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A B S T R A C T   

This study investigates the size effect on the compressive strength of foamed concrete at the mesoscale level 
combining X-ray computed tomography (X-CT) and a discrete lattice model. Image segmentation techniques and 
X-CT were employed to obtain virtual specimens comprising hydrated cement paste and air voids. The lineal-path 
function and pore size distribution was used to characterise the air void structure. A two-dimensional lattice 
fracture model of foamed concrete considering different wet densities was established. The model was verified 
experimentally at a wet density of 700 kg/m3 and then used to predict the strengths of specimens with wet 
densities of 600 and 800 kg/m3. Square and rectangular specimens (slenderness ratio = 2) with widths of 10, 20, 
40, 70.7, and 100 mm were investigated. Results show that the air void structure significantly influences the 
observed size effect on the compressive strength in the investigated size range. A random forest regressor was 
used to predict the compressive strength of the foamed concrete; the regressor yielded satisfactory results. 
Finally, existing analytical size effect models were used to fit the simulated strength. Although good fitting was 
achieved, special attention should be given to the applicable range and physical meaning of fitted empirical 
parameters.   

1. Introduction 

Foamed concrete is a lightweight porous construction material into 
which air bubbles are introduced using a foaming agent [1]. The density 
of the material can be designed within the range 400–1900 kg/m3 by 
precisely controlling the dosage of prefabricated foam [2,3]. Owing to 
foamed concrete’s excellent engineering characteristics, such as low 
self-weight, high flowability, and adjustable strength, it has been 
extensively applied to infrastructure construction as non-structural or 
semi-structural material. For example, foamed concrete has been uti-
lised in tunnel cavity filling [4,5], shock-absorbing barriers for airports 
[6] and roadbed filling [7]. 

Understanding the mechanical properties and fracture response of 
foamed concrete is of practical and scientific significance owing to its 
extensive application. In practice, compressive strength is the most 
important mechanical property in construction material design [8]. It 
has been recognized that the compressive strength is affected by a few 
parameters, such as density, binder material, water/binder ratio, curing 

condition and air-void structure [9,10]. Among these factors, binder 
material and pore structure (including the porosity, diameter, and 
sphericity of air-voids) are mostly considered. Currently, ordinary 
Portland cement is the most used binder in foamed concrete [4]. Many 
scholars have suggested the replacement of a portion of the cement with 
solid materials to decrease CO2 emission. It was demonstrated that the 
replacement of cement with ultra-fine slag [11] and silica fume [12] 
influence the compressive strength of foam concrete. They can react 
with the free Ca(OH)2 of hydrated cement to produce cal-
cium–silicate–hydrate, which can improve the compressive strength. In 
addition, the air void structure is also the major factor affecting the 
compressive strength of foamed concrete. Guo et al [13] and Zhang et al 
[14] have established correlations between the compressive strength 
and pore structure parameters, including pore size distribution, 
compactness (i.e., uniformity of pore distribution) and sphericity. 
Nambiar et al. [15] and She et al [16]. have reported that the pore size 
distribution of foamed concrete with high density is more uniform and 
narrower than that with low density, which is attributed to the 
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possibility of merging and overlapping of air-voids at high porosity. In 
general, compression tests are performed on small specimens according 
to relevant standards and code requirements. Considering the well- 
known size effect (i.e., smaller-sized specimens have higher strength 
than larger-sized samples), an important question is how to extrapolate 
the measured strengths obtained from small specimens to real full-scale 
structures. 

Over the past few decades, several size effect laws for concrete have 
been proposed and implemented. They include ones based Weibull’s 
statistical theory [17,18], Carpinteri’s multifractal scaling law (MFSL) 
[19–21], Bažant’s size effect law [22–24], and boundary effect model 
[25,26]. The size effect laws derived from Weibull’s statistical theory 
was established based on the weakest link theory. As the size of the 
structure increases, a corresponding decrease in its nominal strength 
occurs because it has a higher probability of containing larger and more 

severe defects [18]. Carpinteri’s MFSL was derived from the fractal 
characteristics of the microcrack structure at the maximum stress [20]. 
The fractal theory is utilised to characterise the damage and fracture of 
quasi-brittle materials in a non-integer-dimensional fractal space. 
Bažant’s size effect law can be categorised into two groups—type-1 and 
type-2 size effects—depending on the adopted fracture mechanics 
[27–30]. The type-1 size effect manifests as specimen failure as soon as 
macroscopic cracks originate from the smooth surface. It can be divided 
into deterministic and statistical size effects based on whether the in-
fluence of randomness on material strength is considered. In the three- 
point bending test, the generated position of the macroscopic crack is 
virtually deterministic, even in the absence of preexisting notches. This 
deterministic size effect is primarily driven by strain concentration. In a 
four-point bending or direct tension test, material heterogeneity is 
considered by introducing the statistical size effect because the high- 
stress region occupies a considerable portion of the structure. The 
type-2 size effect occurs in quasi-brittle materials with cracks or notches 
that are significantly larger than the fracture process zone (FPZ) at 
maximum load. The boundary size effect theory was proposed by Hu and 
Wittmann [25,26]. This theory suggests that the size effect is not caused 
by the physical dimensions of the specimen but by the interaction be-
tween its FPZ and boundary conditions [31,32]. It refers to the influence 
of crack size on the nominal strength of the failed specimen. All the 
foregoing models have been applied to concrete and have shown satis-
factory results. However, none of these methods have been applied to 
foamed concrete. 

With advancements in computer facilities and algorithms, numerical 
simulations have emerged as a supplementary method for exploring the 
size effect of cementitious materials [33,34]. Different numerical ap-
proaches, such as the cohesive model [35], crack band model [36], 
nonlocal continuum damage model [37,38] and discrete element 
method [39], have been used to simulate the size effect of cementitious 
materials. The discrete lattice model, which considers the material 
structure, offers valuable insights into the correlation between fracture 
processes and material structures. In the present investigation, a two- 
dimensional lattice fracture model was established using a multiscale 
numerical approach [40] to study the size effect on foamed concrete. 
Specimens with a wet density of 700 kg/m3 were produced and evalu-
ated to verify the proposed modelling approach. The porous material 
structure used in the numerical simulation was derived by X-ray 

Table 1 
Oxide compositions of the P⋅I 42.5 cement (%) [44].  

Materials SiO2 Al2O3 Fe2O3 CaO MgO SO3 Na2O LOI 

OPC  20.08  5.09  3.81  63.41  2.06  2.33  0.55  1.72  

Table 2 
Mixing proportion of prepared foamed concrete [44].  

Mix Targeted wet 
density (kg/m3) 

w/ 
c 

Cement (kg/ 
m3) 

Water (kg/ 
m3) 

Foam (kg/ 
m3) 

WD600 600  0.5 386 193  20.5 
WD700 700  0.5 454 227  18.8 
WD800 800  0.5 521 261  17.2  

Table 3 
Loading speeds of specimen for compression test.  

Series Dimension (mm) Loading speed (mm/min) 

I 10 × 10 × 10 0.1 
20 × 20 × 20 0.2 
40 × 40 × 40 0.4 
70.7 × 70.7 × 70.7 0.7 
100 × 100 × 100 1  

II 10 × 10 × 20 0.2 
20 × 20 × 40 0.4 
40 × 40 × 80 0.8 
70.7 × 70.7 × 141.4 1.4 
100 × 100 × 200 2  

Fig. 1. (a) Schematic of ROI extraction from X-CT image; (b) Phases evolution through greyscale level histogram of CT images [44].  
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computed tomography (X-CT) and image segmentation technique. A 
lineal-path function [41–43] was used to describe the air void structural 
characteristics. Based on the observed data from the lattice model, 
random forest regressor (RFR) was used to predict the compressive 
strength of foamed concrete considering the wet density, Lp area (Ω), 
and specimen size as inputs. Overall, the applicability of existing 
analytical size effect theories to foamed concrete is tested and examined. 

2. Experiment 

2.1. Materials 

Standard 42.5 Portland cement (Fushun Cement Group, China) was 
used to produce cement paste as matrix. The oxide compositions are 
listed in Table 1. A protein-based foaming agent (Chilong Building En-
ergy Saving Technology Co. Ltd., China) was used to generate the foams. 
The foaming agent were diluted by deionized water at a volume ratio of 
1:49 and the expansion ratio was within 1000–1200. 

2.2. Sample preparation 

Table 2 summarises the mixing ratios of foamed concrete; the water- 
to-cement (w/c) ratio is 0.5. The designed wet densities are 600 

(WD600), 700 (WD700), and 800 kg/m3 (WD800) by adjusting the foam 
volume. A pre-foaming technique was employed during mixture prep-
aration [2]. This procedure is described in detail in a previous study of 
the authors [44]. After mixing, the fresh foamed concrete was cast into 
moulds, and all specimens were covered with plastic films. After 24 h, 
the samples were removed from moulds and cured at (20 ± 2) ℃ and (95 
± 5) % relative humidity for 28 d. 

Both the X-CT scanning and uniaxial compression tests were con-
ducted on WD700. For WD600 and WD800, X-CT scanning was per-
formed to determine the digital material structure. The specimens for X- 
CT scanning were cylindrical (Ø75 mm × 200 mm). To investigate the 
effect of slenderness ratio on compressive strength, two series of speci-
mens were designed with height-to-width ratios of 1 and 2. The sizes of 
loaded square sections were 10, 20, 40, 70.7, and 100 mm. 

2.3. Mechanical loading 

The loading speeds used in the compression tests are listed in Table 3. 
To avoid the influence of strain rate on compressive strength [45,46], a 
consistent axial strain rate was maintained across all specimens (e.g. 
10− 2 min− 1). Specimens with dimensions of 10 mm × 10 mm × 10 mm 
and 10 mm × 10 mm × 20 mm were tested using a mini-tension/ 
compression stage (Mtest1000-K, China) with a loading capacity of 1 

Fig. 2. Comparison of the image before and after image segmentation. (a) original grayscale image;(b) air void (white) and solid phases (grey) are isolated from the 
grey-scale map [44]. 

Fig. 3. (a) An entire line l with an arbitrary orientation and length in the pore phase. (Grey region: solid HCP; White region: air-void), (b) An example of Lp. Ω is the 
integration of the lineal-path function. 

N. Jiang et al.                                                                                                                                                                                                                                   
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kN and precision of 0.001 N. Larger specimens were tested using an 
electrohydraulic universal testing machine (WDW-100, China) with a 
loading capacity of 10 kN and precision of 0.1 N. A rigid plate was used 
for the compression testing. 

2.4. Digital specimens 

A micro-XCT system (ZEISS Xradia 510 Versa) was used to obtain 
raw greyscale images. The working voltage and current were 140 kV and 
72 mA, respectively. For each scan, the sample was rotated by 360◦

about the vertical axis. A total of 2000 shadow projections were ob-
tained, each with dimensions of 1004 × 1024 pixels and a pixel size of 
100 μm. The X-CT images were reconstructed using Dragonfly software. 
The analyses were conducted on a region of interest (40 mm × 40 mm ×

Fig. 4. Schematic of random forest generation and prediction.  

Fig. 5. Process of splicing large specimens using 40 × 40 mm X-CT images.  

Fig. 6. (a) overlay procedure for a 2D lattice mesh; (b) 2D lattice mesh of foamed concrete after the overlay procedure using X-CT image [44].  

Table 4 
Input parameters of the lattice model derived from [62].  

Element type Elastic modulus (GPa) Tensile strength (MPa) 

HCP  m η  m η  
4.27 20.85  3.40 17.86  

Fig. 7. Boundary condition of uniaxial compression [44].  
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40 mm) from the core of the specimen to avoid edge hardening (Fig. 1 
(a)). A deconvolution approach [47,48] was adopted to determine the 
threshold value that decomposed the distribution curve into a sum of 
Gaussian functions [49]. The intersection of the two Gaussian curves 
was consequently defined as the threshold of the grey value (T) between 
the air void and solid hydrated cement paste (HCP), as shown in Fig. 1 

(b). This threshold is then used for image segmentation, as shown in 
Fig. 2. Then the porosity could be obtained by the ratio of air void in 
foamed concrete. 

A lineal-path function and pore size distribution were used to char-
acterise the air void structure. Calculation of pore size distribution was 
performed using a procedure presented by Dong et al [50]. According to 
their procedure, pores with a diameter larger than twice the X-CT image 
resolution can be calculated. The lineal-path function is characterised as 
a low-order descriptor derived from a more complex fundamental 
function capable of describing certain information regarding phase 
connectivity [41,43]. Lp refers to the probability of placing an entire 
line, l, with an arbitrary orientation and length in the air void phase, as 
shown in Fig. 3(a). A representative example of a lineal-path function is 
shown in Fig. 3(b). When length l approaches zero (the minimum length 
is one pixel in this study), Lp represents the void volume fraction. As the 
length of l gradually increases, Lp gets small and approaches 0. When l is 
longer than the maximum pore size, Lp is equal to 0. The Ω depicted in 
Fig. 3(b) is acquired through the integration of the probability, Lp, with 
length l, as given by Eq. (1). Here, Ω was used to characterise the foamed 
concrete microstructure. 

Ω =

∫ ∞

0
Lp(l)dl (1)  

3. Random forest regressor 

The RFR model has been widely utilised in classification and 
regression tasks through the generation of numerous classification or 
regression trees incorporating bootstrap and aggregation concepts 
[51,52]. A schematic of random forest generation and prediction is 
shown in Fig. 4. Each tree in the forest is constructed using a random 
training set, and each split within each tree is generated based on a 
subset of input variables that are randomly selected [53]. All the trees in 

Table 5 
Summary of test results for each specimen size.  

Series Section 
size (mm) 

Number of 
specimens 

Average 
strength 
(MPa) 

Standard 
deviation 

CoV 
（MPa） 

I 10 × 10 ×
10 

10  3.95  0.50  0.127 

20 × 20 ×
20 

10  3.46  0.34  0.098 

40 × 40 ×
40 

10  3.05  0.21  0.070 

70.7 ×
70.7 ×
70.7 

3  2.83  0.13  0.046 

100 × 100 
× 100 

3  2.61  0.12  0.046  

II 10 × 10 ×
20 

10  3.83  0.46  0.120 

20 × 20 ×
40 

10  3.32  0.30  0.090 

40 × 40 ×
80 

10  2.91  0.19  0.065 

70.7 ×
70.7 ×
141.4 

3  2.67  0.13  0.049 

100 × 100 
× 200 

3  2.46  0.09  0.037  

Fig. 8. Typical crack pattern of WD700 specimens at the failure stage: (a) Slenderness ratio = 1; (b) Slenderness ratio = 2.  
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the forest were mature binary trees. 
The random forest algorithm encompasses various hyperparameters 

that influence its structure and performance [54,55]. In the current 
study, the hyperparameters of the algorithm are as follows. The number 
of generated regression trees (K) is fixed at 100, and the minimum 
numbers of samples within each leaf node and non-leaf node are 1 and 2, 
respectively. 

The RFR model was assessed using correlation coefficient (r), root 
mean square error (RMSE), mean absolute error (MAE), and mean ab-
solute percentage error (MAPE). The mathematical expressions are 

given by Eqs. (2)–(5). The precision of the model is assessed based on the 
error accumulation of MAE and RMSE. The relative error between the 
predicted and measured values is indicated by MAPE. Therefore, the 
lower the values of MAE, MAPE, and RMSE, the higher the accuracy in 
predicting the compressive strength of foamed concrete. The equations 
used in the assessment are as follows: 

r =

∑n
i=1(si − si)(mi − mi)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑n

i=1
(si − si)

2
(mi − mi)

2
√ (2)  

RMSE =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑n

i=1
(si − mi)

2

n

√
√
√
√
√

(3)  

MAPE =
1
n
∑n

i=1

⃒
⃒
⃒
⃒
si − mi

si

⃒
⃒
⃒
⃒× 100 (4)  

MAE =

∑n
i=1|si − mi|

n
(5)  

where n is the size of the dataset; si is the individual strength measured 
using the lattice model; mi is the predicted strength; and si and mi are the 
mean strength values. 

4. Modelling 

Lattice fracture models are typically employed to simulate the 
deformation and fracture behaviour of quasi-brittle materials [56,57]. 
These models have been demonstrated useful for studying the size effect 
on mechanical properties because of its inherent simplicity [58,59]. 
They include the assumption of linear elastic fracture behaviour of a 
local lattice element and the straightforward implementation of material 
heterogeneity at different length scales. This allows the investigation of 
fracture mechanisms and size effects on the mechanical properties in a 
manner consistent with laboratory tests [59]. 

In the discrete lattice model, the material is discretised as a system of 
Timoshenko beams that consider shear deformation [40]. Each element 
represents a small volume of the material. The generation of the beam 
network is as follows. The domain is first partitioned into a number of 
square cells matching each pixel. Subsequently, a node is randomly 
placed inside each cell. The ratio between the size of the cell and pixel is 
characterised by mesh randomness, which serves as an indicator of the 
disorder level in the lattice mesh. Randomness not only influences the 
simulated fracture pattern [60] but also governs the Poisson’s ratio of 
the mesh. A mesh randomness value of 0.5 leads to a Poisson’s ratio of 

Table 6 
Summary of simulated results of each specimen size.  

Mix Model size 
(mm) 

Number of 
models 

Compressive 
strength (MPa) 

Elastic 
modulus (GPa) 

WD600 10 × 10 10 2.97 ± 0.45 1.53 ± 0.23 
20 × 20 10 2.63 ± 0.37 1.49 ± 0.26 
40 × 40 10 2.40 ± 0.22 1.48 ± 0.21 
70.7 × 70.7 3 2.21 ± 0.19 1.52 ± 0.22 
100 × 100 3 1.97 ± 0.12 1.47 ± 0.25 
10 × 20 10 2.74 ± 0.36 1.49 ± 0.23 
20 × 40 10 2.43 ± 0.24 1.46 ± 0.24 
40 × 80 10 2.18 ± 0.20 1.45 ± 0.21 
70.7 ×
141.4 

3 1.95 ± 0.17 1.46 ± 0.22 

100 × 200 3 1.85 ± 0.11 1.45 ± 0.23  

WD700 10 × 10 10 3.93 ± 0.38 2.02 ± 0.22 
20 × 20 10 3.26 ± 0.31 1.98 ± 0.19 
40 × 40 10 2.88 ± 0.23 1.96 ± 0.16 
70.7 × 70.7 3 2.77 ± 0.15 2.08 ± 0.18 
100 × 100 3 2.57 ± 0.10 1.97 ± 0.15 
10 × 20 10 3.59 ± 0.33 2.04 ± 0.20 
20 × 40 10 3.20 ± 0.25 1.94 ± 0.16 
40 × 80 10 2.78 ± 0.18 2.06 ± 0.17 
70.7 ×
141.4 

3 2.59 ± 0.13 2.01 ± 0.21 

100 × 200 3 2.50 ± 0.11 1.97 ± 0.18  

WD800 10 × 10 10 4.57 ± 0.31 2.72 ± 0.17 
20 × 20 10 4.17 ± 0.21 2.69 ± 0.18 
40 × 40 10 3.85 ± 0.18 2.63 ± 0.15 
70.7 × 70.7 3 3.60 ± 0.08 2.70 ± 0.12 
100 × 100 3 3.47 ± 0.09 2.67 ± 0.13 
10 × 20 10 4.35 ± 0.37 2.63 ± 0.21 
20 × 40 10 3.84 ± 0.22 2.78 ± 0.19 
40 × 80 10 3.54 ± 0.15 2.71 ± 0.14 
70.7 ×
141.4 

3 3.36 ± 0.12 2.66 ± 0.12 

100 × 200 3 3.27 ± 0.11 2.61 ± 0.13  

Fig. 9. Compressive strength of experiment and simulation for WD700: (a) Slenderness ratio = 1; (b) Slenderness ratio = 2.  
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0.18 for a global system. This is consistent with cementitious materials. 
Therefore, a randomness value 0.5 is adopted. Subsequently, the nodes 
are connected to each other through Delaunay triangulation [61] to 
form a lattice network. 

Due to the limitation of the specimen size scanned by the X-CT, 
digital specimens with dimensions of 70.7 × 70.7 mm, 70.7 × 141.4 
mm, 100 × 100 mm and 100 × 200 mm were spliced by the X-CT images 
with size of 40 × 40 mm. The splicing process is shown in Fig. 5. The 
digital specimen with size of 40 × 40 mm is folded along the top and the 
right edge to acquire the target sized specimen. 

Elements with one end in air voids are removed from the lattice 
network, as shown in Fig. 6(a). The final lattice network of foamed 
concrete is shown in Fig. 6(b). The input mechanical parameters for the 
elements were obtained from the outcomes of micromechanical 
modelling previously conducted by the authors [62]. The adopted 
mesoscale resolution corresponded to the dimensions of the material 
volume investigated in [62]. Further elaboration on micromechanical 
modelling is found in [63,64]; insights into multiscale modelling stra-
tegies are provided by [65]. The input parameters for the solid HCP 
elements are assumed to follow the Weibull distribution (Eq. (6)): 

F(x) = 1 − exp
[
−
(x

η

)m]
(6)  

where x represents the tensile strength or elastic modulus; η is the 
scaling parameter; and m is the shape parameter. The parameters used 
are listed in Table 4. 

A computational uniaxial compression test is conducted by imposing 
a nodal displacement at one end and fixing the other end, as shown in 
Fig. 7. Considering the horizontal constraint resulting from the friction 
between the specimen and steel plates, the lateral deformation and 
rotation are restricted at both ends. A sequence of linear elastic analyses 
is performed by computing the stress on each beam element. Normal 
force and bending moment are considered in the stress calculations: 

σ = αN
N
A
+αM

M
W

(7)  

where N is the normal force along the element; M is the bending moment 
in the local coordinate system; A is the cross-sectional area of the beam; 
and W is the cross-sectional moment of resistance. Parameters αN and αM 
represent the influence factors of normal force and bending moment, 
respectively; the commonly adopted factor values are 1.0 and 0.5, 
respectively [57]. The influence of these parameters on the fracture 
behaviour is discussed in [66]. 

An experimental compression test was conducted on a series of 
samples with various WD700 sizes to verify the proposed modelling 

Fig. 10. Typical crack pattern of WD600 specimens at the failure stage: (a) Slenderness ratio = 1; (b) Slenderness ratio = 2.  
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strategy. The fracture model was used to investigate the size effect of 
foamed concrete with different densities. It should be noted that the air 
void structure derived from X-CT scanning varies for mixes with 
different densities but input parameters for the solid elements are the 
same as the water/binder ratio is kept as 0.5 for all mixes. 

5. Results and discussions 

5.1. Experiments 

Table 5 lists the measured average strengths, standard deviations, 
and coefficient of variation (CoV) of WD700. The compressive strength 
ranges 2.62–3.95 MPa for specimens with a slenderness ratio of 1. The 
strength increased by 51 % when the volume decreased by 1000 times. 
When the slenderness ratio was 2, the measured compressive strength 
decreased. This phenomenon was also observed in HCP [67] and con-
crete [68]. It was attributed to the effect of the end restraint due to the 
friction between the rigid steel plates and specimen. A wide scatter in 
the measured strength was observed among specimens with relatively 
small dimensions. As the specimen size increases, the standard deviation 
and CoV decrease. Owing to the significant influence of the spatial 
distribution of air voids on the failure of relatively small specimens, a 
wide scatter in measured strengths occurs [69,70]. 

The fracture patterns observed in specimens of different sizes at the 
failure stage are shown in Fig. 8. The cracks in the cubic specimens, 

mainly in the diagonal direction, follow a tortuous path, as shown in 
Fig. 8(a). Two types of cracks are observed in the prismatic specimens. 
The first follows the diagonal direction, whereas the second is virtually 
parallel to the direction of loading (Fig. 8(b)); the reason for this is 
discussed in Section 4.2.2. No cracks were observed at the two ends of 
the cubic and prismatic specimens owing to the confinement provided 
by the rigid steel plates. The fracture patterns (several inclined main 
cracks along the loading direction) of the specimens of different sizes 
were not the same owing to the stochastic spatial distribution of air 
voids. 

5.2. Modelling 

5.2.1. Compressive strength 
The simulated compressive strengths are listed in Table 6. Evidently, 

as the density of the foamed concrete increases, the concrete’s ultimate 
load-bearing capacity increases. This is primarily because the specimens 
with a high wet density have low porosity. The effects of the geometric 
dimensions and slenderness ratio on the compressive strength were 
simulated using the model. As the specimen size increases, the 
compressive strength and variability decrease. A low compressive 
strength was observed in the specimens with high slenderness ratios 
(prismatic specimens). Furthermore, as shown by the values summar-
ised in Table 6, the simulated elastic modulus is relatively insensitive to 
variations in specimen geometry. This insensitivity is mainly influenced 

Fig. 11. Typical crack pattern of WD700 specimens at the failure stage: (a) Slenderness ratio = 1; (b) Slenderness ratio = 2.  
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by the properties and proportions of material components and not by the 
boundary conditions, as is the case for the compressive strength. 

A comparison between the simulated and measured compressive 
strengths of WD700 is shown in Fig. 9. The compressive strength pre-
dicted by the lattice model was in excellent agreement with the 

experimental results. This shows that the proposed lattice model can 
simulate the strength and crack patterns of foam concrete of different 
sizes. 

Fig. 12. Typical crack pattern of WD700 specimens at the failure stage: (a) Slenderness ratio = 1; (b) Slenderness ratio = 2.  

Fig. 13. Pore diameter distribution.  

Fig. 14. lineal-path functions (Lp) for three mixtures.  
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5.2.2. Crack patterns 
Typical simulated crack patterns at the failure stage are shown in 

Fig. 10, Fig. 11 and Fig. 12 for WD600, WD700, and WD800, respec-
tively. The main cracks are inclined along tortuous and diagonal paths in 
the square specimens. In the rectangular specimens, the cracks are ori-
ented along the diagonal direction and parallel to the loading orienta-
tion; this is consistent with the experimental results. Because the 
boundary conditions for loading remain the same, the difference in the 
main crack can be attributed to the variation in the air void structure. In 
contrast to cement paste [67] and concrete [71] in which main cracks 
are usually identified, the crack pattern in foamed concrete exhibits 
widespread microcracks in addition to several main cracks. This obser-
vation is due to the complex internal air void structure of foamed con-
crete. Pore configuration and distribution significantly influence crack 
propagation and contribute to the final crack pattern [72,73]. 

5.3. Pore structure 

The 3D pore size distribution is shown in Fig. 13. The percentages of 
the pores with diameter between 100 μm and 500 μm of WD600, WD700 
and WD800 are 59.76 %, 73.22 % and 88.39 %, respectively. In addi-
tion, it is found that the pore size distribution range of WD600 is wider 
compared to the other two. For a given size of foamed concrete spec-
imen, a decrease in density means the decrease of HCP volume and the 
increase of foam volume. And there is a positive correlation between the 
air-void merger rate and the foam volume [74]. Therefore, the higher 
density, the smaller the probability of air-void merging, and the pore 
size distribution develops towards a narrower direction. 

The lineal-path functions derived from 10 segmented X-CT images 
with dimensions of 1000 × 1000 pixels (100 mm × 100 mm) are shown 
in Fig. 14. The shaded area represents the upper and lower bounds of the 

Table 7 
Lp area of foamed concrete for each mix.  

Mix Porosity (%) Lp area (Ω) 

WD600 37.72 ± 1.39 329.36 ± 7.27 
WD700 30.59 ± 1.24 261.06 ± 5.50 
WD800 24.38 ± 1.23 226.28 ± 1.84  

Fig. 15. Variation of Ω with specimen size.  

Fig. 16. Correlation between air-void structure parameter vs compressive strength: (a) Porosity-Strength, (d) Lp area (Ω)-Strength.  

Table 8 
Fitting results of air-void structure parameter and strength.  

Parameter r Fitting curve R2 

Porosity-Strength  − 0.8502 Y = -0.1476X + 7.856  0.7229 
Lp area (Ω)-Strength  − 0.9143 Y = -0.0153X + 7.098  0.8360  

Fig. 17. Comparison of observed and predicted results.  
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lineal-path functions from the 10 images. The average Ω is calculated 
and listed in Table 7. An inverse relationship between Ω and wet density 
is observed. This indicates that the specimens with higher wet density 
have smaller void clusters. This is consistent with the pore size distri-
bution analysis in which foamed concrete with higher density has a 
narrower pore size distribution and more pores concentrates in a small 
size range. 

The calculated Ω for different sample sizes is shown in Fig. 15. 
Evidently, Ω increases and stabilises as the specimen size increases. 
Furthermore, smaller specimens with the same wet density have the 
lower Ω. This is primarily because small specimens have a lower prob-
ability of containing larger air voids, resulting in smaller void clusters. 
When the specimen size decreases from 100 to 10 mm, the Ω values 
reduce by 12.3 % for WD600, 17.8 % for WD700, and 20.4 % for 
WD800. This indicates that the heterogeneity of the air void structure 
becomes more evident as the specimen size decreases. 

The fitted porosity–strength and Ω–strength relationships are shown 
in Fig. 16. The fitting results are summarised in Table 8. The compres-
sive strength exhibits a linear relationship with both porosity and Ω. The 
correlation coefficient, r, between porosity and strength is − 0.8502, 
whereas the r value between Ω and strength is − 0.9143. This indicates 
that the correlation of Ω with compressive strength exceeds that with 
porosity. 

Fig. 18. Error analysis.  

Fig. 19. Fits of Weibull weakest link theory: (a) WD600, (b) WD700, (c) WD800.  

Table 9 
Parameters of fitting Weibull size effect equation.  

Mix Slenderness ratio a m R2 

WD600 1  0.630  11.85  0.9674 
2  0.610  11.53  0.9753  

WD700 1  0.770  13.95  0.9840 
2  0.742  14.04  0.9989  

WD800 1  0.877  16.76  0.9989 
2  0.852  16.42  0.9749  
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5.4. Random forest regressor 

The model was trained using 108 simulation results from the lattice 
model, considering the wet density, Ω, and specimen size as inputs to 
predict the compressive strength of foamed concrete. Furthermore, 80 % 
and 20 % of the observations were used to train and validate the model, 
respectively. A regression plot of the predicted versus observed values is 
shown in Fig. 17. The closer the alignment of data points with the 
regression line (y = x), the stronger the predictive performance of the 
machine learning model [75]. Evidently, the majority of predictions are 
within a ± 10 % error range from the observed results (y = x). This 
suggests the absence of significant underfitting or overfitting in the RFR 
model. An r value of 0.92 indicates a strong correlation between the 
observations and predictions. The RMSE, MAPE, and MAE values are 
0.208, 15.3 %, and 0.048, respectively. Results indicate a strong 
concordance between the observed data and predicted outcomes. This 
indicates that the RFR model demonstrates high accuracy in predicting 

the compressive strength of foamed concrete. In addition, the error 
analysis shown in Fig. 18 shows that the errors of compressive strength 
range 0–0.45 MPa. 

5.5. Fitting of analytical size effect models 

5.5.1. Weibull size effect 
The most renowned theory regarding the statistical size effect 

resulting from the randomness of material strength is the Weibull sta-
tistical theory [18]. This theory was developed based on the weakest 
link model hypothesis, which assumed that the nominal strength of 
concrete was governed by the weakest elements of the structure. Based 
on statistics, the relationship between the nominal strength, σN, and 
structural size, D, is given by the following: 

logσN = a −
n
m

logD (8)  

where σN is the nominal strength; D is the specimen size (i.e., section 
size); m is the Weibull modulus from the fitting of simulated results; and 
n denotes the number of dimensions. 

The trust region method was employed to conduct a linear regression 
of simulation results (Fig. 19) [76]. The fits for the three densities 
showed coefficients of determination exceeding 0.96. The fitting pa-
rameters are listed in Table 9. As wet density decreases, m decreases. 
This indicates that foamed concrete with a high porosity is brittle. 
Furthermore, owing to the absence of stiff aggregates that enhance the 
stability of crack propagation, the values of m are lower than those of 
concrete reported by Vu ranging 14–34 [77]. Compared with HCP, the 
presence of air voids in foamed concrete renders the crack path more 
tortuous and enhances ductility. Thus, its Weibull modulus is higher 
than that of HCP [34]. The analysis also indicated that the slenderness 

Fig. 20. Fits of Carpinteri’s MFSL: (a) WD600, (b) WD700, (c) WD800.  

Table 10 
Parameters of fitting Carpinteri’s MFSL equation.  

Mix Slenderness ratio fc (MPa) lc (mm) R2 

WD600 1  1.887  14.89  0.9907 
2  1.739  15.41  0.9891  

WD700 1  2.580  11.09  0.9395 
2  2.435  11.27  0.9607  

WD800 1  3.425  8.31  0.9623 
2  3.166  9.05  0.9955  
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ratio of the specimens had no significant effect on the Weibull modulus. 
This indicates that the Weibull modulus is mainly affected by the ma-
terial structure rather than by the boundary conditions [77]. 

5.5.2. Carpinteri’s multifractal scaling law 
Carpinteri [78] proposed that the variation in the crack fractal 

properties at different observation scales was the underlying cause of the 
size effect in quasi-brittle materials. The equation proposed by Carpin-
teri for size effect is as follows: 

σN = fc

̅̅̅̅̅̅̅̅̅̅̅̅

1 +
lc

D

√

(9)  

where σN is the nominal compressive strength associated with the 
specimen size; fc is the theoretical strength with an infinitely large size; 
and lc is the material characteristic size reflecting the influence of dis-
order on the mechanical behaviour. As shown in the double logarithmic 
graphs (Fig. 20), Eq. (9) is fitted using the trust region method. The 

parameters of the MFSL equation for different mixtures are obtained and 
listed in Table 10. The high coefficient of determination (R2) suggests 
that this size effect law formula is in excellent agreement with the 
experimental measurements. The theoretical strength of an infinitely 
large specimen increases with the wet density. This is mainly because 
the specimens with a high wet density have a high ultimate load-bearing 
capacity. The characteristic particle size decreased as the wet density 
increased. This tendency arises because a mixture with low wet density 
has a large Lp area and numerous void clusters. Thus, the influence of air 
void structure on the variability of the compressive strength of foamed 
concrete decreased, and the characteristic size exhibited a downward 
trend with increasing wet density. The characteristic size of foamed 
concrete is larger than that of cement paste (lc is ~ 8 mm) [34] and 
smaller than that of concrete (lc = 150 mm) [45] owing to the size of the 
introduced air voids. 

5.5.3. Bažant’s size effect law 
The type-2 size effect law proposed by Bažant [22,23] is suitable for 

geometrically similar specimens where a large crack (similar for 
different sizes) develops steadily before the maximum load is attained. 
The corresponding theoretical formula can be written as: 

σN =
Bfc

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 + D/D0

√ (10)  

where σN represents the nominal strength of geometrically similar 
specimens; fc represents the mean compressive strength of standard 
foamed concrete samples (in this study, the side length is 100 mm); D is 
the characteristic size of the specimen; B and D0 are the empirical pa-
rameters determined by the optimum fitting of nominal strengths, σN, 
covering a sufficiently broad size range; and D0 is a physical quantity 
related to the brittleness of the material. The fitting curves using Eq. (10) 

Fig. 21. Fits of Bažant’s size effect law: (a) WD600, (b) WD700, (c) WD800.  

Table 11 
Parameters of fitting Bažant’s size effect law.  

Mix Slenderness ratio B fc D0 R2 

WD600 1  1.54  1.97  61.86  0.8725 
2  1.54  1.85  58.37  0.8928  

WD700 1  1.60  2.57  82.90  0.9636 
2  1.56  2.50  82.30  0.9605  

WD800 1  1.53  3.47  111.8  0.9321 
2  1.52  3.27  108.4  0.8571  
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are shown in Fig. 21. The parameters are listed in Table 11. Evidently, 
the empirical parameter, B, remains relatively consistent, fluctuating 
within the range 1.52–1.60 among the various mixtures. This means that 
wet density and slenderness ratio have no significant impact on 
parameter B. In contrast, wet density has a significant effect on D0. As 
the wet density increases, parameter D0 exhibits an upward trend, 
indicating that foamed concrete with a high foam volume is more brittle, 
and the size effect is more evident. 

5.5.4. General discussion 
As shown in Fig. 22, the three analytical models can describe the 

change in strength with specimen size. However, this applicability re-
quires further validation. When the specimen size is reduced to zero, the 
compressive strengths predicted by the three equations differ. The ac-
curacy of the predictions of small-sized specimens is extremely difficult 
to validate. When the specimen is of a diminutive size, the result from 
fracture model loses its representativeness. This is because the material 
may only consist of a single HCP phase and is not a representative vol-
ume element of the material. In addition, when the specimen size in-
creases towards infinity, the curves from the three theoretical models 
differ. Therefore, the conduct of large-scale fracture models for valida-
tion are necessary. However, such simulations are challenging. The 
challenges associated with conducting such large-scale models include 
modelling and the requirement of computational capability of 
computing equipment. 

6. Conclusions 

The size effect on the compressive strength of foamed concrete (size 
range: 10–100 mm) was investigated in this study. A discrete lattice 
model combining microstructures was applied to simulate the fracture 
responses of specimens with different sizes at the mesoscale. The area of 
the Lp function was used to describe the air void structure features. 
Based on the observed results from the lattice model, the RFR was 
employed to predict the strength of foamed concrete considering wet 
density, Lp area, and specimen size as input parameters. Existing 
analytical size effect theories have been employed to analyse the frac-
ture performance of foamed concrete based on numerical results. The 
influence of wet density and slenderness ratio on the size effect of 
foamed concrete is discussed. The conclusions are summarised as 
follows.  

• The experimental and simulation results confirm that the average 
compressive strength of foamed concrete and its variation decrease 
with increasing specimen size. The specimen size has no significant 
effect on the elastic modulus. The main cracks are inclined and 

follow a tortuous and diagonal path in both the cubic and prismatic 
specimens.  

• The proposed meso-scale fracture model can predict the compressive 
strength of foamed concrete specimens of different sizes.  

• The Lp area describes the air void structure in detail and has a 
stronger correlation with the compressive strength compared with 
porosity. In addition, the Lp area values increase and tend to stabilise 
as the specimen size increases. Specimens with a high wet density 
have small Lp areas and few void clusters.  

• Using Lp area, specimen size and wet density as input, the 
compressive strength of foamed concrete can be predicted by RFR 
with high accuracy.  

• The analytical models all exhibit high coefficients of determination. 
However, closely examining the underlying physical significance of 
these empirical parameters is crucial. The derived Weibull modulus 
of foamed concrete is between those of HCP and normal concrete. 
This indicates that foamed concrete is more brittle than normal 
concrete and less brittle than cement paste. 
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