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Unwieldy Object Delivery With Nonholonomic
Mobile Base: A Free Pushing Approach

Yujie Tang ¥, Martijn Wisse

Abstract—This letter explores the problem of delivering un-
wieldy objects using nonholonomic mobile bases. We propose a
new approach called free pushing to address this challenge. Unlike
previous stable pushing methods which maintain a stiff robot-object
contact, our approach allows the robot to maneuver around the ob-
ject while pushing it. It aims to execute continuous pushes without
losing contact for improved pushing maneuverability. Additionally,
to ensure the feasibility of the planned pushes, a robot-object
contact model is developed to account for the shape and kinematics
of the robot in pushing modeling and planning. A Model Predictive
Controller solves the pushing planning problem in real time. Exper-
imental results show that the proposed method achieves an average
success rate of 83% with an accuracy of 0.085 m when pushing
to the selected goals. Compared to the baselines, this approach
improves the agility and efficiency of mobile pushers. Furthermore,
it is robust in achieving the task while tolerating modeling errors.

Index Terms—Contact modeling,
motion control.

manipulation planning,

1. INTRODUCTION

OBILE manipulators hold great potential for practical
M applications, such as logistics operations, where they
may need to move objects that are unwieldy, either too heavy
or too large, for their manipulator arm(s) to grasp. A viable
solution is to equip the robot with the ability to push the object,
an essential motion primitive for handling objects of varying
sizes. In this letter, we concentrate on pushing using the basic
mobile base [1], [2], [3], in contrast to recent studies that focus
on pushing with a manipulator’s end effector [4].

In the field of pushing with robot arms, stable pushing ap-
proach is widely used. It assumes a stiff contact while push-
ing [1], [3], [5]. However, for this assumption to be valid, the con-
tact forces imposed by the robot on the object must remain within
the friction cone, causing nonholonomic constraint on the mo-
tion of the pushed object [6], [7]. As a result, the mobility of the
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pushed object is limited. Especially when pushed with mobile
base pushers, which are mostly nonholonomic wheeled robots,
stable pushing would further undermine the maneuverability
of the robot-object system. In the case of a cylinder-shaped
nonholonomic robot, stable pushing only allows it to push the
object straight forward or rotate with a fixed turning radius [8].

To improve pushing agility, pushing planners which allow for
relative sliding between the robot and object are proposed [9],
[10], [11], [12]. In these methods, the robot-object contact is
switched between sticking, right-slide, and left-slide modes to
provide the required pushing force on the object. But these
pushing motions are planned under the assumption that the robot
can freely access any point on the object, which may be true
for a robot arm but not necessarily for a nonholonomic robot.
For example, differential-drive robots can not move sideways to
reach the planned contact point. Executing the planned pushes
is always difficult on a real robot platform due to the limitations
of the robot’s kinematics [9].

This letter aims to develop a maneuverable push approach
that allows the transportation of objects using powerful mobile
base pushers while considering the feasibility of the plans.
The proposed approach allows the object to slide relative to
the pusher, hence called free pushing, in contrast to the sta-
ble pushing methods. To ensure the feasibility of the planned
pushes, planning is conducted for the motion of the robot pusher
and the resulting object movement. It is achieved through the
development of a robot-object contact model by modeling the
robot and the object as a unified multibody system employing
Differential Algebraic Equations (DAE) such that the motion of
the object relative to the robot can be predicted. Unlike existing
pushing models, the relative motion is modeled with careful
consideration of the robot’s shape and kinematics. To the best
of our knowledge, this is the first letter that addresses the shape
and kinematics of the robot in pushing modeling and planning.
A Model Predictive Controller (MPC) solves the Push Planning
Problem in real time.

The contributions of our letter can be summarized as follows:

e We propose a free pushing approach for nonholonomic
mobile robot which enables the robot to maneuver around
the object while pushing it, allowing for improved pushing
maneuverability compared to the stable pushing counter-
part.

e We develop a robot-object contact model that takes
into account the robot shape and kinematics in pushing
modeling and planning, ensuring efficient continuous
pushing and the feasibility of the planned pushes.
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Fig. 1. Pushing (a) a 0.565 x 0.755 x 0.425 m? sized package, and (b) an
8 kg weighed basket, with a differential-drive mobile base. Tiago, a mobile
service robot from PAL Robotics [13], is used in this work. Transparency in the
image indicates the movements.

e We evaluate the proposed method through real-world ex-
periments using Tiago (Fig. 1), a mobile service robot,
demonstrating an average success rate of 83% with an
accuracy of 0.085 m.

II. RELATED WORK

Pushing manipulation has garnered increasing interest be-
cause of its ability to handle objects of various sizes and shapes.
However, modeling and controlling pushing present challenges
stemming from its discontinuity feature, characterized by 1)
transitions between different contact modes (sliding up, sticking,
and sliding down) caused by friction, and 2) sudden changes in
system dynamics upon contact.

Various solutions have been proposed in the literature to
address the complex pushing problem posed by its discontinuous
feature. One approach uses a hybrid model to represent pushing
dynamics in different contact modes [11] and employs a mixed-
integer program that optimizes both the discrete contact mode
sequence and continuous control actions. On the contrary, [12],
[14] represents contact as a complementarity constraint, im-
plicitly planning for contact modes. However, solving a mixed-
integer optimization problem or finding a solution for trajectory
optimization with complementarity constraints are computation-
ally challenging, especially as the size of the discrete decision
variables increases. Therefore, continuous relaxations are often
used to simplify the problem. For example, [11] plans contin-
uous pushes without losing contact with the object, while [14]
assumes frictionless contact between the robot and the object.

In addition to using continuous approximations, it is recog-
nized that even accurate analytical dynamics models for pushing
are inherently unstable because physics parameters such as
inertia and friction can only be approximated [15]. Further-
more, the friction parameters may gradually vary over large
surfaces, which is hard to be modeled [16]. Thus, simplified
models are commonly used instead of looking for an accurate
dynamics model, accompanied by real-time control strategies
to fill the gaps in model simplification. For instance, ellipsoidal
approximation of the limit surface together with the quasi-static
interaction assumption have been widely used in robot-pushing
applications [7], [10], [17]. This approximation is relatively
accurate in determining whether slippage will occur [18], but
it cannot quantify the relative motion between the robot and
the object. In contrast, [19] uses a simplified object dynamics
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X = [Iryyrv 0y, vr, wr, 9, d, d"v d]T

Robot-object ~ * U
Y0 vX

MPC Controller|

contact surface
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Take V., W, as the robot control command

Fig. 2. The configuration of the coordinates and frames, as well as the
demonstration of the control framework.

model to predict the relative motion. While it plans for the
optimal contact force, contact point, and robot control input
using two separate model predictive control frameworks, it does
not guarantee that the planned contact points are reachable.

This letter presents a simplified pushing dynamics model to
predict relative robot-object motion and a real-time pushing
planner that plans feasible robot pushes. Pushing with robots
of different sizes results in distinct object motions and contact
point trajectories. Previous work, such as [20], [21], has studied
high-level path planning for large-sized disk-shaped robots and
objects, but has not provided a low-level control approach to
achieve the planned path. As [19] concluded, following the
pushing trajectory is equivalent to following the contact point se-
quence. However, the nonholonomic constraint of a differential-
drive robot limits its ability to reach planned contact points.

Therefore, planning achievable contact point sequences is
critical to the success of push manipulation. To address this
challenge, we propose a pushing planning approach that ensures
the plan’s feasibility by accounting for the shape and kinematics
of the robot.

III. PRELIMINARIES

We consider a pushing planning problem where a cylinder-
shaped differential-drive robot pushes a rectangular object to-
ward a goal position. Fig. 2 provides a visualization of the
problem setup. The pushing system consists of the cylinder-
shaped robot, which can be controlled directly, and the rect-
angular object, which moves in response to the contact forces.
We assume that the contact between the robot and the object
is frictionless while using a continuous friction model for the
contact between the object and the ground. In the following, we
will introduce the friction-less contact model and continuous
friction model respectively. Before going into details, we first
provide the definitions for the variables used throughout the
letter.
 x,, the robot state [z, y;, ;] in the world frame;
* x,, the object state [, Yo, 0|7 in the world frame;
® ¢, the angle between the object and the robot frame as
shown in Fig. 3(a)

e (, the y coordinate of robot center in the object frame;
Ur, Wy, the linear and angular velocities of the robot;
ay, &, the linear and angular accelerations of the robot;

Authorized licensed use limited to: TU Delft Library. Downloaded on September 17,2024 at 09:53:41 UTC from IEEE Xplore. Restrictions apply.



TANG et al.: UNWIELDY OBJECT DELIVERY WITH NONHOLONOMIC MOBILE BASE: A FREE PUSHING APPROACH

(@) (b)

Fig. 3. The robot and the object are assumed to be connected with a virtual
sliding joint around the contour of the mobile base. (a) Shows the possible
robot-object relative motion which not only includes sliding but also rotating
around the contact point. In (b), the robot and the object are taken as two free
bodies where the contact joint between them is cut. Then the Newton-Euler
equations of motion of the object can be achieved where the joint is “glued”
with the constraint equation.

« 0 fxp» the x-component of the push force in the object
frame;!

® Wy = [fgs fye, Te) ! is the friction wrench exerted by the
ground on the object, where fy,, fy, are the x and y
component of the friction force, 7 is the friction torch;

® Wy = [fug fyes 7e|T, the simplified friction wrench exerted
by the ground to the object;

e M, = diag[m,, My, I,], the inertia matrix of the object,
where m,, I, denote the mass and moment of inertia of the
object;

W, Lo, width and length of the object;
., radius of the robot.

A. Friction-Less Robot-Object Contact Model

With a point contact between the robot and the object, the
object can rotate around that contact point or slide along the
contact surface, which can be seen in Fig. 3(a).

Instead of dividing the contact modes into { sticking, right —
sliding,left — sliding, separation} states [10], [22],[23], we
use a frictionless contact assumption to simplify the problem
such that there is a continuous sliding contact. Since friction
forces only play a minor role in our pushing tasks, this assump-
tion helps reduce computational time at the expense of a slight
loss in physical accuracy [14].

In addition, we introduce contact constraints to ensure con-
tinuous contact between the robot and the object, avoiding sep-
aration contact modes during the pushing process. Specifically,
these constraints require that (la) the robot does not move
backward, (1b) the robot does not decelerate abruptly at a rate
greater than the object’s deceleration due to friction with the
ground, (1c) the object remains in front of the robot, and (1d)
the robot maintains contact with the object at the same plane.

The contact constraints are summarized as:
v >0 (Ta)
(1b)

|ar| < Gy, max

I"The superscript R denotes the robot frame. The object and the world frames
are represented as O and W. W is always omitted for simplicity.
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—90° < ¢ < 90° (1c)
1 1

—L,<d< =L, 1d

3 <a< 5 (1d)

where a;, max 1S the maximum acceleration of the robot.

B. Continuous Object-Ground Contact Friction Model

While the contact between the robot and the object is assumed
to be frictionless in our pushing planning problem, we model
the contact between the object and the floor using a continuous
friction model. In most previous studies on pushing planning,
the Coulomb friction model has been used, and the friction cone
has been employed to control the transition between different
contact modes. However, the Coulomb model is discontinuous
at zero relative tangential contact velocities, which can lead to
instability in the numerical simulation of the sliding motion [24].
This characteristic makes the design of controllers more com-
plicated.

Thus we point out the key modeling decision in this letter
which is to use a continuous friction model instead of the
traditional Coulomb friction model [25]. This choice enables
us to model the contact dynamics in a continuous manner,
which streamlines the controller design process. To obtain
the continuous friction model, we mathematically approximate
the Coulomb model using a Sigmoid function. It should be
noted that we assume a constant coefficient of friction, g,
for the friction interaction between the object and the ground
at the contact surface. The friction force at position "p is
expressed as

fop (VD) = —pg - (yisig(vp) — 2%l o @)
where 1 = 2,5 = 1 are scaling factors, f; is the normal force
at "p, v, = [ip, Jp|T the velocity of Vp expressed in the world
frame, and sig(-) is the sigmoid function that operates element-
wise on the input vector, such that sig(x) yields a vector y,

: _ 1

Where each element y; is computed as y; = Trem (@) for
i=1,2,...,n, where n is the length of the input vector x.

IV. MODELLING

In this section, we present the dynamics model for the pushing
system. First, we introduce the model for the differential-drive
robot pusher. Then we will explain the contact transition dy-
namics between the robot and the object such that the physical
interaction is modeled with a 2D (i.e., top-view) constrained
multi-body system.

A. Robot Dynamics Model

Given the full robot state [z, ¥y, 0, vr,w;] T and its control
input u, = [ar, & " € R?, the dynamics model of robot can be
written as:

y vrcos(6;) 0
Uy vsin(6;) 0
6, | = wr +10 (3)
Uy 0 a,
Wr 0 &
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B. Dynamics Model of the Pushing System

Different from the widely-used point contact model [10], [22],
[23] where the robot is a pole and its shape is ignored, we model
the relative motion between the robot and the object with careful
consideration of the shape of the robot. Since we constrain
that the contact between the robot and the object is carefully
maintained, the robot-object system is modeled as two rigid
bodies connected by an idealized joint. Furthermore, we assume
that the mobile robot is controlled in a closed loop to achieve
the desired movement, so its motion will not be influenced by
the reaction force exerted by the object.

For the pushed object, its motion is a result of the contact
interaction with the robot, as shown in Fig. 3. The dynamics of
the object can be achieved by a combination of the Newton-Euler
equations of motion and a contact constraint equation in the form
of Differential Algebraic Equations.

The Newton Euler equations of motion for the object are

COS( )Ofxp + fxg = MoTo

Sm( ) pr+fyg—moyo 4)
—d° fxp+Te = 1,6,
where d = —sin(6,) * (x, — x,) + cos(0,) * (yr — yo) is the

position of the contact point in y direction of the Object frame.

To solve for the three unknown accelerations of the object as
well as the push force in (4), we need one more equation. Since
the successive interaction restricts the separate movement of the
two bodies at the contact point, we have the contact constraint:

1
Op, = cos(by)(xr — o) + sin(bo) (yr — o) = —1r — =W,

2
&)
By differentiating (5) twice with respect to time, we achieve
the constraint on the object accelerations:

CyX;+9gx =0 (6)
with gy = —cos(@o)éoéo(xr — T,) + cos(0) &, + sin(0o) i —
28in(00)0, (2 — &) — $in(06)0000 (Yr — Yo) + 2¢08(05) 0o (G —
¥o)s and Cyx = [—cos(6,), —sin(6,), —sin(0y)(x; — o) +

cos(6o) (yr — Yo)]-
Combining the equations of motion (4) and the contact con-
straint equation (6) leads to the full set of DAEs:

M, Cy|| %0 | |wg
C(x Ofx,p Ix

where w, is calculated by integrating the force over the contact
patch A: £, = [ —p,(2sig(vy) — [1,1]")p(“p)dA, p(°p)dA
is the normal force at ©p under pressure distribution p(+), Opis
the position expressed in the object frame. The corresponding
frictional moment is 7, = “p® fy](s), with ® cross product,
[](3) indicates the third element in the vector.

(N

C. Model Simplification

However, the precision of the double integration depends on
the number of segmented contact patches. Integration with more
contact patches promises a more accurate approximation to the
integral but slow computation. For computational efficiency, we
simplified the friction model of the object-ground contact by
only summing for the force at the four corners of the polygonal
object, instead of integrating over the whole contact region.

IEEE ROBOTICS AND AUTOMATION LETTERS, VOL. 9, NO. 10, OCTOBER 2024

Assuming a uniform object density when projected onto the
horizontal plane, the normal force at four corners is imo g, where
g refers to the acceleration of gravity. Using (2), the simplified
friction force is "V, = >° £, i(Ypc;) wherei = {0, 1,2, 3} for
arectangle object, “p.; is the coordinate of the corner at contact
patch A. The corresponding simplified frictional moment is

7~_g Z[ pcl® fg 1](3)

V. PLANNING FOR ROBOT PUSHING

By predicting the motion of the pushed object using (7), we
can solve the constrained pushing planning problem using a
Model Predictive Controller. It ensures the feasibility of the
MPC-planned pushes by planning for both the path of the robot
and the motion of the pushed object. First, we will discuss how to
reformulate the DAE model to simplify the optimization prob-
lem in MPC. Afterward, we will present the Optimal Control
Problem (OCP) and the cost function.

A. Dynamics Model in Generalized Coordinates With Implicit
Constraints

To solve the pushing control problem in an MPC formulation,
a system dynamic model is required. The robot-pusher system is
modelled as a constrained multi-body system whose dynamics
is derived with a set of equations of motion and an algebraic con-
straint equation in (7). However, it is known that many numerical
discretization schemes, such as the implicit Runge—Kutta (IRK)
methods, fail to converge or exhibit an order reduction when
applied to DAEs [26]. The algebraic constraints for the system
state make the forward prediction problem significantly hard.

Removing the algebraic constraint in (6), obviously can help
by making the problem less complex. Thus we reformulate the
DAE:s to simplify the optimal control problem. By choosing a
set of independent generalized coordinates, we derive the system
dynamics where the algebraic contact constraint can be imposed
implicitly.

The object only has two degrees of freedom with respect to
the robot, as shown in Fig. 3(a). Therefore, the independent gen-
eralized coordinates are chosen as q = [¢, d]. With the contact
constraint between the robot and the object during pushing, the
coordinates of the object in the robot frame can be written as a
function of the generalized coordinates and their derivatives:

R, cos(¢)(Wo/2 + 1;) + dsin(¢)

Ryo | = |sin(¢)(Wo/2 + 1;) — dcos(¢) (8)
"0, ¢
We differentiate (8) twice:
R%o=Tq (%)
"%, =Tq+g (9b)
where R3t, = [Ri,, Rijo, R0,|T, g = [—cos(¢)d? (wo/2 + 11) +
dcos(¢)¢ dsin(¢) b2+ dcos(qﬁ)(b, —sin(¢)p? (wo/2 + 1) +
dsin(¢)¢ + dcos(¢)p? + dsin(¢)¢p, 0] and
—sin(¢)(wo/2 + r;) + dcos(¢)  sin(¢)
T = | sin(¢)(wo/2 + ;) +dsin(¢)  —cos(¢)
1 0
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R, can be achieved by reformulating the dynamics in (4) in the

non-inertia reference frame (the Robot frame):

MRk, = Rwy, + Ry — Rwie (10)
where pr € R? denotes the push wrench exerted by
the robot, Rwg. = 2meB; x Wp; + moV Py + mobr x (6, x
Wpr) + Ioér X Wpr is the introduced additional fictitious
wrenches with 8, = [0,0, w], Wp: = [, yr, 0).

To achieve the object dynamics with generalized coordinates,
the TMT method proposed in [27], is used with the application
of the principle of virtual power. Based on the DAE achieved in
Section IV, the TMT method simply derives the unconstrained
equations of motion [28].

Since we have introduced the generalized coordinates, we also
have a new set of corresponding generalized force f,,. Given the
wrench of generalized force as wy, the total virtual power of
Ry, Rwic and wy is

§P = R (Rwry — MR %, — Rwge) + 04w,  (11)

The virtual velocities and the accelerations which satisfy the
constraints are shown in (9a)—(9b). Substitution in (11) yields
the virtual power expressed in generalized coordinates and their
derivatives,

5P = (T5¢)"(Rwy — Mo(Té + 8) — Rwie) + 04" w, (12)
Because the system is in dynamic equilibrium where § P = 0,
which results in
T (®*Wy — M,Tq — Mog — Rwige) +w, =0 (13)
f, equals the friction force between robot and object, which is
omitted because of the friction-less assumption in Section ITI-A.
Then we have w, = 0. Rearranging the terms in (13) gives us
contact dynamics in terms of generalized coordinates.
§=T"M,(*w, — Rwge — M,g) (14)
Hence, the dynamics of the whole robot-object system is the
combination of (3) and (14).

EN [ vecos(6;) T

Ur vesin(6;)

0, wr

v | = ay (15)
wr gl”

q q
L4 ] _TTMO(R‘X’g — Rwic — Mog) ]

B. Optimal Control Problem (OCP) Formulation

With the simplified motion model, a desired controller mustbe
able to recover from the perturbation and be fast enough to do re-
planning online. Additionally, it is important to obey the contact
constraint in (1) so that the derived contact dynamics is applied.
To satisfy these requirements, we formulate an OCP where the
goal is to minimize the finite-horizon cost-to-go function subject
to the constraints and the dynamics of the system at every control
cycle.

We first define the system state vector x and control input
u as x = [, Yr, Or, U, wr, &, d, ¢, d]T and u = [a,, &]T. Then
the cost-to-go for N time steps is set as: JN(xN) = WpN —

8995

WpHQ(VPYN — Wp&)T where @ denotes the weight matrix
associated with the object state, "VpN = VaN WyN WoNIT g
the predicted object pose in the world frame, "V p¢ is the target
object pose.

The final OCP is defined to minimize the distance between
the object pose and the target pose at the end of the overall
horizon, while satisfying the contact constraints in (1), the state

constraints and the robot dynamics:

i TN (16)
st x0 =xto (16b)
Xt = f(x ) (16¢)
v >0 (16d)
—90° < ¢" < 90° (16e)

|ay ™| < anmax
ulteu,vte{l,... N} (16f)

It should be noted that x! = f(x!"1, ul™!) is the forward
model in (15), and U, represents the robot’s acceleration and
angular acceleration limits. Every time step, the OCP is solved
online.

VI. EXPERIMENTAL RESULTS

This Section presents an evaluation and validation of the
proposed pushing model and controller. The Tiago service
robot [13] (see Fig. 1), which has a cylinder-shaped mobile base
with a radius of 27cm, was used to push several rectangular
boxes with varying physical properties, including mass, size, and
texture. The results indicate that our simplified pushing model
predicts the object’s motion under pushing with an accuracy
better than 0.075 m. With this prediction, the proposed controller
plans feasible trajectories by adapting the contact with the object
while pushing to the goal. Although the pushing success rate
varies depending on the target’s position, the proposed method
can achieve an average success rate of 83% with a pushing
accuracy of 0.085 m for the selected goals, distributed equally in
the test room. Compared to the stable pushing controller [8], the
proposed approach improves the agility and efficiency of mobile
manipulators and is robust in achieving the task while tolerating
modeling errors.

A. Evaluation of the Contact Model

We evaluate the precision of the contact dynamics model. The
Tiago robot is controlled to push a paper box that has a dimension
of 0.386 x 0.585 x 0.4 m® and a weight of 1.5 kg. The friction
coefficient of the ground-box contact is 1, = 0.4. Two primary
sources of prediction errors were identified: the mismatch be-
tween the actual shape of the robot and its modeled counterpart
and the slippage of the wheeled robot during movement.

We first evaluate the accuracy of the proposed contact model
under different contact configurations. To exclude the influence
of the robot slippage, we conduct object pushing experiments
with a fixed speed as v,, = 0.1 m/s, w,. = 0 rad/s. 380 trails of
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Fig. 4. Boss on the robot.
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(a) Prediction accuracy of DAE under (b) Prediction accuracy of DAE at
different contact configurations different pushing speeds
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Fig. 5. The prediction accuracy of the DAE model and the simplified GCM
evaluated by their averaged prediction error. The black dots in (a), (b) represent
the sampled contact configurations. The prediction accuracy is determined by
comparing the predicted object position with its actual position recorded by the
motion capture system (OptiTrack) after a prediction horizon of 20 timestamps.

the pushing trajectory are collected for 20 timestamps, with a
sampling time of ¢t = 0.1 s . The average error of the motion
prediction by the DAE model (7) and the simplified Generalized
Coordinate Model (GCM, (15)) is presented in Fig. 5(a) and
(c), respectively. We found that the overall prediction error was
under 0.025 m for the DAE model and 0.04 m for the simplified
GCM. However, we observed that the prediction accuracy was
lower in cases where the object was in front of the robot at the
center (d = 0, ¢ = 0) due to a mismatch between the real robot
and our model. Specifically, there is a boss on the front of the
mobile base serving as the charging connector, which causes
discontinuous contact dynamics, as shown in Fig. 4.

Furthermore, we evaluate the prediction error under different
pushing speed by conducting atleast 5 trials of pushing trajectory
for each speed configuration, with increments of 0.1\,m/s and
0.05 rd/s for linear and rotation speed, respectively. The results
are shown in Fig. 5(b) and (d). It demonstrates an increasing
trend in prediction error as pushing speed increases. This could
be attributed to the mobile robot’s wheel slippage worsening at
higher speeds, leading to poorer object motion prediction during
pushing. Under all the speed configurations, the DAE model had
the highest prediction error of 0.06 m, while the simplified GCM
had a prediction error of 0.075 m.

Despite the simplified model’s inherent lower prediction ac-
curacy compared to the DAE model, the error resulting from the
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Fig.6. Comparison of the pushing performance with a free and stable pushing
controller in simulation. The orange circles and blue rectangles represent the
trajectory of the robot and object, respectively. The black arrows indicate the
direction of the robot. Trails (a), and (b) share the same target of (0, 1), while
panels (c) and (d) share the target of (0.5, 0). All panels start with the same initial
contact configuration of d = 0 and ¢ = 0.

different contact/speed configurations seems more significant, as
shown in Fig. 5. Consequently, a reactive controller is deemed
necessary to bridge the gap in the modeling process and tolerate
modeling errors.

B. Validation of the Controller

1) Simulation Results: Using the same setup as in Sec-
tion VI-A, we conducted simulations in which the robot pushed
the object to different goal positions with varying initial contact
configurations. The MPC planner is configured with a prediction
horizon of 30 and a sampling time of 6t = 0.1s. As a goal-
reaching controller, the weight matrix is setas Q = diag(1, 1,0).
The solver we used is IPOPT.

Three different scenarios were defined, and the proposed free
pushing approach is compared with the stable pushing method
in [7]. As the simulation results shown in Fig. 6, the robot
changes its contact with the object during the pushing process in
the free pushing mode, while it maintains a sticking contact with
the object in the stable pushing cases. To maintain the sticking
contact in stable pushing, the object is modeled as a Dubin’s car
with its maximum curvature limited [7], as shown in Fig. 6(b).
However, it does not consider the kinematic constraints of the
nonholonomic robot, which results in infeasible push plans,
as seen in Fig. 6(d), where the robot is unable to follow the
trajectory to push the object sideways. Furthermore, in cases
where the robot and the pushing target are initially positioned
on the left of the object, the robot is capable of pushing the object
towards the goal by adapting the contact configuration during
pushing, as depicted in Fig. 7. Butitis not possible with the stable
pushing controller where a longer pushing trajectory with a large
curvature is required. In conclusion, the free pushing method
plans for feasible trajectories for the robot by considering its
nonholonomic constraint. It is also more agile and efficient in
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Fig.7. Free pushing trail 3 with an initial contact configuration of d = 0.25m
and ¢ = 0 and target of (0, 1). The stable pushing is infeasible using the setup
in Fig. 6.
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Fig. 8. The selected pushing targets.
TABLE I
PUSHING PERFORMANCE WITH THE REAL ROBOT
Averaged pushin, Averaged
Goal accuracs (RIR/ISE, z%n) travel distagnce (m) Success rate
1 0.074 2.324 0.7
2 0.054 1.427 1
3 0.120 2.510 0.7
4 0.105 3.242 0.8
5 0.064 2.957 1
6 0.098 4.186 0.8

completing pushing tasks due to its ability to change contact
points while pushing.

2) Real-World Experimental Results: The proposed con-
troller is tested in physical experiments using (1) the same
paper box in Section VI-A and (2) a plastic basket which sizes
0.345 x 0.522 x 0.278 m* and weighs 8 kg. The robot and ob-
ject states are provided by a motion capture system (OptiTrack)
and a Kalman filter, which runs at 120 Hz. Control commands are
computed on a laptop using our proposed MPC-based method
and are sent to the Tiago robot via WiFi and ROS, which runs
at 10 Hz. The average solution time of the MPC controller is
60 ms. According to the setup of Tiago, we send the optimized
v} and w! form (16) as its control commands (as demonstrated
in Fig. 2).

Ablation experiments are conducted to push the box towards
6 different targets (as shown in Fig. 8), distributed evenly in
the motion capture room, for 10 times per target. We defined
pushing accuracy as the square root of the average of the squared
errors between the goal and the actual final position of the pushed
object. We considered cases with pushing accuracy below 0.25 m
as failures. The results are summarized in Table I, where we
observed an average reaching accuracy below 0.120 m and a de-
livery success rate higher than 70%. Since the object movement
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Fig. 9. Pushing trails with the same goal. The object motion is sensitive to the
small difference in the control inputs and the initial states. But the robot achieves
the push success by continuously adapting the contact configuration.
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Fig. 10.  Tracking an S-curve (left) and a 1/4 circle (right) while engaging in

free pushing. The green line represents the reference path.

is very sensitive to the small differences in the contacts and initial
states, the robot reacts to unforeseen changes by continuously
adapting its contact with the object, resulting in differences in
travel distance, even for the same goal. In Fig. 9, we present
several repeated pushing trials targeting goal 4. Starting at
position (0, —1) with the contact configurationd = 0, ¢ = 0, the
resulting object trajectories varied significantly. Furthermore, as
the object got closer to the target, there were instances where the
robot’s control inputs were too small to articulate the pushing,
leading to wheel slippage and failure, as shown in Fig. 9(c). This
observation motivates our future research on compliant robot
pushing.

As we already discussed in our previous work [8], maintaining
contact between the robot and the object is crucial for push-
ing with nonholonomic robots. Because frequent repositioning
actions are time-consuming. Additionally, planning these ac-
tions while avoiding collisions with the object simultaneously
is challenging. As an improvement of [8], we will not explain it
repeatedly due to space limitation. However, we give experiment
results of tracking predefined trajectories with the free pushing
method (Fig. 10). These results illustrate how the proposed
method can continuously push the object along the given path
without losing contact. Additionally, the free pushing controller
is more maneuverable than [8] to track curly paths without
curvature limitation.

Furthermore, we attempted a more challenging task, i.e., push-
ing a heavy basket filled with random products (Fig. 1(b)). The
basket’s mass distribution is difficult to measure, complicating
accurate system modeling. This test was performed to evalu-
ate the controller’s robustness and determine whether it could
compensate for small model mismatches. The results of the
pushing experiment are shown in Fig. 11, where the controller
still successfully achieved the pushing task despite the modeling
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Fig. 11.  The robot is able to successfully push a heavy plastic basket to the
target position with the tolerance of modeling error. Pictures of the experiment
can be seen in Fig. 1(b). (Left) the recorded trajectories, (right) the control
commands.

errors. However, it resulted in a longer pushing distance and
more changes in the contact configuration. Our results indicate
that the mobile base is able to deliver large and heavy objects
that cannot be grasped. However, its pushing performance is still
limited by motor capabilities and wheel slippage. It is noted that
objects that are too heavy may degrade the pushing performance,
resulting in jerky motions.

VII. CONCLUSION

In this letter, we address the challenge of unwieldy object de-
livery using a differential-drive mobile robot with a free pushing
method. Unlike previous approaches focusing on contact point
trajectories, we introduce a continuous contact model to predict
pusher-slider dynamics and directly plan robot control inputs.
This method ensures feasible pushes and minimizes time and
distance by continuously pushing the object without relocations.
However, it is limited to regular-shaped objects like rectangles.

In contrast, data-driven controllers are suitable for irregular
objects but require extensive data collection for tuning. Training
amodel for each object is impractical. Given that most unwieldy
objects in logistics are regular-shaped, we prefer to make an
analytical reactive controller, as introduced. An enhancement to
the proposed method could involve identifying parameters in the
model during the pushing process.
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