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Superconducting circuits are being used for large-scale quantum devices, and a major challenge is to
perform accurate numerical simulations of device parameters. One of the most advanced methods for ana-
lyzing superconducting circuit designs is the energy-participation-ratio (EPR) method, which constructs
quantum Hamiltonians based on the energy distribution extracted from classical electromagnetic simu-
lations. In the EPR approach, we extract linear terms from finite-element simulations and add nonlinear
terms using the energy participation ratio extracted from the classical simulations. However, the EPR
method relies on a low-order expansion of nonlinear terms, which is prohibitive for accurately describ-
ing highly anharmonic circuits. An example of such a circuit is the fluxonium qubit, which has recently
attracted increasing attention due to its high lifetimes and low error rates. In this work, we extend the
EPR approach to effectively address highly nonlinear superconducting circuits, and, as a proof of con-
cept, we apply our approach to a fluxonium qubit. Specifically, we design, fabricate, and experimentally
measure a fluxonium qubit coupled to a readout resonator. We compare the measured frequencies of both
the qubit and the resonator to those extracted from the EPR analysis, and we find an excellent agreement.
Furthermore, we compare the dispersive shift as a function of external flux obtained from experiments
with our EPR analysis and a simpler lumped-element model. Our findings reveal that the EPR results
closely align with the experimental data, providing more accurate estimations compared to the simplified
lumped-element simulations.

DOI: 10.1103/1rbn-c4xf

I. INTRODUCTION

Superconducting qubits are widely regarded as one of
the leading platforms for implementing large-scale quan-
tum processors [1–9]. Superconducting circuits typically
consist of linear components such as capacitors and induc-
tors as well as nonlinear elements formed by Joseph-
son junctions. To successfully build large-scale quantum
devices, we must have a precise understanding of the
Hamiltonian parameters of the system. However, the non-
linear energy of the Josephson junctions prohibits the use
of fully classical methods, such as finite-element simula-
tion, to capture the relevant quantum interactions.

So far, several methods have been used and improved
to extract the parameters of superconducting quantum
devices using a combination of classical and quantum
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methods. A common approach is to describe the quantum
circuits using lumped-element models, quasilumped mod-
els or continuum limits of lumped models in which the
nonlinear components can be introduced in terms of dis-
crete modes in the circuit [10–22]. The challenge of these
methods is to accurately translate real physical designs into
effective model parameters. An alternative approach that
solves this challenge is to analyze the device design with
a black-box approach using classical finite-element sim-
ulations of the device as a basis for the quantization of
the device [23–25]. The energy-participation-ratio (EPR)
method is an example of a method from the latter class,
which uses the classical energy eigenmodes of a circuit
as a basis for building the quantum Hamiltonian. The
EPR method reintroduces nonlinear elements to the clas-
sical energies through a perturbative expansion, which has
proven to be very effective for the widely used transmon
qubit [26,27], which exhibits weak anharmonicity. How-
ever, highly anharmonic qubits, such as the fluxonium
qubit [28,29], have recently gained significant traction due
to their very high lifetimes and gate fidelities [30–33].
Modeling these circuits using black-box methods is an
open question and requires further advancements.
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In this work, we address the specific challenges
of extracting Hamiltonian parameters for highly anhar-
monic superconducting quantum circuits. In particular,
we present our implementation for fluxonium qubits. As
a proof of concept, we design, fabricate, and measure
a fluxonium qubit, and we compare the results of our
extended EPR method with the experimental data. Unlike
lumped-element models, which treat all superconducting
islands as equipotential surfaces and cannot capture the
real physical mode distribution, which may impact the
effective inductive and capacitive energies of the system,
our extended EPR method incorporates the full mode dis-
tribution of the circuit. Our method allows us to accurately
extract Hamiltonian parameters and describe nonlinear
couplings, including dispersive shifts. We demonstrate a
strong correspondence between the EPR simulations and
the experimentally measured resonator and qubit frequen-
cies. Moreover, the nonlinearity of the qubit also gives rise
to a nonlinear coupling between the resonator and the qubit
in the form of a dispersive shift. Therefore, we also ana-
lyze the dispersive shift as predicted by the extended EPR
method, and we again demonstrate great alignment with
the experimentally measured dispersive shift.

This paper is structured as follows: Sec. II introduces
the improved EPR method and its application to very
anharmonic superconducting circuits. Section III covers
the design of fluxonium qubits. Section IV presents the
experimental measurements and compares them with EPR
simulation results. Section V concludes with a summary of
our findings and implications for future work.

II. ENERGY PARTICIPATION RATIO

In this section, we briefly explain how the EPR [25]
analysis framework works and then demonstrate this
method for highly anharmonic superconducting circuits
[28,34,35]. The EPR method aims to provide a quantum
Hamiltonian for a quantum device design through the anal-
ysis of the classical electromagnetic energy distribution.
We generally design superconducting quantum devices
using patterned superconducting structures, which can be
combined with lumped elements. While we can treat the
distinction between distributed (linear) circuits and lumped
(and potentially nonlinear) circuits in broad terms for now,
of note, we often encounter effective lumped elements
based on Josephson junctions [36,37]; see, for example,
the fluxonium qubit [28] device in Fig. 1.

For electrical circuits, the linear part of a quantum
Hamiltonian is equivalent to the classical Hamiltonian.
Therefore, it is often convenient to split the Hamiltonian
into linear and nonlinear parts

Hfull = Hlin + Hnl. (1)

EC

lluummppeed d aannd d nnoonnlliinneeaarr

ddiissttrriibbuutteedd eelleemmeennttss
((ccllaassssiiccaal l ssoollvveerr))

g

FIG. 1. The fluxonium consists of a linear inductor with the
inductive energy EL, a Josephson junction with a Josephson
energy EJ , and a capacitor with a charging energy EC. The fluxo-
nium is capacitively coupled to a readout resonator with angular
frequency ωr. The capacitive elements as well as the readout
resonator (blue) can be simulated using classical finite-element
solvers, while the inductor and Josephson junction (pink) are
represented by lumped elements.

The linear part of the Hamiltonian contains only quadratic
terms, which we split into two parts

Hlin = Hdis + Hlum, (2)

where Hdis denotes the quadratic terms representing the
distributed elements of the circuit, while Hlum represents
the linear parts of the lumped structures added to the cir-
cuit. Note that the eigenmodes of the linear circuit can be
fully obtained from classical finite-element methods. For
now, we assume that only inductive lumped elements are
added to the circuit, and we write

Hlum = 1
2

∑

j

Ej (2π�j /�0)
2, (3)

with Ej being the inductive energy of element j , and �j is
the flux change across that element, equal to the time inte-
gral of the voltage difference across the element. Finally,
�0 is the magnetic flux quantum.

With the classical and linear terms set up, we can start
building the quantum Hamiltonian. First, we can readily
find the normal modes of the classical Hamiltonian and,
thus, write the quantum Hamiltonian as a sum of quantum
harmonic oscillators. The frequencies of each harmonic
oscillator mode correspond to the classically solved nor-
mal mode frequencies. In other words, we can write the
linear part of the Hamiltonian as

Hlin =
∑

m

�ωma†
mam, (4)

where ωm and am are the angular frequency and the annihi-
lation operator for mode m, respectively. Essentially, this
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Hamiltonian captures both the distributed elements Hdis
and the lumped-element terms in Eq. (2).

Physically, the lumped inductive elements may include
Josephson junctions, arrays of Josephson junctions [28,
38,39], or kinetic inductors [40–43], and therefore exhibit
some degree of nonlinearity. We capture this nonlinearity
with the Hamiltonian

Hnl ≡
J∑

j =1

∞∑

p=3

Ej cjp(2π�j /�0)
p , (5)

where cjp represents the coefficient of the pth-order term in
the expansion of the nonlinearity associated with element
j . The total number of nonlinear elements is denoted with
J .

Now, we can in principle combine the linear Hamilto-
nian with the nonlinear terms and we have the full quantum
Hamiltonian readily at hand. However, in the process, we
need to address several challenges. The first challenge in
solving the full system is that the nonlinear part Hnl can
mix all modes to high orders. As a convention [25], the
expansion of the nonlinear term is often truncated to a fixed
order N, resulting in the nonlinear Hamiltonian

Hnl =
J∑

j =1

Ej (cj 3ϕ
3
j + cj 4ϕ

4
j + . . . ) (6)

≈
J∑

j =1

Ej

N∑

p=3

cjpϕ
p
j , (7)

with ϕj = 2π�j /�0 introduced here for brevity. How-
ever, for very anharmonic systems, the truncation to a fixed
number of nonlinear terms leads to significant errors in the
calculated energies. As an example of a system that is note-
worthy [30,32,44,45] and highly nonlinear is the system
that we consider in Fig. 1, which depicts a fluxonium qubit
capacitively coupled to a readout resonator with a coupling
strength g. Here, the nonlinearity arises from a single non-
linear lumped element. Therefore, we simply express the
nonlinear Hamiltonian specifically for a single Josephson
junction

Hnl = −Ej [cos(ϕj )+ ϕ2
j /2], (8)

with no further approximations at this point and where ϕj
coincides with the phase difference across the junction.
The next challenge appears since we need to define the
quantum operator ϕj . We can use the classically solved
eigenmodes as a basis to express this operator as

ϕj =
M∑

m=1

ϕmj (a†
m + am), (9)

where ϕmj is the quantum zero-point fluctuation (ZPF) of
the junction phase in mode m.

Currently, the challenge remains to find the ZPF for each
mode in the junction ϕmj , which we cannot directly extract
from a classical simulation. However, in this context, the
EPR offers a practical solution. We define the EPR as

pmj ≡ Inductive energy stored in junction j
Total inductive energy stored in mode m

(10)

= 〈ψm| 1
2 Ejϕ

2
j |ψm〉

〈ψm| 1
2 Hlin |ψm〉 , (11)

where ψm is a quantum state with one Fock excitation in
mode m while the remaining modes are in the vacuum
state. In the EPR method, finite-element simulations pro-
vide us with the inductive energy in the junction, while the
total inductive energy is always equal to �ωm/2.

Using Eq. (11), we calculate the energy participation
from the quantum Hamiltonian, which should match the
classically calculated participation ratio. Now, calcula-
tions are reduced such that we compute the zero-point
fluctuations (ϕmj )

ϕ2
mj = pmj

�ωm

2Ej
. (12)

Applying this expression to calculate the ZPF for each
mode, we can find the nonlinear quantum Hamiltonian
using Eqs. (8) and (9). Thus, we reach the full Hamiltonian
at Eq. (1).

In the example presented in Fig. 1, we consider the case
of a fluxonium qubit and a readout resonator, so we are
interested in only two modes. We can identify the two
modes from their differences in energy participation in the
junction. Specifically, we refer to the modes with the high-
est EPR in the junction as the qubit mode, while the other
mode with low EPR is the resonator mode.

To highlight the significance of treating the nonlinear
element without truncation, we can consider the simple
Taylor expansion in Eq. (6) and expand to the fourth order.
When we only consider two modes q and r, the phase
operator across the junction reads

ϕj = ϕqj (a†
q + aq)+ ϕrj (a†

r + ar). (13)

Combining the linear Hamiltonian with the fourth-order
terms, we arrive at the Hamiltonian

H = �ωqa†
qaq + �ωra†

r ar

− Ej

24
[ϕqj (a†

q + aq)+ ϕrj (a†
r + ar)]4. (14)

By collecting the terms, we find a dispersive shift of

2χ = Ejϕ
2
qjϕ

2
rj /12. (15)

This approach is very effective for, e.g., transmon qubits
[26] due to their relatively weak anharmonicity. However,
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as discussed above, we are focusing on fluxonium qubits,
which have large anharmonicity. Concretely, we therefore
implement the exact cosine through the matrix exponential
of the junction operators. For the circuit shown in Fig. 1,
the nonlinearity comes, as mentioned before, from a sin-
gle Josephson junction. Additionally, an external magnetic
flux is threaded through the loop formed by the Josephson
junction and the linear inductor. The classical simulations
cannot capture the (nonlinear) effects of the external flux,
thus we include the external flux into the nonlinear term
associated with the Josephson junction. Therefore, as also
implemented for lumped circuits in Ref. [46], the exact
nonlinear term can be written as

Hnl = −Ej [cos(ϕj − ϕext)+ ϕ2
j /2] (16)

= −Ej

2

(
exp{i[ϕqj (a†

q + aq)+ ϕrj (a†
r + ar)]}e−iϕext

+h.c.)− Ej

2
ϕ2

j , (17)

where ϕext = 2π�ext/�0 is the external phase bias arising
from the external flux �ext and ϕj is the Josephson phase
operator. We define the harmonic oscillator basis for the
eigenmodes such that we express aq as a matrix in the
Fock basis and then the exponential term above refers to
the matrix exponential in the Fock basis of the eigenmodes.
For our circuit of interest, there is no analytical expression
for the dispersive shift [46]. Instead, we need to diagonal-
ize the full Hamiltonian and calculate the dispersive shift
from the eigenvalues. With the eigenenergies numerically
found, we can identify the dispersive shift as

2χ = (ω|1,1〉 − ω|1,0〉)− (ω|0,1〉 − ω|0,0〉), (18)

where ω|q,r〉 is the angular frequency for the eigenstate
|q, r〉 corresponding to q and r excitations in the qubit and
the resonator, respectively. It is worth mentioning that the
states |q, r〉 are eigenstates of the coupled systems and not
necessarily Fock states. Numerically, we first identify the
resonator occupation by finding the states with maximum
overlap to the state (a†

r )
n |0, 0〉 /√n!, where |0, 0〉 is the

readily found ground state of the system. Once the res-
onator excitations are identified, we can assign the qubit
excitations in ascending order.

Ultimately, through the EPR method, we extracted both
the linear and nonlinear terms of the system’s Hamilto-
nian, thereby identifying all of the device’s Hamiltonian
parameters.

III. FLUXONIUM QUBIT DESIGN

As discussed in the previous section, our extended
approach to performing the EPR analysis is expected to be
relevant for the prediction of the frequencies of a highly

(c)

(b)

3.0 μm

(a)

50.0 μμm

100.0 μm

FIG. 2. (a) False-colored optical image of a fluxonium device.
The pink pads represent the two superconducting islands of the
fluxonium qubit, the blue pad indicates the readout pad connected
to a coplanar waveguide resonator, and the green and red lines
denote the flux bias and charge lines of the fluxonium qubit,
respectively. The yellow area represents the ground plane of the
device, while the gray area corresponds to the silicon substrate.
(b) A scanning electron microscope (SEM) image with the Al
junctions is shown in yellow, and Al contacts are shown in green.
The central Josephson junction is located at the bottom and at the
top is an array of 100 Josephson junctions, which implements a
large inductance. (c) The SEM image of the central Josephson
junction is shown in yellow and, as in (b), the green pads are Al
contacts.

anharmonic system as well as the prediction of nonlin-
ear interactions with such a system. Therefore, we aim to
experimentally verify our approach using a circuit consist-
ing of a fluxonium qubit capacitively coupled to a coplanar
waveguide resonator (see Fig. 2).

The fluxonium qubit is defined by three energy param-
eters: the Josephson-junction energy, EJ = (�/2e)2/LJ ,
where LJ is the inductance of the Josephson junction.
The inductive energy of the inductor is EL = (�/2e)2/L,
where L is the inductance. Lastly, the charging energy is
defined by EC = e2/(2C), where C is the total capacitance
of the qubit. We designed a floating fluxonium qubit where
two circular-shaped pads provide the capacitance energy
(EC), the Josephson energy (EJ ) comes from the single
Josephson tunnel junction, and the inductive energy (EL) is
achieved with a hundred Josephson junctions in series (see
Fig. 2). With this design, there is an inductive loop between
the small Josephson junction and the Josephson-junction
array. The green line represents the external flux line car-
rying a dc current, which generates a magnetic field that
penetrates the loop of the fluxonium qubit. This magnetic
field threads the loop, setting the flux to �ext. We define
the external flux as ϕext = 2π�ext/�0, where �0 = h/2e
is the magnetic-flux quantum.

The fluxonium studied in this work, as shown in
Fig. 2(a), is fabricated using a base metalization of NbTiN
on a silicon substrate. The capacitive and coplanar waveg-
uide structures are defined through selective etching of
the NbTiN layer. To facilitate flux trapping, small squares
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are added to the ground plane, acting as flux-trapping
holes [47]. Both the Josephson-junction array and the small
Josephson junction, shown in Figs. 2(b) and 2(c), are fab-
ricated using a Manhattan-style layout (yellow) during the
same Al deposition process [48]. Each Josephson junction
in the array has an area of (410 nm)2, and the small Joseph-
son junction has an area of (120 nm)2, see also Fig. 2(c).
Galvanic contact between the junction electrodes and the
NbTiN is ensured using Al patches, see Figs. 2(b) and 2(c)
[49]. Further detailed fabrication steps are outlined in
Appendix B.

We proceed by detailing the design process of the
fluxonium qubit. We use the open-source IBM QISKIT
METAL framework to construct the device layout and
perform finite-element electromagnetic simulations. The
designed structure is then rendered into ANSYS HFSS,
which performs eigenmode simulations of the full design.
The results of these simulations are then automatically
processed using the extended EPR method presented in
Sec. II. The charging energy of the fluxonium is con-
trolled by the size of the capacitor pads and the distance
to the ground plane. More generally, we find the charg-
ing energy from the full capacitance network which can
similarly be extracted from the finite-element simulations
using ANSYS Q3D. In particular, we fix the design of
the fluxonium such that EC/(2π) = 0.943 GHz based on
a lumped-element model. Moreover, as we discuss fur-
ther below, the capacitance matrix can also be used to
extract the coupling strength g between the fluxonium and
the readout resonator, see also Appendix A. A key point
is that the eigenmode simulations include lumped induc-
tive elements that represent both the Josephson junctions
and the junction array. However, since the simulations
are classical simulations, only the linear part of these ele-
ments are added to the simulation. The nonlinear parts
are, as discussed above, added through the EPR analy-
sis. In the numerical simulations, we have also added a
lumped capacitive element to represent the capacitance
of the Josephson junction. Conventionally, the junction
capacitance has often been omitted in EPR analyses of
superconducting circuits since most previous studies have
focused on transmon circuits. Transmon qubits are charac-
terized by their small charging energy corresponding to a
large shunting capacitor, thus, the additional capacitance of
the Josephson junction is a small additional contribution.
In contrast, for fluxonium qubits, the typical capacitance
associated with the qubit mode is 10 fF or smaller, hence,
the junction capacitance plays a larger role. Specifically,
we include a junction capacitance (CJ ) of

CJ = 50 ± 12 fF/µm2 (19)

based on the measurements in Ref. [50]. For our case,
we have a Josephson junction with an area of (120 nm)2

yielding a capacitance value of 0.72 fF.

IV. EXPERIMENTAL RESULTS

To test the applicability of the EPR analysis for the flux-
onium qubit design presented in the previous section, we
measure the device in a cryogenic setup (see Appendix C
for details). We extract the resonance frequency of the
readout resonator by fitting a Lorentzian response to
the data obtained from spectroscopy [see blue points in
Fig. 3(a)]. By varying the bias current in the flux line of
the fluxonium, we tune the fluxonium and consequently
the resonator, allowing us to extract the resonator fre-
quency as a function of the external flux. At specific flux
points, avoided-crossing features appear in the resonator
frequency due to interactions with the higher excited states
of the fluxonium [44,46].

Next, we perform two-tone spectroscopy to character-
ize the fluxonium frequency, see Fig. 3(c). We carry out
resonator spectroscopy with the qubit prepared in the |0〉
and |1〉 states to measure the dispersive shift. When the
fluxonium qubit frequency is below 1 GHz, an active reset
protocol is required because the fluxonium’s thermal equi-
librium approaches a fully mixed state. We employ a flux-
pulse-assisted reset similar to Ref. [51], where a flux pulse
temporarily shifts the fluxonium to a higher frequency,
causing it to relax to the |0〉 state. After reset, we apply
a π pulse to prepare the qubit in the |1〉 state. We fit double
Lorentzian functions to both resonator traces to account
for imperfect reset and decay during readout, extracting
the change in resonator frequency between the |0〉 and |1〉
states, which corresponds to twice the dispersive shift.

To characterize the qubit frequency, we continuously
apply a spectroscopy tone through the charge line of the
fluxonium while simultaneously sending a readout pulse
at the resonator frequency. When the spectroscopy tone is
on resonance with a qubit transition, a change in the read-
out signal is observed, allowing us to identify the qubit
frequency as the frequency with the maximal response.
In contrast to the readout resonator frequency, the qubit
frequency shifts smoothly from around 5 GHz down to
approximately 300 MHz. This smooth behaviour supports
the interpretation that the avoided crossings observed in the
resonator spectroscopy originate from higher excited states
of the fluxonium.

Lastly, we compare the measured frequencies with those
predicted by the EPR analysis. To obtain the EPR results,
we have three unknown parameters require experimental
input: (i) the precise resonator frequency, (ii) the Josephson
energy of the fluxonium, and (iii) the inductive energy of
the junction array. Starting with the resonator, its frequency
is, in principle, fully defined by the geometry. However,
the device is fabricated from NbTiN, which exhibits sig-
nificant kinetic inductance [52], causing a slight shift in the
resonator frequency. Therefore, we offset its precise value
so that the simulated frequency matches the measured
frequency at zero external flux.
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(a) (c)

(d)(b)

FIG. 3. (a) Resonator frequency obtained from spectroscopy measurements (blue) and the extended EPR simulations (red) as a
function of the externally applied flux. (b) Qubit frequency measured by applying a spectroscopy tone to the qubit drive line while
probing the resonator (blue), together with the qubit frequency extracted from the extended EPR analysis (red). (c) Residual resonator
frequencies, defined as the absolute difference between EPR results and experimental data. (d) Residual qubit frequencies, defined as
the absolute logarithmic difference between EPR results and experimental data.

Similarly, by analyzing the measurement data, we adjust
the junction’s Josephson energy and the array’s induc-
tive energy in the simulation to match the qubit frequency
at zero external flux and at half a magnetic-flux quan-
tum. We determine the values of EJ /(2π) = 4.028 GHz
and EL/(2π) = 0.775 GHz. With these energy parameters
fixed, and despite initially fixing the resonator frequency
at a single point, we successfully reproduce its full flux
dependence, including the avoided crossings with higher
excited states of the fluxonium, as shown by the red points
in Fig. 3(a). In Fig. 3(b), we see the residual resonator fre-
quencies, defined as the absolute log difference between
the EPR analysis results and experimental data. The resid-
uals remain around 10 kHz, except near the avoided cross-
ings, where deviations naturally increase since the res-
onator becomes strongly nonlinear and extracting a precise
resonator frequency become challenging.

Next, we perform the EPR analysis as a function of the
external flux, observing excellent agreement between the
simulated and measured qubit frequencies, see Fig. 3(c). In
Fig. 3(d), we see that the residuals remain below 10 MHz
for most of the flux range. Near �ext = 0.4�0, we observe
slightly larger differences between the EPR predictions and
the experimental data, which coincides with the avoided
crossings with higher levels, which also renormalizes the
qubit frequencies. These effects are not fully captured by
the EPR simulation, likely, due to the effective coupling to
higher states being inaccurate. Such inaccuracies could be

because the wave function of the higher states are not accu-
rate enough, due to the Fock-state truncation, or because
the coupling is renormalized by the kinetic inductance of
the qubit island.

During the EPR simulations, we truncate the Hilbert
space of each eigenmode to 30 Fock states. Increasing
the Hilbert space further becomes prohibitively time con-
suming; however, we note that the residuals in the qubit
frequency at 0.5�0 remain up to 10 MHz with 12 Fock
states and reduce to below 1 MHz when increasing the
truncation to 30 states. A potential limitation of the method
arises if too few Fock states are used: insufficient trunca-
tion restricts an accurate description of the wave function
of the higher excited fluxonium levels, leading to inaccura-
cies such as a poorly reproduced dispersive shift. Another
possible constraint stems from fixing EJ and EL based on
the measured qubit frequencies. Since fabrication imper-
fections inevitably shift these parameters from their design
values, requiring careful refitting to the measurement data.
However, this limitation does not affect the practical appli-
cability of our method, as we can still confirm that the
targeted frequency regime is achieved across the expected
range of Josephson energies.

Since the EPR approach, with the extracted Josephson
and inductive energies, produces the full Hamiltonian, the
model not only reproduces the qubit and resonator frequen-
cies but also accurately captures the higher-order coupling
terms. For example, the dispersive shift is a key parameter
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FIG. 4. Dispersive shift, denoted as χ . Here, χ is extracted as
half of the difference between resonator frequency with the qubit
in the excited state with the qubit in the ground state. The exper-
imentally measured dispersive shift (blue) is compared with the
EPR results (red) and the results from a lumped-element model
(purple).

in the context of superconducting circuits that quantifies
the mutual resonance shift between the qubit and the res-
onator. Due to the limited selection rules of the fluxonium,
higher-order qubit levels must be considered, as they have
a non-negligible impact on the dispersive shift [46]. Each
higher-order level contributes to the total χ , with its con-
tribution depending on the coupling strength g, the charge
matrix element, and the detuning from the resonator.

Figure 4 compares the experimentally extracted disper-
sive shift (blue) with the value obtained from the EPR
analysis (red). Following the method described in Sec. II,
the dispersive shift is calculated directly from the EPR
results. A key observation is that the EPR prediction
matches the experiment remarkably well across the entire
flux range, from zero external flux to half a flux quantum.
Around 0.3 flux quanta, the discrepancy between the EPR
results and the experimental data may originate from the
fact that the experimental data is masked by the nonlinear-
ity of the resonator near the avoided crossing with higher
fluxonium levels. Alternatively, the EPR analysis may also
overestimate the coupling to these higher fluxonium levels.

Up to this point, all capacitive circuit parameters, such
as the charging energy EC and the coupling strength g,
have been implicitly included in the EPR simulations.
Alternatively, these parameters can be obtained via elec-
trostatic simulation followed by lumped-element model-
ing. To compare our extended EPR simulation with this
simpler approach, we calculate EC and g based on the
lumped model, as detailed in Appendix A. Specifically,
we use ANSYS Q3D to extract the Maxwell capacitance
matrix, from which we determine the fluxonium’s charg-
ing energy EC. This matrix also provides the capacitance
between the readout pad and the capacitor pads, which is
essential for calculating the coupling strength g. Our cal-
culations yield a coupling strength g/(2π) = 85.15 MHz

and the charging energy EC/(2π) = 0.943 GHz. We then
configure the scQubit package [53,54] to model a flux-
onium coupled to a resonator using the EC and g values
derived from our lumped-model calculations. Additionally,
we incorporate the CJ parameter as defined in Eq. (19).

The dispersive shift extracted from the simplified
lumped model follows the experimental data effectively,
as indicated by the purple points in Fig. 4. However, at
zero flux quantum and at flux biases around 0.2 to 0.3
flux quanta, the EPR results align much more closely with
the experiments compared to the lumped model. This sug-
gests that the lumped model is overly simplified for the
circuit under study, primarily due to its assumption that
all superconducting islands behave as equipotential sur-
faces. In contrast, the extended spatial distribution of the
fluxonium mode plays a key role in renormalizing effec-
tive circuit parameters such as EC and g. Crucially, the
extended EPR analysis naturally captures this renormal-
ization. Therefore, our extended EPR method provides a
comprehensive description of the nonlinear coupling in a
highly anharmonic circuit.

V. CONCLUSION

In this work, we have designed a fluxonium qubit using
QISKIT METAL and we have extended the EPR anal-
ysis method to accurately account for the fluxonium’s
large anharmonicity. By comparing simulation results from
the extended EPR method with experimental data, we
observe excellent agreement in predicting both qubit and
readout resonator frequencies. Additionally, we success-
fully addressed the challenge of predicting the dispersive
coupling between the fluxonium qubit and the readout res-
onator, again demonstrating strong agreement between the
simulations and the experimental data. Notably, a fully
lumped-element analysis yielded less accurate predictions
for the dispersive shift, highlighting the critical role of
high-frequency simulations in capturing the quantum prop-
erties of superconducting devices. Looking ahead, the
next apparent challenge is to integrate our method into
larger circuits, for example, featuring multiple coupled
fluxonium qubits and potentially tunable coupling ele-
ments. This work represents a significant step forward in
the development of efficient, scalable quantum computing
technologies based on highly nonlinear superconducting
qubits.
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APPENDIX A: CIRCUIT QUANTIZATION

In this appendix, we demonstrate how circuit quanti-
zation applies to superconducting circuits consisting of
capacitors, inductors, and Josephson junctions, see Fig. 5.
To establish a quantum description of an electrical cir-
cuit, we begin with the classical Lagrangian, defined as the
kinetic energy minus the potential energy (L = T − U).
For electrical circuits, the capacitance energy represents
the kinetic energy, while the inductive energy serves as the
system’s potential energy.

We define the flux (φ) and charge (Q) using the nodes in
our quantum circuit such that

φn(t) =
∫ t

−∞
Vn(t′)dt′, (A1)

where Vn denotes node voltage at node n and

Qn(t) =
∫ t

−∞
In(t′)dt′, (A2)

where In denotes node current.

EJC L CJ

1

2

1

2

1

2

FIG. 5. The circuit elements of superconducting circuits. Two
superconducting nodes φ1 and φ2 are connected with either a
capacitor, inductor, or a Josephson junction. For the Josephson
junction, we have explicitly separated the Josephson capacitance
and the inductive Josephson energy for clarity.

We use the node flux as our generalized position variable
and we write the Lagrangian of each element as

L(φ, φ̇) = LC + LL = Ecap(φ̇)− Eind(φ). (A3)

In practice, we construct this Langragian by summing up
the energies of all elements in the circuit. Specifically, for
a capacitor connection between two nodes, φ1 and φ2, we
have the capacitive energy

Ecap(φ̇1, φ̇2) = C
2
(φ̇1 − φ̇2)

2. (A4)

Similarly, for an inductor connecting nodes φ1 and φ2, we
have

Eind(φ1,φ2) = (φ1 − φ2)
2

2L
. (A5)

The next step is to introduce the Josephson junction.
The Josephson junction is characterized by a Josephson

capacitance that simply takes the form of Eq. (A4) and an
additional inductive energy

EJJ (φ1,φ2) = −EJ cos
(

2π
φ1 − φ2

φ0

)
, (A6)

where φ0 is the magnetic-flux quantum.
After writing each element’s Lagrangian, we are ready

to quantize a fluxonium qubit coupled to a resonator.
This approach allows us to derive the coupling strength,
resonator frequency, and other relevant parameters.

For the circuit diagram of our design, see Fig. 6, we start
with the Lagrangian written as

L = Cq

2
(φ̇1 − φ̇2)

2 + C1

2
φ̇2

1 + C2

2
φ̇2

2 + Cr

2
φ̇2

r

+ Cqr

2
(φ̇2 − φ̇r)

2 + EJ cos
(

2π
φ1 − φ2

φ0

)

− 1
2Lq

(φ1 − φ2)
2 − 1

2Lr
φ2

r . (A7)

For convenience, we can write the capacitance part in
matrix form such that the Lagrangian reads

L = 1
2

	̇φT
C

	̇φ + EJ cos
(

2π
φ1 − φ2

φ0

)

− 1
2Lq

(φ1 − φ2)
2 − 1

2Lr
φ2

r , (A8)

with the matrix

C =
⎛

⎝
C1 + Cq −Cq 0

−Cq C2 + Cq + Cqr −Cqr
0 −Cqr Cr + Cqr

⎞

⎠ . (A9)

We now make the substitution φ = φ1 − φ2, φ	 = φ1 +
φ2, and φr = φr, which is described by the transformation
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EJCq Lq

Cqr

Cr Lr

C1

C2

1

r
2

FIG. 6. A circuit diagram of the fluxonium qubit capacitively
coupled to a resonator. The fluxonium is characterized by a
Josephson energy EJ , an inductor with an inductance Lq, and
a capacitor Cq, which includes the junction capacitance. Addi-
tionally, each fluxonium island has a capacitive connection to the
ground. The resonator is here described as a lumped oscillator
with capacitance Cr and inductance Lr. The resonator and the
fluxonium are capacitively coupled by a capacitance Cqr.

matrix

M =
⎛

⎝
1 −1 0
1 1 0
0 0 1

⎞

⎠ . (A10)

Using this transformation, the Lagrangian becomes

L = 1
2

[φ̇, φ̇	 , φ̇r]C̃[φ̇, φ̇	 , φ̇r]T + EJ cos
(

2π
φ

φ0

)

− 1
2Lq

φ2 − 1
2Lr

φ2
r , (A11)

where we have the transformed capacitance matrix

C̃ =

⎛

⎜⎝

C1+C2+Cqr
4 + Cq

C1−C2−Cqr
4 Cqr/2

C1−C2−Cqr
4 (C1 + C2 + Cqr)/4 −Cqr/2

Cqr/2 −Cqr/2 Cr + Cqr

⎞

⎟⎠ .

(A12)

From here, we can find the conjugate variables as

	q = C̃[φ̇, φ̇	 , φ̇r]T, (A13)

which leads to the Hamiltonian

H = 1
2
	qT

C̃
−1	q − EJ cos

(
2π

φ

φ0

)
+ 1

2Lq
φ2 + 1

2Lr
φ2

r .

(A14)

Here, the charging energies are determine by the inverse
capacitance matrix. Note that we can ignore φ	 terms

because they do not contribute to the potential energy
in the Lagrangian and, therefore, have no effect on the
qubit frequency. Additionally, under the assumption Cr 

C1, C2, Cqr, Cq the relevant charging terms became

C̃
−1 =

⎛

⎜⎝

1
C


− 1
Ccpl

− − −
1

Ccpl
− 1

Cr+Cqr

⎞

⎟⎠ , (A15)

with

1
C


= 1

Cq + C1(C2+Cqr)
C1+C2+Cqr

(A16)

and

1
Ccpl

= −Cqr

C
(Cqr + Cr)
(C1+C2+Cqr)

C1

. (A17)

Thus, we finally arrive at the Hamiltonian of the system

H = 1
2C


q2 − EJ cos
(

2π
φ

φ0

)
+ 1

2Lq
φ2

+ 1
2(Cr + Cqr)

q2
r + 1

2Lr
φ2

r + 1
Ccpl

qqr. (A18)

We can introduce EC = e2/(2C
) and EL = φ2
0/Lq(2π)2

together with the operators n = q/(2e), ϕ = 2πφ/φ0, φr =√
�/2ω(Cr + Cqr)(a† + a) and qr = i

√
�ω(Cr + Cqr)/2

(a† − a) such that we get the Hamiltonian of the form

H = 4ECn2 − EJ cos(ϕ)+ EL

2
ϕ2

+ �ωra†a + i�g(a† − a)n. (A19)

Here we have the resonator frequency given by

ωr = 1/
√

Lr(Cr + Cqr). (A20)

In Eq. (A19), we derived the coupling strength g assum-
ing the resonator to be a lumped LC oscillator, as shown
in Fig. 6. In the design presented in the main text, how-
ever, the readout resonator is a λ/2 resonator with a large
shunt capacitor introduced by the pad located close to the
qubit. This large capacitance modifies the mode distribu-
tion and, consequently, the effective capacitive coupling
[12]. We therefore modify the coupling g to account for
these two aspects and arrive at the coupling strength

g = 2eωrB

√
Z0

π�
ucorr. (A21)

Here, we rewrite the prefactor 1/Ccpl by introducing the
dimensionless parameter B = (Cr + Cqr)/Ccpl, which nat-
urally emerges after quantization and ucorr is a correction
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term that accounts for the precise mode distribution of
the resonator. This factor can be evaluated as ucorr =
cos(ωrCpadZ0) using the resonator impedance Z0 and the
capacitance Cpad that refers to the combined capacitance
of the readout pad.

APPENDIX B: FABRICATION STEPS

The fabrication process for this device begins with a 4-
inch high-resistivity silicon wafer (resistivity > 20 k� cm)
from Topsil, featuring a (1-0-0) orientation and with a
thickness of 525 µm. Before metal deposition, the wafer
is cleaned in nitric acid (HNO3) accompanied by soni-
cation for 6 min, followed by a quick dip in deionized
(DI) water and then placed in a second DI water bath at
room temperature (21 ◦C). After blow drying with N2, the
wafer is cleaned with 40% HF solution for 7 min. It is then
rinsed twice with DI water—an initial quick dip to prevent
ongoing etching from residual acid—before a final blow
dry. Immediately afterwards, an HMDS layer is spun to
alleviate oxide formation before sputtering [58].

We use an AJA sputtering system with a 3-inch Nb/Ti
(0.7:0.3) target to deposit the metal layer via reactive DC
magnetron sputtering. The wafer is coated with a 200 nm
film under these conditions: 50 sccm Ar and 3.5 sccm
N2 plasma at a pressure of 2.3 mtorr and a power of
250 W. We then spin coat the dicing resist (S1805) at 1000
rpm, followed by baking at 90 ◦C for 5 min. In the next
step, the wafer is diced into 15 × 15 mm2 coupons. The
15 × 15 mm2 coupons are placed in N-methyl pyrrolidone
(NMP), rinsed with acetone and isopropyl alcohol (IPA),
and blow dried with N2.

To define the structures in the base metalization, an
AR.P 6200.18 resist is spun at 2500 rpm and baked for
3 min. The resist is patterned using a 100 keV Raith E-
beam lithography system, operating with a beam current
of 256 nA and a dose of 350 µC/cm2. The pattern is
developed using a sequence of solutions: pentyl acetate,
followed by a 1:3 mixture of MIBK and IPA, and finally
pure IPA. Each step lasts for 60 s with gentle agitation and
is conducted at room temperature. Next, the NbTiN layer is
selectively etched using reactive ion etching (RIE-Sentech
Etchlab 2000) with a two-step etch recipe. The first step
involves primarily physical etching, while the second step
focuses on chemical etching to produce a smoother silicon
surface. The etching recipes are as follows:

(1) 13.5 sccm SF6 mixed with 4 sccm O2 at 0.010 mbar
pressure with 70 W of power.

(2) 4 sccm SF6 mixed with 15 sccm O2 at 0.080 mbar
pressure with 50 W of power.

The coupon is then placed in 80 ◦C NMP to strip the resist
overnight. Afterwards, the cleaning process is completed

using acetone and IPA. Next, the coupon undergoes a 30-
s BOE (1:7) dip, followed by a quick rinse in DI water
and a longer soak in DI water to conclude the process.
Immediately following the cleaning, a bilayer resist stack
is applied to the coupon:

(1) MMA-EL8 resist, spin at 4000 rpm and bake at
185 ◦C for 5 min after.

(2) PMMA-950 A4 resist, spin at 2000 rpm and bake at
185 ◦C for 5 min after.

We use the same E-beam lithography system for the
Josephson-junction structures, exposing all the junctions in
a single step with a Manhattan-style pattern and an under-
cut profile in the bilayer stack. A beam current of 98 pA
with a dose of 1200 µC/cm2 is used for junction exposure,
and 129 pA with a dose of 540 µC/cm2 for the undercuts.
Development is performed using a H2O mixture at 6 ◦C,
followed by a 40 s BOE (1:7) clean and DI water rinses
lasting 10 s and 60 s, respectively.

The Josephson junctions are deposited using the Plassys
MEB 550 system via a two-step aluminium evaporation
process. The details of the Al deposition are as follows:

(1) The chamber is preconditioned using deposition of
Ti at a rate of 0.2 nm/s until a thickness of 20 nm is
reached.

(2) The first Al deposition occurs at a rate of 0.5 nm/s
with a deposition angle of 55◦, reaching approximately 30
nm thickness.

(3) The sample undergoes 11 min of O2 oxidation at at
0◦ and 1.3 mbar.

(4) The holder is rotated by 90◦ for the second Al depo-
sition, again at a rate of 0.5 nm/s and a deposition angle of
55◦, until approximately 110 nm thickness is achieved.

(5) The sample undergoes another 11 min of O2 oxida-
tion at 0◦ and 1.3 mbar.

The deposition thickness is measured on the crystal,
though it is expected to be thinner on the device surface

(b)(a)

FIG. 7. A GUI image of the six single fluxonium qubit device
(a) design by using QISKIT METAL (b) and the fabricated
device with Al wire bonds.
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FIG. 8. Wiring diagram inside the dilution refrigerator and the room-temperature electronic setup, see details of the components in
Table I, which is further discussed in the text.

due to the deposition angle. After deposition, the chip
undergoes a lift-off process, during which it is soaked in
acetone at 50 ◦C for at least 2 h. This is followed by an
additional stripping step in 80 ◦C NMP. Finally, the chip is
rinsed in succession with acetone and IPA.

After the junction fabrication is completed, patches
are applied to specific areas of the junctions to improve
the galvanic connection between the electrodes and the

underlying metal layer (see Fig. 2). This step follows the
same lithography process used for the junctions, though
undercuts are not required this time. The patches are
deposited using the Plassys system, beginning with a
2-min argon milling step in the load lock, followed by
the deposition of 150 nm of Al at a 0◦ deposition angle
and finishing the process with 11 min of O2 oxidation
at 0◦ and 1.3 mbar. The chip then undergoes a lift-off
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process, utilizing the same acetone and NMP stripping
method.

In the final step, we apply the dicing resist (S1805) by
spinning it to achieve a PCB size of 9 × 9 mm2. After dic-
ing with the same tool, we strip the resist, and the device
is released from the cleanroom, ready to be sent to the
wire-bonder room.

In Fig. 7, we display the whole circuit design (a) the
device from the IBM QISKIT METALGUI image and (b)
the fabricated device, which includes its Al wire bonds.
Some of these bonds are used for grounding, while oth-
ers establish the connection between the PCB and the
launch pads on the device. Additionally, we incorporate
six test structures in the center of the chip, enabling room-
temperature probing of the junction resistance. Three of
these structures host a single Josephson junction on the
left, while the remaining three feature an array on the right.

APPENDIX C: MEASUREMENT SETUP

The fabricated device is diced into 9 × 9 mm2 coupons,
then affixed with GE varnish onto a gold-plated copper
mount, and electrically connected to its printed circuit
board (PCB) via 25-µm-thick Al wire bonds using a semi-
automatic F&S Bondtec� equipment. Once wire bonding
is completed, the device is loaded into our dilution refrig-
erator. For our samples, we use BLUEFORS� LD400
series, which has multiple temperature stages, as depicted
in Fig. 8. The samples are mounted in the mixing chamber
stage, which operates at around 7 mK. For added magnetic
shielding, the device is protected on both sides by Al and
the PCB is encased in two Mu-metal cans.

The device used in this paper hosts six single fluxonium
qubits, six flux-bias lines, six charge lines, and six λ/2 res-
onators, which are capacitively coupled to the transmission
line, as depicted in Fig. 7. The control electronics and mea-
surement setup are summarised in Table I. However, only
the wiring diagram for one qubit is shown, as we focus on
a specific qubit for this work.

The readout signal tone is generated by a Zurich Instru-
ments UHFQA quantum analyzer and up-converted to
microwave frequencies using an IQ mixer, with the local
oscillator (LO 1) signal supplied by the APMS20G-4
AnaPico signal generator for the up-conversion. The up-
converted signal is attenuated by a series of attenuators
and an Eccosorb filter before reaching the sample at base
temperature. After passing through a weak Eccosorb filter,
the output line includes two isolators. To filter out higher-
frequency components, low-pass filters are applied at 7 and
100 mK. The signal is amplified at the 3-K stage by a 42-
dB HEMT amplifier, followed by additional 42- and 23-dB
amplifiers at room temperature, with a 3-dB attenuator in
between to suppress standing modes. Finally, the signal is
down-converted and amplified with 22-dB amplifiers on

TABLE I. List of control electronics and additional equipment
used at room temperature and cryogenic stages.

Dilution refrigerator BLUEFORS� LD400

IQ mixer readout input Zurich Instruments� HDIQ
AWG readout output/ADC Zurich Instruments� UHFQA
AWG flux/charge line Zurich Instruments� HDAWG
IQ mixer charge line Marki IQ-1545LMP
IQ demodulator QuTech-in house
rf source APMS20G-4
dc source QuTech-in house
Bias-tee Mini-Circuits ZFBT-4R2GW+
dc block Mini-Circuits BLKD-183-S+

inner-outer
Eccosorb IR filter QuTech-in house
Isolator LNF-ISISC4_8A s/n 2027-17

4-8 GHz
Low-pass filter VLFX-105+
Splitter Mini-Circuits ZX10R-14-S+

DC-10 000 MHz
−20-dB attenuator Bluefors
−10-dB attenuator MCL BW-S10 W2+
+22 amplifier Mini-Circuits GALI-3+
+42 HEMT LNF-LNC4_8C s/n 2701H

both the I and Q signals. Two 10-dB attenuators are used
at the UHFQA input to match its dynamic range.

On the flux line, a 750-MHz eight-channel high-density
arbitrary waveform generator (HDAWG) generates the
flux pulses, while an in-house QuTech S4g current source
module supplies the dc bias current. These signals were
combined with a bias-tee at room temperature. Addition-
ally, a 20-dB attenuator is included at 3 K, along with an
Eccosorb and low-pass filters at the mixing chamber.

We use two slightly different hardware configurations
to address the qubit above and below ωq/2π = 1 GHz.
For frequencies above 1 GHz (as shown in Fig. 8), the
HDAWG generates the IQ signals at an intermediate fre-
quency for up-conversion. For qubit frequencies below
1 GHz, the drive signal is generated directly by the
HDAWG. These signals are combined with a power split-
ter. The charge-line signal is attenuated similarly to the
input line, as shown in Fig. 8.
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