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Abstract: Structured illumination microscopy (SIM) is a technique that employs non-uniform
illumination to shift spatial frequencies that are normally unobservable into the non-zero region
of the optical transfer function (OTF). Several differently illuminated images are combined to
reconstruct these high spatial frequencies, yielding an up to two-fold increase in resolution
beyond the diffraction limit. The reconstruction quality is affected by the noise level which
depends on the specific procedure. In this work, we show that least-squares Fourier domain
reconstruction results in the best possible theoretically achievable SSNR and thus can serve
as a metric for reconstruction quality. We consider, in a general manner, how the choice of
low-pass filtering in the reconstruction procedure affects the spectral signal-to-noise ratio (SSNR)
in the reconstructed image. Finally, we present fast real-space reconstruction procedures that
demonstrate near-optimal noise performance.
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Further distribution of this work must maintain attribution to the author(s) and the published article’s title,
journal citation, and DOI.

1. Introduction

In the context of fluorescent microscopy, Structured Illumination Microscopy (SIM) [1-3] belongs
to a broad family of super-resolution methods, which expand the region of spatial frequencies
that can be transferred by an optical system, by exploiting non-uniform illumination of the
fluorescent sample. This family can be, at least in practice, divided into methods that provide
optical sectioning without going beyond the diffraction limit (confocal microscopy (CM) [4], light
sheet microscopy (LSM)) and those that achieve super-resolution (image scanning microscopy
(ISM) [5,6] and the closely related re-scan technique [7], stimulated emission depletion (STED)
[8,9] and SIM). In all cases, super-resolution is achieved by adding prior knowledge about the
illumination pattern incident on the sample. However, several observations are always required
to achieve super-resolution. In point-scanning techniques, observations are often single values
that correspond to the total light energy collected for different illumination focus point positions.
The reconstructed image is then just a collection of these observations for each scan position of
the point-like illumination pattern (CM, STED). ISM presents an example of a point-scanning
method with a more complicated reconstruction procedure [6,10], improvements of which have
been found to this day [11,12]. The necessity of scanning the sample significantly limits the
acquisition speed of point-scanning methods, making them unsuitable for imaging of rapid
cellular processes. In SIM, on the other hand, the sample is illuminated with a spatially periodic
pattern across the whole field of view (FOV). Typically, modulation is achieved as a result of
interference of several electromagnetic plane waves in one or several directions [3,13,14]. The
resulting pattern of sinusoidal type is phase-shifted several times to obtain distinct illuminations.
This choice allows for an out-of-band reconstruction by solving a system of linear equations [2,3]
and theoretical estimation of the signal-to-noise ratio [15,16].
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There are different ways to approach the SIM reconstruction problem. Due to the imminent
presence of noise, the system of equations to solve is stochastic. Thus, one must first define the
loss function that is minimized by the solution. Moreover, because of the band-limited nature of
the optical system, the inversion of the SIM system of equations is ill-defined. Regularization
is required at high spatial frequencies to prevent noise amplification. The task of choosing a
regularization filter for SIM reconstructions was considered in detail in Ref. [16]. Another
challenge imposed by the finite support of the Optical Transfer Function (OTF) is apodization
of the reconstructed object. To match physical intuition, a final super-resolution image should
satisfy the criteria of non-negativity and high contrast [17]. Possible options for apodization in
SIM were studied in [17,18].

Broadly speaking, there are two types of SIM reconstruction approaches: Fourier domain
reconstruction (FDR) and spatial domain reconstruction (SDR). Although the spatial and
Fourier domain present mathematically equivalent but alternative routes to work with the same
information, their practical implementation differs. Fourier domain reconstruction seems the
natural approach due to the possibility of contrast enhancement by standard filtering in Fourier
space. A commonly used Fourier domain reconstruction procedure that optimizes the least-
squares (LS) loss function, ensures a high spectral signal-to-noise ratio [15,16]. However, FDR
requires multiple Fourier transformations, which become a computational burden for large 3D
image datasets. Another disadvantage of FDR is the intrinsic assumption that experimental
quantities, such as the point spread function (PSF), the refraction index, and the modulation depth
of the pattern, remain constant across the whole FOV. For large FOV and deep tissue imaging,
these assumptions are violated. Field-dependent aberrations distort the PSF across the FOV [19],
and the apparent modulation coefficients decrease due to light scattering. If SIM is combined with
another technique, for example, selective-plane illumination [20] or selective-plane activation
[21], additional aberrations will be introduced due to light-sheet non-uniformity. These factors
introduce unknown effects into the image reconstruction.

The spatial domain reconstructions [22-26] that were proposed for conventional [23,25]
and lattice [26] SIM are performed completely in real space, and a 7-fold computational
acceleration was reported due to the absence of Fourier transforms [23]. In addition, in
[22,23,26] the reconstructed image is obtained by inversion of the illumination pattern, making
the reconstruction procedure completely local. However, in this way, no merit function is
optimized, and hence no robustness of the reconstruction towards noise is guaranteed.

In [16] it was noticed that the Spectral Signal-to-Noise Ratio (SSNR) of the reconstructed
image depends only on a certain part of the full reconstruction procedure. Fourier filtering for
regularization and apodization affect the contrast and visual appearance of the image, but not the
SSNR. In other words, filtering can make the image appear more similar to the ground truth,
but the level of statistical correlation between the two is not affected. The famous Shannon
channel capacity theorem [27] states that the SNR and the amount of information transferred
through the channel are directly related quantities. Inspired by the theory of information transfer
[28], we can consider microscopy image modalities like SIM to consist of an encoding stage,
in which information about the object is encoded in the sample during the acquisition, and a
decoding stage, in which the acquired images are combined into a super-resolution image during
the reconstruction. The effect of experimental parameters (illumination configuration, pitch of
the illumination pattern, illumination phase shifts) on SNR in SIM has been studied in multiple
works [13-15].

In this work, we investigate the decoding stage of SIM reconstruction in a general way. We
start with setting up a general framework for the image reconstruction procedure that contains
SDR and FDR methods mentioned above as special cases. We use this framework to derive an
expression for the SSNR of these reconstructions and prove that the least-squares FDR results in
the best SSNR at each spatial frequency. We then use the optimal least-squares reconstruction
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SSNR as a baseline for comparison to other reconstructions. We show that the overly simplified
SDR approach [23,25] saves computational time but leads to an order-of-magnitude reduction
in the SSNR at high spatial frequencies. Finally, we explain how we can achieve high SSNR
in the spatial domain using convolution with a small kernel directly in real space. We propose
appropriate kernels and verify our theory with the reconstructions of simulated and experimental
2D and 3D SIM images.

2. Generalized framework for SIM reconstructions

2.1. Preliminaries

We adopt the continuum image formation model for the sake of analytical simplicity and later
perform the transition to a discrete, pixelized case. For the same reason, we first consider the
case where the illumination pattern is only shifted but not rotated.

We adopt the following convention for the Fourier transformation and inverse, from real space
coordinates 7 to reciprocal coordinates g:

F@) = [ df e ™ F(F)

. (1)
F() = [dqe™ @ F(g)

where we designate the function in reciprocal space with a hat”on top.

The transition to the discrete, pixelized, case can be performed if the Nyquist sampling
condition is satisfied. Continuous coordinates 7 and g must be replaced with their discrete
versions 7; and ¢; and all integrations by summation. The forward and inverse discrete Fourier
transforms follow the same sign convention as in (1), and the forward Fourier transformation
accommodates an additional numeric prefactor 1/N where N is the total number of pixels of the

image.
In the process of image acquisition by an optical system with the PSF g(7), we obtain
n=1,2,...,M;images I"(F) corresponding to displaced illumination patterns 4" (7).

' = / FFF' g7 — P (FV ) @)

where f(7) is the true unknown fluorophore distribution, and where #"(7) = h(7 — u,) with &, the
displacement vector for the n-th pattern.

Our subsequent derivations are based on several assumptions. First, the illumination excitation
intensity pattern /(7) must be decomposable into a finite sum of plane waves:

h(F) = f am exp (27iky - 7) 3)

m
We use the notation a,, for the modulation coeflicients (amplitudes) of the expansion plane
waves and %m for the spatial frequency vectors of the plane waves. We assume that there are M

spatial plane waves in total. Second, the spatial frequency vectors must span a Bravais lattice in
Fourier space labeled by lateral indices m = (my, my):

%m = mﬂ;l + mzl-;z . (4)

where Z;l and Zz are basis vectors of the lattice. Third and finally, we must be able to select a set
of illumination pattern translations 1,, which satisfies a so-called orthogonality condition

M;

> exp (2771' (%m - iém,) ﬁn) = MOt = Myt S )

where M, is the total number of translations.
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There are two reasons why we want conditions (4) and (5) to be satisfied. First, they allow
for a straightforward inversion procedure of the phase matrix [16], and we will use (5) to derive
an equivalent real-space procedure, similar to those in [23,26]. Second, the orthogonality
condition (5) is equivalent to the statement that the phase matrix is unitary [13], which means
that its condition number equals 1 in L2. An inappropriate choice of phase shifts may result in a
high condition number and therefore lead to numeric instabilities in the reconstruction [29].

These assumptions are quite general. Equation (3) is satisfied automatically if the illumination
pattern is formed with a finite number of electromagnetic plane waves which is always the case
in any real experiment [14]. Equation (4) restricts the number of possible back focal plane
configurations of the electromagnetic plane waves but is satisfied in practice for conventional
one-dimensional sinusoidal sample modulation [2] or square [26] and hexagonal [30] lattice
patterns. Equation (5) can also be always satisfied in practice as in [13] it was shown that
not only one-dimensional modulation patterns but also two-dimensional ones with square and
hexagonal symmetry allow a set of one-directional shifts %, = ns with the basis vector 5 and
n=0,1,...,M; — 1 such that the orthogonality condition is satisfied.

2.2. Reconstruction framework

Here, we set up a generalized framework for SIM reconstruction that has FDR and SDR as special
cases. The general expression for this SIM reconstruction is the sum over all pattern translations

M,
PR@) = > C" ), (©)
n=1
where C"'(7) are to-be determined position-dependent coeflicients, and where
ILF) = KF) @ I'() = / 7 G~ P (), )

with G(7) = K(7) ® g(¥) and ® denotes the convolution operation. In this equation, we convolve
the acquired images with a mathematically arbitrary kernel K(7). The convolution with such a
kernel corresponds to the filtering operation in the Fourier domain, and we show later that it is
crucial for achieving good SSNR in the final image.

The choices of reconstruction that we have in this framework are therefore the functions
C"(7) and the convolution kernel K(7). It appears, however, that the form of the C"(7) is limited
by the requirement that the overall reconstruction can be described as a linear shift-invariant
representation of the object

1) = [ @ G -7y, ®)

where g5 is the resulting super-resolution PSF of the SIM reconstruction. Comparing (8) and
(6) we see that g% (7 — 7) must be expressed as

M, M;
§EE-F) = Y C'HGE-FI'(7) = GG—F) Y C"DH'(F). ©)
n=1 n=1

It thus appears that (9) can only be satisfied in very specific cases, because the left-hand side
depends on the difference of 7 and 7, while the right-hand side generally depends on 7 and 7’
separately. In other words, this puts a constraint on the possible form of the C"(7).

We will now use this constraint to derive an explicit and simple form for the C"(7). To that end,
we first substitute in Eq. (9) the expansion of the illumination pattern in its harmonic components
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to give
M, L
Z C"(Hn"'(F') = Z C" (P e o 7 =100), (10)
n=1 m
and perform a change of variables 7/ = 7 — R so that
M, o
G(R) Z Z aﬂe2mkﬂ~(r—R—u,,)Cn(7) — gSR(R) (11)
n=1 m

Taking the FT to reciprocal space R— é gives

M, o
gSR(Q) - Z aﬂG(é 4 kﬂ)eZHik&‘r Z g_zmkm'“" Cn(;) (12)

m n=1

This equation should hold for any Q and for any 7. This is only possible if

M, R R
Z e—27‘rikm‘un Cn(;:) — Wme—kaL,.r’ (13)

n=1

for some set of constants wy,. If we now invoke assumption (5) about the unitarity of the phase
matrix an explicit expression for the C"(7) follows as

L o 6ot
C'(F) = 3 D wme >0 (14)
! m

We see that the functions C"(7) have the same Fourier expansion as the illumination pattern,
including the pattern shifts, but now with in principle arbitrary Fourier order coefficients.
Substituting (14) back into (12), we obtain the solution for the super-resolution OTF g5%(Q)

§SR(Q) = Z aﬂwﬂé(é + %ﬂ) = Z aﬂwﬂk(é + zﬂ)g(é + zﬂ) (15)

mn m

We thus arrive at a generalized version of the known result that in the Fourier domain the
super-resolution OTF is a sum of scaled shifted and low-passed copies of the real physical OTF
[16]. The super-resolution PSF is found after IFT as

g(F) = (K(F) ® g(7)) ) amwm exp(=2riky, - 7). (16)

One can see that a particular SIM reconstruction is defined by the choice of the kernel K(7)
and the modulation coefficients w,,. The case of FDR is found for the choices K(7) = g(7) and
W = G, i.e. low-pass filtering by convolving with the physical PSF, and taking functions C"(7)
that are equal (up to an overall constant) to the illumination pattern. The case of SDR is found for
the choices K(7) = 1 and w,, = 1, i.e. no low-pass filtering at all is applied, and equal strength
of all harmonic components of the functions C"(7). In this case there is the simple-looking
expression for the reconstruction procedure

M,
R CEDWAGIHGE (17)
n=1

If the illumination pattern is rotated M,>1 times and no assumptions (3-5) are violated at
any angle, the reconstruction procedures can be performed without changes for each rotation
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separately. The super-resolution images corresponding to one rotation r are then added with
some weights, typically the same, to produce the final image, and

M,
gRF) = (KF) @ 8() Y D Wi exp(=2nikip 7). (18)

r=1 m

We will mainly omit the rotational index r in our further derivations.

2.3. 3D SIM

Today 3D SIM data acquisition and reconstruction procedures typically follow the approach from
[3]. In this approach, the illumination is kept fixed with respect to the focal plane, which is not
the same as if it was fixed with respect to the sample [29]. In a standard procedure, the 3D image
stack is acquired slice by slice by moving the sample holder, and as a result not all OTF copies
are separated [3]. In this case, some modifications to the 2D formalism are needed. The image
formation model changes to

IRGE / dv’ g7 -7 h(x',y', 7 = )f 7). (19)

From [3] we know that SIM reconstruction in the Fouirer domain remains mostly the same as
in 2D, but we can no longer consider illumination modulation coefficients and shifted OTF copies
separately. We must instead convolve the illumination pattern expansion in the axial direction
with the OTF in the Fourier domain:

8 (@) = D ampk (@ = kaxpc) (20)
p

The sum over p passes through all OTF copies, shifted by illumination expansion wavevectors
with the same lateral spatial frequency component %m and different axial component kg pe.
amp are the corresponding illumination Fourier-order amplitudes. In this representation the
illumination Fourier coefficients are thus absorbed in the definition of the order dependent OTFs.
We can also make the filtering operation dependent on Fourier order by using different kernels
K®(g) for different Fourier orders m. In that case the general form of the super-resolution OTF
becomes

#F@) = ) K™ G+ k™G + k). @1)

The previously considered case is retrieved if we choose K®(§) = w,,K(g), meaning that all
kernels are equal up to the weighting factors w,.

For the case of FDR the symmetric equation K () = §®(g) still holds [14,16].

For the case of SDR we will use the expression for the SIM reconstruction:

M, M,
R = Z Z Z exXp(27tikyy - (F = ln))(K™(F) ® I (7). (22)
r=1 n=1 m

In practice, it only makes sense to use different K for different transfer functions g,
which means that the expression (22) naturally splits into two different sums over r and n for the
conventional SIM with a woodpile illumination pattern: one for the orders 0, +2 and another for
the orders +1.

Recently another variant of 3D SIM setups has emerged [29]. In this another modality,
multiplane acquisition [31-33] and trans-illumination [34] are combined to allow for a faster
acquisition rate. Crucially, in the corresponding reconstruction procedure all displaced OTF
copies are separated, and hence only one kernel type is required.
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3. Spectral signal-to-noise ratio

3.1.  General expressions

The SSNR calculations provided in [16] will here be generalized to the case of an arbitrary linear
reconstruction by replacing the OTF-based low-pass filters g with arbitrary kernels K. The
signal power S and the noise power N of an arbitrary SIM reconstruction are following Eq. (22)

2

8@ = | K™ @G + k2™ @G + )| F@)I, 23)

m

NGy = D" KRG+ kK™ G + K )2 (kp — K )7 (0)
mm’
** . - (24)
+No? 37 IR G + k).
m
The first term in the sum for the noise power corresponds to the shot noise and the second to the
readout noise, with the readout noise variance o->. In the approximation 8k — k) < 8(0) =1,
which is valid in case the orders in Fourier space have a relatively large separation, the noise
power simplifies to

NG = > IR (G + k) *(FO) + No?) . (25)

In this approximation, the SSNR factorizes into a kernel-dependent part and an object-dependent
part, as

BT S
I IRy e LR )
SSNR(3)) = _ _ Y . 26)
Zm |K(m)(Z]] + kﬂ)|2 f(O) + No?

The kernel part, which we call in this work SSNRk(g;), is the first factor in the above product

S e, 2
[, KOG + T)* 3G + )|

SSNR () = @7

S IR (G + k)2

3.2. Optimality of the least-squares reconstruction

In the following we provide the proof that the choice K @)(?jj) = g<m>(§j), corresponding to the
least-squares motivated FDR, gives the best possible SSNR(g;) reconstruction for all spatial
frequencies g;.

If we define a complex-valued vector field as A(g;) = {A®)(g;), A™)(g;), ... A®)(G))}, we
can introduce a scalar product

AB)@) = Y. A"(G) B (28)

nm

With this scalar product the kernel dependent SSNR factor can be written in compact form as:

L ki@
K(‘Ij) (KlK)(ZL) (29)

where in this section we redefine the shifted kernel and OTF copies K™ (g +%m) and g (g +7cm) as
K™ (g) and ™ (g) for convenience. For the least-squares FDR reconstruction K™(g;) = 8™(g;)
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and we find that

- |<§|§>(le)|2 A o
oy LSRG ), 30
SSNRk 1.5-rpr(4)) @@ &l2)(g) (30)

Taking the ratio between the kernel dependent SSNR factors for the general case and the least
squares case, and subsequently applying Cauchy’s theorem to the ratio, gives

2

SSNRe(@)  _ [(K1)@)
SSNRk rs-rpr(q7)  (KIK)(G)(218)(@) ~

3D

which proves the statement. This theorem is the key theoretical result of this paper, and we will
use it subsequently to quantify the optimality of SIM reconstructions.

The result of Eq. (31) can be interpreted as following from the addition of Gaussian random
variables. By inversion of the SIM phase matrix, one obtains separated spatial frequency bands
8M(g + %ﬂ)f (¢), which can be considered independent noisy measurements of the object £(g).
The result (31) is then the optimal guess of the ground truth [15].

The theorem can be generalized to cases where the image Fourier orders have an arbitrary
separation, so that the OTF factors g(iéﬂ — 75@) are not necessarily small (see Supplement 1 for
proof). This generalized SSNR optimality theorem can also be used to quantitatively assess the
error induced by the approximation of large order separation. It turns out that for practical 2D
and 3D SIM cases, which typically have a fine illumination pattern pitch, this error is at the few
percent level or less.

3.3. Comparison to SDR
For the SDR case K™ (g,) = 1 it follows that

T B
SSNR sor(d)) = 7 ;g@(qﬁkﬂ) : (32)

In case the overlap between orders for a spatial frequency ¢; is small, we may approximate this
as:

U L 7P
SSNRicson(@) = 37 058 + ] (33)

which is a factor M, the number of Fourier orders, smaller than the optimal case. So, the larger
the number of harmonics in the illumination expansion, the worse the choice of this trivial kernel.
We have for the conventional two-wave 2D-SIM configuration M = 3, for the three-wave 3D-SIM
configuration M = 5, and for the lattice SIM configurations M can easily grow more than 10
times [14], making the simplistic SDR scheme substantially sub-optimal.

3.4. Theoretical restriction on finite kernels

From our key result Eq. (31) it follows that the best kernel for a real-space reconstruction is equal
to the PSF. However, the PSF is unbounded in real space, which makes it impossible to precisely
implement the real-space convolution operation with a physical PSF in a reasonable time (it
can, however, be possible for special cases of unbounded approximate PSF models, such as the
Gaussian PSF model, which allow for a recursive implementation of the filtering operation [35]).
In this subsection, we show how we can select small real-space kernels K (ﬂ)(Z]j) that result in a
SSNR approaching the optimal SSNR of the least-squares motivated FDR, but can nevertheless
be computed fast.
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From the comparison between SDR and FDR in the previous subsection and the general shape
of SSNR Eqg. (27), we can make an educated guess on the shape of the kernels, which leads to
reconstructions with high SSNR. One can see that both the nominator and the denominator of
Eq. (27) contain sums over illumination Fourier orders m. In the previous subsection, we showed
that the SSNR for the naive SDR reconstruction was poor due to the factor M coming from the
denominator. Meanwhile, the nominator was reduced to the case of the FDR reconstruction due
to the small overlap between different orders. Our intuition is that if the overlap between orders
in the denominator is also small, then we will arrive at approximately the same SSNR ratio as in
the case of FDR. Indeed, in the limit of small overlaps, we can split the fraction of sums into the
sum of fractions,

2, - 7 * A - g 2 2 - 2 * A - > 2
T KOG +E) 2@+ )| [R2G + )8 + E)

S 12
3G+ K|

Z (RO G+ Ky = IREG; + )2 Z

(34)

We emphasize that "small" in our overlap estimation does not refer to the size of the area
of overlap in the Fourier domain, but the effective ratio ™(g; + %m) /8™ (g, + ngarest), where

%?nem“ means that ||%;;farest +gil| < ”%m + g;||. In other words, we want nearly all signal and
noise at nearly each spatial frequency to come from a single Fourier order.

The reason why SSNR optimization essentially boils down to noise reduction can be understood
as follows: signal transfer for each order is band-limited and becomes small near the edge of
the band, while the noise each band receives in the absence of filtering is approximately white
and band-unlimited. Thus, each sum over orders only adds up signal from one or a couple of
overlapping bands, but at the same time adds up noise from each band (hence the factor M in
the subsection above). This implies that the shape of the kernel is relatively unimportant for the
resulting SSNR, so far the kernel has approximately the same effective size in the Fourier domain
as the OTF.

This argument and computational performance considerations impose the following require-
ments on the kernel for real-space SIM reconstruction. First, the support of K(7;) in real space
must be as small as possible to allow fast computations. Second, its Fourier transform should
have similar (approximate) support as the optical transfer function to reduce the out-of-band
noise. Finally, we want |k(21j)|>0 if §(g)>0, as otherwise there is zero signal transfer at some
spatial frequencies. In this W(zrk, we show that it is possible to select K(g;) to be real and impose
even a stricter requirement K(g;) > 0 everywhere to avoid any possibility of the signal from
different bands to add up to O in the case of a significant band overlap.

3.5. Practical finite kernels

The criteria from Section 3.4 enable a closed-form solution of the kernel function K(7;) given
the support of the kernel in real space. This follows the same line of reasoning as applied in
Ref. [17] in the context of optimal transfer functions for band-limiting imaging. The narrowest
non-negative image O(Z],) in the Fourier domain is given by a function O(7), which can be
represented as an autoconvolution of another function with itself O(7) = o(F) ® o(7)*. The stated
criteria then imply that the real space kernel function should have the same functional dependence
on spatial coordinates as the dependence of the incoherent OTF on spatial frequencies! The role
of the pupil function in the current context is taken up by the function o(¥). The solution for the
cases of one dimension is:

o(r) =1Q2r/r*™) and  O(r) = A(r/r*T), (35)

where IT and A are symbols for the common rectangular and triangular functions, respectively,
and r*% is a scaling parameter that measures the support of the kernel function in real space. In
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two dimensions, we find:

o) =IQ2A/r*™) and OF) =H (%) (36)
with: 5
H(x) = . [cos_1 (x) —xV1 - xz] , 37)

where again r°ff

space.

We now need to estimate the kernel size in the discrete pixelized case. Based on the theory of
this section, we expect the optimal SSNR performance when the OTF and the effective kernel
size in the Fourier domain match. Therefore, a good choice for the scaling parameter r* is ry
such that the first zero of the kernel K (gj) coincides with the cut-off of the OTF g(g) at spatial
frequency |g.| = 2NA/A. In one dimension this implies:

is a scaling parameter that measures the support of the kernel function in real

2
K(g) = sinc (r()@) =0 (38)

giving ro = A1/2NA. Thus, a one dimensional kernel must have a width 2ry equal to 4 pixels of
the acquired images in case of Nyquist sampling (pixel size equal to 1/4NA). When the filter is
applied after the typical 2x upsampling needed for the final SIM reconstruction the width is 8
super-resolution pixels. It appears to be advantageous to use an odd number of pixels, that is to
sample the kernel in a way such that the central pixel corresponds to g; = 0. Then the last pixels
from both sides can be omitted as they are already sampled at zero value. Therefore, a real-space
zero-centered finite kernel can have the size of just 7 X 7 super-resolution pixels. In the same
way, in two dimensions, it is possible to obtain for the kernel size an estimate of 9 x 9 pixels.

Following the discussion above, we can introduce a convenient dimensionless measure for the
kernel size as s = 1°/r.g. This value s is a generalization of the kernel size to the continuous
domain: while computationally the kernel is still sampled at several points, the values of these
points differ, making it possible to distinguish between kernels with the same number of pixels (in
so far that number is greater than 1). This size measure is sampling-independent, being instead
determined by the physical quantity (the OTF size). Conveniently, optimal filtering performance
is expected when s = 1.

The step to 3D kernels appears to be rather intricate, as the function of the filtering step is
twofold. First, it must have the character of low-pass filtering, to reduce noise where there is no
signal. Second, the filter must also provide good sectioning by suppressing axial crosstalk. As
the lateral extent of the ideal case kernel in real space (which is just the 3D PSF) grows with
axial separation a finite size real space kernel will always fall short in accurately mimicking the
ideal case. This originates from the non-convex shape of the 3D OTF due the missing cone. The
consequence is that the relative reduction in SSNR compared to the ideal case can be expected to
be somewhat larger than for the 2D case. Moreover, any real dataset consists of a finite number
of layers, giving an axial streak in Fourier space because of the assumed periodic boundary
conditions of the Fourier Transform. These spatial frequency components close to the axis
qx = qy = 0 in spatial frequency space fill the missing cone region and are conveniently filtered
out for the ideal case of low-pass filtering with the 3D OTF.

The solution we have found to meet both criteria is derived from earlier ideas to add notch
filtering in addition to the low-pass filtering with the OTF [36,37]. This provides a degree of
optical sectioning by suppressing the axial streaks in the image Fourier orders before placing the
orders at the right location in Fourier space, albeit at the expense of a reduction in SSNR [16].
Usually, the notch factor is taken to be a Gaussian ‘dip’, with adjustable width and dip level. It
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appears in practice that a width comparable to the OTF width and a dip level close to one gives a
reasonable outcome. A kernel with finite size in real space mimicking this behavior is:

- |7 |7 |7
O(F)ZH(E -H re_ff ®H E , (39)
which gives the Fourier space filter function:

0@G) =4 (reff |§|) —A (reff |Z]|)2 —A (reff |Z]|) [1 —A (re‘“f |z’1|)] , (40)

with the Airy distribution function:

Alx) =

2
2J1 (27Tx)} . @)

2nx

Equation (39) has a support in real space that is twice as big as the Airy kernel of Eq. (36),
but still finite, and the Fourier space filter of Eq. (39) clearly factorizes in a low-pass filter and a
notch filter.

A variant of the above filter explicitly includes the axial dimension. It is then attractive to use
a separable kernel O(7) = K;(x, y)K,(z). The obvious choice then for the lateral part is the above
Airy notch filter, and for the axial part the sinc type filter. This is advantageous for two reasons.
First, it is computationally favorable to convolve in the lateral and axial directions separately
instead of in a non-separable way, as this significantly reduces the number of operations per pixel
significantly. Second, the axial filter can be adapted to the Fourier order, because the 1st order
for the conventional woodpile pattern illumination has an axially split support in Fourier space,
different from the Oth and 2nd orders. Thus, only the K,(z) part must be changed. The lateral and
axial kernel size can now be defined by two dimensionless parameters s; and s,, respectively.
In principle, they can be chosen independently, in practice it appears that both are optimum
close to s; = 1 and s, = 1, in agreement with the above line of reasoning. This points to another
advantage of this measure as opposed to some characteristic real-space size, such as Airy units or
ro. Namely, it provides a possibility to unify the drastically different behavior of the widefield
PSF and OTF in the lateral and axial directions, and instead make use of the fact that in both
the lateral and axial directions the OTF is band-limited with the lateral cut-off frequency [LCF]
equal to 2NA /A and the axial cut-off frequency [ACF] equal to (1 — ncos @)/A.

4. Simulation results

In this section, we provide the results of simulations for 2D and 3D reconstructions for conventional
and lattice SIM. In our simulations we consider the following SIM configurations: conventional
stripe pattern, square lattice with four linearly polarized obliquely incident plane waves and also
lattice configurations with hexagonal symmetry. In the case of 2D SIM, hexagonal symmetry is
achieved with three obliquely incident plane waves [38], while in the case of 3D SIM seven waves
are required [14]. All parameters for 3D configurations coincide with those found to be optimal
in [14]. We use a linearly polarized normally incident plane wave for the 3D configuration with
square symmetry, and a circularly polarized normally incident wave for the 3D configuration
with hexagonal symmetry.

We use a high-NA and vectorial PSF model for a freely rotating emitter [39] for the forward
model. The NA of the lens is taken to be 1.43 with the refraction indices of the sample and
the immersion medium are both set to 1.5 for the sake of simulation simplicity. The angle of
incidence of the obliquely incident plane waves is selected to produce a theoretical resolution
improvement of 1.9 times the diffraction limit.
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As a measure of reconstruction quality, we not only consider the SSNR ratio metric we
introduced in section 3 but also the measures of SSNR entropy and SSNR volume we have
introduced before [14]. These are defined as:

N2
SSNRk.v = Z SSNRK(_q)j) . 42)
j=1
N? Z g
SSNRk(q;) . SSNRk(q;)
SSNR.s = — :
K ,_Zl SSNRxy ¢ SSNRx.y

(43)

The SSNR volume SSNRk v measures the total amount of transferred "useful signal", while the
SSNR entropy SSNRg s accounts for the distribution of the signal over spatial frequencies [14].
An increase in any of these functions without a change in another signifies an improvement in the
reconstruction procedure. Due to the complexity of the SIM super-resolution transfer function,
SSNRk s and SSNRg v may have a different dependence on the reconstruction parameter at hand.

In Fig. 1 we provide a comparison of the object-independent part of the SSNR for 2D-
SIM reconstructions. Panels (a-c) show the ring averaged SSNRyk for the two-dimensional
reconstructions with a varying discrete kernel size of 1, 5, and 9 pixels correspondingly. Panels
(d-f) show the ratio of the SSNRg to the ideal SSNRg of the two-dimensional least squares FDR
for a conventional stripe configuration. The results confirm that in the 2D case a nearly ideal
SSNR can be achieved with a 9 x 9 px kernel everywhere in the non-zero signal transfer region,
while a choice of the trivial 1 X 1 px kernel significantly reduces useful signal transport outside
of the widefield OTF support.

In Fig. 2 we show a more general comparison of the same 2D configurations. In panels (a) and
(b), we show the dependence of the SSNR entropy and SSNR volume of different configurations
on the lateral kernel size. It can be seen the optimal kernel factor s; varies a bit depending on the
measure, the kernel, and the configurations but in all cases s; is found to be in the range 0.8-0.95,
just a bit smaller than a theoretically motivated value of 1. We see that the volume-entropy
method can be used to fine-tune the optimal kernel size depending on a number of parameters.
For clarity, in this work, we will stick to a value s; = 1, which results in a marginally worse SSNR,
and the difference is typically unobservable. We notice that small s; factors resulting in a kernel
size 1px - that is, a naive SDR reconstruction - show a significant reduction in SSNR volume and
entropy, as expected. In contrast, the optimal s; gives rise to SSNR measures at a level just a bit
below the optimum least squares reconstruction. It appears that a radially symmetric kernel gives
a bit better results than a triangular kernel (2D triangular kernel is a laterally separable kernel
equal to the direct product of two one-dimensional triangular kernels).

At this point, it is appropriate to discuss the practically important case of the reconstruction in
the presence of aberrations. In the conventional FDR reconstruction the reconstruction Fourier
domain low-pass filter is typically taken to be the ideal OTF, while the physical OTF can suffer
from some unknown aberrations. From the discussion in Section 3.4 and Fig. 2, it is expected
that the precise shape of the reconstruction kernel does not matter that much, insofar out-of-band
noise is properly removed. At the same time, aberrations of the physical OTF lead to a reduction
in achievable SSNR as we showed in our earlier work [14].

In Fig. 3, we compare the ring-average SSNSR for 2D SIM reconstructions in different cases
involving (non)-aberrated OTFs. First, we consider the cases of conventional FDR least-squares
reconstruction (that is, when the reconstruction kernel is equal to the physical OTF) for the cases
of ideal and aberrated transfer functions (labeled /I and AA) respectively. Then we consider the
practically relevant cases of an aberrated physical OTF and the reconstruction kernel equal to
the ideal OTF (labeled AI) and of the real-space finite kernel reconstructions for the optimally
selected OTF-like kernel (s; = 1) (labeled AK). We consider these cases with different wavefront
aberration strengths: a) 0.0721 and b) 0.1444 root mean square.
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Fig. 1. Object independent SSNR part (SSNRk ) and SSNR ratios for 2D SIM reconstructions
with different finite kernel sizes. (a-c) Ring averaged SSNR for the kernel size 1, 5 and 9
pixels respectively. LCF: lateral cut-off frequency; ACF: axial cut-off frequency. Dashed
lines "- -" indicate corresponding optimal SSNRx of the least-squares reconstructions. (d-f).
Colormaps of the ratios of SSNRk of the final kernel reconstructions to the SSNRg of the
optimal least-square reconstruction for the conventional SIM with 3 rotations.
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Fig. 2. Dependence of the SSNR a) volume and b) entropy for common 2D SIM configu-
rations on the finite kernel size, expressed in the terms of the lateral kernel size factor s;.
Linestyles "-" and "-.-" denote SSNR measures for OTF-like radially symmetric and pyrami-
dal kernels respectively. A small dashed segment "- -" shown over the curve peaks indicates
the highest achievable least-squares SSNR measure values. "Conventional", "Square" and
"Hexagonal" labels refer to the conventional two-waves SIM configuration, four-waves SIM
configuration with square symmetry, and three-waves SIM configuration with hexagonal

symmetry.
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Fig. 3. Ring-averaged SSNRx for SIM reconstructions with the ideal OTF and spherically
aberrated OTF and different reconstruction kernels. a) C3 = 0.0724. b) Aberration strength
C3 = 0.1447. The two-letter abbreviations mean the following: the first letter corresponds
to the physical OTF ("I" for ideal or "A" for aberrated); the second letter corresponds to the
reconstruction kernel. "I" or "A" means that a conventional Fourier-domain reconstruction
with the kernel equal to the Ideal or Aberrated OTF was used, whereas "K" denotes a
real-space reconstruction with a finite real-space OTF-like kernel of optimal size s; = 1.

It is seen that the SSNR curves are split based on the physical OTF. The presence of aberrations
reduces the SSNR. The Cauchy theorem (31) imposes the upper bound on the SSNR in the
presence of aberrations (AA-curve). However, since other reconstruction kernels have the same
effective size and remove out-of-band noise efficiently, the reduction in the SSNR in these
reconstructions is negligible compared to the highest possible value.

In Fig. 4 we show an example of 2D-SIM reconstructions for simulated line data. The average
photon count is 431 photon/px. In this figure, one can see the dependence of contrast and
noise level of the reconstructions on the chosen kernel. The widefield result (b) gives a blurry
representation of the ground truth object (a). The optimum least squares FDR (c) produces an
image that is clean from noise yet blurry, which can be further optimized by means of Wiener
filtering to the extent shown in (d). The naive SDR with a trivial kernel (no low-pass filtering at
all) (e) produces an image very similar to the widefield case (b), because high frequent noise
is not suppressed at all. A reconstruction with an OTF-like finite kernel with an optimal size
factor s; = 1 (f) also produces an image with strongly reduced noise, but at a contrast level that is
improved compared to the FDR case before Wiener filtering. This makes the SDR reconstruction
preferable in the case Wiener filtering is challenging for any reason (for example, variable imaging
conditions across the FOV).

We advance to a more challenging case of 3D reconstructions. Figure 5 shows similar metrics
to those used in the 2D case. Here we use a fully separable 3D kernel, which can be computed as
a direct product of a lateral 2D OTF-like kernel and an axial 1D triangular kernel, (see Section
3.4). The kernels for the Fourier orders -1 and 1 are computed to match the physical transfer
function given by Eq. (20): a weighted sum of the positively and negatively axially displaced
OTF copies. Panels (a-c) show the ratio of the ring averaged SSNRg with an optimal finite kernel
size to the ideal SSNRg for a 3-dimensional reconstruction for the conventional configuration,
the 5-waves configuration with square symmetry, and the 7-waves configuration with hexagonal
symmetry correspondingly. One can see that the difference with the 2D-case is that albeit high
SSNR is achieved almost everywhere within SIM non-zero transfer region, there is a small region
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Fig. 4. SIM Reconstructions of simulated 2D lines. Simulation wavelength A = 488nm. a)
Simulated object. b) Widefield image. c) Least-squares FDR reconstruction. d) State-of-art
SIM least-squares reconstruction with contrast optimization by the means of true Wiener
filtering [16]. ) SDR with trivial kernel (no low-pass filtering). f) SDR with an optimal 9
pixels OTF-like kernel. No contrast optimization is applied in panels (c, e, f).

right above the zero frequency, where the SSNR transfer is significantly reduced. As expected,
the complex shape of the OTF in the z-direction cannot be fully mimicked by a small finite kernel.
Interestingly, high spatial frequencies, which are typically those of primary interest, show the
SSNRk comparable to the ideal reconstruction.

Deconvolution procedures such as Wiener filtering will suppress spatial frequencies where
SSNR(gj)<1 while leaving nearly unchanged those spatial frequencies with high SSNR [16].
The total SSNR is the product of the object frequency and the kernel-dependent part, Eq. (26).
Spatial frequency content in natural images tends to decrease with an increasing value of a spatial
frequency vector ¢; [40]. Thus, we expect the SSNR gap in the region of low frequencies to
be largely compensated for by the large amount of signal within this region for thick samples.
However, the optical sectioning is overall reduced.

Panels (d) and (e) show the colormap of the SSNR volume and entropy for the conventional
stripe 3D SIM depending on the lateral kernel size factor s; and the axial factor s,. Interestingly,
the results do not agree well with each other, which shows the complexity of the SSNR structure
in 3 dimensions. While the SSNR volume is peaked around the axial factor s, = 1.1 and the
lateral factor s; = 1.2, in line with the theoretical predictions, SSNR entropy favors an axial factor
< 0.5, equivalent in the simulation to the kernel size of 1 px. In this case, there is no modulation
in z-direction. Thus, the distribution of signal over spatial frequencies is, in some sense, more
even, with only lateral modulation present, albeit at the price of the significant SSNR volume
reduction.

This hints at the possibility of a computationally attractive case, in which a 2D kernel is
used to perform a 3D reconstruction. We expect that computation acceleration can be achieved
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Fig. 5. Object independent SSNR part (SSNRg) for 3D SIM reconstructions with a fully
separable triangular 3D kernel. In red: theoretical OTF support. (a-c). Colormaps of the
ratios of the ring averaged SSNRy to the ring averaged SSNRk of the optimal least-square
reconstruction for 3D versions of the same configurations. Kernel size factors are selected
to be s, = s5; = 1. (d-e) Colormaps of the SSNR volume and entropy for the conventional
stripe three-waves SIM back-focal plane configuration depending on the lateral and axial
kernel size factors s, and s;.

due to the possibility of processing several slices in parallel, as well as due to the reduction of
theoretical complexity which scales with the number of slices N, instead of N, log N, required by
the Fourier transform. Moreover, in this case, the memory requirements are significantly reduced
for large datasets. We notice that the limiting factor here is that Wiener filtering and apodization
procedures must still be performed in the 3D Fourier domain.

In Fig. 6 the ratio of SSNRg of the finite kernel reconstructions to the SSNRg of the optimal
least-square reconstruction is shown. In Fig. 6 (a) the reconstruction procedure is only modified
with a replacement of the ideal 3D kernels with the same for all orders finite 2D OTF-like kernel.
One can see that albeit lateral super-resolution is achieved, high axial spatial frequencies are not
well transmitted. Thus, in this case, further modifications to the reconstruction procedure are
required.

One possibility is to increase the higher-orders modulation parameters w,, introduced in
Eq. (13) to suppress noise coming from the zeroth Fourier order, naturally having a significantly
higher modulation than other orders. In Fig. 6 (b) we show the same ratio of ring-averaged
SSNRg of the reconstruction with a 2D finite OTF-like kernel and high-order amplification
w1 = 10a; and wy = 5a;. These numbers are obtained by optimization of the SSNR entropy
measure SSNRg s, which grows with higher order modulation coefficients and reaches a plateau
around these values (figure not shown). We see that the optical sectioning is mostly restored at
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Fig. 6. Ratios of ring-averaged SSNRx of 3D SIM reconstructions for a conventional
woodpile illumination pattern and a slice-by-slice reconstruction strategy with a 2D finite
kernel to the optimal least-squares Fourier domain reconstruction. Inred: theoretical 3D OTF
support. (a) Reconstruction with the OTF-like kernel of the size s = 1. (b) Reconstruction
with the same OTF-like kernel and amplified modulation coefficients w; = 10a; and
wy = Say. (c) Reconstruction with the Airy notch kernel, that has both low-pass and notch
parts of the size s = 1. (d) Reconstruction with the same Airy notch kernel and amplified
modulation coefficients w; = 10a; and wy = S5a;.

the price of a decrease in the intermediate spatial frequency values in the region of support of the
zeroth order OTF. Here again some SSNR trade-off is inevitable due to the complexity of the 3D
OTF. However, for the same reasons as above, we expect that SSNR in this region remains much
larger than one even though it is reduced compared to the optimum.

The applicability of this method is limited due to the presence of processing artifacts. As
discussed in Section 3.5, the Fourier cross artifact results in the axial streaking in Fourier domain
and hinders the subsequent contrast optimization. Therefore, instead of the low-pass kernels we
have to consider Airy notch kernels, Eq. (40). In Fig. 6 (c) we show the ratio of SSNRk of the
real-space reconstruction with this combined kernel to the SSNR of the optimal least-square
reconstruction. We see that the optical section on the optical axis is fully restored. Finally, in
Fig. 6 (d) we show the reconstruction with the Airy notch kernel and simultaneous high Fourier
order amplification. In comparison to the unmodulated case, high spatial frequency transfer is
fully restored, resulting in a nearly ideal SSNR near the cut-off.
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This finite notch-kernel approach is similar in spirit to that used in other SIM works to suppress
the defocused background, for example, in a single-plane joint SDR [25]. The difference is
that in our case we prioritize the SSNR increase and artifact reduction instead of the contrast
optimization, which is achieved separately by means of Wiener filtering.

We use the strategy of simultaneous filtering with a combined Airy notch kernel and high
Fourier order amplification for the experimental reconstructions in the following section.

5. Experimental results

We processed datasets we used earlier in Ref. [16]. First we considered 2D SIM reconstructions
of a nanofabricated 2D test structure. We computed SIM reconstructions for both the standard
ideal OTF filtering case, and for the real space finite support Airy filtering case. Both filtering
apporaches were compared for two different types of reconstructions, namely the true Wiener
and the flat-noise reconstructions proposed in Ref. [16]. These relate to the final Fourier
space filtering step applied to the intermediate reconstruction of Eq. (6) to obtain the final SIM
reconstruction. According to the true Wiener reconstruction we have:

*

SSNRey (@) D (3)
1+ SSNRew @) [D (@) + €

P™M(G) = B(g) PR (G). (44)

with B (Z]) the apodization function, typically a triangle shaped filter, to prevent excessive edge
overshoot and negative pixel values [18], SSNR. the estimated SSNR [16], and with:

D) =) K™G+kn)2™ G + k). (45)

m

The number € is on the order of the machine precision to prevent division by zero in regions
outside the support of the OTF for SIM. The true Wiener reconstruction restores contrast and
adjusts the level of regularization automatically to the estimated SSNR. According to the flat
noise reconstruction we have:

1™ (g) = f( )iSR @), (46)
N (g

with the noise power N (g) defined in Eq. (24). The flat noise reconstruction has a uniform
noise level throughout spatial frequency space so that the reconstruction reflects the physical
SSNR level. Figure 7 shows the outcome of the comparison. On a qualitative level there is no
recognizable difference between the ideal OTF filtering cases and the real space finite support
Airy filtering cases, confirming the conclusions drawn from the simulation study. We have
quantitatively confirmed this by a single image Fourier Ring Correlation (1FRC) analysis [41],
indicating similar 1FRC resolution values for the OTF filtering and Airy filtering cases (125 nm,
OTF filter + true Wiener; 105 nm, OTF filter + flat noise; 125 nm, Airy filter + true Wiener; 104
nm, Airy fiter + flat noise). There is a small difference between the true Wiener filtering cases
and the flat noise filtering cases because of the low-pass filtering effect of the SSNR dependent
regularization with true Wiener filtering.

Next, we considered single colour 3D SIM dataset of a tubulin sample and a two colour
sampe of a C127 cell (further experimental details given in Ref. [16]). We compared true
Wiener reconstructions with the default OTF filtering to the Airy notch filtering, both with and
without an additional sinc-like low-pass filter in the axial spatial frequency direction (indicated
as ‘Airy notch 3D’ and ‘Airy notch 2D’ filtering, respectively). For the Airy notch filtering
cases the 1st and 2nd order modulation coefficients in the filters have been set to 10x and 5x the
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Fig. 7. 2D SIM reconstructions of a nanofabricated test structure. (a-d) Reconstructions for
ideal OTF filtering and for real space finite support Airy filtering for true Wiener and flat
noise reconstructions. (e-h) Cross-sections of line profiles averaged over rectangular area
indicated in (a). (i-1) Single image FRC curves for the different filtering cases. The black
line indicates the 1/7 threshold.

experimental values, respectively, following the settings used in our simulations. Figure 8 and
Visualization 1 show the outcome for the tubulin sample. For this relatively sparse sample we
find comparable reconstructions for all three cases, with a degree of sectioning that is slightly
better for the Airy notch cases. This is due to the enhancement of the 1st order, which properly
fills the missing cone in spatial frequency space. The measured SSNR for the Airy notch filtering
cases is several orders of magnitude lower than for the OTF filtering case, but the reduction
in the region of Fourier space with non-zero SSNR is very limited. The SSNR level for the
Airy notch filtering cases at the lower spatial frequencies is still orders of magnitude higher
than one, so that the visual appearance of the reconstruction remains satisfactory. Figure 9 and
Visualization 2 show the outcome for the C127 cell dataset. For this less sparse sample we again
find satisfactory reconstructions in all three cases. The SSNR of the notch filtering cases is
substantially smaller than for the OTF filtering case, but the Fourier space region with non-zero
SSNR is not compromised too much. The degree of sectioning is slightly better for the Airy
notch cases, but a slight striping artefact can be seen in the Airy 2D notch case, which may be
due to small imperfections in the illumination pattern parameter retrieval.

We have corroborated these conclusions with a quantitative analysis of single image Fourier
Plane Correlation (1FPC), which combines the 1FRC method [41] with the 3D image resolution
concept of FPC [42]. For the sparse tubulin sample we find similar 1FPC curves for the different
filtering cases, in agreement with the similar image appearance and similar SSNR heatmaps. The
1FPC resolutions found are therefore also quite similar (1FPCy, , = 122, 123, 301 nm for OTF;
1FPCy,, =119, 119, 300 nm for Airy notch 3D; 1FPC, . = 119, 119, 300 nm for Airy notch
2D). The same conclusion holds for the green (H3K4me3) channel of the C127-cell dataset,
where we find similar 1FPC curves and 1FPC resolutions (1FPCy,, = 127, 128, 377 nm for
OTF; 1FPCy,; = 130, 127, 358 nm for Airy notch 3D; 1FPC,, , = 131, 129, 376 nm for Airy
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Fig. 8. Single colour 3D SIM reconstructions of tubulin. (a) Widefield reference. (b)
Ideal OTF filtered SIM. (c) Airy notch filter with additional axial sinc filter. (d) Fully 2D
Airy notch filter. All xy and xz slices have been contrast stretched to their minimum and
maximum pixel value. (e-h) Measured ring averaged SSNR for widefield and the three SIM
reconstructions. The colormaps are on a log-scale according to logg (1 + SSNR). The red
curves indicates the OTF support of SIM, the white curves are the SSNR = 1 contour lines,
indicative of the Fourier space region with substantially non-zero SSNR. The colormap
scale for the notch filtering cases is different from the widefield and OTF filtering cases
to improve visibility. (i-k) Single image FPC curves in the xyz directions for the different
filtering cases. The black dashed line indicates the 1/7 threshold.
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Fig. 9. Two colour 3D SIM reconstructions of a C127 cell (green channel H3K4me3,
magenta channel DAPI). (a) Widefield reference. (b) Ideal OTF filtered SIM. (c) Airy notch
filter with additional axial sinc filter. (d) Fully 2D Airy notch filter. All xy and xz slices have
been contrast stretched to their minimum and maximum pixel value. (e-h) Measured ring
averaged SSNR for widefield and the three SIM reconstructions for the H3K4me3 channel.
(i-1) Measured ring averaged SSNR for widefield and the three SIM reconstructions for the
DAPI channel. The colormaps are on a log-scale according to log;, (1 + SSNR). The red
curves indicates the OTF support of SIM, the white curves are the SSNR = 1 contour lines,
indicative of the Fourier space region with substantially non-zero SSNR. The colormap scale
for the notch filtering cases is different from the widefield and OTF filtering cases to improve
visibility. (m-o) Single image FPC curves in the xyz directions for the different filtering
cases (full curves green channel, dashed curves magenta channel). The black dashed line
indicates the 1/7 threshold.
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notch 2D). For the magenta (DAPI) channel we do see quite a bit worse image resolutions for the
Airy notch filtering cases, in agreement with the poorer SSNR heatmaps (1FPC,, ; = 160, 181,
458 nm for OTF; 1FPCy,,, = 201, 236, 414 nm for Airy notch 3D; 1FPCy,,, = 272, 307, 426 nm
for Airy notch 2D).

6. Discussion and outlook

In summary, we demonstrated a systematic way to assess the quality of SIM reconstructions
based on SSNR. We showed that under the assumption of well-separated Fourier orders, the
least-squares reconstruction provides the theoretically best achievable SSNR at each spatial
frequency in the framework of linear reconstructions. We then used the FDR SSNR as a
quantitative benchmark of the performance of other linear reconstructions.

We found that SDR can achieve nearly as good a SSNR as FDR with a relatively small
convolution kernel. We introduced two families of the convolution kernels with a non-negative
Fourier transform: OTF-like kernels for isotropic SSNR improvement and separable triangular
kernels that have better behavior in terms of theoretical computational complexity.

We analyzed a common case where the real OTF is aberrated and unknown, and hence the
conventional Fourier reconstruction uses a sub-optimal kernel that is equal to the ideal OTF.
We showed that while aberrations themselves lead to a significant SSNR reduction, the error
due to the mismatch between the physical and the reconstruction transfer functions is negligible.
Also in this context, real-space reconstructions with a correctly-chosen finite kernel demonstrate
nearly-ideal SSNR performance independent of the strength of the aberrations present in the
physical OTF.

Finally, we proposed an alternative way to perform 3D SIM reconstructions, incorporating
notch filtering and amplification of 1st and 2nd image Fourier orders. In this way, each slice of
the 3D image is processed independently, and only the final contrast restoring Wiener filtering
step remains to be done in 3D. We demonstrated that the optical sectioning capabilities of such a
reconstruction are comparable with those of the least-squares Fourier domain reconstructions.

In this work, we have focused on the theoretical side of spatial domain reconstructions, and
their actual computational performance on large 2D and 3D datasets is yet to be tested. In theory,
the computational complexity of the reconstructions with finite kernels is trivial. Only K x K
and 2K operations per pixel are required for the cases of unseparable and separable 2D kernels of
size K X K, respectively, that is around 20-100 operations per pixel in practical cases. However,
modern FFT algorithms [43] are extremely optimized, while the hardware on the graphic cards is
optimized for 2D operations. For these reasons, we expect to see a more prominent performance
improvement in the case of 3D reconstructions.

Another fundamental limitation of real-space SIM reconstructions is that experimental images
typically require 2x upsampling to accommodate the higher resolution of the SIM reconstruction,
which is best done in the Fourier domain by means of zero padding. Real-space interpolation
with a small kernel will inevitably introduce additional errors. It remains to be elucidated how
small such errors can be made in practice.

Finite kernels may have other applications beyond the acceleration of the reconstruction.
Fourier domain reconstructions suffer from edge effects; thus, real-space reconstructions may be
preferable to avoid stitching artifacts when it is not possible to process the whole FOV in the
Fourier domain at once. Edge artifacts and associated artifacts are also probably the reason for a
slightly better optical sectioning achieved in our finite kernels 3D reconstruction in spite of the
fact that the conventional reconstruction yields overall higher SSNR.

Another advantage of the finite kernels is that they result in a notably better contrast in case the
Wiener-filtering procedure is impaired. Overall, the usage of finite kernels may have advantages
in advanced experimental techniques, such as LS-SIM [44], which face complications such as a
large amount of data, non-uniform background and prominent and field dependent aberrations.
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