1)...pg—1(X¢—1), where p,p1,...,ps—1 are continuous seminorms, and
therefore P,(Kc) is continuous.

Furthermore, if p > [, by proposition 5.10,
}i_rf[l) Py(dEype) (X, ..., Xq) = %E}% Pp(d(Pp1 + P+ Pp1lp>2) Ky pe)(Xa, ., Xy) (5.50)

which exists as limy_,o P K tc exists whenever k& > max(l — 1,1) and as p > [. Thus
Py(c)(X1,...,Xy) = Py(dKc)(X1,...,Xq-1). We do note that Kc is not actually a
cochain on g, as it is not defined on all of g. We thus need to find a ¢ € C’gt_l(g) such that
P,(¢) = P,(Kc) whenever p > m. ¢ = Zg;}n P,(Ke¢) does the job.

O

5.2.4 Direct limits

The previous proposition shows that if j, is a complemented 1-trivial ideal of order ~, then
the cocycles of order 7 are cohomologous to a cocycle on g/j,. From this we can construct
an exact sequence relating direct limits of cohomology groups of the form HZ(g/j,). We

first define what a direct limit of groups is.

Definition 5.15 (Direct system and direct limit). Let {A4;|i € N} be a set of groups and
mj ¢ Ai — A; a homomorphism for ¢ < j such that m; = 1 and 7, = 7,7 ;. Then
(Aj, m; ;) is a direct system and the direct limit ligAi is defined as | |; A; / ~ where a; ~ a;
for a; € A;,a; € Aj means there exists a k € N such that k£ > 4,5 and m; (a;) = 7;1(a;)

Now suppose (jy)~en is a decreasing sequence of complemented ideals. For v < ~
we define the projection 7 ., : g/j, — @/j, which induces a cochain homomorphism
T HY (/i) = HZ(g/i). Tt is then easily verified that (Hgt(g/jvl),w;,ﬂ) is a direct
system. We now further define 7, : g — g/j, and claim that 73 : Hj(g/iy) — Hg(g)
descends to a well defined map lim 7 : ligHgt(g/jv) — Hl(g).

Lemma 5.16. The map lim ) : thgt(g/j.y) — HZ(g) defined by [[w]] — m%[w] for
(w] € HY(g/jy) is well defined.

Proof. We need to check that for [w], [w'] € [[w]], with [w] € HZ(g/i5), [w'] € H,(g/iy), we
have 73[w] = 7%, [w']. To this end, note that as [w] ~ [w'], there exists k >, such that
7 plw] = 7%, p[w']. Furthermore, my = m, ymy, and thus 7j[w] = w7, [w] = mpal,  [w'] =
T w]. O
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We now show that if j, is a 1-trivial ideal of order 7 for all v € N, then hgﬂ':/ is
surjective. We note that intuitively if j, is a 1-trivial ideal of order «y, then all g-cocycles
w of order 7 are zero whenever at least one of the arguments is in j,. The g-cocycle is
thus completely determined by its values on g/j, and we can hence expect that h_ngﬂf; is

surjective.

Proposition 5.17. Suppose j, is a complemented 1-trivial ideal of order vy for all v € N,

then lim 77, is surjective.

Proof. Let W] € H%(g) then w’ has some order v and by proposition 5.14, there exists
a g-coboundary d¢ € C(g) such that P,(w’ — d¢) = 0 for p > 1. Defining w = ' — d¢
and noting that w = Z=0 Pp(w) by lemma 5.8, we have w = Py(w) = (sy7)"w = 7} s5w,
where s, : g/j, — g is the continuous linear section. Now if we can show that siw is a
g-cocycle, we are done, as then hﬂﬁi[[sﬁwﬂ = m[siw] = [w]. Therefore we calculate the
differential:

dsyw([Xal, ..o [Xgi1]) = mdsiw(Xa, .., Xgy1) =

(5.51)
dPo(w)(Xl, e ,Xqul) == dw(Xl, e ,Xq+1) =0

O]

We will now specialize to ¢ = 2. In this case proposition 3.27 gives the exact sequence

Hy, ()% 5 H(0/i) ™ HE(0): (5.52)
for a complemented ideal i in g. We will now show that we can use the sequence of
1-trivial complemented ideals (j) en here and take direct limits as well, to obtain the

exact sequence
. lima lirp 7%
lim £74,(,)% %5 lim H(g/i,) 55 H2(g) = 0 (5.53)

We therefore first show that the direct limit lim A, L(G,)87 is well defined. The inclusion
map ty : jy — Jy is well defined for 4/ < v as the sequence of ideals is decreasing
and we thus obtain a map Uy oy Hl(j,yl)g/j"// — H'(j5) and we need to check that for
t € /iy, [w] € H'(35)® we have ¢ - L
continuous linear section, and note that we can always find a ¢ € g/ j4 and a continuous

[w] = 0. To this end, let s, : g/jy — g be a

linear section s,/ such that s, (t) = s().

teud o w] = sy (t) - w] = sy () - 15 [w] =0 (5.54)

where the last equality follows as t € g/j, [w] € H! (j,yl)g/jV’. Thus o2, Hl(j,yf)g/jV' —
H'(3,)% and (H(3,)%, L3 ,) is a direct system. .

We now construct the map lim a, by setting liglaw[[w]] = [a,[w]] for [w] € HL ()8
and with a, being the map from proposition 3.27. We of course need to show that it is
well defined.
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Lemma 5.18. The map lim a : hﬂHclt(jfy)g/jV — li%mHQ(g/jw) Cw]] = oy [w]] is well
defined.

Proof. We again need to show that for w,w’ € [w], where w € HL ()%, ' € Hclt(ij)g/j#,
we have [[a,w]] = [[ayw']]. As w ~ w’, there exists k > 7,7" such that 7w =7, ', thus

w and w’ take the same values on j;. Now define the section s; = symy j, then

7 k0 (W) ([X1], [X2]) = w([sy7y k[ X1], 8570 k[ Xo]] — sy k([ X0], [X2]]) = ar(w)([X1], [Xa])
(5.55)

and as ay, is independent of the section we choose, 7%, ; cvys (w') ([X1], [X2]) = ag(w')([X1], [X2])
holds as well. Now aj(w) only depends of the value of w in j; and there w takes the
same values as o', thus 77 ,ay(w) = ap(w) = ag(w') = 7, oy (@), meaning that

[[ayw]] = [[oy]]- =

We are now in position to show that im(lim ) = ker(lim 7). This is pretty much
immediate from the definitions and the fact that im(a,) = ker(r}), which follows from

proposition 3.27.
Proposition 5.19. 1m(h$1 Q) = ker(li%m )

Proof. First, let [[w]] € im(ligay), then [[w]] = [a,[¢]] for some ¢ € lichlt(jv)g/jV, SO
liglm,[[w]] = [mya,[¢]] = 0 and thus im(lim ay) € ker(lim 7). Next, let [[w]] € ker (lim 77),
then [w] € ker(7}) = im(a) and therefore [[w]] € 1m(h£q Q). O

Corollary 5.20. Let (jy)en s a decreasing sequence of complemented ideals such that j

s a I1-trivial ideal of order v. Then the following sequence is exact.
. lima lim 7
lim H(,) %5 lim H(g/i,) 55 H(g) = 0 (5.56)

Remark 5.21. This result essentially follows from the Serre-Hochschild spectral sequence
and the fact that the direct limit is something called an exact functor, which means that
it preserves exact sequences. The only part that does not immediately follow from these
two facts is that the last term is zero, which is exactly where we used that our sequence
of ideals is a sequence of 1-trivial ideals. We expect that a similar result as the above
corollary can be given for higher cohomology groups if the formalism of spectral sequences

is used.
If jo is an 1-trivial complemented ideal in g of order oo, we can simply take j, = joo to

arrive at the following corollary:

Corollary 5.22. Let jo be an 1-trivial complemented ideal in g. Then the following
sequence is exact.
Hy(1o0)¥> % H?(g/joc) = H?(g) = 0 (5.57)
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5.3 Pullback method in AdS3

In this section we will apply the method derived in the previous section to our asymptotic
symmetry algebra on AdS3 g, resulting in the short exact sequence in theorem 5.33. We
take Yt = t=%QF g, for k > 2.

A cochain ¢ € C%(g) is continuous in the product topology of g, which is a subspace
topology inherited from the C'*° topology. We will show that for each cochain there exists
a vy > 0 such that it is in fact continuous in a product topology of subspace topologies
on g inherited from the C7 topology, in similar fashion to the standard C*° case. We let
P, Pi be the families of seminorms of the C™°, C* topologies respectively, as defined in
definition 4.17.

Lemma 5.23. Let ¢ € C%(g) be a cochain. Then there exists a v > 0 such that c is
continuous in the product topology of the subspace topology on g inherited from the C7
topology.

Proof. As ¢ is continuous in the C°° topology, by lemma 2.8 there exist continuous
seminorms pi,...,pq on g and a C' > 0 such that ¢(X,...,X,) < Cp1(X1)...pe(X,) for
all Xy,..., X, € g. The topology on g is the subspace topology of O(2) x O(1) x O(1),
and therefore by lemma 2.7, the seminorms are given by q o w5 for ¢ € P and 74 the
projection on the s direction, with s € {2, +, —}. Now by lemma 2.4, for each p;, there
exist ¢} ..., g, € P,C1,...Cyp, > 0such that p;(X) < C1qjom1(X)+- -+ Ch,qh, 0Tim, (X)
for all X € g. Now as qj- € P, there exist K j, k;; such that qj = DK, k; ;- Let k be the
maximum of all those k; j. Then ¢; € Py, for all ¢ > ¢ > 1, n; > j > 1 and therefore p; is
continuous in the C* topology as well, by lemma 2.4. The conclusion then follows from
lemma 2.8. O

We say a cochain ¢ € C%(g) is of order v if ¢ is continuous in the product topology of

the subspace topology on g inherited from the C” topology.

Lemma 5.24. The flow Tt generated by Y with T* =1 is given by:

Q
THQ, 21, 27) = t — (5.58)
(tkfl + Qkfl(l _ tk*l))m

and as this is defined for all t > 0, T* is half-global. Furthermore, T is increasing in t for
Q > 0 and increasing in Q for t > 0.

Proof. By definition, T*(Q, T, 27) = YH(T*(Q, 2T, 27)). As Y is zero in the 4, — direc-
tions, T* is constant in those coordinates. In the Q coordinate, we find:

1) = LT (5.59)

Which can easily be seen to have the solution:

1 1
gt ! (5.60)

(T'(@)) Y =
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from which equation 5.58 immediately follows. The derivatives with respect to €2 and ¢ are

given by:
8(Tt)g - tk
00 (k-1 4 Qk—1(] _ ph—1))EoT
A(THq Q

ot (th=1 4 QF=1(1 — h—1)) "

and as the t derivative is positive for Q > 0, T* is increasing in ¢ for Q > 0. Similarly 7" is

increasing in €2 for ¢t > 0. O

For X € g, with X = Adq + B0y + C0O_, using equations 5.28 and 5.30, the pullback

on a vector field in coordinates is given by:

I(Th)q

()X = (Z55

)y 1AoT 9 + BoT!'dy + Co T (5.62)

We of course have to show that T? is a g-flow.
Proposition 5.25. T* is a g-flow for k > 3.

Proof. Clearly, T® is half-global. Thus we have to show that (T%)*X € g for X € g. As
(T*)* is linear, we can assume that either X € v, X € wg or X € i. Now if f € O(Q9),
F(THR)) = THQ)*F(TH(Q)) for some f € O(1) and

F(THQ) = THQ)F(TH(Q)) = QU(TH(Q)/Q)* f(T'(2)) (5.63)

Now (Tt(Q)/Q)*f(TH() € O(1) and thus f(T(Q)) € O(Q%). From here (T%)*(X) € i for
X € i easily follows.
l2

Now assume X € toy. Then X = 9, f(x1)Q/20q + f(x1)d, + §Qaif(x+)a_. We
first calculate (7%)*Q0q

(T8 =0 ! SRR F 1 - )R ) 6,
(tk—l + Qk—l(l _ tk—l))m
_Q (tl—k(tk—l + Okl - tk—l))) 6 (5.64)
- (Q k(R - 1)) 0
Next, we will show that ((T%)*Q2? — Q?)0_ € O(Q*). First,
2
(TH*Q? — Q*)o_ =02 - - - ——1]0_
tk—1 Ok—1(1 — tk—1))z=1
(5=t + QR )T (5.65)

_2
0242 1— (1401 —1))&= o
(th=1 4 QF—1(1 — ¢h-1)) "1

Now if 1 — (1 + QF 1=k — 1))% € O(9?%) we are done. To show this, note that
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L— (1 QF 1k — 1))%\910 =0, and that

2

dala=ol — (1 + QF 1 F —1))71 =0 (5.66)

for k > 3. Thus ((7%)*Q% — Q?)0_ € O(Q*). Now,
ZQ(Tt)*Q2

l2 2 2
Taif(:ﬁ)a, (5.67)

1?9(Q)
2

(T')"X =0y f(a™)/2(T")* Q0 + f(")0s + & f(at)o

=04 f(z7) /2000 + f(z7)04 +

+QF (R — 1)ay f(aT) /200 + o7 f(x)o-
where g(Q) € O(Q1). As QF(t'=F —1)0, f(xT)/20q + @Gif(:ﬁ)@_ €i,(TH*X €g. If
X € tog, the same holds, as tvp is v, except the 7 and z~ are interchanged. O

The goal is now to show that Tip(X) < g(t)p(X) for every continuous seminorm p € P
and where X € h where b is some ideal of g, p is again a continuous seminorm and g(t) is
an integrable function. To show this we need to understand Tp(X) = p((T*)*X) better,
which involves bounding the derivatives of (7%)*X. To this end we now first show that
n-th derivative of a O(2*) function can be expressed in terms of the a-th derivative, as

long as a > n.

Lemma 5.26. Let f € O(Q%) and n a nonnegative integers such that a > n. Then,
denoting the a-th deriwative of f with respect to the first variable with f(®,

FO (& at am)

85(]n)f(97x+7x_) = ((I — n)!

(5.68)

for some unknown & € [0, Q]

Proof. As f € O(Q%), f®(0,z*,27) =0 for all 0 < b < a, and thus by applying Taylor’s
theorem on f(™ [Lay14],

(a) + o
(n) N | (&2, 27) 5.69
where ¢ € [0, ] is unknown. O

The next lemma calculates the derivatives of expressions related to the flow 7.

Lemma 5.27. Let a,b,c > 0 and h be given by

Qa

ht(Q) = o
(tkfl + Qkfl(l _ tkfl)) k—1

(5.70)
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Then fort € (0,1]

b b
dcsl)bh Z Ba k, cb( 1>l(tk—1 + Qk—l(l o tk—l))*(ﬁJrl)(l . tkz—l)lQa—b-i-l(k—l) (571)

1=0
where Bla’k’c’b is a set of nonnegative constants which are zero when a —b+l(k —1) < 0.

Proof. We will calculate the derivative using the product and Faa di Bruno rules, see
lemma C.4. To that end, we first calculate the derivatives of the denominator. Let
g(Q) = QF 11—+ 1), f(z) = (tF! —|—IL‘)7ﬁ, then clearly g(€©2) > 0 for ¢ € (0, 1] and thus
for t > 0, f is defined on the image of g. Then by the Faa di Bruno formula C.4, we have:

d" n! mit-tmy - j
dQ”f(g(Q)) - Z mqllmimel2ime | m, Inlmn ' f( 1 )(Q(Q)) ‘ 1_11 (g(J)(Q)
‘]:
(5.72)
The derivatives of f, g are easily calculated:
) k—1)!
@D (Q) = (1 — ¢k (79/% 1—j
g
@ =0t

(5.73)
FO( <Hk: ) =14 2)” (755 +1)

for j <k —1, and for j > k — 1 the ¢\ is zero. Using this, with [ = >, m; we write

dcg =S aker (DRt bt - ) T EED T (1 - e 1)
J=1
_ZAfnin 1) (1 Qk—l(l_tk—l))—(ﬁ—i—l)(l_tk—l)lQl(k_l)_n

_ZAkcn A Camn 9L O tk—1))—(k—il+z)(1_tk—l)lQZ(k—U—n
(5.74)

where A’fninmn, flf’c’" are some nonnegative constants that are zero when ((k—1) —n < 0

and we used that ), im; = n. We can then calculate the derivative of h; using the product
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rule:

db b b\ d" —b+n a!

_ ZBla,,k,c,b,n(_l)l(tk—l + Qk—l(l o tk—l))*(ﬁJrl)(l o tk—l)lQl(kz—l)—nQa—b-i-n

b
_ Z Ba k cbn (tkfl n Qk’l(l _ tkq))—(k—iﬁl)(l - tkfl)lQafbH(kfl)
n=max{0,b—a} [=0

b
Z Bla,k,c,b,n (_1)l(tk—1 i Qk—l(l _ tk—l))—(k—fl-i-l)(l _ tk—l)lQa—b—H(k—l)

n=max{l,b—a}

~

I
Nnghs

o

Bla’k’c’b(—l)l(tk_l + Qk—l(l . tk—l))*(kffl+l)(1 - tk—l)lQa—b-H(k—l)

—
Il
o

(5.75)

where B{""" is a set of nonnegative constants that are zero when a —b+1(k —1) < 0. O

Using the previous lemma we can now bound the supremum of the inverse Jacobian of
Tt

Lemma 5.28. Fort € (0,1]

7% sup [98(tFL + QP11 — Ry e | < Ca(DtF 4 DDy (5.76)
QeK;

Proof. Using the Faa di Bruno formula, lemma C.4, we find

aﬁ(tkq T Qkfl( _ k- 1 Z Clk,oz =1 4 Qk’l(l _ tkq))%—l(l _ tkfl)lQl(kfl)fa
1=0
(5.77)

where the constant Clk’a is zero whenever I(k — 1) —a < 0, and

% sup |Zc’m th=1 k=11 — b= lyyEm (g ghl)lQi=D—a) < (5.78)
ek 125

ti sup Z|Ckoz tk 1 Qk 1( tkfl))%—l(l_tkfl)lQl(kfl)fa‘ < (579)
QGKZZ 0

7% sup QD= gup Z|c’m (1 Qb1 — gy e (5.80)
QGKi QEKZI =0

k
now we split the sum » ;" |C’k’°‘||(tk_1 +QF1(1 tk_l))f_l| into two parts, one where
k% [ > 0, and one where k —1 < 0. The part Where k— [ > 0 is clearly bounded

for t € (0,1], say by a constant D. The part where m — [ < 0 attains its supremum at
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Q) = 0 and the summand is thus smaller than |C’lk @|th=1(k=1) " From these considerations

we conclude

«
tfk sup ‘ Z Clk,oz(tkfl + Qkfl(l o tkfl))%—l(l . tk:fl)lQl(kfl)fa’ < (581)
QGKi 1=0
(0%
t7F sup QD sup 37 |oFe (R 4 Qb (1 - R )T < (5.82)
QeK; QeK; 12,
t7F sup Qb= D=ag(D 4 D'tF—k=1) < Co(Dt™F + D't k—1) (5.83)
QeK;
O

Moreover, we can bound the supremum of derivatives of 7% itself.
Lemma 5.29.

sup [04TH(Q)| < Bt ¢~ (+i(k=1) (5.84)
QeK

S
where BK’] 18 some constant.

Proof. First, we calculate the derivative using lemma 5.27, with a = 1,¢ =1, so
. b . 1
%Tt(Q) _ ZBlLkJJ(_l)l(tk—l LRl - tk—l))—(m—kl)(l _ tk—l)lQI—j+l(k—l)
1=0
(5.85)
where Bll’k’l’j are nonnegative constants that are zero when 1 —j+1(k—1) < 0. The supre-

mum is then easily estimated by plugging in 2 = 0 in the (tkfl—i—Qk*l(l—tk*l))_(ﬁH) (1-
th=1! term:

J
sup |832Tt(9)| < ZBlLk,thf(lJrl(kfl))(l _ tkfl)l sup Ql*j‘i’l(k*l) <

QeK =0 QeK
i (5.86)
ZBll,k,l,jt—(Hj(k—l)) sup QIHI(k-2) = B;f(,jt—(lﬂ(k—l))
—o QeK
O

Let 7w, m+ be the projection of a vector field onto its dg, 0+ components respectively.
Combining all of the above results shows that the pullback of a seminorm p € P can indeed

be bounded by T!p < g(t)p, where p is again a continuous seminorm.

Proposition 5.30. Let f € O(Q%),g € O(Q°). Then forn < a,m < c

Tpr,n o WQ(f@Q) < pK’a(f)ta—n(k—i—l)—max(k,n(k—l))Fn,k,K,a (t)

(5.87)
T:pK,m omt(g0+) < pK,b(g)tc_"(k+1)Gm7k,K,C(t)
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and forn > a,m > c,

T:me ° WQ(f@Q) < pK/’n(f)t—n(k-‘rl)—max(k,n)Fn,k,K,a(t)

: —n(k+1) ym,k, K e (5.88)
Tiprm o m(90+) < prrm(9)t Gk (1)

where FOREa(t) GmkEe(t) are some continuous bounded functions independent of f and

g.

Proof. Writing out the definitions, we find

k.
Tiprn o ma(fO0) =pr.n <t_k(tk_1 + QL1 -ty fo Tt)

k
=  sup  maxt Fo*(FTL 4+ QF L1 — I ET fo THQ, 2T, 7))
(Qat,z)eK lel<n
an o .
<  sup  max ( >tk|agﬂ—b(t’“ + QF 11 — )R
(Qazt,z—)eK loe|<n b—0 b

oh(03+ 0 f) o TH(Q a2

aQ
< max (ab9>t_k sup A2t 4 QP (1 — tk—l))%‘
(

T al<n b—0 Qzt,z7)eK
sup |8€2(8i+32_f) oTHQ, 2", 27)
(Qztz—)eK

(5.89)

By lemma 5.28,
7% sup 920 (th1 + QF (1 — th 1)) R | < (DR 4 Dbrea) (kD)) (5.90)

QeK

for some constants D, D’, and therefore

t—k sup |agn—b(tk—1 + Qk—l(l o tk_l))%| < Dt_ max(k,aq(k—1)) (591)

QeK

for some constant D.
For the second term, sup(q ,+ ,-)ex 08,(0570% f) o TH(2, 2, 27)|, we use the Faa di

Bruno formula from lemma C.4:

b .
050570 f)oTH(Q o™, a™ Z oy (03O - &) (T, 2t a H(Tt )99, z ,x_)> ’
J=1
(5.92)

89



and the supremum then splits up:

sup (06,0170 ) o THQ, 27| <
(Qzt,xz—)EK

b m;
> Enim,  SUP |(3$+3af)(Zim")(Tt(Q,mJﬂfv_))lH( sup |(Tt)(j)(97$+,fﬁ_)|>
(

(Qztz—)eK Qztz-)eK

j=1
(5.93)

By lemma 5.29,

sup  [(TH)D(Q, 2+, 27)| < Bt (k=) (5.94)
(Qzt,z—)eK

SO

b m; b
H( sup <Tt><j><9,x+,x>|) < Bb H “my(LHG-1) (5,95)

(Qztz—)eK

Now defining [ = Zj m; and noting that Zj Jjmj = b, we find

b
H( sup |<Tt><ﬂ'>(9,x+,x—>|> < B¢ (Hbk=1) (5.96)
(

le Q,I+7x_)€K

Next, for a > n, by lemma 5.26, and taking M = supgcg 2

N m Tt Qa—l o “ B
ap (@ HE T @t ) = s | e, ot o))
(Qztax )eK (Qztax)eK (a’_ )
ta—l Ma—l

“(a—1)! (th=1 + MFE-1(1 — th- 1)) ipK,a(f)

(5.97)

Here we used | = ), m;, that T%() is increasing in  and that @ > n so also a > |a|. For

a < n, we instead use:

sup (93102 f)Eem(THQ, 2t aT) < sup (07700 & (Q, 0t 27)] < puser(f)

(Qzt,z7)eK (Qzt,z7)eK’

(5.98)
where K’ = T!'(K), which is again compact as T® is continuous. Now using equa-
tions 5.96, 5.97 in equation 5.93, we find for a > n:

sup (9407702 f) o THQ, a7, 27))
(Qzt,xz—)eK
oy Mo Sk —(1+b(k—1))
<2 E Pr.a(f)Brt™
pare (a—1)! (th=1 4 Mr—1(1 — th— 1)) =t (5.99)

b e K a—b— (b+b(k—1 : Mo
< Bk Eapa—b=(O4bk=1)) 0 (f) § —
=0 ("1 + MM (L — th=1)) =
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Now combining this with equations 5.91, 5.89, we conclude that for a > n:

aqQ

k

T:me o WQ(f@Q) < max <a§2> tfk sup |8gg—b(tk71 + Qk71<1 N tkfl)) E—1 |
|| <n b—0 b (Qztz—)eK

sup 3RO 0% f) o TR, a2
(Qzt,z—)eK

ag
< max <OZQ> Dt* max(k,ag(k*l))Eb,k,K,atafb(k+1)
|<n b
b=0
b
=0

m
|ex
> M
2 (k=1 MR-1(1 — gh-l))ioT
<pi.o(f)te kD) mmax(kn(k=1)) prok Ko )

pK,a(f)

(5.100)

where F™F52(t) is some continuous bounded function independent of f. The case a < n
follows similarly. The proof for T!pf ., o m+(g0+) is also almost identical, only the
k
t=F1o(tF=1 4 QF1(1 — tF=1))F=T term is missing.
O

Using the bounds in the above proposition, we show that lim; o t”(7%)*X converges in
the C7 topology for some v independent of X € g. This is necessary for proposition 5.13.
Lemma 5.31. Suppose g C O(2%)dq + O(2°)d; + O(Q°)0_ for some integers a,b and
assume g is closed in the C™ topology. Let v € N. Then there exists a v € N such that
limy_,o t¥(T%)* X converges in the C" topology for all X € g and is again in g.

Proof. Let X € g, then there exist A € O(Q%), B,C € O(Q°) such that X = Adqg +
B0, 4 CO_. Now for convergence in the C topology, we need to show that lim; .o px ., ©
Tt (T1)* X),lim 0 pr,m o T+ (£ (T")* X) both converge for all compact sets K and n < .
For v large enough, this follows immediately from proposition 5.30 as pg nomq (" (T")*X) =
t'Tipkn o mo(X) and similarly for z%. As g is closed in the C* topology and the C7
topology is finer, g is also closed in the C7 topology, meaning that the limit is again in
g. ]

We now show that for each order v and ¢, there is a 1-trivial ideal of order ~.

Proposition 5.32. Let v > 0,q > 2, then there exists an a such that j, = O(2*)0q +
O(Q") 04+ + O(Q*)0— is a 1-trivial ideal of order .

Proof. Let ¢ € C%(g). Then first we show that for a large enough,

|Pp(1,ytT$C)(X1, e ,Xq_l)‘ S g(t)ﬁ(Y)pl(Xl) . .pq_l(Xq_l) (5.101)

where ¢(t) is a continuous and bounded function on [0, 1]. To this end, note that ¢ is of

order 7, so there exist seminorms p, pj, py, . .., pj_; which are of order + such that

(Vs X1, -+, Xqo1)| < pOYIPA(X1) Byt (Xgt) (5.102)
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and thus
i Te(Xa, -, Xy )| < pOVOTERL(X0) - i,y (Xg) (5.103)

Now as the topology on the vector fields is a product topology, we can assume that
p; = piom,, where p € {Q, 2z, 2~ }. Further as every continuous seminorm can be bounded
by a linear combination of seminorms in the generating family, see lemma 2.4, and using
proposition 5.30, we find that if 7, X; € O(Q¢) for a > v, then

Tfp;(Xl) < pi(XZ,)ta—v(k-i-l)—max(kﬁ(k—l))Fi(t) (5.104)
and if 7,X; € O(Q?) for a < v,
Tipj(Xi) < pi(X;)t D mmaxEa(=D) g ) (5.105)

Therefore if at least one of the arguments X1,..., X,—1, m,X; is in O(Q?) for a > v and
for all p, then

i Te(X1, ., Xy1)| < 9RO DO mas a0 B ()Y )l (X1) ...y (X1)
(5.106)
Now for a > k + (¢ — 1)(v(k + 1) + max(k,v(k + 1))), the right hand side is clearly
continuous and bounded. Then let I, = O(Q%)dq + O(2%)0+ + O(2*)0— and P, the
projection operators with respect to this ideal. These are continuous and as they project
at least one of the arguments to I, for p > 1, equation 5.102 holds.
Now we show that with »r = max ((¢ — 2)v + k, (¢ — 1)v + ¢), for X € I/, where a’ is a
number that will be defined later, we have

limt "(T")*X € g (5.107)

t—0
for all X € I,» where the convergence is of order v. Let px ,, © mq, Pk n © T+ be continuous
seminorms in the generating family, then by proposition 5.30,
t—erm ° TFQ((Tt)*X) < PK.a (XQ)ta’—r—n(k—l—l)—max(k,n(k—l))F(t) < pKval(XQ)ta/—r—'y(k—i-l)—max(k,'y(k—l))F(t)
t_TpKJl ° TI'i((Tt)*X) < DKo (X:I:)ta’_r—n(k—l-l)F(t) < pKﬂ(X:I:ta/_r—’Y(k—l-l)G(t)
(5.108)

We thus see that for o’ large enough, these converge to zero, and are therefore surely in g.

Hence for o’ large enough, by proposition 5.13, j, := I is a 1-trivial ideal of order v. [

Now that we know that there exists a 1-trivial ideal of order ~ for each v, we can apply

corollary 5.20. Note that complementedness follows from proposition 4.20.

Theorem 5.33.

*

lig 1Y (5,9 55 i H(g/3,) 25 H3(g) — 0 (5.109)
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5.4 Second cohomology group

In this section we will calculate the second cohomology group, which will later help us
determine the trivial symmetries.

In the previous section we saw that every 2-cocycle w has an ideal j, such that w
is equivalent to a 2-cocycle that is zero on j,. Every such ideal is of the form j, =
O(Q2")0q + O(24)0+ + O(Q*)0—, and we define J, = O(Q7)dq + O(Q7)04+ + O(Q7)0-.
Then every 2-cocycle w belongs to a class of H2(g/J,) for some 7. We will now calculate
HZ(g/3.). We first use theorem 3.33. To that end, take Ey = i04, E» = i0_ and remember
that C*(g)o := {c € C¥(g)|Lp,c =0 Vi=1,2}. Then HZ(g/J,) = HZ(g/J4)o. We define
g7 = g/J,41 and further take I7 = (O(Q7)0q + O(Q7)04+ + O(27)0-)/Ty41. This is an
ideal and we will show that for any [w] € HZ(g/J4)o, we can find a @ that is zero on I7
such that [w] = [@]. To that end, we first calculate the commutation relations between 7
and g7. If x €17 :=1/J,41, then [z,I7] = 0. For §, € wy,

. o ) 9) 12n20? . N
[, pika™ gima Q70_] :[emx+ (in—0g + 04 — n a), ikt gimz Q0_] =
2 2 (5.110)

gilktn)e™ gima™ sz(n% +k)o-

l2 292 ) L

n 8_), ezkzx+ elma Q’ya+] _
4 : 2 (5.111)
ez(k—l—n)xﬁLezmaf sz(n% +k— n)a+

[§m eikzxﬂLeim:c*Q’ya_i_] :[einx+ (ZTL%@Q + 0, —

[, €7 M Q1 9g] =[eneT (in 00 + 0+ — D22 5), etkat eima™ ] =
i(kan)et ima— oy, Y n (5.112)
€ T Wi(ng + k= )00

We define 7 = v — 1,7+ = v —2,7- =« and then for y = Q,+, we summarize the
above as
[Ens etha” M9, = giktm)z™ gima™ Q”’z(n% +k)o, (5.113)

We further define g = v—1,74+ = 7v,7— = v—2 and then for p = 2, +, the commutation

relations with &, are given in analogy to the commutation relations in equation 5.113
[gm eikgfreimx* Qvau] _ eikm*é}i(m—i—n)x*Qvi(n%& + m)aﬂ (5.114)

Using the 2-cocycle identity we can then restrict the behavior of the cocycles on oy, x I7.

Proposition 5.34. For [w] € H2(g/Jy+1)0 and if v, > 2,

w(En, e 010, = nck (5.115)
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and if v, = 2 we have
w(En, e T W9,) = nc' + (5.116)
In both cases ¢, ¢l are constants, possibly depending on v and w.
Proof. We use the cocycle identity and the commutation relation in equation 5.113,
0=~ w(n, VT, 6m) + (€T TG, [, En]) A ([, QT TG, 6)

=— z(nv—“ —m— n)w(QVe_imera“, &m) +i(n — m)w(QVe_i(”'Fm)ﬁ@M, Emtn)

2
+ z(m% —m — n)w(Q”e*mﬁc?M, &n)
(5.117)
We then define ¢, = w(QVe_mer@H, &n), after which we find:
— o Tu 0 Ty o
0= (n—-—m)c, ., +(m ?—1 —n)ch 4+ (n 1—? +m)ch, (5.118)
Then taking m = 0 gives
0=n( —%)cg‘:o (5.119)

Now if 1 — ¢ # 0, this implies ¢fj = 0. Otherwise, define ¢ = ¢}, — ¢fj, in which case

¢y also satisfies equation 5.118. For now we will assume that 06‘ = 0 and add back the

constant at the end. Next, setting m = —n shows
0=mIl(  +ck) (5.120)
- 2 —-m m .
and as v, # 0, ¢, = —ch,. We now show that ¢, = 2c¢j. To that end, take m = —2n
then we find
0=3nc", + (-m(%ﬂ —1) = n)e + (n(1 — %“) —n)d,, (5.121)
and we use ¢, = —c), to arrive at
0= c(—2n — n,) +n(l + L)k (5.122)

2

Thus giving the desired result. We will now show using induction that for all non-negative
integers t € N, ¢}, = tch,, having already done the cases t = 0, = 1, = 2. Now assume

that the induction hypothesis holds for ¢, then by taking n = tm we find

0 =(tm —m)ch, 1, + (M (ﬁ — ) —tm)ch,, + (tm (1 — ﬁ) + m)ch,

9 2
- " Jn _ 2m)ct _ -
m(t —1)els ) + (tm ( 1) t*m)cy, + (tm ( ) +mjem (5.123)
=m(t = 1)cl . 1q) + (m — m)cl,

where in the final step we divided by m(t — 1), and we note that ¢ — 1 # 0 as we can take
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t > 2. We conclude by induction that ¢}, = tch, for all non-positive integers t. Now as we
have shown earlier that ¢!, = —d,, it holds for all integers. We conclude that i, = mef.

Now if (1 — 77“) = 0 we have to add back the constant, so then ¢y, = md} + cf. O

We now show that we can add a coboundary to any 2-cocycle such that it is zero on

w7, x I7 as long as v, > 2.
Lemma 5.35. For vy, > 2, the following is a continuous I1-cochain

e
ic

Pp(Q9,) = ——" 5.124
where ¢ is zero on all other arguments. Furthermore,
do([6n, e—m;ﬁgvau]) =ndy (5.125)
Proof. That ¢ is a cochain should be clear. For continuity, note that
2w 27
¢(Qaf(x+,x_)8l,) = C/ / 8& (WM(Qaf(l'J’_, 1:_)8,,)) ]Q:0d$+d:p_ (5.126)
0 0

where C' is some constant. As integration and differentiation are continuous, ¢ is continuous.
The result do([&,, e~ 29,]) = nc} follows immediately from equation 5.113. O

We now go on to show that these 2-cocycles are also zero on i x I7 for v > 4. We note

that there are no coboundaries here as [i, I7] = 0.

Proposition 5.36. For [w] € H2(g/Jy+1)0, 7 >4 and x € i,y € I,
w(z,y) =0 (5.127)

Proof. We will proof this using a kind of induction. First, note that for z € I"*!,y € I7,
clearly w(z,y) =0 as ["™!1 C J,4;. We will then assume that w(z,y) = 0 for z € [V~
and show that for i <~ — 3 this implies that w(x,y) = 0 for € I7~%. Thus first assume
that w(x,y) = 0 for € I"17% Then for arbitrary x, letting m,11_, Sy+1-; be the
projections and sections, we clearly have w(z,y) = w(sy+1—i(Ty4+1-i(2)),y), so from now
on we will consider z to be in the quotient by 1771~ With the shorthand a =  — 4, for
y = eima’ eile” Vo, x = e*"(m+”)x+e*”~m_§2a&,, in the quotient x has the commutation

relations as in equation 5.113. Then using the cocycle identity, and noting that [z,y] = 0,

0 :w([$7 fn], y) - w(x’ [fny y]) + w([yv fL‘], fn)
- _ w([gn’ efi(m+n):v+efil~ac_ Qaa’/], eim:r"" eifx_ﬂyau) - w(efi(ern)x‘*'efilifp_ Qaam [fnu eim:p"’ eifm_ anu])

o . 5o . o
=— 2(n7V -m — n)w(e_zmﬁe_’lx Q%9,, gima ™ gile 270,)

o Z(nél + m)w(efi(ern)x"’ efilir_ Qaam ei(m+n)x+ eifm_ Q'yau)

(5.128)
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: vl —ima T —ilx « imat ilx Y :
= v
Now by deﬁnlng d ~ w(e e Q 8 e (& Q 8 ) we arrive at
m,l, ’ K7

frd % — J— Vst ﬁ v,
0=(n ( : 1) mydst (e m)dt (5.129)

Then setting m = —n # 0 and noting that o > 3, so «,, # 0, shows:

0=(n (% — 1) +n)d" .+ (nﬁ —n)d"

5.130
=2 (5.130)
oy 0,0, —n,l,a
Thus d;”lfa = dlf’?a for all n # 0. Putting this back into the recurrence relation, now
assuming that m, m + n,n # 0,
_ Qy ) v, T v,
0= ( 2 1) - mdyy, + (o o tmdi,
— (T Qv ) o 131
O_<2+2 1>d1,zia (5.131)

and as v >4, > 3,2 + % — 1 > 0, we thus have d:’flf’a = 0 for all nonzero n. For v, # 2,

we also have dg’;fa = 0 using equation 5.131. For 7, = 2, we note that as v > 4, we must

have y = +. Furthermore, instead of using &, in the 2-cocycle identity, we could also use

¢, and switch around every other T,z as well, which results in:
y )

— % - Z/HLL @ - l/?l‘l‘
0=(n ( 5 1) + n)diin’a +(n 5 n)dm’a
P_Y/J — 2 Z/“lL p— l/“U,
ay dl~,0,a B dl:fn,a (5132)
(T, G
o_<2 + 1)%7&

v, _ g ol -2 v, ~ — v,n o
Thus di,—n,a = di,l,a =0 for n # 0, and ‘é—ydw7a =0 as WeHN. As vy =4, d[%a = 0 for all
I,n. Thus for all v > 4, d:‘;a = 0. Equivalently w(e~ " ¢=ilz™Qag, gime™ gilz™ 0o, =0
for all @ > v —1 and as the terms eima* g—ilz™ 2?0, are dense in I,_;, see proposition 4.22,
we conclude that w(z,y) = 0 for all z € I,_;,y € I,. By induction w(z,y) = 0 for all

z €j3,y € I, and as i C j3, w(z,y) =0 for all z € i. ]

For v > 5, we already know that 2-cocycles are cohomologous to zero on twy, x I7 by

proposition 5.34 and we now show that the same holds for top x I7.

Proposition 5.37. Let [w] € H%(g/J+1)0 with v > 5. Then there ezists w' € [w] such
that

W (En, e ™ Q9,) = 0

e (5.133)
W (&n, e Q79,) =0

for pe {Q,at, xz"}.
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Proof. First, note that by proposition 5.34, there exists ¢ such that w(&,, e—inz™ Wo,) =
ncy. Then by lemma 5.35, there exists a 2-coboundary d¢ such that (w+d¢) (&, g=inz™ o, =
0. Define w’ = (w + d¢). Then note that [&,,&,] € i and by proposition 5.36, w'(z,y) = 0

if z €i,y € I". Thus, W ([£n, Enl, e ™ e~ (79,) = 0 and by the 2-cocycle identity

0= ' ([Em, e ™ e D8,], &) + ' ([e7 e 00, €4l Em) (5.134)
Now [£n, e*i”5’3+e*im“7070#] = e*mﬁﬁ'yim(%“ —1)9, and w’(e*""ﬁQ’Y@“,&n) =0, so
0= w'([e= ™ =m0, €], En) = —in(2L — 1w (e~ ™ Q79,, &) (5.135)
and thus w'(e™™* 09, &) = 0.
O

We have now shown that for v > 6 a 2-cocycle in H%(g/J,) is cohomologous to a

2-cocycle that is zero on I7, and we thus get an isomorphism H2(g/J,) = H%(g/J--1)

Theorem 5.38. For v > 6,
Hft(g/jw) = cht(g/%_l) (5.136)

Proof. First, note that if we define H2(g/J-)o = ker(Res : H3(g/J3,) — H?*(J,-1/3,), then
H2(g/3)0 = H3(g/J.) by proposition 5.36. Next, by combining this with proposition 3.27,

we have the exact sequence
Hclt(j'yfl/jv)g/ﬁ%l = HCQt(G/&yfl) = Hft(g/ﬁ,y) = Hgt(g/ﬁ,y,h Hgt(jvfl/jv)) (5.137)

Now for [w] € H2(g/J), again by proposition 5.36 and proposition 5.37, we can find
w € [w] such that w(g/J,Ty—1/T) = 0 and therefore y([w]) = 0. We thus have

HY(3y-1/3,)5 5 HZ(g/3y-1) & H2(a/34) = 0 (5.138)
Now by proposition 5.2, 3,-1/3, C [g/Jy-1,Ty—1/T4] and therefore Hclt(j,y_l/jﬁ/)g/ﬁw—l —
0, and thus the exact sequence gives H2(g/J-) = H%(g/J--1). O

Now using the above isomorphism and proposition 5.14, we find that we can quotient

out Js in the second cohomology.

Theorem 5.39.
HZ,(g) = H(9/35) (5.139)

Proof. Let (j)yen be the sequence of complemented ideals such that j, is a 1-trivial ideal
of order « constructed in proposition 5.32. Then note that j, = O(Q*)0q + O(2%)04 +
O(Q™)o_ = Ja.,. We will assume that a, > 5 for all v > 0, if not, we can define a new

sequence of 1-trivial ideals such that this is true. Now applying theorem 5.38 repeatedly, we
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find H*(g/j,) = H?(g/J5) and therefore ligHQ(g/j,y) = H?(g/J5). Thus by corollary 5.20

the following sequence is exact.
lim H 2 (3,)" — H?(8/35) = H*(g) = 0 (5.140)

Now we will show that HY (jy)g/ v = 0 for all v > 0, after which we are done by exactness
of the sequence. Let ¢ € HJ(j,)%17, then for t € g/iy,z € iy, t - ¢(x) = —¢([t, z]) = 0.
Now as a, > 5, wy, + g C g/j,. Furthermore, as j, C [toy, + tog,j,] by proposition 5.2,
¢(z) = 0 for all x € j,. Hence HY(j,)% =0 O

We now only have to calculate the last few terms and we start by showing the behavior

of 2-cocycle classes on oy, x i/Js.

Proposition 5.40. Let [w] € H2(g/J5). Then there exists a 2-coboundary dé such that

(W + d) (&n, e Q10L) = nef +¢f
—inzt 4 _
(w + do)(éns e | +Q 9-)=0 (5.141)
(W~ do)(En, e ™ Q') =0
(W + dé) (&n, e 300) = ncl! + ¢

Proof. The result for Q* follows from proposition 5.34 and lemma 5.35. For 3, the

commutation relation becomes

12n2Q)?

[€n, €77 Q30g) =[e™" (in 00 + 0y 9_), e QB9 =

(5.142)

eilkn)at (Z(ng +k— g)ﬂ?’c‘)g + l2n2943—>

Writing w’ = w 4 d¢, noting that w’(&,, e Q40_) = 0 the 2-cocycle identity gives

0—=_ w/([§n7 Q3ei(fnfm)x+ag], gm) + W/(QBefi(ner):J[:*897 [§m7 én]) + Wl([ém, Q?)efi(n+m)aﬁaQ]7 §n)

=—i(n—m— n)w(Q?’e*"mﬁBQ, Em) +i(n — m)w(Q‘ge*i(”er)ﬁ@Q, Emtn)
Film —m = n)w(Qe M g, &)
(5.143)
We then define ¢! = w(Q?’e*mﬁ@u, &n), after which we find:
0= (n—m)cly,, —nc +mct (5.144)
which is simply equation 5.118 with v, = 2, which we know has the solution cg =
ne + cfl. O

We already know that 2-cocycles are zero on i x I* by proposition 5.36, so to understand
the behavior on i x i we only need to consider w(O(2%)q, O(2?)dq), which is also zero as

shown next.
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Proposition 5.41. Let [w] € H2(g/J5). Then
w(Qg’emﬁeil}ﬂ_@Q, Q3e_im+e_il~x_89) =0 (5.145)

Proof. First, note that by proposition 5.36, w(Q3e™*" eiffag, Q4e_i””:+e_il~z78_) = 0.
Then using the 2-cocycle identity, and noting that [Q3eim* " ¢ilz™ g (3e—ilmtn)zt o—ile™ g —
0
0 :w([fn, Q?’eimgfr eifm*@g], Q3e_i(m+")$+e—il~ﬂc7ag) + w([QSG—i(mﬁ-n)m*e—ilZv*aﬂ’ gn}’ QBeimx+ ez‘fac* aQ)
:’L(TL + m)w(Q3ei(m+n)z+ eifx*aﬂv QSe—i(m+n)z+e—il~x’aQ)
—l—i(n —m— n)w(Q361m$+ eifx*agb QSe—iszre—iiz*aQ)
(5.146)

Setting fp; = w(QBemﬁeiZf@Q, Q?’e*""ﬁe*ﬂf@g}), we find

0= (n + m)fn—i-m,[ —m mil (5.147)

Setting m = 0 shows f, ;= 0 for n # 0. For n = 0, we note that f,; should be symmetric
in n,l as 2,2~ play identical roles. Thus fo; = fi0 = 0, for [ # 0. For foo we use that
the cochain is alternating which shows that foo = 0. O

Lastly we show that we cannot simultaneously set a 2-cocycle to zero on tvy, x i and

top X i by adding a coboundary.

Proposition 5.42. Let [w] € H2(g/J5) and take dé as in proposition 5.40. Then

(w+ do)(&n, e ™ Q%9,) = 0

(w+ do) (&, e ™ Q10g) =0

(w4 do)(En,e”™ Q9 ) =0 (5.148)
(w + dg)(€n, e ™ Q10 ) = nef

(w + d) (En, e ™ Q30g) = ncl + ¢

(w + do)(&n, e~ 9389) =-n 11261 + né? + 68

Proof. Define w' = w + dé. Then note that the result (w + d¢) (&, e ™" Q19,) = 0 for

u =, 2~ already follows from proposition 5.40. We will now use the 2-cocycle identity:

0= w/([gnjgm]jefinaﬂLefimx*Qaau) <[§m7 —inat fzmx Qaa ] En) _i_wl([efinxﬂLefimx’ Qa@uyfnLém)
(5.149)

Now [, &) € I%, so by proposition 5.36, w'([&,, &l e—ina® g—ima” Q0,) = 0. Next, we
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note that for a = 4, we can use equations 5.113, 5.114, to arrive at:

0 =i(m-£t — m)w'(e_i"erQa@u, &n) — i(na—” — n)w’(e_ime“(?“, Em)

2 - 2 o i (5.150)
0 =m(= — 1o/ (e7"™ Q9,6 — n(54 — e (7™ 29,1, E)

Now for u=2",Q, (% —1) # 0 and ' (e~ Q99,,£,) = 0, so ' (e~™*~ 099, &) = 0.
2 1 "

For i =2, (% — 1) = 0 and we arrive at

0= mw (e"™ Q1. &) (5.151)

Now note that (w + d¢)(&,, e Q19,) = nef follows from proposition 5.34 as z™, 2~
are symmetric. For a = 3, u = Q, note that (w + do)(&,, e—tnzt Q30q) = nef + ¢} follows

from proposition 5.40. Now we use the 2-cocycle identity:

0 = &/ ([, Qe ™ 0], &) 4 (192%™ 0, €], ) 4 (G, ], QP07 )
(5.152)
The commutator is given by:

Q 12n2Q?

€, € 30q) =[e®” (in7 00 +0- — d.),e* Q30g) =

(5.153)

ei(k—i—n)af (z(ng +k— %)ang + 52n2Q48+>

Then the 2-cocycle identity becomes
0 = —imw (Pe™™ g, &) + Pn2u (Qe™™ 0,4, &)
+ inw' (Q3e™M 0, €,) — Pm2W (QYe ™ 0, &) (5.154)

+ Z(m - n)w/(936_i(n+m)x_8§2a gm-i—n)

Now using o/(Q*e~M" 9, £,) = —ne and setting ¢, = W/ (e~ 9, &), we find
0=—mecy, + il2n2méf
+ ne, — il*m*nef (5.155)

+ (m — n)cman

The homogeneous part is simply equation 5.118, so ¢, = ncy + ¢o + ch, where ¢}, is a

particular solution. It is then easily checked that cj, = nQiZQET is a particular solution. [

Now combining the above results we find that the second cohomology is at most seven

dimensional.

Theorem 5.43.
dimH?2(g) <7 (5.156)

Proof. First, note that H2(g) = H2(g/J5) = H%(g/J5)0 by theorem 5.39 and theorem 3.33,
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so we will show that
dimHZ(g/Js5)0 < 7 (5.157)

To that end, note that there are at most 2 nontrivial cocycle classes given by the Virasoro
cocycles on the two Witt algebra’s, w(Qee™* ¢ile™ 9, Qbemi e~ g ) = 0 for [w] €
H2,(g/3Js5), a,b > 3, by proposition 5.36 and proposition 5.41. Proposition 5.42, together
with the density of the complex exponentials, proposition 4.22, then shows that there are
at most 5 additional cocycle classes. Thus in total, there are at most 7 nontrivial cocycle

classes. O
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Chapter 6

Asymptotic symmetries of three

dimensional Anti-de-Sitter space

Now that we have determined the second cohomology group, we can determine the trivial
symmetry algebra and the asymptotic symmetry algebra, according to definition 4.12.
Remember that the trivial symmetries are the ones that are irrelevant for a classification
of the fundamental particles and the asymptotic symmetry algebra is the weak asymptotic
symmetry algebra without the trivial symmetries. These will be determined in section 6.2
and afterwards we will interpret the result in section 6.3. The asymptotic symmetry algebra
is significantly larger than the isometry algebra, so we will explain how these additional
symmetries should be interpreted in terms of the resulting fundamental particles. We are
also interested in the comparison between the Noether and Wigner perspective symmetry
algebras, so we actually start by discussing how the Noether symmetry algebra was derived
in Ref. [BHS6].

6.1 Noether perspective asymptotic symmetry algebra

In the seminal paper [BH86|, the asymptotic symmetry algebra in the Noether perspective
was determined. This is the quotient of the weak asymptotic symmetry algebra by the
symmetries that generate trivial charges. In this section we will explain qualitatively how
this result was obtained, without treading too much into the details.

First of all, we note that Brown and Henneaux work in the Arnowitt—Deser—Misner
(ADM) formalism of general relativity. In this formalism D dimensional spacetime is split
up into the D — 1 dimensional slices, which should contain the spatial directions. The
direction that is left is thus the time direction. In this formalism one can construct a
Hamiltonian that specifies Einstein’s equations. The canonical coordinates are then given
by the induced metric in the spatial directions g;;(x), where 1 <4,j < D —1. The canonical
momentum is in turn given as normal by 7% (x) = %, with £ the Lagrangian density.

Moreover, Brown and Henneaux used the same boundary conditions for the metric
as in this thesis. They popularized these boundary conditions and motivated them by

choosing the strongest boundary conditions that contained all of the point particle metrics
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as well as including the metrics obtained by acting with an AdS3 isometry on the point
particle metrics.

After calculating the weak asymptotic symmetry group in the same manner as in
section 4.5, they then determine the conserved charges via the Regge-Teitelboim proce-
dure [RT74], which we will now explain.

The Hamiltonian H[¢] = [ d*aH[¢] is an integral over a Hamiltonian density where C
is some two dimensional slice of AdS containing the spatial directions. The variation of

this Hamiltonian produces boundary terms, i.e.

SH[E] = /C P A (2)5g3; () + Bij(w)om (z) + / daJ(e] (6.1)

ocC

for some AY, B;; and J. Now these boundary terms are unwanted, for the following reason.

The equations of motion are given by

9(®) = i)
’ 0H 02
m(x) = —
(=) 69i5(x)
and for the volume terms these variations are given by
Jo Pz AT (x >5gm<x>+ 5 (@)0m@) _ g
i (1) Y (6.3)
fC’ dzl’Ai]( )5gzj («T) + Bzg( )57‘-”( ) _ Aij ‘
09ij (z)

but the variations of the boundary terms are undefined. We thus add a boundary term

J[¢] to the Hamiltonian that compensates these terms:

H[¢] = H[E] + J[¢] (6.4)

such that dH[¢] = Jo d*x A% (2)bg:5(x) + Byj(x)dm (). The boundary terms J[¢] are now
the conserved charges.

Actually performing the calculations then shows that the charge J is zero for all the
symmetries in the ideal i. The asymptotic symmetry algebra in the Noether perspective is

thus simply top, & tog.

6.2 Wigner perspective trivial symmetry algebra

Remember that a trivial symmetry in the Wigner perspective is a symmetry £ such that
(&) = 0 for every continuous projective unitary positive energy representation 7 of the
symmetry algebra. We will take the positive energy representations to be of positive
energy at J;, as this is the timelike direction. As noted in section 4.1 however, g might

not have a corresponding Lie group, so we cannot determine what symmetries are trivial
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by looking at the 2-cocycles on g and using proposition 3.12. Instead we determine the
weakly trivial symmetry algebra t generated by the vector fields 9;n such that [0¢n,n] =0
and w(9n,n) = 0. If a quotient algebra of g has a corresponding Lie group, any weakly
trivial symmetries contained in this quotient algebra become trivial symmetries, as shown
in section 4.1. As the asymptotic symmetry algebra should be a quotient algebra of g with
a corresponding Lie group and should not contain any trivial symmetries, it cannot contain
any weakly trivial symmetries either. We will thus determine g/t and we will find that this
has a corresponding Lie group, and is thus the asymptotic symmetry algebra.

We remind the reader that g only contains vector fields that are 2m-periodic in both
o, 2. Thus for example Q3 sin(t)dg = Q3 sin(ﬁ‘gf )Oq is not in g.

Let us first consider the Witt algebras toy, @ top. These are not trivial symmetries as

we can extend the projective unitary positive energy continuous Witt representations on to
(for the existence of these see e.g. Ref. [SN14]) to g = to, X (tog x i) using the semi-direct
product structure. Thus t C i. Now we determine which elements generate the ideal of

weakly trivial symmetries.

Proposition 6.1. Suppose x € i such that = f(Q)g(t)p(¢)0, with p € {Q,$} and
g = Oth for some smooth function h. Then x € t

Proof. Define y = f(Q)h(t)p(¢)0,, then y € i and dyy = x. Now note that [0y, y] =
(fp(ath)(aﬂfp)h — fph(ﬁﬂatfph))au =0, and for all [w] € H2(g), by proposition 5.36 and
proposition 5.41, w(dyy,y) = 0. Hence z € t. O

From now on we will work in the complexification, and note that by proposition 2.15, for
any subalgebra b, [g,h] = Re([gc, hc]). Thus if = € [gc, tc], then Re(z) € t. Furthermore,
note that t is closed by definition. Thus if D C t, then the closure D C t.

Using proposition 6.1 and the fact that t is a closed ideal, we show that every term
f0,, € t with f € O(Q°) by showing that f9, € [g, 1.

Proposition 6.2.
O(2%)9q + 0(2%9, + 0O(2%)9, C t (6.5)

Proof. We will start by showing that O(Q°)9, C t for p € {Q,¢}. Let f(Q,t,¢)0, €
O(Q9)8, and define A(Q, ¢, ¢) = O3 [ f(t,9)Q0dQif = Q and A t,0) = [ f(2t, )2 3dQ
if 4 = ¢. These are well defined and A € O(Q?) by proposition 4.14. Thus A(€, ¢, ¢)ei(z++$_)8u €
g. Now by proposition 6.1, noting that '@ +27) = ¢i2t/l Q3cil@™+27) 5 € ¢ and as t is an

ideal, [(23e/@+27) g, A(Q, ¢, ¢)e_i(””++”3_)8u] € t. Computing this, first for u = Q,

Q3T ) 90, A1, ¢)e @) 90) = (PO A L, ¢) — 302 A(,t, ) g
=000 (A(Q,1,9)2°)q (6.6)

and for u = ¢,

Q3@ 00, A, 1, ¢)e 0, ] =P00A(0,,9)0y = f(t,0)0y  (6.7)
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Thus f(Q,t,¢)0, € t.
Now let f(,t,¢)0; € O(Q2°)0; and again define A(Q,t,¢) = [ f(Q,t,¢)Q273dQ. Again
(3@ 200, A(Q,t, ¢)e @ +27)9,] € t and this is given by

(3@ )00, A(, t, ¢)e )9, =30 A( t, $)0; — 2i/IQPA(R, t6) cos(t) o
=f(Q,t, )0 — 2i /I A(Q,t, $)0q
(6.8)

Now as O(Q°)9q C tand —2i/IN3A(Q,t, $)dq € O(2°)dq, we conclude that f(Q,t, $)0; € t

as well. O

For the next few proofs, we note that as J = O(20)dq + O(Q%)d, + O(25)9, C t,
we can work in the quotient t/J. Then f € t/J implies f € t. Furthermore, we can
assume that f = Qagina™ gime™ 0, as these elements are dense in t/J, see proposition 4.22.
Lastly, note that f = Q“ei”ﬁeimx_au = Q“eit(”+m)/lei¢(”*m)aﬂ and thus if n +m # 0,
f € t by proposition 6.1. We thus assume that n = —m. We conclude that if we show
Qbeinzte=ine™ g e ¢/.J for b > a, then O(Q2%), C t.

We will now calculate commutators between t and the Witt algebra elements, and show
that i/span{Q3dq} C t where the quotient is a vector space quotient. As Q230q ¢ [g, g],
it cannot be a generator of t and is also not in the closed ideal generated by the weakly

trivial symmetries, thus Q3dq is not a weakly trivial symmetry.

Proposition 6.3. Let a > 4 and suppose O(Q2T10_ € t. Then
00 €t (6.9)

Proof. Let f(Q,t, )0 € O(2%)q. As noted above, we can assume that f = Qe??"?9q =
Qbem@ =27) 90 for b > a. Now let k € Z, then

l2 ]{;2Q2

Q ) N
[gk Obe i(n— k)z+ —inz” 5 ] [ ikxt <zk289 +a+ . 8_> ’Qbel(nfk)x'*'efm:p 89] _

nk2?

) _— b 1
e/t gmine <(ik29b +i(n—k)Q +i Qb2 — z'k:be)8Q + lszQb“a_)

k:l

. - b
=eina’ gmina <(n+k3)§2b8 +i——0"0q +12k29b“8>

(6.10)
Now for k # 0, QP i(n—k)z* e~ 9q € t by proposition 6.1, so
ginzt gina” ( (n + k%52)Qb0q + i k2l2 Q*20q + 12K2Q0 T ) €t as well. As
gina™ gina” (z—"kQZ 0+29q + l2k2§lb+1a_) € t by assumption and proposition 6.2, we con-

clude that (n + k%)emﬁeim’_ﬂbag € t for k # 0. Taking k # 0,n + k@ # 0, yields
the result as b > a > 4. OJ

Corollary 6.4.
O(Q%)dq € t (6.11)
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Knowing that O(2°)dq € t, we work in the vector space quotient g/I with I =
O(2%)0q + 0290, + O(29)0_ from now on.

Proposition 6.5.
O(Qh9, C t (6.12)

Proof. Let f(,t,¢)0s € O(2*)04. We can again assume f = Q%2199,, = Qaein(r™—27) (9, —
0-) for a = 4,5. Now for k # 0, S)‘le"("_’“)°””+e_i"f(84r — 0_) € t by proposition 6.1, so

commutators with this element are in t as well.

(€, Qe R e (9, — )]
12k20?

:[eikm+ <'Lk£228Q + a+ . 8) 7Qaei(n—k)z+e—fmm_ (a+ o 87)] —

: . k212 Q 125202
—¢ina™ gina ((zk;Q +i(n—k)Q° + 7;"79@“)(@4 —0_) —ikQ® (mzag 0 - — a_>>

—¢inet gmina” (e ((n Tk (g - 1)) (04 —0_) — k6+>
(6.13)

[gm’ Qaeinaﬁe—i(n—km)x* (aJF . 87)]

2m20?2

:[eimx_ <2m(2289 +0_ — aJr) 7Qa€inm+€—i(n+m)x_ (aJr i 87)] _

nm?22

—einz "t gmina” ((im;Q“ —i(n+m)Q* —1 5

—¢inat g=ine” ((—n +m (g - 1)) 0y —0_) + ma_>

2,.,20)2
Q%2)(9, — 0_) + imQ <im289 +o ! mQ ¢ a+)>

(6.14)
and adding the two with &k = m results in:

[§k7 Qaei(nfk)x*'efin:p_ (8+ - a_)] + [ém’ Qaeinaﬁ'efi(ner)x_ (8+ _ a_)]

L (6.15)
= M7 =T 0k (g — 3)(8) — )

As k #0,a # 3, we conclude that ei”ﬁe_i”fﬂaa(z, € t. As tis closed and the exponentials
are dense, we conclude that O(Q4)9, C t. O

Proposition 6.6.
0oL Ct (6.16)

Proof. Let f(Q,t,¢)0+ € O(Q*)d+. We can assume that f(Q,t,¢) = Qe ¢ime™ for
a = 4,5. By proposition 6.5 Qeei(n=kz"cima™ (5 _ §_) € ¢, so the following commutator
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is in t as well.

a i(n—k)zt imz~ ikzt [ Q2 PE*Q? a i(n—k)zt imz~
[k, Q% e (0 —0-)] =e zk§89 + 04 — 0_),Q% e (04 —0-)] =
272 212002
—einz* gima™ ((zng +i(n— k)Q® — i%m”)(m —0_) —ikQ® <z’k§ag 4o, -t kzﬂ a_>>

et a0 ((n 4 k (g ~1)) (@5 = 0-) — ko, )
(6.17)

Now as enz” gimz~ j()a (n +k (% — 1)) (04 — 0—) € t by proposition 6.5, we conclude that
eneteimzT(0g € t as well, as we can always take k # 0. Now e eimz™ (99 _ € t follows

by switching around xz*,z~ as is shown in equation 6.14. O

Corollary 6.7.
O(Q")da C t (6.18)

Proof. This is immediate from proposition 6.3 and proposition 6.6. ]
In the next proposition and corollary, the quotient is again the vector space quotient.

Proposition 6.8.
(O(923) /span{Q3})dqg C t (6.19)

Proof. Let f(Q,t,¢)0q € (O(Q3)/span{Q3}))dq. We can once again assume f = Q32?9 =
Q3ein(@t=27) g, However, now as f # 03, we can assume that n # 0. Now let k& € Z, then

equation 6.10 gives

nk2?

2

[&m Q3ei(n—k)x+e—imc*6Q] :einﬁe—ina&* <ZTL9389 iy, 9589 + l2k2§248_> (6.20)
Moreover as en@’ e—inz” (i%QlQQE’@Q + l2k2Q46_> € t and Qbeiln—R)z" o—inz= g0 c { for

k # 0, we conclude that ™" e~ in(39, € t. O

Corollary 6.9.
(O(Q3) /span{Q3})dg + O(Q")0, + O(QHo_ C t (6.21)

Proof. This is immediate from proposition 6.8 and proposition 6.6. O

Thus g/t = oy, @ g @ span{Q39q}. This has a corresponding Lie group, as tv is the
Lie algebra of Diff(S1) and span{Q30q} is isomorphic to the Lie algebra of R. Moreover as
o7, @ g do not contain any trivial symmetries, if span{Q39dq} is a nontrivial symmetry,
then g/t is thus the asymptotic symmetry algebra. Now note that any continuous projective
unitary positive energy representation p of wy @ wpr can be extended to g/t by letting
p(Q230q) € pu(D) be arbitrary, for example nonzero. Thus Q39 ¢ t and we conclude
that g/t does not contain any trivial symmetries and has a corresponding Lie group. It is

therefore the asymptotic symmetry algebra, so we denote as = g/t.
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6.3 Physical interpretation of asymptotic symmetries

In the previous section we have shown that the asymptotic symmetry algebra in the Wigner
perspective is given by as = o, ® tog & R. We will now explain how this result should be
interpreted physically. We will therefore also use a physicist’s level of rigor in this section.
We will start with the interpretation of the asymptotic symmetry algebra in the Noether
perspective, where it is given by oy, @ tor and turn to the Wigner perspective asymptotic

symmetry algebra afterwards.

6.3.1 Noether perspective asymptotic symmetry algebra

We follow the interpretation as given in Ref. [Obl17]. We first note that toy, & tvog contains
the isometry algebra of AdSs, 0(2,2), and the irreducible projective unitary positive energy
representations of the isometry algebra can be interpreted as the fundamental particles in
AdS3 space, akin to Wigner’s classification. However, AdS3 is a vacuum solution, meaning
that the energy-stress tensor is zero everywhere, thus no particle can truly live in AdSs.
Instead, the existence of a fundamental particle would slightly alter the spacetime and
metric. Of course, if the particle moves around in spacetime, this perturbation of the
gravitational field would move along with it. We thus say that the fundamental particle is
dressed by the gravitational field, or by soft gravitons. The graviton is the hypothetical
particle given by excitations of the gravitational field, and soft means low energy in this
context. The core idea, and the terminology therefore as well, is similar to dressed particles
in solid state physics such as polarons. The particle without the dressing is called the bare
particle.

The bare particles are thus classified by the isometry algebra. The additional symmetries
in the asymptotic symmetry algebra tell us how the bare particles can be dressed. This
is sensible, as asymptotic AdSs spaces need not be vacuum solutions and can thus have
fundamental particles in them. The asymptotic symmetries tell us which symmetries are
allowed such that the spacetime stays asymptotically AdSs3, and if we assume that all
asymptotically AdSs spaces have the same bare particles, then the additional symmetries
must show how these bare particles are to be dressed.

Now the Wigner perspective asymptotic symmetry algebra has an additional factor of
R compared to the Noether perspective one. As irreducible representations of abelian Lie
algebras are one-dimensional, this means that every fundamental particle has an additional
label, which is given by an arbitrary number in R. As this factor of R is not included in
the isometry algebra, we expect this label to tell us something about the way the particle

is dressed, and not about the bare particle.

6.3.2 Wigner perspective asymptotic symmetry algebra

In Ref. [CHD95] it is shown that the asymptotic dynamics of AdSs are given by Liouville
theory. This is a two dimensional conformal field theory (CFT). The field v is a real field
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on the torus, with action given by

St = [ dido(50:00-6 + 2exp(w) (6.22)

It is a field on the torus specifically as the torus is the asymptotic boundary of AdSs.

Inspired by these two dimensional CFT’s, we will construct quantum states for the
interacting boson, following the procedure for the free boson in section 6.3 of Ref. [DMS97],
given by the Lagrangian

i) = / d6(0)? — (D) + V (1) (6.23)

where 1 is once again a real field on either the torus or the cylinder, so t € R, ¢ € S'. The
field is defined on either the torus or the cylinder as the torus is the asymptotic boundary
of AdSs and the CFT should be defined on this boundary. The cylinder is also possible for
our purposes as this gives the same results. We will then find that this CFT gives us a
projective unitary positive energy representation of as.

The states that we will construct will be the same states as for the free boson, so with
V = 0. In the free case these states are the eigenstates of the Hamiltonian, but this is no
longer true in the interacting case. Lastly, we note that Liouville theory is a special case of

the interacting boson, where the potential is given by an exponential.

Construction of states

We start by decomposing (¢, t) into Fourier modes:
B(,t) =Y e hn(t) (6.24)

vn(®) = 5 [ doe (6,0 (6.25)

Now

[ 0t00 = [a6 3737 e = 2m 3 i

/ dp(9g1)* = / dp» > e MM i, = 21y 0P hntp 20
and the Lagrangian thus becomes
L) =27 tnthn — nPntpn + V(1) (6.27)
The conjugate momentum is then easily found to be
Tp = ;fn = 4mip_, (6.28)
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The Hamiltonian is given by
_ .. 9 _ 1 9
H =2r ; Yph_pn +n wnw—n - V(d}) = 87’7[' ; MpT—n + (47TTL) wnw—n - V(W (6.29)

Lastly we note that w;& = 1_,, because of its definition as Fourier modes and as 1 is real,
and therefore also ﬂl; = m_p. Hence ¥h_p, = |1,]? and similarly for ,, thus for V = 0 we
have a set of decoupled harmonic oscillators. Now we will quantize and set [¢)y,, 7] = 0y, .-
As we want to construct the eigenstates of the free boson, we draw inspiration from the
harmonic oscillator, and define the creation and annihilation operators, or ladder operators,

st
anvan

i = L (4mlnlion + i) (6.30)

" \/8m|n|

for n # 0. For n = 0 the frequency of the harmonic oscillator is zero and the operator is

not well defined. We now have

1
[Gn, ] = ————([A7|n|tn, im_p] + i[7_n, d7|Mm|1hm]) = 0
[an,al ] = 7877[71”77’&“ ([Ar|n|n, —imm] + i[m—pn, dT|m|_n]) = Onm

as expected. We essentially have two sets of ladder operators, one for n > 0 and one for

n < 0. We split these into two sectors explicitly as follows:

—i\/na n>0 —i/na_ n >0
an = n ) n = n ) (6.32)
iv/—n ZLT_n (n<0) iv—nd, (n<0)
which have the commutation relations
[an, am] = M0ptm  [An,Gm] =0 [Gn, Gm] = Ndptm (6.33)

Moreover, note that a_,, = aIL, a_p, = &IL. We now want to rewrite the Hamiltonian in

terms of these ladder operators. To this end we compute the following expression:

E A_pnQp + G_pQy = E A_nQp + GpQ_pn + G_pnay + ana_p

n#0 n>0
= "2a_pan + 2 _nan +2n =Y 20}, + 2na’ 0, +2n
n>0 n>0
1 . . . .
= Z 2n(87r—n(47r]n]w_n — i) (A7 |n| Yy +im_y) + E(Zlﬂ\n\wn —im_p) A7 |n|p_y + imp) + 1)
n>0

2
= Z 871_—””(2(47m)21/1_n¢n + 2mpm_py + AT (YT — Tpn + Yy — T_p_y) + 87y)
n>0

1 1
:% Z TnT—n + (471-71)21#7717,[)77, = E Z TnT—n + (47Tn)27/)—n¢n

n>0 n#0
(6.34)
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Thus the Hamiltonian is given by

1 1
H = 87778 + 5 T;]a—nan +a_pan — V(¢)
L T T (6.35)
— 877rﬂ-0 + 3 %anan + a)an, — V()

We will now show that the ladder operators are indeed raising and lowering operators
for the free boson. We thus for now assume V' = 0. Then for m # 0, using [AB,C| =
A[B,Cl+[A, C1B,

1
[H,a_ ] =3 > [ann + G nn, a ]
. (6.36)
=3 Z a_plan, a_m] + [a—pn, a_m]an, = §(ma_m + MG_yy) = MA_p,
n#0
Thus if |F) is an eigenstate with energy E, then
Ha_p|E) = a_nE|E) + ma_p|E) (6.37)

and hence a_,,|E) is an eigenstate with energy E + m, unless possibly if a_,,|E) is the
zero (vacuum) state. We conclude that the operators a,,, a,, are indeed ladder operators

for the free boson. We now return to the interacting case, and define the Witt operators

1
ayg = ——=T
V8
o (6.38)
L,=—- N P B
2
m

and similarly for L,,. Here the colons denote normal ordering, which is defined as

apar, if k>n
Dapayg = (6.39)
aran, if k<n

One can also normal order larger strings of creation/annihilation operators, in which case
they are put in ascending order of index. This results in the annihilation operators always
being in front on the creation operators in a normally ordered string of operators, which
is desirable as that means that L, acts as a finite sum on any state with finitely many

particles in it. Furthermore, for n # 0, an—may, commute, so we can rewrite the definition
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of L,, as

= % Z Ap—mam
m

1
Lo = Z A O, + §a3

m>0

(6.40)

With this definition, clearly [L,, L,] = 0 for all n. We also want to calculate the
commutator [Ly, L,,], but to handle the infinite sums in L, we will first introduce an
additional cutoff function, following Ref. [KRR13],

Y(z)=1 if |z|<1;¢(x)=0 if |z|>1 (6.41)

and define .
=3 Z D Up—m G, P (em) (6.42)

meaning that for e # 0, L, () is a finite sum and L, (¢) — L, as ¢ — 0. Now we use that
[ak,: Gn—mam :| = [ak, an—manm] as the difference in ordering introduces a scalar factor at

most, which commutes with ag, and we first compute [ag, Ly, (€)]:

1 1

[ak, Ln(€)] =3 Z[ak,an_mam]w(em) =3 Z[ak,an m)am(em) Zan m|Qk, am]ip(em)

m m

:%kaw_k.w(e(n + k) + %kamw(—ek)

(6.43)
The limit € — 0 then gives [ag, Ly| = kap 4.
We are now finally ready to compute [L,, Ly,]:
1
[Ln(f)a Lm] :i zk:[an—kaky Z Ap—k (lk, (fk) 2 Zk:[an—lm Lm]akw(ek)
1
=5 zk: i kar i (k) + 5 Zk:(n — k) pn_rart) (k)
(6.44)

We now want to put the two sums in normal order. For the first sum, the current order is
correct for n — k < k+m, so k > (n —m)/2, and needs to be reversed for k < (n —m)/2.
The terms in the second sum are in the correct order for m +n —k <k or k > (m+n)/2

and need to be reversed for k < (m + n)/2. Using the commutations relations we reverse
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the necessary terms, resulting in

[Ly(€), L] :% D kG kgt (k) + é > (0= k) : amyn—ra : P(ek)
k k

1 1
t5 D Onmk(n = R)(eR) + 5 Y Fnpm(n — k) (=k)u(ek)
k<(n—m)/2 k<(n+m)/2
:% zk:(k' — m) D Opm—kQk ¢(6(l€ — m)) + ;Ek:(n - k) P Amgn—kOE - w(d{)
1 1
+ 5 Z 5n+mk(n - k‘)ﬂ)(ek‘) - 5 Z 5n+mk(n - k)¢(€k)
k<n k<0

:% Z(k‘ — M) @ Apym—kag : P(e(k —m)) + %Z(” — k)t amin—kak : P(ek)
- k

1
+ §6n+m Z k(n — k)y(ek)
0<k<n
(6.45)

Finally we take the limit e — 0, to arrive at

1 1, 4
[Lns Lin] = (=) Lnm+ 500 4m > k(n—k) = (n=11) Lo + O 5 (n° = n) (6.46)

0<k<n

This is precisely the Gelfand-Fuks cocycle we found in proposition 3.42, thus the L,
give a projective representation of the Witt algebra. These operators L,, are then called the
Virasoro operators, after the Virasoro algebra that they form, which is the unique central
extension of the Witt algebra. Moreover, we note that for the free boson, H = Ly + Lo,
meaning that 9, in as gets mapped to the free boson Hamiltonian.

We will now define the quantum states, by defining the Fock space, which means that
we define what the zero particle states are, the one particle states, two particle states et
cetera. The a,, a, should be annihilation operators for n > 0 and creation operators for
n < 0, as we saw that for the free boson a_,,|E) is an eigenstate of H with energy E + m
if |E) is an eigenstate of H. We would thus typically define the vacuum to be the state |0)
such that for n > 0

ap|0) = a,|0) =0 (6.47)

This does not define the vacuum uniquely however, as we still have the operator ay,
which commutes with a,,. Therefore, we actually have infinitely many vacua, one for each

eigenvalue of ag. We thus define the vacua as follows
apla) = aplay =0 (n>0) and apla) = ala) (6.48)

Let (n;);>1,(mj)j>1 € N such that ) n;, > m; are finite, then we define the other states

as

[(n3)521, (M) 21, @) = Clnyy o (my);50 021075 - al1a"3 . a) (6.49)
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= 1
\/Hj (ng)(my)lgmatns

The necessity of this normalization constant will be shown later. We will write n =

Clny) (6.50)

i>1:(mg)>1

(nj)j>1,m = (m;j);>1,0k = (§;1);j>1 as a shorthand. We define the inner product to be the
unique inner product such that |n, m, «),|n’,m/, o) are orthonormal. One might question
if states with different a should indeed be orthogonal, as « is a continuous parameter, but
we note that as we want ag to be self-adjoint, (¢/|ag|a) = a(d/|a) = o/(d/|a), meaning
(o/|a) must be zero.

The operators L, L,, ay together with the Fock space thus give us a projective rep-
resentation of as. We will now show that this is a projective unitary positive energy
representation. Starting with positive energy, we note that Lo+ Lo should be the generator
of time translations, as this is d; in as. We will therefore show that Lg is positive energy,
then analogously the same holds for Lo and the sum is also of positive energy. We start by

computing the following commutator, for n,m > 0,

n _ n n _ n—1 n n—1
[ama a—m] =AmA_ — Ay m = A—mAm0_p — A_p0m + ma_p, (6 51)
=a_m|am, " La_n] + ma%‘1 = nma%_l

where the last step follows by applying the previous steps n—1 times. Using this calculation,

we find
a_pagln, m, o) =a"a"% .. a_gaga”™ .. a"ia"; o) =
a™a"% .. .a™a_pay...a"ta"; . |o) + ngkln,m, o) = (6.52)

0+ nikln, m, a)

Note that in the last step, the first term is zero as aj annihilates the vacuum and commutes

with all of the terms in front of it. We are now ready to calculate (Lg),

1
(n,m,a|Lo|n, m,q) 25042 + > ()21, (mg)j21, ala_gag| (ny) 51, (M) 21, @)

L (6.53)

k>0

Thus Ly is of positive energy.

To show that this is a unitary representation, we first note that this is a complex Lie
algebra, so the standard notion of the operators being skew-Hermitian does not make sense,
as noted in remark 3.4. Instead, we should show that this is a *-representation. If 7 is
the representation, thus mapping &, € adss to L, as an operator on the Fock space, we
require ()" = 2. Now it is easily shown that & = &_,,, (1/rd,)T = 1/r8,, thus we need
to show that LL =L_, and ag = qg.

We note that we have previously defined a dagger on the operators a,, but we have

not checked that this is consistent with our definition of the inner product in the Fock
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space. We will therefore not use this dagger, but show directly from the inner product that

aL = a_y, for k > 0. First, note that

(n',m/ dla_gIn,m,a) = C’mm/CnJr(;k,m(n', m/, d|n + 6, m,a) (6.54)

If we show that the same is true for CLL, then they are the same operator. To this end, note

that using equation we have

/ / / /
agln’,m' o) = Cn,’m/aﬁllai% . akaﬁ’z . dr_nlléilg )
/ n! — / / C n/ ]{;
=0+ Cpypnpha™ a"™ . aga™ @™ ) = C"”#yn' — &5, m/, )

n’'—,m/’

(6.55)
Thus
C nk

(n',m/, o/|a£|n,m, a) = M(n’ — 6, m/,d/ |n,m, Q) (6.56)

Cn’—ék,m’

C, n/
We conclude that if ~ Fnm =z Lo T for n’ = n + 8, m’ = m, we are done. This is
+5k m n’fék m/
nl k
immediate from CC% =/(nr + 1)k, # = /nik.

We thus see that thls form of the normalization constant Cy, ,n is necessary to obtain
the correct adjoint relations for the creation and annihilation operators. The form of the
normalization constant is also similar to the standard Fock space normalization constant
and the difference occurs as now [ay,a_,] = n instead of 1, which is standard. Now
for £ < 0, we note that aL = (aJr_k)Jr = a_j and lastly, a(T) = ap is immediate from
(n/,m/, o |ag|n, m, o) = @by’ nOm’ m» 0 a-

Now calculating the adjoint of L, for n ## 0 is easily done from the definition in
equation 6.38. Indeed,

Z :r% m Za—mam n = Za_n mam = L—n (657)

LI =

N

For n = 0, it is also immediate, Ll = Ym0 ajnaT —|— = Lg. We conclude that this is
indeed a *-representation of AdSs and therefore gives rise to a projective unitary positive
energy representation of as. However, 0; is represented by the free boson Hamiltonian
instead of the Liouville Hamiltonian, which is unexpected.

For a more rigorous approach to the Lie algebras generated by a,, by L, and their

representations, we refer to Ref. [KRR13].

Further notes

An interesting implication of constructing the Virasoro operators like this is that Ly — Lo
is now quantized, having only integer eigenvalues. Ly — Lg should be the generator of

the angular momentum, as it is the image of Jy, thus the angular momentum would be
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quantized. Noting that this is the angular momentum of a particle, we should interpret
this as the spin of the particle, which should indeed be quantized.

Something very similar to this quantization of the boson occurs in string theory,
where one also has Virasoro operators L,, L, and the center-of-mass momentum pg of the
string, and pg commutes with the Virasoro operators. For more details, see for example
Ref. [GSW12].

Lastly, the projective unitary positive energy representations of the Witt algebra are
the highest weight representations, where we take some h > 0, define Lo|h) = h|h) and then
let L_,, (Ly) be the creation (annihilation) operators. The Witt modes L,, are required
to have the commutation relations of the Witt algebra. We note that if we additionally
define h = 3a?, |h) = |a), agle) = «, then this gives us a projective unitary positive
energy representation of to @ R. If we also introduce L., ag in the same fashion we have
a projective unitary positive energy representation of toy, @ top @ R & R. This symmetry
algebra has one factor of R too many, so we have to set @y = ag. This implies @ = a,h = h
and gives a projective unitary positive energy representation of oy @ wgr & R as we were
looking for. As @y = ag, h = h, there are no winding modes in this construction, which are
modes for which ag # ao.

The representations of the Noether perspective symmetry algebra thus have a natural
extension to the representations of the Wigner perspective symmetry algebra, where the
additional factor represents the square root of the weight of the representation. We note
however that we now had to require h = h, as this is not necessary for a projective unitary
positive energy representation of oy @ twg. Without this condition, the spin Ly — Ly is
not quantized.

In both the CFT and the string theory cases, the extra factor of R in the Wigner
perspective thus corresponds to the zero-mode or center-of-mass momentum. It also implies
the quantization of spin, which is not present in arbitrary projective unitary positive energy
representations of the Noether perspective symmetry algebra. This is expected in a sense,
as quantization of spin is a quantum phenomenon, whereas the Noether perspective is a
classical perspective as it looks at classically conserved charges. However, we do note that
this is only one possible interpretation and not a definite answer. As a last bit of evidence
for our interpretation, we mention that the vector field 1/r9,, which represents the factor

R, is also constant in ¢, just as ag and py.
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Chapter 7

Conclusion

Results

In the introduction, we asked the following research question:

What is the largest normal subgroup of the weak asymptotic symmetry group of AdSs for
which every symmetry is trivial in every projective unitary positive enerqy representation?
What is the quotient group of the weak asymptotic symmetry group by this normal subgroup

and how does it differ from the standard asymptotic symmetry group?

We have answered this question by determining the trivial symmetries on the level of Lie
algebras. These are given by the ideal t C i such that as = g/t = o, @ twr © span{Q39q}.

The asymptotic symmetry group has as as its Lie algebra and the component connected
to the identity is therefore given by ASy = Diff(S')q @ Diff(S!)o ® R. The standard
asymptotic symmetry group, so in the Noether perspective, is given by Diff(S!) @ Diff(S!),
so the new, Wigner perspective asymptotic symmetry group is a trivial extension of the
standard Noether perspective group.

We have then looked at a possible physical interpretation of this result. First of all, we
saw that the extra Virasoro modes, so aside from the s[(2) modes n = —1,0, 1, should be
interpreted as the dressing of a bare particle with gravitons. Then for the additional factor
of span{Q39qn} = span{1/rd,}, we looked at a conformal field theory on the boundary of
AdS. This was inspired by asymptotic AdS being equivalent to Liouville theory on the
boundary and by the more general AdS/CFT correspondence. We then found that the free
and interacting boson on the boundary both have as as symmetry algebra. In these cases
the additional factor span{1/rd,} corresponded to the average momentum of the field in
the representation. The same is true in string theory and we saw that in fact projective
unitary positive energy representations of toy, @ v have a natural extension to a projective
unitary positive energy representation of toy, @ top @ R. This natural extension leads to

the quantization of spin.

Discussion

Of course, there could also be a mistake in our assumptions. The main assumption is that

of the boundary conditions and it is sometimes said that choosing boundary conditions is
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more of an art than a science. Moreover, the choice of boundary conditions determines
which weak asymptotic symmetry algebra is found and therefore determines the trivial
symmetries as well. A suggestion of different boundary conditions that keeps the Witt
algebra structure as the lowest order structure is given in remark 4.16. Currently, we use
the © coordinate and ask of all functions in O(2%) to extend smoothly to Q = 0. For
example 1/+/7 does not satisfy this, as 1//r = v/Q is not differentiable in Q = 0. Instead,
one could define O(1) as all the functions f such that lim,_,o, ¥ f converges, as then all of
the fractional powers of r would be included in O(1).

However, despite possible errors in the boundary conditions, we think that the Wigner
perspective of trivial symmetries offers a useful way of looking at trivial symmetries, for the
following reasons. Especially when one is interested in the fundamental particles belonging
to the asymptotic symmetry algebra, the Wigner perspective of trivial symmetries is a
priori more natural. A posteriori in the case of asymptotic AdS3 it was shown to be more
useful as well, due to the additional factor of span{1/rd,} having natural correspondences
in 2D CFT’s and string theory.

Future research

In our case of asymptotic AdS3 the difference between the Wigner perspective and Noether
perspective turned out to be ”small”, in the sense that the Wigner perspective asymptotic
symmetry algebra is a one dimensional trivial extension of the Noether perspective algebra.
We expect something similar to hold for three dimensional asymptotically flat space, as
the Noether perspective asymptotic symmetry algebra in this case is connected with the
AdS3 one through the Inoénii-Wigner contraction. This is the limit of the curvature going
to zero, and we expect this connection to hold in the Wigner perspective as well. The four
dimensional flat space case, where the Noether perspective symmetry algebra is the BMS
algebra, might very well be different however. Moreover, as the fundamental particles of
the BMS algebra are known to be nonphysical, as mentioned in the introduction, this new
definition could be crucial in determining the correct asymptotic symmetry algebra.
Another interesting research direction would be to extend these results to the super-
symmetric case. Supersymmetry is a theory where every fermion has a corresponding
boson symmetry partner, and vice versa. The graviton, the putative particle associated
to gravity, would thus for example have a fermion symmetry partner that is called the
gravitini. In supersymmetric theories the Hamiltonian can typically be written as an
anticommutator of two elements, leading to the Hamiltonian having positive energy. As
our Wigner perspective analysis is based on the Hamiltonian having positive energy, these
supersymmetric theories provide an interesting ground to extend our results to. One way to
proceed would be to first determine the weak asymptotic symmetries in the supersymmetric
theory. This could be done by extending the Witt algebras to super Witt algebras, where
the bosonic elements are given by vector fields on AdS3; and the fermionic elements are
given by spinors. Then the commutators between the two sectors could be determined,

leading to a minimal weak asymptotic symmetry algebra. Now one could simply look
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at the ideal generated by the trivial symmetries t in the super Lie algebra and therefore

determine which super symmetries should be trivial on these grounds alone.
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Appendix A

Code

Some of the longer calculations in this thesis were checked using Python code, with the
Sympy library. This library can do symbolic algebra and is therefore useful for long
calculations. All of the code is in the following GitHub repository:

https://github.com/Joost987/AsymptoticSymmetries
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Appendix B

Boundary conditions

The following were calculated using Sympy, see Appendix A. They were then simplified a
little by hand.

2127, (_A2 + QQZQ — l2> sin (¢) COS (%)

L rr —
wf V72 (A2 + a2 4 12)?
l (—Aal (2 +72) (A% + o212 4+ 1) cos (¢) cos (4) —r? (12 + 7"2)2 sin (¢) sin (%))
L 9rt = +
& r2 (12 + 7.2)% (—A2 4+ o202 + 72)
L(r? (a®1? +1r%) (A% 4+ o?1? + 1%) sin (¢) sin (1))
r2 (2 4 12)% (A2 + 212 + 12)
1? (—Aalr? (=A% + o?1? + r?) sin (¢) sin (1))
Leygry = 5 3 +
r2 (12 +12)2 (—A2 + 21?2 +1r2)
12 ((7'2(12 + r2)(l2(1 — a2) + Az) + AQ(Z2 + 7“2)(—142 + 2?2 + 7’2)) cos (¢) cos (%))
r2 (12 +12)2 (—A2 + o212 + 12)
r 2 (—Aad (I + 7%) sin () cos (¢) + r?1*(a® — 1) sin (¢) cos (1))
G = 2ryEZ 112
c _—Aalr2 sin (¢) cos (§) — Aal (1% 4 r?) sin (¢) cos (1) + 721? (o — 1) sin (%) cos (¢)
Gfto = IV T 12
+A% (1% + r?) sin (%) cos (¢)
IrviZ +r?
c 24 (Al?sin (¢) cos (¥) + Ar?sin (¢) cos (4) — alr?sin (4) cos (¢))
€3990 = 2+ 12
(B.1)
By analyzing the orders we quickly find:
Legrr  Legre Legro o= O3 0@~
Leger  Leguw  Legg | ~ or=3) o)y o@h (B.2)
Legor Legor Ledoo O(r=?) o(') o)
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Appendix C

Compact open topology

In this appendix we discuss some properties of the compact open topology. First, let
D C R"™ be a vector space and let (K;);>0 be an increasing sequence of compact subsets of
D with union D. We then consider the smooth functions on D, C*°(D) with the topology

generated by the following seminorms:

pi;n(f) = sup max [0%f(z)| (C.1)

where f € C*°(D) and « is a multi-index.
We will first show that multiplication of functions is jointly continuous, i.e. the map
C>®(D) x C*(D) — C*(D) : (f,g) — fg is continuous in the product topology. To this

end, note that this a multilinear map and we can therefore use lemma 2.8.
Lemma C.1. Multiplication is jointly continuous in the compact open topology

Proof. By lemma 2.8, all we need to show is that for all seminorms pg; ,, we can find

continuous seminorms p, ¢ and a constant C' such that

pr;n(fg) < Cp(f)alg) (C.2)

To this end, we use the general Leibniz rule:

ofa= X ()00 (©3)
1BI<|e|

where a = (aq,...,a,),8 = (B1,.-.,8n) and (g) =1Tx, (gz) Now the result follows

easily from a computation:

Pk, n(fg) = sup max [0%(fg)(z)| < sup max

(5) 2 r@lo%s(a) <

zeK; la|<n zeK; laf<n Bl B

« (% 4
sup max <B>|8"‘f(:v)! sup o (ﬁ)raﬂgw < (©
peKG 1S 5 2R 1= 1<

CpKJ,n(f)pK],n(g)

122



O

We will now also show that right composition is continuous in this topology. To this
end, let f € C*°(D) and let g = (g1,...,9n) with g1,...9, € C*°(D) and im(g) C D.
As the seminorms involve derivatives, we need to know that the n-th derivative is of a
composition of functions, which is given by the Faa di Bruno formula. This formula is
quite convoluted with a lot of sums, products and combinatorial constants, which we do
not need. We will therefore give a simplified version of the formula and refer to Ref. [CS96]

for the full formula.

Lemma C.2 (Faa di Bruno, lemma 2.3 in Ref. [CS96]). Let f € C*°(D), let g = (g1,---,9n)
with g1,...g9n € C®°(D) and im(g) C D. Then for a a multi-indez, the o derivative is

given by
0*f(g(x)) = Y (*))(g(®@))Panr(@) (C.5)
[AlI<]ex|
where Py x 15 a polynomial in derivatives of g1, ..., gn and independent of f.

Now continuity follows easily:

Lemma C.3. Let g = (g1,...,9n) with g1,...9, € C°(D) and im(g) C D. Then right

composition with g is continuous, i.e. the map f — f(g) for f € C*°(D) is continuous.

Proof. We have to show that for any j,n, the corresponding seminorm on the composition

is bounded by another continuous seminorm for all f € C*(D):

prc;n(fog) < Cq(f) (C.6)

where C' is a constant and ¢ a continuous seminorm. This follows from lemma C.2 and a

simple computation:

picynlf 0.9) = sup max |0 f(g(@)] < sup max 3 10 F)(g(®)) Par(®@)] <
zcK; || <n zcK; |ee|<n A<l
. (c.7)
sup max (8> F)(g(@))| sup max | Pox ()]
2EH 211\ o 2EH 2151\ o

As g is continuous, its image under Kj is again compact. As (K;);>o is an increasing
sequence with union D, there exists some 4 such that g(K;) C K;. Furthermore, as P is

independent of f, Supyex, max|qj<n 2_|x<|a| [Fa,A (@) is a constant we will call C. Then

pr;n(f 0g) <C sup max (07 f)(@)] < C sup max |(9°f)(x)| = Cpx; m(f) (C.8)

zeK; la|<n IXN<lal zeK; la|<n

O]

For later calculations we also give the one-dimensional Faa di Bruno formula [Bru55]:
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Lemma C.4 (Faa di Bruno, one dimensional). Let D C R be some domain, f € C*(D),g €
C*®(R) with im(g) € D. Then for all nonnegative integers n, the derivative is given by

ﬂf(g(:r)) - Z nt plmitetmn) (g (2. H (g(j)($))mj (C.9)

dx™ mqlllmimgl2Ime | my, Inlmn e
]:
where the sum is over all nonnegative integers my, ..., my such that
1-mi+2-meg+---+n-m,=n (C.10)
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