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Abstract

As Wigner showed in 1939 for the Poincaré algebra, fundamental particles can be classified

using symmetry algebras. In a universe including gravity, the Poincaré algebra cannot be

the correct symmetry algebra, as this is the symmetry algebra for flat space. Instead, one

should consider a symmetry algebra of asymptotic symmetries, which preserve only the

asymptotic structure of gravity. Many of these asymptotic symmetries are not physically

useful and are therefore considered ’trivial’. In this thesis we give a new, quantum,

definition of trivial symmetries, namely that a symmetry is trivial if it does not change

which fundamental particles are found in a classification. We then specialize to three-

dimensional asymptotically Anti-de-Sitter space. To calculate which symmetries are trivial

we first determine the second cohomology group of the asymptotic symmetries. Using the

second cohomology group it is then found that the useful asymptotic symmetry algebra

is given by w ⊕ w ⊕ R, where w is the Witt (centerless Virasoro) algebra, whereas the

standard definition of trivial symmetry gives w⊕w as the useful symmetry algebra. The

extra factor of R is interpreted to be a kind of center-of-mass momentum.
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Chapter 1

Introduction

Symmetries play an essential role in physics. We will show this in three different stadia of

physics, starting with classical physics. This is the physical study of day-to-day objects such

as billiard balls, cars, seesaws, bridges, rockets, et cetera. In classical physics, symmetry

transformations such as time translations, space translations and rotations lead to energy,

momentum and angular momentum conservation respectively. Let us show this in the case

of the billiard balls. If a rolling billiard ball hits a stationary billiard ball, the momentum

of the rolling billiard ball is transferred to the stationary billiard ball, meaning that the

ball that was previously rolling will stop, and the stationary billiard ball will start rolling

with the same speed as the ball that hit it. The total momentum of the two billiard balls

is thus the same before and after the collision. Moreover, it is clear that space translations

are a symmetry in this case; if we move both of the balls equally, the physics does not

change. We can break this symmetry however, by including the walls of the billiard table.

If we now move the two balls (but not the table), one of the balls could end up outside the

billiard table, meaning that we no longer have space translations as a symmetry. We also

no longer have momentum conservation, as the total momentum of the two balls changes

whenever a ball hits a wall. Indeed, imagine that one ball is stationary and the other is

rolling towards a wall. As soon as it hits the wall, the momentum flips sign and is thus

not conserved. Of course, if we also translate the billiard table when performing a space

translation, and if we include the momentum of the billiard table, the billiard balls and

table are again symmetric under space translations, and momentum is again conserved.

The connection between symmetries and conserved quantities is made formal in

Noether’s theorem, which essentially tells us that every continuous symmetry corresponds

to a conserved quantity [Noe18]. We will therefore call this connection between symmetries

and conserved quantities the Noether perspective of symmetry.

Secondly, let us look at special relativity. This is the study of objects with a velocity

on the scale of the speed of light, but without gravity being relevant. The main hypothesis

of special relativity is that the speed of light is constant in every reference frame, meaning

that the relative speed of a ray of light is the same when you are traveling towards this ray

as when you are moving away from it. When objects travel at velocities near the speed

of light, the passage of time slows down and the length of an object starts to depend on
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the observer. The exact way in which these phenomena occur can be derived by assuming

that classical physics should be invariant under Lorentz transformations [Res68]. Lorentz

transformations are symmetry transformations such as rotations, alongside additional

symmetry transformations. These additional symmetry transformations are constructed in

such a way that the speed of light is the same after applying a transformation, as required

by the main hypothesis of special relativity. As special relativity is thus determined by

these Lorentz symmetry transformations, we have found another application of symmetries.

Lastly, the Lorentz group of symmetries plays an important role in the classification of

elementary particles, through Wigner’s classification [Wig39]. The elementary particles are

the particles that are not composed of other particles and include the particles that make

up all of the matter around us, such as electrons and the quarks that make up protons

and neutrons. Aside from these ”matter particles”, there are also ”force particles”, which

correspond to the fundamental forces in the universe. The photon, for example, is the

force particle that corresponds to the electromagnetic force. The properties of the particle

tell us something about the corresponding force; e.g. the higher the mass of the particle,

the shorter the effective range of the corresponding force is. We are thus interested in

what kind of elementary particles can exist in our universe, and as shown by Wigner,

this can be classified using the symmetry group. We will call this connection between

particles and symmetries the Wigner perspective of symmetries. The Wigner perspective

of symmetries is more oriented towards quantum mechanics than the Noether perspective,

as the conserved quantities of the Noether perspective are only classically conserved.

Now we turn to general relativity, which is the theory that describes situations with

very strong gravity, such as black holes, the big bang, or the universe itself. In a similar

fashion to classical mechanics, in general relativity symmetries again lead to conserved

quantities. The issue, however, is that realistic models of our universe are not symmetric.

In other theories, such as special relativity or classical dynamics, there is a background

space, which we can use instead to define symmetries. For example, in classical mechanics

one can typically translate all bodies of interest in space with respect to the background

space. If the system consists only of these bodies, the interactions only depend on the

distance between the bodies and are therefore not affected by this translation, leading to a

symmetry. This symmetry then gives us momentum conservation. Think of the billiard

balls; when the translation symmetry was broken by the billiard table, we could simply also

move the billiard table to repair this. In contrast, in general relativity this ”background

space”, the spacetime, is the object of interest or in the billiard analogy, the spacetime

is the billiard table. Now if the billiard table is the universe, what does it mean to move

the billiard table? This does not make sense and therefore does not lead to a conserved

quantity.

Instead, one can consider asymptotic symmetries. These are not exact symmetries,

but intuitively, they become exact symmetries for very large distances. For instance, the

distance from the sun to the nearest neighboring star, Alpha Centauri, is about 268,770

AU [NAS], meaning that it is about 10,000 times further than the distance between Neptune

and the sun. If we were to consider a rotation of the solar system, this would not be an
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Figure 1.1: Two dimensional Anti-de Sitter space. l is the radius of the space, t is an
angular coordinate and r is the radial coordinate.

exact symmetry, as spacetime is not invariant under rotations near the solar system. For

very large distances from the sun, as long as we are also very far from other massive objects

such as Alpha Centauri, say 10,000 AU, spacetime is almost flat and rotating it is very

close to a symmetry. Intuitively, this is an approximate symmetry.

Now the solar system is well described by Newtonian gravity and thus does not benefit

much from a description in terms of asymptotic symmetries, but for larger structures, such

as the entire universe, these asymptotic symmetries can be valuable. For example, they

can be used to define the Bondi energy, which is a measure for the total energy of the

system [Wal09][BBM62]. This Bondi energy can then be used to analyze the energy carried

away by gravitational waves.

Moreover, there is a great interest in asymptotic symmetries in something called the

AdS/CFT correspondence. This is a duality between a string theory in an asymptotically

Anti-de-Sitter (AdS) space, which is the solution of the Einstein equation for an empty

universe with negative cosmological constant (see figure 1.1), and a conformal field theory

(CFT) on the boundary of the AdS space. This AdS/CFT correspondence is currently one

of the main avenues to explore quantum gravity [AE15] and can be used to study strongly

interacting quantum field theories [Kle09]. The conserved charges of the asymptotic

symmetries of AdS are used explicitly to construct the duality between the string theory

and the CFT.

However, not every asymptotic symmetry is useful in the Noether point of view, as some

do not lead to useful conserved charges. These symmetries are called trivial symmetries.

The asymptotic symmetry group is then typically defined to be the quotient of all allowed

asymptotic symmetries by the trivial asymptotic symmetries. This reduces the size of the

asymptotic symmetry group and makes it easier to work with, while only losing symmetries

that are trivial anyway. This Noether point of view definition of trivial symmetries is

standard [BH86][Obl17].

Using this asymptotic symmetry group, the fundamental particles of AdS3 are then

typically determined by looking at the projective unitary positive energy representations,

akin to Wigner’s classification. We think that the Noether definition of trivial symmetries

is ill-suited for this application of the asymptotic symmetries, however, as these trivial

symmetries could still impact what fundamental particles are found in a classification,
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meaning that excluding them from the asymptotic symmetry group might not be the right

choice. Indeed, there could be symmetries that do not generate a classically conserved

charge but are necessary to find the correct fundamental particles, which should thus not

be excluded from the asymptotic symmetry group. Furthermore, when one determines

the fundamental particles of bms4, which is the asymptotic symmetry algebra of four

dimensional flat space in the Noether perspective, the resulting particles are not as

physically expected [Obl17]. It could therefore be fruitful to consider a new definition

of trivial symmetries which is better suited for determining the fundamental particles.

Hence in this thesis we look at trivial symmetries from the Wigner perspective and

consider a symmetry to be trivial if it is trivial in every projective unitary positive energy

representation. With this new definition, taking the quotient by the trivial symmetries

does not change which particles are found in a classification. Specifically, regarding this

topic we will answer the following research questions:

What is the largest normal subgroup of the weak asymptotic symmetry group of AdS3 for

which every symmetry is trivial in every projective unitary positive energy representation?

What is the quotient group of the weak asymptotic symmetry group by this normal subgroup

and how does it differ from the standard asymptotic symmetry group?

This new definition of trivial symmetries is more oriented towards quantum mechanics,

as the Noether perspective is a classical perspective of symmetries, whereas the Wigner

perspective takes quantum mechanics into account.

One might wonder why we only look at projective unitary positive energy representations,

or what this even means. To start answering this, we first ask ourselves what a symmetry

should be in the quantum context.

In quantum theory, states are normalized complex wavefunctions on a Hilbert space.

The observables are operators acting on this Hilbert space and expectation values for these

observables are calculated using the inner product, for example ⟨B⟩ = ⟨ψ|B|ψ⟩ = ⟨ψ,Bψ⟩
for a wavefunction ψ and observable B. A symmetry should then act on the wavefunctions

in such a way that these expectation values do not change. All the ways that a symmetry

(an element of some group) can act on a Hilbert space are given by the representations of

the group on the Hilbert space. The core idea is that all of these different ways of acting

on a Hilbert space represent different particles.

If we thus understand all the representations, we understand all of the possible particles,

which is why we consider representations. However, there are additional constraints

that we should impose on the symmetries, which are given by the adjectives projective,

unitary and positive energy. To start, a symmetry should preserve the expectation values,

which happens precisely if the representation is unitary. Furthermore, quantum states

are normalized and phases are irrelevant as multiplying a wavefunction by a phase does

not change any of the expectation values. Thus a symmetry U that sends ψ → Uψ and a

symmetry Ũ : ψ → eiϕUψ for some ϕ are equivalent. The projective representations are

exactly the representations that take this equivalence into account. Lastly a representation

is of positive energy if the energy of all the states is bounded from below. If this is not
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the case, a particle could keep decaying to lower energy states, whilst radiating energy.

This is deemed nonphysical, leading to us only considering positive energy representations.

Combining all of the above, we see that we should only consider projective unitary positive

energy representations.

Three dimensional Anti-de-Sitter space is a good model to start with, for the following

reasons. First of all, it is typically simpler than higher dimensional AdS spaces. It is

often a good idea to start with the simplest model, as this can give you valuable intuition

without getting lost in technical difficulties. Two dimensional spaces might be even

simpler, but general relativity is not well defined in two dimensions, as the Einstein tensor

vanishes identically in two dimensional theories. Thus AdS3 is the simplest interesting

version of AdS. From the perspective of asymptotic symmetries, AdS3 is also different

then higher dimensional spaces, as the asymptotic symmetry group of AdS3 is infinite

dimensional [BH86], whereas in higher dimensional AdSn spaces it is the same as the

normal symmetry group of AdSn [AM84]. These facts lead to AdS3 being an interesting

space to consider for our calculation of the asymptotic symmetry group with the new

definition of a trivial symmetry. Three dimensional AdS can essentially be pictured as in

figure 1.1, except each point on the hyperboloid is actually a circle of points.

We will start this thesis by quickly introducing the core concepts of Lie theory and

locally convex vector spaces in chapter 2. Lie theory is essential, as this is used to describe

continuous symmetry groups. A continuous symmetry is a symmetry transformation that

depends on a parameter, say x, which takes values in R, so for each x ∈ R we have a

symmetry transformation. An example is given by the translation x0 → x0 + x. These

continuous symmetries are easier to handle than non-continuous (discrete) symmetries, as

we can differentiate continuous symmetries in their parameter x. These differentials, also

called infinitesimal symmetries, turn out to be easier to handle while still giving us plenty

of information about the continuous symmetries. They form an object called a Lie algebra,

and these are the objects we will focus on in the thesis, thus we spend some time on their

basic properties.

We then turn to representation theory in chapter 3. As mentioned earlier, symmetries

in a quantum context are given by representations, thus we must define them rigorously,

and the same holds for projective, unitary and positive energy representations. Combining

all of these adjectives, we get projective unitary positive energy representations, and it is

shown in section 3.3 that these can be understood through something called Lie algebra

cohomology. We define this cohomology in section 3.4 and we lastly give a nontrivial

example of Lie algebra cohomology in section 3.5 by looking at symmetries of the circle,

which form the Witt (or centerless Virasoro) algebra.

We are then ready to introduce the actual asymptotic symmetries, which is done in

chapter 4. We first look at what asymptotic symmetries should be in general in section 4.1

and we then specify to AdS3 in section 4.2. In the next two sections we take care to

define the boundary conditions in a mathematically rigorous fashion. We can then finally

compute what the asymptotic symmetries are, which is done in section 4.5.

Next we look at the Lie algebra cohomology of the asymptotic symmetries to gain an
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understanding of the projective unitary positive energy representations in chapter 5. A

start to this is made in section 5.1. We then need some more powerful tools, which are

developed next in section 5.2. Using these tools, we can compute the rest of the cohomology

in sections 5.3, 5.4.

Before continuing with the calculation of the trivial symmetries in the Wigner perspec-

tive, we first shortly discuss how the trivial symmetries are determined in the Noether

perspective and what the result is. Afterwards, having computed the cohomology, we

are ready to compute the trivial symmetries, which is done in section 6.2. The result is

nontrivial, so we give some ideas on how the result is to be interpreted in section 6.3. We

finish by giving a summary of the results and a conclusion in chapter 7.
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Chapter 2

Lie theory

The ultimate goal of this thesis is to describe asymptotic symmetries. These are continuous

symmetries and to understand those we need Lie theory. Symmetry groups are often Lie

groups, which are groups where the multiplication and inverse are smooth operations. To

understand what it means for these operations to be smooth, we need a bit of differential

geometry. We will discuss both in section 2.1, in an informal manner as we will only

use them to motivate other definitions. For a more complete introduction to differential

geometry and Lie groups, we refer to Ref. [Lee12].

The symmetry group we will consider will consist of asymptotic symmetries. As we

only restrict the behavior of these symmetries at infinity, they are very free in finite space,

leading to the group or algebra of asymptotic symmetries being infinite dimensional. To

handle infinite dimensional Lie groups and algebras we will need the theory of locally

convex vector spaces, which will be treated in section 2.2. This section is a bit technical

and if your goal is only to understand the main ideas of this thesis, this section can safely

be skipped.

Instead of working with symmetries themselves, it is typically a lot easier to work with

the generators of symmetries, as these form a vector space. In fact, this space of generators

forms a Lie algebra, which we will define in section 2.3, on a rigorous level as this is the

structure we will mainly work with. We will then also discuss some of the properties of Lie

algebras with a focus on quotient and complexification constructions.

2.1 Differential geometry and Lie groups

Lie groups are inspired by groups of continuous symmetries, meaning that they should be

both a group and be able to vary continuously in some sense. For the last property, the

correct setting is a manifold :

• A finite dimensional manifold is a topological space that locally looks like Rn for

some dimension n.

• A finite dimensional Lie group is both a manifold and a group, in such a way that

group multiplication and inverses are smooth
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Figure 2.1: Tangent space TxM of a manifold (or Lie group) M at the point x. A
tangent vector v with corresponding curve γ(t) is also shown. Figure was taken from
Wikipedia [TN].

Now because a manifold M locally looks like Rn, at each point x in M we can consider

the tangent space TxM of that point, see figure 2.1. This tangent space describes all the

derivatives of curves γ(t) going through x. These derivatives are vectors, denoted by v

in the figure. For a Lie group, using the multiplicative structure, one can identify all the

tangent spaces Tx with the tangent space at the identity Te. This tangent space has the

structure of a Lie algebra, which we will describe in section 2.3.

The symmetry groups that we will consider will be infinite dimensional however. In

that case, instead of saying that a Lie group locally looks like Rn, we say it locally looks

like V where V is some infinite dimensional vector space. Furthermore, to construct the

tangent space Te, we need to differentiate the curves γ(t) as in figure 2.1. This requires

V to have a topology, as differentials are defined via limits. For finite dimensional vector

spaces there is only one Hausdorff topology such that addition and scalar multiplication

are continuous, which is the standard topology on Rn. In contrast, for infinite dimensional

vector spaces there are multiple topologies and not every one of them can be used to define

derivatives. In fact, we need the vector space V to be locally convex [Nee06], which we will

define in the next section. We will say that a Lie group G is locally convex if the vector

space V is locally convex.

Remark 2.1. We will mainly be concerned with infinite dimensional Lie groups, which

are not as well behaved as finite dimensional Lie groups, for example the exponential

map from the corresponding Lie algebra might not be surjective on a neighborhood of

the identity [Mil85]. Translating information between the Lie group and the Lie algebra

therefore becomes harder, which is why we will mainly stay on the Lie algebra level. For a

survey on infinite dimensional Lie groups, see Ref. [Nee06].

Now the symmetries we are interested in are symmetries on a spacetime. These are

diffeomorphisms, which are smooth bijective maps ϕ :M → N between manifolds M,N

such that the inverse is also smooth. If a diffeomorphism exists betweenM,N , for the intents

and purposes of differential geometry they are the same or isomorphic in mathematical

language. The reason for the smoothness requirements on the diffeomorphism becomes

10



Figure 2.2: A vector field on the sphere. Figure taken from Wikipedia [BTo]

clear from this point of view; we want to be able to translate a smooth function f :M → R
to a smooth function f̃ : N → R if M,N are isomorphic, and the smoothness requirements

on the diffeomorphism ensure that f̃ is again smooth. A symmetry should moreover be

an automorphism, meaning that it is a diffeomorphism ϕ :M →M . Lastly, spacetime is

not just a manifold. It is a manifold with a metric (also called a Lorentzian manifold).

This metric specifies the distance between two points on the manifold. On 4 dimensional

flat space, the metric is for example typically written as ds2 = −dt2 + dx2 + dy2 + dz2,

where we use natural units with c = 1, as we will use all throughout the thesis. We could

however, specify a different metric on R4 such that we get a hyperbolic space. In such a

space, parallel lines do not stay parallel and the sum of the angles in a triangle do not

add up to 180 degrees, thus spacetime would look very different. A true symmetry should

therefore not change the metric. An isometry is a diffeomorphism ϕ :M →M such that

the metric stays the same when transformed using ϕ and is thus the exact symmetry we

are interested in. Asymptotic symmetries are diffeomorphisms that become isometries

infinitely far away from all matter in the spacetime.

The symmetry groups that we will look at are thus groups of diffeomorphisms. These

are however not always Lie groups. Regardless, we will see that we can associate a Lie

algebra with them, by looking at curves of diffeomorphisms and differentiating them, just

as before. To see what kind of objects we get by differentiating these curves, let us look

at a special kind of curves, namely one-parameter groups of curves. These are curves

γ : R → Diff(M) such that γ(t)γ(s) = γ(t + s) and γ(·)(·) : R ×M → M is continuous.

They are also called global flows. Now note that for x ∈M , γ(t)(x) is a curve in M going

through x. The derivative in time is thus a vector in TxM . We conclude that the derivative

of a global flow specifies a vector in TxM for each x ∈M . This is called a vector field and

an example is given in figure 2.2. Conversely, a vector field on M also generates a flow,
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although this need not be a global flow. Instead, for each x ∈M , the map γ(·)(x) (which
now represents a local flow) is only defined for some some t ∈ (−tx, tx) and satisfies the

additive property on this domain. On the Lie algebra level, the symmetry algebra that we

are looking for thus consists of vector fields on the manifold M .

2.2 Locally convex vector spaces

A normed vector space is a vector space together with a norm. In some cases a norm is too

strict however. For example, for the smooth functions on the circle C∞(S1) the standard

supremum norm makes differentiating discontinuous. Instead of a single norm, one can

also consider a family of seminorms.

Definition 2.2 (Seminorm). Let X be a vector space over a field K which is either R or

C. A seminorm p is a map X → R such that:

1. p is nonnegative: p(x) ≥ 0 for all x ∈ X

2. p is absolutely homogeneous: p(sx) = |s|p(x) for all s ∈ K, x ∈ X

3. p satisfies the triangle inequality: p(x+ y) ≤ p(x) + p(y) for all x, y ∈ X

Note that the nonnegativity actually follows from

0 = 0p(x− x) = p(0(x− x)) = p(x− x) ≤ p(x) + p(−x) = 2p(x) (2.1)

where we only used the homogeneity and the triangle inequality.

The topology generated by this family of seminorms then forms a locally convex space.

Definition 2.3 (Locally convex topological vector space).

• A topological vector space X is a vector space over a topological field K, which is a

field with a topology such that all operations of the field are continuous, together with

a topology on the vector space such that addition of vectors and scalar multiplication

are continuous.

• A locally convex topological vector space (LCTVS) is a vector space V together with

a family P of seminorms. The topology on V is the coarsest topology such that all

seminorms p ∈ P are continuous.

Equivalently, a LCTVS is a topological vector space where the neighborhood basis at

the origin consists of convex and balanced sets. These are sets S such that:

1. For each point x, y ∈ S the line between x, y is contained in S (Convex)

2. For each point x ∈ S and scalar |a| ≤ 1, ax ∈ S (Balanced)

12



This is where the name locally convex comes from. For a more complete introduction, see

Ref. [NB10]. The similarity in terminology between convex sets and convex functions is no

coincidence. Indeed, a function is convex precisely if the set of points above and including

the graph is convex.

In a normed vector space the norm generates the whole topology and in a LCTVS

all of the seminorms are needed to generate the topology. The norm is thus replaced by

a typically infinite set of seminorms. Furthermore, every LCTVS is a topological vector

space [NB10].

An example of a LCTVS is C∞(S1) with the seminorms:

pk(f) = sup
x∈S1

|∂kxf(x)| (2.2)

The absolute homogeneity is immediate and the triangle inequality holds as the triangle

inequality holds for both the absolute value and the supremum. Aside from the seminorms

in the generating family, there can be other continuous seminorms. We show that these

are all bounded by a finite linear combination of seminorms in the generator family.

Lemma 2.4. Let q be a seminorm on a locally convex vector space V with family of

seminorms P. Then q is continuous if and only if there exist p1, . . . , pn ∈ P such that

q ≤ C1p1 + · · ·+ Cnpn where C1, . . . , Cn are positive constants.

Proof. First assume that q is continuous, then q−1([0, 1)) is an open neighborhood of zero in

V . Now the family of preimages p−1([0, r)) for p ∈ P, r > 0 form a neighborhood subbasis

of 0 [NB10], so there exist p1, . . . , pn ∈ P, r1, . . . , rn > 0 such that
⋂n
i=1 p

−1
i ([0, ri)) ⊆

q−1([0, 1)). Now let x ∈ V , and assume that pi(x) = 0 for all 1 ≤ i ≤ n. Then for all l > 1,

pi(lx) = 0 < ri, so q(lx) < 1 meaning that q(x) < 1/l for all l > 1. Thus q(x) = 0 and the

conclusion is trivially true. Now if there exists i such that pi(x) ̸= 0, define y = x∑n
i=1 pi(x)2/ri

.

Now either pj(y) = 0 < rj or pj(y) =
pj(x)∑n

i=1 pi(x)2/ri
≤ pj(x)

pj(x)2/rj
= rj/2 < rj , and thus also

q(y) = q(x)∑n
i=1 pi(x)2/ri

< 1, so q(x) <
∑n

i=1 pi(x)2/ri.

Now for the other direction, assume there exist p1, . . . , pn ∈ P such that q ≤ C1p1+ · · ·+
Cnpn. Note that p = C1p1 + · · ·+ Cnpn is a continuous seminorm as scalar multiplication

and addition are continuous in topological vector sp aces, and q ≤ p implies that q is

continuous whenever p is continuous, which is shown in Ref. [NB10].

Two families of seminorms P,Q can induce the same topology on a vector space V . We

will here give a condition for this to be the case:

Lemma 2.5. Let P,Q be two families of seminorms on the vector space V . Suppose that

for all p ∈ P, q ∈ Q there exist p1, . . . , pn ∈ P, q1, . . . , qk ∈ Q such that

p(x) ≤ q1(x) + · · ·+ qk(x)

q(x) ≤ p1(x) + · · ·+ pn(x)
(2.3)

Then the topologies induced by P,Q are equivalent.
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Proof. Let (V, P ), (V,Q) be the locally convex vector spaces with topologies induced by

P,Q respectively and let ι : (V, P ) → (V,Q) be the identity mapping. We will show that

this is a homeomorphism. It is clearly a bijection. For continuity, note that by assumption

for all q ∈ Q there exist p1, . . . , pn ∈ P such that q(ι(x)) ≤ p1(x) + · · ·+ pn(x), meaning

that ι is continuous [NB10]. The proof that the inverse is continuous is the same.

We will regularly encounter quotient and product spaces. The next two lemmas from

Ref. [NB10] show that these are again LCTVSs and describe the corresponding family of

seminorms.

Lemma 2.6 (From Ref. [NB10]). Let X be a LCTVS and let P be the corresponding

family of seminorms. Suppose Y is a subspace of X, then the quotient X/Y is again a

LCTVS with seminorms P̄, where p̄ ∈ P̄ is given by p̄(x̄) = infy∈Y p(x+ y) for x̄ ∈ X/Y .

Lemma 2.7 (From Ref. [NB10]). Let (Xs)s∈S be a family of LCTVSs and for each s ∈ S,

let Ps be the corresponding family of seminorms on Xs. Then the product
∏
s∈S Xs with

the product topology is again a LCTVS and the seminorms on
∏
s∈S Xs are given by p ◦ πs

where πs is the projection on the subspace Xs and p ∈ Ps.

The following lemma will help us prove when a multilinear map to a LCTVS is

continuous:

Lemma 2.8 (From Ref. [NB10]). Let A be a multilinear map A : X1 × · · · × Xn → Y

where Y is a locally convex vector space determined by the family of seminorms Q and all

Xi are topological vector spaces. Then A is continuous if and only if for each seminorm

q ∈ Q there are continuous seminorms p1, . . . , pn on X1, . . . , Xn respectively and C > 0

such that q(A(x1, . . . , xn)) ≤ Cp1(x1) . . . pn(xn) for all x1, . . . , xn ∈ X1 × · · · ×Xn.

For example, the derivative ∂x : C∞(S1) → C∞(S1) is continuous as pk(∂xf) =

pk+1(∂x).

Lastly, we give a lemma that shows when a LCTVS is metrizable, in which case it is

sequential, so we also characterize when a sequence converges:

Lemma 2.9 (Paraphrased from Ref. [NB10]). Suppose X is a LCTVS with a countable

family of seminorms P. Then X is pseudometrizable. If furthermore for all x, y ∈ X there

exists p ∈ P such that p(x− y) ̸= 0, X is metrizable and therefore sequential.

In any case, a sequence (xn)n∈N ⊆ X converges to x ∈ X if and only if p(xn − x) → 0

for each p ∈ P.

2.3 Lie algebra

We can now define what a Lie algebra is. As described above, this structure is inspired

from the tangent space structure of a Lie group.

Definition 2.10 (Lie algebra). A Lie algebra g over a field K is a vector space over K
together with a Lie bracket [·, ·] : g× g → g satisfying the following properties:
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1. The bracket [·, ·] is linear in both arguments

2. The bracket is antisymmetric: [a, b] = −[b, a] for all a, b ∈ g

3. The Jacobi identity holds: [[a, b], c] + [[b, c], a] + [[c, a], b] = 0 for all a, b, c ∈ g

The prototypical example of a Lie algebra is gl(n), which is the set of n× n matrices.

The bracket is then given by the commutator [A,B] = AB − BA. This is the tangent

space of the Lie group GL(n), which consists of the matrices with nonzero determinant and

standard matrix multiplication. The commutator [A,B] then describes how the elements

exp(A), exp(B) commute in the Lie group.

The Lie algebra of a locally convex Lie group will again be locally convex. We therefore

define locally convex Lie algebras abstractly as well.

Definition 2.11 (Locally convex Lie algebra).

• A locally convex Lie algebra is a Lie algebra which is locally convex as a vector space

and has a continuous Lie bracket.

• A Lie algebra homomorphism is a linear map that preserves the Lie bracket.

We saw previously that the smooth functions on the circle, C∞(S1), form a locally

convex vector space. With the Lie bracket [f, g] = fg′ − gf ′, where the prime denotes

differentiation, C∞(S1) becomes a locally convex Lie algebra, which will be proved in

section 3.5.

A perfect Lie algebra is essentially a Lie algebra in which each element can be written

as a finite sum of commutators of other elements. This property can come in handy in

certain computations.

Definition 2.12 (Perfectness). A Lie algebra is called perfect if it is equal to its own

commutator ideal:

g = [g, g] := span{[a, b]|a, b ∈ g} (2.4)

Remark 2.13. For a locally convex Lie algebra, one can also consider the closed linear span

of the commutator. Our definition is slightly stricter and gives more information about

the algebraic structure of the Lie algebra.

2.3.1 Complexification

Often it is easier to work in the complexification of a Lie algebra, for the same reason that

it is typically easier to work with complex exponentials than with sines and cosines. We

therefore define this complexified structure and show that we can use it to draw conclusions

about the real Lie algebra.

Definition 2.14 (Complexification of a Lie algebra). The complexification of a locally

convex Lie algebra g with bracket [·, ·], written as gC, has the following vector space

structure:

g⊕ ig (2.5)
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together with the bracket [·, ·]′ : gC × gC → gC:

[a+ ib, c+ id]′ = ([a, c]− [b, d]) + i([b, c] + [a, d]) (2.6)

The topology is given by the product topology of g× g.

That the bracket [·, ·]′ is a continuous Lie bracket will now be explained. First of all, it

is clearly antisymmetric. Furthermore, C-linearity of [·, ·]′ follows from the R-linearity of

[·, ·] is. The Jacobi identity clearly holds for [a, c]′, [ib, c]′, [a, id]′, [ib, id]′ and by linearity it

holds in general. The Lie bracket is continuous as it is a linear combination of continuous

functions.

We also define an involution on the complexification, namely a+ bi = a − bi. It is

immediate that for z ∈ gC, if z = z, z ∈ g. Now for any subalgebra h of gC, we define the

real part to be Re(h) = {z ∈ h|z = z}. Clearly Re(gC) = g.

Proposition 2.15. Let h be a subalgebra of g. Then the complexified commutator can be

calculated from commutator of the complexification:

[g, h]C = [gC, hC] (2.7)

and in particular, the normal commutator is the real part:

[g, h] = Re([gC, hC]) (2.8)

Proof. First let a ∈ [g, h]C, then a = b + ci with b =
∑

k[uk, vk], c =
∑

j [xj , yj ] and

uk, xj ∈ g, vk, yj ∈ h. Now uk, ixj ∈ gC, vk, yj ∈ hC and a =
∑

k[uk, vk] +
∑

j [ixj , yj ] so

a ∈ [gC, hC].

For the converse, let a ∈ [gC, hC], so a =
∑

k[uk, vk] with uk = bk + ick, vk = xk + iyk,

then a =
∑

k([bk, xk]− [ck, yk]) + i([ck, xk] + [bk, yk]) ∈ [g, h]C

Now we have

[g, h] = Re([g, h]C) = Re([gC, hC]) (2.9)

2.3.2 Quotient algebra

Next, in a lot of situations it can be fruitful to consider the quotient of a Lie algebra by an

ideal, which is a subspace i such that [g, i] ⊆ i. We now show that the Lie algebra structure

of the quotient vector space is unique.

Lemma 2.16 (Lemma 17.10 in [Ban10]). Let i be an ideal of the locally convex Lie algebra

g. The linear quotient g/i has a unique Lie algebra structure such that the projection

π : g → g/i is a continuous and open Lie algebra homomorphism.

Proof. As π is surjective, for [a], [b] ∈ g/i we can always find a, b ∈ g such that π(a) =

[a], π(b) = [b]. If we want π to be a Lie algebra homomorphism, we need [[a], [b]] =
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[π(a), π(b)] = π([a, b]). We will show that this is indeed a Lie bracket on g/i and in that

case it is clearly unique. First, note that it is well defined as for x, y ∈ i, [[a+ x], [b+ y]] =

[π(a + x), π(b + y)] = [π(a), π(b)] = [[a], [b]]. Next, linearity and antisymmetry of the

bracket follow immediately from the linearity of π. Lastly, the Jacobi identity also follows:[[
[a], [b]

]
, [c]

]
+

[[
[b], [c]

]
, [a]

]
+

[[
[c], [a]

]
, [b]

]
= π

([
[a, b], c

]
+
[
[b, c], a

]
+
[
[c, a], b

])
= 0

(2.10)

Thus the bracket on g/i is indeed a Lie bracket and unique. With the quotient topology, π

is continuous and open by definition.

The quotient Lie algebra g/i is therefore also defined with this bracket. It is Hausdorff

if and only if i is closed, which follows from lemma 2.6. The quotient ”commutes” with the

commutator, as the projection is a Lie algebra homomorphism, which gives the following

corollary:

Corollary 2.17. Suppose i is an ideal of the Lie algebra g and i ⊆ [g, g].

[g, g]/i = [g/i, g/i] (2.11)

Proof. Let [a] ∈ [g, g]/i. As the projection π : g → i is surjective, there exists a ∈ [g, g]

such that π(a) = [a] and a =
∑

i[bi, ci] where bi, ci ∈ g for all i and the sum is finite. Now

as π is a Lie algebra homomorphism, π(a) =
∑

i[π(bi), π(ci)], thus a ∈ [g/i, g/i].

The reverse inclusion follows from the above argument but in reverse, again using that

π is surjective.

The complexification and quotient structures behave nicely with respect to each other;

the complexification of the quotient is the quotient of the complexifications:

Lemma 2.18. Let g be a Lie algebra and i an ideal, then

(g/i)C ∼= gC/iC (2.12)

Proof. Let ϕ : (g/i)C → gC/iC be given by ϕ([a] + i[b]) = [a + ib], which is clearly well-

defined and linear. Now if ϕ([a] + i[b]) = [0], a+ ib ∈ iC, meaning that [a] = [b] = 0, so ϕ is

injective and surjectivity is trivial. Lastly, ϕ also preserves the bracket:

ϕ(
[
[a] + i[b], [c] + i[d]

]
) = ϕ

([
[a], [c]

]
−
[
[b], [d]

]
+ i
[
[b], [c]

]
+ i
[
[a], [d]

])
=

ϕ

([
[a, c]

]
−
[
[b, d]

]
+ i
[
[b, c]

]
+ i
[
[a, d]

])
=
[
[a, c]− [b, d] + i[b, c] + i[a, d]

]
=
[
[a+ bi, c+ di]

]
=[

[a+ bi], [c+ di]
]
=
[
ϕ([a] + i[b]), ϕ([c] + i[d])

]
(2.13)
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We will also need to know when the sequence of locally convex Lie algebras

0 → i
ιi→ g

π→ g/i → 0 (2.14)

with i an ideal, splits, which means that there exists an s : g/i → g such that it is a

left-inverse of π. For vector spaces, such a s always exists, namely s([x]) = x− π̃(x) where

π̃ is the linear projection onto i. For topological vector spaces this already becomes a bit

more difficult, as π̃ need not be continuous. The following lemma will show when the

sequence splits for locally convex Lie algebras.

Lemma 2.19. Suppose we have a short exact sequence of locally convex Lie algebras, where

i is an ideal :

0 → i
ιi→ g

π→ g/i → 0 (2.15)

Further assume that there exists a linear projection π̃ : g → i that is continuous. Then this

sequence splits if g/i is isomorphic to a subalgebra h of g.

Proof. Suppose that g/i is isomorphic to a subalgebra h of g and suppose π̃ : g → i is the

continuous linear projection. Then as topological vector spaces g = i⊕ g/i ∼= i⊕ h. For

x, y ∈ g, we can write x = π̃(x) + (x− π̃(x)) with (x− π̃(x)) ∈ h. Now define s : g/i → g

by s([x]) = x− π̃(x). This is well defined, as if a ∈ i, s([a]) = a− π̃(a) = 0. Furthermore s

is linear and we will show that it preserves the bracket:

s(
[
[x], [y]

]
) = s(

[
[x, y]

]
) = [x, y]− π̃([x, y]) =

[x, y]− π̃(
[
π̃(x) + (x− π̃(x)), π̃(y) + (y − π̃(y))

]
) =

[x, y]−
[
π̃(x), π̃(y)

]
−
[
x− π̃(x), π̃(y)

]
−
[
π̃(x), y − π̃(y)

] (2.16)

where the last equality follows as
[
x− π̃(x), y − π̃(y)] ∈ h as it is a subalgebra. Continuing

the calculation:

[x, y]−
[
π̃(x), π̃(y)

]
−
[
x− π̃(x), π̃(y)

]
−
[
π̃(x), y − π̃(y)

]
=

[x, y] +
[
π̃(x), π̃(y)

]
−
[
x, π̃(y)

]
−
[
π̃(x), y

]
= [x− π̃(x), y − π̃(y)] =

[
s([x]), s([y])

] (2.17)

Thus s is a continuous Lie algebra homomorphism. Lastly π ◦ s = 1 is immediate.

The lifting or splitting operator s is defined to be the operator s in the above lemma.

If g/i is not isomorphic to a subalgebra of g, a lifting operator is any linear splitting, which

always exists (although it need not be continuous).

We further define the notion of the unitary Lie algebra, which is the Lie algebra of

unitary operators. This will be used later to define the unitary representations.

Definition 2.20 (Unitary Lie algebra [JN25]). Let D be a complex vector space with

inner product ⟨·, ·⟩. The space of linear operators from D → D is denoted by L(D). We

then define the space of linear operators with adjoint:

L†(D) =
{
X ∈ L(D)|∃X† ∈ L(D) : ⟨X†ψ, η⟩ = ⟨ψ,Xη⟩

}
(2.18)

18



We can now define the unitary Lie algebra:

u(D) =
{
X ∈ L†(D)|X† +X = 0

}
(2.19)

where the bracket is given by [X,Y ] = XY − Y X for X,Y ∈ L†(D)

That the unitary Lie algebra is indeed a Lie algebra follows from L†(D) being an

associative subalgebra of L(D). Indeed, X† +Y † = (X +Y )†, (XY )† = Y †X† and (cX)† =

c̄X† for X,Y ∈ L(D), c ∈ C. This means that L†(D) is closed under addition, multiplication

and scalar multiplication and is thus a subalgebra. Furthermore, as additionally (X†)† = X,

the map X → X† is an involution.
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Chapter 3

Representation Theory

In this chapter we will give a basic overview of the representation theory that is needed

in the rest of this thesis. Again, the main research question is about when a symmetry

is trivial in every projective unitary positive energy representation. To make sense of

that question and to answer it, we need to discuss representation theory. After discussing

what projective unitary positive energy representations are, we show how the second

cohomology group of a Lie algebra is connected with its projective unitary positive energy

representations in section 3.3. In fact, the trivial symmetries from the Wigner perspective

are largely determined by the Lie algebra cohomology, and we thus cover some more Lie

algebra cohomology in section 3.4 and finish the chapter with the important example of

the Witt algebra.

3.1 Representations

The idea of representation theory is to describe objects, such as groups, Lie groups or Lie

algebra’s, as automorphisms of vector spaces. If the vector space is finite dimensional, this

means that they are represented as matrices. Then one can convert problems concerning

the original group or algebra into linear algebraic problems, which are typically easier to

solve. We start with the definitions of a Lie group and algebra representation. For these

definitions, we follow Ref. [JN24].

Definition 3.1 (Representation). A Lie group representation of a Lie group G is a vector

space V together with a group homomorphism π into the automorphism group of this

vector space:

π : G→ GL(V) (3.1)

A Lie algebra representation of a Lie algebra g is a vector space V together with a Lie

algebra homomorphism ρ into the endomorphism Lie algebra of this vector space:

ρ : g → gl(V) (3.2)

As mentioned in the introduction, we want our representations to be symmetries in a

quantum theory. We will adopt the viewpoint that this means that all numbers that we can
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measure should stay the same under a symmetry transformation. In quantum mechanics

these measurable numbers are the probabilities of finding a value λ when measuring the

value of an observable O. If |ϕ⟩ is an eigenvector of O, this probability is given by

|⟨ψ|ϕ⟩|2

⟨ψ|ψ⟩⟨ϕ|ϕ⟩
(3.3)

A symmetry transformation S should thus preserve these probabilities, meaning that

|⟨Sψ|Sϕ⟩| = |⟨ψ|ϕ⟩| should hold for all states ψ, ϕ. By Wigner’s Theorem [Wig59], all

symmetries in quantum mechanics are represented either unitarily, or anti-unitarily, with

the latter only occurring in disconnected groups (for a modern proof, see Ref [Wei95]). We

are only interested in connected groups, as Lie algebras only give information about the

identity component of a Lie group, and we will therefore only need to consider unitary

representations.

Definition 3.2 (Unitary representation). A unitary Lie group representation of a Lie

group G is a Hilbert space H together with a group homomorphism π into the unitary

group of the Hilbert space:

π : G→ U(H) (3.4)

A unitary Lie algebra representation of a Lie algebra g is a vector space D with an inner

product together with a Lie algebra homomorphism ρ into the unitary algebra of D:

ρ : g → u(D) (3.5)

Remark 3.3. One might expect that a Lie algebra representation would again be a rep-

resentation onto a Hilbert space. By looking at the following example however, we can

see that this is far too strict of a definition: Let π : U(1) → U(L2(S1)) be given by

[π(eiϕ)ψ](θ) → ψ(θ− ϕ). This gives us a derived representation on the Lie algebra u(1), as

in def. 3.6:

[dπ(x)ψ](θ) =
d

dt

∣∣∣∣
t=0

[π(exp itx)ψ](θ) =
d

dt

∣∣∣∣
t=0

ψ(θ − tx) = −x∂θψ (3.6)

Now this would not be well defined if we would have required dπ(x)ψ ∈ L2(S1) again.

Furthermore, as neither the differentiable or the smooth functions form a complete vector

space, we would rather view them as dense subsets of L2(S1) and take this dense subset as

our representations space.

Remark 3.4. This definition of a unitary Lie algebra representation only makes sense for

real Lie algebra’s. If we were to have a complex Lie algebra g, a representation π and an

element in the Lie algebra X ∈ g, then π(iX)† = −iπ(X)†, so if π(X) is skew-Hermitian,

π(iX) is not. Instead, for complex Lie algebra’s it is common to consider Lie algebra’s

with an involution † and define a unitary representation to be a *-representation, i.e. a

representation such that π(X†) = π(X)†. This then reduces to a unitary representation in

the sense of def. 3.2 on the real part of the Lie algebra.
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As Lie groups have a smooth structure, we also want representations to preserve some

of this structure. A first guess might be to want these representations to be bounded, i.e.

continuous with respect to the norm topology. This is too much to ask however, as many

interesting examples of representations are not bounded. For example, the representation

π from remark 3.3 is not bounded in the norm topology. Indeed, it is discontinuous in the

norm topology at ϕ = 0:

lim
ϕ→0

∥ π(eiϕ)− I ∥ = lim
ϕ→0

sup
ψ∈L2(S1)

∥ π(eiϕ)ψ − ψ ∥L2> lim
ϕ→0

sup
n∈Z

∥ ein(θ−ϕ) − einθ ∥L2

= lim
ϕ→0

sup
n∈Z

|e−inϕ − 1| ∥ einθ ∥L2> 2
(3.7)

where the last inequality follows as for ϕ small, we can always take n large enough such that

e−inϕ is approximately −1. Thus π is not norm continuous, whereas it is an interesting

representation that we want to include in our definition.

We therefore instead use the following definitions from Ref. [JN24], which define a

representation to be continuous if all the orbit maps are continuous:

Definition 3.5 (Continuous and smooth representations). • A unitary representation

(π,H) of a Lie group G is called continuous if for all ψ ∈ H the map πψ : G → H :

g → π(g)ψ is continuous.

• A unitary representation (ρ,D) of a Lie algebra g is called continuous if for all ψ ∈ D
the map ρξ : g → D : g → ρ(g)ψ is continuous.

• A vector ψ ∈ H is called a smooth vector if the map πψ : G → H : g → π(g)ψ

is smooth, and we denote the subspace of smooth vectors by H∞ ⊆ H. The

representation π is called smooth if H∞ is dense in H.

Any smooth unitary representation of a Lie group induces a representation of the Lie

algebra. Furthermore, for connected Lie groups, this induced, or derived representation

determines the Lie group representation, and we can thus use the Lie algebra representation

to solve problems regarding the Lie group.

Definition 3.6 (Derived representation). Let π be a smooth unitary representation of the

Lie group G with Hilbert space H. The derived representation dπ : g → End(H∞) of the

Lie algebra g is defined by

dπ(ξ)ψ =
d

dt

∣∣∣∣
t=0

π(exp tξ)ψ (3.8)

3.2 Projective representations

In quantum mechanics, states are not elements of a Hilbert space, but instead elements

of the projective Hilbert space P(H), which is the quotient of the Hilbert space by the

equivalence relation ψ ∼ ϕ if there exists λ ∈ C such that ψ = λϕ, for ψ, ϕ ∈ H \ {0}.
Intuitively, this means that two quantum states are considered the same if they differ only

by a complex phase and only norm one quantum states are allowed. This is based on
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equation 3.3, as this formula shows that the difference between two states differing only in

norm or complex phase cannot be measured. As we cannot measure the difference between

those states, we consider them to be equivalent. Elements of the projective Hilbert space

are called rays and we will denote them as [ξ] for ξ ∈ H. We further define the projective

unitary group by PU(H) = U(H)/T1, i.e. in PU(H) two unitaries are considered the same

if they differ by a complex phase.

We can now give the definition of a projective unitary representation:

Definition 3.7 (Projective unitary representation). A projective unitary representation of

a Lie group G is a projective Hilbert space P(H) together with a group homomorphism π

into the projective unitary group of the Hilbert space:

π : G→ PU(H) (3.9)

A projective unitary representation of a Lie algebra g is a projective inner product space

P(D) together with a Lie algebra homomorphism dπ into the projective unitary algebra of

the inner product space

dπ : g → u(D)/u(1) (3.10)

where the projective unitary algebra u(D)/u(1) is the quotient of u(D) by the equivalence

relation a+ iλ ∼ a.

We will denote projective representations with a bar.

The projective unitary group is the natural choice here, over the normal unitary group,

for the following reason. Suppose we have some unitary U ∈U(H) and a ray [ψ] ∈ P(H).

Then the following two states are the same:

[Uψ] = [eiθUψ], (3.11)

for all θ ∈ [0, 2π), as complex phases are irrelevant for quantum states. This is true for

every ray [ψ], and we would like two operators to be equal if they assign the same states

to a state. Therefore U ∼ TU and the projective unitary group is the correct choice.

This can also be thought of in a slightly different way; we don’t need a unitary

representation π to be an exact homomorphism into the unitary group. Instead, it only

needs to be a homomorphism up to a phase:

π(g)π(h) = eiC(g,h)π(gh) (3.12)

for some function C : G×G→ R/2πZ. This function C is constrained by the need for π

to be a group homomorphism, as group operations are associative:

π(f) [π(g)π(h)] = [π(f)π(g)]π(h)

eiC(f,gh)eiC(g,h) = eiC(f,g)eiC(fg,h)
(3.13)
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Hence we need C to fulfill the following property, for all f, g, h ∈ G:

C(f, gh) +C(g, h) = C(f, g) +C(fg, h) (3.14)

This property is known as the (group) 2-cocycle condition and a function C : G×G →
R/2πZ satisfying this property is called a (group) 2-cocycle. With such a function, we can

define a central extension of G:

Definition 3.8 (Central group extension). A central extension of G by T is a short exact

sequence:

1 → T → G♯ → G→ 1 (3.15)

where the image of T is central in G♯.

Intuitively, this means that G♯ consists of pairs:

G♯ = G× T (3.16)

such that (1,T) is in the center of G♯:

(1, λ)(f, µ) = (f, µ)(1, λ) (3.17)

Any group 2-cocycle C can be used to define a central extension of G, as in this case the

multiplication can be defined as:

(f, λ)(g, µ) = (fg, λ+ µ+C(f, g)) (3.18)

This gives a well defined group multiplication because of the 2-cocycle condition.

Thus any 2-cocycle defines a group extension. The reciprocal also holds, although the

2-cocycle need not be smooth outside of a neighborhood of (e, e) ∈ G×G, see e.g. [JN19].

We can then consider the exact (non projective) representations of G♯. If we assume

that these will be of the form:

π♯((f, λ)) = eiλπ(f) (3.19)

where π is a projective unitary representation with cocycle C, as in eq. 3.14, then the

multiplication:

π♯((f, λ))π♯((g, µ)) = ei(λ+µ)π(f)π(g) = ei(λ+µ+C(f,g))π(f, g) = π♯((f, λ)(g, µ)) (3.20)

is well defined.

Hence projective unitary representations of G give rise to exact representations of G♯.

Furthermore, any Lie group extension also gives rise to a Lie algebra extension:

Definition 3.9 (Central Lie algebra extension). A central Lie algebra extension of g by R
is a short exact sequence:

0 → R → g♯ → g → 0 (3.21)
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of Lie algebras such that the image of R is central in g♯.

These are easier to classify and we will therefore mainly be concerned with these.

Equivalently to the group case, every central Lie algebra extension gives rise to a Lie

algebra 2-cocycle, which is a continuous, bilinear, alternating map ω : g → R such that

0 = ω([ξ1, ξ2], ξ3) + ω([ξ2, ξ3], ξ1) + ω([ξ3, ξ1], ξ2) (3.22)

The projective unitary Lie algebra representations dπ are then the representations such

that

dπ([a, b]) = [dπ(a), dπ(b)] + iω(a, b) (3.23)

for a 2-cocycle ω. We will come back to these cocycles in section 3.4, but for now we

conclude with the following summary: every projective unitary representation dπ of g has an

associated exact unitary derived representation dπ of a central extension of g. This central

extension has a corresponding 2-cocycle. Thus every projective unitary representation dπ

has an associated 2-cocycle ω. This 2-cocycle will be of great importance in determining

the kernel of the representation dπ as we will see in section 3.3

We first again define what it means for a projective unitary representation to be smooth.

Note that the definition from before does not apply anymore, as the projective spaces are

not vector spaces. We still follow Ref. [JN24].

Definition 3.10 (Continuous and smooth projective representations). • A projective

unitary representation of a Lie group G (π,H) is called continuous if for all [ψ] ∈ P(H)

the map π[ψ] : G→ P(H) : g → π(g)[ψ] is continuous.

• A projective unitary representation of a locally convex Lie algebra g (π,D) is called

continuous if the lift π♯ : g♯ → u(D) is continuous.

• A ray [ψ] ∈ P(H) is called a smooth ray if the map π[ψ] : G → P(H) : g → π(g)[ψ]

is smooth, and we denote the subspace of smooth rays by P(H)∞ ⊆ P(H). The

representation π is called smooth if P(H∞) is dense in P(H).

3.3 Positive energy representations

In this section we will give the main proposition that we will use to determine if a symmetry

is trivial in every positive energy representation. It will show that being in the kernel

of a projective unitary positive energy representation is intimately connected with the

corresponding cocycle being zero.

A second characteristic of quantum mechanics, next to states being elements of the

projective Hilbert space, is that any quantum mechanical system is characterized by its

Hamiltonian H, which is a (typically unbounded) operator with spectrum bounded from

below, meaning that for some real number E0:

inf
ψ∈H

⟨ψ,Hψ⟩ ≥ E0 (3.24)
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Note that we can assume E0 = 0 by redefining H → H − E0. We therefore expect a

Lie algebra g of a quantum symmetry group to also have such an element and with this

intuition we define what it means for a representation to be of positive energy :

Definition 3.11 (Positive energy representations (Def 6 in Ref.[JN25])). Let D be a

complex inner product space with Hilbert space completion H. Furthermore, let g be a

locally convex Lie algebra.

• A continuous unitary representation ρ : g → u(D) is called a positive energy repre-

sentation at ξ ∈ g if

inf
ψ∈D

⟨ψ,−iρ(ξ)ψ⟩ ≥ 0 (3.25)

• A continuous projective unitary representation ρ : g → pu(D) is of positive energy at

ξ ∈ g if it has a lift π : g♯ → u(D) that is of positive energy at ξ♯ covering ξ.

• A smooth unitary representation π : G→ U(H) is of positive energy at ξ ∈ g if the

derived representation dπ of g on H∞ is so.

With this definition, we can prove the following proposition from Ref. [Nie23]:

Proposition 3.12 (Proposition 4.4 in Ref. [Nie23]). Let G be a Lie group with Lie algebra

g. Suppose ρ is a continuous projective unitary G-representation with derived representation

dρ. Suppose the representation space of dρ is the inner product space D and let the lift of

dρ be dρ : g♯ → u(D) for some continuous central R-extension g♯ of g. Let ω represent the

corresponding 2-cocycle.Let dρ be of positive energy at ξ ∈ g. Suppose that η ∈ g satisfies

[[ξ, η], η] = 0. Then ω([ξ, η], η) ≥ 0 and

ω([ξ, η], η) = 0 ⇔ dρ([ξ, η]) = 0 (3.26)

Proof. First assume that ω([ξ, η], η) = 0. We define H = −idρ(ξ♯). As dρ is of positive

energy at ξ, equation 3.25 holds in particular for the state exp(tdρ(η♯))ψ :

0 ≤ ⟨exp(tdρ(η♯))ψ,H exp(tdρ(η♯))ψ⟩ = ⟨ψ, exp(−tdρ(η♯))H exp(tdρ(η♯))ψ⟩ (3.27)

Here we used that dρ(η♯) is skew-Hermitian. Now note that the right-hand side is given by

Ad(exp(−tdρ(η♯)))Hψ and that Ad(exp(X)) = ead(X):

0 ≤ ⟨ψ, ead(−tdρ(η♯))Hψ⟩ (3.28)

We can calculate the exponential term:

ead(−tdρ(η
♯))H = −idρ(e−t ad(

♯
η)ξ♯) =

H − idρ(−t[η♯, ξ♯] + t2

2
[η♯, [η♯, ξ♯]] + . . . )

(3.29)
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The bracket between the centrally extended elements is given by equation 3.43:

[η♯, ξ♯] = ([η, ξ], ω(η, ξ)) (3.30)

[η♯, [η♯, ξ♯]] = (0, ω(η, [η, ξ])) (3.31)

As the second bracket is zero up to a constant times the central element, all of the higher

order iterated brackets will be zero as well. Hence the . . . in equation 3.29 are zero and

the exponential is given by:

ead(−tdρ(η
♯))H = H + itdρ[([η, ξ], 0)] + itdρ [(0, ω(η, ξ)))]− t2

2
idρ[(0, ω(η, [η, ξ]))] (3.32)

Now the representation of a central element should again be central. As the only central

elements in u(H) are constants, idρ [(0, ω(η, ξ)))] = Cω(η, ξ) for some constant C. Plugging

the above equation into equation 3.28 we find

0 ≤ ⟨H⟩ψ + it⟨dρ[([η, ξ], 0)]⟩ψ + tCω(η, ξ) +
t2

2
Cω(η, [η, ξ])) (3.33)

This quadratic inequality holding for all t ∈ R is equivalent to:

Cω(η, [η, ξ])) ≥ 0

⟨H⟩ψ ≥ 0(
i⟨dρ[([η, ξ], 0)]⟩ψ + Cω(η, ξ)

)2

≤ 2⟨H⟩ψCω(η, [η, ξ]))

(3.34)

The result is immediate as dρ[([η, ξ], 0)] = d̄ρ([η, ξ])

Now for the conserve, note that

iω([ξ, η], η) = [dρ([ξ, η]), dρ(η)]− dρ([[ξ, η], η]) = [dρ([ξ, η]), dρ(η)] (3.35)

as [[ξ, η], η] = 0. Furthermore, by assumption dρ([ξ, η]) = 0, thus dρ([ξ, η]) is scalar and

[dρ([ξ, η]), dρ(η)] = 0.

3.4 Lie algebra cohomology

In the previous section we saw that we can show that a symmetry is trivial in every

projective unitary positive energy representation by a property of the corresponding

cocycle. We therefore want to understand these cocycles better, which we will do by

considering them from the viewpoint of cohomology. We will only cover what is necessary

for this thesis and refer for a more complete reference to Ref. [Fuk86].

Definition 3.13 (Cochain). Let g be a locally convex Lie algebra, k a nonnegative integer

and E a g-module. Then an E-valued k-cochain c on g is a continuous, multilinear,
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alternating map:

c : g× · · · × g → E : (ξ1, . . . , ξk) → c(ξ1, . . . , ξk) (3.36)

We call the space of k-cochains on g with values in E Ckct(g, E) and define the cochain

complex C•
ct(g, E) =

⊕∞
k=0 Ckct(g, E). As the cochains are alternating, if g is finite dimen-

sional then every k-cochain with k > dim(g) is zero. In addition, if we do not mention the

module E, it is assumed to be R with trivial action. These will also be our main concern,

and we will specify explicitly if we are considering a cochain with values in a module E

that is not R.

Definition 3.14 (Chevalley-Eilenberg differential [Obl17]). The Chevalley-Eilenberg dif-

ferential dk : Ckct(g, E) → Ck+1
ct (g, E) is given by:

dkω(ξ1 . . . , ξk+1) =

k+1∑
j=1

(−1)j+1ξj · ω(ξ1, . . . , ξ̂j , . . . , ξk+1)

+
∑

1≤i<j≤k+1

(−1)i+jω([ξi, ξj ], ξ1, . . . , ξ̂i, . . . , ξ̂j , . . . ξk+1)

(3.37)

Here, the hat means that this argument is omitted. The first three differentials with

trivial action will be most important to us:

d0ω0(ξ1) = 0 (3.38)

d1ω1(ξ1, ξ2) = −ω([ξ1, ξ2]) (3.39)

d2ω2(ξ1, ξ2, ξ3) = −ω([ξ1, ξ2], ξ3)− ω([ξ3, ξ1], ξ2)− ω([ξ2, ξ3], ξ1) (3.40)

Clearly, d1 ◦ d0 = 0, d2 ◦ d1 = 0. In fact, it can be shown that dk ◦ dk−1 = 0 [Fuk86].

Therefore, any k cochain ωk with the property that there exists a (k − 1)-cochain ωk−1

such that ωk = dk−1ωk−1, will also fulfill the property dkωk = 0. The converse need not be

true of course. We will call k-cochains ωk with ωk = dk−1ωk−1 k-coboundaries and those

with dkωk = 0 k-cocycles. The space of k-coboundaries is denoted by Bk
ct(g, E) and the

space of k-cocycles by Zkct(g, E). In this terminology, any k-coboundary is a k-cocycle.

We define the kth cohomology space Hk
ct(g) as the quotient of the spaces of cocycles and

coboundaries:

Definition 3.15 (Lie algebra cohomology).

Hk
ct(g, E) = Ker(dk)/Im(dk−1) = Zkct(g, E)/Bk

ct(g, E) (3.41)

The first two cohomology groups have important and easy to understand interpretations.

First, note that if the Lie algebra is perfect, i.e. g = [g, g], then any 1-cocycle is identically

zero, as ω([ξ1, ξ2]) = 0 for all ξ1, ξ2. If g is not perfect, H1
ct(g) classifies ”how much” in the

following sense:

H1
ct(g)

∼= g/[g, g] (3.42)
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This follows from the fact that any element in g/[g, g] uniquely defines a 1-cochain that

equals 1 for that element, and is zero everywhere other than the line spanned by that

element.

The second cohomology group classifies the central extensions of g. Any 2-cocycle ω

gives rise to a central extension with the bracket:

[(ξ, λ), (ζ, µ)] = ([ξ, ζ], ω(ξ, ζ)) (3.43)

Now note that the 2-cocycle property, eq. 3.40 being equal to 0, is essentially a Jacobi

identity, and therefore this new bracket also satisfies the Jacobi identity. The converse,

that every central extension gives rise to a 2-cocycle, is also true, see Ref. [JN19]. Lastly, if

two 2-cocycles differ only by a coboundary, they give identical extensions. To show this,

we first have to define when two central extensions are isomorphic:

Definition 3.16 (Extension isomorphism). Suppose we have two central extensions:

0 → R i→ g♯
s→ g → 0 (3.44)

0 → R i′→ g♯
′ s′→ g → 0 (3.45)

If there exists a Lie algebra isomorphism ϕ : g♯ → g♯
′
such that ϕ ◦ i = i′, s′ ◦ ϕ = s, then

the extensions g♯, g♯
′
are isomorphic.

Suppose ψ is a 1-cochain and ω is a 2-cocycle. Then the central extensions corresponding

to ω and ω+ d1ψ are isomorphic as extensions, with isomorphism f : (ξ, λ) → (ξ, λ+ψ(ξ)).

Thus the second cohomology group indeed classifies the central extensions.

We also want to define what a homomorphism between two cochain complexes should be.

This should be a map that sends k-cochains to k-cochains, coboundaries to coboundaries

and cocycles to cocycles. We will show that the following definition suffices:

Definition 3.17 (Cochain homomorphism). Let g, h be Lie algebras and E,M be g, h-

modules respectively. A map F : C•
ct(g, E) → C•

ct(h,M) is a cochain homomorphism if

Fk : Ckct(g, E) → Ckct(h,M) is a well defined linear map for each k and if d ◦ F = F ◦ d.

Now F induces a map between the cohomology spaces, F : H•
ct(g, E) → H•

ct(h,M) as

for [ω] ∈ H•
ct(g, E), we have that [dFω] = [Fdω] = [0] and if ω = dϕ, [Fω] = [dFϕ] = 0. In

other words, coboundaries are mapped to coboundaries and cocycles to cocycles, meaning

that F : H•
ct(g, E) → H•

ct(h,M) is well defined.

We will also define a notion that describes when two cochain homomorphisms are ’the

same’. This is a cochain homotopy.

Definition 3.18 (Cochain homotopy). Let F,G : C•
ct(g, E) → C•

ct(h,M) be two cochain

homomorphisms. A map L : C•
ct(g, E) → C•−1

ct (h,M) is a cochain homotopy between F

and G if F −G = dL+ Ld

Cochain homomorphisms that are related by homotopy act the same on the cohomology

spaces. Indeed, if F,G are homotopy related through L and [ω] ∈ Hk
ct(g, E) , [(F −G)ω] =
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[dLω + Ldω] = [0]. Importantly, the special case G = 0 shows that dL + Ld itself is

homotopy connected to 0.

A subset of a complex is again a complex if it is a subcomplex.

Definition 3.19 (Subcomplex). Let C•
ct(g, E) be a cochain complex. A complex A• is

called a subcomplex if Ak ⊆ Ckct(g, E) and dAk ⊆ Ak+1.

The image of a cochain homomorphism is a subcomplex.

Now an important class of cochain homomorphisms are given by the pullbacks of Lie

algebra homomorphisms:

Definition 3.20 (Pullback). Suppose ϕ : g → h is a continuous Lie algebra homomorphism.

Then the pullback ϕ∗ : C•
ct(h, E) → C•

ct(g, E) is defined by ϕ∗c = c ◦ (ϕ, . . . , ϕ). The action

of g on E is defined by ξ · x = ϕ(ξ) · x for ξ ∈ g, x ∈ E.

That ϕ∗c is again a cochain follows from ϕ being a continuous and linear map. In

addition we immediately see that if s : h → g is also a Lie algebra homomorphism, then

(sϕ)∗ = ϕ∗s∗. We will now show that the pullback is indeed a cochain homomorphism:

Lemma 3.21. Suppose c is a k-cochain on h with values in the h-module E and ϕ : g → h

is a continuous Lie algebra homomorphism. Then dk(ϕ
∗c) = ϕ∗(dkc).

Proof. The following computation gives the result:

ϕ∗(dkc)(ξ1, . . . , ξk+1) = (dkc)(ϕ(ξ1), . . . , ϕ(ξk+1)) =

k+1∑
j=1

(−1)j+1ϕ(ξj) · c(ϕ(ξ0), . . . , ϕ(ξ̂j), . . . , ϕ(ξk+1))

+
∑

1≤i<j≤k+1

(−1)i+jc([ϕ(ξi), ϕ(ξj)], ϕ(ξ1), . . . , ϕ(ξ̂i), . . . , ϕ(ξ̂j), . . . , ϕ(ξk+1)) =

k+1∑
j=1

(−1)j+1ξj · c(ϕ(ξ0), . . . , ϕ(ξ̂j), . . . , ϕ(ξk+1))

+
∑

1≤i<j≤k+1

(−1)i+jc(ϕ([ξi, ξj ]), ϕ(ξ1), . . . , ϕ(ξ̂i), . . . , ϕ(ξ̂j), . . . , ϕ(ξk+1)) =

dk(ϕ
∗c)(ξ1, . . . , ξk+1)

(3.46)

Note that we made use of ϕ preserving the Lie bracket in the second equality.

As ϕ∗ is a cochain homomorphism, ϕ∗ induces a map between cohomology spaces

ϕ∗ : Hk
ct(h) → Hk

ct(g). One might now hope that a short exact sequence of Lie algebras

then also induces a short exact sequence of cohomology spaces. To this end, we give the

following partial result:

Proposition 3.22. Suppose we have an exact sequence:

0 → i
ι→ g

π→ h → 0 (3.47)
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where the maps are continuous Lie algebra homomorphisms. If the sequence of Lie algebras

splits, i.e. there exists a continuous Lie algebra homomorphism s : h → g such that

π ◦ s = 1g, then the following sequences are also exact:

0 → Hk
ct(h)

π∗
→ Hk

ct(g) (3.48)

Hk
ct(g)

ι∗→ Hk
ct(i) (3.49)

Regardless of splitting, we have im(π∗) ⊆ ker(ι∗).

Proof. Suppose π has right-inverse s. Then id = (πs)∗ = s∗π∗, so π∗ has a left-inverse and

is therefore injective.

Now the only thing left to prove is that im(π∗) ⊆ ker(ι∗). Suppose ω ∈ im(π∗),

then there exists ω̃ ∈ Hk
ct(h) such that ω = π∗ω̃. Now ι∗ω = ι∗π∗ω̃ = (π ◦ ι)∗ω = 0 as

im(ι) = ker(π).

If ι has a left-inverse t, ι∗ is surjective. This left inverse however does not exist in

general, even if the sequence of Lie algebra’s splits. This is shown by the following example:

Let g be a Lie algebra with basis vectors t, x, y and brackets:

[t, x] = x, [t, y] = y, [x, y] = 0 (3.50)

Then i = span{x, y} is an abelian ideal, and the second cohomology space of i is 1-

dimensional with the 2-cocycle ψ : i× i → R such that ψ(x, y) = 1 as basis vector. Now

you might expect that this can be extended to a 2-cocycle ψ̃ : g × g → R. This cannot

exist however, as the 2-cocycle property of ψ̃ gives:

0 = ψ̃([t, x], y) + ψ̃([x, y], t) + ψ̃([y, t], x)

0 = ψ̃(x, y) + ψ̃(x, y)
(3.51)

This is in contradiction with ψ̃ being an extension of ψ.

The reverse inclusion, ker(ι∗) ⊆ im(π∗) also does not hold in general, which can be

seen from the next counterexample. Let i = h = R, g = R2, with trivial brackets. Then

the sequence

0 → H2
ct(R) ∼= 0

π∗
→ H2

ct(R2) ∼= R ι∗→ H2
ct(R) ∼= 0 → 0 (3.52)

is not exact as ker(ι∗) ⊈ im(π∗).

3.4.1 Exact sequences of cohomology spaces

In the end, we want to classify the 2-cocycles, as these can be used for constructing central

extensions. We will therefore restrict our attention to these for now. If we have a Lie

algebra ideal, we also have a short exact sequence of Lie algebras. We can use this sequence

to construct sequences of the second cohomology space.

For a subalgebra h of g, the notation Hq
ct(g)1 is used for the q-cocycles in the kernel of

the restriction map: Res : Hq
ct(g) → Hq

ct(h).
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Remark 3.23. If [ω] ∈ Hq
ct(g)1, then ι∗ω = dϕ for some (q − 1)-cochain ϕ. Assuming that

there exists a continuous projection π : g → h, we can define ϕ̃ = π∗ϕ and then we find

that [ω] = [ω − dϕ̃]. Now ι∗(ω − dϕ̃) = 0. Thus if h is complemented, Hq
ct(g)1 consists of

the q-cocycles that vanish on h. For q = 2, we can always use Hahn-Banach to extend ϕ to

g, so in this case the assumption that h is complemented is unnecessary.

We now start the construction of an exact sequence that describes what happens

when we inflate a 2-cocycle from the quotient g/i to g itself. We will assume that i is

complemented, but we expect that this is unnecessary if the Hahn-Banach theorem is used

instead.

Lemma 3.24. Suppose i is a complemented ideal in g with continuous linear section s.

Then the map γ : H2
ct(g) → H1

ct(g/i, C
1
ct(i)) induced by γ(ω)(ξ) = ω(s(ξ), ·) is well defined.

Proof. Let ξ, ξ0, ξ1 ∈ g/i and z, z1, z2 ∈ i. Taking ψ = γ(ω), we see that ψ(ξ) is clearly

linear and continuous. Computing the differential:

(d1ψ(ξ0, ξ1))(z) = ξ0 · ψ(ξ1)(z)− ξ1 · ψ(ξ0)(z)− ψ([ξ0, ξ1])(z) =

−ω(s(ξ1), [s(ξ0), z]) + ω(s(ξ0), [s(ξ1), z])− ω([s(ξ0), s(ξ1)]), z) = 0
(3.53)

where we find that this is zero because of the 2-cocycle identity of ω. Hence ψ is indeed a

1-cocycle.

Now suppose that ω is a 2-coboundary, so there exists ϕ ∈ H1
ct(g) such that ω = d1ϕ and

ψ(ξ) = −ϕ([s(ξ), ·]) = ξ · ϕ = d̃0ϕ(ξ). The differential d̃0 denotes the Chevalley-Eilenberg

differential for C0
ct(g/i, C

1
ct(i)). Thus ψ = d̃0ϕ, ψ is a 1-coboundary and γ is well defined.

Proposition 3.25. Let H2
ct(g)1 be the 2-cocycles vanishing on a complemented ideal i,

π : g → g/i the projection and s the continuous linear section. Then the map γ : H2
ct(g)1 →

H1
ct(g/i, H

1
ct(i)) induced by γ(ω)(ξ) = ω(s(ξ), ·) is well defined, independent of the section

s, and ker(γ) = im(π∗)

Proof. Well definedness follows from lemma 3.24 and that γ(ω)(ξ) = ψ(ξ) is a 1-cocycle:

d1(ψ(ξ))(z1, z2) = −ω(s(ξ), [z1, z2]) = ω([z1, s(ξ)], z0) + ω([s(ξ), z0], z1) = 0. (3.54)

The last equality follows from the fact that i is an ideal and ω vanishes on i. Independence

of the section s follows the fact that for a different section s̃ , s(ξ)− s̃(ξ) ∈ i and ω vanishes

on i× i.

We will now prove ker(γ) = im(π∗). Suppose ω ∈ im(π∗). Then there exists ω̃ ∈ H2
ct(g/i)

such that ω = π∗ω̃. We can calculate γ(ω)(ξ)(z) = ω̃(π(s(ξ)), π(z)) = 0 as π(z) = 0 for all

z ∈ i. For the converse, suppose ω ∈ ker(γ). Then ω(s(ξ), z) = 0 for all ξ ∈ g/i, z ∈ i, hence

ω̃ = s∗ω is independent of the lifting operation s and therefore a well defined 2-cocycle on

g/i. We note that s ◦ π = 1g + i, hence π∗ω̃ = ω(s(π(·)), s(π(·))) = ω(·, ·), as ω(g, i) = 0.

We conclude that ker(γ) = im(π∗).

In terms of exact sequences, we can now conclude
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Corollary 3.26. Suppose we have an exact sequence:

0 → i
ι→ g

π→ g/i → 0 (3.55)

where the maps are Lie algebra homomorphisms and which splits, i.e. there exists a

continuous Lie algebra homomorphism s : g/i → g such that π ◦ s = 1g, then the following

sequence is also exact:

0 → H2
ct(g/i)

π∗
→ H2

ct(g)1
γ→ H1

ct(g/i, H
1
ct(i)) (3.56)

In particular, if H1
ct(i) = 0, H2

ct(g/i)
∼= H2

ct(g)1

We will need to extend the above sequence to the case where the sequence of Lie

algebras does not split. This is done by considering the following cohomology space:

H1
ct(i)

g/i = {[ϕ] ∈ H1
ct(i)|[t · ϕ] = 0 for all t ∈ g/i} (3.57)

with the action of g/i on H1
ct(i) given by:

t · ϕ = −ϕ([s(t), ·]) (3.58)

for some linear continuous section s. The action is independent of the section because of

the 1-cocycle property. Furthermore, as the only 1-coboundary is identically 0, it does not

matter if we consider [t · ϕ] to be 0 as a quotient class, or t · ϕ to be 0 as a cochain. With

this space defined, we extend our sequence:

Proposition 3.27. Suppose i is a complemented ideal and we have an exact sequence:

0 → i
ι→ g

π→ g/i → 0 (3.59)

where the maps are continuous Lie algebra homomorphisms. Then the following sequence

is also exact

H1
ct(i)

g/i α→ H2
ct(g/i)

π∗
→ H2

ct(g)1
γ→ H1

ct(g/i, H
1
ct(i)) (3.60)

In particular, if H1
ct(i) = 0, H2

ct(g/i)
∼= H2

ct(g)1

Proof. Let s : g/i → g be a continuous linear splitting, i.e. a right inverse of π, but not

necessarily a Lie algebra homomorphism, so s does not need to preserve the bracket. It

then follows that [s(x), s(y)]− s([x, y]) ∈ kerπ = i.

Let [ϕ] ∈ H1
ct(i)

g/i. We then define a 2-cochain on g/i:

ω(x, y) = ϕ
(
[s(x), s(y)]− s([x, y])

)
(3.61)

This is clearly linear, alternating and continuous, as s, ϕ are linear and continuous. ω is in
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fact a 2-cocycle:

ω([x, y], z) + ω([y, z], x) + ω([z, x], y) =

ϕ
(
[s([x, y]), s(z)]− s([[x, y], z])

)
+

ϕ
(
[s([y, z]), s(x)]− s([[y, z], x])

)
+

ϕ
(
[s([z, x]), s(y)]− s([[z, x], y])

)
=

ϕ
(
[s([x, y]), s(z)] + [s([y, z]), s(x)] + [s([z, x]), s(y)]

)
(3.62)

where the last equality follows by the Jacobi identity. We continue the calculation

ϕ
(
[s([x, y]), s(z)] + [s([y, z]), s(x)] + [s([z, x]), s(y)]

)
=

ϕ
([
s([x, y])− [s(x), s(y)], s(z)

]
+
[
[s(x), s(y)], s(z)

]
+[

s([y, z])− [s(y), s(z)], s(x)
]
+
[
[s(y), s(z)], s(x)

]
+[

s([z, x])− [s(z), s(x)], s(y)
]
+
[
[s(z), s(x)], s(y)

])
=

ϕ
([
s([x, y])− [s(x), s(y)], s(z)

]
+[

s([y, z])− [s(y), s(z)], s(x)
]
+[

s([z, x])− [s(z), s(x)], s(y)
])

(3.63)

where the last equality again follows by the Jacobi identity. Now as

[s(x), s(y)]− s([x, y]) ∈ kerπ = i

and ϕ([a, x]) = 0 for all a ∈ i as x · ϕ = 0, the 2-cocycle property holds.

We can now define the map α : H1
ct(i)

g/i → H2
ct(g/i) by α([ϕ]) = [ω] with ω as defined

above. Again, as 1-coboundaries in H1
ct(i)

g/i are 0, α maps equivalence classes to equivalence

classes and is well defined. Furthermore, if we were to take a different section s̃, then

ϕ
(
[s̃(x), s̃(y)]− s̃([x, y])

)
− ϕ([s(x), s(y)]− s([x, y])

)
=

ϕ
(
[s̃(x)− s(x), s̃(y)] + [s(x), s̃(y)− s(y)]− s̃([x, y]) + s([x, y])

)
=

ϕ
(
− s̃([x, y]) + s([x, y])

)
= (ϕ ◦ (s− s̃))([x, y])

(3.64)

which is a 2-coboundary. Thus α is independent of the section s we choose.

Now let [ω] ∈ im(α).

π∗ω(x, y) = ϕ
(
[s(π(x)), s(π(y))]− s([π(x), π(y)])

)
=

ϕ
(
[s(π(x))− x, s(π(y))] + [s(π(x)), s(π(y))− y]− [s(π(x))− x, s(π(y))− y] + [x, y]− s(π([x, y]))

)
=

π(y) · ϕ
(
s(π(x))− x

)
− π(x) · ϕ

(
s(π(y))− y

)
− dϕ(s(π(x))− x, s(π(y))− y) + ϕ

(
[x, y]− s(π([x, y]))

)
=

ϕ
(
[x, y]− s(π([x, y]))

)
(3.65)

Here we used that ϕ is a 1-cocycle and invariant under the action of g/i. Thus π∗ω(x, y) =

d(ϕ ◦ (1 − s ◦ π))(x, y), hence [π∗ω] = 0 and im(α) ⊆ ker(π∗). For the converse, let
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[ω] ∈ ker(π∗). Then π∗ω(x, y) = ϕ([x, y]) for some 1-cochain ϕ ∈ H1(g) and x, y ∈ g.

Let a ∈ i, then ϕ([a, x]) = π∗ω(a, x) = 0 as π(a) = 0. Thus ψ = ϕ|i is in H1
ct(i)

g/i

and ϕ
(
[s([x]), s([y])] − s([[x], [y]])

)
= ϕ

(
[s([x]), s([y])]

)
− ϕ

(
s([[x], [y]])

)
= ω([x], [y]) −

ϕ
(
s([[x], [y]])

)
. As ϕ ◦ s([[x], [y]]) is a 2-coboundary, α([ϕ]) = [ω] and [ω] ∈ im(α), so

im(α) = ker(π∗)

Remark 3.28. The above exact sequence is a piece of the 7-term Serre-Hothschild sequence,

see for example Ref. [DHW12].

We can also describe the relation between H2
ct(g)1 and H2

ct(g) using an exact sequence.

Before we do this, we first define H2
ct(i)

g/i, the 2-cocyles on i that are invariant under the

action of g/i, which is given by (x · ω)(a, b) = −ω([x, a], b)− ω(a, [x, b])

H2
ct(i)

g/i := {[ω] ∈ H2
ct(i)|[t · ω] = 0} (3.66)

This is well defined, as if ω, ω′ ∈ [ω] and [t · ω] = 0, ω′ = ω + ψ for some 2-coboundary

dψ, then t · ψ is again a 2-coboundary, which can be seen from the Jacobi identity. Thus

[t · ω′] = [t · ω].

Proposition 3.29. Suppose we have the short exact sequence

0 → i → g → g/i → 0 (3.67)

then we get an exact sequence of cohomology spaces:

0 → H2
ct(g)1 → H2

ct(g)
ι∗→ H2

ct(i)
g/i (3.68)

Proof. As H2
ct(g)1 is the kernel of the restriction map Res : H2

ct(g) → H2
ct(i), it is a subspace

of H2
ct(g) and therefore maps injectively into it. The inclusion map ι : i → g is a continuous

Lie algebra homomorphism and hence ι∗ is a cochain homomorphism.

We will now show that im(ι∗) ⊆ H2
ct(i)

g/i. Suppose [ω] ∈ im(ι∗), then there exists [ω̃] ∈
H2
ct(g) such that ι∗ω̃ + dϕ = ω for some 2-coboundary dϕ on g. Now let [x] ∈ g/i, a, b ∈ i,

then

([x] · ω)(a, b) = −ω([x, a], b)− ω(a, [x, b]) =

− ω̃(ι([x, a]), b)− ω̃(ι([b, x]), a)− ϕ([[x, a], b])− ϕ([[b, x], a]) = ω̃([a, b], x) + ϕ([[a, b], x])

(3.69)

as i is an ideal, meaning that the Lie brackets are again in i. This is indeed a 2-coboundary

on i, so ω ∈ H2
ct(i)

g/i and thus ι∗ : H2
ct(g) → H2

ct(i)
g/i is well defined. By definition of

H2
ct(g)1, the exactness at H2

ct(g) follows.
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3.4.2 Invariance under periodic flow

In this section we will assume that the Lie algebra g consists of vector fields on a manifold

M and contains a complete vector field E. If the flow generated by the vector field E is

periodic, we will show that we only need to consider the cocycles invariant under that flow.

We define the Lie derivative of a k-cochain by the Cartan magic formula:

Definition 3.30 (Lie derivative of cochain). The Lie derivative of a k-cochain ω along an

element x ∈ g is given by:

Lxω = ιxdkω + dk−1ιxω (3.70)

where ι denotes the interior product.

It is thus immediate that the interior product is a cochain homotopy between the Lie

derivative and 0.

We then define the k-cochains that are 0 under the Lie derivative along E:

Ckct(g)0 :=
{
c ∈ Ckct(g)|LEc = 0

}
. (3.71)

From the Cartan magic formula we immediately find dLE = LEd, meaning that

d : C•
ct(g)0 → C•+1

ct (g)0 is well defined, and C•
ct(g)0 is thus a subcomplex.

The next lemma shows that pullbacks of flows at different times are homotopy connected.

We will then use this to show that cohomology of C•
ct(g) and C•

ct(g)0 are isomorphic.

Lemma 3.31 (lemma 3.10 from [Mia22]). Let (ϕt)t>0 be the flow generated by the time-

dependent vector-field (Xt)t>0. Then for all t1, t0 > 0 and c ∈ C•
ct(g), we have

(ϕt1)∗c− (ϕt0)∗c = Kt1,t0dc+ dKt1,t0c (3.72)

where Kt1,t0c =
∫ t1
t0
ιXtϕ

∗
t cdt

Proof. First assume Xt is actually time independent. Then we have the following formula

(proposition 12.36 in Ref. [Lee12])

d

dt

∣∣∣∣
t=t0

((ϕt)∗c) = (ϕt0)∗(LXt0
c) (3.73)

Now as this formula only depends on the time t0 and the vector field Xt at t = t0, it also

holds when Xt is time dependent. Using the definition of the Lie derivative and that d

commutes with the pullback:

(ϕt0)∗LXt0
c = d(ϕt0)∗ιXt0

c+ (ϕt0)∗ιXt0
dc (3.74)

Now we integrate both sides. On the left side, using the fundamental theorem of calculus,

we find: ∫ t1

t0

d

dt

∣∣∣∣
t=s

((ϕt)∗c)ds = (ϕt1)∗c− (ϕt0)∗c (3.75)
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On the right side, using that ϕ∗t and ιXt commute as ϕt is generated by ιXt ,∫ t1

t0

dιXs(ϕ
s)∗c+ ιXs(ϕ

s)∗dcds = d

∫ t1

t0

ιXs(ϕ
s)∗cdt0 +

∫ t1

s
ιXs(ϕ

s)∗dcds = dKt1,t0c+Kt1,t0dc

(3.76)

We define ϕt : R×M →M . As E is complete, the flow is global. Further assume that

ϕt is periodic with period T , meaning that ϕT = ϕ0 = id. Using lemma 3.31 with t0 = T , we

conclude that (ϕt)∗ is homotopy connected to the identity. Then with Nc := 1
T

∫ T
0 (ϕt)∗cdt,

N is again homotopy connected to the identity through 1
T

∫ T
0 Ktdt. Thus for any k-cocycle

c

[
1

T

∫ T

0
(ϕt)∗cdt] = [c] (3.77)

Using the periodicity, we will show that 1
T

∫ T
0 (ϕt)∗cdt is invariant under the flow generated

by E:

(ϕs)∗
∫ T

0
(ϕt)∗cdt =

∫ T

0
(ϕt+s)∗cdt =

∫ T+s

s
(ϕt)∗cdt =

∫ T

0
(ϕt)∗cdt (3.78)

where we used the periodicity of ϕt in the last step. Thus LE
∫ T
0 (ϕt)∗cdt = 0 and∫ T

0 (ϕt)∗cdt ∈ Ckct(g)0. Hence up to a k-coboundary, every k-cocycle is invariant under E.

Theorem 3.32. Suppose E is a complete vector field and the flow generated by E is

periodic. Then the inclusion ι : Ckct(g)0 → Ckct(g) induces an isomorphism:

Hk
ct(g)

∼= Hk
ct(g)0 := Zkct(g)0/B

k
ct(g)0 (3.79)

Proof. ι is injective, as if c ∈ Ck(g)0 is a coboundary, then it is also also a coboundary

in Ck(g). Furthermore, ι is surjective as for any [ω] ∈ Hk
ct(g), [ω] = [

∫ T
0 (ϕt)∗ωdt] and

[
∫ T
0 (ϕt)∗ωdt] ∈ Hk

ct(g)0.

Now let E1, . . . , En all be complete commuting vector fields that generate periodic

flows ϕ1, . . . , ϕn. Define Ck(g)0 :=
{
c ∈ Ck(g)|LEic = 0 ∀i = 1, 2, . . . , n

}
.. We then have

a similar result:

Theorem 3.33. The inclusion ι : Ckct(g)0 → Ckct(g) induces an isomorphism:

Hk
ct(g)

∼= Hk
ct(g)0 := Zkct(g)0/B

k
ct(g)0 (3.80)

Proof. First note that once again [ 1T
∫ T
0 (ϕti)

∗cdt] = [c] and LEi
1
T

∫ T
0 (ϕti)

∗cdt = 0. Now

[
1

Tn

∫ T

0
· · ·
∫ T

0
(ϕt11 )

∗ . . . (ϕtnn )∗cdt1 . . . dtn] = [
1

Tn−1

∫ T

0
· · ·
∫ T

0
(ϕt11 )

∗ . . . (ϕ
tn−1

n−1 )
∗cdt1 . . . dtn−1] = [c]

(3.81)

where we applied that [ 1T
∫ T
0 (ϕt)∗cdt] = [c] n-times. Now as flows commute when their vector

fields commute, LEi
1
Tn

∫ T
0 · · ·

∫ T
0 (ϕt11 )

∗ . . . (ϕtnn )∗cdt1 . . . dtn = 0 by the same argument as

in the n = 1 case.
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Remark 3.34. An important case is when the Lie group corresponding to the Lie algebra

has a compact abelian finite dimensional subgroup. Such a subgroup is isomorphic to Sk

for some k, and all the vectors in the corresponding subalgebra will commute and will

generate a global periodic flow. Thus the cocycles need to be invariant under the flow

generated by all the vectors in this subalgebra.

3.4.3 Cohomology of complexification

As noted in section 2.3, sometimes it is easier to work with the complexification of a Lie

algebra. The next proposition shows how the real and complex 2-cocycles are connected.

Proposition 3.35. 1. Suppose ω is a real 2-cocycle on g. Then

ωC(x+ iy, a+ ib) =
(
ω(x, a)− ω(y, b)

)
+ i
(
ω(y, a) + ω(x, b)

)
(3.82)

is a complex 2-cocycle on the complexification gC

2. Suppose ωC is a complex 2-cocycle on gC. Then the real and imaginary parts, restricted

to g, are real 2-cocycles:

ωR(x, y) =
1

2

(
ωC(x, y) + ωC(x, y)

)
ωI(x, y) =

1

2i

(
ωC(x, y)− ωC(x, y)

) (3.83)

Proof. 1. That ωC is linear, continuous and antisymmetric is immediate from the

definition. Furthermore, the 2-cocycle identity clearly holds for ωC(x, a) with x, a ∈ g.

By linearity it holds for all x+ iy, a+ ib ∈ gC.

2. First note that g is a real subalgebra of gC, so that restriction to g is well defined.

Again, linearity, continuity and antisymmetry are clear. The 2-cocycle identity is

also immediate.

Proposition 3.35 shows that the real 2-cocycles determine the complex 2-cocycles and

vice versa. Indeed, suppose ω is a real 2-cocycle. Then ωC as in proposition 3.35 is a

complex 2-cocycle and ω = ωC |g×g. Now if ωC is a complex 2-cocycle, ωR, ωI are real

2-cocycles and ωC = ωR + iωI .

3.5 Witt algebra

We will encounter a locally convex Lie algebra called the Witt algebra later in the asymptotic

symmetry algebra of AdS. We describe it and its first two cohomology groups here, as

the theory is already known and it provides an important example of a locally convex Lie

algebra.
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Definition 3.36 (Witt algebra). We define w to be the Lie algebra of real smooth vector

fields on the circle S1. We equip it with the following family of seminorms, turning it into

a locally convex Lie algebra. Let f∂x be a smooth vector field on S1, then for k ∈ N we

define the k-th seminorm as:

pk(f∂x) = sup{|∂kxf(x)| : x ∈ S1} (3.84)

The Lie bracket is given by:

[f∂x, g∂x] = (f∂xg − g∂xf)∂x (3.85)

To see that the Lie bracket is continuous with this topology, note that addition and

scalar multiplication are continuous in all locally convex vector spaces, and the differential

is continuous as well as pk(∂xf∂x) = pk+1(f∂x). Thus if we show that multiplication is

continuous, the Lie bracket is continuous as well. This is shown in the following lemma:

Lemma 3.37. Multiplication w×w → w : (f∂x, g∂x) → fg∂x is continuous.

Proof. Using lemma 2.8, we need to prove that for every seminorm pk, there exist continuous

seminorms p, q such that pk(fg∂x) ≤ Cp(f∂x)q(g∂x) for some constant C. As ∂kfg =∑k
l=0

(
k
l

)
f (l)g(k−l), using the generalized Leibniz rule, we have

pk(fg∂x) ≤
k∑
l=0

(
k

l

)
pl(f∂x)pk−l(g∂x) ≤ k!(

k∑
l=0

pl(f∂x))(
k∑
l=0

pl(g∂x)) (3.86)

and the sum of continuous seminorms is again a continuous seminorm, meaning that

(
∑k

l=0 pl(f∂x)), (
∑k

l=0 pl(g∂x)) are the continuous seminorms p, q that we need.

The complexification of the Witt algebra, wC is the Lie algebra of complex smooth

vector fields on the circle. For the rest of the section, when we write w we mean the

complexified Lie algebra. We will first show that the complex exponentials are dense in

the Witt algebra, for which we will need some notation: If f is a smooth function on the

circle, define the Fourier coefficients of f by

f̂(n) =
1

2π

∫ π

−π
f(x)e−inxdx (3.87)

Then from partial integration it is immediate that ˆ(∂xf)(n) = inf̂(n). As p0 is a norm

and the family of seminorms on w is countable, w is metrizable by lemma 2.9. Thus the

complex exponentials are dense in w if each f∂x ∈ w is a limit of a sequence of complex

exponentials. The limit converges if it converges in each seminorm, also by lemma 2.9.

For the p0 seminorm, this follows from the following theorem:

Theorem 3.38 (From Ref. [Nee22]). For all f ∈ C(S1) we have

lim
N→∞

sup
x∈S1

|f − 1

N

N−1∑
n=0

n∑
k=−n

f̂(k)eikx| = 0 (3.88)
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From the p0 case, we can derive convergence in all other seminorms as well

Lemma 3.39. D = span{einx|n ∈ N} is dense in w.

Proof. Let f∂x ∈ w. Then the sequence defined by the elements fN∂x = 1
N

∑N−1
n=0

∑n
k=−n f̂(k)e

ikx ∈
D converges to f∂x:

lim
N→∞

pn((f − 1

N

N−1∑
n=0

n∑
k=−n

f̂(k)eikx)∂x) = lim
N→∞

sup
x∈S1

|∂nxf − 1

N

N−1∑
n=0

n∑
k=−n

f̂(k)(ik)neikx| =

lim
N→∞

sup
x∈S1

|∂nxf − 1

N

N−1∑
n=0

n∑
k=−n

ˆ(∂nxf)(k)e
ikx| = 0

(3.89)

where the last equality follows from theorem 3.38, as ∂nxf is again a continuous function.

We now go on to show that the Witt algebra is perfect, for which we first need the

following lemma, which states that functions on the circle have an antiderivative if their

mean is zero.

Lemma 3.40. Let f ∈ C∞(S1). Then there exists a function F ∈ C∞(S1) such that

f = ∂xF if and only
∫ 2π
0 f(x)dx = 0

Proof. Suppose
∫ 2π
0 f(x)dx = 0, then we can simply take F (x) =

∫ x
0 f(t)dt. By the

fundamental theorem of calculus, f = ∂xF and F is periodic as
∫ 2π
0 f(x)dx = 0. Now

assume that there exists a function F ∈ C∞(S1) such that f = ∂xF . From here we see∫ 2π
0 f(x)dx = F (2π)− F (0) = 0 as F is periodic.

Using this lemma, we show that the Witt algebra is perfect.

Proposition 3.41. w is perfect, i.e. [w,w] = w

Proof. First we note that [cos(x)∂x, sin(x)∂x] = ∂x and thus all constant vector fields are

included in [w,w]. Now let f∂x ∈ w, then by lemma 3.40, there exists a vector field F∂x

such that ∂xF = f − 1
2π

∫ 2π
0 f(t)dt. Now [∂x, F∂x] = ∂xF∂x = f∂x − 1

2π

∫ 2π
0 f(t)dt∂x, so

(f − 1
2π

∫ 2π
0 f(t)dt)∂x ∈ [w,w]. As [w,w] is a vector space including the constant vector

fields, f∂x ∈ [w,w].

That w is perfect means that the first cohomology group is 0. We will now go on to

calculate the second cohomology group.

Proposition 3.42. The second cohomology group of w is 1 dimensional, H2
ct(w) = R and

spanned by the Gelfand-Fuks cocycle:

ω(X∂x, Y ∂x) =

∫ 2π

0
X(x)∂3xY (x)dx (3.90)
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Proof. Firstly, we will work in the complexification wC and then conclude the result for

the real part afterwards. We also drop the subscript C for now. Then note that E = i∂x is

a complete vector field that generates the periodic flow ϕt : eix → ei(x+t). By theorem 3.32,

we only need to consider the the 2-cocycles invariant under E:

H2
ct(w) ∼= H2

ct(w)0 (3.91)

Thus for [ω] ∈ H2
ct(w), we can assume LEω = 0. Then LEω(e

inx+∂x, e
imx+∂x) = −(n +

m)ω(einx
+
∂x, e

imx+∂x) = 0, so ω(einx
+
∂x, e

imx+∂x) = 0 for n +m ̸= 0. Now we can use

the 2-cocycle property:

0 = ω([eimx∂x, e
ix∂x], e

−i(m+1)x∂x) + ω([eix∂x, e
−i(m+1)x∂x], e

imx∂x) + ω([e−i(m+1)x∂x, e
imx∂x], e

ix∂x)

= i(1−m)ω(ei(m+1)x∂x, e
−i(m+1)x∂x)− i(m+ 2)ω(e−imx∂x, e

imx∂x) + i(2m+ 1)ω(e−ix∂x, e
ix∂x)

(3.92)

Writing cm = ω(eimx∂x, e
−imx∂x), we get the recurrence relation:

0 = (m− 1)cm+1 − (m+ 2)cm + (2m+ 1)c1 (3.93)

This is a recurrence relation with a 2 dimensional solution space, as the values of c1, c2

determine all the other values. The solution space is spanned by cm = m and cm = m3, as

it is easily checked that these are solutions of the recurrence relation.

Now define the following 2-cochains:

ω′(X∂x, Y ∂x) =

∫ 2π

0
X(x)∂xY (x)dx

ω(X∂x, Y ∂x) =

∫ 2π

0
X(x)∂3xY (x)dx

(3.94)

They are clearly linear, and that they are alternating can be seen from partial integration.

Continuity follows from the following formulae and lemma 2.8

|ω′(X∂x, Y ∂x)| ≤ 2πp0(X∂x)p1(Y ∂x)

|ω(X∂x, Y ∂x)| ≤ 2πp0(X∂x)p3(Y ∂x)
(3.95)

We can see however, that ω′ is a 2-coboundary as we have the following expression for

ω′:

ω′(X∂x, Y ∂x) =
1

2

∫ 2π

0
[X∂x, Y ∂x]dx (3.96)

which follows from partial integration. Similarly, we can show that ω is a 2-cocycle:

ω([X∂x, Y ∂x], Z∂x) =

∫ 2π

0
(X∂X − Y ∂X)∂xZ

3dx =∫ 2π

0
X(∂x(∂xY ∂

2
xZ)− ∂2xY ∂

2
xZ)− Y (∂x(∂xX∂

2
xZ)− ∂2xX∂

2
xZ)dx

(3.97)
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which follows from the product rule of differentiation. Now, using partial integration, we

find ∫ 2π

0
X(∂x(∂xY ∂

2
xZ)− ∂2xY ∂

2
xZ)− Y (∂x(∂xX∂

2
xZ)− ∂2xX∂

2
xZ)dx =∫ 2π

0
∂xX∂xY ∂

2
xZ −X∂2xY ∂

2
xZ − ∂xX∂xY ∂

2
xZ + Y ∂2xX∂

2
xZdx =

−
∫ 2π

0
X∂2xY ∂

2
xZ − Y ∂2xX∂

2
xZdx

(3.98)

From this last expression the 2-cocycle property is immediate. Furthermore, for any 2-

coboundary η, η(einx∂x, e
−inx∂x) = ϕ([(einx∂x, e

−inx∂x]) = −2inϕ(∂x) for some 1-cochain

ϕ, so any 2-coboundary has coefficients cn ∝ n. It is easily checked that ω has coefficients

cn ∝ n3 and therefore, ω is not a 2-coboundary.

Thus ω′ is the 2-coboundary corresponding to cm ∝ m and ω is the 2-cocycle cor-

responding to cm ∝ m3. Hence these are the unique (up to scaling) 2-cocycles on the

subspace of complex exponentials. Now as the complex exponentials are dense in the Witt

algebra by lemma 3.39, they are the unique 2-cocycles on w.

For the complexified Witt algebra we conclude that the second cohomology space H2(w)

is one dimensional and is spanned by the Gelfand-Fuks cocycle:

ω(X∂x, Y ∂x) =

∫ 2π

0
X(x)∂3xY (x)dx (3.99)

Now for the real Witt algebra, using proposition 3.35, we see that if ωR would be a

real 2-cocycle, it would define a complex 2-cocycle such that ωR = ωC |w×w. Then

ωR = ω|w×w + dϕC |w×w, thus the real Witt algebra also has a one dimensional second

cohomology space spanned by the Gelfand-Fuks cocycle.

To close off, we note that the unique central extension of the Witt algebra is called the

Virasoro algebra. The Gelfand-Fuks cocycle is accordingly additionally called the Virasoro

cocycle.
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Chapter 4

Weak asymptotic symmetries of

three dimensional Anti-de-Sitter

space

In this chapter, we first look at what an asymptotic symmetry should be in section 4.1. The

description of asymptotic symmetries is typically only done on the Lie algebra level, but we

show how this Lie algebra can be derived from a group of asymptotic symmetries. These

group asymptotic symmetries are diffeomorphisms that preserve the metric asymptotically,

which will be defined rigorously first. After describing asymptotic symmetries in general,

we give a description of the geometry and isometry group of three dimensional Anti de

Sitter space, also known as AdS3, in section 4.2. Next we derive the asymptotic boundary

conditions in section 4.3. To this end we follow the derivation in the seminal paper by

Brown and Henneaux [BH86]. However, their boundary conditions are not mathematically

rigorous, as they give no definition of what fall-off behavior such as O(r−1) means. Thus we

give an exact definition of fall-off behavior in section 4.4, which allows us to finally derive

the weak asymptotic symmetry algebra from these boundary conditions in section 4.5.

4.1 Asymptotic symmetries

A symmetry of spacetime is an isometry, which is a diffeomorphism that preserves the

metric. The metric should be preserved as this is what determines the curvature of

spacetime, which means it determines the behavior of gravity. In terms of equations, if M

is a Lorentzian manifold with metric g, a diffeomorphism ϕ :M →M is an isometry if

ϕ∗g = g (4.1)

where ϕ∗g is the pullback of the metric, which is how the g transforms under the coordinate

transformation induced by ϕ. For an introduction to pullbacks and pushforwards from a

physical perspective, we refer to Ref. [Car19] and for a mathematical introduction we refer

to Ref. [Lee12].
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As mentioned in the introduction, a realistic model of the universe will not have many

symmetries. It can nevertheless have something called asymptotic symmetries, which

intuitively means that the metric is preserved in the limit of r → ∞. To make this

exact, we will first define a subset S ⊆ Γ(S2T ∗M) of the symmetric (0, 2) tensors that

we want to call equal asymptotically. As S should be a subset of metrics, at each point

p ∈ M , Sp should consist of symmetric (0, 2) tensors with the same signature as g. The

signature of a metric is only preserved under linear combinations and scaling by positive

constants, meaning that Sp should be a cone. We call a fiber bundle S ⊆ Γ(S2T ∗M) a cone

bundle if Sp is a cone for all p ∈ M . The tangent space at h ∈ S, ThS is defined as the

equivalence classes of smooth curves in S starting at h, with two curves being equivalent

if their time derivatives at 0 are equal. These time derivatives are defined pointwise, i.e.

( ∂∂tγ(t))(p) =
∂
∂t(γ(t)(p)).

With this in mind, we define the asymptotic symmetries as follows:

Definition 4.1 (Asymptotic symmetry). Let ϕ : M → M be a diffeomorphism and let

S ⊆ Γ(S2T ∗M) be a cone bundle that is a subset of Γ(S2T ∗M), which contains the metrics

that we want to call asymptotically equal. Then ϕ is an asymptotic symmetry if for all

h ∈ S,

ϕ∗(h) ∈ S, (ϕ−1)∗(h) ∈ S (4.2)

Remark 4.2. Equivalently ϕ is an asymptotic symmetry if ϕ∗(S) = S and weak asymptotic

symmetries are thus automorphisms on S.

These asymptotic symmetries clearly form a group, which we call the weak asymptotic

symmetry group WAS(M). Even though this need not be a Lie group, we can still associate

a Lie algebra of weak asymptotic symmetries to this group:

Definition 4.3. The weak asymptotic symmetry algebra (was) is given by:{
d

dt

∣∣∣∣
t=0

ϕt|ϕt ∈ C∞([0, 1],WAS(M)), ϕt(0) = 1

}
(4.3)

where smoothness means smoothness of the orbits ϕt(p) for all p ∈M .

This definition is not that easy to work with. We want to characterize was in terms of a

property of the vector field ξ = d
dt

∣∣
t=0

ϕt. A natural candidate is to consider vector fields ξ

such that d
dt

∣∣∣∣
t=0

(ϕt)
∗h ∈ ThS, so we need to understand d

dt

∣∣∣∣
t=0

(ϕt)
∗h. If ϕ is a global flow,

we know that this is the Lie derivative. It turns out that this is the Lie derivative even if ϕ

is not a global flow, as we will show next, starting with the pushforward on vector fields.

Lemma 4.4. Let ϕt ∈ C∞([0, 1],WAS(M)), ϕt(0) = 1 with ξ = d
dt

∣∣
t=0

ϕt. Then for any

vector field X on M
d

dt

∣∣∣∣
t=0

(ϕt)∗X = −LξX (4.4)

Proof. Let f ∈ C∞(M), q ∈M . Then the pushforward at q is given by

((ϕt)∗X)qf = Xϕ−1
t (q)(f ◦ ϕt) = Xα

ϕ−1
t (q)

∂α(f ◦ ϕt)
∣∣
ϕ−1
t (q)

= Xα
ϕ−1
t (q)

∂αϕ
β
t |ϕ−1

t (q)∂βf |q (4.5)
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Now taking the derivative at t = 0,

d

dt

∣∣∣∣
t=0

((ϕt)∗X)qf =
d

dt

∣∣∣∣
t=0

Xα
ϕ−1
t (q)

∂αϕ
β
t |ϕ−1

t (q)∂βf = (
d

dt

∣∣∣∣
t=0

ϕ−1
t (q))γ∂γX

α
q ∂αf +Xα

q ∂αξ
β
q ∂βf =

− ξγq ∂γX
α
q ∂αf +Xα

q ∂αξ
β
q ∂β = [X, ξ]qf = −(LξX)qf

(4.6)

where ( ddt
∣∣
t=0

ϕ−1
t (q)) = −ξ follows from the following trick. Note that q = ϕt(ϕ

−1
t (q)),

and thus d
dt

∣∣
t=0

ϕt(ϕ
−1
t (q)) = 0. Computing the left hand side, we find d

dt

∣∣
t=0

ϕt(ϕ
−1
t (q)) =

ξq +
d
dtϕ

−1|t=0(q) = 0.

Lemma 4.5. Let ϕt ∈ C∞([0, 1],WAS(M)), ϕt(0) = 1 with ξ = d
dt

∣∣
t=0

ϕt. Then for any

(0, 2) tensor field h on M
d

dt

∣∣∣∣
t=0

(ϕt)
∗h = Lξh (4.7)

Proof. First, we note that for f ∈ C∞(M), X a vector field on M and p ∈ M , let

γ : [0, 1] →M be a curve such that γ(0) = p, γ̇(0) = Xp, then

d

dt

∣∣∣∣
t=0

(ϕt)∗Xp =
d

dt

∣∣∣∣
t=0

d

ds

∣∣∣∣
s=0

ϕt(γ(s)) =
d

ds

∣∣∣∣
s=0

ξβγ(s)∂β = Xα
p ∂αξ

β
p ∂β (4.8)

Next, the pullback on h is given by:

(ϕ∗th)p(Xp, Yp) = hϕt(p)((ϕt)∗Xp, (ϕt)∗Yp) = (hϕt(p))αβ((ϕt)∗Xp)
α(ϕt)∗Yp)

β (4.9)

and using the Leibniz rule we take the derivative:

d

dt

∣∣∣∣
t=0

(ϕ∗th)p(Xp, Yp) =
d

dt

∣∣∣∣
t=0

(hϕt(p))αβ((ϕt)∗Xp)
α((ϕt)∗Yp)

β =

ξγp∂γ(hp)αβX
α
p Y

β
p + (hp)γβ∂αξ

γ
pX

α
p Y

β
p + (hp)αγ∂βξ

γ
pX

α
p Y

β
p

(4.10)

Now one can either recognize immediately that this last expression is the Lie derivative, or

note that the last expression only depends on ξ, and not on ϕt. In particular, one can take

ϕt to be the flow generated by ξ and in that case d
dt

∣∣
t=0

(ϕ∗th)p(Xp, Yp) = (Lξh)p(Xp, Yp)

by definition. As the answer is independent of the curve as long as the curve is generated

by ξ, it holds for all ϕt.

Remark 4.6. This proof works for all tensor fields, not only (0, 2) tensor fields.

We will say that S is integrable if Lξh ∈ ThS for all h ∈ S implies that there

exists a curve of diffeomorphisms ϕt such that ϕt ∈ C∞([0, 1],WAS(M)), ϕt(0) = 1 with

ξ = d
dt

∣∣
t=0

ϕt. Under this assumption, was is simply the Lie algebra of vector fields ξ such

that Lξh ∈ ThS for all h ∈ S.

Proposition 4.7. Suppose S is integrable. Then the weak asymptotic symmetry algebra is

given by the vector fields ξ such that Lξh ∈ ThS for all h ∈ S.
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Proof. First, let ξ be a vector field in the weak asymptotic symmetry algebra. Then

there exists a curve of diffeomorphisms ϕt such that ϕt ∈ C∞([0, 1],WAS(M)), ϕt(0) = 1

with ξ = d
dt

∣∣
t=0

ϕt. Then clearly for all h ∈ S, d
dt

∣∣
t=0

(ϕt)
∗h ∈ ThS and by lemma 4.5,

Lξh = d
dt

∣∣
t=0

(ϕt)
∗h ∈ ThS.

The converse is given by S being integrable.

Next, we show that happens when an asymptotic symmetry acts on an element of

the tangent space of S, as this will be need later. Asymptotic symmetries preserve S be

definition, and the tangent space is simply shifted.

Lemma 4.8. Let h ∈ S and let ϕ be an asymptotic symmetry. Then

ϕ∗(ThS) ⊆ Tϕ∗(h)S (4.11)

Proof. Let ξ ∈ ThS, then there exists a smooth curve γ : [−1, 1] → S such that γ(0) = h

and γ′(0) = ξ. Now as ϕ is an asymptotic symmetry, ϕ∗(γ(t)) is again a curve in S,

smooth as ϕ is smooth, and ϕ∗(γ(0)) = ϕ∗(h). Furthermore, as ϕ∗ is linear and smooth,
d
dt |t=0ϕ

∗(γ(t)) = ϕ∗(ξ). We conclude that ϕ∗(ξ) ∈ Tϕ∗(h)S.

4.1.1 Center of symmetry group

Now we show that elements in the center Z(WAS(M)), which is the normal subgroup

of elements that commute with every other element, impose restrictions on was, namely

the vector fields in was should be invariant under the pushforward of these elements. In

fact, we slightly generalize this, by defining WAS0(M) to be the component of WAS(M)

path-connected to the identity and defining Z0(WAS(M)) to be the elements in WAS(M)

that commute with WAS0(M). We only need elements to commute with the component

path-connected to the identity as this component uniquely determines the Lie algebra.

Proposition 4.9. Suppose ψ ∈ Z0(WAS(M)). Then for ξ ∈ was, ψ∗(ξ) = ξ.

Proof. Let ϕt ∈ C∞([0, 1],WAS(M)), ϕt(0) = 1 with ξ = d
dt

∣∣
t=0

ϕt. Then ϕt = ψϕtψ
−1 and

thus

ξ =
d

dt

∣∣
t=0

ϕt =
d

dt

∣∣
t=0

ψϕtψ
−1 = ψ∗(ξ) (4.12)

For large groups of diffeomorphisms it is not easy to see what the center should be.

The next proposition shows that a discrete normal subgroup N is in Z0(WAS(M)). Here

discrete means that the orbits N · x are discrete for all x ∈M .

Proposition 4.10. Let N be a discrete normal subgroup of WAS(M). Then N ⊆
Z0(WAS(M)).

Proof. Let ϕt ∈ C∞([0, 1],WAS(M)), ϕt(0) = 1 and ψ ∈ N . Then C : WAS(M) → N :

ϕ → ϕψϕ−1 is well defined as N is normal and the orbits (Cϕt)x are discrete for x ∈ M
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as N is discrete. Now as (Cϕt)x is continuous in t with discrete image, it is constant.

Thus (Cϕt)x = (Cϕ0)x = ψx. As x was arbitrary, (Cϕt) = ψ from which ϕtψ = ψϕt is

immediate. Thus ψ ∈ Z0(WAS(M)).

Lastly we note that the subgroup of pointwise asymptotic symmetries, T = {ψ ∈
WAS(M)|ψ(g) = g∀g ∈ S}, is a normal subgroup.

Corollary 4.11. Suppose T = {ψ ∈ WAS(M)|ψ(g) = g∀g ∈ S} is discrete. Then

ψ∗(ξ) = ξ for all ξ ∈ was, ψ ∈ T .

4.1.2 Trivial symmetries

The weak asymptotic symmetry algebra is actually too large for most applications. We only

want the ’useful’ symmetries. What ’useful’ means can differ by application, for example if

one is interested in conserved quantities, useful could mean that the symmetry defines a

nontrivial conserved quantity. A trivial symmetry is then a non-useful symmetry, i.e. a

symmetry that leads to a zero conserved charge. This is actually the standard definition of

a trivial symmetry.

We will take a different approach, by considering a symmetry useful if it is nonzero

in every projective unitary positive energy representation of the asymptotic symmetry

algebra. In that case, it corresponds to a particle with energy that is bounded from

below, which we expect a physical particle to satisfy. The corresponding trivial symmetries

can be determined from proposition 3.12 by first calculating the cohomology of the weak

asymptotic symmetry algebra. Note that the trivial symmetries form an ideal as they are

given by the intersection of kernels of Lie algebra homomorphisms.

A slight issue with this approach is that WAS(M) might very well not be a Lie group.

We can therefore not use proposition 3.12 to determine which symmetries are trivial in

every projective unitary positive energy representation of the weak asymptotic symmetries.

We will therefore instead define weakly trivial symmetries, which become trivial symmetries

when a Lie group structure is available. These are determined more easily and by requiring

that the actual asymptotic symmetry group has a Lie group structure, we ensure that the

notions of weakly trivial and trivial symmetries are equivalent in the asymptotic symmetry

group. As the trivial symmetries form a closed ideal, we can also define the weakly trivial

symmetry algebra to be a closed ideal.

Definition 4.12 (Trivial symmetries).

• Let g be a Lie algebra. An element η ∈ g is a trivial symmetry if ρ(η) = 0 for all

projective unitary positive energy representations ρ of g.

• Let ξ be the positive energy element in was(M). The weakly trivial symmetry algebra

t is the closure of the ideal of the weak asymptotic algebra generated by the vector

fields [ξ, η] such that [[ξ, η], η] = 0 and ω([ξ, η], η) = 0 for all 2-cocycles ω.
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t

l

Figure 4.1: Two dimensional Anti-de Sitter space. l is the radius of the space, t is an
angular coordinate and r is the radial coordinate. Identical to figure 1.1

• The asymptotic symmetry group AS(M) is the largest quotient group of WAS(M)

such that AS(M) is a Lie group and such that the Lie algebra as(M) contains no

trivial symmetries.

We will now explain that these weakly trivial symmetries are a correct generalization

of trivial symmetry. First suppose that WAS(M) is a Lie group. Then again by propo-

sition 3.12 every weakly trivial symmetry is a trivial symmetry. Now if WAS(M) is not

a Lie group, but i ⊂ t is some ideal such that was/i has a corresponding Lie group, then

every weakly trivial symmetry [ξ, η] /∈ i turns into a trivial symmetry. Indeed, let ω̃ be a

2-cocycle on was/i and let π : was → was/i be the projection. Then π∗ω̃ is a 2-cocycle on

was and hence ω̃([[ξ, η]], [η]) = π∗ω̃([ξ, η], η) = 0 and thus by proposition 3.12 η is a trivial

symmetry. We conclude that whenever was/i has a corresponding Lie group, the weakly

trivial symmetries turn into trivial symmetries. By requiring the asymptotic symmetry

group AS to be a Lie group we therefore ensure that not containing any trivial symmetries

at least implies not containing any weakly trivial symmetries.

4.2 Symmetries of 3-dimensional Anti de Sitter space

As mentioned in the introduction, we are mainly interested in three dimensional Anti de

Sitter space, AdS3 in short. In this section we will give a short introduction to this space

and its isometry group.

AdS3 is defined as the maximally symmetric space with negative cosmological con-

stant [Car19]. It is a submanifold of R4 with metric:

ds2 = gµνdx
µdxν = dx2 + dy2 − du2 − dv2 (4.13)

and the submanifold being given as:

AdS3 = {(x, y, u, v) ∈ R4|u2 + v2 = l2 + x2 + y2} (4.14)

This is a hyperboloid, which in 2 dimensions looks like figure 4.1. In three dimensions,

instead of for each r there being a circle of points, there is a torus of points for each r.

The constant l is a length scale, the major radius of the torus at r = 0, given by the
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cosmological constant (note that for higher dimensional AdS spaces the proportionality

factor is different):

l2 = − 1

Λ
(4.15)

The isometry group of AdS3 is then the group of diffeomorphisms, which can in this

case be written as 4× 4 matrices, M4,4 that preserve the metric g in equation 4.13, as in

equation 4.1. This group is called O(2, 2):

O(2, 2) = {A ∈M4,4|ATDA = D} (4.16)

where D =diag(1, 1,−1,−1) and we used that A∗D = ATDA.

O(2, 2) is a matrix Lie group, the Lie algebra of which is given by

o = {X ∈M4,4| exp(tX) ∈ O(2, 2)∀t} (4.17)

By definition of O(2, 2), this means that (etX)TDetX = D for all t, and in particular the t

derivative at t = 0 should zero.

0 =
d

dt
|t=0(e

tX)TDetX = XTD +DX (4.18)

As D2 = 1, this is equivalent to:

o(2, 2) ⊆ {X ∈M4,4|DXD = −XT } (4.19)

Furthermore, if X ∈ {X ∈M4,4|DXD = −XT }, then (etX)TDetXD = etX
T
e−tX

T
= 1, so

(etX)TDetX = D and exp(tX) ∈ O(2, 2)∀t, thus

o(2, 2) = {X ∈M4,4|DXD = −XT } (4.20)

It can easily be checked that this is a six-dimensional space, with the following matrices:
0 a b c

−a 0 d e

b d 0 f

c e −f 0

 (4.21)

for a, b, c, d, e, f ∈ R. A maximally symmetric space of dimension n should have n+ 1
2n(n−1)

linearly independent symmetries, n ”translations” and 1
2n(n−1) ”rotations” [Car19]. These

”translations” and ”rotations” are only global translations and rotations in a flat space.

Locally however, we can always find n symmetries that act locally as translations and
1
2n(n− 1) that locally act as rotations. For n = 3 this means that a maximally symmetric

space has six linearly independent symmetries, thus AdS3 is indeed maximally symmetric.
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In terms of the coordinates u, v, x, y we can write the o(2, 2) symmetries as:

ξ1 = u∂v − v∂u, ξ2 = x∂y − y∂x, ξ3 = u∂y + y∂u

ξ4 = v∂x + x∂v, ξ5 = u∂x + x∂u, ξ6 = v∂y + y∂v
(4.22)

The interpretation of these symmetries is not so clear. This is mainly because the coordinate

system u, v, x, y does not have a clear interpretation. By instead parameterizing AdS3 with

the following coordinates r, t, ϕ:

u =
√
l2 + r2 cos(t/l)

v =
√
l2 + r2 sin(t/l)

x = r cos(ϕ)

y = r sin(ϕ)

(4.23)

we get a clearer interpretation. Indeed, r is then a radial coordinate as for large r u, v, x, y

are all proportional to r and t, ϕ are both angular coordinates. t is however also the time

coordinate, which is typically not an angular or periodic coordinate, as otherwise time

runs in a loop! Therefore the universal cover of AdS3 is typically considered, which means

that the hyperboloid in figure 4.1 is rolled out along the t coordinate, leading to t being

an arbitrary real coordinate and no longer being periodic. For now, we will not take this

approach and we keep using the original AdS3 space.

Now we also want to write the metric, equation 4.13 and the symmetries, equation 4.22,

in terms of these coordinates, so that those also get a clearer interpretation. Therefore we

first need to know how the differentials and basis vectors transform under this coordinate

transformation:

du =
r√

l2 + r2
cos(t/l)dr −

√
l2 + r2

l
sin(t/l)dt

dv =
r√

l2 + r2
sin(t/l)dr +

√
l2 + r2

l
cos(t/l)dt

dx = cos(ϕ)dr − r sin(ϕ)dϕ

dy = sin(ϕ)dr + r cos(ϕ)dϕ

(4.24)

∂r =
r√

l2 + r2
(cos(t/l)∂u + sin(t/l)∂v) + cos(ϕ)∂x + sin(ϕ)∂t

∂t =

√
l2 + r2

l
(cos(t/l)∂v − sin(t/l)∂u)

∂ϕ = r(cos(ϕ)∂y − sin(ϕ)∂x)

(4.25)

Knowing this, we can now write down the metric:

ds2 = −(1 + r2/l2)dt2 +
dr2

1 + r2/l2
+ r2dϕ2 (4.26)
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As mentioned in the introduction, in the limit Λ → 0, or equivalently l → ∞, we should

get flat space. Indeed, in this limit the metric becomes:

ds2 = −dt2 + dr2 + r2dϕ2 (4.27)

which is exactly the flat metric in polar coordinates.

Now the diffeomorphism PT : (r, t/l, ϕ) → (r, t/l + π, ϕ + π) or PT (u, v, x, y) =

(−u,−v,−x,−y) is central in O(2, 2) as PT = −I in the u, v, x, y-coordinates, and therefore

by proposition 4.9 PT∗ξ = ξ, where we note that O(2, 2) is a weak asymptotic symmetry

group with S = {gAdS}. As PT∗(ξµ∂µ) = ξµ ◦PT∂µ for µ ∈ {r, t, ϕ}, we find that for ξµ∂µ,

ξµ(r, t/l + π, ϕ+ π) = ξµ(r, t/l, ϕ) .

Lastly, in terms of the r, ϕ, t coordinates, o(2, 2) is given by the basis:

ξ1 = l∂t

ξ2 = ∂ϕ

ξ3 =
√
l2 + r2 cos(t/l) sin(ϕ)∂r −

rl√
l2 + r2

sin(t/l) sin(ϕ)∂t +

√
l2 + r2

r
cos(t/l) cos(ϕ)∂ϕ

ξ4 =
√
l2 + r2 sin(t/l) cos(ϕ)∂r +

rl√
l2 + r2

cos(t/l) cos(ϕ)∂t −
√
l2 + r2

r
sin(t/l) sin(ϕ)∂ϕ

ξ5 =
√
l2 + r2 cos(t/l) cos(ϕ)∂r −

rl√
l2 + r2

sin(t/l) cos(ϕ)∂t −
√
l2 + r2

r
cos(t/l) sin(ϕ)∂ϕ

ξ6 =
√
l2 + r2 sin(t/l) sin(ϕ)∂r +

rl√
l2 + r2

cos(t/l) sin(ϕ)∂t +

√
l2 + r2

r
sin(t/l) cos(ϕ)∂ϕ

(4.28)

which can be verified by plugging in the basis vectors in equation 4.25 and comparing with

equation 4.22. This is quite a tedious computation and can also be done using a symbolic

calculator, see appendix A.

Thus there are translational symmetries in the t, ϕ directions, which is expected as the

metric in equation 4.26 does not depend on t, ϕ, and 4 additional symmetries, all of the

following form:

ξ =
√
l2 + r2X(t, ϕ)∂r +

rl2√
l2 + r2

∂tX(t, ϕ)∂t +

√
l2 + r2

r
∂ϕX(t, ϕ)∂ϕ (4.29)

for some function X periodic in both t and ϕ.

4.3 Boundary conditions

To define the weak asymptotic symmetry group, we first need to know what the cone

bundle S of asymptotically equal metrics is, as shown in section 4.1. We will do this

by defining when a metric is asymptotically Anti de Sitter, following the conventions

in physics. The conditions for calling a metric asymptotically AdS are typically called

boundary conditions, as they are often conditions on the metric for r → ∞ and r = ∞ is
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seen as a boundary. For AdS3, these boundary conditions were derived in Ref. [BH86], and

we will partially replicate the motivation for these boundary conditions. We would like our

boundary conditions to at least contain all the metrics of conic defects of AdS3, which are

the metrics corresponding to a point mass in AdS3. Let α,A be arbitrary real numbers,

then the conic defect metric corresponding to α,A is given by:

gµνdx
µdxν = −(

r2

l2
+ α2)dt2 + 2Aαdtdϕ+

(
r2 −A2

l2
+ α2

)−1

dr2 + (r2 −A2)dϕ2 (4.30)

Furthermore, we want our definition of asymptotically AdS3 metrics to contain at least all

of the metrics obtained by applying a diffeomorphism in O(2, 2). Equivalently, all of the

following metrics should satisfy the boundary conditions:

gµν + Lξgµν is asymptotically AdS for ξ in o(2, 2) and g asymptotically AdS (4.31)

As gµν is not a function of t, ϕ, the symmetries ξ1, ξ2 are exact symmetries of the conic

defects and Lξgµν = 0 in that case. The Lie derivatives for ξ3 were calculated using a

symbolic calculator and are shown in Appendix B. There, we find for ξ = ξ3Lξgrr Lξgrt Lξgrϕ
Lξgtr Lξgtt Lξgtϕ
Lξgϕr Lξgϕt Lξgϕϕ

 ∼

O(r−4) O(r−3) O(r−3)

O(r−3) O(1) O(1)

O(r−3) O(1) O(1)

 (4.32)

ξ4, ξ5, ξ6 give the same result as ξ3 as they are all of the same form, see equation 4.29.

The boundary conditions for an asymptotically AdS3 space are thus:grr grϕ grt

gϕr gϕϕ gϕt

gtr gtϕ gtt

 ∼


l2

r2
+O(r−4) O(r−3) O(r−3)

O(r−3) r2 +O(1) O(1)

O(r−3) O(1) − r2

l2
+O(1)

 (4.33)

Intuitively, f ∼ O(r−n) means that f behaves as r−n for large r, but an exact definition

will be given in the next section.

The analysis will be simpler in light-cone coordinates, defined as

x± =
t

l
± ϕ (4.34)

from which we also find dx± = 1
l dt± dϕ. These are called light-cone coordinates because

the unit vectors ∂x± become orthogonal null vectors in the limit r → ∞, meaning that

they span the light-cone in this limit. With these coordinates, and writing ± for x± in the

indices, the boundary conditions become:grr gr+ gr−

g+r g++ g+−

g−r g−+ g−−

 ∼


l2

r2
+O(r−4) O(r−3) O(r−3)

O(r−3) O(1) O(1)− 1
2r

2

O(r−3) O(1)− 1
2r

2 O(1)

 (4.35)
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We note that a periodic function in t, ϕ is not necessarily periodic in x+, x− separately, as

for example sin(ϕ) = sin(x
+−x−
2 ). However, ξ ∈ o(2, 2) is periodic in x+, x− separately due

to ξ(r, t/l+π, ϕ+π) = ξ(r, t/l, ϕ) and as the conic sections are also periodic in x+, x−, Lξg
is as well. We thus require a general asymptotically AdS metric to be periodic in x+, x−

as well and we take our boundary conditions to be as in equation 4.35 with f ∈ O(r−a)

meaning that f is periodic in x+, x− and O(r−a) in the r coordinate, the precise meaning

of which will be given in the next section.

We now define the manifold S ⊆ Γ(S2T∗M) as follows. h ∈ S if h has the same

(−,+,+) signature as the conic defect metrics, h is periodic in x+, x− and if h satisfies the

boundary conditions in equation 4.35. Then for h ∈ S, g ∈ ThS if:grr gr+ gr−

g+r g++ g+−

g−r g−+ g−−

 ∼

O(r−4) O(r−3) O(r−3)

O(r−3) O(1) O(1)

O(r−3) O(1) O(1)

 (4.36)

4.4 Fall-off algebra

The boundary conditions needed to specify asymptotic symmetries, are often written

by specifying certain fall-off behavior of the metric, e.g. grϕ is of order r−3. We want

a somewhat stricter behavior of what this fall-off behavior means then the standard,

algorithmic, big O notation, which is commonly seen in the physics literature. The reason

for this is that in the standard big O notation, we have the following[Obl17]:

sin(r41)

r
is of order 1/r (4.37)

∂r
sin(r41)

r
is of order r40, (4.38)

whereas we would prefer if for any f of order rx, ∂rf would be of order rx−1. We will

therefore use the following definition, where we let Ω = 1/r:

Definition 4.13 (Fall-off algebra). Let a ∈ (0,∞) be a positive real number and n ∈ N.
A smooth function f : D ⊇ (a,∞) → R, is said to be Oa(r

−n) if f̂ : F ⊇ (0, 1/a) → R :

f̂(Ω) = f(1/r) extends smoothly to F̂ = F ∪ (−ϵ, 0] for some ϵ > 0 and has vanishing

derivatives up to order n at 0: ∂kΩf̂ |Ω=0 = 0 for 0 ≤ k < n. For n = 0, we only need f̂

to extend smoothly to an open neighborhood of 0 and do not put any constraints on the

value or derivatives at 0. Furthermore, we say f ∼ Oa(r
n) if 1/rnf ∼ Oa(1). Lastly for

k ∈ Z, we define Oa(r
k) to be the set of all Oa(r

k) functions.

Typically we will only be interested in the asymptotic behavior of functions and the

constant a will not matter. We will therefore not write it, unless strictly necessary. Do

note that when we write O(rn), all functions f ∈ O(rn) share the same constant a. Let us

now give some properties and examples of this definition.

Proposition 4.14. For n,m ∈ N, a, b ∈ Z:
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1. O(ra) is a vector space with pointwise addition

2. If a ≤ b, O(ra) ⊆ O(rb)

3. With pointwise multiplication, O(r−m)O(r−n) ⊆ O(r−(m+n))

4. In particular O(r−m) with pointwise multiplication is a non-unital associative algebra.

5. For n ≤ m, rnO(r−m) = O(rn−m)

6. If n ≥ 2 and f ∈ O(r−n), then
∫∞
r f(t)dt ∈ O(r−(n−1))

7. For n ≥ 1, ∂rO(r−n) = O(r−(n+1)) and ∂rO(1) ⊆ O(r−2)

8. If f ∈ O(1), we can define f̃ = f − f̂(0) with f̃ ∈ O(r−1)

Proof. 1,2,8 follow immediately from the definition. 3 can be proven using the general

Leibniz rule. Let f ∈ O(r−m), g ∈ O(r−n), then

∂kΩfg =
k∑
l=0

(
k

l

)
f (l)g(k−l), (4.39)

Now if k < m+n, l ≤ k, either k− l < n or l < m. In both cases f (l)g(k−l) is zero in Ω = 0.

4 simply combines 1,2,3.

For 5, we start with the forward inclusion rnO(r−m) ⊆ O(rn−m) for n = 1, so m ≥ 1.

The inclusion for n > 1 then follows from repeatedly applying the n = 1 case. Suppose

f ∈ O(r−m) and let U be an open neighborhood of Ω = 0 on which f̂ is defined and

smooth. Then by Hadamard’s lemma f̂(Ω) = Ωg(Ω) for some smooth g defined on U .

Clearly 1
Ω f̂(Ω) = g(Ω) is defined on U and by the general Leibniz rule:

∂kΩf̂(Ω)
∣∣
Ω=0

= ∂kΩΩg(Ω)
∣∣
Ω=0

=
(
Ωg(k)(Ω) + kg(k−1)(Ω)

) ∣∣∣∣
Ω=0

= kg(k−1)(0) (4.40)

and hence g(k)(0) = 0 for 0 ≤ k < m − 1, which proves that 1
Ω f̂(Ω) ∈ O(r1−m). Now

suppose f ∈ O(rn−m). Then by 3, r−nf ∈ O(rm) and hence f ∈ rnO(rm).

The proof of 6 is as follows: First,
∫∞
r f(t)dt =

∫ Ω
0 f̂(Ω̃)/Ω̃2dΩ̃. By 5, there exists

ĝ ∈ O(r−(n−2)) such that ĝ(Ω) = Ω2f̂(Ω), so
∫∞
r f(t)dt =

∫ Ω
0 ĝ(Ω̃)dΩ̃. As ĝ extends

smoothly to a neighborhood of 0, its integral does as well. Furthermore, by the fundamental

theorem of calculus, for k ≥ 1:

∂kΩ|Ω=0

∫ Ω

0
ĝ(Ω̃)dΩ̃ = ∂k−1

Ω |Ω=0ĝ(Ω) = 0 for k − 1 < n− 2 (4.41)

whereas the value of the integral at Ω = 0 is clearly 0. Thus the integral of g is in O(r−(n−1))

and we conclude
∫∞
r f(t)dt =

∫ Ω
0 ĝ(Ω̃)dΩ̃ ∈ O(r−(n−1)).

Next, the forward inclusion of 7 for n ≥ 1, ∂rO(r−n) ⊆ O(r−(n+1)) can be shown using

∂rf = −Ω2∂Ωf̂ . (4.42)
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As ∂Ωf is O(r−n+1) if f ∈ O(r−n), and Ω2 ∈ O(r−2), the result Ω2∂Ωf ∈ O(r−(n+1))

follows from 3. Now assume f ∈ O(r−(n+1)). Then g := −
∫∞
r f(t)dt ∈ O(r−n) and

f = ∂rg, thus f ∈ ∂rO(r−n). For n = 1, note that
ˆ̃
f(Ω) := f̂(Ω) − f̂(0) is O(r−1), so

∂rf = ∂rf̃ ∈ O(r−2)

Remark 4.15. From property 5 we see that we could have alternatively defined O(ra) =

raO(1) for a ≠ 1, with O(1) defined in the same way as now, or using property 7 we could

equivalently have defined O(r−(n+1)) = ∂nrO(r−1).

Remark 4.16. Note that 1/
√
r /∈ O(1) as

√
Ω does not extend smoothly to Ω = 0. One

could use an alternative definition which does include these type of fractal functions, by

for example requiring a function and all its derivatives to have a smooth limit as r → ∞,

but this broadens the class of O(1) functions immensely. Furthermore, the usage of a

compactification and Ω = 1
r coordinates is standard, and we follow this convention, leading

to the exclusion of fractional power functions.

As 1/r = Ω clearly extends to Ω = 0, with ∂0ΩΩ|Ω=0 = Ω|Ω=0 = 0, we see that

1/r ∈ O(r−1) as expected. By using property 6 we also find 1/rn ∈ O(r−n). Lastly,
sin(r41)

r /∈ O(r−1) as it does not extend smoothly to Ω = 0, which can be seen from the first

derivative diverging as Ω → 0.

We further define O(∞) =
⋂∞
k=0O(r−k). Clearly O(r−n)O(∞) ⊆ O(∞), ∂rO(∞) ⊆

O(∞), and it is an algebraic ideal. The functions in O(∞) are the functions that are flat at

Ω = 0, meaning that all derivatives at Ω = 0 are zero. Examples include e−r and functions

that are zero for all r greater than some r′.

We will next deal with functions on (a,∞)× S1 × S1 for some arbitrary real number

a and we want to define when such a function is O(1). This is done by saying that

f : (r, x+, x−) → R ∈ O(1) if f(·, x+, x−) : r → R ∈ O(1) for all x+, x− and O(r−m) =

r−mO(1). Then we note that for f : (r, x+, x−) → R smooth, if f ∈ O(r−m), the partial

derivatives have the same fall-off behavior: ∂+f, ∂−f ∈ O(r−m), as rm∂+f, r
m∂−f ∈ O(1).

4.4.1 Topology

We now give O(1) a topology. This topology will later be used to give the weak asymptotic

symmetry algebra a topology. A standard topology for smooth functions on a manifold

is the compact-open topology, which in our case is defined as follows. First note that

the functions in O(1) are actually smooth functions on [0, a)× S1 × S1 in the Ω, x+, x−

coordinates. Let U = [0, a) × S1 × S1 and let (Kn)n∈N be an increasing sequence of

compact subsets of U , such that all Ki contain the boundary Γ := {0} × S1 × S1 and their

union is U . Furthermore take α = (k, l,m) to be a multi-index with |α| = k + l +m and

∂α = ∂kΩ∂
l
x+∂

m
x− to be the partial derivative corresponding to the coordinates Ω, x+, x+.

We then define the following seminorms:

pKj ,n(f) = sup
x∈Kj

max
|α|≤n

|∂αf(x)| (4.43)
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We define the topology to be the one induced by these seminorms:

Definition 4.17 (Topology on O(1)). • The topology on O(1) is defined to be C∞

topology, which is generated by the following family of seminorms P:

pKj ,n(f) = sup
x∈Kj

max
|α|≤n

|∂αf(x)| (4.44)

P = {pKi,n ∀i, n ≥ 0}.

• We further define the Ck topology to be the topology generated by Pk = {pKi,n ∀i ≥
0, k ≥ n ≥ 0}.

This turns O(1) into a locally convex topological vector space, so addition and scalar

multiplication are continuous. Furthermore, multiplication of functions is also continuous,

the proof of which is the same as for lemma 3.37. Lastly, pKi,n(∂
a
Ω∂

b
+∂

c
−f) ≤ pKi,n+a+b+c(f),

showing that derivatives are continuous as well.

We now show that these families of seminorms are equivalent to the family of seminorms

given by

p̃Kj ,k,l,m = sup
x∈Kj

|∂kΩ∂l+∂m− f(x)| (4.45)

Lemma 4.18. The family of seminorms P is equivalent to the family of seminorms

P̃ = {p̃Kj ,k,l,m ∀i, k, l,m ≥ 0}

Proof. This is immediate from p̃Kj ,k,l,m ≤ pKj ,(k+l+m) and pKj ,n ≤ maxk+l+m≤n pKj ,k,l,m.

We will now go on to show that the subspaces O(Ωa) are closed in O(1). To this end,

we note that a subset A ⊆ X of a locally convex topological vector space is closed if and

only if the quotient X/A is Hausdorff. We will therefore first compute the quotient:

Lemma 4.19. The topology on O(1)/O(Ωa) is given by the following family of seminorms

P:

pk,l,m(f) = sup{|∂kΩ∂l+∂m− f |Ω=0,x+,x− |x+, x− ∈ S1} (4.46)

P = {pk,l,m ∀k < a, l,m ≥ 0}

Proof. By lemma 2.6, the seminorms of this quotient topology are given by:

p̄Kj ,k,l,m(f) = inf
g∈O(Ωa)

p̃Kj ,k,l,m(f + g) = inf
g∈O(Ωa)

sup
x∈Kj

|∂kΩ∂l+∂m− (f + g)| (4.47)

Clearly p̄Kj ,k,l,m(f) ≥ pk,l,m. Now take g =
∑a−1

i=0
Ωi

i! ∂
i
Ωf |Ω=0 − f , then g ∈ O(Ωa) and

p̃Kj ,k,l,m(f + g) = sup
x∈Kj

|∂kΩ∂l+∂m−
a−1∑
i=0

Ωi

i!
∂iΩf |Ω=0| ≤

a−1∑
i=0

sup
x∈Kj

|∂kΩ∂l+∂m−
Ωi

i!
∂iΩf |Ω=0|

≤
a−1∑
i=0

sup
Ω≤M

∂kΩ
Ωi

i!
sup
x∈Kj

|∂l+∂m− ∂iΩf |Ω=0| ≤
a−1∑
i=0

Cipi,l,m(f)

(4.48)
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where M = supx∈Kj
Ω and Ci = ∂kΩ

Ωi

i! are constants independent of f . We conclude that

the family of quotient seminorms is equivalent to the family of seminorms pk,l,m.

This is again Hausdorff, as if pk,0,0(f) = 0 for all k < a, then f ∈ O(Ωa) and f is thus

zero in the quotient. We conclude that O(Ωa) is closed in O(1) and with the subspace

topology O(Ωa) is also closed in O(Ωb) for all b ≤ a.

We now demonstrate that O(Ωa) is complemented, meaning that there exists a contin-

uous linear projection π : O(1) → O(Ωa). We define this projection by

π : f → f −
a−1∑
k=0

∂kΩf |Ω=0
Ωk

k!
(4.49)

which is clearly linear. It is continuous as addition, scalar multiplication, function multipli-

cation and differentiation are all continuous. The projection indeed maps into O(Ωa) as

∂lΩ(f −
∑a−1

k=0 ∂
k
Ωf |Ω=0

Ωk

k! )|Ω=0 = 0 for all 0 ≤ l < a. The same argument shows that π is

idempotent.

Proposition 4.20. The subspaces O(Ωa) of O(1) are closed and complemented.

Lastly we show that the subspace of exponentials and powers of Ω is dense in O(1)/O(a).

First we give the analogue of theorem 3.38 for this case:

Lemma 4.21. Let f : (Ω, x+, x−) → C be continuous, then the following holds:

lim
N→∞

sup
x+,x−∈S1

|f(Ω, x+, x−)− 1

N2

N−1∑
n=0

N−1∑
m=0

n∑
k=−n

m∑
l=−m

ˆ̂
f(Ω, k, l)eikx

+
eilx

− | = 0 (4.50)

Proof. Let ϵ > 0, then by theorem 3.38 we can find an M1 ∈ N such that for all N1 > M1

we have

sup
x+,x−∈S1

|f(Ω, x+, x−)− 1

N

N−1∑
n=0

n∑
k=−n

f̂(Ω, k, x−)eikx
+ | < ϵ/2 (4.51)

Next, also by theorem 3.38 we can find an M2 ∈ N such that for all N2 > M2 we have

sup
x+,x−∈S1

| 1
N

N−1∑
n=0

n∑
k=−n

f̂(Ω, k, x−)eikx
+ − 1

N2

N−1∑
n=0

N−1∑
m=0

n∑
k=−n

m∑
l=−m

ˆ̂
f(Ω, k, l)eikx

+
eilx

− | < ϵ/2

(4.52)
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Then for all N > max(M1,M2) we have:

sup
x+,x−∈S1

|f(Ω, x+, x−)− 1

N2

N−1∑
n=0

N−1∑
m=0

n∑
k=−n

m∑
l=−m

ˆ̂
f(Ω, k, l)eikx

+
eilx

− | ≤

sup
x+,x−∈S1

|f(Ω, x+, x−)− 1

N

N−1∑
n=0

n∑
k=−n

f̂(Ω, k, x−)eikx
+ |+

sup
x+,x−∈S1

| 1
N

N−1∑
n=0

n∑
k=−n

f̂(Ω, k, x−)eikx
+ − 1

N2

N−1∑
n=0

N−1∑
m=0

n∑
k=−n

m∑
l=−m

ˆ̂
f(Ω, k, l)eikx

+
eilx

− | < ϵ

(4.53)

Proposition 4.22. The set E = span
{
Ωbeikx

+
einx

− |0 ≤ b ≤ a, b ∈ N, k, n ∈ Z
}

is dense

in O(1)/O(Ωa).

Proof. Let f ∈ O(1)/O(Ωa), then f =
∑a−1

i=0
f (i)(0,x+,x−)

i! Ωi. Then let (fN )N≥0 be the

sequence defined by

fN =
1

N2

N−1∑
n=0

N−1∑
m=0

n∑
k=−n

m∑
l=−m

a−1∑
i=0

ˆ̂
f (i)(0, k, l)

i!
Ωieikx

+
eilx

−
(4.54)

Clearly (fN )N≥0 ⊆ E and furthermore,

pk,c,d(f − fN ) = sup
x+,x−∈S1

|∂kΩ∂c+∂d−(f − fN )|Ω=0|

= sup
x+,x−∈S1

|∂c+∂d−(f (k)(0, x+, x−)−
1

N2

N−1∑
n=0

N−1∑
m=0

n∑
j=−n

m∑
l=−m

ˆ̂
f (k)(0, j, l)eikx

+
eilx

−
)|

= sup
x+,x−∈S1

|∂c+∂d−f (k)(0, x+, x−)−
1

N2

N−1∑
n=0

N−1∑
m=0

n∑
j=−n

m∑
l=−m

ˆ̂
f (k)(0, j, l)(ik)c(il)deikx

+
eilx

− |

= sup
x+,x−∈S1

|∂c+∂d−f (k)(0, x+, x−)−
1

N2

N−1∑
n=0

N−1∑
m=0

n∑
j=−n

m∑
l=−m

(∂c+∂
d
−
ˆ̂
f (k))(0, j, l)eikx

+
eilx

− |

(4.55)

and thus by lemma 4.21 limN→∞ pk,c,d(f − fN ) = 0 from which we conclude that fN → f .

Thus E is dense in O(1)/O(Ωa).

4.5 Weak asymptotic symmetry algebra

Now that have a nice definition of O(r−n), we can specify the boundary, or fall-off conditions

that we want our metric g to have. We use the boundary conditions that we determined in

section 4.3. We then determine the weak asymptotic symmetry algebra by first calculating

which vector fields ξ satisfy Lξg ∈ TgS and then showing that S is integrable.
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Definition 4.23. A metric g is called asymptotically Anti de Sitter, if its component

functions have the following fall-off behavior:grr gr+ gr−

g+r g++ g+−

g−r g−+ g−−

 ∼


l2

r2
+O(r−4) O(r−3) O(r−3)

O(r−3) O(1) O(1)− 1
2r

2

O(r−3) O(1)− 1
2r

2 O(1)

 (4.56)

The cone bundle S is also defined as in section 4.3. The tangent space is then given by

h ∈ TgS ifhrr hr+ hr−

h+r h++ h+−

h−r h−+ h−−

 ∼

O(r−4) O(r−3) O(r−3)

O(r−3) O(1) O(1)

O(r−3) O(1) O(1)

 =

O(1) O(Ω) O(Ω)

O(Ω) O(1) O(1)

O(Ω) O(1) O(1)

 (4.57)

Note that when converting to the Ω coordinate, dr = −Ω−2dΩ, so hrrdr
2 = hrr(Ω)Ω

−4dΩ2 =

hΩΩdΩ
2.

Furthermore, we use the following: f ∼ g +O(r−n) means that f − g ∈ O(r−n) and

fO(r−m) + g ∼ O(r−n) means that for all h ∈ O(r−m) there exists η ∈ O(r−n) such that

fh + g = η. It follows immediately that fO(r−m) ∼ O(r−n) with f ∈ O(r−k) implies

k ≥ n−m.

We will first determine the Lie algebra of vector fields ξ such that Lξg ∈ TgS for all

g ∈ S, and then show that S is integrable. The following is a result from Refs. [BH86]

[Obl17]:

Theorem 4.24. The Lie algebra of vector fields ξ such that Lξg ∈ TgS for all g ∈ S is

given by

ξ =
(
−r
2

[
∂+X(x+) + ∂−X̄(x−)

]
+O(r−1)

)
∂r

+

(
X(x+) +

l2

2r2
∂2−X̄(x−) +O(r−4)

)
∂+

+

(
X̄(x−) +

l2

2r2
∂2+X(x+) +O(r−4)

)
∂−

(4.58)

where X, X̄ are 2π-periodic functions.

Proof. The Lie derivative is given by:

Lξgµν = ξσ∂σgµν + (∂µξ
λ)gλν + (∂νξ

λ)gλµ (4.59)

Clearly, if g′ ∈ S, g′ = l2

r2
dr2 − r2dx+dx− + h′, where h′ ∈ ThS. We will show that

Lξg ∈ TgS holds for g = l2

r2
dr2 − r2dx+dx− and for h′ ∈ ThS, and then we are done.

First, the rr part:

Lξgrr =ξr∂r
l2

r2
+ 2∂rξ

r l
2

r2
(4.60)

59



As Lξgrr should be in O(r−4), for this to hold we need

ξr = r∂rξ
r +O(r−1) (4.61)

This differential equation can be solved, using property 6 from proposition 4.14, as follows:

− 1

r2
ξr +

1

r
∂rξ

r ∼ O(r−3)

∂r(
1

r
ξr) ∼ O(r−3)

1

r
ξr + F(x+, x−) ∼ O(r−2)

(4.62)

giving the solution:

ξr = rF(x+, x−) +O(r−1) (4.63)

For the r± part, we find

Lξgr± = ∂±ξ
rgrr + ∂rξ

∓g∓± ∼ O(r−3) (4.64)

using equation 4.63, we get

l2

r
∂±F(x+, x−)− 1

2
r2∂rξ

∓ ∼ O(r−3) (4.65)

which can again be solved to yield

ξ∓ = X∓(x+, x−)− l2

r2
∂±F(x+, x−) +O(r−4) (4.66)

Now let a, b ∈ {+,−} and we use the notation ¬± = ∓. Then

Lξgab =ξr∂rgab + ∂aξ
λgλb + ∂bξ

λgaλ = ξr∂rgab + ∂aξ
¬bg¬bb + ∂bξ

¬aga¬a =(
−1

2r
2(∂+ξ

− + ∂+ξ
−) −rξr − 1

2r
2(∂−ξ

− + ∂+ξ
+)

−rξr − 1
2r

2(∂−ξ
− + ∂+ξ

+) −1
2r

2(∂−ξ
+ + ∂−ξ

+)

)
(4.67)

The off-diagonal part gives:

F(x+, x−) +
1

2
(∂−X

− + ∂+X
+) ∼ O(r−2) (4.68)

Or F(x+, x−) = −1
2(∂−X

− + ∂+X
+) +O(r−2). Lastly, the diagonal part shows:

∂±ξ
∓ ∼O(r−2)

∂±X
∓(x+, x−)− l2

r2
∂2±F(x+, x−) +O(r−4) ∼O(r−2)

∂±X
∓(x+, x−) =0

(4.69)
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Thus we can set X(x+) = X+(x+), X̄(x−) = X−(x−). Combining everything, we get

ξ =
(
−r
2

[
∂+X(x+) + ∂−X̄(x−)

]
+O(r−1)

)
∂r

+

(
X(x+) +

l2

2r2
∂2−X̄(x−) +O(r−4)

)
∂+

+

(
X̄(x−) +

l2

2r2
∂2+X(x+) +O(r−4)

)
∂−

(4.70)

or in the coordinate Ω = 1/r

ξ =

(
Ω

2

[
∂+X(x+) + ∂−X̄(x−)

]
+O(Ω3)

)
∂Ω

+

(
X(x+) +

l2Ω2

2
∂2−X̄(x−) +O(Ω4)

)
∂+

+

(
X̄(x−) +

l2Ω2

2
∂2+X(x+) +O(Ω4)

)
∂−

(4.71)

Now we will show that for an arbitrary h′ ∈ ThS, Lξh′ ∈ Th′S for ξ as in equation 4.71.

To this end, note that as ξ smoothly extends to Ω = 0, (Lξh′)µν ∈ O(1) for all h′ ∈ ThS.

Thus we only need to show (Lξh′)Ω± ∈ O(Ω). Now this is given by

(Lξh′)Ω± = ξλ∂λO(Ω) + (∂Ωξ
λ)h′λ± + (∂±ξ

λ)h′λΩ (4.72)

The λ = Ω term is given by:

O(Ω)∂ΩO(Ω) + (∂ΩO(Ω))O(Ω) + (∂±O(Ω))O(1) ∼ O(Ω) (4.73)

and the λ = + term

ξ+∂+O(Ω) + (∂Ωξ
+)h′+± + (∂±ξ

+)O(Ω) (4.74)

which is also clear O(Ω). The same holds for λ = −. We conclude that indeed (Lξh′)Ω± ∼
O(Ω).

We denote the Lie algebra of vector fields of the form above by g. We further define

the vector field ξ(X,X̄) to be given by:

ξ(X,X̄) =
(
−r
2

[
∂+X(x+) + ∂−X̄(x−)

])
∂r

+

(
X(x+) +

l2

2r2
∂2−X̄(x−)

)
∂+

+

(
X̄(x−) +

l2

2r2
∂2+X(x+)

)
∂−

(4.75)

Moreover, we define ξn = ξ
(einx+ ,0)

and ξ̄n = ξ
(0,einx− )

and let i be the space of vector fields

ξ in g such that X = X̄ = 0.
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4.5.1 S is integrable

We will now show that S is integrable and that g is therefore the weak asymptotic symmetry

algebra by proposition 4.7.

We start of by looking at the complete vector fields and show that these at least preserve

the tangent space TgS.

Lemma 4.25. Suppose ξ is a complete vector field with ξΩ ∈ O(Ω) and ∂Ωξ
± ∈ O(Ω). Let

ϕt be the flow generated by ξ, then (ϕt)Ω ∈ O(Ω) and
∂ϕ±t
∂Ω ∈ O(Ω) for all t ∈ R.

Proof. As ξΩ ∈ O(Ω), we have ξΩ = Ωξ̃Ω with ξ̃Ω ∈ O(1). Now let p = (0, x+, x−), then

ϕt(p) is the unique maximal integral curve starting at p [Lee12]:

d

dt
ϕΩt (p) = ξΩ(ϕt(p)) = ϕΩt (p)ξ̃

Ω(ϕt(p))

ϕ0(p) = p = (0, x+, x−)

(4.76)

Now clearly ϕ̃Ωt (p) = 0 is a solution to the above equation and as the solution is unique,

this is the solution. Thus by definition of O(Ω), ϕΩt ∈ O(Ω) for all t. Furthermore, as in

fact ∂Ωξ
± ∈ O(Ω), ∂Ωξ

± = Ωξ̃± with again ξ̃± ∈ O(1). Now as ϕΩt (p) = 0

d

dt

∂ϕ±t
∂Ω

∣∣∣∣
Ω=0

=
∂

∂Ω

d

dt
ϕ±t

∣∣∣∣
Ω=0

=
∂

∂Ω
ξ±(ϕt)

∣∣∣∣
Ω=0

=

ϕΩt ξ̃
±(ϕt)

∂ϕΩt
∂Ω

∣∣∣∣
Ω=0

= 0

(4.77)

and the initial condition is clearly
∂ϕ±0 (p)
∂Ω = 0. Thus

∂ϕ±t (Ω,x+,x−)
∂Ω

∣∣∣∣
Ω=0

= 0 for all t, and

∂ϕ±t
∂Ω ∈ O(Ω).

Proposition 4.26. Suppose ϕt is a curve of diffeomorphisms such that ϕΩt ∈ O(Ω) and
∂ϕ±t
∂Ω ∈ O(Ω) for all t ∈ R. Then (ϕt)

∗TgS ⊆ TgS

Proof. The Jacobian of ϕt is given by:

Jϕt ∼

O(1) O(Ω) O(Ω)

O(Ω) O(1) O(1)

O(Ω) O(1) O(1)

 (4.78)

Let h ∈ TgS, then the pullback is given by:

((ϕt)
∗h)p = (Jϕt)

T · hϕt(p) · Jϕt (4.79)
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where the superscript T denotes the transpose. Now as

hϕt(p) ∼

O(1) O(Ω) O(Ω)

O(Ω) O(1) O(1)

O(Ω) O(1) O(1)

 (4.80)

and O(1) O(Ω) O(Ω)

O(Ω) O(1) O(1)

O(Ω) O(1) O(1)


3

∼

O(1) O(Ω) O(Ω)

O(Ω) O(1) O(1)

O(Ω) O(1) O(1)

 (4.81)

we find (ϕt)
∗h ∈ TgS.

The proof that S is integrable will rely on the fact that we can smoothly cutoff a

vector field near Ω = 0 and therefore split every vector field into one that is complete and

one that is zero in a neighborhood of Ω = 0. We now show that we can give a curve of

diffeomorphisms that is generated by a vector field of the second category and also preserves

TgS. First we show that every function can be smoothly split up into non-decreasing and

non-increasing parts.

Lemma 4.27. Let f : R → R be a smooth function. We can then split up f into smooth

functions f+, f− such that f = f+ + f− and f+ is non-decreasing, f− is non-increasing.

Proof. Define f+(x) = h(x), f−(x) = f(x) − h(x) with h(x) =
∫ x
0 h̃(y)dy. Then let

ϵ > 0 and define h̃(y) = 1
2(f

′(y) +
√
f ′(y)2 + ϵ). Clearly (f+)′(x) = h̃(x) ≥ 0 and

(f−)′(x) = f ′(x)− h̃(x) = 1
2(f

′(y)−
√
f ′(y)2 + ϵ) ≤ 0, thus f+, f− are non-decreasing and

non-increasing respectively.

Lemma 4.28. Let ξ be a vector field on M such that Lξh ∈ ThS and assume ξ is identically

zero for Ω ∈ [0, ϵ] for some ϵ > 0. Then there exists a curve of diffeomorphisms ϕt such

that ϕ0 = id, ϕ̇0 = ξ, and ϕt is an asymptotic symmetry

Proof. Let ξ be a vector field on M such that Lξh ∈ ThS and ξ is identically zero for

Ω ∈ [0, ϵ] for some ϵ > 0. We then decompose ξ = ξΩ∂Ω + ξµ∂µ. For each Ω, ξµ∂µ is a

vector field on S1 × S1 and therefore generates a global flow ϕ
∥
t on S1 × S1. We then

note that f(Ω, x+, x−) = ξΩ/Ω is well defined as ξΩ is zero near Ω = 0. Now define

ψ±
t (Ω, x

+, x−) = Ω exp(±tf±(Ω, x+, x−)) for t ∈ [0, 1], where f± is the splitting of f as in

lemma 4.27. Clearly ψ±
0 (Ω, x

+, x−) = Ω. Now

∂Ωψ
±
t (Ω, x

+, x−) = exp(±tf±(Ω, x+, x−))(1± tΩ(f±)′(Ω, x+, x−)) > 0 (4.82)

as ±tΩ(f±)′(Ω, x+, x−) ≥ 0. Thus ψ±
t is strictly increasing and therefore a diffeomorphism

for each x+, x−. Next, define ψt = (ψ−
t )

−1 ◦ (ψ+
t , x

+, x−). This is clearly a diffeomorphism

for each x+, x− as ψ±
t is a diffeomorphism, and it is the identity at t = 0. We can also
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calculate the t derivative at t = 0:

ψ̇t = ∂t(ψ
−
t )

−1|t=0 + ψ̇+
0 ∂Ω(ψ

−
0 )

−1 = Ω(f− + f+) = ξΩ (4.83)

Now take ϕt(Ω, x
+, x−) = (ψt, ϕ

∥
t )(Ω, x

+, x−). This is a diffeomorphism for each t ∈ [0, 1],

the identity for t = 0 and ϕ̇0 = ξ. Note that for Ω ∈ [0, ϵ], ψt(Ω) = id as ξ is zero there,

meaning that for g ∈ S, ψ∗
t g = g + h where h is zero for Ω ∈ [0, ϵ) and ψ∗

t g has the same

signature as g as the signature is invariant under pullbacks, thus ϕ∗t g ∈ S. The same

reasoning works for ϕ−1
t . We conclude that ϕt is an asymptotic symmetry.

Thus we only need to show that we can combine the two curves of diffeomorphisms from

proposition 4.26 and lemma 4.28, such that we get one curve of asymptotic symmetries,

which is generated by the vector field that we smoothly cut off. This is shown in the next

theorem.

Theorem 4.29. S is integrable.

Proof. Let ξ be a vector field such that Lξh ∈ ThS. Then by definition of g, ξ ∈ g. Now

using a smooth cutoff function, we can smooth split ξ = ξ0 + ξϵ, where ξϵ is zero for

Ω ∈ [0, ϵ] and ξ0 is zero for Ω > ϵ. As ξ0 is compactly supported and tangent to the

boundary Ω = 0, ξ0 is complete and denoting its global flow by ϕt, (ϕt)
∗TgS ⊆ TgS by

lemma 4.25, proposition 4.26 and as the fall off conditions are satisfied for all ξ ∈ g. Using

lemma 4.28 and proposition 4.26, we can also construct a curve of diffeomorphisms ψt that

is generated by ξϵ and such that ψt is a weak asymptotic symmetry for all t ∈ [0, 1]. Define

Φt = ϕt ◦ ψt. Now
∂t|t=0Φt = ϕ̇0(ψ0) + (Jϕ0)ψ̇0 = ξ (4.84)

and clearly Φ0 = id. Thus if we show that ϕt is an asymptotic symmetry for t ∈ [0, 1], we

are done. To that end, note that [Lee12]

d

dt

∣∣∣∣
t=t0

ϕ∗t g = ϕ∗t0(Lξg) (4.85)

and thus for p ∈M

ϕ∗t g − g =

∫ t

0
ϕ∗s(Lξg)ds (4.86)

Now Lξg ∈ TgS and (ϕs)
∗TgS ⊆ TgS, so the integrand is in TgS for all s. Now we can

consider the components ϕ∗s(Lξg))µν of the integrand, which have certain fall off behavior,

say ϕ∗s(Lξg))µν ∼ O(Ωaµν ), where aµν is determined by the form of the tangent space

as in equation 4.36. Therefore ϕ∗s(Lξg))µν = Ωaµν f̃µν(s) for some f̃µν(s) ∈ O(1). Hence∫ t
0 (ϕ

∗
s(Lξg))ds = Ωaµν

∫ t
0 f̃µν(s)ds ∈ O(Ωaµν ). Thus the integral is in TgS,

∫ t
0 ϕ

∗
s(Lξg)ds ∈

TgS. Now ϕ∗t g has the same signature as g as the signature is invariant under pullbacks,

g + h ∈ S for h ∈ TgS if g + h has the correct signature, thus ϕ∗t g ∈ S. As this holds for

all t and ϕ−1
t = ϕ−t, ϕ

∗
−tg ∈ S as well and ϕt is an asymptotic symmetry.
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4.5.2 Structure, brackets and topology

As derived in theorem 4.24, the asymptotic symmetry algebra g is given by the following

vector fields:

ξ =
(
−r
2

[
∂+X(x+) + ∂−X̄(x−)

]
+O(r−1)

)
∂r

+

(
X(x+) +

l2

2r2
∂2−X̄(x−) +O(r−4)

)
∂+

+

(
X̄(x−) +

l2

2r2
∂2+X(x+) +O(r−4)

)
∂−

(4.87)

for some smooth functions on the circle X, X̄. Furthermore we have defined i to be the

space of such vector fields such that X, X̄ are zero, thus

i = O(r−1)∂r +O(r−4)∂+ +O(r−4)∂− (4.88)

We will now calculate some of the relevant brackets and thereby show that i is an ideal

in g, and that g/i consists of two copies of the Witt algebra.

Proposition 4.30. The brackets in g are as follows:

[ξ(X,0), ξ(Y,0)] = ξ([X∂+,Y ∂+],0)

[ξ(0,X̄), ξ(0,Ȳ )] = ξ(0,[X̄∂−,Ȳ ∂−])

[ξ(X,0), ξ(0,Ȳ )] =
l2

4r4
[∂2+X∂−, ∂

2
−Y ∂+]

[g, i] ⊆ i

(4.89)

We conclude that i is an ideal and that h = g/i consists of two copies of the Witt algebra,

h = wL ⊕wR.

Proof. The first bracket is calculated as follows:

[ξ(X,0), ξ(Y,0)] =− r

2
∂+X

(
−1

2
∂+Y ∂r −

l2

r3
∂2+Y ∂−

)
+X

(
−r
2
∂2+Y ∂r + ∂+Y ∂+ +

l2

2r2
∂3+Y ∂−

)
+
r

2
∂+Y

(
−1

2
∂+X∂r −

l2

r3
∂2+X∂−

)
− Y

(
−r
2
∂2+X∂r + ∂+X∂+ +

l2

2r2
∂3+X∂−

)
=− r

2

(
X∂2+Y − Y ∂2+X

)
∂r

+ (X∂+Y − Y ∂+X)∂+

+
l2

2r2
(∂+X∂+Y

2 +X∂+Y
3 − ∂+Y ∂

2
+X − Y ∂3+X)∂−

=ξ([X∂+,Y ∂+],0)

(4.90)
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The calculation of the second bracket is identical. Now the third bracket is given by:

[ξ(X,0), ξ(0,Ȳ )] =− r

2
∂+X

(
−1

2
∂−Ȳ ∂r −

l2

r3
∂2−Ȳ ∂+

)
+

l2

2r2
∂2+X

(
−r
2
∂2−Ȳ ∂r +

l2

2r2
∂3−Ȳ ∂+ + ∂−Ȳ ∂−

)
+
r

2
∂−Ȳ

(
−1

2
∂+X∂r −

l2

r3
∂2+X∂−

)
− l2

2r2
∂2−Ȳ

(
−r
2
∂2+X∂r + ∂+X∂+ +

l2

2r2
∂3+X∂−

)
=
l4

4r4
(
∂2+X∂

3
−Ȳ ∂+ − ∂2−Ȳ ∂

3
+X∂−

)
=
l4

4r4
[∂2+X∂−, ∂

2
−Ȳ ∂+]

(4.91)

To show [g, i] ⊆ i we start with the bracket [ξ(X,0), i]. We use superscripts O(r−n)x to

denote an arbitrary function f ∈ O(r−n), i.e. O(r−n)x is not a vector space, but a function.

[ξ(X,0),O(r−1)0∂r +O(r−4)1∂+ +O(r−4)2∂−] =

− r

2
∂+X

(
∂rO(r−1)0∂r + ∂rO(r−4)1∂+ + ∂rO(r−4)2∂−

)
+X

(
∂+O(r−1)0∂r + ∂+O(r−4)1∂+ + ∂+O(r−4)2∂−

)
+

l2

2r2
∂2+X

(
∂−O(r−1)0∂r + ∂−O(r−4)1∂+ + ∂−O(r−4)2∂−

)
−O(r−1)0

(
−1

2
∂+X∂r −

l2

r3
∂2+X∂−

)
−O(r−4)1

(
−r
2
∂2+X∂r +

l2

2r2
∂3+X∂− + ∂+X∂+

)
=([

−r
2
∂+X∂r +X∂+ +

l2

2r2
∂2+X∂− +

1

2
∂+X

]
O(r−1)0 +

r

2
∂2+XO(r−4)1

)
∂r+(

−r
2
∂+X∂r +X∂+ +

l2

2r2
∂2+X∂− − ∂+X

)
O(r−4)1∂++([

−r
2
∂+X∂r +X∂+ +

l2

2r2
∂2+X∂−

]
O(r−4)2 +

l2

r3
∂2+XO(r−1)0 − l2

2r2
∂3+XO(r−4)1

)
∂−

(4.92)

By analyzing the orders of the last expression, we see that [ξ(X,0), i] ⊆ i. The calculation

for ξ(0,X̄) is the same. Lastly [i, i] ⊆ i] is immediate when one writes out the bracket.

In terms of the coordinate Ω = 1/r, the vector space g is given by g = wL ⊕ wR ⊕
O(Ω)∂Ω⊕O(Ω4)∂+⊕O(Ω4)∂−. We give O(Ωn) the subspace topology inherited from O(1).

Note that wL,wR are also subalgebra’s of O(Ω)∂Ω ⊕O(1)∂+ ⊕O(1)∂−, thus g itself is a

subalgebra of O(Ω)∂Ω ⊕O(1)∂+ ⊕O(1)∂−. Using this structure, we define the topology of

g.

Definition 4.31 (Topology of g). The topology of O(Ω)∂Ω ⊕O(1)∂+ ⊕O(1)∂− is taken

to be the product topology of O(Ω)×O(1)×O(1) We then define the topology of g to be
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the subspace topology given by the inclusion g ⊆ O(Ω)∂Ω ⊕O(1)∂+ ⊕O(1)∂−.

As direct sums of locally convex spaces are again locally convex, g is a locally convex

vector space. Furthermore, we saw that function multiplication and derivatives were

continuous in the discussion near definition 4.17, thus the Lie bracket on g is continuous,

turning it into a locally convex Lie algebra.

We will now prove that g/i ∼= wL ⊕wR with the isomorphism now being a homeomor-

phism as well.

Lemma 4.32. The map η : g/i → wL ⊕wR : ξ(X+,X−) → X+∂+ +X−∂− is a Lie algebra

isomorphism and homeomorphism

Proof. That η is a Lie algebra isomorphism is immediate from proposition 4.30. By

lemma 2.7, the seminorms on wL ⊕wR are given by p±k ◦ π±, where π± are the projections

onto ∂± and p±k are the seminorms on the Witt algebra. Now let ξ(X+,X−) ∈ g/i. Then

p+k π
+(η(ξ(X,X̄))) = p+k (X

+∂+) = p0,k,0π
+(ξ(X+,X−)) (4.93)

and the − case is analogous, meaning that η is continuous. Next, let i ∈ r,+,− and let

f : r,+,− → 1, 0, 2 be the map given by the orders of r in ξ(X+,0), so f(r) = 1, f(+) =

0, f(−) = 2 and let g be the same except for ξ(0,X−)

pk,l,mπ
i(ξ(X+,X−)) ≤ Ckδm,0δf(i),kpl+f(i)π

+(X+∂+ +X−∂−) + Ckδl,0δg(i),kpm+f(i)π
−(X+∂+ +X−∂−) =

Ckδm,0δf(i),kpl+f(i)π
+(η(ξ(X+,X−))) + Ckδl,0δg(i),kpm+g(i)π

−(η(ξ(X+,X−)))

(4.94)

which shows that η is open. We conclude that η is a homeomorphism.
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Chapter 5

Cohomology of the weak

asymptotic symmetries

In this chapter we will determine the first and second cohomology groups of the weak

asymptotic symmetry group. The second cohomology group will help us calculate what the

trivial symmetries are, which is why we are interested in it. The first cohomology group is

determined first, as this can provide information about the second cohomology group. The

first cohomology group is isomorphic to the abelianization of g, which we thus work out.

We then describe a general method that decomposes the second cohomology group as a

direct limit of cohomology groups that are easier to compute. Finally we use this general

method and some explicit computations to calculate the second cohomology group of g.

We remind the reader that g is the weak asymptotic symmetry algebra as derived in

theorem 4.24 and i is an ideal in g containing the following vector fields:

i = O(r−1)∂r +O(r−4)∂+ +O(r−4)∂− (5.1)

These are the symmetries that are trivial in the standard, Noether perspective definition

of trivial symmetries, as shown by Brown and Henneaux [BH86]. Note that they need

not be trivial in our new Wigner perspective of trivial symmetries, and whether they are

is in fact exactly what we want to determine. The quotient has also been calculated in

proposition 4.30, showing that g/i = wL ⊕wR.

5.1 Commutator ideal

We will now determine the commutator ideal and abelianization of g. In fact, we do this

for the complexification gC, as it is easier to work with complex exponentials than with

sines and cosines. We then take the real part, which is equal to [g, g] by proposition 2.15.

To calculate [gC, gC], we first show that the commutator contains two subspaces of gC, I

and J . In the next part, all Lie algebras, e.g. g,w are the complexified version of the real

Lie algebra.

First let I be the set of the vector fields independent of x+, x− and of sufficiently high
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order in r,

I =
{
ai∂i ∈ iC

∣∣ar ∈ O(r−2), a+, a− ∈ O(r−4) and ai(r, x+, x−) = ai(r)
}

(5.2)

this is a subalgebra, which can be shown in identical fashion to the proof of proposition 4.30.

Next let J be the vector fields whose component functions either have zero mean over x+

or over x−,

J = span

{
ξi∂i ∈ iC

∣∣∣∣ ∫ 2π

0
ξidx+ = 0 for i ∈ {r, x+, x−} or

∫ 2π

0
ξidx− = 0 for i ∈ {r, x+, x−}

}
(5.3)

J is not a Lie subalgebra however. For example sin(x+)
r ∂r,

sin(x+)
r2

∂r ∈ J , but [ sin(x
+)

r ∂r,
sin(x+)
r2

∂r] =

− sin2(x+)
r4

∂r /∈ J . Furthermore, any vector field that is nonzero constant in both x+ and

x− is not in J , as for ξi∂i ∈ J ,
∫ 2π
0

∫ 2π
0 ξi(r, x+, x−)dx+dx− = 0. In particular 1/r∂r /∈ J

and also clearly 1/r∂r /∈ I. Lastly,

I + J = span
{{
ai∂i

∣∣ar ∈ O(r−2), a+, a− ∈ O(r−4)
}
∪ {ar∂r|ar∂r ∈ J}

}
(5.4)

We will show that these two vector spaces are in the commutator, as well as the 2 Witt

algebras. In fact, we can obtain all of these as commutators with the Witt algebra’s and

clearly [wL +wR, gC] ⊆ [gC, gC]

Proposition 5.1. 1. wL +wR ⊆ [wL +wR, gC]

2. J ⊆ [wL +wR, gC]

3. I ⊆ [wL +wR, gC]

Proof. 1. As proven in proposition 3.41, w is perfect, so wL +wR ⊆ [wL +wR, gC].

2. Let ξi∂i ∈ J . Let us assume that
∫ 2π
0 ξi(r, x+, x−)dx+ = 0 for i ∈ {r, x+, x−}. Then

by the same proof as for lemma 3.40, we can find Ξi such that ∂+Ξ
i = ξi, namely

Ξi =
∫ x+
0 ξi(r, x, x−)dx. Furthermore, Ξi∂i ∈ iC as we can exchange integrals and

derivatives by the Leibniz integral rule. Then [∂+,Ξ
i∂i] = ξi∂i, so ξ

i∂i ∈ [wL+wR, gC].

If
∫ 2π
0 ξi(r, x+, x−)dx− = 0 we can find Ξi such that ∂−Ξ

i = ξi and Ξi∂i ∈ iC. Again

[∂−,Ξ
i∂i] = ξi∂i, so ξ

i∂i ∈ [wL +wR, gC]. By linearity J ⊆ [wL +wR, gC] follows.

3. We will show this in three steps. First, we will show that c∂− ∈ [wL +wR, gC] for

c ∈ O(r−4) and c independent of x+, x−. To this end, we take

X = eix
+

C = C−1(r)e
−ix+∂−

(5.5)
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and calculate the following bracket:

[ξ(X,0), C] =

[
−i r

2
eix

+
∂r + eix

+
∂+ − l2

2r2
eix

+
∂−, e

−ix+C−1∂−

]
=(

−i r
2
∂rC−1 − iC−1 + 0

)
∂− = − i

2r
∂r(r

2C−1)∂−

(5.6)

Thus we expect C−1 to have the following form, as the bracket should give c∂−:

C−1(r) =
2i

r2

∫
c(r)rdr (5.7)

By proposition 4.14, c(r)r ∈ O(r−3) as c ∈ O(r−4), and thus we can integrate

c(r)r, also by proposition 4.14. We then find that C−1 ∈ O(r−4) so C ∈ iC. Thus

c∂− ∈ [wL+wR, gC]. Now we note that x+ and x− are symmetric in the sense that if

we exchange every x+ and x−, every result should stay the same. Using this intuition,

we expect that

X̄ = eix
−

B = B−1(r)e
−ix−∂+

B−1 =
2i

r2

∫
b(r)rdr

(5.8)

should give [ξ(0,X̄), B] = b∂+. Indeed,

[ξ(0,X̄), B] =

[
−i r

2
eix

−
∂r + eix

−
∂− − l2

2r2
eix

−
∂+, e

−ix−B−1∂−

]
=(

−i r
2
∂rB−1 − iB−1 + 0

)
∂− = − i

2r
∂r(r

2B−1)∂− = b∂−

(5.9)

Lastly, for a∂r with a ∈ O(r−2) and independent of x+, x−, we take a similar ansatz

X = eix
+

A = A−1(r)e
−ix+∂r

A−1 ∈ O(r−2)

(5.10)

Again, we calculate the bracket

[ξ(X,0), A] =

[
−i r

2
eix

+
∂r + eix

+
∂+ − l2

2r2
eix

+
∂−, e

−ix+A−1(r)∂r

]
=

− i

(
r

2
∂rA−1(r) +A−1(r) + 0− A−1

2

)
∂r −

l2

r3
A−1(r)∂− =

− i

2
∂r(rA−1)∂r −A−1

l2

r3
∂−

(5.11)

As A−1 ∈ O(r−2), A−1

r3
∈ O(r−5), so A−1

l2

r3
∂− ∈ iC and we can thus find a C ∈ iC
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such that [ξ(X,0), C] = A−1
l2

r3
∂−, as shown above. Using this C

[ξ(X,0), A+ C] = − i

2
∂r(rA−1)∂r (5.12)

at which point we see that

A−1 = 2
i

r

∫
a(r)dr (5.13)

gives [ξ(X,0), A+ C] = a∂r. Furthermore, by proposition 4.14,
∫
a(r)dr ∈ O(r−1), so

indeed A−1 ∈ O(r−2). We conclude that I ⊆ [wL +wR, gC].

The above proof in fact shows something stronger, namely the next proposition.

Proposition 5.2. Let a ≥ 4, then

O(r−a)∂r +O(r−a)∂+ +O(r−a)∂− ⊆ [wL +wR,O(r−a)∂r +O(r−a)∂+ +O(r−a)∂−]

Proof. This follows from step two and three in the proof of proposition 5.1. For step

two, note that Ξi∂i is in O(r−a)∂r +O(r−a)∂+ +O(r−a)∂− if ξ ∈ O(r−a)∂r +O(r−a)∂+ +

O(r−a)∂−, as Ξ is simply the integral over x+ or x− of ξ and this does not change the

order in r. For step three, it is easily checked that A−1, B−1, C−1 are of the same order in

r as a, b, c, leading to the desired result.

We now want to show that [gC, gC] ⊆ ⟨I + J +wL +wR⟩, where the angular brackets

denote the ideal generated by the vector space I + J + wL + wR ⊆ gC. We will do this

by first calculating the quotient of gC and this ideal. Afterwards, we use corollary 2.17

to calculate [gC, gC]/⟨I + J + wL + wR⟩. We will show that this is 0, meaning that

[gC, gC] ⊆ ⟨I + J +wL +wR⟩.

Lemma 5.3. The quotient is given by

gC/⟨I + J +wL +wR⟩ = span{
[
1

r
∂r

]
} (5.14)

Proof. First, let [x] ∈ gC/⟨I + J +wL +wR⟩. Then x ∈ gC, so x = ξ + (a∂r + b∂+ + c∂−)

for ξ ∈ wL ⊕ wR, a∂r + b∂+ + c∂− ∈ iC. Clearly, [x] = [a∂r + b∂+ + c∂−]. Furthermore,

for b̄ = 1
2π

∫ 2π
0 b(r, x+, x−)dx+ we have b(r, x+, x−)− b̄ ∈ J and the same holds for a and c.

Thus

[x] =
[
ā(r, x−)∂r + b̄(r, x−)∂+ + c̄(r, x−)∂−

]
(5.15)

We can do the same for x−, as with b̃ = 1
2π

∫ 2π
0 b̄(r, x−)dx−, b̄− b̃ ∈ J ,so

[x] =
[
ã(r)∂r + b̃(r)∂+ + c̃(r)∂−

]
(5.16)

Now b̃(r)∂++c̃(r)∂− ∈ I, so we find [x] = [ã(r)∂r]. Using proposition 4.14, as ã(r) ∈ O(r−1),

we can write this as ã(r) = 1
rα(r) for α ∈ O(1). Now α(r) = α̂(0) + α̃(r) for some
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α̃(r) ∈ O(r−1) and where α̂(Ω) = α(1/r). Thus ã(r) = 1
r (α̂(0) + α̃(r)) and clearly

α̃(r)/r ∈ O(r−2). We then find [ã(r)∂r] = [α̂(0)/r∂r], conclude that [x] ∈ span{
[
1
r∂r
]
} and

gC/⟨I + J +wL +wR⟩ = span{
[
1

r
∂r

]
} (5.17)

Note that we only used properties of the vector space quotient to show the above and
1
r∂r /∈ I + J +wL +wR. Hence, we have gC = span{1

r∂r} ⊕ (I + J +wL +wR) as a vector

space.

We could still have that [1r∂r] = [0] however. We will now show that this is not the

case.

Lemma 5.4. 1
r∂r /∈ [gC, gC]

Proof. We will proof this by contradiction. Suppose 1
r∂r ∈ [gC, gC]. Then there exist

ξi, Fi ∈ gC such that ∑
i

[ξi, Fi] =
1

r
∂r (5.18)

Now let the brackets [·]′ denote the equivalence class brackets in the vector space quotient

gC/(I + J +wL +wR). Then as 1
r∂r /∈ I + J +wL +wR, there is at least one i such that

[[ξi, Fi]]
′ ̸= 0. As the vector space quotient is one dimensional, [[ξi, Fi]]

′ = [ cr∂r]
′ for some

constant c. Now without loss of generality we can assume that there exist ξ, F ∈ gC such

that

[[ξ, F ]]′ = [1/r∂r]
′ (5.19)

If ξ, F ∈ wL + wR, by proposition 4.30 [ξ, F ] ∈ wL + wR + I + J , so [[ξ, F ]]′ = 0.

The same holds if ξ, F ∈ iC. Thus we can assume ξ ∈ wL + wR and F ∈ iC. In

that case there exist vector fields on the circle X, X̄ ∈ C∞(S1) such that ξ = ξ(X,X̄)

and we have A ∈ O(r−1), B,C ∈ O(r−4) such that F = A∂r + B∂+ + C∂−. Then

[ξ, F ] = [ξ, F ]r∂r+[ξ, F ]+∂++[ξ, F ]−∂− with [ξ, F ]+∂++[ξ, F ]−∂− ∈ I+J by equation 5.4,

so [[ξ, F ]]′ = [[ξ, F ]r∂r]
′

[ξ(X,X̄), F ]r =− r

2
(∂+X + ∂−X̄)∂rA+ (X +

l2

2r2
∂2−X̄)∂+A+ (X̄ +

l2

2r2
∂2+X)∂−A+

A

2
(∂+X + ∂−X̄) +

r

2
B∂2+X +

r

2
C∂2−X̄

(5.20)

Now l2

2r2
∂2−X̄∂+A∂r,

l2

2r2
∂2+X∂−A∂r,

(
r
2B∂

2
+X + r

2C∂
2
−X̄
)
∂r ∈ I + J , as all the coefficient
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functions are O(r−3).[
[ξ(X,X̄), F ]r∂r

]′
=[(

−r
2
(∂+X + ∂−X̄)∂rA+X∂+A+ X̄∂−A+

A

2
(∂+X + ∂−X̄)

)
∂r

]′
=[(

−r
2
(∂+X + ∂−X̄)∂rA− A

2
(∂+X + ∂−X̄) + ∂+(XA) + ∂−(X̄A)

)
∂r

]′ (5.21)

The functions ∂+(XA), ∂−(X̄A) clearly have zero integral over x+, x− respectively, as

XA, X̄A are periodic functions. Hence ∂+(XA)∂r, ∂−(X̄A)∂r ∈ J .

[
[ξ(X,X̄), F ]r∂r

]′
=

[
−r
2
(∂+X + ∂−X̄)∂rA− A

2
(∂+X + ∂−X̄)

]′
=[

−1

2
(∂+X + ∂−X̄)∂r(rA)

]′ (5.22)

This term is also zero, as rA ∈ O(1) and ∂r(rA) ∈ O(r−2) by proposition 4.14. Then

−1
2(∂+X+∂−X̄)∂r(rA) ∈ O(r−2) so −1

2(∂+X+∂−X̄)∂r(rA)∂r ∈ I+J . We conclude that[
[ξ(X,X̄), F ]

]′
= [0]′, which is a contradiction as [1/r∂r]

′ ̸= 0.

Theorem 5.5. The commutator is given by

[gC, gC] = ⟨I + J +wL +wR⟩ (5.23)

the quotient of gC by this ideal is then

gC/[gC, gC] = span{1
r
∂r} (5.24)

and from lemma 2.18, we immediately find

g/[g, g] = span{1
r
∂r} (5.25)

Proof. The inclusion ⟨I + J +wL +wR⟩ ⊆ [gC, gC] was proven in proposition 5.1. Now let

a ∈ [gC, gC]. Using corollary 2.17, we have

[gC, gC]/⟨I + J +wL +wR⟩ = [gC/⟨I + J +wL +wR⟩, gC/⟨I + J +wL +wR⟩] = 0 (5.26)

as the quotient Lie algebra is 1-dimensional and therefore abelian. Furthermore the

equivalence class [a] ∈ [gC, gC]/⟨I + J +wL +wR⟩ and [a] = 0, so a ∈ ⟨I + J +wL +wR⟩.
Thus [gC, gC] ⊆ ⟨I + J +wL +wR⟩ and equality follows.

gC/[gC, gC] = span{1
r∂r} is then immediate from lemma 5.3 and lemma 5.4

Now the quotient space g/[g, g] is Hausdorff if and only if [g, g] is closed. As g/[g, g] =

span{1
r∂r}, as the supremum norm separates these functions and the supremum norm is in

the quotient topology, this quotient is Hausdorff. Thus [g, g] is closed and H1
ct(g) = R.
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5.2 Pullback to boundary

In this section we will consider cocycles ω and what happens if we smoothly pull them back

to the boundary defined by Ω = 0. We will see that this pullback allows us to construct a

coboundary dϕ that is equal to ω on a domain of vector fields that vanish ”fast enough”

when pulled back to the boundary, meaning that ω is cohomologous to a cocycle that is

zero on this domain. This will give us a short exact sequence that will help us calculate

the second cohomology group.

5.2.1 Flows

Let g be a subalgebra of the Lie algebra of vector fields on some manifold M with boundary

∂M and let Y ∈ g be some vector field tangent to the boundary. We will assume that g is

equipped with the compact-open topology. By the Fundamental Theorem on Flows [Lee12],

there exists a unique smooth maximal flow Q : D̃ → M whose generator is Y , where

D̃ ⊆ R×M is an open subset such that for p ∈ M , D̃(p) = {t ∈ R|(t, p) ∈ D̃} is an open

interval containing zero. Now let k ≥ 1, f(t) = − 1
(k−1)tk−1 + 1

k−1 if k > 1 and f(t) = ln(t)

if k = 1. Define D(p) = {t > 0|(f(t), p) ∈ D̃}, which is an open interval containing one.

Next, let D = {(t, p)|p ∈M, t ∈ D(p)} and T : D →M : (t, p) → Qf(t)(p). Then T t is the

flow generated by Y t := t−kY :

Ṫ t =
d

dt
Qf(t) = f ′(t)Y (Qf(t)) = t−kY (T t) = Y t(T t) (5.27)

and T 1 = Qf(1) = Q0 = 1. The flows at different times commute, as is shown by the

following calculation: T tT s = Qf(t)Qf(s) = Qf(t)+f(s) = Qf(s)Qf(t) = T sT t. Furthermore,

for k = 1, (T t)−1 = T 1/t as T tT 1/t = Qln(t)+ln(1/t) = Q0 = 1.

If necessary, we will call flows generated by time-independent vector fields time-

independent flows, and flows generated by time-dependent vector fields time-dependent

flows. Most of the time, we will just call them flows as the context will show what we

mean.

For a vector field X ∈ g and a cochain c ∈ Cq(g), the pullback on X and pushforward

on c under a diffeomorphism ϕ are given by:

(ϕ∗X)p = ((ϕ−1)∗X)p = (ϕ−1
ϕ(p))∗Xϕ(p) (5.28)

ϕ∗c(X1, . . . , Xq) = c(ϕ∗X1, . . . , ϕ
∗Xq) (5.29)

Now note that ϕ−1 is only evaluated at ϕ(p), so only on the image of ϕ. Thus even if ϕ is

only a local diffeomorphism, meaning that each x in its domain has an open neighborhood

U such that ϕ|U : U → ϕ(U) is a diffeomorphism, we can still define the pullback of vector

fields and pushforward on cochains. Furthermore, every flow is a local diffeomorphism, so

the pullback of a vector field by a flow is well defined.

In coordinates, (ϕ−1
ϕ(p))∗ is given by the Jacobian J(ϕ−1)ϕ(p), which by the inverse
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function theorem is given by:

J(ϕ−1)ϕ(p) = (Jϕp)
−1 (5.30)

The pushforward on c is only well defined if all of the pullbacks are again in g, so we will

define g-flows in this way:

Definition 5.6 (Half-global and g-flows). • A time-dependent flow S is called half-

global if (0, 1] ∈ D(p) for all p ∈M .

• A time-dependent flow S is called a g-flow if S is half-global and (St)∗X ∈ g for all

X ∈ g.

• A time-independent flow Q is called a g-flow if Q is global and (Qt)∗X ∈ g for all

X ∈ g.

Note that for T t = Qf(t) with Q a time-independent flow, T is half-global whenever Q

is global. The converse does not hold, as is shown by the vector field Y = Ω2∂Ω, which

generates the flow QtΩ = Ω
1−tΩ , which is clearly not global, but T t = Qf(t) = Ω

1+Ω/t−Ω =
tΩ

t+Ω(1−t) is half global. We now show that pullbacks by a weak asymptotic symmetry are

again in the weak asymptotic symmetry algebra. Thus if a half-global flow is also an

asymptotic symmetry for all t then it is a g-flow.

Lemma 5.7. Suppose g is a weak asymptotic symmetry algebra and let ψ be a diffeomor-

phism in the asymptotic symmetry group. Then ψ∗(ξ) ∈ g for all ξ ∈ g.

Proof. As ξ ∈ g, there exists a smooth curve of diffeomorphisms ϕt such that ϕ0 = 1 and

ϕ̇0 = ξ. Now ψ∗(ξ) = d
dt |t=0ψ

−1ϕtψ ∈ g as ψ−1ϕtψ is once again a smooth curve in the

weak asymptotic symmetry group.

We now show that the pushforward T t∗c is again continuous. To see this, note that for

any seminorm p on g, T t∗p is again a continuous seminorm, as right composition and multi-

plication by a smooth function is continuous in the compact open topology, see Appendix C.

Moreover, as c is continuous, there exist seminorms p1, . . . , pq such that |c(X1, . . . , Xq)| ≤
p1(X1) . . . pq(Xq), in which case |T t∗c(X1, . . . , Xq)| = |c((T t)∗X1, . . . , (T

t)∗Xq)| ≤ T t∗p1(X1) . . . T
t
∗pq(Xq).

As these are again continuous seminorms, T t∗c is continuous by lemma 2.8.

5.2.2 Projections

The pullback (T t)∗X might diverge in the limit t→ 0 for X ∈ g. We will therefore consider

all cochains restricted to a smaller domain and see if these can be pulled back to the

boundary. We will define projections that achieve this. Let j be an ideal in g such that j̄ is

complemented. Then g = j̄⊕ g/̄j as a topological vector space, meaning that there exists a

continuous projection π̄j : g → j̄ and a continuous section s : g/̄j → g. We therefore also

have a continuous projection onto the lifted quotient, πq : g → s(g/̄j), which is given by

πq = 1− π̄j. Thus every X ∈ g decomposes as X = π̄jX + πqX. Let I ⊆ {1, 2, . . . , q} be a
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set of indices, and define XI
i = π̄jXi if i ∈ I and XI

i = πqXi if i /∈ I. Lastly we define a

projection Pp : C
q
ct(g) → Cqct(g) on the space of cochains using this notation:

Pp(c)(X1, . . . , Xq) =
∑

I⊆{1,2,...,q}
|I|=p

c(XI
1 , . . . , X

I
q ) (5.31)

The Pp operator thus projects the arguments such that p of the arguments are in j̄.

Note that Pp(c) is again continuous as the projections are continuous and clearly still

multilinear and alternating. We now claim that every cochain decomposes in terms of

these projections.

Lemma 5.8. Let c ∈ Cqct(g) be a continuous q-cochain. Then for X1, . . . , Xq ∈ g

c(X1, . . . , Xq) =

q∑
p=0

Pp(c)(X1, . . . , Xq) (5.32)

Furthermore, Pk(Pp(c))(X1, . . . , Xq) = 0 if k ̸= p and Pp(Pp(c))(X1, . . . , Xq) = Pp(c)(X1, . . . , Xq)

Proof. First, for every I ⊆ {1, 2, . . . , q}, if I contains l, take I ′ = I \ {l} and if not,

I ′ = I ∪ {l}. Now c(XI
1 , . . . , X

I
q ) + c(XI′

1 , . . . , X
I′
q ) = c(XI

1 , . . . , Xl, . . . , X
I
q ). Therefore∑

I⊆{l,l+1,...,q}

c(X1, . . . , X
I
l , . . . , X

I
q ) =

∑
I⊆{l+1,...,q}

c(X1, . . . , X
I
l+1, . . . , X

I
q ) (5.33)

and using this formula for l = 1 through l = q gives

q∑
p=0

Pp(c)(X1, . . . , Xq) =
∑

I⊆{1,2,...,q}

c(XI
1 , . . . , X

I
q ) = c(X1, . . . , Xq) (5.34)

Now for the second part, let I, J ⊆ {1, 2, . . . , q}, then (XI
l )
J = 0 if l ∈ I \J ∪J \ I thus

the only way Xl can be nonzero is if l ∈ I ∩J ∪ (I ∪J)c. Therefore c((XI
1 )
J , . . . , (XI

q )
J) ̸= 0

only if for every l ∈ {1, . . . , q}, either l is in both I, J or in neither. In that case I = J .

We conclude that c((XI
1 )
J , . . . , (XI

q )
J) ̸= 0 only if I = J . Therefore

Pk(Pp(c))(X1, . . . , Xq) =
∑

I⊆{1,2,...,q}
|I|=p

∑
J⊆{1,2,...,q}

|J |=k

c((XJ
1 )
I , . . . , XJ

q ) =
∑

I⊆{1,2,...,q}
|I|=p

∑
J=I
|J |=k

c((XJ
1 )
I , . . . , XJ

q )

(5.35)

which is zero if k ̸= p and equal to Pp(c)(X1, . . . , Xq) otherwise.

The projections Pp are thus orthonormal and from this we show that the map P :

Cqct(g) →
⊕q

p=0 im(Pk) is a linear isomorphism.

Proposition 5.9.

Cqct(g)
∼=

q⊕
p=0

im(Pk) (5.36)
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Proof. Let P : Cqct(g) →
⊕q

p=0 im(Pk) : c→
∑q

p=0 Pp(c). First, we note that if (c0, . . . , cq) ∈⊕q
p=0 im(Pk), then each cp is continuous as Pp maps continuous cochains to continuous

cochains. Their sum is then again continuous and therefore
⊕q

p=0 im(Pk) ⊆ Cqct(g). Next,

as Pp is clearly linear, P is linear as well. Furthermore, P is idempotent, which follows

from the orthogonality of Pp, and therefore surjective. For injectivity, note that if Pc = 0,

then Pp(P (c)) = Pp(c), so Pp(c) = 0 for all p. Then as
∑q

p=0 Pp(c) = c by lemma 5.8, we

have that c = 0. Thus P is injective. We conclude that P is a linear isomorphism.

Next we will show Pp how ’commutes’ with the differential.

Proposition 5.10. Let c ∈ Cq−1
ct (g) then if p > 1

Ppdc = Ppd(Pp+1c+ Ppc+ Pp−1c) (5.37)

and

P1dc = P1d(P2c+ P1c) (5.38)

Proof. First, note Ppdc = Pp(d
∑q

k=0 Pkc) =
∑q

k=0 PpdPkc. Now

PpdPic(X1, . . . , Xq) =
∑

I⊆{1,2,...,q}
|I|=p

dPic(X
I
1 , . . . , X

I
q )

=
∑

I⊆{1,2,...,q}
|I|=p

∑
1≤i<j≤q

(−1)i+jPic([X
I
i , X

I
j ], X

I
1 , . . . , X̂

j
i , . . . , X̂

I
j , . . . , X

I
q )

(5.39)

Now Pkc([X
I
i , X

I
j ], X

I
1 , . . . , X̂

I
i , . . . , X̂

I
j , . . . , X

I
q ) is only nonzero if there are at least k

arguments with a nonzero projection onto j. If p ≤ k − 2, there are at most p +

1 < k with nonzero projection onto j and thus PpdPkc = 0 for p ≤ k − 2. Next,

Pkc([X
I
i , X

I
j ], X

I
1 , . . . , X̂

I
i , . . . , X̂

I
j , . . . , X

I
q ) is only nonzero if there are at least q − 1 − k

arguments with a nonzero projection onto g/j. If p ≥ k + 2, then at least k + 2 of the

arguments XI
1 , . . . , X

I
q are projected onto j and therefore at least k + 1 of the arguments

([XI
i , X

I
j ], X

I
1 , . . . , X̂

I
i , . . . , X̂

I
j , . . . , X

I
q ) are in j as well. Therefore at most q − k − 2 of

the arguments have a nonzero projection onto g/j. Thus PpdPkc = 0 for p ≥ k + 2. We

conclude that Ppdc = Ppd(Pp+1c+ Ppc+ Pp−1c). Now for p = 1, at least one of the argu-

ments ([XI
i , X

I
j ], X

I
1 , . . . , X̂

I
i , . . . , X̂

I
j , . . . , X

I
q ) is in j and thus at most q − 2 have nonzero

projection onto g/j. Therefore P0c([X
I
i , X

I
j ], X

I
1 , . . . , X̂

I
i , . . . , X̂

I
j , . . . , X

I
q ) = 0 and thus

P1dP0c = 0.

5.2.3 l-trivial ideals

We will now show that if j is something called an l-trivial ideal, for each cocycle we can

construct a coboundary such that they are equal on a part of the domain of the cocycle.

These ideals depend on the order γ of the cochains that we are considering, which is the
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smallest γ such that the cochains are continuous in the the Cγ topology. Every cochain is

of finite order as shown in the next lemma.

Lemma 5.11. Let c ∈ Cqct(g). Then c is of order γ for some γ ≥ 0.

Proof. As c is continuous in the C∞ topology, there exist seminorms pK1,n1 , . . . , pKq ,nq such

that c(X1, . . . , Xq) ≤ pK1,n1(X1) . . . pKq ,nq(Xq). Then define γ = maxni, so that pKi,ni is

a continuous seminorm in the Cγ topology for all 1 ≤ i ≤ q. Then c is continuous in the

Cγ topology as well.

We are now in position to define what an l-trivial ideal is.

Definition 5.12 (l-trivial ideal). Let l > 0, γ ≥ 0 be integers and suppose T t is a g-flow,

then we define an l-trivial ideal j ⊆ g of order γ to be an ideal such that for all c ∈ Cqct(g)
that are continuous with respect to the Cγ-topology,

lim
t→0

Pp(T
t
∗c)(X1, . . . , Xq) = 0 (5.40)

for all p ≥ l and

lim
t→0

Pp(ιYtT
t
∗c)(X1, . . . , Xq−1) is finite (5.41)

for all p ≥ max(l − 1, 1). Furthermore, we also need that for all p ≥ max(l − 1, 1),

|Pp(ιYtT t∗c)(X1, . . . , Xq−1)| ≤ g(t)p̃(Y )p1(X1) . . . pq−1(Xq−1) (5.42)

where g(t) is an integrable function on (0, 1] and p̃, p1, . . . , pq−1 are continuous seminorms.

If we do not mention the order of the ideal, it is of order ∞.

Note that if γ1 ≥ γ2, then any l-trivial ideal of order γ1 is included in an l-trivial ideal

of order γ2, as the C
γ1 topology is finer than the Cγ2 topology.

We define m = max(l − 1, 1) as a shorthand.

We can calculate j, if we assume that there exists some number ν such that limt→0 t
ν(T t)∗X ∈

g for all X ∈ g and the convergence is in the Cγ topology. We note that these assumptions

are actually unnecessary if l = q > 1.

Proposition 5.13. Let q ≥ 2, q ≥ l > 0 be some integers and take j to be an ideal such

that:

j ⊆ {X ∈ g : lim
t→0

t−r(T t)∗X ∈ g} (5.43)

where the convergence is in the Cγ topology, m = max(l−1, 1) and r = max
(
(q−1−m)ν+k

m , (q−l)ν+ϵl

)
where ϵ > 0 is arbitrary. Then if equation 5.42 holds as well, j is an l-trivial ideal of order

γ.

Proof. Let c be a q-cochain that is continuous with respect to the Cγ topology. Then, to

prove equation 5.40, note that

lim
t→0

Pp(T
t
∗c)(X1, . . . , Xq) =

∑
I⊆{1,2,...,q}

|I|=p

T t∗c(X
I
1 , . . . , X

I
q )

(5.44)
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and as T t∗c is alternating, we can always, under the possible introduction of a minus sign,

reorder (XI
1 , . . . , X

I
q ) such that I = {1, 2, . . . , p}. In that case

lim
t→0

t−ϵT t∗c(X
I
1 , . . . , X

I
q ) = lim

t→0
c(t−r

′
(T t)∗XI

1 , . . . , t
−r′(T t)∗XI

l , t
ν(T t)∗XI

l+1, . . . , t
ν(T t)∗XI

q )

(5.45)

with r′ = (q−l)ν+ϵ
l and the last limit exists as limt→0 t

ν(T t)∗X and limt→0 t
−r′(T t)∗Y are

again in g when Y ∈ j and as we used that r′ ≤ r, p ≥ l. As this limit exists and limt→0 t
ϵ =

0, we must have limt→0 T
t
∗c(X

I
1 , . . . , X

I
q ) = 0, and therefore limt→0 Pp(T

t
∗c)(X1, . . . , Xq) =

0.

Then for the second limit, first note that (T t)∗Y t = Y t. Now take r̃ = (q−1−m)ν+k
m ,

then

lim
t→0

Pp(ιY tT t∗c)(Y1, . . . , Yq−1) = lim
t→0

∑
I⊆{1,2,...,q−1}

|I|=p

t−kc(Y, (T t)∗Y I
1 , . . . , (T

t)∗Y I
q−1) (5.46)

which exists if limt→0 t
−r̃m+ν(q−1−m)c(Y, (T t)∗Y I

1 , . . . , (T
t)∗Y I

q ) exists as −k = −r̃m+ν(q−
1−m). Then, again without loss of generality, assume I = {1, . . . ,m}, in which case

lim
t→0

t−r̃m+ν(q−1−m)c(Y, (T t)∗Y1, . . . , (T
t)∗Yq) =

lim
t→0

c(Y, t−r̃(T t)∗Y1, . . . , t
−r̃(T t)∗Ym, t

νYm+1, . . . , t
ν(T t)∗Yq−1)

(5.47)

exists as r̃ ≤ r and by continuity of c.

For the following proposition, note that the closure of an ideal j is again an ideal,

as for x ∈ j̄, there exists a sequence (xn)n≥0 ⊆ j such that xn → x and for y ∈ g,

[x, y] = limn→∞[xn, y] ∈ j̄.

Proposition 5.14. Suppose T t is a g-flow. Let l > 0 be an integer and let j be an l-trivial

ideal of order γ, such that its closure j̄ is complemented. Then if c is a q-cocycle that

is Cγ continuous, there exists a q-coboundary dϕ ∈ Cqct(g) such that Pp(c(X1, . . . , Xq)) =

Pp(dϕ)(X1, . . . , Xq) whenever p ≥ l.

Proof. By the first condition, equation 5.40, for p ≥ l, we have

Pp(c)(X1, . . . , Xq) = lim
t→0

(Pp(T
1
∗ c)− Pp(T

t
∗c))(X1, . . . , Xq)

= lim
t→0

(Pp(K1,tdc) + Pp(dK1,tc))(X1, . . . , Xq) = lim
t→0

Pp(dK1,tc)(X1, . . . , Xq)

(5.48)

where K1,t is the operator from lemma 3.31 and we used that c is a cocycle. Now for
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p ≥ m = max(l − 1, 1), the following pointwise limit exists:

lim
t→0

Pp(K1,tc)(X1, . . . , Xq−1) = lim
t→0

∫ 1

t
Pp(ιY sT s∗ c)(X1, . . . , Xq−1)ds =

lim
t→0

∫ 1

t
Pp(

1

sk
T s∗ c)(Y,X1, . . . , Xq−1)ds =: Pp(Kc)(X1, . . . , Xq−1)

(5.49)

as the limit exists in the second line because the integral exists for all t > 0 and

lims→0 Pp(
1
sk
T s∗ c)(Y,X1, . . . , Xq−1) is finite by the second condition, equation 5.41, meaning

that the integrand is bounded in a neighborhood of 0. Moreover, |Pp(Kc)(X1, . . . , Xq−1)| ≤∫ 1
0 g(t)dtp̃(Y )p1(X1) . . . pq−1(Xq−1), where p̃, p1, . . . , pq−1 are continuous seminorms, and

therefore Pp(Kc) is continuous.

Furthermore, if p ≥ l, by proposition 5.10,

lim
t→0

Pp(dK1,tc)(X1, . . . , Xq) = lim
t→0

Pp(d(Pp+1 + Pp + Pp−11p≥2)K1,tc)(X1, . . . , Xq) (5.50)

which exists as limt→0 PkK1,tc exists whenever k ≥ max(l − 1, 1) and as p ≥ l. Thus

Pp(c)(X1, . . . , Xq) = Pp(dKc)(X1, . . . , Xq−1). We do note that Kc is not actually a

cochain on g, as it is not defined on all of g. We thus need to find a ϕ ∈ Cq−1
ct (g) such that

Pp(ϕ) = Pp(Kc) whenever p ≥ m. ϕ =
∑q−1

p=m Pp(Kc) does the job.

5.2.4 Direct limits

The previous proposition shows that if jγ is a complemented 1-trivial ideal of order γ, then

the cocycles of order γ are cohomologous to a cocycle on g/jγ . From this we can construct

an exact sequence relating direct limits of cohomology groups of the form Hq
ct(g/jγ). We

first define what a direct limit of groups is.

Definition 5.15 (Direct system and direct limit). Let {Ai|i ∈ N} be a set of groups and

πi,j : Ai → Aj a homomorphism for i ≤ j such that πii = 1 and πi,k = πj,kπi,j . Then

(Ai, πi,j) is a direct system and the direct limit lim−→Ai is defined as
⊔
iAi
/
∼ where ai ∼ aj

for ai ∈ Ai, aj ∈ Aj means there exists a k ∈ N such that k ≥ i, j and πi,k(ai) = πj,k(aj)

Now suppose (jγ)γ∈N is a decreasing sequence of complemented ideals. For γ′ ≤ γ

we define the projection πγ′,γ : g/jγ → g/jγ′ which induces a cochain homomorphism

π∗γ′,γ : Hq
ct(g/jγ′) → Hq

ct(g/jγ). It is then easily verified that (Hq
ct(g/jγ′), π

∗
γ′,γ) is a direct

system. We now further define πγ : g → g/jγ and claim that π∗γ : Hq
ct(g/jγ) → Hq

ct(g)

descends to a well defined map lim−→π∗γ : lim−→Hq
ct(g/jγ) → Hq

ct(g).

Lemma 5.16. The map lim−→π∗γ : lim−→Hq
ct(g/jγ) → Hq

ct(g) defined by [[ω]] → π∗γ [ω] for

[ω] ∈ Hq
ct(g/jγ) is well defined.

Proof. We need to check that for [ω], [ω′] ∈ [[ω]], with [ω] ∈ Hq
ct(g/jγ), [ω

′] ∈ Hq
ct(g/jγ′), we

have π∗γ [ω] = π∗γ′ [ω
′]. To this end, note that as [ω] ∼ [ω′], there exists k ≥ γ, γ′ such that

π∗γ,k[ω] = π∗γ′,k[ω
′]. Furthermore, πγ = πγ,kπk and thus π∗γ [ω] = π∗kπ

∗
γ,k[ω] = π∗kπ

∗
γ′,k[ω

′] =

π∗γ′ [ω
′].
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We now show that if jγ is a 1-trivial ideal of order γ for all γ ∈ N, then lim−→π∗γ is

surjective. We note that intuitively if jγ is a 1-trivial ideal of order γ, then all q-cocycles

ω of order γ are zero whenever at least one of the arguments is in jγ . The q-cocycle is

thus completely determined by its values on g/jγ , and we can hence expect that lim−→π∗γ is

surjective.

Proposition 5.17. Suppose jγ is a complemented 1-trivial ideal of order γ for all γ ∈ N,
then lim−→π∗γ is surjective.

Proof. Let [ω′] ∈ Hq
ct(g) then ω

′ has some order γ and by proposition 5.14, there exists

a q-coboundary dϕ ∈ Cq(g) such that Pp(ω
′ − dϕ) = 0 for p ≥ 1. Defining ω = ω′ − dϕ

and noting that ω =
∑q

p=0 Pp(ω) by lemma 5.8, we have ω = P0(ω) = (sγπγ)
∗ω = π∗γs

∗
γω,

where sγ : g/jγ → g is the continuous linear section. Now if we can show that s∗γω is a

q-cocycle, we are done, as then lim−→π∗γ [[s
∗
γω]] = π∗γ [s

∗
γω] = [ω]. Therefore we calculate the

differential:

ds∗γω([X1], . . . , [Xq+1]) = π∗γds
∗
γω(X1, . . . , Xq+1) =

dP0(ω)(X1, . . . , Xq+1) = dω(X1, . . . , Xq+1) = 0
(5.51)

We will now specialize to q = 2. In this case proposition 3.27 gives the exact sequence

H1
ct(i)

g/i α→ H2
ct(g/i)

π∗
→ H2

ct(g)1 (5.52)

for a complemented ideal i in g. We will now show that we can use the sequence of

1-trivial complemented ideals (jγ)γ∈N here and take direct limits as well, to obtain the

exact sequence

lim−→H1
ct(jγ)

g/jγ
lim−→αγ

→ lim−→H2(g/jγ)
lim−→π∗

γ

→ H2(g) → 0 (5.53)

We therefore first show that the direct limit lim−→H1
ct(jγ)

g/jγ is well defined. The inclusion

map ιγ′,γ : jγ → jγ′ is well defined for γ′ ≤ γ as the sequence of ideals is decreasing

and we thus obtain a map ι∗γ′,γ : H1(jγ′)
g/jγ′ → H1(jγ) and we need to check that for

t ∈ g/jγ , [ω] ∈ H1(jγ′)
g/jγ′ we have t · ι∗γ′,γ [ω] = 0. To this end, let sγ : g/jγ → g be a

continuous linear section, and note that we can always find a t̃ ∈ g/jγ′ and a continuous

linear section sγ′ such that sγ(t) = sγ′(t̃).

t · ι∗γ′,γ [ω] = sγ(t) · ι∗γ′,γ [ω] = sγ′(t̃) · ι∗γ′,γ [ω] = 0 (5.54)

where the last equality follows as t̃ ∈ g/jγ′ , [ω] ∈ H1(jγ′)
g/jγ′ . Thus ι∗γ′,γ : H1(jγ′)

g/jγ′ →
H1(jγ)

g/jγ and (H1
ct(jγ)

g/jγ , ι∗γ′,γ) is a direct system.

We now construct the map lim−→αγ by setting lim−→αγ [[ω]] = [αγ [ω]] for [ω] ∈ H1
ct(jγ)

g/jγ

and with αγ being the map from proposition 3.27. We of course need to show that it is

well defined.
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Lemma 5.18. The map lim−→αγ : lim−→H1
ct(jγ)

g/jγ → lim−→H2(g/jγ) : [[ω]] → [αγ [ω]] is well

defined.

Proof. We again need to show that for ω, ω′ ∈ [ω], where ω ∈ H1
ct(jγ)

g/jγ , ω′ ∈ H1
ct(jγ′)

g/jγ′ ,

we have [[αγω]] = [[αγ′ω
′]]. As ω ∼ ω′, there exists k ≥ γ, γ′ such that ι∗γ,kω = ι∗γ′,kω

′, thus

ω and ω′ take the same values on jk. Now define the section sk = sγπγ,k, then

π∗γ,kαγ(ω)([X1], [X2]) = ω([sγπγ,k[X1], sγπγ,k[X2]]− sγπγ,k([[X1], [X2]])) = αk(ω)([X1], [X2])

(5.55)

and as αk is independent of the section we choose, π∗γ′,kαγ′(ω
′)([X1], [X2]) = αk(ω

′)([X1], [X2])

holds as well. Now αk(ω) only depends of the value of ω in jk and there ω takes the

same values as ω′, thus π∗γ,kαγ(ω) = αk(ω) = αk(ω
′) = π∗γ′,kαγ′(ω

′), meaning that

[[αγω]] = [[αγ′ω
′]].

We are now in position to show that im(lim−→αγ) = ker(lim−→π∗γ). This is pretty much

immediate from the definitions and the fact that im(αγ) = ker(π∗γ), which follows from

proposition 3.27.

Proposition 5.19. im(lim−→αγ) = ker(lim−→π∗γ)

Proof. First, let [[ω]] ∈ im(lim−→αγ), then [[ω]] = [αγ [ϕ]] for some ϕ ∈ lim−→H1
ct(jγ)

g/jγ , so

lim−→πγ [[ω]] = [πγαγ [ϕ]] = 0 and thus im(lim−→αγ) ⊆ ker(lim−→π∗γ). Next, let [[ω]] ∈ ker(lim−→π∗γ),

then [ω] ∈ ker(π∗γ) = im(αγ) and therefore [[ω]] ∈ im(lim−→αγ).

Corollary 5.20. Let (jγ)γ∈N is a decreasing sequence of complemented ideals such that jγ

is a 1-trivial ideal of order γ. Then the following sequence is exact.

lim−→H1
ct(jγ)

g/jγ
lim−→αγ

→ lim−→H2(g/jγ)
lim−→π∗

γ

→ H2(g) → 0 (5.56)

Remark 5.21. This result essentially follows from the Serre-Hochschild spectral sequence

and the fact that the direct limit is something called an exact functor, which means that

it preserves exact sequences. The only part that does not immediately follow from these

two facts is that the last term is zero, which is exactly where we used that our sequence

of ideals is a sequence of 1-trivial ideals. We expect that a similar result as the above

corollary can be given for higher cohomology groups if the formalism of spectral sequences

is used.

If j∞ is an 1-trivial complemented ideal in g of order ∞, we can simply take jγ = j∞ to

arrive at the following corollary:

Corollary 5.22. Let j∞ be an 1-trivial complemented ideal in g. Then the following

sequence is exact.

H1
ct(j∞)g/j∞

α→ H2(g/j∞)
π→ H2(g) → 0 (5.57)
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5.3 Pullback method in AdS3

In this section we will apply the method derived in the previous section to our asymptotic

symmetry algebra on AdS3 g, resulting in the short exact sequence in theorem 5.33. We

take Y t = t−kΩk∂k for k ≥ 2.

A cochain c ∈ Cqct(g) is continuous in the product topology of g, which is a subspace

topology inherited from the C∞ topology. We will show that for each cochain there exists

a γ ≥ 0 such that it is in fact continuous in a product topology of subspace topologies

on g inherited from the Cγ topology, in similar fashion to the standard C∞ case. We let

P,Pk be the families of seminorms of the C∞, Ck topologies respectively, as defined in

definition 4.17.

Lemma 5.23. Let c ∈ Cqct(g) be a cochain. Then there exists a γ ≥ 0 such that c is

continuous in the product topology of the subspace topology on g inherited from the Cγ

topology.

Proof. As c is continuous in the C∞ topology, by lemma 2.8 there exist continuous

seminorms p1, . . . , pq on g and a C > 0 such that c(X1, . . . , Xq) ≤ Cp1(X1) . . . pq(Xq) for

all X1, . . . , Xq ∈ g. The topology on g is the subspace topology of O(Ω)×O(1)×O(1),

and therefore by lemma 2.7, the seminorms are given by q ◦ πs for q ∈ P and πs the

projection on the s direction, with s ∈ {Ω,+,−}. Now by lemma 2.4, for each pi, there

exist qi1 . . . , q
i
ni

∈ P, C1, . . . Cni > 0 such that pi(X) ≤ C1q
i
1◦πi,1(X)+· · ·+Cniq

i
ni
◦πi,ni(X)

for all X ∈ g. Now as qij ∈ P, there exist Ki,j , ki,j such that qij = pKi,j ,ki,j . Let k be the

maximum of all those ki,j . Then q
i
j ∈ Pk for all q ≥ i ≥ 1, ni ≥ j ≥ 1 and therefore pi is

continuous in the Ck topology as well, by lemma 2.4. The conclusion then follows from

lemma 2.8.

We say a cochain c ∈ Cqct(g) is of order γ if c is continuous in the product topology of

the subspace topology on g inherited from the Cγ topology.

Lemma 5.24. The flow T t generated by Y t with T 1 = 1 is given by:

T t(Ω, x+, x−) =

(
tΩ

(tk−1 +Ωk−1(1− tk−1))
1

k−1

, x+, x−

)
(5.58)

and as this is defined for all t > 0, T t is half-global. Furthermore, T t is increasing in t for

Ω > 0 and increasing in Ω for t > 0.

Proof. By definition, Ṫ t(Ω, x+, x−) = Y t(T t(Ω, x+, x−)). As Y t is zero in the +,− direc-

tions, T t is constant in those coordinates. In the Ω coordinate, we find:

Ṫ t(Ω)Ω =
1

tk
T t(Ω)kΩ (5.59)

Which can easily be seen to have the solution:

(T t(Ω)Ω)
−(k−1) =

1

Ωk−1
+

1

tk−1
− 1 (5.60)
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from which equation 5.58 immediately follows. The derivatives with respect to Ω and t are

given by:

∂(T t)Ω
∂Ω

=
tk

(tk−1 +Ωk−1(1− tk−1))
k

k−1

∂(T t)Ω
∂t

=
Ωk

(tk−1 +Ωk−1(1− tk−1))
k

k−1

(5.61)

and as the t derivative is positive for Ω > 0, T t is increasing in t for Ω > 0. Similarly T t is

increasing in Ω for t > 0.

For X ∈ g, with X = A∂Ω +B∂+ + C∂−, using equations 5.28 and 5.30, the pullback

on a vector field in coordinates is given by:

(T t)∗X = (
∂(T t)Ω
∂Ω

)−1A ◦ T t∂Ω +B ◦ T t∂+ + C ◦ T t∂− (5.62)

We of course have to show that T t is a g-flow.

Proposition 5.25. T t is a g-flow for k ≥ 3.

Proof. Clearly, T t is half-global. Thus we have to show that (T t)∗X ∈ g for X ∈ g. As

(T t)∗ is linear, we can assume that either X ∈ wL, X ∈ wR or X ∈ i. Now if f ∈ O(Ωa),

f(T t(Ω)) = T t(Ω)af̃(T t(Ω)) for some f̃ ∈ O(1) and

f(T t(Ω)) = T t(Ω)af̃(T t(Ω)) = Ωa(T t(Ω)/Ω)af̃(T t(Ω)) (5.63)

Now (T t(Ω)/Ω)af̃(T t(Ω) ∈ O(1) and thus f(T t(Ω)) ∈ O(Ωa). From here (T t)∗(X) ∈ i for

X ∈ i easily follows.

Now assume X ∈ wL. Then X = ∂+f(x
+)Ω/2∂Ω + f(x+)∂+ + l2Ω2

2 ∂2+f(x
+)∂−. We

first calculate (T t)∗Ω∂Ω

(T t)∗Ω∂Ω =Ω

(
t

(tk−1 +Ωk−1(1− tk−1))
1

k−1

t−k(tk−1 +Ωk−1(1− tk−1))
k

k−1

)
∂Ω

=Ω
(
t1−k(tk−1 +Ωk−1(1− tk−1))

)
∂Ω

=
(
Ω+ Ωk(t1−k − 1)

)
∂Ω

(5.64)

Next, we will show that ((T t)∗Ω2 − Ω2)∂− ∈ O(Ω4). First,

((T t)∗Ω2 − Ω2)∂− =Ω2

(
t2

(tk−1 +Ωk−1(1− tk−1))
2

k−1

− 1

)
∂−

Ω2t2

(
1− (1 + Ωk−1(t1−k − 1))

2
k−1

(tk−1 +Ωk−1(1− tk−1))
2

k−1

)
∂−

(5.65)

Now if 1 − (1 + Ωk−1(t1−k − 1))
2

k−1 ∈ O(Ω2) we are done. To show this, note that
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1− (1 + Ωk−1(t1−k − 1))
2

k−1 |Ω=0 = 0, and that

∂Ω|Ω=01− (1 + Ωk−1(t1−k − 1))
2

k−1 = 0 (5.66)

for k ≥ 3. Thus ((T t)∗Ω2 − Ω2)∂− ∈ O(Ω4). Now,

(T t)∗X =∂+f(x
+)/2(T t)∗Ω∂Ω + f(x+)∂+ +

l2(T t)∗Ω2

2
∂2+f(x

+)∂−

=∂+f(x
+)/2Ω∂Ω + f(x+)∂+ +

l2Ω2

2
∂2+f(x

+)∂−

+Ωk(t1−k − 1)∂+f(x
+)/2∂Ω +

l2g(Ω)

2
∂2+f(x

+)∂−

(5.67)

where g(Ω) ∈ O(Ω4). As Ωk(t1−k − 1)∂+f(x
+)/2∂Ω + l2g(Ω)

2 ∂2+f(x
+)∂− ∈ i, (T t)∗X ∈ g. If

X ∈ wR, the same holds, as wR is wL except the x+ and x− are interchanged.

The goal is now to show that T t∗p(X) ≤ g(t)p̃(X) for every continuous seminorm p ∈ P
and where X ∈ h where h is some ideal of g, p̃ is again a continuous seminorm and g(t) is

an integrable function. To show this we need to understand T t∗p(X) = p((T t)∗X) better,

which involves bounding the derivatives of (T t)∗X. To this end we now first show that

n-th derivative of a O(Ωa) function can be expressed in terms of the a-th derivative, as

long as a > n.

Lemma 5.26. Let f ∈ O(Ωa) and n a nonnegative integers such that a > n. Then,

denoting the a-th derivative of f with respect to the first variable with f (a),

∂
(n)
Ω f(Ω, x+, x−) = Ωa−n

f (a)(ξ, x+, x−)

(a− n)!
(5.68)

for some unknown ξ ∈ [0,Ω]

Proof. As f ∈ O(Ωa), f (b)(0, x+, x−) = 0 for all 0 ≤ b < a, and thus by applying Taylor’s

theorem on f (n) [Lay14],

∂
(n)
Ω f(Ω, x+, x−) = Ωa−n

f (a)(ξ, x+, x−)

(a− n)!
(5.69)

where ξ ∈ [0,Ω] is unknown.

The next lemma calculates the derivatives of expressions related to the flow T t.

Lemma 5.27. Let a, b, c ≥ 0 and h be given by

ht(Ω) =
Ωa

(tk−1 +Ωk−1(1− tk−1))
c

k−1

(5.70)
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Then for t ∈ (0, 1]

db

dΩb
ht =

b∑
l=0

Ba,k,c,b
l (−1)l(tk−1 +Ωk−1(1− tk−1))−(

c
k−1

+l)(1− tk−1)lΩa−b+l(k−1) (5.71)

where Ba,k,c,b
l is a set of nonnegative constants which are zero when a− b+ l(k − 1) < 0.

Proof. We will calculate the derivative using the product and Faà di Bruno rules, see

lemma C.4. To that end, we first calculate the derivatives of the denominator. Let

g(Ω) = Ωk−1(1− tk−1), f(x) = (tk−1 + x)−
c

k−1 , then clearly g(Ω) ≥ 0 for t ∈ (0, 1] and thus

for t > 0, f is defined on the image of g. Then by the Faà di Bruno formula C.4, we have:

dn

dΩn
f(g(Ω)) =

∑ n!

m1!1!m1m2!2!m2 . . .mn!n!mn
· f (m1+···+mn)(g(Ω)) ·

n∏
j=1

(
g(j)(Ω)

)mj

(5.72)

The derivatives of f, g are easily calculated:

g(j)(Ω) = (1− tk−1)
(k − 1)!

(k − 1− j)!
Ωk−1−j

f (l)(x) = (−1)l

(
l−1∏
i=0

c

k − 1
+ i

)
(tk−1 + x)−(

c
k−1

+l)
(5.73)

for j ≤ k − 1, and for j > k − 1 the g(j) is zero. Using this, with l =
∑

imi we write

dn

dΩn
f(g(Ω)) =

∑
Ak,c,nm1,...,mn

(−1)l(tk−1 +Ωk−1(1− tk−1))−(
c

k−1
+l)

n∏
j=1

(1− tk−1)mjΩmj(k−1−j)

=
∑

Ak,c,nm1,...,mn
(−1)l(tk−1 +Ωk−1(1− tk−1))−(

c
k−1

+l)(1− tk−1)lΩl(k−1)−n

=
n∑
l=0

Ãk,c,nl (−1)l(tk−1 +Ωk−1(1− tk−1))−(
c

k−1
+l)(1− tk−1)lΩl(k−1)−n

(5.74)

where Ak,c,nm1,...,mn , Ã
k,c,n
l are some nonnegative constants that are zero when l(k− 1)−n < 0

and we used that
∑

i imi = n. We can then calculate the derivative of ht using the product
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rule:

db

dΩb
ht(Ω) =

b∑
n=max{0,b−a}

(
b

n

)
dn

dΩn
f(g(Ω))Ωa−b+n

a!

(a− b+ n)!

=
b∑

n=max{0,b−a}

n∑
l=0

B̃a,k,c,b,n
l (−1)l(tk−1 +Ωk−1(1− tk−1))−(

c
k−1

+l)(1− tk−1)lΩl(k−1)−nΩa−b+n

=

b∑
n=max{0,b−a}

n∑
l=0

B̃a,k,c,b,n
l (−1)l(tk−1 +Ωk−1(1− tk−1))−(

c
k−1

+l)(1− tk−1)lΩa−b+l(k−1)

=
b∑
l=0

 b∑
n=max{l,b−a}

B̃a,k,c,b,n
l

 (−1)l(tk−1 +Ωk−1(1− tk−1))−(
c

k−1
+l)(1− tk−1)lΩa−b+l(k−1)

=

b∑
l=0

Ba,k,c,b
l (−1)l(tk−1 +Ωk−1(1− tk−1))−(

c
k−1

+l)(1− tk−1)lΩa−b+l(k−1)

(5.75)

where Ba,k,c,b
l is a set of nonnegative constants that are zero when a− b+ l(k− 1) < 0.

Using the previous lemma we can now bound the supremum of the inverse Jacobian of

T t.

Lemma 5.28. For t ∈ (0, 1]

t−k sup
Ω∈Ki

|∂αΩ(tk−1 +Ωk−1(1− tk−1))
k

k−1 | ≤ C̃α(Dt−k +D′t−α(k−1)) (5.76)

Proof. Using the Faà di Bruno formula, lemma C.4, we find

∂αΩ(t
k−1 +Ωk−1(1− tk−1))

k
k−1 =

α∑
l=0

Ck,αl (tk−1 +Ωk−1(1− tk−1))
k

k−1
−l(1− tk−1)lΩl(k−1)−α

(5.77)

where the constant Ck,αl is zero whenever l(k − 1)− α < 0, and

t−k sup
Ω∈Ki

|
α∑
l=0

Ck,αl (tk−1 +Ωk−1(1− tk−1))
k

k−1
−l(1− tk−1)lΩl(k−1)−α| ≤ (5.78)

t−k sup
Ω∈Ki

α∑
l=0

|Ck,αl ||(tk−1 +Ωk−1(1− tk−1))
k

k−1
−l(1− tk−1)lΩl(k−1)−α| ≤ (5.79)

t−k sup
Ω∈Ki

Ωα(k−1)−α sup
Ω∈Ki

α∑
l=0

|Ck,αl ||(tk−1 +Ωk−1(1− tk−1))
k

k−1
−l| (5.80)

now we split the sum
∑α

l=0 |C
k,α
l ||(tk−1 + Ωk−1(1− tk−1))

k
k−1

−l| into two parts, one where
k
k−1 − l ≥ 0, and one where k

k−1 − l < 0. The part where k
k−1 − l ≥ 0 is clearly bounded

for t ∈ (0, 1], say by a constant D. The part where k
k−1 − l < 0 attains its supremum at
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Ω = 0 and the summand is thus smaller than |Ck,αl |tk−l(k−1). From these considerations

we conclude

t−k sup
Ω∈Ki

|
α∑
l=0

Ck,αl (tk−1 +Ωk−1(1− tk−1))
k

k−1
−l(1− tk−1)lΩl(k−1)−α| ≤ (5.81)

t−k sup
Ω∈Ki

Ωα(k−1)−α sup
Ω∈Ki

α∑
l=0

|Ck,αl ||(tk−1 +Ωk−1(1− tk−1))
k

k−1
−l| ≤ (5.82)

t−k sup
Ω∈Ki

Ωα(k−1)−αα(D +D′tk−α(k−1)) ≤ C̃α(Dt−k +D′t−α(k−1)) (5.83)

Moreover, we can bound the supremum of derivatives of T t itself.

Lemma 5.29.

sup
Ω∈K

|∂jΩT
t(Ω)| ≤ B̃k,j

K t−(1+j(k−1)) (5.84)

where B̃k,j
K is some constant.

Proof. First, we calculate the derivative using lemma 5.27, with a = 1, c = 1, so

∂jΩT
t(Ω) =

b∑
l=0

B1,k,1,j
l (−1)l(tk−1 +Ωk−1(1− tk−1))−(

1
k−1

+l)(1− tk−1)lΩ1−j+l(k−1)

(5.85)

where B1,k,1,j
l are nonnegative constants that are zero when 1− j+ l(k− 1) < 0. The supre-

mum is then easily estimated by plugging in Ω = 0 in the (tk−1+Ωk−1(1−tk−1))−(
1

k−1
+l)(1−

tk−1)l term:

sup
Ω∈K

|∂jΩT
t(Ω)| ≤

j∑
l=0

B1,k,1,j
l t−(1+l(k−1))(1− tk−1)l sup

Ω∈K
Ω1−j+l(k−1) ≤

j∑
l=0

B1,k,1,j
l t−(1+j(k−1)) sup

Ω∈K
Ω1+j(k−2) = B̃k,j

K t−(1+j(k−1))

(5.86)

Let πΩ, π± be the projection of a vector field onto its ∂Ω, ∂± components respectively.

Combining all of the above results shows that the pullback of a seminorm p ∈ P can indeed

be bounded by T t∗p ≤ g(t)p̃, where p̃ is again a continuous seminorm.

Proposition 5.30. Let f ∈ O(Ωa), g ∈ O(Ωc). Then for n < a,m < c

T t∗pK,n ◦ πΩ(f∂Ω) ≤ pK,a(f)t
a−n(k+1)−max(k,n(k−1))Fn,k,K,a(t)

T t∗pK,m ◦ π±(g∂±) ≤ pK,b(g)t
c−n(k+1)Gm,k,K,c(t)

(5.87)
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and for n ≥ a,m ≥ c,

T t∗pK,n ◦ πΩ(f∂Ω) ≤ pK′,n(f)t
−n(k+1)−max(k,n)Fn,k,K,a(t)

T t∗pK,m ◦ π±(g∂±) ≤ pK′,m(g)t
−n(k+1)Gm,k,K,c(t)

(5.88)

where F b,k,K,a(t), Gm,k,K,c(t) are some continuous bounded functions independent of f and

g.

Proof. Writing out the definitions, we find

T t∗pK,n ◦ πΩ(f∂Ω) =pK,n
(
t−k(tk−1 +Ωk−1(1− tk−1))

k
k−1 f ◦ T t

)
= sup

(Ω,x+,x−)∈K
max
|α|≤n

t−k|∂α(tk−1 +Ωk−1(1− tk−1))
k

k−1 f ◦ T t(Ω, x+, x−)|

≤ sup
(Ω,x+,x−)∈K

max
|α|≤n

αΩ∑
b=0

(
αΩ

b

)
t−k|∂αΩ−b

Ω (tk−1 +Ωk−1(1− tk−1))
k

k−1

∂bΩ(∂
α+
+ ∂

α−
− f) ◦ T t(Ω, x+, x−)|

≤ max
|α|≤n

αΩ∑
b=0

(
αΩ

b

)
t−k sup

(Ω,x+,x−)∈K
|∂αΩ−b

Ω (tk−1 +Ωk−1(1− tk−1))
k

k−1 |

sup
(Ω,x+,x−)∈K

|∂bΩ(∂
α+
+ ∂

α−
− f) ◦ T t(Ω, x+, x−)|

(5.89)

By lemma 5.28,

t−k sup
Ω∈K

|∂αΩ−b
Ω (tk−1 +Ωk−1(1− tk−1))

k
k−1 | ≤ (Dt−k +D′t(b−αΩ)(k−1)) (5.90)

for some constants D,D′, and therefore

t−k sup
Ω∈K

|∂αΩ−b
Ω (tk−1 +Ωk−1(1− tk−1))

k
k−1 | ≤ D̃t−max(k,αΩ(k−1)) (5.91)

for some constant D̃.

For the second term, sup(Ω,x+,x−)∈K |∂bΩ(∂
α+
+ ∂

α−
− f) ◦ T t(Ω, x+, x−)|, we use the Faà di

Bruno formula from lemma C.4:

∂bΩ(∂
α+
+ ∂

α−
− f) ◦ T t(Ω, x+, x−) =

∑
Ebm1,...,mb

(∂
α+
+ ∂

α−
− f)(

∑
imi)(T t(Ω, x+, x−))

b∏
j=1

(
(T t)(j)(Ω, x+, x−)

)mj

(5.92)
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and the supremum then splits up:

sup
(Ω,x+,x−)∈K

|∂bΩ(∂
α+
+ ∂

α−
− f) ◦ T t(Ω, x+, x−)| ≤

∑
Ebm1,...,mb

sup
(Ω,x+,x−)∈K

|(∂α+
+ ∂

α−
− f)(

∑
imi)(T t(Ω, x+, x−))|

b∏
j=1

(
sup

(Ω,x+,x−)∈K
|(T t)(j)(Ω, x+, x−)|

)mj

(5.93)

By lemma 5.29,

sup
(Ω,x+,x−)∈K

|(T t)(j)(Ω, x+, x−)| ≤ B̃k,j
K t−(1+j(k−1)) (5.94)

so
b∏

j=1

(
sup

(Ω,x+,x−)∈K
|(T t)(j)(Ω, x+, x−)|

)mj

≤ B̃k
K

b∏
j=1

t−mj(1+j(k−1)) (5.95)

Now defining l =
∑

jmj and noting that
∑

j jmj = b, we find

b∏
j=1

(
sup

(Ω,x+,x−)∈K
|(T t)(j)(Ω, x+, x−)|

)mj

≤ B̃k
Kt

−(l+b(k−1)) (5.96)

Next, for a > n, by lemma 5.26, and taking M = supΩ∈K Ω

sup
(Ω,x+,x−)∈K

|(∂α+
+ ∂

α−
− f)(

∑
imi)(T t(Ω, x+, x−))| = sup

(Ω,x+,x−)∈K
|T

t(Ω)a−l

(a− l)!
(∂
α+
+ ∂

α−
− f)(a)(ξ(t), x+, x−)|

≤ ta−l

(a− l)!

Ma−l

(tk−1 +Mk−1(1− tk−1))
a−l
k−1

pK,a(f)

(5.97)

Here we used l =
∑

imi, that T
t(Ω) is increasing in Ω and that a > n so also a > |α|. For

a ≤ n, we instead use:

sup
(Ω,x+,x−)∈K

|(∂α+
+ ∂

α−
− f)(

∑
imi)(T t(Ω, x+, x−))| ≤ sup

(Ω,x+,x−)∈K′
|(∂α+

+ ∂
α−
− f)(

∑
imi)(Ω, x+, x−)| ≤ pn,K′(f)

(5.98)

where K ′ = T t(K), which is again compact as T t is continuous. Now using equa-

tions 5.96, 5.97 in equation 5.93, we find for a > n:

sup
(Ω,x+,x−)∈K

|∂bΩ(∂
α+
+ ∂

α−
− f) ◦ T t(Ω, x+, x−)|

≤
b∑
l=0

Ebl
ta−l

(a− l)!

Ma−l

(tk−1 +Mk−1(1− tk−1))
a−l
k−1

pK,a(f)B̃
k
Kt

−(l+b(k−1))

≤ Ẽb,k,K,ata−b−(b+b(k−1))pK,a(f)
b∑
l=0

Ma−l

(tk−1 +Mk−1(1− tk−1))
a−l
k−1

(5.99)
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Now combining this with equations 5.91, 5.89, we conclude that for a > n:

T t∗pK,n ◦ πΩ(f∂Ω) ≤ max
|α|≤n

αΩ∑
b=0

(
αΩ

b

)
t−k sup

(Ω,x+,x−)∈K
|∂αΩ−b

Ω (tk−1 +Ωk−1(1− tk−1))
k

k−1 |

sup
(Ω,x+,x−)∈K

|∂bΩ(∂
α+
+ ∂

α−
− f) ◦ T t(Ω, x+, x−)|

≤ max
|α|≤n

αΩ∑
b=0

(
αΩ

b

)
D̃t−max(k,αΩ(k−1))Ẽb,k,K,ata−b(k+1)

b∑
l=0

Ma−l

(tk−1 +Mk−1(1− tk−1))
a−l
k−1

pK,a(f)

≤pK,a(f)ta−n(k+1)−max(k,n(k−1))Fn,k,K,a(t)

(5.100)

where Fn,k,K,a(t) is some continuous bounded function independent of f . The case a ≤ n

follows similarly. The proof for T t∗pK,m ◦ π±(g∂±) is also almost identical, only the

t−k|∂α(tk−1 +Ωk−1(1− tk−1))
k

k−1 term is missing.

Using the bounds in the above proposition, we show that limt→0 t
ν(T t)∗X converges in

the Cγ topology for some ν independent of X ∈ g. This is necessary for proposition 5.13.

Lemma 5.31. Suppose g ⊆ O(Ωa)∂Ω +O(Ωb)∂+ +O(Ωb)∂− for some integers a, b and

assume g is closed in the C∞ topology. Let γ ∈ N. Then there exists a ν ∈ N such that

limt→0 t
ν(T t)∗X converges in the Cγ topology for all X ∈ g and is again in g.

Proof. Let X ∈ g, then there exist A ∈ O(Ωa), B,C ∈ O(Ωb) such that X = A∂Ω +

B∂+ + C∂−. Now for convergence in the Cγ topology, we need to show that limt→0 pK,n ◦
πΩ(t

ν(T t)∗X), limt→0 pK,m ◦π±(tν(T t)∗X) both converge for all compact sets K and n ≤ γ.

For ν large enough, this follows immediately from proposition 5.30 as pK,n◦πΩ(tν(T t)∗X) =

tνT t∗pK,n ◦ πΩ(X) and similarly for x±. As g is closed in the C∞ topology and the Cγ

topology is finer, g is also closed in the Cγ topology, meaning that the limit is again in

g.

We now show that for each order γ and q, there is a 1-trivial ideal of order γ.

Proposition 5.32. Let γ ≥ 0, q ≥ 2, then there exists an a such that jγ = O(Ωa)∂Ω +

O(Ωa)∂+ +O(Ωa)∂− is a 1-trivial ideal of order γ.

Proof. Let c ∈ Cqct(g). Then first we show that for a large enough,

|Pp(ιYtT t∗c)(X1, . . . , Xq−1)| ≤ g(t)p̃(Y )p1(X1) . . . pq−1(Xq−1) (5.101)

where g(t) is a continuous and bounded function on [0, 1]. To this end, note that c is of

order γ, so there exist seminorms p, p′1, p
′
2, . . . , p

′
q−1 which are of order γ such that

|c(Yt, X1, . . . , Xq−1)| ≤ p(Yt)p
′
1(X1) . . . p

′
q−1(Xq−1) (5.102)
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and thus

|ιYtT t∗c(X1, . . . , Xq−1)| ≤ p(Yt)T
t
∗p

′
1(X1) . . . T

t
∗p

′
q−1(Xq−1) (5.103)

Now as the topology on the vector fields is a product topology, we can assume that

p′i = pi ◦πµ, where µ ∈ {Ω, x+, x−}. Further as every continuous seminorm can be bounded

by a linear combination of seminorms in the generating family, see lemma 2.4, and using

proposition 5.30, we find that if πµXi ∈ O(Ωa) for a > γ, then

T t∗p
′
i(Xi) ≤ pi(Xi)t

a−γ(k+1)−max(k,γ(k−1))Fi(t) (5.104)

and if πµXi ∈ O(Ωa) for a ≤ γ,

T t∗p
′
i(Xi) ≤ pi(Xi)t

−γ(k+1)−max(k,γ(k−1))Gi(t) (5.105)

Therefore if at least one of the arguments X1, . . . , Xq−1, πµXi is in O(Ωa) for a > γ and

for all µ, then

|ιYtT t∗c(X1, . . . , Xq−1)| ≤ ta−k−(q−1)(γ(k+1)+max(k,γ(k−1)))F (t)p(Y )p′1(X1) . . . p
′
q−1(Xq−1)

(5.106)

Now for a > k + (q − 1)(γ(k + 1) + max(k, γ(k + 1))), the right hand side is clearly

continuous and bounded. Then let Ia = O(Ωa)∂Ω + O(Ωa)∂+ + O(Ωa)∂− and Pp the

projection operators with respect to this ideal. These are continuous and as they project

at least one of the arguments to Ia for p ≥ 1, equation 5.102 holds.

Now we show that with r = max ((q − 2)ν + k, (q − 1)ν + ϵ), for X ∈ Ia′ , where a
′ is a

number that will be defined later, we have

lim
t→0

t−r(T t)∗X ∈ g (5.107)

for all X ∈ Ia′ where the convergence is of order γ. Let pK,n ◦ πΩ, pK,n ◦ π± be continuous

seminorms in the generating family, then by proposition 5.30,

t−rpK,n ◦ πΩ((T t)∗X) ≤ pK,a′(X
Ω)ta

′−r−n(k+1)−max(k,n(k−1))F (t) ≤ pK,a′(X
Ω)ta

′−r−γ(k+1)−max(k,γ(k−1))F (t)

t−rpK,n ◦ π±((T t)∗X) ≤ pK,a′(X
±)ta

′−r−n(k+1)F (t) ≤ pK,a(X
±ta

′−r−γ(k+1)G(t)

(5.108)

We thus see that for a′ large enough, these converge to zero, and are therefore surely in g.

Hence for a′ large enough, by proposition 5.13, jγ := Ia′ is a 1-trivial ideal of order γ.

Now that we know that there exists a 1-trivial ideal of order γ for each γ, we can apply

corollary 5.20. Note that complementedness follows from proposition 4.20.

Theorem 5.33.

lim−→H1
ct(jγ)

g/jγ
lim−→αγ

→ lim−→H2(g/jγ)
lim−→π∗

γ

→ H2(g) → 0 (5.109)
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5.4 Second cohomology group

In this section we will calculate the second cohomology group, which will later help us

determine the trivial symmetries.

In the previous section we saw that every 2-cocycle ω has an ideal jγ such that ω

is equivalent to a 2-cocycle that is zero on jγ . Every such ideal is of the form jγ =

O(Ωa)∂Ω + O(Ωa)∂+ + O(Ωa)∂−, and we define Iγ = O(Ωγ)∂Ω + O(Ωγ)∂+ + O(Ωγ)∂−.

Then every 2-cocycle ω belongs to a class of H2
ct(g/Iγ) for some γ. We will now calculate

H2
ct(g/Iγ). We first use theorem 3.33. To that end, take E1 = i∂+, E2 = i∂− and remember

that Ck(g)0 :=
{
c ∈ Ck(g)|LEic = 0 ∀i = 1, 2

}
. Then H2

ct(g/Iγ) = H2
ct(g/Iγ)0. We define

gγ = g/Iγ+1 and further take Iγ = (O(Ωγ)∂Ω +O(Ωγ)∂+ +O(Ωγ)∂−)/Iγ+1. This is an

ideal and we will show that for any [ω] ∈ H2
ct(g/Iγ)0, we can find a ω̃ that is zero on Iγ

such that [ω] = [ω̃]. To that end, we first calculate the commutation relations between Iγ

and gγ . If x ∈ iγ := i/Jγ+1, then [x, Iγ ] = 0. For ξn ∈ wL,

[ξn, e
ikx+eimx

−
Ωγ∂−] =[einx

+
(in

Ω

2
∂Ω + ∂+ − l2n2Ω2

2
∂−), e

ikx+eimx
−
Ωγ∂−] =

ei(k+n)x
+
eimx

−
Ωγi(n

γ

2
+ k)∂−

(5.110)

[ξn, e
ikx+eimx

−
Ωγ∂+] =[einx

+
(in

Ω

2
∂Ω + ∂+ − l2n2Ω2

2
∂−), e

ikx+eimx
−
Ωγ∂+] =

ei(k+n)x
+
eimx

−
Ωγi(n

γ

2
+ k − n)∂+

(5.111)

[ξn, e
ikx+eimx

−
Ωγ∂Ω] =[einx

+
(in

Ω

2
∂Ω + ∂+ − l2n2Ω2

2
∂−), e

ikx+eimx
−
Ωγ∂Ω] =

ei(k+n)x
+
eimx

−
Ωγi(n

γ

2
+ k − n

2
)∂Ω

(5.112)

We define γΩ = γ − 1, γ+ = γ − 2, γ− = γ and then for µ = Ω,±, we summarize the

above as

[ξn, e
ikx+eimx

−
Ωγ∂µ] = ei(k+n)x

+
eimx

−
Ωγi(n

γµ
2

+ k)∂µ (5.113)

We further define γ̄Ω = γ−1, γ̄+ = γ, γ̄− = γ−2 and then for µ = Ω,±, the commutation

relations with ξ̄n are given in analogy to the commutation relations in equation 5.113

[ξ̄n, e
ikx+eimx

−
Ωγ∂µ] = eikx

+
ei(m+n)x−Ωγi(n

γ̄µ
2

+m)∂µ (5.114)

Using the 2-cocycle identity we can then restrict the behavior of the cocycles on wL×Iγ .

Proposition 5.34. For [ω] ∈ H2
ct(g/Iγ+1)0 and if γµ > 2,

ω(ξn, e
−inx+Ωγ∂µ) = ncµ1 (5.115)
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and if γµ = 2 we have

ω(ξn, e
−inx+Ωγ∂µ) = ncµ1 + cµ0 (5.116)

In both cases cµ1 , c
µ
0 are constants, possibly depending on γ and ω.

Proof. We use the cocycle identity and the commutation relation in equation 5.113,

0 =− ω([ξn,Ω
γei(−n−m)x+∂µ], ξm) + ω(Ωγe−i(n+m)x+∂µ, [ξm, ξn]) + ω([ξm,Ω

γe−i(n+m)x+∂µ], ξn)

=− i(n
γµ
2

−m− n)ω(Ωγe−imx
+
∂µ, ξm) + i(n−m)ω(Ωγe−i(n+m)x+∂µ, ξm+n)

+ i(m
γµ
2

−m− n)ω(Ωγe−inx
+
∂µ, ξn)

(5.117)

We then define cµn = ω(Ωγe−inx
+
∂µ, ξn), after which we find:

0 = (n−m)cµn+m + (m
(γµ
2

− 1
)
− n)cµn + (n

(
1− γµ

2

)
+m)cµm (5.118)

Then taking m = 0 gives

0 = n
(
1− γµ

2

)
cµ0 = 0 (5.119)

Now if 1 − γµ
2 ̸= 0, this implies cµ0 = 0. Otherwise, define c̃µn = cµn − cµ0 , in which case

c̃µ also satisfies equation 5.118. For now we will assume that cµ0 = 0 and add back the

constant at the end. Next, setting m = −n shows

0 = m
γµ
2
(cµ−m + cµm) (5.120)

and as γµ ̸= 0, cµ−m = −cµm. We now show that cµ2n = 2cµn. To that end, take m = −2n

then we find

0 = 3ncµ−n + (−2n(
γµ
2

− 1)− n)cµn + (n(1− γµ
2
)− 2n)cµ−2n (5.121)

and we use cµ−n = −cµn to arrive at

0 = cµn(−2n− nγµ) + n(1 +
γµ
2
)cµ2n (5.122)

Thus giving the desired result. We will now show using induction that for all non-negative

integers t ∈ N, cµtm = tcµm, having already done the cases t = 0, t = 1, t = 2. Now assume

that the induction hypothesis holds for t, then by taking n = tm we find

0 =(tm−m)cµtm+m + (m
(γµ
2

− 1
)
− tm)cµtm + (tm

(
1− γµ

2

)
+m)cµm

=m(t− 1)cµm(t+1) + (tm
(γµ
2

− 1
)
− t2m)cµm + (tm

(
1− γµ

2

)
+m)cµm

=m(t− 1)cµm(t+1) + (m− t2m)cµm

0 =cµm(t+1) − (t+ 1)cµm

(5.123)

where in the final step we divided by m(t− 1), and we note that t− 1 ̸= 0 as we can take
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t ≥ 2. We conclude by induction that cµtm = tcµm for all non-positive integers t. Now as we

have shown earlier that cµ−m = −cµm, it holds for all integers. We conclude that cµm = mcµ1 .

Now if
(
1− γµ

2

)
= 0 we have to add back the constant, so then cµm = mcµ1 + cµ0 .

We now show that we can add a coboundary to any 2-cocycle such that it is zero on

wL × Iγ as long as γµ > 2.

Lemma 5.35. For γµ > 2, the following is a continuous 1-cochain

ϕ(Ωγ∂µ) = − icµ1
1− γµ/2

(5.124)

where ϕ is zero on all other arguments. Furthermore,

dϕ([ξn, e
−inx+Ωγ∂µ]) = ncµ1 (5.125)

Proof. That ϕ is a cochain should be clear. For continuity, note that

ϕ(Ωaf(x+, x−)∂ν) = C

∫ 2π

0

∫ 2π

0
∂γΩ
(
πµ(Ω

af(x+, x−)∂ν)
)
|Ω=0dx

+dx− (5.126)

where C is some constant. As integration and differentiation are continuous, ϕ is continuous.

The result dϕ([ξn, e
−inx+Ωγ∂µ]) = ncµ1 follows immediately from equation 5.113.

We now go on to show that these 2-cocycles are also zero on i× Iγ for γ ≥ 4. We note

that there are no coboundaries here as [i, Iγ ] = 0.

Proposition 5.36. For [ω] ∈ H2
ct(g/Iγ+1)0, γ ≥ 4 and x ∈ i, y ∈ Iγ,

ω(x, y) = 0 (5.127)

Proof. We will proof this using a kind of induction. First, note that for x ∈ Iγ+1, y ∈ Iγ ,

clearly ω(x, y) = 0 as Iγ+1 ⊆ Iγ+1. We will then assume that ω(x, y) = 0 for x ∈ Iγ+1−i

and show that for i ≤ γ − 3 this implies that ω(x, y) = 0 for x ∈ Iγ−i. Thus first assume

that ω(x, y) = 0 for x ∈ Iγ+1−i. Then for arbitrary x, letting πγ+1−i, sγ+1−i be the

projections and sections, we clearly have ω(x, y) = ω(sγ+1−i(πγ+1−i(x)), y), so from now

on we will consider x to be in the quotient by Iγ+1−i. With the shorthand α = γ − i, for

y = eimx
+
eil̃x

−
Ωγ∂µ, x = e−i(m+n)x+e−il̃x

−
Ωα∂ν , in the quotient x has the commutation

relations as in equation 5.113. Then using the cocycle identity, and noting that [x, y] = 0,

0 =ω([x, ξn], y)− ω(x, [ξn, y]) + ω([y, x], ξn)

=− ω([ξn, e
−i(m+n)x+e−il̃x

−
Ωα∂ν ], e

imx+eil̃x
−
Ωγ∂µ)− ω(e−i(m+n)x+e−il̃x

−
Ωα∂ν , [ξn, e

imx+eil̃x
−
Ωγ∂µ])

=− i(n
αν
2

−m− n)ω(e−imx
+
e−il̃x

−
Ωα∂ν , e

imx+eil̃x
−
Ωγ∂µ)

− i(n
γµ
2

+m)ω(e−i(m+n)x+e−il̃x
−
Ωα∂ν , e

i(m+n)x+eil̃x
−
Ωγ∂µ)

(5.128)
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Now by defining dν,µ
m,l̃,α

= ω(e−imx
+
e−il̃x

−
Ωα∂ν , e

imx+eil̃x
−
Ωγ∂µ), we arrive at

0 = (n
(αν

2
− 1
)
−m)dν,µ

m,l̃,α
+ (n

γµ
2

+m)dν,µ
m+n,l̃,α

(5.129)

Then setting m = −n ̸= 0 and noting that α ≥ 3, so αν ̸= 0, shows:

0 = (n
(αν

2
− 1
)
+ n)dν,µ−n,l̃,α + (n

γµ
2

− n)dν,µ
0,l̃,α

−γµ − 2

αν
dν,µ
0,l̃,α

=dν,µ−n,l̃,α

(5.130)

Thus dν,µ
n,l̃,α

= dν,µ
1,l̃,α

for all n ̸= 0. Putting this back into the recurrence relation, now

assuming that m,m+ n, n ̸= 0,

0 =(n
(αν

2
− 1
)
−m)dν,µ

1,l̃,α
+ (n

γµ
2

+m)dν,µ
1,l̃,α

0 =
(γµ
2

+
αν
2

− 1
)
dν,µ
1,l̃,α

(5.131)

and as γ ≥ 4, α ≥ 3,
γµ
2 + αν

2 − 1 > 0, we thus have dν,µ
n,l̃,α

= 0 for all nonzero n. For γµ ̸= 2,

we also have dν,µ
0,l̃,α

= 0 using equation 5.131. For γµ = 2, we note that as γ ≥ 4, we must

have µ = +. Furthermore, instead of using ξn in the 2-cocycle identity, we could also use

ξ̄n and switch around every other x+, x− as well, which results in:

0 =(n
( ᾱν

2
− 1
)
+ n)dν,µ

l̃,−n,α + (n
γ̄µ
2

− n)dν,µ
l̃,0,α

γ̄µ − 2

ᾱν
dν,µ
l̃,0,α

= dν,µ
l̃,−n,α

0 =

(
γ̄µ
2

+
ᾱν
2

− 1

)
dν,µ
l̃,1,α

(5.132)

Thus dν,µ
l̃,−n,α = dν,µ

l̃,1,α
= 0 for n ≠ 0, and

γ̄µ−2
ᾱν

dν,µ
l̃,0,α

= 0 as well. As γ̄+ = 4, dν,µ
l̃,n,α

= 0 for all

l̃, n. Thus for all γ ≥ 4, dν,µ
n,l̃,α

= 0. Equivalently ω(e−imx
+
e−il̃x

−
Ωa∂ν , e

imx+eil̃x
−
Ωγ∂µ) = 0

for all a ≥ γ− i and as the terms e−imx
+
e−il̃x

−
Ωa∂ν are dense in Iγ−i, see proposition 4.22,

we conclude that ω(x, y) = 0 for all x ∈ Iγ−i, y ∈ Iγ . By induction ω(x, y) = 0 for all

x ∈ j3, y ∈ Iγ and as i ⊆ j3, ω(x, y) = 0 for all x ∈ i.

For γ ≥ 5, we already know that 2-cocycles are cohomologous to zero on wL × Iγ by

proposition 5.34 and we now show that the same holds for wR × Iγ .

Proposition 5.37. Let [ω] ∈ H2
ct(g/Iγ+1)0 with γ ≥ 5. Then there exists ω′ ∈ [ω] such

that

ω′(ξn, e
−inx+Ωγ∂µ) = 0

ω′(ξ̄n, e
−inx−Ωγ∂µ) = 0

(5.133)

for µ ∈ {Ω, x+, x−}.
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Proof. First, note that by proposition 5.34, there exists cµ1 such that ω(ξn, e
−inx+Ωγ∂µ) =

ncµ1 . Then by lemma 5.35, there exists a 2-coboundary dϕ such that (ω+dϕ)(ξn, e
−inx+Ωγ∂µ) =

0. Define ω′ = (ω + dϕ). Then note that [ξn, ξ̄m] ∈ i and by proposition 5.36, ω′(x, y) = 0

if x ∈ i, y ∈ Iγ . Thus, ω′([ξn, ξ̄m], e
−inx+e−imx

−
Ωγ∂µ) = 0 and by the 2-cocycle identity

0 = ω′([ξ̄m, e
−inx+e−imx

−
Ωγ∂µ], ξn) + ω′([e−inx

+
e−imx

−
Ωγ∂µ, ξn], ξ̄m) (5.134)

Now [ξ̄m, e
−inx+e−imx

−
Ωγ∂µ] = e−inx

+
Ωγim(

γ̄µ
2 − 1)∂µ and ω′(e−inx

+
Ωγ∂µ, ξn) = 0, so

0 = ω′([e−inx
+
e−imx

−
Ωγ∂µ, ξn], ξ̄m) = −in(γµ

2
− 1)ω′(e−imx

−
Ωγ∂µ, ξ̄m) (5.135)

and thus ω′(e−imx
−
Ωγ∂µ, ξ̄m) = 0.

We have now shown that for γ ≥ 6 a 2-cocycle in H2
ct(g/Iγ) is cohomologous to a

2-cocycle that is zero on Iγ , and we thus get an isomorphism H2
ct(g/Iγ)

∼= H2
ct(g/Iγ−1)

Theorem 5.38. For γ ≥ 6,

H2
ct(g/Iγ)

∼= H2
ct(g/Iγ−1) (5.136)

Proof. First, note that if we defineH2
ct(g/Iγ)0 = ker(Res : H2

ct(g/Iγ) → H2(Iγ−1/Iγ), then

H2
ct(g/Iγ)0

∼= H2
ct(g/Iγ) by proposition 5.36. Next, by combining this with proposition 3.27,

we have the exact sequence

H1
ct(Iγ−1/Iγ)

g/Jγ−1 α→ H2
ct(g/Jγ−1)

π∗
→ H2

ct(g/Jγ)
γ→ H1

ct(g/Jγ−1, H
1
ct(Iγ−1/Iγ)) (5.137)

Now for [ω] ∈ H2
ct(g/Jγ), again by proposition 5.36 and proposition 5.37, we can find

ω ∈ [ω] such that ω(g/Jγ , Iγ−1/Iγ) = 0 and therefore γ([ω]) = 0. We thus have

H1
ct(Iγ−1/Iγ)

g/Jγ−1 α→ H2
ct(g/Jγ−1)

π∗
→ H2

ct(g/Jγ) → 0 (5.138)

Now by proposition 5.2, Iγ−1/Iγ ⊆ [g/Jγ−1, Iγ−1/Iγ ] and therefore H1
ct(Iγ−1/Iγ)

g/Jγ−1 =

0, and thus the exact sequence gives H2
ct(g/Iγ)

∼= H2
ct(g/Iγ−1).

Now using the above isomorphism and proposition 5.14, we find that we can quotient

out I5 in the second cohomology.

Theorem 5.39.

H2
ct(g)

∼= H2
ct(g/I5) (5.139)

Proof. Let (jγ)γ∈N be the sequence of complemented ideals such that jγ is a 1-trivial ideal

of order γ constructed in proposition 5.32. Then note that jγ = O(Ωaγ )∂Ω +O(Ωaγ )∂+ +

O(Ωaγ )∂− = Jαγ . We will assume that aγ ≥ 5 for all γ ≥ 0, if not, we can define a new

sequence of 1-trivial ideals such that this is true. Now applying theorem 5.38 repeatedly, we
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find H2(g/jγ) = H2(g/I5) and therefore lim−→H2(g/jγ) = H2(g/I5). Thus by corollary 5.20

the following sequence is exact.

lim−→H1
ct(jγ)

g/jγ → H2(g/I5) → H2(g) → 0 (5.140)

Now we will show that H1
ct(jγ)

g/jγ = 0 for all γ ≥ 0, after which we are done by exactness

of the sequence. Let ϕ ∈ H1
ct(jγ)

g/jγ , then for t ∈ g/jγ , x ∈ jγ , t · ϕ(x) = −ϕ([t, x]) = 0.

Now as aγ ≥ 5, wL +wR ⊆ g/jγ . Furthermore, as jγ ⊆ [wL +wR, jγ ] by proposition 5.2,

ϕ(x) = 0 for all x ∈ jγ . Hence H
1
ct(jγ)

g/jγ = 0

We now only have to calculate the last few terms and we start by showing the behavior

of 2-cocycle classes on wL × i/I5.

Proposition 5.40. Let [ω] ∈ H2
ct(g/I5). Then there exists a 2-coboundary dϕ such that

(ω + dϕ)(ξn, e
−inx+Ω4∂+) = nc+1 + c+0

(ω + dϕ)(ξn, e
−inx+Ω4∂−) = 0

(ω + dϕ)(ξn, e
−inx+Ω4∂Ω) = 0

(ω + dϕ)(ξn, e
−inx+Ω3∂Ω) = ncΩ1 + cΩ0

(5.141)

Proof. The result for Ω4 follows from proposition 5.34 and lemma 5.35. For Ω3, the

commutation relation becomes

[ξn, e
ikx+Ω3∂Ω] =[einx

+
(in

Ω

2
∂Ω + ∂+ − l2n2Ω2

2
∂−), e

ikx+Ω3∂Ω] =

ei(k+n)x
+

(
i(n

3

2
+ k − n

2
)Ω3∂Ω + l2n2Ω4∂−

) (5.142)

Writing ω′ = ω + dϕ, noting that ω′(ξn, e
−inx+Ω4∂−) = 0 the 2-cocycle identity gives

0 =− ω′([ξn,Ω
3ei(−n−m)x+∂Ω], ξm) + ω′(Ω3e−i(n+m)x+∂Ω, [ξm, ξn]) + ω′([ξm,Ω

3e−i(n+m)x+∂Ω], ξn)

=− i(n−m− n)ω(Ω3e−imx
+
∂Ω, ξm) + i(n−m)ω(Ω3e−i(n+m)x+∂Ω, ξm+n)

+ i(m−m− n)ω(Ω3e−inx
+
∂Ω, ξn)

(5.143)

We then define cΩn = ω(Ω3e−inx
+
∂µ, ξn), after which we find:

0 = (n−m)cΩn+m − ncΩn +mcΩm (5.144)

which is simply equation 5.118 with γµ = 2, which we know has the solution cΩn =

ncΩ1 + cΩ0 .

We already know that 2-cocycles are zero on i×I4 by proposition 5.36, so to understand

the behavior on i× i we only need to consider ω(O(Ω3)∂Ω,O(Ω3)∂Ω), which is also zero as

shown next.
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Proposition 5.41. Let [ω] ∈ H2
ct(g/I5). Then

ω(Ω3einx
+
eil̃x

−
∂Ω,Ω

3e−inx
+
e−il̃x

−
∂Ω) = 0 (5.145)

Proof. First, note that by proposition 5.36, ω(Ω3einx
+
eil̃x

−
∂Ω,Ω

4e−inx
+
e−il̃x

−
∂−) = 0.

Then using the 2-cocycle identity, and noting that [Ω3eimx
+
eil̃x

−
∂Ω,Ω

3e−i(m+n)x+e−il̃x
−
∂Ω] =

0

0 =ω([ξn,Ω
3eimx

+
eil̃x

−
∂Ω],Ω

3e−i(m+n)x+e−il̃x
−
∂Ω) + ω([Ω3e−i(m+n)x+e−il̃x

−
∂Ω, ξn],Ω

3eimx
+
eil̃x

−
∂Ω)

=i(n+m)ω(Ω3ei(m+n)x+eil̃x
−
∂Ω,Ω

3e−i(m+n)x+e−il̃x
−
∂Ω)

+i(n−m− n)ω(Ω3eimx
+
eil̃x

−
∂Ω,Ω

3e−imx
+
e−il̃x

−
∂Ω)

(5.146)

Setting fn,l = ω(Ω3einx
+
eil̃x

−
∂Ω,Ω

3e−inx
+
e−il̃x

−
∂Ω), we find

0 = (n+m)fn+m,l̃ −mfm,l̃ (5.147)

Setting m = 0 shows fn,l̃ = 0 for n ̸= 0. For n = 0, we note that fn,l should be symmetric

in n, l as x+, x− play identical roles. Thus f0,l = fl,0 = 0, for l ≠ 0. For f0,0 we use that

the cochain is alternating which shows that f0,0 = 0.

Lastly we show that we cannot simultaneously set a 2-cocycle to zero on wL × i and

wR × i by adding a coboundary.

Proposition 5.42. Let [ω] ∈ H2
ct(g/J5) and take dϕ as in proposition 5.40. Then

(ω + dϕ)(ξn, e
−inx+Ω4∂µ) = 0

(ω + dϕ)(ξ̄n, e
−inx−Ω4∂Ω) = 0

(ω + dϕ)(ξ̄n, e
−inx−Ω4∂−) = 0

(ω + dϕ)(ξ̄n, e
−inx−Ω4∂+) = nc̄+1

(ω + dϕ)(ξn, e
−inx+Ω3∂Ω) = ncΩ1 + cΩ0

(ω + dϕ)(ξ̄n, e
−inx−Ω3∂Ω) = −n2il2c̄+1 + nc̄Ω1 + c̄Ω0

(5.148)

Proof. Define ω′ = ω + dϕ. Then note that the result (ω + dϕ)(ξn, e
−inx+Ω4∂µ) = 0 for

µ = Ω, x− already follows from proposition 5.40. We will now use the 2-cocycle identity:

0 = ω′([ξn, ξ̄m], e
−inx+e−imx

−
Ωa∂µ) + ω′([ξ̄m, e

−inx+e−imx
−
Ωa∂µ], ξn) + ω′([e−inx

+
e−imx

−
Ωa∂µ, ξn], ξ̄m)

(5.149)

Now [ξn, ξ̄m] ∈ I4, so by proposition 5.36, ω′([ξn, ξ̄m], e
−inx+e−imx

−
Ωa∂µ) = 0. Next, we
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note that for a = 4, we can use equations 5.113, 5.114, to arrive at:

0 =i(m
āµ
2

−m)ω′(e−inx
+
Ωa∂µ, ξn)− i(n

aµ
2

− n)ω′(e−imx
−
Ωa∂µ, ξ̄m)

0 =m(
āµ
2

− 1)ω′(e−inx
+
Ωa∂µ, ξn)− n(

aµ
2

− 1)ω′(e−imx
−
Ωa∂µ, ξ̄m)

(5.150)

Now for µ = x−,Ω, (
aµ
2 − 1) ̸= 0 and ω′(e−inx

+
Ωa∂µ, ξn) = 0, so ω′(e−imx

−
Ωa∂µ, ξ̄m) = 0.

For µ = x+, (
aµ
2 − 1) = 0 and we arrive at

0 = mω′(e−inx
+
Ω4∂+, ξn) (5.151)

Now note that (ω + dϕ)(ξ̄n, e
−inx−Ω4∂µ) = nc̄+1 follows from proposition 5.34 as x+, x−

are symmetric. For a = 3, µ = Ω, note that (ω + dϕ)(ξn, e
−inx+Ω3∂Ω) = ncΩ1 + cΩ0 follows

from proposition 5.40. Now we use the 2-cocycle identity:

0 = ω′([ξ̄n,Ω
3e−i(n+m)x−∂Ω], ξ̄m)+ω

′([Ω3e−i(n+m)x−∂Ω, ξ̄m], ξ̄n)+ω
′([ξ̄m, ξ̄n],Ω

3e−i(n+m)x−∂Ω)

(5.152)

The commutator is given by:

[ξ̄n, e
ikx−Ω3∂Ω] =[einx

−
(in

Ω

2
∂Ω + ∂− − l2n2Ω2

2
∂+), e

ikx−Ω3∂Ω] =

ei(k+n)x
−
(
i(n

3

2
+ k − n

2
)Ω3∂Ω + l2n2Ω4∂+

) (5.153)

Then the 2-cocycle identity becomes

0 =− imω′(Ω3e−imx
−
∂Ω, ξ̄m) + l2n2ω′(Ω4e−imx

−
∂+, ξ̄m)

+ inω′(Ω3e−inx
−
∂Ω, ξ̄n)− l2m2ω′(Ω4e−inx

−
∂+, ξ̄n)

+ i(m− n)ω′(Ω3e−i(n+m)x−∂Ω, ξ̄m+n)

(5.154)

Now using ω′(Ω4e−inx
−
∂+, ξ̄n) = −nc̄+1 and setting cm = ω′(Ω3e−imx

−
∂Ω, ξ̄m), we find

0 =−mcm + il2n2mc̄+1

+ ncn − il2m2nc̄+1

+ (m− n)cm+n

(5.155)

The homogeneous part is simply equation 5.118, so cn = nc1 + c0 + cpn, where c
p
n is a

particular solution. It is then easily checked that cpn = n2il2c̄+1 is a particular solution.

Now combining the above results we find that the second cohomology is at most seven

dimensional.

Theorem 5.43.

dimH2
ct(g) ≤ 7 (5.156)

Proof. First, note that H2
ct(g)

∼= H2
ct(g/J5)

∼= H2
ct(g/J5)0 by theorem 5.39 and theorem 3.33,
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so we will show that

dimH2
ct(g/J5)0 ≤ 7 (5.157)

To that end, note that there are at most 2 nontrivial cocycle classes given by the Virasoro

cocycles on the two Witt algebra’s, ω(Ωaeinx
+
eilx

−
∂µ,Ω

be−inx
+
e−ilx

−
∂ν) = 0 for [ω] ∈

H2
ct(g/J5), a, b ≥ 3, by proposition 5.36 and proposition 5.41. Proposition 5.42, together

with the density of the complex exponentials, proposition 4.22, then shows that there are

at most 5 additional cocycle classes. Thus in total, there are at most 7 nontrivial cocycle

classes.
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Chapter 6

Asymptotic symmetries of three

dimensional Anti-de-Sitter space

Now that we have determined the second cohomology group, we can determine the trivial

symmetry algebra and the asymptotic symmetry algebra, according to definition 4.12.

Remember that the trivial symmetries are the ones that are irrelevant for a classification

of the fundamental particles and the asymptotic symmetry algebra is the weak asymptotic

symmetry algebra without the trivial symmetries. These will be determined in section 6.2

and afterwards we will interpret the result in section 6.3. The asymptotic symmetry algebra

is significantly larger than the isometry algebra, so we will explain how these additional

symmetries should be interpreted in terms of the resulting fundamental particles. We are

also interested in the comparison between the Noether and Wigner perspective symmetry

algebras, so we actually start by discussing how the Noether symmetry algebra was derived

in Ref. [BH86].

6.1 Noether perspective asymptotic symmetry algebra

In the seminal paper [BH86], the asymptotic symmetry algebra in the Noether perspective

was determined. This is the quotient of the weak asymptotic symmetry algebra by the

symmetries that generate trivial charges. In this section we will explain qualitatively how

this result was obtained, without treading too much into the details.

First of all, we note that Brown and Henneaux work in the Arnowitt–Deser–Misner

(ADM) formalism of general relativity. In this formalism D dimensional spacetime is split

up into the D − 1 dimensional slices, which should contain the spatial directions. The

direction that is left is thus the time direction. In this formalism one can construct a

Hamiltonian that specifies Einstein’s equations. The canonical coordinates are then given

by the induced metric in the spatial directions gij(x), where 1 ≤ i, j ≤ D−1. The canonical

momentum is in turn given as normal by πij(x) = ∂L
∂ ˙gij

, with L the Lagrangian density.

Moreover, Brown and Henneaux used the same boundary conditions for the metric

as in this thesis. They popularized these boundary conditions and motivated them by

choosing the strongest boundary conditions that contained all of the point particle metrics
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as well as including the metrics obtained by acting with an AdS3 isometry on the point

particle metrics.

After calculating the weak asymptotic symmetry group in the same manner as in

section 4.5, they then determine the conserved charges via the Regge-Teitelboim proce-

dure [RT74], which we will now explain.

The Hamiltonian H[ξ] =
∫
C d

2xH[ξ] is an integral over a Hamiltonian density where C

is some two dimensional slice of AdS containing the spatial directions. The variation of

this Hamiltonian produces boundary terms, i.e.

δH[ξ] =

∫
C
d2xAij(x)δgij(x) +Bij(x)δπ

ij(x) +

∫
∂C
dxJ̃ [ξ] (6.1)

for some Aij , Bij and J̃ . Now these boundary terms are unwanted, for the following reason.

The equations of motion are given by

˙gij(x) =
δH

δπij(x)

˙πij(x) = − δH

δgij(x)

(6.2)

and for the volume terms these variations are given by∫
C d

2xAij(x)δgij(x) +Bij(x)δπ
ij(x)

δπij(x)
= Bij∫

C d
2xAij(x)δgij(x) +Bij(x)δπ

ij(x)

δgij(x)
= Aij

(6.3)

but the variations of the boundary terms are undefined. We thus add a boundary term

J [ξ] to the Hamiltonian that compensates these terms:

H̃[ξ] = H[ξ] + J [ξ] (6.4)

such that δH̃[ξ] =
∫
C d

2xAij(x)δgij(x) +Bij(x)δπ
ij(x). The boundary terms J [ξ] are now

the conserved charges.

Actually performing the calculations then shows that the charge J is zero for all the

symmetries in the ideal i. The asymptotic symmetry algebra in the Noether perspective is

thus simply wL ⊕wR.

6.2 Wigner perspective trivial symmetry algebra

Remember that a trivial symmetry in the Wigner perspective is a symmetry ξ such that

π(ξ) = 0 for every continuous projective unitary positive energy representation π of the

symmetry algebra. We will take the positive energy representations to be of positive

energy at ∂t, as this is the timelike direction. As noted in section 4.1 however, g might

not have a corresponding Lie group, so we cannot determine what symmetries are trivial
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by looking at the 2-cocycles on g and using proposition 3.12. Instead we determine the

weakly trivial symmetry algebra t generated by the vector fields ∂tη such that [∂tη, η] = 0

and ω(∂tη, η) = 0. If a quotient algebra of g has a corresponding Lie group, any weakly

trivial symmetries contained in this quotient algebra become trivial symmetries, as shown

in section 4.1. As the asymptotic symmetry algebra should be a quotient algebra of g with

a corresponding Lie group and should not contain any trivial symmetries, it cannot contain

any weakly trivial symmetries either. We will thus determine g/t and we will find that this

has a corresponding Lie group, and is thus the asymptotic symmetry algebra.

We remind the reader that g only contains vector fields that are 2π-periodic in both

x+, x−. Thus for example Ω3 sin(t)∂Ω = Ω3 sin(x
++x−

2 )∂Ω is not in g.

Let us first consider the Witt algebras wL ⊕wR. These are not trivial symmetries as

we can extend the projective unitary positive energy continuous Witt representations on w

(for the existence of these see e.g. Ref. [SN14]) to g = wL ⋉ (wR ⋉ i) using the semi-direct

product structure. Thus t ⊆ i. Now we determine which elements generate the ideal of

weakly trivial symmetries.

Proposition 6.1. Suppose x ∈ i such that x = f(Ω)g(t)p(ϕ)∂µ with µ ∈ {Ω, ϕ} and

g = ∂th for some smooth function h. Then x ∈ t

Proof. Define y = f(Ω)h(t)p(ϕ)∂µ, then y ∈ i and ∂ty = x. Now note that [∂ty, y] =(
fp(∂th)(∂µfp)h− fph(∂µ∂tfph)

)
∂µ = 0, and for all [ω] ∈ H2

ct(g), by proposition 5.36 and

proposition 5.41, ω(∂ty, y) = 0. Hence x ∈ t.

From now on we will work in the complexification, and note that by proposition 2.15, for

any subalgebra h, [g, h] = Re([gC, hC]). Thus if x ∈ [gC, tC], then Re(x) ∈ t. Furthermore,

note that t is closed by definition. Thus if D ⊆ t, then the closure D ⊆ t.

Using proposition 6.1 and the fact that t is a closed ideal, we show that every term

f∂µ ∈ t with f ∈ O(Ω6) by showing that f∂µ ∈ [g, t].

Proposition 6.2.

O(Ω6)∂Ω +O(Ω6)∂t +O(Ω6)∂ϕ ⊆ t (6.5)

Proof. We will start by showing that O(Ω6)∂µ ⊂ t for µ ∈ {Ω, ϕ}. Let f(Ω, t, ϕ)∂µ ∈
O(Ω6)∂µ and defineA(Ω, t, ϕ) = Ω3

∫
f(Ω, t, ϕ)Ω−6dΩ if µ = Ω andA(Ω, t, ϕ) =

∫
f(Ω, t, ϕ)Ω−3dΩ

if µ = ϕ. These are well defined andA ∈ O(Ω4) by proposition 4.14. ThusA(Ω, t, ϕ)ei(x
++x−)∂µ ∈

g. Now by proposition 6.1, noting that ei(x
++x−) = ei2t/l, Ω3ei(x

++x−)∂Ω ∈ t and as t is an

ideal, [Ω3ei(x
++x−)∂Ω, A(Ω, t, ϕ)e

−i(x++x−)∂µ] ∈ t. Computing this, first for µ = Ω,

[Ω3ei(x
++x−)∂Ω, A(Ω, t, ϕ)e

−i(x++x−)∂Ω] =
(
Ω3∂ΩA(Ω, t, ϕ)− 3Ω2A(Ω, t, ϕ)

)
∂Ω

=Ω6∂Ω(A(Ω, t, ϕ)Ω
−3)∂Ω

=f(Ω, t, ϕ)∂Ω

(6.6)

and for µ = ϕ,

[Ω3ei(x
++x−)∂Ω, A(Ω, t, ϕ)e

−i(x++x−)∂ϕ] =Ω3∂ΩA(Ω, t, ϕ)∂ϕ = f(Ω, t, ϕ)∂ϕ (6.7)
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Thus f(Ω, t, ϕ)∂µ ∈ t.

Now let f(Ω, t, ϕ)∂t ∈ O(Ω6)∂t and again define A(Ω, t, ϕ) =
∫
f(Ω, t, ϕ)Ω−3dΩ. Again

[Ω3ei(x
++x−)∂Ω, A(Ω, t, ϕ)e

−i(x++x−)∂t] ∈ t and this is given by

[Ω3ei(x
++x−)∂Ω, A(Ω, t, ϕ)e

−i(x++x−)∂t] =Ω3∂ΩA(Ω, t, ϕ)∂t − 2i/lΩ3A(Ω, tϕ) cos(t)∂Ω

=f(Ω, t, ϕ)∂t − 2i/lΩ3A(Ω, t, ϕ)∂Ω

(6.8)

Now as O(Ω6)∂Ω ⊂ t and −2i/lΩ3A(Ω, t, ϕ)∂Ω ∈ O(Ω6)∂Ω, we conclude that f(Ω, t, ϕ)∂t ∈ t

as well.

For the next few proofs, we note that as J = O(Ω6)∂Ω + O(Ω6)∂t + O(Ω6)∂ϕ ⊆ t,

we can work in the quotient t/J . Then f ∈ t/J implies f ∈ t. Furthermore, we can

assume that f = Ωaeinx
+
eimx

−
∂µ as these elements are dense in t/J , see proposition 4.22.

Lastly, note that f = Ωaeinx
+
eimx

−
∂µ = Ωaeit(n+m)/leiϕ(n−m)∂µ and thus if n +m ≠ 0,

f ∈ t by proposition 6.1. We thus assume that n = −m. We conclude that if we show

Ωbeinx
+
e−inx

−
∂µ ∈ t/J for b ≥ a, then O(Ωa)∂µ ⊆ t.

We will now calculate commutators between t and the Witt algebra elements, and show

that i/span{Ω3∂Ω} ⊆ t where the quotient is a vector space quotient. As Ω3∂Ω /∈ [g, g],

it cannot be a generator of t and is also not in the closed ideal generated by the weakly

trivial symmetries, thus Ω3∂Ω is not a weakly trivial symmetry.

Proposition 6.3. Let a ≥ 4 and suppose O(Ωa+1)∂− ∈ t. Then

O(Ωa)∂Ω ∈ t (6.9)

Proof. Let f(Ω, t, ϕ)∂Ω ∈ O(Ωa)∂Ω. As noted above, we can assume that f = Ωbei2nϕ∂Ω =

Ωbein(x
+−x−)∂Ω for b ≥ a. Now let k ∈ Z, then

[ξk,Ω
bei(n−k)x

+
e−inx

−
∂Ω] =[eikx

+

(
ik

Ω

2
∂Ω + ∂+ − l2k2Ω2

2
∂−

)
,Ωbei(n−k)x

+
e−inx

−
∂Ω] =

=einx
+
e−inx

−
(
(ik

b

2
Ωb + i(n− k)Ωb + i

nk2l2

2
Ωb+2 − ik

1

2
Ωb)∂Ω + l2k2Ωb+1∂−

)
=einx

+
e−inx

−
(
i(n+ k

b− 3

2
)Ωb∂Ω + i

nk2l2

2
Ωb+2∂Ω + l2k2Ωb+1∂−

)
(6.10)

Now for k ̸= 0, Ωbei(n−k)x
+
e−inx

−
∂Ω ∈ t by proposition 6.1, so

einx
+
einx

−
(
i(n+ k b−3

2 )Ωb∂Ω + ink
2l2

2 Ωb+2∂Ω + l2k2Ωb+1∂−

)
∈ t as well. As

einx
+
einx

−
(
ink

2l2

2 Ωb+2∂Ω + l2k2Ωb+1∂−

)
∈ t by assumption and proposition 6.2, we con-

clude that (n+ k b−3
2 )einx

+
einx

−
Ωb∂Ω ∈ t for k ≠ 0. Taking k ≠ 0, n+ k (b−3)

2 ̸= 0, yields

the result as b ≥ a ≥ 4.

Corollary 6.4.

O(Ω5)∂Ω ∈ t (6.11)
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Knowing that O(Ω5)∂Ω ∈ t, we work in the vector space quotient g/I with I =

O(Ω5)∂Ω +O(Ω6)∂+ +O(Ω6)∂− from now on.

Proposition 6.5.

O(Ω4)∂ϕ ⊆ t (6.12)

Proof. Let f(Ω, t, ϕ)∂ϕ ∈ O(Ω4)∂ϕ. We can again assume f = Ωaei2nϕ∂ϕ = Ωaein(x
+−x−)(∂+−

∂−) for a = 4, 5. Now for k ≠ 0, Ωaei(n−k)x
+
e−inx

−
(∂+ − ∂−) ∈ t by proposition 6.1, so

commutators with this element are in t as well.

[ξk,Ω
aei(n−k)x

+
e−inx

−
(∂+ − ∂−)]

=[eikx
+

(
ik

Ω

2
∂Ω + ∂+ − l2k2Ω2

2
∂−

)
,Ωaei(n−k)x

+
e−inx

−
(∂+ − ∂−)] =

=einx
+
e−inx

−
(
(ik

a

2
Ωa + i(n− k)Ωa + i

nk2l2

2
Ωa+2)(∂+ − ∂−)− ikΩa

(
ik

Ω

2
∂Ω + ∂+ − l2k2Ω2

2
∂−

))
=einx

+
e−inx

−
iΩa

((
n+ k

(a
2
− 1
))

(∂+ − ∂−)− k∂+

)
(6.13)

[ξ̄m,Ω
aeinx

+
e−i(n+m)x−(∂+ − ∂−)]

=[eimx
−
(
im

Ω

2
∂Ω + ∂− − l2m2Ω2

2
∂+

)
,Ωaeinx

+
e−i(n+m)x−(∂+ − ∂−)] =

=einx
+
e−inx

−
(
(im

a

2
Ωa − i(n+m)Ωa − i

nm2l2

2
Ωa+2)(∂+ − ∂−) + imΩa

(
im

Ω

2
∂Ω + ∂− − l2m2Ω2

2
∂+

))
=einx

+
e−inx

−
iΩa

((
−n+m

(a
2
− 1
))

(∂+ − ∂−) +m∂−

)
(6.14)

and adding the two with k = m results in:

[ξk,Ω
aei(n−k)x

+
e−inx

−
(∂+ − ∂−)] + [ξ̄m,Ω

aeinx
+
e−i(n+m)x−(∂+ − ∂−)]

= einx
+
e−inx

−
iΩak(a− 3)(∂+ − ∂−)

(6.15)

As k ̸= 0, a ̸= 3, we conclude that einx
+
e−inx

−
Ωa∂ϕ ∈ t. As t is closed and the exponentials

are dense, we conclude that O(Ω4)∂ϕ ⊆ t.

Proposition 6.6.

O(Ω4)∂± ⊆ t (6.16)

Proof. Let f(Ω, t, ϕ)∂± ∈ O(Ω4)∂±. We can assume that f(Ω, t, ϕ) = Ωaeinx
+
eimx

−
for

a = 4, 5. By proposition 6.5 Ωaei(n−k)x
+
eimx

−
(∂+ − ∂−) ∈ t, so the following commutator
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is in t as well.

[ξk,Ω
aei(n−k)x

+
eimx

−
(∂+ − ∂−)] = [eikx

+

(
ik

Ω

2
∂Ω + ∂+ − l2k2Ω2

2
∂−

)
,Ωaei(n−k)x

+
eimx

−
(∂+ − ∂−)] =

=einx
+
eimx

−
(
(ik

a

2
Ωa + i(n− k)Ωa − i

mk2l2

2
Ωa+2)(∂+ − ∂−)− ikΩa

(
ik

Ω

2
∂Ω + ∂+ − l2k2Ω2

2
∂−

))
=einx

+
eimx

−
iΩa

((
n+ k

(a
2
− 1
))

(∂+ − ∂−)− k∂+

)
(6.17)

Now as einx
+
eimx

−
iΩa

(
n+ k

(
a
2 − 1

))
(∂+ − ∂−) ∈ t by proposition 6.5, we conclude that

einx
+
eimx

−
Ωa∂+ ∈ t as well, as we can always take k ̸= 0. Now einx

+
eimx

−
Ωa∂− ∈ t follows

by switching around x+, x− as is shown in equation 6.14.

Corollary 6.7.

O(Ω4)∂Ω ⊆ t (6.18)

Proof. This is immediate from proposition 6.3 and proposition 6.6.

In the next proposition and corollary, the quotient is again the vector space quotient.

Proposition 6.8.

(O(Ω3)/span{Ω3})∂Ω ⊆ t (6.19)

Proof. Let f(Ω, t, ϕ)∂Ω ∈ (O(Ω3)/span{Ω3}))∂Ω. We can once again assume f = Ω3ei2nϕ∂Ω =

Ω3ein(x
+−x−)∂Ω. However, now as f ̸= Ω3, we can assume that n ≠ 0. Now let k ∈ Z, then

equation 6.10 gives

[ξk,Ω
3ei(n−k)x

+
e−inx

−
∂Ω] =e

inx+e−inx
−
(
inΩ3∂Ω + i

nk2l2

2
Ω5∂Ω + l2k2Ω4∂−

)
(6.20)

Moreover as einx
+
e−inx

−
(
ink

2l2

2 Ω5∂Ω + l2k2Ω4∂−

)
∈ t and Ωbei(n−k)x

+
e−inx

−
∂Ω ∈ t for

k ̸= 0, we conclude that einx
+
e−inx

−
inΩ3∂Ω ∈ t.

Corollary 6.9.

(O(Ω3)/span{Ω3})∂Ω +O(Ω4)∂+ +O(Ω4)∂− ⊆ t (6.21)

Proof. This is immediate from proposition 6.8 and proposition 6.6.

Thus g/t = wL ⊕wR ⊕ span{Ω3∂Ω}. This has a corresponding Lie group, as w is the

Lie algebra of Diff(S1) and span{Ω3∂Ω} is isomorphic to the Lie algebra of R. Moreover as

wL ⊕wR do not contain any trivial symmetries, if span{Ω3∂Ω} is a nontrivial symmetry,

then g/t is thus the asymptotic symmetry algebra. Now note that any continuous projective

unitary positive energy representation ρ of wL ⊕ wR can be extended to g/t by letting

ρ(Ω3∂Ω) ∈ pu(D) be arbitrary, for example nonzero. Thus Ω3∂Ω /∈ t and we conclude

that g/t does not contain any trivial symmetries and has a corresponding Lie group. It is

therefore the asymptotic symmetry algebra, so we denote as = g/t.
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6.3 Physical interpretation of asymptotic symmetries

In the previous section we have shown that the asymptotic symmetry algebra in the Wigner

perspective is given by as = wL ⊕wR ⊕ R. We will now explain how this result should be

interpreted physically. We will therefore also use a physicist’s level of rigor in this section.

We will start with the interpretation of the asymptotic symmetry algebra in the Noether

perspective, where it is given by wL ⊕wR and turn to the Wigner perspective asymptotic

symmetry algebra afterwards.

6.3.1 Noether perspective asymptotic symmetry algebra

We follow the interpretation as given in Ref. [Obl17]. We first note that wL ⊕wR contains

the isometry algebra of AdS3, o(2, 2), and the irreducible projective unitary positive energy

representations of the isometry algebra can be interpreted as the fundamental particles in

AdS3 space, akin to Wigner’s classification. However, AdS3 is a vacuum solution, meaning

that the energy-stress tensor is zero everywhere, thus no particle can truly live in AdS3.

Instead, the existence of a fundamental particle would slightly alter the spacetime and

metric. Of course, if the particle moves around in spacetime, this perturbation of the

gravitational field would move along with it. We thus say that the fundamental particle is

dressed by the gravitational field, or by soft gravitons. The graviton is the hypothetical

particle given by excitations of the gravitational field, and soft means low energy in this

context. The core idea, and the terminology therefore as well, is similar to dressed particles

in solid state physics such as polarons. The particle without the dressing is called the bare

particle.

The bare particles are thus classified by the isometry algebra. The additional symmetries

in the asymptotic symmetry algebra tell us how the bare particles can be dressed. This

is sensible, as asymptotic AdS3 spaces need not be vacuum solutions and can thus have

fundamental particles in them. The asymptotic symmetries tell us which symmetries are

allowed such that the spacetime stays asymptotically AdS3, and if we assume that all

asymptotically AdS3 spaces have the same bare particles, then the additional symmetries

must show how these bare particles are to be dressed.

Now the Wigner perspective asymptotic symmetry algebra has an additional factor of

R compared to the Noether perspective one. As irreducible representations of abelian Lie

algebras are one-dimensional, this means that every fundamental particle has an additional

label, which is given by an arbitrary number in R. As this factor of R is not included in

the isometry algebra, we expect this label to tell us something about the way the particle

is dressed, and not about the bare particle.

6.3.2 Wigner perspective asymptotic symmetry algebra

In Ref. [CHD95] it is shown that the asymptotic dynamics of AdS3 are given by Liouville

theory. This is a two dimensional conformal field theory (CFT). The field ψ is a real field
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on the torus, with action given by

S[ψ] =

∫
dtdϕ(

1

2
∂+ψ∂−ψ + 2 exp(ψ)) (6.22)

It is a field on the torus specifically as the torus is the asymptotic boundary of AdS3.

Inspired by these two dimensional CFT’s, we will construct quantum states for the

interacting boson, following the procedure for the free boson in section 6.3 of Ref. [DMS97],

given by the Lagrangian

L[ψ] =
∫
dϕ(∂tψ)

2 − (∂ϕψ)
2 + V (ψ) (6.23)

where ψ is once again a real field on either the torus or the cylinder, so t ∈ R, ϕ ∈ S1. The
field is defined on either the torus or the cylinder as the torus is the asymptotic boundary

of AdS3 and the CFT should be defined on this boundary. The cylinder is also possible for

our purposes as this gives the same results. We will then find that this CFT gives us a

projective unitary positive energy representation of as.

The states that we will construct will be the same states as for the free boson, so with

V = 0. In the free case these states are the eigenstates of the Hamiltonian, but this is no

longer true in the interacting case. Lastly, we note that Liouville theory is a special case of

the interacting boson, where the potential is given by an exponential.

Construction of states

We start by decomposing ψ(ϕ, t) into Fourier modes:

ψ(ϕ, t) =
∑
n

einϕψn(t) (6.24)

ψn(t) =
1

2π

∫
dϕe−inϕψ(ϕ, t) (6.25)

Now ∫
dϕ(∂tϕ)

2 =

∫
dϕ
∑
n

∑
m

ei(n+m)ϕψ̇nψ̇m = 2π
∑
n

ψ̇nψ̇−n∫
dϕ(∂ϕψ)

2 =

∫
dϕ
∑
n

∑
m

ei(n+m)ϕ · −nmψnψm = 2π
∑
n

n2ψnψ−n

(6.26)

and the Lagrangian thus becomes

L[ψ] = 2π
∑
n

ψ̇nψ̇−n − n2ψnψ−n + V (ψ) (6.27)

The conjugate momentum is then easily found to be

πn =
∂L
∂ψ̇n

= 4πψ̇−n (6.28)
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The Hamiltonian is given by

H = 2π
∑
n

ψ̇nψ̇−n + n2ψnψ−n − V (ψ) =
1

8π

∑
n

πnπ−n + (4πn)2ψnψ−n − V (ψ) (6.29)

Lastly we note that ψ†
n = ψ−n because of its definition as Fourier modes and as ψ is real,

and therefore also π†n = π−n. Hence ψnψ−n = |ψn|2 and similarly for πn, thus for V = 0 we

have a set of decoupled harmonic oscillators. Now we will quantize and set [ψn, πn] = iδn,m.

As we want to construct the eigenstates of the free boson, we draw inspiration from the

harmonic oscillator, and define the creation and annihilation operators, or ladder operators,

ãn, ã
†
n

ãn =
1√
8π|n|

(4π|n|ψn + iπ−n) (6.30)

for n ̸= 0. For n = 0 the frequency of the harmonic oscillator is zero and the operator is

not well defined. We now have

[ãn, ãm] =
1

8π|n||m||
([4π|n|ψn, iπ−m] + i[π−n, 4π|m|ψm]) = 0

[ãn, ã
†
m] =

1

8π|n||m||
([4π|n|ψn,−iπm] + i[π−n, 4π|m|ψ−m]) = δn,m

(6.31)

as expected. We essentially have two sets of ladder operators, one for n > 0 and one for

n < 0. We split these into two sectors explicitly as follows:

an =

−i
√
n ãn (n > 0)

i
√
−n ã†−n (n < 0)

ān =

−i
√
n ã−n (n > 0)

i
√
−n ã†n (n < 0)

(6.32)

which have the commutation relations

[an, am] = nδn+m [an, ām] = 0 [ān, ām] = nδn+m (6.33)

Moreover, note that a−n = a†n, ā−n = ā†n. We now want to rewrite the Hamiltonian in

terms of these ladder operators. To this end we compute the following expression:∑
n̸=0

a−nan + ā−nān =
∑
n>0

a−nan + ana−n + ā−nān + ānā−n

=
∑
n>0

2a−nan + 2ā−nān + 2n =
∑
n>0

2nã†nãn + 2nã†−nã−n + 2n

=
∑
n>0

2n(
1

8πn
(4π|n|ψ−n − iπn)(4π|n|ψn + iπ−n) +

1

8πn
(4π|n|ψn − iπ−n)(4π|n|ψ−n + iπn) + 1)

=
∑
n>0

2n

8πn
(2(4πn)2ψ−nψn + 2πnπ−n + 4πni(ψ−nπ−n − πnψn + ψnπn − π−nψ−n) + 8πn)

=
1

2π

∑
n>0

πnπ−n + (4πn)2ψ−nψn =
1

4π

∑
n̸=0

πnπ−n + (4πn)2ψ−nψn

(6.34)
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Thus the Hamiltonian is given by

H =
1

8π
π20 +

1

2

∑
n̸=0

a−nan + ā−nān − V (ψ)

=
1

8π
π20 +

1

2

∑
n̸=0

a†nan + ā†nān − V (ψ)

(6.35)

We will now show that the ladder operators are indeed raising and lowering operators

for the free boson. We thus for now assume V = 0. Then for m ≠ 0, using [AB,C] =

A[B,C] + [A,C]B,

[H, a−m] =
1

2

∑
n̸=0

[a−nan + ā−nān, a−m]

=
1

2

∑
n̸=0

a−n[an, a−m] + [a−n, a−m]an =
1

2
(ma−m +ma−m) = ma−m

(6.36)

Thus if |E⟩ is an eigenstate with energy E, then

Ha−m|E⟩ = a−mE|E⟩+ma−m|E⟩ (6.37)

and hence a−m|E⟩ is an eigenstate with energy E +m, unless possibly if a−m|E⟩ is the
zero (vacuum) state. We conclude that the operators am, ām are indeed ladder operators

for the free boson. We now return to the interacting case, and define the Witt operators

a0 =
1√
8π
π0

Ln =
1

2

∑
m

: an−mam :
(6.38)

and similarly for L̄n. Here the colons denote normal ordering, which is defined as

: anak :=

 anak if k ≥ n

akan if k < n
(6.39)

One can also normal order larger strings of creation/annihilation operators, in which case

they are put in ascending order of index. This results in the annihilation operators always

being in front on the creation operators in a normally ordered string of operators, which

is desirable as that means that Ln acts as a finite sum on any state with finitely many

particles in it. Furthermore, for n ̸= 0, an−mam commute, so we can rewrite the definition
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of Ln as

Ln =
1

2

∑
m

an−mam

L0 =
∑
m>0

a−mam +
1

2
a20

(6.40)

With this definition, clearly [Ln, L̄n] = 0 for all n. We also want to calculate the

commutator [Ln, Lm], but to handle the infinite sums in Ln we will first introduce an

additional cutoff function, following Ref. [KRR13],

ψ(x) = 1 if |x| ≤ 1;ψ(x) = 0 if |x| > 1 (6.41)

and define

Ln(ϵ) =
1

2

∑
m

: an−mam : ψ(ϵm) (6.42)

meaning that for ϵ ≠ 0, Ln(ϵ) is a finite sum and Ln(ϵ) → Ln as ϵ→ 0. Now we use that

[ak, : an−mam :] = [ak, an−mam] as the difference in ordering introduces a scalar factor at

most, which commutes with ak, and we first compute [ak, Ln(ϵ)]:

[ak, Ln(ϵ)] =
1

2

∑
m

[ak, an−mam]ψ(ϵm) =
1

2

∑
m

[ak, an−m]amψ(ϵm) +
1

2

∑
m

an−m[ak, am]ψ(ϵm)

=
1

2
kan+kψ(ϵ(n+ k)) +

1

2
kan+kψ(−ϵk)

(6.43)

The limit ϵ→ 0 then gives [ak, Ln] = kan+k.

We are now finally ready to compute [Ln, Lm]:

[Ln(ϵ), Lm] =
1

2

∑
k

[an−kak, Lm]ψ(ϵk) =
1

2

∑
k

an−k[ak, Lm]ψ(ϵk) +
1

2

∑
k

[an−k, Lm]akψ(ϵk)

=
1

2

∑
k

an−kkak+mψ(ϵk) +
1

2

∑
k

(n− k)am+n−kakψ(ϵk)

(6.44)

We now want to put the two sums in normal order. For the first sum, the current order is

correct for n− k ≤ k +m, so k ≥ (n−m)/2, and needs to be reversed for k < (n−m)/2.

The terms in the second sum are in the correct order for m+ n− k ≤ k or k ≥ (m+ n)/2

and need to be reversed for k < (m+ n)/2. Using the commutations relations we reverse
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the necessary terms, resulting in

[Ln(ϵ), Lm] =
1

2

∑
k

k : an−kak+m : ψ(ϵk) +
1

2

∑
k

(n− k) : am+n−kak : ψ(ϵk)

+
1

2

∑
k<(n−m)/2

δn+mk(n− k)ψ(ϵk) +
1

2

∑
k<(n+m)/2

δn+m(n− k)(−k)ψ(ϵk)

=
1

2

∑
k

(k −m) : an+m−kak : ψ(ϵ(k −m)) +
1

2

∑
k

(n− k) : am+n−kak : ψ(ϵk)

+
1

2

∑
k<n

δn+mk(n− k)ψ(ϵk)− 1

2

∑
k<0

δn+mk(n− k)ψ(ϵk)

=
1

2

∑
k

(k −m) : an+m−kak : ψ(ϵ(k −m)) +
1

2

∑
k

(n− k) : am+n−kak : ψ(ϵk)

+
1

2
δn+m

∑
0≤k<n

k(n− k)ψ(ϵk)

(6.45)

Finally we take the limit ϵ→ 0, to arrive at

[Ln, Lm] = (n−m)Ln+m+
1

2
δn+m

∑
0≤k<n

k(n−k) = (n−m)Ln+m+δn+m
1

12
(n3−n) (6.46)

This is precisely the Gelfand-Fuks cocycle we found in proposition 3.42, thus the Ln

give a projective representation of the Witt algebra. These operators Ln are then called the

Virasoro operators, after the Virasoro algebra that they form, which is the unique central

extension of the Witt algebra. Moreover, we note that for the free boson, H = L0 + L̄0,

meaning that ∂t in as gets mapped to the free boson Hamiltonian.

We will now define the quantum states, by defining the Fock space, which means that

we define what the zero particle states are, the one particle states, two particle states et

cetera. The an, ān should be annihilation operators for n > 0 and creation operators for

n < 0, as we saw that for the free boson a−m|E⟩ is an eigenstate of H with energy E +m

if |E⟩ is an eigenstate of H. We would thus typically define the vacuum to be the state |0⟩
such that for n > 0

an|0⟩ = ān|0⟩ = 0 (6.47)

This does not define the vacuum uniquely however, as we still have the operator a0,

which commutes with an. Therefore, we actually have infinitely many vacua, one for each

eigenvalue of a0. We thus define the vacua as follows

an|α⟩ = ān|α⟩ = 0 (n > 0) and a0|α⟩ = α|α⟩ (6.48)

Let (nj)j≥1, (mj)j≥1 ⊆ N such that
∑
nj ,
∑
mj are finite, then we define the other states

as

|(nj)j≥1, (mj)j≥1, α⟩ = C(nj)j≥1,(mj)j≥1
an1
−1a

n2
−2 . . . ā

m1
−1 ā

m2
−2 . . . |α⟩ (6.49)
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C(nj)j≥1,(mj)j≥1
=

1√∏
j(nj)!(mj)!jmj+nj

(6.50)

The necessity of this normalization constant will be shown later. We will write n =

(nj)j≥1,m = (mj)j≥1, δk = (δj,k)j≥1 as a shorthand. We define the inner product to be the

unique inner product such that |n,m, α⟩,|n′,m′, α′⟩ are orthonormal. One might question

if states with different α should indeed be orthogonal, as α is a continuous parameter, but

we note that as we want a0 to be self-adjoint, ⟨α′|a0|α⟩ = α⟨α′|α⟩ = α′⟨α′|α⟩, meaning

⟨α′|α⟩ must be zero.

The operators Ln, L̄n, a0 together with the Fock space thus give us a projective rep-

resentation of as. We will now show that this is a projective unitary positive energy

representation. Starting with positive energy, we note that L0+ L̄0 should be the generator

of time translations, as this is ∂t in as. We will therefore show that L0 is positive energy,

then analogously the same holds for L̄0 and the sum is also of positive energy. We start by

computing the following commutator, for n,m > 0,

[am, a
n
−m] =ama

n
−m − an−mam = a−mama

n−1
−m − an−mam +man−1

−m

=a−m[am, a
n−1a−m] +man−1

m = nman−1
m

(6.51)

where the last step follows by applying the previous steps n−1 times. Using this calculation,

we find

a−kak|n,m, α⟩ =an1
−1a

n2
−2 . . . a−kaka

nk
−k . . . ā

m1
−1 ā

m2
−2 . . . |α⟩ =

an1
−1a

n2
−2 . . . a

nk
−ka−kak . . . ā

m1
−1 ā

m2
−2 . . . |α⟩+ nkk|n,m, α⟩ =

0 + nkk|n,m, α⟩

(6.52)

Note that in the last step, the first term is zero as ak annihilates the vacuum and commutes

with all of the terms in front of it. We are now ready to calculate ⟨L0⟩,

⟨n,m, α|L0|n,m, α⟩ =1

2
α2 +

∑
k>0

⟨(nj)j≥1, (mj)j≥1, α|a−kak|(nj)j≥1, (mj)j≥1, α⟩

=
1

2
α2 +

∑
k>0

knk ≥ 0

(6.53)

Thus L0 is of positive energy.

To show that this is a unitary representation, we first note that this is a complex Lie

algebra, so the standard notion of the operators being skew-Hermitian does not make sense,

as noted in remark 3.4. Instead, we should show that this is a *-representation. If π is

the representation, thus mapping ξn ∈ ads3 to Ln as an operator on the Fock space, we

require π(x)† = x†. Now it is easily shown that ξ†n = ξ−n, (1/r∂r)
† = 1/r∂r, thus we need

to show that L†
n = L−n and a†0 = a0.

We note that we have previously defined a dagger on the operators ãn, but we have

not checked that this is consistent with our definition of the inner product in the Fock
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space. We will therefore not use this dagger, but show directly from the inner product that

a†k = a−k for k > 0. First, note that

⟨n′,m′, α′|a−k|n,m, α⟩ = Cn,m/Cn+δk,m⟨n′,m′, α′|n+ δk,m, α⟩ (6.54)

If we show that the same is true for a†n, then they are the same operator. To this end, note

that using equation we have

ak|n′,m′, α′⟩ = Cn′,m′a
n′
1

−1a
n′
2

−2 . . . aka
n′
k

−k . . . ā
m′

1
−1 ā

m′
2

−2 . . . |α
′⟩

=0 + Cn′,m′n′kka
n′
1

−1a
n′
2

−2 . . . aka
n′
k−1

−k . . . ā
m′

1
−1 ā

m′
2

−2 . . . |α
′⟩ =

Cn′,m′n′kk

Cn′−δk,m′
|n′ − δk,m

′, α′⟩

(6.55)

Thus

⟨n′,m′, α′|a†k|n,m, α⟩ =
Cn′,m′n′kk

Cn′−δk,m′
⟨n′ − δk,m

′, α′|n,m, α⟩ (6.56)

We conclude that if
Cn,m

Cn+δk,m
=

Cn′,m′n′
kk

Cn′−δk,m′
for n′ = n+ δk,m

′ = m, we are done. This is

immediate from
Cn,m

Cn+δk,m
=
√
(nk + 1)k,

Cn′,m′n′
kk

Cn′−δk,m′
=
√
n′kk.

We thus see that this form of the normalization constant Cn,m is necessary to obtain

the correct adjoint relations for the creation and annihilation operators. The form of the

normalization constant is also similar to the standard Fock space normalization constant

and the difference occurs as now [an, a−n] = n instead of 1, which is standard. Now

for k < 0, we note that a†k = (a†−k)
† = a−k and lastly, a†0 = a0 is immediate from

⟨n′,m′, α′|a0|n,m, α⟩ = αδn′,nδm′,m, δα′,α.

Now calculating the adjoint of Ln for n ̸= 0 is easily done from the definition in

equation 6.38. Indeed,

L†
n =

1

2

∑
m

a†ma
†
n−m =

1

2

∑
m

a−mam−n =
1

2

∑
m

a−n−mam = L−n (6.57)

For n = 0, it is also immediate, L†
0 =

∑
m>0 a

†
ma

†
−m + 1

2a
2
0 = L0. We conclude that this is

indeed a *-representation of AdS3 and therefore gives rise to a projective unitary positive

energy representation of as. However, ∂t is represented by the free boson Hamiltonian

instead of the Liouville Hamiltonian, which is unexpected.

For a more rigorous approach to the Lie algebras generated by an, by Ln and their

representations, we refer to Ref. [KRR13].

Further notes

An interesting implication of constructing the Virasoro operators like this is that L0 − L̄0

is now quantized, having only integer eigenvalues. L0 − L̄0 should be the generator of

the angular momentum, as it is the image of ∂ϕ, thus the angular momentum would be
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quantized. Noting that this is the angular momentum of a particle, we should interpret

this as the spin of the particle, which should indeed be quantized.

Something very similar to this quantization of the boson occurs in string theory,

where one also has Virasoro operators Ln, L̄n and the center-of-mass momentum p0 of the

string, and p0 commutes with the Virasoro operators. For more details, see for example

Ref. [GSW12].

Lastly, the projective unitary positive energy representations of the Witt algebra are

the highest weight representations, where we take some h ≥ 0, define L0|h⟩ = h|h⟩ and then

let L−n (Ln) be the creation (annihilation) operators. The Witt modes Ln are required

to have the commutation relations of the Witt algebra. We note that if we additionally

define h = 1
2α

2, |h⟩ = |α⟩, a0|α⟩ = α, then this gives us a projective unitary positive

energy representation of w⊕ R. If we also introduce L̄n, ā0 in the same fashion we have

a projective unitary positive energy representation of wL ⊕wR ⊕ R⊕ R. This symmetry

algebra has one factor of R too many, so we have to set ā0 = a0. This implies ᾱ = α, h̄ = h

and gives a projective unitary positive energy representation of wL ⊕wR ⊕ R as we were

looking for. As ā0 = a0, h̄ = h, there are no winding modes in this construction, which are

modes for which ā0 ̸= a0.

The representations of the Noether perspective symmetry algebra thus have a natural

extension to the representations of the Wigner perspective symmetry algebra, where the

additional factor represents the square root of the weight of the representation. We note

however that we now had to require h̄ = h, as this is not necessary for a projective unitary

positive energy representation of wL ⊕wR. Without this condition, the spin L0 − L̄0 is

not quantized.

In both the CFT and the string theory cases, the extra factor of R in the Wigner

perspective thus corresponds to the zero-mode or center-of-mass momentum. It also implies

the quantization of spin, which is not present in arbitrary projective unitary positive energy

representations of the Noether perspective symmetry algebra. This is expected in a sense,

as quantization of spin is a quantum phenomenon, whereas the Noether perspective is a

classical perspective as it looks at classically conserved charges. However, we do note that

this is only one possible interpretation and not a definite answer. As a last bit of evidence

for our interpretation, we mention that the vector field 1/r∂r, which represents the factor

R, is also constant in ϕ, just as a0 and p0.
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Chapter 7

Conclusion

Results

In the introduction, we asked the following research question:

What is the largest normal subgroup of the weak asymptotic symmetry group of AdS3 for

which every symmetry is trivial in every projective unitary positive energy representation?

What is the quotient group of the weak asymptotic symmetry group by this normal subgroup

and how does it differ from the standard asymptotic symmetry group?

We have answered this question by determining the trivial symmetries on the level of Lie

algebras. These are given by the ideal t ⊆ i such that as = g/t = wL ⊕wR ⊕ span{Ω3∂Ω}.
The asymptotic symmetry group has as as its Lie algebra and the component connected

to the identity is therefore given by AS0 = Diff(S1)0 ⊕ Diff(S1)0 ⊕ R. The standard

asymptotic symmetry group, so in the Noether perspective, is given by Diff(S1)⊕Diff(S1),
so the new, Wigner perspective asymptotic symmetry group is a trivial extension of the

standard Noether perspective group.

We have then looked at a possible physical interpretation of this result. First of all, we

saw that the extra Virasoro modes, so aside from the sl(2) modes n = −1, 0, 1, should be

interpreted as the dressing of a bare particle with gravitons. Then for the additional factor

of span{Ω3∂Ω} = span{1/r∂r}, we looked at a conformal field theory on the boundary of

AdS. This was inspired by asymptotic AdS being equivalent to Liouville theory on the

boundary and by the more general AdS/CFT correspondence. We then found that the free

and interacting boson on the boundary both have as as symmetry algebra. In these cases

the additional factor span{1/r∂r} corresponded to the average momentum of the field in

the representation. The same is true in string theory and we saw that in fact projective

unitary positive energy representations of wL⊕wR have a natural extension to a projective

unitary positive energy representation of wL ⊕wR ⊕ R. This natural extension leads to

the quantization of spin.

Discussion

Of course, there could also be a mistake in our assumptions. The main assumption is that

of the boundary conditions and it is sometimes said that choosing boundary conditions is
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more of an art than a science. Moreover, the choice of boundary conditions determines

which weak asymptotic symmetry algebra is found and therefore determines the trivial

symmetries as well. A suggestion of different boundary conditions that keeps the Witt

algebra structure as the lowest order structure is given in remark 4.16. Currently, we use

the Ω coordinate and ask of all functions in O(Ωa) to extend smoothly to Ω = 0. For

example 1/
√
r does not satisfy this, as 1/

√
r =

√
Ω is not differentiable in Ω = 0. Instead,

one could define O(1) as all the functions f such that limr→∞ ∂kr f converges, as then all of

the fractional powers of r would be included in O(1).

However, despite possible errors in the boundary conditions, we think that the Wigner

perspective of trivial symmetries offers a useful way of looking at trivial symmetries, for the

following reasons. Especially when one is interested in the fundamental particles belonging

to the asymptotic symmetry algebra, the Wigner perspective of trivial symmetries is a

priori more natural. A posteriori in the case of asymptotic AdS3 it was shown to be more

useful as well, due to the additional factor of span{1/r∂r} having natural correspondences

in 2D CFT’s and string theory.

Future research

In our case of asymptotic AdS3 the difference between the Wigner perspective and Noether

perspective turned out to be ”small”, in the sense that the Wigner perspective asymptotic

symmetry algebra is a one dimensional trivial extension of the Noether perspective algebra.

We expect something similar to hold for three dimensional asymptotically flat space, as

the Noether perspective asymptotic symmetry algebra in this case is connected with the

AdS3 one through the Inönü-Wigner contraction. This is the limit of the curvature going

to zero, and we expect this connection to hold in the Wigner perspective as well. The four

dimensional flat space case, where the Noether perspective symmetry algebra is the BMS

algebra, might very well be different however. Moreover, as the fundamental particles of

the BMS algebra are known to be nonphysical, as mentioned in the introduction, this new

definition could be crucial in determining the correct asymptotic symmetry algebra.

Another interesting research direction would be to extend these results to the super-

symmetric case. Supersymmetry is a theory where every fermion has a corresponding

boson symmetry partner, and vice versa. The graviton, the putative particle associated

to gravity, would thus for example have a fermion symmetry partner that is called the

gravitini. In supersymmetric theories the Hamiltonian can typically be written as an

anticommutator of two elements, leading to the Hamiltonian having positive energy. As

our Wigner perspective analysis is based on the Hamiltonian having positive energy, these

supersymmetric theories provide an interesting ground to extend our results to. One way to

proceed would be to first determine the weak asymptotic symmetries in the supersymmetric

theory. This could be done by extending the Witt algebras to super Witt algebras, where

the bosonic elements are given by vector fields on AdS3 and the fermionic elements are

given by spinors. Then the commutators between the two sectors could be determined,

leading to a minimal weak asymptotic symmetry algebra. Now one could simply look
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at the ideal generated by the trivial symmetries t in the super Lie algebra and therefore

determine which super symmetries should be trivial on these grounds alone.
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Appendix A

Code

Some of the longer calculations in this thesis were checked using Python code, with the

Sympy library. This library can do symbolic algebra and is therefore useful for long

calculations. All of the code is in the following GitHub repository:

https://github.com/Joost987/AsymptoticSymmetries
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Appendix B

Boundary conditions

The following were calculated using Sympy, see Appendix A. They were then simplified a

little by hand.

Lξ3grr =
2l2r

(
−A2 + α2l2 − l2

)
sin (ϕ) cos

(
t
l

)
√
l2 + r2 (−A2 + α2l2 + r2)2

Lξ3grt =
l
(
−Aαl

(
l2 + r2

) (
−A2 + α2l2 + r2

)
cos (ϕ) cos

(
t
l

)
− r2

(
l2 + r2

)2
sin (ϕ) sin

(
t
l

))
r2 (l2 + r2)

3
2 (−A2 + α2l2 + r2)

+

l
(
r2
(
α2l2 + r2

) (
−A2 + α2l2 + r2

)
sin (ϕ) sin

(
t
l

))
r2 (l2 + r2)

3
2 (−A2 + α2l2 + r2)

Lξ3grϕ =
l2
(
−Aαlr2

(
−A2 + α2l2 + r2

)
sin (ϕ) sin

(
t
l

))
r2 (l2 + r2)

3
2 (−A2 + α2l2 + r2)

+

l2
((
r2(l2 + r2)(l2(1− α2) +A2) +A2(l2 + r2)(−A2 + α2l2 + r2)

)
cos (ϕ) cos

(
t
l

))
r2 (l2 + r2)

3
2 (−A2 + α2l2 + r2)

Lξ3gtt =
2
(
−Aαl

(
l2 + r2

)
sin
(
t
l

)
cos (ϕ) + r2l2(α2 − 1) sin (ϕ) cos

(
t
l

))
l2r

√
l2 + r2

Lξ3gtϕ =
−Aαlr2 sin (ϕ) cos

(
t
l

)
−Aαl

(
l2 + r2

)
sin (ϕ) cos

(
t
l

)
+ r2l2

(
α2 − 1

)
sin
(
t
l

)
cos (ϕ)

lr
√
l2 + r2

+A2
(
l2 + r2

)
sin
(
t
l

)
cos (ϕ)

lr
√
l2 + r2

Lξ3gϕϕ =
2A
(
Al2 sin (ϕ) cos

(
t
l

)
+Ar2 sin (ϕ) cos

(
t
l

)
− αlr2 sin

(
t
l

)
cos (ϕ)

)
r
√
l2 + r2

(B.1)

By analyzing the orders we quickly find:Lξgrr Lξgrt Lξgrϕ
Lξgtr Lξgtt Lξgtϕ
Lξgϕr Lξgϕt Lξgϕϕ

 ∼

O(r−4) O(r−3) O(r−3)

O(r−3) O(r1) O(r1)

O(r−3) O(r1) O(r1)

 (B.2)
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Appendix C

Compact open topology

In this appendix we discuss some properties of the compact open topology. First, let

D ⊆ Rn be a vector space and let (Ki)i≥0 be an increasing sequence of compact subsets of

D with union D. We then consider the smooth functions on D, C∞(D) with the topology

generated by the following seminorms:

pKj ,n(f) = sup
x∈Kj

max
|α|≤n

|∂αf(x)| (C.1)

where f ∈ C∞(D) and α is a multi-index.

We will first show that multiplication of functions is jointly continuous, i.e. the map

C∞(D)× C∞(D) → C∞(D) : (f, g) → fg is continuous in the product topology. To this

end, note that this a multilinear map and we can therefore use lemma 2.8.

Lemma C.1. Multiplication is jointly continuous in the compact open topology

Proof. By lemma 2.8, all we need to show is that for all seminorms pKj ,n, we can find

continuous seminorms p, q and a constant C such that

pKj ,n(fg) ≤ Cp(f)q(g) (C.2)

To this end, we use the general Leibniz rule:

∂αfg =
∑

|β|≤|α|

(
α

β

)
∂αf∂βg (C.3)

where α = (α1, . . . , αn),β = (β1, . . . , βn) and
(
α
β

)
=
∏n
i=1

(
αi
βi

)
. Now the result follows

easily from a computation:

pKj ,n(fg) = sup
x∈Kj

max
|α|≤n

|∂α(fg)(x)| ≤ sup
x∈Kj

max
|α|≤n

∑
|β|≤|α|

(
α

β

)
|∂αf(x)||∂βg(x)| ≤

sup
x∈Kj

max
|α|≤n

∑
|β|≤|α|

(
α

β

)
|∂αf(x)| sup

x∈Kj

max
|α|≤n

∑
|β|≤|α|

(
α

β

)
|∂βg(x)| ≤

CpKj ,n(f)pKj ,n(g)

(C.4)
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We will now also show that right composition is continuous in this topology. To this

end, let f ∈ C∞(D) and let g = (g1, . . . , gn) with g1, . . . gn ∈ C∞(D) and im(g) ⊆ D.

As the seminorms involve derivatives, we need to know that the n-th derivative is of a

composition of functions, which is given by the Faà di Bruno formula. This formula is

quite convoluted with a lot of sums, products and combinatorial constants, which we do

not need. We will therefore give a simplified version of the formula and refer to Ref. [CS96]

for the full formula.

Lemma C.2 (Faà di Bruno, lemma 2.3 in Ref. [CS96]). Let f ∈ C∞(D), let g = (g1, . . . , gn)

with g1, . . . gn ∈ C∞(D) and im(g) ⊆ D. Then for α a multi-index, the α derivative is

given by

∂αf(g(x)) =
∑

|λ|≤|α|

(∂λf)(g(x))Pα,λ(x) (C.5)

where Pα,λ is a polynomial in derivatives of g1, . . . , gn and independent of f .

Now continuity follows easily:

Lemma C.3. Let g = (g1, . . . , gn) with g1, . . . gn ∈ C∞(D) and im(g) ⊆ D. Then right

composition with g is continuous, i.e. the map f → f(g) for f ∈ C∞(D) is continuous.

Proof. We have to show that for any j, n, the corresponding seminorm on the composition

is bounded by another continuous seminorm for all f ∈ C∞(D):

pKj ,n(f ◦ g) ≤ Cq(f) (C.6)

where C is a constant and q a continuous seminorm. This follows from lemma C.2 and a

simple computation:

pKj ,n(f ◦ g) = sup
x∈Kj

max
|α|≤n

|∂αf(g(x))| ≤ sup
x∈Kj

max
|α|≤n

∑
|λ|≤|α|

|(∂λf)(g(x))Pα,λ(x)| ≤

sup
x∈Kj

max
|α|≤n

∑
|λ|≤|α|

|(∂λf)(g(x))| sup
x∈Kj

max
|α|≤n

∑
|λ|≤|α|

|Pα,λ(x)|
(C.7)

As g is continuous, its image under Kj is again compact. As (Ki)i≥0 is an increasing

sequence with union D, there exists some i such that g(Kj) ⊆ Ki. Furthermore, as Pα,λ is

independent of f , supx∈Kj
max|α|≤n

∑
|λ|≤|α| |Pα,λ(x)| is a constant we will call C̃. Then

pKj ,n(f ◦ g) ≤C̃ sup
x∈Ki

max
|α|≤n

∑
|λ|≤|α|

|(∂λf)(x)| ≤ C sup
x∈Ki

max
|α|≤n

|(∂αf)(x)| = CpKi,n(f) (C.8)

For later calculations we also give the one-dimensional Faà di Bruno formula [Bru55]:
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Lemma C.4 (Faà di Bruno, one dimensional). Let D ⊆ R be some domain, f ∈ C∞(D), g ∈
C∞(R) with im(g) ⊆ D. Then for all nonnegative integers n, the derivative is given by

dn

dxn
f(g(x)) =

∑ n!

m1!1!m1m2!2!m2 . . .mn!n!mn
· f (m1+···+mn)(g(x)) ·

n∏
j=1

(
g(j)(x)

)mj (C.9)

where the sum is over all nonnegative integers m1, . . . ,mn such that

1 ·m1 + 2 ·m2 + · · ·+ n ·mn = n (C.10)
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