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SUMMARY

In this dissertation, I explore ensemble data assimilation methods to enhance our ca-
pability to forecast earthquakes and slow slip events, focusing on the critical challenge
posed by limited information on the current stress state of faults.

At the outset, the research acknowledges the inherent limitations in our current un-
derstanding of fault stress states. These limitations significantly hinder our ability to
forecast seismic events accurately. The study proposes utilizing ensemble data assimi-
lation techniques as a robust solution. Central to this dissertation, these methods en-
able estimating the fault’s state by integrating information from physics-based models
with observational data. Importantly, this approach considers the uncertainties inher-
ent in both the models and the data, offering a more reliable framework for forecasting.
The dissertation emphasizes that probabilistic forecasts represent the highest achievable
goal in earthquake forecasting. However, it also recognizes the challenges that arise from
limited information on critical aspects such as stress, strength, and governing parame-
ters of seismogenic sources. These limitations can significantly impede the accuracy of
forecasts.

Throughout the dissertation, I systematically examine how ensemble data assimila-
tion can be effectively implemented to improve earthquake forecasting. This involves
exploring current field measurement techniques and the data quality they produce. The
study demonstrates how ensemble data assimilation can bridge the gap between empir-
ical observations and theoretical understanding by carefully analyzing and integrating
this data with advanced theoretical models.

A core component of the research is a critical evaluation of various data assimila-
tion techniques, mainly focusing on their ability to enhance forecasting accuracy in the
context of limited information on fault stress states.

Furthermore, I explore practical applications of these techniques using 1D and 2D
models. This includes investigating how data assimilation can improve the forecasting
of earthquake occurrences and the inherent challenges in making such estimations.

The dissertation culminates in a forward-looking discussion on the future of earth-
quake forecasting. It emphasizes the role of ensemble data assimilation methods in over-
coming the current limitations of stress state information and proposes ways for more
informed seismic forecasts.
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SAMENVATTING

In dit proefschrift onderzoek ik ensemble data-assimilatietechnieken om ons vermogen
te verbeteren om aardbevingen en langzame slipgebeurtenissen te verwachting, met een
focus op de uitdaging die beperkte informatie over de huidige spanningstoestand van
breuken met zich meebrengt.

Aan het begin erkent het onderzoek de inherente beperkingen in ons huidige be-
grip van spanningstoestand van breuken. Deze beperkingen hinderen onze mogelijk-
heid om seismische gebeurtenissen nauwkeurig te voorspellen aanzienlijk. De studie
stelt voor om ensemble data-assimilatietechnieken te gebruiken als een robuuste oplos-
sing. Deze technieken, essentieel voor deze dissertatie, maken het mogelijk de toestand
van de breuk te schatten door informatie uit fysiek gebaseerde modellen te integreren
met waarnemingen. Belangrijk is dat deze benadering de onzekerheden die inherent
zijn aan zowel de modellen als de gegevens in overweging neemt, en daarmee een be-
trouwbaarder kader voor voorspellingen biedt.

De dissertatie benadrukt dat probabilistische voorspellingen het hoogst haalbare doel
vertegenwoordigen in aardbevingsvoorspellingen. Het erkent echter ook de uitdagingen
die voortkomen uit beperkte informatie over kritieke aspecten zoals spanning, sterkte en
bepalende parameters van seismogene bronnen. Deze beperkingen kunnen de nauw-
keurigheid van voorspellingen aanzienlijk belemmeren.

Doorheen de dissertatie onderzoek ik systematisch hoe ensemble data-assimilatie
effectief geïmplementeerd kan worden om de voorspelling van aardbevingen te verbe-
teren. Dit omvat het verkennen van huidige veldmeettechnieken en de datakwaliteit
die ze produceren. De studie toont aan hoe ensemble data-assimilatie de kloof tussen
empirische waarnemingen en theoretisch begrip kan overbruggen door deze gegevens
zorgvuldig te analyseren en te integreren met geavanceerde theoretische modellen.

Een kerncomponent van het onderzoek is een kritische evaluatie van diverse data-
assimilatietechnieken, voornamelijk gericht op hun vermogen om de nauwkeurigheid
van voorspellingen te verbeteren in de context van beperkte informatie over spannings-
toestanden van breuken.

Verder onderzoek ik praktische toepassingen van deze technieken met behulp van
1D- en 2D-modellen. Dit omvat het onderzoeken hoe data-assimilatie de voorspelling
van aardbevingsgebeurtenissen kan verbeteren en de inherente uitdagingen bij het ma-
ken van dergelijke schattingen.

De dissertatie eindigt met een vooruitblikkende discussie over de toekomst van aard-
bevingsvoorspelling. Het benadrukt de rol van ensemble data-assimilatietechnieken bij
het overwinnen van de huidige beperkingen van informatie over spanningstoestanden
en stelt manieren voor voor meer geïnformeerde seismische verwacthing.
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RESUMEN

En esta disertación, se exploran métodos de asimilación de datos para mejorar nuestra
capacidad de pronosticar terremotos y eventos de deslizamiento, enfocándose en el de-
safío crítico que plantea la información limitada sobre el estado actual de esfuerzos en
las fallas.

Al principio, la investigación reconoce las limitaciones inherentes a nuestra com-
prensión actual de los estados de esfuerzo cortante. Estas limitaciones obstaculizan sig-
nificativamente nuestra capacidad para pronosticar eventos sísmicos con precisión. El
estudio propone utilizar técnicas de asimilación de datos como una solución robusta.
Estos métodos, fundamentales para esta tesis, permiten estimar el estado de las fallas
integrando información de modelos físicamente basados con datos observados. Es im-
portante destacar que este enfoque considera las incertidumbres inherentes tanto a los
modelos como a los datos, ofreciendo un marco más confiable para los pronósticos.

Esta tesis enfatiza que los pronósticos probabilísticos representan el objetivo más
alto alcanzable en el pronóstico de terremotos. Sin embargo, también reconoce los de-
safíos que surgen de la información limitada sobre aspectos críticos como los esfuerzos,
la resistencia y los parámetros que rigen las fuentes sismogénicas. Estas limitaciones
pueden impedir significativamente la precisión de los pronósticos.

A lo largo de la disertación, se examina sistemáticamente cómo la asimilación de da-
tos se puede implementar de manera efectiva para mejorar el pronóstico de terremotos.
Esto implica explorar las técnicas actuales de medición in-situ y la calidad de los da-
tos que producen. El estudio demuestra cómo la asimilación de datos puede cerrar la
brecha entre las observaciones empíricas y la comprensión teórica al analizar e integrar
cuidadosamente estos datos con modelos teóricos avanzados.

Un componente central de la investigación es una evaluación crítica de diversas téc-
nicas de asimilación de datos, centrándose principalmente en su capacidad para me-
jorar la precisión de los pronósticos en el contexto de información limitada sobre los
estados de esfuerzo de las fallas.

Además, se explora aplicaciones prácticas de estas técnicas utilizando modelos 1D y
2D. Esto incluye investigar cómo la asimilación de datos puede mejorar el pronóstico de
la ocurrencia de los terremotos a pesar de los desafíos inherentes a la realización de tales
estimaciones.

La disertación culmina con una discusión prospectiva sobre el futuro del pronósti-
co sísmico. Enfatiza el papel de los métodos de asimilación de datos para superar las
limitaciones actuales de la información sobre el estado de esfuerzo y propone formas de
realizar pronósticos sísmicos más informados.
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PREFACE

I arrived in the Netherlands in 2017 to obtain my master’s degree in Applied Geophysics.
Before starting the master’s program, I had the opportunity to work as a geotechnical
engineer at a civil engineering consultancy, Ingetec SA, whose main market was the de-
sign of hydroelectric dams. I greatly enjoyed working with geologists, geophysicists, and
civil engineers in an interdisciplinary group. Having completed my degrees in Civil Engi-
neering and Geosciences, I was curious about how these different areas would integrate
into practice. It surprised me that specialists in Geophysics often lacked training in civil
engineering and design, which made it difficult to use the information gathered by the
company in civil designs due to a lack of understanding of how to interpret it. I be-
lieved I could make a significant contribution by using that information to create more
robust designs, especially since soil variability is a key factor in project failures and fu-
ture repairs. Exploration for construction site characterization is often limited in many
projects. However, as a civil engineer, I could leverage geophysical tools to reduce costs
and deepen this knowledge, benefiting my colleagues. The master’s program offered
a wide range of geophysical areas, such as hydrogeophysics, hydrocarbon exploration,
metallurgical prospecting, infrastructure projects, and geothermal applications.

During the master’s program, drawn to the topic of data, I decided to explore new
areas. I completed my graduation project in machine learning to improve the detection
of gravitational waves, a field I never imagined working in but which greatly inspired me
due to its innovation and future potential. I soon became interested in how to integrate
my mathematical and numerical modelling knowledge with advanced computational
tools like neural networks. It was a pleasant surprise to discover that at TU Delft, there
was a vacancy to work with data assimilation methods. This field combined my interests
in uncertainty quantification, data analysis, and physical knowledge. After receiving my
master’s degree, I decided to spend the following years in Delft, immersing myself in seis-
mology, climatology, laboratory experimentation, and other diverse topics that enriched
my experience. Unfortunately, I did not anticipate a global pandemic or injury affect-
ing my mobility. During this time, I understood the importance of family and having an
emotional support system to achieve great goals. My father, a doctor by profession, was a
fundamental pillar during this period. He not only fought tirelessly during the COVID-19
pandemic but also shared his knowledge to help me overcome my injuries. My mother
was also a crucial support, providing the emotional and mental strength necessary to
face such a significant challenge. They were my physical and emotional support, so I
dedicated these four years of effort to them.
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xviii PREFACE

All this time has taught me a lot about uncertainty, how it affects engineering projects,
benefits us in learning about the unknown, and brings us closer to our loved ones. In this
dissertation, I have applied all the conversations I had with experts and colleagues and
my findings to make progress in one of the most complex and uncertain areas: earth-
quake forecasting. I hope the ideas presented here inspire more scientists, colleagues,
and friends so that we can forecast earthquakes someday, just as we have managed to
forecast the weather.

Hamed Ali Diab Montero
Delft, December 2023



PREFACIO

Llegué a los Países Bajos en 2017 con el objetivo de obtener mi título de máster en
Geofísica Aplicada. Antes del máster, tuve la oportunidad de trabajar como ingeniero
geotecnista en una consultoría de ingeniería civil, Ingetec SA, cuyo principal mercado
era el diseño de presas hidroeléctricas. Disfruté mucho de trabajar en un grupo interdis-
ciplinario con geólogos, geofísicos e ingenieros civiles. Habiendo completado mis titu-
laciones en Ingeniería Civil y Geociencias, tenía gran curiosidad por cómo se integrarían
estas áreas en la práctica. Me sorprendió que los especialistas en Geofísica a menudo
carecían de formación en ingeniería civil y diseño, lo que dificultaba el uso de la infor-
mación recopilada por la compañía en diseños civiles debido a la falta de comprensión
de cómo interpretarla. Creí que podría contribuir significativamente utilizando esa in-
formación para realizar diseños más robustos, especialmente porque la variabilidad del
suelo es un factor clave en los fallos y reparaciones futuras de los proyectos. La explo-
ración del sitio de construcción suele ser limitada en muchos proyectos, pero pensé que,
como ingeniero civil, podría aprovechar las herramientas geofísicas para reducir costos
y profundizar este conocimiento, beneficiando a mis colegas. El máster ofrecía una am-
plia gama de áreas geofísicas como la hidrogeofísica, la exploración de hidrocarburos, la
prospección metalúrgica, proyectos de infraestructura y aplicaciones geotérmicas, entre
otros.

Durante la maestría, atraído por el tema de los datos, decidí explorar nuevas áreas y
realicé mi proyecto de graduación en aprendizaje automático para mejorar la detección
de ondas gravitacionales, un campo en el que nunca imaginé trabajar pero que me in-
spiró enormemente por su innovación y potencial futuro. Pronto me interesé en cómo
integrar mis conocimientos matemáticos y de modelado numérico con herramientas
computacionales avanzadas como las redes neuronales. Fue una agradable sorpresa de-
scubrir que en TU Delft había una vacante para trabajar con métodos de asimilación
de datos, un campo que combinaba mis intereses en cuantificación de incertidumbre,
análisis de datos y conocimiento físico. Tras obtener mi título de máster, decidí pasar los
siguientes años en Delft, sumergiéndome en sismología, climatología, experimentación
de laboratorio y otros temas diversos que enriquecieron mi experiencia. Desafortunada-
mente, no anticipé una pandemia global ni una lesión que afectaría mi movilidad. Du-
rante este tiempo, comprendí la importancia de la familia y de contar con un sistema de
apoyo emocional para alcanzar grandes metas. Mi padre, médico de profesión, fue un
pilar fundamental durante este periodo. No solo luchó incansablemente durante la pan-
demia del COVID-19, sino que también compartió su conocimiento para ayudarme a su-
perar mis lesiones. Mi madre también fue un apoyo crucial, proporcionando la fortaleza
emocional y mental necesaria para afrontar un desafío de tal magnitud. Ellos fueron mi
soporte físico y emocional durante este tiempo, por lo que les dedico este esfuerzo de
cuatro años.
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xx PREFACIO

Todo este tiempo me ha enseñado mucho sobre la incertidumbre, cómo influye en
proyectos de ingeniería, cómo nos beneficia para abordar lo desconocido y cómo nos
acerca a nuestros seres queridos. En esta disertación, he intentado aplicar todas las con-
versaciones que tuve con expertos, colegas y mis propios descubrimientos para avanzar
en una de las áreas más complejas y llenas de incertidumbre: el pronóstico de terremo-
tos. Espero que las ideas aquí presentadas inspiren a más científicos, colegas y amigos
para que, algún día, así como hemos logrado pronosticar el clima, podamos pronosticar
terremotos.

Hamed Ali Diab Montero
Delft, Diciembre 2023



1
INTRODUCTION

Summary: This chapter delves into integrating ensemble data-assimilation techniques in
seismology, focusing on their application in earthquake forecasting. It outlines seismol-
ogists’ challenges in forecasting earthquakes, highlighting the potential of data assimi-
lation to mitigate these issues. The chapter provides a comprehensive overview of previ-
ous research efforts that have employed these techniques to estimate key variables across
various phases of the seismic cycle, demonstrating both advancements and the ongoing
complexities in this field.

Resumen:Este capítulo profundiza en cómo se integran las técnicas de asimilación de
datos en la sismología, centrándose en su aplicación para el pronóstico de terremotos. De-
scribe los desafíos que enfrentan los sismólogos en el pronóstico de terremotos y destaca el
potencial de la asimilación de datos para mitigar estos problemas. El capítulo ofrece una
visión integral de los esfuerzos de investigación anteriores que han utilizado estas técni-
cas para estimar variables clave en distintas fases del ciclo sísmico, evidenciando tanto los
avances logrados como las complejidades persistentes en este ámbito.

Parts of this chapter have been published in the introduction sections of Hamed Ali Diab-Montero, Meng Li,
Ylona van Dinther, Femke C Vossepoel, Estimating the occurrence of slow slip events and earthquakes with
an ensemble Kalman filter, Geophysical Journal International, Volume 234, Issue 3, September 2023, Pages
1701–1721, https://doi.org/10.1093/gji/ggad154.
Minor changes have been applied to make the text and figures consistent with the thesis.
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2 1. INTRODUCTION

1.1. MOTIVATION
In seismology, the journey toward accurately understanding and forecasting earthquakes
has been marked by methodological advancements. Initially, researchers employed kine-
matic inversion, a technique focused on analyzing past earthquakes by reconstruct-
ing their movement from observational data. This evolved into dynamic source inver-
sion, which, while enhancing the field’s capabilities by integrating sophisticated physics-
based models with observational data, faces significant limitations. Dynamic source in-
version is computationally expensive and primarily suited for reconstructing the his-
tory of past earthquake events. It struggles with uncertain scenarios for forecasting new
events and incurs high costs in incorporating new data for sequential analysis.

Interestingly, these challenges once impeded weather forecasting as well, but the in-
troduction of data assimilation revolutionized the field, making it operationally viable
for accurate and timely weather predictions. Inspired by this success, the field of seis-
mology is now exploring the potential of data assimilation. This promising approach
aims to refine our understanding of seismic phenomena by providing a re-analysis of
past earthquakes and offering the potential for future earthquake forecasting. Data as-
similation seeks to estimate critical information, addressing uncertainties that have his-
torically impeded progress in earthquake forecasting. This includes determining the
current state of stress and velocities of the fault and critical parameters in earthquake
models. Drawing parallels with its transformative impact in weather forecasting, data as-
similation in seismology presents a promising approach for advancing our understand-
ing and forecasting of seismic events.

1.2. EARTHQUAKE FORECASTING
The endeavor to predict earthquakes has been a focal point in seismological research
for decades. According to a widely endorsed definition, an effective earthquake pre-
diction necessitates accurately determining the seismic event’s magnitude, timing, and
epicenter within specified limits. Geller (1997) discusses the complexity of predicting
earthquakes and asserts that despite numerous efforts, success in this domain has been
limited, and earthquakes are inherently unpredictable due to self-organized criticality
within the Earth’s crust. This perspective suggests that even minor instabilities can trig-
ger significant seismic events, complicating predictive efforts (Geller 2011). Further-
more, the reliable prediction of large earthquakes would demand an intricate under-
standing of many geophysical conditions across a large volume.This task is rendered
unfeasible due to the sensitive nonlinear nature of earthquake rupture processes and
the extensive initial condition data required. Additionally, the absence of consistent and
observable earthquake precursors further hinders empirical prediction efforts. In at-
tempting to predict earthquakes, our highest achievable goal is earthquake forecasting,
which involves statistical assessments about the likelihood of seismic activity. In this dis-
sertation, we focus on providing probabilistic statements of the onset of fault slip and,
based on that, estimates of earthquake occurrences.

Earthquakes represent a significant threat due to their sudden occurrence and po-
tential for extensive damage. In response, seismologists have developed two commonly
used approaches. Probabilistic Seismic Hazard Assessments (PSHAs) epitomize the first
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approach, leveraging historical seismic data, geological insights, and seismic response
models to estimate the recurrence intervals of earthquakes (Bommer and Abrahamson
2006; Cornell 1968; Esteva 1967; Ordaza and Arroyo 2016). However, the accuracy of
PSHAs is frequently undermined by the inherent limitations of the data, including its
sparsity and associated uncertainties (Geller 2011). Complementing this, the second
approach encompasses Earthquake Early Warning (EEW) systems, which capitalize on
recent advancements in seismic sensor technology. These systems detect primary waves
(P-waves), providing critical, albeit brief, lead time before the onset of the more destruc-
tive secondary (S-waves) and surface waves (Allen and Kanamori 2003; Allen and Melgar
2019). Despite these developments a considerable gap remains in forecasting capabili-
ties. Current research efforts are directed towards understanding earthquake sequences
and the physics of earthquake nucleation, with a particular focus on identifying reliable
precursors such as foreshocks and slow slip events (SSEs), which could enhance short-
term forecasting capabilities (Pritchard et al. 2020; Segall and Bradley 2012; Socquet et al.
2017; Uchida et al. 2016). Therefore, a probabilistic estimate over more extended periods
is currently the highest achievable goal in earthquake forecasting.

In the realm of earthquake forecasting, two predominant theoretical models pre-
vail. The first conceptualizes earthquakes as outcomes of a stochastic process, with the
Epidemic Type Aftershock Sequence (ETAS) model as a notable example (Gualandi et
al. 2020). Pioneered by Ogata (1988), this model employs a Poissonian distribution for
primary shocks, supplemented by Omori’s law for aftershocks. While ETAS has gained
traction in operational forecasting, particularly under scenarios of high-quality data and
well-known geology of the area, it is constrained by the availability and completeness of
historical seismic data. It does not sufficiently address the mechanics underlying earth-
quake genesis (Seif et al. 2017).

Conversely, the deterministic chaotic process model, a system where small changes
in initial conditions lead to vastly different outcomes despite being governed by pre-
dictable laws, emphasizes creating and utilizing sophisticated numerical models that
meticulously simulate the rupture dynamics at fault lines (Gualandi et al. 2020). This
approach has been instrumental in enhancing our understanding of the source-rupture
processes. By integrating measurements of large displacements and geodetic data, these
models have substantially advanced our knowledge of the slip history on faults via kine-
matic inversion techniques (Ozgun Konca et al. 2013). They are also progressively being
employed to elucidate the distribution and evolution of post-seismic stress along fault
lines (Minson et al. 2014). However, translating these detailed models into reliable fore-
casts of future seismic activity remains a significant and unresolved challenge.

1.3. DATA ASSIMILATION AND EARTHQUAKE FORECASTING
Data assimilation (DA) techniques are essential in forecasting geophysical systems where
there is significant uncertainty in initial conditions or governing parameters. These meth-
ods merge physics-based simulations with observational data, enhancing the forecast-
ing accuracy for complex, chaotic systems like weather, ocean currents, and hydrologic
processes (Bannister 2017; Evensen 1994; Evensen 2003; Evensen et al. 2022; Liu et al.
2012; Reichle 2008; van Leeuwen 2010, 2003b; Vossepoel and Behringer 2000; Weaver et
al. 2003). Notably, DA has also proven effective in various other fields such as oil and gas
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production, remote sensing, and even in analyzing the SARS-CoV-2 outbreak (Aanon-
sen et al. 2009; Bau et al. 2014; Emerick 2018; Emerick and Reynolds 2013; Evensen et
al. 2020; Evensen and Eikrem 2018; Fokker et al. 2009; Guzman et al. 2014; Oliver et al.
2011; Seiler et al. 2009; Wilschut et al. 2011). Its application in earthquake forecasting, by
treating these events as deterministic chaotic systems, holds promise for enhancing the
understanding and forecasting of seismic events using advanced physical models and
data.

The realm of DA is broad, encompassing variational and ensemble-based methods (Car-
rassi et al. 2017; Evensen 2003; Evensen et al. 2022). Variational methods, like 3D Var
and 4D Var, approach the estimation problem as an optimization inverse problem min-
imizing a cost function, but with the limitation of usually requiring the calculation of a
model’s adjoint operator (Daužickaitė et al. 2021; Lorenc 2003). Ensemble-based meth-
ods, conversely, focus on Bayesian inference to find the most probable posterior so-
lutions but often demand considerable computational resources to generate extensive
realizations. Examples include the Ensemble Kalman Filter (EnKF) and the particle fil-
ter (van Leeuwen 2009; van Leeuwen et al. 2019). Innovations in computing and the
development of hybrid approaches are now making these methods more accessible and
efficient (Chustagulprom et al. 2016; Vetra-Carvalho et al. 2017).

Several ensemble data assimilation methods have emerged as effective tools for han-
dling non-Gaussian distributions in chaotic systems; in this thesis, I explored specifically
the Adaptive Gaussian Mixture Filter (AGMF) and the Particle Flow Filter (PFF) (Hu and
van Leeuwen 2021; Stordal et al. 2011). The AGMF combines elements of particle fil-
tering by including an importance sampling step via a Gaussian mixture with Ensemble
Kalman Filtering. Unfortunately, in importance sampling methods, weight degeneracy
occurs, meaning that a few samples acquire disproportionately large weights, compro-
mising the sample set’s representativeness and the estimation process’s efficiency. The
AGMF uses resampling to ensure a balanced representation of the underlying distri-
bution. The PFF addresses weight degeneracy by avoiding weights and using an itera-
tive transformation process of the ensemble distributions, showcasing success in atmo-
spheric physics models.

Expanding these ensemble data assimilation methods to earthquake physics, par-
ticularly from the context of conceptual earthquake models, such as the spring-slider
model developed by Burridge and Knopoff (1967), up to complex dynamic rupture mod-
els offers an innovative approach to seismic forecasting, setting the stage for the discus-
sion on the applications of DA in earthquake forecasting. Particularly, we expand to un-
derstanding how these methods can provide better estimates when using rate-and-state
friction for the earthquake models since it is widely used in seismology to explain earth-
quake sequences and a wide variety of slip behaviors observed in laboratory frictional
experiments, but poses challenges due to its non-linear dynamics.

In recent years, advancements in data assimilation for earthquake forecasting have
seen significant strides, although with ongoing challenges. Initially, researchers focused
on leveraging paleoseismic data with statistical models to forecast earthquakes. How-
ever, these efforts, as indicated by Ogata (1999) and Aalsburg et al. (2007), faced set-
backs in this integration due to sparse data and high uncertainty, resulting in predictions
no better than random guesses. Subsequent endeavors, integrating particle filters with
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earthquake statistical models, treated as lognormal renewal processes, showed promise
in applications with synthetic models (Varini 2007; Werner et al. 2011), but the applica-
tion to real earthquake data remained untested.

Over the past decade, researchers have explored data assimilation in three distinct
groups: tsunami early warning systems, optimal estimation of frictional parameters us-
ing the rate-and-state friction law, and probabilistic forecasting of earthquake sequences.
Tsunami early warning efforts, as studied by Maeda et al. (2015), Wang et al. (2018),
and Oba et al. (2020), utilized the Ensemble Kalman Filter with dense tsunameter net-
works, demonstrating effectiveness in real-time alerts. Another line of work by Kano
et al. (2010) through Kano et al. (2020) focused on estimating frictional parameters of
megathrust faults using adjoint-based models, yielding positive results in real-time cor-
rections. However, limitations were noted in forecasting slip velocities for future seismic
stages. The final group, including van Dinther et al. (2019) and Hirahara and Nishikiori
(2019), employed the Ensemble Kalman Filter for modeling 2D slip-weakening patches
in subduction zones. These studies showed that even minimal observations could en-
hance fault slip predictions, although the feasibility of applying these methods to real
measurements requires further investigation.

As for data assimilation methods targeting different earthquake phases, researchers
have achieved varying degrees of success. For coseismic phases of large earthquakes,
seismic wavefield estimations have been prominent (Maeda et al. 2015; Oba et al. 2020).
Post-seismic and slow slip events have seen developments in calculating slip rates and
frictional parameters (Hori et al. 2014; Kano et al. 2020, 2013). The Ensemble Kalman
Filter, in particular, has proven effective for Gaussian distributions in slow acceleration
models (Hirahara and Nishikiori 2019; van Dinther et al. 2019). However, the complexity
increases with fast acceleration models during coseismic phases, where non-Gaussian
distributions emerge due to rapid stress and velocity changes (Diab-Montero et al. 2023).
While particle filters handle non-Gaussian distributions effectively in lower-dimensional
systems, as demonstrated by Banerjee et al. (2023), they struggle with the large state vec-
tors of more comprehensive models, demanding significant computational resources (Li
et al. 2022). Consequently, there’s a pressing need to develop data assimilation methods
that can handle high-dimensional vectors and non-Gaussian distributions efficiently,
which is vital for accurate and computationally feasible earthquake forecasting.

1.4. THESIS OBJECTIVES
In my thesis, I investigate the application of data assimilation techniques in conjunc-
tion with physics-based models and controlled laboratory observations to advance the
field of earthquake forecasting. This approach aims to improve the estimation of fault
slip events by addressing the inherent uncertainties in the initial conditions and state
variables that govern fault ruptures. Data assimilation is used to enhance the forecast
estimates while considering these uncertainties.

The research addresses gaps commonly encountered when using data assimilation
methods for earthquake forecasting. It evaluates the utility of real measurements within
dynamic rupture models, moving beyond the twin experiment validations seen in prior
studies like those by van Dinther et al. (2019) and Hirahara and Nishikiori (2019). An
aspect of the research involves examining the impact of the timing of data assimilation
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within different phases of the seismic cycle on the accuracy of fault slip forecasts. This
examination draws on preliminary insights from works such as van Dinther et al. (2019)
and Kano et al. (2015, 2013). Additionally, this work extends to the potential applica-
tion of data assimilation to induced seismic events and smaller-scale laboratory stud-
ies, which are less extensively explored than in larger tectonic settings. The thesis also
compares the effectiveness of various ensemble methods in earthquake forecasting, in-
cluding Ensemble Kalman Filters, Adaptive Gaussian Mixture Filters, and Particle Flow
Filters, to identify the most suitable approach for this specialized area.

The foundational hypotheses of this research are as follows:

• Data assimilation can enhance earthquake forecasting by providing more accu-
rate estimates of the evolving state variables at fault interfaces. This technique is
expected to address current method gaps, particularly measurement and model
errors, and the indirect nature of available observations.

• Applying data assimilation in controlled laboratory settings, analogous to condi-
tions such as those in reservoirs, may offer new perspectives on seismicity, em-
ploying techniques traditionally used for large-scale tectonic analysis.

• Furthermore, incorporating shear stress data and slip velocity is hypothesized to
improve fault slip occurrence estimates in our data assimilation framework.

This research aims to test these hypotheses, contributing to advancing earthquake
forecasting methods, and has led to the following research objective of this thesis:

Research objective:
Investigate how ensemble data assimilation methods can enhance the

estimation of variables that control fault slip, aiming to improve the estimation
of earthquake occurrences when using numerical models governed by the

rate-and-state friction law.

1.5. THESIS OUTLINE
The outline of this thesis is as follows:

• Chapter 2, Numerical Modeling of Earthquakes.
This chapter outlines the numerical models employed for forward modeling the
earthquake sequences in the data assimilation experiments of this thesis. It delves
into the underlying physics, boundary conditions, and the frictional laws applied
to simulate the earthquakes. This encompasses a detailed explanation of the rate-
and-state friction law, conceptual models such as the Burridge-Knopoff models,
and continuum approximations that assume homogeneous elastic surrounding
media, solved using finite difference methods.

• Chapter 3, Ensemble Data Assimilation Methods.
This chapter introduces the fundamentals of data assimilation, including the spe-
cific notation used for data assimilation within the scope of this thesis. It highlights
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the different ensemble data assimilation methods explored, namely the Ensemble
Kalman Filter (EnKF), the Adaptive Gaussian Mixture Filter (AGMF), and the Par-
ticle Flow Filter (PFF). Additionally, the chapter presents techniques such as in-
flation and localization, which address issues related to spurious correlations and
low-rank deficiencies. Finally, some results of perfect model experiments done
with the Lorenz 96 model, a standard test bed in the data assimilation community,
are shown to highlight the characteristics of the methods and their differences.

• Chapter 4, Estimating the Occurrence of SSEs and Earthquakes with an EnKF.
This chapter explores the estimation of slow slip events and earthquake occur-
rences and their challenges using an Ensemble Kalman Filter (EnKF) and a 1D
model. It examines critical factors such as the identification and uncertainty of
key state variables that could enhance the accuracy of these estimates. Further-
more, the chapter assesses the types of necessary observations, evaluating which
offers the most significant information content and the impact of their assimila-
tion across different seismic cycle phases. Additionally, it investigates the impli-
cations of adopting Gaussian distributions in our models and how this affects the
precision of fault slip occurrence estimation, offering a comprehensive insight into
advanced earthquake occurrence estimation techniques.

• Chapter 5, Non-Gaussian EDA Methods for Optimized Earthquake Forecasting.
This chapter delves into estimating earthquake occurrences, emphasizing the role
of periodicity and aperiodicity in seismic events when assuming they stem from
deterministic chaos. It also addresses the benefits of employing non-Gaussian
methods in earthquake forecasting. Key aspects explored include determining
the most suitable distribution for our prior models and the benefits of including
model errors and imperfect physics for handling situations with parameter bias.
The chapter further investigates the effect of underdispersion in estimating mod-
els governed by the rate-and-state friction law. It compares it with standard test
beds like the Lorenz 96 presented in Chapter 3.

• Chapter 6, Towards Estimating the Occurrence of Fault-Slip in Large-Scale Fric-
tional Experiments and at the Field Scale.
Presents the lessons learned from perfect model experiments relevant for appli-
cation to a large-scale laboratory experiment. We propose a methodology detail-
ing how data assimilation can aid in estimating variables such as the distribution
of shear stress at the contact surfaces between frictional bodies. Additionally, we
conceptualize how future applications could utilize data assimilation experiments
for estimating earthquake occurrences at the field scale. We report on the specific
measurements and state variables that are most effective for performing data as-
similation at this scale.

• Chapter 7, Conclusions and Recommendations.
This final chapter summarizes the results, and provides general conclusions about
the research presented in this thesis.

• Appendix A, Analysis of the Background Covariances, Localization, and Inflation.
Covariance localization and inflation are techniques employed in data assimila-
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tion to manage spurious correlations and underestimate forecast uncertainties,
respectively. In this appendix, I estimate the covariance localization lengths for
the Lorenz ’96 and Burridge-Knopoff models since they differ depending on the
physical model used. I also evaluate the need for covariance inflation for the per-
fect model experiments that used these numerical models.

• Appendix B, Hyperparameter Selection for the AGMF and the PFF.
Using the Burridge-Knopoff model in this appendix, I derive the observation op-
erator for systems observing shear stress and explore the implications of quasi-
dynamic and fully dynamic assumptions for earthquake forecasting. This analysis
studies the importance, effects, and implications of considering the system’s ac-
celeration for data assimilation of seismic events.

• Appendix C, Evaluation of the Influence of Observation Frequency and Observa-
tion Error in Estimates on a 1-D BK Model.
This appendix focuses on selecting hyperparameters for this dissertation’s non-
Gaussian data assimilation methods. I evaluate the optimal bandwidth for the
AGMF and the most effective pseudo-time step and kernel bandwidth for the PFF,
specifically in the context of systems dominated by rate-and-state friction. This
targeted analysis aims to refine these methods for enhanced accuracy in our esti-
mates.

• Appendix D, Derivation of an Observation Operator for the Assimilation of Shear
Stress Observations.
The final appendix discusses the derivation of an observation operator for data as-
similation, focusing on shear stress observations in seismic studies. It contrasts
quasi-dynamic, single block, and fully dynamic shear stress models, highlighting
differences in stress behaviors and the varying observational requirements for ac-
curate state estimation.



2
NUMERICAL MODELING OF

EARTHQUAKES

Summary: This chapter outlines the numerical models employed for forward modeling
the earthquake sequences in the data assimilation experiments of this thesis. It delves into
the underlying physics, boundary conditions, and the frictional laws applied to generate
the earthquakes. This encompasses a detailed explanation of the rate-and-state friction
law, discrete models such as the Burridge-Knopoff models, and continuum approxima-
tions that assume homogeneous elastic surrounding media, solved using finite difference
methods.

Resumen: Este capítulo describe los modelos numéricos utilizados en esta tesis para sim-
ular las secuencias de terremotos en los experimentos de asimilación de datos. Se profun-
diza en la física subyacente, analizando las condiciones de frontera y las leyes de fricción
empleadas para simular los terremotos. Incluye una explicación detallada de la ley de
fricción rate-and-state, aborda modelos discretos como los de Burridge-Knopoff y contem-
pla aproximaciones continuas asumiendo medios elásticos homogéneos circundantes, re-
sueltas mediante métodos de diferencias finitas.

Parts of this chapter have been published in the methodology sections of Hamed Ali Diab-Montero, Meng Li,
Ylona van Dinther, Femke C Vossepoel, Estimating the occurrence of slow slip events and earthquakes with
an ensemble Kalman filter, Geophysical Journal International, Volume 234, Issue 3, September 2023, Pages
1701–1721, https://doi.org/10.1093/gji/ggad154.
Changes have been applied to make the text and figures consistent with the thesis.
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2.1. INTRODUCTION
One of the most important factors for generating earthquakes is the rupture and slip of
the faults that produce them (Barbot et al. 2012). For natural earthquakes, this rupture
is described as a periodical process called the seismic cycle that can be divided into three
main phases: an interseismic phase, a coseismic phase, and a post-seismic phase. Fig
2.1 shows a schematic representation of these different phases. The interseismic phase
corresponds to the period where strain and stress accumulate steadily, mainly due to
tectonic loading. Once the strain and stress levels reach the strength of the fault, there
is a sudden slip and liberation of the accumulated energy in the form of heat and seis-
mic waves during the coseismic phase. These seismic waves travel from the faults to
the surface, producing the ground motion recorded by seismometers. Finally, after the
earthquake propagation comes a period of continuous deformation that can last from
days to years, where different mechanical, thermal, and chemical processes restore the
strength of the fault before a new seismic cycle starts; this last stage is referred to as the
post-seismic phase. The coseismic phase is considerably shorter than the interseismic
and post-seismic phases, which last only seconds to minutes. An additional nucleation
phase is argued to happen between the interseismic and coseismic phases, based on
observations (Beroza and Ellsworth 1996; Ellsworth and Beroza 1995).

Figure 2.1: Conceptual evolution of the seismic cycle The interseismic phase is highlighted with purple, the
nucleation phase is highlighted with blue, the coseismic phase is highlighted with orange, and the postseismic
phase with light green.

Different types of fault slip will happen depending on factors like the faults’ frictional
parameters, the presence of fluids, and lubrication phenomena, among others. These
different slip behaviors will produce different seismic cycles or can be aseismic, gradual,
and often steady sliding of a fault without generating significant seismic waves in case
of no nucleation or propagation of noticeable earthquakes. In the last 20 years, a spe-
cific type of aseismic event called Slow-Slip Events (SSEs) has been observed. SSEs are
present in mega-thrust fault systems. Their main characteristics are that their stress and
strains are released for hours to months instead of seconds to minutes. They are detected
through GNSS tools since they are practically undetectable for traditional seismographs.
These slow movements lead to a smoother transition of the state variables that dominate
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friction in the surfaces where the earthquake nucleates. This smoothness makes them
easier to estimate with data-assimilation methods. On the other hand, earthquakes are
characterized by a short duration, fast slip rates, and a sharp transition from the inter-
seismic to the coseismic phase. Fig. 2.2 compares the changes in the shear stress and
the slip velocities of the slow-slip events with earthquakes. Significant differences are
observed in the coseismic phase of the slow-slip events, which have a smoother tran-
sition to the following interseismic phase. In comparison, the transition between the
seismic phases for earthquakes is faster.

Figure 2.2: Slip rate and shear stress for two cycles: (a) Slip rate evolution and (b) shear stress evolution with
time for a fault producing slow-slip events. (c) Slip rate evolution and (d) shear stress evolution with time for
fault-producing earthquakes. The interseismic phase is highlighted with purple, and the coseismic phase with
orange.

2.2. RATE-AND-STATE FRICTION LAW
Seismologists use frictional laws to explain mathematically the nature of the seismic cy-
cle. Generally, we can describe the stress between two frictional surfaces as:

τ=µσn (2.1)

where τ is the shear stress, µ is the friction coefficient and σn is the normal stress.
Extensive studies have focused on the dynamics of slip instabilities in laboratory ex-

periments, which are suggested to be influenced by two phenomena: slip weakening
and rate weakening. Slip weakening refers to the decrease in a fault’s frictional strength
as it slips, while rate weakening is the reduction in frictional resistance with an increase
in sliding speed (Ruina 1983). However, further improvements to constitutive laws were
necessitated by data suggesting that slip-weakening friction alone could not fully ac-
count for the relationship between static and dynamic friction, and that friction is not
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solely velocity-dependent (Marone 1998). These findings led to the incorporation of a
state variable into a more robust friction law, better capturing the dynamics akin to fault
behavior during an earthquake rupture. This means that the friction coefficient µ could
be expressed as:

µ= f (V ,θ) , (2.2)

where V is the slip rate and θ the "state" is the time of contact between asperities
used to explain the healing of the fault and other phenomena. More specifically:

τ=
[
µ0 +a ln

(
V

V0

)
+b ln

(
V0θ

L

)]
σn , (2.3)

where µ0, is the reference coefficient of friction when the system slips at constant ve-
locity V0, and a and b represent direct and evolution effects, respectively, and L is the
characteristic slip distance (Rabinowicz 1951). With time units, the state θ is a scalar
that increases during the interseismic phase (stick), when the asperities are in contact
and locked in the fault, and decreases during the coseismic phase (slip). This law is com-
monly called ’rate-and-state’ friction in literature and can be better visualized in Fig. 2.3.

Figure 2.3: Schematic representation of (a) the rate-and-state friction law, and (b) the stability boundaries and
trajectories for a system with critical stiffness, governed by the rate-and-state friction and the slip law. Adapted
from Rice and Gu (1983) and Segall (2010).

The fault is velocity-weakening and potentially frictionally unstable when a −b < 0,
and velocity-strengthening and generally frictionally stable when a −b > 0 as shown in
in the velocity as a function of slip Fig. 2.3.a. Recent studies have shown that under
particular circumstances earthquake can nucleate in the case of velocity strengthening
friction (a −b > 0) but that is more unusual (Li et al. 2023c).

When the slider moves at constant velocity Vss , and θss = L
Vss

, the system is consid-
ered to be in the steady state as shown in the dashed line in Fig. 2.3.b. In the steady state,
the stress becomes:

τss =µ0 − (b −a) ln(Vss /V0). (2.4)
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The steady-state is particularly important for understanding the non-linear dynam-
ics of the systems dominated by rate-and-state friction. The reason is that during the
stability analysis of a non-linear system, it is essential to identify and analyze equilib-
rium points, or fixed points, where the system remains constant over time. These fixed
points are crucial as they help determine the system’s overall behavior. By examining
the stability of these points, one can discern whether a system will return to equilibrium
after a small perturbation (local stability) or deviate further away (unstable region) as
shown in Fig. 2.3.b.

An important concept in the stability analysis of systems governed by rate-and-state
friction is the critical stiffness, which is the threshold stiffness of a system above which
frictional sliding transitions from stable to unstable, potentially leading to sudden slip
events like earthquakes (Ruina 1983). This critical stiffness (kcr i t ) is defined as:

kcr i t = (b −a)σn

L
. (2.5)

If we imagine the fault as a spring-slider system, where the spring has a stiffness k,
we can define the ratio k/kcr i t . If this k/kcr i t > 1 the system will respond stably to small
perturbations. If k/kcr i t < 1 then small perturbations will grow in amplitude, the slip-
speed eventually becoming infinite like the unstable region in Fig. 2.3.b. The limit of the
stability region is given by k

kcr i t
= 1.

Rate-and-state friction regularized
Despite empirical justifications, the non-linearity of rate-and-state friction presents

difficulties in numerical simulations, leading to stiff differential equations, meaning some
variables will change much more rapidly than others, posing a challenge in numerical
solutions as very small time steps are required for stability. (Erickson et al. 2008). This
non-linearity in the system of equations leads to varying regimes—from periodic solu-
tions to chaotic solutions (Barbot 2019; Erickson et al. 2008; Erickson et al. 2011). Some
standard strategies, like using regularized formulations of the rate-and-state friction,
help with the stiffness of the system of equations and further modeling challenges at
the cost of restricting the solution space to periodic behaviors under the prevalent fric-
tional parameters present in nature (Erickson et al. 2008; Erickson et al. 2011; Lapusta
and Rice 2003). However, earthquakes are in nature typically irregular in occurrence, al-
though there is evidence also of quasi-periodic behavior in some earthquakes (Beeler
et al. 2001; Williams et al. 2019), which is better explained by deterministic chaotic solu-
tions.

The fault’s temporal evolution is modeled as an initial value problem. The slip along
the fault is assumed to be governed by a rate-and-state friction formulation, which was
proposed based on laboratory friction experiments by Dieterich (1979, 1978) and Ruina
(1983) (Eq. 2.6). We employ a regularization near zero slip rate according to Rice (1993)
and Ben-Zion and Rice (1997), such that the friction formulation that defines the relation
between shear stress τfault and normal stress σn on the fault is given by

τ= a arcsinh

{
V

2V0
exp

[
µ0

a
+ b

a

(
ln
θV0

L

)]}
σn . (2.6)
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Evolution laws
Evolution laws govern the state θ, and the aging and slip laws are prominent (Ruina

1983). While the aging law denotes frictional strength augmentation over time, the slip
law ties frictional evolution to slip magnitude (Ampuero and Rubin 2008). Studies have
shown that the 1-D BK models, primarily under the slip law, can exhibit periodic, chaotic
behaviors and other complex dynamical behavior (Erickson et al. 2011). The slip law is
defined by

θ̇ =−
(

V θ

L

)
ln

(
V θ

L

)
, (2.7)

while the aging law (Ruina 1983) is given by

θ̇ = 1− V θ

L
. (2.8)

Radiation damping
A key strategy in addressing the computational challenges of simulating earthquakes

is using quasi-dynamic simulations. These simulations focus on slower fault movements
under gradually changing stress conditions. This approach efficiently explores aseismic
slip and stress buildup, excluding dynamic effects like inertia. Quasi-dynamic models,
despite their simplifications, yield results remarkably similar to those of fully-dynamic
models in low-dimensional scenarios. Fully dynamic models, which are more complex
and computationally demanding, incorporate rapid stress changes and dynamic forces,
including inertia and wave propagation, crucial for understanding earthquake dynamics
and swift fault slip behaviors.

However, these models differ in specific aspects. For instance,quasi-static models
struggle with accurately representing energy dissipation, especially in low-dimensional
models. This is reflected in the differences in peak stress magnitudes and the veloci-
ties attained. To address this limitation, seismologists introduced a radiation damping
term in the quasi-dynamic models to more accurately simulate the energy loss as seismic
waves generate and propagate.

τ= τRSF +ηV (2.9)

In this context, the parameter η in Eq. 2.6 denotes the radiation damping term used
in the quasi-dynamic approximation of inertia (Rice 1993). This term is instrumental
in earthquake cycle simulations to manage computational costs effectively (Ben-Zion
and Rice 1995; Cochard and Madariaga 1994; Crupi and Bizzarri 2013; Liu and Rice
2007). Nonetheless, it’s essential to recognize that incorporating this term introduces
qualitative and quantitative differences compared to fully dynamic modeling outcomes
(Thomas et al. 2014). The damping viscosity η = G/(2cs ), where G is the shear modu-
lus and cs is the shear wave speed, equates to half the shear impedance of the elastic
material surrounding the fault.
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Adaptive time stepping

As mentioned before, systems governed by the rate-and-state differential equations
become stiff, presenting a significant challenge in numerical simulations due to their
tendency to cause instability and inaccuracies if not appropriately handled. Typically,
if using a small enough time step, these equations can be solved, but using uniformly
small time steps across the entire simulation can be highly inefficient, especially since
the interseismic phase requires a very low temporal resolution when compared to the
coseismic phase, which is instantaneous and where the smallest time steps are needed.

Adaptive time stepping emerges as an effective solution to this challenge. This method
dynamically adjusts the size of the time step based on the system’s current behavior. We
use the formulation used in Herrendörfer et al. (2018) and Li et al. (2022), which are
based on Lapusta et al. (2000), that is:

∆t = mi n

{
ζ

L

Vmax
,1.2∆tol d ,∆tmax

}
, (2.10)

where ζ is a factor controlled by the material, the frictional parameters (a,b, andL),
the normal stress σn , and the grid size. Vmax is the maximum slip rate, tol d is the previ-
ous time step, and tmax is the maximum stable time step, generally chosen for resolving
the interseismic phase efficiently.

2.3. SEISMOLOGICAL MODELS

Significant advances have been made in recent years in the study of seismogenesis. Ef-
forts have concentrated on understanding how fault states control the earthquake nu-
cleation, propagation and arrest (e.g., Ellsworth and Beroza 1995; Faulkner et al. 2010;
Galis et al. 2017; Rubin and Ampuero 2005; Wibberley et al. 2008). This led to more re-
alistic, physics-based numerical models (Lapusta et al. 2019), which resolve dominant
physical processes throughout different phases of the seismic cycles (Barbot 2019; Her-
rendörfer et al. 2018; Lapusta and Liu 2009). Due to the usually simplified modeling
assumptions, it remains highly challenging to apply such physics-based models to im-
prove short- to medium-term seismic hazard assessment; there are nevertheless pro-
gressive efforts to do so (e.g., Barbot et al. 2012; Dal Zilio et al. 2019). Earthquake simu-
lators have been developed to model earthquake sequences over complex regional fault
networks for thousands of years by assuming significant simplifications in solution pro-
cedures and physical processes. These models can (re-)produce statistical observations
such as the Gutenberg-Richter and Omori laws. They also shed light on the feasibility
of combining physical models with probabilistic seismic hazard assessments (Dieterich
and Richards-Dinger 2010; Shaw et al. 2018). However, one of the most significant diffi-
culties that remain in modeling upcoming sequences of slip on a fault system is that its
current conditions (i.e., state of stress and strength) are unknown and cannot be directly
measured (Barbot et al. 2012; Van Dinther et al. 2013; van Dinther et al. 2019).
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Figure 2.4: Schematic representation of the seismological models used governed by the rate-and-state friction
law. The models represent a horizontal straight fault (blue) surrounded by a homogeneous elastic medium
(gray) where (a) is a 0D model of the fault, (b) a 1D model along slip direction, (c) a 1D model perpendicular
to the slip direction, (d) a 2D model of the fault surface, (e) a 2D model perpendicular to the fault at the face of
the block, and (f) is the 3D model.

As we have seen in Section 2.2, many complex dynamics derive from the rate-and-
state friction law and numerical challenges for correctly resolving the different seismic
phases. For this reason, in this thesis, we focus on studying the stick-slip phenomenon
in a simple geometry of a horizontal straight type of fault mimicking a direct shear setup
as the ones used in laboratory experiments and explained in Chapter 6. I use models of
different dimensions as shown in Fig. 2.4. We can divide these models into two types:
the first type, where we only model the frictional surface(Fig. 2.4.a, b and d), and the
second type, where the frictional surface, the fault, is surrounded by a homogeneous
elastic medium (Fig. 2.4.c, e and f). Our investigation confines the models to a velocity-
weakening regime. This particular regime results in the emergence of stable limit-cycle
solutions. Table 2.1 provides a summary of relevant references of data assimilation stud-
ies that have used the geometries and types of models shown in Fig. 2.4, the table also
mentions the friction law they used, the seismic events they simulated, the numerical
method used for these simulations, and in which phase of the seismic cycle they focused
their estimates and analysis.

BURRIDGE-KNOPOFF MODELS

The Burridge-Knopoff (BK) model is a simplified benchmark of earthquake sequences,
characterized by a spring-block slider system (Burridge and Knopoff 1967). In our study,
the 1-D BK model comprises multiple blocks connected by elastic springs with stiffness
kµ, depicted in Fig. 2.5. These blocks are elastically coupled (with stiffness kλ) to a rigid
plate moving at speed vp across a frictionally rough surface, serving as an analog for a
1-D earthquake fault (Carlson et al. 1991). The equation governing their movement is:

mẍi = kµ (xi+1 −2xi +xi−1)−kλ
(
xi − vp t

)−Fi , (2.11)

where xi denotes the position of the ith block. The BK model’s non-linearity originates
from the friction law used as a force for earthquake modeling.
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Figure 2.5: Schematic representation of the Burridge Knopoff models coupled with the rate-and-state friction
law (a) a spring-loaded plate, representing the fault’s other side, is coupled with a single degree of freedom
slider block.(b) spring connected chain of blocks, elastically coupled to a driver plate moving at a constant
velocity Vp. The friction force, which keeps the slider stationary, is controlled by a rate-state friction law, and
this force acts on a rough surface where the blocks experience slipping.

This research adopts the 1-D BK system modeling methodology of Erickson et al.
(2011). The system of ordinary differential equations (ODEs) used is:

˙̄ui = V̄i ,

˙̄Vi = γ2
µ (ūi−1 −2ūi + ūi+1)−γ2

λūi −
γ2
µ

ξ

(
f̄ + Θ̄i + ln

(
V̄i +1

))
,

˙̄Θi =−(
V̄i +1

)(
Θ̄i + (1+ϵ) ln

(
V̄i +1

))
.

(2.12)

To achieve this non-dimensional system of ODEs, several modifications and simplifi-
cations were applied, including adopting the non-dimensional variables from Erickson
et al. (2008), Erickson et al. (2011), and Madariaga (1998). The variables and parame-

ters have specific non-dimensionalized interpretations, for example, Θ̄ = b
a ln

(
V0θ

L

)
and

V̄ = V
V0

. A summary of all the non-dimensionalized parameters is shown in Table 2.2.

Table 2.2: Non-dimensional parameters derived from the Burridge-Knopoff models following Erickson et al.
(2011)

Non-dimensional
parameter

Formula Description

f̄ µ0
a

Scaled steady-state friction coefficient

ϵ b−a
a

Sensitivity of the velocity relaxation

γµ
√

kµ
m

(
L

V0

)
Non-dimensional frequency with respect to the blocks

γλ
√

kλ
m

(
L

V0

)
Non-dimensional frequency with respect to the plate

ξ kµL
aσn

Non-dimensional spring constant

The non-dimensional shear stress using the non-dimensional variables (v̄ ,Θ̄) is ex-
pressed as:
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τ̄i = f̄ + ln
(
V̄i +1

)+ Θ̄i (2.13)

The logarithmic term ln(v̄ +1) introduces challenges, leading to numerical stiffness
in the system, as indicated by exceptionally large negative eigenvalues in the local Ja-
cobian (Erickson et al. 2008; Noda et al. 2009; Rojas et al. 2009). This stiffness requires
very small time steps when using standard numerical techniques to achieve stable solu-
tions. Even with implicit numerical methods, the time step remains limited by accuracy
needs (Erickson et al. 2008; Erickson et al. 2011). A step that is too large results in an
undefined logarithmic term. Consequently, we used an embedded fourth-order explicit
Runge-Kutta method with a minimal step size for the ODEs.

FINITE DIFFERENCE MODELS

In this thesis, we use a fully staggered finite differences approach for solving the schematic
setups of the type shown in Fig. 2.4c and 2.4e by adopting the C++ library for non-linear
coupled problems Garnet (Pranger 2020). Our numerical model setup is inspired by a
large-scale biaxial friction apparatus consisting of two sandstone block specimens in a
direct-shear configuration (Fig. 2.6). We assume a symmetric setup and model only the
lower half-space. To limit computational resources, we discretize for Chapter 4 a 1D line
across the block boarded by a single, 0D fault point, which provides a reasonable ap-
proximation when evaluating temporal estimates of the slip occurrences. In Chapter 6,
we extend the setup to a 2D-model of the type of 2.4, and give further details about this
large-scale setup used by the National Research Institute for Earth Science and Disaster
Prevention in Japan (Fukuyama et al. 2014; Spiers et al. 2017).

The numerical method, conservation, and constitutive equations used are adopted
from and described in detail in Li et al. (2022). Below, we summarize the equations rele-
vant to our forward model setup which omit the effects of both gravity and inertia. The
equation governing momentum balance under the assumption of static stress transfer is
given by

∇·σ= 0, (2.14)

whereσ denotes the Cauchy stress tensor. In this tensor, the component σi , j represents
the stress along the x j axis on a plane orthogonal to the xi axis, for i , j = 1,2,3. Hooke’s
law connects the stress rate σ̇with the strain rate ϵ̇ as follows:

σ̇= 2Gϵ̇+λTr (ϵ̇)I , (2.15)

where G is the shear modulus, K is the bulk modulus, and λ is defined as K − 2G
3 (Lame’s

constant), with I representing the identity tensor. The trace of the matrix, Tr (ϵ̇), is given
by ϵ̇kk . The assumption of an infinitesimal strain rate ϵ̇ is described by the equation

ϵ̇= 1

2
(∇v +v∇) , (2.16)

in which v symbolizes the material velocity, and vi specifies the velocity component in
the xi direction (with i = 1,2,3). The axes are interchangeably referred to as (x1, x2, x3)
and (x, y, z) as in Fig. 2.4f.
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Figure 2.6: Schematic representation of the 1D model used to represent a horizontal straight fault. The shear
stress (τ) is estimated in the nodes represented by circles and the velocity(vy ) in the ones represented by
squares. The fault (blue) corresponds to the uppermost node of the grid and the location where the shear
stress, slip rate, and state θ are estimated. The spacing between nodes is 20 m.

For a fault with unit normal vector n̂, the (scalar) normal stress σn (positive in com-
pression) is given by the projection σn = −n̂ ·σ · n̂, the shear traction vector τs by the
projection τs =σ · n̂ +σn n̂, the scalar shear traction τs by the Euclidean norm τs = ∥τs∥,
and finally the unit fault tangent t̂ (which defines the orientation of the scalar fault slip
V) by the normalization t̂ =τs /τs , such that τs = t̂ ·σ · n̂.

The two-dimensional (2D) framework, used in Chapter 6, is obtained by omitting
the fault direction perpendicular to the strike. This simplification implies that material
and frictional properties and boundary and initial conditions are considered homoge-
neous in the direction perpendicular to the strike. Consequently, this approach does not
account for the perpendicular strike direction heterogeneity. Besides, we exclude the
motion perpendicular to the dip, denoted by vz , focusing solely on modeling the motion
along the dip. As a result, this specific model for along-dip strain is required to assess
only the σx y and σy z components of the stress tensor.

This simplified physical Eqs. 2.15 and 2.16 in 2D read:

˙σx y =G
∂vy

∂x
,

˙σy z =G
∂vx

∂z
,

∂σx y

∂x
+ ∂σy z

∂z
= 0.

(2.17)

Adhering to the simplifications outlined in Li et al. (2022), the physical equations are
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formulated directly in one dimension (1D) for Chapter 4. In this simplified model, all
variables are constant along both dip and strike, leading to a scenario where only the
shear stress component τx y and the velocity component vy need to be solved. Con-
sequently, the fault is reduced to a zero-dimensional (0D) point at x = 0 within the
computational domainΩ(x) = [0, H ], where H denotes the distance from the fault inter-
face to the model’s base. The fault point in this 1-D model is characterized as velocity-
weakening to facilitate the nucleation of earthquake sequences. This model is obliged
to fulfill the momentum balance equation and Hooke’s law of elasticity, which are repre-
sented as follows:

τ̇x y =G
∂vy

∂x
,

∂τx y

∂x
= 0 .

(2.18)

Here, G is the shear modulus.
We assume boundary conditions corresponding to the values of the velocity in both

extremes of the model

vy (x = 0) = 1

2
V ,

vy (x = H) = 1

2
Vl .

(2.19)

Our assumption about the symmetry of the setup allows us to consider the velocity in
the fault interface as half of the total slip rate V and the one at the bottom of the model
as half the loading rate Vl .

The initial conditions are selected to enable the fault to undergo steady-state creep
at the prescribed slip velocity Vl at the initial time t = 0. These conditions are formally
expressed as

V (t = 0) =Vl ,

θ(t = 0) = L

Vl
,

(2.20)

where V (t = 0) represents the velocity at the initial time, set equal to Vl , and θ(t = 0)
denotes the initial state variable, calculated as the ratio of characteristic length L to the
slip velocity Vl .

2.4. FRICTIONAL PARAMETERS, APERIODICITY AND STABILITY
In this chapter, we explore how frictional parameters are crucial in determining different
slip behaviors in fault systems. These parameters are key in deciding whether a simula-
tion will be stable or unstable, as explained by the concept of critical stiffness from a
non-linear dynamic analysis perspective. They also play a significant role in the numer-
ical modeling process, particularly in choosing the right time step for solving differential
equations and affecting the criteria for adaptive time stepping. This aspect is crucial
for the convergence of simulation codes, where dealing with the uncertainty and bias
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of these parameters becomes a significant challenge. Especially in systems with rate-
and-state friction, small changes in frictional parameters can lead to major differences
in simulation results, which we will cover in this section.

Influence of parameters a and b
The Burridge-Knopoff model, integrated with rate-and-state friction, is a valuable

tool for assessing the diverse behaviors arising from variations in frictional parameters.
This model’s utility is further enhanced when combined with the non-dimensional vari-
ables listed in Table 2.2, which are instrumental in understanding these behaviors. In
this context, we specifically focus on the impact of the a and b parameters, utilizing the
non-dimensional parameter ϵ to gauge the sensitivity of velocity relaxation. As previ-
ously discussed, the difference (a-b) dictates whether the system exhibits velocity weak-
ening or strengthening.

For instances where ϵ is positive, indicative of velocity weakening, the system’s be-
havior varies based on the magnitude of a, as demonstrated in Fig. 2.7. This figure il-
lustrates the recurrence intervals from 100 simulations of a 1D Burridge-Knopoff model
while altering ϵ. Observations reveal that for ϵ values less than 0.2, the system tends to
produce periodic events with very low velocities, similar to Slow Slip Events (SSEs). In
contrast, higher ϵ values lead to deterministic chaos and aperiodicity. As ϵ approaches
and exceeds 0.7, the system experiences rapid ruptures.

It’s crucial to note that the a and b parameters also influence the time stepping of the
simulation. A smaller step size becomes necessary, particularly as ϵ increases. Fig. 2.8
shows that higher ϵ values require a significantly smaller time step to maintain stable
simulation. This relationship underscores the importance of carefully selecting these
parameters, as they directly impact both the behavior of the model and the practical
aspects of its computational implementation.

Figure 2.7: Changes on the recurrence intervals for different values of ϵ. The blue circles correspond to the
recurrence interval for each of the 100 events of a single simulation done with a 1-D Burridge Knopoff model for
a given value of ϵ. The slip behavior changes from periodic solutions of SSEs and fast ruptures to deterministic
chaos depending on the ratio of parameters a and b.
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Figure 2.8: Stability analysis of simulations of a 1-D Burridge Knopoff model for different values of ϵ. The blue
hatched area corresponds to stable simulations for the given value of ϵ, and the red hatched area corresponds
to the simulations that crashed or became unstable due to the time step being too long.

Influence of parameter L
The critical slip distance (L) in the rate and state friction law significantly influences

the frictional behavior of faults or rock interfaces. Smaller L values make the system
more sensitive to slip rate variations, leading to rapid state variable (θ) evolution, quicker
transitions between frictional behaviors, such as stable sliding, slow slip, or unstable slip
(e.g., earthquake nucleation) and potentially easier earthquake nucleation. In contrast,
larger L values result in less sensitivity to slip rate variations, slower state variable evolu-
tion, and possibly more stable sliding or delayed earthquake nucleation.

The non-dimensional parameter ξ is an interesting value from the Burridge-Knopoff
model since it is very similar to the quantity k/kcr i t mention in Section 2.2. Therefore,
a large uncertainty in this variable can bring problems in simulations given that some
simulation may be unstable while the stable ones can have a great variability of behav-
iors due to the influence of parameter a on, for example, the sensitivity to the velocity
relaxation as shown in Fig. 2.7. Therefore, an analysis of the ratioσn/L can bring a more
controlled comparison of the influence of the parameter L. Herrendörfer et al. (2018)
makes a sensitivity analysis by changing the values of σn , called P in their work, in a 2D
model of a strike slip fault. They observe that for that variations of L can also produce
different slip behaviours as shown in Fig. 2.9. We see that larger values of L are required
having aperiodicity and that slow slip events are just a narrow band in the wide variety of
solutions, which highlights the importance of expanding the studies of data assimilation
on seismic events to other systems with fast slip rates as we do in Chapter 4.
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Figure 2.9: (a) Sensitivity of the slip behavior for a strike-slipe fault to variations in the parameter L, (b) stable
sliding, (c) slow slip events or periodic aseismic slip transients, (d) periodic seismic events, (e) aperiodic seis-
mic slip. Adopted from Herrendörfer et al. (2018).

2.5. DISCUSSION
In this chapter, we have navigated the intricate task of numerically modeling the fric-
tional behavior of faults. This complexity persists even with simple geometries, assump-
tions of elasticity in the surrounding medium, and the use of low-dimensional models.
The non-linear dynamics inherent to rate-and-state friction models offer significant ad-
vantages, given their ability to replicate various slip behaviors observed in laboratory
experiments using a relatively small set of frictional parameters. However, this same
non-linearity also introduces substantial challenges, particularly due to the stiffness of
the system of differential equations and the profound impact of uncertainties in fric-
tional parameters on the stability of simulations.

These challenges extend to data assimilation in systems modeled after earthquakes.
The process of constraining physical parameters and regularizing numerical models to
enhance stability and convergence can inadvertently limit the system to periodic solu-
tions. Such a restriction might affect the effectiveness of data assimilation, a topic we
delve into in Chapter 5. Furthermore, there’s a clear need for more research to under-
stand the assimilation of different slip rates, as currently undertaken and discussed in
Chapter 4. This exploration is crucial for enhancing our understanding and modeling
capabilities of earthquake dynamics and the broader geophysical processes they entail.

DATA AVAILABILITY

The forward model for (a)seismic slip sequences utilizing the numerical modelling pack-
age Garnet is made accessible via repository https://bitbucket.org/cpranger/
garnet/src/master/. The forward model for the 1-D Burridge Knopoff coupled with
rate-and-state friction is made accessible via repository https://github.com/hdiab
montero/non_gaussian_data_assim/. The data produced and analyzed in this chap-
ter is available via 4TU.ResearchData (http://doi.org/10.4121/f0f075f2-f45c-4
f8c-9d1d-bde03baeae33).

https://bitbucket.org/cpranger/
garnet/src/master/
https://github.com/hdiab
montero/non_gaussian_data_assim/
http://doi.org/10.4121/f0f075f2-f45c-4f8c-9d1d-bde03baeae33
http://doi.org/10.4121/f0f075f2-f45c-4f8c-9d1d-bde03baeae33


3
ENSEMBLE DATA ASSIMILATION

METHODS

Summary: This chapter introduces the fundamentals of data assimilation, including the
specific notation used for data assimilation within the scope of this thesis. It highlights
the different ensemble data assimilation methods explored, namely the Ensemble Kalman
Filter (EnKF), the Adaptive Gaussian Mixture Filter (AGMF), and the Particle Flow Filter
(PFF). Additionally, the chapter presents techniques such as inflation and localization,
which address issues related to spurious correlations and low-rank deficiencies. Finally,
we test the methods using a Lorenz 96 model with 20 cells to highlight their differences.

Resumen: Este capítulo introduce los fundamentos de la asimilación de datos, incluida
la notación específica utilizada a lo largo de esta tesis. Además, se destacan los diversos
métodos de asimilación de datos de ensamble utilizados, tales como el Filtro de Kalman de
ensamble (EnKF), el Filtro Adaptativo de Mezcla Gaussiana (AGMF) y el Filtro de Flujo de
Partículas (PFF). El capítulo también expone técnicas como la inflación y la localización,
que son empleadas para solucionar problemas asociados a correlaciones espurias y defi-
ciencias en el rango de las matrices de covarianza. Finalmente, se comparan y evalúan las
diferencias entre estos métodos utilizando un modelo Lorenz 96 de 20 celdas.

Parts of this chapter have been published in the methodology sections of Hamed Ali Diab-Montero, Meng Li,
Ylona van Dinther, Femke C Vossepoel, Estimating the occurrence of slow slip events and earthquakes with
an ensemble Kalman filter, Geophysical Journal International, Volume 234, Issue 3, September 2023, Pages
1701–1721, https://doi.org/10.1093/gji/ggad154 .
Changes have been applied to make the text and figures consistent with the thesis.
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3.1. INTRODUCTION
Data assimilation is an approach that helps better estimate a system’s evolution by com-
bining knowledge of a dynamic system with observations thereof. We represent variables
(or parameters) that we want to estimate as a vector that we call the state vector,

zT = (
zψ

T ,zα
T )

, (3.1)

where z is the state vector, zψ represent the states of the system, and zα represent the
parameters or physical properties of the system. When applied sequentially, the optimal
estimation of the variables is described as a two-step process. The first step is called the
forecast step, in which we use our knowledge of the dynamics of the system to move it
forward from a previous time tc−g 1 to a future time tc using the following formulation,

zc =Mc:c−1 (zc−1)+ηc , (3.2)

where Mc:c−1 represents the forward model operator from time tc−1 to tc , zc−1, repre-
sents the state vector at time tc−1, and ηc represents the model error which includes
missing physics or uncertainty involved in the forward modeling (parameter uncertain-
ties, grid resolution, uncertain initial conditions, etc).

The second step is the analysis step, which is formulated based on Bayes’ theorem
when data or observations of the system have been made:

p(z|d) = p(d|z)p(z)

p(d)
, (3.3)

where p(z) represents our prior scientific knowledge of the state vector and its uncer-
tainties, p(d|z) represents the likelihood of the observations d, given the prior state vec-
tor z. p(d) is referred to as the evidence and acts as a normalization factor. p(z|d) is the
posterior estimate of the state of the system given the observed data. In this step, we
update our knowledge of the system using those observations.

We represent the observation vector d with:

dc =Hc (zc )+εc , (3.4)

where dc is the vector containing the observations taken at time tc , Hc is the non-linear
observation operator and εc are the measurement errors.

One of the benefits of data assimilation is that it helps to estimate states at a location
of interest that is not easily accessible to be measured directly. These states receive the
name of hidden states. They are estimated using our physical knowledge of the interac-
tion and relationship between the non-observable and the observable locations in the
model to transfer the corresponding correction once we update our knowledge of the
observable locations.

3.2. METHODS WITH GAUSSIAN PRIOR ASSUMPTIONS
The Ensemble Kalman Filter

For the state estimation in this study, we use a stochastic variant of the Ensemble
Kalman Filter (e.g. Evensen 2003), an ensemble-based data assimilation and a Monte
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Carlo implementation of the least-squares solution of the Bayesian update problem pre-
sented in Eq. 3.3. The EnKF optimally combines the information from the forward nu-
merical model (prior) and its deviation to the observations (likelihood) to produce a
posterior state vector estimation. The prior, likelihood and posterior probability den-
sity functions (pdfs) are approximated by an ensemble of our model’s different initial
conditions, states, or parameters. These distributions are assumed to be Gaussian. The
ensemble representation of our state vector, which can contain the state and the param-
eters, is as follows:

zT
n =

(
zT
ψ,zT

α

)
n

, 1 ≤ n ≤ Nm , (3.5)

where the subscript n refers to a single realization in an ensemble containing Nm real-

izations (with n = 1, ..., Nm). The prior, is defined as z f
n ∼ N (z f

n ,C f
zz ). The superscript f

stands for forecast and indicates the prior information coming from the forward numer-
ical model, representing our knowledge about the physics of the problem. The covari-

ance C f
zz quantifies the relationship between variables and the uncertainties of the given

states. The covariance is defined as follows:

C f
zz =

1

N −1

(
z f

n −z f
n

)(
z f

n −z f
n

)T

. (3.6)

In ensemble data, assimilation methods like the Ensemble Kalman Filter techniques,
such as localization and covariance inflation, are crucial to mitigate challenges posed by
a limited ensemble size and low-rank covariance matrices. Limited ensemble size can
lead to spurious long-distance correlations and underestimated forecast errors, both of
which degrade the quality of the assimilation. Localization techniques dampen these
non-physical, long-distance correlations, ensuring a more localized and physically con-
sistent influence of observations. There are several approaches for applying this local-
ization. We directly use localization on the prior covariance matrix via a Schur product:

C f
zz ← ρi , j ◦C f

zz (3.7)

where

ρi , j = exp

{
−

(
i − j

ri n

)2 }
(3.8)

and i , j = 1, ..., Nc . Nc is the number of cells of the model, and ri n is the decorrelation,
which depends on the model type used.

Covariance inflation, on the other hand, addresses the issue of underestimated fore-
cast errors, which can cause over-confidence in the model forecast and potentially lead
to filter divergence. By artificially increasing the analysis error covariance, inflation helps
balance the weight between model forecast and observations, maintaining stability in
the assimilation process. We also use inflation

Ca
zz ← ρi n f l Ca

zz (3.9)

where ρi n f l is the inflation factor, which is slightly larger than one.
We utilize the perturbed observations scheme, which involves updating each ensem-

ble member with a perturbed observation. It is assumed that the observational errors
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follow a Gaussian distribution represented by ϵn ∼ N (0,Cdd ). Additionally, we assume
we have uncorrelated errors in our states. The perturbed observation vector for each
ensemble member is calculated as follows:

dn = d+εn , 1 ≤ n ≤ Nm , (3.10)

Cdd = 1

N −1

N∑
n=1

εnε
T
n . (3.11)

The EnKF uses the prior distribution z f
n , the observation vector dn and their covariance

matrices for estimating the posterior distribution za
n calculated in the analysis step using

the following expression:

za
n = z f

n +K
[

dn −Hz f
n

]
, 1 ≤ n ≤ Nm , (3.12)

where the superscript a stands for analysis, K is the Kalman gain matrix, and H is the

linear observation operator matrix. The Kalman gain is interpreted as the relative weight
given to the observations information and current state estimate, and it is given by:

K = C f
zz HT

(
HC f

zz HT +C f
dd

)−1
(3.13)

A high Kalman gain places a higher weight on the observations, making the analysis fol-
low them more closely. A low Kalman gain imposes a higher weight on the prediction
and analysis that follows the prediction more closely. Further details can be found in
Evensen (2003) and Evensen et al. (2022).

3.3. METHODS WITH NON-GAUSSIAN PRIOR ASSUMPTIONS
Adaptive Gaussian Mixture Filter

The Adaptive Gaussian Mixture Filter(AGMF) is a bridging formulation that allows to
smoothly transit between an ensemble Kalman filter and a particle filter analysis up-
date (Stordal et al. 2011; Stordal and Lorentzen 2014; van Leeuwen et al. 2019). The
AGMF computes a two-step update for the analysis step: in the first step we update
the ensemble members and the covariance matrix using a very similar formulation as
in Eq. 3.12 but with a dampened background covariance matrix as follows:

za
n = z f

n +h2C f
zz HT

(
h2HC f

zz HT +C f
dd

)−1 [
dn −Hz f

n

]
, 1 ≤ n ≤ Nm , (3.14)

where h is a so-called bandwidth parameter and h ∈ [0,1]. The linear update is a
function of h with no update for h = 0 and the same update as the EnKF when h =
1 (Stordal and Lorentzen 2014; van Leeuwen et al. 2019). Besides, we directly apply the
same localization and inflation factors used for the EnKF to the prior covariance matrix
Czz .
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The second step involves implementing importance sampling in the estimation by
assigning weights to the ensemble members according to:

w n
t =Φ

(
dn −Hz f

n ,h2HC f
zz HT +C f

dd

)
w n

t−1, (3.15)

where Φ(x −µ,P ) denotes a multivariate Gaussian density with mean µ and covariance
matrix P .

These weights are normalized so that the sum of the weights is equal to one:

w̄ n
t = w n

t∑
n wn

t
. (3.16)

Then a bridging parameter α is introduced to avoid weight collapse. For this the
weights are adaptively shrunk towards uniform weights as follows:

w n
t =αt w̄ n

t + (1−αt ) N−1
m . (3.17)

We obtain then a transition between the EnKF and the particle filter by varying both αt

and h. For αt = 0 and h = 1, we obtain the uniform weights of the EnKF, while for αt = 1
and h = 0 we obtain the particle filter weights (Stordal et al. 2011; van Leeuwen et al.
2019).The optimal value of αt is estimated as follows:

αt =
Ne f f

Nm
= 1

Nm
∑Nm

n=1

(
w̄n

t

)2 . (3.18)

Finally, this update formulation reduces the risk of ensemble degeneracy, but cannot
entirely avoid it. Therefore, resampling is necessary to avoid ensemble degeneracy. In
this study, we use the same resampling technique used in (Stordal et al. 2011) which, for
an adequate sample size Ne f f smaller than 80% of the ensemble size Nm , uses a multino-
mial distribution that randomly samples using the weights as the category probabilities.

Particle Flow Filter
The particle flow filter is an ensemble data assimilation method that iteratively trans-

forms equally weighted samples from a prior distribution to the posterior distribution (Hu
and van Leeuwen 2021). The transformation follows the solution of a differential equa-
tion of the type:

d

d s
zs = fs (zs ) , (3.19)

in an artificial pseudo time s ∈ [0,∞]. The particle flow fs maps the state zs , which follows
an intermediate pdf qs ,from pseudo time s to s +1 having:

q0(z) = p(z),

q∞(z) = p(z|d),
(3.20)

or, what is the same, that at s = 0 the pdf qs is the prior pdf q0 and at the limit of s =∞
the targeted pdf q∞ will correspond to the posterior pdf (Hu and van Leeuwen 2021).

The particle flow fs can be found via the likelihood-factorization formalism or the
minimization of a given distance between the intermediate pdf qs and the targeted pdf
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q∞ (Evensen et al. 2022). In this paper, we follow the distance minimization approach
of Hu and van Leeuwen (2021), where the Kullback-Leibler (KL) divergence is used as the
measure of distance. The KL divergence between the PDFs above can be defined as,

K L
(
qs

)= ∫
qs (z) l og

(
qs (z)

q∞(z)

)
dz. (3.21)

Furthermore, we assume that fs is in a reproducing kernel Hilbert space (RKHS) with
a kernel K, that maps from Rnz ×Rnz → M nz×nz (R), where nz is the number of states
M nz×nz (R) is a matrix of size nz −by −nz . Then fs is defined such that the KL divergence
continuously decreases concerning the pseudo time s as

fs = Czz

∫
qs (z) {K (z, ·)∇z log

(
p (z|d)

)+∇z ·K (z, ·)}. (3.22)

Instead of the covariance matrix Czz one can use any other positive-definite matrix
whose dimensions ensure that the dimensions of fs agree with those of the state vector.
Besides, we directly apply the exact localization and inflation factors used for the EnKF
to the prior covariance matrix Czz.

We then proceed to use a particle representation for the intermediate pdf qs as in:

qs (z) = 1

Nm

Nm∑
n=1

δ (z−zs) , (3.23)

and replace it in Eq. 3.22 to find that:

fs (z) = 1

Nm
Czz

Nm∑
n=1

{K
(
zn

s ,z
)∇zn

s
l og

(
p

(
zn

s |d
))+∇zn

s
·K

(
zn

s ,z
)
}, (3.24)

where there are two terms on the right-hand side of the equation that follow a distri-
bution characterized by the Fokker-Plank equation (Evensen et al. 2022), the first term,
the product of the kernel with the gradient of the logarithm of the posterior pdf, is re-
ferred as the attracting term. It pulls the ensemble members towards the observation,
driving the pdf towards regions of higher probability. The second term, the divergence
of the kernel, is the repelling term, dispersing the ensemble members and preventing
them from collapsing to a single point. Finally, we discretize the Eq. 3.19 in pseudo time
and use the definition of the flow from Eq. 3.22 to estimate the evolution of the state
vector from pseudo time s to s +∆s:

zs+∆s = zs + ∆s

Nm
Czz

Nm∑
n=1

{K
(
zn

s ,zs
)∇zn

s
log

(
p

(
zn

s |d
))+∇zn

s
·K

(
zn

s ,zs
)
}. (3.25)

The kernel K
(
zn

s , z
)

measures how each of the ensemble members contributes to the lo-
cal particle flow of the state z that is being evaluated, and in the case of having an ensem-
ble of infinite size the solution of the PFF is independent of the choice of the kernel (Lu
et al. 2019). In the case of finite ensemble size, the distribution is not unique. However,
the statistics of the ensembles, which are products of PFFs with different kernels, should
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represent the pdf as accurately as possible (Hu and van Leeuwen 2021). This study uses
the matrix-valued Gaussian kernel as in Hu and van Leeuwen (2021).

In the attracting term, by using Bayes theorem(Eq. 3.3), we can rewrite the logarithm
of the posterior pdf as:

∇zlog p(z|d) =∇zlog p(z)+∇zlog p(d|z). (3.26)

For a Gaussian observational error with error covariance matrix Cdd the gradient of
the logarithm of the likelihood is:

∇z l og p(d|z) = HT Cdd
−1 (d−Hz) , (3.27)

Moreover, when assuming the prior also follows a Gaussian distribution with zb and co-
variance matrix Cf

zz the gradient of the prior is:

∇zlog p(z) = C f
zz

−1 (z−zb) . (3.28)

3.4. INFORMATION CONTENT AND UNDERDISPERSION
We evaluated performance through metrics like DFS and RMSE, focusing on underdis-
persion (Hotta and Ota 2021; Rodgers 2000).

In general, we use the degree of freedom of signal (DFS), the root-mean-square er-
ror(RMSE), the standard deviation (STD), and rank histograms to evaluate the perfor-
mance of the data assimilation.

The definition of the RMSE of the state variable zi , where i = 1, ...,nz and nz is the
number of states, used in this thesis is:

RMSE zi (t ) =
√√√√ 1

Nc

Nc∑
j=1

(
zi , j (t )− z̄i , j (t )

)2, (3.29)

where Nc is the number of cells.
We have a particular interest in evaluating whether the filters suffer from under-

dispersion using the rank histograms and if the DFS, which measures the influence of
how much information has been retrieved from the observations during the analysis
step (Hotta and Ota 2021; Rodgers 2000), is high enough for the chosen influence fac-
tor. For the case of a linear Gaussian data assimilation scheme, as the EnKF, the DFS is
defined as:

DF S = tr (S) = tr (HK ) (3.30)

From this definition, we can also define the global average influence (GAI) as the ratio
between the DFS and the number of observations as:

IGS = tr (HK )

Nd
, (3.31)

where Nd is the total amount of assimilated data and offers a more fair comparison be-
tween scenarios with different numbers of observations available.
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3.5. COMPARISON OF METHODS WITH LORENZ 96 MODEL
Twin experiments are evaluation techniques in data assimilation research used for un-
derstanding aspects like model sensitivity, error dynamics, and developing and bench-
marking new methods in a controlled environment. They typically involve creating a
model’s truth run to generate synthetic observations. These observations are then used
in the same model but with different starting conditions to test data assimilation meth-
ods. This approach allows for including model errors, which makes the testing more
realistic. Perfect model experiments are a type of twin experiment where the model is
assumed to be perfect, with no errors. This focuses the testing solely on the data as-
similation techniques. The Lorenz ’96 model is commonly used in both experiments. It
is simple, efficient, and good at showing chaotic and nonlinear behaviors seen in the
atmosphere. This makes it a helpful tool for testing and comparing different data assim-
ilation methods in atmospheric science.

3.5.1. LORENZ 96 MODEL
The Lorenz 96 model is a simplified yet effective representation of the chaotic behavior
of atmospheric dynamics (Lorenz and Emanuel 1998) commonly used as a benchmark
in testing data assimilation techniques. The equation that models Lorenz 96 is:

d xi

d t
= (xi+1 −xi−1) xi−1 −xi +F (3.32)

with boundary conditions x−1 = xNc−1, x0 = xNc , xNc+1 = x1 and constraint Nc ≥ 4.
Here, xi represents the state, for instance, temperature, at a sector along a latitude circle
divided into Nc equal sectors (Kekem 2018). The equation features advection, damping,
and forcing effects. The system exhibits coherent structures and even chaotic behaviors
based on parameters F and Nc .

3.5.2. PERFECT MODEL EXPERIMENTS
We perform perfect model experiments for the Lorenz 96 models for different observa-
tion densities. Specifically we use Lorenz 96 models of 20 cells and used F = 1.2 for the
periodic case and F = 8.0 for the chaotic case. The observation densities used were 25%
(5 cells), 50% (10 cells), and 100% (20 cells). The ensemble size of 100 members which
are initialized after sampling a long run of the periodic and chaotic truth. Then synthetic
observations are extracted using a normal distribution of mean 0 and standard deviation
0.1. The observations are sequentially assimilated using then EnKF, AGMF and the PFF.
We use a localization scheme of the covariance matrices as shown in Appendix A.

3.5.3. RESULTS

STATE ESTIMATION RESULTS

Fig. 3.1 depicts the RMSE outcomes for the variable xi over time. Notably, RMSE values
for the periodic Lorenz 96 model are consistently lower than for its chaotic counterpart.
In the chaotic case, all three filters yield RMSE values below the observation error for
the A.1. case, which involves 100% cell coverage. In comparison, only the PFF achieves
values below the observation error with 50% coverage, maintaining lower RMSE even at
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25% coverage. In contrast, the EnKF shows the highest RMSE at 50% and 25% coverages,
while the AGMF also has higher RMSE values than the RMSE but with less oscillation
when compared to the EnKF. These findings align with the observations by Hu and van
Leeuwen (2021) on the 40 variable-Lorenz 96 model, which noticed similar contrasts
between the LETKF and PFF. The increased non-linearity in variable relationships during
chaotic periods underscores the necessity for a non-Gaussian filter, especially when full
variable coverage is unavailable.

Figure 3.1: Comparison of RMSE for different observation densities for the Lorenz 96 between EnKF(a), AGMF
(b), PFF (c).
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PARAMETER BIAS AND MODEL ERROR RESULTS

Fig. 3.2 shows the time series estimates of an EnKF when including a model error term
for the Lorenz 96 model. This tests uses ensemble members where the parameter cor-
respond to periodic solutions but still we want to estimate chaotic solutions. The data
assimilation starts after time step 10. It is possible to see that after the assimilation of
the first observation the estimates of the EnKF enter in sync with the truth despite the
parameter bias. The effect of the introduction of the model error acts in this case as a
type of parameter estimation due to the simplicity of the Lorenz 96 model.

Figure 3.2: Estimates of a cell of the Lorenz 96 model when including the model error in the estimation of a
chaotic model in a synthetic experiment.

Fig. 3.2 shows the time series estimates of the model error estimated.

Figure 3.3: Estimates of the model error in the synthetic experiment with a chaotic model.
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PARTICLE FLOW FILTER UPDATE

As shown in Fig. 3.1, the PFF is the method with the lowest RMSE for the chaotic models,
especially for the lowest observation densities. Fig. 3.4 and 3.5 show visually the non-
linear update of the Particle Flow Filter an the pseudoflow that transforms iteratively the
prior distribution to the posterior distribution. As is visible in the figures, the updates
become more non-linear in the chaotic case, which the PFF can capture to get better
estimates.

Figure 3.4: Crossplot between observed and unobserved variables. The blue dots represent the prior distribu-
tion; the green dots represent the posterior distribution of ensembles. The dashed lines represent the linear
update between prior and posterior, while the black dots represent the non-linear update of the Particle Flow
Filter for a single analysis step.

Figure 3.5: Visualization of the pseudoflow of the particle flow filter for the state x15.
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3.5.4. DISCUSSION
In this chapter, we introduced the ensemble data assimilation methods to be used in
Chapters 4 and 5. We further used a Lorenz 96, non-linear model widely used for testing
data assimilating experiments to highlight the differences between methods. We used
perfect model experiments to see the differences in the errors of the estimates of the
EnKF, the AGMF, and the PFF for the Lorenz model under periodic and chaotic condi-
tions. We see that the EnKF with Gaussian prior assumptions is sufficient to capture the
behavior of the systems for the periodic conditions well but that it struggles to provide
good estimates for the chaotic case, especially when we have fewer observations of the
system. In Chapter 5, we extend these results to evaluate if this trend also applies to sys-
tems governed with rate-and-state friction as in the 1-D Burridge Knopoff model shown
in Chapter 2. As we see in some model error results, periodic solutions can estimate a
chaotic system when the model error is considered in estimating the data assimilation.
This is possible on the Lorenz 96 model due to its simplicity and because the model error
corrects the biased forcing term. As discussed in Chapter 2, this same result is not guar-
anteed for the Burridge-Knopoff model, given the multiple frictional parameters that are
involved in the slip behavior of the system and the sensitivity they impose on the stability
of the simulations.

DATA AVAILABILITY

The forward model for the Lorenz 96 model is accessible via repository https://github
.com/hdiabmontero/non_gaussian_data_assim/. The data produced and analyzed
in this chapter is available via 4TU.ResearchData (http://doi.org/10.4121/f0f075
f2-f45c-4f8c-9d1d-bde03baeae33).

https://github.com/hdiabmontero/non_gaussian_data_assim/
https://github.com/hdiabmontero/non_gaussian_data_assim/
http://doi.org/10.4121/f0f075f2-f45c-4f8c-9d1d-bde03baeae33
http://doi.org/10.4121/f0f075f2-f45c-4f8c-9d1d-bde03baeae33
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ESTIMATING THE OCCURRENCE OF

SLOW SLIP EVENTS AND

EARTHQUAKES WITH AN ENKF

Summary: In this chapter, we employ an Ensemble Kalman Filter (EnKF) to estimate shear
stresses, slip rates, and the state θ in a 1D model with a surrounding elastic medium and
a fault governed by rate-and-state friction. By assimilating noisy shear-stress and velocity
data near the fault through perfect model experiments, we improve estimates in segments
undergoing slow-slip events and aid slip-rate estimation for earthquakes. Shear stress ob-
servations at the medium are crucial for determining shear stress, slip rates, and the state
θ at the fault. In contrast, velocity data from the medium enhances slip-rate estimates at
the fault.

Resumen: En este capítulo, utilizamos el Filtro de Kalman de Ensamble (EnKF) para es-
timar los esfuerzos cortantes, las tasas de deslizamiento y el estado θ en un modelo uni-
dimensional (1D) que consta de un medio elástico y una falla, la cual se rige por la ley
de fricción rate-and-state. Mediante la asimilación de datos ruidosos de esfuerzo cortante
y velocidad cercanos a la falla en experimentos sintéticos, logramos mejorar las estima-
ciones en segmentos que experimentan eventos de deslizamiento lento, y contribuimos a
la estimación de la tasa de deslizamiento en terremotos.

This chapter has been published as Hamed Ali Diab-Montero, Meng Li, Ylona van Dinther, Femke C
Vossepoel, Estimating the occurrence of slow slip events and earthquakes with an ensemble Kalman
filter, Geophysical Journal International, Volume 234, Issue 3, September 2023, Pages 1701–1721,
https://doi.org/10.1093/gji/ggad154 .
Minor changes have been applied to make the text and figures consistent with the thesis.
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4.1. INTRODUCTION

Efforts to forecast earthquakes and slow slip events are significantly constrained by lim-
ited knowledge about the current stress state of faults. Ensemble data assimilation meth-
ods provide a promising approach to overcome this limitation by effectively combining
physics-based models with observational data, accounting for their uncertainties. This
chapter focuses on applying these methods to estimate the stresses and velocities of slow
slip events and earthquakes with fast slip rates. This latter application represents a novel
aspect of our research, distinguishing it from much of the existing literature in this field.

In Section 1.3, we briefly mentioned various studies that have employed data as-
similation in seismic research. These include advancements in tsunami early warn-
ing systems and efforts in estimating frictional parameters of megathrust faults, exem-
plified by researchers such as Maeda et al. (2015), Wang et al. (2018), and Oba et al.
(2020). Additionally, studies like those of van Dinther et al. (2019) and Hirahara and
Nishikiori (2019) have explored the Ensemble Kalman Filter in modeling subduction
zone dynamics, demonstrating the potential of minimal observations to enhance fault
slip estimations. In this chapter, we expand upon the foundational insights from these
studies, mainly focusing on applying ensemble-based data assimilation methods for
earthquakes characterized by high-velocity slip events.

In their work van Dinther et al. (2019) conducted a perfect model experiment in
a simulated subduction zone, using synthetic data on velocities and stresses near the
surface. This data is processed with an Ensemble Kalman Filter(EnKF) to update ve-
locity and stress states across multiple ensemble members governed by a seismic cycle
model. The visco-elasto-plastic forward model uses slip-rate-dependent friction to sim-
ulate earthquakes with slow slip rates. Drawing from this work, we extend to the use
of numerical models based on a rate-and-state friction formulation and adaptive time
stepping. We aim to rigorously evaluate the Ensemble Kalman Filter’s effectiveness in
forecasting slow slip events and, more critically, earthquakes with fast slip rates.

4.2. METHODOLOGY

We use a numerical model setup inspired by a large-scale biaxial friction apparatus in a
direct-shear configuration (Fig. 4.1). We discretize a 1-D line across the block boarded
by a single, 0-D fault point, as described in Section 2.3.

We assimilate synthetic observations using an EnKF to evaluate how our fault esti-
mates compare to the known truth. We assume our model is perfect, i.e., that parameters
shown in Table 5.1 are correct. The synthetic observations are samples of the simulated
shear stress and the velocity as if measured at a single location at a short distance from
the fault, with noise added to represent measurement error. The selection of observa-
tion error amplitudes was based on widely accepted instrument sensitivity values (van
Dinther et al. 2019) and the maximum observed variations in stress and velocity during
the coseismic phase. For slow slip events, observation error values were set at 0.25 MPa
for shear stress measurements and 0.25 for the logarithm of velocity observations. For
earthquakes, the observation errors were assigned 0.75 MPa for shear stress measure-
ments and 0.75 for the logarithm of velocity observations.
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Figure 4.1: Schematic representation of the 1D model used to represent a horizontal straight fault. The shear
stress (τ) is estimated in the nodes represented by circles and the velocity(vy ) in the ones represented by
squares. The fault (blue) corresponds to the uppermost node of the grid and the location where the EnKF
estimates shear stress, slip rate and state θ. Shear-stress and velocity observations (red) at 200 m from the fault
in the surrounding homogeneous elastic medium are assimilated into a 10-km model. The spacing between
nodes is 20 m.

4.2.1. PERFECT MODEL EXPERIMENTS
In the data assimilation experiments, we use an ensemble of 50 members. Each member
is initialized with a different value of initial shear stress at the fault node following a
Gaussian distribution with a standard deviation of 2.5 MPa. The synthetic true value
of initial shear stress is set to 20 MPa, and the mean of the ensemble has a bias of 3
MPa concerning that true value (Fig. 4.2). The total simulation time is 1500 years, from
which we sample observations at 2.5-year intervals for slow slip events and at 5-year
intervals for earthquakes. The workflow is illustrated in Fig. 4.3. To compare the results
with and without data assimilation, we run the 50 members up to 200 years where the
first observations are available. Data is assimilated then and subsequently whenever
sampled synthetic observations are available.

We follow the workflow presented in Fig. 4.3 for the perfect model experiments. In
our case, the state vector zn includes the shear stress of the fault, the shear stress in the
medium, the slip rate, the velocity in the medium, and the state θ:

zT
n =

(
τFault,τ

T
x y , ln(V), ln(vy)T , ln(θ)

)
n

, 1 ≤ n ≤ N , (4.1)

After the analysis step the updated shear stress and state θ are used to calculate the
slip rate V . This is done by using an implicit solver that finds the corresponding slip rate
that satisfies Eq. 2.6. The velocity values in the medium vy are calculated for the next
step solving the system of Eqs. 2.8-2.19, where the estimated posterior values become
part of the velocity history of the model.
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Figure 4.2: Histogram illustrating the initial distribution of shear stress at the fault used to initialize the en-
semble. We define a synthetic truth with an initial shear stress at the fault of 20 MPa. The vertical blue line is
the mean of the Gaussian distribution, the black vertical line is the truth, and the marks in the horizontal axis
represent the 50 different initial stress values used for the ensemble.

Figure 4.3: Schematic representation of a perfect model experiment and sequential data assimilation. The
flowchart describes four steps of the synthetic experiment. (a) First, in gray the steps for generating the syn-
thetic truth to be estimated. (b) Second, in red the creation of the synthetic observations to be assimilated.
(c) Third, in blue the creation of the ensemble of realisations that form the prior distribution. (d) Fourth, in
green the data assimilation step where a data-assimilation method (in this case the EnKF) is used to estimate
a posterior distribution of the state using the synthetic observations and the prior ensemble distribution. The
last two steps are done sequentially until the last time step K where observations are available. In our case, we
assimilate shear stress and slip velocity observations measured in the medium.
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Table 4.1: Material and rate-and-state friction parameters for the 1D model setup for both slow slip events and
earthquakes

Parameter Symbol Slow Slip Events Earthquake Events
Shear modulus G 32 GPa 32 GPa

Density ρ 2670 kg/m3 2670 kg/m3

Initial mean stress σn 40 MPa 40 MPa
Static friction coefficient µ0 0.6 0.6

Reference slip rate V0 1 µm/s 1 µm/s
Characteristic slip distance L 0.24 m 0.18 m

RSF Direct Effect a 0.0060 0.0060
RSF Evolution Effect b 0.0158 0.0160

Depth model H 10 km 10 km
Loading slip rate Vl 10 nm/s 10 nm/s

Grid spacing ∆x 20 m 20 m

4.3. RESULTS AND ANALYSIS
The results of the EnKF estimation are analyzed at the observation location at 200 m
from the fault to analyze how observations affect the assimilation and at the unknown
target location, the fault.

4.3.1. STATE ESTIMATION IN THE HOMOGENEOUS ELASTIC MEDIUM
The time evolution of the shear stress with respect to the grid τx y at the observation lo-
cation shows that the estimates of the EnKF (represented in green) for both the slow slip
events and the earthquakes are in sync with the truth (Figs. 4.4a and 4.4b, resp.). The
EnKF analysis resolves both the interseismic and coseismic phases well despite the large
errors in the observations. For example, we observe large errors around 834 years for the
slow slip events and around 980 years for the earthquakes. The EnKF is especially effec-
tive for the slow slip events (Fig. 4.4a), where the ensemble mean captures the coseismic
phase reasonably well. The shear-stress estimates for the earthquakes during the coseis-
mic phase are comparatively less precise (Fig. 4.4b). The very large and fast stress drop
during earthquakes is inherently difficult for any probabilistic or averaging method to
reconstruct precisely. Nonetheless, the timing of earthquakes is generally anticipated by
a drop in the mean shear stress about two to three years prior to the earthquake occur-
rence and an increase in spread of the ensemble with an approximate standard deviation
of 2 MPa.

As depicted in Figs. 4.4c and 4.4d, the uncertainty of the time evolution of the veloc-
ity at the observation location differs considerably between slow slip events and earth-
quakes. For both the slow slip and the earthquake events, the analysis of the EnKF cap-
tures the true velocity in the interseismic phase very well. In the coseismic phase, it is
more challenging to provide an accurate estimate due to fast changes in velocity. For the
slow slip events (Fig. 4.4c), the EnKF captures the evolution of the velocity very well, and,
remarkably, it even accurately captures the peak velocities in terms of magnitude and
timing. However, for the earthquakes, the magnitude of the estimated peak velocity still
has a large uncertainty (Fig. 4.4d). This results from averaging over 50 ensemble mem-
bers, each showing only 7-9 orders of magnitude higher velocities for seconds. However,
the ensemble mean correctly traces the increases in velocity up to the loading rate. This



4

42 4. ESTIMATING THE OCCURRENCE OF SSES AND EARTHQUAKES WITH AN ENKF

is important to realize for estimating the timing of nucleation since after the increase
in slip rates is identified, its maximum is capped by the activation of inertia and thus is
already known to be in the order of meters per second.

Figure 4.4: Estimated evolution of (a,b) shear stress and (c,d) slip rate at the observation location for (a,c) slow
slip events and (b,d) earthquakes. The solid black line represents the true evolution; the red markers are the
observations with error bars indicating the standard deviation of the observational error; the green solid line
is the ensemble mean, and the light green lines represent the ensemble members. The ensemble spread is
shown as the light green hatched area, which is one standard deviation below and above the ensemble mean
for normal distribution and corresponds to the ensemble members between the percentiles P16 and P84 of the
ensemble distribution.

4.3.2. STATE ESTIMATION AT THE FAULT
The EnKF estimates the shear stress and slip velocities relatively accurately at the lo-
cations where we have observations (Fig. 4.4). Nevertheless, good estimates are not
guaranteed for locations where measuring devices do not have easy access, such as the
fault (Fig. 4.5). This is especially difficult if the state variables experience rapid changes.
Therefore, we evaluate the performance of the EnKF in the same experiments from Fig. 4.4
but at the location where the estimation is most challenging, i.e., at the fault. At the same
time, this is the location where correct estimates are critical and most needed, as move-
ments in the medium respond to displacements at the fault, and the state variables are
unobserved there.
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Figure 4.5: Estimated evolution of (a,b) shear stress, (c,d) slip rate, and (e,f) state θ at the fault for (a,c,e) slow
slip events and (b,d,f) earthquakes. The brown line is the start of the data assimilation. The black solid line is
the true evolution of the variables. The red dashed lines indicate the observation and assimilation times. The
coloring of the lines is as in Fig. 4.4.

Prior to data assimilation, ensemble members are not aligned, so their mean can
not separate between interseismic and coseismic phases and almost becomes a con-
stant value (Fig. 4.5). After 200 years, there is a significant decrease in the spread of the
ensemble for all hidden states due to the assimilation of the first observations. As shear
stress is increased in many ensemble members, the occurrence of the first slow slip event
is synchronized even after the assimilation of a single observation (Fig. 4.5a). The first
earthquake is preceded by the assimilation of a second observation, which introduces
uncertainties in the shear stress estimates but does allow the ensemble to accurately
predict the timing of the stress drop (Fig. 4.5b). Assimilation of a rapid slip rate is also
apparent from the slip rate jump at t=210 yr (Fig. 4.5d), which is immediately corrected
by the forward model using shear stress to estimate the next slip rate. Assimilation dur-
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ing the next slip sequences shows that the estimates of the EnKF are very well synchro-
nized with the truth in our case of state estimation with known and constant parameters.
Generally, for a large part of the interseismic period, slip rates and states from all ensem-
ble members show that a slip event is not expected (Fig. 4.5c-f). Interestingly, all three
hidden states are tracked with extreme accuracy for some sequences, e.g., around the
earthquake at about 230 years (Fig. 4.5b,d,f).

The peak shear stress has a larger spread in the posterior of the earthquake model
when compared to the slow slip events when approaching the coseismic phase (Figs. 4.5a
and 4.5b). The ensemble spread around the coseismic phase of the earthquakes has a
large spread around the peak slip rate compared to the slow slip events (Figs. 4.5c and
4.5d). The ensemble mean does not reach the peak slip rates or the peak shear stresses
due to the spread of the ensemble in the interseismic and coseismic phases, which is re-
lated to the short duration of the coseismic phase. However, individual ensemble mem-
bers give a good indication of peak slip rates and shear stresses. The ensemble provides
good state θ estimates, whose timing is synchronized with the truth after the data assim-
ilation starts for both fault-slip events (Figs. 4.5e and 4.5f). The ensemble prior PDF of
the three hidden states shows a change in spread around 2 to 3 years before and after the
coseismic phase. This distinct increase in the spread of the ensemble prior to the event
may be an indication of an upcoming earthquake.

4.3.3. NON-GAUSSIANITY

The EnKF assumes that the prior distributions of the state vector’s components and ob-
servation errors are Gaussian distributed. Additionally, the EnKF produces a low-rank
representation of the prior covariance matrices using a finite ensemble of members,
making the EnKF very sensitive to outliers. This is particularly true for cases where the
ensemble size is small.

In this section, we evaluate how well preserved the assumption of Gaussian distribu-
tions is in the different phases of the cycle of slow slip events and earthquakes (Figs. 4.6
and 4.7). For both types of events, we provide the histograms of the ensembles during
the interseismic phase (Figs. 4.6b and 4.7b) and shortly before the start of the coseismic
phase (Figs. 4.6c and 4.7c). The ensemble distributions for the slow slip events, are very
close to a Gaussian. The preservation of the Gaussian assumption allows the EnKF to
have estimations as shown in Fig. 4.6a. The range of the differences between the en-
semble mean, and the truth corresponds to the expected range of uncertainty. The max-
imum errors are around 0.4-0.8 MPa, which are between 25% and 50% of the average
stress drop of the slow slip events. Regarding the uncertainties on the timing of slip oc-
currence, it is about one year, which is 20% of the recurrence interval of 5 years of the
slow slip events.
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Figure 4.6: (a) Shear stress estimation of slow slip events with prior distributions during the (b) interseismic
and (c) just prior to the coseismic phase. (d) Evolution of shear stress errors with respect to the ensemble
spread. The vertical red solid lines indicate the time of the ensemble distributions shown in b and c. The red
dashed lines indicate the observation and assimilation times The blue line represents the absolute value of
the difference between the truth and the ensemble mean estimate. The orange line represents the standard
deviation of the ensemble distribution.
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Figure 4.7: As in Fig. 4.6 but for earthquakes instead of slow slip events.

In contrast, for earthquake sequences, the Gaussian distribution in the prior is only
well preserved during the interseismic phase (Fig. 4.7a,b). This is because the members
that experience the sudden large change of shear stress in the coseismic phase deviate
strongly from the ensemble mean (Fig. 4.7c). Some ensemble members are finishing the
interseismic phase of the previous cycle and entering the coseismic phase, while oth-
ers are starting the next cycle. This results in a skewed distribution of the prior shear
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stress, translating into a bimodal distribution for the prior (Fig. 4.7c). This effect is also
seen in Fig. 4.7d in the evolution of the absolute errors and the standard deviation of the
ensemble. Similar to the slow slip events, the filter errors are in the same range of the
values of the standard deviation of the ensembles and the range of expected uncertain-
ties. The maximum errors are around 50 % of the stress drop of 10 MPa. The errors in the
earthquake occurrence are about five years, which is 25% of the recurrence interval of
20 years of the earthquake sequences. This similarity in performance suggests that the
non-Gaussianity of prior estimates may not significantly limit the effectiveness of the
EnKF in our case of state estimation with known and constant parameters.

4.3.4. SENSITIVITY OF ANALYSIS TO OBSERVATION TYPE

We observe that the EnKF gives reasonable estimates of the shear stress, slip rate, and
state θ at the fault despite the rapid changes in the stresses and velocities in the coseis-
mic phase. In this section, we assess how the estimation of these rapid changes is real-
ized by the EnKF and what the influence of the different types of observations on this is.
We do this by analyzing the elements of the Kalman gain matrix at every analysis step of
the data assimilation.

Figure 4.8: Kalman gain matrix elements vs. the relative time to the slip occurrence for slow slip events (a,c)
and earthquakes (b,d). The top row (a,b) shows the Kalman gain matrix elements concerning the shear stress
observations, and the bottom row (c,d) shows the Kalman gain matrix elements concerning the velocity ob-
servations. The green boxplots are the gain values for the shear stress, the blue boxplots for the slip rate, and
the red boxplots for the state θ at the fault. The solid lines connect the median values for all the boxplots for a
given variable.

As explained in Sec. 3.2, a high Kalman gain places a higher weight on the obser-
vations information when estimating the posterior distribution of the ensemble. Every
element of the matrix maps the innovation, i.e., the difference at the observation loca-
tion between the observed values and the estimated values from the forward model to
an update of a variable in the state vector. From this, we can assess, for example, the



4

48 4. ESTIMATING THE OCCURRENCE OF SSES AND EARTHQUAKES WITH AN ENKF

relative influence of the shear-stress observations at the fault on the estimated slip rate.
Fig. 4.8 illustrates the Kalman gain matrix elements from all analysis steps of the slow
slip events and the earthquakes that relate the shear-stress observations and the velocity
observations to the estimates of shear stress, slip rate, and state θ at the fault. By com-
paring the time when the observations are assimilated relative to the slip occurrence, we
evaluate how these Kalman gain elements change after every occurrence of a slow slip
event or earthquake.

In both types of events, the Kalman-gain values that relate the shear-stress estimates
to the shear-stress observations are higher than those that relate to the velocity obser-
vations, suggesting that the shear-stress estimates are more strongly influenced by the
shear-stress observations than by the velocity observations. This is especially noticeable
for earthquakes, where the Kalman gain matrix elements that relate to the shear-stress
observations are between 4 and 8 times higher than the elements that relate to the veloc-
ity observations. In contrast, the Kalman gain matrix elements of the slip rate estimates
related to velocity observations for the slow slip events are 2 to 4 times higher than those
related to the shear-stress observations. This suggests that the velocity observations in-
fluence the slip-rate estimates the most, and the shear-stress estimates are influenced
the most by the shear-stress observations.

We observe a difference in the relative influence of the slip-rate observations on the
slip-rate estimates between the slow slip events and the earthquakes. For slow slip events
(Fig. 4.8c), the slip-rate estimates are mostly influenced by the velocity observations, but
for both observations appear to have equal influence in the period before the slip oc-
currence. However, after the slip occurrence, the elements that relate the velocity obser-
vations to the slip-rate estimates are higher than the ones that relate to the shear-stress
observations.

For the state θ, both observations seem to influence the estimates for the slow slip
events equally. In contrast, for earthquakes, the Kalman gain elements related to the
shear-stress observations are two times higher than those related to the velocity obser-
vations.

All Kalman gain-matrix elements for the slow slip events tend to be higher after the
slip occurrence. The higher values for earthquakes occur shortly before and after the
event. The Kalman gain is a function of the observational error and the prior covariance
of the state vector as shown in Eq. 3.13. In our perfect model experiments shown here, we
assume that the uncertainties of the synthetic observations are constant in time. There-
fore, as indicated by the boxes in Fig. 4.8, the Kalman gain values become a function
of the ensemble spread. Since the ensemble spread is high shortly before and after the
earthquake, the higher Kalman gain values will effectively result in a stronger influence
of the observation information on the analysis during these periods. For the slow slip
events, a large ensemble spread occurs mainly after the coseismic phase because of the
smoother transition of the phases. We observe higher Kalman gain values after the seis-
mic event. Interestingly, the slip rate (blue line) changes more noticeably than the other
variables before the earthquake event as illustrated by Figs. 4.8b and 4.8d. This suggests
that the slip rate is more sensitive to data assimilation before the earthquake event than
other variables.
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4.3.5. FORECASTABILITY

We evaluate the forecastability of the EnKF for slow slip events and earthquakes by com-
paring the time series of the estimated relative frequency of fault-slip occurrence to
the synthetic true occurrences (Fig 4.9). Relative frequencies indicate the percentage
of ensemble members that estimate an earthquake within five different rolling window
lengths (1, 2, 3, 4, and 5 years) and a lag of 1 year. The lag in this scenario means we shift
our window’s interval each time by one year. We observe that the relative frequencies
of occurrence for the rolling windows of 1-year length are typically relatively small, i.e.,
smaller than 0.2, although, for both fault-slip types, exceptions up to 0.5 exist. However,
for longer windows from 2 up to 5 years, it is possible to reach relative frequencies from
0.75 up to 1.0.

Figure 4.9: Time series of the probability of fault-slip occurrence for (a) slow slip and (b) earthquakes. These
estimates are calculated using a rolling time window using different window lengths. Probabilities are given
as the relative frequency of the ensemble members that forecast the earthquakes. The light gray line indicates
the time of the slip occurrence. The solid blue, orange, green, red, and purple lines are the estimations for a
window of 1,2,3,4 and 5 years, respectively.

Interestingly, particularly for rolling windows of 5 years, the peak of relative frequen-
cies in most cases occurs at the same time as the true slip events, with maximum devia-
tions of less than one year. Moreover, the maximum relative frequencies are comparable
for both fault-slip types, indicating that the forecastability of earthquakes is comparable
to those of slow slip events.
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We also evaluate the forecastability of the data-assimilation framework by using a
Molchan or error diagram to analyze what is known just prior to the earthquake, instead
of forecasting a slip event once it has happened, i.e., hind-casting (Fig 4.10). The diagram
considers 72 earthquakes and 259 slow slip events in 1300 years. We assume that an
alarm is ringed once a percentage of the ensemble (10%,20%, and 30%) has reached its
peak shear stress. We calculate the period between the moment that the alarm rings and
the actual slip occurrence and divide this time by the recurrence interval of the event
to obtain the alarm duration. We estimate the failure rate as the fraction of events not
forecasted from the total number of events that occurred.

Figure 4.10: Molchan diagram comparing the forecasting potential of the EnKF for slow slip events and earth-
quakes. The horizontal axis is the alarm duration calculated as a percentage of the recurrence interval of the
seismic event. The vertical axis is the failure to predict events and was calculated considering the percentage
of slip occurrences, which were correctly forecast during the alarm duration. The dashed curves correspond
to slow slip events, and the solid line curves are earthquake estimates.

In the Molchan diagram, a forecast located at (0,0) corresponds to having a zero pre-
diction failure, while ringing the alarm of an upcoming slip event for a very short period.
Theoretically, if we ring the alarm all the time we will not miss any slip events (i.e., 1,0);
if we never ring the alarm we will miss all events (0,1). An optimal forecast would follow
a curve that comes as close to the origin and both axes. The results show that the fore-
castability of the EnKF for both slow slip events and earthquakes is very similar when
ringing an alarm at times when 10% of the ensemble members have reached their peak
stress. Almost 90% of the slow slip events and earthquakes are forecast when ringing the
alarm just for 10% of the recurrence interval duration. That means the slow slip events
were forecast as early as half a year before the slip occurrence and around 2 years be-
fore for the earthquakes. We also evaluate how forecastability changes when consider-
ing a different proportion of ensemble members (20% and 30%). The EnKF shows lower
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earthquake failure rates for the same alarm duration than for slow slip events. This may
be connected to the larger ensemble spread experienced when estimating earthquakes,
which may lead to earlier alarms compared to the slow slip events that tend to stick closer
to the truth diagram.

4.4. DISCUSSION

The results show that the EnKF provides good estimates and the lowest deviations from
the truth during the interseismic phase of both the slow slip events and the earthquakes.
The state estimates are most uncertain during and around the coseismic phase of the
earthquakes. This is more pronounced for the slip rates and state variable θ’s estimates,
which experience variations of many orders of magnitude between interseismic and co-
seismic values. This is unsurprising, as the estimate is constructed by averaging 50 en-
semble members with varying slip rates and state variables (e.g., Fig. 4.4). This aspect
of the data assimilation may differ when using a different assimilation method (see, for
example, Chapter 19 in Evensen et al. (2022)).

4.4.1. IMPACT OF NON-LINEARITY AND NON-GAUSSIANITY

We imposed a rate-and-state friction formulation (Eq. 2.6) on the fault to generate earth-
quake sequences. This dynamical friction model is nonlinear because small changes in
one variable (e.g., stress) trigger disproportionally large and nonlinear changes in an-
other variable (e.g., slip rate) during the coseismic phase. This type of non-linearity can
be visualized by analyzing the hidden state variables in a phase diagram (Fig. 4.11), while
its impact on data assimilation is analyzed by visualizing the trajectories of the ensemble
members during the analysis step in both phases of the seismic cycle (Fig. 4.12).

The phase diagrams of the slow slip events have a smoother transition between the
interseismic and coseismic phases, presenting almost no sharp corners in the variables’
relationships (Figs. 4.11a,c). As shown in Fig. 4.6, the ensemble distributions are Gaus-
sian, and in these phase diagrams, there is a smaller lag in time between the truth and the
ensemble mean observed by the closeness of the members to the truth. Besides, the en-
semble better captures the truth in this smoother trajectory. In contrast, the earthquake
phase diagrams reveal very pronounced corners and abrupt transitions, which lead to
a split of the ensemble members’ distribution into two groups, corresponding to time
snapshots prior to and after the coseismic phase (Fig. 4.11d). This bi-modality of the
ensemble is also seen in Fig. 4.7c, and although in the interseismic phase, the ensemble
members surround the truth, they have a more significant lag in time when compared
to the slow slip events since the transitions are sharper and restrictive. This time lag can
be visualized as the distance between the members that stay further away from the truth
and that will stay in the interseismic phase of a previous earthquake once the coseismic
phase of the truth has already occurred.
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Figure 4.11: Phase diagrams showing the evolution of slip rate versus shear stress for a complete cycle (black
line) of (a,c) slow slip events and (b,d) earthquakes. The top row shows the ensemble members (green circles)
and the truth (black star) during the interseismic phase: (a) at time 832 years, and (b) at time 910 years, as
shown in Figs. 4.6a and 4.7b, resp. The bottom row shows the ensemble members and truth before the coseis-
mic phase: (c) at time 844 years and (d) at time 958 years as shown in Figs. 4.6a and 4.7b, resp. The purple
hatched area represents the interseismic phase, and the light-orange hatched area the coseismic phase.

As mentioned before, the movements in the medium are a response to the displace-
ments at the fault. This means that sharp transitions in state variables at the fault should
translate into sharp transitions in the medium. We further analyze these relationships
and effects between variables by cross-plotting the estimated hidden states and the ob-
served variables during a single analysis step just before a coseismic period (Fig. 4.12).
This shows how the non-linearities identified in the phase diagrams translate into a dis-
ruption of the estimates of the EnKF (Fig. 4.12). We see that the ensemble members stay
close to each other for the slow slip events, and the updates from the EnKF are not as
large as in the earthquake estimates. We also observe a deviation of the ensemble mem-
bers from the true cycle of the slow slip events in Figs. 4.11a and 4.11c. This effect can
be explained if we consider the 1D earthquake model as a 1D spring-slider model (e.g.
Burridge and Knopoff 1967). Suppose we use this model to simulate slow slip events. In
that case, the ratio between the stiffness of the spring and the so-called critical stiffness
of the 1D spring-slider model will determine if the events will have a decaying, increas-
ing, or no effect on their trajectories. This ratio is slightly less than 1 for the slow slip
events shown in Fig. 4.11, resulting in cycles with slightly growing orbits in the phase di-
agram. In the earthquake models, this effect does not occur because of the added effects
of inertia and radiation damping that force the ensemble members to stay in the same
cycle.
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Figure 4.12: Ensemble results explaining how the update of the analysis step occurs when getting close to the
coseismic phase at (a) 844 years for the slow slip events and (b) 958 years for the earthquakes. The horizontal
axes show observed velocity, and the vertical axis shows the unobserved shear stress at the fault. The ensemble
members are represented with circles. The blue circles are the prior values before the analysis step. The green
circles are the posterior values after the analysis step. The light gray lines connecting the circles are the updates
whose slope is the Kalman gain component corresponding to each ensemble member. The histograms on top
and the right of the cross-plot correspond to the marginal distributions of the prior (blue) and the posterior
(green). The red distribution in the upper histogram is the perturbed observations of velocity measured at the
medium. The black lines show the trajectory that the truth follows during the earthquake cycle for the current
event that is being estimated. The kink in this trajectory indicates the sudden transition from the interseismic
phase toward the coseismic phase. The black star is the current shear stress at the fault and velocity in the
medium for the truth.
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The cross-plot from the earthquake models shows that a few members are already ex-
periencing a higher velocity because they are accelerating toward an earthquake. These
accelerating members behave as outliers in the sense that when corrected, they lie out-
side the overall trend observed for slip rates as illustrated by the prior ensemble mem-
bers and truth trajectory. Nonetheless, despite the clear presence of bi-modality in the
prior (e.g., Fig. 4.11d), the estimated shear stresses at the fault are projected back to end
up close to the true shear stress (black star). A good shear-stress estimate is more impor-
tant than a good slip-rate estimate because the forward model re-calculates slip rates
using the estimated shear stresses (sec. 4.2.1). This means that the slip-rate estimate of
the data assimilation will be overwritten in the next propagation time step.

Interestingly, the comparison of the analysis for slow slip events and earthquakes
shows that the update of the ensemble members in the earthquake experiments brings
the ensemble members’ shear stress and velocity closer to the truth than in the case of
the slow slip events. Despite a more angular trajectory of the true shear stress in the
earthquake experiment, the average slope represented in the Kalman gain (grey lines)
suggests an effective update of the the shear stresses at the fault. These findings sug-
gest that the data assimilation is almost equally effective in estimating the occurrence
of earthquakes as it is in estimating the occurrence of slow slip events. This interpreta-
tion is supported by the evaluation of the fit of the shear stress evolution of the ensem-
ble members to the truth (Fig. 4.4), and by the quantification of the shear stress error
(Figs. 4.6 and 4.7), and forecastability (Fig. 4.10).

Finally, the above analyses and the relatively minor difference in performance be-
tween slow slip events and earthquakes also suggest that the non-Gaussianity of the
prior and the strong non-linearity of the forward model do not significantly hamper the
effectiveness of the EnKF.

4.4.2. ANALYSIS OF NON-PERIODIC EVENTS

In previous sections, we assumed that the parameters were known and constant in our
perfect model experiments. This assumption produces a very periodic behavior in the
earthquake sequences. In this section, we further study the performance of the EnKF
for estimating non-periodic earthquake sequences. Li et al. (2022) derive an equation
that theoretically predicts the recurrence interval T of an earthquake sequence for 1D,
2D and 3D models. For a 1D model, the equation is as follows

T = ∆τd yn

τ̇h∗
= σn(b −a)H

2GVl
ln

Vd yn

Vl
, (4.2)

where ∆τd yn is the stress drop, τ̇h∗ is the stress rate at the fault location, and the dy-
namic slip velocity Vd yn is approximated as 1 m/s for simplicity. We perturb the loading
rate Vl to generate a non-periodic truth and keep the other variables shown in Eq. 4.2
constant. We assume a multiplicative noise β to follow a Gaussian distribution β ∼
N (1,0.1) and apply it to the loading rate Vl in the boundary conditions shown in Eq. 2.19.
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The new boundary conditions are:

vy (x = 0) = 1

2
V ,

vy (x = H) =β1

2
Vl .

(4.3)

Fig. 4.13 shows the variability of the recurrence interval for a synthetic truth from
a non-periodic model generated by the perturbation of the loading rate. The events in
the periodic model shown in the main text have a recurrence interval of 17.8 years. The
non-periodic events generated using the multiplicative noise on the loading rate have a
mean recurrence interval of about 18 years with a standard deviation of approximately 5
years, as shown in Fig. 4.13.

Figure 4.13: (a) Variability of the recurrence interval of the synthetic truth generated using a perturbation of the
loading rate for a sequence of 80 earthquakes and (b) a histogram showing the distribution of the recurrence
interval for the earthquakes from the sequence. The orange dashed line shows the variability of the recurrence
interval for the earthquakes in the non-periodic model. The solid black line shows the periodic model’s recur-
rence interval of 17.8 years.

We perform perfect model experiments where we assimilate synthetic observations
of shear stress and velocities from the non-periodic model and estimate the shear stress,
slip rate and state θ at the fault as shown in Fig. 4.14. The ensemble size is 50, and the
ensemble members are periodic. The ensemble members also have the same loading
rate with a recurrence interval of 17.8 years, but each has a different initial shear stress
value at the fault at t = 0.

The accuracy of the EnKF is lower for the non-periodic events compared to the peri-
odic events shown in Figs. 4.5. The EnKF gives relatively accurate estimates of the shear
stresses, velocities, and state θ for earthquakes with a shorter recurrence interval than
17.8 years. However, there are large errors during the interseismic phase for earthquakes
with a longer recurrence interval than 17.8 years. Fig. 4.15 shows similar results, indi-
cating that the state space is better covered when the members have a longer recurrence
interval than the truth. In contrast, the ensemble members tend to enter the coseismic
phase too early, when the members have a shorter recurrence interval than the truth,
leading to incorrect estimates, especially during the interseismic phase. For some of the
earthquakes with longer recurrence intervals, the coseismic phase is well captured by
the EnKF estimates when the following earthquake cycle corresponds to a shorter recur-
rence interval earthquake.
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Figure 4.14: Estimated evolution of (a) shear stress, (b) slip rate, and (c) state θ at the fault for the non-periodic
earthquake sequences. The black solid line is the true evolution of the variables. The estimates of the EnKF are
shown in green. The color of the hatched zones differentiates between the events with a recurrence interval
shorter than 17.8 years (light orange) and longer than 17.8 years (light purple).

Figure 4.15: Phase diagram for the non-periodic earthquake sequences. The black solid line is the true evolu-
tion of the variables. The light orange dots are the ensemble member estimates for events with a recurrence
interval shorter than 17.8 years, and the light purple dots are the estimates for events with a reccurence interval
longer than 17.8 years (light purple).
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Fig. 4.16 illustrates how the RMSE for the shear stress, slip rate, and state θ is larger
for the non-periodic case than for the periodic case, with the difference between the slip-
rate RMSE for these two cases being relatively small compared to the difference in RMSE
of the other two variables.

Figure 4.16: Comparison of the RMSE for the shear stress (a), slip rate (b) and state θ (c) for the periodic (blue)
and non-periodic events (green).

LIMITATIONS

We use a 1D model that is inherently periodic as we consider our frictional properties to
be constant in time, and there are no spatial heterogeneities. One of the advantages of
working with such a simple setup is that we can understand the impact of the rate-and-
state friction law in a simple case. Another advantage is that this type of perfect model
experiments with such simplifications also helps to evaluate how the assumed settings
affect the assimilation results. This is very useful when moving to a more realistic ap-
plication since it helps to evaluate the impact of factors such as the amplitudes of the
observation errors, observation intervals, the observed variables, and measurement lo-
cation. However, we expect that to fully exploit the capability of the physics-based model
to estimate the shear stresses at the fault level through data assimilation; we should use
higher dimensional models. These limitations are tackled by the use of higher dimen-
sional models in 2D and 3D that are already available in Garnet (Li et al. 2022).

The use of 3D models especially helps to evaluate the benefits of the assimilation of
observations in estimating the spatial distribution of the shear stress at the fault. How-
ever, they are too computationally expensive. In Chapter 6, our work is oriented into us-
ing ensemble data assimilation methods for assimilating data observed in a meter-scale
biaxial shear stress experiments using 2D models that can still reproduce well some of
the friction macroscopic measurements at a lower computational costs (Ji et al. 2022a;
Spiers et al. 2017). These experiments have the advantage of offering data over a wide
range of loading rates in which, in every single step, the parameters are relatively con-
stant. This allows us to evaluate the effect of the uncertainty in the frictional parameters
separately from the complexity of the current stress field experienced by the fault.

The study presented here is also a first step toward applying data assimilation with
real data. The synthetic experiments presented here assumed that the shear stress and
velocities close to the fault are directly observed. In reality, one of the likely difficul-
ties is that we cannot observe the stress and velocity directly in a real case. This means
that we cannot use a linear observation operator. Including more complex observation
operators may introduce an additional source of nonlinearity that complicates the es-
timation of earthquake occurrences as shown in Appendix D. An alternative approach
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to overcome this difficulty would be to estimate the shear stress and the slip rate along
the plate interface based on crustal deformation through kinematic inversion and as-
similate this information as a direct observation. However, it is important to consider
that the kinematic inversion can introduce additional errors that may be hard to trace
given the system’s complexity. Another important simplification of our state estimation
approach for a real application is that we assume that parameters are correct, known,
and constant. As studied by Banerjee et al. (2023) and Hirahara and Nishikiori (2019),
having a bias in models with constant frictional parameters affects the accuracy of the
shear stress and velocity estimates even in the case of seismic events of long duration,
such as slow slip events. As we have shown in this study and further explore in Chapter 5,
the nonlinearities in seismic events of short duration, such as earthquakes, already chal-
lenge the accuracy of the estimates. Therefore, an approach with state and parameter
estimation or that includes model error could be an alternative for a real-data appli-
cation where the recurrence intervals are more variable and parameters are uncertain.
The estimation of parameters helps the reanalysis of past earthquakes. Also, it gives ad-
ditional degrees of freedom to the ensemble of shear stresses, slip rates, and state θ as
defined by the rate-and-state friction law. However, it is important to note that including
uncertainties in the parameters may lead to different nucleation lengths across models
and, consequently, different time-step lengths in the model, among others difficulties as
discussed in Chapter 2. This would make the data assimilation more computationally
expensive and reduce the members’ comparability. Comparisons of the effectiveness
of the EnKF for non-periodic cases have been made by van Dinther et al. (2019), who
benchmarked the forecastability of event alarms using ensemble data assimilation of
non-periodic events compared to periodic recurrence models. Their results suggest that
data assimilation in models of earthquakes with slow slip rates outperforms the periodic
recurrence models, especially for moderately large events. Their study highlighted the
advantages of ensemble data assimilation for including physics-based information in
probabilistic hazard assessment. We further tested the state estimation of a non-periodic
truth using an ensemble of periodic models (Appendix A). For a non-periodic case, we
see that the accuracy of the EnKF estimates is less than in the state estimation of a pe-
riodic truth. The results suggest that when the earthquake recurrence interval of the
truth is shorter than the earthquake recurrence interval of the prior, the EnKF gives a
relatively accurate estimate of the shear stresses and velocities. Finally, other data as-
similation methods than the EnKF can be implemented, like the particle filter, which
has no assumptions of the Gaussianity of the state variable distributions. The particle
filter or other data assimilation methods for non-linear models can be explored to better
estimate the coseismic phase (see, for example, Chapter 19 in Evensen et al. (2022)).

4.4.3. IMPLICATIONS

As mentioned in Chapter 1, there is an increased interest in dynamic source inversion to
combine information from physics-based models and observations. Multiple advances
have been made in kinematic inversion and dynamic inversion of past earthquakes.
However, these techniques are limited to past earthquakes. Data assimilation has the
potential for combining both sources of information and providing useful reanalysis of
past events and forecasting future earthquakes. The results from this study suggest that
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ensemble data assimilation effectively estimates both slow slip events and earthquakes.
In particular, the forecastability results show that with a very short alarm duration, many
future slow slip events and earthquake occurrences can be estimated with our setup.
With this proof of concept, we hope to catch seismologists’ attention for using data as-
similation to advance the field of earthquake forecasting.

4.5. CONCLUSIONS
In this chapter, an Ensemble Kalman Filter (EnKF) on a 1D model representing a 0D fault
point loaded by a displaced, elastic medium assimilates synthetic, noisy, and indirect
observations of shear stress and velocity. Assuming that the parameters of our physical
model are perfect and using an ensemble with 50 members, we estimate the shear stress,
slip rate, and state variable θ at the fault. We further evaluate the forecastability of the
filter to estimate future occurrences of both slow slip events and earthquakes. Our results
suggest that the EnKF is a useful and promising method for quantifying the uncertainty
of the current state of stress, slip rates, and strength of faults.

We conclude that the estimates of the EnKF are most accurate during the interseis-
mic phase of both the slow slip- and earthquake cycle. As an example, the absolute errors
in the shear stress estimates are around 3 to 5% of the stress drop during the interseis-
mic phase, while the standard deviation is slightly higher, between about 4 to 7 % of the
stress drop. In contrast, the largest estimation errors are found during and around the
coseismic phase of the earthquakes, where the shear stress errors, for example, can reach
about 20 to 25 % of the stress drop shortly before and after the coseismic phase. The fast
changes in the state of stress and velocity in this phase result in a sudden change in the
distributions of the estimated variables. The distribution of variables becomes broader,
and in the case of earthquakes, it becomes bimodal, which can introduce biases in the
mean estimates of the variables.

The EnKF effectively estimates the occurrence of earthquakes that last only seconds,
while observations are available over decadal time scales. An analysis of the influence
of the observations during the analysis step shows that the assimilation of shear stress
observations is very useful for the system to better estimate the shear stress on the fault
for slow slip events and earthquakes. The velocity observations are most influential on
estimates of slip rate for slow slip events. For earthquakes, both types of observations
are relevant for the estimation of the slip rate. For the estimates of the state θ, both types
of observations are equally important for slow slip events, but for earthquakes, the shear
stress is the most influential. Finally, a comparison of the evolution of the influence of
the observations in time indicates that observations taken after the slip occurrence are
especially important for the estimates of the filter. This is more evident in earthquakes
than in slow slip events and shows the importance of the assimilation of observations
recorded from previous earthquakes for better estimating the next ones.

An additional analysis of the forecastability of the EnKF for slow slip events and
earthquakes shows that for both types of events, there is a very low forecasting failure
rate of about 10 % when ringing very short alarms of just 10 % of the recurrence inter-
val of the events. That means that most slow slip events could be forecasted half a year
before their occurrence and around 2 years before the earthquakes with an occurrence
interval of approx. 20 years. Our results suggest that data assimilation has the capacity
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to improve estimates of fault-slip occurrence for both slow slip events and earthquakes
and the potential to eventually advance the field of earthquake forecasting.

DATA AVAILABILITY

The forward model for (a)seismic slip sequences utilizing the numerical modelling pack-
age Garnet is made accessible via repository https://bitbucket.org/cpranger/g
arnet/src/master/. The data produced and analyzed in this chapter is available via
4TU.ResearchData (http://doi.org/10.4121/20260932).

https://bitbucket.org/cpranger/garnet/src/master/
https://bitbucket.org/cpranger/garnet/src/master/
http://doi.org/10.4121/20260932


5
NON-GAUSSIAN ENSEMBLE DATA

ASSIMILATION METHODS FOR

OPTIMIZED EARTHQUAKE

FORECASTING

Summary: This chapter explores the potential of the Adaptive Gaussian Mixture Filter
(AGMF) and the Particle Flow Filter (PFF) in earthquake modeling, addressing the limi-
tations of the Ensemble Kalman Filter (EnKF) in handling non-Gaussian distributions in
seismic cycles governed by rate-and-state friction (RSF) laws. We examine the AGMF and
PFF using a Burridge-Knopoff 1D model. Our tests include periodic and aperiodic con-
ditions to evaluate the impact of Gaussian prior assumptions on ensemble methods. The
study also investigates whether the improved estimation of unobserved variables, previ-
ously demonstrated with the AGMF and PFF in the Lorenz 96 model in Chapter 3, can be
effectively applied to earthquake forecasting and modeling.

Resumen: Este capítulo explora el potencial del Filtro de Mezcla Gaussiana Adaptativa
(AGMF) y del Filtro de Flujo de Partículas (PFF) en la modelación de terremotos. Se abor-
dan las limitaciones del Filtro de Kalman de Ensamble (EnKF), especialmente en su ca-
pacidad para manejar distribuciones no gaussianas en ciclos sísmicos regidos por las leyes
de fricción rate-and-state (RSF). En nuestro análisis, empleamos el AGMF y el PFF uti-
lizando un modelo unidimensional de Burridge-Knopoff. Las pruebas realizadas incluyen
tanto condiciones periódicas como aperiódicas, con el fin de evaluar el impacto de las su-
posiciones de distribuciones gaussianas inherentes a los métodos de ensamble.
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5.1. INTRODUCTION
In this chapter, we concentrate on the intricate behaviors arising from the rate-and-state
friction in earthquake models, mainly focusing on the emergence of non-Gaussian dis-
tributions under certain conditions. As discussed in previous sections, the rate-and-
state friction model can yield various outcomes based on initial conditions and sys-
tem parameters. As highlighted in Section 4.3.3, a key observation is the presence of
non-Gaussian prior distributions during earthquakes characterized by fast slip rates and
sharp, rapid stress drops. These distributions, predominantly observed during the co-
seismic phase, present significant challenges to traditional data assimilation methods
like the Ensemble Kalman Filter (EnKF).

Expanding upon the concepts introduced in Chapter 3, we explore various non-Gaussian
data assimilation techniques better equipped to handle these complexities. A critical as-
pect of our study is exploring the impact of aperiodicity on the filter estimates. Attempts
to induce aperiodicity, as described in Section 4.4.2, involved perturbing the loading rate
of the system, a key boundary condition. We investigate how parameters such as the
sensitivity of velocity relaxation (ϵ) can lead to aperiodicity and even the formation of
strange attractors, as explained by Erickson et al. (Erickson et al. (2011)) and explained
in section 2.4. This chapter examines both regularized and non-regularized rate-and-
state friction models and their influence on these dynamics, and how, even in chaotic
behaviors, the data assimilation methods continue to provide accurate estimates.

The primary objective of this chapter is a comprehensive evaluation of the Adap-
tive Gaussian Mixture Filter (AGMF) and the Particle Flow Filter (PFF) as advanced non-
Gaussian data assimilation methods. This evaluation focuses on their application in sys-
tems influenced by rate-and-state friction, assessing how they compare and potentially
improve upon the performance of the Ensemble Kalman Filter (EnKF) performance. We
scrutinize their performance in estimating key variables such as shear stress, velocity,
and the unobservable state θ under both periodic and chaotic conditions.

A vital aspect of our investigation is examining the adequacy of assuming Gaus-
sian priors, a common practice in data assimilation, mainly when using rate-and-state
friction models. We aim to understand the implications of restricting models to quasi-
periodic solutions, a common occurrence in seismological modeling, instead of embrac-
ing more chaotic solutions, which are standard in other fields like meteorology. Fur-
thermore, we assess the impact of assimilating different observations — including shear
stress, velocity, or both — on estimating all state variables, even those unobserved or
’hidden.’ Through this comprehensive analysis, we hope to contribute significantly to
developing more accurate and efficient methodologies for earthquake forecasting.
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5.2. METHODOLOGY
In this section, we use perfect model experiments to evaluate whether the good esti-
mates observed in Chapter 4 under periodic and quasi-periodic conditions, meaning
seismic cycles with little variation in their recurrence intervals, can extend to an aperi-
odic system. We also do these perfect model experiments to evaluate if we obtain more
accurate results, using data assimilation methods with non-Gaussian prior assumptions
such as the AGMF and the PFF, especially in the coseismic phase. We further evaluate
whether having ensembles where all the members have parameters that force them to
stay in a periodic behavior impacts the filters.

5.2.1. PERFECT MODEL EXPERIMENTS
In this chapter, we use perfect model experiments to evaluate the performance of the
data assimilation methods. In these experiments, we generate a synthetic true solution
and synthetic observations, and evaluate how well the filters estimate the state variables.
We specifically used 1D Burridge-Knopoff models of 20 blocks presented in Chapter 2,
and ensembles of 100 members. For generating the initial conditions for these 100 mem-
bers we run a very long simulation of the truth of 10.000 time steps and randomly se-
lect the state of the system in 100 different time steps randomly selected, where every
timestep has an equal probability of being picked. These 100 initial conditions are stored
and used for the perfect model experiments for each data assimilation method tested, for
making a fair comparison between methods. We base this on the strange attractor found
by Erickson et al. (2011).

For the 1-D Burridge-Knopoff models the state vector is

zT
n =

(
τ̄T , ūT , l n

(
V̄+1

)T ,Θ̄
T
)

n
, 1 ≤ n ≤ Nm , (5.1)

where we employ ln(V̄+1) instead of V̄ to impose a positivity constraint. We solve the
ODEs, presented in Chapter 2, using an embedded fourth order explicit Runge–Kutta
method following the advice of (Erickson et al. 2011) with a time step ∆t of 0.01 time
units. The frictional non-dimensional parameters used are shown in Table 5.1.

Table 5.1: Non-dimensional rate-and-state friction parameters for 1-D Burridge-Knopoff model coupled with
rate-and-state friction

Parameter Symbol Periodic Chaotic
Sensitivity of the velocity relaxation ϵ 0.3 0.5
Non-dimensional spring constant ξ 0.5 0.5

Non-dimensional frequency γµ 0.5 0.5
Non-dimensional frequency γλ

p
0.2

p
0.2

Scaled steady-state friction coefficient f̄ 3.2 3.2

An example of the temporal evolution and phase diagrams of the models used is
shown in Fig. 5.1. The transition of the Lorenz 96 models from periodic to chaotic is gen-
erated by changing the forcing term in Eq. 3.32, as shown in section 3.5. In the case of the
BK-RSF 1D we choose specific combinations of ϵ, ξ, γµ, γλ, and f̄ which are among the
ranges mentioned in Erickson et al. (2011). We use the non-regularized rate-and-state
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friction law and for the evolution of the state Θ̄ we use the slip law. We do this to evalu-
ate periodic and chaotic behavior in the rate-and-state friction since it has been reported
that the regularized rate-and-state friction imposes mainly periodic behaviors (Erickson
et al. 2011; Lapusta and Rice 2003). The specific parameter values used in the experi-
ments are shown in Table 5.1.

Using the periodic solutions we define the cycle duration. The BK-RSF 1D’s cycle
spans approximately 18 time units (or 1800 steps). We used a default rate of 8 obser-
vations per cycle or which is the same 2.25 time units (225 timesteps) between obser-
vations. We assume Gaussian uncorrelated observation errors with diagonal matrices
Cdd . We define the uncertainties using typical observation uncertainties used in other
works (Banerjee et al. 2023). For τ̄ and l n(v̄ +1) of the seismological models we used 0.6.
We extract synthetic observations of the generated truth using these uncertainties and
use the same synthetic observations for the perfect model experiments done with the
different data assimilation methods.

Figure 5.1: Schematic representation of the evolution of the Lorenz 96 (a-d) and 1-D Burridge-Knopoff model
coupled with rate-and-state friction (e-h) use for creating the synthetic truth of the perfect model experiments.
Phase diagrams of the Lorenz 96 models under (a) periodic (F=1.2) and (c) chaotic (F=8.0) conditions, and the
evolution of the state of the 10-th cell through time for the (b) periodic and (d) chaotic case respectively. Phase
diagrams of the BK-RSF 1D model under (e) periodic and (c) chaotic conditions, and the evolution of the shear
stress for the 10-th block through time for the (b) periodic and (d) chaotic case respectively.
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Figure 5.2: Schematic representation of the observation density for the data assimilation experiments for 4
different coverage of the blocks. Scenarios with a 100% coverage(a), with a 50 % (b), with a 25 % and with a
10%.

A higher proportion of observed model cells in data assimilation improves the as-
similation results by reducing uncertainties and better capturing spatial patterns and
variability. This increased coverage allows for better constraint of the model state and
generates more accurate estimates. However, complete spatial coverage or observing all
cells can lead to ensemble collapse, where the ensemble members become too similar,
causing a lack of diversity in estimation. This convergence towards a single state limits
the exploration of alternative states and underestimates uncertainties.

Our examination considered synthetic observations using different spatial coverages.
We sample synthetic observations and perform perfect model experiments for the dif-
ferent data assimilation experiments using different spatial observation densities with
coverages of 100%, 50%, 25 % and 10 % as shown in Fig. 5.2. These synthetic observa-
tions are extracted from the reference solution and perturbed using the uncertainties
aforementioned. The observation vector is:

dT =
(
τ̄T , ln

(
V̄+1

)T
)

. (5.2)

For the localization of the prior covariance matrices, and defining the best hyperparam-
eters for each filter, we followed the steps shown in Appendix A. Once the optimal hyper-
parameters have been chosen for the PFF and AGMF, we proceed to compare the results
of the filters under the different cases with the EnKF to evaluate the advantages of data
assimilation with non-Gaussian priors, as shown in the next section.

Other key considerations in data assimilation include observation frequency and er-
ror. The frequency of assimilation steps influences effectiveness; larger steps save com-
putational resources but the estimation method may then overlook rapid changes, while
smaller steps enhance temporal accuracy at increased computational costs. Observa-
tion error, the inherent uncertainty in measurements, affects the reliability of the assim-
ilation process. High errors increase uncertainties, possibly leading to notable discrep-
ancies between estimated and actual states. Conversely, very low errors might cause un-
derdispersion, limiting the model’s generalization capabilities. For a detailed discussion
on varying observation frequencies and errors, see Appendix C.
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5.3. RESULTS AND ANALYSIS
In this section, we present the outcomes from perfect model experiments, focusing on
comparing the three data assimilation methods: EnKF, AGMF, and PFF. Our aim is to
evaluate these methods in terms of accuracy, using RMSE values, and ensemble spread,
assessed through rank histograms. This comparison extends across different phases of
the seismic cycle, emphasizing how the ensemble spread changes with each phase of the
seismic cycle.

5.3.1. ANALYSIS OF ERRORS AND UNDERDISPERSION

Fig 5.3 shows the RMSEs of the EnKF, the AGMF, and the PFF for the slip-rate V̄ ,, which
is an observed variable. The results show the comparison of the RMSEs when observ-
ing all the blocks (left column) and when only observing half of them (right column) for
the periodic and the chaotic case. The results show that the three methods have esti-
mates with errors lower than the observation error, as expected. The EnKF shows the
lowest errors when having access to the observations of all the blocks. Interestingly, the
AGMF has lower errors than the EnKF when fewer observations are available. The case
with fewer observations presents a more challenging condition for the estimation, which
makes the importance sampling step of the AGMF useful to capture the distributions of
the variables better. The RMSE results show the same trend for the estimates of the shear
stress τ̄.

Figure 5.3: Comparison of the RMSE for the estimated of the logarithm of the velocity (ln(V̄ +1)) of the EnKF
(green), the AGMF (red) and the PFF (blue) for the 1-D Burridge Knopoff model coupled with rate-and-state
friction. The upper row shows the comparison for the periodic case (a,c), and the lower row for the chaotic
case (b,d). The result correspond to an observation density of 100% of the blocks for the left column (a,b) and
50% of the blocks in the right column(c,d).
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Fig. 5.4 show the RMSEs of the EnKF, the AGMF and the PFF for the state Θ̄ which is
not observed also called a hidden state. The results show that for all methods the error
decreases as more observation are assimilated with time. For the periodic case the ENKF
and the AGMF have the lowest errors. However, for the periodic case the differences
between the RMSE values for the different methods are less noticeable.

Figure 5.4: Comparison of the RMSE for the estimated of the state Θ̄ of the EnKF (green), the AGMF (red) and
the PFF (blue) for the 1-D Burridge Knopoff model coupled with rate-and-state friction. The upper row shows
the comparison for the periodic case (a,c), and the lower row for the chaotic case (b,d). The result correspond
to an observation density of 100% of the blocks for the left column (a,b) and 50% of the blocks in the right
column(c,d).

The DFS values are generally extremely low for the EnKF after the first observations
have been assimilated. We find that the ensemble spread greatly decreases after these
first assimilation windows. This indicates a problem of underdispersion, also called
overconfidence. A possible remedy to this problem is the use of covariance inflation.
However, very high inflation factors (2 to 5) are needed to have less underdispersion on
the rank histograms. Interestingly, as we will see, the Particle Flow Filter does not expe-
rience this sudden decrease in the ensemble spread.

The rank-histograms (Fig. 5.5) highlight that the filters have problems of underdis-
persion. The resampling step of the AGMF can help to keep a wider ensemble, especially
in the periodic case, but this resampling seems insufficient for reducing the underdis-
persion in the spread. Further refinement of the PFF’s hyperparameters, such as band-
width and learning rate, could yield more accurate and precise results while preserving
an ensemble spread wide enough to correspond to the posterior uncertainties.
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Figure 5.5: Rank histogram for the estimates of the (a) EnKF, (b) AGMF, and the (c) PFF for the periodic case

Figure 5.6: Comparison of the estimates of the slip-rate (V̄ ) of block 10 for the EnKF (blue), the AGMF (red),
and the PFF (green) for estimating an earthquake occurrence for a periodic event. The true time series of the
slip-rate is shown with a solid black line. We compare the ensemble distribution for the interseismic phase
(c,d) during the coseismic phase (e), and at the end of the coseismic phase (f).
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Figs 5.6 and 5.7 show a comparison of the time series estimates of the slip-rate(V̄ )
for the EnKF, AGMF, and PFF ensemble members. The results correspond to a sequence
of periodic and chaotic events respectively. The histograms of the ensemble distribution
of the different methods show that the PFF maintains a broad posterior distribution dis-
tribution in both cases. In contrast, the AGMF and the EnKF have very narrow ensemble
distributions. Despite these narrow distributions, both methods have estimates that are
very close to the truth. However, a consequence of the very narrow distributions is that
the EnKF and AGMF ensemble will not cover the true state in certain phases.

Figure 5.7: Comparison of the estimates of the slip-rate (V̄ ) of block 10 for the EnKF (blue), the AGMF (red),
and the PFF (green) for estimating an earthquake occurrence for a chaotic event. The true time series of the
slip-rate is shown with a solid black line. We compare the ensemble distribution for the interseismic phase
(c,d) during the coseismic phase (e), and at the end of the coseismic phase (f).

5.3.2. SENSITIVITY ON MODEL ERROR
Recent findings, e.g. (Gualandi et al. 2023), show how having a deterministic model rep-
resenting a laboratory setup of a direct shear type of machine can constrain the solutions
to just a set of possible states of the system. Gualandi et al. (2023) showed that even for
a laboratory experiment with controlled conditions, introducing stochastic terms in the
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system of ordinary differential equations was the most accurate approach for explaining
the system’s behavior.

We can achieve a similar result of this stochastic term by including model error terms
in the state vector of the data assimilation. These model errors can account for missing
physics or errors in the dynamical forward model. In this context, a model error can be
used to better estimate the dynamics of the system and maintaining an ensemble spread
that can help with the underdispersion problem that regularized rate-state-friction for-
mulation imposed in methods like the EnKF.

To evaluate the effect of introducing a stochastic term in the equations, we visual-
ize the effect of using such a term in a forward simulation of the 1-D Burridge Knopoff
model. We aim to verify that we can use values of ϵ that produce periodic solutions and
still estimate aperiodic behavior. The advantage of maintaining ϵ fixed is that we avoid
further instability issues or changes in the frictional behavior of the system as described
in section 2.4. For this, we perturbed the shear stress τ̄ as follows:

τ̄i = f̄ + Θ̄i + ln
(
V̄i +1

)+q, (5.3)

where q is the stochastic term that follows a distribution q ∼N(0,Cqq ). We assume that
the covariance matrix Cqq is diagonal with σq ∈ [0,1]. Fig. 5.8 shows the evolution of the
phase diagram of block 10 of a 1-D Burridge Knopoff with ϵ= 0.3 in the periodic regime
when increasingσq . We can see how the phase diagrams become more and more similar
to the chaotic case shown in Fig. 5.1g, with an ϵ= 0.5.

Figure 5.8: Phase diagrams for different model errors: (a) σq = 0,(b) σq = 0.05, (c) σq = 0.1 and (d) σq = 0.5 .

We see that Eq. 5.3 has a very similar form to Eq. 2.9, where the radiation term would
be related to the model error term introduced. As explained before, the radiation damp-
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ing term compensates for the loss of energy caused by the seismic waves after the fault’s
slip. The introduction of this extra term acts as a model error since it compensates for
the quasi-dynamic model’s missing physics. This term is, however, constant during the
simulation and estimated based on the elastic properties of the rocks in frictional con-
tact. I propose to make the model error a function of the slip-rate when using a radia-
tion damping term and estimate the parameter η during the data assimilation, calling it
qer r or . Then,

q = f (V ) = qer r or V̄ , (5.4)

and also the new state vector would be,

zT
n =

(
τ̄T , ūT , l n

(
V̄+1

)T ,Θ̄
T

, qer r or
T
)

n
, 1 ≤ n ≤ Nm . (5.5)

Figure 5.9: Comparison of the estimates of the slip-rate v̄ at the block 10 of an EnKF with model error as
part of the state vector. The mean values are in green. The truth, in blue, corresponds to the slip-rate of the
chaotic model with ϵ = 0.5. The individual ensemble members in gray are periodic with ϵ = 0.3 and model
error. The synthetic observations are extracted from the chaotic synthetic truth. The results show that despite
the parameter bias the EnKF estimates are in sync with the truth especially in the occurrences of the seismic
events, but with differences in the magnitude (amplitude of the signal).

The advantage of reformulating the assimilation this way, which is more similar to a
parameter estimation exercise, is that knowing qer r or also helps us to investigate which
processes could be missing/wrongly represented in the forward model, and use it to im-
prove this model for forecasting applications. Fig. 5.9 shows the slip-rate estimates of
an EnKF with periodic ensemble members that assimilate synthetic observations ob-
tained from a chaotic truth. For the ensemble ϵn ∼ N (0.3,0.02) while for the chaotic
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truth ϵ = 0.5. Fig. 5.10 shows the estimates of qer r or with time. We see that despite the
parameter bias in ϵ, the EnKF provides good estimates of the occurrences of the events in
time. However, we see that similarly to the results of Section 4.4.2, the main differences
between the truth and the estimates are in the amplitudes of the signals. This can be
explained as the ensemble members with model error having a wider state space in the
phase diagrams and, therefore, being able to estimate the occurrences of the earthquake
as the truth will be in a smaller orbit covered by the ensemble. This explains why the
best estimates of the EnKF occur when the amplitudes of the estimates of the filter are
higher than the values of the truth. In contrast, the less accurate estimates occur when
the filter underestimates the events’ magnitude and the truth values are higher than the
EnKF estimates.

These results are valuable since the correction with model error can improve the ac-
curacy of estimating the occurrence of seismic events, even in the presence of parameter
bias. Additionally, it allows simulation with a parameter that gives periodic and stable
solutions with regularized formulations and still simulates and gives good estimates of
aperiodic behavior.

Figure 5.10: Time series estimation of the qer r or

5.4. DISCUSSION
This chapter explored the application of non-Gaussian data assimilation methods on the
1-D Burridge-Knopoff model used in seismology. All methods tested yielded low RMSEs
in perfect model experiments under periodic conditions for both models—the variation
in results between the models links to their inherent chaotic and non-linear behaviors.
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We also identified and further analyzed the role of prior knowledge in updates and the
impact of including a model error term for better estimates in cases of parameter bias.

5.4.1. PFF’S SENSITIVITY TO HYPERPARAMETERS AND PRIOR KNOWLEDGE
The PFF was also tested on small chaotic dynamical systems by Stordal et al. (2021) in-
cluding the Lorenz 96 model. Their results showed that the EnKF outperforms the PFF
for intermediate ensemble sizes and the Particle Filter for large ensemble sizes. We ob-
serve similar results for an ensemble size of 100 members where the EnKF and PFF have
very similar RMSE for the same ensemble size. The advantage of our results is that we use
the 1-D Burridge Knopoff models that are not driven by noise as mentioned in Stordal
et al. (2021) for the case of the Lorenz 96 model. Fig. 5.11 shows a comparison of RMSE
results smoothed in time for the shear stress τ̄, slip velocity v̄ and the state Θ̄ of two
PFFs. The results presented with a dashed line correspond to a PFF whose attractive
term (Eq. 3.26) only includes information from the likelihood. In contrast, the contin-
uous line results include information from both the prior and the likelihood. Since the
results are almost indistinguishable, it may lead to the conclusion that the filter becomes
data-driven. Undesired behaviours like this required further study to apply this type of
filter.

Figure 5.11: Evaluation of the effect of the prior information in the gradient of the log posterior.
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5.4.2. LIMITATIONS

In this chapter, we employed 1D seismological models, which only simulate the seismo-
genic zone and neglect the surrounding medium. The lower computational cost of 0D
and 1D models is beneficial for understanding the effects of the rate-and-state friction
law on data assimilation. However, more complex and advanced 2D and 3D models are
estimated better for the evolution of stress of the seismogenic zone and in the surround-
ing medium (Li et al. 2022). The 3D models are especially pertinent in determining shear
stress distributions at faults and the nucleation process. We further discuss the benefits
of these 2D and 3D models in Chapter 6.

We simplified our state estimation by having fixed parameters. However, as high-
lighted by Banerjee et al. (2023) and Hirahara and Nishikiori (2019), having biased fric-
tion parameters affects the accuracy of the velocity and shear stress estimates. Address-
ing these discrepancies is essential, possibly through combined state and parameter es-
timation or model error assessment. It is important to highlight that parameter esti-
mation, while beneficial, can also inflate computational demands by requiring smaller
time steps to maintain stability in the simulations and challenge model consistency, as
explained in chapter 2.

5.4.3. IMPLICATIONS

Dynamic source inversion, primarily used for past earthquake inversion, is now com-
plemented by data assimilation to analyze past and potential future earthquakes. Our
research suggests that ensemble data assimilation can accurately estimate the evolution
of shear stresses, velocities and state θ of the rate-and-state friction laws in earthquake
models characterized by chaos, aperiodicity, and varied recurrence intervals. Regular-
ized versions of rate-and-state friction, usually yielding periodic solutions, face criticism
due to origins in small-scale lab experiments. However, recent findings affirm the va-
lidity of these small-scale observations for larger setups, up to a meter (Ji et al. 2022b).
Avoiding underdispersion when using periodic simulations in ensemble data assimila-
tion and addressing model errors as proposed in this chapter is crucial for better esti-
mates, especially in real-world scenarios.

5.5. CONCLUSIONS
In this chapter, we have conducted a detailed examination of the performance of the
Ensemble Kalman, Adaptive Gaussian Mixture, and Particle Flow Filters applied to 1-D
Burridge-Knopoff models under periodic and chaotic conditions. The Ensemble Kalman
and Adaptive Gaussian Mixture Filters faced significant underdispersion issues, necessi-
tating substantial adjustments to their prior covariance matrices. Under periodic condi-
tions, meaning periodic seismic cycles, the Ensemble Kalman Filter achieved the lowest
RMSE, yet underdispersion remained a problem for both it and the Adaptive Gaussian
Mixture Filter.

Notably, particle flow filters proved more robust against underdispersion, particu-
larly with integrating regularized frictional laws that lead to quasi-periodic behavior.
Additionally, they offered more precise estimates for unobserved variables such as the
state variable Θ̄ in the Burridge-Knopoff models. This advantage is valuable given the
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brevity and scarcity of historical seismological data relative to the low frequency of sig-
nificant tectonic earthquakes. Nevertheless, it’s important to consider that the tuning
of the bandwidth in particle flow filters can have a substantial impact on their perfor-
mance. For example, certain very wide bandwidth may affect sample separation, influ-
encing the kernel’s behavior. Hence, it’s advisable to adjust the bandwidth hyperparam-
eter thoughtfully.

Our results highlight the potential of ensemble data assimilation techniques to reli-
ably estimate the evolution of shear stresses, velocities, and the state variable Θ̄ in earth-
quake models governed by chaotic dynamics and irregular recurrence intervals. Regular-
ized versions of rate-and-state friction laws, typically associated with periodic outcomes,
have been scrutinized for being derived from small-scale laboratory experiments. How-
ever, recent evidence supports the relevance of these laboratory observations to larger-
scale scenarios (Ji et al. 2022a). Since these periodic simulations are used to explain also
large-scale experiments, it is important to consider model errors and under dispersion
within ensemble data assimilation frameworks.

We have also highlighted the challenges the rate-and-state friction law poses, which
can cause abrupt system behavior changes due to uncertainties in frictional parameters.
These uncertainties can lead to convergence issues, ensemble degeneracy, and compli-
cations in data assimilation when parameters are incorporated into the state vector of
a high-dimensional system. We proposed incorporating stochastic model error terms
into data assimilation as a solution, providing the necessary flexibility to accommodate
a range of stable solutions and enabling the estimation of aperiodic behaviors amid pre-
dominantly periodic solutions. This approach introduces additional stochasticity in the
behavior to capture earthquake dynamics more accurately with data assimilation.

Finally, we discussed how the selection of numerical models and rate-and-state fric-
tion laws can predispose systems to quasi-periodic behaviors, potentially causing un-
derdispersion problems that compromise the reliability of estimations from methods
predicated on the assumptions of Gaussianity and linearity. We demonstrated that the
Particle Flow Filter can maintain adequate variance in its estimates, which is crucial for
applying laboratory or field data where the accuracy of the estimates in relation to the
true state is often challenging to determine.

DATA AVAILABILITY

The forward model for the 1-D Burridge Knopoff coupled with rate-and-state friction
is made accessible via repository https://github.com/hdiabmontero/non_gaus
sian_data_assim/. The data produced and analyzed in this chapter is available via
4TU.Research Data (http://doi.org/http://doi.org/10.4121/f0f075f2-f45
c-4f8c-9d1d-bde03baeae33).

https://github.com/hdiabmontero/non_gaussian_data_assim/
https://github.com/hdiabmontero/non_gaussian_data_assim/
http://doi.org/http://doi.org/10.4121/f0f075f2-f45c-4f8c-9d1d-bde03baeae33
http://doi.org/http://doi.org/10.4121/f0f075f2-f45c-4f8c-9d1d-bde03baeae33
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Summary: This chapter presents the application of lessons learned from perfect model
experiments to a large-scale laboratory experiment. We propose a methodology detailing
how data assimilation can aid in estimating variables such as the distribution of shear
stress at the contact surfaces between frictional bodies. Additionally, we conceptualize
how future applications could utilize data assimilation experiments for estimating earth-
quake occurrences at a field scale.

Resumen: Este capítulo aborda la aplicación de las lecciones aprendidas de experimentos
con modelos sintéticos en un experimento de laboratorio de gran escala. Se propone una
metodología que explica cómo la asimilación de datos puede ser útil para estimar vari-
ables como la distribución del esfuerzo cortante en las superficies en contacto. Además, se
conceptualiza cómo futuras aplicaciones podrían emplear la asimilación de datos en ex-
perimentos para estimar la probabilidad de ocurrencia de terremotos a escala de campo.
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6.1. INTRODUCTION
In previous chapters, we have investigated the use of data assimilation for estimating
earthquake sequences using 1D seismological models. While these models have been
beneficial for a basic understanding of the rate-and-state friction law, their simplicity
has limited broader applicability. Additionally, we have utilized synthetic observations
in our experiments, assuming that our numerical models are error-free. These experi-
ments were instrumental in understanding the influence of assimilating observations of
specific variables (see Chapter 4) and the assumptions regarding prior distributions on
our estimates (see Chapter 5).

One of the major challenges in the study of faults is their location deep underground,
which makes direct observations difficult, as shown in Fig. 6.1. Laboratory experiments
offer a unique advantage in this context. While laboratory experiments are limited in
replicating the exact conditions of significant faults, they are invaluable for understand-
ing seismic mechanisms under various conditions. They allow control over variables
that influence friction, like pressure, stresses, and velocities (Di Toro et al. 2011) and en-
able the strategic placement of sensors at various points to closely monitor the system’s
evolution. This controlled environment is essential for a detailed study of the mechanics
of seismic activities.

Figure 6.1: Comparison of the distance between seismic monitoring sensors and faults at different scales. (a)
Field-scale seismic monitoring with distant well measurements and seismometers relative to the earthquake
hypocenter, complemented by GNSS and satellite surface observations. (b) Laboratory fault slip experiment
with sensors near the fault plane in a controlled setting.
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This chapter focuses on two main goals:

• Propose a data assimilation framework for laboratory experiments: We propose
a framework incorporating commonly used sensor data. We show some of the
steps of this framework to evaluate the information content of some measure-
ments in large-scale laboratory experiments and how the locations of the sensors
with respect to the seismogenic zones affect the information content. For this eval-
uation, we use 2D models, which are key to overcoming some limitations of the
1D models used previously. These 2D models enable us to understand better the
dynamics and information content of large-scale laboratory experiments. They al-
low us to evaluate the influence of having a discontinuous shear stress profile in
the fault, as discussed in Chapter 5, and observations in the elastic homogeneous
medium away from the fault, as in Chapter 4.

• Propose a data assimilation approach for field-scale observations: We introduce
a method for deriving indirect stress observations applicable in a data assimila-
tion framework. Moreover, we lay the groundwork for future research on the data
assimilation of field-scale observations, especially in case of high slip rates. This
chapter conceptualizes the integration of field measurements into a data assimila-
tion scheme, acknowledging the challenges posed by the inability to observe stress
and velocity in real-world scenarios directly. This approach is exemplified through
a Groningen gas field case study, shedding light on some of the steps undertaken
in this direction.

6.2. DATA ASSIMILATION AT THE LABORATORY SCALE
The conceptual data assimilation framework for estimating fault slip events in labora-
tory experiments, as detailed in Fig. 6.2, comprises three main steps. First is the forward
simulation of an ensemble of numerical simulations, which accounts for the dominant
physical phenomena influencing fault slip at the frictional surface (Fig. 6.2a). Second,
is the derivation of laboratory experiment observations, considering their uncertainties
(Fig. 6.2b). Finally, we generate posterior estimates of the current states of the stresses,
velocities, and slip at the fault to estimate earthquake occurrences (Fig. 6.2c). The es-
timates from the data assimilation are then used to update the ensemble of numerical
models, with an additional forward step possible for forecasting the fault slip.

As mentioned before, laboratory experiments have the advantage that sensors can
be placed close to the fault, which is normally impossible in the field. A diverse range of
sensors is used to measure critical physical quantities essential for understanding seis-
mic mechanics. Some commonly used sensors are Linear Variable Differential Trans-
formers (LVDTs), strain gauges, and laser displacement sensors for displacement mea-
surement, offering different methods for monitoring movement. Stress and velocity are
not directly measured variables but are derived from the forces and pressures measured
using load cells, pressure transducers, or force gauges and the setup’s geometry. Veloc-
ity is commonly derived from displacement measurements, and in more specialized se-
tups equipped with cameras, techniques like Digital Image Correlation (DIC) and Pho-
togrammetry can be applied. Wavefields are recorded using acoustic sensors, like piezo-
electric transducers, transforming vibrations into electrical signals for moment tensor
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inversion and amplitude change studies. A challenge when including these measure-
ments is that it is difficult to determine their uncertainty since they initially involve elec-
trical quantities like voltage and current, and post-processing and calibration are key
to deriving mechanical quantities such as displacement, pressure, and force. Addition-
ally, environmental conditions can affect sensor accuracy, and the derivation of criti-
cal model variables like velocity and stress from these measurements involves complex
post-processing, adding to the uncertainties.

Data assimilation is vital in this context, helping to address these challenges by en-
hancing our ability to provide better estimates of variables like stress and slip rates,
even with imperfect models. It can assist, for example, by helping to better quantify
the uncertainties of the observations. Also, it can help to incorporate the data before the
post-processing via observation operators and evaluate how estimates change before in-
corporating additional correlations between observations. This is crucial since multiple
measurements influence the derived stress and velocity observations, and observation
errors are commonly assumed to be uncorrelated.

In the following section, we apply some of the steps from the proposed flowchart in
a large-scale direct shear setup.

6.2.1. CASE STUDY: LARGE SCALE LABORATORY EXPERIMENT
The large-scale experiment featured in this section stands out due to its specialized in-
strumentation, which provides extensive data often unavailable in standard frictional
laboratory experiments. This research’s laboratory setup involves a "direct shear test"
assembly, consisting of two quadrangular prismatic sandstone specimens placed par-
allel to each other to represent a simplified horizontal fault. This setup is depicted in
Figure 6.3. The measurements were carried out using a second-generation large-scale
biaxial friction apparatus at the National Research Institute for Earth Science and Dis-
aster Prevention (NIED) in Japan. This work was part of a collaborative research project
between NAM and Utrecht University (UU) researchers (Spiers et al. 2017).

Figure 6.3: Large Scale Earthquake Simulator experiments at the National Institute for Earth Sciences Research
and Disaster Resilience, Japan (Collaboration NAM & UU). Taken from (Fukuyama et al. 2014)

In this setup, the upper quadrangular sandstone specimen is 1.5 m long, and the
lower one is 2 m long, with both having a thickness of 0.5 m. Three vertical load cells
apply and record normal stresses from 1.5 to 9 MPa. The upper specimen is secured
using a rigid frame and a reaction force bar, while the lower specimen is moved using a
shaking table with a loading rate of up to 3x102m/s. The shear force applied is recorded
by a horizontal load cell. The relative displacement of the specimens is measured using
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lasers. An array of shear strain gauges and piezoelectric transducers are placed at a 20
mm distance from the contact surface (fault) of both sandstone blocks, specifically in
the lower specimen (Fukuyama et al. 2014; Spiers et al. 2017; Yamashita et al. 2015). For
measuring the displacements, 40 Rosette strain gauges are deployed on the back surface
of the lower sandstone block, 2 cm under the rock-gouge interface, and every 4 cm to
cover the maximum 1.5 m fault length. Additionally, pressure-sensitive films are used
to measure the stress in the contact between the block specimens before starting the
shearing.

Figure 6.4: Example of measurements of the shear strain gauges and piezoelectric transducers part of the mea-
surement arrays of the meter-scale experiment set-up. Modified from (Fukuyama et al. 2014)

Furthermore, piezoelectric transducers were placed close to the contact between
blocks to record the wavefield during the shearing experiment. An example of such
recordings, conducted in a separate experiment using Gabbro samples instead of sand-
stones, is shown in Fig. 6.4. During the entire time span of the experiments, high-resolution
photographs were taken at a frequency of 1 MHz, but had to be downsampled dur-
ing post-processing to 1 KHz. These photographs were used for Digital Image Corre-
lation (DIC) analysis to provide information about the displacements and velocities in
the sandstones during the experiments.

NUMERICAL MODEL

In our approach to numerically modeling the slip evolution within the large-scale appa-
ratus, we choose a symmetric setup, focusing on simulating only the lower half-space
to represent the lower block in the large-scale biaxial friction apparatus accurately. This
approach is detailed in Fig.6.5. To simulate the slip behavior observed in the sensor data,
we employ a 2-D model. Following an exhaustive analysis, we determine that the config-
uration shown in Fig.6.5b most effectively replicates the observed behavior. This model
configuration incorporates a gouge layer on top and a boundary condition simulated by
springs. These springs are designed to emulate the equivalent stiffness of the reaction
bars, actuators, and other assembly elements that affect the setup’s overall stiffness. The
equivalent stiffness, denoted as k1, is conceptualized as a series of springs arranged in
parallel, which is further illustrated in Fig.6.5a. The parameters we use in this numerical
model are comprehensively summarized in Table6.1.

For a practical comparison, we juxtaposed the macroscopic friction measured in the
laboratory for experiment LB 18-21, as detailed by Ji et al. (2022a), against the results of
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our numerical modeling, which employed the configuration from Fig.6.5b. This com-
parison is visually presented in Fig.6.6.

Figure 6.5: (a) Schematic representation of the large Scale Earthquake Simulator experiments at the National
Institute for Earth Sciences Research and Disaster Resilience, Japan representing the actuators, reaction bars,
and other sources of stifness of the machines Togo et al. (2015) (b) Numerical model representation of the
lower block model including a gouge layer and a boundary condition to represent the equivalent stiffness and
elastic forcing imposed by the machine. Adopted from Li et al. (2023b).

Table 6.1: Material and rate-and-state friction parameters for the 2D model setup of the laboratory experiment

Parameter Symbol Values
Young modulus sandstone block Er 20.51 GPa

Young modulus gouge Eg 4 GPa
Poisson ratio ν 0.16

Density gouge ρg 2000 kg/m3

Density sandstone block ρr 2450 kg/m3

Static friction coefficient µ0 0.671
Reference slip rate V0 100 µm/s

Characteristic slip distance L 18.2 µm
RSF Direct Effect a 0.0024

RSF Evolution Effect b 0.0047
Depth model Hx 50 cm
Length model Hz 150 cm

Loading slip rate Vl 0.10 µm/s
Grid spacing ∆x 1 cm

Figure 6.6: Comparison laboratory data and numerical model (a) J. Yi, pers. commun., December, 2022 (b)
Adopted from Li et al. (2023b).
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INFORMATION CONTENT EVALUATION

In assessing the influence of observations on the analysis step of data assimilation, we
utilize the concept of degrees of freedom of signals (DFS), introduced in Chapter 3. To
calculate the DFS, we construct prior covariance matrices using an ensemble of 10 sim-
ulations with varying profiles of normal stress. The state vector for the ensemble mem-
bers, zn , is defined as follows:

zT
n =

(
ϵT

xz ,ϵT
y z , ln(Vy), ln(vy)T , ln(vx)T , ln(θ)

)
n

, 1 ≤ n ≤ N . (6.1)

The measurements from the pressure-sensitivity films are used to generate the en-
semble members for data assimilation. Fig.6.7 outlines the three-step process for en-
semble generation. Firstly, we process the pressure sensitivity film data to a resolution
of 10 cells x 150 cells (Fig.6.7a), equivalent to a cell size of 1cm x 1cm based on the dimen-
sions of the block specimens. Then, we extract stress profiles per row (1 cell x 150 cells)
in the slip direction to create an average profile, depicted with a black line in Fig.6.7b.
This average profile is then used to generate a synthetic profile (Fig.6.7c), to which we
apply a bias of 2.5 MPa. This biased profile serves as the mean for generating random
field perturbations, depicted as colored line profiles in Fig. 6.7c, which are then utilized
to initialize the different ensemble members.

Figure 6.7: (a) Post-processed measurements of the pressure-sensitivity film for the experiment LB18-21 J. Yi,
pers. commun., December, 2022), (b) Stress profiles of each row of the pressure sentivity film in slip direction,
the black line represents the average profile when considering each row of the film and the colored lines rep-
resent each of the profiles (1 profile per cm) use to estimate the average profile. (c) Ensemble generated for the
data assimilation, the black curve represent the true synthetic truth for the perfect model experiment based
on the measurements, the red line represents the mean used for generating the ensemble members that has of
2.5 MPa from the truth, the ensembles are generated perturbing the red profile with random fields.
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We analyze the impact of strain gauge measurements by constructing an observation
operator based on sensor locations shown in Fig.6.8. An observational error of 1e −3 is
assumed for analyzing the DFS evolution over time, as presented in Fig.6.9. We estimate
the DFS at specific times marked with red lines in Fig. 6.9, chosen to capture moments
before and after a fault slip occurrence, thus reflecting changes in DFS throughout the
seismic cycle. This analysis also varies the sensor distance from the fault, examining 10
different distances at 5 cm intervals.

Figure 6.8: Diagram depicting the arrangement of strain gauge sensors. The sensors, represented by yel-
low dashes, are uniformly spaced along the horizontal axis, and only their position along the vertical axis is
changed for the information content analysis.

Given that this analysis was conducted with only ten ensemble members, we ac-
knowledge that our conclusions are preliminary. The small ensemble size may not ad-
equately represent the covariance matrices. Consequently, this exploratory study high-
lights the need for further evaluation with a larger ensemble size to confirm these find-
ings and understand the significance of strain measurements near the seismogenic zone
for data assimilation. As shown in Fig.6.9, the DFS remains relatively low for most of
the interseismic phase, with sensor location showing minimal impact during this pe-
riod. However, a notable increase in information content is observed as the slip rate
accelerates, peaking around the maximum slip rate. This increase aligns with the find-
ings in Chapter4 regarding the Kalman gain elements in EnKF estimates. Post-coseismic
phase, the DFS diminishes gradually, indicating the sustained value of information post-
earthquake, potentially aiding in estimating subsequent events.
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Figure 6.9: (a) Time series evolution of the maximum slip rate for a single seismic cycle in the seismogenic
zone for an ensemble of 10 members(gray lines) and the synthetic truth (black lines) (b) Variations in time of
the DFS for 10 different locations of the strain gauge sensors

6.2.2. DISCUSSION OF ASSIMILATION OF LABORATORY DATA

A significant challenge in data assimilation for fault slip analysis is accurately replicat-
ing behaviors observed in laboratory experiments, often due to complex boundary con-
ditions such as those in large-scale laboratory experiments. Initially, numerical mod-
els were developed to capture basic frictional behaviors, but they often need help with
incorporating additional phenomena like plastic deformation. This inclusion adds to
the complexity and increases computational demands, leading to compromises such as
smaller ensemble sizes in data assimilation efforts. Understanding the transition from
stable to unstable motion in faults requires a deep understanding of frictional dynamics
under different stress conditions. Research by Gualandi et al. (2023) shows the chal-
lenges in aligning experimental observations with numerical models. This challenge
grows when adding a stochastic term to the model equations, especially in the context
of data assimilation. Studies by Chen et al. (2021) and Mehranpour et al. (2021) focus on
integrating microphysical behaviors into geomechanical models. Chen’s work extends
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the rate-and-state friction framework with grain-scale deformation mechanisms, while
Mehranpour’s research in reservoir compaction using the Discrete Element Method (DEM)
looks at complex behaviors like nonlinear elasticity and grain breakage, which are more
easily studied in laboratory experiments.

At the same time, the application of machine learning to analyze acoustic data in
fault slip analysis is gaining attention. Changes in acoustic signals before seismic events,
linked to fault grain rearrangements, have been noted in studies like those of Rouet-
Leduc et al. (2017). These changes relate to the microphysical principles in the works of
Chen et al. (2021) and Mehranpour et al. (2021). This is important for improving earth-
quake forecasting. Integrating this data into data assimilation frameworks could greatly
improve forecasting abilities. However, using machine learning to analyze acoustic data
for detecting fault rupture or slip comes with challenges, mainly due to potential biases
toward specific experiment types and rock heterogeneity. Projects like those by Elbertsen
et al. (2023), which use various rock types, try to address these biases. Data assimilation
methods, effective in parameter estimation and managing uncertainty, are beneficial in
this scenario, because they allow to systematically incorporate uncertain frictional pa-
rameters linked to diverse lithologies, enhancing the generalizability of the estimates. A
promising strategy is a combined approach using acoustic data interpretation for shear
stress information and data assimilation techniques, potentially overcoming the issue of
not having direct shear stress measurements. We investigate this approach in our pro-
posed data assimilation method for the field scale, which we consider a viable solution
when direct fault measurements are unavailable. However, there is abundant informa-
tion from seismic networks.

6.3. DATA ASSIMILATION AT THE FIELD SCALE
Like laboratory experiments, the data assimilation framework for estimating fault slip at
the field scale involves forward simulation of an ensemble of numerical models, deriva-
tion of observations, and generation of posterior estimates of the current states of stresses,
velocities, and slip at the fault. These estimates are then used to update the numerical
model ensemble, with an additional forward step possible for forecasting fault slip. This
process is illustrated in Fig. 6.10.

Understanding seismicity and fault dynamics at the field scale relies on various ob-
servational methods. Important tools include GNSS (Global Navigation Satellite System)
for accurate location and displacement data and InSAR (Interferometric Synthetic Aper-
ture Radar) for mapping surface deformation with high-resolution radar images. How-
ever, close to faults, the interferometric fringes of InSAR are densely packed, making
them less reliable and difficult to interpret (Simons et al. 2002). Ground motion record-
ings measured using seismometers provide abundant data but fall short of directly re-
vealing fault stress states. The sparsity of measurements, their large uncertainties, and
the distance between observed and modeled areas make estimating the current stress in
faults extremely challenging.

We propose including commonly used displacement measurements (GNSS) for kine-
matic inversion and dynamic source inversion (Lee et al. 2011; Ohta et al. 2012) and de-
riving indirect stress observations using information from seismic networks. We offer
two methods for incorporating this information: (1) a method based on geophysical and
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seismological knowledge to derive stress drop information from seismic recordings. The
challenge here is that since our derived observation is the stress drop rather than the
absolute stress value, it is difficult to include these observations in the data assimilation
framework directly. Alternatively, (2) machine learning can derive shear stress observ-
ables from seismic waveforms. We illustrate some of these steps in the machine learning
direction using neural networks that Deventer (2021) and Verwijs (2021) developed in
their master theses, utilizing recorded and synthetic seismic data from the Groningen
gas field.

6.3.1. PROPOSED EXTRACTION OF STRESS OBSERVATIONS FOR DATA ASSIM-
ILATION

DERIVING STRESS DROP INFORMATION FROM SEISMIC RECORDINGS

The stress drop is defined as the average difference between the shear stress on a fault be-
fore an earthquake happens and the stress after the earthquake. Seismologists have de-
rived analytical solutions for estimating the stress drop when a fault is embedded within
a homogeneous material. Shearer (2019) presents some methodologies for estimating
the stress drop using the general formulation:

∆τd yn =CG
D̄

L̃
, (6.2)

where C is a non-dimensional constant that depends upon the geometry of the rupture,
G is the shear modulus, D̄ is the average slip of the fault, and L̃ is a characteristic rupture
dimension which also depends on the geometry of the fault. This expression is based
on the works of Eshelby (1957), who derived a similar expression for a fault with circular
geometry, and Knopoff (1958), who derived the formulation for a rectangular fault. In
general, these analytical expressions for the stress drop depend on the seismic moment
(M0):

M0 =G A
D̄

L̃
, (6.3)

where A is the rupture area along the fault. The seismic moment is an important quan-
tity used to measure the size of earthquakes. It was first introduced by Keiiti (1966), and
it is the basis used for the moment magnitude scale, the most widely accepted magni-
tude scale for ranking earthquakes by size (Hanks and Kanamori 1979). This quantity is
estimated routinely by seismologists while analyzing seismic recordings of earthquakes
and during the inversion of moment tensors.

The quantity L̃ can be estimated from seismic recordings methodologies like in Madariaga
(1976) where analytical expressions are found for estimating the fault radius based on
the observed corner frequency fc of the amplitude spectrum of the seismic waves. This
allows us to derive expressions such as:

∆τd yn = f ( fc , , M0). (6.4)

The advantage of such a formulation as Eq. 6.5 is that it allows the derivation of stress
information directly from the post-processing of seismic recordings. For example, for a
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circular fault, we have that:

∆τd yn = 7

16

(
fc

kVs

)3

M0, (6.5)

where Vs is the shear velocity in the vicinity of the fault, and the factor k is derived from
theoretical considerations of the stress distribution and slip on the fault during the earth-
quake (Shearer 2019).

Now, for using the stress drop observation derived for the seismic recording during
the data assimilation, we propose to assume that the fault is moving at a constant veloc-
ity after the earthquake; in other words, that it has reached the steady state as described
in Section 2.2 and Fig. 2.3. We use some of the simulations of Chapter 5 to evaluate the
validity of this assumption in a low-dimensional system. Fig. 6.11 shows a comparison
of the periodic and chaotic solutions of the simulations for the middle block of the 1-D
Burridge Knopoff model(in black) with the values of

Θ̄ss,i =− (1+ϵ) ln
(
V̄i +1

)
, (6.6)

that describes the steady state (in cyan).
Fig. 6.11 shows that for the periodic case, the system remains close to the steady state,

as indicated by the overlapping lines in the graph, while for the chaotic case, we see that
during the interseismic phase, the assumption is not valid. However, the assumption
that the system is steady-state seems valid in the coseismic phase and after the events.

Figure 6.11: Comparison of the values of Θ̄(black) and the values of considering the system in a steady-state
Θ̄ss (cyan) for the (a) periodic case (b) chaotic case at the block 10 of the Burridge-Knopoff model.

In the steady state, we can use then Eq. 2.4 and Fig. 2.3a to define the following ex-
pression:

τ= τpeak −∆τd yn =
[
µ0 +al n

(
V

V0

)]
σn −∆τd yn . (6.7)

This equation allows us to express the shear stress value as the difference between
the peak stress before the earthquake(τpeak ) and the stress drop we estimated using the
seismic recordings. However, this approach has not been tested, and perfect model ex-
periments are still needed to evaluate whether Eq. 6.7 holds even in synthetic cases.
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DERIVING STRESS INFORMATION FROM SEISMIC RECORDINGS USING MACHINE LEARNING

Alternative to the abovementioned approach, we propose a data assimilation approach
with field data that utilizes artificial intelligence to extract observable information, fol-
lowing a method similar to the one presented in Fig. 6.12. The process begins with using
seismic waveforms as input for the networks to determine the timing of events. Fol-
lowing this, we employ post-processing of the waveform for moment tensor inversion,
also facilitated by artificial intelligence. This approach speeds up the process and off-
sets the high computational costs of forward modeling. Finally, the moment tensor in-
version helps us define the seismic moment and, with it, the average slip and possibly
stress information. We further explain the details of this proposed workflow using, as
an example, neural networks trained using synthetic and real seismic recordings of the
Groningen gas field.

Figure 6.12: Proposed workflow for extracting stress and slip observations for data assimilation

6.3.2. CASE STUDY: INDUCED SEISMICITY IN THE GRONINGEN GAS FIELD

The Groningen gas field, is extensively instrumented, making it an ideal subject for data
assimilation. This process integrates field measurements with numerical models to en-
hance understanding of the field, refine estimates of past seismic activities, and forecast
future developments. However, challenges arise due to the field’s complex and nonlinear
physics, the computational demands of simulation models, and the difficulty in obtain-
ing stress measurements that meaningfully inform about fault slip variables.

Discovered in the 1960s, the Groningen gas field has been one of the largest gas fields
in Europe (Lele et al. 2016). The Royal Netherlands Meteorological Institute (KNMI) re-
ports that since 1991, earthquakes have been linked to gas production in the Groningen
gas field (Dost et al. 2017). Consequently, a monitoring system for induced seismic-
ity became operational in 1995. This network was designed to detect and locate earth-
quakes with magnitudes of 1.5 and larger (Dost et al. 2017). Despite typically low mag-
nitudes (ML < 2.5), residents have reported structural damage to their houses (Lele et
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al. 2016). The strongest recorded event, with a local magnitude of 3.6, occurred near
Huizinge in 2012, causing significant damage (Dost et al. 2017; Jagt et al. 2017). Follow-
ing this event, the monitoring network was expanded to improve earthquake location
accuracy and lower the detection threshold (Dost et al. 2017). Additionally, gas produc-
tion was reduced in the field’s central area to decrease induced seismicity, leading to an
immediate reduction in seismic events in the following year 6.13.

Multiple geomechanical (Niemeijer et al. 2012; Spiers et al. 2017; van Wees et al. 2014;
Verberne et al. 2015), seismological (Chen et al. 2015; van Eck et al. 2006; van Eijs et al.
2006; Verberne et al. 2014) and probabilistic studies (Bourne et al. 2015; Bourne et al.
2014; Dost et al. 2004; Nepveu et al. 2016) have been conducted to better understand the
different mechanisms producing the induced seismicity observed at Groningen. Three
key factors have been identified that show a good correlation with the occurrence of
these earthquakes: pressure drop, fault density of the reservoir, and stiffness ratio be-
tween seal and reservoir rock (Jagt et al. 2017). Geomechanical studies show that most
of the seismic events are localized on pre-existing fault structures. Therefore, seismicity
in the Groningen gas field is thought to be caused by the reactivation of faults. The reser-
voir’s depletion produces changes in the stress field in the subsurface due to the pressure
drop. An increase in total strain due to the producing gas layer’s differential compaction
translates into deformation that the faults accommodate as slip, and produces the seis-
micity observed (Thienen-Visser and Breunese 2014; Wassing et al. 2016). This means
that production changes will influence observed seismicity, and the earthquake genera-
tion process is non-stationary (Bourne et al. 2014).

Figure 6.13: Overview of the seismicity in Groningen. (a) Map of seismic events in the Groningen gas field,
with color-coding indicating the timing of events (light blue for initial, dark blue for later events) and sizes
corresponding to the local magnitude (ML ). (b) Temporal pattern of seismicity, featuring a dark solid line
for the 5-year moving average of all events with ML ≥ 1.5, alongside a dashed line representing annual gas
production in billion cubic meters (bcm), and color bars showing the annual number of earthquakes across
various magnitude classes. Adopted from Muntendam-Bos et al. (2022)

.

Estimating the recurrence of seismic events in Groningen is more complex than for
natural tectonic earthquake activity because it cannot be treated as stationary, a stan-
dard assumption in probabilistic seismic hazard analysis (PSHA). The probabilistic mod-
els developed need to accommodate earthquakes over smaller magnitude ranges than
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those considered by conventional PSHA for natural seismicity (Dahm et al. 2015; Zbinden
et al. 2016). While addressing this difficulty through proxies, some time-dependent mod-
els need to integrate critical insights from geomechanical models. These insights include
realistic friction laws (Wassing et al. 2014), time-dependent compaction, and suitable
constitutive relations, all crucial for a deeper understanding of the physical processes
such as stress changes and fault interactions driving seismicity. Previous models using
compaction strains as a proxy for seismicity recurrence produced estimates which were
inconsistent with the reduction in events experienced after the production cut (Bourne
et al. 2014). Consequently, new studies employing models considering more complex
rheology and time-dependent compaction have been consistent with the actual seis-
micity post closure in the gas field (van Wees et al. 2017). This indicates a need for
further development of appropriate numerical models, experiments, and probabilistic
assessments to understand induced seismicity in the Groningen gas field.

EVENT DETECTION USING TEMPLATE MATCHING AND NEURAL NETWORKS

As depicted in Fig. 6.12b, event detection is the initial step after processing seismic record-
ings from various stations. Traditionally, seismic event detection and moment tensor
estimation have heavily depended on template matching and inversion methods. Tem-
plate matching in seismology requires a template event, comprising two critical ele-
ments: waveforms and the moveout of arrival times across a network. The template
event defines a specific spatial source and mechanism. The process involves compar-
ing the template event to continuous data at every sample, with the degree of similarity
measured using a correlation coefficient. This method effectively extracts events from
background noise, as each set of events detected by a given template represents a family
of events originating from a single source.

These techniques have provided accurate estimates, aiding in understanding seis-
mic mechanisms in areas like Groningen. However, they are computationally demand-
ing and are less effective in environments with very low signal-to-noise ratios (SNRs),
particularly when detecting low-magnitude events common in Groningen’s earthquake
recordings. Machine learning presents a less resource-intensive alternative, capitalizing
on the large amounts of data seismic networks collect. Detecting small, often unnoticed
earthquakes is crucial, as they provide valuable insights into regional seismic activity.
These low-magnitude events, which are more frequent than larger ones, serve as impor-
tant indicators of seismic behavior. By detecting these smaller earthquakes, we can mon-
itor seismicity more precisely and understand the impacts of production level changes
on seismic activities earlier. Developing methods to identify these low-magnitude events
is therefore of significant importance.

In machine learning for seismic event detection, various types of neural networks
have demonstrated significant potential. Phase diagrams, for instance, have been effec-
tively utilized for event detection (Ross et al. 2018). Perol et al. (2018) specifically high-
lighted the capabilities of convolutional neural networks in this field, showcasing their
effectiveness in identifying seismic events. Additionally, research conducted in Gronin-
gen, such as the work by Mousavi et al. (2019), underscores the critical role played by
the signal-to-noise ratio (SNR) in detecting these events. Deventer (2021), in her master
thesis, delved deeper into this aspect by focusing on Groningen. She investigated the
proficiency of neural networks in maintaining high performance levels even with data
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characterized by very low SNR. Her evaluation centered on neural networks trained on
extensive volumes of synthetic data, offering insights into the adaptability and effective-
ness of these advanced machine learning tools in the specific context of seismic event
detection.

Figure 6.14: Event detection accuracy of neural networks compared to template matching for different signal-
to-noise ratios (SNR). (a) Results of a convolutional neural network and template matching for detecting earth-
quakes product of the induced seismicity in Oklahoma,USA, adopted from Perol et al. (2018). (b) Results of a
convolutional neural network and template matching for detecting earthquakes product of the induced seis-
micity in Groningen,the Netherlands, adopted from Deventer (2021)

Fig.6.14 compares the accuracy between neural networks and template matching
across various signal-to-noise ratios (SNR) in two distinct cases of induced seismicity.
Fig.6.14a illustrates the performance of a convolutional neural network and template
matching in detecting earthquakes resulting from induced seismicity in Oklahoma, USA,
as adapted from (Perol et al. 2018). On the other hand, Fig.6.14b displays similar results
for Groningen, the Netherlands. Despite the differing mechanisms driving the induced
seismicity in these two regions, a consistent observation emerges: convolutional neu-
ral networks generally achieve higher accuracy than template matching. This advantage
persists even in scenarios of lower SNR, where the accuracy gap narrows, yet neural net-
works still outperform template matching. Deventer (2021) observed that while neural
networks demonstrated superiority in accuracy, they encountered significant challenges
with false-positive rates. In contrast, template matching yielded a lower rate of false
positives than neural networks. Consequently, Deventer (2021) recommends combining
both template matching and convolutional neural networks to achieve more robust and
reliable seismic event detection.

MOMENT TENSOR ESTIMATION OF EARTHQUAKE MECHANISMS

Following detecting seismic events, as illustrated in Fig. 6.12d, it’s possible to estimate
the moment tensor of an earthquake. The moment tensor is a mathematical represen-
tation of fault movement during an earthquake, related to other source characteristics
such as stress drop (Madariaga 1979), magnitude, and stress (Abdel-aal and Yagi 2017;
Matsumoto et al. 2015) and strain fields. These estimates are valuable as observations in
a data assimilation scheme, potentially enhancing earthquake estimation and forecast-
ing accuracy.
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A common approach to understanding fault dynamics is through full waveform in-
version of seismic data, which yields the moment tensor describing the earthquake mech-
anism. However, this method is notably time and computationally-intensive. Verwijs
(2021) explored in her master thesis to estimate individual moment tensor components
using two types of neural networks. The neural networks trained include fully connected
neural networks (FFNNs), where each neuron in one layer connects to all neurons in the
next, facilitating complex pattern recognition and data processing, and mixture density
networks (MDNs), which output mixtures of probability densities, useful for modeling
complex distributions and multiple possible outputs for a single input.

Figure 6.15: Velocity models used for generating the data for training the neural networks based on Kühn et
al. (2020). (a) homogeneous model using a single averaged values of p- and s- wave velocities of the Gronin-
gen gas field, and (b) a 1D heterogeneous model with averaged velocity model considering the geology of the
Groningen gas field. Modified from Verwijs (2021).

Figure 6.16: Comparison of the estimates of the FFNNs(a,b) and MDNs(c,d) for a moment tensor component
for the homogeneous(a,c) and heterogeneous model(b,d). Modified from Verwijs (2021).
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A significant challenge in training neural networks for moment tensor inversion is
the often insufficient amount of preprocessed recorded data available for training. To
address this, Verwijs (2021) utilized synthetic data, performing forward modeling of seis-
mic recordings with assumed velocity models based on Kühn et al. (2020), as shown in
Fig.6.15. This modeling used the Pyrocko software package (Heimann et al. 2017), em-
ploying two velocity models: a homogeneous profile with uniform p-wave and s-wave
velocities and a heterogeneous model representing the Groningen gas field’s geology.
Fig.6.16 compares the predicted and true values for the first component of the moment
tensor’s diagonal (MT1) for both models using FFNNs and MDNs. The closer the esti-
mates are to the diagonal, the better the networks’ performance. For the homogeneous
model, both network types show good estimates, while in the heterogeneous model, the
complexity of the geometry appears to complicate the estimates.

6.3.3. DISCUSSION OF ASSIMILATION OF FIELD SCALE DATA

In field-scale simulations, capturing the complexities of geological systems effectively
necessitates a multiphysics approach, encompassing aspects such as fluid flow, me-
chanical behavior, and frictional laws. These simulations face particular challenges due
to their high-dimensional nature and the heterogeneity of geological models. Difficulties
in convergence, stemming from applying frictional laws and integrating various physi-
cal phenomena, call for innovative methods to manage stress fields and ensure stabil-
ity. The significance of fault interactions and their geometrical configurations adds an-
other layer of complexity, underscoring the need for advanced methods to handle het-
erogeneity and anisotropy in flow and mechanics equations. In this context, develop-
ing and applying sophisticated data assimilation methods become essential to manage
high-dimensional problems and nonlinear dynamics, particularly vital for maintaining
accuracy and stability when models are updated or refined.

The Groningen gas field, with its extensive instrumentation, including a comprehen-
sive seismic network and pressure measurements from wells, allows for diverse applica-
tions of the seismic data. Beyond its use in modeling stress and slip-rate evolution on
faults, a key focus is seismicity rate. Probabilistic Seismic Hazard Assessments in Gronin-
gen, incorporating the Epidemic Type Aftershock Sequence (ETAS) model and a Poisson
distribution for earthquake occurrences, adapt this focus within the context of the me-
chanical behavior of faults governed by rate-and-state friction (Baki and Lieshout 2022;
Lieshout and Baki 2023; Osinga and Kraaijpoel 2020). These assessments employ the
formulation of Dieterich (1994) for seismicity rate estimation. However, this approach
does not account for individual earthquake magnitudes or event clustering (Dieterich
1994; Lieshout and Baki 2023), leading to a growing interest in alternative models for
seismicity rate.

Data assimilation techniques using ensemble smoothers have also been explored
in Groningen for seismicity rate estimation, considering the region’s physical processes
(Candela et al. 2022). This involves modifying the rate-and-state friction formulation
and incorporating the MACRIS method (Candela et al. 2019; Wees et al. 2018, 2019), thus
framing it as a physics-based statistical model. While MACRIS offers fast computations
and accounts for key aspects like heterogeneous pressure distributions and fault offsets,
it does not fully address factors like fault pressure evolution or the spatial heterogeneity
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of lithologies’ elastic properties (Candela et al. 2022). Addressing the heterogeneity and
uncertainty in the frictional parameter a is vital for explaining seismicity rates in such
complex geological settings.

6.4. CONCLUSIONS
In this chapter, we delved into data assimilation’s role in laboratory experiments for
seismic research. The methodology proposed bridged theoretical models with practi-
cal applications, demonstrating how insights from perfect model experiments could be
adapted to large-scale laboratory settings. This approach helps estimating variables like
shear stress distribution at the contact surfaces between frictional bodies, a key element
in understanding seismic activities. The chapter further elaborated on the specific mea-
surements and state variables that were most effective in these laboratory experiments.
By offering a sensitivity analysis of how laboratory measurements influenced the estima-
tion of fault slip, and exploring the role of sensor placement during various phases of the
seismic cycle, the chapter provided a conceptual guide for applying data assimilation in
controlled experimental environments.

The second part of the chapter shifted focus to the possible application of data as-
similation at a field scale, particularly in the context of earthquake forecasting. Here, the
conceptualization of using data assimilation techniques for estimating earthquake oc-
currences in real-world scenarios was emphasized. The chapter discussed the scarcity
of stress measurements in faults. We proposed a novel workflow integrating machine
learning techniques and seismological knowledge to derive indirect stress observations
from seismic recordings. This approach was exemplified through the Groningen gas field
case study, highlighting some of the practical challenges, results, and lessons learned.
The emphasis on the importance of various measurements for estimating fault-slip oc-
currence underlined the potential of data assimilation in enhancing our understanding
and forecasting capabilities in field-scale seismic research.

DATA AVAILABILITY

The forward model for (a)seismic slip sequences utilizing the numerical modelling pack-
age Garnet is made accessible via repository https://bitbucket.org/cpranger/
garnet/src/master/. The data produced and analyzed in this chapter is available via
4TU.ResearchData (http://doi.org/10.4121/fda02e8f-00bc-4c5b-a92e-
3bae47f00e97).

https://bitbucket.org/cpranger/
garnet/src/master/
http://doi.org/10.4121/fda02e8f-00bc-4c5b-a92e-
3bae47f00e97




7
CONCLUSIONS AND

RECOMMENDATIONS

7.1. CONCLUSIONS
The main aim of this thesis was to investigate how ensemble data assimilation methods
can enhance the estimation of variables that control fault slip, aiming to improve the
estimation of earthquake occurrences when using numerical models governed by the
rate-and-state friction (RSF) law. In the beginning of the thesis, I present the challenges
imposed by the numerical modeling of earthquake sequences. The selected models were
then used for data assimilation in different configurations to assess the impact of the
observations in the estimation of variables like stress and velocities and their potential
use for earthquake forecasting, drawing the conclusions mentioned below.

In Chapter 2, I outlined the numerical models employed for forward modeling the
earthquake sequences in the data assimilation experiments of this thesis. We explained
the seismic cycle and how the rate-and-state friction law is used for understanding and
simulating it. We delved into the different types of seismological models that could be
used for performing data assimilation when considering a horizontal strike-slip fault
with a surrounding elastic homogeneous medium. We highlighted how Burridge-Knopoff
models are helpful to understand the non-linear dynamics of the rate-and-state friction
and how the non-dimensional parameters derived during the formulation of the non-
dimensional ODEs are helpful to understand phenomena like aperiodicity. We also dis-
cussed and mentioned some limitations of the finite difference methods and the chal-
lenges posed by the stiffness of the equations we are solving. We also set some sug-
gestions for the data assimilation in subsequent chapters and studies. Furthermore, we
performed a sensitivity analysis of the Burridge-Knopoff model to analyze the non-linear
dynamics and their effect on the regime of the model, the recurrence interval, and the
stability of the simulation. This analysis highlighted the challenges and difficulties when
using models governed by the rate-state restriction for data assimilation applications. It
illustrated how essential frictional parameters are in the estimation of the system.
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In Chapter 3, we introduced the fundamentals of data assimilation, including the
specific notation used for data assimilation within the scope of this thesis. We also intro-
duced the Ensemble Kalman Filter (EnKF),as well as the Adaptive Gaussian Mixture Fil-
ter (AGMF) and the Particle Flow Filter (PFF) as alternative methods with the advantage
of handling non-Gaussian priors. Also, we discussed the challenges posed by low-rank
approximations and spurious correlations in methods like the EnKF and how techniques
like localization and inflation can help cope with these issues and still obtain good esti-
mations. Finally, we highlighted the difference between the methods using perfect ex-
periments with a Lorenz 96 model of 20 cells. We used the three methods to estimate the
system’s variables under periodic and chaotic conditions. We compared the errors of the
methods using the RMSE and saw that the PFF provides the best estimates when having
fewer observations and chaotic conditions. These conditions of low number of observa-
tions and aperiodicity are very common in seismological applications, which showcases
the potential of using methods such as the PFF on them. Additionally, we visualized how
the non-linear update of the PFF works and explored cases with uncertainty on the pa-
rameters and forcing of the system. Finally, we used these findings to compare these
results with the Lorenz 96 model, with the ones obtained in perfect model experiments
with a 1-D Burridge Knopoff model governed by rate-and-state friction (RSF) in Chap-
ter 5.

In Chapter 4, we explored the EnKF applied to a 1D model that simulated a 0D
fault point in a 1D elastic medium. The EnKF assimilated synthetic, noisy observations
of shear stress and velocity. Utilizing a 50-member ensemble with our physics-based
model, we estimated the shear stress, slip rate, and the state variable θ at the fault. Be-
sides, we assessed the EnKF’s ability to forecast slow slip events and earthquakes. Our
findings indicated the EnKF’s effectiveness in quantifying stress, slip rates, and fault
strength uncertainties. It performed best during the interseismic phase, with absolute
errors in shear stress estimates being around 3 to 5% of the stress drop, though stan-
dard deviations were slightly higher (4 to 7%). However, estimation errors spiked dur-
ing and around the coseismic phase of earthquakes, reaching 20 to 25% of the stress
drop, attributed to rapid changes in stress and velocity. The EnKF accurately estimated
earthquakes that lasted seconds over decadal observation periods. The assimilation of
shear stress greatly improved stress estimation for slow slips and earthquakes, while
velocity observations mainly influenced slip rate estimates for slow slips. For earth-
quakes, both types of observations were crucial. The state variable θ estimation de-
pended equally on both observations for slow slips, but shear stress was more influen-
tial for earthquakes. Observations taken post-slip were particularly vital, especially for
estimating earthquakes. Further analysis showed the EnKF’s low forecasting failure rate
( 10%) for both slow slips and earthquakes, predicting slow slips half a year and earth-
quakes about two years in advance, considering a 20-year occurrence interval. These
results demonstrated data assimilation’s potential in enhancing fault-slip occurrence es-
timates.

In Chapter 5, we evaluated and compared the estimates of the EnKF, AGMF, and
PFFs for estimating earthquake occurrences in a 1-D Burridge Knopoff model governed
by RSF in periodic and chaotic settings. We explored how non-regularized versions of
the RSF allow aperiodic solutions by changing the frictional parameters as explained in
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Chapter 2. These experiments allow us to understand a larger variety of regimes than
the mostly quasi-periodic formulation of the RSF used to guarantee convergence of the
models and further stability problems during the simulation. The results illustrated that
the three methods have good estimates of the shear stress(τ̄) and velocity(V̄ ), which are
lower than the observation error and also of the state (Θ̄) which is a hidden state. In
general, the EnKF has the lowest RMSE values. However, when evaluating its ensemble
spread using rank histograms, we observed problems of underdispersion that hint at a
problem of ensemble degeneracy. This underdispersion and low ensemble spread could
not be fixed even with inflation factors as high as 2 to 5. The AGMF dealt better with the
underdispersion using a resampling step after calculating the weights of the Gaussian
mixture. However, this solution was not enough to solve the collapse of the ensemble
spread in the subsequent assimilation windows. Conversely, the PFF showed the highest
ensemble resilience against underdispersion, maintaining a healthy ensemble spread.
In this chapter, we also explored introducing model errors in the estimation of the fil-
ters to deal with the problems of parameter bias in some of the frictional parameters.
Using the model error has the advantage that it allows transit from periodic solutions to
aperiodic ones without disturbing the system’s stiffness and the simulations’ overall sta-
bility. These results illustrate the potential of performing data assimilation with model
errors using numerical models governed with regularized formulations of RSF that can
still produce aperiodic and chaotic solutions.

In Chapter 6, we presented an overview of the laboratory experiments used for an-
alyzing fault-slip in faults. We mentioned the most common laboratory measurements
acquired in these types of experiments and what information they can provide for the
data assimilation of stress and velocities. Then, we introduced a conceptual workflow for
assimilating these measurements in a data assimilation framework and discussed how
machine learning techniques could enhance this assimilation. Later, we made a more
detailed analysis of the impact of these lab measurements in the estimation of fault slip
in a large-scale laboratory experiment. We use the degree of freedom of signal (DFS) to
evaluate the information content in these measurements. We study how this informa-
tion content changes per variable depending on the current phase of the seismic cycle
and the spatial coverage and location of the sensors. The results show that in the in-
terseismic phase, the location of the sensors does not have a large impact on the DFS.
Briefly, before and after the coseismic phase, the information content is maximum the
closer the observations are to the fault. However, the change in the information content
is visible even for the measurements taking the furthest away. These findings highlight
the forecastability potential evaluated in Chapter 4 and the possibility to ring alarms
briefly before the main events.

Furthermore, in Chapter 6, we showed the measurements available for data assimila-
tion of fault-slip at the field scale. In Chapters 4, 5, and 6, we highlighted that stress mea-
surements are very important for the estimation of the state variables at the fault. How-
ever, stress measurements are scarce, with valuable information about the stress in the
faults. We proposed a conceptual workflow to derive indirect stress observations from
seismic recording using machine learning techniques and our seismological knowledge
to derive information about the stress drop that could be assimilated. Finally, we shared
some experiences of the implementation of various steps of this workflow in the case
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of the Groningen gas field. We mentioned the challenges, primary results, and lessons
learned. This chapter then highlighted the potential of ensemble data assimilation and
the importance of various measurements for estimating fault-slip occurrence.

Thus, this thesis

• Showed that ensemble data assimilation can be done on models of earthquakes
with fast slip rates and still get good estimates in low-dimensional models, show-
ing the potential to scale it to more complex models and move forward the ad-
vancements that have been done on slow-slip events models to estimates the evo-
lution of the fault-slip. However, attention is required since in low-dimensional
models, non-Gaussian priors start appearing, which need care on the data assim-
ilation method used

• Illustrated how the choice of the numerical model and rate-and-state friction law
can impose quasi-periodic behavior, which can translate into underdispersion is-
sues that undermine the validity of the estimates of methods that assume Gaus-
sianity and linearity. We showed how methods like the Particle Flow Filter (PFF)
can still have healthy spreads for applications with laboratory or field data where
it is difficult to assess how good the estimates are with respect to the truth

• We explained how there can be a sudden change in the system’s behavior when
frictional parameters or boundary conditions are uncertain when using rate-and-
state friction law. We mention how this has convergence problems and can end
in ensemble degeneracy or make data assimilation difficult when including the
parameters in the state vector and dealing with the highly dimensional system.
We showed how an alternative is to use model error terms in the data assimilation,
which gives freedom to the set dynamics imposed by having a stable solution for
a particular set of parameters. Still, we predominantly use periodic solutions to
estimate aperiodic ones. This model error can be seen as a source of additional
stochasticity needed to represent earthquake behavior better.

• Showed the importance of having stress observations for a better estimate of the
shear stress at faults and explained the difficulties in the field. We presented alter-
natives to potentially derive indirect shear stress observations that can be included
in the data assimilation for estimating the fault slip and possibly future earthquake
occurrences.

• Showed how the EnKF is a suitable data assimilation method for the most common
behaviors in laboratory experiments, like stick-slip behavior or slow-slip events.
For the most common frictional parameters found in nature, despite the low-rank
approximations, good estimates can be obtained in systems with homogeneous
elastic media since a small ensemble can still derive good results, which is very
useful for heavy computational models with discontinuous behaviors like faults,
and stiff equations like the imposed by rate-and-state friction.
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7.2. RECOMMENDATIONS

7.2.1. COMPUTATIONAL COSTS NUMERICAL MODELS USED

Finite difference methods are highly computationally demanding. We utilize Garnet for
our simulations as it has been benchmarked with the SEAS challenges (Jiang et al. 2022).
Additionally, as part of the project, the models in Garnet were intended to be expanded
to include fluid dynamics. However, an alternative approach is beneficial for problems
like those explored in this thesis, which are dominated by RSF in the fault and a sur-
rounding homogeneous medium. One such alternative is the use of boundary element
methods (Luo et al. 2017). These methods are faster, enabling larger ensemble simula-
tions. However, the assumptions inherent in boundary element methods (BEMs) make
it challenging to implement heterogeneities or changes in boundary conditions, such as
those needed to modify the equivalent stiffness of the setup and obtain the results shown
in Fig. 6.6 in Chapter 6 and in (Li et al. 2023a). BEMs efficiently solve quasi-dynamic or
fully-dynamic earthquake ruptures but commonly rely on periodic boundary conditions
and free surface approximations (Jiang et al. 2022). Finite element methods can han-
dle different geometries and heterogeneity, but the computational costs are too high for
large ensembles.

7.2.2. COVARIANCE MATRICES IN THE ENKF APPLIED TO SYSTEMS DOMI-
NATED BY RSF

In Appendix A, we describe the localization process for the covariance matrices of the
1D-Burridge Knopoff model with rate-and-state friction. These matrices often have a
high condition number, which makes them ill-conditioned. This ill-conditioning may
arise from the rapid changes in the variables and their effects on the values of the dif-
ferent components of the matrix. As an alternative, localization based on correlations
could be employed to produce better-behaved covariance matrices since inverting ill-
conditioned matrices often requires alternative approaches, such as during the calcula-
tion of the gradient of log of the prior for the PFF (Eq. 3.28). We bypassed this problem by
leveraging the fact that the workflow requires multiplication by the covariance matrix in
the final step, thus avoiding the need for inversion. However, it is advisable to avoid in-
verting covariance matrices in systems dominated by rate-and-state friction, especially
in regimes where slip rates are very high and the transitions of the state variables are
rapid, as discussed in Chapter 4.

7.2.3. FLUID-INJECTION DOMINATED SEISMICITY AND MULTIPHYSICS

As discussed in Chapter 6, especially in cases of induced seismicity resulting from the
depletion or injection of fluids, the dynamics of fault-slip can be dominated by phenom-
ena such as changes in pore pressure, which are not currently modeled in our setup. The
dynamics in our setup are primarily governed by the mechanical behavior of the defor-
mation of the elastic medium and the sudden changes in slip behavior as explained by
the frictional law. Data assimilation into models of systems influenced by fluid injec-
tion or depletion requires additional pore pressure measurements and the coupling of
the fluid flow, a frictional law, and mechanical deformation. This integration presents a
significant challenge, adding more non-linear behavior to the complexities of rate-and-
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state friction. These challenges, for example, may generate convergence problems and
higher computational costs associated with the required time-stepping schemes needed
to resolve the coseismic phase accurately.

Usually, numerical models that fully couple fluid dynamics in porous media with me-
chanical deformation assume a slip-weakening law. Therefore, more research is needed
into implementing data assimilation methods in applications that require the coupling
of fluid flow, mechanical deformation, and rate-and-state friction. This complexity is
even higher when adding the thermodynamics required for applications like induced
seismicity in geothermal energy production or including plastic behavior in the mechan-
ics.

Additionally, incorporating the variables associated with fluid phenomena introduces
more state variables into the estimation problems, leading to high-dimensional systems.
Achieving satisfactory results with these systems is more challenging, especially for par-
ticle approximation methods, which become more inefficient with increasing dimen-
sions due to problems like weight degeneracy and requiring a large number of particles
to sample the more complex distributions appropriately.

7.2.4. HETEROGENEOUS FRICTIONAL PARAMETERS AT THE FAULT
In Chapters 5 and 6, we explored the benefits of data assimilation for estimating the
stress on the fault. We assumed a heterogeneous or discontinuous normal stress pro-
file, affecting the shear stress field. Under propitious conditions, these discontinuities
can facilitate the nucleation of earthquakes (Li et al. 2023a). However, as explained
in Chapter 2, the contrast in the parameters a and b can create zones that are either
velocity-strengthening or velocity-weakening (Li et al. 2022). When modeling asperities
in velocity-weakening zones surrounded by velocity-strengthening areas, the nucleation
of earthquakes is typically constrained to the borders between these zones, where stress
differences are larger than elsewhere along the fault. Therefore, the nucleation process is
predominantly governed by the contrast in rock properties, as reflected by the frictional
parameters, rather than by the heterogeneity of the stress state. Another factor that plays
an important role in induced seismicity is the fault geometry. Especially displaced faults
result in strongly peaked Coulomb stress patterns (Buijze et al. 2019; Buijze et al. 2017;
Jansen and Meulenbroek 2022; Jansen et al. 2019). Further experiments, which also es-
timate the spatial distribution of the frictional parameters and consider different fault
geometries, are necessary to improve the representation of the slip process with data as-
similation. This is challenging due to the complexities introduced by varying frictional
parameters in maintaining the stability of the simulation, especially in critical factors
like nucleation length or system stiffness.



A
ANALYSIS OF THE BACKGROUND

COVARIANCES, LOCALIZATION,
AND INFLATION

A.1. LOCALIZATION OF COVARIANCE MATRICES
Localization techniques were introduced in Chapter 3. A common model in which local-
ization is necessary for obtainineg accurate estimates with the Ensemble Kalman Filter
(ENKF) is the Lorenz 96 model, tested in Chapter 3 and compared with the Burridge-
Knopoff 1D model coupled with rate-and-state friction in Chapter 5. In the case of the
Lorenz 96 model, localization can be easily achieved by using the Schur product of the
background covariance matrix and imposing a given correlation length. However, for the
Burridge-Knopoff model, this becomes a more complex task as applying a Schur product
can have an undesired effect on the cross-covariance elements that connect the unob-
servable and observable variables. For this reason, we explore whether localization is
necessary.

Figure A.1: Correlation coefficient analysis for the Lorenz 96 model using different localization lengths. (a)
depicts coefficients for periodic solutions, and (b) depicts chaotic solutions. Each graph shows the coeffi-
cient before localization (solid black) against the correlation coefficients when applying five different localized
lengths (colored lines), with a localization length of approximately 3 providing the best localization.
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Figure A.2: Correlation coefficient analysis for the 1-D Burridge-Knopoff Model using different localization
lengths. The top row (a-c) depicts coefficients for periodic solutions, and the bottom row (d-f) depicts chaotic
solutions. Each graph shows the coefficient before localization (solid black) against the correlation coefficients
when applying five different localized lengths (colored lines), with a localization length of approximately 5
providing the best localization.

Figure A.3: Comparison of the background covariance matrices (Cf
zz) of the Lorenz 96 model and the 1-D

Burridge-Knopoff model before (a,c,e,g) and after (b,d,f,h) localization via a Schur product with a localization
distance of 3 and 5 cells, respectively. The upper row (a-d) compares the background covariance before and
after localization for periodic solutions. The lower row (e-h) compares before and after localization for chaotic
solutions.

We use the singular value decomposition (SVD) of the prior covariance matrices for
the Lorenz 96 and BK models to assess the effect of the localization in increasing their ef-
fective rank (Fig. A.4). We assess the effective rank as the number of components that ex-
plained 95 % of the variance of the matrices. In general, we observe that the localization
helps increase the effective rank of the covariance matrices. However, it is most effec-
tive in the Lorenz 96 model compared to the Burridge Knopoff model. For the Lorenz 96
models, the effective rank before localization is about 2 in the periodic case and around
18 in the chaotic case. After the localization, the effective rank of the covariance matrices
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for the periodic case increases to 14, while for the chaotic case stays around 18. For the
1-D Burridge-Knopoff models coupled with rate-and-state friction, we see that the ef-
fective rank for the periodic case is about three before the localization, which coincides
with the rank expected for a single block model, while it is around 6 for the chaotic case.
After the localization, the effective rank for the periodic case increases to 8, while for the
chaotic case, it increases to 15.

Figure A.4: Scree plot of the singular value decomposition of the prior covariance covariance matrices (Cf
zz)

of the 1-D Burridge-Knopoff before and after localization for the Lorenz 96 (a,c) and Burrdige-Knopoff model
(b,d). The solid lines correspond to the decomposition of the matrices before localization, while the dashed
lines correspond to the decomposition of the matrices after the localization. The blue lines represent the
distribution of singular values, while the orange lines show the proportion of cumulative variance explained
until that component.

A.2. INFLATION OF COVARIANCE MATRICES
Covariance inflation techniques were introduced in Chapter 3. Here, we discuss how we
assessed the need for the inflation of the background covariance matrices for the perfect
model experiments in Chapter 5, where we employed seven distinct ensemble sizes (10,
20, 50, 100, 200, 500). Our approach focused on examining the variance alteration across
different variables, which served as an indicator of the potential requirement for an in-
flation factor. This methodological consideration stems from the understanding that a
smaller ensemble size often leads to underestimated variances. Hence, the implementa-
tion of an inflation factor can serve to rectify this shortfall. The comparative analysis of
these ensemble sizes and their subsequent variance alterations are visually represented
in Fig. A.5. Fig. A.5. shows that the variance is the same for the ensemble size, indicat-
ing that there is no need to apply an inflation factor to the covariance matrices of the
1-D Burridge-Knopoff coupled with the rate-and-state friction model. However, when
considering the problems of underdispersion shown in the Section 5.3.1 under the pe-
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riodic conditions, we see that we need large inflation factors to avoid the filters being
underdispersed.

Figure A.5: Evaluation of the inflation factor using various ensemble sizes.(a) compares the standard deviation
of the estimates of the shear stress τ̄ when using an observation density of 10% and 100% for the periodic
solutions and (a) for the chaotic solutions.



B
HYPERPARAMETER SELECTION FOR

THE AGMF AND THE PFF

B.1. HYPERPARAMETER SELECTION FOR THE ADAPTIVE GAUS-
SIAN MIXTURE FILTER

For the AGMF, we tested different bandwidths for the Gaussian mixtures, denoted as h.
We used a default value of 0.6. An analysis of the RMSE, STD, and the rank histogram
showed a lower error for lower h values (around 0.2) in the periodic case of the Lorenz
96 and values closer to 0.6 in the chaotic case. Such low values of h are inconsistent with
the high inflation factors needed to avoid underdispersion. For this reason, we adhered
to a value of 0.6. This approach was also applied to the Burridge-Knopoff models.

B.2. HYPERPARAMETER SELECTION FOR THE PARTICLE FLOW

FILTER

The particle flow filter is defined by two crucial hyperparameters: the kernel bandwidth
(α) and the step size of the pseudo-time (∆s). Our experimentation focused on iden-
tifying optimal values for these parameters in the context of the 1-D Burridge-Knopoff
models. For the kernel bandwidth α, we discovered that 0.05 was most effective in pe-
riodic cases, while 0.005 suited chaotic cases. This finding was intriguing as it diverged
from the AGMF’s expectations, particularly since narrower bandwidths for chaotic sce-
narios contradict the anticipated need for higher inflation in periodic cases. Moreover,
we observed that wider kernels led to more underdispersed filters in periodic conditions.
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Figure B.1: Sensitivity of the hyperparameter bandwidth of the kernel (α) for the Particle Flow Filter used on
the BK-RSF 1D model. The left column shows the results for the periodic conditions of the BK-RSF 1D, while
the right column shows the results for the chaotic condition. The bandwidths that produced unstable results
are indicated in the legend.

Figure B.2: Sensitivity of the hyperparameter step size of the pseudo-time (∆s) for the Particle Flow Filter used
on the BK-RSF 1D model. The left column shows the results for the periodic conditions of the BK-RSF 1D, while
the right column shows the results for the chaotic condition. The step sizes that produced unstable results are
indicated in the legend.
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Expanding on this analysis, we rigorously tested a range of bandwidths (0.00005,
0.0005, 0.005, 0.05, and 0.5) alongside various pseudo-time step sizes (0.0005, 0.005, 0.05,
0.5, and 5). Our objective was to determine the most stable and error-efficient combi-
nation. As detailed in Fig. B.1, the results guided our selection of 0.05 bandwidth for
periodic and 0.0005 for chaotic conditions in the BK RSF 1D model. The criteria for this
selection are based on achieving the lowest RMSE for the three variables in the periodic
case while ensuring that the bandwidth did not reduce to zero, which might signify a fil-
ter collapse or an overly precise fit. Additionally, some bandwidth can produce estimates
that bring stability problems to the simulations, as explained in Chapter 2. For chaotic
conditions, our choice was the narrowest bandwidth that maintained stability.

The pseudo-time step was chosen for the PFF to be 0.0005 for the periodic and chaotic
cases based on the results of Fig. B.2. Similarly to the case of the bandwidth of the kernel,
the pseudo time size step of 0.0005 offers the lowest RMSE for the shear stress, the veloc-
ity, and the state θ that does not collapse to an RMSE of 0, which may hint to a collapse
of the filter and the variance of the members.

The kernel’s bandwidth impacts how the prior information is handled, as discussed
in Section 5.4.1 and in Stordal et al. (2021).





C
EVALUATION OF THE INFLUENCE OF

OBSERVATION FREQUENCY AND

OBSERVATION ERROR IN

ESTIMATES ON A 1-D BK MODEL

C.1. IMPACT OF OBSERVATION FREQUENCY
The assimilation step size, or frequency, in data assimilation, impacts its performance.
Large assimilation steps reduce computational resources and time requirements but
may result in temporal discontinuities and inaccuracies in capturing rapid changes. Small
assimilation steps allow for more frequent updates, better capture temporal variations,
and improve overall estimates. However, they increase computational costs, posing chal-
lenges in real-time applications.

We also sample synthetic observations at different sampling frequencies by defining
a given number of observations per cycle. We define different cases as shown in Ta-
ble C.1. For determining the number of observations per cycle, we used a time step of∆t
of 0.01-time units and defined the cycle duration using the periodic case. The cycle for
the periodic case lasts about 18-time units or 1800 time steps.

Table C.1: Case scenarios for the observation frequency

Case Timesteps btw
obs.

Time units btw
obs.

Num. obs./ cycle

B.1. 45 0.45 40
B.2. 90 0.9 20
B.3. 225 2.25 8
B.4. 450 4.5 4
B.5. 900 9 2
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Figure C.1: Comparison of the results of the EnKF (solid lines) and the PFF (dashed lines) for different obser-
vation frequencies (observation rate in time). The left column results under a periodic condition, and the right
column under chaotic conditions.

Fig. C.1 shows the RMSE for the shear stress(τ̄) and the slip rate (V̄ ) for the EnKF and
the PFF under periodic and chaotic conditions for different observation frequencies. The
results suggest that for the periodic case, all the observation frequencies have similar er-
rors; we only need a few observations per observation cycle to represent the system’s
behavior well. In contrast, for the chaotic case, we see a larger difference in the errors for
different frequencies. As discussed in Chapter 5, the EnKF has problems of underdisper-
sion, which may explain why the changes do not influence the results in observation in
Comparison to the PFF. The results show that most observation frequencies are appro-
priate to capture the behavior of the velocities but that more frequent observations per
cycle are needed to estimate the shear stress well.
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C.2. IMPACT OF OBSERVATION ERROR
Observation error refers to the inherent uncertainty or noise associated with the mea-
surements or observations in the data assimilation process. Higher errors introduce
uncertainties, potentially leading to larger discrepancies between estimated and true
states. In twin experiments, very low errors cause overfitting, as the assimilation method
excessively relies on precise observations, adjusting the model state to match them closely.
Overfitting limits generalization and may deviate from the true state.

In this thesis, we assumed uncorrelated observation errors, leading us to employ
diagonal matrices Cdd to express the uncertainty of our observations. We introduced
five scenarios to evaluate the potential impact of varying error levels, as depicted in Ta-
ble C.2. Our error level choice is guided by the uncertainties reported by (Banerjee et
al. 2023) for shear stress (0.6) and slip velocity (1.15). Rather than using the slip veloc-
ity V̄ , our experiment’s assimilation process utilized the transformed variable l n

(
V̄ +1

)
.

Upon performing a first-order Taylor expansion of this variable, we determined that the
estimated uncertainty for typical values in the chaotic BK RSF 1D model was also ap-
proximately 0.6.

Furthermore, we assess the ratio of this uncertainty (0.6) with the standard devia-
tion of the slip σū in the chaotic case of the 1-D BK-RSF model. This standard deviation
is about 2.42, the highest found among the modeled variables. The ratio between but
standard deviations yielded a value of 0.25. Based on these findings and to simplify the
analysis of our results, we opted to apply a single uncertainty value for the observations
of the different variables from the 1-D BK-RSF model. Further, we chose standard devi-
ations that were half and a quarter of the middle uncertainty values for the lower error
levels and twice and four times for the higher levels, respectively.

Table C.2: Case scenarios for the observation error

Case σε σε/σu

C.1. 0.15 0.06
C.2. 0.30 0.12
C.3. 0.60 0.25
C.4. 1.20 0.50
C.5. 2.40 0.99

Fig. C.2 shows the RMSE for the shear stress(τ̄) and the slip rate (V̄ ) for the EnKF
and the PFF under periodic and chaotic conditions for different observation errors. Like
the results in Chapter 5, the EnKF has little influence on the observation error,r, most
probably due to ensemble degeneracy and underdispersion. The results of the PFF show
that all observation errors are adequate to have good estimates in the periodic case and
that, as expected, larger values of RMSE are obtained when there is higher uncertainty
in the observations. In the chaotic case, the shear stress is the variable that experiences
the larger RMSEs in their estimates. The velocity observation errors are still adequate
for good estimates with both filters. Therefore, after the results changing the observa-
tion density in Chapter 5 and the observation frequencies and errors in this appendix,
we can conclude that the shear stress is the variable that requires more density and fre-
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quency to be well estimated, and the lower uncertainties to better estimate the state of
the system. This highlights the importance of having information about the stress to get
good estimates dominated by the rate-and-state friction. The implications of this finding
in data assimilation for laboratory experiments and the field scale are further explored
in Chapter 6.

Figure C.2: Comparison of the results of the EnKF (solid lines) and the PFF (dashed lines) for different observa-
tion errors. The left column results under a periodic condition, and the right column under chaotic conditions.



D
DERIVATION OF AN OBSERVATION

OPERATOR FOR THE ASSIMILATION

OF SHEAR STRESS OBSERVATIONS

For the numerical models used in this thesis, we use quasi-dynamic simulations. The
advantage of using this approach is that we have faster simulations by omitting the ac-

celeration term ˙̄Vi , which is the inertia of the system and contains the effect of the seis-
mic waves and the wave-field. As explained in Chapter 2, some seismologists compen-
sate for the effect of the inertia term by replacing it with a radiation damping term (ηV̄ ),
which represents the energy loss by shear wave radiation. An advantage of considering
this damping term instead of including the inertia term is that the relationship that the
shear stress τ̄ depends on the current slip ū and the current slip rate V̄ which makes the
sequential data assimilation easier to define. If we consider the fully dynamic definition,
using Eq. 2.12 and 2.13, we have that:

τ̄i ,F D =−
(
ξ

γ2
µ

)[
−γ2

µ ūi−1 +
(
γ2
λ+2γ2

µ

)
ūi −γ2

µ ūi+1 + ˙̄Vi

]
, (D.1)

where we refer to τ̄i ,F D as the fully-dynamic shear stress as it considers the term V̄i . We

define the quasi-dynamic shear stress τ̄i ,QD by assuming that ˙̄Vi → 0, which means that:

τ̄i ,QD =−
(
ξ

γ2
µ

)[
−γ2

µ ūi−1 +
(
γ2
λ+2γ2

µ

)
ūi −γ2

µ ūi+1

]
. (D.2)

where we refer to τ̄i ,QD as the quasi-dynamic shear stress.

Interestingly, there is a very strong coupling between the blocks of the system when
assuming the quasi-dynamic assumption that makes the system behave as a single block
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D. DERIVATION OF AN OBSERVATION OPERATOR FOR THE ASSIMILATION OF SHEAR

STRESS OBSERVATIONS

under periodic conditions. In this situation the shear stress τ̄ simplifies to:

τ̄i ,SB =−
(
ξ
γ2
λ

γ2
µ

)
[ūi ] . (D.3)

Fig. D.1 shows a comparison on the upper row of the use of the three expressions for
the shear stress to describe the same system for the periodic case, while the lower row
shows the comparison for the chaotic case. As we can see, the shear stress for the quasi-
dynamic case and the single block are almost indistinguishable. The effect of this is that
we would require fewer observations to estimate the system’s state correctly, as we would
have enough information by only observing one block. However, the stress behavior is
very different when considering the term inertia, especially in the coseismic phase. This
means more observations are needed to resolve the fully-dynamic shear stress compared
to a periodic quasi-dynamic model. We can see that the strong coupling between blocks
seen in the periodic case is lost in the chaotic case. A single block’s shear stress is very
different from the quasi-dynamic approximation. Noteworthy is that the timing of the
peak stress is very similar for the three definitions of shear stress, which means that any
of them can be used to estimate the occurrence of an earthquake. The main differences
are the stress drop during the coseismic phase and the peak stress reached before that
drop.

Figure D.1: Comparison shear stress single block, quasi dynamic, and fully dynamic. The upper row shows the
comparison for the periodic case of the 1-D Burridge Knopoff model, while the lower row shows the compari-
son for the chaotic case.

To avoid further instabilities in the update step of the data assimilation, coming from
the non-linearity imposed by the logarithmic terms in the ordinary differential equations
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from Burridge-Knopoff models governed by rate-and-state friction, we decided to in-
clude the shear stress in the state vector and the observation vector and use a simplified
observation operator. In this section, we try to derive the definition of an observation
operator for an assimilation in which the shear stress is part of the observation opera-
tor but not in the state vector. The reason is that numerically, as shown in the previous
equations, there is a known physical relationship between the shear stress and the slip
and the slip rate. We derive the observation operator for τ̄i ,QD and τ̄i ,SB by stating that:

H =
[

Hu 0 0
0 I 0

]
, (D.4)

where Hu,k is

Hu = [
Hi , j

]
Nc×Nc

=



β1 β2 0 0 · · · 0 0 β2

β2 β1 β2 0 · · · 0 0 0
0 β2 β1 β2 · · · 0 0 0
0 0 β2 β1 β2 0 0 0
...

...
...

...
. . .

...
...

...
0 0 0 0 · · · β1 β2 0
0 0 0 0 · · · β2 β1 β2

β2 0 0 0 · · · 0 β2 β1


, (D.5)

Moreover, relates the state of the slip of the block i and the surrounding blocks i −1 and
i +1 to the shear stress observation at i . Therefore, it carries information about spatial

relationships. In the single block case β1 =−ξγ
2
λ

γ2
µ

, β2 = 0, and for the quasidynamic case

β1 =−ξ
[
γ2
λ
+2γ2

µ

γ2
µ

]
, β2 = ξ.

In Chapter 5, we avoided using this observation operator because it caused several
stability issues in the data assimilation in the perfect model experiments that we be-
lieve are caused by ignoring the inertia term. However, we presented it here for other
practitioners who would like to introduce it in their assimilation to better respect the re-
lationships between the state variables or better formulate an observation operator for
the fully-dynamic case.
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