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Introduction 

The art of semiconductor technology lies in obtaining absolute control over the 
fabrication process on the atomic length scale. Nowadays, the smallest in-plane details 
realized in semiconductor devices are in the micron (1 /mi = 10_6m) range, still large 
compared to the size of atoms (1 A = lO-10 m). However, in the last decade it has be­
come possible to deposit single monolayers (a few A thick) of a specific semiconductor 
material on a macroscopic semiconductor surface (~ cm2) in a controlled manner. 
Layered crystalline semiconductors thus grown, the so-called semiconductor hetero-
structures, find important applications in, for example, fast transistors (HEMT) and 
efficient and powerful semiconductor lasers. They exhibit interesting physical effects 
/ l / of which the Quantum Hall Effect /2/ may be the most famous (Nobel prize 1985). 

Molecular Beam Epitaxy (MBE), Metal Organic Vapor Phase Epitaxy (MOVPE) 
and Liquid Phase Epitaxy (LPE) are some of the techniques used to grow semicon­
ductor heterostructures. In the high-vacuum chamber of a MBE apparatus, beams 
consisting of semiconductor atoms are deposited on a heated semiconductor substrate; 
in MOVPE and LPE quartz reactors, vapors and liquids of compounds containing the 
semiconductor elements react chemically at the heated substrate to form a semicon­
ductor layer. Shutters control the flows of the various atomic, vapor or liquid 
"beams" and thereby the composition of the successively deposited layers. 

The choice of the constituent elements of the semiconductor heterostructure is de­
termined by the desired application. GaAs/Al^Ga^^As structures are being used for 
fast transistors (HEMT) /3/ and near-infrared lasers (A = 650-800 nm) /4/, 
GaJn^P.^As^/InP structures for infrared lasers (A = 1.3-1.5 /xm) /4/ and HgTe/CdTe 
structures for infrared detectors /5/. In pure scientific research, these and many other 
combinations of semiconductors (SiGe /6/, GaSb/AlSb /7/, ZnS^Se^/ZnS /8/, nipi 
structures /9/), semimagnetic semiconductors (Hg^Mn^Te) /10/ and metals 
(Fe/Cu,Co/Pd,Ni/Co) / l l / are being employed. 

Optimum-quality structures have been obtained in the GaAs/Al^Ga^^As system 
by MBE growth. The principal reason is the almost perfect lattice matching of GaAs 
and AlAs (and thereby Al^Ga^^As): the relative difference Aa/a of their lattice con­
stants a (a = 5.655 A for GaAs) is 0.1% at room temperature. The interfaces between 
the different layers can be sharp on the level of a single monolayer and are perfect i.e. 
the atoms in the different layers sit exactly 'on top of each other'. The composition 
is constant within each individual layer, and, important for the electrical properties 
of the structure, the material can be very pure, having less than 1014 cm-3 electrically 
active impurities (cf. GaAs contains 4.4 1022 atoms/cm3). 
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Introduction 

Basic building blocks of most semiconductor heterostructures are the hetero­
junction, the quantum well and the superlattice (see Figure 1). The heterojunction 
consists of two different semiconductors on top of each other. The quantum well 
consists of a thin semiconductor slab (typically ~10-100 A), the well, in between two 
thick other semiconductor layers, the barriers. Finally, the superlattice consists of a 
periodically repeated sequence of thin slabs of two different semiconductors. 
Modulation-doped heterojunctions form the basis of fast transistors (HEMT). Single 
and multiple quantum wells are being used as the active region of a semiconductor 
laser and superlattices have prospects for use as barrier material in a quantum well 
leading to superior laser performance. 

The physical properties of these systems reflect their layered structure. Free carri­
ers, i.e. conduction-band electrons and/or valence-band holes, are typically confined 
to a few energetically favorable layers. This confinement expresses itself in quantum 
size effects if the de Broglie wavelength of the carriers becomes equal to or smaller than 
the thickness of those layers. The carriers can only occupy a discrete set of energy 
states. The motion of the carriers becomes effectively 2-dimensional for large enough 
level splittings. 

This thesis focuses on the theoretical description of conduction-band states and 
valence-band states in GaAs/Al^Ga^^s quantum wells. This structure offers several 

Figure 1 The three basic building blocks of layered semiconductors. 
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advantages when a theoretical description is intended. Firstly, the properties of both 
constituent semiconductors, and in particular GaAs, are relatively well-known. Sec­
ondly, the growth process is best understood and controlled in the GaAs/Al^Ga^^As 
system resulting in well-defined quantum wells. The combination enables a quantita­
tive comparison of theoretical and experimental results. Moreover, a 
GaAs/AljGa^jAs (multiple) quantum well finds an important application in its use 
as the active region of a quantum-well laser (Figure 2). Much of the work is therefore 
focused on a better understanding of the optical properties of a quantum well. 

The outline of this thesis is as follows. The theoretical model is described in 
Chapter 1. The optical properties of the GaAs/Al^Ga^^As quantum well are described 
in Chapters 2-4 with an emphasis on the laser application. Chapter 5 describes an 
interesting detail of the quantum well, the spinsplitting of the conduction-bands due 
to inversion asymmetry. Chapter 6 describes the optical properties of GaAs/AlAs 
superlattices where the unit cell consists of only a few monolayers of GaAs and AlAs. 

Before turning to a more detailed description of the contents of the individual 
chapters, first the general characteristics of the model, to be used in Chapters 1-5, will 
be briefly reviewed. The theoretical model for the GaAs/Al̂ Ga,_^As quantum well is 
a semi-empirical one based on the bulk properties of the constituents GaAs and 
AljGa^^As. This model is designed for the calculation of the one-electron quantum-
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Figure 2 The GaAs/AlGaAs quantum-well laser containing a single GaAs quantum 
well (QW) in the active region. Typical numbers for the thickness of the 
successive layers are indicated between parentheses. 
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Introduction 

well confinement conduction-band and valence-band eigenstates and eigenenergies that 
are energywise close to the bulk GaAs states at the center T of the Brillouin zone. 
Only the so-called quantum-well envelope function, i.e. the slowly (on the scale of the 
lattice constant a) varying part of the quantum-well wavefunction, and the corre­
sponding slowly varying macroscopic potential are considered. The detailed behavior 
of the quantum-well wavefunction and the microscopic potential on the scale of the 
lattice constant a need not be considered. The appropriate elimination of the micro­
scopic potential from the Schrödinger equation leads, for each band and 
approximatively, to a piecewise constant macroscopic potential in a Schrödinger-like 
equation. The bare electron mass is replaced by a piecewise constant effective mass. 
The macroscopic potential of the conduction-bands and the valence-bands in a thin 
layer of GaAs in between thick layers of AlxGa,_xAs has the form of rectangular well 
in which quantum size effects are important: the GaAs/Al^Ga,_^As quantum well (see 
Figure 3). 

The quantum-well envelope function can be expressed conveniently in the envelope 
functions of the bulk constituents of the quantum well. A Schrödinger-like equation, 
derived on the basis of k.p theory /12/, describes the envelope function of each bulk 
constituent. Finally, the envelope functions of the bulk constituents must be joined 

Figure 3 The macroscopic potential V that is seen by the electrons in the conduction 
band and the holes in the valence band in a GaAs/Al^Ga^^As quantum 
well. 
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across the well-barrier interfaces by suitable boundary conditions. This determines the 
allowed quantum-well eigenstates and eigenenergies and corresponding quantum-well 
envelope functions (Figure 4). 

The contents of the thesis will now be discussed in somewhat more detail. In 
Chapter 1 the eight-band k.p model is presented which incorporates the electron, the 
heavy-hole, the light-hole and the spin-orbit split-off band (see Figure 5), their mutual 
coupling and, perturbatively, their coupling to all other bands. Conduction-band 
non-parabolicity and valence-band mixing are naturally accounted for by treating the 
conduction and valence-bands in a unified way. On the basis of this model the envel­
ope function formalism for the quantum well is developed. 

The inclusion of the spin-orbit split-off band in the model is new. The unphysical 
behavior of the light-hole band for energies close to the spin-orbit splitting A 
(~0.3 eV) found in like models which do not incorporate this band, is removed. 
Moreover, the calculated first (n = 1) light-hole confinement energy is affected at the 
level of a few meV /13/. This is significant for the interpretation of state-of-the-art 
excitation photoluminescence measurements /14/. 

The results of the model are compared with those of the sophisticated tight-binding 
model of Chang and Schulman /15/, which employs exact boundary conditions. By 

Figure 4 The quantum-well envelope functions of the first, F^z), and second, F2(z), 
conduction-band confinement states in a GaAs/AlGaAs quantum well. Ex 
and £j are the corresponding confinement energies. 

5 



Introduction 

comparing the matrix elements for optical transitions between confinement 
conduction-band states and valence-band states it will be specifically shown that the 
quantum-well envelope functions and the tight-binding wavefunctions contain essen­
tially the same information. This agreement, which is new, constitutes an important 
justification for the choice of the boundary conditions that are employed at the well-
barrier interfaces. 

In Chapters 2-4, the model is applied to describe the optical properties of 
GaAs/AlxGa,_^As quantum wells. This is important from an application point of view 
since quantum wells constitute the active region in quantum-well lasers. Chapter 2 
may be viewed as a brief introduction to this field. Chapter 3 is more elaborate in that 
a discussion of the significance of the theoretical results for the interpretation of ex­
perimentally obtained spectra on quantum-well lasers is included. Furthermore, gain 
and spontaneous emission spectra calculated with the eight-band k.p model are com­
pared with those obtained from simpler envelope function approaches which disregard 
conduction-band non-parabolicity and valence-band mixing. It will be shown that the 
peak gain of a quantum-well laser as obtained from the k.p model is lowered signif­
icantly as that obtained from the simpler model. A more complete description of a 

Figure 5 The bandstructure of GaAs and AlAs at the center of the Brillouin zone. 
The electron (EL), heavy-hole (HH), light-hole (LH) and spin-orbit split-off 
(SO) band are indicated, a is the lattice constant. 
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GaAs/AljGa^jAs quantum-well laser is presented in Chapter 4. It incorporates the 
effects of e.g. carrier-carrier scattering, well-width fluctuations and current spreading 
on calculated gain and spontaneous emission spectra. 

Chapter 5 focuses on a detail of the bandstructure of the bulk constituents of the 
quantum well that has been disregarded so far. The inversion asymmetry of the mi­
croscopic crystalpotential leads to a spinsplitting of the bands of the bulk materials. 
This splitting is zero for k along COOl] and [ i l l ] and reaches a maximum value of 
~75 meV (for GaAs) and ~60 meV (for AlAs) for k along [110] (Figure 6). The 
spinsplitting is therefore expected to be very different for GaAs/AlAs quantum wells 
grown along the [001] and [ i l l ] the crystallographic direction and those grown 
along the [110] the crystallographic direction. In Chapter 5 analytical expressions for 
the in-plane spinsplitting for GaAs/AlAs quantum wells grown along different 
crystallographic directions ([001], [110] and [ i l l ] ) are derived. The most remark­
able result found is the linear dependence of this splitting on the parallel wavenumber 
&,i, whereas in the bulk the spinsplitting is cubic in k. 

Chapter 6 deals with the very thin n x n GaAs/AlAs superlattices consisting of a 
periodic sequence of n monolayers of GaAs and n monolayers of AlAs. For small n 
(n = 1,2) these superlattices constitute a new class of materials. They differ from the 
corresponding alloy A^Ga^As. Their (optical) properties depend on n and on the 
crystallographic growth direction. 

0.0 0.3 0.6 
k(1,1,0) (2TT/O) 

Figure 6 Calculated results for the spinsplitting of the conduction bands in GaAs 
(drawn) and AlAs (dotted) along r - K ( = [l 10] direction) using the aug­
mented spherical wave (ASW) bandstructure method. 
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Introduction 

In principle, these superlattices can be described by the envelope function formalism 
and a suitable adaptation of the boundary conditions. However, for superlattices with 
a periodicity of a few monolayers the macroscopic potential, and therefore the envel­
ope function, will vary on the scale of the lattice constant a. For these very thin 
superlattices the microscopic potential and the wavefunctions must be calculated from 
first principles (ab-initio) i.e. without resorting to measured (bulk) parameters. Ab-
initio approaches in solid-state physics are based on the density functional theory in­
troduced by Hohenberg and Kohn /16/. They proved the existence of a universal 
functional of the electron density. It is minimized by the electron density corresponding 
to the ground state of the many-electron system considered. The minimum value of 
the density functional corresponds to the ground-state energy of the true many-
electron system. Kohn and Sham /17/ have shown that the minimization leads to a 
set of Schrödinger-like one-electron equations valid for slowly varying or high electron 
density. The hard part of the non-local potential appearing in those equations, the 
exchange-correlation potential, is treated in the local density approximation (LDA) 
/18/. The eigenenergies appearing in the Kohn and Sham Schrödinger-like equation 
are usually interpreted as the one-electron excitation spectrum (bandstructure) and the 
corresponding eigenfunctions as the one-electron wavefunctions. 

A technical implementation of such an ab-initio bandstructure method, the aug­
mented spherical wave (ASW) method /19/, is employed in Chapter 6 to calculate the 
bandstructure and the optical properties of very thin (n = 1,2) nxn GaAs/AlAs 
superlattices. The strength of the direct across-gap transitions will be calculated and 
compared to that of the indirect transition. The optical properties will be shown to 
depend strongly on n and the crystallographic growth direction. 

The larger part of this work has been published in the form of regular articles in 
the scientific literature. The chapters are therefore self contained. The work was done 
in the group of M.F.H. Schuurmans at the Philips Research Laboratories (PRL) in 
Eindhoven. The k.p model was developed as an extension of an earlier model by 
M.F.H. Schuurmans and G.W. 't Hooft /13/ to explain all the features in the photo-
luminescence excitation spectra of GaAs/Al^Ga^As quantum wells obtained by 
P. Dawson and K.J. Moore /20/ from PRL Redhill. Furthermore, H.I. Ralph and 
G. Duggan from PRL Redhill have used the k.p model to obtain the effective in-plane 
hole masses for use in their exciton model /21/. Recently, the k.p model has been used 
by L.W. Molenkamp and G.W. 't Hooft to interpret the photoluminescence excita­
tion spectra of GaAs/Al/Ja^^As quantum wells grown along the [001], [310] and 
the [ i l l ] crystallographic direction /14/. The theoretical work on quantum-well laser 
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modeling was initiated by S. Colak during his one-year stay at PRL Eindhoven. In 
collaboration with P. Blood, A. Kucharska and S.W. Hagen, Colak's model has been 
refined and extended. The work on the very thin GaAs/AlAs superlattices was started 
to facilitate the interpretation of the photoluminescence and photoluminescence exci­
tation spectra of these systems as obtained by P. Dawson and K.J. Moore /22/. It is 
finally worth noting that the availability of the high-quality GaAs/Al^Ga^^s quan­
tum wells and quantum-well lasers that are grown at the PRL in Redhill by 
C.T. Foxon using MBE and in Eindhoven by H.F. 't Blik using MOVPE, has been 
crucial in achieving our model for the GaAs/Al^Ga^^s quantum well. 
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Chapter 1 

A new k.p theory for GaAs/Ga^^^As-type quantum wells 

A new k.p theory for the description of GaAs/Ga^^l^s- type quan­
tum wells is presented. The theory combines a unified description of 
electron and hole states with only five adjustable parameters for each 
material constituting the quantum well. Unlike earlier k.p work it 
fully accounts for the coupling between the lowest electron, the light-
hole, the heavy-hole and the spin-orbit split-off hole bands and the 
coupling to all other bands is taken into account perturbatively. The 
theory thereby also applies to quantum wells where the spin-orbit 
splitting is comparable to the hole confinement potential energies. The 
full inclusion of the k^ dependence of confinement energies and 
electron-hole transition strengths allows for accurate predictions of 
excitation spectra of quantum wells. In this respect the results of our 
simple k.p theory stand comparison to the results of the more com­
plicated tight-binding theory of Chang and Schulman. Our theory can 
thus explain the recently observed An # 0 transitions. As a final ap­
plication we have calculated gain spectra of quantum-well lasers. 

I. Introduction 

GaAs/Ga^^Al^As quantum wells have been studied in great detail using excitation 
and luminescence spectroscopy / l / . The pioneering theoretical work on quantum wells 
such as that of Dingle /2/, Bastard /3/, White and Sham /4/ and Altarelli /5/ has de­
scribed the gross features of quantum wells very well. This work did not intend to de­
scribe all detailed features currently being observed in excitation spectroscopy. An 
interesting example in this respect is Miller's /6,7/ observation of "forbidden" transi­
tions from n = 1 electron to « = 2 and n = 3 hole states. To explain such features the 
kf dependence of confinement energies and transition strengths must be taken into ac­
count; Ay is the crystal-momentum-like quantum number associated with the transla-
tional invariance in the stacking planes of the quantum well. Accounting for the A,, 
dependence was beautifully done in the recent theoretical work of Chang and 
Schulman /8/. Unfortunately their theory, being based on many parameter tight-
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A new k.p theory for GaAsjGaAlAs-type quantum wells 

binding descriptions and transition matrix techniques, is complicated and does not 
lend itself easily to interpretation. 

In this paper we present a new and simple k.p theory for the description of 
GaAs/Ga^^Al^As-type quantum wells. It withstands comparison with the more com­
plicated but admittedly more complete Chang-Schulman approach in the description 
of quantum wells. Apart from the gap and the spin-orbit splitting, our theory contains 
only five adjustable parameters for each material constituting the quantum well. 
Moreover these parameters are easily interpretable in terms of T-point effective masses. 
Unlike earlier k.p work /2-5/ on quantum wells it takes full account of the coupling 
between the lowest electron band, the heavy-, the light- and the spin-orbit split-off hole 
band and, perturbatively, of the coupling to all other bands. The complete account of 
the coupling to the spin-orbit split-off band is particularly relevant since the recent 
revision of the band-edge-discontinuity ratio of GaAs/Ga^^l^As quantum wells from 
85/15 to 67/33 /9/ implies that the hole confinement energy and the spin-orbit splitting 
energy already become of comparable magnitude for Al contents of 50%. 

After the introduction of the new k.p model in section II we apply the model to the 
calculation of the ft0 dependence of the confinement energies and the optical transition 
strengths in section III. Particular emphasis will be given to the comparison with re­
sults from the Chang-Schulman theory. The excellent agreement of our results with 
their tight-binding results is particularly gratifying since their model employs exact 
boundary conditions. In section IV, the results for the ft, dependence of the confine­
ment energies and the transition strengths are then combined for the evaluation of 
excitation or absorption spectra. It is shown that unless exciton effects are included, 
the so-called An # 0 transitions, although allowed for k9^0 hardly show up in the 
excitation spectra. In section V we consider a GaAs/AlAs quantum well with a band-
edge-discontinuity ratio of 67/33. The excitation spectrum of such a quantum well may 
be dramatically affected by the inclusion of the hitherto /4-5/ disregarded spin-orbit 
split-off states. Section VI gives a brief account of the application of our theory to the 
calculation of gain spectra of quantum-well lasers. Strong deviations from results ob­
tained earlier /10/ from "particle-in-the-box" effective mass type treatments of hole and 
electron confinement are indicated. A detailed account of these results will be pub­
lished elsewhere /l 1/. Section VII briefly summarizes the paper. 
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Chapter 1 

II. The k.p approach to quantum wells 

This theory is based upon earlier work of 't Hooft and one of the authors for the 
case ft, = 0/12/. Their paper will henceforth be referred to as I. Each constituent ma­
terial of the quantum well is described with an eight-band Kane model. The set of basis 
states includes the s-like spin-up and spin-down conduction-band states, the fourfold 
/»-like 7' = 3/2 valence-band states and the twofold j= 1/2 spin-orbit split-off valence-
band states. All the other bands are taken into account perturbatively /13/. The 
quantization axis of the angular momenta is taken to be perpendicular to the 
quantum-well interfaces and it is called the z axis. Parallel "motion" will be described 
by the position vector r, = (x, y) and the crystal momentum vector ftft, = h(kx, ky) in 
the x-y plane. We disregard the ft-dependent part of the spin-orbit coupling, since the 
corresponding term linear in ft is extremely small /13/. The eight T-point basis states 
are chosen to be 

"i= l 4 > , (la) 

«2 = >/ï/6"l(* + Ö')i>->/2/3"UT> , (lb) 

"3 = N/Ï/3~I(* + m > + >/ï/3"Uf > , (ie) 

«4 = yï72"|(x + l»T> , (ld) 

M5 = - 14 > , (Ie) 

«6 = - N / ï 7 6 " | ( x - J » t > - V 2 7 T | z 4 > , (10 

«7 = - y/ïJTHx - (K)T > + N/Ï/3"U1 > , (ig) 

ui = y/ÏJ2\(x-iyn> ■ ("O 

The designations s, x, y and z refer to the corresponding symmetry properties under 
operations of the tetrahedral group; f and \ refer to spin up and down. The states 
«,-«4 refer to the T-point electron (EL), light-hole (LH), spin-orbit split-off (SO) and 
heavy-hole (HH) states. The states «j-Wg are the Kramers counterparts of U,-M4 respec­
tively. In each material we expand the wave function according to 

8 

^ ( r ) = ^ ^ ) ^ » - r » M > ) . (2) 
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A new k.p theory for GaAs/GaAlAs-type quantum wells 

The designation / refers to the well material (/ = 1) or the barrier material (/ = 2). The 
label j runs over the states specified by Eq.(l) and all other T-point states. When the 
effect of the latter is included in the Schrödinger equation by Löwdin renormalization 
/14/ we obtain 

{H'-[(1-1)6%, + E}L}F1 = 0, (3) 

where F is the column vector with elements F', — F'% , I the 8x8 unit matrix, E is the 
energy corresponding to state \// with the zero of energy at the valence-band edge in the 
well, SE, is the valence-band discontinuity and H! is the matrix operator 
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Here, and in the following, we will omit the superscript / when confusion is unlikely. 
Only the upper triangle of the Hermitean matrix is indicated. The diagonal matrix el­
ements of H are given by 

ERL = Ee + s e , (5a) 

ELH =~y\e- 72*1, 

Eso = ~ A - Vic . 

EHH = - Vi« + 72«i, 

(5b) 

(5c) 

(5d) 

where Eg is the gap, A the spin orbit splitting and the dimensionless parameters s , y, 
and y2 describe the effect of the free-electron term in the Kane approach and the cou­
pling of the s states (s) and x, y, z states (y, and y2) to the other bands. The 
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"energies" è and e„ satisfy ~e = (h2l2m)(k2 + k} + k2) and 2, = (h2l2m)(2kj -k2- k2) , 
where kz = / —— . The off-diagonal matrix elements of H are given by 

oz 
Pz = JW[iPkz + Bkjcy] , (6a) 

P± = JW[iP(kx ± iky) + Bkz(ky ± ikx)] , (6b) 

G, = V2V1 , (6c) 

G2 = - V3~y2e2 + u-fiyfixky > (6d) 

G± = y/6y£(kx±ik,), (6e) 

where 

P=-^1. ƒ**!** (7) 
Junit cell ü z 

describes the coupling between the r conduction-band-edge s state and the r valence-
band edge z state, the dimensionless parameter y} describes the anisotropy of the en­
ergy bandstructure around the T-point when y2 # y3, the "energy" 
e2 = (h2j2m) (k2 — k2) and the Kane B parameter describes the inversion asymmetry. 

The parameters s, y„ y2, y3 and P can be determined from effective masses at the 
T-point of the bulk materials. The wave functions and energy bandstructure of the 
bulk materials are obtained from the ansatz F oc exp(/^zz), where kz labels the wave 
functions in accordance with translational symmetry along the z direction. 

Combining kz and ft, in k = (ft,, kz) = (kx, ky, kz) the energy-dispersion E(k) of the 
bulk material / is obtained from the secular equation 

|| H'(kz = kz) - [(/ - 1)0^ + E] I || = 0 . (8) 

For ft, = 0, i.e. for k along [001], the matrix H decouples into two 4x4 blocks as de­
scribed in Eq.(4) of I. Moreover the HH band is then completely decoupled from the 
other bands and its dispersion is purely parabolic with an effective mass satisfying 

/n/wHH(001) = 7, - 2y2 . (9) 

From the earlier work in I we also obtain 
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mlmEL{OOl)=s + X(l+±r), (10) 

w//wLH(001) = y, + 2y2 + A, (11) 

m/«to(001) = n + y A r , (12) 

where the dimensionless parameters k and r are given by 

k = 4mP2l(3h2Eg), (13) 

r = £ g / ( ^ + A). (14) 

Equations (9)-(12) for the effective masses along [001] determine the parameters s, X, 
7i and y2. The parameter 73 is determined from the HH mass at T along [111]: 

m/^HHO 11) = 7 . - 2 7 3 - (15) 

It is interesting to note that analytical expressions for the HH and LH mass in a gen-
A 

eral direction k can be derived from our model as 

mlm\k) = 7,,L + { y\L ( B2 + 3e|) + 12 y\L ( k \ $ + k$k2 + k2k2 ) } l . (16) 

A 

In this expression k has unit length, 8, = 2kj — kl — kj , e2 = kl — kj , the Luttinger 
/15/ parameters yiL, yXL and yXL satisfy 

yi,L = 7 i+A/2 , (17a) 

72^ = 72 + ^ /4 , (17b) 

73,L = 73 + ^ /4 , (17c) 

and the - and + sign refer to the HH and LH effective mass, respectively. The heavy-
and light-hole mass are isotropic for 72 = 73. The electron and spin-orbit split-off 
masses are always isotropic. The effective masses along [001] and [111] to be used 
for the determination of s, 7,, y2, 73 and k are independent of the value of B. The in­
version asymmetry leads to a splitting of the bands except along [001] and [111] where 
the splitting is prevented by symmetry elements of the group of *. The parameter B 
can be determined by comparison with results for the spin-splitting along [110] from 
ab-initio LMTO bandstructure calculations as done by Christensen and Cardona /16/; 
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the splitting has recently been used to produce spin-polarized photo-electrons /17/. In 
our model the splitting of the lower conduction band along [110] is evaluated to be 
given by 

A £ = 2 . *?* k \ (18) 
*Eg(Eg + A ) 

where k = \k\ . According to Christensen and Cardona /16/ the splitting is 60 meV 
for k = 37i/8a , with a the lattice constant. This may lead to observable effects in thin 
quantum wells (30 A). Results will be published elsewhere /18/. Henceforth we take 
B = 0 in this paper. 

We stress at this point that knowledge of mEL(00l), mHH(001), mLH(001), /^(OOl) 
and /HHH^II) at the center of the Brillouin zone precisely determines the five parame­
ters * , y,, y2, y} and A of our k.p model and thus leads to a unified description of 
electron and hole bands. Accurate experimental knowledge of these masses is thus 
called for. Unfortunately the spin-orbit split-off band mass /^(OOl) is not at present 
experimentally known. As additional information we can use the value of P, i.e. A, as 
determined from conduction electron spin resonance by Hermann and Weisbuch /19/. 
Note, however, that, especially for Ga^^Al^As, the values of the effective masses are 
still subject to discussion /20/. 

Having established the k.p model for the bulk bandstructure we now turn to the 
quantum-well problem. We proceed along the lines of the work in I; details are there­
fore omitted. The envelope functions F " and /*2) must be joined across the interfaces 
by suitable boundary conditions. Since we deal with GaAs/Ga,_^Al^As -type quantum 
wells (type I) we will work in the "flat-band" approximation /21/. From the structural 
similarity of the isoelectronic materials in the quantum well, the approximation is in­
voked in which the basis functions MEL , MHH , uLH and «s0 are the same in the materials 
1 and 2. This troublesome approximation will be checked a fortiori in section 3 when 
we come to the comparison with the results of the Chang/Schulman approach not 
containing this approximation. Continuity of the wave functions (2) now implies 

fW = fV) (19) 

at the two interfaces in the quantum well. To discuss the other boundary conditions 
at the interfaces we write the matrix operator H in the form 

H'=A1-$— + Bl4~ + C', (20) 
dz2 8z 
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where the 8x8 matrices A', M' and C' depend on ft, and on the parameters s, y„ y2, y} 

and X, but not on the coordinate z. The superscript / can be omitted when we formally 
adopt A , B and Q as slowly varying functions of z across the quantum-well interfaces. 
The resulting "effective-mass-type" matrix functions must be considered to vary slowly 
on the scale of the lattice parameter but rapidly on the scale of the envelope changes. 
The resulting H(z) must be modified to ensure its hermiticity /22/. We use 

mj? - i4(z)i' (21a) 

JMJL -> - ! { « , ) £ + -La»]. (2ib) 

Integration of the resulting equations across the interfaces then yields 

\ A W 4 - + ^-B{l)]^ = \A^±- + 4-5(2)V2) (22) 
L oz 2 J |_ oz 2 J 

at the interfaces. Hermiticity of H(z) can also be assured by other choices than (21) 
/22/. However, requiring êip/dz to be continuous across the interfaces with i/r given by 
Eq.(2), keeping in mind that other bands than the eight ones explicitly considered also 
contribute to d\fildz , we also obtain precisely Eq.(22). The boundary conditions are 
completed by giving the ones at z = + oo. We only consider confined states and so for 
\z\ -* oo 

F - 0 . (23) 

Obtaining the confinement wave functions and energies is now in principle simple. 
At a given sought confinement energy E the dispersion relation (8) is a polynomial of 
degree 8 in k* (B = 0) and so it yields 16 solutions k'2I(E), a = 1,2,... ,16 . The cor­
responding eigensolutions are Fa(E) . A confinement state is then formed out of a 
linear combination of 16 well and 16 barrier solutions and involves 3x16 adjustable 
coefficients. The boundary conditions (19), (22) and (23) furnish 48 conditions for the 
determination of 48 coefficients and the solution of the corresponding secular equation 
yields the confinement energies and states. Unfortunately, the problem is not all that 
simple. Note that, whereas in the complex bandstructure of GaAs and AlAs for 
£| = 0 only real and purely imaginary kz values appear (see I), truly complex kz values 
for *n # 0 are found /23/. For a given energy E we count only 6 spin degenerate (B = 0) 
kl solutions. Indeed the remaining 2 spin degenerate k] solutions of the polynomial 
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secular equation (8) of degree 8 in k\ are unphysical and thereby spurious solutions. 
Basically the spurious solutions have their origin in the incompleteness of the set of 
basis functions in the k.p approach, which makes it impossible for E(k) to be a periodic 
function of k when k moves through the various Brillouin zones. A spurious solution 
corresponds to a solution outside the first Brillouin zone which is not, but should ac­
tually be, a periodic continuation of the solution inside that zone. 

In earlier more simple k.p models of quantum wells spurious solutions did not arise 
or were considered to be harmless. For example, in Bastard's work /3/ the omission 
from k.p theory of the free electron contributions and the coupling to other bands than 
the principal one except for the HH band, leads to a polynomial of degree 2 in k\ and 
no spurious solutions. However, this approach is inappropiate for the hole states, since 
for A,, = 0 one of the resulting k* solutions diverges when E approaches — (2/3)A. In 
Altarelli's work /5/ the principal bands are the EL, HH and LH bands and the coupl­
ing to the spin-orbit split-off band is treated perturbatively. The secular equation for 
the determination of the energy-dispersion is then of degree 6 in kj. Two spurious 
solutions appear, which are rapidly decaying in nature and are therefore considered to 
be harmless. Our spurious solutions are oscillatory in nature and are not harmless 
when taken seriously in the construction of the wave functions. However, the LH-SO 
and HH-SO coupling is relevant for confinement energies close to the spin-orbit split-
off energy in the well and may then not be ignored. Finally, in the work of White and 
Sham /4/ spurious solutions do also appear. They are called wing-band solutions and 
are, like in Altarelli's work /5/, rapidly decaying in nature and harmless. We note that 
the Hamiltonian proposed by White and Sham /4/ is not consistent with the Kane 
matrix for GaAs. White and Sham have actually modified /4/ their matrix to get rid 
of the oscillating solutions and replace them by harmless wing-band solutions. This 
procedure is justified since they were only interested in vanishingly small diagonal k2 

terms i.e. A -» 0 in Ref. 4. 
It seems to us that an adequate treatment of the coupling of both electrons, 

heavy-hole, light-holes and spin-orbit split-off holes by k.p theory inevitably leads to 
the appearance of spurious solutions. Fortunately, it is quite easy to get rid of these 
solutions. We separate the approach into one for the electrons and one for the holes 
by proceeding as follows. Put kz = kz in the Kane operator matrix H, i.e. consider a 
particular bulk solution F =ƒ exp(/fc2z) where ƒ is a constant vector. Eliminate ana­
lytically either the hole or the electron states from the matrix equation resulting from 
(3). We find 
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{HQ-l(l-l)SEv + EllQ}fQ = 0, (24) 

where Q = el or hole refers to the electron or hole problem. The vector ƒ, = (/j, f2) and 
Hei and £, are 2x2 matrices. Similarly, / U = (£,/3,/4,/6,/7,/8) and fi^ and 4,fe are 6x6 
matrices. The matrix HQ has a complicated dependence on k„ A, and E. It is such that 
both Hfi and 2 ^ describe exactly the eight k^(E) solutions discussed before, i.e. in­
clusive the 2 spurious £*„(£) solutions. The 6x6 hole matrix HhoU follows from the cor­
responding part of the 8x8 matrix H by the replacements 

yi -» ? i = y i + A / 2 , (25a) 

72 - ?2 = y2 + A/4, (25b) 

y3 - 73 = y3 + A/4, (25c) 

where 

A = A£? / (Eg + se-E), (26) 

with e = (h2l2m)(kl + k} + kj). Note the similarity of y, , y2 and y3 with the Luttinger 
parameters }>u, y1JL and y3>£ as given by Eq.(17). The origin of the spurious solutions 
lies in the k] dependence of A. A possibility to ignore the spurious solutions is there­
fore to ignore s e as compared to Eg — E. This will not be too bad an approximation 
for confinement energies of the holes (E < 0 ) . The 6x6 hole matrix H^i, then gives rise 
to a polynomial of degree 6 in k] and therefore to 6 physical k}(E) solutions. The 6x6 
hole matrix operator is obtained from kz — kz = id/dz. From the hole part of Eqs.(19), 
(22) and (23) but with the replacement (25) for y,, y2 and y3, we obtain the boundary 
conditions following the procedure already outlined above. We thus obtain 36 
boundary conditions for the evaluation of 3x12 = 36 expansion coefficients involved in 
the linear combination of the 12 well and 12 barrier wave function. The problem of 
the determination of the hole confinement energies can thus be solved without resort 
to the spurious solutions. 

For the electron confinement states the deletion of the spurious solutions is even 
more simple. We find that Ü,, can be written in the form 

2L/ = 
til] ,],. ^ + W I ^ W 
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where E0(k^ = E{kz = 0,*,) and the E and kt dependent effective mass is chosen in such 
a way that for given kl{ and E the wave number kz is on the electron branch according 
to Eq.(8). For given kt the problem of the determination of the electron confinement 
states is then completely similar to a "particle-in-the-box" problem with an energy (and 
A,) dependent effective mass as described in I. 

Finally, it should be noted that, for the B parameter equal to zero, the inversion 
symmetry is effectively restored in the sense that two degenerate hole solutions ƒ and 
f2 exist with components even (e-) or odd (o,) in z: fx = (e,, e2, o3, oA, o5, e6) and 
f2 = (04, 05, e6\ -e', — e\, - o3') . The use of this functional form of the envelope func­
tion reduces the number of expansion coefficients by a factor of two. This completes 
the description of our new k.p approach to quantum wells. Admittedly the approach 
is more complex than the earlier /5/ k.p approaches but its merits will become clear in 
the next sections. 

III. k.p versus tight-binding 

Earlier and detailed considerations of quantum wells and superlattices by Chang 
and Schulman (CS)/8/ have been based upon the nearest neighbor tight-binding ap­
proach and a s,p and s* basis set. The wave functions were "exactly" continued across 
the interfaces between dissimilar materials in the superlattice using transfer matrix 
techniques /24/. An approximation still lies in the choice of the tight-binding matrix 
elements at or near these interfaces. However, for electronically similar materials such 
as, for example, GaAs and AlAs, results for quantum wells will not depend sensitively 
on this choice. Boundary conditions for wave functions are in this sense exactly met 
in the Chang and Schulman approach. 

On the contrary, the boundary conditions in the k.p approach are not exactly met 
as we have discussed in the previous section. The problem of the boundary conditions 
in the k.p approach to quantum wells has been considered from various points of view 
/22/ but there is still no consensus on the usefulness of the ad hoc assumption of u 
-continuity across the interface. 

In this section we compare results from our extensive k.p approach with results 
from the CS approach. The comparison is made for a [001] GaAs/Ga 75Al 25As quan­
tum well consisting of 68 layers of GaAs in the well, i.e. a well width of 192 A For such 
a quantum well, or rather a (68/71) GaAs/Ga 75Al25As superlattice, valence-band con­
finement energies as a function of Ac,, (Fig. 1 of CS) and squared optical matrix ele­
ments (Figs. 3 and 4 of CS) have been published. The difference in results for the 
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Table I All effective masses refer to the center of the Brillouin zone. The unprimed 
ones are taken along [001], the primed one along [111]. 

GaAs 
Ga^jAljjAs 

E, (eV) 

1.430 
1.823 

A (eV) 

.343 

.327 

™EL 

.0670 

.0942 

"*HH 

.4537 

.5100 

™LH 

.0700 

.0900 

»»SO 

.1434 

.1720 

W'HH 

.8526 

.9815 

superlattice and the quantum well can be ignored in view of the large barrier thickness 
of the superlattice; it is effectively a multi quantum well. Chang and Schulman have 
optimized /8/ their tight-binding parameters, not only with respect to certain energies 
in the bandstructure but also with respect to a certain given set of T-point EL, HH, 
LH and SO effective masses in GaAs and Ga 75A125As. The CS T-point effective masses 
™EL> % H . wLH and /«so along [001] and mHH along [111] are given in Table I. In our 
k.p approach we have used these masses to calculate the parameters s, y„ y2, y3 and P 
for the two materials involved. They are given in Table II. Note that in line with our 
assumption in the previous section the parameter P is approximately the same in the 
well (5.310) and the barrier (5.095). To become fully in line with that assumption, we 
have also done the calculations with P equal in the well and barrier. We have chosen 
the well value for P, i.e. P = 5.310. The EL, LH and HH masses in the barrier have not 
been allowed to change. The SO mass in the barrier changes from .172 for the earlier 
P value (5.095) to .174 for the new P value. We have verified that all results that follow 
are virtually the same for the two cases studied. More precisely, the differences in the 
results are not visible to the eye in the pictures that we are going to show! All further 
results in this section can thus be considered to be obtained by either of the two ap­
proaches. 

We have verified that the bulk bandstructures of GaAs and Ga 75A125As as obtained 
from the CS and our k.p approach are in excellent agreement over the range of energies 
of interest for the confinement energy calculation. Consistent with CS we choose the 
band-edge-discontinuity ratio to be 85/15. Fig. 1 shows the hole confinement energies 
as a function of Ar„ along [100] and [110] as calculated from our k.p approach. A 
comparison with the corresponding CS result (their Fig. 1) shows no visible difference. 
For the confinement energies at kt = 0 this nearly perfect agreement between the CS 
tight-binding results and our k.p results was expected from our earlier work /12/. The 
agreement for kt ^ 0 is new and opens the possibility for further detailed comparisons. 
To this end we have considered the strengths of transitions between confined hole and 
electron states. Depending on the light polarization e, the strength is proportional to 
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Table II k.p parameters corresponding to the data in Table I. 

(2m/ft2)P* 
(eV) 

7i 72 ?3 

GaAs 
Ga75Al25As 

28.196 
25.959 

-3.519 
-2.903 

1.673 
1.789 

-0.266 
-0.086 

0.250 
0.385 

ö#||) = <^kfv |^ (28) 

for a transition between the electron confinement state iji^ and the hole confinement 
state \jijk Using expansion (2) for these states and the definition of the basis functions 
one can straightforwardly express flj(*|) in terms of the matrix elements P, (Eq. (7)), 
of the well and the barrier material. Results for linear light polarization in the well (in 
x-y plane) and perpendicular to the well (along the z-axis) are presented in Figs. 2a 
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Figure 1 Hole confinement energy spectrum for a GaAs/Ga 75A1É25AS quantum well 
of width 192 A; a is the lattice constant. Energies are measured relative to 
the top of the valence band of the well material. The labels HH and LH 
pertain to the prevailing character of the confinement states at ft, = 0. 

25 



A new k.p theory for GaAsjGaAlAs-type quantum wells 

and 2c, respectively. States have been labelled according to their order of appearance 
in the electron and hole confinement spectrum; cf. Fig. 1. For example, the transitions 
1-*1 , l - * 2 , 1 -> 3 and 1 -* 4 correspond in a more common notation to 
ELI -► HH1 , ELI -► HH2 , ELI -► LH1 and ELI -> HH3 , respectively. The strong 
admixture of LH, HH and SO components in the wavefunctions makes the latter des­
ignation less useful. The transitions 1 -» 1 , 1 -+ 3 and 1 -»4 are allowed even for 
ft, = 0. The 1 ->• 4 (ELI -► HH3) transition is very weak; g14 = KH. For ft, / o, the 
transitions 1 -♦ 2 and 1 -»4 borrow strength from the 1 -> 1 and 1 -» 3 transitions be­
cause of light hole-heavy hole admixture. Figs. 2b and 2d display the corresponding 
results from the CS tight-binding approach. The resemblance between the corre­
sponding figures is remarkable good. An interesting difference occurs for Ql2 at 
ft, = 0, i.e. the so-called ELI -» HH2 transition. In the CS approach the HH and LH 
bands admix even at ft„ = 0 in the quantum-well wave functions. This effect is absent 
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Figure 2 Squared optical matrix elements for (xj>) and z light-polarization between 
the conduction band 1 and the valence band j in units of (2m/ft2)P2 for a 
GaAs/Ga75Al25As quantum well of width 192 A. a) and c) refer to our k.p 
results, b) and d) to Chang and Schulman's tight-binding results /8/. 
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in our k.p approach. However, the CS matrix element Qn{k^ = 2.10-2 , i.e. it is rather 
small. 

The above comparisons, in combination with our earlier work, clearly show the 
ability of our k.p approach to fully produce the band admixture effects as first ob­
tained by Chang and Schulman /8/ using tight-binding. Band admixture effects as have 
been clearly demonstrated by the observation of ELI -» HH2 and ELI -> HH3 tran­
sitions by Miller et. al. /6,7/ can thus be explained equally well by the CS tight-binding 
and our k.p approach. 

The present results yield an a fortiori demonstration of the usefulness of the 
boundary conditions based upon the «-continuity in the k.p approach, at least for 
[001] GaAs/Ga^jAljAs quantum wells. The tight-binding approach is more complex 
in that it contains 15 adjustable parameters, whereas the k.p approach contains only 
7 (s, y,, y2, y3, P, Eg and A). However, the tight-binding approach is more flexible in 
that it can, in principle, also deal with, for example, X- and L-derived confinement 
states. The definite advantage of the k.p approach is that it lends itself to a more direct 
interpretation of results. 

IV. Absorption spectra 

With the information on confinement energies and transition strengths as a function 
of ft, available, absorption spectra can be calculated. The absorption coefficient a for 
light of frequency a> and polarization e is given by 

« ( M = - ^ £ « s < M , (29) 
'j 

where the proportionality constant a„ is given by 

a0 = An e j{nm cw) (cgs units), (30) 

with n the effective refractive index of the quantum well and w the well width. The 
partial absorption <xtJ on the transition between the electron confinement state r̂tt and 
the hole confinement state \jijk is given by 

afluo) = 2 f L Ö#||) *(3(*|) ~ £y(ft„) - M , (31) 
J2D B.Z. (2TT) 
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where the prefactor 2 accounts for the spin degeneracy of the confinement states, the 
^-function accounts for energy conservation and Ö#(*n) is defined in Eq. (28). Hence­
forth, the light polarization will be in the plane of the quantum well, i.e. in the x-y 
plane. When the kt] dependence of ö;(*n) is ignored we can write 

«MM = Qy -VM , (32) 

where Jy(hco) is the partial joint density of states 

JflUo) = 2 f L 6(EW - £,(*„) - M . (33) 
J2D B.Z. (27t) 

However, Eq.(32) is not a valid approximation. For example, if we take 
Qij = Q;(*II = 0), then Eq.(32) implies that we ignore contributions from transitions that 
are not allowed at kt = 0 . However, from the previous section, in particular Fig. 2, 
it is clear that such transitions do contribute, for ft, / 0, significantly to the absorption 
coefficient. So we will not use the unjustified simplification (32) but instead we will 
directly evaluate Eq. (31). The only further approximation will be the neglect of the 
small anisotropy of £)(&i) > ^(*II) an<* G/̂ n)» i-e- their dependence on the direction of 
ft,. Figs. 1 and 2 indicate that this is not too bad an approximation. The integration 
with respect to ft, in Eq. (31) can now be performed. Let £,(£) satisfy 
£,(£„) - £/£„) = E. The we find 

afluo) = Qijik^hoj)) Who)), (34) 

where the "isotropic" joint density of states is given by 

When Efa) — Ej(k^) = E has more than one solution kt(E), Eqs. (34) and (35) must 
correspondingly be adjusted. 

Before turning to the results for the optical absorption it is interesting to consider 
results for the density of states of electrons and holes and for their joint density of 
states. The density of confined electron states is given by 

De(E) = 2 V [ L *(£K*,) - E), (36) 
V J 2 D B . Z . (27t)2 

E = hm 
(35) 
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or disregarding the anisotropy of E,(ky), by 

(37) 

where &{(£) satisfies E,(kD = E. For the density of confined hole states we find similar 
results. 

Our calculations pertain to the example quantum well of the previous section, i.e. 
[001] GaAs/Ga75Al25As with parameters according to Tables I and II and a band-
edge-discontinuity ratio of 85/15. Fig. 3 displays the density of confined electron states 
as a function of energy, evaluated using the energy dispersion in the [100] and the 
[110] direction. It clearly shows that the anisotropy of £)(A() is small and the use of 
Eq. (37) is validated. We find considerable deviations from step-like behavior. This is 
due to the non-parabolic behavior of the confined electron energies E&k^). However, 
parabolicity is still recognizable in the sense that the results can be interpreted from 
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Figure 3 Electron density of states for a Ga As/Ga 75A125As quantum well of width 
192 A. Energies are measured relative to the bottom of the conduction 
band of the well material. The two curves were calculated using the energy 
dispersion in the [100] and the [110] direction, respectively. 

29 



A new k.p theory for GaAsjGaAlAs-type quantum wells 

"particle-in-the-box" calculations using energy dependent effective electron masses in 
well and barrier. Fig. 4 displays the density of confined hole states. The anisotropy 
of £J(A||) is not small in this case and the use of the equivalence of Eq. (37) is not val­
idated. The deviations from step-like behavior are even larger in this case and a de­
scription in terms of "particle-in-the-box" behavior with energy dependent masses is 
clearly useless. Moreover the overall step-like behavior as recognizable in Fig. 4 can­
not be simply described in terms of light- and heavy-hole masses due to strong HH-LH 
admixture. For example the hole confinement states 2 (HH2) and 3 (LH1) in Fig. 1 
have parallel masses at *„ = 0 which deviate strongly from the HH and LH masses 
appearing at k = 0 in the bulk bandstructures. The upward curvature of various hole 
bands in Fig. 1 leads to singularities in the density of confined hole states in Fig. 4. 
It is interesting to note that the strong deviations from step- and 
"particle-in-the-box" like behavior of the holes must manifest itself in the transport 
properties of these holes in heterojunctions. This issue has to the best of our knowledge 
not been studied experimentally so far. For example the peak in the density of confined 
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Figure 4 Hole density of states for a Ga As/Ga 75A125 As quantum well of width 
192 A. Energies are measured relative to the top of the valence band of the 
well material. The two curves were calculated using the energy dispersion 
in the [100] and the [110] direction, respectively. 
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states around 4 meV is due to an avoided crossing of the confinement states 1 and 2 
and may be observable in transport measurements. 

Fig. 5 displays the joint density of states of confined electron i to holey transitions. 
The spectrum shows strong deviations from step-like behavior and singularities due to 
the upward curvature of certain hole-confinement bands. The wiggles arising from 
avoided crossings in the density of confinement hole states are almost absent in the 
joint density of states. The latter spectrum is to a large extent dominated by the density 
of confined electron states because of the light effective mass of the electron. This also 
explains the small anisotropy in £,(*„)—Ej{ky). 

Next, we turn to the absorption spectrum as calculated from Eqs. (34) and (35), 
evaluated for the energy dispersion in the [100] and the [110] direction. The arithmetic 
mean of the two resulting absorption spectra is shown in Fig. 6. We have verified that 
it differs at most 1% from the absorption spectrum which would result from the eval­
uation of Eqs. (29) and (31). Again strong deviations from step-like behavior and 
singularities due to the upward curvature of hole states occur. From the previous 

E o 
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% H 
ID 1-

50 100 150 
E (meV) 

200 

Figure 5 Joint density of states for a Ga As/Ga 75A125As quantum well of width 
192 A. The two curves were calculated using the energy dispersion in the 
[100] and the [110] direction, respectively. The labels ij identify the onset 
of the conduction band i to valence band j transition. 
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consideration it will be clear that an interpretation in terms of a step-like spectrum as 
calculated from "particle-in-the-box" considerations for electrons, light-holes and 
heavy-holes with their bulk effective masses at k = 0 is useless. The forbidden or al­
most forbidden transition at ftt = 0 which become allowed for kt # 0 do not appear as 
visible structures in the spectrum although they do appear as such in the corresponding 
separate a^hco) contributions. This result is understandable since the sum of the 
strengths for transitions from the various strongly admixed hole confinement states to 
an electron confinement state is to some extent constant. This can clearly be seen from 
Fig. 2. We note that the forbidden transitions will appear in the spectrum as measured 
because of exciton formation. The exciton radius will be typically such that the larger 
part of the k{] space shown in Fig. 2 for the transition strength will participate in the 
exciton. The recent observation of ELI to HH2 and HH3 excitons by Miller et. al. /25/ 
is an example of this kind of behavior. We will not pursue this subject here any further 
since it has been dealt with meanwhile in considerable detail by Sanders and Chang 
1261. 

200 
hu - E„ ( meV ) 

Figure 6 Absorption spectrum for (xj')-polarization for a Ga As/Ga 75A1 ̂ As quan­
tum well of width 192 A; the refractive index was taken to be 3.6. The labels 
ij identify the onset of the conduction band i to valence band j transition. 
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Table HI All effective masses refer to the center of the Brillouin zone. The unprimed 
ones are taken along [001], the primed one along [111]. 

Et (eV) A (eV) "»EL »»HH "«SO 

GaAs 
AlAs 

1.430 
3.002 

0.343 
0.279 

0.0667 
0.1500 

0.3800 
0.4785 

0.0870 
0.2079 

0.1735 
0.3147 

0.9524 
1.1490 

V. The role of the spin-orbit split-off band 

In view of the presently /9/ accepted 67/33 value for the band-edge-discontinuity ratio 
of GaAs/Ga^jAljAs quantum wells, as opposed to the earlier considered 85/15 value 
/2/, the consideration of the role of the spin-orbit split-off band in such quantum wells 
deserves interest. We have studied a [001] GaAs/AlAs quantum well of width 
62.21 A corresponding to 22 GaAs layers. In this case the depth of the potential well 

-^ -100-

E 
> 
& 
<D 

■fi 

-200-

-300-

-400-

-500 
-0.10 0.00 0.05 0.K) -0.05 
[ 1 1 0 ] ?,, (27T/o) [ 1 0 0 ] 

Figure 7 Hole confinement energy spectrum for a GaAs/AlAs quantum well of width 
62.21 A. The solid and dashed lines represent the data with and without 
(A = 8 eV) the inclusion of the spin-orbit band, respectively. The labels 
HH.LH and SO pertain to the prevailing character of the confinement states 
at k, = 0 for the spin-orbit included data. 
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Table IV k.p parameters corresponding to the data in Table IV. 

(2»#2)P2 

(eV) 
7i ft 

GaAs 
AlAs 

28.8 
28.8 

-3.849 
-2.655 

0.350 
0.252 

-1.141 
-0.919 

-0.350 
-0.309 

for the holes is 519 meV and therefore considerably larger than the spin-orbit splitting 
of 343 meV in GaAs. We then expect transitions between spin-orbit derived hole con­
finement states and electron confinement states to appear in the absorption spectrum. 
The ordering and strength of transitions between HH, LH and SO-derived hole con­
finement states and electron confinement states depends on the admixture of HH, LH 
and SO character in the hole confinement states. Such information cannot be obtained 
from earlier k.p approaches to quantum wells /5/ since they apply to the A -* oo limit. 

-0.05 0.00 0.05 0.10 
[110 ] i?„ (2TT/O) [ 1 0 0 ] 

Figure 8 Squared optical matrix elements for the transition between the conduction 
band 1 and the valence band j in units of (2m/fi2)P2 for a GaAs/AlAs 
quantum well of width 62.21 A. The light polarization is in the xy plane. 
The solid and dashed lines represent the data with and without (A = 8 eV) 
the inclusion of the spin-orbit band, respectively. The labels refer to the 
solid lines. 
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The SO bands are then simply not present in the theory. We note that this also implies 
that the strength of transitions to HH and LH "derived" confinement states lying close 
in energy to the omitted SO-derived confinement states will not be calculated properly. 
Figs. 7, 8 and 9 show results for the [001] GaAs/AlAs quantum well of width 

62.21 A. In line with the recent 67/33 value for the band-edge-discontinuity ratio we 
have adjusted the effective mass parameters for GaAs to be in better agreement with 
recent experimental knowledge /20/ on these parameters. Effective masses and corre­
sponding k.p parameters are given in Tables III and IV. Note that we have chosen 
equal P values in the well and the barrier. Fig. 7 presents hole confinement energies 
as a function of kr The labels HH, LH and SO pertain to the prevailing character of 
the confinement states at Jfc, = 0; note that only the HH states are decoupled at ft, = 0. 
Close to the spin-orbit splitting of 343-meV of GaAs we observe the appearance of two 
SO-derived states (8 and 9). Moreover all the other bands are modified due tó inter­
action with these SO-derived bands. 
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Figure 9 Absorption spectrum for (jc^-polarization for a GaAs/AlAs quantum well 

of width 62.21 A. The solid and dashed lines represent the data with and 
without the inclusion of the spin-orbit band, respectively. The labels if 
identify the onset of the conduction band i to valence bandy' transition for 
the spin-orbit included data. 
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The admixture of HH, LH and SO states is evidently very strong. This is even more 
pronounced in Fig. 8 for the squared optical matrix elements between the ELI and 
hole confinement states. The 1 -*■ 8 (ELI -» SOl) transition strength squared is large; 
it is 0.5 of the 1 -» 1 strength squared. 

Fig. 9 displays the absorption spectrum. It contains one additional step due to the 
1 -► 8 (ELI -* SOl) transition. When exciton effects are taken into account we expect 
in addition to the EL-HH and EL-LH peaks two additional ELI-SOl and EL1-S02 
exciton peaks. A warning is appropriate here. The additional exciton peaks will lie in 
the midst of various other exciton peaks and ignoring the spin-orbit split-off states 
may thus easily lead to a misinterpretation of experimental spectra. 
The very observation by excitation, Raman or Brillouin spectroscopy of transitions 

involving the spin-orbit split-off states yields the unique opportunity to gain informa­
tion on the value of Wso, the spin-orbit split-off band mass along [001] . The position 
of the corresponding exciton peaks will depend sensitively on the value of /%> in GaAs 
and, to a lesser extent, on the value of m^ in AlAs. 

VI. Gain in quantum-well lasers 

Recently the gain in quantum-well lasers was studied using "particle-in-the-box" 
models for the confinement of electrons and holes and constant optical matrix elements 
for the transitions between electron and hole states /10/. The k.p approach presented 
in this paper provides a unique opportunity to improve on this situation, i.e. to take 
into account fully the effects of admixture of light-, heavy- and spin-orbit split-off 
holes. 

We have calculated the gain of a [001] GaAs/Ga^Al^s quantum well of width 
192 A as studied in sections 3 and 4. Parameters are from Tables I and II and the 
band-edge-discontinuity ratio was taken to be 85/15. We have assumed a pumped 
(electrically or optically) carrier density of 3 1018 cm-3 . Of course this carrier density 
must not be confused with a density arising from doping the quantum well. The 
present analysis would not pertain to such a quantum well since we have assumed 
flat-band conditions. Using charge neutrality n = p, we can obtain the quasi Fermi 
levels for the electrons, E„, and the holes, Ep, using the earlier density of states results. 
The gain as a function of photon energy hco can then be evaluated from 

'«CM=-§-J/#(M, (38) 
y 
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where the partial gain gtJ on the transition between electron confinement state i/t^ and 
hole confinement state \jijki is given by 

?(/(M = 2 | 
2D B.Z. 

dh 
{In)2 Qyik^SiE^-Ejik^-hco) \fn(W\$)-fp{Wm (39) 

and f„(E^kt)) and fp(E^kj)) are the probabilities that the electron (i) and hole (ƒ) states 
are occupied i.e. 

ƒ„(£;.(*„)) = 1 / { 1 + exp[ (£,(*„) - E„)lkBn } 

and 

j ^ t y ) = 1 / { 1 + exp[ (£,.(*„) - j y / * a r ] } 

(40) 

(41) 

Ignoring again the dependence of £;(*„), E/kJ and fl/*,,) on the direction of ft,, Eq. (39) 
can be easily evaluated. We have verified that the gain curves, calculated using the 
energy dispersion along [100] and [110] differ at most 2%. 

ftw-Eg (meV) 
Figure 10 Gain spectrum for (jc,y)-polarization for a GaAs/Ga „Al 25As quantum well 

of width 192 A. The carrier density was taken to be 3.1018cnr3 and the 
temperature is 300 K. 
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Fig. 10 shows the gain (in cm-1) as a function of photon energy for light polarization 
in the plane of the quantum well, i.e. the TE mode. We have verified that the peak gain 
with and without hole admixture effects differs by a factor of 2 typically, the former 
being smaller. Moreover the structure in the gain spectra appears at different photon 
energies. We have also calculated radiative lifetimes of carriers in quantum wells and 
gain-current relationships. The results will be pubhshed elsewhere / l l / . Here we note 
that when the gain in a quantum-well laser is dominated by single-particle band to 
band transitions with k-conservation (as was assumed in Eq. (39)), the gain spectrum 
is seriously affected by band admixture. 

VII. Conclusions 

We have presented a very advanced k.p envelope function formalism for 
GaAs/Ga^jAljAs and alike quantum wells. The Kane-type, unified description of the 
conduction and valence bands of the well and the barrier material results in a small 
set of adjustable parameters. Apart from the gap and the spin-orbit splitting they may 
be taken to be the EL,HH,LH and SO T-point effective masses along [001] and the 
HH T-point effective mass along [111] in each material. 

Our calculated confinement energies and optical matrix elements as a function of 
A| are in excellent agreement with those obtained by the Chang and Schulman 20-band 
tight-binding approach. It demonstrates the usefulness of the chosen boundary con­
ditions in the k.p envelope function formalism. Typical accuracies have been described 
in section 3. 

The main virtues of the model are that it contains only a small set of adjustable 
and experimentally measurable parameters and that it can, with these parameters, ex­
plain the main features in experimentally observed absorption spectra like the so-called 
forbidden An # 0 transitions. 

As expected, the inclusion of the spin-orbit split-off band changes the calculated 
absorption spectra for GaAs/AlAs quantum wells dramatically at higher photon en­
ergies. This is particularly relevant since the newly accepted value for the valence-band 
discontinuity ratio of approximately 67/33 brings the spin-orbit split-off band well 
within the hole well. As a result spin-orbit split-off confined states arise. 

Finally, we have applied our model to the calculation of gain spectra of 
GaAs/Ga^^Al^As quantum wells. The valence-band admixture has a large effect on 
both the magnitude of the gain spectrum and the energy position of the gain peaks. 
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Chapter 2 

Effects of band mixing on the radiative properties of a 
quantum well 

The effect of band mixing and non-parabolicity on quantum well gain 
and spontaneous emission is studied using k.p theory. Spectra of gain 
and spontaneous emission are strongly modified but the relation of 
maximum gain versus nominal current density is not strongly affected. 

Introduction 

In recent years several theoretical studies on the gain of quantum-well lasers have 
appeared 11-6/. All of these studies were incomplete to the extent that they have ig­
nored the band mixing and the non-parabolicity of the electron and the hole bands. 
In the context of the study of light absorption, band mixing and non-parabolicity have 
been dealt with by Chang and Schulman using a very involved and complete tight 
binding approach /7/ and by the present authors using a more simple k.p approach /8/. 
The results for absorption spectra of the two approaches were the same. 

The purpose of this paper is the study of gain and spontaneous-emission spectra of 
quantum wells using our k.p approach and the comparison of the results with those 
from earlier conventional approaches /1-6/. 

Our results pertain specifically to GaAs/AlGaAs [001] quantum wells but the results 
are expected to be indicative for all type 1 quantum wells. 

Model 

Our k.p envelope function approach for the calculation of electron and hole con­
finement states in a GaAs/AlGaAs [001] quantum well has been described elsewhere 
/8/. We briefly summarize. In the T-point basis set we treat the electron (EL), light hole 
(LH), heavy hole (HH) and the spin-orbit split-off (SO) bands exactly and all other 
bands perturbatively. Apart from the gap and the spin orbit splitting the resulting 
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model contains 6 parameters for each material. They may be taken to be the EL, LH, 
HH and SO effective mass mEL , /MLH , mHH , m^, at the center T of the Brillouin zone 
along [001 ] , the HH effective mass w'HH at T along [ i l l ] and a parameter B which 
describes the inversion asymmetry of each material. We take B = 0. 

Note that our k.p model extends on that of Altarelli /9/ in that we do take into ac­
count the non-parabolic behavior of the SO band and the mixing of the LH and SO 
band, even at kn = 0 . The vector kn describes the translational symmetry in the parallel 
plane of the quantum well. 

Since the conventional approaches vary a bit from paper to paper /1-6/, we will de­
fine the conventional model to be the one based on independent parabolic bands with 
the effective masses equal to the bulk masses at T in the various directions, Dingle's 
/10/ approach for each such band but with the envelope function connection rule that 
does take into account the difference in effective masses in the two materials consti­
tuting the quantum well and with optical matrix elements being constant and equal to 
their values at the center of the quantum-well Brillouin zone. 

Band structure and optical matrix elements 

In this section we present the calculated confinement energies and optical matrix 
elements between hole and electron confinement states as a function of kn for a GaAs/ 
Al35Ga65As quantum well of width 62.2 A. The parameters used are listed in 
Table 1 and are chosen to accurately reproduce the bulk bandstructures of GaAs and 
Al35Ga65As / l l / . The ratio of conduction to valence-band discontinuity is taken to 
be 67/33 /12/. For a transition between the electron confinement state ^rt | | and the hole 
confinement state ^ the optical matrix element is defined as follows 

&/(*n) <^„k.|v|^ | | (1) 

where e is the light polarization. 
Earlier /8/, we have shown that the results of our model are in excellent agreement 

with the results of the more complicated tight binding calculations by Chang and 
Schulman /7/. This is particularly gratifying since their model employs exact boundary 
conditions. In a k.p envelope function approach the alledged continuity of the rapidly 
varying u part of the true wavefunction is an approximation. 
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Table 1 All effective masses refer to the center of the Brillouin zone. The unprimed 
ones are taken along [001], the primed one along [ i l l ] . 

GaAs 
A1.35Ga65As 

E„p (eV) 

1.430 
1.898 

A (eV) 

.343 

.321 

f»EL 

.0667 

.0931 

"hm 
.3800 
.4095 

"»LH 

.0870 

.1232 

"«so 

.1735 

.2199 

"»'HH 

.9524 
1.0131 

Fig. 1 shows strong mixing and non-parabolic behavior of the hole bands for the 
GaAs/ Al35Ga6jAs quantum well. Note that the designation HH,LH in the center 
portion of the figure makes no sense for the bands as a whole, i.e. as a function of 
&i,. We shall often label the bands in order of appearance starting at the bottom of the 
potential well; i= 1,2,... for the electrons and j = 1,2,... for the holes. 

Fig. 2 shows that the so-called n = l electron (ELI) to n = 2 and n = 3 heavy hole 
(HH2.HH3) transitions may occur in the excitation, gain or spontaneous emission 

-0.10 0.10 -0.05 0.00 0.05 
[ 110 ] ?n (2TT/O) [10 0 ] 

Figure 1 Hole confinement energy spectrum as calculated from our k.p theory 
(drawn lines) and the conventional theory (dotted lines) for a 
GaAs/Al35Ga65As [001] quantum well of width 62.2 A; a is the lattice 
constant. Note that the results for the conventional theory are based upon 
the different bulk effective masses along the different kn directions shown. 
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spectrum: for kn ^ 0 oscillator strength is borrowed from the n = 1 electron to n = 1 
light hole (LHl) transition because of light hole-heavy hole admixture. Our k.p model 
is able to explain the recently observed n = 1 to n = 2 and n = 3 transitions /13/, when 
exciton effects are added . 

Figs. 3,4 and 5 show the density of states (DOS) for electrons and holes and the joint 
density of states (JDOS). The strong deviations from the results of the conventional 
model, i.e. steplike behavior, are obvious. Note that both step edge positions, corre­
sponding to confinement energies, and step heights are different. The singularities 
appearing close to the edges are due to the upward curvature of hole bands (Fig. 1). 
The DOS spectra are relevant for the calculation of the quasi-Fermi levels in the lasing 
quantum well. 

00 
00 

CM iE 

0.10 
"i T r 

-0.05 0.00 0.05 
[ 110 ] i?„ (2TT/O) [ 1 0 0 ] 

Figure 2 Optical matrix elements for light polarization (x or y) in the plane of the 
quantum well; k.p : drawn, conventional: dotted. The value for the optical 
matrix element of bulk GaAs for the x (or y or z) polarization is 28.8 eV. 
In the conventional theory only three allowed transitions appear in the 
picture; the EL1-HH3 transition is very weak. 
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Gain and spontaneous emission 

The main difficulty in the calculation of the spectra of gain and spontaneous emis­
sion is to take proper account of the kn dependence of the optical matrix elements. This 
is also a major difference with earlier calculations/1-6/. The gain g(co) for light at fre­
quency co and with polarization e is given by 

g((o) = 
A 2 2 
4n e 

nm eta 
2/i,M. (2) 

with n the effective refractive index of the quantum well. The partial gain gq(oi) on the 
transition between the electron confinement state é* and the hole confinement state 
<A/*N is given by 

?y((°) = ^r J 
(2TC)2 

g^ i i ) <5(£,-(*||) - £y(*n) - M [£(£,■(*,,)) -/v(£;(A||))] , (3) 

Figure 3 

50 100 150 200 250 300 
E (meV) 

Electron DOS; k.p: drawn, conventional: dotted. The Fermi-Dirac distrib­
ution functions for n =p = 5 10l8cm-3 and T = 300 K, and the quasi-Fermi 
level positions fi, are also indicated. 
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where the prefactor 2 accounts for the spin degeneracy of the confinement states, w is 
the well width, the 5 - function accounts for energy conservation, the optical matrix 
elements Qj(kn) are defined in eq.(l) and fc(E,(ku)) and f,(Ej(kn)) are the Fermi-Dirac 
probabilities. The quasi-Fermi levels involved follow from charge neutrality, n = p, and 
the prescribed value of the injected electron density n. 

For the spontaneous emission rate we can write down a formula similar to eq.(2), i.e. 

r(ü)) = 47c2e2 

run ceo Yj'tJ^' (4) 

where the partial rates are given by 

nnc J (2n) 

{uw»)) [i - uwm} ■ (5) 

E (meV) 
Figure 4 Hole DOS; k.p: drawn, conventional: dotted. The Fermi-Dirac distribution 

functions for n =p = 5 10" cm-3 and T = 300 K, and the quasi-Fermi level 
positions p., are also indicated. 
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The nominal current density follows from 

= eW\ rav(co) dh(o, (6) 

where rm stands for the average of r with respect to light polarization. In the calcu­
lation of g(<o) and r(w) the anisotropy of the integrands with respect to kn is ignored 
and the integration is cut off at kn = 0.1(2ji/a) ; a is the lattice constant. 

Figs. 6 and 7 show the gain and spontaneous emission spectra of the above described 
quantum well. The spectra exhibit the net effect of all such important aspects as the 
strongly non-parabolic behavior with ktl of the hole confinement energies and the cor­
responding non-steplike behavior of the DOS, upward curvature of various hole bands 
leading to singularities in the DOS and JDOS and the ku dependence of the optical 
matrix elements. Note that the narrow peaks in Figs. 6 and 7 result from these singu­
larities and should not be confused with exciton peaks. Two-particle interactions have 
not been added to the calculations. 

Fig. 8 shows a gain/nominal current relation for a quantum-well laser. 

300 
E-Eg (meV) 

Figure 5 JDOS; k.p: drawn, conventional: dotted. 
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Discussion 

Although both the energy spectrum and the optical matrix elements vary strongly 
with kn , the gain and the spontaneous emission spectrum show more or less the 
"step"-like structure as expected from the conventional model. However, the step 
edges corresponding to the confinement energies are somewhat different and the step 
heights are rather different. The step edges signalize the ELI-HHl and ELI-LHl 
transitions. All other transitions are (Fig. 2) are invisible. As is clear from Figs. 1,3 
and 4 the confinement energies of the ELI, HHl and LHl states at kn = 0 do not, or 
only marginally, differ in the k.p and the conventional approach. This is understand­
able since at A„ = 0 the HHl band is decoupled from all other bands and the LHl band 
is only weakly coupled to the SO bands. The forbidden or almost forbidden transitions 
at kn = 0 , which become allowed for kn=£ 0 , do not appear as visible structures in the 
spectra since the sum of the strengths for transitions from the various strongly admixed 
hole confinement states to an electron confinement state is more or less constant. 
Structure due to band mixing or non-parabolicity is visible in absorption spectra in 
between the steps /7,8/. Such structure is almost invisible in the gain and spontaneous 

300 
ftcj-Eg (meV) 

Figure 6 Gain spectrum for different light polarizations and n = 5 1018 cm-3 ; k.p: 
drawn + dashed, conventional: dotted. 
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emission spectra since it is dominated by the rapidly decreasing Fermi-Dirac functions. 
The dependence on light polarization in Figs. 6 and 7 is rather different as predicted 
by k.p and conventional theory. Whereas k.p predicts hardly any difference in gain for 
the two polarizations (x or y versus z) a factor of 2 difference appears in the prediction 
from the conventional theory at the high energy tail. This can be understood in terms 
of the different ratios of occupation numbers of the HH1 and the LH1 states in the 
k.p and the conventional theory. It is related to the different hole quasi-Fermi levels 
in the two theories ( Figs. 3 and 4) which is due to the different hole DOS. Another 
consequence of the different quasi-Fermi levels is the different spectral width over 
which gain occurs: 151 meV, k.p , and 183 meV, conventional. 

The maximum gain/nominal current density relation as calculated from the k.p and 
the conventional approach are rather similar. However, one should realize that in or­
der to achieve equal nominal current densities in the two cases one needs a higher in­
jected density in the k.p than in the conventional theory; compare the end-points of the 
curves for 300 K which both correspond to n = 10" cm-3. 

In conclusion, modelling of gain and spontaneous emission spectra requires the use 
of a rather extensive k.p model. The conventional model discussed is inadequate but, 

-~* 
■ 
CO 

m 'E o 
* 

% 
" ■ " 

3 

6 - i 
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4 -

3 -

2 -

1-

0 -

fiu-Eg (meV) 
Figure 7 Spontaneous emission spectrum for different light polarizations and 

n = 5 10" cm-3; k.p: drawn + dashed, conventional: dotted. 

300 K 
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600 1000 
• U < A/Cm2 ) 

1500 

Figure 8 Maximum gain for in plane light polarization (x or y) as a function of 
nominal current density for various temperatures; k.p: drawn, conventional: 
dotted. Injected densities have been varied from n = 10" cm-3 to 
n = 10" cm-3. 

as a matter of course, the conventional model can be formally adjusted chosing masses 
different from the bulk masses. Moreover, one should realize that intra-band relaxa­
tion, well width fluctuation, current spreading and band-gap renormalization occur­
ring at high injection densities will further modify these results. This is subject to 
present study in relation to experimental work. 
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Chapter 3 

Band Mixing Effects on Quantum Well Gain 

Gain in a quantum well is studied by using the optical matrix elements 
and the bandstructure computed by the k.p method within the envel­
ope function approximation. Due to band mixing, the k.p method 
gives nonparabolic bands which affect both the minimum confinement 
energies and the density of states functions. The density of states 
functions are found to differ considerably from the simple step-like 
shape computed from the band edge effective masses. The band mixing 
also results in large differences in the momentum vector dependence 
of the matrix elements, and moreover, some of the transitions which 
were previously assumed to be forbidden become partially allowed. 
The quantum-well gain spectra calculated by the k.p method and the 
k-selection rules clearly show the effects of band mixing both in shape 
and in peak magnitude. These results are considerably different than 
those obtained from the conventional methods which consider an ef­
fective mass electron (or hole) in a finite one-dimensional potential 
well with parabolic bands and with matrix elements which have con­
stant total magnitude. A practical conclusion which is reached from 
these comparisons is that the threshold excitation in a quantum-well 
laser is found to be strongly underestimated if band-mixing effects are 
ignored. 

Introduction 

In recent years there have been several studies /1-6/ to find out about the gain and its 
optimization in quantum-well (QW) lasers where the carriers are confined in an one-
dimensional (1-D) finite potential well. Without exception, all of these studies have 
based their models on the energy levels calculated for an effective mass electron (or 

© 1987 IEEE. Reprinted, with permission, from IEEE Journal of Quantum Electronics. Vol. QE-23, 
No. 6, pp. 960-968, June 1987 
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hole) in this potential well /7/. The energy versus momentum vector E — k dispersion 
curves for the electron in the QW plane were assumed to be defined by parabolic bands 
with bulk material effective mass values. In addition, the magnitudes of the optical 
matrix elements were assumed to be constant for the transitions anywhere in the bands 
(no k or E dependence). Other recent, more basic studies /8-11/ however, have shown 
that with more detailed analysis, the bandstructure and the optical matrix elements of 
the QW can be quite different from the ones calculated with the simple model de­
scribed above. These recent more detailed analyses of the QW are based on techniques 
such as the tight binding method /8/, the pseudopotential method /9/, and the k.p 
perturbation method /10,11/. All of these three techniques show clear effects of the 
band mixing on the QW subband levels and on the matrix elements. The main purpose 
of the present work is to study the gain and other radiative properties of a QW cal­
culated by the k.p method in the envelop function approximation. It should be noted 
that, although the k.p method discussed in this work is used in the envelope function 
approximation /10/, we will refer to it simply as the "k.p method". It should also be 
realized that the conventional technique referred to here contains modifications (for 
matrix elements) which are based on a simplified k.p concept /4/ which takes into ac­
count the orientational properties of the Bloch functions at the zone center k = 0 point 
only. However, the full k.p usage with band mixing in studies for QW laser properties 
had not been considered previously. 

All of the gain related parameters given in the present work are calculated by using 
strict fc-selection rules. There have been a few studies /12,13/ using no ^-selection rules 
in conjunction with the simpler conventional QW model /1-7/ mentioned above. These 
studies /12,13/ aimed mainly at explaining the rounded and symmetric shape of the 
experimental gain /14,15/ and emission /16-18/ spectra observed from the QW lasers. 
These no fc-selection-based studies however, predict gain peaks shifted towards higher 
energy than the QW band-gap. This prediction does not agree with the experimentally 
observed gain peak shifts towards the lower energies in multi-QW lasers /18/. 
Both rounded and red-shifted gain curves on the other hand, can be explained within 
the framework of the ^-selection rules when band-gap renormalization /19/ and spatial 
inhomogeneities /20/ together with intraband relaxation /4,21/ are taken into account. 

In this paper we briefly describe the methods used to obtain the QW bandstructure 
and optical matrix elements. The emphasis is on the new aspects of the results due to 
band mixing obtained by k.p method in the envelope function approximation / l l / . The 
local gain at various excitation densities are then computed by using the results of both 
the k.p method and the conventional method. These are compared with each other. 
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Figure 1 Energy bands in 34 A QW computed by the k.p method with envelope 
function approximation (solid curve), and by the conventional method as­
suming an effective mass electron in a 1-D potential well (dotted curve), a) 
Conduction subbands. b) Valence subbands. In each subband set E is 
measured from the bulk band edge away from the gap. 
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Figure 2 Same as Fig. 1 except that the QW thickness is 192 A. 
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Intraband relaxation, many-body effects, and spatial inhomogeneities are then briefly 
discussed with respect to their role in explaining the main features of the experimental 
observations. 

Energy Bands, Matrix Elements, and Density of States 

The main features of the k.p method as used for bulk semiconductor materials were 
reviewed by Kane /22/. The k.p technique with the envelope function approximation 
/10/ has recently been used for obtaining the eigenstates and energies in both the 
compositional quantum wells / l l / and the space-charge-related potential wells at 
semiconductor heterojunctions /23/. In this method the wave functions of the QW are 
expanded in the wave functions of both constituent materials around the k = 0 point. 
The resulting Hamiltonian for the slowly varying part of the wave function, the en­
velope function, can be described by the corresponding k.p matrix /22/ in each con­
stituent material. For this paper the computations are done with an eight-band model 
/ l l / which includes the electron, the light hole, the heavy hole, and the spin-orbit 
split-off bands and, perturbatively, the coupling to all other bands. This model takes 
into account nonparabolicity effects and valence-band mixing. After solving the 
eigenvalue problem with proper boundary conditions, the confinement energies E, and 
the wave functions for the electrons and holes are obtained. The bulk material pa­
rameters (effective masses, band energies) needed for the computations are obtained 
from the values given in /24/. 

The E — k dispersion curves for both the conduction and the valence subbands of a 
GaAs QW calculated by the k.p technique (solid curves) are given in Figs. 1 and 2 for 
two different QW thicknesses, 34 and 192 A. The barrier material is assumed to be 
Ga^jAljAs with x = 0.25. Although there is considerable uncertainty and debate 
concerning the band discontinuity ratios for this heterojunction /25,26/, we took the 
conventional value of 0.15 for the ratio &E,I&EG. The overall conclusions of this study 
do not depend on this sensitively. The QW layer plane is assumed to be parallel to the 
xy plane, and the z axis (the (001) crystal direction) is then perpendicular to the QW 
layer. The E — k curves are given only for the x axis, (100), directed momentum vector 
k. Then E — k curves are assumed to have rotational symmetry around the z axis. Al­
though we found that this assumption will lead to an overestimation of the gain, the 
inclusion of anisotropies would not change the main conclusions. 
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Squared momentum matrix elements for the transitions between the various 
subbands of the 34 A thick QW. h\ and hi correspond to the heavy hole 
and the light hole subbands, respectively. 
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Figure 4 
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?„ <2n/a) 
Examples of squared momentum matrix elements for two transitions in the 
192 A thick QW. h2 and hi now correspond to the second heavy hole and 
the first light hole subbands, respectively. 
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The dotted E — k dispersion curves given in Figs. 1 and 2 are the ones calculated 
by the conventional model /1-7/. Details of these calculations are summarized in Ap­
pendix A. The material parameters are the same /24/ as described above for the k.p 
method. 

From Figs. 1 and 2 it is seen that the valence subbands calculated by the k.p method 
are totally nonparabolic due to the effects of the band mixing which is taken into ac­
count in this method. Such results for the valence bands have been observed in similar 
structures studied either by the k.p method /10,11/, /23/ or by other detailed band-
structure computation techniques /8,9/. The effects of the nonparabolicity of the bulk 
conduction bands which are taken into account by the k.p method are also evident in 
the QW conduction subband results. For example, the minimum confinement energies 
at kn = 0 found by the k.p method are lower than the ones computed by the conven­
tional methods. There is consequently a large discrepancy in the transition energies 
predicted by the two methods for QW's with smaller thicknesses. This is mainly due 
to the small and strongly energy dependent effective masses of the electrons in the 
conduction bands. 

Figs. 3 and 4 gives the optical matrix elements for the transitions between the dif­
ferent conduction and valence subbands of the QW's described above. The values of 
these optical matrix elements are defined by 

M2 = ( 2a£- J pit)=Mi /*(*) (i) 

where »% is the free-electron mass, P is the momentum matrix element between a j-like 
and ap-like Bloch state /10,11/, and fi(k) is the constant resulting from the coefficients 
of wave functions used in momentum matrix element integrations. The numerical value 
of Ml is taken as 28.2 eV /24/. The solid curves in Figs. 3 and 4 are the ones computed 
with the k.p approach for either the TE (in QW plane) or the TM (z axis direction) 
polarization modes for the transitions between the conduction subband (el) and the 
two valence subbands (h\ and hi for 34 A QW, hi and A3 for 192 A QW). The de­
pendence of fi(k) on k in the results of the k.p calculations is due both to the mixing 
of wave functions /ll/, and to the angular dependence of the projections of the tran­
sition matrix elements on the different axes (TM or TE). The matrix elements for a 
192 A QW are given for only two of the many possible transitions just to demonstrate 
the lifting of the strict selection rules (el to hi is forbidden in the simple model) and 
the large effects of the band mixing in the hi subband. Such effects are not strong in 
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the 34 A QW due to the lower number of subbands and the larger energy separation 
between them. 

The dotted curves in Figs. 3 and 4 give corresponding optical matrix elements cal­
culated for the QW's with assumptions as used in the conventional QW gain models. 
The &n dependence of the matrix elements, or /?(&), is solely due in this case to the an­
gular dependence of their projections on the respective axes as described in Appendix 
A. It should be noted that the matrix elements given in Figs. 3 and 4 are not yet av­
eraged for the angle (/> which the xy plane projection of a general fc-vector may make 
with the x-axis. It is seen from these figures that the matrix element values calculated 
for a QW by the k.p method are quite different from the ones obtained by the con­
ventional methods. 

The density of states functions calculated from the E — k diagrams of Figs. 1 and 2 
are given in Figs. 5 and 6. The values of the density of states (DOS) are defined by 

*****>-(ikhik (2) 

where I* is the QW thickness and the subscript {b) indicates the subband under con­
sideration. 
The continuous and the dotted curves give the density of states calculated by the k.p 

method and the conventional method, respectively. As expected, the bands calculated 
by the conventional method result in a step function density of states. The 
conduction-band density of states generated by the k.p method is also rather close in 
appearance to a step function. However the values of DOS for higher energy con­
duction subbands are predicted to be larger in the k.p method due to nonparabolicity. 
The valence-band density of states computed by the k.p method does not show any 
resemblance to the step-like density of states predicted by the conventional approach. 
In addition, the magnitudes of the density of the states at the valence-band edge are 
about a factor of 3 different for the two methods. Since the QW gain probes the band 
edges, the gain peak is expected to be less in the k.p method than the gain peak pre­
dicted by the simpler conventional model. 

Local Gain 

The results given in Figs. 1-6 are basically sufficient for the gain, emission, and life­
time computations. However, the extent of the original density of states functions 
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Figure 5 Density of states in the well region computed by the k.p method (solid 
curves), and the conventional method (dotted curve) for the 34 A QW. a) 
Conduction bands, b) Valence bands. E is defined the same as in Fig. 1. 
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Figure 6 Same as Fig. 5 except that the QW thickness is 192 A. 
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computed from Figs. 1 and 2 is rather small to determine the quasi-Fermi levels accu­
rately for different carrier densities in the bands. Therefore, we have extended the 
density of states functions into the band in a continuous way by using the bulk values 
of the effective masses. We have also added the effects of the L-band minimum (no 
quantization). The Fermi levels are found for a given charge density, n or p, by as­
suming charge neutrality, n=p , and by integrating the charges within the conduction 
and valence bands numerically. The Fermi levels for the electrons E„ and for the holes 
Ep are defined to be positive towards the bands /l/ with the origin chosen at the 
bulk-band edges. The results show that there are differences of 5 - 10 meV in the val­
ues of both Fermi levels found by the two methods. This is, of course, the result of the 
differing density of states functions predicted by the two methods. Although the net 
total differences are small (<, 10 meV), they result in observable variations in the 
values of the peak gain calculated by using the two methods. 

Local gain for the QW is calculated from the data given in Figs. 1-4 and the Fermi 
levels found from Figs. 5 and 6 for different excited densities n. Since some of the 
subbands are double valued in energy, the gain computations are done in the k space. 
Therefore, the gain is first found for different area increments, 2nküdkn, in the k space 
within the QW plane, and then summed for the transitions having the same energy by 
using 

g(E) = f°V(AWff - E)dE (3) 

where g'(k) is the gain for each fc-space increment which is given in the Appendix B. 
Ö(E —E) is the delta function. g(E) is then the summed gain spectra for each pair of 
electron and hole subbands. The total gain is then found by simply adding such gain 
spectra for each pair of subbands. Fig. 7 shows the QW gain spectra for two thick­
nesses and for the TE optical mode. The excitation densities are chosen to correspond 
roughly to the necessary pumping needed to reach threshold in a normal laser with 
100/cm total losses. It is seen that at such excitation densities, due to the near threshold 
gain values, the percentage difference in the results of the two methods is large 
(roughly a factor of 2). The gain results for the TM optical mode show similar features 
and differences. 

Fig. 8 gives the peak local values as a function of the excitedrcarrier density for the 
TE optical mode at two different QW thicknesses. The results are again compared with 
those of the conventional method. The large differences in the peak gain values found 
by the k.p and the conventional method for the 34 A QW are mainly due to the dif-
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Figure 7 TE gain spectra for the a) 34 A, and b) 192 A thick QW computed by the 
k.p method (solid curves) and the conventional method (dotted curves) for 
excitation conditions close to threshold. 
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Figure 8 Peak TE gain values calculated by the two methods for different excited 

carrier densities in the (a) 34 A, and (b) 192 A thick QW. 
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ferences in the density of states functions computed with each method. For the 192 A 
QW the overall differences in the DOS from the two methods are not as large as for 
the 34 A QW. Therefore, peak values of the gain for 192 A QW do not show large 
differences. Although the optical matrix elements seen in Figs. 3 and 4 calculated by 
the two methods also show differences, these are not expected to be the reason for the 
variations in peak gain values found by each method. This is also understood from the 
fact that a low-excitation densities (^1017/cm3) , the peak absorption values calculated 
by each method show only small percentage differences. 

We have also computed the radiative lifetime of the carriers in the QW for the band 
to band recombination by using the results of the k.p method or the conventional 
method. The results of 34 A QW are given in Fig. 9. The computations were done with 
procedures similar to those described above by using the spontaneous emission rate 
expressions given in Appendix B. It should be emphasized, however, that the results 
in Fig. 9 were obtained by numerical integrations limited to the available ranges of the 
optical matrix elements and E — k dispersion curves discussed earlier. For the lifetime 
computations the matrix elements given in Fig. 3 are averaged for all possible polari-
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20 

Figure 9 Radiative carrier lifetimes for the 34 A QW computed by the k.p method 
(solid line) and the conventional method (dotted line) by taking into ac­
count transitions up to the range of the matrix elements given in Fig. 3. 
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zation directions of the optical field as discussed in /32/. The lifetimes calculated by the 
k.p method are longer than those found by the conventional method. This means that 
the gain-current relationships for the 34 A QW will differ less than the gain-carrier 
density curves shown in Fig. 8. The results of the lifetime data for the 192 A QW are 
similar, except that for this QW thickness, the differences between the results of the 
two methods are less. 

Experimental QW Gain Spectra 

To be able to estimate the importance of the differences mentioned above (see 
Figs. 7 and 8), one should find out how far these one-electron models are from ex­
plaining the experimental results. For this purpose, in this section, we briefly review 
the published experimental work in this field. We find that the main features of the 
experimental QW gain spectra /14-18/ are a shift of the gain peak towards lower en­
ergies and a symmetric gain envelope function. The sharp gain cutoff predicted by ei­
ther of the one-electron models has not been observed in experiments. As we 
mentioned earlier, the no-fc-selection based computations /12.13/ result in rounded 
gain curves. But, the gain peak in this approach shifts towards blue contrary to ex­
perimental observations. In our opinion, the magnitude of this shift is too large to be 
compensated by band-gap narrowing discussed below. The gain envelope could also 
be made somewhat smoother by introducing the intraband relaxation concept /21/, but 
asymmetry and some spectral features still remain /4/. Besides, this concept alone may 
not explain the gain peak shift to lower energies observed for multi-QW lasers /18/. 
In order to explain the spectral shift and the symmetry, the effects due to the high-
excitation /17,19/ and spatial inhomogeneities /20,27/ have to be considered. These 
effects cause different amounts of carrier-induced and electric-field-induced /28/ 
band-gap changes and broadening. 

It would be rather difficult to calculate the broadening effects mentioned above by 
fundamental theories. Instead, one may introduce these effects in the results based on 
the one-electron model in a phenomenological fashion to estimate their influence on 
both to the shape and the magnitude of the gain. To do this one may consider an in-
homogeneous QW laser, and add the contributions from each segment of such a laser 
with proper weights and sum them with proper band-gap energies /17,19,28/. The gain 
spectra then take on a much more symmetric appearance with reduced peak gain. 
Following these type of exercises with realistic assumptions we have found that the 
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reductions in the peak gain value due to broadening caused by inhomogeneities and 
many-body effects are about a factor of two /29/ near the threshold-excitation range 
mentioned before. This is comparable with the peak gain value differences observed 
between the results of computations done either by the k.p method or by the conven­
tional method (see Figs. 7 and 8) for the 34 A QW. Therefore, the methods in which 
the gain is studied by ignoring the differences due either to band mixing (the k.p 
method) or to the high excitation and inhomogeneities overestimate the gain of thin 
QW's by about the same amount as compared to the results of the conventional 
method. 

Conclusion 

The bandstructure and the optical matrix elements of a QW have been studied by 
the k.p perturbation method within the envelope function approximation. The k.p 
method gives differences in the band structure (especially for the valence subbands) 
and in the matrix elements for large k values, and also for 'forbidden' transitions when 
compared with the results of the conventional approaches which have been used to 
model QW gain previously. These conventional approaches assume an effective mass 
electron in a finite potential well with parabolic electron E — k dispersion curves and 
with constant matrix element amplitudes. 

The shape of the density of states function calculated by the k.p method differs from 
the simple step function shape which has been assumed previously. This gives different 
quasi-Fermi levels for holes as computed with the two methods. These differences in 
turn result in about a factor of 2 reduction in the peak gain values (near the threshold 
excitation density) calculated by the k.p method as compared with the conventional 
method. However, in the case of gain-current relations, this difference is partially 
compensated by the fact that the lifetimes computed by the k.p method are longer than 
found with the conventional method. The spectral shape of the gain found by these 
two methods shows observable differences. The main discrepancies in the spectra are 
in the confinement energies for the conduction subbands lying at higher energies in the 
well. 

It has been discussed that the main experimental features of the gain in the QW, 
namely the smooth symmetric gain spectra which are shifted to lower energies, can be 
reproduced by the results of either of the methods by adding band-gap renormalization 
and spatial inhomogeneities together with intraband relaxation. When such additions 
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are made, the peak gain values of the smoothed symmetric spectra are also reduced 
by roughly the same amount as the peak gain value differences between the results of 
the k.p and the conventional methods themselves. 

The main differences between the two methods discussed here can in principle be 
compensated by 1) changing the effective valence-band density of states (or its shape) 
and 2) introducing energy-dependent effective masses /33/ in computations done by the 
conventional approaches. These two modifications would make the results of the con­
ventional method more accurate while keeping the desirable feature of this method, 
namely its simplicity. A different type, but equally important, modification to either 
method would relate to the combined effects of inhomogeneities, high excitation, and 
electric fields near the junction. These latter types of effects introduce broadening in 
transitions in accord with the experimental shapes of gain spectra. 

Appendix A 

Conventional Model for the QW 

In this appendix we review the assumptions and the relationships used in previous 
studies to model QW lasers. The information given below represents an up-to-date 
version of the published approaches with the exception of a very recent correction used 
in /33/ for the energy-dependent effective masses. The confinement energy levels E„ of 
the QW are calculated assuming an effective mass electron (hole) in a 1-D potential 
well of barrier height V which equals the band discontinuity. The resultant relation­
ships are /4, (A3)/ 

{ tan 1 / T n M V ^ 2 \ fforevenw 

U^2m^ ) \ 
- cot J V / [for odd n 

where mi and ml are the effective masses of the electrons (holes) at the band edges in 
the quantum well and barrier, respectively. The E — k dispersion curves for the con­
fined electron (hole) within the QW plane are assumed to be parabolic, with a 
parabolicity defined by the band-edge effective mass of the electron (hole). These as­
sumptions result in the dotted curves shown in Figs. 1 and 2. 

Within the conventional QW model, it is also assumed that the Bloch part of the 
electron (hole) wave function is given everywhere in the confinement subband by the 
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bulk Bloch function at the k = 0 point. Then the polarization properties of a transition 
between the bands for a given fc-vector can be deduced by using the momentum matrix 
elements between the various k = 0 point Bloch functions /22.10/ of the semiconductor. 
From such information one can obtain the projections of these matrix elements on 
different axes by knowing the angle between the k -vector and the axis. As mentioned 
in the text, if the momentum matrix element is defined as M1 = Ml /?(£) then the fac­
tors P(k) for each transition can be defined by their x axis (TE) and z axis (TM) 
projections. Assuming k, = 0 (no 0-angle averaging), the values of P(k) for the TE and 
TM modes are given by 

f (1/2)(1 + cos20) ïoxc-hh 
TE, x — component < 

) (1/6)(1 + cos20) + (2/3) sin20 for c-lh 

( (l/2)sin20 fotc-hh 
TM, z - component < 

) (1/6) sin20 + (2/3) cos20 for c - Ih 

where angle 0 is between the z-axis (perpendicular to QW plane) and the 
k = kjc + fty-vector of the states. This angle can be approximated by the relationship 
cos20 s Ec„lec„ /4/ where EC„ is the confinement energy of a subband at k = 0, and ec„ 
is the energy of the state given by ec„ = Ec„ + ft2^/2w* . This approximation assumes 
the equality of virtual fc-values for the confinement functions of the electrons and holes 
in the potential well. This assumption is a good one for low lying levels of the well. 
Although the notation is different, the set given above is in agreement with the set 
given in /30/. The set of the assumptions and the expressions given above basically 
constitute the "conventional" model which has been widely used to obtain the gain and 
luminescence properties of QW lasers. 

Appendix B 

Gain and Spontaneous Emission Expressions in QW 

Derivation of the gain expressions in the k space follows from the treatment given by 
Yariv /31/ by simply adding the 2-D nature of the confined-carrier properties. The 
squared optical transition probability is defined by 
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\ 2 J\ 2mo(hw)2 J 

where EQ is the magnitude of the optical electric field vector, e and m,, are the electron 
charge and mass, respectively, (hw) is the transition energy, and Ml and fl(k) are de­
fined in /l/. The absorption (gain) is then given by 

/ 4 ( M _ \ dkn 

\ eon&LJi ) *ET 

where e0 is the free-space dielectric permittivity, c is the speed of light in vacuum, n is 
the effective refractive index of the material. f„ and fp are the values of the Fermi 
functions at the quasi-Fermi energies for the carriers. dET represents the differentiation 
with respect to the total energy interval for both electron and hole subbands. As­
suming (hw) = (EG + A£) where Ea is the semiconductor band-gap energy, the gain 
g'(k) expression becomes 

AE is the excess transition energy above the band gap as used in the figures. As men­
tioned earlier, the gain is first found for each small area increment, 2nkudktl, in the 
two-dimensional k space (in QW plane). The gain as a function of energy is then found 
by summing over the transitions having the same energy by using /3/. Although this 
approach is different from that used in the previous gain studies /1-5/, it simplifies the 
computations for the cases where the energy bands are double valued like the ones 
found by the k.p method. The spontaneous emission is also computed in the k space 
and given by 

where the factor of three in the denominator comes from averaging the matrix elements 
for all polarization directions of the spontaneous emission /32/. The spontaneous 
emission spectra in energy space for each subband pair and also the summed spectra 
for all pairs are found similarly as described in the text for gain (see 3). The radiative 
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lifetime is then given by the carrier density divided by the total (integrated in energy) 
spontaneous emission rate. 
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Chapter 4 

The Art of Semiconductor Laser Modeling 

Efficient and powerful semiconductor lasers form an essential component of ad­
vanced information and communication systems. The best lasers today require less 
than 1 mA to start lasing, they produce up to 100 mW light output and they have 
overall efficiencies up to 40% / l / . Future designs should result in even better operating 
characteristics and longer lifetimes. Since the manufacturing of a single semiconductor 
laser takes at least several weeks and is expensive, modeling can be an important design 
tool. 

On the simplest level a semiconductor laser may be viewed as a pin junction, con­
sisting of a p-doped, an intrinsic and a «-doped region. Driven in forward bias, 
conduction-band electrons and valence-band holes, the so-called carriers, are injected 
into the intrinsic part of the structure from the «-doped and the />-doped region, re­
spectively. In this so-called active region the injected electrons and holes recombine 
under the emission of light. Laser action occurs when the active region is embedded 
in an optical cavity and the junction is driven at sufficiently high currents /1-2/. 

The basic design of the laser, in combination with the desired application, imposes 
several constraints upon the possible choices for the semiconductors constituting the 
laser. Efficient injection of electrons and holes into the active region only occurs if the 
bandgap of the doped semiconductors is larger than that of the intrinsic semiconduc­
tor. Efficient recombination can only be obtained if at least part of the active region 
consists of direct semiconductor material. The refractive index of the semiconductor 
imbedding the active region has to be larger that of the active region in order to con­
fine the light to that region. These and other demands can be fulfilled simultaneously 
by semiconductor combinations such as e.g. GaAs/AlGaAs and InGaAsP/InP, where 
GaAs and InGaAsP are the smaller bandgap semiconductors of each combination with 
wavelengths corresponding to the near-infrared (600-800 nm) and the infrared 
(1.3-1.5 /an), respectively. GaAs/AlGaAs lasers prove to be a good choice for infor­
mation systems. 

The GaAs/AlGaAs quantum-well laser has prospects for low-threshold and high-
power applications /3/ . In such a laser the quantum well and its undoped surroundings 
constitute the active region. The quantum well can be made to act as an efficient trap 
for the injected electrons and holes, causing the recombination to take place mainly in 
the quantum well. The frequency of the emitted light is determined by the properties 
of the quantum well, i.e. the width of the quantum well, the well composition and the 
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barrier composition. The well-width dependence of the laser frequency makes it pos­
sible to use GaAs as well material and still obtain light frequencies corresponding to 
AlGaAs emission. This is advantageous from the point of view of manufacturing the 
laser since it is much easier to grow high-quality GaAs than high-quality AlGaAs. 

The confinement of the light within the active region and the current flow through 
the pin junction are two aspects of a semiconductor laser which can be accurately de­
scribed from concepts of classical physics / l / . The third aspect, the recombination of 
electrons and holes in the active region, must be accounted for on the level of quantum 
mechanics. This cannot be done completely on the same elemental level. The art of 
laser modeling lies in recognizing the principal physical processes involved and imple­
menting sensible approximate descriptions for them into the laser model. 

In this chapter a model describing the recombination of electrons and holes in a 
single or multiple GaAs/AlGaAs quantum-well laser is presented; a multiple 
quantum-well laser contains a number of uncoupled identical quantum wells. Funda­
mental to it, is a quantum mechanical description of T-point eigenstates and energy 
levels of the quantum well, in which conduction-band non-parabolicity and valence-
band mixing are incorporated. Effects associated with the influence of the X and L 
minima on the quasi-Fermi level of the electrons, the influence of the barrier on the 
quasi-Fermi levels of the electrons and holes, well-width fluctuations and current 
spreading are included in an approximate manner. Effects associated with carrier-
carrier, carrier-phonon and T —L scattering and bandgap renormalization are treated 
phenomenologically. Gain and spontaneous emission spectra are calculated with this 
model at several levels of sophistication. 

Basic Model 

The absorption and emission spectra of a quantum well can be calculated from the 
knowledge of the electron-confinement energies Et(kn), t n e hole-confinement energies 
Ej(kn) and the optical matrix elements Qi/(kn) connecting them; kn is the two-dimensional 
wavenumber associated with the translational invariance in the plane of the quantum 
well. The squared optical matrix element of a transition between an electron-
confinement state i^tt|| and a hole-confinement state ^y4 for light of polarization e is 
defined as 

&/(*n)= <**,,!«•-7-V|^> (1) 
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We describe the electron (i/rtt|i) and hole (^Jt||) confinement states of the quantum 
well by an advanced eight-band k.p theory /4/. It produces all required quantities i.e. 
the electron-confinement energies E,(kn), the hole-confinement energies Ej(kn) and the 
optical matrix elements Qyffa). The essentials of this k.p theory are briefly summarized 
in the following. Each material constituting the quantum well is described by eight 
T-point basis states. The electron (EL), light-hole (LH), heavy-hole (HH) and spin-
orbit split-off (SO) bands are treated exactly and all other bands perturbatively. Apart 
from the gap and the spin-orbit splitting, the model contains 6 parameters for each 
material. They may be taken to be the EL, LH, HH and SO effective mass mBL , 
WLH> WHH and AWgo at the center T of the Brillouin zone along [001], the HH effective 
mass W'HH at T along [ i l l ] and a parameter B which describes the inversion asym­
metry of each material; B is set equal to zero. 

The recombination process is assumed to be quasi-static i.e. the dynamics of the 
electron and hole-injection process are disregarded. This is warranted since the in­
jected electrons and holes equilibrate with each other and the lattice on a 
(sub)picosecond OS10-12 s) /5/ time scale. The recombination of electrons and holes 
takes place on a nanosecond (10-9 s) time scale /6,7/. The resulting equilibrium dis­
tributions of the injected conduction-band electrons and valence-band holes over the 
available energy levels can be described by the Fermi-Dirac distribution function for 
the electrons ƒ„(*„) = l/{ e x p ^ * , , ) - En)fkBT) +1} and the holes fJp(kn) = 
l/{ exp((2^(*n) - Ep)lkBT) +1} , respectively, with corresponding electron (E„) and hole 
(Ep) quasi-Fermi energies. kB is Boltzman's constant and T is the temperature of the 
lattice. Charge neutrality, i.e. the injected electron density n is equal to the injected 
hole density p, determines the quasi-Fermi levels E„ and Ep via the implicit relations 

n=^V^Mk"] (2a) 

and 

Here w is the quantum-well width and the prefactor 2 accounts for the spindegeneracy. 
The summations run over all electron (i) and hole (ƒ) bands and the integrals are over 
the 2-dimensional Brillouin zone. 
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Momentum and energy conservation must be fulfilled in light absorption and 
emission. Momentum conservation results in ^-conservation since the wavenumber 
of the photons ( ~ 10-3 A-1) is small compared with the wavenumber of the electrons 
and holes (~0.lA_ l) . Energy conservation is expressed by the relation 
£j,(*n) — hco = 0 , where E0{kH) is the energy difference £;(*||) - Ej(kn). 

The gain g(a>) for light of frequency co is given by 

*(<*>) = I r E -W \ 7TT 2(/(*II) M i ) -4(*n)] *< W - M > (3> 

where the constant g0 equals 47t2e2/(/j/n2c) in cgs units and n is the effective refractive 
index of the quantum well. The S function takes care of the energy conservation. 

Similarly, the spontaneous emission rate per unit energy r(co) can be obtained from 

r(co) = g0r0 co £ -jL [ !L Q^) ƒ„(*„) [ l -Jjp(k^ S(E^ - hco), (4) 
ij J (2jt) 

where r0 equals 2n2l(nhc2). 
The nominal current density jnom is defined as the current density required to main­

tain the actual spontaneous emission rate. It is evaluated from jnom = ew fr„(co)dhco, 
where rm(co) stands for the average of r(co) with respect to light polarization. The in­
tegration over the light frequency can be performed analytically resulting in 

Jnom = 2e* g0r0 ffl Y f y W 0^*1|)/*.<*||) C * -fj,WÜ > <5> 
y J ( 2 7 t ) 

where Ö7(*n) is the average of Qj(kn) with respect to the light polarization. 
Note that the expressions (2)-(5) contain no integrations with respect to energy over 

the usually strongly peaked densities of states functions. Instead, all integrations are 
with respect to kn and involve smooth and well-behaved integrands (the integrations 
over the 5 functions are of course trivial). 

Modeling 

In this section other physical aspects of the quantum well are incorporated into the 
basic model. Many can be approximated by a phenomenological description. 
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The energies of the confinement states are calculated from a k.p -theory which is 
based on T-point states. Energy bands corresponding to non-confined T-point derived 
well quantum-well states, resonant or non-resonant in the quantum well, are not cal­
culated. The X and L-point-related quantum-well states in the well and the barrier, 
confined or non-confined, are disregarded altogether. This leads to an overestimation 
of the conduction-band quasi-Fermi energy and an underestimation of the valence-
band quasi-Fermi energy at high injection levels. We include several omitted 
quantum-well states in an approximate way. The effect of the confining potential on 
these states is disregarded. In this spirit, the non-confined non-resonant 
r-point-derived quantum-well states are then bulk barrier states and the X and L-de-
rived, confined and non-confined, quantum-well states are bulk well and barrier states. 
Non-confined resonant r-point-derived quantum-well states are not included in these 
approximations. The effect of the extra states on the quasi-Fermi levels is approxi­
mated by adding the expressions 

y J (2rc)3 Nw v J (2«) 

and 

b — w zy.f-^-j&w (6b) Nw V J (27t)3 

to the right-hand sides of Eqs. 2a and 2b, respectively. The summation over / runs 
over {X,L} for the well contribution and over {T,X,L} for the barrier contribution, the 
summation over m runs over {HH,LH,SO} and the integration is over the- three-
dimensional Brillouin zone. The prefactor {b — w)INw measures the relative volume 
of the barrier compared with that of the well; b is the total width of the active region 
(~ 1000-2000 A) and N is the number of quantum wells in the active region. The 
Fermi-Dirac distribution functions J^(k) , fl„{k) and Jf„(k) equal 
l/{ e x p P T W - En)\kBT) +1} , l/{exp((jgU(*)-^)/*,7)+l} and 
l/{ exp((£*(ft) - Ep)lkBT) +1} , respectively. The bulk conduction bands of the well 
Efik) and the barrier Ef{k) and the bulk valence bands of the barrier £„(*) are suitably 
approximated. Recombination in the well and barriers, associated with the population 
of the states added, will be ignored. 

An electron and a hole scatter «10-9/10~12 = 1000 times before recombination. The 
effects of scattering on the transitions can be incorporated phenomenologically by re-
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taxing the condition of energy conservation or the condition of momentum conserva­
tion or both. We retain the momentum conservation and relax the energy conservation 
constraint. This is accomplished by the replacing the £(e)-function (« = Ey(kn) — hco) in 
the expressions for the gain spectrum (Eq. 3) and the spontaneous emission (Eq. 4) 
spectrum by a Lorentzian L\(e) = -£- (1 + (er/ft)2)-' of equal integral strength /8-9/. 
Other approaches can be found elsewhere /10-16/. The effective carrier-carrier scat­
tering time T will be «10-12 — 10~13 sec. Generally, T will depend both on the carrier 
density n and on the photon energy E = ha> /10-16/. However, the carrier density and 
energy dependence of x are subject to debate /10-16/. For simplicity, we take T to be 
constant. The expression for the nominal current density jnom (Eq. 5) remains un­
changed for constant x since <5(e) and L,(e) have equal integral strength. 

The attractive Coulomb interaction between electrons and holes leads, at high car­
rier injection levels corresponding to n =p > 1015 cm-3 , to a narrowing of the 
bandgap. This effect is often referred to as bandgap renormalization. It can be ac­
counted for by adding an energy AEg(ri) to all electron confinement energies. Bandgap 
renormalization is well understood in 3 dimensions. However, in 2 dimensions there 
is a controversy about both its magnitude and its functional dependence on the carrier 
density n exists /16-20/. We use the following approximation 

A£g(n) = - a « 1 / 3 , (7) 

where the positive constant a equals 1.10-8 eVcm /16/. 
Large-scale (> 100 A in lateral size) monolayer steps are always present in actually 

grown GaAs/AlGaAs quantum-well lasers. The effect of these well-width 
"fluctuations" on calculated spectra can be calculated by appropriate averaging of Eqs. 
2-5 over discrete well widths w„. This leads e.g. to the following relation for the 
electron quasi-Fermi level 

» = X ! / « «■».. (g) 
a 

where f, is the fraction of quantum wells f££ = 1) with well width w„ = w + ab ; w is 
a 

the average well width, b the monolayer thickness and a = 0, ± 1 , ±2, etc. . The 
electron {«„J (or hole {pwJ) densities are calculated from Eqs. 2a and 2b (with or 
without the inclusion of Eqs. 6a and b) for the corresponding well widths {wj. It is 
important to note that (i) the same quasi-Fermi levels E„ and Ep are used for every well 
width and (ii) that the charge neutrality condition n = p is only fulfilled for the system 
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as a whole and not for each individual well («^ ¥= pw) (although only minor deviations 
occur). 

The current and thereby the injected carrier densities are not evenly distributed over 
the plane of the well. This current spreading is mainly due to the potential distribution 
in the laser structure. Its effect will be modeled by averaging the gain and the spon­
taneous emission spectra over an appropriately chosen normalized distribution c(«) of 
electron densities (fc(n) dn = 1). This results in, for example, the following expression 
for the average gain g(a>): 

g(co) = | c(n) g„(co) dn , (9) 

where g„(co) is the gain as calculated from Eq. 3 for carrier density n. Since the 
quasi-Fermi levels E„ and Ep depend on the carrier density n, different quasi-Fermi 
levels exist along the well. 

Results 

The model is applied to a single GaAs/AlojsGao.esAs quantum well of 62.2 A. The 
parameters used in the k.p calculation of the electron and hole-confinement energies 
are chosen to accurately reproduce the bulk bandstructures of GaAs and 
Al0.35Ga065As and are listed in Table I. The ratio of conduction to valence-band dis­
continuity is taken to be 67/33. Figures containing the conduction-band and valence-
band confinement energies and the optical matrix elements between them as a function 
of A,, can be found elsewhere /21/. In all calculations of quasi-Fermi levels, gain 
spectra, spontaneous emission spectra and nominal current densities, the anisotropy 
of the integrands with respect to kn is ignored and the integrations are cut off at 
kK = 0.1 -£-; a is the lattice constant. 

Figure 1 shows the calculated conduction-band and valence-band quasi-Fermi levels 
as a function of the injected carrier density. The dashed line represents the results of 
a calculation using the r-point-derived confinement states (notation r^) . The inclu­
sion of bulk like X and L-point-derived states in the well (dotted line) lowers the 
conduction-band quasi-Fermi level. It is lowered even further by the inclusion of the 
bulk-like r-point-derived non-confined states and the X and L-point-derived states of 
the barrier (upper solid line). The valence-band quasi-Fermi level is accordingly in­
creased by inclusion of the bulk like r-point-derived non-confined states of the barrier 
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Table I All effective masses refer to the T center of the Brillouin zone. The un-
primed ones are taken along [001], the primed one along [111]; m,. is the 
electron mass. 

GaAs 

E, (eV) 

1.430 
1.898 

A(eV) 

.343 

.321 

"W^ 
.0667 
.0931 

"*KHM 

.3800 

.4095 

WLH/W. 

.0870 

.1232 

»%oM 
.1735 
.2199 

' " 'HHM 

.9524 
1.0131 

(lower solid line). Each extra band / around k, is approximated by parabolic dispersion 
relation of the form E^k) = E, + h2\k - k,\2l2m,. The values of E, and m, are given in 
Table II. Since the density of states of the confinement conduction bands 
(oc mEL=;0.067 n%) is much smaller than that of the confinement heavy-hole valence 
bands (oc »IHH—0.38-0.95 n%) , the X and L-point-derived conduction-band states be­
come populated at a lower electron density than the non-confined T-point-derived 

riW wW , W 

Tw.xwj.w+r".xBj.B - o.i £ 
0.0 £ 

Carrier density (cm"3) 
Figure 1 Calculated quasi-Fermi levels at T = 300 K as a function of the injected 

carrier density for a 62.2 A GaAs/Al0 jjGa,, 65As quantum well with a barrier 
width b of 2000 A. The following bands are included for the three cases: 
T confinement states (dashed, r") , + X and L-point-derived states of the 
well (dotted, Tw, Xw, L"), + non-confined T-point-derived states and X 
and L-point-derived states of the barrier (drawn, r"', Xw, Lw + f , X", L*). 
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Table II All energies are relative to the top of the valence band of the corresponding 
material. 

*,: 
E, (eV) 

GaAs 

X 

1.900 
0.850 

L 

1.708 
0.550 

Alo.3jCiao.65A! 

r 
1.898 
0.0931 

X 

1.961 
0.826 

> 

L 

1.933 
0.592 

valence-band states. For example, at a carrier density of n = 2.10" cm-3, 45 % of the 
electrons occupy X and L and non-confined r-point-derived conduction-band states 
and only 12 % of the holes occupy non-confined r-point-derived valence-band states. 
The effect of the extra states is therefore most pronounced for the conduction-band 
quasi-Fermi level. In the following the effect of the X and L-point-derived states and 
the non-confined r-point-derived states of the barrier on the quasi-Fermi levels is ig­
nored. 

200 
fiu-En (meV) 

'9 
Figure 2 Calculated gain spectra for light polarization in the plane of the quantum 

well (ê\\xy) in a 62.2 A GaAs/AlojsGao^As quantum well. A value of 00 
for the parameter T corresponds to strict energy conservation. 
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In Figures 2 and 3, gain and spontaneous emission spectra are depicted. The dotted 
line represents a calculation that takes into account energy conservation, and the 
drawn line represents a calculation that includes Lorentzian broadening. The value 
of 0.1 ps (= 6.6 meV) for the parameter x was deduced from the observed broadening 
of the low energy side of measured spontaneous emission spectra /22/. The value is in 
agreement with the values for the measured time scales of various scattering mech­
anisms such as e.g. electron-electron scattering, electron-phonon scattering and 
r — X scattering /23/. The most pronounced effect of broadening is the reduction of 
the maximum gain from 2950 cm - ' (T = OO) to 1600 cm-1. From here on all spectra are 
calculated using a Lorentzian broadening with T = 0.1 ps. 

Figures 4 and 5 display calculated gain and spontaneous emission spectra taking 
well-width fluctuations into account. The calculation is done for a structure with 
weights f0 = 0.6 , ƒ = 0.2 and ƒ_, = 0.2, i.e. 60% has the average well width, 20% is 
one monolayer (2.827 A) thicker and 2Q% is one monolayer thinner. The solid line 
represents a calculation with the average well width, ignoring the well-width fluctu­
ations. The dashed line in each Figure (hardly discernable from the solid line) re-

5-i 1 
~ 300 K 
> 4- { n=5.1018 cm*3 

"6 l\ *II*K 
O f. i \ 

« J - | 1 1 I 
0 100 200 300 

fiu-Eg (meV) 
Figure 3 Calculated spontaneous emission spectra for light polarization in the plane 

of the quantum well (ê||xy) in a 62.2 A GaAs/Al,, 35Gao.65As quantum well. 
A value of oo for the parameter T corresponds to strict energy conservation. 
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presents a calculation which includes the effects of well-width fluctuations. It consist 
of the weighted sum of the spectra for the respective well widths as represented by the 
dotted lines (note that the multiplication with the weight factors fk has already been 
performed). Figures 4 and 5 clearly show that the effects of well-width fluctuations 
are extremely small and are masked by the 1/T broadening effects of scattering. 

Figures 6 and 7 show calculated gain and spontaneous emission spectra in which 
current spreading is taken into account. The injected electron densities were taken to 
be n = 5.1018cm-3 for 60% of the quantum well and n_ = 4.1018 cm-3 and 
n+ = 6.1018 cm-3 for the two remaining 20% fractions of the quantum well, respectively 
(c(w) = 0.6 and c(«_) = c(«+) = 0.2 in Eq. 9). The corresponding nominal current den­
sities are calculated to be 217, 316 and 426 A cm-2 for injected electron densities of 
n = 4.1018 , 5.1018 and 6.1018 cm-3 , respectively. The dashed lines in Figures 6 and 7 
represent the averaged spectra and are calculated from the weighted sum of the spectra 

3 
o 

a. 

300 K ,„ , 
n-5.1018 cm"3 

100 
ho-Eg (meV) 

200 

Figure 4 Well width fluctuation effect on calculated gain spectra as illustrated for 
light polarization in the plane of the quantum well (e\\xy) in 62.2 A ±1 
monolayer ( = +2.827 A) GaAs/AlojjGao^As quantum wells (g0 and g±l , 
respectively). The gain spectra are multiplied with the weight factors 0.6, 
0.2 and 0.2. The total gain g,„, is the sum of the three dotted curves and 
describes the effect of well width fluctuation of 1 monolayer with given 
weight factors. The solid line represents the gain at the average width. 
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for the respective electron densities (dotted lines). The drawn lines represent a calcu­
lation for the average injected carrier density. The effect of current spreading on cal­
culated spectra is , as that of well-width fluctuations, very small and is negligible as 
compared to the effect of scattering. 

Figure 8 displays the calculated maximum gain as a function of the nominal cur­
rent density for several values of the scattering time T. The effect of well-width fluc­
tuations and current spreading on the maximum gain and nominal current density is 
small and was therefore not included in the calculations. As is obvious from 
Figure 8 the maximum gain depends strongly on the value of x. 

In Figure 9 both measured (circles) and calculated (drawn line) results for the 
maximum gain and the nominal current density are presented /22/. The experiment 
was performed on a 20 A single quantum well in a GRINSCH laser structure. The 

v - | | 1 1 
0 100 200 300 

fiu-Eg (meV) 
Figure 5 Well width fluctuation effect on calculated spontaneous emission spectra 

as illustrated for light polarization in the plane of the quantum well (ê||xy) 
in 62.2 A ±1 monolayer ( = ±2.827 A) GaAs/Al^Gao^As quantum wells 
(r0 and r±1 , respectively). The spontaneous emission spectra are multiplied 
with the weight factors 0.6, 0.2 and 0.2. The total spontaneous emission 
ru, is the sum of the three dotted curves and describes the effect of well 
width fluctuation of 1 monolayer with given weight factors. The solid line 
represents the spontaneous emission at the average width. 
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calculations were done for a 20 A GaAs/Al0.30Ga0 70As quantum well with the param­
eter T set equal to 0.1 ps; all other parameters used in the calculation can be found in 
Table III. During the measurements the temperature was kept at 153 K in order to 
avoid a substantial population of the barriers. For the highest injected electron den­
sities (J„om ~ 900 A cm-2 corresponding to n ~ 1.8 1019 cm-3 ) the calculation suggests 
that at most 10-20% of the injected electrons and holes populate the barriers. The 
excellent agreement between the calculated and measured results may be somewhat 
fortuitous in view of the uncertainties in the experimental determination of the current 
density. 

200 
fiu-Eg (meV) 

Figure 6 Current spreading effect on calculated gain spectra as illustrated for light 
polarization in the plane of the quantum well (ê\\xy) in 62.2 A GaAs/ 
Al035Gao65As quantum well for three injected carrier densities ( 
« = 5.1018 cm-3, «_ = 4.10" cm~3 and n+ = 6.1018 cnr 3 ) and multiplied with 
the weight factors 0.6, 0.2 and 0.2. The total gain gm is the sum of the three 
dotted curves and describes the effect of current spreading by the intro­
duction of carrier density fluctuations of 1.10'8 cm-3 with the given weight 
factors. The solid line represents the gain at the average carrier density 
n = 5.10" cm-3. 
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Discussion 

In Figure 1 the effect of population of non-r-derived confinement states on the 
quasi-Fermi levels is presented. It was shown that for injected carrier densities 
n > 1.10" cm-3 a substantial population of X and L-point-derived states of the well 
and non-confined r-point-derived and X and L-point derived states of the barrier re­
sults. The resulting reduction in the electron and the hole quasi-Fermi level separation 
is completely disregarded in most other work /8,12,9,15/. Still, for these high electron 
densities the present analysis is far from complete since the population of these states 
would result in e.g. radiative recombination in the barriers. This effect is not incorpo­
rated in the model. Moreover, non-radiative processes are disregarded altogether. 

4 - r 1 

fiu-Eg (meV) 
Figure 7 Current spreading effect on calculated spontaneous emission spectra as il­

lustrated for light polarization in the plane of the quantum well (ê\\xy) in 
62.2 A GaAs/AlojjGao^As quantum well for three injected carrier densities 
(n = 5.10" cnr3, «_ = 4.1018 cm-3 and n+ = 6.10" cm-3 ) and multiplied with 
the weight factors 0.6, 0.2 and 0.2. The total spontaneous emission r,„ is 
the sum of the three dotted curves and describes the effect of current 
spreading by the introduction of carrier density fluctuations of 1.10" cnr3 

with the given weight factors. The solid line represents the spontaneous 
emission at the average carrier density n = 5.10" cm-3 . 
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The relative importance of several broadening mechanisms can be obtained from 
Figures 2-8. It is clear that for the chosen value 0.1 ps of the parameter x, the 
broadening caused by carrier-carrier scattering masks the broadening caused by well-
width fluctuations and current spreading. The reason for this is that these broadening 
effects are to a reasonable approximation linear in the well-width difference and the 
current spreading, respectively. Moreover, the energy associated with scattering 
(0.1 ps~6.6 meV) is in the same energy range as the differences in confinement ener­
gies (~5 meV) for monolayer well-width fluctuations and the difference of the quasi-
Fermi level separation (~21 meV) caused by spreading in injected electron densities. 

An interesting improvement of the model as compared to other work is the for­
mulation of all important quantities in terms of integrals over the parallel wavenumber 
ft,i, thus circumventing the necessity to evaluate integrals involving density of states 
functions. This has practical implications as mentioned before, but more important, 
it has implications for the description of a quantum well if more than one confinement 
valence or conduction band is incorporated. A single integration with respect to en­
ergy over a density of states function implies the use of only one electron Fermi-Dirac 

Figure 8 Calculated maximum gain for light polarization in the plane of the quantum 
well (é||jcy) as a function of the current density in 62.2 A GaAs/ 
A ^ G a ^ A s quantum well for several values of the parameter T. 
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Table III All effective masses refer to the T center of the Brillouin zone. The unprimed 
ones are taken along [001], the primed one along [111]; n% is the electron 
mass. 

GaAs 

Et (eV) 

1.484 
1.857 

A(eV) 

.343 

.323 

»»E1M 
.0665 
.0891 

"JHHM 

.3400 

.4150 

mxMJm, 

.0940 

.1194 

ntsolm, 

.1794 

.2161 

"»'HHM 

.7000 
0.7769 

function and one hole Fermi-Dirac function; such an approach cannot thus describe 
more than two confinement bands. As is clear from Eqs. 2 and 3 each band must have 
a separate Fermi function. 

Finally, it should be noted that the present model contains inconsistencies if ap­
plied to a single quantum well i.e. to a separate entity without the surrounding laser 
structure. For example, well-width fluctuations result in small differences in the in­
jected electron and hole densities for each well width, given a single electron and hole 
quasi-Fermi level in the calculation. As a result the current through these wells is cal-

1000 

WAfcm > 
Figure 9 Calculated (drawn line) and measured (circles) maximum gain for light po­

larization in the plane of the quantum well (ê\\xy) as a function of the cur­
rent density in 20 A GaAs/Al„ ̂ Ga^jAs quantum well. 
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culated to be different. Well-width fluctuations thus result in (small) current spreading. 
Another example is current spreading which by itself leads to large differences in 
quasi-Fermi level separation. This would result in electric currents along the well. 
However, in the actual laser structure, electric fields sustain the differences in the 
quasi-Fermi level separation. They are the basic reason for the current spreading. It 
is clear from these examples that for a really consistent description of a quantum-well 
laser the surrounding laser structure with its accompanying electric fields should also 
be considered in the modeling. 

The model presented for a quantum-well laser is very advanced when compared to 
other ones. It fully accounts for the effects of valence-band mixing and conduction-
band non-parabolicity in a consistent manner. Other models employ parabolic bands 
and disregard valence-band mixing altogether. The kn dependence of the optical matrix 
elements is either completely neglected /2.12-16/ or treated in a very approximate 
manner /8/. Most other work focuses on the effects of broadening caused by carrier-
carrier scattering /2-15/. In this model also the effects of X and L-derived states and 
non-confined T-derived quantum-well states of the barrier on the quasi-Fermi levels 
and the effects of well-width fluctuations and current spreading on gain and sponta­
neous emission spectra has been considered. Blood et al. /16/ have shown that proba­
bly all these effects have to be included in the model simultaneously if an accurate 
description of a quantum-well laser is sought. 

In conclusion, it has been shown that for injected electron densities greater than 
1.10" cm-3 X and L well and T, X and L barrier states become substantially populated 
and must be considered in the description of a quantum-well laser. Furthermore, the 
broadening effect caused by scattering dominates over all other broadening effects. 
An accurate and more fundamental description of the effects of scattering processes 
on recombination is called for. 
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Chapter 5 

The effect of bulk inversion asymmetry on 
[001], [110] and [ i l l ] GaAs/AlAs quantum wells 

The spinsplitting of the conduction band due to the inversion asym­
metry of the microscopic crystal potential is predicted to depend line­
arly on the components of the parallel wavenumber ku for small kn in 
undoped GaAs/AlAs quantum wells. The linear dependence is due to 
the quantization of the confinement levels; the bulk spinsplitting de­
pends cubically on k. We have calculated the splitting both numer­
ically and analytically for GaAs/AlAs quantum wells grown along the 
[001], [110] and [ i l l ] direction. In the linear regime the average 
spinsplitting is shown to be about a factor of two smaller for [110] 
quantum wells than for [001] and [ i l l ] grown quantum wells. The 
splitting is calculated to be A£ = 4 meV at klt = 0.0727i/a for a 25 A 
[001] grown GaAs/AlAs quantum well. 

Spinsplittings of energy bands of zinc-blende semiconductor modulation-doped 
heterostructures and quantum wells have been extensively studied both experimentally 
/l/ and theoretically /2/. The splittings are then caused by the inversion asymmetry 
of the macroscopic, i.e. slowly varying on the scale of the lattice parameter a, interface, 
or confinement potential. Homogeneous zinc-blende semiconductors exhibit an in­
trinsic spinsplitting due to the inversion asymmetry of the microscopic crystal potential 
/3/. As a result terms linear in k = |*| may appear in the valence-band structure, but 
calculations of Cardona et al./4/ show that the corresponding splittings are extremely 
small, < 1 meV, for zinc-blende semiconductors. In addition terms cubic in k may 
occur both in the conduction band and the valence bands. They are associated with 
Kane's /3/ B parameter and are not all that small. Christensen and Cardona /5/ obtain 
a theoretical estimate of 75 meV for the maximum splitting in GaAs occurring for k 
along [110]. Effects of this splitting have been observed in spin-polarized photo-
emission /6/, the Hanle effect /7/ and infrared spin-resonance /8/. 

This communication addresses the effects of the inversion asymmetry of the micro­
scopic crystal potential in undoped GaAs/AlAs quantum wells grown along the 
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[OOl], [110] and [ i l l ] direction i.e. in systems having a macroscopic inversion-
symmetric confinement potential. We show that the spinsplitting depends linearly on 
the components of the parallel wavenumber kn for small kn ( = \ku\) and calculate its 
magnitude both numerically and analytically as a function of kn; the crystal-
momentum-like quantum number kn describes the translational symmetry in the par­
allel plane of the quantum well. 

We derive a k.p Hamiltonian for the conduction bands of bulk zinc-blende semi­
conductors, which reproduces their spinsplittings, and develop the corresponding en­
velope function formalism for the quantum well consisting of these semiconductors. 
Perturbation theory is used to obtain analytical expressions for the spinsplitting oc­
curring in the energy spectrum of the quantum wells as a function of kn. In these ex­
pressions contributions both linear and cubic in kH appear. Their origin is discussed. 

We first derive an envelope function formalism for the conduction bands of 
[001] grown GaAs/AlAs and alike (type I) quantum wells which includes the spin-
splitting due to the inversion asymmetry of the microscopic potential. We proceed 
along the lines of our earlier work and omit details /9/. For each bulk constituent / ( 
/ = W for the well and / = B for the barrier) we expand the conduction-band wave-
function ^iN(r) into j-like spin-up (u\ = \si\ >) and spin-down (u[ = —\s,l >) 
conduction-band T-point states as 

*i(r) = e*lKl1 (*r*„(z) «!<') + *WZ) Mi(r) >' (1) 

where the envelope vectorfunction Fk = (F^H(z), F^z)) satisfies the Schrodinger-
equation ( /^ — EL [)Fk = 0 ; z is along the growth direction of the quantum well. 
The Hamiltonian matrix Hj, can be obtained from the eight-band Kane-type k.p 
-Hamiltonian /9/ by Löwdin renormalization /10/ and the omission of Oik4) terms and 
is given by 

Ec + ~e + 4" Kikl - kj) 4" fë(*' + ^ ~ ik&{K ~ ik^ 
£*u= ■ (2) 

± [£(*, - ik,) + ikjctf* + %)] Ec + è-j kM - kj) 

Here, and in the following when confusion is unlikely, we have omitted the superscript 
/. The energy £ is the energy at the bottom of the conduction band, the "energy 
operator" e = t (kl + k* + k?), m' is the T-point conduction-band effective electron 
mass, y is the spinsplitting parameter as defined by Christensen and Cardona /5/ and 
k2 is the operator idjdz. Setting Ft oce**-2 the two energy eigenvalues of the 
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Schrödinger-equation clearly exhibit the bulk spinsplitting and are given by 
Ek± = VVllm' ± yl2jk2{k}% + *$% + W) ~ Wxk}k2 . The spinsplitting is cubic in 
the components of k and attains a maximum value — A:3 for k along the [110] di­
rection; it is zero for k along [001 ] and [ i l l ] . 

The envelope function formalism developed for bulk zinc-blende semiconductors 
can now be suitably modified to describe type-I quantum wells. We must join the en­
velope functions FÏÏ of the well W and Fl of the barrier B across the interfaces. We 
take the usual boundary conditions /9,11/ i.e. continuity, FF = Fg, and 
"differentiability", {Aw-$r + \-M»r)FYi = {AB4~ + ~BB)Fi , at each interface. The 

oz 2 " oz 2 " 
matrices A' and B' depend on k„ and are defined by the following decomposition of 
Hamiltonian: H' = A' -r-r + B' -—- + C' . Confined states are obtained by specifying 

oz2 oz 
the boundary conditions for z -* ± <x>: lim Fk(z) = 0 . 

We solve the Schrödinger equation plus boundary conditions for a quantum well 
of width w numerically. At a sought confinement energy £ t | | we determine the four 
k'z(Ek) -values and the corresponding eigenvectorfunctions F\^z) which satisfy the 
Schrödinger equation in each constituent / of the quantum well. Note that for yB # 0 
the four kf(Ek) -values in the barrier are not just imaginary, but complex numbers. 
The quantum well envelope vectorfunction is then written as a linear combination of 
these eigenvectorfunctions. Application of the boundary conditions yields the con­
finement energy. 

Our formalism can also be applied to type-I quantum wells grown along the [1103 
and [ i l l ] direction. If the rotation from z = [001] to z' = [110] or [ i l l ] is gov­
erned by the orthogonal transformation r' = Or, all we have to do is apply the same 
rotation to * = (&„, kz). We obtain H(k')=U(k = 0TA') ; k2' is along the quantum well 
growth direction and klf' in the quantum well plane /12/. The determination of the 
boundary conditions is now carried through for the primed variables. In solving the 
envelope function problem for non-[001] grown quantum wells a problem arises since 
H now depends on (/c/)3 . We omit the corresponding spurious solutions /9/ and the 
effect of the (it/)3 term on the boundary conditions /13/. In the following the primes 
are omitted. 

We can also derive analytical results for the spinsplitting in a quantum well. For 
&n = 0 the eigenstates are doubly degenerate as a result of time-reversal symmetry: no 
spinsplitting exists. For kti ¥=■ 0 analytical expressions for the spinsplitting can be ob­
tained by the application of degenerate perturbation theory. The Hamiltonian is de­
composed as H = HQ + H, where Ho = (Ec + ê~)I and Hf contains the remaining i.e. the 
y-dependent terms. In ü the two spin bands are decoupled and the standard single-
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band spin-degenerate quantum well model is obtained /9/. The two degenerate envel­
ope functions Fj" = (Fkn(z),0) and Fjff = (0, Fku(z)) at a degenerate energy E^ obviously 
both satisfy (Ho - £*ltZ)^ = 0. The perturbation Hp results in the spinsplitting 
A£t|| = 2VF?1 + |K12|2 , where V„ = < J^Hy/J» >• For [001 ] and [110] grown 
quantum wells Vn is zero and the spinsplitting AEkn = 2| Vn\ can be written as 

A£ft|| = | yfc2 (*, + ƒ ky) - y i kjc^k, -iky)\ (3) 

for [001] grown quantum wells where kx and ky are along the [100] and [010] di­
rection, respectively, and 

*n 2 S/2 yJ2 
(4) 

for [110] grown quantum wells where kx and ky are along the [OOT] and [TlO] di­
rection, respectively. For a [ 111 ] grown quantum well the resulting expression for the 
spinsplitting is 

AEk = 
*" 2 

±— [ 16 (y*2)2 (k2
x + k*) - 8 y yk2

2 (k2
x + k$f 

+ ^(*« + 2 1 * # - 9 * # + 3 $ ] 1 / 2 (5) 

where kx and ky are along the [112] and [TlO] direction, respectively. The barred 
quantities in these expressions are defined as averages of the spinsplitting parameter y 
and the confinement wavenumber kz over the probability density of the confinement 
state i.e. y% = f^F^z) k2 y(z) kz Fk^z)dz and y = f^Fkn(z) y(z) Fk]{z)dz , where the 
single-band envelope function Fk (z) satisfies the normalization condition 

/rW^«*-l- " _ 
The integrals consist of a well contribution, a barrier contribution and, for yk2 , of 
interface contributions resulting from ^-singularities of d2FkJdz2 and dy(z)fdz at the 
interfaces. The barred quantities depend weakly on kn ( < 2% difference for 
#|i e [0, 0.062rc/a] ) through the weak kn -dependence of Fkn(z). For wide wells, 
w > 200A, y and yk2 are to within a few percent equal to yw and y^ik*)1, respectively, 
where kz

w is the quantized wavenumber in the well. 
Our model contains five parameters: the effective electron masses m'w and m'B, the 

spinsplitting parameters yw and yB and the conduction-band discontinuity AEC. We 
apply the model to GaAs/AlAs quantum wells. We thus take m'w = 0.067, m'B = 0.150 
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and put A£c equal to 0.99 eV. The spinsphtting parameter was calculated for GaAs 
by Christensen and Cardona /5/ using the LMTO method. We take their value i.e. 
yw = 17 eVA3. For AlAs no value exists. We have therefore performed an Augmented 
Spherical Wave (ASW) /14/ bandstructure calculation for GaAs and AlAs including 
the spin-orbit interaction operator in the Hamiltonian /15/. Figure 1 contains our 
calculated results for the spinsphtting of the conduction bands of GaAs and AlAs. 
Our results for GaAs agree with those of Christensen and Cardona to within 5% per­
cent. For AlAs the spinsphtting is found to have the same sign as for GaAs and it is 
m 30% smaller than that of GaAs. We consequently take yB = 12 eVA3. 

The Figures 2-3 display our analytical results for the spinsphtting of the conduction 
bands of 50 A wide COOl], CllO] and [ i l l ] grown GaAs/AlAs quantum wells. We 
have verified that our analytical results agree with our numerical results to within 
0.1%. Obviously, the spinsphtting depends strongly on the growth direction of the 
quantum well. Unlike the bulk spinsphtting which is cubic in k , it is not cubic in kn. 
Moreover, it is strongly anisotropic. The *n-dependence as shown in Fig. 2 can be 
interpreted in detail from Eqs. (3)-(5). For small kH, kK<£kj?, the term containing yk] 
is dominating and the spinsphtting is linear in kn; it is approximately equal to yk\ klt , 
l/lykjk, and lljiykih for [001] , [110] and [ i l l ] grown quantum wells, re­
spectively. The origin of the linear contribution in kn is obvious from these formulas: 
it is due to the quantum well induced quantization of kz in the third order k*kx and 
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Figure 1 Calculated ASW results for the spinsphtting of the conduction bands in 
GaAs (drawn) and AlAs (dotted) along T — K. 
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kjky bulk contributions. Note that terms even in kn do not exist because of time re­
versal symmetry. 

For larger *„ the term containing y in Eqs. (3)-(5) is dominating and the spinsplitting 
is cubic in kn. For k^k*, the maximum value of the spinsphtting occurs for kn along 
[110] for [001] grown quantum wells and for ku along [TlO] for both [110] and 
[ i l l ] grown quantum wells; it can be approximated by — *j}. The maximum spin-
splitting does not depend on the growth direction and is comparable to the maximum 
spinsplitting in the bulk — k3 appearing for k along [HO] . This is not surprising 
since for large fc,, the kinetic energy ( ~ h2k2l(2m'w)) is much larger than the confinement 
energy ( ~ h2(kj?)2l(2m'w)). For certain kn directions the spinsphtting for the [001] and 
[110] grown quantum wells changes sign (see Fig. 2) due to a competition between 
the linear and the cubic terms in Eqs. (3)-(4). For kn = (O,̂ ,,), i.e. along [010], only 
the linear term is present for a [001] grown quantum well and the departure from a 
straight line is only caused by the kn dependence of yk2. In Fig. 3 the spinsplitting is 

-0.08 -0.04 0.00 0.04 0.08 
k ( | (2TT/O) 

Figure 2 Calculated (from Eqs. (3)-(5)) spinsplitting of the first conduction-band 
confinement level for 50 A [001] (drawn), [110] (dotted) and [111] 
(dashed) grown GaAs/AlAs quantum wells. The parameters have the fol­
lowing values: y =_16.84 eVA3 and yk} = 0.028 eVA at kn = 0, 
V=16.80eVA3 and yk} = 0.025 eVA at *„ = 0.0827t/a; cf. y= 17.00 eVA3 

and y^fcf)2 = 0.032 eVA . 
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shown as a function of the direction of kH while kn is kept constant. The anisotropy 
of the spinsplitting exhibits the symmetry of a square, a rectangle and a regular 
hexagon for the [001], [110] and [ i l l ] grown quantum wells, respectively, as is 
demanded from the symmetry of the corresponding 2-D unit cells. For [110] grown 
quantum wells an extreme anisotropy is found since the spinsplitting is always zero for 
ft,, = (fc,„0) i.e. [00T]. 

In conclusion, we have numerically and analytically calculated the spinsplitting of 
the conduction bands of GaAs/AlAs quantum wells grown along the [001 ] , [110] 
and [ i l l ] direction. For large ft,,, knP-k*, the bulk result is essentially retrieved; the 
maximum spinsplitting is cubic in kn and approaches the maximum bulk value. 
However, for small ft,,, k^k*, different behavior is found: the spinsplitting is linear 
in A:,,. This dependence does not originate from the well-known bulk linear fc-terms 
which are known to be very small /4/. It is caused by the confinement of the quantum 
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Figure 2 Calculated (from Eqs. (3)-(5)) spinsplitting of the first conduction-band 

confinement level for 50 A [001 ] (drawn), [110] (dotted) and [ i l l ] 
(dashed) grown GaAs/AlAs quantum wells for different ft,, = (k„ ky) di­
rections where kn =0.032nla; kxjs along [100] , [OOT] and [112] and k, 
is along [010] , [110] and [110] for [001], [110] and [ i l l ] grown 
quantum wells, respectively. The parameters have the following values: 
y = 16.83 eVA3 , ^ = 0.027 eVA and ftf = 0.0382?t/a . 

103 



The effect of bulk inversion asymmetry on GaAsjAlAs quantum wells 

well states whereby Arf becomes quantized. We also note that in the Unear regime the 
spinsplitting averaged over all directions of kn is about a factor of two smaller for 
[110] grown quantum wells than for [001] and [ i l l ] grown quantum wells. The 
magnitude of the spinsplitting in the Unear regime is 4 meV at kn = O.Ollnja for kn 

along [100] in a [001] grown 25 A GaAs/AlAs quantum well. The corresponding 
confinement energy E,, is 580 meV. Larger values of the spinspUtting, i.e. up to the 
bulk values ~50 meV, are obtained further out in the 2D Brillouin zone where cubic 
and bulk like behavior prevail. We note that the present theory does not accurately 
predict the spinspUtting in this case since the bulk bandstructures of the constituents 
of the quantum well are not properly accounted for in the corresponding part of the 
3D Brillouin zone. 

It would be interesting to perform infrared spin-resonance or spin-polarized 
photo-emission experiments on these systems to measure in particular the Unear k^ 
dependence of the spinsplitting for small kn. Thin quantum wells (~25 A) should be 
used to obtain a maximum effect. 

References 

1. J.P. Eisenstein, H.L. Störmer, V. Narayanamurti, A.C Gossard and W. Wiegman, Phys. 
Rev. Lett. 53, 2579 (1984); M.H. Meynadier, J. Orgonasi, D. Delalande, J.A. Brum, G. 
Bastard and M. Voos, Phys. Rev. B34, 2482 (1986) 

2. G. Lommer, F. Malcher and U. Rössler, Phys. Rev. Lett. 60, 728 (1988); U. Ekenberg 
and M. Altarelli, Phys. Rev. B30.3569 (1984); E. Bangert and G. Landwehr, Superlattices 
and Microstructures 1, 363 (1985); D.A. Broido and L.J. Sham, Phys. Rev. B31, 888 
(1985) 

3. E.O. Kane, in Handbook on Semiconductors (North-Holland, New York, 1982), Vol. I, 
p. 193. 

4. M. Cardona, N.E. Christensen and G. Fasol, Phys.Rev. Lett. 56, 2831 (1986) 
5. N.E. Christensen and M. Cardona, Solid State Comm. 51, 491 (1984) 
6. S.F. Alvarado, H. Riechert and N.E. Christensen, Phys.Rev. Lett. 55, 2716 (1985). 
7. A.T. Gorelenok, V.A. Marushchak and A.N. Titkov, Izv. Akad. Nauk, SSSR Ser. Fez. 

50, 290 (1986) 
8. D. Stein, K. v. Klitzing and G. Weiman, Phys.Rev. Lett. 51, 130 (1983) 
9. M.F.H. Schuurmans and G.W.'t Hooft, Phys. Rev. B31, 8041 (1985); R. Eppenga, 

M.F.H. Schuurmans and S. Colak, Phys. Rev. B36, 1554 (1987) 
10. P.O. Löwdin, J. Chem. Phys. 19, 1396 (1951). 

104 



Chapter 5 

11. M. Altarelli, Physica 117B/118B, 747 (1983) and J. Lumin. 30, 472 (1985); M. Altarelli, 
U. Ekenberg and A. Fasolino, Phys.Rev. B32, 5138 (1985). 

12. The orthogonal transformation results in replacing (k„ ky, k:) by 
((fc/-Oy2~,(fc/ + V)/VF,-* , ' ) and 
(k/ls/3-ky'l^ + k:ij6,k/l^ + ky'l^ + kx'lsf6,k/ly/3-kx's/2iT) for quan­
tum wells grown along [110] and [111], respectively. 

13. The net effect of the (k/y terms in the boundary conditions turns out to be zero in our 
perturbative analysis. 

14. A.R. Williams, J. Kiibler and CD. Gelatt, Phys. Rev. B 19, 6094 (1979). 
15. R. Eppenga, M.F.H. Schuurmans and H.W.A.M. Rompa, in print J. of Phys. and Chem. 

of Solids. 

105 



106 



Chapter 6 

Thin [001] and [110] GaAs/AlAs superlattices: 
direct or indirect? 

We have calculated oscillator strengths of across-gap transitions in 
nxn GaAs/AlAs superlattices (n = l,2) grown along the [001] and 
CllO] directions using the Augmented Spherical Wave (ASW) ab-
initio bandstructure method. We find that the rate for radiative 
emission across the direct gap in the very thin [00l] superlattices is 
at least two orders of magnitude smaller than the corresponding 
quantity in GaAs. The radiative transition rates across the direct and 
indirect gaps turn out to be comparable in these superlattices. The 
2x2 [110] superlattice is direct and has a direct-gap oscillator 
strength which is 78% of that of GaAs. 

Recently, Ishibashi et al. have been able to grow high quality, very thin nxn 
GaAs/AlAs [001] superlattices with w = l,2,... /I/. The question has been raised 
whether such nxn superlattices are direct or indirect; the corresponding alloy 
Alo.sGaojAs is indirect /2/. The work of Ishibashi et al./l/ provides evidence for the 
superlattices to be energywise direct from « = 2 onwards. The n = 1 superlattice ap­
pears to be energywise indirect. The lowest T-point conduction-band state of the thin 
(n = 1,2) superlattices is a band-folded X -state. Obviously the optical matrix element 
from this state to the top of the valence-band state will be small. 

In this paper we perform ab-initio calculations of the rate for radiative emission 
across the direct gap in the very thin l x l and 2 x 2 [001] superlattices and show that 
it is at least two orders of magnitude smaller than the corresponding quantity in GaAs 
and that the radiative transition rates across the direct and indirect gap are comparable 
in these superlattices. We note that such calculations cannot be done using semi-
empirical (for example envelope-function-type /3/) approaches since for the thin 
superlattices considered here the superlattice crystal potential must be determined 
selfconsistently. 

For a spectroscopist the distinction between a direct and an indirect semiconductor 
is related to the typically much larger transition rate for emission of radiation across 
the direct gap than across the indirect gap. From the point of view of spectroscopy 
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the very thin [001 ] superlattices are thus neither direct nor indirect. Moreover, the 
radiative transitions are very weak, corresponding to lifetimes of 0.1 us — 1 us. These 
superlattices therefore may not be very useful for applications involving light emission. 

Earlier theoretical calculations of Christensen et al. /4/, Nakayama et al. /5/, 
Bylander et al. /6/, Gilbert et al. /7/ and Nelson et al. /8/ have focused on the super-
lattice bandstructure. Their results are more or less inline with the findings of Ishibashi 
et al./l/: for n = l the minimum of the conduction band is found to be at R /4-7/ 
making the l x l superlattice energywise indirect. For n = 2 the minimum of the con­
duction band is found to be at T by Nakayama et al. /5/ and in between V and Z by 
Gilbert et al. /7/. Theoretically it is not clear whether the 2 x 2 [001 ] superlattice is 
energywise direct or indirect /8/. 

This paper is focused on the transition rate aspect. We calculate oscillator strengths 
of T-point across-gap transitions in very thin (« = 1,2) GaAs/AlAs superlattices grown 
along the [001] and [110] directions using the Augmented Spherical Wave (ASW) 
/9/ ab-initio bandstructure method. A self-consistent potential for the n x n [001] and 
[110] GaAs/AlAs superlattices was generated by solving the Kohn and Sham 
equation /10/ iteratively within the ASW basis set /9/, using the local density approx­
imation (LDA) for the exchange and correlation functional /10/. Scalar-relativistic 
effects were ignored and "empty" spheres were placed at the interstitial sites /l 1/. The 
ASW basis set consisted of s, p and d orbitals centered at each atomic and "empty" 
sphere site. All muffin-tin sphere radii were taken to be equal. The lattice constant 
was set equal to 5.653 A. The number of special ifc-points in the irreducible wedge of 
the Brillouin zone was taken to be 18 (6) for the tetragonal structure and 27 (8) for the 
orthorhombic structure (the numbers in parentheses apply to the 2 x 2 SL). Self-
consistency of the superlattice crystal potential was achieved at a level of 1 mRy. 
The across-gap oscillator strength between a valence-band state <t>y and a conduction-

2 band state 0C induced by light of polarization e is equal to — | < 0v|/>.e|$,. > |2/A£ ; 
here m is the electron mass, p is the momentum operator and A£ is the energy differ­
ence between the states <j>v and <f>c. We have shown before that calculated oscillator 
strengths are typically accurate to within 20% /12/ despite the fact that the gap is 
typically calculated to be 30-50% to small /12/. Details concerning the calculation of 
the oscillator strengths from the selfconsistently obtained wavefunctions can be found 
elsewhere /12/. We estimate the accuracy of the relative positions of the energy levels 
in the conduction band to be around 30-100 meV /13/. 

Our results for the optical properties of the superlattices are as follows; results for 
ground state properties are summarized in footnote 14. For the 1 x 1 [001 ] = 1 x 1 
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[110] GaAs/AlAs superlattice we find Fig. 1. The bottom of the conduction band is 
at R(L), which is the folded L point of the underlying fee lattice. The lowest super-
lattice conduction-band T-state is Xz -derived, i.e. r(Xz), and is 71 meV higher in en­
ergy than R(L). The T-derived state r(T) is still 23 meV higher in energy. The 
heavy-hole (HH) and light-hole (LH) derived top of the valence-band states Y(HH) 
and T(LH) are split by 23 meV, the T(HH) state being higher in energy. In accordance 
with the experimental result / l / and other bandstructure calculations /4-8/ the 1 x 1 
GaAs/AlAs superlattice is thus found to be energywise indirect. We find that the 
direct-gap oscillator strength T(X2) - T(HH) of the 1 x 1 GaAs/AlAs superlattice is 
very small, 0.3% of that of bulk GaAs and 0.6% of the T{T) - T(HH) superlattice 
oscillator strength. 

1x1 [001] GaAs/AlAs 
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Figure 1 Schematic representation of the energy levels at high symmetry points of the 
1 x 1 [001] GaAs/AlAs superlattice. Y(HH) and T(LH) denote superlattice 
valence-band states and T(XZ) , T(r) and R(L) denote conduction band 
states. The fee origin of the superlattice symmetry points is indicated in 
parenthesis. The calculated oscillator strengths ƒ between a conduction 
band state Tc and a valence band state Tv for light polarization in plane ( 
ƒ" =ƒ»+ƒ») and along [001 ] (fL = ƒ") are in units of the calculated 
direct-gap oscillator strength f** =f' +fl" +ƒ» (= 13.8 /12/) of bulk GaAs. 
For comparison: the calculated result of/"** is 7.0 for bulk AlAs /12/. 
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For the 2 x 2 [001] superlattice we arrive at a more complicated picture; see 
Fig. 2. The indirect gap M{XX) — T(HH) is barely smaller (1 meV) than the direct gap 
F(X2) — T{HH) . We find the lowest T-derived superlattice-conduction-band state 
T(r) to be 135 meV higher in energy than the state r(Xz). The T(X2) - T(HH) oscil­
lator strength in the 2 x 2 [001 ] GaAs/AlAs superlattice is found to be 6% of that 
of bulk GaAs and 13% of the T{T) - T(HH) superlattice oscillator strength. 

The results for the 2 x 2 [110] superlattice are depicted in Fig. 3. The superlattice 
has a direct gap T(r) - F(HH) which is 143 meV smaller than the smallest indirect 
gap Y(Xy) - T{HH). The direct-gap oscillator strength is 78% of that of bulk GaAs. 
Note also that for this growth direction the twofold degeneracy of the heavy-hole 
bands is lifted resulting in three separate valence bands at T instead of two folded 
heavy-hole and one folded light-hole rfcc-derived bands. 

The values for the calculated oscillator strengths are related to the origin of the 
corresponding conduction-band state; they are large for T-derived conduction-band 

2x2 [001] GaAs/AlAs 

, , l t 
109 meV 

— I Y > g — j i lmeV.Mpg. 

1460 eV 

1l ï i=SB=è«"->' 

Figure 2 Schematic representation of the energy levels at high symmetry points of the 
2 x 2 [001] GaAs/AlAs superlattice. V(HH) and T(LH) denote superlattice 
valence-band states and T(X,), T(r), M(X,) and M'(XX) denote conduction 
band states. Notation and units for the calculated oscillator strengths ƒ" 
and/ 1 are the same as in Fig. 1. 

110 



Chapter 6 

Table I Relative character of the superlattice states at the T bottom of the con­
duction band in terms of the bulk GaAs and AlAs T and X conduction 
band states. 

1 x 1 [001] 

2 x 2 [001] 

2 x 2 [110] 

state 

TO 
r(r) 
rw 
r(r) 
r(D 
r(xz) 

T(GaAs) 

<0.01 
0.65 

0.13 
0.58 

0.60 
0.12 

*(GaAs) 

0.47 
<0.01 

0.39 
<0.01 

<0.01 
0.34 

T(AlAs) 

<0.01 
0.35 

0.08 
0.42 

0.40 
<0.01 

*(AlAs) 

0.53 
<0.01 

0.40 
<0.01 

<0.01 
0.54 

2x2 [110] GaAs/AlAs 

I fill 
—r(xI)—po^7Y(xr>-

133 meV 

1347 eV 
o _ CS 
? R q R 

I — T(LH) — *^ ™^ 

Figure 3 Schematic representation of the energy levels at high symmetry points of the 
2 x 2 [110] GaAs/AlAs superlattice. r(HH) , T(HH\) and T(LH) denote 
superlattice valence band states and r(Xz), r(T) and Y(Xy) denote con­
duction band states. Notation and units for the calculated oscillator 
strengths/11 and/ 1 are the same as in Fig. 1. 
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states and small for any other (e.g. A )̂-derived conduction-band state. In Table I we 
present the character of the superlattice states at the T bottom of the conduction band 
in terms of the bulk GaAs and AlAs T and X conduction-band states. This decom­
position is only indicative since (i) it is based on the s and p percentage of the Ga and 
Al-based ASW basisfunctions of the relevant wavefunction and (ii) it ignores other 
mixed-in states. 

We now discuss the issue of the superlattices being energywise and spectroscopically 
direct or indirect. The 2 x 2 [110] superlattice is direct in any sense, i.e. it is 
energywise direct and has a large direct-gap oscillator strength. The situation for the 
2 x 2 [001] superlattice is complicated. We find energy differences 
AE(T(XZ) - M(XX)) ^1 meV and A£(T(r) - r(JQ)s«130 meV, i.e. energywise the 
superlattice is barely indirect. Elementary calculation shows that the ratio r of the 
radiative transition rates for the direct r(X,)-T(HH) and the indirect M(XX)-T(HH) 
transition is given by r=;0.01 (S/A2?)2 /17/. Here S is an energy measure of the strength 
of the electron-phonon coupling involved in the phonon-assisted indirect rate and AE 
is the difference in energy between the direct and the indirect transitions involved in 
the perturbative calculation of that rate or, if the relevant phonon energy is larger, 
AE is that phonon energy (10-30 meV /18/). We estimate S=d0 - 100 meV /19/ and 
therefore r^\ . The 2 x 2 [001] superlattice can therefore be qualified neither direct 
nor indirect from a spectroscopie point of view. The l x l [001] superlattice is 
energywise indirect. However, here again one should realize that the direct (r(X,)-
r(HH))) and the indirect transitions (R(L)-r(HH)) have comparable strength and are 
extremely weak. The oscillator strength of the direct transition (r(Xz)-r(HH))is only 
0.6% of that of the T(r) -T(HH) transition. 

Both for the 1 x 1 and the 2 x 2 [001] superlattices the radiative rates, both on the 
direct and the indirect transition, are so small, corresponding with =:0.1 fis lifetimes 
at low temperatures, that non-radiative processes associated with impurities, may in­
terfere with the radiative processes. Precisely this occurs in the experiments of Ishibashi 
et al. /I/. This is clear from their experimental results on the quantum efficiencies and 
their assumption that the indirect recombination is completely non-radiative. In view 
of our theoretical results this implies that the direct recombination would probably 
also have a substantial contribution due to non-radiative decay. We note that Nelson 
et al. /8/ have shown that the lowest conduction-band state becomes a T-point GaAs 
derived conduction-band state for the wider n x n superlattices (n = 10-12) implying a 
large across-gap oscillator strength. 
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We stress that the issue of a superlattice being energywise direct or indirect can not 
be fully settled by ab-initio bandstnicture calculations since they are known to be able 
to produce relative positions of energy levels in conduction-band spectra only to an 
accuracy of 30-100 meV /13/. The 2 x 2 [001] superlattice is particularly difficult in 
this respect since the relevant energy difference E(F(X2)) — E(M(XX)) is so small 
(ml meV). This is unfortunate since the ordering of the X^ and A -̂derived states is 
subject to debate /20/. We note however that the accuracy of this calculated energy 
difference is on a considerably better level (a few meV) than the 30-100 meV men­
tioned before since both states originate from in the equivalent bulk estates. But even 
the ordering of T(X2) and r(T) is subject to debate. We find r(A;) to be 135 meV lower 
in energy than T(r). Nakayama and Kamimura (5/ find the opposite result: from 
Fig. 4 of their paper we estimate r(T) to be a* 100 meV lower in energy. These au­
thors have adjusted the a-parameter of the exchange-correlation potential in order to 
obtain calculated bandstructures of bulk GaAs and AlAs which agree better with the 
experimental bandstructures. Nevertheless differences between experimental and the­
oretical conduction bandstructures are still on the level of 100-200 meV. This is close 
to the level of inaccuracy of the relative positions of conduction-band energy levels 
expected anyway for true ab-initio bandstnicture calculations /13/. 

In conclusion, we have calculated the radiative rates on direct transitions and esti­
mated the phonon-assisted radiative rates on indirect transitions in 1 x 1 and 2 x 2 
[001] and [110] GaAs/AlAs superlattices. The rates in [001] superlattices are at 
least two orders of magnitude smaller than the across-gap direct transitions in GaAs. 
These superlattices therefore do not hold many prospects for light emission applica­
tions. Our calculations show that the interpretation of spectroscopie experiments on 
the "energywise direct/indirect" issue will be hindered by the fact that radiative rates 
on direct and indirect transitions, and possibly also non-radiative rates, are of com­
parable magnitude. We therefore suggest to settle the direct/indirect issue by the use 
of pressure or magnetic fields to discriminate between the different anisotropy in 
k-space of the various "direct" (O and "indirect" valleys. We have also shown that 
from a spectroscopie point of view the 2 x 2 [001] superlattice can neither be called 
direct nor indirect since the corresponding transitions are equally strong. The 2 x 2 
[110] superlattice is energywise and spectroscopically direct since bandfolding and 
mixing yields a T-derived lowest conduction band state. 
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Summary 

The fabrication of layered crystalline semiconductor structures, the so-called semi­
conductor heterostructures, has resulted in a new class of devices which exhibit inter­
esting physical effects and have important technological applications. The interfaces 
between the different semiconductor layers that can be obtained by using the molecular 
beam epitaxy (MBE) growth technique, are monolayer sharp and perfect, i.e. the atoms 
'sit exactly on top of each other'. The free carriers in such structures, i.e. the 
conduction-band electrons and the valence-band holes, are confined to a few energet­
ically favorable layers. Quantum size effects become important if the de Broglie 
wavelength of the carriers becomes equal to or smaller than the thickness of these 
layers. The motion of the free carriers may then become effectively two-dimensional. 

The GaAs/Al^Ga^jAs quantum well forms an example of such a layered semi­
conductor structure. It consists of a thin (10-lOOA) layer of GaAs in between two 
thick layers of Al^Ga^jAs. This structure finds an important application as the active 
region of a GaAs/Al^Ga^^As quantum-well laser. In that region conduction-band 
electrons and valence-band holes recombine under the emission of (laser) light. 

This thesis deals with the electronic and optical properties of GaAs/A^Ga^^As 
quantum wells. The one-electron conduction-band states and valence-band states, and 
the corresponding energy levels, are calculated using a semi-empirical model. On the 
basis of k.p theory a Schrödinger-like equation is derived which describes the slowly 
(on the scale of the lattice parameter) varying part of the wavefunction, the so-called 
envelope function. 

In Chapter 1 a new k.p model for GaAs/Al^Ga^^As-type quantum wells is pre­
sented. It employs a unified description of the conduction and valence-bands and fully 
accounts for the conduction-band non-parabolicity and the valence-band mixing. The 
model is thus capable of explaining the principal features in state-of-the-art photo-
luminescence excitation spectra of GaAs/Al^Ga^^As quantum wells. Moreover, cal­
culated electron and hole-confinement energies, and the strengths of the optical 
transitions between electron and hole-confinement states, are found to be in good 
agreement with those obtained from the more complicated tight-binding theory of 
Chang and Schulman. The inclusion of the spin-orbit split-off band is shown to be 
important for the description of GaAs/AlAs quantum wells. 

In Chapter 2 and 3 the k.p model is applied to describe the optical properties of a 
GaAs/AljGa^.As quantum well which forms the active layer in a GaAs/Al^Ga^^As 
quantum-well laser. Calculated gain and spontaneous emission spectra are shown to 
differ considerably from those obtained from simpler models. The implications of the 
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theoretical results for the interpretation of measured gain and spontaneous emission 
spectra are discussed in Chapter 3. It is concluded that a one-electron k.p description 
of the quantum well without the introduction of broadening mechanisms cannot ex­
plain satisfactorily the experimental results. 

A more realistic model of a GaAs/Al^Ga^^As quantum well laser is presented in 
Chapter 4. It incorporates the effects of broadening mechanisms such as e.g. carrier-
carrier scattering, well width fluctuations and current spreading, on calculated gain 
and spontaneous emission spectra. Carrier-carrier scattering is shown to affect the 
maximum-gain-versus-current-density relation dramatically. Its inclusion in the cal­
culations is found to be paramount to obtain good agreement with the experimentally 
determined maximum-gain-versus-current-density relation. 

Chapter 5 deals with an interesting detail: the effect of the inversion asymmetry of 
the bulk constituents on quantum-well confinement states. Analytical expressions are 
presented that describe the resulting spinsplitting of the conduction-bands in 
GaAs/Al/ja^^s quantum wells grown along the [001], [110] and [ i l l ] 
crystallographic direction. The spinsplitting of the bands is found to be linear in kn, 
whereas the corresponding quantity in the bulk is cubic in k. Moreover, the spin-
splitting is found to be strongly dependent on the crystallographic growth direction 
of the quantum-well layers. 

Finally, the optical properties of very thin GaAs/AlAs superlattices are discussed in 
Chapter 6 on the basis of the ab-initio augmented spherical wave (ASW) bandstructure 
method (no recourse is made to experimentally determined parameters). The oscillator 
strengths of the direct across-gap transitions are found to be very small in these thin 
superlattices: ^ 5 % of that of bulk GaAs. The rates for radiative emission across the 
direct and the indirect gap are shown to be comparable in magnitude. These super-
lattices therefore show little prospect for light emission applications. 
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Samenvatting 

De fabricage van gelaagde, eenkristallijne halfgeleiderstructuren, de zogenaamde 
halfgeleider-heterostrukturen, heeft geresulteerd in een nieuwe klasse van componenten 
die interessante fysische verschijnselen vertonen en belangrijke technologische toe­
passingen hebben. De verschillende halfgeleiderlagen, verkregen met de techniek van 
molekuulbundel-epitaxie (MBE), gaan op monolaagniveau abrupt in elkaar over en 
zijn perfect passend, d.w.z. de atomen 'zitten precies op elkaar'. De vrije ladingdragers 
in zulke strukturen, de geleidingsbandelektronen en de valentiebandgaten, zijn opge­
sloten in energetisch-voordelige lagen. Quantumeffekten worden belangrijk als de De 
Broglie golflengte van de vrije ladingdragers gelijk aan of kleiner dan de dikte van deze 
lagen wordt. In dat geval kunnen de vrije ladingdragers effectief alleen in een 
tweedimensionaal vlak bewegen. 

Een voorbeeld van een dergelijke struktuur vormt de GaAs/Al^Ga^^As-
quantumput. Deze bestaat uit een dunne (10-100 A) Ga As-laag tussen twee dikke 
AljGa^jAs-lagen. Een belangrijke toepassing is het gebruik van deze struktuur in de 
GaAs/Al^Ga^^s-quantumputlaser. In de GaAs-laag recombineren geleidings­
bandelektronen en valentiebandgaten onder de uitzending van licht. 

In dit proefschrift worden de elektronische en optische eigenschappen van 
GaAs/AljGai.jAs-quantumputten behandeld. Met een semi-empirisch model worden 
de één-elektrongeleidingsbandtoestanden en -valentiebandtoestanden en de daarbij 
behorende energieniveaus berekend. Er wordt een soort Schrödinger vergelijking ge­
baseerd op de £./>-theorie afgeleid die het langzaam (op de schaal van de roosterkon-
stante) variërende deel van de golffunctie, de zogenaamde omhullende functie, 
beschrijft. 

In hoofdstuk 1 wordt een nieuw A./»-model voor GaAs/Al/Ja^^As- quantumputten 
ingevoerd. Het beschrijft zowel de geleidingsband als de valentiebanden. Er wordt 
rekening gehouden met het feit dat de geleidingsband afwijkt van een (zuivere) 
parabool en dat de valentiebanden met elkaar mengen. Met het model waarin deze 
effecten zijn meegenomen zijn alle belangrijke kenmerken in de recentlijk gemeten 
fotoluminesentie-excitatiespectra van GaAs/AlxGa,_^As-quantumputten te verklaren. 
Bovendien blijken de berekende opsluitenergieën voor elektronen en gaten, en de 
sterkte van de optische overgangen tussen deze opsluittoestanden van de elektronen 
en gaten, goed overeen te komen met die verkregen met behulp van de veel ingewik­
kelder zgn. 'tight-binding'-theorie van Chang en Schulman. Het meenemen van de 
spin-baanafgesplitste band in de berekeningen blijkt van belang te zijn voor de be­
schrijving van GaAs/AlAs-quantumputten. 
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In hoofdstuk 2 en 3 wordt het k.p-model gebruikt om de optische eigenschappen 
van een GaAs/Al/ja^j.As-quantumput, die de kern van een 
GaAs/Al^Ga^^As-quantumputlaser vormt, te beschrijven. De berekende versterkings-
en spontane-emissiespectra wijken aanzienlijk af van die verkregen met eenvoudiger 
modellen. In hoofdstuk 3 worden de gevolgen van de theoretische resultaten voor de 
interpretatie van de gemeten versterkings- en spontane-emissiespectra besproken. Het 
is niet mogelijk de experimentele resultaten bevredigend met een één-elektron- k.p 
-beschrijving van een quantumput te verklaren zonder verbredingsmechanismen te in­
troduceren. 

In hoofdstuk 4 wordt een realistischer model van een GaAs/Al/Ja^^As-
quantumputlaser geïntroduceerd. Er wordt nu wel rekening gehouden met de effekten 
van verbredingsmechanismen zoals bijvoorbeeld ladingdrager-ladingdrager­
verstrooiing, putbreedtevariaties en de stroomverdeling op berekende versterkings- en 
spontane-emissiespectra. Het blijkt dat ladingdrager-ladingdragerverstrooiing de rela­
tie tussen de maximale versterking en de stroomdichtheid ingrijpend beïnvloed. Het 
meenemen hiervan in de berekeningen is noodzakelijk om een goede overeenkomst met 
de experimenteel gemeten relatie tussen de maximale versterking en de stroomdichtheid 
te verkrijgen. 

ïn hoofdstuk 5 wordt een interessant detail behandeld: het effect van de inversie 
asymmetrie van de buikmaterialen waaruit de quantumput is opgebouwd op de 
quantumputopsluittoestanden. Er worden analytische uitdrukkingen afgeleid voor de 
resulterende spinsplitsing van de geleidingsbanden in GaAs/Al^Ga^^As- quantum-
putten gegroeid langs de kristallografïsche [001] , [110] en de [ l i l ] richtingen. 
Deze spinsplitsing blijkt lineair in ku te zijn, terwijl deze grootheid in het bulkmateriaal 
kubisch is in k. Bovendien hangt de spinsplitsing sterk af van de kristallografïsche 
groeirichting van de lagen waaruit de quantumput bestaat. 

Tenslotte worden in hoofdstuk 6 de optische eigenschappen van superroosters be­
staande uit enkele GaAs- en AlAs-monolagen bediscussieerd zoals deze verkregen zijn 
met de ASW-bandstruktuurmethode ('Augmented Spherical Wave'-bandstruktuur-
methode). Dit is een 'ab-initid1 methode, d.w.z. dat er geen gebruik gemaakt wordt 
van experimenteel bepaalde parameters. De oscillatorsterkten van de direkte over­
gangen over de bandafstand blijken zeer klein te zijn in deze dunne superroosters: 
;$5% van die van bulk-GaAs. Bovendien zijn de overgangswaarschijnlijkheden voor 
stralende emissie langs de direkte en de indirekte bandafstand van dezelfde orde van 
grootte. Deze superroosters lijken daarom minder geschikt als gedacht wordt aan 
toepassingen waarin lichtemissie belangrijk is. 
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