%
TUDelft

Delft University of Technology
Faculty of Electrical Engineering, Mathematics and Computer Science
Delft Institute of Applied Mathematics

The critical setting of non-autonomous unbounded
operators

A thesis submitted to the
Delft Institute of Applied Mathematics
in partial fulfillment of the requirements

for the degree

MASTER OF SCIENCE
in

APPLIED MATHEMATICS
by
Toby Leeuwis
Delft, the Netherlands

June 2024

Copyright (C) 2024 by Toby Leeuwis. All rights reserved.







]
TUDelft

MSc THESIS APPLIED MATHEMATICS
“The critical setting of non-autonomous unbounded operators”
Toby Leeuwis

Delft University of Technology

Daily supervisors

Prof. dr. ir. M. Veraar
Dr. S. Bechtel

Other thesis committee members

Dr. Y. van Gennip

June, 2024 Delft, the Netherlands






Preface

This thesis is written as part of the MSc AM Thesis project EEMCS, the graduation project for the Master
Applied Mathematics on the TU Delft. The goal is:

e to design a research project and then execute it, where the chosen research project is to find existence
and uniqueness criteria for the critical setting of non-autonomous unbounded operators;

e to write a research report, which you are reading now;
e to present and defend the research project, which occurs on the 28th of June, 2024.

First and foremost, I would like to thank Mark Veraar and Sebastian Bechtel. Mark has personally inspired
me to research PDEs and has co-written the book (Hytonen, van Neerven, Veraar, & Weis, 2024)) on which
most of the theory in this thesis is dependent. My goal has always been to assist in writing the next chapter,
in which the settings are extended as described below. This thesis is entirely based on his view of PDEs
and which area can be expanded with local well-posedness results. Ideas for the proofs of [Proposition 2.1.3|
[Theorem 2.1.4] and [Lemma A.1.3|are also directly attributed to his insights. Sebastian, on the other hand,
has given instrumental input in the finalising stage of the project, and has given proposals directly resulting
in [Lemma 1.2.6 [Lemma A.3.1} [Eq. (2.10)| [Lemma 2.3.6| [Lemma 2.3.9) [Lemma 2.3.12] the calculations in
[Section 2.4.3] and [Proposition A.2.1] as well as giving input for many more of the results. I am grateful to
Yves van Gennip for agreeing to read my thesis and accompanying Mark and Sebastian on my thesis defence
in order to decide on my graduation.

My thanks go out to all my dedicated readers, Isabel van Geldern, Matto Leeuwis, Leonard in ’t Veen,
and Janessa Vleghert, who have tirelessly helped me improve and correct my thesis when it was nearing
completion and gave crucial tips on presentation and style.

The following thesis is incredibly reliant on the following work: Hytonen, van Neerven, Veraar, and
Weis (2024), who gave a base setting in which maximal LP-regularity and the critical setting are defined; Di
Giorgio, Lunardi, and Schnaubelt (2005), who extended the setting to non-constant domains; [Yagi (2010),
who developed essential ideas and estimates in the more complicated parts of non-linear problem-solving.

Summary

We tackle the well-posedness of certain dynamical systems that result in non-autonomous quasi-linear prob-
lems in a critical setting, where the coefficients defining the flux and the Neumann boundary conditions
depend on the solution itself. We want to show the existence and uniqueness of these solutions on a very
short timescale.

The local well-posedness of quasi-linear problems in a critical setting by the maximal LP-regularity
theory from Chapter 18 of Hytonen, van Neerven, Veraar, and Weis (2024)| are investigated, where we use
the non-autonomous setting with non-constant domains from |Di Giorgio, Lunardi, and Schnaubelt (2005).
Dominant examples in the literature of such problems are problems with multidimensional, non-constant
Neumann boundary conditions influencing the domain of the operator. In this thesis, we look for ways
to ensure the short-timescale existence and uniqueness of solutions to these problems and research the
possibility of applying them to the model problem with Neumann boundary conditions. By applying non-
autonomous linear theory from Chapter 3 Part I of |[Yagi (2010), we find a result that allows us to determine
the existence and uniqueness of short timescale mild solutions. When applied, however, we see that, unlike
the work of [Yagi (2010), we can only guarantee the local well-posedness of the model Neumann problem by
using averaging functions because of our more strict critical setting. In the future, results can be based on
different regularity types, or the given result can be applied on spaces with negative smoothness.
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Introduction

When working on dynamical systems, systems of Partial Differential Equations (PDEs) of various forms are
found. When examining the heat in a closed room with a radiator for instance, we find we can model the
heat u = u(t, z) for time ¢ and position in space z using a generalised equation dyu(t, z) — cAu(t,z) = f(t,z),
where 0, is a derivative for the time variable, A is the Laplacian operator differentiating twice for the space
variable, ¢ > 0 is some constant and f (¢, x) is the source function representing the heater in the room. If we
want one unique solution, we have to include initial data, say u(0,z) = up(z) as a distribution of the initial
heat over the room, and a boundary condition Bu(t,z) = g(t,x) for values x on the edges of the room,
which tells us what happens at the edges of the room based on v and g.

Fundamental to progressing the research on these systems is determining whether or not the PDE systems
we find can be solved and whether the determined solution is unique, as expected from examining our physical
examples. While viewing each problem separately becomes laborious, working in a general setting will allow
us to explain many problems simultaneously. One such generalisation is a description of problems which
live on a defined Banach space X (which can be viewed as a type of space containing functions of the space
variable z) and time interval I C [0,00), featuring a time derivative J;, spatial derivative A, which is an
unbounded linear operator with domain D(A), and source function f. The described problems then need
to have functions u(t) with values taken in Xy and in the domain D(A) so that the following holds:

{atu(t)—f—Au(t) = f(t), tel,
u(0) = 0.

Such a problem is an autonomous linear problem, where autonomous means that the only time-dependence
is in the solution u and the source function f, and linear refers to the linearity of the equation with reference
to the solution uw. One crucial quality for A to have when looking for solutions to autonomous linear problems
is maximal regularity, which entails solutions living in the same space as the source function or right-hand
side function. For instance, If A has maximal LP-regularity (Hytonen, van Neerven, Veraar, & Weis, 2024)),
we know that f being an LP functionE] is enough to know the problem above has exactly one solution u,
which has dyu, Au as LP functions such that

”8tUHLP(I;X) + HAUHLP(I;X) < C|0u + AU”LP(I;X) = C”f”LP(I;X)

for some constant C' > 0. As stated by Hytonen, van Neerven, Veraar, and Weis (2024), such an estimate is
often crucial to fixed point arguments that appear when proving the existence and uniqueness of solutions
to non-linear problems or, in our case, quasi-linear problems. Such problems are described starting from
an initial data point ug, where the linear part A depends on u non-linearly, and where the right-hand side
function F' has a non-linear dependency on u as well:

{ Opu(t) + A(u(t))u(t)

I
!
—~
IS
=
=
~
m
~

u(0) = wuo.

One of the key questions to answer is what happens to the domain D(A(u(t))). Clearly, if we treat a
different operator for each u or each t, we have to contemplate whether or not we also need to consider a
different domain for each operator. For problems with constant domains, meaning every operator acts on
the same domain D(A(u(t))) = X1, problems like this have unique solutions by results like LeCrone, Pruss,
and Wilke (2014). For linear problems with non-autonomous operator (A(t), D(A(t)), where the domains

!Being integrable to the power p, less smooth than continuous functions.
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D(A(t)) are non-constant for time ¢, we can use the maximal LP-regularity result from Di Giorgio, Lunardi,
and Schnaubelt (2005). This result requires a set of conditions known in the literature as the Acquistapace
Terreni conditions to find a unique solution exists. In essence, these are conditions set on the operator A
such that we can view solutions of these equations as an evolution of the initial condition ug over a part
determined by F'. However, when we want to find existence and uniqueness for non-linear problems with
(A(u), D(A(u))) and changing domains D(A(u)), we need stronger conditions than Acquistapace Terreni
conditions, like the Holder regularity conditions as in [Yagi (2010), which features a setting in the Holder
continuous functionsE] instead of in the LP-functions, and uses maximal L*°-regularity. These conditions are
essentially set in such a way that they imply the previous Acquistapace Terreni conditions and improve the
evolution quality of solutions.

In recent research springing from [Priiss and Wilke (2017), which is refined further in |Priiss, Simonett,
and Wilke (2018) and [Hytonen, van Neerven, Veraar, and Weis (2024), an improvement is found of the
non-linear LP-regularity setting by including a critical part in the right-hand side function F. What this
means is that we will split F' into a trace part Frp,., which acts as the continuous part of F' and allows for
initial data ug to be treated, and a critical part F., which acts on an L" space with » > p and allows for
stronger non-linearities. However, all of this research is done on non-linear equations with constant domains
D(A(u)), and results that show the existence and uniqueness of solutions to quasi-linear problems in the
critical setting on non-constant domains D(A(u)) are currently missing. This means we can not easily treat
example problems with Xo = L9(Q) and domains D(A(u)) € W2%(Q) a Sobolev spacd’| for some ¢ € (1, 00)
of the following form:

ou(t,x) + A(u(t,z))u(t,x) = F(u(t,z)), tel, zeq,
B(u(t,z))u(t,x) = 0, tel, x €09, (1)
u(0,2) = wo(x), x €.

Here B(u) is a certain Neumann boundary condition depending on u, Q2 C R? is some open domain, and
F(u) is a non-linear function in the critical setting described as by [Priiss, Simonett, and Wilke (2018)| and
Chapter 18 of Hytonen, van Neerven, Veraar, and Weis (2024), The linear part A(u) and boundary condition
B(u) are defined as follows:

Here, a;; € C?(L(RY);R) are the matrix coefficients and n(x) is the outward vector on the boundary
09Q. What domain D(A(u)) is chosen as a subspace of W24(Q) is, of course, entirely dependent on which
boundary condition B(u) currently applies to. Since the boundary condition is dependent on u, the domain
of A will thus be dependent on u. Problems like this model problem show up when modelling
honeybee colonies (Yagi, 2010, Section 5.7) or chemotaxis of a cell, (Yagi, 2010, Section 5.8) to name a few
examples from the literature.

In this thesis, we formulate conditions that ensure the short timescale existence and uniqueness of solu-
tions to (non-)autonomous quasi-linear problems on non-constant domains D(A(w)) in the critical setting.
In order to do this, we attempt to extend the critical setting, as is described in Chapter 18 of Hytonen,
van Neerven, Veraar, and Weis (2024 )| for constant domains, to the setting with non-constant domains.
We will first consider the non-autonomous linear setting on non-constant domains of |Di Giorgio, Lunardi,
and Schnaubelt (2005), then use the linear theory of |Yagi (2010) to get a result that works on the same
conditions as the Holder regularity conditions, but working with the LP-regularity of the critical setting.
Our research questions are as follows:

e Can a set of conditions be derived on which we are able to show short timescale existence and unique-
ness of solutions to quasi-linear problems on non-constant domains in a critical setting?

2Functions more smooth than continuous functions but less smooth than continuously differentiable functions.
3Functions with derivatives that are integrable to the power gq.
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e Can our result ensure a unique short timescale solution to the model problem [Eq. (1)f

It should be noted that chapter 5 of already features short timescale existence and uniqueness
of solutions to quasi-linear problems on non-constant domains and has a result which can be applied to
a quasi-linear problem on non-constant domains in section 5.6. Therefore, it is crucial to show how our
inclusion of the critical setting affects our results.

In we develop the theory of maximal LP-regularity as found in Chapter 17 of
Neerven, Veraar, and Weis (2024), and treat the case of non-autonomous linear problems with non-constant
domains as found by [Di Giorgio, Lunardi, and Schnaubelt (2005)!

In [Chapter 2| weighted regularity is introduced using the power weights from Section 17.2.e of
van Neerven, Veraar, and Weis (2024), and non-autonomous semi-linear and quasi-linear cases on non-
constant domains are treated, where the critical setting is introduced for the quasi-linear problem on non-
constant domains. The non-linear problems on non-constant domains use the Holder regularity assumptions

as made in Chapter 3 part II and in Chapter 5 of [Yagi (2010) and require results described in

The research questions are answered, and the results are discussed in [Chapter 3
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Chapter 1

Definitions and properties

In this chapter, we set up the tools that will allow us to conduct new research. In we will
introduce the concept of maximal LP-regularity on the simplest form of problems, namely the problems
which are:

1. autonomous, meaning there is no dependence on time except in the solution itself and the right-hand
side function;

2. linear, meaning there is no dependence on the solution itself besides the linear part Au.

Because of the linearity, we can work on the zero initial condition. The theory for this will be built on
the work of chapter 17 of Hytonen et al. (2024), with occasional references to Chapter 13 of van Neerven
(2022)| and the Harmonic Analysis lecture notes. Next, in we will extend the concept to non-
autonomous problems. In the case that the domains do not depend on time, an existence-uniqueness result
may be shown by perturbation as in from Section 17.2.g of Hytonen et al. (2024). On the
time-dependent domains, we are going work from the setting of Di Giorgio, Lunardi, and Schnaubelt (2005)
and Chapter 3 part II of Yagi (2010), with references to [Schnaubelt (2004). In these settings, the concept
of the initial condition is also introduced using the work of Di Giorgio, Lunardi, and Schnaubelt (2005)} in
order to have a working initial condition for the non-linear problems of

1.1 Maximal LP-regularity on autonomous linear problems

We will start from the inhomogeneous heat equation on R x R? since it is the simplest example of the
problems we treat:

ou+ M — Au = f.

Here, f(t, ) is taken in LP(R x R%) for p € (1,00), A > 0, and the solutions u are in some space such that
this equation makes sense as an equality in LP(R x R?). For this equation, you can show using multiplier
theor that there is maximal LP-regularity for this equation, meaning that if f € LP(R x R?), then dyu, \u
and —Aw are all also LP(R x R%) functions, where an estimate of the LP norm of d;u, Au and —Aw is given
based on the L? norm of f:

1Beull, + > A2l < Capll £l

o] <2

It is essentially the most regularity one can expect given f € LP(R x R?), and it allows for convenient
estimates of the solutions to be made based only on the known source function. In fact, using this estimate,
it is shown in the Harmonic Analysis lecture notes that the solution exists and is unique for all p € (1, 00).
We want to be able to apply this concept to much more abstract problems in order to derive important
existence uniqueness results of solutions to these problems. We will start by looking at a more general
autonomous linear problem.

1See the Harmonic Analysis lecture notes for a complete version of this proof.

13



14 CHAPTER 1. DEFINITIONS AND PROPERTIES

1.1.1 The Abstract Cauchy Problem
The abstract Cauchy problem we will begin researching is defined as follows:

ou(t) + Aut) = fb), tel,
{ w(0) = 0. (1.1)

We consider u and f as functions in the function space LP(I; Xy), where I C (0,00) is some (un)bounded
interval in time, and Xj is any Banach space. A good example Banach space would be X = LI(R%), so
that @(t,z) = (u(t))(x) and f(t,z) = (f(t))(z) are also functions in space. In the previously mentioned
heat equation, we considered A = (A — A) with domain D(A) = W29(R%) and Banach space Xy = LI(R?),
but we will now be able to model many different differential equations by filling in any unbounded operator
(A, D(A)) and Banach space Xy. Then we can see A as a linear operator in .Z(D(A), Xo), where we assume
a continuous embedding exists D(A) — X
We define proper solutions to the problem based on the definitions of [Hytonen et al. (2024):

Definition 1.1.1. 1. u is called a strongly measurable function if there exists a sequence of simple func-
tions u, which converges u, T u pointwise.

2. u: I — Xp is called a strong solution to the problem [Eq. (1.1)|for a f € Llloc(f; X)) if:

(a) w is strongly measurable,

(b) u takes values in D(A) a.e.,
¢) Au € L}, (I; Xo),

(d)

d) and u solves the integrated version of [Eq. (1.1)] meaning for almost all ¢t € I, we have

u(t)+/OtAu(s) ds:/otf(s) ds.

3. u is called an LP-Solution to the problem [Eq. (1.1)|for a f € LP(I; Xy) if u is a strong solution that
has Au € LP(I; Xy) as well.

With these definitions in mind, we are ready to define what we will mean by maximal LP-regularity:

Definition 1.1.2 (Maximal L? regularity). The unbounded operator A has maximal LP regularity on I if
there exists a constant C' > 0 s.t. for all f € LP(I; Xy), the problem [Eq. (1.1)| admits a unique LP-solution

uy on I which has

[Aug| e (r;x0) < Cllfller;x0)-
The least admissible constant for which the above equation holds is denoted as M;if{ (I). We will denote A
having maximal LP-regularity on I as A € MR,([) for convenience.

Below will follow a few subsections which are helpful as background material.

1.1.2 (Cj-semigroups and sectoriality

Often, these unbounded operators A will have Cy-semigroups S(t) such that —A generates this
C’o—semigroupﬂ These Cy-semigroups are often used as the solutions to the problem and thus, the
existence of solutions is very important for research into the problem. We will need some information on
Co-semigroups, and specifically analytic Cp-semigroups. We will use the work of van Neerven (2022), and
consider the open sector ¥, := {z € C\ {0} : |arg(z)| < w} for some angle w € (0, 7).

Definition 1.1.3 (Cp-semigroups). 1. A is said to generate (or to be a generator of) a Cp-semigroup
S(t) if A is the closed operator defined by

1
D(A) = {-T € Xo: lgfgl E(S(t)x — ) exists in XO} ,

o1
Az = lgfg E(S(t)x — ).

2For the full definition of a Cp-semigroup, see chapter 13 of fvan Neerven (2022)l Essentially these are the solutions operators
mapping initial data to solutions.
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2. A Cp-semigroup S(t) is called analytic on ¥, if for all z € Xy the function ¢ — S(t)z extends
holomorphically to X, and satisfies
lim S(z)z==x.
2€3,,2—0
The following result by |[van Neerven (2022) shows why these Analytical Cp-semigroups are of interest:

Theorem 1.1.4 (Bounded analytic semigroups, complex characterization). For a densely defined closed
operator A in Xq the following assertions are equivalent:

1. —A generates a bounded analytic Co-semigroup S(-) on 3, for some n € (0, %71');

2. there exists € (3m,m) such that £¢ C o(—A) and

sup [[AR(X, —4)| < oo.
)\EZg

Denoting the suprema of all admissible n and ¢ by whoio(—A) and wyes(—A) respectively, we have

1
Wres(_A) = 577 + Wholo(_A)-

Under the equivalent conditions above, we have the inverse Laplace transform representation
1
St)r = ez = — / MR, —A)z d\, t>0,x € X, (1.2)
21 Jr
where I' = T'w g is the upwards oriented boundary of ¥¢ \ B, for any (' € (%W,C) and any closed ball B
centered at the origin.

Proof. Theorem 13.30 from van Neerven (2022)! O

The property that —A has supycx, [AR(A, —A)|| < oo is often referred to as —A being a sectorial

operator. We set w(A) as the angle descried above in (0, %77) Theorem 1.1.4|tells us that sectorial operators
always generate bounded analytic Cyp-semigroups. We will often also denote e~/ as the bounded analytic
semigroup generated by —A, as we will see this is a convenient notation in upcoming properties.

Proposition 1.1.5. Let A be a sectorial operator with angle w(A) € (0, %) For ¢ € [0,1), ¥ € [-1,—9¢)
and s,t € [0,T], we have

t
HA‘b[e*tA _ 1]Aw‘|$(X0) < H/ APV —TA 1
0

Z(Xo) (1.3)
t
< C/ TVl = oo,

0

Proof. This is Equation (2.129) on page 102 from Yagi (2010), which we can apply since A is sectorial. [

With the definition of sectoriality in mind, we will also have a short look at R-sectorialityf’| which we
will require for one of the characterizations of MR, operators as seen in [Theorem 1.1.20, In the special
case of LP spaces, it means that for any N € N, any A\, € & and any x, € LP. we can have the bound

Wres

N 3 N 3
(Z\AnR(An,A)an) <M (Z yan)
n=1 r n=1 Ly
Typically, R-sectoriality is defined using Rademacher sequences. The implication that sectorial operators

are R-sectorial is straightforward to prove. However, the other way around usually is not true, as seen in
examples in Chapter 10 of Hytonen et al. (2017)L

3See Section 10.3.a of [Hytdnen et al. (2017).
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1.1.3 Mild Solutions

In upcoming problems on non-constant domains, it tends to be unpractical to look for strong solutions.
However, we can use the Cy-semigroups, and later evolution families, to help us get from a less strong
version of a solution, which will correspond to the desired strong solution under the right circumstances.

Definition 1.1.6. Suppose —A generates a locally bounded strongly measurable semigroup S on Xg. For
f € L (I;Xp), the continuous function u € L} (I; Xy) defined by

loc loc
u(t) .= Sx f(t), tel,
is called the mild solution of the problem
The following results from Hytonen et al. (2024) show why this is useful:

Proposition 1.1.7. Let —A generate a locally bounded strongly measurable semigroup S on a Banach space
Xo. Let f € LP(I; Xq) with p € [1,00]. Then for any function u € C(I; Xy), the following assertions are
equivalent:

1. w is a strong solution on I of|Eq. (1.1)|;
2. w is the mild solution on I of|Eq. (1.1), u is differentiable a.e., and %u € L} (I; Xo);
3. w is the mild solution on I of|Eq. (1.1)| u takes values in D(A) a.e., and Au € L}, (I; Xo).

In particular, a strong solution, if it exists, is unique and equals the mild solution.

Proof. Proposition 17.1.3 from |[Hytonen et al. (2024). Note it is done for any initial condition. O

Now, we get a proposition that allows us to go from mild to strong solutions. Recall C* stands for the
space of Holder continuous functions, with a norm

1) — £(s
Wllenomixg = sup | (() % ) loomx

0<s<t<T t—s)H

Proposition 1.1.8. Let A be sectorial of angle w(A) € (O,%) and let S be the analytic Cy-semigroup

generated by —A. Then for all f € C*([0,T]; Xo) with u > 0, the mild solution u = S * f to the problem

[Fq. (1.1)| satisfies
u € C([0,T]; Xo) N L>=((0,T); D(A)).

In particular, u is a strong solution.

Proof. Proposition 17.1.4 from Hytonen et al. (2024), O

1.1.4 Solution spaces
In this part, feasible solution spaces are defined, which allow for solutions to [Eq. (1.1)|

Definition 1.1.9 (Solution spaces). The solution space of the time derivative for problem |[Eq. (1.1)|is
defined as

loc

. - d
oWBP(I; Xo) = {1} € Wl’p(f; Xo) : Y € LP(I; Xyp), v(0) = 0} :
The solution space of the equation is then defined as
oW LP(I; Xo) 1= {v e oWIP(T; Xo) : v()) € D(A) ae. on 1, Av e LP(I; XO)}.

Most of the time, we will, however work on finite time intervals, on which we can use the following mazimal
reqularity space:

PP(I) := WHP(I; Xo) N LP(I; D(A)),
which is equipped with the norm

||$H7>p(1) = ||$HW1«P(I;XO) + HA$||LP(1;X0)-
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The spaces defined here will serve as the range for the closed solution operator M : f +— uy. We will
show a few properties of the spaces here, fully derived in Hytonen et al. (2024).

Proposition 1.1.10. If u is an LP-solution of problem|Eq. (1.1)| on I, then

1. OWLP(I; Xp) 2 OW/}{p(I; Xo) are both normed spaces, with

ol d

vl ==
oW X)) e o rix)

Il i1 x,y :=max g || v | AV Lo (r:x0) ¢ -
oW P (I;X0) dt LP(I;XO), P(I;Xo)

2. For all bounded subintervals (0,T) C I, we have
oW (1 Xo) = PP((0,7)),
with
[ollpe 0.y < (T +DI0ll irte gx)-
In particular, the LP-solution u belongs to this mazimal regularity space PP((0,T)).
Additionally, if A: D(A) — Xy is a closed operator, then OW}"p(I;Xo) s a Banach space.
Proof. Proposition 17.2.2 in Hytonen et al. (2024 )| O

The space PP((0,T)) := LP((0,T); D(A))NWP((0,T); Xo) is a form of maximal regularity space because
any LP-solution u will also have L? regularity for both Au and dyu by definition. If A € MR,((0,7")), then
the unique solution uy has [luy||pr(o,r)) < CllfllLr((0,7);x0) for any f € LP((0,T); Xo).

1.1.5 Properties of MR, operators

Proposition 1.1.11 (MR, implies closed). If A € MR,(I) for any p € (1,00) and I C [0,00), then A is
a closed operator.

Proof. Proposition 17.2.5 in Hytonen et al. (2024 )| O
This closedness result is then applied to show that the solution operator M is an isomorphism.

Corollary 1.1.12 (Solution operator). For f € LP(I;x), define the solution operator
M : LP(I; Xo) — oW P(I; Xo)
by Mf = uy, where uy € PP(I) is the solution to problem [Eq. (1.1) on I for given function f. If A is an
operator with mazximal LP-regularity on I, then M is an isomorphism from LP(I; Xg) to Ole’p(I; Xo), with
1 reg 1
St < WMoy < D) + D 1Lt
Proof. Corollary 17.2.6 in Hytonen et al. (2024), O

This corollary means that maximal LP-regularity gives enough information to determine existence and
uniqueness of solutions, which clearly means maximal regularity is a useful concept for analysing the existence
and uniqueness of solutions to PDEs. The next result uses the given bounds to allow us to move from the
more difficult regularity space of Ole’p (I; Xp) to the simpler regularity space PP(I).

Proposition 1.1.13. Let A € MR,(I), f € LP(I; Xo) and let uy € OWX”(I; Xo) be the unique solution to
problem [Bg_{LT)
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1. For all bounded sub-intervals (0,T) C I, we have uy € PP((0,T)), and
lugllpro,ry < (T + DM + DI fll oz;x0)-
Additionally, if I = (0,T) a bounded interval, then
oW," (I Xo) = PP((0.7)),
and for all v in this space, we have

ol rxey < lelloroy < (@ + Dllell it gy

2. If 0 € o(A), we have uy € LP(I; D(A)) N oW'P(I; X,), and

s | orsmeann stz < (A7 1+ DL + DI Flivroxe)-

We have ) .
oWAP (I3 X0) = LP((0,T); D(A)) N oW"P((0,T); Xo),

and for all v in this space, we have
-1
ollgvirie(rixe) < Wlieorypiann owreomyxe < AT+ DIVl it o)

Proof. Proposition 17.2.8 and Corollary 17.2.9 of Hytonen et al. (2024). O

The first part of this proposition uses finite intervals to deduce bounds as seen before. The second part
uses invertibility of the operatoxﬁ to deduce a similar bound. Note that [Proposition 1.1.13|allows us to work
with PP((0,7')) on finite intervals as our closed space for the MR,((0,7")) operators.

We will also take a result from [Hytonen et al. (2024)| which allows us to find solutions of the problem

Eq. (1.1)|with Af € LP(R4; Xo) as the right hand side function.

Lemma 1.1.14. Suppose that A has mazimal LP-regularity on Ry :=[0,00), then for every
f e LP(Ry; D(A)) one has f € LP(R4; D(A)) and

AMf = MAF
as functions in LP(Ry; Xo). In particular, the solution to the problem with Af € LP(Ry; Xo) is
Aug, where uy = Mf is the solution to the problem with f € LP(R4; D(A)).
Proof. Lemma 17.2.12 of Hytonen et al. (2024) O

Dore theorem on sectoriality

The following result will show that all MR, (I) operators are also sectorial.

Theorem 1.1.15 (Dore). Let A be an unbounded operator on a Banach space Xy, and let p € [1,00] be
fixed. Then:

1. if A has mazimal LP-regularity on a bounded interval (0,T), then —A generates an analytic semigroup
on Xo, and A+ A is sectorial of angle w(\ + A) < %7‘( for A € R large enough. Moreover, for Re A
large enough,

JAR(, A)]| < 2074 (R,).

2. if A has maximal LP-regularity on Ry, then —A generates a bounded analytic Cy-semigroup on Xo,
and A is sectorial of angle w(A) < %7& Moreover, for Re X > 0,

|ARO, A)| < MI(R,).

“See [van Neerven (2022)| for more information on how to invert unbounded operators.
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Proof. Theorem 17.2.15 of Hytonen et al. (2024), O

This result can for instance be applied to relate mild solutions to LP-solutions, as is done in [Hytonen
et al. (2024).

Theorem 1.1.16. Let —A generate an analytic semigroup on a Banach space Xy and let p € [1,00]. Let
F be any dense subspace of LP(I;Xg). Then A has mazximal LP-regularity on I iff the mapping f — V f
defined for functions f € F by

Vfiit):=ASxf(t)], tel

is well defined, maps F into LP(I; Xy), and there is a constant C > 0 s.t.

IV fllor;xo) < Cllifllerixo), f € F.

In this situation, V uniquely extends to a bounded operator on LP(I; Xg) s.t. V f = Auy, where uy is the
mild AND LP-solution to the problem |Fq. (1.1)| associated with f. In this situation the least admissible C'
from the above inequality also coincides with Mgej(]).

Proof. Theorem 17.2.19 of Hytonen et al. (2024). O

Permanence properties

Here we will list off the permanence properties shown in Hytonen et al. (2024 )L

Theorem 1.1.17 (Permanence properties). Let A be a linear operator on a Banach space Xy and let
p € [1,00]. If A has mazimal LP-regularity on I, the following assertions hold:

1. Translation: A+ A has maximal LP-reqularity on I in both of two situations:

(a) I =Ry and ReX > 0;
(b) I =(0,T) and X € C.

2. Change of interval: A has maximal LP-reqularity on every bounded interval (0,T").
3. Scalar multiples: \A has mazimal LP-regularity on I for all A > 0.

Extrapolation of exponent: A has mazximal Li-regularity on I for all g € (1,00).

A

Duality: If A is densely defined, then A* has mazimal LP -reqularity on I, where 1 = % + 1% like in
van Neerven (2022).

Proof. Theorem 17.2.26 of Hytonen et al. (2024). O

Remark. Because of[[tem 4| of [Theorem 1.1.17] we will use LP-regularity as a broad term instead of restricting
it to a specific p.

1.1.6 Characterizations of Maximum Regularity

The first characterization we are interested in is Proposition 17.2.10 from Hytonen et al. (2024) which deals
with extension from a dense subspace of LP(I; Xj).

Proposition 1.1.18 (Extension from dense function subspace). Let A be a closed operator, and let F' be
a dense subspace of LP(I;Xq). Suppose that for all f € F there exists a unique solution uy to problem
Fq. (1.1), and that this solution satisfies the maximal regularity bound

HAufHLP(I;Xo) < C”fHLP(I;XO)a
with a constant C independent of f € F. Then A has maximal LP-reqularity on I with M;ig([) <.

Proof. Proposition 17.2.10 from Hytonen et al. (2024). O
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We can also get maximal regularity from closed operators by showing both existence and uniqueness of
the LP solution uy, as we see in Proposition 17.2.11 from Hytonen et al. (2024).

Proposition 1.1.19. If A is closed and for all f € LP(I;Xy), there exists a unique solution uy to the
problem |Eq. (1.1)|, then for all f € LP(I; Xo) the Maximum regularity estimate,

HAufHLP(I;Xo) < C”fHLP(I;XO)a
holds for a constant C independent of f. In particular, A has mazximal LP reqularity on I.

Proof. Proposition 17.2.11 from Hytonen et al. (2024), O

Lastly and most importantly, we can categorize maximal LP-regularity by R-sectoriality of the operator
A, as seen in Theorem 17.3.1 of Hytonen et al. (2024).

Theorem 1.1.20 (Maximal LP-regularity and R-sectoriality). Suppose A is a linear operator on a Banach
space Xy and p € [1,00].

1. If A€ MR,([0,00)), then A is R-sectorial with angle wr(A) < 1.
2. If Xy is UM p € (1,00) and A is R-sectorial with angle wr(A) < i, then A € MR,([0,00)).

3. If Xq is UMD, p € (1,00), and —A generates an analytic semigroup e~*4 s.t. the sets {7t : t > 0}
and {tAe=t .t > 0} are R—boundedﬁ then A € MR,(]0,00)).

Proof. Theorem 17.3.1 of Hytonen et al. (2024)| O

1.2 Non-autonomous linear problems

We move to a new set of equations for us to solve: equations where A(t) is a non-autonomous operator
and has a domain D(A(t)), possibly depending on time as well. We define the operators as A : [0,7] —
Z(D(A(+)), Xo), where D(A(t)) < Xy are the domains of each of the operators in timeﬂ The equation is

as follows:
deu(t) + A(u(t) = [f(t), t€(0,1),
{ w(0) = 0. (1.4)

Here, we will not consider infinite time intervals I, and generally, we will have only small T for which
we can easily prove maximal LP-regularity. We will first consider time-independent domains D(A(t)) =
X1 — Xp, over which we can prove maximal regularity through perturbation. Later we will consider
time-dependent domains, with the additional restraint of the Acquistapace-Terreni conditions from
[sumption 1.2.2]

Theorem 1.2.1 (Maximal LP-regularity for time-dependent A). Let Xy and X1 be Banach spaces with
continuous embedding X1 — Xo, and let A € C([0,T]; Z(X1,X0)) be a mapping with the following two
properties:

e there exists a constant L > 0 s.t. for all t € [0,T],
—1
L7zl < [[A@)z] x, + l2llxo < Lllzllx,, =€ X,
meaning we can consider the operators as A(t) working on Xo due to equivalent graph norms.

e for all t € [0,T] the unbounded operator A(t) on Xo with domain D(A(t)) = X1 has mazimal LP-
reqularity on (0,T) with

M = sup Mri“‘;(t)(O,T) < 0.
t€[0,7) b

®See Chapter 4 of [Hytoénen et al. (2016)| for information on UMD spaces.

See Chapter 8 of [Hytonen et al. (2017)| for information on R-boundedness.

"Note that this tells us very little about the domains, so we only treat this as an extremely general definition of possible
non-autonomous operators.
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Then there exists a 0 < 7 < T and a unique strong solution
u e LP((0,7); X1) N WP((0,7); Xo)
to the problem s.t.

[ull Lo ((0,m);3x0) W e ((0,7):x0) < ClIFIlLr((0.7):x0)
for a certain constant C' > 0. In particular, A(t) has mazimal LP-regularity.

Proof. This is Theorem 17.2.51 in [Hytonen et al. (2024) and since the proof is interesting for our end goal,
we will re-state it here.

We will prove this by perturbation. First, we will rewrite the problem such that we have a
semi-linear problem with a time-independent operator:

{ Opu(t) + AO)u(t) = (A(0) — A(t))u(t) + f(t), te€(0,T), (1.5)
u(0) = 0. '
Now we define a perturbation operator
L: LP((0,7); X1) nWH((0,T); Xo) = LP((0,T); X1) N WHP((0,T); Xo),
which sets £(v) = u where u and v satisfy
{ Ju(t) + A0)u(t) = (A(0) — A@))v(t) + f(t), te (0,T), (1.6)
u(0) = 0. '

Then, finding a solution u to the nonlinear problem [Eq. (1.5)|is the same as solving the fixed point problem
L(v) =v. For vy,vy € LP((0,T); X1) N WP((0,T); Xo), consider u = L(v1) — L(v3). Since uj := L(v1) and
ug := L(v2) both satisfy problem we can see that u := u; — ug and v := v] — vy must satisfy

Bpu(t) + A(0)u(t) = Byuy (t) — dyua(t) + A(0)uy (t) — A(0)us(t)
+

= (A(0) = A@)vi(t) + f(t) = ((A(0) = A(1))v2(t) + (1))
= (A(0) = A@®))(v1(t) — va(t))
= (A(0) = A(®))v(?).

By the maximal LP-regularity of A(0), we can conclude that

MR,
1wl e (o, 7y x ) nwir(0)x0) < MII(A) — AC)v() |l L 0.1):x0)

([ " la) - A<t>>v<t>||’;(odt)’l’

T »
< sup MIA©) - ADlwoxx ([ 10l )
1€[0,7] 0

= sup M| A0) — A®)|l.zx,,xo)llvllLe(0,1):x0)
t€[0,T

< tS[léPT] MI|A0) = A2 x1,xo) IV Lo 0,1y )nwte ((0,7);x0) -
efo,

Setting 0 <7 < T s.t. M sup,eio ] [[A(0) — A®) ||l .2(x,,x0) |l < Cr <1 then gives the estimate

lur = w2l Lo ((0,7);x0 )W e ((0.7);x0) < Crllv — vall Lo ((0,m):x0) AWt ((0,m):X0) - (1.7)
We can now see that we can apply the Banach fixed point theorem to L, since:

e £ maps an element v € LP((0,7); X1) N WLP((0,7); Xo) to an element
u € LP((0,7); X1) N WHP((0,7); Xo), meaning L is self-mapping.
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e L has the estimate for C; < 1, meaning L is a contraction mapping.

The Banach Fixed Point theorem allows us to conclude there indeed exists exactly one v € LP((0,7); X1) N
WP((0,7); Xo) s.t. L£(v) = v. Since we have therefore found an LP-solution uf := v to the problem [Eq. (1.4)
for (0, 7), we use [Proposition 1.1.13[to get the desired bound on |Jug||. O

This result is helpful to get from maximal regularity from the individual operators to maximal regularity
of the time-dependent operator. However, a proof by perturbation of the above form will not work on
time-dependent domains. Most of the equalities written down above need to be seen in an entirely new
light, and picking a w1, ve like above becomes especially challenging. To solve the problem in this setting,
we will have to work towards evolution equations using mild solutions.

1.2.1 Time-dependent domains

Suppose D(A(t)) are separate domains, and not equal to some set X1, and consider the problem

du(t) + A(bu(t) = f(t), te(0,T),
{ w(®) = 0. (1.8)

for Opu, A(-)u(-), f € LP((0,T); Xo).
Assumption 1.2.2. We assume:

(AS i) 3¢ € (3m,7), K > 0 such that o(—A(t)) D X¢ for all t € [0,T], and

RN, A1) .2(x0) < , te[0,T],\ € 3.

1+ A

(AS ii) Vt > s € (0,T), A € B¢, 3oy, Bi,i € {1,...,k},0 < B <oy <2 s.t. 6 :=mini{oy; — f;} € (0,1) and

k
IA@G RO, —A@)[ATHE) — A7 ()] xo) < KD (E—5)™ AL
=1

(AS iii) Xo is UMD. and A(t) are uniformly R-sectorial with angle wr(A(t)) < &, meaning in particular
that A(t) are sectorial operators and sup,cpo m{M(t)} < oo for M(t) the sectoriality bound.

As in Di Giorgio, Lunardi, and Schnaubelt (2005), we then get a new form of maximal regularity space
that’s functionally similar to PP((0,7)).

Definition 1.2.3 (Solution space in time-dependent domains). Let [Assumption 1.2.2| hold for A(t), we
define the Mazimal regularity space EP((0,T)) as

EP((0,T)) := {v € WIP((0,T); Xo) : A(t)v(t) € D(A(t)) a.e., A()v(-) € LP((0,T); Xo)},

with a norm
lvller (0,1 = lvllwrro,r):x0) + IAC) V) Le (0,1 x0)-
From this it is natural to denote maximal LP-regularity of A(-) as meaning there exists a unique solution

uy € EP((0,7)) to [Eq. (2.1)| with ||uf”£p((0’T)) < C||f||Lp((07T);XO) for all f € LP((0,7); Xo).
Note (AS [iii]) of [Assumption 1.2.2|implies A(t) € MRP((0,T")) by [Theorem 1.1.20}
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1.2.2 Evolution families

In this section we derive a time-dependent version of semigroups e~(*=5)4 based on the works of [Pazy (1983)
and |Schnaubelt (2004). The goal is to use them to derive mild solutions, and using the mild solution to
proof results which are otherwise difficult to see. We will see that the solution to the problem equation
is given by u(t) = fg G(t,s)f(s) ds, where G(t, s) is a certain evolution family.

Definition 1.2.4 (Evolution family). An evolution family G(-,-) is a family of bounded linear operators
G(t,s), t > s that satisfy

G(t,s) =G(t,r)G(r,s), t>r>s.

The evolution family is called strongly continuous if the mapping (t,s) — G(t, s) is strongly continuous on
the triangle {(¢,s) € R? : t > s}.

The following result is a simplified version of results from theorem 2.2 in Schnaubelt (2004). These
properties will be used throughout the thesis.

Theorem 1.2.5. Let |[Assumption 1.2.2 hold for A(t), then there exists a strongly continuous evolution
family G(-,-) on Xy with time interval (0,T) such that for all0 < s <t <T,

1. Gt $)Xo € D(A(),
2. |A()G(t,s)|| < 7% for some C >0,
3. 0G(t s) = —AB)G(L,5),
4. 0FG(t,s)x = G(t,s)A(s)x for x € D(A(s)).
Proof. Theorem 2.2 from Schnaubelt (2004). O

We also discuss the Yosida approximations. Let A, (t) be the Yosida approximations A, (t) = A(t)J,(t),
where we defined J,(t) := nR(n,A(t)). Then there is an important result to mention for G, (¢,s) the

evolution family of A, (t):
0sGn(t,s)x = G(t,s)A(s)x for © € D(A(s)). (1.9)

Essentially, the derivative from this side is no longer one-sided if you take the Yosida approximation. Lemma
2.3 from Schnaubelt (2004)| also gives a convergence of A,, to A, and Proposition 2.5 from [Schnaubelt (2004 )
gives a convergence of G, to G.

1.2.3 Improved linear theory under stronger assumptions

The condition (AS from [Assumption 1.2.2| can be simplified somewhat using the interpolation spaces

from as is seen in the following lemma.
Lemma 1.2.6. Suppose the following holds for A(t):

o E]’YO S (0,1) s.t. Vr € [1,00],5 < Y, (Xo,D(A(t)))g,r = (X(),D(A(O)))B,T =: Xﬂﬂ’? [Xo,D(A(t))]g =
[ X0, D(A(0))]g =: Xp for allt € [0,T], and for all t,s € [0,T], x € Xg and v € Xg, we have

2]l (x0.0A0))5., < Cillzll(x0.0(A))) 500
2]l 0,045 < Collzllixo,neacs))s:
where C1,Co > 0 are independent of t, s.

o Fort e [0,T] and B < o, assume D(AP(t)) = Xz with the norm

|2l pas ey = 1A% (B)z||x,, € Xg.
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e Iy e (0,7],p€(0,1] s.t. y+p>1 and

147 (1) [A7' (1) = A7 ()] lzx) S N(E =), 0<s<t<Tf

Then (AS[id) holds for A(t).
Proof. To show this, we use interpolation with the operator A(t), which gives
1A TR, —A1) [l 2(x0) < CIAITT

for A € B¢ with ¢ € (37, 7). We also use the commutativity R(\, —A(t))(A(t))? = R(A\, —A(t))(A(t))" on
the domains D(A7(t)) = X, with proposition 15.1.12 from Hytonen et al. (2024)|to get

IAM® RO, —A@)[ATHE) — A7)l 2 (x0)
< [(A®)) RO, =AM A0) A1) = A7)l 2(x0)
< CATTIA@) AT ) — A7) (x0)
< CINTIN(t = s)* = Ot — s)H |\
Setting k =1, ay = p, f1 = 1 — 7, we see that we have to require p+ v — 1 € (0,1). This gives
1<y+p<2.
Since p,y < 1, this holds by our assumption in the lemma. O

Because of that, we can also create a stronger assumption, which we need for some linear theory that
is useful when dealing with the non-linearity. Because of [Lemma 1.2.6] [Assumption 1.2.7] implies
tion 1.2.2

Assumption 1.2.7. (AS’i) 3¢ € (3m,7), K > 0 such that o(—A(t)) D ¢ for all t € [0,T], and

IR, —A)] 2(x0) < , £ e[0T A € X

14 |)

(AS’ ii) Xo is UMD and A(t) are uniformly R-sectorial with angle wr(A(t)) < 3.

(AS’ i) Ty € (0,1) s.t. Vr € [1,00], 8 <0, (Xo, D(A(t)))sr = (X0, D(A(0))) g, =: Xpr,
[ X0, D(A(t))]g = [Xo, D(A(0))]g =: Xp for all t € [0,T], and for all t,s € [0,T], x € Xg and
x € Xg, we have

2/l (x50, 0405, < Cillzll(x0,0(A())) 500
1zl x0, 00415 < Collzllxo,n(A(5))]50
where C,Cy > 0 are independent of t, s.
(AS’iv) Fort € [0,T] and B < 7o, assume D(AP(t)) = X3 with the norm

|2l pasy = 14°)z]lx,, 2 € Xa.

(AS’v) Iy € (0,7], 1 € (0,1] s.t. v+ p>1 and
JA7(2) [A71(t) — A1) Nl < N(E—s), 0<s<t<T,
where N is independent of t, s.

If we compare these to the assumptions made in Section 3.4.1 of [Yagi (2010), we see that our
tion 1.2.7/implies the structural assumptions of Section 3.4.1 of [Yagi (2010). Therefore, we have the following
estimates from Section 3.8.1:

8In the theory from [Section 2.3| we can only consider yu € (0, 0] because of the u + 6 = o constraint.
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Lemma 1.2.8. Suppose|Assumption 1.2.7 holds for A(t), and let G(t, s) be the strongly continuous evolution
operator of A(t). Then:

1. For ¢ € [0,u+7), ¥ € [-¢,min{0,1 — ¢} U0, ), and 0 < s <t < T,
IA?()G(t,8) A ()] 2(xp) < Calt — )77 (1.10)

2. For p € [0,7], v €[-1,0 and 0 < s <t <T,
[A(#)(G(t, 5)) — e U AV (5) | gy < Ot — s)7FH71707 (1.11)
3. For ¢ € [0,~] and ¢ € [-1],0], 7>0and 0 <s<t<T,

4%(2) (7740 = A ) AV(s) | ) < Cor TP ), (1.12)

Proof. 1. If ¢ € [0, u), combine Equations (3.81) and (3.82) on page 154 of [Yagi (2010), and the G(t, s) =
G(t,r)G(r, s) property of evolution families from [Theorem 1.2.5 to obtain

A9()G (t, tt 5) e <t ts s) A (s)
2 2 Z(Xo)

((3.82) [Yagi (2010)) —¢
B (- t52) o)

((3.81)[Yagi (2010)) -9 -
2 02<t_t—i2—s> <t42—s_8>

1A (DG (. 5) A ()| 2(xo) =

Z(Xo)

If ¢ € [—¢, min{0,1 — ¢}], the result follows from Equation (3.83) of [Yagi (2010) instead. Note that
for ¢ < 1, which will be true for all the cases in the proof of [Lemma 2.3.12] we can just use [—¢,0].

2. Equation (3.87) on page 154 from |[Yagi (2010)k
3. Equation (3.91) on page 156 from [Yagi (2010)L

O
1.2.4 Initial condition
We want to consider the Initial Value Problem for a smart choice of ug the initial condition:
Ou(t) + At)u(t) = [f(t), t€(0,T)
(1.13)
u(0) = wup.

We will assume the [Assumption 1.2.2| holds. Then the following result for the un-weighted case gives us
that we should choose ug € (Xo, D(A(0))); 1, a real-interpolation space between X and the domain of
p7

A(0) so that Al_%(())uo is well defined. For more information on interpolation spaces, which will appear
a lot in this thesis, see [Appendix A.1l In [Chapter 2| we will consider the weighted equation with weight
a € (=3, ;,) we will see we can take ug € (Xo, D(A(0)))s,p, where 0 =1 — a — %.
Below stated is the theorem 2.2 from Di Giorgio, Lunardi, and Schnaubelt (2005) which gives us a

definition of maximal LP-regularity for the operator family A(-)

Theorem 1.2.9. Assume |Assumption 1.2.2 holds for A(t). Let p € (1,00), T >0, f € LP((0,T); Xo) and
ug € (Xo, D(A(0))),_1 1. Then the problem|Eq. (1.13)| has a unique mild solution u € EP((0,T)) given by
P’p

¢
u(t) = G(t, 0)uo + / Gt s)f(s) ds, te (0,T).
0
There exists a bound of the form

lullgr (o)) < C(HUOHXP%J, + £l e (0,1):x0))-
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Proof. This is theorem 2.2 from Di Giorgio, Lunardi, and Schnaubelt (2005). OJ

From now having an unique mild solution u € EP((0,T')) with ||ul|gr((0,7)) < C(||U0HXl_%’p‘FHf||LP((0,T);X0))

will be our new definition of A(-) having maximal LP-regularity, with an estimate now not only depending
on f but also on our initial condition ug. Note that we, as a consequence, do not consider strong solutions
in this non-constant domains definition of LP-regularity.



Chapter 2

Weighted non-autonomous problems on
non-constant domains

This chapter extends the non-autonomous setting of |Di Giorgio, Lunardi, and Schnaubelt (2005)| with non-
constant domains in various ways.

o In we extend the non-autonomous linear setting by using power weights from Section
17.2.e of Hytonen et al. (2024). The concluding result [Corollary 2.1.6| allows us to find existence and
uniqueness for solutions starting from an initial condition uy from the bigger interpolation space X, .

e In[Section 2.2] the weighted non-autonomous linear theory is applied to a setting with a semi-linearity
in the right-hand side function. Theory from section 18.1 of Hytonen et al. (2024)|is used to define a
simple non-linearity which acts on the same Trace space X, as the initial condition. This result is
set in the non-autonomous linear theory from Chapter 3, part II of [Yagi (2010) with constant domains
when sufficiently close to the boundary condition. This setting has important results as described
in for estimating the self-mapping and contraction mapping qualities that enable the
application of the Banach fixed point theorem when using a mapping ® that reduces the non-linear

problem to a non-autonomous linear problem from The concluding result

then gives short timescale existence and uniqueness of solutions to the semi-linear problem.

e in[Section 2.3] the weighted non-autonomous linear setting is further extended to quasi-linear problems
with a critical part in the non-linear right-hand side function, as seen in section 18.2 of [Hytonen et al.
(2024). By using a Hoélder-continuous setting as in chapter 5 of [Yagi (2010) which allows for the
reduction to linear problems as in with the results of we can use operators
A(u(t),t), which besides being non-autonomous are non-linearly dependent on the solution and gain
constant domains when sufficiently close to the boundary condition. Again, the Banach fixed point
theorem is used with a mapping to the setting of in order to prove short timescale existence
and uniqueness of solutions in which is the main result of this thesis. Some proofs

reference for results explaining specific steps.
In the examples of we then look at examples and see if our main result [Theorem 2.3.7] can be
applied. The model Neumann problem [Eq. (1)|of our research question is investigated in [Section 2.4.1

2.1 Weighted LP-regularity

When working with non-linear problems, it is helpful to consider weighted spaces LL,_ . The reasons given
for that are as follows: (Hytonen, van Neerven, Veraar, & Weis, 2024])

1. it allows initial data uo belonging to the space Xy, = (Xo, X1);_ where o > 0 is a parameter

a— % 7p’
associated with the weight;

2. global existence of solutions can be proven under milder blow-up criteria;

27
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3. it allows the inclusion of the endpoint p = oo, which will only be considered for problems on constant
domains.

Definition 2.1.1 (L, and WP ). For f strongly measurable, define a power weight wy as wq f(t) := t* f(t).
Then the weighted LP-space LE, (I; Xo) is defined as

LE, (I; Xo) := {f strongly measurable : ||wa.f|l1r(1,x4) < 00}

This space has the norm || f[[zz_(1.x4) = |wafllLr(1,x,)- The weighted Sobolev space WAP(I; Xo) is defined
as
WP (I3 Xo) := {f € LE, (I; Xo) : [0wafl 1o(1,x0) < o0},

with the norm ”fHWuljf(];XO) = ||wa fll e (r;x0) + 10wa f | Lo (1:x0)-

We can use the following result from Hytonen et al. (2024) for autonomous operators. A non-autonomous

version is derived in [Theorem 2.1.41

Proposition 2.1.2 (Extrapolation with power weights). Let A be a linear operator on a Banach space X,
let I =(0,T) or I =1[0,00), let % + % =1, and consider the weight wy(t) = t* with o € (—%, }%) Then the
following assertions hold:

1. If p € (1,00], then A has mazimal LP-reqularity on I if and only if A has mazximal LL, -reqularity on
1.

2. If p=1, then A has mazimal L}ua -reqularity on I if A has mazimal L'-reqularity on I.
Proof. Proposition 17.2.36 in Hytonen et al. (2024), O]

Remark. Here, we see we can include p = co. However, in Di Giorgio, Lunardi, and Schnaubelt (2005),
p = oo is not included. To have useful theory without restating results like in Chapter 18 of |Hytonen et al.
(2024), we will avoid p = oo and p = 1 in this thesis. However, the p = oo endpoint is likely feasible to be
included because of Hytonen et al. (2024) and Yagi (2010) treating it.

We investigate the weighted non-autonomous linear problem:

{@u(tHA(t)u(t) = f(t), te(0,7T),

w(®) = 0. (2.1)

In this section, A having maximal LP-regularity means there exists an unique solution mild u with

lullecory < Cllfllzeo,1):x0) for all f € LP((0,T); Xo), as from [Theorem 1.2.90 We now want to find
maximal L%, -regularity for A(t), which will entail the same definition as above except with L%, spaces

where there were LP spaces before.
We introduce the maximum regularity space

EL((0,T)) := {v € W5P([0,T}; Xo) : v(t) € D(A(1)) ae., A(-)u(-) € LE, ([0,T]; Xo)} (2.2)

with the norm

10llez o) = vllwar0,1):x0) + 1ACVO 2, ((0,1):%0)-

Note this is the weighted version of [Definition 1.2.3] and so A having maximal L%, -regularity means there
exists a unique solution u with [lul|gz(o.ry) < C|fllLz_ ((0,1):x0) for all f € L%, ((0,T); Xp). This property
will be shown in |Corollary 2.1.6|

Firstly, we will assume [Assumption 1.2.2] of [Section 1.2.1, and derive a non-autonomous version of

[(I’heorem 1.1.16L

Proposition 2.1.3. Let|Assumption 1.2.2 hold for A(t) and assume that F is a dense subspace of
LP((0,T); Xo) under the same norm. Define

V. F— LP((0,7); Xo),



2.1. WEIGHTED LP-REGULARITY 29

=A t)/O G(t,s)f(s) ds

Then A(-) has mazimal LP-regularity on (0,T) if and only if V is a well-defined operator and there exists a
C > 0 such that ||V f|| Lo (0.1);:x0) < Clf e 0,7):%0)-
If this holds, then V extends to a bounded operator on LP((0,T); Xo), and we have

V() =AC)us(),
where uy is the mild solution to the problem coming from|Theorem 1.2.9,

Proof. ”Only if”: If A(-) has maximal regularity, meaning there exists a unique mild solution

up € WHP((0,T); Xo) to problem with uy € D(A(t)) a.e., A(-)us(-) € LP((0,T; Xo) and
10us]l Lo ((0.7):x0) + 1A ur (Dllze0,0):x0) < My AN Fll o (0.0):x0)-

By the mild formulation, uz(t fo ) ds is equal to this unique strong solution uy. Since V f(t) =
A(t)ug(t) for this form, we get the bound

IV FllLeo.1):x0) < My A F Il Lo (0,0):0)-

"I let w( fo ) ds for f € F, then by assuming V' is bounded from F to LP((0,7); Xo) we

have that w € D(A( )) a.e. w1th A(Dw(-) =V f(-) € LP((0,T); Xo). This allows us to use [Theorem 1.2.9
that states that there is a unique mild solution uy to equal to w, and

IAC)wrC) e o,m):x0) = IV FllLe0,1):x0) < CIFllLe(0,1):x0)-
O

We can use this V to show the equivalence of LP-regularity and weighted LP regularity in the non-
autonomous case.

Theorem 2.1.4. Let|Assumption 1.2.2 hold for A(t), and let I be a bounded interval. We have that A(-)
having Mazimum LP-regularity on I is equivalent to A(-) having Maximum LL,_ -reqularity on I forp € (1,0)
11

and o € (=3, 7).

Proof. By [Proposition 2.1.3] we need to show that V' being bounded on LP((0,T); X() is equivalent to V/
being bounded on L%, ((0,7); Xo). We will argue that V' being bounded on LP((0,7); Xo) is equivalent to
Vaf(t) == A(t) fot t*G(t,s)s™*f(s) ds being bounded on LP((0,T); Xo). We then show that this again is
equivalent to V' being bounded on L%, ((0,T); Xp).

First equivalence: we will show the difference V, —V is bounded on LP((0,T); Xg), then show this implies
V bounded < V,, bounded. Take f € LP((0,T); Xo), then

Vaf(t) — VF(t) :A(t)/o 4G (t, 8)s™f(s) ds — A / G(t,s)

— A1) /OT 1iosG(t, ) (C) - 1) F(s) ds
:/OTk:(t,s)f(s) ds

Here we defined k(t,s) := 1issA(t)G(8, s) ((7) —1), and by lemma 17.2.35 from Hytonen et al. (2024),
we only have to show that K(t,s) := l;~4(t — s)A(t)G(t,s) is an L>®°(R?; #(X,)) function in order to
conclude that V, — V is bounded on LP((0, T ; Xo). To show this is indeed the case, consider the inequality
[A@)G(t, s)||l.2(x) < tCS from This allows us to conclude that

1l oo oz (x0)) = SUP (8 = ) AR)G(E, 8)l|2x0)
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= sup(t = s)[ ARGt 8)llz(xo) < C-

We now show that V,, — V' bounded gives the equivalence we want. Take f € LP((0,T); Xo) with W.L.O.G.
I fllze(0,1):x0) < 1, then

IV flleo.m):x0) = IV = Vaf + Vaflleo0,1):x0)
<V f = Vafllreom)xe) + IVafllzeo,1);x0)
< Cillf Iz 0,1):x0) + C2ll fll e (0,1):x0)

if V,, is assumed to be bounded. This shows that V is bounded. The other side of the equivalence is replacing
V with V, and vice versa.
Second equivalence: take g € L%, ((0,T); Xo) and define f(t) = t*g(t), then

p

dt

T T
HVngzga((O,T);XO) :/ taA/ 1t>sG(t7 5)9(5) ds
0 0 Xo

p

dt.
Xo

dt = Ve 12, om0
Xo

T T
:/ A/ 1i=st*G(t, s)s™¥s%g(s) ds
0 0

p

T T
- / A / Li>st*G(t, s)s™ f(s) ds
0 0

If V,, is bounded in LP((0,7); Xo), this equality shows that

1Vallze, (om):x0) = VafllLeor)xe) < Vel 2@eo.1):x0) | fllLe0.1):x0)

since f € LL,((0,T); Xo) by the definition of L%_((0,T);Xo). The other way around, for any f €
LP((0,T); Xo) we take g(t) = t~*f(t) as our L%, ((0,T); Xo) function, and then

HVafHLP((O,T);Xo) = ||V9HL5& (0,T);Xo) < HV”.Z(Lﬁ',a((O,T);XO) ||9||LP ((0,T);X0)"
Therefore, the boundedness of one is equivalent to the boundedness of the other. O

As a consequence, we can now set up a weighted version of lemma 2.1 and theorem 2.2 from [Di Giorgio,
Lunardi, and Schnaubelt (2005). We first need an argument for the initial condition .

Lemma 2.1.5. Let|Assumpti0n 1.2.2| hold for A(t), letp € (1,00), a € (—%, Z%) and T > 0. For all z € Xy,
the function t — G(t,0)z belongs to
WAP((0,T); Xo) if = € (Xo, D(A(0)))g,p foro=1—a— 119' If true, we get an estimate of the following form:

||G('70)$||W$g’((oj);x0) < CHmH(Xo,D(A(O)))U’p-

Proof. As described in Di Giorgio, Lunardi, and Schnaubelt (2005), we get for ¢ € (0,T")

_AWG(t, 0)r D :ftG(t, 0)z = A0)e MOz + Z(t,0)a,

where Z is some operator with estimates

1Z(r, 8)|| 2 (x0) < C(r —s)°7 1,
1Z(r, )| 2((Xo,D(As)))wy) < Clr = 5)°T71

)

with v € [0,1) and § = min{a; — B;} > 0 from |[Assumption 1.2.2l By these estimates, Z(-,0)z €
L%, ((0,T); Xo) whenever z € (Xo, D(A(0)))o,p, since

T T
| ez ol de < [ ez oo 1 .,
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T
< CPllalfx, piac) /0 toPO+o=Dpgy

e
— P Tt(é—l—a—l-a)pdt
= Ol peaopys f, 1

T
op—1
= el paonye, /O 171t < oo,
We know A(0)e=*40z e LF, ((0,T); Xo) because it is the L%, -solution to the weighted autonomous IVP

{Btu(t)—i-A(O)u(t) = 0, t€(0,7),
u(0) = =,

so we can use Corollary 17.2.37 of Hyténen et al. (2024). Therefore we conclude G(t,0)z € WP ((0,T); Xo).
O

This gives us the result we wanted to show as our weighted LP-regularity to use, with the initial condition
up included.

Corollary 2.1.6 (Existence and uniqueness for weighted spaces). Let|Assumption 1.2.2 hold for A(t), let
€ (1,00), a € (—}D, I%), T>0, feLl, ((0,T); Xo) and ug € (X9, D(A(0)))op. Then the problem

Owu(t) + A(t)u(t) = f(), te(0,7),
{ u(0) = wup. (2:3)

has a unique MILD solution v € E5((0,T)), given by

t
u(t) = G(t,0)uo —l—/ G(t,7)f(T) dr.
0
We have the following estimate:

lullez o,y < Cllluollx,, + [1f1z2, ((0.1):x0))
Proof. The result follows from the same reasoning as in Theorem 2.2 of |Di Giorgio, Lunardi, and Schnaubelt
(2005), where we use the unweighted [Theorem 1.2.9| to show maximal LP-regularity holds for ug = 0, then
using Theorern 2.1.4] we show LI, -regularity meaning a unique mild solution @ exists to [Eq. (2.1)} so
f ) ds.
0

Then we perturb u by G(t,0)up to solve [Eq. (2.3)| with u(t) = G(t,0)up + a(t). Now G(t,0)ug €
- - o). and

Eg((O,T)), since 5| gives G(t,0)ug € W ((0,T);

—A()G(,0)uo BZD 8,G (-, 0)ug € L2, ((0,T); Xo)

for the same reason. Therefore, u € E4((0,T)) is a unique mild solution to [Eq. (2.3)} with the given maximal
LY, -regularity bound as above. O

2.2 Semi-linear problems with F' = F7p,

We will now work with the following semi-linear equations, meaning there will be a non-linearity on the
right-hand side function.

dult) + AWu(t) = F(u(t), 1€ (0.T), o1
u(0) = wup. ‘
Define the following space for a fixed p € (1,00), a € |0, —,) ando=1—«a— %:

Ey:= L _((0,T); Xo),
Yr-(0,T) := C([0,T]; Xop)-
In this proof, we will assume [Assumption 1.2.7], which allows the use of the properties from

We will apply the problem with the following assumptions on the initial condition ug and the function F,
where Br(0; X) is defined as the open ball on space X with radius R around 0.
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Assumption 2.2.1. The following conditions must hold for all R > 0:
(1) 0 <0, and uy € Br(0; X,p), meaning 3Ly, > 0 s.t.

[A%(0)uolxo < Lu (2.5)

(2) F: Xqp— Xo is locally Lipschitz continuous on Xsp, meaning 3L, > 0 s.t. Yu,v € Br(0; Xop),

[F(u) = F(v)llx, < Lrellu —vlx,,- (2.6)

We can now define what it means to be a solution.

Definition 2.2.2. u € 5((0,T)) is called a mild solution to the problem on (0,T) if u(0) = u,
F(u(+)) € L%, ((0,T); Xp), and for all t € [0, T,

u(t) = G(t,0)uo —l—/o G(t,s)F(u(s)) ds.

We find that u € Y7,.(0,7) becomes the appropriate condition such that F(u(-)) € LL_ ((0,T); Xo)
because like in Lemma 18.2.8 of Hytonen et al. (2024 )| for vy, vs € Y7,.(0,7T),

[E(ui(t)) = Fo2(t))llx, < Lrelloa(t) = v2(t)llx,, < o0, (2.7)

which indicates F'(v(-)) € C([0,T]; Xo) — L&, ((0,T); Xo) =: Ep for v € Y7.(0,T).

Theorem 2.2.3 (Local-wellposedness for non-autonomous semi-linear PDE’s on time-dependent domains).
Seto=1—a— % forp € (1,00) and « € |0, }%) Choose R > 0 on which |Assumpti0n 1.2.71 and |Assump—|
tion 2.2.1 hold. Let the following conditions hold:

o <7 <70,
1<y+p.

Then for a very small T > 0 there exists a unique mild solution u to the problem in the space
gg((ov T)) N YTT(()? T)

Proof. For this proof, we will need to do the following.

e Set up ® and a small closed domain B” (ug), which will be the core components of the Banach Fixed
Point theorem. This is done below.

e Show ® maps B (up) to itself.
e Show @ is a uniformly contracting map.

e Apply the Banach Fixed Point Theorem to find a local solution in BT (ug), and ensure the uniqueness
of the solution in the full space E4((0,T)) N Y7, (0,T) for T < T.

We will begin working on defining the domain. We start by defining an object, which will act as a measure
of how close we are to the initial condition ug.

Definition 2.2.4. We will define the reference solution z,, as the L, -solution to the following autonomous
linear problem:

Ou(t) + A(0)u(t) = 0, te(0,7), (2.8)
u(0) = wup. '
This means by |Proposition 1.1.7]
Zuo (1) = e A0y, (2.9)

as an analytic semi-group acting on ug. D(A(0)) is a time-independent domain, so we can see that z,, €
Wa2((0,T); Xo) N LA, ((0,T); D(A(0))) =: PP A(O)((O,T)) as it is a solution to the problem [Eq. (2.8)] We
can then use [Proposition A.1.4|to conclude z,, € Y7,(0,7T).
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We can then define the Fixed point space, a closed bounded ball BT (ug) in the Banach space Y7,.(0, T):
BT<UO) = {u = YT?"(O’T) : U(O) = o, Hu - ZUOHYT’F(O,T) < 1}'

Define ® : BT (ug) — €5((0,7)) as
®(v) = u,
where u is the mild solution of the non-autonomous linear problem

{8u(t)—|—A(t)u(t) = F(v(t), te(0,7),
u(0) = wup.

Note the definition of existence and uniqueness of the mapping ® relies on [Corollary 2.1.6), which means
[Assumption 1.2.2]is needed, which we obtain from combined with [Assumption 1.2.7} Secondly
note that F'(v(t)) is an admissable right-hand side function by showing F'(v(-)) € L%, ((0,T); Xo).

The following estimate for v € Y7,.(0,7) will allow us to do self-mapping and contraction estimates for

< CIF ()l £ (2.10)
Y (0,T)

Ht o /Ot Gt 7)F(u(r))dr

We can show this estimate the following way

Gy(t, 7)F(v(T))dT

XU,P

< /O |a7) (Gt.7) e 940 Pur)]

Xo

+ / |47 () (DA f(7) — e DAO) Fo(r))| dr
0 Xo
t
+‘ / e DAO F(u(7))dr
0 Xo.p
=:L1+ Ly + L3.
For Ly, use|Eq. (1.11)| to obtain
t
L=< C/ (t =) F (o(r) | xodr
0
Holder +p—l—c —all o
< Oz (t=2) Iz« (|7 = 7717 F ()0l v 0.4
Holder

< Cllz= (=2 o 1T = 7 rgon - ) e, (0.0):%0)
< ORI ()T F ()|
< COTFYF(0())| o

r

Here,l:%%—%:%%—%%—%. These must satisfy7+,u—1—a>—% and —a>—%, SO

1 1 1
y+p—-1l—oc>-4+-=-1>-4+a—-1=—0.
p h p

By v+ p > 1, this is satisfied.
For Ls, use [Eq. (1.12) and the same r, h as above to obtain

Ly < C/O (t=7)77 " T = )| F(u(7)) | xodr

Holder g —all o
< Cllzm (=272 = 8) e - |7 = 777 F (7)o |

Holder
< Clze (t—2)"72z = ) o - I7 = 7 % Ninay - IF@C) Iz, (0.):x0)

L7 (0,t)
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< ORI ()| F (o) |
< COMY F ()] -

For L3, we use the maximal Lf,_-regularity of A(0), which comes from [Theorem 1.1.20| combined with
[Proposition 2.1.2] to conclude that the mild solution w to the autonomous linear problem

{@w(t)—l—A(O)w(t) = F(v(t)), te(0,7)
w(0) = 0

has L3 = H S e=t=m140) f(T)dT‘X = Juw(t)lly,,. Since w € P, ((0,T)) < Yr,(0,T) with time-
o,p sD «,

independent constants by [Eq. (A.2)]

A(0)eEM

( Rp
< or) < Clflles

)
Cllw||pr

lw®)x,, < llwlly,, o o, A(0)

so[Eq. (2.10)| holds when L, Ly and L3 are combined.
We can use [Eq. (2.10)| with the following estimate for F(v(-)) for v € BT (ug):

IF ()l < T (1F (u0) | %o + Lrellzug = wollye,0,7) + Lrr)- (2.11)

This follows from

[E@®)lxo < [F@(#) = F(zuo (1))l xo + 1 F(2uo (1)) + F(uo) |l xo + [ F'(u0) | x0

< Lre(([[o(8) = 2uo (D)l x5, + 11200 (8) = wollx,,) + 1 F(u0) || x

< Ly (1 + |lzug — wollyy, 0.1)) + 1/ (10)] xo-

The result [Eq. (2.11)| follows from taking the L%, ((0,7); X) norm:

S =

T
VPO < (o)l + Lrollzag — wollys, o) + Lrv) ( /0 tadt)

o+

D=

(1F (o)l xo + Lrrllzug — wollvy, 0,1) + Loe)T
(I1F (uo)llxo + Levllzug — wolly, 0,7y + L) T

We can show the self-mapping property of ®, meaning ® maps BT (ug) into itself, as follows: take
u = ®(v) and use the mild solution formula from |[Corollary 2.1.6| so

u(t) = G(t,0)up + /Ot G(t,s)F(v(s)) ds,
to get
u(t) — 2y (1) = (G(t, 0) — e_tA(O)) uo + /0 t G(t, 5)F(v(s)) ds.
Applying the Y7, (0,7) norm then gives
1w — 2uo v (0,7) < S1+ Sa.

S1 can be estimated by

51 = (€ (6.0 = 4O A a7 Oy

C([0,T); Xo,p)
< sup D |[A7()(G(t,0) ~ ¢ 4) A77(0) A7 (0)uo |
t€[0,T Xo
()
B2 p o a7 Ol

te[0,7
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=CT" " 1 Ly,.
By v+ p > 1, this holds. For Se we can use [Eq. (2.10)[and [Eq. (2.11)

/O G(t, s)F(u(s)) ds

Sy =

< CIF@) g, < CT ™ (1F (uo)llxo + Lol 200 — w0l vy, 0,1y + Lv)-
Y7, (0,T)

All these terms in S7 and Sy go to 0 as T" decreases:
o TVHr=1 T1=0 | 0 as T | 0 since these powers are positive
o || F(up)|x, < oo since ug € Xy p,
® ||zyy — wollyy, 4 0as T | 0 by strong continuity from Proposition 2.2.8 of Lunardi (1995).

Therefore, we can choose a Ty s.t. ||t — zug llvy, (070 5) < 1-
To show @ is a contraction mapping, meaning ||®(v1) — ®(v2)lly;..0,r) < llv1 — v2lly;,.01), take v1 and
vy in BT (ug), and write u; := ®(v1) and ug := ®(ve). With the mild formulation,

t
up(t) —ue(t) = / G(t,s) (F(vi(s)) — F(va(s))) ds.
0
To estimate such a difference in F', note
IF(1() = F(oa( D)y < LT o1 = v2llvy, 0,1 (2.12)
This follows from [Eq. (2.6)| since
[F(vi(t)) = F(v2(t))l xo < Lrr|lv1(t) — v2(8) || x,, < [l01 = v2llyz, 0,1)
and applying L%, ((0,T); Xo) therefore gives the above estimate. Then we can apply [Eq. (2.10)| together
with [Eq. (2.12)[ to conclude
t
o = el = e [ 6009 (F0(9) = Plaato)) ds

< CF(vi(r)) = F(v2() o
< CLp T |o1 — vallyy, 01

Y7, (0,T)

By decreasing T' down to Tripschit: < (CL7,)° Y, we have |lu; — u2|lyy., 0,7y < llv1 = v2llvy.,.0,7)-

Therefore, we can now apply the Banach Fixed Point Theorem to conclude that ® has a unique fixed
point v in the fixed point space BT (ug) C Y7,.(0,T), where T is taken as the minimum of T ¢ and Tripschitz-
Since u = ®(u) € EL((0,T)) by [Corollary 2.1.6| this gives us a mild solution u to problem and a
candidate for the unique solution in E5((0,7)) N Y7, (0,T) we want. We will now proof u is indeed unique
in the space EX((0,T)) N Y7, (0T) for an even smaller T < T. We can similarly to the uniqueness result in
the proof of Theorem 18.2.6 in Hytonen et al. (2024) set

o 1
T :=inf {t € 0,77 : [|u = zullyip, (0,6) = 2} ,

where we use the convention inf ) = T'. Take @ € E5((0,7))NY7,(0,T) as some mild solution to the problem

on (0,T). Let

Ty = inf {t € [O,T] : ||’l~L — Zu0||YT’I‘(07t) > 1} ,
where now the convention inf () = 7" is used. Then we can view @ on the interval [0, 73] to see
0,7, € B (o),
which by the proof of the existence and uniqueness with 7; < T allows us to conclude
Ul0,75] = ul[o,r4)-
Then note the following holds:
Hﬁ - ZuoHYT,«(O,m) = Hu - ZUOHYT’I’(07Tﬁ) < Hu B Z“OHYTT(Oj) <L

Therefore, we can conclude T = 73, and so u is unique in the full space E4((0,T)) N Y7,(0,T). O
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2.3 Ciritical theory on quasi-linear problems

We are now going to work with the following quasi-linear equations, where A(u,t) will be a u-dependent
operator in addition to being non-autonomous:

{atu(t)JrA(u(t),t)u(t) = F(u(t), te(0,T),

() — (2.13)

Define A, (-) := A(u(-),-) as an unbounded operator family with time-dependent domains. Then &5 ,,((0,7))
is defined as the maximal regularity space of the time-dependent operator family A,, so

€8.,((0,7)) := {v € W5P((0,T); Xo) : v(t) € D(A(u(t), ) a.e., A(u(-),)o(-) € L8, ((0,T); Xo)}.  (2.14)

G, is defined as the evolution family of the operator family A,,, which exists if and only if we can show that
we satisfy [Assumption 1.2.2] We also define the function in time F,(-) as F'(u(-)) for notational convenience.

Let p € (1,00) and a € |0, I%) For some m € N as an index, we will define for all j € {1,...,m} the
constants p; > 0 determining the critical parts of F'. We will work on the interpolation spaces Xy, X, , and
Xp, for some Banach space Xo and Xj' := D(A(u)). On these spaces, we will define the following function
spaces, where «; := ﬁ, pj = (pj + 1)p, and p, 0 s.t. p+6 =o:

E() = ija((o, T), X()),

Yioy := Cl, ([0, T]; Xo),

YTT = C([OvT];X(LP)?
Yj = Lf){lj((oaT);X,Bj)?
YN = CM([O,T]aXQ)a

Here, C’?O}([O, T1; Xp) is the space of functions v where

— —p —
||U\|Cfo}([o,T];X6) = tes[%%]t [v(t) —v(0)|x, < oo.
This definition is very useful since in all cases throughout this norm will be applied to an
element v with v(0) = 0, so we do not have to work with the Hélder norms and can instead use it as a sort

of negative weight on the continuous functions.
Define V(0,7 := Yoy N Y7 N ;2 Y}, with the norm

lully 0,1y = max{[[uflvygy s [[ellva, lullyis s llully, 3
{0}

We will work with this space Y (0,7") as the space on which all viable solutions live, but we need to clarify
which solutions live up to our expectations.
We will assume that solutions u of the problem [Eq. (2.13)| will have the quality that

u e &L ,((0,T)).

It takes some thought to show this is incredibly hard to show: the domain of A(u(-),-) depends on u, so it
is not that easy to see which u will have v € D(A(u(-),-)). We will define a set QL ((0,7')) as the set of all
u that have the following special quality:

QL((0,7)) = {u € W5P((0,T); Xo) : u € EX,((0,T))}. (2.15)

This means we can reduce to a specific semi-linear problem if needed if we can indeed show that indeed
the time-dependent operators A, satisfy the proper conditions. However, in some cases, we need unions of
maximal regularity spaces €5 ,,((0,T)), which the following definition covers.

Definition 2.3.1. For some open bounded set G C Y (0,7T") NY,, initial condition ¢y € X,,, right-hand
side function f € L%, ((0,T); Xo) and time T > 0, define the solution space SOL(G, o, f,T) as the union
over v € G of the mild solutions u over (0,7) to the linear problem

{atu(t)+Av(t)u(t) = f(t), te(0,T),

w(0) — z (2.16)
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The following assumptions hold for the operator and the spaces we use. Note that it is parallel to
[Assumption 1.2.7] and we will show

Assumption 2.3.2. For this proof, we use the following assumptions for some R > 0 and 0 € [0, 0] with
c=1—a-1:
P

1. 3¢ € (3m,7), K > 0 such that o(—A(t,x)) D X¢ for x € Br(0; Xg) and t € [0,T)], and

RN, At @)l 2(xo) < x € Br(0; Xp),t € [0,T], A € 3.

1+ A
2. Xo is UMD and A(z,t) are uniformly R-sectorial with angle wr(A(z,t)) < 37 for all x € Br(0; Xp)
and t € [0,T].

3. Iy € (0,1) s.t. Vr € [1,00],8 < 0, (Xo, D(A(u,t)))sr = (Xo, D(A(0,0))) s, =: Xg,,
[Xo, D(A(u,t))]g = [Xo, D(A(0,0))]g =: Xp for all w € Br(0;Xg) and t € [0,T], and for all u,v €
Br(0; Xg), t,s € [0,T], x € X3 and x € Xg, we have

1] (x0,D(A1)) 5, < Crllllx0,D(A@,5)))5,0
2]l (0. DA < Collzllixo,D(Aw.9))]55
where C1,Co > 0 are independent of u,v,t,s.
4. For z € Br(0;Xp), t € [0,T] and B < o, assume D(AP(x,t)) = Xz with the norm
|20 pas oy = 1A% (2, )| x,, 2 € Xg.
5. 3y € (0,70] s.t. for all z,y € Br(0; Xp) and t,s € [0,T] we have

|47, 1) [A™ (1) = A7 (0.9)] | ) < Nl = llx, + Neft — s, (2.17)

where N1, No are independent of x,y,t,s, and where p = o — 6.

6. We additionally assume 6 € [0,7), o € (6,7), and

Y+o>1+6 (2.18)

Using these assumptions, we should show A, (t) is a family of operators that satisfies the proper con-
ditions, namely the Acquistapace Terreni conditions we defined earlier. In order for this to be true, we

need to require our solutions u also satisfy u € CH([0,T]; Xy), so that combined with
will give the result. Therefore, from now on, we will only consider solutions in ATZE(0,7T) :=
Br(0; C*([0,T7; X)) N Qa((0,T)).

We will apply the problem with the following assumptions on the initial condition uy and the function
F.

Assumption 2.3.3. The following conditions must hold for all R > 0:
(1) o <7, and ug € Br(0; X5 p), meaning 3L, > 0 s.t.

[ A7 (uo, 0)uol|xo < Lug (2.19)

(2) The mapping F : X, — Xo admits a decomposition F' = Fr, + F, where:

(a) Fr, : Xop — Xo is locally Lipschitz continuous on Xs,, meaning 3Ly, > 0 s.t. Yu,v €
BR(O;XUJ’)7
[1Fry(u) = Fre(v)||xo < Lorllu —vllx,,- (2.20)
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(b) Forje{1,...,m}, let B; € [0,70) s.t.

pjo +1 .
- < = N
ﬁ]_ pj-l-l Bja

and Fr. : Xy, — Xo has some L. > 0 s.t. Yu,v € Br(0; X,),
m
) = Few)lon < e 30 (14 el + R, ) e = vl (2:21)
]:

We define our solutions the following way:
Definition 2.3.4. v € AT%(0,7T) is called a mild solution to the problem|Eq. (2.13) on (0,T") if u(0) = o,
F,() € L, ((0,T); Xo), and for all t € [0, T,
t
u(t) = Gy(t,0)ug —i—/ Gu(t,s)Fy(s) ds
0
We will find that v € Y(0,7) becomes the appropriate condition such that F,(-) € L%, ((0,T); Xp) in
the following lemma.

Lemma 2.3.5. For vi,v5 € Y(0,T), Fr.(v(-)) € C([0,T]; Xo) — L%, ((0,T); Xo) and
F.(v(+)) € LY, ((0,T); Xo), with the following estimates:

1 Err (v1(+)) = Fre(v2(-) loo,m:x0) < Lrvllor — v2llva,s

m
1Fe(v1(-) = Fe(va () 2, (01)i%0) < Le D [T‘sj vy + o2l | llor = vally;-
=1

P
Here, §; = P

(a + ;1)) In particular, F, € LL, ((0,T); Xo) for allv e Y(0,T).

Proof. Take vy,ve € Y(0,T), meaning vi,v2 € Y, and for all j € {1,...,m}, vi,v2 € Y;. Note that like in
the proof of [Eq. (2.7)]

(12.20)
[Er(01(2)) = Fre(v2(t))lxe < Lrellor(t) = v2(8)lx,,, < o0,

— _ plpj+1) 1_
pj =", We see that 5

which indicates Fr,(v(-)) € C([0,T7; Xo) for v € Y(0,T). Setting oj = ﬁ, o = %, pj = p(p; +1) and
= p%. + p% and o = a; + ;. Noting @; - p; = ap = a;p;, we therefore get:
[Fe(v1) = Fe(v2)ll Lz, ((0.1):x0)

m | ,
S LY [ ol + el Dl = vllx,,
j=1

L%, (0,T)

HééierL m 1 P 0j
S| el + el
j=1

LE{T(O,T) o = U2|’LZ{*J'((O’T);X%)

0
m 7

C— , . : D
23 ([ e 1, @I, @) o= el g,
j:1 0 j i wWey 3 5 B]

J

IA

m pi
LZTPMJ 5 (o |17 V1 — voll b
c 1[ | 1|’LZ£J-((0’T)5Xﬁj i (0.T):Xg,) lon 2HL':?%.((O,T);Xﬁj)

Pj
e,

<.
Il

Le

s

(7% + forll + leall] llor = vally, < oo,

<
Il
—

This indicates F.(v(-)) € LE, ((0,T); Xo) for v € Y(0,T). O
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So, for our definition, we will see that u € Y (0,T") is a reasonable outcome for being a feasible solution.
Now that we have an idea of where solutions will live, we should show that we can reduce to our previous
linear theory from [Section 1.2.1] and that the Acquistapace Terreni conditions from[Assumption 1.2.7indeed
hold.

Lemma 2.3.6. Assume |Assumption 2.3.4 holds with R > 0. Let v € Bgr(0;Y,), then |[Assumption 1.2.7
holds for A,(-).

Proof. Write N = N1R + Ns, then for 0 < s <t <T

E17)

47 (), A7 00,0 = A7 @) 8)llzony = Nillo(t) = vlllx, + Nalt
<" (MiPly, + Nao)(t — )
< N(t-—s)~

This means we have all the conditions from [Assumption 1.2.7| met. Therefore, the result follows for the
quasi-linear solution u and the linear solution w. This means we can use the evolution family G, with the
properties from [Theorem 1.2.5| and [Lemma 1.2.8|to define our mild solutions. O

Remark. By [Lemma 2.3.6| and |Corollary 2.1.6, we also have maximal L%, -regularity of A,(-) on finite-time
intervals (0,7) for any 7" > 0, meaning that for any R > 0 and mild solution v € SOL(BRr(0;Y,), zo, f,T')

to the problem [Eq. (2.16)| that the following bounds must hold:

luller 0.7y < Mip <||$0HXg,p + HfHLf)a((O,T),XO)) : (2.22)

t,p,v
We are now ready to state the main theorem of this section, which is also the main result of the thesis.

where M" 1= Sup,e g (0:v,,) SUPe (.71 Miprv < 00, 20 € Xop, and f € L% ((0,7); Xo).

Theorem 2.3.7 (Local-wellposedness for non-autonomous quasi-linear PDE’s on non-constant domains).
Seto=1—a— % for some p € (1,00) and o € [0, I%) Choose R > 0 on which |Assumptz'on 234 and
[Assumption 2.3.3 hold. Let the following conditions hold for all j € {1,...,m}:

0<0<o<Bi<y<0,
1+0<~v+o0,
B < B

Then, foz“ a very small T > 0, there exists a unique mild solution u to the problem|Eq. (2.13)| in the space
ATP(0,T)NY(0,T).

Proof. For this proof, we will need to do the following.

e Set up ® and a small closed domain B! (ug), which will be the core components of the Banach Fixed
Point theorem. This is done below.

e Show ® maps B! (ug) to itself. This is shown in [Section 2.3.1
e Show @ is a uniformly contracting map. This is shown in [Section 2.3.2

e Apply the Banach Fixed Point Theorem to find a local solution in B (ug) and ensure the uniqueness
of the solution in the full space AT?%(0,7)NY(0,T) for T'<T. This is done in |Section 2.3.3

We define the domain using the reference solution

2o () 1= e 1AW g (2.23)

similar to [Definition 2.2.4] and we note that we can use [Proposition A.1.4|to conclude z,, € Y (0,7). We
can then define the fixed point space and the operator.
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Definition 2.3.8. For r < 1, define the closed bounded ball B} (ug) in the Banach space Y (0,T) as:

u(t) — u(s
BT (ug) :== {u € Y(0,T) : u(0) = up, ||u — Zuoly(o,r) < 1, sup lut) = uls)x, <1}
o<s<t<T  (t—s)F

Then Bl (ug) C B1(0;Y),), so the setting of [Lemma 2.3.6| applies. Then define
® : B (ug) — SOL(BT (ug),uo, Fy, T) as
®(v) = u,

where u is the unique mild solution to [Eq. (2.16)| with initial condition u¢ and right-hand side function F,,

SO

u(t) = Gy(t,0)ug + /Ot Gy(t,s)Fy(s) ds.

Note the definition of existence and uniqueness of the mapping v — w relies on the existence and uniqueness
of the mild solution from [Corollary 2.1.6] which means [Assumption 1.2.2|is needed, which we obtain from
Lemma 2.3.6, This lemma also gives ®(u) € &5 ,((0,7)). Secondly, note that we have shown F, is an
admissable right-hand side function in

It is important to show that the following estimates hold, which allows us to deal with solutions to linear
problems more easily.

Lemma 2.3.9 (Estimates of solutions to linear problems). Let f € Ep, v € Br(0;Y(0,7) NY,) and
¥ € Bl (ug) . For 0 <s<t<T, define

Ugo(t) ::/0 Gy(t,7)f(T)dT.

Let u = ®(0) and ws(t) = [, e~ (=14 (5) f(1Ydr. Then we have the following for all ¢ € [0,0]:
1Ugo(t) = Upu(s)llx, < C(t =) P94 fll gy + [[ws(t) — ws(s) | x,- (2.24)
As a consequence, the following holds for all j € {1,...,m}:

1Upo(t) = Upw(s)lxy < Crt = )| £l o, (2.25)
1Uf0()llvi; < Callfl 5o, (2.26)

1Us0 Oy, < Call £l 20 (2.27)
1Usw(lly; < Call £l 5, (2.28)

[AZ (Hu(t)]|xo < C5(Lug + 1 F5llm)- (2.29)

Proof. To show note that similar to the proof of we can write
t
|[ ceniar
s X4
t
< [ a2 (Guttr) - 20 )|

t
+/
S

t
/ =R f(r)dr

S

dr
Xo

[A8(7) (74O p(7) — DA f(r)

dr
Xo

l

Xy
=:L1+ Lo + L3.

For Ly, use|Eq. (1.11)| to obtain

t
L<cC / (t — 7)1 £ o dr
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Holder p—1—0 ol o
< Cllz=(t-2) ILr(sy - |7 = 77 F ()] x|

Holder Y p—1—6 —a
< Cllz=(t—2) zrsy - 17 = 77 onsey - 12, ((s,)5x0)

< Ot — s) IO (= 5) 7| £ s,
<Ot — sy 12049 1 .

L' (s,t)

Here,l:%+%:%+%+%, These must satisfy7+u—1—¢>—% and —a > —7, 80

r

1 1 1
yHp—1l—¢p>-4+—-——1>-4+a—-1=—o0.
p h P

By ¢ < o and v+ p > 1, which follows from with p = o — 0, this is satisfied.
For Lo, use and the same r, h as above to obtain

L <0 [ (=7 = P I lxdr

Holder y—1—g L ol o
< Oz (t=2) (2 = )" lLr(spy - |7 = 77T ()]0 |

Holder =1 u o
< Cllz=(t—2) (2= 8)!NlLresey 1T = 7N s - 1 f11Lz, ((s.0):%0)

< Ot — s) IO (= 5) 7| £
<Ot — sy 12049 1| .

L' (s,t)

For L3, we use the maximal L%, -regularity of A,(s) (which is due to [Theorem 1.1.20| and [Proposi-|
tion 2.1.2)) to conclude that the mild solution w, (and therefore strong solution by [Proposition 1.1.7) to the
autonomous linear problem

{8tw(t)+Av(s)w(t) = f(¥), te(0,7)
w(0) = 0

has Ly = [ 1 04O fr)dr|| = fws(®) = wils)lly,.
¢
This combined gives [Eq. (2.24)} which we will now apply to show [Egs. (2.25)[to(2.27)|and [(2.29)l Since

ws € PPy o ((0,7)) := W5P((0,T); Xo) N LY, ((0,T); D(Au(s))),

we can use [Eq. (A.1)|to get w, € C*([0,T7; Xy) and |[Eq. (A.2)|to conclude wy € C([0,T]; Xo,p) with time-
independent constants and thus a maximal L?, -regularity estimate. This means:

1U0(t) = Upo()llxy < Crt = ) 7| fllm + (8 = 8)!lwsllono,m1:%5)
li

Cr(t — s)“ TN Fll gy + Ca(t — )" ||ws]|pr

Ay (s) (0T))

Ay(s)E

MR,
< Cl=9)"flle,
1Us0(lviy < sup t#Ct*| fllz, = C| fll 5

te[0,7)

HUf,v(-)HYTT < C3T'y+“_1HfHEo + llwollvr,

s OSTW Y fll o + Callwollpr

Ay(0)EMR,
< Clfle-

a0y (7))

For [Eq. (2.29)] note
1G5(t,0)uo + Ur; 5(t) |l x, < [[AZG5(t,0)A57(0)A% (uo)uollxy + Uk, 5(E) vz,
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([[A7 (uo)uol| xo + 15| &)
(Luo + HF@HEO)-

Lastly, we should show [Eq. (2.28)|seperately, since ; > 0. Taking j € {1,...,m},

<C
<C

Ht — /Ot Gy(t,7)f(r)dr

,
LE, ((0.7):X,)

< e [ a2 @Gt r - 00

Xo

t
+HtH>/“HAngxav¢vuv>_e@—ﬂAuwyﬂTw
0 Xo
t

+ Ht — / ef(th)A(uO)f(T)dT
0

Pj

Lwaj ((O,T);ng)

< Lyj+ Lo+ La;.

For Ly j, use|Eq. (1.11)| [Proposition A.2.1l and Holder’s inequality to get

t

By =0 [l
0

Luu,; (0,T)

< Cllz = 24 F N xoll e,y < 11250y - 1Lz, 0)x0)

< CT =% fllgy = CTP T8 £l g

Here, p%- = % —(v+p—-06)= % + % — (v + i — Bj), therefore the integrability condition becomes

1 1
Otj+*—a—*+’7+,tt>ﬁj
pj p
1—0

pj+1

+o+y+pu>1+5;,
Bi +v+p>1+p;

This is satisfied by 8; < 87 and v + p > 1 from [Eq. (2.18) and p = o — 6.
For Lo ;, using [Eq. (1.12)| instead,

t
Ly,; <C Ht — / (t— 7)7_1_517“”f(7)||xod7'
0

L, (0.7)

< Cllz = 279 f(2)x0

< TR | g

oy ST pnom 1 1l

Now, we have p%_ =+—(v—8j) = % + + — (v — B;) The integrability condition is
1 1 1
ptaj—a> =t (g
J h Dj J

which is the same as above.
For L3 j, note that by the maximal LY, -regularity of A(ug,0) and [Proposition 1.1.7|

wo(t) = [y e~ (=7 Aw0) f(7)dr is the L%, -solution to the autonomous problem

{Gtw(t)—i—A(ug,O)w(t) = f(t), te(0,7),
w(0) = 0.
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As before, wy € PP Ao O)((0, T)) — Y; with time-independent constants by [Eq. (A.3)} so

)

Lsj = wolly; < Cllwollpr , 01y < Cll £l =

by maximal L% -regularity from [Proposition 2.1.2/and [Theorem 1.1.20 Combined, this gives|Eq. (2.28)} O

2.3.1 Self-mapping estimates

Take v € Bl (up), we intend to show ®(v) is also an element of BI (ug). Therefore, we need to show
lu—=zuolly; <7 llu = 2ugllvr, <7, llu = 200y, <7, and flu(t) —u(s)llx, < (t—s)" forall0 <s<t<T.

This last estimate is done in the section labelled [Holder estimatel Note that by our mild solution formulas
from |Corollary 2.1.6| and [Eq. (2.23);

() — 2 (t) = (Gv(t,O) _ e—tAv(0)> ug + /Ot Gy(t,s)Fy(s) ds

We get A(ug,0) = A,(0) by the fact that v(0) = ug as initial condition from v € Bl (up). Applying the
Y (0,T) norm then gives for all j € {1,...,m},

[l = zug |y, < S1.403 + 52,40}

lu — zuo vy, < S17r + So0-
[u = 2zuplly; < S1,5 + S2,,

We need a version of the smallness Lemma 18.2.10 of Hytonen et al. (2024), which supports our set-up
of BI'(ug). This allows us to make Ej estimates of our right-hand side function.

Lemma 2.3.10 (Smallness). For v € BI (ug), the following estimates hold:
1Pz (0)llmy < T2 (1 Fre(uo)llxe + Lrer + Lrr | 200 — wollvz, ),

m
1Ee (o)l < 1Fe(zuq) |y + Ler Y [T(Sj + 2| 2 Iy, + 77
j=1

Here 6; = pj(a; + é)

Proof. For the trace part, note that since ||v — 2y, ||y (o,r) < 7, we can use the same method as in the proof

of to gt
”U(t) - UOHXo',p S Hv(t) - ZUO(t)”XU,p + ”Zuo(t) - UOHXo,p
<r+ quo - uOHYT’!‘
Therefore,

1 Prr(v() | x0 < 1Frr (w0l x50 + | F77 (v(2)) — Prr(uo) |l x,

< N Pre(uo)llxo + Lrr|lv(t) — uollx,,
< |Frr(uo)llxo + Lrer + Ly || 2ug — voll vy,

Taking the L%, ((0,T); Xo) norm gives

T »
| Frr ()l 22 (0,1):x0) < (e (w0l xo + Loer + Lre|[2ug — wollvy,) </ tapdt)
0

1
=T"% (I1Frr (wo)ll xo + Lrvr + Ly || 2ug — UOHYTT)

= Tl_G(HFTT(UO)HXO + LTrT + LTT”ZUO - UOHYTT)'
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Here we can note again that |z,, — uolly,, + 0 as T' | 0 by strong continuity from Proposition 2.2.8 of
Lunardi (1995). For the critical part, we examine || F.(2y,)| g, and || F.(v) — Fe(zy, )| £, separately, then use
the estimates like done for the trace part.

|Fe(v) = Felzug)lmy < Le

s

L |
(7% + 1ol + Dz ] o = 2uolly,
1

J

m
§s ; . .
< L0 1% + Cllzagll + v = a0l + 1z00ll] o = 2y,
j=1
m
< LJ’Z [T‘SJ’ + 2qu0H€% + rpﬂ}

1

J

Therefore,

HFC(U)HEO < ||FC(ZUO)HEO + || Fe(v) — Fe(2up)l By

[t
< IRl + Lar Y (77775 4 2l I 4 1%
j=1

Note this term relies of ||F,(zy,)||E,- Since zy, € Yj, we can use the argument of [Lemma 2.3.5to determine
F.(zu, (")) € LY, ((0,T); Xo) =: Ey, and therefore ||F.(zy,)|l g, {4 0. O

Estimate of S} (o):

S0 = [[(Gult0) = 74 O) AT (0) A5 O

Oty (10,T]:Xo)

< sup ¢ AL (G (t,0) — e 40) 477 (0) A7 (0)uo — O
te[0,7

Xo

(1.11)
< sup Ot HFHty—f+o-l HA”(uO,O)uOHXO
t€[0,T)]

< sup Oty 0ol HAU(UOaO)UOHXO
te[0,T]

=T 0oL,
v—0+ 0 —1>0 holds by [Eq. (2.18)]

Estimate of S 7,:

Sirr = H(Gv(ta 0) — e_tAU(O))A;U(O)Ag(O)UOHC’([O,T};XJ,p)

< sup DTGt 0) — @) A77(0) A7 (0)uo
te[0,T) Xo

< sup Ctitr—t HAU(UOaO)UOHXO
t€[0,7]

= CT"HH ! Ly,.
v+ 1 —1>0 holds by [Eq. (2.18) and = o — 6.

Estimate of 5 ;:

bj
v

Sy = || (Gult,0) = e ) 457 (0) A7 (0)ug

o
Lia; ((0,T5Xg;)
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T
. Pj
< [ Al @Gt 0) = ) A5 047 O
0 0
(10 g apypj(u+y—1+0-5;) || A0 Pj
. dto—B. y
= c/o orgp; ) 1A (g, Ouol|%. dt
T
— C'Lﬁf]/ tpj(aj‘hu«‘i")/*l‘i’o'*ﬂj)dt.
0
From here, we see that the integrability condition is
fotp—1> ( + 1)
Y+o+p— a+-),
pj+1 p
+o—-Bj+pu—1> o—1),
Bl (o)
pjc+oc—o+1
+p+ > 1+ 8;,
v+ p 1 Bj
Y+ p+ B > 1+ B, (2.30)

which is true by [Eq. (2.18)] p =0 — 0, and 8] > ;. Then we have

| (Gu(2,0) = e7t4+©) 472(0) A7 (0) o < CLy T 145

-
Lusa; ((0.T3Xp,)

Estimate of S, (o}, So.7 and Sy ;:

Note this term is equal to U, ,, for v € BI (ug) and F, € L, ((0,T); Xo) by [Lemma 2.3.5, Therefore using
Lemma 2.3.9, we can conclude 52’{0} S C{O}HF’UHEO7 SQ}TT = Hu2||YT7‘ S CTrHFv”Eo and SQJ' S Cj||FUHE0'

Holder estimate

Lastly we show |u(t) — u(s)||x, < Cr,(t —s)* for all 0 < s < t < T for some small T > 0 and some
Cr, > 0. We will see that we can take C7, < 1 by shrinking 7" and r. We use the mild solution formula
from |Corollary 2.1.6|of u = ®(v) to determine a form similar to that on page 206 of Yagi (2010)

u(t) = u(s) = (Gy(t,s) — e I AT (5) AT (s)uls)
+ (eI 1) A7 (5) A7 (s)u((s)

+ / Gt TV Ey(r)dr

Applying the Xy norm gives
lu(t) = u(s)llx, < Hi + Hz + Hs.

Using [Eq. (1.11), and keeping in mind p = o — 6 and up € X5 — D(A%(uo)), we get

Hy < | AY(1)(Go(t,s) — e TIMEN AT (5) AT (s)u(s) | x,
< Ot — 8)7 " AT (s)uls) | x,
E29) .

< (= 8)" - Cr (Lug + ([P 5) -

Using [Eq. (1.3), which is a property of bounded analytic Cp-semigroups generated by operator A,(s),
which by maximal L%, -regularity from [Proposition 2.1.2] and [Theorem 1.1.20| has sectoriality by applying

[Theorem 1.1.15 we get

Hz < || Af(s)(e” 90 —1) 477 (5) A7 (s)u(s) | x,

t—s
/0 (Ay(s) 1o ™) dr [ A7 (s)u(s)llx,

<|
Z(Xo)
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< Oa(t — )7 )| A7 (s)uls)llx,

i
< (t— )" Co (Luy + | Follgo) -

For Hs, we can use [Eq. (2.25)| of [Lemma 2.3.9| to conclude

/S Gt TV Eo(r)dr

Then the result will follow by shrinking T" and applying smallness estimates.

< Cs(t — )| P .-

Xg

Combining all estimates:

For v € BT (up), we get using [Lemma 2.3.10

Ju— ZUOHY{O} S T%LM_lLuo + HFvHLE,a (0,T);X0)

< I/1Lo:[1’y—~_#_1 + TI_U(HFTT(UO)”XO + Lppr + LTTHZuo - UOHYTT)

m

o 1Fe(zu)lly + Lar 3 [T% + 2|21 + 7]
7=1
= 2o lvr, S LugTHH 1+ TV (| Pro(uo) || xo + Lrer + Lrel|2ug — wollvy,)

m

+ | Fe(2uo) o + Ler Y [T‘%‘ 2z I+ rm} ,
j=1

*_1_g.
lu — Zuolly; S LT 55175 + 1 Foll e, (0.19:x0)
S LuoT7+#+ﬁ;_1_ﬁj + Tl*"(HFTr(UO)HXo + LTH’ —|— LTT”ZUO _ UOHYTT)

m

o FeCzuo) o + Ler D [T% + 2020 |1 + 177
j=1

Here we used 6; = p;(; +5 ) All these terms go to 0 as 1" and r decrease:

o Tru=Ll qHutBi=1=f; pl-o d | () as T | 0 since these powers are positive

o || Fry(uo)| x, < oo since ug € Xgp,

o |2y, — uollyy, 4 0 as T' | 0 by strong continuity from Proposition 2.2.8 of |[Lunardi (1995),
e ||zully; $ 0as T | 0 since 2y, € Yj,

o || Fi(zu)llE, + 0 as T | 0 since Fr(zy,) € Eo,

o CirPitt < I forr < (mﬁfl) %7 meaning 77! shrinks faster than 7! for all r < 1.

Therefore, we can choose a Tsman and Tsman 8-t U — 2uo Iy (0,74 000) < Tsmall-
To summarise the Holder estimate, we have found a bound for ||u(t) — u(s)| x,, namely

[ut) = uls)llx < (t =) (Cra (Lug + [[Follzy) + C3(t = 8)* | Foll5,) -

Since Ch12 < oo decreases as T > 0 decreases (Yagi, 2010, see page 207 below (5.22)), L, is finite, and
|FollE, 4+ 0 as T} 0 and 7 | 0 by smallness estimates from [Lemma 2.3.10, we can get

[u(t) = u(s)llx, < (t—s)".

Therefore, we can choose a Tserf < Tyman and rserf < Tsman S.t. u € Br;:llf (up).



2.3. CRITICAL THEORY ON QUASI-LINEAR PROBLEMS 47

2.3.2 Uniform contraction estimates

Take vy and vo as functions in B} (ug), and write u; := ®(v1) and us := ®(v2). Then, we write the difference
as

ul (t) - u2(t) = (le (t7 0) — G, (ta 0)) Uuo

+ /0 (le (t7 S) - GU2 (t’ S)) Fv1 (S) ds

+/0 Gy (L, ) (Fy, (5) — Fiy(s)) ds

Then we get the following estimates:

[ur — u2llyye, <1140y + 12,00y + T340}
lur — wallyy, <Tior + Tore + 1310,
|ur —ually; < Thj+To; + 15

We first need a lemma that allows us to deal with these differences in evolution families that appear in the T3
and T terms, but for this we need theory on the Yosida approximations, which are defined in [Section 1.2.1
Below, the Lipschitz estimate [Eq. (2.17)|is extended to the Yosida approximation of A(u(t),t).

Lemma 2.3.11. Let |Assumpti0n 232| hold for A(u,t) and p € (1,00) and a € [0,1%). Let Ay p(t) ==

Au(t)nR(n, Ay(t)) be the Yosida approzimation of Ay(t). Then 3Ny, Ny > 0 s.t. for t,s € (0,T), u,v €
Br(0;Y,) and n € N,

AT (0) [Aun () = Ay ()] leexo) < Nillu(t) = v(s)]x, + Nt — |

Proof. By A, is a non-autonomous operator satisfying [Assumption 1.2.7] meaning we can use
theory from Chapter 3 Part IT of [Yagi (2010). From Section 4 of Chapter 3 Part II, we combine four crucial
facts.

o A L(t)— AL (s) = A, (t) — Ay (s) as a direct consequence.
o AL ,()AL(t) = (1 +n"tA,(t)". (Yagi, 2010, Proposition 3.3)

o |Adn(t)AL ()l £(xy) < C for some C' > 0, and for each ¢ we have that Ay, (t)A,” () — 1 strongly in
Xo as n — oco. (Yagi, 2010, Proposition 3.4)

Combined, we can conclude

1A% (1) [AG (1) = AT 5(8)] lleexo) = 14T () [ATH () — AT ()] eexo)
< HA () A7 ( )Hc(xo 1A% [AL (1) = AT ()] Nl eexo)
< Cllz47 (&) [AZ (1) = AT (8)] o)

C’N1||u(t) —v(s)||x, + CNat — s|".

Then we can state the lemma we need for the 77 and 75 estimates.
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Lemma 2.3.12. For vy, vs € BY (ug), and 1 € [—1,0), we can write the difference of the evolution operators
as

(G (t,5) = Guy (1, 5)) A, (5) =/ Gloy (t,7) Av, (7) [AZH(7) = ALNT)] Auy (1) Gy (7, 8) AL () dr, (231

which gives the following estimates for ¢ € [0,7):

A2, (£)(Gon (0) — Gyt 0)to o < CLagt™ oy — 3l (232)
t t
1460 [(utt9) = Guttonmaoas] < [ =0 a0, ), drller =
Xo
(2.33)

Proof. Take the Yosida approximations A,, ,(t) := Ay, (£)nR(n, Ay, (t)) and Ay, n(t) := Ay, () nR(n, A, (1)),
and take Gy, , and G, , as their respective evolution families. Then

/ le,n(t’T)Avl,n(T) [Azjll,n(T) - qugl,n(T)] Ava,n(T)sz,n(T S)Afg n( ) dr

t
:/ (— G n (t, T)Avl,n(T)sz,n(Ta s) + Gm,n(t,T)Avg,n(T)sz,n(Tv 5))14%2,71(5) dr

(*)/ < ( Gorm ) Gy (7,8) — Gy (T, 8) <£Gv2,n(7, 5)>) AY L (s) dr

D Gty )G (7, 9] AL, 1 (5)
— (Goan(ts5) — Gount,5) AY, . (5).

Note on step (x) we use [Theorem 1.2.5/and [Eq. (1.9), and on step (%) the product rule from [Lemma A.3.1
where both 7 +— Gy, ,(t,7) and 7 — Gy, n(7,s) are bounded operators with bounded derivatives. To

complete the proof, take the limit n — oo and use DCT with the following bound (where we keep in mind

P < 0):

v1,n v2,n

| Gorn(ts7) A n(7) [ (7) = AL (7)] Augn(7) G (7, ) AL, 1 (5)

Xo
=[Gt DAL AY 0 (7) [A30(7) = AL ()] Ay n(7) Gy (7. 8) AL (5) ||
] ]
< Ot =) AL () [A3I() = Apka()] Ay ()G () ALy a5) |
(2.3.11) 1
< Colt =" or(7) = w20l [Aran ()G )AL (9) ||
vEBY (ug) 1 »
<Ot =) Ay (1) G () Al (5) [ llor = w2l
< Cs(t— T)’YilT'u(T — S)flprHUl — 'UQHY{O}.

Since this function is integrable over 7 on (s, ), DCT can indeed be applied. To get the result [Eq. (2.31)| for
Gy, and G, use the convergence of the Yosida approximations found in Proposition 2.5 from [Schnaubelt

(2004), which shows A note for the first use of [Eq. (1.10)|is that we need 1 — v < p, which is
satisfied by v+ p > 1 from [Eq. (2.18)land p = o — 6.
Now for ¢ € [0,7), we use that ug € X5, — D(A7(ug,0)) together with [Eq. (2.31)|to get
1AZ, (1) ((Guy (£,0) = Gy (2,0))uollx, = 14T, (1)((G, (t,0) = Guy(t,0) A7 (0) AT, (0)uo | x,

/ 1AL, ()G (8,7) Au, (7) [ALH(T) = ALNT)] Auy (7) Gy (7, 0) AL (0) A% (ug, 0)uo | xod

S e /O(t—T)7 PTHAY (1) [AGH(T) = AL (T)] Auy (7) Gy (7,0) AL (0) A7 (uo, 0)uo | x, d7
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12.17) t
01 [ (= 7 A ()G (7, 0) A5 (04" o, O o1 — v
0
(1.10)) t 1 1
<G [ (¢ =y e A o, O dron — el
0
t
= CQLuo/ (t =)= 7 dr o) — v2lyy,
0

1
= CQLUO/ (1- Z)’qusilZUJr'uflt’H“JrqusileH’Ul — Ug”y{o} < CLuOt’Y+u+07¢7l”’Ul — UQHY{O}
0

For ¢ € [0,7), ¥ € (1 — 0 — v + ¢,7] (which has the implicit assumption that 1 + ¢ < o + 27, which holds
byl<o+4+v—0<o+vand ¢ <7,) note that if we assume f € L%, ((0,7); Xy), we get

~[az0 [ Guen - Gutpar@az s

t
9 (1) / (Gur(£,5) — Gy (£, 5)) f(3)ds

Xo Xo
Gy, (t,7) Ay, (1) [A;ll(f) — A;j(r)] Ay (T)Goy (7, 8) Ay, ( )Ad’( ) f(s) dr ds . (&)
Xo
To show this is bounded, note that for 1 = % % =14 % + %,
/ Gy (1,7) Ay (7) [A5(7) = A1 (D)) Ay (7)o (7, ) A () AL, () (5)| 4 ds
(L-10)
901/ / 7)™ ¢- 1 ‘A [A;ll(T) —A;;(T)] Ay, (T) G, (T, s)Av;p(s)AfQ(s)f(s)‘ N dr ds
0
Zon [ [ =7 |4 Gu ) AL AL dr ds o = sl
0
(1.10)
ey [ [-mretee =00 a6 56| dr ds o - il
< Cytt / (= sy AL ()| dsllor = vallyg,
Holder
<Otz o (= 2T o |7 o I AL (D FE | g T = vl
Holder
< Ot RO AY £l (00 01 — 2llvg,
—h—a—1
< Cst" TTITOTOTSNAY Fllie (oo 1 — v2llvggy < 00 (2.34)

Here we used v+ — ¢ — 1 > —; and —a > — h’ which gives as a condition

1 1 1 1
—a>——=—1l4+-4=>—(y+p— @)+ =
h roop

so 0 +v+1 > 14 ¢. Thisis true by ©» > 1 — 0 — v+ ¢. This means we can now determine (&) is bounded,
we can apply Fubini for any f € L%, ((0,7); Xy).

For F,, € Ep by|Lemma 2.3.5] meaning by the L, -maximal regularity from [Eq. (2.22)|that A,, U, v €

Ey, note that 3(fn)nen € L, ((0,7); Xy) s.t. f, = F,, in the Ep-norm (and therefore also pointwise a.e.)
Since DCT and Fubini can be used by the upper bound found in we conclude

4.0 [ (@65 - Gt onm o1

Xo

DgTJLH;o ' Ai’?l () / (G (1) = Gy () A (5) AL, () (o)
Xo
n%oo 1)1 t T)A (T) [A;ll(T) — A;Ql(r)] sz (T)GUQ(T, S)A;;ZJ(S)A% (S)fn(S) dr ds .
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Fublm

n~>oo

Gy, (t,7) Ay, (T) [Ail(T) — Ail(T)] Ay (T)Goy (T, 8) fr(s) ds dr

Xo

G, (t,7) Ay, (T) [A_I(T) — A_l(T)] Ay (T)Go, (T, 8)Fyy (s) ds dT

v1

Xo
< C/ (t =)0 | Auy (1)U, )on drjvr = valyg,
t T
< [ 4% 0G40 (4510 = 420] ) [ Gara)Fu(9) as|
Xo
(T10) t -
< C/ (t—7)7_¢_1 AW( )[Avll(T)—A;;(T)] AUQ(T)/ Gy, (T,8)Fy, (8) ds dr
0 0 Xo

B
?C/ (t—7)7_¢_17'“ A

0

- / " Gy (7 8) P () ds

dTHUl - U2HY{0}
Xo

_ C/ (t =)0 | Ay (1)U, g )HXO drl[vr — v2llvy,,-
O

We will also set a lemma similar to Lemma 18.2.12 from Hytonen et al. (2024)| that helps deal with
Lipschitz estimates in F'.

Lemma 2.3.13 (Lipschitz estimates). Forvy,ve € B! (ug), Fy,—Fy, € Eo holds with the following estimates:
1Fre(v1) = Fro(v2)ll gy < Lre T o1 = w2y,

m

c\V1) — L'c\V2)||Ey = L / Zug Y.- | ||lv1 — valy;-

[ Fe(v1) = Fe(va) By < L T + 2|| 2y, 1§ + 2077 | | lly;
j=1

Here, §; = p;(a; + i).
Proof. Using [Eq. (2.20)|on Fr,, we know that just as for [Eq. (2.12)
[Err(vi(t) = Fre(va(t))llx, < Lrelloa(t) —va2(B)lx,, < Lrvlor = vallvy,-

Applying L%, ((0,T); Xo) therefore gives

T D
| Fre(00) = Fro(02)lly < Lrollon — vellvy, ( J tapds)
0

1
< Ly, T 7 [lor = vallvs,

=Ly T 7 ||y — vallyy, -

For the critical part,

(3.9 - 8 Pj Pj
[Fe(v1) = Fe(va)llmy, < Le [T T+ Jloally, + HUQHYJ o1 — v2lly;
j=1

m

< Lo T+ 2zl + lon = 2l + oz = 200182 lor = v2lly,
7=1
m

<L Z (7% + 2200 182 + 207 | on = vally;-
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Estimate of T} (o), 71,7 and T} ;:

TL{O} = H (le('v 0) - sz('7 O)) UOHCJ‘(‘O}([O,T};XQ) = ts[%%] tiuHA& (t) (le (tv 0) — G, (tv 0)) uo — OHXO
€10,

2-32)
< sup CLuOt_“tVJr“’LU_G_le — v2HY{O}
te[0,7

< C’LuOT’Y_‘—O-_a_lH'Ul - U2||Y{O}7
Tirr = || (Go, (-,0) = Gy (-, 0)) woll (0,1 x,,) < ts[%%’] D|| A7, (1) (Gu, (t,0) — Goy(,0)) uol| x,
S b

]
< sup C'Luow—hu ! v — U2||y{0}
t€[0,T)]

< CLu T o1 — w2y,
B.
T = (G (5 0) = Goy (5 0) woll 7 o.,x, ) = IE = At (1) (Gor (8,0) = G (8:0)) woll 25 0.7,x,)
o, (0,15 Xg; Wag AT

_
< CLUO Ht = t'y—hu-l-a—ﬁ] ! HLZj (0,T) H'Ul - UQHY{o}
ozj ?

Y +pto—Bi—1+a;+--
< CLy, T ’ " Jor = vallyggy s

< CLuy TP oy — vg v,

The first and second equation require y+o0 —1—6 > 0 and v+ pu — 1 > 0, which is both true by y =0 —0
and [Eq. (2.18)| The last equation has an integrability condition of

1
Yy+p+o—Bi—1+a; >—,
Pj
1

+pu+ +o>1+p5;,
(A Bi

1—0
1+O'>].+/Bj,

y+u+

Pj

1+ pjo
+p+
iy pi+1

’7+M+,B;>1+5j.

> 1+ 3;,

This is the same condition as [Eq. and holds for the same reason.

Estimate of T ():

Set r,h € [l,00]st. 1=2+1 =14

Ty (o) = H [ Gu9) = Gt Futs) as

Cfy (0.T1:X0)

t
= sup t# Azl(t)/ (Gy, (t,8) — Guy(t, 8)) Fy, () ds—()’
t€[0,7] 0 Xo
" o
= s[up]C’lt u/ (t =)0 | Ay (1)U (1), drllor = w2l
tel0,T 0
Holder
< Cit M|z — (t —2)7707 Y H — 7H || Ay, (T)U. —
< S G |2 (t—2) ) ||7 = T | Aee (T)UF,, 02 ()|, L (08) o1 = v2lly;y
Holder

_ —0— _
< ts[%pﬂ Crt™#|lz = (t—2)7 1HL’"(0¢) |7 7 aHLh(o,t) HAWUvaUzHLg ((0,T;Xo0) lor = v2lyyg,
e, « ) 3
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< t u, t’y 0— 1+* t}L a+ —
tGSEéPT}Cl "HUFm:WHgP (OT)”Ul v2llvyy

222) -
< CyTre 1 Eoy || g, llv1 —U2HY{0}'

The integrability conditions are y — 60 —1 > —= and w—o> — h, which gives
11 1 _ 1
Y=0>1——=—4+—->—Fa—pu.
rp hop

This is true by reduction to v+ o+ pu > 146, however the step labeled with (2.22)) still requires y4+o > 146
so that sup,c(o 7] t7te=1=0 | 0 as T | 0.

Estimate of 75 7,:

Again set r, h € [1,00] s.t. 1:%4—%:%4—%—{—%

Ty = H [ (G0 = Gl B9 ds

C([0,T}; Xo,p)

t
< swp D450 [ (Gu(t.9) - Guult. ) Fu(s) ds
t€[0,77 0 Xo
t o
< sup Oy [ (6= 7 Ay () (), s = el
te[0,7) 0 0
TS s ille s (6 2 o |7 7 A (R, (0] Jor = vally
T tefo,1) Lroy) vz 1 o Xollz" (0,t) {0}
e t— 2yt o AU
< tES[lépT] 1z = (t—2) e 17 = 77| 1o 0y [l Ava Fv1v”2HLZa((O,T);X0) lor = v2llyye,
< sup Cit"77" s St oty HUFUI,UQHEP v — UQHY{O}
t€[0,T)] ;v
_
S C2T7+M ! ||Fv1 HEO ||'U1 - U2||Y{o}'
The integrability conditions are y —o — 1 > —% and p — o > —%, which gives
1 1 1 1
y—o>1l—-—-=—-+—->—-—+a—pu
r p h o p
This is again true by reducing to v + p > 1.
Estimate of 75 ;:
Set 7, h € [1,00) s.t. p% =-—(v—-0j) = % + 3 — (v —Bj). Then
7= | / (Gun(8) = Gua 1)) Fur(s) ds|
0 L, (0.1):X5))
t
= e 220 [ Guten) - GuttonFatsr af] |
0 Lidy, ((0.T):Xo)
2.33) 5o
< (1 t'—)/ (t—T)'Y j T“HA UFul,vz )HXO dr _ ||’l)1—’l)2”y{0}
0 L, (0.T)
a7 o | Aun(7I0p, (), o = vl

L, (07)

Hold
0<erC2 HT — 7-“+ag—ocHLh HAU? U17”2HLP ((0,7):X0) Hv1 - UQHY{O}
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aj—att
< CoTH =t HUFUI’UQHEQUQ((O,T)) lv1 = 2]y,

(2:22) +aj—aty—Bi+- -1
< G Byl o = vl

= C'i’)T'YJr'quﬁ;717&3 HFU1 HEO HUI - UQHY{O}

This holds for the same reasons [Eq. (2.30)| holds.

Estimate of Tg’{o}, T3, and T3 ;:

Note this term is equal to Up, —p,, v, for vz € Bl (u) and F,, — F,, € L%, ((0,T); Xo) by [Lemma 2.3.5
Therefore using [Lemma 2.3.9, we can conclude T3 1oy < Crov[|Foy — Fuy |y, T37r < C1r||Foyy — Fopy || 5, and
T35 < Cj”Fvl = Fus | 5o-

Combining all estimates:

We will use [Lemma 2.3.10| and |Lemma 2.3.13} and apply them on the terms of [|u1 — ually (1) we have
estimated. For j € {1,...,m}, we have

lur = u2llygyy S Lug T lor = wallyggy + T [ Fuy g, N1 = v2llyygy + 1Py — Foo 6

< TV o1 = vallvygy (Lug + T 1 Frr (uo)llxo + Lror + Ly |2ug = wollva,

m
+ [|Fe(zuo) | 2y + Ler Y {T(Sj + 2|20 1§ _|_7«PJ})
7j=1

m
+ LT oy = vallyy, + Lo 3 [T + 2z 1§ + 20 | llor = vally;,

j=1
lur = wallyz, S TV or = vallvig (Lug + T 1 Prr(w0) | xo + Lrvr + Lrel|2u, — tolly, )

m
 1Fe(zu)lly + Ler D [T% + 2|z I3 +77])
j=1

m
+ Ly T oy = wlly, + Le 3 [T + 2020 I + 207 | o = wally;,
j=1

LUOTV-FM—I—B}‘—B]'— Y +uAB] —1=P; | Ey,

1
Jur — u2||Y] < v — UQHY{O} + ”EO |1 — U2||Y{o} + 1 Fo, — FUQHEO

< TV oy — wgllyggy (Bug + TV (1 Prv(uo) |l xo + Laer + Lrell 2ug — tollyz, ]

m
+ | Fe(2uo) o + Ler Y [T‘sﬂ' + 2|20 1§ + 77 ])
j=1

m
+ LT on = vally, + Le 3 [T + 2l 200 I8 + 207 | oy = wally;.
j=1
So,
lur = w2lly0,r) < Lrruollvr — v2llyo,1)-

The contraction mapping property requires L, ,, < 1, so T" and r have to be taken small enough such that
this holds. We shrink the size of the constants by shrinking T' to an acceptable size T7;pschit- as well as
T Lipschitz- Lhis possible because:

o Ttu=l ploo pytutBi=1=6; pd; | 0 as T | 0 since these powers are positive

o || Fry(uo)| x, < oo since ug € Xy p,

o |2y, — uollyy, 4 0 as T | 0 by strong continuity from Proposition 2.2.8 of |[Lunardi (1995),
e ||zully; $ 0as T | 0 since 2y, € Yj,

o ||Fo(zuy)llE, 4 0as T | 0 since Fe(zy,) € Eo.
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2.3.3 Existence and Uniqueness in A7%2(0,7)NY(0,7)

We can now apply the Banach Fixed Point Theorem to conclude that ® has a unique fixed point u in
the fixed point space BI (ug) C Y (0,T) N By(0; C*([0,T); Xg)), where T is taken as the minimum of Ty s
and Tpipschit> and 7 is taken as the minimum of rsr and rripschiz. Since u = ®(u) € &5 ,((0,T)) by
and so u € Q4((0,T) bym, this gives us a mild solution u to problem and
a candldate for the unique solutlon in AT2(0,7)NY(0,T) we want. We will now proof u is 1ndeed unique
in the AT2(0,T)NY (0,T) for a smaller T < T. Again, we set up a proof similar to the uniqueness result in
the proof of Theorem 18.2.6 in [Hytonen et al. (2024), as we have also done for the proof of
Set .

T = inf {t € 0,7) : [[u— 2ol (o) > 5} ,
where we use the convention inf () = 7.

Take @ € ATE(0,7) NY(0,T) as some mild solution to the problem [Eq. (2.13){on (0,T). Let
7y = inf {t € 0,77 : i — zuplly 0.y = 7 [@on(po,:x0) = 1},

where now the convention inf () = 7" is used. Then we can view % on the interval [0, 73] to see

0,7, € By (uo),

which by the proof of the existence and uniqueness with 7; < T allows us to conclude

ljo,ry) = u

Then note the following holds:

Hfb — Rug ”Y(O,Tﬁ) = ||’LL — Rug HY(O,Tﬂ) < ||’LL — Rug HY(()j“) <,
N0 =6, _ ) )l ) ),
0<s<t<ry  (E—s)¥ 0<s<t<ry  (E—s)# o<sci<t (= 8)F
Therefore, we can conclude T = 73, and so u is unique in the full space AT2(0,T) N Y (0,T). O

2.4 Examples of quasi-linear problems

In this section, we cover the model Neumann problem from with a few iterations. We will see that
we can handle a simplified version of the problem, but unfortunately, not the original problem as intended.

2.4.1 Model problem
Consider the problem
Owu(t,x) — A(u(t, x))u(t,z) = F(u(t,z)), te(0,T), z€Q,
B(u(t,z))u(t,z) = 0 te (0,T), v €09,
uw(0,z) = wo(x), x € Q.

Here, X := LI(R?) and Q C R? is a smooth domain. We consider F'(u) = —|u|® for n € N, and A(u) and
B(u) defined as follows:

Here, a;; € C?(LY(R%);R) are the matrix coefficients that define the operator A, and n(x) is the outward
vector on the boundary 9€). We will consider domains D(A(u,x,t)) C Wé’(qu(t x))(Q). We will have some
additional assumptions on A: it must be:



2.4. EXAMPLES OF QUASI-LINEAR PROBLEMS 95

e bounded, meaning a constant M > 0 exists s.t.

sup sup la;(u)| < M, Vi,je{l,....d}
te[0,T] z€Q

e elliptic, meaning a constant 7 > 0 exists s.t. for all u,v € R?,

d
> ag(wvw; > o, Vo e Q,
Q=1

Let us show that we meet the conditions set for our local well-posedness result

First assumption: structure of spaces and Acquistapace Terreni

Let us check the conditions for [Assumption 2.3.2]
For the existence of 79, we need to look for which X, = [L9(Q), Wé’(qu(t ) (@50 1s a space which is

independent of x and ¢. For this we can use the result that X, = H?1049(Q) if 26 — % < 1, where H*9(Q2)

is a time- and space-independent Bessel potential space. This gives us a value of vy < % + 2—1[1. If ¢ is close
to 1, we can choose g close to 1.

Secondly, we should note L%(f2) is a UMD space, and that A(u) is uniformly R-sectioral according to
Theorem 8.2 of Denk, Hieber, and Priss (2003)| (see also Example 5.1 of Di Giorgio, Lunardi, and Schnaubelt
(2005)) for all u € Br(0; C*([0,T]; H**(Q))) for some u,0, R > 0 s.t. § 4+ p = o and p+ vy > 1, according

to [Lemma, 2.3.6l
Lastly we will look for a possible v and 6 for the Lipschitz assumption

HA’Y(U) [Ail(u) - Ail(v)]

2(ra) < Nllv=vlg20.0(0).

This follows because A is an autonomous quasi-linear operator, so No = 0 from the assumption
The space Xy = H?%9(Q) will have to be a space that fits our needs, so we should choose it carefully based
on the following calculations. Assume u,v € H?9(Q). Note that we can follow the Integration By Parts
steps from the proof of the (AT) conditions in Example 2.8 of [Schnaubelt (2004). To that end, introduce
the realisation A, of the operator A with the domain

D(Ay(w)) = {f € W*(Q) : B(u)f = 0 on 00},

For this realisation, A7 (u(r)) = Ay (u(r)). For f € LY(Q) and g € D((A;(u)))7), set f(z) = (A, u(z)) —
A () f(z) € WH9(Q) and g(z) = (A;(u(x))) 'g(z) € D(Ay(u(z))). Then we can write, using
Integration By Parts (IBP),

Q
d
d
~ [ F@¥ - | S| d
j=1 i
d d 1 d d
1BP fx a;qi(u(x))o;g(x n — T a;i(u(x g(x T
—/mf() ; j(u(2))0;9(x) B ds QVf() ; j(u(2))0;g(x) _1d
) d - d ) -
:/aQ f(z) 2;1 aij(u(x))n;0;g(z) dS — /Q”zjl a;j(u(x))0; f(x)0;g(x)dx
d
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—/Qvg@c)
[ atw Zaw ] ld””‘/mg(”)
/

d d
- Zaijw(x))aif(x)] o
J

9(x)Ag(u(x)) f(z) dx —/ g()B(u(x))f(z) dS

Q oN

/ 9(2)B(u(x)) A7 (v(2)) f(2) dS—/ 9(2)B(u(x)) A7 (u(@)) f(x) dS
0 o

IBP

+ Hu(z)) = Ay (v()) f(2) da
&) wx)) — A (v(x T) dr
2 () — 47 (W) f(2) d

+ A (v(z) f(x) dS
()/

_l’_

Q
[ s,y
Q
§() Aq(u(@)) (457 (
| s@)But)a;
o

2 [ @y o@) - 4

Aq(u(@) A (v(2)) f(2) da

Q

/ 32 B(u(@)) A7 (v(x)) £ () dS.
o0

In step (%), we use the fact that A, maps into D(A,) to conclude that At (u)f € D(Ag(u)), so that

[ 3@ Bu@) A w@) @) ds =0,
o0

In step (), we use that A(u)(A™'(u) — A7 (v))h = (A(v) — A(u))A~ (v)h for h € W?P(Q). This follows
from applying the operators to h = A(v)h and noting
A(u)(A™H(u) = A7 v)h = A(u)(A™H (u) — A7H(v))A(v)h
= [ = Aw)A™ (v)]A(v)h
= (A(v) = A(u))h
= (A(v) = A(u) A" (v)h

d d
- [ )V [Z(aij@(x)) — ay(u(@))0if (a >] do+ Tpa
J

d
1BP /8Q§(:c) [Z (azi(v(z)) — aij(u(ﬂf)))az‘f(ﬂf)] 'ndS+Tpar

d

+3° [ (asula) - a((@)0:f @)0,3() da

1,j=1
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={égmwﬂ%vm»A;%vm»f@>¢9—Tgh+zbw

+Z/%J 0 (0())0F@)055(2) do

1,j=1

= Z / aij(u(z)) — ai;(v(z))) - 047 (0) f1(2) - [0;(Ag(w)) " gl (x)da,
i,j=1
where (%) again refers to [y, §(z)B(v(z)) A, (v(2)) f(z) dS = 0.
From here we follow the steps of page 152 of [Yagi (2010), where we also use y € [, 12%):
(A () — AZH(0) £, (A5 () g)]
[[(aij(u) = aij (v))[0:A; " (v) f] PR 10;(Ag ()™

aij(
||(am( ) — alj(“))”j HL.a(Q),H2v—1.4(Q)) Haichl(U)fHHl,q(Q) H8]'(AZ(U))7_19HH172~,,¢1/(Q) .

IN

gHH172mq’ Q)

IN

We use Proposition 7.2 on page 116 from Taylor (2000) to get

A7 (w) [A™H(w) = A7 )] || o x (2.35)
< CKqflu(t) = v(®) | 2r-1a() + CE2(1+ [[u(®) | g20-1a@) + [[0@) [ 2010 [u(t) = v(#)] L= ()-
We will have to use an embedding of the following form:
[Xo, D(A(u))]g = H**(Q) — L>®(Q).

This embedding only holds if 20 — g > 0, which gives us an effective requirement on the trace space Xjy.

Namely,

d
0> 50 (2.36)

Secondly, we will need an embedding

This holds if 26 > 2y — 1, meaning
0> —. (2.37)

This embedding therefore holds if [Eq. (2.36)|holds. This means that if [Eq. (2.36)| holds and if ~ € [3, Q—q)

we can conclude the Lipschitz estimate on A indeed holds:
A7 () [A™ () = AT ()] gy < Cadirwllu = vllx,-

All in all, we should choose our v < 7 as big as possible. Therefore, we choose

11
Y=w=5+5, ¢

for a very small £ > 0.
We already have found a 6 from [Eq. (2.36) so we only have to look if it can be chosen in such a way
that the conditions of are met:

0<o<n,
1+0<y+o.

Given 6 > 2% from [Eq. (2.36)|held, v = % + 2% — g, we get the following feasible region for 6:

d 1 1
LAY DY 2.
2q< <o 2+2q (2.38)
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In order for a feasible region of ¢ to exist, we must satisfy

1+0<v+0<2y (2.39)
By [Eq. (2.38]} this gives
d—1+gq 1+g¢q
-7, 24
5 <o < 5 (2.40)

Second assumption: conditions on ug and F

Let us check the conditions for [Assumption 2.3.3|

We take ug € X, = Bg;(ﬂ), the time-independent Besov space, and we check the conditions on
F = —|u|™. We will set F' = Fr, since we already have very strict conditions on o > 6. We see if we can
get the following estimate for u,v € B27(9):

lul™ = 1ol"[[lLe @) < Lrellu = vl 529 (0)- (2.41)
Note f: R — R defined as f(u) = —|u|™ is locally Lipschitz, since for |ul, |v| < R, we get

n—1
™ = ol = [ful = Jol| - Y Jul[o]* "' < Crlu—v].
j=1

And since f(0) = 0, we can use the Nemitskii map as in Example 18.1.3 of Hytonen et al. (2024)| to show
that Fr, maps u € B27(Q) to Fr.(u) € LI() by setting

(Frr(u))(z) = f(u(z)),

and using the embedding
BZ9(Q) < Cy(RY). (2.42)

This embedding is satisfied by o > 6 > % as seen before. Then proof|Eq. (2.41)the same way as in Example

18.1.3 of Hytonen et al. (2024): take u,v € B29(9), where w.l.o.g. ”uHBg%(Q)7 Hv||33%(g) < N, then there
exists an embedding constant Ly fq4 s.t. ’

1Frr(u) = Fre(0) || La) = </Q | (u(z)) = f(v(w))!qdl’) q

< LN fdgq </Q lu(z) — v(x)|qd:c>;

< Ln,f.dqCllu— vl gz -
Since we have taken F. = 0, the conditions
Bi <

can be safely ignored by setting 3; = o and p; = 0 + €.

Results
With the above in mind, we have the following region to select for in o € (6, ), from [Eq. (2.40)

d—1+ 1+
7q<0'<7q.

2.43
5 5 (2.43)

Since d — 1 > 1 for all multidimensional problems, this is the only case in which Wé’pu is a time-dependent
space. Therefore, we can not ensure unique short timescale solutions for this example using our
[rem 2.3.7] since [Assumption 2.3.2| does not hold.
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Discussion

We can see that had 6 > 2q + 5 and v < 1+q + 5 held for s € (0,1), which would have been possible if
Xo = H™4(Q) had been chosen and the Calculatlons to get these  and v were done for this space, then

would have given
d—1+gq l1+¢
_— — 4= 2.44
2 <o < 5 + (2.44)
This means that increasing s € (0,1) s.t. d—1+¢ < 14+qg+sq, or d+¢q < 2+ q(s+ 1), would have satisfied
[Assumption 2.3.2] and allowed application of
We can also think about what would have happened if ¢ > v had been allowed, similar to the theory

denoted in Section 5.3.4 of [Yagi (2010). Then, we would be able to find a unique solution, since

d—1+q q+1—d

1 — —
2q 2qg

meaning we could have used this theory for ¢ + 1 > d.

2.4.2 Model problem with averaging

In the previous section, we saw we could not apply due to a strict condition on 6, v and o.
In this section, we will lower the condition on €, namely the necessity of 6 > %, in order to gain more room.
We consider the same problem

Owu(t,x) — A(u(t, z))u(t,z) = F(u(t,z)), te(0,T), z€Q,
B(u(t,x))u(t,x) = 0 te (0,T), z €09,
u(0,2) = wo(x), x € Q,

where now
d d
v)u = Z 0; [ai;j(v)0ju] , B(v)u = Z n;a;j(v)oju
i,j=1 hj=1
Here, a;; : W24(Q) — L°(2) is not defined pointwise, but instead as an operator between function spaces.
A pointwise definition can be set as
agj(v)(z) = aij(v* ¢(x)),

for some mollifier ¢ and the same a;; as described in Before, we essentially used ¢ = 0 the
Dirac d-distribution, the most local convolution mollifier one can use. The idea is that we now use a mollifier
» e CX(Q).

When we re-evaluate the calculations to come to for our current setup, we will now find the
equation

147 () [A7 () = A7 )] || 4y
< CKif|¢  (u(t) — v(O) | r20-1.0(0 (2.45)
+ CKo(1+ ¢+ u(t) || p2r-1a0) + 16 % ()| 2—1.a(@)) | * (u(t) = v(£))l| L= ()-
Taking u,v € Br(0; C*([0,T7; L1($2))) for p = o — 0 and using

Young
w(t) * @l g2v—1.a(0) = lut) * (Joy—10)llLaiey < Nu®)ll Lo 1ol m2r-11(0) < oo,

Young
[u(t) * Pl < lu@)lzoe)llollLe ) < oo
we can see that for a constant Cr 4 > 0,

147 (@)[A™ () = AN ()] pae) < Cro

\U—UHLQ

This means 8 = 0 is a correct choice of #, and the bound 6 > 271 is no longer valid. Then, 14+ 0 < v+ 0 is

satisfied by

11
2 2¢ 7
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and so o € (#,7) can be chosen in the region

1 1 1 1
R il 2.46
2 2q 2+2q ( )

This means that for every ¢ € [0,00), we have a viable choice of o.

The right-hand side using F = F7p,

Recall from [Eq. (2.42)[that we also needed o > 2%. Therefore, in order to have F' = Fp,, we need

1 1 d < <1+1
max< - — —, — o< =+ —.
2 2¢" 2 2 2

If d4+ 1 > ¢, we need to pay attention to the restrain o > 2 instead of o > 5 — 5. If d—1 2> g, no feasible
region for o exists; therefore, ¢ must be increased. Then, we can write a constramt for ¢ and d as

d—1<gq.

However, we will check if we can improve this condition by setting F' = F, instead in the next section since
this will get rid of the o > % constraint and allow for less strict requirements on the initial condition.

The right-hand side using F' = F,

Recall that F(u) = f(u) = —|u|". Since f(0) = 0 and |f'(z)| < |z, we can use the calculations from
Example 18.1.3 from Hytonen et al. (2024) (which we here apply with s = 0) to get

1F(w) = F(0)llxo S (lull, + 0I5 )lu—vllxg,
where p=n—1and 8 = ”Tfl . 2%. We investigate the critical o, which is when 8 = 8* holds. So:

n—1d 14+(n-1)o

n 2q n ’
(n—l)i: 1+ (n—1)o,
2q
d r
?q n—1_
So we can note that 20— g < 2q, which was the previous lower bound for o. Therefore, we definitely have

an improvement on the 1n1t1a1 condition compared to F' = Fp,.. This choice of o is valid whenever

1 1 < d 1
2 2¢ 2¢ n-1
1 1 d 1
22072 n—-1
The lower bound gives d+1 > =+ 2 The upper bound gives %1 + % > dT_ql. Combined, we have
1
a—1<2tD gy
n—1

Now the constraint ¢ > d—1> 2 P (d 1), so we can indeed choose lower ¢ for F' = F, compared to F' = Frp,

as long as that we are careful not to choose ¢ > Z—_ﬂ(d + 1), in which case we lose access to criticality.
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2.4.3 Right-hand side function dependent on gradient

We consider the same example as in but this time a right-hand side function of the form
F(u) = f(u, Vu) instead of F'(u) = —|u|™. We will assume that 3p > 0s.t. Vr > 1, 3C, > 0 s.t. Vo, 22 € R
with |21],|2z2] <7 and Vy1,92 € R, f: R x RY — R satisfies

|f(z1,91) — f(z2,92)] < Crlzr — 22| + Cr (Jy1]” + |92/°) [y1 — y2l-

From this, it is clear we should look for F' = F in order to get o as low a number as possible. We can derive
the following for u,v € H?4(Q):

q
1 (u, Vu) = f(v, Vo) || L) = </ | (u ))f(v(a:),Vv(x))|qu)
< Cillu = vl L) + Cofl (IVul? + [V[?) [Vu = V||| La(q)
Holder
<Ol = vl gy + Co (V01 s ) + 19012 ) 190 = V0l
Sobolev

< Cullu = vllzagey + Co (V251,000 + V055100 ) 1V = Vollz2-1000y
= Cullu = vllcagey + Co (lalfpzs. ey + 10000y ) l1a = 250

The condition for Sobolev embedding H*? < HY" is % — % =1_ 5, aswellask>fandp<r.26—1>0

T

as long as 8> 1 and ¢ < g(p+ 1), so

11 28-1
alp+1) ¢ d -
To find a value of 3, we write
1 1 28-1
(p+1) ¢ d '’
28—-1 o)
d  qlp+1)
p_1-2. P
qg p+1
d p
b= 24 pr1 2

Then to reach criticality, meaning 5 = 8*, we determine the critical o:

d p 1 1+po
2 p+1+§ 1+p’
dp+q(+)_1+pa
2q

dp+qgp 1
72(] —52907
d 1 1
27(]_‘_5_%_0-'

This gives us our condition on « and %. From |Eq. (2.46)| of |Section 2.4.2|7 we have to check

1 1 d 1 1
2 2 2 2 2
1 1 d 1 1
27972 2 3
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The lower bound becomes

d+1)p—
0<( +1)p q
2qp

so we need % < d+ 1. The upper bound becomes

1_
0<( ®p+q

2qp
so we need p+ g > dp, so % > d — 1. Therefore, we can apply our [Theorem 2.3.7|if
q
d—1<=<d+1.
p

Keeping in mind d > 2 and ¢ > 1, we get the restriction p > ﬁ to ensure 4 < d + 1 is feasible. If true,

p
then a suitable ¢ can be chosen.



Chapter 3

Conclusion

A short recap of the thesis: described the setting of maximal LP-regularity with definitions
and results from Hytonen, van Neerven, Veraar, and Weis (2024)| and jvan Neerven (2022)| and showed the
extension to non-autonomous problems on non-constant domains from [Di Giorgio, Lunardi, and Schnaubelt|
((2005)| and [Yagi (2010)L In|Chapter 2| we extended this setting to include weighted non-autonomous linear,
semi-linear and quasi-linear problems in to For each setting, we set conditions for the
existence and uniqueness of solutions and showed the result to be true. We then analysed the example
model problem and some other relevant examples in namely the model problem [Eq. (1) with
right-hand side function |u|", with a power n > 2, in an averaged version of this problem in
and the same problem but with a critical right-hand side function depending on the gradiant
Vu in Our research questions were as follows:

e Can a set of conditions be derived on which we are able to show short timescale existence and unique-
ness of solutions to quasi-linear problems on non-constant domains in a critical setting?

e Can our result ensure a unique short timescale solution to the model problem [Eq. (1)[f

In we did indeed derive such conditions in [Assumption 2.3.2| and [Assumption 2.3.3] [Assump-|
[tion 2.3.2]entails that we need a set of Acquistapace Terreni conditions specifically tailored to the quasi-linear
operator A(u) by using Holder regularity on the input u as described by [Yagi (2010)l |Assumption 2.3.3|
describes the trace part Fp, and the critical part F. of the non-linear right-hand side function F'(u) as
explained by Hytonen, van Neerven, Veraar, and Weis (2024), as well as restricting the initial condition wuy.
Together, this allowed us to state and prove This result shows the short timescale existence
and uniqueness of mild solutions to the prescribed problems.

However, for the model Neumann problem investigated in we found that the model problem
does not satisfy the conditions as described in [Assumption 2.3.2] meaning we were not able to ensure a
unique short timescale solution using our This was due to the strict requirements from the
prescribed Acquistapace Terreni conditions of

We did ensure a unique short timescale solution for the quasi-linear problems of and
which featured an averaging function in order to reduce the stress on the constants and
allowed for a choice of the initial condition space X, j, and which had right-hand side functions depending
on an exponent of |u| and on a gradient of u respectively.

Discussion and future research

We should discuss why ensuring a unique short timescale solution to a comparable problem was possible
in Section 5.6 of . One important assumption to be made is that the space of initial data X, ,
is replaced by the assumption uy € (L4(£2), Wé’g’uO)(Q))g,p. We can note it becomes difficult to find initial
conditions that satisfy this constraint, but not impossible: for instance, assuming ug € C°(€2) so that it
is an element of (L7(€2), W2’p (2))s,p regardless of u. Secondly, the non-linearity on the right-hand side
function is chosen as a type 03 Holder continuous non-linearity, which is a much stronger assumption than

the critical setting we are working in. Together, it allows for taking the space Z, which acts as their Banach
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contraction space and their initial condition space, much smaller than the space which ensures constant
domains, meaning they have their o larger than their 9. We could not do this since it loses essential
information on the critical setting F' = Fp, 4+ F¢, and we lose access to our initial data ug € X5 ,. A direct
attempt at making the theory work directly would be to let ¢ > ~ and let the initial condition depend on
ug € D(A%(up)) while F' = F. still depends on spaces and Xz with coefficients 3 < . This also means
we no longer have to do Y7, estimates since Fr, is absent. Since there is no need for the non-constant
property of the space attached to o, we can now increase ( > v and get working theory, though at a massive
disadvantage of losing important information.

Another discussion point is the necessity of Holder regularity in quasi-linear problems. Simply put,
there is a Holder regularity constraint in the Acquistapace Terreni conditions, which allows for solutions
to exist when the domains are non-constant. Due to this Holder continuous setting, working with Hoélder
continuous functions as done in the work of [Yagi (2010)| is sensible. It begs the question of whether or not
there are conditions on which H;*- or By , .. -regularity makes more sense than CF-regularity. As seen in
the calculations of we need these spaces regardless, so using them to define our Acquistapace
Terreni conditions in the quasi-linear case seems like an interesting possibility.

Lastly, we can discuss the cases a < 0, p =1 and p = co. Because of all results working for unbounded
p € (1,00), the results can likely be extended to p = oo as is done in Chapter 18 of Hytonen, van Neerven,
Veraar, and Weis (2024) and Yagi (2010). However, The other case would require negative weights « to get
o > 0, and working with negative weights gives its own problems. More research can be done to investigate
this extension’s utility and feasibility.

In future research, the following can be done to work on this field further.

e Show existence and uniqueness of short timescale solutions to the model problem where instead Xy =
H~59(Q), since likely the Acquistapace Terreni conditions from [Assumption 2.3.2| will hold as long as
d+q < 2+q(s+1), as described in the conclusion of [Section 2.4.1, This means our theory can be
applied to another important problem closely related to our model problem.

e Research the possibility of a different set of conditions than the (AT) conditions on which we can
determine solutions without the need for Holder regularity, and with more advantages of H."- or

B; , .. -regularity. In this case, more needs to be changed about our proof of and it
will be applicable in more cases.

e Show the existence and uniqueness of global solutions. This can be done by extending the maximal
solution theory of Section 18.2.d of |Hytonen, van Neerven, Veraar, and Weis (2024) to our setting,
but it is yet to be found how much we lose when this is applied.

e Attempt to make a short timescale existence and uniqueness proof where we abandon the critical
setting to solve the Neumann problem. This should be possible by following more of the setting of
chapter 5 of [Yagi (2010). However, we will most likely lose information on the initial data and lose
the critical setting of our non-linearity.

e Research if an extension of the results on non-linear equations to p = oo, or to p = 1 with negative
weights o € (—%, 0], is helpful. If so, these extensions can be researched using the work of Hytonen,
van Neerven, Veraar, and Weis (2024) and [Yagi (2010)k



Appendix A

Miscellaneous results

A.1 Interpolation spaces

For non-linear problems, we need to consider the initial data ug as well, as seen in [Section 1.2.4] Often, the
setting is as follows: there will be an X; Banach space representing the domain of the operator, and Xg the
Banach space on which everything occurs, with X; — Xy an embedding between them. We will discuss
here what kind of spaces X, ¢ exist "between” these spaces and a few applications based on Appendix C of
Hytonen et al. (2016)k

The first method is complex interpolation, which is of the form

Xy := [Xo, X1

for @ € (0,1). An example of what such a space would look like is f.i. [LP0(R9), LP*(R%)]y = LP¢(R?), where
p% = 110;09 + p%, or [W24(RY), LI(R%)]g = H?*?9(R?) a Bessel potential space.

The second, more frequently used method is real interpolation, which is of the form
for § € (0,1) and p € [1,00]. Some examples here are (LP0(R%), LP1 (R9))y ., = LP¢(R?), where % = 1p;09+p%,
or (W24(R%), L1(RY))g,, = Bgfn(]Rd) a Besov space.

The following proposition will describe useful properties of interpolation spaces.
Proposition A.1.1. 1. For1>0>0>0, we have

X1 = X5 = Xg — Xo.

2. For1>§>9>0,002p71521andanyqe[l,oo], we have
Xl%Xép‘—)Xép%Xg’q‘—)Xo.

3. For 6 € (0,1) we have
(Xo, X1)o,1 = [Xo, X1]o = (Xo, X1)6,00-

4. For 6 € (0,1) we have
(Xo, X1)p,2 = [Xo, Xilo-
Proof. Points and [ follow from Appendices C.2 and C.4 from Hytonen et al. (2016), and point
Proposition L.1.1 from Hytonen et al. (2024). O
We also have the following interpolation of bounded operators from Appendix C of [Hytonen et al. (2016 ).

Theorem A.1.2. Let T be an operator bounded from X1 to Y7 and bounded from Xs to Y. Then both
Tp: Xg— Yy and Ty, - Xgp — Yy, are bounded operators for all 6 € (0,1) and p € [1,00], and
—0 0
1ol 2x0v5) < Coll Tz, vy 171 (xa v
—9
1Topll 6o 1) < ConlTIELy, v IT I vy
for some Cy,Cyp, > 0.

Proof. Theorem C.2.6 and C.3.3 of Hytonen et al. (2016). O
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A.1.1 Embeddings of interpolated functions spaces

For our work on the Holder continuous functions, we need an analog of Lemma 18.2.7 from [Hytonen et al.
(2024)| which works on all the spaces we have defined. This result is formulated here as [Proposition A.1.4

Define the real interpolation space Xg, = (Xo,X1)sp and the complex interpolation space Xy =
[X0, X1]g as above for UMD spaces X; < Xy. We define the weighted Bessel potential space and weighted
Besov space as the following interpolation spaces:

HL P(1; X) == [L2, (I; X1), WP (1; Xo)]s,
By, (I Xs) == (L, (I; X1), WA (13 Xo0))s,q

q,P;Wa

Then, we want an embedding result into the Hélder continuous functions.

Lemma A.1.3. Let X1 — X be UMD spaces, let 0 = 1 — % —a forp € (1,00) and « € |0, [%), and let
6 € [0,0]. Then
H, %P((0,T); Xg) < C7°((0,T): Xp),

where for u € Br(0; H5.?P((0,T); Xg)) with uw(0) =0 and R > 0 we have

HUHCU*9([O,T];X9) < CHUHH}J;&P((()’T);XG)
where C is a T-independent constant.
Proof. For the full space R, we have the following results from Proposition 3.12 and Proposition 7.4 of
Meyries and Veraar (2012):
HIOP(R; Xp) — B, (R Xg) — C10775 (R; Xy).

00,p,Wa

However, we can note that this result is formulated for the definition of Bessel potential spaces using
Fourier multipliers. However, by Proposition 3.1 of Meyries and Veraar, 2014, WAP(I; Xo) = HEP(I; Xo)
and LP, (I; X)) = HYP(I; X,), and by Theorem 3.18 of [Lindemulder and Veraar (2020), Hy. *"(I; X,) =
[HOP(I; X1), HSP(I; Xo)]s. Therefore, it follows for our complex interpolation based definition of Bessel
potential spaces too.
With the result on the full line, we can reduce to the half line [0, 00) by using the extension operator
o 1 C779([0,00); Xg) — CTO(R; Xp) s.t. Esou(t) = u(|t]): take u € Hi;e’p([o,oo);xe). E is bounded
from L, ([0,00); X1) to Lb, (R; X1) and from WP ([0, 00); Xo) = HEP(I; Xo) to W (R: Xo) = HLP(I; Xo),
so by [Theorem A.1.2] it is bounded from H,_ *P([0,00); X,) to HJ, *P(R; X,). Therefore:

[ullco-o((0,00):x0) < llull - Dllco—om;x,)

< Clhul- Dll -0 goxy

< OllBooll garizo (0,00yx0), o2 @i x o 14 7202 (0,00

Now that the result holds on the half-line, we will use the extension operator Er from Lemma L[.4.5 of
Hytonen et al. (2024)| to get a result on the bounded interval (0,7T): take u € Hoo 9"”((0, T); Xg), where we
note Ep is bounded from Hp, *P((0,T); X,) to Hb,*P([0,00); X,) by [Theorem A.1.2L

[ullco-o¢0,m):x0) < 1ETUlCo-0(10,00);x4)

< CHETUHH}J;&”([O,OO);XQ)

< Orllel yizor o myix):

where,

Cr= ||ET||3(H1 SP((0,T);Xs),Hb P ([0,00); X))

C”ET” WA (0.1 %0) WP (00010 BTN 2. (01:0).8,, (0.000:50)
< (24377

from (2) and (3) of Lemma L.4.5 from Hytonen et al. (2024), but if u(0) = 0, we can use (4) instead of (3)
to get Cr = C,,p independent of time. O
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Using Lemma L.4.6 and L.4.7 of [Hytonen et al. (2024), we can then make a lemma that allows for
embeddings out of the space P4 with time-independent constants for functions with «(0) = 0.

Proposition A.1.4. Let X1 — Xy be UMD spaces, 0 =1 — o — %, and 0 <0 <o <3< 11+Tppa for some
p > 0. Define
PL((0,T), Xo, X1) := WLP((0,T); Xo) N LY, ((0,T); X1).

Then PE((0,T), Xo, X1) continuously embeds into C*([0,T); Xg), C([0,T); X,p), and Lf,(’%l)(((),T);Xﬁ).
)

Foru € PE((0,T), Xo, X1) with u(0) = 0, we have embeddings with time-independent constants Cy,Cy, C3 >
0 of the following form:

[ullono,m:x0) < Crllullpeo,1),x0,x1) (A.1)

lulleqo X, < Callullpzo,r),x0.x1)> (A.2)

H“HLS,%“((O,T);XB) < C3H“H7’§((O,T),XO,X1)' (A.3)
23T

Proof. The first embedding [Eq. (A.1)| follows from applying [Lemma A.1.3| with the embedding time-
independent, embedding PX((0,T), Xo, X1) < Ha, " ((0,T7); Xg). The other two embeddings follow from
Lemma L.4.6 and L.4.7 of Hytonen et al. (2024). O

A.2 Weighted estimates of fractional integrals

Let us study integrals of the form
t
I, f(t) == / (t — 1)L f(r)dr.
0

We need results for estimates of this integral as an operator from one weighted L? space to another weighted
L? space.

Proposition A.2.1. Let ¢ € (0,1), ¢ € (1,00), 7 € [1,00) s.t. 1 = %—F ¢, B> —é, and f € L, (0,T).
Then
lwslsfllg < Cllwsfllr

Proof. We can derive

t
e 1af @l = o> [P0 = )75

q

_ Hm /Otf((t,f)(Tﬂf(T))dT

q

= [Tk (ws f)llq-
Here, K is the kernel of the weighted operator, and K is the kernel of the commutator. We now show the
operator associated with the kernel K goes from L" to LY where ¢ = % — %. We have

K(t,7) = ((t/7)" = 1)(t — 7)*!
=7 (/1) = Dt/ - 1)
= /P (7)== 1)
= 7 a(t/7)7 (/) ~ D) (t/r — 1)
So,

/0 (t/7)5 (/) — 1)(tf7 — 1) (0 p(r)

T AN
TictosDll = ( [ %)

= ‘|C*gHLq((07T)7%)>
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where we defined c(2) = 19 1)(2)- z%(zﬂ —1)(z—=1)?71, g(z) := z%+ﬁf(z), and % as the convulution product

of the group (0, T) using the Haar measure dt , similar to the set-up of the proof of Lemma 17.2.35 of Hytonen

et al. (2024). Firstly we see if ¢ € L*((0, T) 4 for s € [1,00] with 2 =1 — ¢

T ; 1 s
(/ \c(t)\sdt> _</ (tiu—t)¢—1|tﬁ—1y)8t—1dt)
0 t 0
1
21,8 s \s
- / AN Uil WP
o (1—t)@=bs
5 a1, )\ TR
q q —
gz(/ ax dt) +</ dt> .
; 1—¢ -

This is true since % + B > 0 is satisfied by 5 > —%, and so

[SIE

1

1 s
o0 (Jf e 0ar)", pe 10,
2C <f02t3 a dt) ., B>0,

B {2075;*5 <oo, Be(-1,0),

1

1
5 (/2 tat max{l,tﬁs}dt> °
0 1—t

IN

1
2Cte < o0, B >0,
where we note é +B8>0>-1=¢—1. For f(t) = —1(0’1)(t)t371]t5 — 1|%, which is a continuous function

on [3,1] and continuously differentiable function on (1, 1) for the use of the mean value theorem, which will
give a certain mean value c(t) € (¢,1), we have

() (] )

1

1 s
- ([ f’(c(t))dt> < 0.

T
= tr H)|IT=

T
= [ 1eror a=1slon

Secondly,

So, we can use Young’s inequality with 1 + l = l + l w.r.t. % to conclude

||TK(‘-’JBf)||q = HC*gHLq( (0,7),4) < ||CHLS (0,7) dt)HgHLr ((0,7),4) = HC”LS ((0,1),% HfHLT(OT

A.3 Product rule

Below, a simplified version of the product rule from Lemma 5.1 of Bechtel (2023)|is given, which is applied
for evolution families.

Lemma A.3.1 (Evolution family product rule). Let U be a bounded differentiable family of operators with
bounded derivative, and let uw € WHP((0,T); Xo). Then t — U(t)u(t) € WHP((s,T); Xo), with derivative

d ! /
dt<UU)( )= =U'(t)u(t) + U(t)u'(t).

Stmilarly, for all
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Proof. Since we have u € WP((0,T); Xo), we can write
¢
w(t) — u(s) = / W(r)dr, 0<s<t<T.

Similarly, the derivative U’ can also be used to write the operator U(t) — U(s) as fst U'(t) dr. We expect a
certain form of the derivative of U(-)u(-), so we check whether we can rewrite this expected form to show it
to indeed be equal to the derivative.

/S U (rulr) + U (7) dr = / Ve )( (s) + / Tu'(r)dr) + <U(s)+ / ' U’(r)dr) (1) dr
/ s)dr + / S(s
/ / U’ (r)ed (r)drdr + / / U () (7)drdr.

We apply Fubini to get [* [T U'(r)d/(r)drdr = [! [TU'(r)u/(r )der and on the other integral we switch
the variable names around to get [* [T U’(r)u/(r)drdr = f [T U () (r)drdr.

S S

/ U'(T)u(r) + U(m)d/ (1) dT = / s)dr +/ S(s)u'(T)dr + U'(r)u (r)drdr
UU

/ U'(t)u(s)dr + (
(t)u(s) — U(s)u(s) + U(s)u(t) — U(s)u(s)
+U@Mﬂ— U(s)u(t) = U(t)u(s) + U(s)u(s)

(O)u(t) = U(s)u(s).

Here we used u(t) —u(s) = fs W (1) dr and U (¢ f U’(7) d7 to write out all the terms. This allows
us to conclude that we indeed have this form of the derlvatlve and therefore U(7)u(r) € W'P((a,b); Xo). O
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List of symbols

Function spaces

LP(I; X)

Ll

loc

(1; X)

C(I; X)
CH(I; X)

WhP(I; X)
Wb (15 X)
oWP(I; X)

oW P(I; X)

Pr(I)
er(I)

L, (I; X)

WP (I; X)

Space of functions with p-integrability for p € [1, c0] on the interval I in
the norm of the Banach space X, page

Space of functions which are integrable on any finite sub-interval of I in
the norm of the Banach space X, page

Space of continuous functions on [ in the norm of the Banach space X, page
Space of Holder continuous functions on [ in the norm of the Banach space X
with fractional power u, page

Sobolev space of functions with p-integrability for p € [1, 00] on the interval I
in the norm of the Banach space X, page

Sobolev space of functions with local p-integrability for p € [1, 00 on the interval I

in the norm of the Banach space X ,page

Solution space of the time derivative on the interval I in the norm of the
Banach space X ,page

Solution space of the equation on the interval I in the norm of the
Banach space X ,page

Maximal LP-regularity space on I, page

Maximal LP-regularity space on I for non-autonomous problems on
non-constant domains, page

Weighted LP space with power weight w, on interval I in the norm of the
Banach space X, page

Weighted Sobolev space with power weight w, on interval I in the norm of the

Banach space X, page

Maximal LL,_-regularity space on I for non-autonomous problems on
non-constant domains, page

L%, ((0,T); Xp) for the time T' working on Xy, page

C([0,T7; Xo,p) for the time 7" working on the real interpolation space X,
forazl—a—%, page

Maximal LL,_-regularity space on I for the operator A, page

Maximal L%,_-regularity space on I for the operator A, with given solution u,
page

Space of Holder continuous functions with fractional power u and difference
measured on ¢ = 0 in the norm of the Banach space X, page

C?O}([O, T); Xg) for the time 7" working on the complex interpolation space Xy,
page

Lp(iﬂ)(((), T); Xg;) for j € {1,...,m}, p; > 0 and some complex interpolation

P]'+1

space Xg,,page
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74 LIST OF SYMBOLS
Y, CH([0,T}; Xo), page [36]
Y(0,T) Union of Yygy, Y7, and all Y for j € {1,...,m} on interval (0,7'), page
SOL(G,xg, f,T) Union of solution spaces, page
Wé’(qu(m))(ﬁ) The domain of the operator A(u) with the boundary condition B(u), page
H*1(Q) The Bessel potential space with fractional power s and integrability ¢ working on 2,
page
B;;’p(Q) The Besov space with fractional power s, integrability ¢ and interpolation p working
on {2, page
Operators
O Derivative towards time, page
(A, D(A)) Unbounded operator A with domain D(A) which represents the space derivatives,
page
S(t) Co-semigroup depending on t, page
R(M\A) Resolvent operator (A — A)~! for complex number A and operator A, page
e tA Bounded analytic Cp-semigroup generated by operator A, page
M Solution operator of the problem m page

Functions

Non-autonomous linear operator A(t) with domain D(A(t)) depending on

a time t, page

Evolution family operator of A(t) with dependency on times ¢ and s, page
One-sided time derivative from above, page

Yosida approximation of A(t), page

Evolution family operator of A,(t), page

Power weight with power «, page

Solution operator mapping functions feasible as solutions to the
non-linear problem to solutions of a given linear problem, page

Non-autonomous quasi-linear operators A(u,t) depending on a
solution u and time twith domains D(A(u,t)), page

Non-autonomous linear operators A(u(t),t) for a given solution u(t) depending
on time ¢ with domains D(A,(t)), page

Evolution family of A,(t), page

The operator of the Neumann problem, page

The boundary condition of the Neumann problem, page
Realisation of A(u), page

f(t) Right-hand side function depending on time ¢, page

F(u) Non-linear right-hand side function, page

zuo(t)  Reference solution depending on time ¢, page

F.(t) Right-hand side function with given solution v depending on time ¢, page

Fr,(u) Trace part of F(u), page

F.(u)  Critical part of F(u), page

Uso(t) Solution to non-autonomous linear problem with 0 IC, right-hand side f € L%, ((0,T); Xo)



ws(1)

aij(u)

aij(u)

and given solution v on time ¢, page

Solution to autonomous linear problem with 0 IC, right-hand side f € L%, ((0,7T); Xo)
and operator A,(s) for solution v and time s, page

The matrix coefficients of A(u), page
The mollified matrix coefficients of A(u), page

Banach spaces

Xo

Base Banach space, page .

Z(Xo,X1) Space of bounded linear operators from the Banach space X to the Banach space X7,

Z(Xo)

[Xo, X1]o

page

Space of bounded linear operators on the Banach space Xg, page
Complex interpolation space between the spaces Xg and X; of order 0, page

(Xo0,X1)p,r Real interpolation space between the spaces Xy and X of order # and power 7, page

Other

1

X1 — XO
M, A
MR,(1)

Time interval either equal to (0,7) for some T' > 0 or equal to [0, c0), page

Symbol representing there exists a continuous embedding from X; to Xj, page
Constant of maximal LP-regularity for the operator A on interval I, page

Set of maximally LP-regular operators on interval I, page

Open sector in the complex plane of angle w, page

Resolvent set of operator A, page

Sectoriality angle of A, page

R-sectoriality angle of A, page

Initial condition in a given interpolation space, page

1—a-— % for pe (1,00) and a € (—%,}%), page

Open ball around 0 in the Banach space X with radius R > 0, page

Open ball around z,, in the Banach space Yr,(0,T with radius 1, page

p(pj +1) for p € (1,00), j € {1,...,m} and p; > 0, page

pﬁH for a € [0, ﬁ), je{l,...,m} and p; >0, page

Set of u with u € €% (1), page

Set of u on which A, (t) satisfies the Acquistapace Terreni conditions of |Assumption 1.2.7|,
page

1;;”3; for j € {1,...,m} and p; > 0, page
Open ball around z,, in the Banach space Y (0,T") with radius r included in B;(0;Y},),
page

A smooth domain in R?, page

Outward vector, page
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