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Abstract

This thesis addresses the challenge of autonomous bathymetric mapping, the process of creat-
ing topographical maps of the ocean floor, using an Autonomous Underwater Vehicle (AUV).
Conventional surveys rely on expensive crewed vessels and often fail to exploit the underlying
statistical patterns of the collected bathymetric data. This work proposes a model-driven
estimation framework that treats bathymetric mapping as a nonlinear system identification
problem.

Using properties of the underlying state-space model and by representing the seabed through a
linear combination of known basis functions, a novel estimation algorithm is derived. The pro-
posed method formulates a dual Bayesian state-parameter estimator in which affine Minimum
Mean Square Error (MMSE) estimators are constructed for both the unknown model param-
eters and the latent system states. By alternating between these closed-form estimators in
a fixed-point iteration, the algorithm progressively reduces state-induced uncertainty and
improves parameter estimation accuracy.

Finally, a filtering extension of the dual state-parameter estimator is introduced. This exten-
sion enables scalable processing of large data sets by operating online, while incurring a limited
loss in accuracy compared to the batch formulation. The proposed estimators are evaluated
in Monte Carlo experiments and benchmarked against a state-of-the-art methods. The results
show that the proposed methods consistently outperform existing estimation algorithms in
terms of accuracy and computational complexity.
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Chapter 1

Introduction

Bathymetric charts represent the topography of the ocean floor by mapping the seabed depth
as a function of geographical coordinates. Accurate bathymetric maps are crucial for maritime
operations, including navigation and route planning [39]. They are also essential for engineer-
ing offshore structures and for deploying undersea infrastructure such as telecommunication
and power cables [43].

Conventional bathymetric surveys are typically conducted using crew-operated surface vessels
equipped with Global Positioning System (GPS) for accurate georeferencing. These surveys
use sonar sensors to systematically measure the distance from the vessel to the seabed [21].
Survey lines are usually run in a “lawnmower” pattern, ensuring full coverage and minimizing
gaps [22]. While these methods achieve high accuracy, they require large crews, expensive
vessels, and cover limited areas.

After data collection, missing values are filled using algorithms that apply advanced interpo-
lation techniques to generate a digital terrain model [8]. These methods make very limited
assumptions about the structure of the seabed, focusing primarily on reducing noise from
sonar sensor measurements [33]. By not leveraging the statistical patterns in the bathymetric
data, conventional approaches further increase both operational complexity and overall costs.

The high operational cost of conventional surveys has motivated the development of scal-
able, autonomous mapping approaches. Autonomous Underwater Vehicle (AUV)s offer a
key solution [58], equipped with onboard sensors, navigation systems, and sonar to perform
underwater surveys independently. Multiple AUVs can operate simultaneously, increasing
coverage and reducing mission duration while minimizing human and vessel requirements.

In parallel, advances in mapping algorithms have enabled model driven representations of
the seabed [35]. Rather than treating missing data through local interpolation, these ap-
proaches exploit statistical patterns within the bathymetric data to produce more accurate
and consistent terrain models. These methods include techniques from machine learning [54]
and Bayesian inference [2]. By combining AUV-based data collection with sophisticated algo-
rithms, it is possible to achieve autonomous bathymetric mapping in a cost-effective manner.
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2 Introduction

While AUVs enable autonomous exploration, they also introduce the challenge of underwa-
ter navigation, which is particularly difficult due to the absence of a ground truth position
measurement, like GPS. Consequently, AUVs must rely onboard estimation algorithms for
position estimation. As the ultimate objective is to learn the bathymetric map as a function
of the vehicle’s position, accurate localization is critical.

1-1 Goal Statement

The overall goal of this thesis is to develop and evaluate a principled estimation framework
for learning bathymetric charts from data collected by an AUV. This goal is pursued through
three specific subgoals.

1) Model Driven Representation of Seabed and Estimation Problem Formulation

The first objective of this thesis is to provide a rigorous formulation of the bathymetric learning
problem. Rather than relying on data-driven interpolation techniques, this work adopts a
model-driven representation of the seabed. A model-based description enables incorporation
of prior knowledge and facilitates extrapolation beyond sampled regions. Moreover, it allows
the accuracy of the resulting map to be controlled through the choice of model complexity,
enabling coarser representations to be learned from reduced sampling when fine-scale detail
is not required.
Combined with the AUV data collection process, the model-driven representation defines an
input–output relationship: the vehicle trajectory serves as the input to a nonlinear static
map that produces bathymetric measurements. Together with the vehicle dynamics, this
naturally leads to a state-space formulation of the data collection process. As Bayesian
inference provides a principled and well-established framework for estimation of state-space
models, the first goal of this thesis is to formulate the bathymetric learning problem explicitly
as a Bayesian inference problem.

2) Development of the Dual State-Parameter Estimator

The second objective is to develop an estimation algorithm that jointly addresses vehicle
localization and bathymetric map learning within a unified probabilistic framework. Because
the seabed is represented by a parameterized model, the goal is to estimate an unknown
vector of parameters from noisy measurements.
Accurate bathymetric estimation requires precise knowledge of the AUV trajectory, while
reliable localization benefits from an accurate seabed representation. This interdependence
creates a dual estimation problem, in which both the system state and unknown map param-
eters must be inferred simultaneously.
To address this challenge, this thesis proposes the dual state-parameter estimator. By lever-
aging the structure of the estimation problem, the approach decomposes the overall task into
two tractable subproblems, one for vehicle localization and one for bathymetric map estima-
tion. The proposed formulation offers a systematic alternative to the two dominant paradigms
in the state-space model literature.
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1-2 Organisation 3

3) Validation and Benchmarking in Simulation

The final objective of this thesis is to evaluate the performance of the dual state-parameter
estimation in simulation. The dual state-parameter estimator will be assessed through Monte
Carlo experiments and benchmarked against two state-of-the-art approaches. To further as-
sess real-world applicability, a Unity-based simulator will be employed. This simulator enables
generation of realistic bathymetric data that can closely mimic operational environments.

1-2 Organisation

Chapter 2 addresses the first subgoal of the thesis by introducing the modelling abstractions
for the AUV dynamics and the model of the seabed.

The core contribution of this thesis is presented in Chapter 3, which develops the dual
state–parameter estimator for the joint estimation of the system states and the unknown
seabed parameters. The proposed approach is positioned within existing literature in Chap-
ter 4.

The estimator in Chapter 3 is formulated in a batch setting and its computational complexity
limits scalability. Chapter 6 therefore introduces a recursive implementation of the dual
state–parameter estimator, enabling processing of large data sets.

The performance of the batch dual state-parameter estimator is evaluated in Chapter 5. This
chapter presents Monte Carlo simulations under idealized conditions and benchmarks the
proposed estimator against two state-of-the-art approaches. To assess practical applicability,
a Unity-based simulator is employed to generate a realistic AUV trajectory for testing. The
impact of recursive computation on estimation performance is examined through an additional
Monte Carlo experiment in Chapter 6.

Finally, Chapter 7 summarizes the main findings of the thesis, evaluates the extent to which
the stated goals are achieved, and outlines directions for future work.
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Chapter 2

Problem Description

The preceding chapter motivated the need for principled, model-driven approaches to au-
tonomous bathymetric mapping. Building on this motivation, the present chapter translates
the high-level concepts introduced earlier into a mathematical problem definition. Specif-
ically, it introduces a state-space model of the Autonomous Underwater Vehicle (AUV) in
which the measurements correspond to bathymetric data.

The chapter also presents a parametric formulation of the seabed model, expressed as a
linear combination of known basis functions. The learning task is to estimate the unknown
coefficients of the seabed model. In this way, the seabed mapping task is cast as a system
identification problem. The identification problem is formalised within a Bayesian inference
framework, leading to the Maximum a Posteriori (MAP) and Minimum Mean Square Error
(MMSE) estimators.

This chapter is organised as follows. Section 2-1 describes the seabed model and the dynamical
model of the AUV. Section 2-2 introduces the Wiener model as a formal description of the
system and discusses the probabilistic formulation of the state-space model. Section 2-3
introduces the Bayesian estimation problem. Finally, Section 2-4 explains why the resulting
estimation problem is challenging.

2-1 System Description

Figure 2-1 shows an abstract 2D view of the AUV model. The AUV position x can be
interpreted as the state of a dynamical system, with the control input u corresponding to
the planar velocity of the AUV. For simplicity, the AUV position is described using planar
coordinates. In practice, the position vector would represent a geosynchronized position.

The AUV dynamics are approximated by a linear-time-varying difference equation (Equation
(2-3)), in which the system matrices are assumed to be known. This assumption is reason-
able as the AUV dynamics can be identified in a separate experiment using existing system
identification techniques.

Master of Science Thesis D. A. Woonings



6 Problem Description

Figure 2-1: Configuration of AUV

The AUV is equipped with a sensor that measures the distance to the seabed. The measure-
ment model of the sensor depends nonlinearly (and only) on the AUV position, denoted by
hθ(·). From this perspective, the measurement model provides a description of the seabed.

In this work, the seabed is modelled as a linear combination of N + 1 known basis functions,

hθ : R2 → R, hθ(x) =
N∑

n=0
θnϕn(x), (2-1)

where θ ∈ RN+1, is the vector of unknown parameters, and ϕn : R2 → R, ϕ(x) = [ϕ0(x), . . . , ϕN(x)]T

is the vector of basis functions evaluated at x. Since θ is the only unknown in the seabed
model, constructing a map from bathymetric data reduces to finding the parameter vector θ
that reproduces the observed depths.

In this work the Fourier basis is selected, the Fourier basis functions are given by:
ϕ0(x) = 1 n = 0
ϕn(x) =

∑
ℓ∈{−1,1}

exp(j⟨ℓfn, x⟩) n ≥ 1. (2-2)

The sum over ℓ ∈ {−1, 1} ensures that each basis function is real-valued, because the positive
and negative frequency components are included symmetrically. Computationally, the Fourier
basis is convenient. When the latent state is Gaussian, the first two statistical moments of
the basis functions can be computed in closed form (see Section 3-2). This computation is
important because the distribution of hθ(x) is unknown, as it is obtained through a nonlinear
transformation of a (Gaussian) random variable. Nevertheless, reasoning about the underlying
probabilistic model remains possible via its mean and covariance.

The seabed model has two design parameters, namely N and fn. The model size N de-
termines the amount of basis functions and hence number of parameters to be estimated.
The frequency vectors fn control the spatial resolution of the seabed model. Low frequencies
capture large-scale variations, while higher frequencies capture finer details. Geometrically,
the seabed can be interpreted as a sum of sinusoids with different frequencies. Adding more
frequencies improves the model’s ability to represent complex seabeds, but also increases the

D. A. Woonings Master of Science Thesis



2-2 Stochastic Wiener Model 7

)

Figure 2-2: Block representation of Wiener model

dimensionality of the inference problem, making estimation more computationally expensive.
If the parameter estimation method allows for a large number of parameters, automated
design methods for fn are available [45].
In summary, the AUV is described by a state-space model: the process model is linear, while
the observation model is a nonlinear function of the state. A linear process with a nonlinear
output is referred to as a Wiener model, which will be formalized in the next section.

2-2 Stochastic Wiener Model

Wiener models are a class of nonlinear state-space models that combine a linear dynamic
component with a static nonlinear component [56]. The input first passes through the dynamic
linear block, whose output is then transformed by the nonlinear block, as shown in Figure 2-
2. Formally, consider a discrete-time linear time-varying system, where the state at time t
evolves according to

xt+1 = Atxt + Btut + wt+1, yt = hθ(xt) + vt, (2-3)

where xt ∈ R2 is the latent position/state vector, At ∈ R2×2 and Bt ∈ R2×2 are the known
system matrices, and ut ∈ R2 represents the sequence of known controlled inputs/velocities.
The process noise wt+1 ∼ N (0,Σwt+1) is a zero-mean Gaussian vector with covariance Σwt+1 .
Observations yt ∈ R are generated according to Equation (2-1). Measurements are corrupted
by additive Gaussian noise vt ∼ N (0, σvt).
The process and measurement noise induce probability distributions over the dynamics and
observations. These probability distributions are written as

xt+1 ∼ p(xt+1|xt), yt ∼ p(yt|xt, θ). (2-4)

Note that the state transition model (p(xt+1|xt)) does not depend on the unknown parameters,
whereas the observation distribution (p(yt|xt, θ)) does depend on the unknown parameters.
Together, the dynamical system, the unknown parameters, and the statistics of the noise
processes define a generative probabilistic model. The likelihood of generating a sequence of
states and observations is characterized by the joint distribution:

p(x̄, ȳ | θ) = p(x0)
T∏

t=0
p(yt | xt, θ)

T −1∏
t=0

p(xt+1 | xt), (2-5)

where x̄ = [x0, . . . , xT ]⊤ and ȳ = [y0, . . . , yT ]⊤. Having defined the probabilistic model, the
estimation task is to infer the unknown parameter vector θ from the observed data ȳ. In the
next section, this is formalized using a Bayesian decision-theoretic framework.

Master of Science Thesis D. A. Woonings



8 Problem Description

2-3 Bayes Decision Principle

In Bayesian inference, the prior, observation model, and observed data are combined to
estimate the unknown parameters by solving an optimization problem. Formulating this
optimization problem requires two additional components: the prior distribution and the
loss function. The prior p(θ) represents the knowledge about θ before observing any data.
Throughout this thesis a uniform prior is assumed, i.e.:

p(θ) = U([a, b](N+1)). (2-6)

The support of p(θ) is denoted by Θ. The loss function ℓ(θ, ·), expresses the discrepancy
between the true parameters and the estimated parameters.

The Bayes estimate is defined by minimizing the expected loss with respect to the joint
distribution of ȳ and θ:

θ̂(ȳ) = arg min
ν(·)∈Fθ

Ep(θ,ȳ)[ℓ(θ, ν(ȳ))] , (2-7)

where Fθ =
{
ν : RT +1→Θ

}
denotes the space of all possible estimators.

The expectation in (2-7) is taken with respect to the joint distribution p(θ, ȳ) = p(ȳ | θ)p(θ),
which combines prior information about the parameters with information from the data
through the likelihood. Conditioning on the observed measurements yields an equivalent
formulation in terms of the posterior distribution p(θ | ȳ). Specifically, the expectation (2-7)
can be written as:

Ep(θ,ȳ)
[
ℓ
(
θ, θ̂(ȳ)

)]
=

∫∫
ℓ
(
θ, θ̂(ȳ)

)
p(θ, ȳ) dθ dȳ =

∫ [∫
ℓ
(
θ, θ̂(ȳ)

)
p(θ|ȳ) dθ

]
p(ȳ) dȳ. (2-8)

Here, p(θ | ȳ) called posterior distribution, represents the conditional distribution of the
parameters θ given the measurements ȳ. Since the outer integral depends only on ȳ, the
Bayes risk can be minimized pointwise. This leads to the equivalent formulation of the Bayes
estimator:

θ̂(ȳ) = arg min
ν(·)∈Fθ

Ep(θ|ȳ) [
ℓ
(
θ, ν(ȳ)

) ]
. (2-9)

Rewriting Equation (2-7) as Equation (2-9) reduces the optimization problem to a pointwise
minimization with respect to the observed data. Equation (2-9) defines an abstract Bayesian
decision problem and constitutes a key step in the development of this work. At this point,
the bathymetric mapping task has been reformulated as a Bayesian inference problem in a
state–space framework. To move toward concrete estimation algorithms, the loss function
is now specified. In the following, two particular choices of loss are considered, leading to
estimators that correspond to two canonical summaries of the posterior distribution: its mean
and its mode.

MMSE Estimate

A common Bayesian estimator is the MMSE estimator which is obtained by minimizing the
squared-error loss function. The squared-error loss function is defined as:

ℓ(θ, ν(ȳ)) = ∥θ − ν(ȳ)∥2. (2-10)

D. A. Woonings Master of Science Thesis



2-4 Challenge 9

The corresponding Bayes estimator minimizes the expected loss with respect to the posterior
distribution of the parameters:

θ̂(ȳ) = arg min
ν(·)∈Fθ

Ep(θ|ȳ)[∥θ − ν(ȳ)∥2
]
. (2-11)

With some minor manipulations (computing gradient and setting to zero), it can be shown
that the MMSE estimate corresponds to the posterior mean, i.e:

θ̂(ȳ) = E[θ | ȳ] =
∫
θ p(θ | ȳ) dθ. (2-12)

MAP Estimate

Another widely used Bayesian estimator is the MAP estimate. The MAP estimate can be
derived by considering a binary loss function that assigns zero loss only when the estimate
lies inside an ϵ-ball centered at the true parameter value, expressed as:

ℓϵ(θ, ν(ȳ)) =
{

0, ∥θ − ν(ȳ)∥2 < ϵ,

1, otherwise.
(2-13)

As the radius approaches zero, the corresponding Bayes estimator converges to the mode of
the posterior distribution [3]:

arg min
ν(·)∈Fθ

lim
ϵ→0

Ep(θ|ȳ)[ℓϵ(θ, ν(ȳ)
)]

= arg max
θ
p(θ | ȳ). (2-14)

The MAP estimator is therefore defined as

θ̂MAP(ȳ) ∈ arg max
θ
p(θ | ȳ). (2-15)

or equivalently,
θ̂MAP(ȳ) ∈ arg max

θ
log p(ȳ | θ) + log p(θ). (2-16)

2-4 Challenge

The previous section introduced two Bayesian estimators: the MAP estimator (Equation (2-15))
and the MMSE estimator (Equation (2-11)). Both estimators are associated with measures
of central tendency of the posterior distribution, namely its mode and mean. From this per-
spective, the inference problem would be straightforward if a closed form expression of the
posterior was known. Unfortunately, this is not the case, which is mainly a result from the
fact the sequence of latent states is unknown.

The objective of the next two chapters is to obtain accurate approximations of the posterior
distribution, or its mode in the MAP case. This section explains why the Bayesian inference
problem is inherently challenging for the Wiener model.

Using Bayes’ theorem, the posterior can be written as:

p(θ | ȳ) = p(ȳ | θ) p(θ)
p(ȳ) . (2-17)

Master of Science Thesis D. A. Woonings



10 Problem Description

Here, p(ȳ | θ) is the observed-data likelihood, and p(ȳ) is the model evidence. The fundamen-
tal challenge in evaluating Equation (2-17) is that the observed-data likelihood depends on
the latent state. As a result, the likelihood cannot be evaluated in closed form. To see this,
the observed-data likelihood can be factored as:

p(ȳ | θ) =
T∏

t=0
p(yt | y1:t−1, θ), (2-18)

To obtain a meaningful expression for the terms on the right-hand side of Equation (2-18), it
is necessary to marginalize over the latent states.

p(yt | y1:t−1, θ) =
∫
p(yt | xt, θ) p(xt | y1:t−1) dxt. (2-19)

The second term p(xt | y1:t−1) does not have a closed-form solution, as it requires solving a
nonlinear filtering problem. As a result, the corresponding integral must be approximated
numerically, and neither the posterior nor the marginal likelihood can be evaluated in closed
form. This challenge is illustrated in Figure 2-3. The inference task is to estimate the model
parameters θ. While the transition and observation models are specified in terms of x, y
and θ as shown in Figure 2-3. Therefore, the observations alone do not provide a complete
specification of the underlying probabilistic model. Consequently, any parameter estimation
algorithm must also account for the estimation of the latent state sequence.

The Bayesian formulation of the seabed mapping problem highlights the central challenge:
the posterior distribution over the unknown parameters depends on latent states that cannot
be observed directly, and the nonlinear measurement model prevents a closed-form solu-
tion. Consequently, computing either the MMSE or MAP estimates requires approximation
methods. Chapter 4 reviews existing techniques that address this challenge, with a focus
on Sequential Monte Carlo (SMC)-based approximations. In contrast, Chapter 3 adopts a
different approach, obtaining an approximation by fixing a specific estimator structure which
has a known closed form solution.

....

Figure 2-3: Latent state sequence drives the observation process

D. A. Woonings Master of Science Thesis



Chapter 3

Proposed Method
Dual Bayesian Affine MMSE Estimation

Chapter 2 introduced the Minimum Mean Square Error (MMSE) estimation problem (Equa-
tion (2-11)) for the stochastic Wiener model (Equation (2-3)). The goal of this chapter is
to address the MMSE estimation problem by presenting the dual state-parameter estimator.
The proposed method replaces the intractable MMSE estimator with the affine MMSE esti-
mators. By restricting the estimator class to affine functions, a closed form solution for the
restricted MMSE estimation problem is derived for both states and parameters. By alter-
nating between these estimators in a fixed-point iteration, the method progressively reduces
state-induced uncertainty.

Section 3-1 presents a high-level overview of the proposed estimator. In Section 3-3, a re-
stricted MMSE estimator for the model parameters is presented. Section 3-4 develops a
complementary affine MMSE estimator for the latent states. Finally, Section 3-5 integrates
the parameter and state estimators into a unified nonlinear algorithm that iteratively refines
both estimates.

3-1 High-Level Overview

As outlined in Section 2-4, the MMSE estimator requires marginalization over the unknown
state trajectory. Marginalization introduces intractable state estimation integrals, which have
to be approximated numerically. Typically, these integrals are approximated using Sequential
Monte Carlo (SMC) techniques. While SMC methods are theoretically sound, they suffer from
particle degeneracy and poor computational scaling. These problems make SMC methods
impractical for estimation problems with large data records and many unknown parameters,
like the bathymetric learning problem.

An alternative approach to circumvent the intractability of the MMSE estimator is to restrict
the estimator class Fθ to a set of estimators for which the optimal solution is known. A

Master of Science Thesis D. A. Woonings



12 Proposed Method

Affine MMSE State
(Section 3.4)

Affine MMSE Parameter
(Section 3.3)

Figure 3-1: High Level overview of Dual estimation framework

common choice is the class of affine estimators, which yields the affine MMSE estimator.
Under the restriction of an affine estimator, the optimization problem (Equation (2-11))
admits a closed-form solution that depends on the first- and second-order moments of the joint
distribution p(ȳ, θ) [27, Chapter 3]. For many nonlinear systems, computing the moments
associated with ȳ analytically is not possible. However, the structure of the Wiener model
allows these moments to be computed in closed form. Specifically, the linear dynamics of the
process, together with the linear dependence of the output map on θ, allow these moments
to be computed in closed form.

The quantities µȳ, Σȳ and Σȳθ depend on how the stochastic state trajectory propagates
through the basis functions of the measurement model. To compute these moments, the first
and second-order moments of the basis functions, referred to as Dynamic Basis Statistics
(DBS), must be known. By selecting a family of basis functions for which the DBS can be
computed, like the Fourier basis, a closed-form solution for the affine MMSE estimator is
available for the Wiener model [51].

The performance of the affine MMSE parameter estimator is tied to accurate estimation of
the DBS. Hence, more precise knowledge of the states decreases the parameter estimation
error. This work builds on this observation, by computing an estimate of the DBS using ȳ.
To this end, this chapter develops an affine MMSE estimator for the state variable, which
yields an improved estimate of the DBS.

The key contribution of this chapter is the combination of the separate estimators into a dual
state-parameter estimator. The dependency between the estimators is illustrated in Figure 3-
1. The computation of the dual state-parameter estimator is realized using a fixed-point
algorithm, in which estimation of the state and parameters is alternated until convergence.

The remainder of the chapter develops the machinery not shown in Figure 3-1. Starting with
the definition of the DBS collection.
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3-2 Dynamic Basis Statistics

The Wiener model (Equation (2-3)) is subject to additive Gaussian process noise, implying
that the state of the system is a Gaussian random variable. Therefore, the observation
model (Equation (2-1)) is a nonlinear transformation of a Gaussian random variable, and the
resulting probability distribution p(hθ(x)) is unknown. However, it is possible to compute the
mean and covariance of this distribution, which will be referred to as the DBS collection.

The DBS captures that the system state is not observable and only its statistics are available.
The statistics of the state are propagated through the nonlinear observation model via the
basis functions. The DBS collection influences the mean and covariance of the observation
model. For the Bayesian affine parameter estimator (Section 3-3), the DBS uniquely charac-
terize the estimator. That is, given the statistical description of the Wiener model, the only
quantities that must be computed in order to solve for the affine estimator are the DBS. The
definition of the DBS collection from [51] is repeated here.

Definition 1 (Dynamic basis statistics collection [51, Definition 1]). Let the state
sequence x̄ = [xT

0, . . . , x
T
T ]T be a trajectory of (2-3) for t ∈ {0, . . . , T}, and let Φ(x̄) =

[ϕ(x0), . . . , ϕ(xT )]. The dynamic basis statistics collection with respect to the joint distribution
of the state trajectory is defined as

µΦ = [µ0
ϕ, . . . , µ

T
ϕ ], ΣΦ =


Σ00

ϕ . . . Σ0T
ϕ

... . . . ...
ΣT 0

ϕ . . . ΣT T
ϕ

 , (3-1)

where µt
ϕ is the mean of ϕ(xt) and Σtt′

ϕ is the covariance between ϕ(xt) and ϕ(xt′), given by

µt
ϕ := E[ϕ(xt)], Σtt′

ϕ := E[ϕ(xt)ϕ
T(xt′)]− E[ϕ(xt)]E[ϕ(xt′)]T. (3-2)

For the Wiener model with Gaussian measurement noise and Fourier basis functions, a closed
form solution for the DBS is available. To derive a compact formula, the lifted representation
of the system is introduced. In particular, the entire trajectory of the model can be written
as:

x̄ = Ā(B̄ū + w̄), (3-3)

where ū = [µT
x0 , u

T
0, . . . ,u

T
T −1]T is the input vector with the initial state mean as its first

element, w̄ = [wT
0,w

T
1, . . . ,w

T
T ]T and, Σw̄ = diag(Σx0 ,Σw1 , . . . ,ΣwT ). The lifted matrices Ā

and B̄ encode the dynamics over the entire trajectory, they have the following structure:

Ā =



I 0 0 . . . 0

A0 I 0 . . .
...

A1A0 A1 I . . . ...
...

...
... . . . 0

T −1∏
i=0

Ai

T −1∏
i=1

Ai . . . AT −1 I


, B̄ = diag(I,B0, . . . ,BT −1). (3-4)
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14 Proposed Method

The lifted representation also provides a compact expression for the state of the system at
time t, namely xt = Āt(B̄ū+w̄). Where Āt corresponds to the (t+1)th block-row of Ā in (3-4),
i.e.,

Āt =
[

t−1∏
i=0

Ai

t−1∏
i=1

Ai . . . I 0 . . . 0
]
. (3-5)

Additionally, the lifted representation allows for a compact notation of the distribution of the
system state. At time t the state is distributed according to xt ∼ N (ĀtB̄ū, ĀtΣw̄ĀT

t ). Using
the lifted representation, [51] derives the DBS for the Fourier basis with Gaussian process
noise. For completeness, the result is repeated here.

Lemma 3-2.1 (Fourier DBS explicit expression [51, Lemma 4.1]). For Fourier basis
functions (2-2) and the dynamics of (2-3), let the respective DBS introduced in Definition 1,
denoted by (µt

ϕ,Σtt′
Φ ). Additionally, let Āt and Āt′ represent the matrices defined analogously

to (3-5). Then, the following holds:

1. DBS mean: The nth element is

µt
ϕn

=
∑
ℓ∈{−1,1}

exp(j⟨ĀT
tℓfn, B̄ū⟩)exp

(
− 1

2ℓf
T
nĀtΣw̄ĀT

tℓfn
)
, n ≥ 1. (3-6a)

2. DBS covariance: The (m,n)th element of the covariance matrix is

Σtt′
ϕmn

=
∑

ℓ,ℓ′∈{−1,1}
exp(j⟨ĀT

tℓfm + ĀT
t′ℓ′fn, B̄ū⟩)

×
(
exp

(
− 1

2(ℓfT
mĀt + ℓ′f

T
nĀt′)Σw̄(ĀT

tℓfm + ĀT
t′ℓ′fn)

)
−

exp
(
− 1

2ℓf
T
mĀtΣw̄ĀT

tℓfm
)
exp

(
− 1

2ℓf
T
nĀtΣw̄ĀT

tℓfn
)
).

(3-6b)

Figure 3-2 shows a schematic representation of the DBS operator, a nonlinear mapping from
mean and covariance of the state, into the mean and covariance of the basis functions, following
Equations (3-6a) and (3-6b). In the next section, the DBS is used to derive a closed form
solution for the affine MMSE parameter estimator.

DBS

Figure 3-2: Block representation of the DBS operation

3-3 Affine MMSE Parameter Estimator

Building on the DBS, an MMSE estimator for the unknown parameters is constructed. By
restricting the class of the estimator to be affine, a closed form solution for the estimator
and estimator covariance is available by applying a well-known result from linear estimation
theory. The resulting estimator can be viewed as function of the DBS collection. This
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DBS Equation (3-11)

Figure 3-3: Block Representation of Proposed Parameter Estimate

section presents the mathematical formulation of the affine MMSE parameter estimator and
its covariance.

Recall that the MMSE estimator is defined as:

θ̂(ȳ) = arg min
ν(·)∈Fθ

Ep(θ|ȳ)[∥θ − ν(ȳ)∥2
]
. (3-7)

where Fθ =
{
θ̂ : RT +1→Θ

}
denotes the set of all estimators. Directly solving (3-7) is in-

tractable when the posterior is non-Gaussian, like for the Wiener model. To obtain a tractable
approximation of the posterior mean, we restrict the estimator to the class of affine functions:

Fθ =
{
θ̂(ȳ) = Ψθȳ + ψθ | Ψ ∈ R(N+1)×(T +1), ψ ∈ RN+1

}
. (3-8)

Note that this means that the optimization is now performed over decision variables (Ψθ, ψθ),
whereas the original optimization was performed over an abstract function space. The re-
striction of the optimization to (3-8), together with the closed-form expressions for the DBS,
allows Equation (3-7) to be solved in closed form, as shown in [51, Thm. 3.2]. In particular,
the optimal matrices are nonlinear functions of the DBS collection such that:

Ψ⋆
θ (µΦ,ΣΦ) = ΣθµΦ

(
µ

T
ΦΣθµΦ +M(ΣΦ)+Σv̄

)−1
, ψ⋆

θ(µΦ,ΣΦ) = µθ−Ψ⋆
θ (µΦ,ΣΦ)µT

Φµθ . (3-9)

where M : R((N+1)(T +1))2→R(T +1)2 is a linear operator whose (t, t′)th component is

Mtt′(ΣΦ) = tr
(
Σtt′

ϕ (Σθ + µθµ
T
θ)

)
, (3-10)

and Σv̄ = diag(σ2
v0 , . . . , σ

2
vT

) is the covariance matrix of the measurement noise sequence
v̄ = [v0, . . . , vT ]T.

Using the optimal matrices from Equation (3-9), the mean and covariance of the affine MMSE
estimator are: θ̂(ȳ |µΦ,ΣΦ) = Ψ⋆

θ (µΦ,ΣΦ)ȳ + ψ⋆
θ(µΦ,ΣΦ),

Σθ̂(µΦ,ΣΦ) = Σθ − ΣθµΦ
(
µ

T
ΦΣθµΦ +M(ΣΦ) + Σv̄

)−1
µ

T
ΦΣθ .

(3-11)

Figure 3-3 provides a schematic representation of the affine parameter estimator. The figure
illustrates the estimator’s inputs and outputs: given the mean and covariance statistics of the
state trajectory, these statistics are propagated through the nonlinear basis functions via the
DBS. The estimator then computes the affine MMSE parameter estimate and covariance.
Similarly, an affine MMSE estimator can be computed for the latent state trajectory, which
is discussed next.
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16 Proposed Method

3-4 Affine MMSE State Estimator

The previous section introduced the affine MMSE parameter estimator, which leverages the
DBS to obtain a tractable estimate of the unknown parameters. In this section, we consider
the dual problem of estimating the system state. This contrasts with the previous section,
where the focus was on estimating the parameters.

As in the parameter estimation case, the state estimation problem is formulated using the
MMSE criterion. Again, the estimator is restricted to the class of affine estimators. Under
this restriction, the MMSE state estimator admits a closed-form solution. Importantly, in the
dual setting, the state estimator depends on the mean and covariance of the parameters. In
contrast to the previous section, where the parameter estimator was a function of the DBS
collection, which are a nonlinear function of the state.

The affine MMSE state estimation problem is defined as:

min
ˆ̄x∈X

E
[∥∥x̄ − ˆ̄x(ȳ)

∥∥2]
, (3-12)

where,
X =

{
ˆ̄x(ȳ) = Zȳ + ζ

∣∣∣ Z ∈ Rnx(T +1)×(T +1), ζ ∈ Rnx(T +1)
}
, (3-13)

denotes the class of affine state estimators for the latent state, based on the full measurement
sequence.

Similar to [51, Thm. 3.2], the affine MMSE state estimation problem also has a closed form
solution [52, Thm. 4.1]. The result is repeated here for ease of reference. The optimal
matrices (Z, ζ) and are given by:

Z⋆(µθ ,Σθ) = Σx̄ȳ
(
µ

T
ΘΣΦµΘ + S(Σθ) + Σv̄

)−1
, ζ⋆(µθ ,Σθ) = ĀB̄ū− Z⋆(µθ ,Σθ)µT

Φµθ , (3-14)

For the dual problem, the prior for the system state is N (ĀB̄ū, ĀΣw̄ĀT), obtained using the
lifted representation of the model. In Equation (3-14), (µΦ,ΣΦ) denotes the DBS transfor-
mation (as defined in Definition 1) of the prior, i.e (µΦ,ΣΦ) = DBS(ĀB̄ū, ĀΣw̄ĀT).

The function S : R(N+1)2 → R(T +1)2 is defined elementwise as

Stt′(Σθ) = tr
(
Σθ(Σtt′

ϕ + µt
ϕµ

t′T

ϕ )
)
. (3-15)

The matrix Σx̄ȳ is the cross-covariance between the latent state trajectory and the observa-
tions, and is given by

Σx̄ȳ = ĀΣw̄ĀTC̄T
µΘ, C̄ = diag(C0, . . . ,CT ), Ct = E[Jϕ(xt)], (3-16)

where µΘ = diag(µ0
θ, . . . , µ

T
θ ) with µt

θ = µθ and

Jϕ(xt′) =
[
∇xϕ0(xt′), . . . ,∇xϕn(xt′)

]T
(3-17)

denotes the Jacobian of the basis functions evaluated at xt′ , which has a closed form solution
for the Fourier basis functions.
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Equation. (3-20)

Figure 3-4: Block Representation of Proposed State Estimate

Using the optimal matrices from Equation (3-14), the mean and covariance of the affine
MMSE estimator are:{

x̂t(ȳ |µθ ,Σθ) = Āt
(
B̄ū + Σw̄ĀTC̄T

µΘ(µT
ΘΣΦµΘ + S(Σθ) + Σv̄)−1(ȳ− µT

Φµθ)
)
,

Σx̂t(µθ ,Σθ) = Āt
(
Σw̄ − Σw̄ĀTC̄T

µΘ(µT
ΘΣΦµΘ + S(Σθ) + Σv̄)−1

µ
T
ΘC̄ĀΣw̄

)
ĀT

t ,
(3-18)

Figure 3-4 provides a schematic representation of the affine MMSE state estimator. The
diagram highlights the dual dependence between state and parameter estimation, motivating
their iterative coupling in the proposed dual estimation framework. In particular, the output
of the state estimator is used as input to the parameter estimator, and vice versa.

3-5 Dual State-Parameter Estimator

Figures 3-4 and 3-3 illustrate that the output of any of the affine MMSE estimators can
serve as input to the other the affine MMSE estimator. The dual state-parameter estimator
essentially connects these two estimators. The interaction between the estimators for the dual
state-parameter estimator is depicted schematically in Figure 3-5. The dual estimator can
also be motivated from a performance perspective.

DBS Equation (3-11)

Equation. (3-20)

Figure 3-5: Block Representation of Proposed Dual Estimator

In the extreme case where the state trajectory is perfectly known, the only remaining un-
certainty comes from measurement noise. In this case, the parameter estimation problem
reduces to Bayesian linear regression. The affine MMSE parameter estimator can be shown
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18 Proposed Method

to be lower bounded by the estimator with perfect state knowledge, as formalized in the
following Lemma:

Lemma 3-5.1 (Lower bound on the MSE of the affine estimator [51, Lemma 2.1]).
Let θ̂(ȳ | µΦ,ΣΦ) denote the affine MMSE estimator that uses only prior information about
the system states, and let θ̂(ȳ |Φ(x̄)) be the affine MMSE estimator with complete knowledge
of the states. The MSE of the marginalized estimator is then bounded below by the MSE
achievable with full knowledge of the system states, i.e.,

E
[
∥θ − θ̂(ȳ |Φ(x̄))∥2

]
≤ E

[
∥θ − θ̂(ȳ |µΦ,ΣΦ)∥2

]
.

Lemma 3-5.1 shows that improving knowledge of the state can improve the accuracy of the
parameter estimate. Motivated by Lemma 3-5.1, we construct an estimate of the DBS,
denoted (Φ̂,ΣΦ̂) by taking the DBS transform of affine state estimate (ˆ̄x,Σˆ̄x) computed using
Equation (3-14). The estimated DBS is used to condition the affine MMSE parameter update,
resulting in a nonlinear parameter estimator with improved performance:θ̂nl(ȳ | Φ̂,ΣΦ̂) = Ψ⋆

θ

(
Φ̂,ΣΦ̂

)
ȳ + ψ⋆

θ

(
Φ̂,ΣΦ̂

)
,

Σθ̂nl
(Φ̂,ΣΦ̂) = Σθ − ΣθΦ̂

(
Φ̂TΣθΦ̂ +M(ΣΦ̂) + Σv̄

)−1
Φ̂TΣθ .

(3-19)

Likewise, to further improve state estimation, we can replace the prior statistics (µθ ,Σθ) with
parameter estimates (θ̂,Σθ̂) in (3-14) to obtain the following nonlinear state estimator:ˆ̄xnl(ȳ | θ̂,Σθ̂) = Z⋆(θ̂,Σθ̂)ȳ + ζ⋆(θ̂,Σθ̂),

Σˆ̄xnl
(θ̂,Σθ̂) = ĀΣw̄ĀT− ĀΣw̄ĀTC̄T

θ̂
(
θ̂

TΣΦθ̂+ S(Σθ̂) + Σv̄
)−1
θ̂C̄ĀΣw̄ĀT

,
(3-20)

Using this nonlinear state estimator, we can construct the respective DBS collection
(Φ̂(ˆ̄xnl,Σˆ̄xnl

),ΣΦ̂(ˆ̄xnl,Σˆ̄xnl
)) according to Definition (3-1).

Algorithm 1 shows the computation of the dual state-parameter estimator, an algorithmic
implementation of Figure 3-5. The algorithm initializes the parameter estimates from prior
information and the DBS collection from Definition 1. It then alternates between updating
the parameter estimates, their covariance, the state estimates, and the corresponding DBS
statistics until the fixed-point convergence criterion is met.

Algorithm 1 is as a fixed-point iteration on the collection of estimates:

(θ̂nl,Σθ̂nl
, ˆ̄xnl,Σˆ̄xnl

), (3-21)

where each update applies the affine MMSE update of one subproblem while holding the
remaining quantities fixed. A fixed point of the algorithm is therefore a set of statistics that
is left unchanged by application of the affine parameter estimator and the the affine state
estimator. The existence and uniqueness of fixed points are not established. Importantly,
the dual state-parameter estimator computed by Algorithm 1 should not be interpreted as
the exact MMSE estimator as their relation is unknown at the time of writing. In practice,
convergence of Algorithm 1 is monitored evaluating the change in the parameter estimates,
i.e. whether ∥θ̂(k)

nl − θ̂
(k−1)
nl ∥ < ϵ for some small threshold ϵ > 0.
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Algorithm 1 Dual state-parameter estimator

1: (θ̂(0)
nl ,Σ

(0)
θ̂nl

)← (µθ ,Σθ) from prior information

2: (Φ̂(0),Σ(0)
Φ̂ )← (µΦ,ΣΦ) from DBS collection Definition 1 according to (3-2.1)

3: for k = 1, 2, . . . until convergence do
4: Mtt′(Σ(k−1)

Φ̂ )← tr(Σ(k−1)tt′

Φ̂ (Σ(0)
θ̂nl

+ θ̂
(0)
nl θ̂

(0)T

nl ))

5: θ̂
(k)
nl ← θ̂

(0)
nl + Σ(0)

θ̂nl
Φ̂(k−1)(Φ̂(k−1)T Σ(0)

θ̂nl
Φ̂(k−1) +M(Σ(k−1)

Φ̂ ) + Σv̄)−1(ȳ− Φ̂(k−1)T θ̂
(0)
nl )

6: Σ(k)
θ̂nl
← Σ(0)

θ̂nl
− Σ(0)

θ̂nl
Φ̂(k−1)(Φ̂(k−1)T Σ(0)

θ̂nl
Φ̂(k−1) +M(Σ(k−1)

Φ̂ ) + Σv̄)−1Φ̂(k−1)T Σ(0)
θ̂nl

7: Stt′(Σ(k−1)
θ̂nl

)← tr(Σ(k−1)
θ̂nl

(Σ(0)tt′

Φ̂ + Φ̂(0)tΦ̂(0)t′T
))

8: µ̂
(k−1)
Θnl

← diag(θ̂(k−1)0

nl , . . . , θ̂
(k−1)T

nl ) with θ̂
(k−1)t

nl = θ̂
(k−1)
nl , for each t = {0, . . . , T}

9: ˆ̄x(k)
nl ← ĀB̄ū + ĀΣw̄ĀTC̄T

µ̂
(k−1)
Θnl

(µ̂(k−1)T

Θnl
Σ(0)

Φ̂ µ̂
(k−1)
Θnl

+ S(Σ(k−1)
θ̂nl

) + Σv̄)−1(ȳ− Φ̂(0)T θ̂
(k−1)
nl )

10: Σ(k)
ˆ̄xnl
← ĀΣw̄ĀT−ĀΣw̄ĀTC̄T

µ̂
(k−1)
Θnl

(µ̂(k−1)T

Θnl
Σ(0)

Φ̂ µ̂
(k−1)
Θnl

+S(Σ(k−1)
θ̂nl

)+Σv̄)−1
µ̂

(k−1)T

Θnl
C̄ĀΣw̄ĀT

11: Φ̂(k) ← Φ̂(ˆ̄x(k)
nl ,Σ

(k)
ˆ̄xnl

), Σ(k)
Φ̂ ← ΣΦ̂(ˆ̄x(k)

nl ,Σ
(k)
ˆ̄xnl

) from DBS collection according to (3-2.1)

12: end for

Chapter Summary

In summary, this chapter has presented the dual state-parameter estimator, which alternates
between affine estimators for the latent states and model parameters to capture their mutual
dependence. To evaluate the proposed method and position it within the existing litera-
ture, the next chapter discusses the existing approaches for computing the MAP and MMSE
estimates, highlighting the differences in methodology and computational strategies.
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Chapter 4

Relation to Existing Work

The previous chapter introduced the dual state-parameter estimator for jointly estimating the
parameters and latent states of a stochastic Wiener model. The proposed method combines
affine Minimum Mean Square Error (MMSE) estimators for the states and parameters into
nonlinear estimators able to capture more complex patterns.

This chapter positions the proposed estimator within the broader literature on Bayesian
inference. In particular, it clarifies how the dual affine estimator relates to existing data
augmentation–based approaches and motivates the selection of benchmark algorithms used
for comparison in Chapter 5.

A central theme in this comparison is the treatment of latent states as auxiliary variables,
a strategy that underlies many estimation techniques. This viewpoint reveals a common
alternating structure shared by methods such as Expectation Maximization (EM) and Gibbs
sampling. Despite this structural similarity, these approaches differ fundamentally in their
inference objectives and in how they address the intractable state estimation problem induced
by the nonlinear measurement model.

The remainder of the chapter is organized as follows. Section 4-1 provides a high-level com-
parison between the proposed method and related data augmentation–based approaches. Sec-
tion 4-2 describes Particle Gibbs (PG) sampling, which serves as a sampling-based benchmark
for MMSE estimation. Finally, Section 4-3 presents the Particle Smoothing EM (PSEM) algo-
rithm, which is used as an optimization-based benchmark for Maximum a Posteriori (MAP)
estimation.

4-1 Data Augmentation Algorithms

One of the defining characteristics of Algorithm 1 is the treatment of unknown states as aux-
iliary variables, which are estimated jointly with the unknown parameters. This approach,
commonly referred to as data augmentation [50], is well-known in many estimation meth-
ods. By introducing auxiliary variables, data augmentation allows complex joint estimation
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Affine MMSE State
(Section 3.4)

Affine MMSE Parameter
(Section 3.3)

Estimate  using  Estimate  using 

Proposed Data Augmentation

Figure 4-1: Proposed method vs General structure of decoupling estimation algorithms

problems to be broken into simpler subproblems. In state-space models, data augmentation
introduces a strong coupling between the decision variables in the augmented optimization
problem. A standard strategy to address this is to optimize one variable while keeping the
other fixed, alternating between them [53]. Typically, this results in a two-step structure:
first, estimating the states conditioned on a parameter estimate, and second, estimating the
parameters given these states. This is displayed in Figure 4-1, note the similarity to Figure 3-
1.

This decoupling is evident in several classical algorithms. In the EM algorithm [38, 24],
the E-step estimates the latent states, while the M-step optimizes the parameters based on
these states (see Section 4-3 for details). Similarly, Gibbs samplers [23, 12] alternate between
sampling states and parameters (see Section 4-2). The dual smoothing framework of [53] also
follows the data augmentation strategy, and provides good overview of different cost joint
cost functions. All three algorithmic frameworks rely on the data augmentation principle
and follow a similar alternating structure highlighted by Figure 4-1. In summary, these data
augmentation methods share an alternating structure for estimating states and parameters.
The key difference lies in how they handle state estimation. Understanding this distinction
clarifies where the proposed dual affine estimator fits among existing approaches.

A key characteristic of data augmentation methods is that some subproblems remain inher-
ently intractable. Specifically, even when conditioning on a parameter estimate, the associated
smoothing or filtering distributions do not have closed-form solutions. This arises from the
nonlinear measurement model, which makes the state estimation step a challenging nonlinear
filtering or smoothing problem. Each framework must address the nonlinear state estimation
problem in some form. In the proposed method, the smoothing distribution is approximated
using an affine MMSE estimate, which tries to approximate the true mean of the smoothing
distribution.

In both the EM and dual filtering frameworks, analogous strategies are employed to ad-
dress the intractability of the state estimation step. Typically, the smoothing distribution
is approximated using techniques such as the Extended Kalman Filter (EKF) or Unscented
Kalman Filter (UKF) [24, 41]. The UKF and EKF rely on local linearization combined with
a variant of the Kalman filter, which makes them efficient but also inaccurate [31]. By explic-
itly mapping the statistics of the latent state through the nonlinear basis functions, rather
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than relying on linearization, the proposed method can capture the system statistics more
accurately.
Alternatively, in the EM framework, variational approximations of the smoothing distribution
can be used [4]. All three methods, UKF, EKF and variational approximation share a common
principle with the proposed method: the true smoothing distribution is replaced with an
approximation that admits a computationally efficient closed-form solution. In contrast,
Gibbs samplers cannot rely on approximate smoothing distributions, as doing so would violate
their asymptotic guarantees [46, Chapter 10].
Instead, they require a sampling procedure that asymptotically solves the original integration
problem. Sequential Monte Carlo (SMC) methods are used, as their solutions converge to
the smoothing/filtering distribution when the number of particles approaches infinity. When
integrated into a Gibbs sampler, this approach is referred to as PG [15]. SMC methods have
also been employed within the EM framework [47], where they are used to approximate the
intractable smoothing integrals encountered during the E-step. Unlike purely approximate
solutions, SMC methods offer a tunable trade-off between computational cost and accuracy.
Despite their similarity due to data augmentation, existing methods differ fundamentally in
their underlying inference paradigms. EM and dual smoothing approaches are fundamentally
optimization-based and typically target MAP estimates. Although EM, dual smoothing, and
Gibbs sampling all rely on data augmentation, they differ in their inference goals. EM and
dual smoothing are optimization-based methods that typically aim to find MAP estimates. In
contrast, Gibbs sampling is a stochastic, sampling-based method designed to approximate the
MMSE estimate. The proposed estimator targets the MMSE estimate but belongs to the class
of optimization-based methods. It differs from classical EM approaches in how intractable
state estimation integrals are handled. Rather than relying on particle smoothers or local
linearization, the method replaces the exact smoothing distribution with a closed-form affine
MMSE approximation.
To obtain a balanced evaluation, we therefore consider both an optimization-based and a
sampling-based benchmark. PSEM is used as a reference for MAP estimation, as PSEM is
known to provide highly accurate approximations of the E-step in nonlinear state-space mod-
els. For MMSE estimation, a variant of PG is employed. Next, both benchmark algorithms
are described in detail.

4-2 Particle Gibbs Sampling

PG sampling [1] is a Monte Carlo method for drawing samples from the joint posterior
p(x̄, θ | ȳ) of nonlinear state-space models. As the number of samples increases, the sample
mean of the generated samples converges to the posterior mean. Formally, the output of the
PG sampling is a sequence of K samples, i.e., {θi}Ki=1 The first L samples of the sequence are
discarded, which is referred to as the burn-in. The posterior mean is approximated using the
remaining samples:

θ̂K(ȳ) = 1
K − (L+ 1)

K∑
i=L+1

θ(i). (4-1)

The PG sampler extends the Gibbs sampler to model classes for which direct sampling from
the smoothing distribution p(x̄ | θ, ȳ) is infeasible, as in the Wiener model. In such cases,
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the Gibbs update of the latent state trajectory cannot be carried out using conventional
sampling algorithms. PG addresses this issue by replacing the intractable sampling problem,
by an update with a sample drawn from particle smoother. Importantly, even though the PG
sampler uses an approximate particle smoother, the Markov kernel it defines leaves the exact
joint posterior invariant, ensuring asymptotic correctness. First, the standard Gibbs sampler
is reviewed which is extended to the PG sampler.

Following the data augmentation principle introduced in Section 4-1, the Gibbs sampler treats
the latent states as auxiliary variables, allowing the joint inference problem to be decomposed
into two subproblems. Specifically, the sampler alternates between two steps. First, the latent
states are sampled conditional on the current parameter estimate, p(x̄ | ȳ, θ). Second, the
parameters are updated conditional on the newly sampled states, p(θ | ȳ, x̄). This procedure
is summarized in Algorithm 2.

Algorithm 2 Gibbs Sampler

Ensure: θ̂K

Require: K and L

1: θ(0) ∼ p(θ)

2: x̄(0) ∼ p(x̄ | θ(0), ȳ)

3: for k = 1 . . . K do
4: θ(k) ∼ p(θ | x̄(k−1), ȳ)

5: x̄(k) ∼ p(x̄ | θ(k), ȳ)

6: end for

For the description provided in Section 2-1, step 2 requires sampling from a truncated multi-
variate normal distribution. Although this is a nontrivial task, it can be performed efficiently
using algorithms such as those in [32]. In the case of the Wiener model, step 3 cannot rely on
standard exact sampling methods, because the conditional distribution of the latent states is
not available in closed form.

To overcome this limitation, [1] proposes using samples obtained from a Conditional Particle
Filter (CPF) (see Appendix A-2 for details). The CPF replaces the intractable sampling of
p(x̄(k) | ȳ, θk) with sampling from a particle approximation:

p̂(x̄(k) | ȳ, θ(k−1), x̄(k−1)) =
Nf∑
i=1

ν̄i δx̄i(x̄), (4-2)

where {x̄i, ν̄i}Nf

i=1 are particles and associated normalized weights generated by Algorithm
8. Intuitively, this approximation represents the filtering distribution as a discrete set of
weighted trajectories: particles with higher weights correspond to regions of higher posterior
probability. The particle approximation introduces a tuning parameter Nf , the number of
particles, which directly controls the accuracy of the approximation: larger Nf leads to a
closer representation of the true filtering distribution, at the cost of increased computational
burden.
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Unlike standard particle filters where all particles compete equally for survival, CPF ensures
that a reference trajectory x̄(k−1) from the previous Gibbs iteration is retained throughout the
filtering process. The remaining Nf − 1 particles evolve according to the Bootstrap Particle
Filter (BPF) (See Appendix A-1 Algorithm 7 for details). The computational complexity of
the CPF is O(NfT ), where T is the length of the data record. This is because each of the
Nf particles must be propagated and reweighted at every time step.

A fundamental challenge in any SMC method is particle degeneracy. After several filtering
steps, the effective sample size can decrease dramatically: most particle weights become
negligible, leaving only a few particles with significant influence. This effectively reduces the
diversity of the particle approximation, as many particles represent redundant copies of the
same trajectory. In the context of PG, degeneracy is particularly problematic because it
limits the ability of the sampler to explore the posterior distribution. If the CPF produces
nearly identical trajectories across iterations, the Markov chain exhibits poor mixing and slow
convergence.

Algorithm 3 displays the Particle Gibbs procedure, where a conditional particle filter with
Nf particles is embedded within a Gibbs sampler to enable approximate sampling of latent
states for the Wiener model.

Algorithm 3 Particle Gibbs Sampler

Ensure: θ̂K

Require: K, L, Nf

1: θ(0) ∼ p(θ)

2: x̄(0) ∼ BPF(x̄ | θ(0), ȳ) according to Algorithm 7

3: for k = 1 . . . K do
4: θ(k) ∼ p(θ | x̄(k−1), ȳ) according to [32]

5: x̄(k) ∼ CPF(x̄ | θ(k), ȳ, x̄(k−1)) according to Algorithm 8

6: end for
7: θ̂K = 1

K−(L+1)
∑K

i=L+1 θ
(i)

In terms of convergence, Particle Gibbs is a particle MCMC method whose behavior is gov-
erned by the convergence properties of the underlying Markov chain. From a theoretical
standpoint, MCMC methods are asymptotically exact and converge to the true posterior dis-
tribution under mild regularity conditions [15]. In practice, however, verifying convergence
of a Markov chain is notoriously difficult [14]. Moreover, the convergence of Particle Gibbs
can be severely degraded by path degeneracy in the conditional particle filter, which leads
to poor mixing of the Markov chain [34, 1]. As a consequence, reliable and objective conver-
gence diagnostics are generally unavailable, and successful application of the method requires
careful tuning.
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4-3 Particle Smoothing EM

Whereas PG is a sampling based augmentation approach used to compute the MMSE es-
timate, the EM algorithm is an optimization based approach to compute the MAP esti-
mate. The EM algorithm is an iterative method that maximizes the log posterior (Equation
(2-16)) by optimizing a surrogate objective Q(θ, θ′) whose maximization implicitly increases
the observed-data likelihood p(θ | ȳ).
From a data augmentation perspective, EM treats the latent states as auxiliary variables
and alternates between two steps. In the E-step, the auxiliary function is computed as the
expected complete-data log-likelihood with respect to the latent states, given the observations
and current parameter estimate. In the M-step, the parameters are updated by maximizing
this auxiliary function while keeping the state distribution fixed, iterating until convergence.
The auxiliary function is defined as the conditional expectation of the complete-data log-
likelihood, conditioned on the observations ȳ and the parameter realization θ′:

Q(θ, θ′) = E
[
log p(x̄, ȳ | θ)

∣∣ ȳ, θ′] =
∫

log p(x̄, ȳ | θ) p(x̄ | ȳ, θ′) dx̄. (4-3)

Importantly, Q(θ, θ′) is a function of the unknown parameters θ, while being conditioned on a
fixed value of the parameters θ′. The auxiliary function can be decomposed into three terms
corresponding to different model components.

Q(θ, θ′) = I1(θ′) + I2(θ′) + I3(θ, θ′), (4-4)

with

I1(θ′) =
∫

log p(x0) p(x0 | ȳ, θ′) dx0, (4-5)

I2(θ′) =
T −1∑
t=0

∫∫
log p(xt+1 | xt) p(xt, xt+1 | ȳ, θ′) dxt dxt+1, (4-6)

I3(θ, θ′) =
T∑

t=0

∫
log p(yt | xt, θ

′) p(xt | ȳ, θ′) dxt. (4-7)

Specifically, the terms I1 and I2 arise from the state transition density, capturing the contribu-
tion of the system dynamics, whereas I3 originates from the observation model, representing
the likelihood contribution of the measurements.
Equation 2-16 shows that the auxiliary function Q(θ, θ′) approximates the first term of the
log-posterior (reference with Equation 2-16). The remaining step is to add the log-prior. The
auxiliary MAP objective is therefore:

R(θ, θ′) = Q(θ, θ′) + log p(θ) (4-8)

In the M-step, the parameters are updated by maximizing Equation (4-8):

M(θ′) = arg max
θ

R(θ, θ′) = arg max
θ
I3(θ, θ′) + log p(θ). (4-9)

Since the process model is known, only I3 depends on the unknown parameters and I1 and I2
can be dropped from the optimization. The optimization in Equation (4-9) can be simplified
even further by using the fact that the prior comes from the uniform distribution.
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The uniform prior restricts each parameter to a bounded interval (recall Equation (2-6)).
Specifically, each parameter must satisfy two linear inequality constraints corresponding to
the lower and upper bounds of the uniform distribution. Namely:

a ≤ θi ≤ b, i = 0, . . . , N.

Since there are N parameters, this results in a total of 2N linear inequality constraints.
These constraints are incorporated into the M-step. The M-step is rewritten as the following
constrained convex optimization problem:

M(θ′) = arg max
θ

I3(θ, θ′) subject to a ≤ θi ≤ b, i = 1, . . . , N. (4-10)

The optimization problem in (4-10) can be efficiently solved using standard numerical op-
timization techniques, such as interior-point methods. Together, Equation (4-8) and (4-10)
define the backbone of the EM algorithm. The EM procedure for computing the MAP esti-
mate of the Wiener model is shown in Algorithm 4.

Algorithm 4 Expectation-Maximization for MAP estimation

1: θ̂0 ← µθ

2: for k = 1, . . . until converged do
3: I3(θ, θ̂k) =

∑T
t=0

∫
log p(yt | xt, θ

′) p(xt | ȳ, θ′) dxt

4: θ̂k+1 = arg maxθ I3(θ, θ̂k) subject to a ≤ θi ≤ b, i = 0, . . . , N.

5: end for

Equation (4-10) shows that the simplified objective corresponds to maximizing the expected
likelihood of the observations under the current parameter estimate. Step 3 in Algorithm 4
does not have a closed-form solution and must be approximated numerically. To overcome this
intractability, the integral is approximated numerically using an SMC method. The resulting
class of EM algorithms is known as PSEM, and was first proposed by [47].

Following [47], this distribution can be approximated using a particle smoother, which is
detailed in Appendix A-3. Similar to particle filtering, particle smoothing represents the
smoothing distribution as a set of Ns weighted trajectories:

p̂(xt | ȳ) =
Ns∑
i=1

ν̄i
t δxi

t
(xt), (4-11)

where xi
t denotes the i-th particle at time t and ν̄i

t is its normalized weight. The number of
particles Ns directly controls the accuracy of the approximation: larger Ns provides a closer
representation of the true smoothing distribution but increases computational cost.

As discussed in the previous section, particle degeneracy is a drawback for any SMC method,
including the Forward Filtering Backward Simulation (FFBS) smoother. Degeneracy reduces
the diversity of the particle set and causes the accuracy of the E-step approximation to
collapse. Consequently, the M-step may produce suboptimal parameter updates, slowing
convergence or leading to inaccurate MAP estimates. Degeneracy is particularly problematic
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for long time series or highly nonlinear models, making careful selection of the number of
particles Ns and the use of efficient smoothing techniques critical.
To approximate I3(θ, θ′), the particle representation is substituted into Equation (4-3), yield-
ing:

I3(θ, θ′) ≈ Î3(θ, θ′) =
T∑

t=0

Ns∑
i=1

ν̄i
t log p(yt | xi

t, θ). (4-12)

The M-step then becomes a constrained optimization over this approximate objective:

M̂(θ′) = arg max
θ

Î3(θ, θ′) subject to a ≤ θi ≤ b, i = 1, . . . , N. (4-13)

Different particle smoothing algorithms can be employed to obtain p̂(xt | ȳ), such as the
FFBS smoother of [25]. Since naive implementations of some smoothers incur O(NsNfT )
cost, we adopt the efficient variant proposed in [6, Figure 5], which scales linearly with Ns

and can handle large numbers of particles while mitigating degeneracy. The resulting particle
smoothing EM (PSEM) algorithm is summarized in Algorithm 5.

Algorithm 5 Particle Smoothing EM for MAP estimation
Require: Nf , Ns, K

Ensure: θ̂K

1: θ̂0 ← µθ

2: for k = 1, . . . ,K do
3: {(xi

t, ν̄
i
t)

Nf

i=1}Tt=0 ← BPF (Algorithm 7)

4: {(xi
t, ν̄

i
t)Ns

i=1}Tt=0 ← FFBS (Algorithm 9) using {(xi
t, ν̄

i
t)

Nf

i=1}Tt=0

5: Î3(θ, θ̂k) =
∑T

t=0
∑Ns

i=1 ν̄
i
t log p(yt | xi

t, θ)

6: θ̂k+1 = arg maxθ R(θ, θ̂k) subject to a ≤ θi ≤ b, i = 0, . . . , N.

7: end for

In terms of convergence, the EM algorithm is known to exhibit slow convergence. Under
exact computation of the E-step, EM guarantees a monotonic increase of the observed-data
log-posterior and convergence to a stationary point, whose optimality (local versus global)
depends on the initialization [57]. For nonlinear state-space models, the likelihood surface is
often highly non-convex and irregular, making EM particularly susceptible to convergence to
poor local optima [14, Chapter 14.2]. In the PSEM algorithm, the E-step is approximated
using a finite number of particles, and the monotonicity property no longer holds. As a result,
classical EM convergence guarantees do not apply. Nevertheless, for sufficiently large particle
sets, PSEM is known to provide accurate approximations of the E-step and has been observed
to converge reliably in practice, albeit slowly [47].

4-4 Chapter Conclusion

This chapter positioned the dual state-parameter estimator within the landscape of data aug-
mentation algorithms. While such methods share a common alternating structure, they differ
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fundamentally in their inference objectives and in how they handle the intractable state es-
timation problem. PSEM targets MAP estimates through optimization, whereas PG targets
MMSE estimation via sampling. In contrast, the proposed dual state-parameter estimator
bridges these approaches by approximating the MMSE estimate using an optimization-based
framework, while also accounting for the uncertainty in the augmented state variables, some-
thing the other methods cannot exploit. Building on this analysis, the next chapter evaluates
the performance of these methods numerically, comparing their accuracy in a Monte Carlo
experiment.
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Chapter 5

Evaluation

The objective of this chapter is twofold. First, it evaluates the performance of the dual state-
parameter framework developed in Chapter 3 and compares it with two data augmentation
methods discussed in Chapter 4. The comparison is carried out through a Monte Carlo study
comprising 10,000 distinct simulations. The results demonstrate that, for these configura-
tions, the proposed method outperforms existing approaches. The results of the Monte Carlo
experiment are presented in Section 5-1.

Based on these results, a high-fidelity simulation study is conducted to assess the practical ap-
plicability of the proposed dual estimation algorithm. In this experiment, a realistic physical
model of an Autonomous Underwater Vehicle (AUV) is simulated, including sensor measure-
ments and a controlled seabed model. The aim is to evaluate whether the proposed method
shows sufficient promise for real-world AUV applications. This experiment is presented in
Section 5-2.

5-1 Monte Carlo Experiment

This experiment has a similar configuration as the experiment in [51]. The objective of this
experiment is to compare the proposed dual state-parameter estimator (Algorithm 1) with
the Particle Smoothing EM (PSEM) method (Algorithm 5) [47] and the Particle Gibbs with
Ancestor Sampling (PGAS) method (Algorithm 3) [34] through a Monte Carlo study. The
PGAS algorithm is an extension of the Particle Gibbs (PG) algorithm presented in Chapter
4-2 which also performs an ancestor sampling step for the reference trajectory [34].

The comparison investigates how accurately each method estimates the unknown parameters
as the level of state uncertainty increases, under idealized algorithmic conditions. To isolate
algorithmic performance, the experiment deliberately abstracts away practical implementa-
tion considerations and focuses solely on relative estimation accuracy with respect to existing
state-of-the-art methods.
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Experimental Configuration

First, the configuration of the seabed is specified. As explained in Section 2-1, the seabed
model is specified in terms of the number of basis functions N , and the N − 1 different
frequency vectors fn. In this experiment, the number of unknown parameters is set to N = 11,
which means ten different frequency vectors have to be specified. Specifically, f0 = [0, 0]T,
fn = [n2π

10 , 0]T for n ∈ {1, 2, 3}, and fn = [(n− 7)2π
10 ,

2π
6 ]T for n ∈ {4, . . . , 10}.

As specified by Equation (2-6), the unknown parameters follow a uniform distribution. The
lower bound is set to a = 2 and the upper bound is b = 8. Therefore, the distribution for the
unknown parameters is p(θ) = U([2, 8]11), which has mean µθn = 5 and covariance σ2

θn
= 3.

The state-transition and input matrices are given by At = I and Bt = ∆t, I, with ∆t = 0.1.
As defined in Section 2-1, the process and measurement noise are Gaussian. Two different
variances for the process noise are tested, the values are Σw = σ2

wI where, σ2
w = {0.001, 0.01}.

The measurement noise variance was kept consistent at σ2
v = 0.01 across all experiments.

Finally, the initial position of the AUV is specified using a Gaussian distribution with mean
µx0 = [3.2, 2.8]T and covariance Σw.
A sequence of inputs ū∗ of length T = 100 was taken from [52, Section 6], where each
individual input is constrained within [−200, 200]. To generate 100 different state trajectories,
100 different realizations of process noise {w̄i}100

i=1 were sampled for both values of σ2
w. The

state trajectories were created according to Equation (3-3), i.e.

x̄i = Ā(B̄ū∗ + w̄i)

To generate different sequences of observations for the same state trajectory, 100 different
realizations of theta were sampled from the parameter distribution, i.e. {θi}100

i=1, where θi ∼
p(θ). This construction allows the effect of parameter and measurement uncertainty to be
evaluated independently of the state dynamics.
Finally, 100 different realizations of measurement noise were generated, i.e {v̄i}100

i=1. These
were combined into 10,000 different observation sequences according to

ȳi,j = Φ(x̄i)⊤θj + v̄i, i, j = 1, . . . , 100,

That is, for each state trajectory i, a single measurement noise realization v̄i was reused
across all parameter realizations j. As shown in Figure 5-1, varying the state trajectory, or
parameter realization leads to significantly different observation sequences. Having specified
how the synthetic dataset was created, the configuration of the algorithms is now provided.

Benchmark Algorithm Configuration

• dual state-parameter: As discussed in Section 3-5, Algorithm 1 requires one tuning
parameter, the value of ϵ which determines convergence. This was set to ϵ = 10−4.

• PGAS: As discussed in Section 4-2, Algorithm 3 requires three tuning parameters.
These are, the number of particles Nf , the number of iterations K, and the burn-in
period L. To ensure particle degeneracy was not a fundamental issue a large number of
particles was used namely Nf = 7000. The algorithm was run for a total of K = 1000
iterations. Only the second of samples were used, meaning L = 500.
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Figure 5-1: Observation sequences: left, varying parameters; right, varying noise.

• PSEM: As discussed in Section 4-3, Algorithm 5 requires 3 tuning parameters. These
are, the number of particles forward particles Nf , the number of smoothing particles Ns

and the number of iterations, K. To ensure particle degeneracy was not a limiting issue
of the underlying Sequential Monte Carlo (SMC) method, a large number of particles
was used namely Nf = 7000 and Ns = 750. To give the algorithm enough iterations,
the algorithm was stopped after K = 1000.

Results

Figure 5-2: Parameter estimation error distributions of SMC-based methods and proposed
method

Figure 5-2 compares the distributions of log ||θ − θ̂(ȳ)||2 across all 10,000 simulations for the
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dual state-parameter estimator (red), PSEM (blue), and PGAS (green). Each histogram
is normalized to integrate to one, representing the probability density of the squared error
on a logarithmic scale. The dashed vertical lines indicate the empirical Mean Square Error
(MSE) of each method. The dual state-parameter estimator exhibits a concentrated error
distribution for both noises conditions, while PSEM and PGAS show increasingly heavy-
tailed distributions as process noise increases.

In the low process-noise case σ2
w = 0.001, PSEM demonstrates a lower MSE in a majority of

runs, achieving a median error of 0.0076 compared to 0.0133 for the dual state-parameter es-
timator, and a first quartile of 0.0047 versus 0.0081 (Table 5-1). As discussed in Section 4-3, a
uniform prior renders the MAP estimation equivalent to constrained maximum likelihood esti-
mation. By contrast, the dual state–parameter estimator relies on a Gaussian approximation
of the parameter posterior, introducing a distributional mismatch that degrades performance
when state uncertainty is small.

However, PSEM’s error distribution exhibits a heavy right tail, as evidenced by a mean and
standard deviation (0.1543 and 1.9447) that are orders of magnitude larger than the median
and interquartile range, indicating that a subset of runs converge to poor local optima. This
variability results in a substantially higher overall MSE compared to the dual state-parameter
estimator, which maintains consistent performance across realizations with a mean of 0.0180
and standard deviation of 0.0162. When process noise increases to σ2

w = 0.01, the advantage
of PSEM’s diminishes. This is most likely due to the fact EM gets stuck in local minima more
quickly compared to the dual state-parameter estimator when the process noise is increased.

PGAS exhibits substantially worse performance than both the dual state-parameter estimator
and PSEM across both noise levels. In the low process-noise case σ2

w = 0.001, the error
distribution is bimodal (Figure 5-2, left panel), with one mode concentrated near 10−2 where
PGAS achieves errors comparable to the dual estimator (Q1 = 0.0117), and a second mode
centered around 100 representing failed convergence cases. This bimodality arises from the
Gibbs sampling structure: when initialized with parameters far from the true values, the
conditional state distribution p(x̄ | ȳ, θ) may place negligible probability mass near the true
state trajectory, causing the particle filter to lose track of the system. Once the state estimate
diverges, the subsequent parameter update step p(θ | x̄, ȳ) operates on an incorrect state
trajectory, preventing recovery and trapping the algorithm in a poor region of the parameter
space.

In contrast, when process noise increases to σ2
w = 0.01, the bimodal structure largely disap-

pears and the distribution shifts toward uniformly poor performance (median 35.8833, IQR
71.2014). The increased state uncertainty renders particle degeneracy systematic rather than
episodic, persisting even with a large particle budget (Nf = 7000). This reveals a funda-
mental limitation of PGAS, its inability to adequately explore the parameter space under
high process noise. Such limitations could likely be alleviated by smoothing methods that
incorporate an explicit backward pass.

Overall, the Monte Carlo study demonstrates that the dual state-parameter estimator achieves
superior performance, while offering significant computational advantages. Across all 10,000
simulations, the dual estimator consistently achieves the lowest mean squared error in both
noise regimes, and its performance degrades less as process noise increases, compared to the
benchmark methods. This indicates better scalability to higher state uncertainty levels.
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Beyond accuracy, the dual estimator demonstrates substantially faster convergence: across all
experiments, the algorithm converged within a maximum of 412 iterations (with ϵ = 10−4),
and never required the full budget of 1000 iterations. In contrast, PSEM exhausted all 1000
allocated iterations in every experiment without satisfying standard convergence criteria,
despite using 7000 forward particles and 750 smoothing particles per iteration. The computa-
tional efficiency advantage, combined with superior accuracy and robustness to varying noise
levels, establishes the dual state-parameter estimator as the most practical choice among the
evaluated algorithms.

Method Mean Std Median Q1 Q3 IQR

σ2
w = 0.001

dual state-parameter 0.0180 0.0162 0.0133 0.0081 0.0220 0.0139
PSEM 0.1543 1.9447 0.0076 0.0047 0.0122 0.0075
PGAS 4.0977 7.7215 1.0107 0.0117 4.7839 4.7721

σ2
w = 0.01

dual state-parameter 0.7596 1.478 0.5065 0.2959 0.8446 0.5487
PSEM 7.3624 19.5159 0.8700 0.2911 3.7117 3.4205
PGAS 50.3419 45.6790 35.8833 10.9081 82.1095 71.2014

Table 5-1: Summary statistics of estimation error for dual state–parameter, PSEM, and PGAS.

5-2 High-Fidelity Simulator

To assess the performance of the proposed dual state-parameter estimator under more realistic
operating conditions. Specifically, the SMARCSIM simulator is extended [29]. SMARCSIM
provides a detailed and physically accurate simulation environment for an existing AUV, called
LoLo [19], including its nonlinear dynamics and onboard sensor. The simulator generates
realistic inertial measurements, as well as depth measurements obtained from a simulated
sonar sensor.

The simulated inertial and depth measurements are used as inputs to the estimator. When
restricted to these measurements, the resulting estimation model corresponds to the same
double-integrator dynamics used in the Monte Carlo experiment, allowing the estimator to be
applied without modification. In this sense, the estimator operates under the same modelling
assumptions as before, while the data are generated by a significantly more realistic system.

The seabed model employed in this experiment uses the same parameterization as in the
Monte Carlo study, and the seabed parameters are treated as unknown and estimated jointly
with the AUV position. The process and measurement noise statistics assumed by the es-
timator are also identical to those used previously, and the high process-noise scenario is
considered. By keeping the experimental conditions consistent, this study enables a meaning-
ful assessment of the performance degradation incurred when transitioning from a simplified
simulation model to a high-fidelity, physics-based simulator.

The following section describes the structure of the SMARCSIM simulator and its role in
generating the data used in this experiment.
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MATLABContainerized ROSUnity game engine MQTT
BROKER

MQTTROS/MQTT BridgeROS/TCP Bridge

Figure 5-3: Structure of SMARCSIM simulator

Simulator Structure

The simulator architecture integrates three environments: Unity game engine, Robot Op-
erating System (ROS), and MATLAB. These components communicate through a publish-
subscribe messaging paradigm facilitated by a Message Queuing Telemetry Transport (MQTT)
broker. The structure and communication pathways are shown in Figure 5-3.

• Unity Game Engine: Unity serves as the core physics simulation and rendering
environment. It numerically integrates the equations of motion for the simulated vehicle,
computing the dynamic state evolution including position, velocity, orientation, and
angular rates based on applied control inputs. Unity also generates simulated sensor
measurements for the IMU data and Sonar sensors with specified noise characteristics
and sampling rates to ensure simulation fidelity. Unity communicates with the ROS
network through a bidirectional ROS/TCP bridge, receiving control commands and
transmitting sensor data and vehicle state information.

• Containerized ROS Network: The ROS environment operates within a container-
ized deployment, because the author’s workstation cannot host ROS networks natively.
It serves as the middleware layer that interfaces between the Unity simulator and the
higher-level MATLAB node. ROS receives sensor data and state information from
Unity while transmitting control commands back to the simulation. It implements the
low-level control architecture that processes high-level commands from MATLAB and
generates specific orientation and velocity control signals for the vehicle, most impor-
tantly attitude and position controllers. ROS connects to Unity via a TCP bridge
and to the MQTT broker through a ROS/MQTT bridge, enabling communication with
MATLAB.

• MQTT Broker: The MQTT broker functions as the central message routing infras-
tructure, implementing a lightweight publish-subscribe protocol. It decouples the ROS
and MATLAB components without direct point-to-point connections. An MQTT bro-
ker is required because this follows the architectural design decisions established by the
SMARC project. High-level commands are sent to the ROS network over MQTT, which
are then used for implementing complex mission behaviors and coordination between
system components.

• MATLAB Node: MATLAB functions as the host environment for the dual estimation
algorithm. MATLAB was selected because an existing implementation of the estimation
algorithm was available in this language, enabling code reuse and reducing development
time. MATLAB generates high-level mission commands including waypoint targets and
desired trajectories, which are transmitted to ROS via the MQTT broker.
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Figure 5-4: Implemented Simulator Data Logic

Flow of Data

Having defined the global structure of the simulator, this section describes the flow of data
through the system during operation, as illustrated in Figure 5-4.

Before the simulation loop begins, the seabed is set according to the model specified by
Equation (2-1), so that the seabed model matches the output map exactly. For testing
purposes, we generate another seabed by sampling a θsim ∼ p(θ). The simulation loop then
proceeds within the Unity physics model, which computes the true vehicle dynamics. At each
time step, the physics model generates the true acceleration at in the body frame and the
true depth measurement hθ(xt) based on the current vehicle position and the seabed model.
These measurements are corrupted by additive noise: the acceleration is affected by zero-
mean process noise wt, and the depth measurement is affected by zero-mean measurement
noise vt.

The Unity simulator computes the vehicle’s motion in the world frame, while the IMU mea-
sures accelerations in the body frame. To simulate the noisy IMU measurements, the true
acceleration in the world frame is first rotated into the body frame using the current vehicle
orientation quaternion qt. Additive noise is then applied in the body frame to model sensor
imperfections. The resulting noisy acceleration is rotated back into the world frame and in-
tegrated to obtain ut, the planar velocity of the vehicle. The depth measurement yt is used
directly, with only additive measurement noise applied.

Both sensor measurements, ut and yt, are transmitted from Unity to the ROS network via
the ROS/TCP bridge. Within ROS, these asynchronous measurements are synchronized to
ensure they are aligned in time, producing the paired measurements (ut, yt) that are forwarded
to MATLAB.

In MATLAB, the "Collect Data" block receives the synchronized measurements and concate-
nates them as inputs (ū, ȳ) which is used as input for the dual estimation algorithm. The
dual estimation algorithm processes these measurements to produce state estimates θ̂, which
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Figure 5-5: Example Simulator View from Unity

include both the vehicle position and the unknown seabed parameters.

Simultaneously, MATLAB generates high-level velocity commands ut based on the desired
mission trajectory. These commands are transmitted back to ROS via the MQTT broker,
where the LoLo controllers convert the velocity setpoints into low-level control signals. Specif-
ically, the controllers determine the required thruster RPMs and control surface configura-
tions to achieve the commanded velocity. These control commands are sent back to the
Unity physics model, closing the control loop and driving the vehicle dynamics for the next
simulation time step.

Additionally, SMARCSIM allows manual control of the AUV via a keyboard interface, en-
abling the operator to adjust propeller RPMs and control surfaces to modify the vehicle’s
orientation. To generate a test input for the estimator, an example trajectory was followed
for 30 seconds, producing a sequence of 300 measurements sampled at 0.1 seconds. This
process yields a measured sequence of vehicle velocities and depth readings, which serves as
the input for Algorithm 1.

Experimental Configuration

The high-fidelity SMARCSIM experiment was designed to evaluate the proposed dual esti-
mation algorithm under realistic operating conditions. To maintain focus, the scope of this
study is deliberately limited: only a single seabed realization a single vehicle trajectory is
considered. A view of the simulator can be seen in Figure 5-5.

The seabed surface was generated according to the ground-truth model described in Section 5-
1, with N = 11 unknown parameters. The frequency vectors were specified as f0 = [0, 0]⊤,
fn = [n2π

10 , 0]⊤ for n ∈ {1, 2, 3}, and fn = [(n− 7)2π
10 ,

2π
6 ]⊤ for n ∈ {4, . . . , 10}. The parameter

vector θ was set to the first realization from the Monte Carlo study θ1, providing a fixed
reference for evaluation.
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The process noise was set to σ2
w = 0.01, and the measurement noise variance was σ2

v = 0.01.
The AUV was initialized at the origin (0, 0)⊤ in the Unity environment. A single different
trajectories were generated manually using keyboard input, creating realistic, non-repetitive
motion sequences. The IMU measurements were sampled at 0.1s intervals, while sonar depth
measurements were sampled every 0.5s, consistent with the SMARCSIM sensor models. These
measurements were then fed into MATLAB and processed using Algorithm 1, as illustrated
by Figure 5-4.

Results

The right plot of Figure 5-6 shows the MSE as a function of the number of measurements
for the two manually trajectory. The trajectory is itself shown in the left plot in Figure 5-6.
The MSE decreases monotonically as more measurements are incorporated, demonstrating
consistent convergence of the estimator. After 300 measurements, the MSE reaches 0.03.
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Figure 5-6: Results of Unity experiment. Left: input trajectory, right: estimation error.

5-3 Limitations

The proposed dual state–parameter estimator was evaluated through two complementary ex-
periments. A large-scale Monte Carlo study with 10,000 simulations showed that the method
consistently outperforms two state-of-the-art data augmentation approaches in the high-noise
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experiment. While PSEM can achieve lower errors in some cases, its heavy-tailed error dis-
tribution indicates lower robustness and a higher overall expected mean squared error, and
PGAS exhibits even more severe failure modes. In contrast, the proposed method maintains
a tightly concentrated error distribution, better overall accuracy, and significantly faster con-
vergence compared to PSEM.

The second experiment extended a high-fidelity simulator to generate realistic bathymetric
data, capturing practical imperfections that arise in real experimental settings. The dual
state–parameter approach demonstrated robustness to imperfections in the data collection
process and continued to perform reliably, confirming its practical applicability beyond ideal-
ized simulation settings. Although the second experiment serves more as anecdotal evidence
since only a single trajectory was considered.

Both experimental studies do not fully capture the scale of a realistic bathymetric survey. In
practical settings, the recorded trajectory would be much longer, i.e., T ≫ 300. Even with a
conservative estimate of one depth measurement per second, the AUV can cover only a very
limited area in 300 seconds. A more realistic simulation would consider several hours of AUV
data, possibly with faster sampling rates. Consequently, the proposed method should be able
to handle much longer trajectories, on the order of T ≈ 105 measurements. Trajectories of
this length are required to acquire sufficiently accurate bathymetric data for a meaningful
survey area.

Both experiments employ a highly simplified seabed representation with N = 11 compo-
nents. In practical scenarios, accurately modeling the seabed would require N ≫ 11, which
also increases computational demands. Strategies to address these issues, including scalable
algorithmic approaches and systematic frequency selection, are discussed in Section 7-2.

Additionally, Algorithm 1 is not capable of handling data records of this length. Assuming
N ≪ T , the dual state-parameter estimator has a per-iteration computational complexity
of O(T 3), due to the computation of the Dynamic Basis Statistics (DBS) collection at each
iteration. Consequently, computing the dual state-parameter estimator in Section 5-2 took
over 5 minutes on a MacBook Pro with an M1 Pro processor. Given this, processing data
records of T ≈ 105 would be infeasible even when using improved computational resources.

The next chapter addresses this scalability limitation. Specifically, it introduces a recursive
computation that reduces the time complexity of the dual state–parameter estimator.
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Chapter 6

Filtering Dual Affine MMSE

As described in Chapter 1, the primary objective of this thesis is to assess the feasibility of
model-driven estimation methods for bathymetric mapping problems. To this end, Chapter 3
introduced a dual state–parameter estimation framework, which was shown in Chapter 5 to
outperform state-of-the-art approaches. The focus of the present chapter is the scalability
of the dual state-parameter estimator. Specifically, this chapter derives a recursive dual
state–parameter estimator with linear computational complexity, enabling online operation
on long data records.

In batch form, the proposed method (Algorithm 1) is ill-suited for large-scale problems,
as its computational complexity scales as O(T 3). This scaling is dominated by the repeated
computation of the Dynamic Basis Statistics (DBS), which requires processing the entire data
record. To overcome this limitation, this chapter introduces a recursive implementation of the
dual state–parameter estimator, referred to as the parallel point filter, reflecting its pointwise
update structure. The resulting algorithm achieves a computational complexity of O(T ).
To quantify the performance degradation introduced by the recursive formulation, a Monte
Carlo study is conducted in which the parallel point filter is applied to a long data record
and compared against a particle filter–based extension of the dual Kalman framework [53].

The remainder of this chapter is organized as follows. Section 6-1 provides a brief overview of
recursive estimation theory and discusses recursive data augmentation strategies. Section 6-2
discusses an existing approach to the dual filtering problem. Section 6-3 presents the parallel
point filter, which constitutes a recursive adaptation of Algorithm 1. Finally, Section 6-5
evaluates the proposed method through a Monte Carlo study, comparing its performance on
very long data records against a state-of-the-art filtering approach.

6-1 Recursive Estimation

Recall that Section 2-3 defined the estimator θ̂(ȳ) as a mapping from the full observation
vector ȳ to an estimate θ̂, by minimizing Equation (2-9) for a particular choice of loss function.
A key feature of this formulation is that all measurements are processed jointly, requiring
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access to the complete dataset. In contrast, a recursive estimation algorithm processes the
data sequentially, processing one measurement at a time. Each new observation yt is used to
update the current estimate θ̂(t), after which the measurement itself is discarded. Information
from past data is retained only through a statistic S(t) acting as a memory buffer. Formally,
a recursive estimation algorithm can be represented as:θ̂(t) = F

(
θ̂(t− 1), S(t), yt

)
,

S(t) = H
(
S(t− 1), θ̂(t− 1), yt

)
.

(6-1)

The functions F (·) and H(·) define a fixed update step for θ̂(t) and S(t), for which the com-
putational complexity does not depend on t. The information contained in y0:t is summarized
in the pair (θ̂(t), S(t)). So, instead of computing a single estimate θ̂(ȳ), recursive alorithms
produce a sequence of T estimates {(θ̂(t), S(t))}Tt=0. By leveraging this structure, recursive
algorithms are able to efficiently handle large amounts of data.

While there are many approaches to defining F (·), H(·) and S(t) this thesis adopts the ap-
proach from [36, Chapter 2.3], which postulates recursive estimation as a non-linear Bayesian
filtering problem. This perspective is adopted as it fits closely to the original problem defini-
tion presented in Chapter 2. The Bayesian filtering perspective is also widely adopted in the
literature, as seen in, e.g., [7, 37, 53, 13].

In Bayesian filtering, the objective at time t is to characterize the posterior distribution
p(ξ | y0:t), where ξ is a random variable of interest, commonly xt or θ. By choosing
ξ̂(t) = Ep(ξ|y0:t)[ξ] or ξ̂(t) = arg maxξ p(ξ | y0:t), the Minimum Mean Square Error (MMSE)
and Maximum a Posteriori (MAP) estimators introduced in Section 2-3 are recovered in a
recursive setting. At the final time T , the recursive formulation targets the same poste-
rior distribution as the batch formulation, although this distribution may be represented or
approximated differently depending on the filtering algorithm. In any case, the recursive
estimator is obtained through efficient sequential updates as defined by Equation (6-1).

While the recursive formulation enables efficient, online computation of parameter estimates,
it fundamentally restricts access to past measurements, which cannot be revisited once incor-
porated. Consequently, the performance of a recursive estimator depends critically on how
effectively the statistic S(t) summarizes the information contained in the measurement history.
In nonlinear settings, constructing such summaries is challenging, and the resulting filtering
problem admits no closed-form solution. As in the original batch formulation, implementa-
tions therefore rely on approximation, which in turn gives rise to recursive implementations
of data augmentation algorithms.

For the data augmentation methods discussed in Chapter 3, only the dual smoothing approach
[26, 53] is well suited for a recursive formulation. In contrast, Gibbs sampling does not
naturally admit a recursive implementation as it would require restarting the chain whenever
a new measurement arrives. While there have been attempts proposed to overcome this
limitation [18], they have seen limited practical adoption [28]. Similarly, while the Expectation
Maximization (EM) algorithm can be formulated recursively [10], doing so requires solving an
online smoothing problem. Methods exist for this [44], but they are known to be brittle for
systems with multiple unknown parameters [9]. Given these considerations, the dual Kalman
framework provides a natural basis for a benchmark recursive method.
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Figure 6-1: Structure of Recursive Augmentation Approaches

6-2 Online Joint State-Parameter Estimation

The previous section introduced the concept of recursive estimation and discussed how the
data augmentation strategies from Chapter 3 can be adapted to a recursive setting. It was also
argued that the dual filtering approach provides a natural benchmark for online joint state-
parameter estimation. In this section, the technical details of the dual filtering approach from
[26, Chapter 7] are presented .

As shown in Figure 6-1, the overall structure of the data augmentation approach decomposes
the augmented estimation problem into two distinct filtering tasks: state estimation and
parameter estimation. The dual filtering framework is modular, it does not prescribe a
single specific algorithm. Rather, the dual estimation framework provides a general recipe for
combining existing state and parameter filters to address the augmented estimation problem.

Due to its modular structure, the dual filtering framework admits multiple implementations.
In the special case where both the system dynamics and observation model are linear, the
framework can be realized using two Kalman filters [42]. For nonlinear systems, early ap-
proaches relied on the Extended Kalman Filter (EKF) or Unscented Kalman Filter (UKF)
[26, Chapters 5, 7.]. More recently, the particle filter has become the preferred choice for
the state estimation component due to its improved accuracy [48]. While particle methods
perform well for state filtering, extending them to parameter estimation remains challeng-
ing, which is why the EKF and UKF are still commonly used for the parameter estimation
component.

In the configuration used for benchmarking, a Bootstrap Particle Filter (BPF) (see Ap-
pendix A-1) is used for state estimation, while a standard Kalman filter is employed for
parameter estimation. This choice is motivated by the problem structure: the measurement
model is linear in θ, if a state estimate is provided. The BPF is preferred for state estimation
due to its improved accuracy, compared to the EKF or UKF. The overall structure of the
dual filtering setup is illustrated in Figure 6-2.
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Figure 6-2: Schematic of BPF-KF Algorithm

6-3 Proposed Method

This section develops a recursive counterpart of the dual state–parameter estimator. As
introduced in Chapter 3, the estimator combines two affine MMSE estimators: one targeting
the unknown parameters, and one targeting the unknown states. Because both estimators
are Bayesian, they naturally admit a recursive implementation. By combining the individual
recursive estimators in the same manner as in Section 3-5, the dual state-parameter estimator
can be computed recursively. The construction proceeds in three steps: (1) define the recursive
affine parameter MMSE update, (2) define the recursive affine state MMSE update, and (3)
combine them to form the recursive dual state-parameter estimator.

Recall that recursive algorithms produce an updated estimate at each time step t. For the dual
state-parameter estimator, both affine estimators are Bayesian and yield Gaussian approxima-
tions of the posterior distributions p(θ | y0:t, x̂0:t) and p(x0:t | y0:t, θ̂), each fully characterized
by their mean and covariance. This property enables the construction of sequential Bayesian
updates, in which the estimators (and their covariances) obtained at time t − 1 are used as
priors at time t. As a result, equations derived in Chapter 3 can be reformulated as efficient
rank-1 recursive updates to obtain a recursive implementation of the dual state-parameter
estimator.

For the affine MMSE parameter estimator introduced in Section 3-3, a recursive update can
be derived directly from Equation (6-2) by setting the full observation vector ȳ to the current
measurement yt. This yields the following sequential update for the parameter estimate and
its covariance at time t:θ̂t(yt | θ̂t−1,Σθ̂t−1

, µϕt ,Σϕt) = Ψ⋆
θt

(θ̂t−1,Σθ̂t−1
, µϕt ,Σϕt)yt + ψ⋆

θt
(θ̂t−1,Σθ̂t−1

, µϕt ,Σϕt),

Σθ̂t
(θ̂t−1,Σθ̂t−1

, µϕt ,Σϕt) = Σθ̂t−1
− Σθ̂t−1

µϕt

(
µ

T
ϕt

Σθµϕt +M(Σϕt) + σ2
v
)−1
µ

T
ϕt

Σθ̂t−1
.

(6-2)
The resulting pair (θ̂t,Σθ̂t

) serves as the prior for the update corresponding to the next mea-
surement yt+1. The notation in Equation (6-2) emphasizes that the estimates at time t are
conditioned on the estimates from time t− 1. Accordingly, the solution of the underlying op-
timization problem (Equation (3-7)) evolves over time, reflecting the sequential incorporation
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of new observations. At each time step t, the optimal matrices Ψ⋆
θt

and ψ⋆
θt

are computed
based on the current prior and the new measurement.

Ψ⋆
θt

(θ̂t−1,Σθ̂t−1
, µϕt ,Σϕt) = Σθ̂t−1

µϕt

(
µ

T
ϕt

Σθ̂t−1
µϕt +M(Σϕt) + σ2

v
)−1
,

ψ⋆
θt

(θ̂t−1,Σθ̂t−1
, µϕt ,Σϕt) = θ̂t−1 −Ψ⋆

θt
(θ̂t−1,Σθ̂t−1

, µϕt ,Σϕt)µ
T
ϕt
θ̂t−1.

(6-3)

Equations (6-2) and (6-3) provide the recursive counterpart to Equation (3-11), enabling the
sequential update of the parameter estimates as new measurements become available.

Similarly, for the affine MMSE state estimator introduced in Section 3-4, the recursive update
combines the measurement yt with the state estimate computed at t−1, namely (x̂t−1,Σx̂t−1).
To account for dynamic of the underlying process model, the estimates from time t − 1 are
pushed through the dynamic to obtain the prior variable at time t, often called the time
update. The time update for state and DBS at time t− 1 is:


x̂−

t = Atx̂t−1 + Btut−1

Σx̂−
t

= AtΣx̂tA⊤
t + Σw

(ϕ̂−
t ,Σϕ̂−

t
) = DBS(x̂−

t ,Σx̂−
t

)
(6-4)

Using the time update formulas and Equation (3-18), the recursive update for the state
estimator at time t is:x̂t(yt |µθ ,Σθ , x̂−

t ,Σx̂−
t

) = x̂−
t + Σx̂−

t
C

T
tµθ(µT

θϕ̂
−
t µθ + S(Σθ) + σ2

v)−1(yt − ϕ̂−T
t µθ),

Σx̂t(µθ ,Σθ , x̂−
t ,Σx̂−

t
) = Σx̂−

t
− Σx̂−

t
C

T
tµθ(µT

θϕ̂
−
t µθ + S(Σθ) + σ2

v)−1
µ

T
θCtΣ

T
x̂−

t

,
(6-5)

Equations (6-4) and (6-5) provide the recursive counterpart to Equation (3-18), enabling the
sequential update of the states estimates as new measurements become available.

Motivated by Lemma 3-5.1, the estimated DBS (ϕ̂−
t ,Σϕ̂−

t
) is used to condition the recursive

affine MMSE parameter update, resulting in a nonlinear parameter estimator with improved
performance:

θ̂
nl
t (yt | θ̂t−1,Σθ̂t−1

, ϕ̂−
t ,Σϕ̂−

t
) = Ψ⋆

θt
(θ̂t−1,Σθ̂t−1

, ϕ̂−
t ,Σϕ̂−

t
)yt + ψ⋆

θt
(θ̂t−1,Σθ̂t−1

, ϕ̂−
t ,Σϕ̂−

t
),

Σnl
θ̂t

(θ̂t−1,Σθ̂t−1
, ϕ̂−

t ,Σϕ̂−
t

) = Σθ̂t−1
− Σθ̂t−1

ϕ̂−
t

(
ϕ̂−T

t Σθµϕt +M(Σϕ̂−
t

) + σ2
v
)−1
ϕ̂−T

t Σθ̂t−1
.

(6-6)
Likewise, to further improve state estimation, we can replace the prior statistics (µθ ,Σθ) with
parameter estimates (θ̂t,Σθ̂t

) in (6-5) to obtain the following nonlinear state estimator:

x̂ nl
t (θ̂t−1,Σθ̂t−1

, x̂−
t ,Σx̂−

t
) = x̂−

t + Σx̂−
t
C

T
tθ̂t−1(θ̂Tt−1ϕ̂

−
t θ̂t−1 + S(Σθ̂t−1

) + σ2
v)−1(yt − ϕ̂−T

t θ̂t−1),
Σ nl

x̂t
(θ̂t−1,Σθ̂t−1

, x̂−
t ,Σx̂−

t
) = Σx̂−

t
− Σx̂−

t
C

T
tθ̂t−1(θ̂Tt−1ϕ̂

−
t θ̂t−1 + S(Σθ̂t−1

) + σ2
v)−1

θ̂
T
t−1CtΣ

T
x̂−

t

,

(6-7)
Algorithm 6 summarizes the recursive dual state-parameter estimation procedure.
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Algorithm 6 Parallel Point Filter Dual State-Parameter Estimator

1: (θ̂0,Σθ̂0
)← (µθ ,Σθ)

2: (x̂−
0 ,Σx̂−

0
)← (µx0 ,Σx0)

3: for t = 0, 1, . . . , T do
4: (ϕ̂−

t ,Σϕ̂−
t

)← DBS(x̂−
t ,Σx̂−

t
)

5: rt ← Tr(Σϕ̂−
t

(Σθ̂t
+ θ̂tθ̂

⊤
t )) + σv

6: θ̂t+1 ← θ̂t + Σθ̂t
ϕ̂−

t
yt−ϕ̂−⊤

t θ̂t

ϕ̂−⊤
t Σθ̂t

ϕ̂−
t +rt

7: Σθ̂t+1
← Σθ̂t

− Σθ̂t

ϕ̂−
t ϕ̂−⊤

t

ϕ̂−⊤
t Σθ̂t

ϕ̂−
t +rt

Σθ̂t

8: ct ← C(x̂−
t ,Σx̂−

t
)⊤θ̂t With C(·) according to Equation (3-16)

9: x̂t ← x̂−
t + Σx̂−

t
c⊤

t ϕ̂
−
t

yt−ϕ̂−⊤
t θ̂t

ϕ̂−⊤
t Σθ̂t

ϕ̂−
t +rt

10: Σx̂t ← Σx̂−
t
− Σx̂−

t
c⊤

t
1

ϕ̂−⊤
t Σθ̂t

ϕ̂−
t +rt

ctΣx̂−
t

11: x̂−
t+1 ← Atx̂t + Btut

12: Σx̂−
t+1
← AtΣx̂tA⊤

t + Σw

13: end for

Sequential processing of the dataset significantly simplifies the DBS computation, in partic-
ular the evaluation of Σ(k)

Φ̂s
(step 11 of Algorithm 1). In the batch formulation, each iteration

requires evaluating the cross-covariances between all basis functions at all pairs of time steps,
i.e., computing Σtt′(k)

ϕ for all t, t′ = 1, . . . , T . This computation is greatly simplified in the re-
cursive implementation, which only computes the DBS at the current time step and therefore
requires evaluating a single covariance per update, namely Σtt

ϕ . Consequently, the computa-
tions of Stt′(Σ(k−1)

θ̂nl
) and Mtt′(Σ(k)

Φ̂ )(k) (steps 4 and 7 of Algorithm 1, respectively) are also
significantly reduced. However, the recursive implementation ignores the correlations between
past and future measurements, which might be detrimental to algorithm performance. To
investigate the performance of the proposed recursive algorithm another Monte-Carlo exper-
iment is conducted.

6-4 Monte Carlo Experiment

Experimental Configuration

The same seabed configuration from Section 5-1 was used. The number of unknown param-
eters is set to N = 11, the ten different frequency vectors are, f0 = [0, 0]T, fn = [n2π

10 , 0]T for
n ∈ {1, 2, 3}, and fn = [(n− 7)2π

10 ,
2π
6 ]T for n ∈ {4, . . . , 10}.

As specified by Equation (2-6), the unknown parameters follow a uniform distribution. The
lower bound is set to a = 2 and the upper bound is b = 8. Therefore, the distribution for the
unknown parameters is p(θ) = U([2, 8]11), which has mean µθn = 5 and covariance σ2

θn
= 3.
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The state-transition and input matrices are given by At = I and Bt = ∆t, I, with ∆t = 0.1.
As defined in Section 2-1, the process and measurement noise are Gaussian. Two different
variances for the process noise are tested, the values are Σw = σ2

wI where, σ2
w = {0.001, 0.01}.

The measurement noise variance was kept consistent at σ2
v = 0.01 across all experiments.

Finally, the initial position of the Autonomous Underwater Vehicle (AUV) is specified using
a Gaussian distribution with mean µx0 = [3.2, 2.8]T and covariance Σw.

A sequence of inputs ū∗ of length T = 105 was selected such that u∗
t = 4.5

∑
υ∈Υ[cos(υt), sin(υt)]T,

with Υ ∈ {3, 5, 10, 20, 100}. To generate 100 different state trajectories, 100 different realiza-
tions of process noise {w̄i}100

i=1 were sampled for both values of σ2
w. The state trajectories were

created according to Equation (3-3), i.e.

x̄i = Ā(B̄ū∗ + w̄i)

The same 100 realizations of θ from Section 5-1 were used.

Finally, 100 different realizations of measurement noise were generated, i.e {v̄i}100
i=1. These

were combined into 10,000 different observation sequences according to

ȳi,j = Φ(x̄i)⊤θj + v̄i, i, j = 1, . . . , 100,

That is, for each state trajectory i, a single measurement noise realization v̄i was reused
across all parameter realizations j. Having specified how the synthetic dataset was created,
the configuration of the algorithms is now provided.

Benchmark Algorithm Configuration

• dual state-parameter parallel-point filter: Algorithm 6 does not require any tuning
parameters.

• dual BPF-KF filter: As explained in Appendix A-1, the BPF (Algorithm 7) requires
tuning of the number of particles, Nf . This was set to 6000 to ensure an accurate
approximation.

Results

Method Mean Std Median Q1 Q3 IQR

σ2
w = 0.001

dual state-parameter 0.0005 0.0013 0.0002 0.0001 0.0005 0.0004
dual BPF-KF 0.9983 19.4941 0.0285 0.0109 0.0854 0.0745

σ2
w = 0.01

dual state-parameter 9.2179 51.7310 0.0037 0.0018 0.0081 0.0063
dual BPF-KF 99.5941 161.3111 2.7550 0.7559 166.5449 165.7890

Table 6-1: Comparison of final parameter estimation accuracy between dual state-parameter and
dual BPF-KF filters.

Figure 6-4 shows the evolution of ||θ − θ̂t||2 as a function of t across all 10,000 simulations.
The solid lines represent the mean error at each time step t, the shaded regions show the
central 96% percentile interval (2nd–98th percentiles). Figure 6-4 shows the distribution of
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Figure 6-3: Temporal evolution of squared parameter estimation error across 10,000 Monte Carlo
simulations for the dual state-parameter parallel-point filter (red) and dual BPF-KF filter (green).

final errors at time t = T using box plots. The box represents interquartile range, the centre
line indicates the median, the cross notes the mean.

In the low process-noise case σ2
w = 0.001, the dual state-parameter parallel-point filter demon-

strates consistent convergence. The mean error decreases monotonically from approximately
101 at t = 1 to 10−3 by t ≈ 105. For the final estimates, the interquartile range is narrow
(0.0004), indicating that the vast majority of realizations converge. Additionally, the median
(0.0002) and mean (0.0005) are close and the standard deviation is small (0.0013) indicating
that nearly all experiments have converged. As shown in Figure 6-4, the dual state-parameter
estimator produces a tightly concentrated error distribution.

In contrast, the dual BPF-KF filter exhibits substantially worse performance. While the mean
error decreases initially, it plateaus around 100 after t ≈ 103. More critically, the interquartile
range is much wider, indicating significant variability across realizations. This is reflected in
Table 6-1, where the mean error of 0.9983 is nearly three orders of magnitude larger than
the median of 0.0285, with a standard deviation of 19.4941. This heavy-tailed distribution
indicates that while some BPF-KF runs achieve reasonable accuracy, a substantial fraction
diverge. As shown in Figure 6-4, the BPF-EKF has a significant amount trajectories that
diverge.

When process noise increases to σ2
w = 0.01, the performance gap between the two methods

widens significantly. However, the dual-state parameter is also subject the diverging trajecto-
ries, consequently the mean error is quite large (9.2179). The number of trajectories diverging
is limited, indicated by the Q3 (0.0081) and median (0.0037). Despite these occasional fail-
ures, the dual filter remains effective for the vast majority of cases.

In contrast, the dual BPF-KF filter suffers systematic degradation in the high-noise regime.
The mean error diverges, reaching 102 by t = 105. The interquartile range expands dra-
matically, spanning multiple orders of magnitude, and the distribution becomes extremely
heavy-tailed with a mean of 99.5941, median of 2.7550, and IQR of 165.7890.
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Figure 6-4: Distribution of final squared error (at t = 105) across 10,000 simulations.

The fundamental difference in performance stems from the structural advantages of the dual
state-parameter parallel-point filter. The dual state-parameter parallel-point filter performs
better because it recursively accounts for uncertainty in both state and parameter estimates,
providing consistent updates over time. In contrast, the dual BPF-KF does not propagate
parameter uncertainty adequately, and its particle-based state approximation degrades over
long sequences, leading to variable or diverging estimates.

Overall, the Monte Carlo study demonstrates that the dual state-parameter parallel-point
filter achieves superior performance compared to the dual BPF-KF filter for long-horizon
online estimation. Across all 10,000 simulations and both noise regimes, the parallel-point
filter exhibits consistent convergence, low final errors, and narrow error distributions (Table 6-
1). While the dual BPF-KF filter occasionally achieves comparable accuracy in the low-noise
case, its performance is highly variable and degrades catastrophically as either process noise
or time horizon increases.

Beyond accuracy, the dual state-parameter filter offers substantial computational advantages:
it requires only constant per-step operations with O(1) memory, whereas the BPF-KF filter
requires propagating and resampling Nf particles at each time step. This combination of
superior accuracy, and computational efficiency establishes the dual state-parameter parallel-
point filter as the preferred method for long-horizon online joint state-parameter estimation
in this application domain.

6-5 Chapter Conclusion

This chapter addressed the scalability limitations of the dual state-parameter estimator by
developing a recursive formulation. The resulting parallel point filter processes measurements
sequentially, reducing complexity from O(T 3) to O(T ).

Monte Carlo experiments on long data records (T = 105) demonstrated that the parallel
point filter achieves superior performance compared to the particle filter-based dual BPF-KF
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approach. In the low process-noise regime (σ2
w = 0.001), the parallel point filter exhibited

consistent convergence with median final error of 0.0002, while the dual BPF-KF displayed
high variability (median 0.0285, mean 0.9983). This performance gap widened substantially in
the high process-noise regime (σ2

w = 0.001), where the dual BPF-KF experienced systematic
degradation with mean error exceeding 99, compared to a median error of 0.0037 for the
parallel point filter.

Overall, the recursive formulation enables the dual state-parameter estimator to be applied
efficiently to large data records. However, when increasing the process noise the method
appears to diverge for some cases. Investigating a method to prevent this issue is addressed
in the next chapter in the context of future work.
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Chapter 7

Discussion

The final chapter of this thesis reflects on the content presented in the previous chapters. The
research goals, as defined in Section 1-1, are revisited in Section 7-1. The most promising
directions for future work are outlined in Section 7-2.

7-1 Reflection on Research Goals

1) Model-Driven Representation of the Seabed and Problem Formulation

The first objective of this thesis was to provide a rigorous formulation of the bathymetric
learning problem using a model-driven representation of the seabed, which was the topic of
Chapter 2.

The seabed model was formulated as a linear combination of N + 1 known basis functions,
with the Fourier basis investigated in this thesis. This approach provides a flexible and inter-
pretable representation, allowing variations at different scales through the choice of frequency
components. However, this formulation also has inherent limitations. Accurately representing
complex seabeds requires a large number of basis functions N , which increases the dimen-
sionality of the estimation problem. Moreover, this thesis only explored Fourier features,
which, while convenient for analytical computation, may not be optimal for all seabed ge-
ometries. Alternative basis functions, such as wavelets, could potentially offer more compact
representations, particularly for localized or highly irregular seabed structures.

The integration of the seabed model with the AUV dynamics through a Wiener model provides
a convenient state-space abstraction for linking control inputs, latent states, and observations.
The linear time-varying assumption for the AUV process model may be reasonable in many
scenarios, but its accuracy was largely unexamined in this thesis. In practice, the true AUV
dynamics can exhibit nonlinearities, unmodeled disturbances, and variations in hydrodynamic
effects that are not captured by this model class. The probabilistic model, which assumes
additive Gaussian process noise with known and constant covariance, further simplifies reality,
as process noise may be time- or state-dependent, and the assumed covariance may not reflect
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true dynamic uncertainties. These simplifications can propagate through the state estimates
and impact the quality of the inferred bathymetric map. As currently formulated, the model
does not include mechanisms to adapt or correct for such mismatches.

The model based representation of the seabed and the Wiener model structure enables the
bathymetric learning problem to be cast as a Bayesian inference problem. The Bayesian
inference perspective provides access to a rich and well-established body of methodological
tools and highlights the flexibility and expressive power of state-space models. Overall, the
proposed formulation offers a principled and extensible foundation for addressing seabed
estimation problems. With this, the first research goal, has been addressed.

2) Development of dual state-parameter estimator

The development of the dual state-parameter estimator constitutes the core contribution of
this thesis. The central idea, decomposing the augmented estimation problem into tractable
affine MMSE subproblems for states and parameters, exploits the structure of the Wiener
model in a principled way, enabling a practical solution to an otherwise intractable Bayesian
inference problem.

Despite its empirical effectiveness, several theoretical questions remain unresolved. Most
importantly, the relationship between the fixed-point solution produced by Algorithm 1 and
the true MMSE estimator is unknown. Although the algorithm alternates between affine
MMSE updates, their composition does not generally correspond to the MMSE estimator of
the original problem. The existence and uniqueness of fixed points have not been established,
and formal convergence guarantees are absent beyond empirical observations. At the time
of writing, it remains unclear under which conditions the dual state-parameter accurately
represents the true posterior mean and in which cases it fails.

Finally, the recursive formulation in Chapter 6 addresses the computational limitations of
the batch estimator by reducing complexity from O(T 3) to O(T ) through the use of current-
time DBS only. This efficiency gain comes at the cost of estimation accuracy, the high-noise
filtering experiments reveal occasional divergence. For the recursive algorithm important
theoretical questions also remain unknown.

3) Validation and Benchmarking in Simulation

To assess the efficacy of the proposed estimation framework, three simulation experiments
were conducted. The batch estimation approach was evaluated in Chapter 5, while the
recursive method was evaluated in Chapter 6. Overall, the simulation results are promising.
However, the scope of the experimental validation remains limited.

In Section 5-1, Algorithm 1 was compared against two state-of-the-art methods. In this
experiment, the proposed approach clearly outperformed the benchmark algorithms. While
this result represents a meaningful first step, the experimental setup was limited in scope.
To better assess performance in practical seabed mapping scenarios, the methods should
be evaluated for larger parameter dimensions (N >> 11), under a wider range of input
trajectories (varying ū), and across more diverse noise conditions. Similar limitations apply
to the experiment presented in Section 6-5. More extensive experiments, even under idealized
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conditions, would provide deeper insight into the relative algorithmic performance. Similar
critique applies for the recursive experiment in Section 6-4.

A comparable limitation applies to the simulator-based experiment discussed in Section 5-2.
In particular, the evaluation relies on simplified simulation assumptions. Ocean currents were
neglected, perfect orientation knowledge was assumed, and the sensor measurement models
were only approximate. Furthermore, plant-model mismatch was not investigated.

A practical direction for future research is therefore to enhance the realism of the simulation
environment. This could include implementing a realistic pose estimator, testing on more
complex seabed geometries that outside the model class hθ(·) and incorporating more accurate
IMU and depth sensor models. Such simulator enhancements would enable a more rigorous
assessment of the proposed framework’s suitability for practical deployment in autonomous
underwater exploration.

7-2 Future Work

The developed dual state-parameter estimator demonstrates the potential to be used alongside
existing Bayesian inference techniques (when applied to Wiener models). Building on these
findings, the next section outlines directions for future research.

Efficient Implementation using Tensor Networks.

Recall that the original algorithm presented in Chapter 3 is ill-suited for large data records,
i.e., when T is large. In particular, its computational complexity is O(T 3). Chapter 6
introduced a recursive version of the algorithm that alleviates this computational burden.
This improvement in efficiency, however, comes at the cost of reduced performance, since
the recursive formulation cannot exploit correlations across the entire dataset. Importantly,
recursive estimation is not the only means of achieving scalability.

As an alternative, scalability can be achieved by constructing a low-rank tensor approximation
of the kernel weights, as proposed in [55] and later applied in a Bayesian inference setting
in [30]. A promising avenue for future research is to investigate whether the proposed dual
state-parameter estimator can be extended through low-rank tensor approximations of the
output map. Such an extension would require the development of an efficient tensor-based
computation of the Dynamic Basis Statistics (DBS).

A low-rank tensor approximation of the kernel weights offers two key advantages. First,
it preserves the performance benefits of batch algorithms by retaining access to long-range
correlations in the data. Second, it enables efficient estimation in models with a large number
of parameters, thereby addressing another fundamental limitation of the presented method.

Extension to Distributed AUVs

An interesting extension of the proposed estimation framework is to enable distributed bathy-
metric mapping using multiple AUVs operating simultaneously. This distributed formulation
offers several practical advantages: increased coverage and parallel data collection. However,
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extending the dual state-parameter estimator to a distributed setting introduces significant
technical challenges.

Recursive Active Learning

In the state-space formulation of the bathymetric learning problem, the ultimate goal is to
estimate the unknown parameters of the seabed model. This thesis focused exclusively on
the estimation methodology, the algorithms used to compute the parameter vector. While
the choice of estimation algorithm is arguably the single most important factor affecting
performance, it is not the only one.
Another crucial factor is experiment design. Improving the quality of the seabed estimate does
not necessarily require a better estimation algorithm; it can also be achieved by increasing the
information content of the data. In the context of this thesis, this involves selecting an input
sequence that maximizes the performance of existing algorithms. This process is referred to
as active learning.
Due to the closed-form solution of the covariance matrix, the affine parameter estimator en-
ables the optimization of an input sequence that minimizes the MMSE criterion [51, Section
5]. However, this approach is inherently batch-based and does not scale well to long horizons.
Moreover, it remains unclear whether a similar strategy can be adapted to the proposed dual
estimation framework. Investigating this extension could open the door to a recursive, adap-
tive active learning procedure, an advantage not available in other estimation frameworks.

Benchmarking Against Variational Inference

Chapter 4 positioned the proposed method within the data augmentation framework, with
comparisons to the Gibbs sampler, the Expectation Maximization (EM) algorithm, and dual
smoothing approaches. While these methods have long been central to Bayesian inference for
state-space models, recent years have seen a growing interest in Variational Inference (VI)
techniques, driven by their favorable scalability and optimization-based formulation. An
important direction for future research is therefore to benchmark the proposed method against
state-of-the-art VI approaches.
The central idea of VI is to approximate an intractable target distribution by a tractable,
parameterized family of distributions. The parameters of this family are obtained by mini-
mizing the Kullback–Leibler (KL) divergence between the variational approximation and the
true posterior [5]. In the context of state-space models, both the filtering and smoothing dis-
tributions can be jointly parameterized and optimized, yielding scalable inference algorithms
[40, 17, 16].
The philosophy of approximating a complex distribution by a simpler, tractable represen-
tation is also central to the proposed method. However, while VI relies on KL-divergence
minimization, the proposed approach is derived from a restriction on the Minimum Mean
Square Error (MMSE) estimator. This fundamental difference raises an interesting research
question regarding the precise relationship between the proposed method and variational in-
ference. In particular, it would be valuable to investigate whether the proposed framework
can be interpreted as a variational method under a specific choice of variational family or di-
vergence measure, or whether it represents a fundamentally distinct approximation paradigm.
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Appendix A

SMC

The goal of this Appendix is to provide a self-contained reference for the Sequential Monte
Carlo (SMC) methods required by the benchmark algorithms presented in Chapter 4. Both
benchmark algorithms utilize SMC techniques: the Particle Gibbs (PG) algorithm (Algorithm
3) is based on the Conditional Particle Filter (CPF) (Algorithm 8), whereas the Particle
Smoothing EM (PSEM) algorithm (Algorithm 5) builds upon the Forward Filtering Backward
Simulation (FFBS) smoother (Algorithm 9).

SMC methods, are among the most extensively studied nonlinear filtering/smoothing al-
gorithms, with numerous rigorous treatments available [20, 14, 49, 11]. Accordingly, this
appendix emphasizes the algorithmic mechanics rather than theoretical properties, directing
to references for in-depth analysis.

A-1 Bootstrap Particle Filtering

The foundation of all presented SMC methods is the Bootstrap Particle Filter (BPF), which
approximates the filtering distribution of nonlinear state-space models when it cannot be
computed in closed form.The BPF exploits the temporal structure of state-space models to
recursively approximate the filtering equations, which are stated here for completeness.

p(xt | y0:t−1) =
∫
p(xt | xt−1) p(xt−1 | y0:t−1) dxt−1, (A-1)

p(xt | y0:t) = p(yt | xt) p(xt | y0:t−1)∫
p(yt | xt) p(xt | y0:t−1) dxt

. (A-2)

The underlying principle of SMC methods is to approximate intractable continuous densities
with empirical distributions of weighted particles. For instance, the filtering distribution,
p(xt | y0:t), is approximated by an empirical distribution of Nf weighted particles:

p̂(xt | y0:t) =
Nf∑
i=1

ν
(i)
t δx(i)

t

(xt), (A-3)
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where each particle x(i)
t represents a candidate state at time t, and its weight ν(i)

t reflects the
likelihood of the observations given that state. By propagating these particles according to the
filtering equations in (A-1), it is possible to recursively extend this approach to sequentially
solve the filtering problem at subsequent time steps, thereby obtaining an approximation of
the filtering distribution at each time. Under standard regularity conditions, this empirical
approximation converges to the true filtering distribution as the number of particles Nf

approaches infinity.

At the initial time t = 0, the particle set is generated by drawing Nf independent samples
from the prior distribution p(x0). The corresponding importance weights are then computed
as

ν
(i)
0 = p(y0 | x(i)

0 ), ν̄
(i)
0 = ν

(i)
0∑Nf

j=1 ν
(j)
0
, (A-4)

where ν̄(i)
0 denotes the normalized weight of particle i. Normalization is required to ensure

that the weighted particles form a proper probability distribution, i.e., that the weights sum
to one. This guarantees that the empirical approximation is a valid representation of the
filtering distribution.

Using the empirical approximation from Equation A-3, the filtering distribution at t = 0 is
then represented by the weighted particle set:

p̂(x0 | y0) =
Nf∑
i=1

ν̄
(i)
0 δx(i)

0
(x0). (A-5)

These particles are propagated through the filtering equations recursively. Suppose that at
time t− 1 the filtering distribution has been approximated by a weighted particle set:

p̂(xt−1 | y0:t−1) =
Nf∑
i=1

ν̄i
t−1 δxi

t−1
(xt−1). (A-6)

Substituting this approximation into the prediction step of (A-1) gives an empirical represen-
tation of the predictive distribution:

p̂(xt | y0:t−1) =
Nf∑
i=1

ν̄i
t−1 p(xt | xi

t−1). (A-7)

To concentrate the particles to the most probable regions of the state space, a resampling
step is performed. Ancestor indices ai

t are drawn according to the normalized weights:

P(ai
t = j) = ν̄j

t−1, j = 1, . . . , Nf . (A-8)

The resampled particles are then propagated through the system dynamics and re-weighted
by the likelihood of the current observation:

xi
t ∼ p(xt | x

ai
t

t−1), νi
t = p(yt | xi

t), ν̄i
t = νi

t∑Nf

j=1 ν
j
t

. (A-9)
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This procedure yields a particle-based approximation of the filtering distribution at time t:

p̂(xt | y0:t) =
Nf∑
i=1

ν̄i
t δxi

t
(xt). (A-10)

The BPF, which implements these steps, is summarized in Algorithm 7. The computational
complexity of the filter is O(TNf ), where T is the length of the data record and Nf is
the number of particles, since each particle must be propagated, weighted, and potentially
resampled at every time step.

The number of particles Nf is a critical tuning parameter: increasing Nf improves the ap-
proximation of the filtering distribution but also increases computational cost. A fundamental
limitation of SMC methods is the curse of dimensionality, which causes particle degeneracy
and makes it challenging to accurately represent the filtering distribution in high-dimensional
state spaces. As a result, SMC methods can struggle with large data records or complex mod-
els, since most particles eventually carry negligible weight and only a few effectively contribute
to the approximation.

Algorithm 7 Bootstrap Particle Filter (BPF)

Ensure: Weighted particle approximation {(xi
t, ν̄

i
t)

Nf

i=1}Tt=0 of {p(xt | y1:t)}Tt=0

1: xi
0 ∼ p(x0)

2: νi
0 ← p(y0 | xi

0)

3: ν̄i
0 ←

νi
0∑Nf

j=1 νj
0

4: for t = 1 . . . T do
5: Sample at

i with P(ai
t = j) = ν̄j

t−1

6: xi
t ∼ p(xt | x

ai
t

t−1)

7: νi
t ← p(yt | xi

t)

8: ν̄i
t ←

νi
t∑Nf

j=1 νj
t

9: end for

A-2 Conditional Particle Filter Update

The CPF is a simple extension of the BPF in which one particle trajectory is fixed to a
reference path throughout the filtering process. This is a technical requirement in the PG
algorithm to maintain proper Markov chain invariance.

Formally, given a reference trajectory x̄′, the CPF constructs a particle set at each time
step such that the N -th particle is always equal to the corresponding state of the reference
trajectory, xN

t = x′
t, while the remaining N − 1 particles are sampled and weighted as in

the standard BPF. At the final time, a new trajectory is selected by sampling one particle
according to the normalized weights. The full trajectory is then reconstructed by tracing
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back through the ancestor indices ai
t used during resampling, effectively following the lineage

of the chosen particle back to time t = 0.

Algorithm 8 summarizes the procedure. Its computational complexity is the same as the
BPF.

Algorithm 8 CPF Update
Require: Reference trajectory x̄′, parameters θ, observations ȳ, particles Nf

Ensure: New reference trajectory x̄∗

1: xi
0 ∼ p(x0)

2: νi
0 ← p(y0 | xi

0)

3: ν̄i
0 ←

νi
0∑Nf

j=0 νj
0

4: for t = 1 to T do
5: ai

t ∼ ν̄t−1, i = 1, . . . , Nf − 1

6: xi
t ∼ p(xt | x

ai
t

t−1), i = 1, . . . , Nf − 1

7: xNf

t = x′
t

8: ν
Nf

t ← p(yt | x
Nf

t )

9: ν̄i
t ←

νi
t∑Nf

j=1 νj
t

10: end for
11: Sample iT ∼ ν̄T P(i = j) = ν̄j

T

12: x∗
T = xiT

T ; reconstruct x∗
t from ancestors

A-3 Forward Filtering Backward Smoothing

Particle smoothers extend the SMC framework to approximate the smoothing distribution of
state-space models. While particle filters such as the BPF provide an empirical approximation
of the filtering distribution, particle smoothers aim to approximate the marginal smoothing
distributions

p(xt | ȳ), t = 0, . . . , T, (A-11)

which incorporate information from the entire sequence of observations, including future
measurements.

The FFBS smoother represents the smoothing distribution using an empirical distribution of
Ns weighted particles:

p̂(xt | y0:T ) =
Ns∑
i=1

ν̄
(i)
t|T δx(i)

t

(xt), (A-12)

where each particle x(i)
t represents a candidate state at time t, and ν̄

(i)
t|T is the normalized

smoothing weight.

D. A. Woonings Master of Science Thesis



A-3 Forward Filtering Backward Smoothing 59

The smoothing recursion leverages both the forward filtering approximation and the system
dynamics. Formally, the smoothing density at time t can be written as

p(xt | y0:T ) = p(xt | y0:t)
∫
p(xt+1 | xt) p(xt+1 | y0:T )

p(xt+1 | y0:t)
dxt+1, (A-13)

which shows that the smoothing distribution depends on: (i) the filtering distribution at time
t, (ii) the system dynamics, and (iii) the smoothing distribution at time t+ 1.

In practice, the FFBS algorithm implements this recursion using the particles obtained from
the forward filtering pass. At the final time t = T , the filtering and smoothing distribu-
tions coincide. Backward smoothing is then performed recursively by computing backward
importance weights for each particle:

ν
(i)
t|t+1 = ν̄

(i)
t p(x∗

t+1 | x
(i)
t ), ν̄

(i)
t|t+1 =

ν
(i)
t|t+1∑Ns

j=1 ν
(j)
t|t+1

, (A-14)

where x∗
t+1 is a sampled particle from time t + 1. Sampling from these normalized weights

yields a smoothed particle x∗
t , which is then used in the next step of the backward recursion.

Repeating this backward sampling for t = T − 1, . . . , 0 generates a full trajectory approxi-
mately drawn from the joint smoothing distribution. By performing multiple backward passes,
one can generate multiple independent trajectories.

The FFBS algorithm is summarized in Algorithm 9. Its computational complexity isO(TNfNs),
where T is the length of the time series, Nf is the number of forward filtering particles, and Ns

is the number of smoothed trajectories, reflecting the cost of computing backward weights and
sampling at each time step. As with the BPF, increasing the number of particles improves the
approximation, but particle degeneracy and computational cost must be considered, especially
in high-dimensional state spaces or long time series.
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Algorithm 9 Forward Filtering Backward Smoothing (FFBS)

Require: Weighted particles from forward filtering {(xi
t, ν̄

i
t)

Nf

i=1}Tt=0

Ensure: Weighted particles {(xi
t, ν̄

i
t|T )Nf

i=1}Tt=0 approximating p(xt | y0:T )

1: ν̄i
T |T ← ν̄i

T for i = 1, . . . , Nf

2: for t = T − 1, . . . , 0 do
3: for i = 1, . . . , Nf do
4: Compute backward weight numerator:

ν
(i)
t|T ← ν̄i

t

Nf∑
j=1

ν̄
(j)
t+1|T p(x

j
t+1 | xi

t)

5: end for
6: Normalize backward weights:

ν̄
(i)
t|T ←

ν
(i)
t|T∑Nf

j=1 ν
(j)
t|T

, i = 1, . . . , Nf

7: end for
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Glossary

List of Acronyms

GPS Global Positioning System
AUV Autonomous Underwater Vehicle
MAP Maximum a Posteriori
MMSE Minimum Mean Square Error
MSE Mean Square Error
EM Expectation Maximization
PG Particle Gibbs
SMC Sequential Monte Carlo
PGAS Particle Gibbs with Ancestor Sampling
FFBS Forward Filtering Backward Simulation
BPF Bootstrap Particle Filter
DBS Dynamic Basis Statistics
PSEM Particle Smoothing EM
ROS Robot Operating System
MQTT Message Queuing Telemetry Transport
EKF Extended Kalman Filter
UKF Unscented Kalman Filter
CPF Conditional Particle Filter
VI Variational Inference
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