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Protecting qubits from perturbations is a central challenge in quantum computing. Topological super-
conductors with separated Majorana bound states (MBSs) provide a strong form of protection that only
depends on the locality of perturbations. While the link between MBS separation, robust degeneracy,
and protected braiding is well understood in noninteracting systems, recent experimental progress in
short quantum-dot-based Kitaev chains highlights the need to establish these connections rigorously for
interacting systems. We do this by defining MBSs from many-body ground states and show how their
locality constrains their coupling to an environment. This, in turn, quantifies the protection of the energy

degeneracy and the feasibility of non-abelian braiding.

DOI: 10.1103/pw51-tnsz

I. INTRODUCTION

Robust degeneracies in quantum systems are of funda-
mental importance and offer potential for quantum tech-
nologies. Topological protection provides a particularly
strong form of robustness, where the degeneracy is insen-
sitive to local perturbations. Topological superconductors
realize this protection as a result of separated Majo-
rana bound states (MBSs): quasiparticles with non-abelian
exchange statistics and potential for fault-tolerant quan-
tum computation [1]; see Refs. [2—6] for comprehensive
overviews. Although conclusive experimental evidence for
topological MBSs is still lacking, the field has seen sub-
stantial theoretical and experimental development. On the
theoretical side, progress includes increasingly realistic
platform proposals [7—15], as well as braiding protocols,
readout schemes and network architectures [16—19].

In noninteracting models, the spatial separation of
MBSs implies both protected braiding protocols and
robustness of the ground-state degeneracy against local
perturbations. Extensions of these concepts to interacting
systems include the classification of topological phases
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[20,21], numerical and perturbative studies of phase dia-
grams [22—26], and exact solutions of interacting models
at fine-tuned points [27,28]. Furthermore, the many-body
structure of the MBSs themselves has been studied [29—38]
and they may contain a significant amount of nonlocal and
many-body contributions. It has remained unclear how to
quantify the locality of such operators in a meaningful way,
and when to expect interacting systems to exhibit non-
abelian braiding. In light of recent experimental progress
in short quantum-dot-based Kitaev chains [39—44], where
the MBS separation must be fine-tuned and interactions
are strong, it is increasingly important to understand this
quantitatively.

The structure and main logic of our approach are sum-
marized in Fig. 1. In Sec. I, we define ground-state MBSs
from a pair of low-energy states with opposite fermion par-
ity. In Sec. III, we derive bounds on the effective coupling
between such MBSs and an environment. These bounds
have direct consequences for the stability of the spec-
trum, which we show in Sec. IV. We obtain physically
meaningful measures of MBS locality from partial traces,
and in Sec. V, we show how it connects to the Majo-
rana polarization used in the literature before. Considering
the interacting Kitaev chain in Sec. VI, we analytically
describe the structure of the MBSs and demonstrate our
bounds on energy splittings in the case of disorder and
when coupling to an external dot. In Sec. VII, we study
an experimentally realistic system, a quantum-dot-based
Kitaev chain, linking our quality measures to experi-
mental measurements. In Sec. VIII, we couple multiple

Published by the American Physical Society
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FIG. 1. We show that the separation of MBSs implies energy
protection and braiding, using methods applicable in interacting
systems. (a). We consider a system S, described by two MBSs. It
interacts with an environment B, with a coupling acting in a sub-
region R. (b). The couplings to the environment are bounded by
the localization of the MBSs, quantified by the partial trace. (c).
A weakly coupled MBS almost commutes with the Hamiltonian,
implying stability of the energy spectrum. The localization of the
MBSs also determines the feasibility of non-abelian braiding.

systems together and show how our measures have con-
sequences for the success of coupling-based braiding pro-
tocols. Appendixes A—J contain rigorous derivations and
extended technical discussions.

II. MBSs IN INTERACTING SYSTEMS

In noninteracting systems, single-particle MBSs are
obtained by diagonalizing the Bogoliubov—de-Gennes
Hamiltonian. These operators act on the full Hilbert space.
However, in adiabatic braiding protocols, only the low-
energy ground-state sector is relevant. Motivated by this
fact, we consider a fermionic system S with two low-
energy states of opposite fermion parity, |e) and |o),
separated from all excited states by an energy gap.

As an operator basis for this space, we define

y = le){o| + o) {el, (1a)
y = i(le) (o] — lo){el), (1b)
iyy = le)(e| — |o)(ol, (Ic)

which are analogous to the Pauli operators. They are
hermitian and square to identity in the space of ground
states

y2 =72 =le){el + lo)(o| = Q. 2)

A crucial difference with spin operators is that y and y
are fermionic. We refer to them as ground-state MBSs,
and their product as their parity. These operators describe
the low-energy physics of S, and can be defined in both
interacting and noninteracting systems.

The ground-state MBSs are “weak” in the sense that
they only map between the opposite parity states in the
ground-state sector [45,46]. This is in contrast to “strong”
MBSs, which map between the parity sectors in the full
Hilbert space [26,33,34,36,37,47,48]. Whether or not a
strong MBS exists is irrelevant here—our focus is solely
on the ground-state sector.

Unlike single-particle MBSs, y and y are nonlocal and
generally act nontrivially on the entire system. Neverthe-
less, when coupling to them in a region R, only the local
part plays a role. This is captured by the fermionic partial
trace, which defines the reduced MBSs in region R as

yr = Trgly], (3)

where R is the complement of the region R. For fermionic
systems, partial traces and tensor products need to be
slightly modified to ensure consistency with the anticom-
mutation relations, and we follow Ref. [49] closely. These
technicalities are not important for the conceptual under-
standing of our results, so we have saved them for the
proofs in the Appendix.

Due to fermionic superselection, the relative phase
between |e) and |o) is an unphysical gauge freedom.
A rotation of this phase corresponds to mixing the two
ground-state MBSs, and it is important to choose the phase
to maximize the separation of y and y in the coupling
region R. This leads to a many-body generalization of the
Majorana polarization, see Sec. V.

III. BOUNDING COUPLINGS BY LOCALITY

To see how the localization of the ground-state MBSs
implies protection from perturbations, we couple the sys-
tem S to an environment B. The full Hamiltonian reads

H = Hg + Hgp + Hp, 4)

where Hpp is assumed to act only in a subregion R of S and
Hp is arbitrary. The coupling can be split into odd and even
terms,

Hys = Hy + HYp. (5)

Hpp has terms with even fermion parity in both R and B,
such as local chemical potential shifts within R or Coulomb
interaction between R and B, while Hgj collects terms with
odd parity in both R and B, such as single-particle hopping
between them.

020341-2
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Projecting out the excited states in S, we can write an
effective Hamiltonian in terms of the operators in Eq. (1).
It takes the form

Her= (¢ + Q)iy7 /2 + yF/2 + 7F/2 + QHp,  (6)

where F, F, and G are operators acting in the environment
[50], € is the energy difference between the low-energy
states of Hg, and I:IB is a renormalized Hamiltonian for
the environment. To leading order in the system-bath cou-
pling, the effective coupling Hamiltonian is QHgzQ. This
is the projection of a local operator, which we will exploit
to bound the coupling to the ground-state MBSs. Higher-
order terms are generally more nonlocal [51] and would
require additional analytical tools to treat systematically.
In our derivation, we assume weak coupling and neglect
those contributions. In the numerical examples, we con-
sider larger coupling strengths to see possible violations of
our results.

Using the leading-order projected Hamiltonian, the
effective operators can be expressed as

F = Trs [y Hgg| = Trr [vrHys), (7a)
F = Trs [7Hgg| = Trx [7rHgs), (7b)
G = Trs [iy P Hyp) = Trr [y P)rHps),  (70)
where yr is the reduced ground-state MBS defined in
Eq. (3). If the norms of the reduced MBSs are small, the

effective operators will be small. In Appendix A, we prove
that

IF1, < |Hgs|, vzl (8a)
IE1, < |Hgs], 171l (8b)
IGI, < [Hzsl, 1Gy Pl (8¢)

where 1/¢+ 1/p =1, and we use the Schatten norm
defined by

A, = Tr [JA Ap]l/p . )

These bounds are sharp. For example, for ¢ =2 (the
Frobenius norm), the bound for F is saturated if

Hgg = yrhs, (10)

for any operator /5 in the environment.

These bounds constrain how much an environment can
couple to a pair of MBSs and their parity. We use these
to derive bounds on the energy spectrum in Sec. IV and
discuss consequences for braiding in Sec. VIIL

IV. ENERGY SPLITTING BOUND

A useful property of MBSs is that the energy spectrum is
protected if they commute with a perturbation. We derive
an inequality connecting the protection to the localiza-
tion of the ground-state MBSs, see Appendix B for all the
details. While the case of most interest is when S is degen-
erate (¢ = 0), we formulate the more general result with
nonzero initial splitting . These bounds only hold in the
low-energy subspace—they can be violated if the coupling
is comparable to the excitation gap in S.

Let |O) and |E) be eigenstates of Heg, with odd and even
parity, respectively. Their energy difference is

((’)I[V,Heff]lg)_

SE = (E|HenlE) — (O|He| O) =
(ElHef|E) — (OHer| O) OIE)

(11

The commutator of the effective Hamiltonian and the
ground-state MBS y is

[y,Hex] = €iy +iyG+F. (12)
Using Eqgs. (8), (11), and (12), we obtain

BE(Oly1E) — e(Olip1E)] < Gy PIrlly |Hs],
+llyelly | Hzsll, 10£)(ODsl, . (13)

The operator |£){O| can be thought of as a fermion
that switches between the two states, and ||(|EY{(O])zll
quantifies how much of that fermion is contained in the
environment.

We can specify additional bounds on the three quantities
KOlYIEN, {Oliy|E)1, and [I(IE)(ONsll,- In Appendix B,
we derive several bounds applicable in different regimes
set by the ratios of the energy scales ¢, ||Hggl|, and the
level spacings in B.

Here, we assume that ||Hgp|| may be larger than ¢ and
any level spacings in B, but still smaller than the excita-
tion gap in S. If there are dp states in B, we find the result:
For any eigenstate of H.g, there exists another eigenstate
with opposite parity such that their energy difference is
bounded by

I8E| < (Il Gy P)rlly |His|, + Iyall, [Hrsl, + leD.
(14)

There is a straightforward generalization to the case
where the coupling is written as a sum of terms

H. = ZHR,,B (15)

acting in different regions R,, see Appendix E. While
the above bound can be used with R = J, R, a stronger
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bound is obtained by associating each term with a set of
effective operators, each satisfying Eq. (8). The commuta-
tor then becomes

[V, Heil = €i7 + ) _ i Gy + F, (16)
and the bound on the energy splitting is
BE(Oly|E) — e(OliFIEN < | Y i7Ga+ F,
n p
<2 l@owl, 1Hz 8,
+ e, 12,51, 10E)ODs I, - (17)
We can simplify this to
I8E| < V/dg (Qche + Ooho + le]), (18)
where
0= Y lvel, (192)
0= |3 |Gyim| (19b)
ho= |3 [ H ], (19¢)
he= |3 |Hg gl (19d)

The MBS quality factors O, and Q. quantify the protection
against odd and even couplings and depend only on the
subregions in which they act, while %, and 4, measure the
corresponding coupling strengths.

V. QUALITY MEASURES, GAUGE CHOICE, AND
MAJORANA POLARIZATION

Here, we consider how the measures depend on the rel-
ative phase between |e) and |o), which is a gauge freedom
due to superselection. The gauge rotates the ground-state
MBS:s into each other, but their parity, iy y, is invariant.
The local parity can be written in terms of the reduced
density matrices of the odd (p3) and even (pj) ground
states as

Gy PIrlly = [ ok — P2l (20)

and thus measures the local distinguishability of the two
ground states in R, as discussed in Ref. [38].

The ground-state MBSs, the couplings F and F, and O,
are gauge-dependent. Some gauges may give better bounds
than others. To get the strongest bound in Eq. (18), we min-
imize Q,. For ¢ = 2, the minimization admits an analytical
solution. Defining the ground-state fermion

c=(y +ip)/V2, 1)

we find the minimum to be

B

glglllliglgs Z (73 2 = Z Tr[c};n cr,] — Z Tr[cg,cr,]
n n n

(22)
see Appendix F for details. The first term can be interpreted

as a fermion density, and the second as a Majorana density.
We will see that the ratio of these

Tr[cg, c
M= 1>, Tr fn Rl
Zn TI'[CRnCRn]

(23)

is a generalization of the Majorana polarization, a com-
monly used measure of MBS quality. This quantity
depends on the two ground states and on the set of regions
{R,} the coupling acts on.

The maximum value of M is 1, in which case Q, = 0
and one can only couple to a single MBS in this set of
subregions. The phase of Tr[cg,cr,] determines the opti-
mal gauge for the subregion R,. There is only one gauge
parameter, so if it varies, we cannot optimize each term
simultaneously. Then, the value of M decreases, implying
less protection against simultaneous odd-parity couplings
to those regions. As an example, if the environment cou-
ples via tunneling to both ends of a symmetric chain, the
terms in the numerator cancel, giving M = 0.

If Hy is real, the optimal gauge will either be when the
eigenstates are real (y is the smallest) or purely imaginary
(y is the smallest).

A. Comparison with existing quality measures
1. Interacting systems

Here, we consider a special case where the general
expression in Eq. (23) reduces to an expression often used
to quantify MBS quality in interacting systems. Let f; be a
standard fermion and define the Majorana basis operators

I =" +f. (24a)

Iy =it —f). (24b)

Consider an odd coupling which can be written as a sum
over single-mode subregions R; and let R = U;R;. The
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coupling takes the form

H =Y "4f'F; +he, (25)
J€ER

where F; is any odd operator in the environment. This
corresponds to tunneling of f -particles in and out of the
system. For single-mode subregions, the reduced MBSs
are fully defined by the matrix elements (ollj]e), and for
this special case, Eq. (23) becomes

M Lsjenlolljle) (26)
T Y ek llolTSle)

which has been used before [18,25,52—55]. This puts the
use of Eq. (26) on a firm footing as it bounds the energy
splitting coming from the most physically relevant odd
couplings. The only case where it does not apply is when
the odd coupling has many-body terms in S. The single-
mode subregions do not have to be purely spatial: in spinful
systems, they refer to a single spin at one site.

2. Noninteracting systems

If the system is noninteracting, one can derive
bounds without projecting to the ground-state sector (see
Appendix G). These bounds involve the single-particle
MBSs T' and I' obtained by diagonalizing the BdG-
Hamiltonian. Note that even in noninteracting systems,
these are very different from the ground-state MBSs y and
y, see Appendix H for an extended discussion.

The derivation is analogous to the interacting case,
yielding similar bounds for the couplings and energy split-
ting. In this case, we will use a single region R, because
the single-particle structure will allow us to split the region
into individual fermionic modes anyway. The quality mea-
sures are then O, = ||['x||,, which bounds odd couplings,
and Q. = |GCT)gll2, which bounds the even couplings.
There is an analogous gauge freedom here, corresponding
to a Bogoliubov rotation of the two single-particle MBSs.
Again, 0, is gauge-dependent, but O, is not. By optimizing
the gauge, we find

min [|Tgl3 = Tr[CRCRI(1 — M), 27)
gauges

where C = (I +il")/+/2 and

Tr[CrC,
M:|r[RR]|

T (28)

Tr[CrCr]
is the Majorana polarization from Eq. (23) when using a
single region R and the single-particle fermion C. In con-
trast to the interacting case, the single-particle structure of

the MBSs can be used to simplify the local parity as

Tr[CpCrl?

H(z’Ff‘)Rsz p (1—M?). (29)

So in the noninteracting case, the Majorana polarization
can be used to bound the energy splitting for both odd and
even couplings.

We can rewrite Eq. (28) in terms of the single-particle
wavefunction. Writing the fermion as

C=> uf +uf, (30)
J

and letting uz and v be vectors containing the coeffi-
cients belonging to operators acting on the subregion R,
the normalized Majorana polarization is

2|v,€uR|

M= (31)

—
upug + V;ng

Originally, the complex number 2v;u; was named Majo-
rana polarization [56—58], where it was stressed that the
variation of the phase implies lower quality MBSs. The
same feature occurs here in the many-body generalization
Tr[crcr], where the phase variation means that the optimal
gauge is different in different regions.

Equations (26), (28), and (31) are equivalent in nonin-
teracting systems. Equation (26) can therefore be used to
bound the energy splitting in both noninteracting and inter-
acting systems, though for the latter only in a special (but
physically relevant) case and only for the odd coupling.

VI. EXAMPLE I: INTERACTING KITAEV CHAIN

To illustrate our results, we take the interacting Kitaev
chain [24,27,28,36],

N N—-1
Hg =Y wm + Y o+ AL +he)

J=1 j=1

+ Ul’ljl’ljJrl, (32)
where n; = ]ff, w; is the chemical potential at site j; ¢
and A are the hopping and pairing amplitudes (which we
take to be real); and U is the nearest-neighbor Coulomb
interaction.

First, we analyze Hx analytically at a fine-tuned sweet
spot where MBSs are perfectly localized on the outermost
sites. Second, we study the isolated chain away from the
sweet spot and demonstrate the decay of the MBSs away
from the edges. Finally, we test the bounds derived in
Sec. IV when adding disorder to the chain, and when cou-
pling the chain to a quantum dot. We form ground-state
MBSs using the real eigenstates.

020341-5



WILLIAM SAMUELSON et al.

PRX QUANTUM 7, 020341 (2026)

A. Ground-state MBSs at the sweet spot
At the point

A=t+U)2, (33a)

-U, l<j <N

. , (33b)
—~Uj2, j=1,N

M =

the ground states of Hy are degenerate and take the same
form as the ground states in the noninteracting Kitaev
chain (U=0) at u; =0, = A [27]. In the noninteract-
ing limit, the standard, single-particle MBSs are localized
at the edges. The situation is similar for the ground-state
MBSs in the interacting case, although with additional
subtleties.

As a concrete example, we take N = 3. Then, in terms of
the single-particle Majorana basis I'; defined in Eq. (24),
we find

y =07 —il[THU —il;T)/4. (34)
This operator has support on the full system, but the partial
traces to single sites are

v =Trpyly]l =T, (35a)
=Truzy]l =0, (35b)
ys = Truply] = 0. (35¢)

The other ground-state MBS also has support on the full
system, but its partial traces are nonzero only for regions
that include the third site. Therefore, one can only couple
to y at the first site and to y on the third site. This example
highlights that the localization of these operators is subtle.
For further discussion of these points, see Appendix H.

B. Spatial profile of ground-state MBSs

If the chemical potential is detuned away from the sweet
spot, one expects the MBSs to decay away from the edges.
To confirm this intuition, we take the subregion to be a sin-
gle site j and consider the quantities ||y, [l2, [|7;1l>. These
are plotted in Fig. 2(a), for an eight-site chain, for the
parameters marked in Fig. 2(b). Since the MBSs are gauge-
dependent, so is their overlap, and it is important to pick
the optimal gauge to interpret the overlap as a lack of pro-
tection. In this example, the MBSs we plot are the optimal
ones, but the smallest MBS (or equivalently, the optimal
gauge) switches abruptly in the middle of the chain.

In Fig. 2(b), we take R to be one half of the chain
and plot the gauge-invariant quality measures to show
the phase diagram of the interacting Kitaev chain around
the sweet spot. As U is varied, both A and p vary with
it according to Eq. (33). We then add a global detun-
ing S of the chemical potential. The exact sweet spot

L0 _ __ ||’Yj||2

== |W;H2

Z’Y'Y half| |2

FIG. 2. Quality measures and locality of ground-state MBSs
for an eight-site interacting Kitaev chain. The spatial profile of
the norm of the reduced MBSs is plotted in (a), for the two sets
of parameters marked in (b). The heatmaps in (b) show the Majo-
rana polarization and the local parity for a single region covering
the left half of the system. S is a global detuning of the chemical
potential away from the interacting sweet spot in Eq. (33). The
quality measures quantify the protection of the system against
perturbations acting on half the chain and give a hint of the phase
diagram of this model.

occurs along the whole x-axis where . = 0. In the dark
region, the chain is robust against arbitrary perturbations
and couplings acting on the left half of the system.

C. Energy bounds under disorder

As a first illustration of the bounds on the energy split-
ting, we consider the chemical potential to be fluctuating
along the chain. There is no environment, or equivalently,
B is one-dimensional. In this example and the next, we
take the Hamiltonian of the system as Eq. (32) with the
parameters

t=A=1U/2,

Mj%{

and N = 8 sites. The chemical potential is chosen accord-
ing to Ref. [27] to get degenerate ground states. The MBSs
have a small overlap (see the quality measures below) and
the gap to excited states is approximately #/2.

The coupling Hamiltonian is

—2.73t at the edges, (36)

—5.46¢ in the bulk,

(37

N
H,=Y Hgg=)» dumn;,
J Jj=1
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I
= = = First-order bound

— o

0.0 0.5 1.0

FIG. 3. Root-mean-square energy splitting in an eight-site
interacting Kitaev chain as a function of the disorder strength o.
The parameters are given in Eq. (36). The bound Eq. (39) holds
rigorously at first order in o /z. When the disorder is compara-
ble to the energy gap and higher-order effects are important, the
bound is violated.

where we draw §u; from independent normal distributions
with variance o2. To bound the energy splitting, we use
Eq. (18) with 4, = 0 and subregions R; = j, since H, is a
sum of terms acting on each site. The bound is then

N
BEP < 02 ) 1817, (38)

j=1

where Qﬁ = Zj Gy y), ||$. Taking the expectation value
and using the independence of §u;, we obtain a bound on
the root-mean-square splitting,

VIEP < VNQ.0. (39)

In this example, the strongest bound is obtained by
choosing ¢ = co, where Q, ~ 0.04. Figure 3 shows a
numerical calculation using 1000 disorder realizations for
different values of o. The bound holds for small disorder
strengths and is violated for strengths comparable to the
excitation gap (~1/2).

D. Energy bounds when coupled to a quantum dot

To further test the bounds on the energy splitting, we
couple the end of the chain (R = {N}) to a spinless quan-
tum dot, acting as the environment, B, see Fig. 4. Depend-
ing on the degree of MBS separation, the ground-state
degeneracy splits when tuning the dot level to resonance
[53,59-61]. The idea is analogous to the steps leading to
our bounds in Sec. IV: the ground-state degeneracy splits
if the dot couples to more than one MBS. This protocol
was recently tested experimentally in a quantum-dot-based
Kitaev chain [44].

The Hamiltonian of the coupled chain-dot system is

H = Hx + (tfnf5 + Adfafs + h.c) + Unyng + eqng,
(40)

where f3 is the annihilation operator on the dot, which costs
an energy &4 to occupy. The coupling consists of tunneling

(.), pairing (A.), and Coulomb interaction (U,) between
the dot and the end of the chain. Here, the ¢, and A. terms
correspond to the odd coupling Hj; and the U, term pro-
vides an even coupling. However, parts of the U, term act
only in B (renormalizing ¢4), which we move to Hp to min-
imize the norm of the coupling. See Appendix D for details
on handling ambiguities of Hgp.

To parametrize ¢., A, and U,, we introduce an overall
coupling amplitude A and an angle ¢ that tunes between
tunneling- and pairing-dominated coupling. In terms of
these parameters, we set

t. = Acoso, (41a)
A, = Asing, (41b)
U.= A, (41c)

where we chose odd and even couplings to be of similar
magnitude, as observed experimentally [44]. In this case,
WE can express ||H1‘§B ||p and HH1§B ||p in terms of A and ¢. In
particular, for ¢ = p = 2, they only depend on A. We find
| g, = /2, and [ Figa], = V2.

If the isolated chain is degenerate (¢ = 0), we can
simplify the bound in Eq. (13) to

Gy YInlla + 2 llywlla ||(|€><O|)B||2k
V2[{0ly18)]

I8E| < . (42

where we inserted the above expressions for HH,?B Hz and
”H 2B H ,- This can be further simplified to the weaker bound

BE| < (I1Gy PIwlly + 2 llywll) A, (43)

where we used [[(I€)(O)sll, < 1 and [(Oly[E)| = 1/+/2.
We select |€) and |O) as the ground states of the coupled
system.

OO0 OO0E—®

A =1/100 A=1/2

1 — 6B/

Bounds

] Simple
1 = = - Detailed

FIG. 4. The ground-state energy splitting §E (solid) of an
(initially degenerate) eight-site interacting Kitaev chain, when
coupled weakly (A = #/100) and strongly (A = ¢/2) to a quantum
dot, varying the dot level &,. The dashed and dotted lines show
the bounds in Eq. (42) (detailed) and Eq. (43) (simple). The sys-
tem Hamiltonian is defined by the parameters in Eq. (36) and the
coupling uses ¢ = /6.
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In Fig. 4, we compare the bounds in Egs. (42) and (43)
with the actual ground-state energy splitting of the cou-
pled system while varying ¢;. At weak coupling (A =
t/100), the splitting closely follows that of the effective
model, for which the bounds are strictly satisfied. At strong
coupling (A = t/2 ~ excitation gap), higher-order contri-
butions become relevant, yet the bounds remain satisfied
in this example.

The weaker bound in Eq. (43) depends only on the cou-
pling strength and the ground-state MBSs in the chain,
which do not depend on g;. This bound constrains the
energy splitting to be less than ~ 6% of A, due to the
quality measures ||yl ~ [|Gy 7w, & 0.02.

The stronger bound Eq. (42) includes the factors
IAEY(OD g, and [{O]y|E)], which depend on &, since
they involve eigenstates of the full system. We found
that [(O|y|€)| = 1 in this example, while ||(|E)(O))sll,
accounts for most of the variation of the bound. This factor
indicates whether an odd coupling can cause a splitting. It
peaks at the resonance where there can be a strong mixing
between the states of the system and the environment.

When ¢; becomes negative, the bound saturates, but
it becomes increasingly less tight for positive 4. This is
because there is another mechanism protecting the energy
splitting, which is not due to localized MBSs. When ¢; >
0, the dot B is empty and the Coulomb interaction has no
effect.

VII. EXAMPLE II: MINIMAL
QUANTUM-DOT-BASED KITAEV CHAIN

As a second example, we consider a minimal quantum-
dot-based Kitaev chain realized in recent experiments [39—
44]. We show that the experimental tuning procedure sup-
presses only a restricted class of even perturbations, while
leaving odd perturbations unconstrained. We further con-
nect the odd quality measures to transport signatures and
provide bounds on the nonlocal conductance in Sec. VII D.

A. Model

The setup consists of two quantum dots (L, R) coupled
via a proximitized hybrid section (/) that hosts extended
Andreev bound states, see Fig. 5(a). Due to strong
intradot Coulomb interactions, a many-body description is
required. Following Refs. [52,62], which provide a theo-
retical description of the experimentally realized quantum-
dot-based Kitaev chain devices in Refs. [39—41], we model
the system by the Hamiltonian

H =Hp+ Hy + Hr,

Hp = Z (&qa + 50 EZ)Nas + UDnaTnaw

o,a=L,R

Hy = eg(ngy +nyy) + Ag(fuyfuy +he),

Do e &

(b) SR L L e L

0.20 | E
015 | .
0.10 f .
0.05 | J
0.00 | .

0.25 0.50 0.75 1.00 1.25
t/Ay
FIG. 5. (a)Illustration of a minimal quantum-dot-based Kitaev

chain, where two dots L and R are coupled via a hybrid section
H and connected to leads £ and R. (b) Even and odd quality
measures, O, and Q,, and the sensitivity of the energy split-
ting to dot-level fluctuations, quantified by |9, 6 E| (symmetric in
a=1L,R), shown as a function of the dot-hybrid coupling
strength 7. While the tuning enforces 9,,6E = 0, both quality
measures remain finite, with Q, > Q, throughout.

Hr = Z (tfl-;g Lo +SaasotfHT5 Lo

+ tfpofo + SoOsolfilfits + h.c.) . (44)

Here, Hp describes the isolated dots with level ener-
gies &7, &g, Zeeman splitting E7 (s4(,) = £1), and intradot
Coulomb interaction Up, while Hy captures the low-
energy hybrid section with induced pairing Agy and
normal-state energy &y. Zeeman splitting and Coulomb
interactions in the hybrid region are neglected due to super-
conducting renormalization effects [63,64]. The tunneling
Hamiltonian Hy includes both spin-conserving and spin-
flipping processes with amplitudes ¢ and o2, respectively,
and we assume left-right symmetry. Unless stated oth-
erwise, we fix £y = 1.5Ay, Up =5Ay, and oy, = 0.3,
consistent with experimental parameters in similar devices
[39,65,66].

In the limit Ez, Ay > ¢, and when a single spin-
polarized level on each dot is tuned close to zero energy,
the low-energy sector of H reduces to an effective two-
site Kitaev chain [15], hosting spatially separated MBSs at
fine-tuned points in parameter space [14]. However, even
outside the strict Kitaev limit, parameter regimes with par-
tial protection against local perturbations can be identified
[52,62].

B. Experimental tuning and quality measures

In an experiment, the system would be tuned by vary-
ing €7, €r, and ey while searching for crossings in
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a charge-stability diagram. These correspond to points
where the energy splitting between the odd and even parity
ground states, §F, vanishes and is stationary with respect
to dot-level energies,

9,0 = (elngle) — (olnalo) = 8ne =0,  (45)

where n, =n4 +mn,, and a=L,R. This condition
requires vanishing total charge difference on each dot,
while allowing for compensating contributions from oppo-
site spin sectors.

By contrast, the spin-resolved even quality measure

Q= | Y IyPaoll3 (46)

o,a=L,R

vanishes only if the charge differences vanish separately
for each spin component, én,, = 0. While both conditions
protect against dot-level fluctuations, O, = 0 additionally
guarantees robustness against Zeeman-like perturbations,
which are not constrained by Eq. (45).

The odd quality measure

0= D Ivasll3, (47)

quantifies protection against odd local perturbations act-
ing on dot @ = L,R (in our case, Ot = 0% = Q,). This
aspect of protection is not addressed by experimental
tuning and is directly relevant for coupling to external
quantum dots, transport signatures, and coupling-based
braiding protocols discussed below.

Finally, an even stronger notion of protection is obtained
by defining the subregions as entire dots rather than indi-
vidual spin sectors. The resulting site-resolved quality
measures probe a broader class of local perturbations,
including those that couple different spin sectors, such
as fluctuations in local pairing amplitudes and density-
assisted tunneling.

C. Quality measures from weak to strong dot-hybrid
coupling

In Fig. 5(b), we numerically optimize ¢; = g and ey
to satisfy the experimental tuning condition in Eq. (45)
while maintaining degenerate ground states. This proce-
dure is repeated for a range of coupling strengths ¢. For all
t, the optimization converges to solutions with |d,,6E| and
|6E|/ Ay both less than 10719,

At the optimized parameter points, we evaluate the even
and odd quality measures O, and Q,. Since the tuning
enforces a small sensitivity of the energy splitting to dot-
level variations, it is more closely related to Q, than to Q,,
which is not directly constrained by the experimental tun-
ing procedure. Accordingly, we find Q, > Q. over the full

range of coupling strengths shown. We note that tuning
er, &g and ey is not sufficient to drive either O, or Q, to
zero while enforcing degenerate ground states.

Increasing the coupling strength is known to enhance
the excitation gap [41,62]. However, the relatively large
values of Q, at strong dot-hybrid coupling indicate that,
despite the enforced insensitivity to dot-level variations,
the ground-state degeneracy remains sensitive to other
local even perturbations. For example, perturbations in the
Zeeman energy lead to a linear splitting of the degeneracy,
with a magnitude suppressed by Q. &~ 0.05, correspond-
ing to splittings at the few-percent level of the underlying
perturbation scale.

The protection against odd perturbations, as quantified
by Q,, is further reduced at larger coupling strengths. This
suggests an alternative route in which experimental tun-
ing is directed toward minimizing Q,, for example, by
coupling the system to a quantum dot (see Sec. VID), or
via transport measurements, as discussed in the following
subsection.

D. Transport signatures of odd protection

The nonlocal conductance Gup = dl,/0/1p measures
how the current in lead o changes with variations in the
chemical potential of another lead 8. In noninteracting sys-
tems, it is suppressed for spatially separated MBSs and
becomes finite when they overlap [67,68]. We show that
this connection persists in interacting systems, with the
nonlocal conductance being bounded by the odd quality
measures.

Using a rate-equation description of transport between
the lowest even and odd ground states |e) and |o), we
show that the nonlocal differential conductance between
two leads @ # f has the form

Gop = gNanp> (48)

see Appendix J for details. Here, n, = |(0U’J|e)|2 —
|(olfy|e)|* quantifies the asymmetry between tunneling in
and out of the system through lead «, and ﬁj describes
tunneling from lead « into a region R, of the system.
The prefactor g depends on the temperature and chemi-
cal potential of the leads, as well as on the total tunneling
rates, but is independent of 1, and ng. Finally, 7, can be
bounded in terms of ||yg, Il4, implying that nonlocal con-
ductance is suppressed when the ground-state MBSs are
well separated.

For the experimentally relevant case of two spinful nor-
mal leads £ and R locally coupled to dots L and R [sce
Fig. 5(a)], the bound on the nonlocal conductance can be
expressed directly in terms of the odd quality measures,

|Gzl < &' 0505, (49)
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where g’ depends on temperature and total tunneling rates
but not on the asymmetries 1. Thus, small values of Q,
imply a strong suppression of nonlocal conductance, while
finite nonlocal conductance signals imperfect odd-parity
protection. Transport measurements, therefore, probe an
aspect of protection that is not directly constrained by the
experimental tuning procedure. As shown in Fig. 5(b),
0, increases with dot-hybrid coupling, which is precisely
the regime where experiments observe a nonzero nonlocal
conductance [41].

VIII. BRAIDING GROUND-STATE MBSs

By coupling several systems with MBSs, see Fig. 6,
one can perform coupling-based braiding protocols
[16,69,70] to realize topological quantum computation
[71]. In such protocols, certain couplings between the
MBSs must remain small to suppress errors [18,72,73],
while others must be large to enable the exchanges. In
this section, we use our methods to generalize these state-
ments to an interacting setting. We couple three interacting
systems and derive an effective Hamiltonian in terms of
ground-state MBSs. We then show how the locality of
the MBSs bounds unwanted couplings in the braiding
protocol.

A central system S with ground-state MBSs y and y
couples to two external and mutually decoupled systems,

-------- X -eeeell
A B
SV X BN
: v .
: Ay Ap :
XX X%
v v v v

FIG. 6. When coupling multiple systems, each with a low-
energy fermionic mode, we can formulate an effective theory
involving only the ground-state MBSs. With three systems, non-
abelian braiding can be implemented if the desired couplings
(solid lines) can be tuned and the undesired couplings (dashed
lines) stay small. We put bounds on the undesired couplings and
specify how to maximize the desired ones.

A and B, with ground-state MBSs y4, 74 and y2, 72, We
assume that the couplings act only between a subregion
R C S and subregions Ry C 4 and Rg C B, see Fig. 6. The
coupling Hamiltonian for this setup is
HC=HRRA+HRRB' (50)
We consider only the odd part of H. here, and refer to

Appendix I for the general case. The effective Hamiltonian
is

1 . . L
Hler =7 0 Axiy S+ reiyy® + iyt (1)
X=AB

where we have picked the gauges of 4 and B to minimize
the number of couplings. If the coupling varies in time, the
effective couplings become time-dependent. A successful
braiding protocol can then be performed if the desirable
couplings Ay are tunable while the undesirable couplings
7x and Ty are small. The latter ones are bounded by

rxl < [Hiry [, 1721 10 re lg, (52a)

0l = [Hgy | 17l 1GOre e (52b)

For the desired couplings to be large, there needs to be
MBSs in the subregions that are coupled, i.e., ||yr|| should
be large, and similarly for the other systems. Furthermore,
Hpp, and Hpg, need to be chosen such that the A-terms do
not vanish. The ¢ = 2 bound for Ay is saturated if

HRRX 8 J7R()7X)R)(= (53)
which is therefore optimal to maximize the desired effec-
tive couplings. In an experiment, it may not be feasible to
tune the coupling to exactly match the optimal one. How-
ever, an imperfect coupling does not ruin the protocol. The
desired couplings would be smaller, which increases adia-
batic errors, but this can be compensated for by increasing
the operation time.

These results provide simple criteria for assessing
whether a system is suitable for use in a coupling-based
braiding setup: if lvell, and ||(iy )7)R||q7 are small, and
7zl is large, then three copies of the system can be used
to implement non-abelian braiding.

IX. CONCLUSIONS

For noninteracting systems, the spatial separation of
MBSs is an established tool to understand the robustness
of the energy spectrum and non-abelian braiding. This
concept relies on single-particle wave functions, which
are not available in the interacting case. In this work, we
developed a formalism valid in both interacting and nonin-
teracting systems, based on the partial trace of ground-state
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MBSs, allowing us to use the concept of MBS localization
in any system with two low-energy ground states of dif-
ferent fermionic parity. We proved rigorous bounds on the
protection of the energy spectrum, and discussed the impli-
cations for braiding protocols. To illustrate our results, we
studied the interacting Kitaev chain and found that some of
the intuition gained from single-particle MBSs carries over
to ground-state MBSs. We further applied our framework
to a quantum-dot-based Kitaev chain, showing how exper-
imentally motivated tuning protocols relate to our quality
measures and how odd-parity protection can be probed via
nonlocal transport signatures.

The partial trace is usually used to study individual
states via the reduced density matrix. We point out that
when considering multiple states, such as in a topologi-
cal theory with several (nearly) degenerate ground states,
the reduced transition operators are also meaningful and
can reveal topological edge states. It would be interesting
to understand their structure in more detail. In particular,
how the properties of the two ground states (such as their
entanglement) influence the properties of the ground-state
MBSs.

Our bounds involve quality measures that generalize
those previously used for MBSs, namely the Majorana
polarization and the local distinguishability. We clari-
fied the conditions under which previously used formulas
remain valid, and when they need to be generalized. The
construction of ground-state MBSs and the quality mea-
sures rely only on the ground states, which means our
methods can be used even in large interacting systems
using, e.g., density matrix renormalization group (DMRG)
methods. Thus, our results open up a way to study strongly
interacting topological systems.

We have studied systems with two ground states of
opposite parity. It would be interesting to generalize our
framework to systems containing multiple pairs of MBSs
or different types of anyons. However, higher degen-
eracies provide significantly greater freedom in operator
parametrization and even in the choice of anyon type [37],
making the analysis more involved. Another natural gener-
alization would be to consider number-conserving settings,
where similar operator constructions of MBSs have been
suggested [74,75].
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APPENDIX A: PROOF OF COUPLING BOUNDS

Consider a bipartite system with regions X, X. We use
iz (-) to denote the fermionic embedding of an operator in
X into the full space X U X, see Ref. [49]. We denote the
fermionic partial trace of an operator 4 acting in X U X by
Ay = Trg[4].

The main facts we need to prove the bounds on cou-
plings are

(1) The Schatten norm satisfies

IBIl, = sup |Tr{BC].
Icil,=1

(AT)

(2) The fermionic partial trace is the adjoint of
the fermionic embedding [49], i.e., Tr[iz (A)C] =
Tr[A4 Trg [C]] = Tr[ACx].

(3) | Tr4B| < ||41l, IBIl, for any two matrices 4, B.

(4) If Ax has a specific parity, then iy (4)igy(B) is uni-
tarily equivalent to Ay ® By and therefore their
Schatten norms are the same. The case when both
A and B are even is proved in Ref. [49] by con-
structing a unitary U. This can be extended to the
more general case. Assume that Ay is even; other-
wise multiply it by an odd unitary. In this case, the
unitary that does the job is U’ = (—1)""x U, where
Ny is the number operator in region X .

Let H be an operator in the full system, 4 an operator
in X with definite parity, and B any operator in X. We can
bound the trace of their product by

| Teli (ix BH] = I1H], iz DixB)],

4
= |H]l, I4 ® Bll,

— |HIl, 141, 1Bl,.  (A2)
This bound applies to the couplings of gapped systems in
Sec. VIII and Appendix I. It is saturated when

H =ix(B'B)"* ' BY)ig((4'0)?>~'4"). (A3)
If ¢/2 < 1 and the matrices are not invertible, one can use
the Moore-Penrose pseudoinverse.

Next, we derive the bound used for the effective cou-
plings in Sec. III. Let H be an operator in the full system,
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A an operator in X with definite parity and

By = Try [ig(A)H]. (A4)
The effective operators in Eq. (7) have this form. We will
prove that

|Bx|l, < IE1, 141l (AS)

where 1/p + 1/g = 1. The proof'is

|Be], = sup |Tr(BC])
ICly=1

@ sup |Tr[Trx [ig(A)H]C]|

Icl =1

2 sup |Trlig(D)Hix (O)]|
ICllg=1

3 . .
<A, sup [ig@ix(O)],
Cll =1
(A2)
< IIHl, sup l4l,ICl,
ICll =1

= &1, 141l - (A6)

The bound is saturated when

H =iy (hg)ig ((AT4)9*'4T), (A7)

for any operator Ay in X .

APPENDIX B: PROOF OF ENERGY SPLITTING
BOUNDS

This Appendix contains the details on the bound for the

energy splitting. The idea is to consider the quantity

C = [ip(y), Her] — icip(y), (B1)

which, because of the commutator, can be related to

energy differences, and can be bounded because H.g can
be expressed in terms of the effective couplings.

Let |£), |O) be two eigenstates of Heg of even and odd
parity. The matrix element

KOICIE) = (Ollis(y), H] — ieip(p)|E)]

= [BE(Oliz(»)I€) — ie(Olis()IE)  (B2)

provides us with the energy difference §E between the
eigenstates. Next, C can also be expressed in terms of the

effective couplings as
C =i5(@)ig(iy) +is(F). (B3)
First, we use the triangle inequality

KOICIE) = KOliz(M)is(G)IE)| + HOlis(F)IE), (B4)

and then we will bound the two terms separately. In addi-
tion to the properties used in the previous Appendix, we
will use that

(1) The Schatten-1 norm gets smaller under the partial
trace [77].

(2) Forany two matrices4d andBand 1/p +1/q = 1/r,
we have that |[4B||, < [l4], |I1Bll,-

3) lI4ll, < 14l forp > g.
The G-term can be bounded as
(Olis(Mis(G)IE)] = | Trlis(G)is(MIENON]]
= | TH(G(i5(P)IENODs]]
1G]l oo 1G5 GIENO DI,
1G]l IlisIENON,

< 1Glloc (Pl NENOI,

[Aw JAw

= 11Glls
7
=Gl - (BS)
The F-term is bounded by
KOLsE)IEN < IF 1, 1AEXODsIl, » (B6)

by using properties 2 and 3.
Combining these statements, we end up with the general
bound in the main paper

I8E(Olig()I€) — ie(Olip(7)IE)]
= IGll, + IF1l, 14EXODs,

< Gy ey [Hzsll, + Nvelly [Hzs ], 10EXODs], -
(B7)

1. Simplifying the bound

Assume that when the systems are uncoupled, the envi-
ronment has a cluster of dp eigenstates which are separated
from other eigenstates by an energy gap Ez. We consider
the case ||Hgpl|l < Ep so that we can neglect any mixing
with other states. We assume that the cluster consists of d
states with even parity and dj states with odd parity, and
denote them by ¥ and V7).
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When the coupling between the system and the bath is
turned on, the eigenstates can be expressed as

ds, A

€)=Y agle)ly) + > bylo)ly?),  (BS)
j=l1 j=1
5 d3

0 =Y cilo)ly) + ) dyle)lyf).  (BI)
Jj=1 Jj=1

a. No parity mixing

In general, the states in Eq. (B8) mix states with differ-
ent parities in S and B. If that does not happen, we can
simplify things considerably. This simplification happens,
for example, if & >> ||Hgg|| or if either d§ = 0 or d% = 0.
Then one can treat the different parity sectors in B inde-
pendently. Here, we consider the even parity states of the
environment. The eigenstates take the form

dp
&) = ayle)ys) (B10)
j=I
dy
0:) = cylo)¥f). (B11)
j=l
It follows that
1UENO; 18 Hq =0 (B12)
(Oily1&) = i0ilv1&) (B13)
for all pairs. The bound simplifies to
I8E — el KOIYIE)] < NGy Paall, [ Hgs], . (B14)

Next, we want a lower bound on |{O|y|£)|. Since y|E&;)
is a normalized state which can be expanded in the basis
|O;), it must overlap with at least one of those states, and
that overlap must be larger than \/1/dj;. We arrive at the
following statement: for all eigenstates in this set, there
exists another eigenstate such that their energy difference
is bounded by

I8E — el < Gy PIrly | Hisl, /- (B15)
An analogous bound holds when considering odd states of
the environment.

b. Parity mixing

In this case, the bound is weaker. Use the triangle
inequality on the left-hand side to separate £ and ¢ and

then
A€M O D8], < 1, (B16)
(OiivI&)] < 1, (B17)
Oy 1&)| = V1/ds, (B18)

to bound the unknown quantities. The result is: For each
eigenstate, there exists another eigenstate with different
parity, and their energy difference is bounded by

18E| < v/ds(lGy )l |Hss |, + lvall, | Hs], + D).
(B19)

2. Uncoupled eigenstates

A simpler bound is obtained by considering the origi-
nal uncoupled eigenstates. The energy difference between
le)|y¥) and |o)|yr), where |¢) is any state in the environ-
ment is

8E = (Y [{elHerrle) V) — (¥ |{o|Her|0) [Yr)
= (Y l(olly, Hetll€})¥r).

Together with Eqgs. (12) and (8) it is straightforward to
show that

(B20)

8E — ¢| < Gy )rll, | His)|

. (B21)
which says that the perturbation of the energy difference
only changes if the MBSs overlap in the region R. This
generalizes a bound from Ref. [38].

3. Bounds for states paired up by y

The bound in Eq. (B19) scales with the dimension of the
environment, which makes it unsuitable in the case where
the environment has a dense spectrum. This factor arises
because we compare the energy of two exact eigenstates,
which may not be perfectly mapped to each other by y.
Taking instead an arbitrary state |), we can show that the
state ¢ |y) will have a similar energy distribution as |y/).

First, we bound the commutator by

Iy, Hewlll, < 1G7 I, + IF 1, + 171, el
< WGy P)rl, | Hisl, + lvell, |Hzs],
+ (2dp)'7e]. (B22)

This then bounds the commutators of higher powers of Heg
as

|ly. Hl, =

n—1
> " Hlly, He '™
k=0 »

< iy Hrlt

< nllly, Halll, IHealls" . (B23)
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Finally, the difference in the nth energy moment between
the two states is bounded as

(W HZIW) — (W ly Higy 19)| = 01Ty, Hidy 1))
= H[% :ff]”oo
< nI[ys Hetlll oo | Herell2 !
< (IGy el [Hisll o + Nzl |Hes

+leD n | Hells ' (B24)

where we set ¢ = 1,p = oo to get rid of the factor of d5.
This form of the bound applies even if the spectrum is
dense.

APPENDIX C: CHOICE OF NORMS

Throughout this article, we use the Schatten norm and
express the bounds for general p,q, as different choices
have different advantages. The two most interesting cases
are ¢ = 1,p = oo (trace and operator norm), and p = g =
2 (Frobenius norm).

The choice ¢ = 1 has the advantage that the partial trace
is contractive in the trace norm, i.e.,

RCR =yl < llvell, (ChH

which intuitively says that a region contained in another

region must contain less of the MBS. This is not necessar-

ily the case for other norms. Additionally, if the environ-

ment is expanded B — B U B’ trivially as Hgpp = Hrg ®

Iy, then the norm is ||Hgpl|, = d;{p |Hgall,. Choosing

p = oo makes the norm insensitive to this trivial extension.
Finally, for ¢ = 1, we have that

IGyPrll = ok = ol - (€2)
which is proportional to the trace distance between the
reduced density matrix of the even (odd) ground states

e(0) .. . . .
or - This distance measure has an operational meaning in
that it gives maximum probability to distinguish between
the states by a measurement [78].

On the other hand, choosing the Frobenius norm p =
g = 2 has the advantage that it is easier to evaluate ana-
lytically, and optimizing with this norm provides a natural
gauge for defining MBSs. While the partial trace in this

norm is not necessarily contractive, it satisfies

lyel3 + vzl < 21y 13 = 4, (C3)

see Ref. [79].

APPENDIX D: AMBIGUITIES OF THE COUPLING
HAMILTONIAN

Writing the coupled Hamiltonian as

H = Hg + Hpp + Hp (D1)

introduces some ambiguities as

(1) terms acting only in R can be in either Hg or Hgp
and
(2) terms acting only in B can be in either Hp or Hpp.

To minimize the norm of Hgp, one can put the second
type of terms in B. In other words, Trg[Hggz] = 0. One can
also put the first type of terms in Hg for the same reason,
but note that this will influence the eigenstates of S and
its ground-state MBS. In Sec. VI, such terms arise from
the Coulomb interaction between R and B, and we choose
to keep them in Hgp to keep the MBSs constant and the
degeneracy ¢ = 0.

APPENDIX E: COUPLING TO SEVERAL
SUBREGIONS

Here, we consider the case where the coupling Hamil-
tonian consists of a sum of terms, each acting in a region
R,. These regions may overlap. One can directly use the
bounds in the main paper with the region R =, R,.
However, one can also treat each region independently.
We do so here, defining effective operators for each region,
bounding them, and generalizing the bound for the energy
spectrum.

Let the coupling Hamiltonian be

Hsg =) Hg,p. (E)

The effective Hamiltonian can be written

Hep = eiy7/2+ Y Guiy7/2 + yFu/2 + 7Fa/2 + H,
n

(E2)
The effective operators are
G = Trs[iypHyy 5] = Tre [y P)r,Hf 5], (E32)
Fy = Trts [y Hy 5] = Ttz [yvr,Hg, 5], (E3b)
Fy = Trs [P Hy, p] = Tre [7, Hy, 5] (E3c)
and they are bounded as
1Eull, < |Hgsll, 72, - (E4a)
17l < |z, 721, (E4b)
1Gully = [ H, s, |Gy P, - (Edc)
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The commutator is

[y, Hetl — i = ) iy Gy + Fy. (ES)

The generalization of the energy bound is

Hy, B
NHz 5],

BE(OIYIE) — e{OliFIE) < Y | Gy P)a,

|z,

+ |z, |, 10EXODsll, - (E6)

|

We make the same simplifications as in Appendix B and
also use Cauchy-Schwartz for the sum on the right-hand
side to find

8E| < /dg (Qche + Qoho + |£1) , (E7)

where

Qo = , (E8a)

7

> e,
n

2
qa

Q= > | GyPie, (E8b)

:

2
p

, (E8c)

ho= [ |Hg 5
n

D H
n

he =

: (E8d)

i

0 is an MBS quality factor which only depends on the sub-
regions in which the coupling acts, and 4 measures the size
of the coupling.

The bound in Eq. (B24) generalizes as

(W IHGI) — (WlyHigy W) = (¥ ly, Hily 1¥)|
< (Qohe + Qoho + ) n || Hegtll"S (E9)

where one should calculate Q and 4 using g = 1,p = oo.

APPENDIX F: DETAILS ON GAUGE CHOICES
AND MAJORANA POLARIZATION

A shift 0 of the relative phase between |e) and |o) results
in a rotation of the ground-state MBSs as

4

y” = cosfy + sinfy, (Fla)

o (F1b)

yY = —sinfy + cosy.
In the Frobenius norm (¢ = 2), we can analytically derive
the optimal gauge that minimizes the norm of one of the
MBSs in a region. Another useful feature of the Frobe-
nius norm is that the other MBS has a maximum in that

gauge (this is not true in general for other norms). Further-
more, for a real Hamiltonian, the gauge with either real (or
imaginary) states is optimal.

It is convenient to work with the ground-state fermion

c=(y +ip)/V2, (F2)

which transforms as ¢ — ¢ c under the gauge. The mini-
mum can then be determined as

minz ” 0 2—min§
0 an 2 0
n n
i i
= min Trlcg, cr,]
n

+ Re (em Z Trlcg, CR,J)

. ‘ 2
écp, + e_’ec;gn H2 /2

B

= 3 Trlch, en,] — |3 Trlen,cn,]

(F3)

and the optimal phase is 7/2 minus half the phase of the
number ) Tr[cg,cg,]. The first term in Eq. (F3) can be
interpreted as a fermion density, and the second term as a
Majorana density. This can also be written in the form

o X 1= (e
n n

i) (1—M), (F4)

where

2
2 |Zn Tr[cr,cr,]

i Y, Trlck,cr,]
(Fs)

|78,

S+ |7,

> vk,
ax
o lvE

In the case of a single region R, Eq. (F4) shows that
ming || y§ |2 vanishes if R contains no MBS at all (||cgll, =
0), or if it contains exactly one MBS (M = 1).

The Majorana polarization can be calculated using
MBSs defined in any gauge using the expression

S

2 2

> = |17,

Zn || ngn

2
) 41, T

2

S+ 178

(F6)

Comparing this expression with Eq. (F5), we see that
don Tr[y,?n f,?n] = 0 in the optimal gauge.
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APPENDIX G: BOUNDS FOR NONINTERACTING
SYSTEMS

1. Couplings
Now we assume that all terms which act nontrivially on
the system S are at most quadratic in the fermions of S. The
environment is allowed to be interacting. In this case, we
can work in the full Hilbert space rather than at the ground-
state level. Begin by diagonalizing Hy in terms of standard
Majoranas I', I" and {)n, %n} as

Ng—1
Hs = ieTT/2 + Z 1€n Xn Xn/ 2

n=1

(GI)

where Ny is the number of fermionic modes in S, and
g,&, > 0 are energies corresponding to a pair of Majo-
ranas. In writing Eq. (G1), we have picked out a particular
pair of Majoranas I" and I". These Majoranas could, for
instance, be the pair with the lowest energy. Then, ¢ is the
energy splitting of the ground states in the isolated system
S, analogously to the interacting case.
The coupling can be decomposed as

HRB = H;B + Hggy (GZ)

where Hpy is quadratic in R and Hp, has terms with one
fermion in R. The full Hamiltonian can be written as
Ng—1
H=i(z/2+ GIT +TF+ ) (G, +iGuT %)
n=1

+ terms commuting with T,

(G3)

where F, G, G,, GN,, are operators acting on the environ-
ment, given by

F = TI‘R[FRHI(SB]/ds, (G4a)
G = Trrli[T'x, Tr1Hj5)/ 2dzds), (G4b)
G, = Trgli[T'r, xar1Hzpl/ 2dzds), (G4ce)

and similarly for G,. Here we have used that for
two anticommuting single-particle operators, (I'y)z =
[Tz, xr1/(2dz). If the reduced Majorana 'y is small, the
effective operators will be small. More precisely,

171, < |Hgl, ITxl, /ds, (Gsa)
Gl < |Hggl, | T /ids)  (Gsb)
= 5,1, |(Te Fal| /2drds),
q
1Gl, = [H5s ], N, xarll, / ecds)
< |Hs, 1Tl g /ds, (G5c)

and similarly for G,

Optimizing the gauge to minimize ||I"||,, we have

min |[zll, = [|Crll, V1 =M, (G6)
gauges
where C = (I' +il")/+/2 and
Tr[CrC,
M = LI;R]I' (G7)
Tr[CrCr]

We can also write H [Tz, Tg] H in a similar form. It is gauge
q

independent, so we choose the gauge where 'y and I'g
anticommute. Then one finds that

H[FR, 4] H,, = 2”%}'2\/1 gy (G8)

2. Energy bounds

We will bound the energy difference between two arbi-
trary eigenstates |E), |O) of the full Hamiltonian. As in the
interacting case, the strategy is to consider the quantity

[[,H]—iel =C, (G9)

where C = 2iGT +2F +2i Y., Guxu + G, %n. All terms
in C are small if ||Tg|| is small. Repeating the derivation
for the energy bound in the interacting case, we find

ISE(O|T|E) — ig(O|T|E)|/2
Ng—1
< IGl, + D 1Gully + IGall, + IF1, 1AENODsI, -

n=1

(G10)

Using the optimal gauge and the coupling bounds, this
becomes

ISE(O|T|E) — ie(O|T|E)|/2

C
< dz;uqm [ | Hzs], 10€)(ONsll,

I Crll
+ || Hgs (Z(NS — DdY7 + d_;l/‘; V1 +M)i| .
R“R

(G11)

This expression still contains quantities which are
hard to calculate, namely, [(O|T|E)], (O|T|E)| and
1(1€){ODall,- Bounding these is more complicated than
for the effective theory of the ground-state sector, as we
have to deal with the full Hilbert space of the system.
On the other hand, these bounds hold for arbitrarily large
coupling. The main takeaway from this equation is the
prefactor [|Crll,+/1 — M, which characterizes the MBS
quality.
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3. Majorana polarization

So far, we have worked with the single-particle MBSs
as operators in Hilbert space. Since they are single-particle
operators, it is also useful to represent them in a single-
particle operator basis and study their wavefunction.

We need some notation for converting single-particle
operators to their wavefunction. For an operator expanded
in a basis of single-particle Majorana operators

X = Z ajsrja
Js

(G12)

we define |I') = a to be the vector of the coefficients. By
|T")r we mean the restriction to only those components Fj
that live in the region R. It is related to the partial trace
by [I'g) = di|T")&. The inner product of two single-particle
operators in the Hilbert space is related to the inner product
of the wavefunctions as

Trlx{ x2l = Oalxo)da. (G13)
{x1, x2} = 20alx)1. (G14)
The Majorana polarization Eq. (F6) is
~ o~ 2 ~ 3
(I = (FIF)R)” + 4
= (G15)

(TID)g + (FT)z

_ Consider two states |e), o) such that T'le) = |o) and
I'le) = ilo). Correlations of these states define the wave-
functions as

(CIM)g = Y _ Re[(o[T|e)T, (G16)
sj €R

(CID)r = Y Im[{o[T}[e)]’, (G17)
SJ ER

(CIMg = Y Re[(o[Tj|e)]Im[(o[Tle)],  (G18)
SJ ER

and then the Majorana polarization can be expressed as

%, cxolTfle)

M , .
ZSJER |<0|F}|e)|2

(G19)

The structure of these equations becomes clearer if we
define the vector z; with elements
(20 = (0l le), (G20)

where j € R, s = £. The real and imaginary parts of this
complex vector give the coefficients of the two MBSs, and

the Majorana polarization is

|z zg|
M—ZTZ .
‘RER

(G21)

The two quantities Z;ZR and |z,€zR| are in fact the only two

gauge-invariant quantities that can be written down for a
region R in a noninteracting theory. Such a quantity must
be independent of the basis {I'{} and of the relative phase
between the odd and even states. A change of basis corre-
sponds to a Bogoliubov rotation of zg by a real orthogonal
matrix, and the relative phase multiplies zg by a phase. The
only two invariants of these transformations are Z;ZR and
|z} 2x].

APPENDIX H: MANY-BODY DESCRIPTION OF
MBSs

The ground-state MBSs y and y defined in Eq. (1)
are very different from the standard, single-particle MBSs
I and I’ from noninteracting systems. In this Appendix,
we contrast the structure and locality of the two types of
MBSs, and for noninteracting systems, we demonstrate
their relationship. Unlike single-particle MBSs, y and y
are nonlocal and act nontrivially on the entire system. Nev-
ertheless, when coupling to them in a region R, they behave
effectively as local operators, captured by yx and .

In the noninteracting case, we diagonalize Hy in terms
of single-particle Majoranas as in Eq. (G1). Focusing on
the low-energy MBS I", we expand it in a position basis as

s
I= Zaﬂr./’
Js

where a;; € R, and I'} form the single-particle Majorana
basis defined in Eq. (24).

Filling the mode defined by I' and I" always costs an
energy &, since without interactions it is independent of
the filling of the other modes. Therefore, the many-body
spectrum is “strong” in the sense that every state in the
even sector is paired up with a state in the odd sector
separated by ¢. I' and I map between the odd and even
states throughout the spectrum and can be represented in
the energy basis as

(HT)

I = le)(ol + ) _ le{oil + h.c., (H2)

where 7 indexes the excited states. It is important to choose
the relative phases between different sectors correctly to
get a single-particle operator [34].

Unlike the noninteracting case, where degenerate
ground states imply degeneracy between excited states as
well, the spectrum in interacting systems is, in general,
weak—the ground states could be degenerate while excited
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states are not. This fact, along with our focus on adiabatic
protocols, further motivates our definition of MBSs acting
only in the ground-state sector

y = |e){o| + h.c. (H3)
While Egs. (H2) and (H3) have a similar form in the energy
basis, the positional representation of y is more compli-

cated than that of I, as the former contains many-body
terms. In general, we can write it as

y = ar, (H4)
I
where I = (ji51,/282, - . ., jirS)r)) 1s a multi-index and
Y, = MIAI=1D/2 l_[ Fj (H5)

Jsel

is a Hermitian |/|-body product of single-particle Majo-
ranas. Note that |/| is odd since y is fermionic and
therefore contains only terms with an odd number of
fermions.
In a noninteracting system, we can relate the single-
particle and ground-state MBSs by
y =T0, (H6)
where Q is the projector on the ground-state sector. It can
be expressed in terms of the other Bogoliubov quasiparti-
cles xu, X» [see Eq. (G1)] as

T U= i)
= YT Xnkn) H7
0 1:[1 5 (H7)

Plugging Eq. (H7) into Eq. (H6), we get
Y = S T =iTxixi+...)= pTs +M, (HY)

where M is an operator containing three-body terms and
higher. The single-particle content of y is completely
determined by I while the many-body content depends on
all the quasiparticles. Note that y has nonzero many-body
content, even in the noninteracting case.

The two ground-state MBSs are not independent, as they
are related by

y =iPy, (H9)

where P =[], iFj+ I';” is the total parity operator. This is
different for the single-particle MBSs whose wavefunc-
tions are independent.

Turning to the localization properties of I' and y, we
first define a bipartition R, R of S. Then, in the noninteract-
ing system, Eq. (H1) can be split into two parts,

I' = Z Cljsl_‘; + Z GJ‘SF;’

sj €R sj€R

(H10)

where each term lives either in R or R. The reduced
operator is simply

Tr=dg Y a;l. (HI11)

sj €ER

In the interacting case, we have to split Eq. (H4) into
three parts,

y = ZCIITI + ZCIITI + Z a1y,

IeR IeR I€RR

(H12)

where for the sum over / € RR, we require that I contains
indices in both regions. The last term is a nonlocal term,
which makes the locality of the operator less obvious.

Although y is generally nonlocal, its effective action
within a region R can still be made precise using the par-
tial trace. Under the partial trace to R, all terms that are
nontrivial in R vanish as they are traceless there. Only the
first term in Eq. (H12) survives the partial trace, and the
reduced operator becomes

ve=dg ) _arr,

IeR

(H13)

which captures the part of y that an odd coupling contained
in R would effectively probe.

Finally, we comment on another notion of Majorana
locality discussed in the literature, namely, commutation
properties [32,37]. For a single-particle Majorana opera-
tor, if 'y = 0 then it commutes with all even operators A
in R ([4g, '] = 0), and anticommutes with all odd opera-
tors Fr in R ({Fg, '} = 0). However, due to the last term in
Eq. (H12), this implication does not hold for ground-state
MBSs. Therefore, requiring that y (anti)commutes with all
local operators is a stronger condition than yz = 0.

APPENDIX I: BRAIDING: GAUGE AND BOUNDS

In the gauge described in Sec. V, the odd part of Hgp,
and Hgg, will generate eight terms in the effective Hamil-
tonian, each pairing a ground-state MBS in S with one
in 4 or B. To reduce the number of couplings, we trans-
form the gauge according to Fig. 7, rotating the MBSs
in 4 and B to eliminate two of the couplings to S. If the
MBSs are well separated, only a small gauge rotation is
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FIG. 7. In the gauge that maximizes Majorana separation
within each coupling region, the odd part of the coupling Hamil-
tonian generates four terms for every pair of coupled systems.
This is illustrated to the left. To reduce the number of terms, we
perform a gauge rotation, leading to the simplified structure to
the right.

required to remove the couplings. In S, we keep the gauge
that minimizes ||yz||,. The resulting effective coupling is

- 1 X~ o
Hear = giy7/2+ 7 D Qexiy™ 7" + Axipp*
X=A4B

+ wiyy” + iy 7" + Uxypy 9%, A1)

with coefficients

&= Z Tr [iVﬁH;e)RX]/dRX, (12a)
X=A,B

gy = Tr[iy* 7" Hyp, ] /ds, (I2b)

Ax =Tr[iyy* Hpp, ], (12¢)

Ty =Tr [iyyXngRX], (12d)

Ty = Tr[iy 7 Hg, |, (12¢)

Uy =Tr[yyy" 7" Hig, ] (12f)

The only two desired terms in Hg for the braiding pro-
tocol are A4 and Ap. A time-dependent term icy y is also
necessary, but we do not include it in H, (the terms pro-
portional to g and gy originate from H.). By locality of the
ground-state MBSs and their parities, the other coefficients
are bounded by

gl = > [ Higrl, 16y PIrlly fdre,  (132)
X=AB

lgx| < | Higdre |, |Gy 7 re ], /v, (I3b)

lex| < | Higy ||p lvelly, |7 ry | . (I3¢)

%l < [Hzgy |, 1velly | Ore |, (13d)

x| < [ Hig |, 1Gy Dl [Gr* 70 [, (130)

Using the optimized gauge for all systems yields tighter
bounds on some of the coefficients but introduces addi-
tional couplings.

APPENDIX J: BOUNDS ON TRANSPORT

We consider two states |e) and |o) with energy differ-
ence much smaller than temperature 7, and a set of leads
indexed by «. We will use a rate equation formalism and
bound the conductances in the steady state by our quality
measures. The transition rates between states is given by

Fermi’s golden rule as
ng(e i 0) = tauipaa ng(e - 0) = taviﬁaa
WI;I(O g e) = tavipaz Wgut(o — e) = tauzﬁaa

where p, = p(te, T) is the Fermi-Dirac function, p, =
1 — py, and ui = |(0|f0:r|e)|2 and vozt = |(o|fy|e)|* [52,80].
We assume that f, removes one fermion from region R,
and is normalized by IUfallp =1.

We define the total transition rates between the states as

Wero =Y Wi(e— o)+ W (e —0), (1)
Wose =Y Wi(o—e)+ W (0—e), (12)

and W= W,_,,+ W,_.. Let P, and P, be the probabilities
of being in the even and odd state, respectively. Their time
evolution is described by the rate equation

Pe = _We—mpe + Wo—>eP0a (J3)

and P, + P, = 1 determines P,. The steady state solution
is

Po=—+¢H, P,= . J4)

To calculate the current in the steady state, it is useful to
define the total rate associated with a lead

Wy = W(e — 0) + W (e — 0)

+ W0 — e) + W2 (0 — e) = t, (U2 + v2),
J35)

and an asymmetry parameter
Neg = ui — vﬁ. J6)
The current from lead « in the stationary state is
I, =P, (W‘;f(e — 0) — W' (e — 0))
+ P, (W‘;(o —e) — W0 — e))

t“p';“ > tmpps — 1/2). ()
B

= Walpa —1/2) —

The asymmetry parameter 7, is related to the Majorana
polarization in noninteracting models and can be deter-
mined experimentally by measuring the current for differ-
ent lead voltages or tunnel couplings [81]. In interacting
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models, we have the bound
AR )

where ¢ = 1 — 1/p, see derivation below.
A direct experimental demonstration of overlapping
MBSs is to measure the conductance

al, lalgNan
Gotﬂ = :p;; (Waaaﬁ — %) N (J9)

where p; = dpg/dup. The nonlocal conductance (« # B)
is finite only if both n, # 0 and g # 0, which implies that
there are overlapping MBSs on both leads.

a. Bounding n,,

We want to derive the bound Eq. (J8). The projection of

ﬁj onto the ground-state manifold can be written in terms
of the ground-state MBSs as

Ofl0=ay/2+by/2,

where a = Tr[yfj] and b = Tr[fﬁj]. These are bounded
as lal < |, |, £

we have
Ina] = |ltelf10) 1% — I{elfulo)|?|
= |la +ib|* — |a + ib]*| /4

(J10)

= |y, |, and 15l < |7, ], Then
p

= [im[aB]| < ya, |, I 7], @10)

b. Summing over leads

If we sum the current from a set of leads 4 and vary the
chemical potential of a disjoint set of leads B (for example,
corresponding to different spins), we get

1 !/
E Gop = T E laNa E Dplpnp- (J12)
%eg aeAd BeB
€

We will use ||yz|| < 2, and assume that all leads in B have
the same temperature and chemical potential. Then we
have

> tatta| < 1403, J13)
aed
where
o= 3 |l (J14a)
aed
(J14b)

b= |y |t
€A

The nonlocal conductance then satisfies

/
Y Gup| < %jzAtBQ;‘Qj (J15)

aeAd
peB

This is the form we use in Sec. VII.
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