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Abstract

Imaging Mass Spectrometry (IMS) data calls for computational methods to perform factor-
izations efficiently that facilitate interpretable components. Despite the widespread use of
Nonnegative Matrix Factorization (NMF) for IMS-related dimensionality reduction, conven-
tional NMF algorithms are not up to par to scale for extremely large datasets. To remedy this
problem, this thesis explores Randomized Nonnegative Matrix Factorization as an efficient
alternative to compute IMS data on whole-body mouse pup tissue data.

In this thesis, the author demonstrates how Randomized NMF inherits its two-stage frame-
work for computation from Randomized SVD. The main bottleneck between Randomized
NMF replicating the success of its predecessor is the lower-dimensional basis used to com-
press the data matrix. Although the basis has been conventionally effective for Randomized
SVD with provable guarantees, the lack of entry-wise nonnegativity constraint requires ex-
isting methods to compromise the projection quality and interpretability and rely on the
relaxation of nonnegativity constraints within the update rules.

Therefore, this is the first work in the field of Randomized Nonnegative Matrix Factoriza-
tion to motivate and explore the use of alternative bases that directly satisfy entry-wise
nonnegativity. To achieve this, orthogonal variants of NMF, such as Projective NMF and Ap-
proximately Orthogonal NMF methods, are employed to extract nonnegative approximately
orthogonal bases. To avert the downsides of such methods and their lack of compatibility
within the pipeline, this thesis also proposes a method that approximates the subspace on
the QR-based basis whilst satisfying nonnegativity constraints.
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Preface

This final MSc Thesis report is a part of the graduation project of the Systems and Control
Master’s program at Delft University of Technology. The main purpose of the thesis is to
present the Randomized Nonnegative Matrix Factorization as a powerful tool for dimension-
ality reduction for Imaging Mass Spectrometry data. The aim of the research is not only
to justify the compatibility of the method with Imaging Mass Spectrometry, but simulta-
neously identify the possible research contribution towards improvement of the compressed
NMF approach.

Higher spatial and spectral resolutions from continuously developing IMS technology con-
tribute to higher amount of information stored, and thereby larger data sizes. A widely ac-
cepted approach to deal with such large data sizes is to employ linear dimensionality reduction
techiques such as SVD or PCA. A lower-dimensional representation, or a lower-dimensional
factorized version of the original dataset allows to represent the the data in terms of a com-
bination (usually a product of) lower dimensional matrices. Given such lower-dimensional
representations facilitating visual analysis, and the components carrying physical meaning fa-
cilitates interpretation for the involved analyst in research, diagnosis or other imaging-related
tasks. Given this focus, this thesis thoroughly delves into an randomized Nonnegative Matrix
Factorization to obtain a part-based representation of the data in an efficient manner.

Randomized factorization methods offer guarantees on the quality of approximation and allow
to make informative claims on the amount of discarded information. The inherent guarantees
on preservation of Euclidean geometry in lower-dimensional space informs on the appropriate
methodology to take, where subsequent decisions aim to simultaneously catered to a parts-
based interpretable representation by NMF whilst simultaneously enjoying the benefits of fast
randomized NMF algorithms.

A physical limitation with regard to this project will concern the use of a personal laptop with
8GB of RAM Lenovo Yoga 720. This incentivizes to utilize memory-efficient approaches, and
simultaneously serve as an example that the future of medicine and high-resolution equipment
can become more accessible to institutions, individuals or entities with substantially lower
available computational power. Dealing with methods concerned in our thesis will involve
transferring a higher-dimensional problem into a lower-dimensional problem upon which fast
algorithms could be leveraged.
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Chapter 1

Introduction

Modern medical imaging facilitates diagnosis, treatment selection, and a variety of other
image-guided interventions [3]. Among modern medical imaging instrumentation is the rapidly
advancing Imaging Mass Spectrometry (IMS) continuously developing in throughput, spatial,
and mass resolutions [4], accompanied by large research interest reflected in an increasing
number of IMS-related publications [5]. However, Imaging Mass Spectrometry datasets are
very large and pose significant data processing challenges. Therefore, it is important to allevi-
ate the computational strain by reducing the dimensionality of IMS datasets whilst retaining
important information [6].

Linear matrix factorization is one of the most widely used methods to reduce the dimension-
ality of Imaging Mass Spectrometry data whilst preserving the majority of the information.
Among such methods, Nonnegative Matrix Factorization (NMF) prevails in its ability to pro-
duce an interpretable parts-based representation and is a well-established method to reduce
Imaging Mass Spectrometry.

However, as IMS data sizes grow, applying conventional NMF algorithms poses concerns
over scalability and efficient computation. Therefore, the introductory chapter motivates the
use of Randomized NMF and presents a key problem within its computational framework.
Subsequently, the remainder of the thesis can steer towards the exploration of appropriate
solutions.

1-1 Imaging Mass Spectrometry

Imaging Mass Spectrometry (IMS) is an advanced imaging instrumentation tool that visual-
izes the spatial distribution of bio-molecules and maps specific molecules to two-dimensional
coordinates of the original sample [7] [8]. IMS also offers numerous advantages in direct
molecular analysis of the whole body tissue section over traditional methods [9].

The imaging technique is label-free [10] and captures the distribution of a multitude of classes
of proteins, metabolites, pharmaceuticals, and inorganics. The imaging technique is capable
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2 Introduction

of producing localization maps for biological samples varying in the degree of chemical and
structural complexity in in vivo, in vitro, and in situ i.e. in living organisms, in a laboratory
environment, and in natural environment respectively [11] [12]. The core principle behind
IMS is ionization; a process characterized by the exposure of molecules to a beam of ions,
also known as a microprobe, at an individual cell in a grid structure. The subsequent transfer
of the generated ions to the mass analyzer results in the mass spectrum at each individual
cell [11] [13] as shown in Figure 1-1 below.

Figure 1-1: IMS lonization Visual from Aspect Analytics [14]

The most widely used method of ionization is Matrix-assisted Laser Desorption/Ionization
(MALDI) IMS [6], however depending on the applications other methods such as Secondary
Ion Mass Spectrometry (SIMS), Laser Desorption Ionization (LDI) IMS, and Desorption
Electrospray Ionization (DESI) IMS can be used [15]. Regardless of the ionization variant,
the principle behind the growing data sizes remains the same, thus drawing focus toward a
selection of an appropriate dimensionality reduction technique.

1-1-1 Growing Data Sizes IMS Data

The aforementioned description alludes to multiple factors related to growing data sizes. First,
a finer grid structure with an increased number of pixels and an increased range of mass bins
in the mass analyzer results in a larger data size.

# pixels ‘
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Figure 1-2: IMS Data Tensor Representation
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1-1 Imaging Mass Spectrometry 3

Figure 1-2 above visualizes the three-way tensor data representation of IMS with pixels in x
and y directions, as well as the m/z bins range. As imaging resolution increases, the pixel
size decreases, and the number of pixels in x and y directions grows, contributing to a larger
size of the data tensor. A similar contribution to the data size is evident in the third mode,
m/z bins axis, representing the number of mass-to-charge ratio bins.

Given the general understanding of the IMS data tensor, one can further deduce the size of a
common dataset with high resolution and mass bin range. A 512 x 512 image size, along with
100,000 mass bins stored in single precision, would amount to a total of 97.66GB of storage
memory. Therefore, methods that involve memory-intensive operations exclude the use of
computers with limited memory and processing capacity.

Moreover, the immense data sizes pose challenges for the generation of labels due to lack
of availability or required labor time [16], which substantially impedes the use of supervised
methods. Their unsupervised counterparts, such as clustering and dimensionality reduction,
have recurrently proved their usefulness for facilitating the interpretation of IMS data [17].
In particular, complete simultaneous analysis of IMS data with minimal prior knowledge of
the biologic sample is preferred during the identification of spatially relevant regions [18].

1-1-2 Matricized Dimensionality Reduction

The original three-way tensor can be considered in matricized form by unfolding along the
third mode, the m/z bins mode, in turn concatenating the first two spatial modes [19] resulting
in a two-dimensional matrix X.

Let X € RM*N be the Input Matriz

In the context of IMS, the dimensions M and N are large, however a much smaller number
of features K is assumed to represent the majority of the variance in the data. M thus
represents the spatial dimension, whilst NV represents the spectral dimension. The number of
key features K is thus much smaller than the dimensions M and N as follows:

Let K << M, N be the Fired Rank

For dimensionality reduction via matrix factorization, the best possible approximation for
rank-K factorization is known. The result for optimal rank-K factorization is famously de-
scribed by the Eckart-Young-Mirsky theorem [20] [21]:

Theorem 1-1.1 (Eckart-Young-Mirsky). For either the 2-norm or the Frobenius norm
X = Xkl < |X = M|

In addition,

OK+1 for the || - ||2 norm

o\1/2

X - X = { /
(XCimk4107) for the || - [|F norm
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4 Introduction

Theorem 1-1.1 describes the relation between the minimal rank-K approximation error in
terms of singular value(s) of the input matrix X. The error is equal to the largest singular
value or the sum of singular values discredited due to truncation for the 2-norm and Frobenius
norm, respectively. Any choice of an approximated matrix M will thus, at best, equate to
this smallest error.

The optimal factorization Xy in the truncated version of Singular Value Decomposition

(SVD):

X =vuxv?
Uc RMXM,E ERMXN,VT c RNXN
vtu=1,viv =1
Y = diag(o1,--- ,on)

(1-1)

Computing X by selecting the index range up until the Kth index as such:

& (1-2)
XK = Z akukv;‘g
k=1

The computation of truncated SVD requires an SVD on a full matrix, thus for large data
matrices this poses a significant computational bottleneck. Halko et al. have introduced
a framework for Randomized Singular Value Decomposition with theoretical guarantees on
low-rank approximation [22].

X>o Q>0 Y>o Q R

M x N N x L M x L M x L LxL
Jl_”_”_”_”_ _”_”_”_ J\_”_”_ 'Economic’ J|_”_”_
EEEEEE EOEE [OO00O0 o [DEEE
EEEEEE < BAEE = O00O00 —— [DEEE
DEEEEE EEEE OO0 0 [
OEAEEEE OO8E e 0 [ [
DEEEEE EEEE OO0 0 [ [
HEEEEE LICIEIE] DEEE
0 o e I | [

Figure 1-3: Sketching and Orthonormalization

The dimensionality of the dataset is reduced via multiplication of X € RM*Y by random
matrix € RV*L as shown in Figure 1-3. This step is called sketching, where L is the
sketching dimension. Each entry of €2 is taken from a random distribution, and the subsequent
matrix product results in a tall-skinny sample matrix Y € RM*E,
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1-1 Imaging Mass Spectrometry 5

Figure 1-4: Johnson-Lindenstrauss Projection (Adapted from [23], [24])

The sketching step is motivated by the Johnson-Lindenstrauss lemma. Johnson-Lindenstrauss
lemma states that for certain Lipschitz mapping functions, the distances are roughly preserved
in the lower-dimensional space a tolerance factor [25] [26]. A common choice for  within
Randomized Factorization includes Gaussian and Uniform distributions [22][27][2].

Similarly, L << M, N, where the sketching dimension L is slightly higher than fixed rank K.
Formally, L is defined as L = K + P where P is an oversampling parameter. Generally, the
choice of P usually involves 2 to up K additional samples [22].

An orthonormal basis to the range space of Y is obtained via orthonormalization of tall-skinny
matrix Y [22]. A common method for extracting such a basis is economic QR factorization.

Q@ from QR factorization is used to compress X and form a surrogate input matrix B:

Form Small Matriz B via B = QT X e RI*N

where @ is an orthonormal basis to the range space of Y

Instead of performing an SVD on a large input matrix, the dimensionality reduction strategy
in Figure 1-3 allows to perform SVD on a reduced matrix:

Perform SVD on small matriz B =UXV7T

where the U can be recovered via a decompression operation or a projection back to the
higher-dimensional space:

Recover U = QU

The approximation of X via () and B can be described as QB decomposition, and further
related to SVD:

X =QQ"X =QB=QQTuxvT = QUuxvT

where Q@7 = P is an orthonormal projection matrix. The orthonormal projection operator
P onto the column space of X indicated by col(X) in Figure 1-5. Any vector z € RM in

MSc Thesis Abdulkayum Mukhamedov



6 Introduction

origin

col(X)

Figure 1-5: Figure A-5: Orthonormal Projection (Adapted from [24])

M-dimensional space is transformed to its orthogonal projection where the projected vector
lies in the column space of X [24].

Conclusively, one may provide a simplified description of the expected error of QB decompo-
sition with a multiplicative factor applied on K + 1th largest singular value o [22]:

1
1 evK + P 2o+t
E[X-QBll< |1+ 5—+—F5 - VN-K OK+1 (1-3)

The power number @ is the power involved in power or subspace iterations used to enhance
the amplify the effect of dominant singular vectors. The expect error can thus be controlled
by increasing the oversampling parameter P, the rank K, and power (). Consequently, the
@B approximation of the original input matrix is only a small multiplicative factor away
from the optimal Eckart-Young-Mirsky bound. Therefore, with these additional measures,
it is possible to generate a () such that QB factorization is near-optimal with regard to the
Eckart-Young-Mirsky theorem.

The potential of Randomized Factorization will be explored on a whole-body mouse pup
dataset using a 1 week old C57BL/6 control mouse. Mouse pup tissue was cryo-sectioned at
20 pum thickness using a CM3050 S cryostat and thaw-mounted onto conductive indium tin
oxide coated glass slides [28]. The specific dataset used includes a spatial dimension M is
196514, whereas the spectral dimension is 500 where the m/z bins range is between 703.57 —
872.56.

Abdulkayum Mukhamedov MSc Thesis



1-1 Imaging Mass Spectrometry 7

Elbow Method for Rank Selection

1.00 4 i

0.95 A

0.90

0.85 -

Cumulative Explained Variance

0.80

—e— Cumulative Explained Variance
—-- Chosen Rank = 10

T T T T T
0 100 200 300 400 500
Number of Singular Values

Figure 1-6: Rank Selection

The assumption of low rank is validated by Figure 1-6 above, where few components associated
with the largest singular values account for most explained variance. As indicated by the red
dotted line, rank 10 is chosen as the fixed rank K using the elbow method. 98% of variance
in the data from the first 10 components.

SVD Spectral Component 1

0.00 4

SVD Spatial Component 1 —0.0005 ~0.05 1

-0.0010 —o101

-0.0015 0154

-0.0020 _0.20 ]

Y Coordinate
Intensity

—0.0025 —0.25 1
T : T . T : T T -0.0030 —~0.301
0 100 200 300 400 500 600 700 800 '
X Coordinate —0.0035 _0.35 4
T T T T T T
0 100 200 300 400 500
m/z bins

Figure 1-7: SVD on IMS dataset

Unfortunately, despite its optimal rank-K factorization, Singular Value Decomposition does
not produce interpretable results. As evident in the spatial component associated with the
largest singular value, the spatial abundances in Figure 1-7 are not interpretable. The spectral
profile further produces negative peaks which do not carry physical meaning.

Therefore, an alternative factorization method that imposes entry-wise nonnegativity upon
its factor matrices is explored. The factorization method is also known as Nonnegative Matrix
Factorization (NMF).
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8 Introduction

X>9 Wxo H>o
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Figure 1-8: Standard NMF Visualization

: X — HT 2
win | X —WH" % (1-4)
F(W,H)

where W € RM*K ig the Spatial Abundance Matriz, and H € RV*E is the Spatial Signature
matrix. NMF is visualized in Figure 1-8, where an input data matrix X is factorized into a
product of entry-wise nonnegative matrices W and H.

The optimization problem 1-4 is nonconvex [29]; however, minimizing over W, or H indi-
vidually, is a convex sub-problem. In fact, solving simultaneously for both optimizers is an
NP-hard problem [30]; hence update methods focus only on efficient ways of computing local
optima [29]. As the sub-problems for computing two blocks, W and H, are convex, most al-
gorithms approach the NMF problem via Block Coordinate Descent (BCD), which optimizes
alternatively over the two variables [31]. Some common BCD methods include Multiplicative
update rule [32], Hierarchical Alternating Least Squares, and Alternating Nonnegative Least
Squares [33].

In the example below, one may observe the enhanced interpretability due to NMF factorization
using HALS update rule. The dominant component highlights a clear anatomical structure
in the spatial map, whilst the spectral profile exhibits a few select well-separated sharp peaks
that are well contrasted in relation to the rest of the profile.

Vanilla HALS - Top Component 1
Top 1 (Orig: 1) - Spectral H[ :, 1]

0.7 1
0.00010

0.6 1

Top 1 (Orig: 1) - Spatial W[ :, 1]

0.00008 054

o
ES

0.00006

o
w

Y Coordinate
Relative Intensity

0.00004

o
[N

0 100 200 300 400 500 600 700 800
X Coordinate 0.00002

o
o

001 )\m\w
] 100 200 300 400 500
m/z bins

0.00000

Figure 1-9: NMF on IMS dataset
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1-2 Introduction to Randomized NMF 9

Similarly, for extremely large data sizes common in Imaging Mass Spectrometry, conven-
tional NMF update methods are not sufficiently scalable. Recent works on Randomized NMF
have aimed to emulate Halko et al’s strategy for Randomized SVD [27][2][34]. To facilitate
this result, one can introduce how the pipeline from Randomized SVD translates into the
randomized pipeline for NMF.

1-2 Introduction to Randomized NMF

Using the same sketching strategy as in Figure 1-3, Randomized NMF methods seek to employ
the orthonormal basis @) from QR decomposition to perform NMF on B:

X=o B W Hsg
Mx N LxN LxK K x N
- o
= — D | | | S 1
Recover
o] | e
W,H
Wxo Hxg
Mx K K xN
L0 EEEEEE
:“:“: Do S S | |
[
[
[
[
I

Figure 1-10: Solving Low-Dim NMF and Recovering Factors

A compressed version of the input matrix B = Q7 X and a compressed version of the Spatial
Abundance Matrix W = QT X € RE*E are thus used within NMF update rules, resulting in
the following lower-dimensional formulation:

min  [|QTX - QTWHT|%
QW>0,H>0 (1'5)
f(W,H)

However, this thesis challenges this formulation due to lack of nonnegativity constraints on
the basis Q. As a result, B and W relax the nonnegativity constraint in the fashion of Semi-
Nonnegative Matrix Factorization. In Figure 1-10, W is shown to be recovered in the form
[QW], where []; is an entry-wise projection to the nonnegative orthant. The proceeding
chapter will thus further underpin the downside of the recovery in such form and explore
other possible solutions.
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10 Introduction

1-3 Overview of the Thesis

Throughout this thesis, the main focus will concern the choice for the orthonormal basis Q.

Main Research Question: In what ways can nonnegativity constraints be integrated into
randomized SV D-inspired pipeline for NMF?

1. Why do the existing approaches fail to accommodate nonnegativity constraints with a
QR-based basis within the Randomized Framework for NMFE?

2. Can alternative bases with a nonnegativity constraint be incorporated to alleviate the
problems posed by the QR-based basis?

In order to answer the research question and its subquestions, this thesis outlines the following
structure:

Chapter 2 revisits the role of an orthonormal basis () within the framework and features the
main computational properties leveraged by the choice of @ = Q4 from QR decomposition.
Given that the QR-based basis is a unanimous choice for the compression matrix within
existing Randomized NMF literature, this chapter demonstrates why its use is not sufficient
within the framework, as well as the IMS context. In light of the first sub-question, multiple
strategies to accommodate a nonnegativity constraint on W = QW will be discussed.

Chapter 3 presents the main exploration and research contribution within the thesis. It
will involve an exploration of how alternative nonnegative bases can be integrated within the
Randomized NMF pipeline to alleviate the problems introduced in Chapter 2. To the best
knowledge of the author, this is the first work to apply a compression matrix other than a
QR-based basis within the Randomized NMF' pipeline.

Abdulkayum Mukhamedov MSc Thesis



Chapter 2

Approaches to Randomized
Nonnegative Matrix Factorization

The problem of negative entries in projections to and from the lower-dimensional space will be
further investigated and contextualized within the framework for Randomized Nonnegative
Matrix Factorization. This chapter aims to highlight this problem as one of the key steps in the
framework for state-of-the-art randomized algorithms and identify key properties of the QR-
based basis. The said algorithms will be compared to baseline methods such as conventional
and large-scale algorithms. On one hand, this will motivate the potential of randomized NMF
algorithms and attribute its fast convergence to the lower-dimensional basis. On the other
hand, this will facilitate the streamlining of the results during the exploration of solutions to
the mixed-sign problem in the remainder part of the paper.

2-1 Comparison to Classical Approaches

Before delving into the main problem of entry-wise nonnegativity within the lower-dimensional
formulation, it is important to baseline the state-of-art randomized algorithm. In order to
accomplish this, vanilla versions of NMF update rules such as Multiplicative Update (MU) and
Hierarchical Alternating Least Squares (HALS) are performed to factorize the IMS dataset.
A Large Scale (LS) NMF algorithm further serves as a comparison of a Fast HALS learning
rule via a block-wise strategy [35] [36].

The algorithms used for initial comparison are thus the following:

1. MU NMF from Sha et al. and Varasteh [37] [38]

2. HALS NMF from Cichocki [35]

3. Large Scale HALS from Cichocki et al. [35] [36]

4. Randomized HALS (RandHALS) from Erichson et al. [27]

MSc Thesis Abdulkayum Mukhamedov



12 Approaches to Randomized Nonnegative Matrix Factorization

Convergence of NMF Algorithms

12

Randomized HALS
Vanilla HALS
—— Vanilla MU

1.0+
Large Scale HALS
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0 20 40 60 80 100
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Figure 2-1: Factorization of Mouse Pup IMS data - Algorithm Comparison

Figure 2-1 presents the convergence of the four above-mentioned update rules over a hundred
iterations. The vanilla algorithms do not employ any compression, whereas the Large Scale
HALS applies a block-wise approach with sampling of rows and columns. The latter selects
vectors or rows in the data matrix X based on a sampling method of choice [35]. As opposed
to obliviously selecting columns, a more attuned sampling approach with leverage score-
based sampling is applied. The update rule initializations for W and H are a modulus of the
standard normal distribution |A(0,1)|.

Update Method Sampling Relative Frobenius Norm Time (s)
Erichson RandHALS Uniform 0.221 81.32
Cichocki LSHALS Leverage Scores 0.250 248.30
Vanilla MU N/A 0.153 292.52
Vanilla HALS N/A 0.149 552.89

Table 2-1: Comparison of Update Methods against Approximation Time & Errors

Table 2-1 accompanies the plot in Figure 2-1 with the chosen sampling methods, the running
time as well as the approximation errors. The relative Frobenius norm error is used as a
metric for the factorization error computed via the equation below:

|X —WH"|p

1XTr 1)

The computation time includes the sampling time, as well as the time taken to execute the
update rules. As a result, the Randomized HALS algorithms by Erichson et al. display
roughly twice the speed of the conventional algorithms whilst exhibiting fast convergence
behavior with low Frobenius errors. The above-mentioned relative errors from Table 2-1 may
be further baselined against the optimal factorization result from Truncated SVD for rank
10, which is 0.13967.
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2-1 Comparison to Classical Approaches 13

For comparative purposes a leverage score sampling strategy was implemented in Large Scale
HALS, which supersedes in approximation errors compared to random column subset selection
sampling strategies. For Randomized NMF, however, one may use a data-oblivious sketching
strategy with a JL-type of projection and still outperform Large Scale HALS in factorization
accuracy and computational speed. For Randomized NMF

In the Erichson RandHALS algorithm, a uniformly distributed test matrix ©Q Unif(0, 1) is
used to sketch X to form a sampling matrix Y, which is then orthonormalized as previously
mentioned in the introduction. The Large Scale HALS algorithm may yield a non-monotonous
decrease as shown with the leverage score-based sampling example in Figure 2-1. Leverage
scores attribute a probability to each row or column based on its importance towards spanning
the range of an input matrix. The first step involves a computation of a Truncated SVD:

X =~ U S V! (2-2)

where Uy are top k left singular vectors, and V. are top k right singular vectors. For row
sampling k£ = R number of rows, and for column sampling k£ = C number of columns.

Leverage or "influence" score for each i—th row may be assigned via the following summation
on top R left singular vectors are selected [39]:

R
ti=Y U (2-3)
j=1

o Ujj is the (i, j)-th entry of Uy, the left singular vector.

Thus the probability of selecting a row is as follows:

¢
Di = =3 (2-4)
Zj]\il gj

Analogous steps can be performed for column sampling with top C' right singular vectors of
V. R selected rows and C' columns are chosen as 30 according to the guideline below with
respect to rank K = 10 factorization [35]:

K < (R=30)<4K, K < (C=30)<4K (2-5)

Error bounds on projections via column-subset selection have been shown in previous work
[22]. Some of the existing approaches include leverage-based selection [39] and empirical
interpolation approaches[40], however, optimal sub-matrix formation is likely to be performed
with the former [22]. However, the column-subset selection requires a full SVD in ©(M N?)
time for exact leverage score computation [41]. This is contrary to a mere sampling via data
oblivious multiplication requiring only LNT a4 + LTt + L2M flops where Tyanq is the cost
of forming a random matrix, and Ty, is the multiplication cost [22].
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Figure 2-2: Component Visualizations based on the largest column norm of H.

Figure 2-2 highlights the top spatial and spectral components where the column index is
selected by the index of the largest column norm of H. Due to variability in norms of
columns of H, it is unnecessary for different update methods to highlight the same region
in its most norm-dominant component and exhibit similar spectral profiles. However, for
interpretability, beyond the nonnegativity of components, it is also important that spatial
components are well-localized, and spectral profiles are well-separated with sharp, narrow
peaks. A well-localized spatial component would display a concentration of positive intensities
in a specific anatomical region, such as the brain or kidneys.

LS HALS, for example, exhibits a more noisy spectral profile in its dominant component
with a dense spectrum and a high noise floor, unlike the other three methods. Similarly, the
spatial map is faint, and the intensities appear diluted in different tissue parts. In contrast,
the vanilla methods display narrow peaks in a consistent profile with few dominant peaks
and a concentration of spatial abundances in the brain and spinal regions. However, some
presence of noise is evident by the scattered patches in the brain region for vanilla MU and
noise present near zero Y coordinate for vanilla HALS. RandHALS by Erichson et al. shows a
well-contrasted spectral profile with biologically relevant localized parts such as the intestines
region. The bottom part of the intenstines region seems to be diffused, as well as other parts
close to the perimeter of the tissue.

Despite advantages and disadvantages in terms of interpretability for all of the above meth-
ods, the Erichson RandHALS update method suffices in its ability to map to anatomically
relevant regions despite being partially diffused and noisy, which makes it suitable for initial
dimensionality reduction. In the next sections, one may overview the framework as a con-
crete set of steps where the use of a QR-based basis will be further delved into, including its
favorable and undesirable properties.
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2-2 Framework for Randomized NMF

The state-of-the-art algorithm by Erichson et al. has been shown to demonstrate strong
factorization performance to baseline algorithms. Whilst the update method exhibits fast
convergence and low approximation errors, it is important to investigate the cause and im-
pact of mixed-sign basis. In order to better understand the impact of the projection to
lower-dimensional subspaces that are fully entry-wise nonnegative, it is important to under-
stand how Randomized Nonnegative Matrix Factorization algorithms operate in retrospect.
For visual purposes, the two-stage framework summarizes the main steps in state-of-the-art
Randomized NMF algorithms in Figure 2-3 below:

STAGE A STAGE B

| T Toput | i 5. Form a 3
| Matrix ! } smaller matrix |
! XZO e RMX | | e RLxN \
3 2. Random 3 3 6. Perform i
| Oversamph.ng | l NMF update |
| Test Matrix } 1 1 !
‘ o px | | rule on a |
| >0 | ! smaller matrix |
| S3. c;lenl\e/fatg 3 | T Use W, |
: }zimp e X?ztréx | | H from NMF ;
! >0 = | ‘ ~ r !
| T RMxL 1 | X~ WH |
! ! | 8. Form |
: 4. Compute : 1 W = Qﬁ/} !
‘ orthonormal | | + |
3 basis for : L |
| range of Y | !

| Q = orth(Y) l - QR "

! | decomposition

Figure 2-3: Randomized NMF Framework (Visualized based on [22][27])

The conventional higher-dimensional NMF problem in 1-4 can be solved as a lower-dimensional
problem in 1-5 by following Stages A and B. The framework visualized in Figure 2-3 is based
on the Randomized SVD two-stage approach from Halko et al. [22] and later adapted by
Erichson et al. for Randomized NMF [27].
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Stage A concerns the sketching process for the input matrix X. In steps 2 and 3, random
projections are applied via multiplication of X by a randomly distributed test matrix 2. The
choice for the test matrix in line with the framework will be a Uniform distribution between
0 and 1, similarly used in the literature [27] [2].

The probability of capturing K-most dominant singular vectors of X increases via oversam-
pling by an additional P columns. Therefore, for K = 10, the sampling dimension L is chosen
to be 12 with an oversampling of P = 2 additional columns.

In step 4, the generated sample matrix Y is orthonormalized via QR decomposition to yield
an orthonormal basis to the range space of Y. The orthonormal basis @) is then used to
compress matrix X by sketching the columns of X via multiplication Q7 X to generate a
small surrogate input matrix X.

This step is a crucial step to impose a discriminative structure on X. The QT X is essentially
a lower-dimensional whitened version of matrix X. Alternatively, this may be referred to as
a data-adapted sketch of X [42]. In general, the JL-based projections can also be referred to
as data-oblivious sketches, which aim to form a sample matrix Y [42].

Subsequently, the small surrogate input matrix B is then used as an input to an NMF update
rule of choice, such as Hierarchical Alternating Least Squares by Erichson et al. The obtained
lower-dimensional factor matrix W is projected back to the higher-dimensional space via the
following relation QW ~ W.

Consequently, the two-stage framework echoes most of the steps employed in the two-stage
process for Randomized SVD. The key difference in existing algorithms lies in step 6, where
the factorization method of choice, or NMF, is applied. However, state-of-the-art randomized
algorithms fail to guarantee the nonnegativity of intermediate matrices B, W, and in some
cases of the output of W ~ QW. The Nonnegativity of H for one-sided column sketching
is not a concern, however an analogous problem would be thus relevant if a row sketching
is applied on the matrix X. Due to the Johnson-Lindenstrauss-based projections being one-
way and non-reversible [43], orthonormalization is a crucial step to project to and from the
lower-dimensional space.

Byo = QT X surrogate input matrix (26)
WZO = Q"W compressed left factor matrix

QR decomposition can be further parallelized into level-3 BLAS operations, scales well and
makes for an extremely rapid computational framework. However, the problem of negative
entries may invoke a question on whether the approximation errors of the said method compare
well.

State-of-the-art Randomized NMF algorithms compare well against other baselines. Random-
ized NMF has some similar assumptions to separability. For instance, Cichocki implements
a block-wise approach assuming that not the whole matrix is used. Randomly chosen blocks
can be used to approximate.
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2-3 Importance of the Orthonormal Projection

2-3-1 Purpose and Role within the Framework

We have previously introduced the @ from QR decomposition. In this section, we would like
to continue to reiterate how the properties of an orthonormal matrix are favorable within the
framework.

Generating Y € RM*L results in a tall-skinny matrix. In layman’s term, Y can be described
a data-oblivious sketch of X using a JL-type of projection. Unfortunately, the sample matrix
Y will likely be ill-conditioned [22]. The orthonormalization step is an intermediary step that
identifies the numerical rank of the sample matrix and discards excess samples [22].

ar(Y) = QR
where Y € RM*L (2-7)
Q c RMXM Re RMXL

The dimension M is much larger than the sampling dimension L; hence the QR decomposition
of Y can be partitioned in the following manner:

_ I’y
A= [Ql Qz] [Rg]
for M > N (2-8)
Ql c RMXL,QQ c RMX(M—L)
Rl c RLXL,RQ c RLXM—L

Therefore, the last M — L rows of R do not provide additional information, leading to the
following form:

A= [Ql Q2] [%11 = Q1R (2-9)

Hence, the thin or economic QR can efficiently retrieve Q1 € RM*L For this chapter, the
reference to the orthonormal basis () from QR decomposition refers to M x L matrix that is
retrieved from economic QR decomposition of sample matrix Y.

The columns of () form an orthonormal set with respect to the Hermitian inner product, and
preserve the Euclidean geometry for any vector z such that [22]:

Q]| = [|| (2-10)

Traditionally, this basis may also be referred to as a rotation matrix, or more precisely a
linear transformation matrix. The orthogonality property allows the circumventing of a com-
putationally heavy inverse operation by a mere transpose. In the context of the randomized
NMF framework, an orthonormal ) allows to rotate to and from the lower-dimensional space
without inverting the matrix.
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18 Approaches to Randomized Nonnegative Matrix Factorization

Q"=q" (2-11)

An orthonormal matrix @ can be used to form an orthonormal projector Py = QQ7 is an
idempotent, Hermitian operator such that [44] [22]:

pPl=pp=pt (2-12)

where the 1 is the pseudo-inverse.

The projection to the lower-dimensional subspace has the favorable property of maintaining
the energy norm of a matrix as follows:

IQQXIE ~ | X% (2-13)

Where an orthogonal square projector QQ7 is a unitary real matrix under which the operator
norm and Frobenius norms remain unitarily invariant. Given the suitable choice of fixed rank
K and oversampling P, QR decomposition on Y yields near-optimal normal basis such that
[27]:

X~QQTX (2-14)
B

It is possible to further enhance the accuracy in stage A via the use of power/subspace itera-
tions and two-sided sampling. However, due to the pronounced singular value spectrum shown
in Figure 1-6, the power rule will overemphasize the influence of the component associated
with the largest singular value. In practical circumstances, the size of the sketch dimension
L = 12 will be sufficient in terms of factorization performance as well as the interpretability
of factors. Due to the focus on the nonnegativity constraint for the basis for one-dimensional
compression, two-sided compression is not discussed within the scope of this thesis.

The QR-based basis Q) is visualized below via heatmaps indicating negligible orthogonality
residual and a mixed-sign dense basis. 54.34% of the entries for the given test matrix.

QR Basis Q from Y = XQ (Q ~ Uniff0, 1]) Orthogonality Q'Q, Fro Error = 3.091e-15
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Figure 2-4: Heatmaps of Qg and its Orthogonality Q7' Q given a test matrix  ~ Unif(0, 1).

Abdulkayum Mukhamedov MSc Thesis



2-4 Variants of RandHALS to accommodate Nonnegativity Constraints 19

2-4 Variants of RandHALS to accommodate Nonnegativity Con-
straints

Existing Randomized Algorithms in line with the randomized framework use the orthonormal
basis from QR decomposition on the sample matrix as the main and only method to extract
a basis. More recent works have explicitly recognized the importance of mitigating negative
entries from the QR-based basis [2] [34] [42].

This section will thus review three update methods:

o Erichson Randomized HALS (RandHALS)
e Masuda RandHALS
o Chaudhry Randomized MU (RandMU)
Erichson et al. highlight that lower-dimensional factor W is not necessarily nonnegative

throughout iterations, however, a projection to nonnegative orthant can assure a nonnegative
higher-dimensional factor W at each iteration as follows:

W= [QW] ) (2-15)

where [-]1 = max(-,0) is an entry-wise projection to nonnegative orthant

Simultaneously, at the end of each iteration, the basis is used to project W to lower-dimensional
W

W =qQ" [QW] (2-16)

W is not necessarily nonnegative through the iterations [27]. Masuda et al. have highlighted
the the number of negative entries, as well as their large absolute values in QW term [2]. In
order to alleviate this issue, an alternative objective function has been proposed where L1 1
norm of H term is regularized, and the QW constraint is rewritten as follows:

—elyxkx < QW < Ulyxk (2-17)

where 1 is a matrix of ones, € is a small positive tolerance, and U is an upper bound. The
approach towards the satisfaction of this constraint via an entry-wise bounding where each
entry of @ is bounded between Wi, and Wyax.-

(2-18)

rl{’khk + 0wy 1,
[ge]|5 + 6

wk,)k A P[wminywmax} <

where 7/, is an entry of a lower-dimensional residual matrix, and ¢ is a small constant.
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The feasible range for each element Wy, entry is computed as:

K . K .
/ w ’ w
>tk Ame L >tk dme Zk) (2.19)

Wipin = Max (—e + p .
mk’ mk’

The maximum of the two entries is chosen as Wiy, and the first entry in equation 2-4 is used
when ¢, is positive, and the second entry when ¢, is negative.

(2-20)

> Ik Qe U > ik qmﬂf)zk>

Wmax = Min (—e + . , .
mk’ mk’

Similarly, for Wyax in equation 2-20, the first entry is for negative g1 whilst the second is
for positive gpp’.

Convergence of RandHALS Variants
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Figure 2-5: Rank 10 Factorization of Mouse Pup IMS data using Randomized HALS Algorithms

The bounding approach satisfies the relaxed entry-wise constraint on QW from equation 2-17.
The tolerance is chosen as € = —107% and the upper bound is U = 10°. Figure 2-5 displays
the relative Frobenius norm error approximations for rank 10 according to equation 2-1. The
bounding approach yields a slightly higher approximation error; however, it is subject to a
slow entry-by-entry update rule.

Whilst this approach reduces the magnitude of negative entries to a small tolerance of e, it is
interesting to highlight that allowing a small negative tolerance may have poor implications

on the interpretability of IMS data.
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Figure 2-6: Component Visualization (Relaxed Nonnegativity Constraint) - Masuda RandHALS

Figure 2-6 demonstrates that on the largest column associated with the spectral compo-
nent norm ||Hy||, the corresponding spatial map W ~ QW includes small negative values.
Whilst for some applications this may be useful, for interpretability purposes in Imaging
Mass Spectrometry a relaxed nonnegativity constraint is therefore not preferred. Modifying
the tolerance € to a fully entry-wise nonnegative bounded constraint displays favorable results
in the most dominant spectral component.
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(a) Top Component 1
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&= 0| Spatial QW[ :,2]= £ (Orig: 1)

¥ Coordinate

0 100 200 300 400 500 600 700 800
X Coordinate 00

m/z bins

(b) Top Component 2

Figure 2-7: Component Visualizations - Masuda RandHALS (e = 0)

The brain and spinal parts of the mouse pup tissue are well-contrasted in comparison, thus
vastly improving interpretability. However, the other 8 components from the rank 10 factoriza-
tion are fully entry-wise zero not providing additional information. The relaxed nonnegativity
constraint counterpart does not face this issue, but the first three most dominant components
include negative spatial values.
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Figure 2-8: Percentage of Nonnegative Entries in W, QTW during lterations - RandHALS
Methods

Furthermore, one may obtain further insight into how the QR-based basis affects the nonneg-
ativity of the factors W = QW and W within iterations in Figure 2-8. For the case of zero
tolerance, Masuda et al. successfully retain full entry-wise nonnegativity of QW through-
out all iterations as seen in the middle plot 2-8. The Erichson et al. algorithm manages to
continuously increase the percentage of entry-wise nonnegative entries to around 92% due to
continuous projections to the nonnegative orthant, which is partially attributed to increased
sparsity in W as a result of entry-wise clipping.

The percentage of negative entries due to () being negative is calculated via the formula
below:
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Total Number of Entries(Q_Wsq)
Total Number of Entries(QW)

(2-21)

where Q—Wzo indicates the number of entries Qm,lﬁ/u < 0 entries such that @,,; < 0 and
Wi, > 0.

Almost a hundred percent of entry-wise negativity in QW is caused by the basis matrix
(Q, which is a concerning result. This is consistent with the result in Randomized HALS
implementation by Masuda et al. where bounding only slightly improves this result. A
projection designed explicitly to preserve Euclidean geometry in lower-dimensional space is
no longer fully maintained each each iteration step, with the largest projection loss taking
place during the first few iterations.

It is important to emphasize that Erichson et al. assure an entry-wise nonnegative spatial
factor W by projecting QW to the nonnegative orthant as such:

[QWL ~W (2-22)

Thus, the plots demonstrate the nonnegativity percentage right before this step. However,
given the above result, it is no longer possible to guarantee that the projection to Nonnega-
tive orthant step does not eliminate significant information during the projection to higher-
dimensional space. Additionally, the iterative update rules are applied in Semi-NMF fashion
where the surrogate input matrix is no longer entry-wise nonnegative, and the nonnegativity
constraint on lower-dimensional factor W is relaxed.

The update rule by Erichson et al., beyond its speed and low factorization errors, is more
indicative of Low-rank Nonnegative Matrix Approximation. That is, a computational frame-
work that admits negative entries in intermediate low-rank matrices, however, converges to a
low-rank nonnegative matrix [45]. Alternating projections between a low-rank manifold and
nonnegative orthant have been shown to be effective in the context of Low-rank Nonnega-
tive Matrix Approximation, where a better low-rank approximation on the input matrix can
facilitate a lower approximation error [46].

Additionally, one may be alarmed that this may violate the geometric property of NMF | which
mainly involves finding a cone involving all the data points in the positive orthant [47]. Thus,
the negative entries caused by the mixed-sign basis may cause the data points to no longer
lie in the orthant. Different work by Yahaya et al. refers to matrices with unconstrained
basis matrix as instances of Randomized Semi-NMF algorithms in their Randomized NeNMF
implementation [48].

It is important to note that the use of the QR-based basis is standard within the current state-
of-the-art Randomized (semi-)NMF algorithms [27] [2] [2] [49][48]. For example, Yahaya et
al. NMF directly refers to an analogous approach as semi-Nonnegative Matrix Factorization.
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2-5 Correctivity and Regularization on the Projection Matrix

A recent paper by Chaudhry et al. somewhat deviates from the SVD-inspired pipeline and
instead focuses on shifting the projection matrix to become nonnegative, directly dealing with
an input matrix QQT X + correction [42]:

(QQT + Ucorrection]-Mlg\})(X - WHT) (2‘23)

where Oeorrection = abs(min(QQT))) is the absolute value of the most negative entry in the
projector QQT € RM*M and 1, is a vector of ones [42].

Unfortunately, given the dimension M being 196514 for the Mouse Pup dataset, computing
the minimum entry is a significant computational bottleneck for a computer with limited
power. Therefore, based on a sample of 10,000 vector products from the QQT matrix, the
penalty term has been slightly overestimatedocorrection = Omin- LThe term is thus used for
one-sided data-adapted compressed multiplicative update rule to utilize QQ” X instead of an
original input X. A regularization parameter A = 0.1 is applied on the complementary space

of X to mitigate the influence of sub-optimal shift on the initially orthonormal basis [42]:

QQT'XH +011TXH
W 2-24
W W e A= 00TW HTH + o 1AW HTH + \WHTH (2-24)
XTQQT XT117
H< Ho QO W+o W (2-25)

(1 - NHWTQQTW + c HWT11TW + \AHWITW'

The update rule shown in equations 2-24 and 2-25 recovers a good solution given that the
original NMF error and the norm of the complementary space is small [42]. Additionally, the
o correction term successfully assures a fully entry-wise nonnegative solution across all itera-
tions. Given the growing data sizes of Imaging Mass Spectrometry datasets, the update rule
does not require storing the entire data matrix and accessing only once or twice [42]. However,
the key difference with the algorithm is that it does not use an update rule directly on small
surrogate input matrix B = Q7 X however, instead opting to use the full QB factorization of
X in the form QQT X. Aside from this deviation from the randomized framework, another
difference is the much slower convergence behavior of the shifted projection approach:

Convergence of Chaudhry RandMU with Shifted Projection

—— QO shift with 0=0.0005

1X = WHIe/ X1
o
4
3
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teration

Figure 2-9: Convergence of Randomized MU Algorithm with Shifted Projection
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Figure 2-10: Component visualizations from Chaudhry RandMU with QR-based projection and
15,000 iterations. Highlights dominant structures in IMS with spatial and spectral clarity.

The convergence behavior is extremely slow and converges to a relative error slightly above
Erichson RandHALS. As shown in Table 2-2, Masuda variants of RandHALS are also much
slower due to the entry-by-entry update rule. The shifted nonnegative projector QQ” initial
promising signs with the desired extraction in spatial and spectral components. However,
the use of compression also conflicts within the framework beyond its use of QQTX. The
Chaudhry RandMU method no longer benefits from fast convergence properties that are
displayed in other update rules with the use of Q.

Figure 2-9 visualizes the convergence of Randomized MU by Chaudhry et al. where the
algorithm takes over 15 000 iterations to converge, unlike only 100 iterations for the state-
of-the-art randomized NMF algorithms. The shift of 0.0005 to the orthonormal basis in
this case is sufficiently influential to no longer maintain the fast convergence properties and
likely disturb the orthogonality structure of (). The algorithm is still a strong example of an
update rule that learns NMF from compressed data. The performance of the algorithms which
explicitly employ a method to post-process an orthonormal basis from QR decomposition are
thus summarized below:

Update Method Iterations | Relative Frobenius Norm | Time (s)
Erichson RandHALS 100 0.221 81.32
Masuda RandHALS, e =0 100 0.365 8866.72
Masuda RandHALS, ¢ = —10~6 100 0.267 8884.76
Chaudhry RandMU 15 000 0.225 16465.68

Table 2-2: Comparison of methods mitigating negative entries in )

The Table 2-2 displays the factorization results with the relaxed nonnegativity version of the
Masuda RandHALS algorithm. For strictly nonnegative constraint on QW, the algorithm’s
relative Frobenius norm error increases to 0.365. As a consequence in their original formula-
tions, the algorithms can reach low approximation errors, however they fail to simultaneously
address nonnegativity and orthonormality of the basis or the projector.
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Chapter 3

Exploration of Nonnegative Bases

In contrast to the previous chapter, this chapter explores alternative bases for the QR-based
basis. Namely, this part aims to demonstrate new results within update methods upon
imposing an additional nonnegativity constraint on the orthonormal basis ). For this reason,
the traditionally-used QR-based basis @ in two update methods: FErichson RandHALS
and Chaudhry RandMU will be replaced by alternative bases obtained from Projective NMF
(PNMF), Approximately Orthogonal NMF (AONMF) and a Proposed Method.

The discussed alternatives to QR-based basis include bases Qpxmr, @aonmr, and Qprop,
which will be retrieved with varying degree of orthogonality, initialization, and even inputs.
For example, PNMF and AONMF bases will be extracted from sample matrix Y and input
data matrix X. The proposed method is designed to approximate the subspace on a QR-based
basis. Extraction of the nonnegative approximately orthonormal bases from sample matrix
Y will attempt to directly replace the orthonormalization step in step 4 of the Randomized
Framework. This chapter will demonstrate which cases are insufficient and provide baseline
results against basis extraction directly from X. Therefore, for PNMF and AONMF, this
chapter presents the results of two experiments: Experiment A and Experiment B.

This part of the thesis highlights the successes and challenges associated with nonnegative
basis extraction from orthogonal variants of NMF, such as PNMF and AONMF. As a logical
progression to the first two experiments, a third experiment with a proposed methodology to
compute a basis Qprop > 0. The proposed method is mainly motivated by the incompatibility
of the first two methods within the Erichson RandHALS update method. The need for the
method stems from its ability to control the tradeoff between orthogonality and fit on the
data.
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The summary of experiments A, B and C is shown in Table 3-1 below:

Experiment | Input | Extracted Update Rules Description
Basis
A Y QPNMF-Y, Erichson RandHALS, | Nonnegative bases are extracted from the sam-

QAONMF-Y Chaudhry RandMU ple matrix Y = XQ, where Q ~ 4(0,1). A given
nonnegative basis @>¢ is applied within the up-
date rules instead of Qqr

B X QPNMF-X,» Erichson RandHALS, | Nonnegative bases are extracted from the input
QAONMF-X Chaudhry RandMU data matrix X. A given nonnegative basis Q>q
is applied within the update rules instead of Qqr

C Qqr Qprop Erichson RandHALS, | Proposed Basis approximates the subspace
Chaudhry RandMU spanned by Qg via optimization of orthogonal-
ity, alignment, and angle similarity terms. Sim-
ilarly, the basis is applied within update rules.

Table 3-1: Summary of Experiments

The table emphasizes that Ezperiment A seeks to extract a nonnegative approximately or-
thonormal basis from orthogonal variants of NMF. Experiment A is designed to unveil whether
Step 4 in Randomized Framework in Figure 2-3 can be directly replaced by an alternative
orthonormalization method of Y.

The design of Erperiment B circumvents the entire Stage A pipeline from Figure 2-3 and
directly computes the basis from X. Throughout the next sections, the inefficiency of this
approach will be demonstrated, however this experiment will facilitate and baseline the results
for Experiment A and C.

As the last experiment, Fxperiment C will propose an additional step to the Randomized
Framework, namely an intermediary step between steps 4 and 5. Unlike the other experiments,
instead of relying on X or Y, this method will directly compute a nonnegative approximation
of the QR-based basis. This experiment will demonstrate the flexibility of the method with
various sets of hyperparameters for u (orthogonality), A alignment, and § principal angles.

Table 3-2: Hyperparameter Configurations - Proposed Method

Set u A B Description

0.5 1.5 2.0 alignment and angle emphasis
1.0 0.1 0.1 orthogonality dominant

0.1 2.0 0.1 alignment dominant

0.1 0.1 5.0 principal angle dominant

0.0 2.0 0.0 alignment only

2.0 0.0 0.0 orthogonality only

0.0 0.0 3.0 principal angle only

1.0 1.0 1.0 balanced configuration

0~ O U W N~

Table 3-2 outlines eight different sets of hyperparameters for Experiment C with a mix of bal-
anced and less balanced configurations as specified in the description. The AONMEF method
also allows the control of the orthogonality penalty wu; thus, it will also be varied between
0.1, 0.5, 1, 2, and 5. Subsequently, for all experiments, different initializations of >¢ will be
utilized including:
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3-1 Nonnegative Orthogonal Basis Optimization 29

o Modulus of Standard Normal Distribution - |A/(0, 1)]

o Uniform Distribution between 0 and 1 - | Unif(0, 1)|

o Uniform Distribution between 0 and 0.04 - | Unif(0,0.04)|
o Uniform Distribution between 1 and 2 - | Unif(1, 2)|

o Modulus of Standard Normal Distribution with offset - |N/(0,1)| + 0.1)

Since all the involved objective functions are nonconvex, it is important to employ different
initializations for @>o. Qpnmr, QaonmF and Qprop Will thus adopt the above initializations.
In the context of this thesis, the combination of orthogonality and nonnegativity constraints
renders the explored Q>0 bases to become sparse [50]. The initializations are thus fully
entry-wise nonnegative, and some initializations assure that () is not initialized close to its
orthogonal, and namely not on the Stiefel manifold. For instance, for PNMF, the multiplica-
tive update rule would work poorly on a matrix that is initialized to be orthogonal, as the
update rule cannot recover entries that have been rendered zero [51].

3-1 Nonnegative Orthogonal Basis Optimization

As an introduction to methods that seek to extract a nonnegative (approximately) orthonor-
mal basis, such as PNMF and AONMF, this section underpins the theoretical implications of
imposing an additional constraint on entry-wise nonnegativity of Q.

Q>0 € RM*L is now a nonnegative (approximately) orthonormal basis of rank less than or
equal to L such that QTQ ~ I. Given this formulation as a starting point, the chapter
will focus on other possible formulations to facilitate the computational of a nonnegative
orthonormal basis Q.

Optimization with orthogonality and nonnegativity constrained is commonly known as opti-
mization on (plus-sign) sign-constrained Stiefel manifold. First, the Stiefel manifold without
sign constraints is defined as a set of orthogonal matrices J such that J7J = I or:
SME = {J e RV JTT =T e RM*F} (3-1)
The sign-constrained, or namely nonnegatively constrained Stiefel manifold is thus defined as
[52]:
sit = {7esM 7> 0} (3-2)

The distance of any matrix Z € RM*L to a nonnegative Stiefel manifold can be bounded based
on the norm of entries that violate the sign constraints and/or the norm of the orthogonality
residual with positive constant factors v and ¢ as follows [52]:

dist(2) < v (| Z-||%)
dist(2,8}"") < v (1272 - 1]1%) (3-3)
dist(Z, ") < v (HZ—H% +277 - Iqu)
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30 Exploration of Nonnegative Bases

Chen et al. investigate and derive tight error bounds with specific constants for the above
bounds [52]. The third expression in equation 3-3 suggests that extracting a basis from a
matrix with violating entries will increase the Euclidean distance.

Within the context of experiments, since X and Y are nonnegative, the distance to the
nonnegative Stiefel manifold SJI’L is bounded by the orthogonality residual term. However,
approximating a nonnegative basis ()>¢ by approximating the subspace of Q4 will admit an
additional term based on the negative entries in Qq;.

3-1-1 Projective NMF

Given the theoretical understanding, the first method in discussion to compute a nonnegative
basis within Experiments A, and B is Projective Nonnegative Matrix Factorization. The
corresponding basis Qpaxmr € RV XL will be used to compress X within the aforementioned
update rules.

As the next step, one may formulate the relevant PNMF objective function for Experiment
A, which seeks to extract a nonnegative basis from sample matrix Y. In that case, the PNMF
objective function takes the following form:

min_ Y - QQ"Y s (3-4)
Q>0,QTQ=I

Upon the computation of >, the PNMF basis extracted from Y is thus referred to Qpnmr-y <
Q) corresponding to the objective function in 3-4.

Similarly, input matrix X € RM*N can serve as an input to the PNMF objective function
below:

min | X - QQTX||r (3-5)
Q>0,QTQ=I

The PNMF basis retrieved from X is thus assigned Qpnmr.x ¢ & as the minimizer of the
objective function in 3-5. This will thus serve as a PNMF basis for Experiment B. The
projective formulation in optimization problems 3-4 and 3-5 incentivizes the term QQ7 to
become an orthonormal projection matrix, which is the desired effect from this projective
formulation [51].

Yang and Oja have proposed the following iterative update rule to monotonically decrease
the objective function in 3-4 [51]:

XXTqQ

@O QoTxXTg

(3-6)

The update rule can thus analogously be applied on Y by replacing X. Furthermore, one may
thus perform the update rule to obtain the PNMF bases extracted from X and Y, respectively.
The corresponding PNMF objective function convergence is shown in Figure 3-1 below:
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Figure 3-1: Convergence of PNMF Objective Function on X and Y.

Across various initializations and a maximum of 1000 iterations for sketch dimensions L = 10
and L = 12, respectively. PNMF-X extracts the basis directly from X; hence, oversampling
is no longer performed, and the sketch dimension matches fixed-rank L = K = 10. Whilst
PNMF-X is not so sensitive to initialization, the results for PNMF-Y show otherwise. The
uniformly distributed initializations of @Qprop converge within the first 5 iterations, whereas
the normally distributed initializations exhibit smoother convergence behavior.

Furthermore, one may observe the Frobenius norms of projection and orthogonality errors as
displayed in Tables 3-3 and 3-4. The PNMF bases extracted from Y display poor orthogonality
results with objective value results in the range 10°; however, they reduce peak memory usage
by more than three times. A much lower orthogonality residual is observed for PNMF-X bases
as well as substantially lower projection errors. Unfortunately, the improvement in results for
PNMF-X comes at the cost of slow computation and higher memory peaks.

Table 3-3: Projection and Orthogonality Metrics for PNMF-Y with Different Initialization
(L =12).

Initialization | [QQTX — X|[[r | [|QTQ —I||r | Time (s) | Mem (MB)

IN(0,1) + 0.1] 2195.01 7.1230 1134.18 746.78
INV(0,1)] 2198.80 7.1352 1123.44 765.41

Unif(0, 0.004) 2576.75 8.3691 1.57 724.20
Unif(0, 1) 2575.69 8.3656 1.75 737.93
Unif(1, 2) 3406.09 11.0745 1.19 710.44

Table 3-4: Projection and Orthogonality Metrics for PNMF-X with Different Initialization

(L = 10).
Initialization | [QQ"X — X||r | [Q"Q — I][r | Time (s) | Mem (MB)
N(0,1) + 0.1] 185.0456 0.7648 2149.99 2512.68
IN(0,1)] 183.2189 0.7411 2517.07 2500.70
Unif(0,0.04) 203.1779 0.8174 3541.82 2435.70
Unif(0, 1) 182.7363 0.7624 3297.11 2512.68
Unif(1,2) 187.3563 0.7733 3542.58 2420.59

In line with expectations, an example in Figure 3-2 with a modulus of standard normal
distribution initialization highlights a sparse nonnegative matrix with entries. Similar results
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appear for other initializations of QpNME-

Orthogonality Q7Q — N0, 1)]
07O~ l|s = 0.741
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Figure 3-2: Heatmap of a PNMF-X Basis

The heatmap visualizes the magnitude of nonnegative entries based on the specified color
maps. The orthogonality heatmap on the right-hand side of Figure 3-2 demonstrates that
off-diagonal terms are still substantially greater than zero.
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Figure 3-3: Heatmap of a PNMF-Y Basis

Figure 3-3 affirms the orthogonality results from the PNMF-Y table, where the off-diagonal
terms in the Q7@ matrix are close to 1. The corresponding orthonormal basis matrix is more
dense, unlike its previous sparse counterpart. Therefore, upon forming B = Q7 X, one may
expect the structure of B to be more discriminative for sparse basis QpNME-

In PNMF literature, there exist more memory-efficient alternatives to the term X X7 within
the PNMF update rule present in stochastic and QR-based variants [53] [54]. For the latter
variant, the inclusion of QR factorization on X is a concern because of the aforementioned
emphasis on entry-wise nonnegativity. Despite the availability of approximated PNMF vari-
ants that are more memory-efficient, extraction via conventional PNMF is prioritized to best
maintain the properties of the basis as in the objective function 3-5.
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3-1-2 Approximately Orthogonal NMF

In light of experiments A and B, this section aims to demonstrate the second method for
extracting a nonnegative basis. Namely, Approximately Orthogonal NMF (AONMF) will be
performed to extract basis from Y and X.

AONMEF objective function takes the following form:

ming>o a.,0r=1 | X — QA" ||p + pul|ATA 1| (3-7)

An update method via HALS for the Approximately Orthogonal NMF formulation by Li,
Zhou, and Cichocki is chosen [50]. The HALS-AONMF is originally formulated for the right
factor matrix to be orthogonal, however by transposing the input matrix, one may impose
the orthogonality constraint on the left factor factor instead via a transpose:

XT ~ AQT (3-8)

What separates this method from orthogonal and projective formulations is the ability to
control the degree of orthogonality necessary to achieve the needed balance between fitting
error and orthogonality. Orthogonal NMF with a rigid orthogonality constraint is equivalent
to hard k-means clustering, whereas soft orthogonality makes NMF synonymous with fuzzy
C-means cluster [50].
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Figure 3-4: Convergence of AONMF Objective Function on X and Y.

Similarly, AONMF has been performed across a maximum of 100 iterations to extract a basis
Qaonmr from X and Y respectively as shown in convergence plots in Figure 3-4. The con-
vergence plots demonstrate similar rate of convergence, namely settling around 40 iterations,
however due to marginal improvements a maximum of 100 iterations have been chosen. Due
to similar results from alternative initializations, other AONMF-X plots are omitted.

For AONMF-Y, the updates with input Y have been extremely numerically sensitive, where
only the results for uniform distribution between 1 and 2 have been able to produce a basis.
Whilst further research into AONMF with tall-skinny matrix Y would be favorable, from this
point, AONMF-Y-related exploration will involve only the above-mentioned initialization.
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Table 3-5: Projection, Orthogonality, and Objective Value Metrics for AONMF-X with Unif(1, 2)
Initialization (L = 10).

po | 1QQTX = X||p  |QTQ —1I||lr AONMF Obj Value Time (s) Mem (MB)

0.1000 1291.9441 4.4102 2958.2 1054.53 1966.46
0.5000 1285.3598 4.4118 3009.2 1057.21 1970.07
1.0000 1263.8609 4.3187 2986.2 1059.85 1969.21
2.0000 1248.1861 4.2867 3012.7 1054.86 1968.85
5.0000 1203.0548 4.1413 3061.1 1075.70 1967.53

Similar to PNMF-X, the sketch dimension is selected to be 10. The soft orthogonality in the
objective function is reflected within the results, where the orthogonality residuals are higher
than the PNMF counterpart. Depending on various degrees of orthogonality u, the degree of
orthogonality improves but does not change drastically. The overall bases for AONMF-X are
sparse, however they tend to have higher magnitude of entries such as entries in the range
0.016 as opposed PNMF-X with 0.008. It will be interesting to observe whether that could
produce more well-contrasted components.
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Figure 3-5: Heatmap of a AONMF-X Basis

Table 3-6: Projection, Orthogonality, and Objective Value Metrics for AONMF-Y with Unif(1, 2)
Initialization (L = 12).

w 1QRTX — X|r |QTQ —I||r AONMF Obj Value Time (s) Mem (MB)

0.1000 2604.7836 8.7032 253.44 96.70 924.13
0.5000 2595.4341 8.6735 285.26 55.87 921.59
1.0000 2584.2677 8.6387 324.20 95.31 921.99
2.0000 2553.0668 8.5462 402.20 55.90 923.54
5.0000 2318.3433 7.8236 629.58 56.17 923.84

For AONMEF-Y, however, the degree of orthogonality is the highest, and as previously men-
tioned, only one initialization was feasible. With much smaller peak memory, the computation
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of the basis was within around 50 seconds. All bases incur high orthogonality errors, and gen-
erally, the bases with higher orthogonality errors would be also more dense as opposed to
sparse.

Orthogonality Q7Q — u= 0.5
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Figure 3-6: Heatmap of an AONMF-Y Basis

Overall, extracting a basis from X has shown to be much more computationally expensive,
however, they will serve as a baseline for bases extracted from Y and the proposed method.
Given the overall sensitivity of optimization with input Y, this suggests that further exploring
methods that are better equipped to work with tall-skinny matrices may be favorable.
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3-2 Experiments A and B

Given the overview of PNMF and AONMF, one may proceed with experiments A, and B,
and namely apply the bases extracted from Y and X within the update rules:

o FErichson RandHALS

¢ Chaudhry RandMU

Experiment A: PNMF Bases in Erichson RandHALS Experiment A: AONMF Bases in Erichson RandHALS
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Figure 3-7: Experiment A - Erichson RandHALS - PNMF-Y and AONMF-Y Bases
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Figure 3-8: Experiment B - Erichson RandHALS - PNMF-X and AONMF-X Bases

The results from Experiments A and B with all PNMF and AONMF bases fail to converge
within the update rule Erichson RandHALS. An interesting indication of why this could be
a reason is provided in Appendix A in Table A-1. Some of the metrics indicated that the
first dominant component may be responsible for just under 100% of explained variance,
indicating imbalance. The condition number is substantially higher for the bases extracted
from Y, also possibly suggesting numerical issues in using such a basis within the Erichson
RandHALS update rule. Similarly, the bases with smaller spectral gaps tend to have slightly
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improved initialization. Although more thorough analysis would be required on the desired
properties of B = Q7 X, Appendix A serves as an initial starting point. Overall, due to the
lack of convergence within the RandHALS update method, it is not sufficient to consider the
interpretability of the resulting factor matrices W and H.

Experiment A: PNMF Bases in Chaudhry RandMU Experiment A: AONMF Bases in Chaudhry RandMU

058

= WHIrx

Zoom: 900-1000

X = WHIeXlE

02950

02925

02900

02875

0.2850

02825

Zoom: 900-1000

AONMF Init: Unif(1,2)

— a=
— a=
— a=
— a=

o
1
2
H

2

052

o 200 400 600 800 1000 o 200 400 600 800 1000

(a) Experiment A — Chaudhry RandMU on
PNMF-Y

(b) Experiment A — Chaudhry RandMU on
AONMEF-Y

Figure 3-9: Experiment A - Chaudhry RandMU - PNMF-Y and AONMF-Y Bases

Chaudhry RandMU update rule, with its regularization on the complementary space, is able to
successfully converge for all initializations for both PNMF-Y and AONMF-Y bases in Exper-
iment A. Gaussian initialization with offset achieved lowest factorization from the PNMF-Y
bases, whereas the term with highest orthogonality penalty p for AONMFE-Y similarly achieves
lower factorization error. In general, the PNMF-Y bases in Experiment A tend to be more
sensitive to initialization than in fact all other Chaudhry RandMU results for Experiments A
and B.

Experiment B: PNMF Bases in Chaudhry RandMU Experiment B: AONMF Bases in Chaudhry RandMU
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Figure 3-10: Experiment B - Chaudhry RandMU - PNMF-Y and AONMF-X Bases

Experiment B with Chaudhry RandMU update rule demonstrates even lower approximation
errors achieving approximation errors comparable to the QR-based and vanilla methods in
Chapter 2. Given the plethora of initializations available to extract AONMEF from X, only
a handful of convergence behaviors are shown as reference in Figure 3-10b; however, this
experiment is not significantly sensitive to initialization as can be seen.
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The factorized dominant IMS components from AONMF-X demonstrate the best inter-
pretable result so far. Generally, the Chaudhry RandMU results for p = 1 and p = 2
display well-contrasted anatomical regions with little presence of noise and scattering. The
spectral profiles for 4 = 0.5 may include na oisy spectral floor. Higher y = 5 may occasionally
reduce the contrast in spatial maps; however, overall, it offers interesting insight.

Chaudhry RandMU on AONMF-X | Init: Unif(1,2), =5 Chaudhry RandMU on AONMF-X | Init: Unif(0, 0.04), =2
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Figure 3-11: Experiment B - Chaudhry RandMU - IMS components AONMF-X

The spatial and spectral component results for orthogonality within AONMF-Y display better
results for u = 2. The first dominant components offers interpretable components, however
the remaining components do not offer significant value. For other values of u, the relevant
anatomical regions are no longer as well-contrasted and generally include more faint parts
and scattered noise. The spectral profiles are analogous to AONMF-X.
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Figure 3-12: Experiment A - Chaudhry RandMU - IMS components AONMF-Y
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Figure 3-13: Experiment B - Chaudhry RandMU - IMS components PNMF-X

As for PNMF-X results, the interplay between rigid orthogonality and nonnegativity offers
interesting comparative insight with regard to AONMF-X. In this case, applying a more
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selective basis with stronger orthogonality may occasionally be too discriminative and result
in some incomplete selections of spatial regions unlike the AONMF-X counterpart. Previously
highlighted higher magnitude in the basis entries, combined with an overall sparse structure
with a soft orthogonality constraint may offer the best interpretation value. Unfortunately,
using such bases comes at a cost of long computation time to extract the bases.
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Figure 3-14: Experiment A - Chaudhry RandMU - IMS components PNMF-Y

Lastly, the bases extracted from PNMF-Y display the salt-and-pepper noise across the spatial
components. Overall, PNMF-Y is insufficient for further use for investigating relevant parts
of the tissue and peaks in the spectral profile.
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3-3 Proposed Method

Orthogonal variants of Nonnegative Matrix Factorization such as PNMF, and AONMF have
been able to compute nonnegative bases with varying degree of orthogonality, however they
failed to converge within the Erichson RandHALS update method.

This chapter aims to propose an approximate basis Qprop such that its objective function
decreases the distance to the subspace spanned by QR-based basis (). The objective function
is shown in equation 3-9 below:

min | QQ — I — ATx(QTQ) + 5367 (3-9)

Q>0

The trace term seeks to capture the direction of maximum variance of near-optimal basis @,
whilst the second term seeks to control the orthogonality of the input matrix. The last term
aims to minimize the principal angles 6; from [ = 1 to L for each of the L columns of Q4 and

C>2prop .

The objective function designed explicitly to approximate )¢, allows only add an additional
step within the pipeline and approximate a basis that is able to converge within the Erichson
RandHALS update method. Simultaneously, the input matrix to the algorithm is a tall-skinny
M x L Qq basis as opposed to M x N original input matrix.

Theorem 3-3.1. [55] Let the columns of matrices Qg € RMXL gnd Qprop € RMXL form,
orthonormal bases for the subspaces Q and Q respectively. Let the corresponding Singular
Value Decomposition QZTmep be

Q?;ermp - UEVT’

U and V are unitary matrices, and 3 is a L x L diagonal matriz with real diagonal elements
sl(Qgermp), e sL(Qgermp) in nonincreasing order, with L = K + P. Then,

cos @T(Q> Q) = S(QZ;’QPTOP) = [Sl(Qgermp)? ce SL(Q;FerTOP)} )

where @T(Q, Q) denotes the vector of principal angles between Q and Q arranged in nonde-
creasing order, and S(A) denotes the vector of singular values of A. Moreover, the principal
vectors associated with this pair of subspaces are given by the first m columns of XU and YV,
respectively.

According to this theorem, the term Qprop should be an orthonormal matrix during each of
the iterations the iterations. On one hand, projecting matrix (prop to the nearest orthonormal
matrix is also used to ensure the orthogonality of a factor in ONMF [35]. At the same time,
two orthonormal matrices at each iteration can thus be compared such that the distances
between subspaces could be tracked via principal angles. Therefore, the method will make
use of the projection to the nearest orthonormal matrix at each update step. A closed-form
solution to the projection to the nearest orthonormal matrix may bypass the matrix inversion
operation.

Qortn = Q(QTQ) /2 (3-10)
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where Qprop < Qorth

The matrix inverse operation can be circumvented via Eigenvalue Decomposition of Q7Q as
follows:

z Qprop = UAUT (3—11)

prop

Thus the corresponding eigenvalues in diagonal A may be inverted:

( 1ET>ropr1rop)_1/2 =UAN U (3-12)
1 1 1
A2 = di ( , ) 3-13
VR VA 49)
Qprop < Qorth = QpropUA_1/2UT (3—14)

The overall function is nonconvex, however each of the terms are differentiable hence a simple
gradient descent based algorithm is proposed. Subsequently, the regularization parameter
A, i, and (B allows to attribute the weight to the degree of alignment between the subspaces
against the level of orthogonality. Lastly, orthormalization via a closed-form equation and a
projection to nonnegative orthant ensures the constraints are satisfied.

The algorithm can thus be summarized in the Algorithm 1 below:
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Algorithm 1 Proposed Method to Approximate a Nonnegative Approximately Or-
thonormal Matrix Qprop from Qqr

Require: Qq € RMxL " Sketch Dimension L, Step Size 7, Regularization Parameters u, \, 3,
Max Iterations max-iter, Tolerance tol
Ensure: Approximately Orthonormal matrix Qprop € RMxL
1: Initialize: Qprop
2: for iteration = 1 to max-iter do
3: Compute objective:

f(Qprop) = NHQgroprmp - IH% — AT ( groqur) + 52 9?

4: Compute gradients for the first two terms:

VQprop fi= 4,UQprop(Qgroprrop - I)a VQprop fa= _)\qu

Compute principal angles via SVD: QqTerrop = UkEkaT
Compute third gradient term:

VQorop f3 = ~28Qq: Ui diag(6:) Vi
7 Gradient descent update:
Qprop <= Qprop = 1V Qprop 1 T VQprop 2 T VQprop f3)
8: Project to the nearest orthonormal matrix and clip negative entries:

Qprop — Qprop(Qgroprrop)_1/2v Qprop — maX(Qprop» O)

9: if ||[VQ,opfllF < tol then

10: break
11: end if
12: end for

13: return Qprop € RMxL
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3-4 Experiment C

For Experiment C, the Qprop basis directly approximated the Q4 basis. The experiments are
run analogously for different initializations, as well as eight sets of hyperparameters demon-
strated in Table 3-2. The step size in the gradient descent-based method is set to n = 0.01,
and the basis is extracted over a maximum of 1000 iterations. As can be seen in Table A-4,
the proposed basis is able to approximate within around 150 seconds, almost 10 times faster
than retrieving AONMF-X bases and almost 20 times faster for 1000 iterations than PNMF-X
bases.

Most importantly, unlike the other parts, this method succeeds in converging within almost
all hyperparameter sets and initializations except for set 6, which emphasizes only the or-
thogonality term.

Experiment C - RandHALS with Different Qpp Initialization
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Figure 3-15: Experiment C - Erichson RandHALS
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Experiment C - RandMU with Different Qpop Initialization
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Figure 3-17: Experiment C - Chaudhry RandMU
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Lastly, the Chaudhry RandMU offers improved interpretability where the regularization of
the complementary space negates some of the overselectiveness of the basis. Similarly, the
basis with the strongest interpretability had stronger regularization on the principal angles.
The summary of the principal angles for all hyperparameter sets and other remaining tables

is available in Appendix A.
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3-5 Summary

Given the numerous update rules and numerous choices for bases, a summary table in Table

3-7 below:

Table 3-7: High-level Comparison of various conventional and randomized NMF update methods
for specific choices of (nonnegative) bases. Green indicates good interpretability, yellow indicates
moderate interpretability, orange indicates poor interpretability and red indicates very poor inter-

pretability
Method Component In- | Spatial Localiza- | Spectral Clar- | Init Ro- | Notes
terpretability tion ity bustness
Baseline Methods
Vanilla HALS Moderate Scattered but in- | Recognizable Stable Some presence of noise but
terpretable peaks interpretable. Lacks scala-
bility
Vanilla MU Moderate Scattered regions Low peak reso- | Stable Analogous to HALS
lution
LS HALS Mildly inter- | Patchy Modest spectral | Fairly stable Block-wise efficient, but
pretable shape lacks clear anatomical
structure in W.  Needs

SVD for column selection

Update Methods with QR-based Basis

RandMU High Anatomically plau- | Well-separated Stable Extremely slow conver-
sible peaks gence; occasionally faint
spatial maps. Requires
o > 0 computation for Qqr
Erichson Rand- | Moderate-High Main  subregions | Occasional in- | Mildly sensi- | Faster than RandMU, it-
HALS recovered stability tive eratively loses projection
quality.
Masuda RandHALS | High Well-separated Only two domi- | N/A Slow update rule, and zero
(e=0) maps nant spectra components besides 2 dom-
inant components
Masuda RandHALS | Low Unclear features Negative/noisy N/A Uninterpretable due to
(e =—1079) negative values
Update Methods with Nonnegative Bases
Erichson Rand- | Poor No convergence No convergence Unstable Cannot converge
HALS (PNMF-Y)
Erichson Rand- | Poor Unstable maps No convergence Inconsistent Cannot converge
HALS (AONMF-Y)
RandMU (PNMF- | Low Diffuse Noisy Slight im- | Salt and pepper noise
Y) provement
RandMU Moderate Partial cortex Mixed clarity Variable Sensitive to initialization,
(AONMF-Y) fast
RandMU Very High Highly consistent | Sharp peaks Slow basis | Slow in computation, but
(AONMF-X) regions learning excellent spatial and spec-
tral interpretability.
RandMU (PNMF- | High Coherent maps Sharp peaks Slow basis | Similar to AONMF-X, but
X) learning more selective
Erichson Rand- | Selective Pinpoints regions Sharp, low- | Fast but | Low orthogonality errors in
HALS (Proposed) noise peaks unstable for | basis, and fastly converg-
insufficiently ing within updates. Signif-
orthogonal icant loss due to selectivity,
Qprop well-separated components
for high 8
Chaudhry RandMU | High Consistent maps Some mild noise | Stable Similar to Erichson Rand-

(Proposed)

HALS, but less selective.
Improves interpretability.
Still converges fast within
update method

Abdulkayum Mukhamedov
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Chapter 4

Discussion

Upon the completion of the exploration of alternative nonnegative bases within update meth-
ods such as Erichson RandHALS and Chaudhry RandMU, there are numerous key insights
that are worth noting with respect to the framework. Experiment A, in an attempt to directly
substitute the orthonormalization step, encounters difficulties in extracting a basis with a high
degree of orthonormality. Whilst Experiment B, to a large extent, produces more orthogonal
bases, they still do not suffice for use within Erichson RandHALS.

A proposed approximately orthogonal basis Qprop managed to consistently converge within the
update rules, and offer a diverse range of hyperparameter tunings. Whilst facilitating a more
compatible nonnegative basis to the update rule, the proposed method has also demonstrated
the importance of the principal angle alignment term. Experiment C suggests that a slightly
relaxed orthogonality penalty combined with high principal angle penalties may be further
worth investigating. Additionally, given the very selective extraction of spatial and spectral
features, the experiments have shown that a high degree of orthogonality may not always be
favorable.

For example, bases from AONMEF’s ability to control soft orthogonality has been shown to be
very useful for interpretable factorizations of IMS data. Unfortunately, this result comes with
an inefficient approach of extracting the AONMF basis directly from X. Based on the results
from this paper, a more efficient alternative to AONMF-X would be an extremely useful area
of research. The contrast with results from PNMF bases allowed for a balanced comparison
between hard and soft orthogonality methods of NMF. With this in mind, further research in
possibly combining said basis extraction methods with clustering algorithms may also offer
value for interpretability.

Additionally, the ability of the RandMU update method to accommodate a diverse range of
bases is attributed to the regularization of the complementary space of the projector. The use
of nonnegative approximately orthogonal bases eliminates the use of shifted correctivity on
the projection term QQ7 and vastly accelerates convergence. Given the success of the update
method, it would be interesting to further explore the use of double-sided compression [42],
and develop the relevant theoretical guarantees in relation use of nonnegative bases.

MSc Thesis Abdulkayum Mukhamedov



48 Discussion

Abdulkayum Mukhamedov MSc Thesis



Chapter 5

Conclusion

In conclusion, this thesis, one may revisit the research question: In what ways can nonnega-
tivity constraints be integrated into randomized SVD-inspired pipeline for NMF?

First, Chapter 2 described three main methods for directly mitigating the influence of neg-
ative entries in (Qqr, which included entry-wise clipping, bounding approach, and shifted
projections. The Chapter highlighted that the lack of sign constraints on compressed ma-
trices further forces it to iteratively compromise on projection quality without the ability to
precisely qualify whether essential features are lost. In the bounding approach, the relaxation
of the nonnegativity constraint on W has been shown to render components uninterpretable
for IMS data. A strict orthogonality ¢ = 0 has worked to extract the two most dominant
components, however rendered other components to be zero. Lastly, the shifted projection
vastly slows down convergence behavior; however, it offered a new perspective concerning the
application of regularization of complementary space for nonnegative bases.

In retrospect, the strategies to maintain the use of the QR-based basis fully eliminate the
influence of its negative entries. This problem has been solved from its root by direct ex-
traction of fully entry-wise nonnegative bases. In contrast, the exploration demonstrated
that nonnegative approximately orthogonal bases extracted from X demonstrate high fac-
torization performance. Unfortunately, this comes at the cost of higher computation, which
conflicts with the design of the Randomized NMF Framework. Therefore, it is important to
highlight that the Proposed Method has succeeded to be compatible with two randomized
update methods, however the combination of the orthogonality and nonnegativity constraints,
make the basis extraction problem non-trivial. The approach via AONMF has demonstrated
valuable insights toward leveraging soft orthogonality to enhance the interpretability of factor
matrices.

Therefore, this thesis has been able to propose multiple strategies to eliminate the problem of
entry-wise negativity on a QR-based basis and offer multiple strategies to integrate nonnega-
tive solutions within the data pipeline. Not only did this work challenge the status-quo choice
for the basis, but also offered numerous improvements in terms of interpretability of resulting
factor matrices for IMS data and also contributed a solution to maintain nonnegativity even
in lower-dimensional subspaces.
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Appendix A

Supplementary Material

Table A-1: B-matrix statistics across PNMF-X, PNMF-Y, AONMF-Y, and AONMF-X bases
(Frobenius norm, nuclear norm, condition number, rank, spectral gap, and explained variance)

Method Init / u |IBllr || B]|« cond(B) | rank Gap EV, EVgoy | EVgsy | EVogy
PNMF-X IN(0,1) +0.1] 431.43 775.73 46.13 10 252.21 0.8369 2 3 5
PNMF-X IV(0,1)] 430.33 | 77251 | 42.91 10 | 251.34 | 0.8373 2 3 5
PNMF-X Unif(0,0.04) 437.96 775.03 49.85 10 259.94 0.8447 2 2 5
PNMF-X Unif(0, 1) 430.48 773.76 47.33 10 251.76 0.8366 2 3 5
PNMF-X Unif(1, 2) 432.25 775.22 43.51 10 253.35 0.8382 2 3 5
PNMF-Y N0, D) 897.83 | 91487 | 14498.66 | 12 | 882.32 | 0.9997 I I I
PNMF-Y |IN(0,1) +0.1] 897.25 918.91 14686.36 12 877.29 0.9995 1 1 1
PNMF-Y Unif(0,1) 962.85 964.71 16273.35 12 962.30 1.0000 1 1 1
PNMF-Y Unif(1, 2) 1092.68 | 1093.38 | 62782.91 12 1092.48 | 1.0000 1 1 1
PNMF-Y Unif(0, 0.04) 963.03 964.70 18931.84 12 962.53 1.0000 1 1 1
AONMF-Y pn=0.1 962.65 1192.07 699.81 12 855.04 0.9854 1 1 2
AONMF-Y pn=0.5 961.13 1191.54 689.04 12 853.01 0.9852 1 1 2
AONMF-Y n=1.0 959.30 1190.89 681.76 12 850.43 0.9850 1 1 2
AONMF-Y pnw=2.0 954.02 1188.97 686.96 12 842.47 0.9842 1 1 2
AONMF-Y ©w=>5.0 916.10 1180.02 541.72 12 778.57 0.9761 1 1 2
AONMF-X pn=0.1 739.42 1081.26 92.37 10 563.11 0.9429 1 2 3
AONMF-X pn=0.5 739.33 1081.46 97.74 10 554.96 0.9397 1 2 3
AONMF-X pnw=1.0 733.69 1078.21 87.03 10 556.62 0.9413 1 2 3
AONMF-X pn=2.0 729.94 1074.28 93.94 10 550.24 0.9398 1 2 3
AONMF-X ©w=>5.0 720.62 1070.32 86.35 10 537.49 0.9364 1 2 3
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Convergence of Proposed Method Objective with Init: |10, 1)|
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Table A-2: Erichson RandHALS - Proposed Basis Metrics (Including Explained Variance thresh-

olds EV's)
Initialization | Set | Rel. Error | Time (s) | Mem (MB) | Rank | EV; EV90% | EV95%
1 0.5594 25.40 3476.0 12 0.8724 2 2
2 0.6081 57.75 2711.9 12 0.9374 1 2
3 0.5806 57.80 2711.8 12 0.9355 1 2
4 0.6476 45.12 2711.9 12 0.8726 2 2
IN(0,1) +0.1] 5 0.5815 58.26 2712.1 12 0.9377 1 2
6 0.6725 6.02 2712.1 12 1.0000 1 1
7 0.5520 42.03 2712.2 12 0.8630 2 3
8 0.5132 58.32 2712.3 12 0.8634 2 3
1 0.5606 57.15 2712.4 12 0.8779 2 2
2 0.6143 57.75 2712.4 12 0.9490 1 2
3 0.5805 57.08 2712.5 12 0.9355 1 2
N0, 1)) 4 0.6495 59.69 2712.9 12 0.8712 2 3
’ 5 0.5814 57.46 27129 12 0.9376 1 2
6 0.6730 6.05 2712.9 12 1.0000 1 1
7 0.5571 57.32 2713.0 12 0.8625 2 3
8 0.5228 58.15 2713.1 12 0.8814 2 2
1 0.5720 57.91 2713.1 12 0.8833 2 3
2 0.6015 58.34 3480.8 12 0.9205 1 2
3 0.5800 57.61 2711.7 12 0.9354 1 2
. 4 0.6479 57.63 2711.9 12 0.8715 2 2
Unif(0,0.04) 5 0.5824 57.66 2712.0 12 | 0.9376 1 2
6 0.6645 5.88 2712.1 12 1.0000 1 1
7 0.5545 57.88 2712.2 12 0.8613 2 3
8 0.5455 24.39 2712.3 12 0.8938 2 2
1 0.5456 58.56 3479.4 12 0.8671 2 3
2 0.6083 55.65 2711.9 12 0.9376 1 2
3 0.5811 58.53 2712.0 12 0.9355 1 2
Uni£(0,1) 4 0.6467 57.84 2712.4 12 0.8713 2 3
’ 5 0.5801 13.93 2711.6 12 0.9377 1 2
6 0.6647 6.08 3479.4 12 1.0000 1 1
7 0.5589 58.40 3479.8 12 0.8610 2 3
8 0.4989 57.70 2712.3 12 0.8678 2 3
1 0.5596 57.22 2712.3 12 0.8713 2 3
2 0.6154 57.68 2712.4 12 0.9544 1 1
3 0.5808 57.62 2712.4 12 0.9355 1 2
Uni£(1,2) 4 0.6507 64.78 3480.1 12 0.8714 2 3
’ 5 0.5819 63.41 2708.1 12 0.9377 1 2
6 0.6664 7.00 2711.7 12 1.0000 1 1
7 0.5711 61.28 3193.8 12 0.8687 2 3
8 0.5296 36.19 2711.8 12 0.8793 2 2
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Table A-3: Chaudhry RandMU - Proposed Basis Metrics

Initialization | Set | Rel. Error | Time (s) | Mem (MB)
N(0,1) + 0.1] 1 0.4509 1156.67 1928.40
2 0.6040 937.94 2739.03
3 0.5452 966.74 2739.18
4 0.4242 1111.50 2738.80
5 0.5513 924.71 2738.88
6 0.6727 734.24 2739.12
7 0.4396 1112.62 2738.81
8 0.4718 1047.05 2738.85
IV, 1] 1 0.4498 1109.12 2738.80
2 0.6105 863.07 2738.87
3 0.5452 985.20 2738.87
4 0.4231 1121.93 2738.88
5 0.5512 1039.30 2739.07
6 0.6768 65.57 2739.66
7 0.4402 1112.29 2739.76
8 0.4725 1046.03 2739.96
Unif(0,0.04) 1 0.4660 1112.52 2738.87
2 0.5979 864.48 2738.84
3 0.5451 1014.83 2738.80
4 0.4235 1115.88 2739.06
5 0.5511 1104.58 2738.84
6 0.6684 63.15 2739.07
7 0.4346 1117.18 2739.17
8 0.4991 1051.18 2738.79
Unif(0, 1) 1 0.4426 1196.84 2738.80
2 0.6042 901.46 2738.78
3 0.5452 1044.60 2738.82
4 0.4234 1118.05 2739.05
5 0.5513 931.64 2738.88
6 0.6685 63.99 2739.06
7 0.4358 1117.12 2738.49
8 0.4594 1122.46 2738.79
Unif(1, 2) 1 0.4555 1184.49 1918.09
2 0.6113 977.41 2750.27
3 0.5449 996.02 2749.91
4 0.4222 1131.51 2751.50
5 0.5512 1114.61 2749.18
6 0.6702 71.18 2689.67
7 0.4403 1223.51 2745.49
8 0.4821 1220.66 2749.12
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Table A-4: Proposed Method — Metrics Across Hyperparameters and Initializations Sweep

Init Hyperparams [Qprop@hropX = X2 - 1lF 1Qprop@propX — QurQaXll2 |- lF 1QhopQprop = Ill2 |-l Time (s) Mem (MB)
IN(0,1) +0.1] p=0.5A=1573=20 147.98 190.59 148.13 179.80 0.3164 0.3366 145.31 3141.0
pn=10,A=0.1,=0.1 152.67 222.94 152.22  209.70 0.0494 0.0518 142.94 3117.9
pn=01,A=20,4=0.1 140.89 207.96 139.46 193.91 0.1843 0.1947 144.64 3188.7
pn=01,A=0.1,53=50 178.56 210.10 178.66 200.05 0.4700 0.5031 150.09 3090.3
n=0.0,A=2.0,5=0.0 141.64 209.16 140.23  195.05 0.1715 0.1810 143.05 3083.5
pn=20,A=0.0,=0.0 172.51 247.88 171.45 234.82 0.0109 0.0114 82.43 2938.6
pn="0.0,A=0.0,=3.0 150.32  188.47 150.37 177.17 0.3267 0.3481 143.30 3011.4
p=10,A=1.0,=1.0 134.67 182.60 134.71 170.23 0.1930 0.2043 146.19 2969.0
[NV(0,1)] p=05A=150=20 146.19 191.17 146.32  179.30 0.3187  0.3390 158.32 3358.8
p=10,A=0.1,=0.1 153.52 225.32 152.97 212.29 0.0495 0.0519 145.15 3207.6
pn=01,2=2.0,6=0.1 140.91 207.98 139.47 193.93 0.1844 0.1948 144.26 3176.7
pn=01,A=0.1,53=50 177.97 209.20 178.10 199.03 0.4668 0.5000 140.68 3121.4
n=0.0,A=20,5=0.0 141.61 209.13 140.20 195.02 0.1714 0.1810 145.36 3008.1
n=20,A=0.0,3=0.0 172.74  248.05 171.66 234.98 0.0109 0.0114 87.02 3085.6
n=20.0,A=0.0,3=3.0 151.08 188.84 151.13 177.62 0.3283  0.3495 142.89 3032.8
p=10,A=1.0,3=1.0 130.49 184.77 130.35 172.00 0.2091 0.2211 142.74 3114.1
Unif((), 0.04) p=05A=150=20 147.45 194.57 147.30 182.80 0.3112  0.3298 160.53 2671.3
p=10,A=01,=0.1 154.68 220.60 154.26  207.52 0.0461 0.0484 167.06 2729.4
p=01,1=2.0,=0.1 140.89 207.90 139.45 193.86 0.1842 0.1946 153.42 2751.6
pnw=01,A=0.1,=5.0 178.41  209.78 178.52  199.43 0.4691 0.5031 162.33 2791.8
n=0.0,A=2.0,8=0.0 141.62 209.14 140.21  195.04 0.1716 0.1812 172.65 2750.6
n=20,A=0.0,3=0.0 168.40 244.91 167.27 231.68 0.0109 0.0114 96.53 2783.2
pn=0.0,A=0.0,5=3.0 150.53 187.72 150.62 176.70 0.3318 0.3541 172.81 2793.6
p=10,A=1.0,3=1.0 134.89 192.98 134.40 180.05 0.2021 0.2133 158.28 2650.4
Unif(0, 1) pn=05A=15753=20 145.10 186.52 145.30 176.01 0.3069 0.3269 145.63 2925.5
p=10,A=0.1,8=0.1 152.63 222.96 152.16  209.70 0.0490 0.0514 143.43 2973.4
p=01,12=20,=0.1 140.93 207.96 139.49 193.91 0.1843 0.1947 145.93 2814.7
p=01,A=0.1,=5.0 177.98 209.26 178.11 199.12 0.4667  0.4998 159.07 2798.0
pn=0.0,A=2.0,8=0.0 141.63 209.18 140.22  195.08 0.1716 0.1811 152.07 2844.5
pn=20,A=0.0,4=0.0 168.61 244.98 167.47 231.76 0.0109 0.0114 90.39 2803.2
n=0.0,A=0.0,3=3.0 150.65 187.72 150.67 176.64 0.3285 0.3502 153.15 2895.9
pn=10,A=1.0,5=1.0 129.85 179.53 129.66 168.06 0.2048 0.2174 154.99 2819.7
Unif(1, 2) pn=05A=15753=20 148.48 191.06 148.36  178.90 0.3074 0.3267 156.69 2910.7
p=10,A=0.1,54=0.1 152.24 225.64 151.59 212.26 0.0505 0.0529 155.17 2927.7
p=01,X=2.0,8=0.1 140.89 207.94 139.45 193.89 0.1843 0.1947 152.71 2921.3
p=01,X2=0.1,8=5.0 177.87 209.21 178.00 199.04 0.4663  0.4995 170.95 2916.0
pn=0.0,A=2.0,6=0.0 141.63  209.20 140.23  195.09 0.1716 0.1811 161.36 2820.8
pn=2.0,A=0.0,6=0.0 169.45 245.64 168.34 232.44 0.0109 0.0114 97.25 2565.5
n=0.0,A=0.0,4=3.0 151.97 191.48 151.99 179.15 0.3402 0.3633 163.35 2687.1
pn=10,A=10,4=1.0 136.05 188.33 135.73  174.43 0.2122 0.2242 153.88 2709.0
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Table A-5: B-matrix statistics across Proposed bases (Frobenius norm, nuclear norm, condition
number, spectral gap, and explained variance)

Init. Hyperparams B¢ [|Bll« | cond(B) | rank(B) gap EV, EV90% | EV95% | EV99%

u=0.5,\=1.5,5=2.0 369.36 | 668.18 55.59 12 240.54 | 0.8724 2 2 6

u=1.0,A=0.1, 5=0.1 300.49 467.14 119.30 12 229.87 0.9374 1 2 4

©=0.1, A=2.0, 5=0.1 333.83 533.41 180.27 12 259.67 | 0.9355 1 2 5

|N(0 140 1| u=0.1,A=0.1, 5=5.0 392.38 709.42 57.11 12 256.94 0.8726 2 2 6

’ : ©#=0.0, A=2.0, 5=0.0 330.63 523.60 609.05 12 258.47 | 0.9377 1 2 5

©=2.0, A=0.0, 5=0.0 274.29 278.28 3080.60 12 272.98 1.0000 1 1 1

©#=0.0, A=0.0, 5=3.0 372.57 | 684.39 52.97 12 239.15 0.8630 2 3 6

©=1.0,A=1.0, 5=1.0 350.12 | 639.32 54.09 12 222.96 0.8634 2 3 6

u=0.5,A=1.5, 5=2.0 370.24 | 660.22 66.44 12 245.47 | 0.8779 2 2 6

©n=1.0,A=0.1, 5=0.1 298.75 453.35 110.21 12 239.14 0.9490 1 2 4

©=0.1,A=2.0, 5=0.1 333.83 533.38 185.41 12 259.70 0.9355 1 2 5

N0, 1) u=0.1,A=0.1, 8=5.0 392.19 710.28 56.68 12 256.18 0.8712 2 3 6

’ ©=0.0, A=2.0, 5=0.0 330.64 523.74 553.81 12 258.41 0.9376 1 2 5

©=2.0, A=0.0, 5=0.0 274.14 277.07 3382.38 12 273.33 1.0000 1 1 1

©#=0.0, A=0.0, 5=3.0 372.57 | 685.15 54.06 12 238.73 0.8625 2 3 6

u=1.0,A=1.0,5=1.0 352.45 627.06 66.82 12 236.56 0.8814 2 2 6

u=0.5,A=1.5, 5=2.0 365.91 661.58 50.00 12 250.09 0.8833 2 3 6

©=1.0,A=0.1, 5=0.1 301.69 | 490.22 80.90 12 220.77 | 0.9205 1 2 5

u=0.1,A=2.0, 5=0.1 333.84 533.36 208.43 12 259.57 | 0.9354 1 2 5

uniform 0 004 ©#=0.1, A=0.1, 8=5.0 392.36 707.80 54.72 12 255.77 | 0.8715 2 2 6

- ©=0.0, A=2.0, 5=0.0 330.65 523.83 499.49 12 258.43 0.9376 1 2 5

©=2.0, A=0.0, 5=0.0 276.98 280.45 2774.44 12 276.09 1.0000 1 1 1

©#=0.0, A=0.0, 5=3.0 374.19 | 687.09 47.97 12 237.67 | 0.8613 2 3 6

u=1.0,A=1.0,5=1.0 345.98 618.32 48.72 12 244.44 0.8938 2 2 6

u=0.5,A=1.5, 5=2.0 369.58 | 673.77 63.00 12 238.86 0.8671 2 3 6

pu=1.0,A=0.1,3=0.1 | 300.43 | 467.87 | 88.92 12 231.13 | 0.9376 1 2 4

u=0.1, A=2.0, 5=0.1 333.84 533.58 166.63 12 259.68 0.9355 1 2 5

uniform 0 1 ©#=0.1, A=0.1, 5=5.0 392.11 709.88 56.47 12 256.20 0.8713 2 3 6

- ©=0.0, A=2.0, 5=0.0 330.63 523.76 491.48 12 258.50 0.9377 1 2 5

©=2.0, A=0.0, 5=0.0 276.91 280.20 3202.09 12 276.13 1.0000 1 1 1

©=0.0, A=0.0, 5=3.0 373.60 | 687.75 54.06 12 237.47 | 0.8610 2 3 6

u=1.0,A=1.0,5=1.0 354.14 642.47 70.15 12 229.00 0.8678 2 3 6

©=0.5, A=1.5, 6=2.0 367.15 | 667.29 57.01 12 240.22 0.8713 2 3 6

©=1.0,A=0.1, 5=0.1 298.68 | 450.88 96.98 12 244.38 0.9544 1 1 4

u=0.1, A=2.0, 5=0.1 333.84 533.53 177.12 12 259.64 | 0.9355 1 2 5

uniform 1 2 ©=0.1, A=0.1, 5=5.0 392.06 709.77 56.30 12 256.23 0.8714 2 3 6

- ©=0.0, A=2.0, 5=0.0 330.62 523.62 493.58 12 258.48 0.9377 1 2 5

©=2.0, A=0.0, 5=0.0 276.32 279.83 3271.46 12 275.29 1.0000 1 1 1

©=0.0, A=0.0, 5=3.0 374.31 680.73 54.82 12 242.97 0.8687 2 3 6

©n=1.0,A=1.0, 5=1.0 350.65 | 630.16 63.16 12 234.04 | 0.8793 2 2 6
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Table A-6: Principal angles (in degrees) between Qprop and Qqr across different hyperparameters
and initializations.

Init. Hyperparams 91 92 93 94 95 96 97 98 99 910 911 912
p=0.5,A=1.5,8=2.0 0.00 32.79 38.65 39.24 40.36 41.98 44.84 46.24 47.55 49.07 51.95 53.13
p=1.0,1=0.1,3=0.1 24.61 5827 59.23 6145 63.32 6525 66.39 66.63 69.73 71.42 72.67 74.86
p=0.1,1=2.0, 3=0.1 0.00  40.28 45.08 47.66 50.04 50.70 52.50 53.75 55.59 59.08 67.75 87.60

INV(0,1) + 0.1] p=0.1,A=0.1,3=5.0  0.00 28.67 33.73 36.06 37.98 39.06 41.60 41.98 43.98 45.10 45.59 49.93

’ ’ p=0.0,1=2.0,8=0.0 0.00 41.81 4540 48.73 50.61 50.99 53.10 54.64 56.45 60.20 70.10 89.87
p=2.0,1=0.0,8=0.0 30.77 89.26 89.34 89.41 89.48 89.51 89.62 89.75 89.82 89.84 89.91 89.97
©#=0.0,1=0.0,3=3.0  0.00 29.75 34.72 3586 39.12 39.31 41.86 43.96 44.50 47.51 48.37 50.30
©=1.0,A=1.0,4=1.0  0.00 32.85 37.80 38.50 41.71 43.07 44.87 47.61 49.24 51.93 54.57 56.49
©=0.5,A=1.5,3=2.0  0.00 31.32  36.85 39.66 42.07 43.98 44.61 46.63 48.54 49.19 51.93 59.71
p=1.0,A=0.1,5=0.1 24.60 57.90 60.66 62.43 62.59 63.43 6740 68.78 69.82 7193 77.14 79.11
©=0.1,1=2.0, 3=0.1 0.00  40.23 45.08 47.63 50.02 50.72 5249 53.75 55.60 59.07 67.74 87.67

IN(0, 1) ©=0.1,A=0.1,3=5.0  0.00 27.85 34.26 35.10 3791 38.65 40.90 41.86 43.91 45.09 46.41 47.81

’ 7=0.0,A=2.0,4=0.0 0.00 41.80 4540 48.76 50.62 50.96 53.10 54.65 56.46 60.20 70.09 89.94
©=2.0,A=0.0,4=0.0 30.83 89.38 89.46 89.50 89.61 89.62 89.70 89.74 89.78 89.86 89.95 89.99
£©=0.0,A=0.0,3=3.0  0.00 30.14 3454 35.85 39.07 39.20 41.79 43.33 4491 47.26 47.32 52.27
p=1.0,A=1.0,4=1.0  0.00 35.42 4042 41.87 4466 45.31 4588 48.92 51.28 52.79 54.03 66.37
p=0.5,A=1.5,8=2.0  0.00 34.10 36.32  39.07 40.30 41.75 45.17 45.42 4840 50.94 52.21 57.73
p=1.0,A=0.1,5=0.1 25.38 45.84 56.68 59.73 60.88 62.01 62.92 64.84 67.91 6853 7426 79.03
p=0.1,A=2.0, =0.1 0.00  40.22 45.04 47.60 50.06 50.72 5245 53.75 55.58 59.09 67.71 87.94

Unif(0,0.04) p=0.1,A=0.1,8=5.0  0.00 26.73 34.85 35.28 38.63 38.96 40.66 42.59 44.32 45.22 46.44 48.15

™ £=0.0,A=2.0,4=0.0 0.00 41.82 4540 48.76 50.68 51.00 53.08 54.65 56.43 60.21 70.08 89.94
1=2.0,A=0.0,4=0.0 29.81 89.11 89.29 89.47 89.50 89.62 89.68 89.73 89.84 89.85 89.90 89.99
£=0.0,A=0.0,3=3.0  0.00 27.84 3532 36.08 39.82 40.40 41.53 43.02 46.41 47.25 4798 52.40
p=1.0,A=1.0,4=1.0  0.00 34.22  39.72  41.52 4280 46.23 48.05 49.26 52.46 53.11 57.42 62.50
p=0.5,A=1.5,8=2.0  0.00 30.79 3491 40.03 40.33 41.73 44.19 46.10 48.66 50.27 53.92 55.33
p=1.0,A=0.1,3=0.1 24.66 55.54 60.36 61.37 64.41 65.20 66.98 68.32 71.06 7220 72.44 74.10

p=0.1,1=2.0, 3=0.1 0.00  40.26  45.06 47.64 50.04 50.73 52.52 53.74 55.62 59.09 67.72 87.42

Unif(0,1) p=0.1,A=0.1,3=5.0  0.00 27.79 34.31 35.04 37.85 3873 40.90 41.86 43.95 45.25 46.40 47.68
’ p=0.0,1=2.0,5=0.0 0.00 41.83 4544 48.78 50.63 50.96 53.09 54.64 56.46 60.19 70.10 89.98
p=2.0,1=0.0,3=0.0 29.82 89.21 89.34 89.44 89.46 89.57 89.68 89.73 89.83 89.88 89.91 89.96
p=0.0,1=0.0,3=3.0 0.00 29.68 3533 36.40 3816 40.09 41.51 43.19 46.29 46.72 47.64 49.83
p=1.0,A=1.0,8=1.0 0.00 33.73 37.56 40.77 42.33 4550 47.59 49.98 51.49 54.81 57.96 60.56

1=0.5,A\=1.5, 3=2.0 0.00 32,47  36.22 37.18 40.06 41.50 43.28 44.97 4747 49.99 51.51 54.26
p=1.0,1=0.1,3=0.1 24.26 57.14 59.05 62.88 64.53 66.20 68.88 69.78 70.11 71.92 73.79 75.45

©=0.1,A=2.0, 3=0.1 0.00  40.23 45.08 47.66 50.02 50.72 52.47 53.76 55.60 59.06 67.72 87.55

Unif(1,2) ©=0.1,A=0.1,3=5.0  0.00 27.84 34.28 35.08 37.88 38.69 40.97 41.94 43.97 45.12 46.40 47.66
’ ©#=0.0,A=2.0,3=0.0  0.00 41.81 4544 4881 50.61 51.00 53.14 54.64 56.42 60.16 70.13 89.90
7=2.0,A=0.0,4=0.0 30.03 89.27 89.34 89.44 89.57 89.63 89.67 89.73 89.81 89.84 89.93 89.99
£©#=0.0,1=0.0,3=3.0  0.00 30.48 35.55 36.02 39.35 40.86 41.63 44.03 46.26 47.77 49.56 50.94
©=1.0,A=1.0,4=1.0  0.00 37.32 38.88 40.00 40.47 45.36 46.42 47.88 50.39 52.74 58.29 59.86
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List of Acronyms

IMS
MALDI
DESI
SIMS
LDI
SVD
NMF
AONMF
PNMF
HALS
MU

LS

Imaging Mass Spectrometry
Matrix-assisted Laser Desorption/Ionization
Desorption Electrospray Ionization
Secondary Ion Mass Spectrometry
Laser Desorption Ionization

Singular Value Decomposition
Nonnegative Matrix Factorization
Approximately Orthogonal NMF
Projective NMF

Hierarchical Alternating Least Squares
Multiplicative Update

Large Scale

RandHALS Randomized HALS
RandMU Randomized MU
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Glossary

List of Symbols

Abbreviations

MxN
R+

P+ (X)

I

SE,

w

F(W, H)
H e RNXK
K

L

P

Q

QAONMF
Q AONMF

Set of nonnegative real matrices of size M by N

Projection of X onto the nonnegative orthant

Regularization parameter for orthogonality in AONMEF and Proposed Methods
Summation from 1 to K with an index k

Compressed spatial factor matrix

Objective function in NMF optimization with optimizers W and H

Spectral Signature Factor Matrix

Fixed rank K specified in advance for rank-K factorization

Sketch Dimension L = K + P

Oversampling Parameter to increase sketch size slightly above fixed rank K,
L=K+P

Orthonormal Basis to the range space of sample matrix Y

Nonnegative Approximately Orthogonal Basis computed from AONMF

Nonnegative Approximately Orthonormal Basis computed from the Proposed
Method

Nonnegative Basis from Proposed Method
Orthonormal Basis computed from QR decomposition
Spatial Abundance Factor Matrix

NMF decomposition of matrix X

Element-wise nonnegative constraint on data matrix X
Matrix X with M rows and N columns

Element-wise nonnegative Matrix

Matrix is not (entirely) element-wise nonnegative
Element-wise nonnegative projection: max(X,0)

Negative Entries in X
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