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A B S T R A C T

Objective: Contrast-enhanced ultrasound (CEUS) presents distinct advantages in diagnostic echography. Utilizing
microbubbles (MBs) as conventional contrast agents enhances vascular visualization and organ perfusion, facili-
tating real-time, non-invasive procedures. There is a current tendency to replace traditional polydisperse MBs
with novel monodisperse formulations in an attempt to optimize contrast enhancement and guarantee consistent
behavior and reliable imaging outcomes. This study investigates the contrast enhancement achieved using vari-
ous-sized monodisperse MBs and their influence on non-linear imaging artifacts observed in traditional CEUS.
Methods: To explore the differences between monodisperse and polydisperse populations without excessive exper-
imentation, numerical simulations are employed for delivering precise, objective and expeditious results. The iter-
ative non-linear contrast source (INCS) method has previously demonstrated efficacy when simulating ultrasound
propagation in large populations in which each bubble has individual properties and several orders of multiple
scattering are significant. Therefore, this method is employed to realistically simulate both monodisperse and
polydisperse MBs.
Results: Our findings in CEUS imaging indicate that scattering from resonant monodisperse MBs is 11.8 dB stron-
ger than scattering from polydisperse MBs. Furthermore, the amplitude of non-linear imaging artifacts down-
stream of the monodisperse population is 19.4 dB stronger compared with polydisperse suspension.
Conclusion: Investigating the impact of multiple scattering on polydisperse populations compared with various
monodisperse suspensions has revealed that monodisperse MBs are more effective contrast agents, especially
when at resonance. Despite the strong signal-to-noise ratio of monodisperse populations, imaging artifacts caused
by non-linear wave propagation are also enhanced, resulting in further mis-classification of MBs as tissue.
Keywords:
Contrast-enhanced ultrasound
Deep tissue imaging
Microbubbles
Monodisperse
Polydisperse
Non-linear oscillations
Multiple scattering
Non-linear imaging artifacts
INCS
Acoustic simulations
Delft, The Netherlands.
weij).

2
ccepted 3 November 2024

vier Inc. on behalf of World Federation for Ultrasound in Medicine & Biology. This is an open access article under
ses/by/4.0/)
Introduction

Achieving superior deep tissue imaging of blood vessels with ultra-
sound remains a challenge in medical diagnostics but contrast-enhanced
imaging, particularly using microbubbles (MBs), has emerged as a prom-
ising solution [1,2]. These gas-filled microspheres, stabilized with a lipid
or protein shell, enhance blood contrast for improved organ and lesion
visualization. MBs, characterized by their small size, biocompatibility
and vascular navigability, resonate in the ultrasound frequency range (1
−10 MHz). Their efficient sound scattering in both fundamental and har-
monic modes, driven by substantial acoustic impedance differences with
their surroundings and highly non-linear oscillatory behavior [3,4],
enhances image quality. As ultrasound waves propagate through a reso-
nant MB suspension, they undergo non-linear distortion due to non-lin-
ear MB scattering influenced by size, shell characteristics, ultrasound
pressure and frequency [5−7]. Due to these properties, MBs have also
been demonstrated to be efficient contrast agents in various applications
in addition to contrast-enhanced ultrasound (CEUS), such as ultrasound
localization microscopy [8].

As a drawback, wave distortion can extend beyond an MB suspen-
sion, leading to the mis-identification of tissues as MBs and diminishing
the specificity of CEUS imaging [9]. Narrowing the size distribution of
the MB population could be a way to provide improved acoustic scatter-
ing, reduce imaging artifacts and enhance scattering homogeneity. His-
torically, polydisperse MBs of varying size distributions (typical radii
0.5−15 µm) have been standard in ultrasound contrast imaging [10,11].
Recent technological breakthroughs have introduced the possibility of
using monodisperse, i.e., uniformly sized, MBs [12]. Studies have
highlighted the superiority of monodisperse MBs [13], offering
enhanced predictability, improved acoustic performance and clearer
imaging signals [14,15]. Nevertheless, we believe that it is important to
shed more light on the effect of monodisperse MBs as contrast agents for
deep vessel imaging, particularly for the generation of clearer echoes
and reducing imaging artifacts.
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The use of computational tools is an efficient way to perform compre-
hensive investigations without performing extensive measurements. Ini-
tially, studies focused on the collective behavior of bubbly media for
marine applications [16,17]. Effective medium theory facilitated 1-D
computational studies for both monodisperse [18,19] and polydisperse
[20,21] MB suspensions in medical ultrasound, including high-intensity
focused ultrasound [22]. Previous models successfully captured non-lin-
ear ultrasound propagation through uniform MB distributions in 2-D
using iterative schemes [23,24]. Challenges have arisen when coupling
the non-linear dynamics of multiple MBs in 3-D realistic simulations due
to the complexity of the coupled Rayleigh-Plesset equation [25].
Another difficulty is when the number of polydisperse MBs is small and
the use of averaged quantities becomes questionable. Various computa-
tional methods have been explored to understand the dynamics between
polydisperse and monodisperse MB populations. Among these, the itera-
tive non-linear contrast source (INCS) method has demonstrated efficacy
in simulating bubble cloud behavior in a 3-D domain when excited
either by a plane wave or a focused beam. This method enables the gen-
eration and comparison of echoes produced by dense monodisperse MB
populations, taking into account multiple scattering [26]. This is crucial
for optimizing CEUS applications and reducing the need for excessive
experimentation.

The aim of this numerical study is to investigate the efficacy of
monodisperse and polydisperse populations when used as contrast
agents for deep tissue imaging. More precisely, this article discusses an
extension of the INCS method to simulate the behavior of a population
of polydisperse scatterers.

Furthermore, the effectiveness of the extended INCS method is illus-
trated by simulating the multiple scattering that occurs inside a popula-
tion of polydisperse MBs, each with individual properties represented
by its own Marmottant model [4]. INCS is based on an iterative scheme
for computing the scattered acoustic signals [27,28]. Numerically, the
accuracy of the final result improves after each iteration. In a physical
sense, each iteration adds an extra order of multiple scattering corre-
sponding to an additional path of wave propagation.

First, in the ‘Inclusion of a polydisperse MB population’ section
below, the fundamental theory behind the INCS method is explained,
followed by its extension with the introduction of polydisperse point
scatterers. In the section ‘Configurations used in the simulations,’ con-
figurations for the numerical experiments are discussed. Next, in the
‘Numerical results’ section, the results from the numerical simulations
for each different test case are presented. Concluding remarks are given
in the ‘Conclusion’ section.
Inclusion of a polydisperse MB population

Linear field

The linear pressure field generated by an external source in a linear,
lossless, homogeneous acoustic background medium is described by the
wave equation (eqn [1]):

c�20
∂2p�x; t�
∂t2 �∇2p�x; t� � Spr�x; t� �1�

Here, x [m] is the Cartesian position vector and t [s] is the time. Fur-
thermore, p(x,t) [Pa] is the acoustic pressure and c0 � 1=

ffiffiffiffiffiffiffiffiffi
ρ0κ0

p
[m/s] is

the small signal sound speed in the background medium, where ρ0
[kg⋅m−3] is the mass density and κ0 [Pa−1] is the compressibility. The
symbol ∇2 indicates the Laplacian operator. The acoustic field is gener-
ated by the primary source term, Spr (eqn [2]):

Spr�x; t� � ρ0
∂q�x; t�
∂t

�∇·f �x; t� �2�
where q(x,t) [s-1] is the volume density of the volume injection rate and f
(x,t) [N/m3] is the volume force density of the external source. A source
with a plane aperture, e.g., a phased array transducer, can be represented
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by a pressure jump in the particle velocity or pressure. This can formally
be described by a primary source term with a Dirac delta function [27],
but in our numerical implementation of INCS, the source was modeled
as a boundary condition at the location of the source aperture.

Non-linear field due to contrast agents

In medical ultrasound, non-linearities arising from contrast media
can have a significant impact on the propagation of the acoustic signals.
To incorporate any phenomena that affect the pressure field, we
extended eqn (1) with a contrast source term, Scs (eqn [3]):

c�20
∂2p
∂t2 �∇2p � Spr � Scs�p�: �3�
With this approach, multiple contrast sources can be accommodated

that represent global non-linear effects [27,28], attenuation [29,30],
non-homogeneous medium properties [31] or local non-linear effects
[32]. In contrast-enhanced imaging, the non-linear oscillatory behavior
of the MBs influences the pressure field. To include the contribution of a
population of a total number N of MBs, each was described as a point
scatterer and the source term was written as eqn (4) [26]:

Scs�x; t� � ∑
N

i�1
SMBi

� ρ0∑
N

i�1
d2V �i� x�i�sc ; t

� � δ x � x�i�sc
� � �4�

where V(i) [m3] is the volume of the ith MB, x�i�sc is the position vector of

its center and δ
�
x � x�i�sc

�
� δ

�
x � x�i�sc

�
δ
�
y � y�i�sc

�
δ
�
z � z�i�sc

�
[m-3] is the 3-

D Dirac delta distribution. Each scatterer’s volume depends on the bub-
ble radius, R, as a function of time, which in our case was calculated by
solving the Marmottant equation [4,26].

In the case of a population of monodisperse MBs, the equilibrium
radius, R0, is the same for all the scatterers, whereas for a polydisperse
distribution, each scatterer has its own R0, R

�i�
0 .

Configurations used in the simulations

Simulation of pressure fields

Incident field and contrast domain
To study the influence of different populations of MBs on a propagat-

ing plane wave, we considered the computational domain and the
domain for the contrast media, as depicted in Figure 1a. This configura-
tion is used in sections ‘Comparison of INCS and effective medium the-
ory’ and ‘Plane wave: monodisperse vs polydisperse populations’ for
INCS validation and the comparison between different populations,
respectively. Computational domain dimensions X × Y × Z = 20
mm × 20 mm × 30 mm were used. The scatterers were placed in a
domain with dimensions X × Y × Z =15 mm × 15 mm × 4.444 mm,
resulting in 1 mL volume. These configuration choices were made to
simplify the comparison between polydisperse and monodisperse
populations.

The incident pressure field is a plane wave being generated at z = 0
and propagating in the positive z-direction. A plane wave is used to ini-
tially excite all the scatterers by an incident wave that has the same pres-
sure amplitude everywhere. The temporal signature of the incident
pressure is given as (eqn [5]):

p�t� � P0 exp � t � Td
Tw=2

� �2
" #

sin 2πf0 t � Td� �� �; �5�

where Tw � 3=f0 is the width and Td � 6=f0 is the delay of a Gaussian
envelope with a duration of 12=f0, where f0 � 1 MHz is the center fre-
quency. Therefore, this is a narrow-band pulse. The peak pressure is
P0 = 200 kPa. The scatterers were embedded in water with a density of



Figure 1. Configurations used in the iterative non-linear contrast source simula-
tions. (a) Computational domain containing a suspension of 3.5 × 104 mL−1

(blue) monodisperse microbubbles (MBs) with a 3.2 μm equilibrium radius,
embedded in water. (b) Computational domain incorporating 7 × 105 mL−1 tis-
sue-mimicking linear scatterers (gray) surrounding a suspension of 5 × 105 mL−1

monodisperse MBs with 1.4 μm equilibrium radius (blue).

Figure 2. Graph depicting continuous gamma distribution with α = 2.24 and
b = 1.23 μm (blue). For R0min = 0.5 pm and R0max = 15 μm, the area below the
curve yielded a concentration of approximately ntot = 106 mL-1.
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ρ0 = 1060 kg/m3 and a speed of sound of c0 = 1482 m/s. In the consid-
ered situations, water had negligible losses and non-linear effects were
hardly noticeable. Therefore, we assumed that the embedding medium
was lossless and linear. A sampling frequency of 18 MHz was used as the
basis for the discretization of the spatiotemporal domain [26].

Configuration for validation
To validate INCS, we compared our results with those following

effective medium theory. Analytical expressions describing the effective
behavior of a population of isotropic linear scatterers (LSs) were derived
from Foldy [16,17]. A similar validation was used in a previous publica-
tion for a monodisperse population of scatterers [26], but here we con-
sidered a polydisperse population. For INCS implementation, we
assumed that the contrast source term for each LS is given by eqn (6):

Ssc�x; t� � �f �R0�V0
ρ0
ρ1c

2
1

∂2p xsc; t� �
∂t2 δ x � xsc� �; �6�

where R0 is the equilibrium radius, V0 is its initial volume, ρ1 is the den-
sity of mass of the gas inside the LS, c1 is the speed of sound inside the
LS and f(R0) is the polydispersity co-efficient given by eqn (7):

f �R0� � A0

R0=R0;ref
� �

γ
: �7�

The constant A0 was used to adjust the scattering strength if neces-
sary and γ was the polydispersity scale parameter to control the scatter-
ing distribution of the population.

In the case of a plane wave excitation as in eqn (5), the scattered
pressure was given by eqn (8) [26]:

psc�x;ω� � f �R0�V0
ρ0
ρ1c

2
1
ω2 p ω� �

4πr
e�ikr

� g�R0ω� p ω� �e�ikr
r

;

�8�

where k = ω/c0 is the wavenumber, g(R0,ω) is the scattering strength of
an individual LS, and r is the distance from the scatterer. We followed
this approach to match the variables, as defined previously by Foldy
[16].

For the linear isotropic scatterers under consideration, we chose the
scattering strength to be a linear function of the (fictitious) radius of a
scatterer, instead of its (fictitious) volume. In this way, we avoided the
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extreme dominance of the larger bubbles in the polydisperse population.
This was achieved by setting γ = 2 in eqn (7). To ensure that INCS
yielded convergent results under the considered circumstances, we
assumed that A0 = 0.6 and R0;ref � 1μm.

For the polydisperse populations considered in this paper, the den-
sity of the MBs varied with the R0 according to the gamma distribution
(eqn [9]):

n R0� � � N
V

1
bαΓ α� �R

α�1
0 e�R0=b; �9�

where N is the total number of scatterers and V is the volume in which
the homogeneous population resides. Furthermore, α and b are the scale
and shape parameters, and r is the gamma function [33]. In this paper,
we chose α = 2.24 and b = 1.23 µm to mimic the size distribution of
Optison [13]. By employing this wide distribution, we were able to com-
pare the INCS results for a polydisperse population with those obtained
from the effective medium theory of isotropic scatterers [16]. Moreover,
this distribution had a mean of μ = αb = 2.76 µm, which was close to
the radius of the bubbles that resonated at the excitation frequency. In
this way, the polydisperse population contained considerable amounts
of bubbles that were below resonance, close to resonance and above res-
onance.

In practice, the range of the R0 in a polydisperse population is limited
[11,13]. In this paper, we considered bubbles with equilibrium radii
between R0;min � 0:5μm and R0;max � 15μm, as depicted in Figure 2. The
total density of the MBs considered was (eqn [10]):

ntot � ∫ R0; max

R0; max
n R0� �dR0 �10�

Discarded MBs accounted for 4% of the concentration and 0.9% of
the gas volume of an un-truncated population.
Types of monodisperse and polydisperse suspensions
To make a comparison between the efficiency of a population of

monodisperse and polydisperse MBs, we considered four distinct
populations:

1. A monodisperse population of MBs with an R0 = 4 µm and a reso-
nance frequency (fres) = 0.8 MHz (below the center excitation fre-
quency);

2. A monodisperse population of MBs with an R0 = 3.2 µm and a
fres = 1 MHz (at the center excitation frequency);

3. A monodisperse population of MBs with an R0 = 1 µm and a
fres = 3.9 MHz (above the center excitation frequency);

4. A polydisperse population of MBs with an R0 between R0,min = 0.5
µm and R0,max = 15 µm, distributed as described in the
‘Configuration for validation’ section and corresponding to a fres
between fres = 0.3 MHz and 10 MHz (a number of MBs were near
the fres, others were above or below resonance).
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In our simulations, we used high driving pressures to activate the
non-linear oscillatory behavior of the MBs and therefore the impact of
shell stiffness became unimportant. As a result, the fres of the MBs shifted
toward the fres of an uncoated bubble [2], which was different from the
fres of a linearly oscillating MB with a shell. As explained in detail by
Overvelde et al. [34], we could therefore approximate the fres by the
eigenfrequency (eqn [11]):

fres � 1
2πR0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
ρ0

3γPamb � 3γ � 1� � 2σω
R0

	 
s
; �11�

where R0 is the R0 of the MB, γ = 1.07 is the polytropic exponent of the
gas encapsulated in the bubble, Pamb = 101.3 kPa is the static ambient
pressure and σω = 0.072 N/m is the surface tension of the gas-water
interface. The center excitation frequency f0 = 1 MHz corresponded to
an fres of an uncoated MB of R0 = 3.2 µm.

For solving the Marmottant equation [4], we further used the gas
core viscosity μ = 2 × 10−3 Pa·s, effective surface tension
σ(R) = 0.036 N/m and shell elasticity χ =0.4 N/m [13,14]. The surface
dilatational viscosity of the shell was given by κs = 1.5 × 10−9 exp
(8 × 105 R0) kg/s, which approximates the data shown in Figure 6B in
[35]. Thus, the oscillatory behavior and the frequency spectrum of a sin-
gle MB when excited with a driving pressure P0 = 200 kPa and a center
frequency f0 = 1 MHz is depicted in Figure 3.
Simulation of CEUS imaging

To actually see the difference between monodisperse and polydis-
perse populations for contrast-enhanced imaging, it was necessary to
visualize the reconstructed beam-formed images from the scattered
radiofrequency data generated by a realistic configuration. To mimic
Figure 3. (a) Temporal radial responses R(t) of microbubbles with rest radii of 1
pm (dashed orange), 3.2 pm (black continuous) and 4 pm (dotted purple) when
excited by a three-cycle pulse with 200 kPa peak pressure and 1 MHz center fre-
quency. (b) The frequency spectra R̂�f � corresponding to the signals in (a).
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tissue with an enclosed vessel, we distributed LSs surrounding a cylindri-
cal population of MBs, as depicted in Figure 1b. We needed to take into
account all of the relevant phenomena that would occur during the prop-
agation of ultrasound through the populations of scatterers inside the
water background medium. Based on this, the new non-linear wave
equation was given by eqn (12):

c�20 ∂2t p �∇2p � Spr � SMBs�p� � SLSs�p� � Snl�p� � SL�p�; �12�
where SMBs is the contrast source term for the MB population [26], SLSs is
the contrast source term for the LS population [26], and Snl and SL are
the terms for global [26] and local medium non-linearities [32], respec-
tively. A description of each source term is given in Appendix A. Eqn
(12) is solved iteratively using a Neumann scheme, as described in previ-
ous publications [26,36].

The incident pressure field was computed for a P4-1 probe (Verason-
ics, Washington, WA, USA). Transducer elements were height
Hei = 16 mm, width Wel = 0.245 mm and pitch Dtr = 0.295 mm. The
emitted pressure field was approximately a plane wave, with a time sig-
nature as given by eqn (5). The center frequency was f0 = 2.5 MHz and
the peak pressure at the transducer surface was P0 = 200 kPa to activate
the non-linear behavior of the monodisperse MBs. Next, the domain of
the MB population was a cylinder with center (x, y, z) = (0, 0, 22.5)
mm, diameter of 5 mm and length of 10 mm, as illustrated in Figure 1
(b). This corresponded to a total volume of 0.2 mL. The domain of LSs
surrounding the MBs was a cube of X × Y × Z = 8 mm × 10
mm × 12 mm, corresponding to a volume of 0.76 mL centered at (x, y,
z) = (0, 0, 24) mm, as depicted in Figure 1b. Furthermore, the back-
ground medium was water with a co-efficient of non-linearity of
β = 3.21 (see eqn [A.4] in Appendix A).

To accurately solve the full non-linear wave equation up to the sec-
ond harmonic frequency (h = 2) of the incident pressure pulse, we
needed a Nyquist frequency of at least Fnyq � �h � 1:5�f0 � 3:5f0. To also
safely capture the higher harmonics of the MB scattering, we used Fnyq �
5f0 � 12:5 MHz. Thus, the sampling frequency, used for discretizing the
spatiotemporal domain, was Fs = 2Fnyq = 25 MHz. Furthermore, we
needed at least j = h + 1 = 3 iterations for an accurate prediction of
the second harmonic [28]. We took j = 10 iterations to ensure that the
relative root mean square error between successive iterations was below
10−6. This also implied that our simulations accounted for MB interac-
tions up to ninth-order multiple scattering [26].

We compared CEUS imaging with two different MB populations:

1. A resonant monodisperse population of MBs with an R0 = 1.4 µm
and a fres = 2.5 MHz (at the center excitation frequency);

2. A polydisperse population of MBs with an R0 between R0 = 0.5 µm
and 15 µm, distributed as described in the ‘Configuration for vali-
dation’ section, and a fres between fres = 0.3 and 10 MHz.

Each LS has a scattering strength that could be computed through
eqn (A.3) in Appendix A, for a polydispersity co-efficient f= 1.

For the beamforming process, we used the MUST [37] toolbox after
employing the amplitude modulation (AM) technique and a virtual point
source formulation, as described by Garcia et al. [38].
Numerical results

Comparison of INCS and effective medium theory

In this section, we assumed that there were N = 106 MBs located in
the V = 1 mL volume indicated in Figure 1a. The suspension had a type
4 polydisperse distribution, as described in the ‘Types of monodisperse
and polydisperse suspensions’ section. The total gas volume corre-
sponded to 2.38 × 10−4 mL. It was assumed that the gas inside the bub-
bles was C4F10, with a density of ρ1 = 10 kg/m3 and a speed of sound of
c1 = 100 m/s. As we wanted to perform a simplified comparison with
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effective medium theory, we did not take into account the fres and the
non-linear behavior of the MBs. Instead, we assumed that each bubble
could be described by its scattering behavior as described in Eqs. (A.3)
to (8). In other words, we were only interested on the scattered signal of
each point scatterer. The maximum of the incident pressure P0 = 200
kPa did not affect the final result as we operated in the linear regimen.

According to Foldy’s theory [16,17], the effect of a polydisperse pop-
ulation of scatterers is represented by replacing the wave number, k0,
in the scattering domain by a corrected wave number, k, according to
eqn (13):

k2 � k20 � 4π∫ R0; max

R0; min
g R0;ω� �n R0� �dR0 �13�

where g(R0,ω) [m] is derived from eqn (8) and n(R0) is computed
through eqn (9). The shift in wavenumber corresponds to a shift in wave
speed and, as a consequence, in a time shift of the wave that has tra-
versed the scattering domain. In the case considered in this sub-section,
the integral amounted to 2.3 × 105 m−2. This yielded a wave speed of
1375.5 m/s in the scattering domain, while the speed in the medium
without scatterers was 1482 m/s. As the scattering domain had a length
of 4.4444 mm, the additional time delay caused by the scattering
domain, as predicted by the theory of Foldy, was ΔtFoldy = 0.228 µs. We
also determined the time delay between the incident wave, p(0), and the
wave with all significant orders of scattering, p(8), from Figure 4 by look-
ing at the shift in the zero crossings at approximately 13 µs. This was
found to be ΔtINCS = 0.232 µs. Thus, the difference in time delay, as pre-
dicted by the theory of Foldy and our method, was only 1.75%.

Furthermore, as the wave number derived from eqn (13) lacked an
imaginary component in our specific case, according to Foldy’s theory
[16,17] the wave traversing the scattering domain was not subject to
attenuation. As illustrated in Figure 4, in our approach the later itera-
tions corrected the larger amplitudes observed in earlier iterations, and
iteration p(8) had the same amplitude as the incident field p(0). This con-
sistency in both time delay and wave amplitude across a scattering
domain indicates a good quantitative agreement between our method
and Foldy’s effective medium theory in case of a polydisperse distribu-
tion of scatterers.

Plane wave: monodisperse versus polydisperse populations

We continued with a comparison between four different populations
of MBs, as mentioned in the section ‘Types of monodisperse and polydis-
perse suspensions.’ To start, our reference was the type 2 monodisperse
resonant population, for which we used 35,000 MBs, resulting in a total
gas volume of 4.8 × 10−6 mL. To achieve a fair comparison, the total gas
volume concentration of the MB suspension needed to be the same in all
cases [26]. Therefore, the type 1 monodisperse population included
17,920 MBs, the type 3 monodisperse population included about 106
Figure 4. Comparison between time signatures of the incident pressure pulse
(p(0), black continuous line) and the total pressure pulse after j = 1 (p(1), blue dot-
ted line) and j = 8 (p(8), magenta dashed line) iterations that are received by a
point receiver located on the z-axis at z = 10.3 mm.
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MBs (1,146,880 MBs) and the type 4 polydisperse population included
20,000 MBs. MB populations were placed in the volume V = 1 mL, as
indicated in Figure 1a.

Scattered pressure field: full spectrum
The scattered pressure field in each case is depicted in Figure 5. At

first sight, the scattered pressure generated from the resonant MBs (type
2, R0 = 3.2 µm) was strongest between all cases, with a peak pressure of
+1.1 dB relative to the peak incident pressure P0. Next, the case below
resonance (type 1, R0 = 4 µm) followed, with a relative peak amplitude
of -1.13 dB. Although these MBs had a pressure-dependent fres that was
still close to the excitation frequency, their peak amplitude was signifi-
cantly smaller than the resonant MBs. The third case with a relative
peak amplitude of -1.45 dB was the case above resonance (type 3,
R0 = 1 µm) and the last case was polydisperse distribution (type 4),
with a peak pressure of -5.47 dB. These results demonstrate that when
the pressure-dependent fres was closer to the excitation frequency, then
the scattered pressure field was stronger, with scattering of the resonant
contrast agents being the highest. Another observation was that the
beam profile was smoother if the bubbles were smaller. This is because
more MBs were necessary to achieve the same gas volume concentration
and the higher the number of scatterers gave a smoother beam profile of
the scattered field. Finally, as the incident wave propagated through
every MB population, it underwent attenuation and speed of sound var-
iations that were inter-related with a pressure-dependent shift of the MB
fres [7].

Scattered pressure field: harmonics
Here we looked at the different harmonics of the excitation pulses

present in the scattered pressure field. These were obtained by decom-
posing the scattered signal into specific frequency bands using a fourth-
order Butterworth filter. These frequency bands were (i) the fundamen-
tal (F0) [0.7,1.3] MHz, (ii) the second-harmonic 2H [1.7, 2.3] MHz and
(iii) the third-harmonic 3H [2.7, 3.3] MHz, where the intervals defined
the cutoff frequencies of the applied filter.

Figure 6 shows the harmonic contributions of the scattered pressure
field for each of the considered populations. In the fundamental (F0) fre-
quency band (Fig. 6, top row), we observed that the strongest scattered
field was generated by the type 2 resonant MB suspension with a peak
amplitude of -1.23 dB. The type 1 population with below-resonance
oscillating MBs had the second highest peak pressure of -2.61 dB as the
fres was closer to the excitation frequency in comparison to the other
two remaining cases. A significant observation was that the scattered
field from the type 4 polydisperse population had a peak amplitude of
-7.1 dB and was stronger than the case of type 3 above-resonance MBs,
which had a peak pressure of -8.74 dB. This could be explained due to
the presence of MBs with a fres of around 1 MHz in the polydisperse sus-
pension.

In the second harmonic (2H) frequency band (Fig. 6, middle row),
we observed that the scattered field of the type 2 resonant MBs was still
the highest of all four distinct cases. The peak amplitude in this case was
-10.3 dB. The peak pressure of the type 3 above-resonance oscillating
MBs was -12.09 dB, which was larger than the respective value of
-15.82 dB of the type 1 population with the below-resonance oscillating
MBs. This could be explained by the fact that the fres of the system of the
former was closer to the 2H frequency band at around 2 MHz. The type
4 polydisperse distribution showed the weakest peak pressure amplitude
at -18.89 dB. Compared with monodisperse populations, hardly any con-
structive interferences were observed below the polydisperse suspension
due to the varying oscillation phases that resulted from differing con-
trast bubble sizes.

Finally, for the third harmonic (3H) frequency band (Fig. 6, bottom
row), the type 3 below-resonance MBs exhibited the strongest scattered
pressure field with a peak amplitude of -17.49 dB, as their fres of
3.9 MHz was closer to the 3H frequency band. Additionally, type 2 reso-
nant MBs scattered the second highest pressure field with a peak



Figure 5. Peak of the total scattered pressure at y = 0 mm for (a) a type 1 monodisperse distribution of microbubbles (MBs), (b) a type 2 monodisperse distribution of
MBs, (c) a type 3 monodisperse distribution of MBs and (d) a type 4 polydisperse distribution of MBs. In all four cases, the population was located inside the dashed
white rectangle.
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amplitude of -18.49 dB. Within the MB suspension, type 4 polydisperse
MBs gave a peak pressure of -22.66 dB. This was stronger than the peak
of the pressure field of the type 1 below-resonance oscillating MBs
(-25.91 dB), as smaller MBs with an fres close to 3 MHz added to the
strong scattering of the larger MBs. Similar to 2H, type 4 polydisperse
MBs hardly yielded constructive interference below the suspension, as
was the case for type 1, 2 and 3 monodisperse MBs. This observation
predicts that the uniformity of the size distribution of a population could
have an impact on non-linear imaging artifacts downstream of the popu-
lation.

The cumulative scattered pressure field comprised the addition of
signals emitted from all MBs in the population considering their individ-
ual position and therefore all phase delays. A simplified expression line-
arly projected the behavior of a single MB onto the behavior of an entire
population of MBs. Thus, simulated population pressure fields showed
similar behavior to the projected response of the single MB shown in
Figure 3.

Total pressure field: attenuation and speed of sound variations
To demonstrate the influence of non-linear MB behavior on a propa-

gating pressure wave, Figure 7 shows the temporal signatures and
respective frequency spectra after traversing each type of MB popula-
tion. In Figure 7a it is clear that the type 2 monodisperse resonant popu-
lation (black line) caused the most non-linear distortion, which took
place mainly after the second cycle as the MBs needed to achieve a large
oscillation amplitude before they could demonstrate significant non-lin-
ear behavior. The influence of non-linear bubble oscillation on propaga-
tion through each of the other three populations is much less visible in
the time domain. By observing the frequency spectra in Figure 7b, we
were able to better see the effect of non-linear bubble behavior. Similar
to the section ‘Scattered pressure field: harmonics,’ type 2 monodisperse
oscillating MBs showed a shift in energy from fundamental to second
and higher harmonics. Furthermore, the maximum spectral amplitude
of the fundamental was approximately equal for the other population
types. The type 3 population of monodisperse below-resonance MBs
showed a strong second harmonic and the highest third harmonic of all
populations, even higher than type 2.

To quantify the attenuation and speed of sound changes in the funda-
mental frequency band, subjected the temporal signatures in Figure 7a
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were subjected to an eighth-order Butterworth filter and a [0.75, 1.25]
MHz frequency pass band. The results are plotted in Figure 8. For the
type 1 MB population that was below resonance, a decrease in peak pres-
sure of 92.2 kPa occurred relative to the incident field, with the speed of
sound increasing to 1517 m/s. For the type 2 MB population with reso-
nant bubbles, the peak pressure underwent a drop of 126.9 kPa and the
speed of sound was maintained at 1482 m/s. For the type 3 MB popula-
tion that was above resonance, peak pressure experienced a drop of 19.9
kPa and the speed of sound decreased to 1458 m/s. Finally, for the type
4 polydisperse MB population, there was a decay in peak pressure by
44.8 kPa and the speed of sound increased to 1497 m/s. We observed
that the differences for type 3 MBs were the smallest of all populations
because they presented the strongest effect, mainly on the second har-
monic. As shown in previous studies [7], INCS simulations demonstrate
that for MBs with a fres below the excitation frequency there is an
increase in wave speed, whereas for a resonance higher than the excita-
tion frequency there is a decrease in wave speed. Finally, for MBs with a
fres equal to the excitation frequency, the wave speed is equal to the
speed of sound of the background medium.

Total pressure field: convergence behavior
To quantify the numerical performance of our scheme, we analyzed

the difference between successive iterations using the relative root
mean square error (RRMSE) (eqn [14]):

RRMSE �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∫ χcd

∫ Tcd
p�j��x; t� � p�j�1��x; t�2dtdx� �

∫ χcd
∫ Tcd

p�0��x; t�� �2dtdx ;

vuut �14�

where Xcd is the spatial computational domain, Tcd is the temporal
computational domain, j is the iteration number and p(j) is the total pres-
sure obtained in the jth iteration. The decay of the RRMSE is illustrated
in Figure 9 as a function of the number of iterations. An initial observa-
tion was that after a certain number of successive iterations, the error
tended to stabilize at a level of 10−5 or below. At this juncture, it could
be inferred that incorporating additional multiple-scattering orders
would not yield further enhancements to the solution, indicating the
attainment of insignificant scattering orders. Upon reaching this stage, it
was assumed that the iterative process had converged to the lowest
achievable error.



Figure 6. Peak of the scattered pressure at y= 0mm for: (first column) a type 1 monodisperse distribution of microbubbles (MBs), (second column) a type 2 monodis-
perse distribution of MBs, (third column) a type 3 monodisperse distribution of MBs and (fourth column) a type 4 polydisperse distribution of MBs. Each row corre-
sponds to a specific frequency band: (first row) fundamental F0 [0.7, 1.3] MHz, (second row) second-harmonic 2H [1.7, 2.3] MHz and (third row) third-harmonic 3H
[2.7, 3.3] MHz. In all four cases, the population was located inside the dashed white rectangle.
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For type 2 monodisperse resonant MBs, it was shown that the initial
iterations showed an RRMSE above 1, which indicates that the first mul-
tiple-scattering orders were highly significant. Moreover, for these MBs
more iterations were needed to reach convergence, and therefore more
multiple-scattering orders needed to be included to achieve an accurate
result. A general observation is that the closer the fres of the population
is to the excitation frequency, the more iterations need to be considered.
This can be explained by the fact that stronger close-range interactions
occur in populations with resonant MBs due to the stronger scattering
strength, making higher scattering orders more important. By observing
the case of type 3 above-resonance monodisperse MBs, the RRMSE of
the initial iterations was also above 1. This was due to the larger number
of scatterers used to achieve the same gas volume concentration, which
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corresponded to a higher number of bubble-bubble interactions at short
distances. Finally, type 4 polydisperse MBs yielded faster convergence
(in the 13th iteration) than any other type of monodisperse suspension,
demonstrating the relative significance of multiple scattering in mono-
disperse populations.

CEUS imaging

Scattered pressure fields
In this section we compared non-linear scattering coming from sus-

pensions of type 5 resonant monodisperse MBs and type 6 polydisperse
MBs when these were surrounded by LSs, as illustrated in Figure 1b. To
resemble an in vivo setting and match the gas volume concentration, for



Figure 7. (a) Temporal signature and (b) frequency spectra of the total pressure
field after propagation through each of the four distinct MB populations. Pres-
sure was obtained for a point receiver located on the z-axis at a depth of
z = 10.3 mm.

Figure 8. (a) Temporal signature of the total pressure field in the fundamental
frequency band after propagation through each of the four distinct microbubble
populations. (b) Magnified version of (a) demonstrating the attenuation and
speed of sound changes of the transmitted wave. The pressure was obtained for
a point receiver located on the z-axis at a depth of z = 10.3 mm.

Figure 9. Relative root mean square error as a function of the number of itera-
tions, j, for the considered microbubble population types.
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the type 5 suspension we used a concentration of 5 × 105 mL−1 MBs with
a 1.4 µm R0, corresponding to a total gas volume of 5.8 × 10−6 mL. Fur-
thermore, for type 6 we used 3.1 × 104 mL−1 MBs, corresponding to the
same total gas volume. First, the total pressure fields in these configura-
tions were computed for three different excitations: field p1 was due to a
double-amplitude excitation (full aperture), and fields p2 and p3 resulted
from two single-amplitude excitations (odd and even elements), respec-
tively. After employing the AM procedure, the peak residual AM pres-
sures were as shown in Figure 10. For the monodisperse case in
Figure 10a, non-linear effects accumulated in the suspension and propa-
gated in the area below the population. The peak AM residual pressure
was −3.7 dB relative to the pressure at the source surface, P0. On the
other hand, for the polydisperse case in Figure 10b, the residual pressure
field showed a relative peak amplitude of −19.9 dB, which was 6.5 times
smaller than the residual pressure field due to the monodisperse suspen-
sion. Most MBs in the polydisperse suspension were less efficient scatter-
ers than resonant monodisperse population MBs. More importantly,
bubbles of different sizes caused non-linear scattering at different
phases, meaning that the non-linearities caused by scattering did not
propagate outside the MB domain. These results indicate that in CEUS,
non-linear wave-propagation artifacts are stronger for a resonant mono-
disperse population than a polydisperse population.

To demonstrate what this meant for the AM imaging process, in
Figure 11 we compared the time signatures of the double-amplitude
pulse, p1, the sum, p2 + p3, of the two single-amplitude pulses and the
AM residual, p1 − (p2 + p3), for both type 5 monodisperse and type 6
polydisperse cases. These temporal signatures are depitced for the center
of the aperture of the linear array.

In Figure 11a, the AM residual of the monodisperse population was a
strong signal with a peak pressure of 1.5 kPa, compared with 2.11 kPa
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for the incident double-excitation field. The sum of the two single-ampli-
tude signals matched the waveform of the double-amplitude signal only
for smaller time instants, which corresponded to LS scattering that was
present above the MB suspension. The AM residual signal was stronger
for larger time instants, which indicates the propagation of non-linear
MB scattering to the LSs located below the MB suspension.



Figure 10. Residual acoustic pressure fields after the amplitude modulation
operation in the presence of (a) a type 5 resonant monodisperse population and
(b) a type 6 polydisperse population. The microbubbles are located inside the
dashed white circle.

Figure 11. Temporal signatures used in the amplitude modulation (AM) proce-
dure for (a) type 5 monodisperse resonant and (b) type 6 polydisperse popula-
tions, both surrounded by tissue-mimicking linear scatterers and measured at
the center of the aperture of the linear array. Each of these graphs encompasses
three plots representing the double-amplitude signal, p1, the sum of the two
respective single-amplitude signals, p2 + p3, and the AM residual signal, p1 −
(p2 + p3).
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In contrast, Figure 11b shows that in the polydisperse case, the peak
pressure of the AM residual corresponded to 0.35 kPa, which was
4.3 times smaller than the respective value of the type 5 monodisperse
population. Moreover, the sum of the single-amplitude signals over-
lapped with the double-amplitude signal, both for smaller time instants
(scattering from the LSs above the MB suspension) and for larger time
instants (scattering from the LSs below the MB suspension). This indi-
cates that the non-linear scattering that propagated below the polydis-
perse MB suspension was relatively small.
Effect of size distribution on imaging artifacts
To assess the imaging effects of the non-linear fields below each MB

population, it was necessary to generate the reconstructed B-mode (sin-
gle-shot) images as well as the images that were obtained after employ-
ing the AM procedure. The results are depicted in Figure 12. To achieve
this, we placed 7 × 105 mL−1 tissue-mimicking LSs (gray) around the
MB suspension.

Figure 12 (a, b) depicts B-mode images for the configuration with a
resonant monodisperse MB population and a polydisperse population,
respectively. In both cases the backscattering from tissue-mimicking LSs
and MBs was indistinguishable as the areas with LSs and MBs had a simi-
lar echogenicity, independent of size distribution. This demonstrates
that B-mode imaging does not allow disentanglement of non-linear MB
scattering from tissue-mimicking scattering.

Figures 12 (c, d) shows AM images for the configuration with a reso-
nant monodisperse MB population and a polydisperse population,
respectively. Employing the AM sequence for imaging a monodisperse
MB population generated an image with significant non-linear artifacts
below the MB area, meaning that tissue scatterers were misclassified as
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MBs. Conversely, applying the AM sequence to image the polydisperse
population delivered an image with much higher specificity. The peak
amplitude of the monodisperse area image (0 dB) was stronger than in
the polydisperse area image (−11.8 dB). The peak value of the non-lin-
ear artifact level was −10.04 dB for the monodisperse population and
−29.4 dB for the polydisperse population. This is an indication that
monodisperse MBs are more efficient scatterers than polydisperse popu-
lations, especially in applications that require enhanced deep tissue
imaging. A drawback of CEUS with monodisperse MBs is that the arti-
facts generated from the propagation of non-linear scattering in the area
below the MBs is of comparable magnitude and could lead to the mis-
classification of tissue as contrast agents.

Conclusion

We simulated AM ultrasound imaging of both monodisperse and
polydisperse MBs using the INCS method, taking into account all the rel-
evant physical phenomena occurring during ultrasound propagation
through a MB population. We also highlighted the significance of multi-
ple scattering in monodisperse populations. Resonant monodisperse
MBs were shown to be the most efficient scatterers, which corresponded
to high sensitivity for CEUS. This property is crucial for optimizing con-
trast enhancement and guaranteeing consistent behavior and reliable
imaging outcomes, especially compared with using polydisperse con-
trast agents. The drawback of resonant monodisperse MBs is the genera-
tion of imaging artifacts, which reduce the specificity of CEUS. This



Figure 12. B-mode and amplitude modulation (AM)-mode images of the mono-
disperse microbubble (MB) population and its surrounding region. B-mode (sin-
gle-shot) ultrasound images were acquired for a region with (a) a type 5
monodisperse resonant population and (b) a type 6 polydisperse MB population.
AM ultrasound images were acquired for the same regions of (c) monodisperse
and (d) polydisperse MB populations. The position of the MB populations is out-
lined by a dashed circle. The rest of the simulation domain is filled with tissue-
mimicking linear scatterers.

A. Matalliotakis and M.D. Verweij Ultrasound in Medicine& Biology 51 (2025) 452−462
research approach was useful for optimizing CEUS imaging by designing
the size distribution and parameters of an MB population through simu-
lations.
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Appendix A. Description of source terms in eqn (12)

Primary source that generates the incident field (eqn [A.1]):

Spr�x; t� � ρ0
∂q�x; t�
∂t

�∇·f �x; t�; �A:1�
Contrast source representing the scattering of a population of non-

linear microbubbles (eqn [A.2]):

SMBs x; t� � � ρ0∑
N

i�1
d2V �i� x�i�sc ; t

� �
dt2

δ�x � x�i�sc �; �A:2�

Contrast source representing the scattering of a population of linear
scatterers (eqn [A.3]):

SLSs x; t� � � � ρ0
ρ1c

2
1
∑
M

m�1
V �m�
0

∂2p x�m�sc ; t
� �
∂t2

δ x � x�m�sc

� � �A:3�

Contrast source representing the non-linear global effects of the
embedding medium (eqn [A.4]):

Snl�x; t� � β
p0c40

∂2p�x; t�2
∂t2 ; �A:4�

Contrast source representing the local non-linear effects of the
embedding medium (eqn [A.5]):

SL�x; t� � ∇2 � c�20 ∂25
� �

L�x; t�; �A:5�
in which (eqn [A.6]):

L�x; t� � 1
2
ρ0υ

2�x; t� � 1
2
κ0p2�x; t�; �A:6�

is the so-called Lagrangian density, with p(x,t) indicating the acoustic
pressure and υ(x,t) indicating the particle velocity.
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