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This work studies logic-based distributed switching control for nonlinear agents in power-chained
form, where logic-based (switching) control arises from the online estimation of the control directions
assumed to be unknown for all agents. Compared to the state-of-the-art logic-based mechanisms,
the challenge of power-chained dynamics is that in general asymptotic tracking cannot be obtained,
even for a single agent. To address this challenge, a new logic-based mechanism is proposed, which
is orchestrated by a dynamic boundary function. The boundary function is decreasing in-between
switching instants and monotonically increasing at the switching instants, depending on the jumps of
an appropriately designed Lyapunov-like function. To remove chattering (i.e. two or more switching
instants occurring consecutively with zero dwell time), a dynamic threshold is proposed, based on
selecting the maximum values of the Lyapunov-like function before and after switching.

© 2022 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Recent years have witnessed a tremendous progress in the
field of distributed control of nonlinear multi-agent systems
(Ding, 2015; Fan, Yang, Jagannathan, & Sun, 2019; Wang, 0000a;
Wang, Wen, & Huang, 2017; Wang, Wen, Huang, & Zhou, 0000b;
Yoo, 2018). Such results can be categorized according to two
large families of nonlinear dynamics: strict-feedback (Chen, Li,
Ren, & Wen, 2014; Chen et al., 2017; Ding, 2015; Wang, 00003;
Wang et al., 2017, 0000b) and pure-feedback (Fan et al.,, 2019;
Wang & Song, 2017; Yoo, 2018) dynamics. At the same time,
another family of dynamics, namely power-chained form, has been
attracting great attention. The reason is twofold: first, power-
chained dynamics are a generalization of strict-feedback and
pure-feedback dynamics since they include more general integra-
tors (with positive odd-integer-powers) (Lin & Pongvuthithum,
2003; Lin, Pongvuthithum, & Qian, 2002; Qian & Lin, 2002);
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second, dynamics in power-chained form can describe relevant
classes of practical systems such as dynamical boiler-turbine
units (Chen & Chen, 2020), or hydraulic dynamics (Manring &
Fales, 2019). Besides, Lin and Pongvuthithum (2003), Lin et al.
(2002) and Qian and Lin (2002) have shown that some classes of
under-actuated, weakly coupled mechanical systems with cubic
force-deformation relations (nonlinear spring forces) can also be
captured by power-chained form. It was shown that, even for
a single agent, asymptotic tracking for this class of dynamics
is structurally impossible, even locally, because the linearized
dynamics contain uncontrollable modes whose eigenvalues are
on the right half plane (Lin & Pongvuthithum, 2003). In fact,
the results in the literature for power-chained dynamics achieve
practical or semiglobal (Lin & Pongvuthithum, 2003; Lin et al,,
2002; Lv, Yu, Cao, & Baldi, 0000a; Qian & Lin, 2002; Shi, Liu,
Dong, & Chen, 2018; Zhao, Shi, Zheng, & Zhang, 2016; Zhao,
Wang, Zong, & Zheng, 2017) stability, in place of asymptotic
stability. This implies that distributed asymptotic tracking for
power-chained dynamics, is also structurally impossible in gen-
eral. Furthermore, state-of-the-art results (Lv et al., 0000a; Shi
et al., 2018) for power-chained dynamics rely on the assumption
that the agents’ control directions (i.e. the signs of the control
gain functions) are known a priori. When such a priori knowledge
is not available (Wang, 0000a), a popular approach to tackle
this challenge is continuous parameter adaptation via Nussbaum
functions (Chen, 2019; Ding & Ye, 2002; Huang, Wang, Wen,
& Zhou, 2018; Lv, Yu, Cao, & Baldi, 0000b; Nussbaum, 1983;

0005-1098/© 2022 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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Wang, 0000a; Ye & Jiang, 1998), which has been used also for
distributed control of strict-feedback or pure-feedback dynam-
ics (Chen et al, 2014, 2017; Ding, 2015; Fan et al,, 2019; Wang,
0000a). At the same time, because it is well-recognized that
Nussbaum-based methods require additional complexity in the
control design and continuous parameter adaptation may lead to
large learning transients, several researchers have been engaged
in the problem of overcoming continuous parameter adapta-
tion by means of logic-based control (Hespanha, Liberzon, &
Morse, 2003; Liberzon, 2003). Notable settings where logic-based
adaptation was employed include overcoming conventional con-
tinuous tuning of control parameters (Angeli & Mosca, 2004;
Ye, 2003, 2005) and overcoming the conventional Nussbaum
approach for strict-feedback dynamics (Huang & Yu, 2018; Wu,
Chen, & Li, 2016).

It is crucial to notice that the state-of-the-art logic-based
mechanisms in Huang and Yu (2018) and Wu et al. (2016) for
strict-feedback systems rely on monitor functions that moni-
tor whether asymptotic tracking can be achieved (resulting in
bounded energy of the tracking error) (Huang & Yu, 2018) or
whether finite-time stabilization can be achieved (i.e. the tracking
error converges to zero in finite time) (Wu et al,, 2016). Un-
fortunately, the same mechanism and monitor functions cannot
be adopted for agents in power-chained form due to the afore-
mentioned structural difficulty in achieving asymptotic tracking,
see also Qian and Lin (2002, Examples 2.1 and 2.2). Therefore, a
different logic-based mechanism must be sought for distributed
control of power-chained dynamics. This motivates the research
question in this work: is it possible to design a new logic-based
mechanism for multi-agent systems in power-chained form with
multiple unknown control directions even when asymptotic tracking
cannot be structurally obtained?

This paper provides a positive answer to this question with
the following contributions:

(i) To overcome the challenge that the exact value of the
Lyapunov function is unavailable for logic-based adaptation, we
propose a new Lyapunov-like function (cf. the discussion in Re-
mark 3).

(ii) We formally exclude any chattering phenomena by propos-
ing a new dynamic threshold condition at the switching instants
of the logic-based adaptation. It is worth noticing that state-of-
the-art switching mechanisms cannot formally exclude chattering
(cf. the discussion in Remark 4);

(iii) To overcome the difficulty that no asymptotic tracking
can be achieved for the power-chained form, we propose a
new dynamic boundary function, which is decreasing in-between
switching instants and possibly increasing at the switching in-
stants of the logic-based adaptation (cf. Fig. 1 and the discussion
in Remark 5);

Notations: The sets R and R" stand for the set of real num-
bers and the n-dimensional Euclidean space, respectively; Nyqq
denotes the set of positive odd integers; || - || refers to either
the Euclidean vector norm or the induced matrix 2-norm. Vectors
are denoted in bold script, such as X; ., Wim, @;m Zim, dio,
and h;(-). For compactness and whenever unambiguous, some
variable dependencies might be dropped throughout this paper,
e.g. t, Yim, Si,m» Ti,m €an be used to represent (X1, X2), ¥i.m(Xim)>
si,m(ﬁi,m; Qi m-1 » ri,m(l}i,my ai,m—l)v respectively.

2. Problem formulation and preliminaries

Let us first give some preliminaries on graph theory. The
communication topology among agents is described by a directed
graph ¢ 2 (v, &), with ¥ 2 {0, 1, ..., N} the set of nodes (agents)
and with & C ¥ x ¥ the set of directed edges between two
distinct agents. A directed edge (j, i) € & represents that agent
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Fig. 1. The sketch of the proposed switching mechanism.

i can obtain information from agent j. The neighbor set of agent i
is denoted by .4/ = {j|(j, i) € &}. Because agent 0 plays a special
role (leader), let us consider the subgraph defined by ¥ 2 (7, ¢)
with ¥ 2 {1,2..., N} the set of follower agents and & defined
accordingly. For this subgraph, let us define the adjacency matrix
4 = [a3] € RV*N as follows: if (j, i) € &, then a; = 1, otherwise

a; = 0. The Laplacian matrix .# associated with ¢ is defined
0 0w R
as ¥ = |:—b $+’%} with ¥ = diag[by, ..., by], where

b; = 1 if the leader 0 € .4, and b; = 0 otherwise. Moreover,
b=1[bq,...,by]" and -Z = D — 7 is the Laplacian matrix related
to ¢ with D = diag[d;, ..., dy], where d; = Zjem ajj.

Consider a multi-agent system whose agents have the follow-
ing nonlinear dynamics

)'(i,m = (pi,m(ii,m) + wi,m(ii,m)xi{);ﬂﬁ]s

. — — Di n;
Xing = ¢i,n,-(Xi,ni) + 1//i.n,-(Xi,ni )ui lv (])
Yi = Xina,
fori=1,...,N,m=1,...,n; — 1, where n; is the dimension
of system state X;, = [Xxi1 -, Xim]" € R" and ¥, =

[Xi1---» Xim] € R™.In (1), pim € Noga are positive odd powers,
and u; € R is the agent control input to be designed. The func-
tions ¢; m(-) and ¥; m(-) are unknown locally Lipschitz continuous
nonlinearities. The following assumptions are considered.

Assumption 1. For each follower i, the signs of ¥; n(-), called the
control directions, are unknown and there exist known positive
constants ¥; , and ¥, such that

Vo < Wim < Vi (2)

fori=1,...,Nom=1,...,n.

Assumption 2 (Wang et al., 2017). The leader agent 0 is repre-
sented by a leader output signal y;, which is continuous, bounded
and with bounded derivative; y; is available only to the subset
of follower agents i such that agent 0 € .4, i.e. to those agents
directly connected to the leader according to directed graph .

Assumption 3 (Wang et al.,, 2017). The directed graph ¢ contains
at least one directed spanning tree with the leader as the root.
This implies that .# + % is nonsingular.

Remark 1. The bounds in (2) are standardly assumed to ensure
controllability of the system (Qian & Lin, 2002; Shi et al., 2018;
Zhao et al.,, 2016, 2017); Assumptions 2-3 are also standard
in literature. The peculiar characteristic (and challenge) of (1)
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as compared to other multi-agent system models proposed in
the literature, are the unknown multiple control directions in
Assumption 1. Although some works have addressed multi-agent
systems with unknown control directions (Chen et al., 2014,
2017; Ding, 2015; Fan et al,, 2019; Wang, 0000a), the dynamics
therein are in the form of strict-feedback systems.

Define the consensus tracking error for the ith follower as

Ei1= Y ay(yi — ¥+ bilyi — yr), (3)
JjeN;
fori=1,...,N. After collecting &, = [£11,...,&n1]" € RN, one

has &, = j—i—%)w where w =y — y, w1thy = [y, ...
and ¥, = [¥,...,y:]". Due to the nonsingularity of Z + 2,
it holds that @] < % where omin(Z + %) is the
minimum singular value of .# + %. We impose a prescribed
performance (Bechlioulis & Rovithakis, 2014) on the consensus

tracking error &, as §i1(t) < &4(t) < gll(t) fort > 0,

where & 1(t) = (01 — pico)eXp(—lint) + pico and &, (t) =
(Bn + pico)eXp(—L 1t) — pi are the so-called performance

functions (Bechlioulis & Rovithakis, 2014), where lm > 0 and
I,y > 0 denote the minimum admissible convergence rates,
Pi.co > 01is the maximum allowable tracking error at steady state,
Pi1 > Pico > 0and p, i1 < TP < 0 respectively represent
the maximum and mmlmum bounds for &;1(0). The following
transformed consensus tracking error is then used for feedback:

0
. (4)

L (t)—
" £, () — &(0)

Note that ¥; 1 is monotonically increasing w.r.t. £ ; and that (4)
implies that the consensus tracking error &; 1 is within its imposed
bounds provided v; ; is bounded (Bechlioulis & Rovithakis, 2014).

Consensus tracking problem: Under dynamics (1) and As-
sumptions 1-3, the goal is to design u; such that all closed-loop
signals are semi-globally ultimately uniformly bounded, and the
output of each follower agent i can follow the leader agent’s signal
¥r in spite of completely multiple unknown control directions.

Practical tracking (Qian & Lin, 2002, eq. (2.10)) (i.e. the tracking
error converges to a residual set) will be sought, due to the fact
that asymptotic tracking cannot be realized in general for dynam-
ics (1) (Qian & Lin, 2002). The following lemmas are instrumental
in solving the practical tracking problem.

Lemma 1 (Lin & Pongvuthithum, 2003). For any x1,x, € R, given

positive integers rq1, 1, and any real-valued function ((-,-) > O, it
holds that
) _n
[X1]"[x2]"2 < (X1, X3) 72 x| 1172
rn—+rn
+ U(X1, X2)|xq |12 (5)
n+n

Lemma 2 (Lv et al., 0000a). For any x1, x, € R, and positive odd
integer p € Noqg, it holds that

(X1 + X2 = r(x1, X2 %5 + S(X1, X)) (6)
where r(xl,xz) € [;,F withr = 1—8andt = 1+ 6, and
s = 2!

k 1 ki(p—k)! p
some approprlately small constant I, and where |s(xq, x2)| < S(8)
with 5(6 Zk_1 k,(p i l ka positive constant for a given I

2=k[5"% s a constant taking value in (0, 1) for

3. Adaptive switching consensus protocol

The control design solving the consensus tracking problem
comprises a continuous input (i.e. acting in-between two consec-
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utive switching instants) and a switching mechanism (acting at
the switching instants) to tune online some parameters of the
continuous input. In this section, we focus on the continuous
input, the design of which is well-established in literature under
the assumption that the control directions are known (Shi et al.,
2018).

After defining ¥;; as in (4), and state errors

Yim = Xim — Qim-1, M=2,..., 1, (7)

the continuous control input comprises the so-called virtual laws
a;m and the actual control u;, designed as

1

1
Qi1 = —h1 10, ] (k, 1+ € '] ()1 11_,1711 + Qfx]l)l’x,l (8)

Sia = 07 [ty (di+b)(1 = 8]

_1 1
i = —hind] (Kim + €l B + i)™ 9)
Sim =0 [¥, (A= 8m)] L (m=1,....m)
Ui = Qjp;, Sy =0, (10)
Bim = Vim[ L Ol T = Bin®im (n
with By = ;225 p = 2, p = maxp_y,.,n{pin}, and

where 0 < §im < 1, 0im > 0, €m > 0, ¥im > 0 and B >
0,(m = 1,...,n;) are design parameters. In (11), @,,m is the
estimate of @i.m = ||ijm||’7’fvm and I ;m = |l@;,ll, which comes
from appropriately designed function approximators (as detailed
later on). Notice that the control design (8)-(11) is not complete,
since the terms k;,, and h;, are to be designed: these terms
are necessary to tackle the multiple unknown control directions,
and their design will be addressed in Section 4 via a switching
mechanism. The rationale for the design (8)-(11) is given in the
following steps.

Stepi, 1(i=1,...,N): The time derivative of ¢; ; along (1), (3),
and (4) is

Din = liain + Hin = La(di + bW x5 +Ein, (12)
where iy = 90;1/0&1 > 0, Hyi = (091/08;1)i1 +

(99 1/35,1)2‘,1' and Ei = li1(di+bi)in — b1 D e 4 G X (i1 +
Vi 1Xp' H— biy: +Hi 1. Along the same veins as Yoo (2013b), there
exist some optimal weights W, 1» and a linear-in-the-parameter
approximator Wl 19i.1(Z; 1) for |E, 1| such that

[W'*ﬂﬂi 1(Zi1) + 8i,1(Zi,1)]
= ol (ol + i Ol ) + i,

where the last inequality uses Lemma 1. Furthermore, i =

p "+o (’ lsfl’1l with €1 > 0 and g;; > 0 being design con-

stants €i,1(Z; 1) is the approximation error satisfying |£,-,1(Z,A,1 )| <
€j,1 on a compact set £2;1, Zj; = [ Xi,1> XiljeAi> Xj2jeAi» DiVr,
biyr |7 € 21, and &1 > 0 a constant.

pi—pi1+3 pi—pi,1+3
Ui Eiq = ‘ﬂm

Remark 2. The continuous function |E; 1| in (12) embeds the ef-
fect of graph connectivity, since |E; 1| depends on the connectivity
matrix a; and b;. Note that, because the activation function g; 4(-)
of the linear-in-the-parameter approximation relies on the neigh-
boring states, standard universal approximation results (Ferik,
Qureshi, & Lewis, 2014) of linear-in-the-parameter approxima-
tion still hold. Similar approximation ideas also can be found
in Ferik et al. (2014), Yoo (2013a) and Yoo (2018). Simulation
results in this paper also validate this point (cf. Figs. 7 and 8).
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Consider the Lyapunov function candidate

ﬁPi—Fi.1+4 1 ~

Vig=—— 4+ — &2 (13)
pi—pint+4  2y1

where @,;1 =061 — @,;1. According to Lemmas 1 and 2, it holds

that
pi—pi1+3 _pi1 Pi—pi1+3 o Pi pi—pi,1+3 pi1
ﬁi'l ' )(,.'2 51119' b z?’ —I—r”z?' " 0{11]

< Isial (977 4 0757) 10l PR (14)

Then, it follows from (12), (1
Vi1 with respect to time is

3), and (14) that the derivative of

~ A
. i—Pi1+3 _pi 010,
Vi1 <lii(d; +bi)1?f] Pt “fi1hi,1fi,1|1ﬁi,1| - %
i1
+ z?fil+3(gf’1l + elp‘ll@i 117-{]1"’1) + Ai1+ Ria
n wz',1(195'1+3 +ﬂp.+3)’ (15)

1, 3 1,
where A; 1 = li1(di + bi)ri 0 Tl (sign(yi 1) — hi)lYial,
wi1 = (di + bili1¥iqSi and we used the fact that ¢;; =
sign(¥i.1)|¥i,1]. Substituting the virtual control «;; (8) into (15)
gives
Vi,l < — (ki,l . wi.l)ﬁfi1+3 + ﬁpﬁ—?: Px 1()1 1FP11
~ A

_ # + @005+ A+ (16)

i1

Substituting the adaptive law Z‘;i,l (11) into (16) yields

y i+3 i+3 DD

Vii < —Ci,lﬂf1+ + wi.ﬂ?f; = Bi10i10;1 + Ai1 + Wi,

where ¢; 1 = ki1 — @i 1.

Stepi,m(i=1,...,N, m=2,...,n; — 1): It follows from (1),

(7), and (9) that the derivative of ¥, is
ﬁlm —Wszlm?_]'i'Elm» (17)
m—1 9 m—1 X . Pig 0dim—1 «
= D= iq (¢ + Viax; q+1) T Ty I
3 At m— .
Zg’ 11 ‘;IO’" 1() = e Gi leml (di1 + Vi sz "). Referring to

Step i, 1, there ex1st some optimal weights Wl m» and a linear-in-
the-parameter approximator Wy, ¢; ,(Z; ) for |Ei.m| such that

where Ei n = ¢im

Pi—Pi,m+3
191 m Ei,m

1 11Tl+3 *
<[00 [WinimEim) + (i)

<l9p'+3(9f);nm+€fiﬁm@i,m me)_i_’uqm’

—1,m

7,xm “Pim_Pim

where puim = ¢ + Oim Eim with ¢, > 0 and oim >
0 design constants eim(Zim) is the approximation error satis-

fying ‘s,m Z,m)| < &, on a compact set £2;,, with Z;,, =
80‘1 m—1 00im—1 0aim—1 0cim—1 a"‘i,m—l :
[X1m7 X]my 3)(]1 * x0T Mimet’ 3@“ [ECIEIEE) 3(")i.m—1’0"17

0 m—1 T _
, Oim-1, T blyr]jew,» € Qimand g, > 0 a constant.

Consider the Lyapunov function candidate

Pi—Pi,mt+4
im 1 ~

+ CH
Pi—DPim+4  2Vim

1,m?
where @i, m=0Oim— @,;m. Following similar derivations as in Step
i, 1, the derivative of V; ,, with respect to time is

p+3 pi+3
Vim <—thqﬁl @i mV; ;11+1+ZAW

Vi,m = Vim-1 + (18)
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m
Bia (2

+ Z(T(@i,q o

q=1

B2) + tig)- (19)

— Wim-1, Dim = Wi,mgi,mr and Aim =

him)rim|Yiml, (M=2,...,n; —1).
, N): For the last step, consider the Lyapunov

where ¢ = kim — @im
1 1, m+3 Lm
O o (sign(yi m) —
Step i, ni(i = 1,
function candidate
pi—Din;+4 1
i,n; ~2
+ O (20)
Di — Din; + 4 zyi,n,- b
where g)i,ni = Ojn — (:5,»,,1[.. Along similar lines as the previous
steps, it is possible to conclude that

nj nj . -
Voo <= S cuanls”+ 3 (G0 - B2)
q=1 q=1
nj nj
+ ZMi,q‘i‘ZAi,qy (21)
q=1 q=1

Vi,n,- = Vi,n,-—l +

Pi—Pin;+3_ Pin;

with ¢, = Kip,—@in—1 and Ajp, = 9, u; ' x(sign(vin)—
hi )i r;|. For any constant n; > 0, in light of Lemma 1, we have
Pig—1
ni + 1913& > nl pi+3 ﬂpl P1q+4
Thus, (21) can be upper bounded as
nj
Ving < —6iVin + Ei + Z Aig, (22)
q=1
Pig—1
where ¢; = min{y,;qﬂ,-,q, (Pi—Diq+4)ciqn; Pt i —1,....N, q=

Looomb, 8= 30l (gl 4 tig) + Dgey 3BiaO%

The remaining problem is now the one of handling the term
Zq' 1 4iq in (22) containing the signs of the control directions,
which are unknown in view of Assumption 1. To tackle this
term, a logic-based switching mechanism is proposed in the next
section to adapt online the estimates h; , of the multiple control

directions.

4. Proposed logic-based design

Logic-based adaptation has been proposed in the literature
for different classes of systems (Huang & Yu, 2018; Oliveria,
Peixoto, & Liu, 2010; Wu et al., 2016). Because logic-based loops
are switched systems (Branicky, 1998; Liberzon, 2003; Zhang,
Branicky, & Phillips, 2001), the concept of solution is intended
in the sense of Carathéodory (Liberzon, 2003, Sect. 1.2.1). Also,
the subsequent switching mechanism is designed in such a way
that chattering is avoided and the switching stops in finite time.
Therefore, phenomena such as sliding mode or Zeno behavior,
which are often a concern in switched systems, are avoided.

4.1. Switching mechanism

We adopt a similar notation to Huang and Yu (2018), where
the vectors d;, € R", whose elements are either 1 or —1,
are used to represent all possible combinations of n; control
directions for each agent i. Accordingly, the switching sequence
o(-), taking values in 0,1,...,2" — 1, is a piecewise right-
continuous function (Liberzon, 2003, Chap.1), and goes through
all such possible combinations. For example, if n; = 2, we have
four possible combinations: d;y = [—1,—1]", d;; = [-1,1]T,
di; = [1,1]", d;s = [1,—1]". The order according to which
the combinations are listed can be arbitrary, provided that all
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Algorithm 1 Logic-Based Distributed Switching Control Mecha-
nism for the ith Follower Agent

1: Initialize: Set tp < 0, ¢ < 0, hi(tg) < dip, Vi(to) > Lio(to) > 0
and Vi(to) > Vin(to). Select positive design parameters ¢, , and
S i=1,...,NNm=1,....n

: For every time ¢, for every agent i, calculate V,-,ni(t), Li(ty, t), Vi(t),
£i(ts, t), and 94(t,, ).

N

3: while (24(t,, t) > 0), do

4: Implement virtual control law (9), actual control
5: law (10), and parameter adaptation law (11).
6: hi(t) < d;,;

7: Zi.oc(r) <~ Ei,oc(ta);

8: ki,m(t) <~ kim(ts);

9: else

10: o<«o+1;

11: if o is equal to 2";

12: then o <« 0;

13: end if

14: ty < t;

150 Vilts) < max [V (6), Vin(t)]:

16: hi(t) <« di,rf:

17: Ei,oo(trr) < Lio(ts—1) + ;Z,-.OC:
18: ei,oo(t) <~ ‘gi.oo(ta)-

19: kim(ts) < kim(to—1) + (k;’m;
20: Kim(t) < Kkim(ts).

21: end while

combinations are listed without repetitions. The reader can refer
to Huang and Yu (2018) for more details on d; . Please notice that
each agent can exhibit its own switching sequence o;(-): however,
in the following we will simply use o(-) to avoid complicating
the notation. Define hy(t) = [hi1, ..., hin]" with him € {—1, 1},

m=1,...,n;. Let us now define

Vi(e) = max{ it 0), i (0)]. (23)
£ty ) = Uilte, £) = Vi(8), (24)
with
B T T
Vim = ;{Pl‘ —Dim+4 * 2Yim @)fm} (29)
and ¢;(t,, t) being a dynamic boundary function designed as

Li(ty, t) = (Vi(td) - ei.oo(ta)) EXP(—Qi(f - ta)) + 4ico(to)s
where 6; > 0 is a design parameter. Let
t) + ki (26)

where «; > 0 is a preselected constant.

We are now in a position to present the logic-based mecha-
nism for updating h;(t), o(t), kim(t), m = 1,..., n;, and £; oo(t).
After an initialization phase, the mechanism comprises a hold
phase (i.e. o is kept constant) and an update phase (i.e. o is
switched to a new value).

Initialization: ty <« 0,0 < 0 hi(tp) <« diy,
i oo(to) > 0 and Vi(to) = Vi (to).

Hold phase: Phase in-between consecutive switching instants:

M(tch t) = L,‘(t(-,,

Vi(to) >

while Mi(ty, t) > (27)
do hi(t) < d;,; (28)
oo(t) < &ioo(ts); (29)
klm(t) <« kl m(ts); (30)

end while
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at the same time, implement virtual control law (9), actual
control law (10), and parameter adaptation law (11).
Update phase: Phase at the switching instant:

if M(t,, t) <0, (31)
then oc<«o+1; (32)
if o is equal to 2™,
then o <« 0; (33)
end if
ty < t; (34)
Vilty) < max{Vin(6;), Vin(t)]: (35)
hi(t) < di,; (36)
lioo(ts) <= Lioo(te—1) + Lo o0 (37)
ioo(t) < Lioo(ts); (38)
kim(te) <= kim(to—1) + Ci; (39)
kim(t) <= Kim(ts); (40)
end if
with ltis > 0 and Ckim > 0 being design constants, m =

1,...,m, 0 = 1,2,..., and where t; denotes the value of t,
when (31) is satisfied but h;(t,), ,oo( ), and k; m(t,) have not
been updated yet, and t, represents the time instant when (31)
holds, and in the meantime, h;(t;), ¢ s(ts ), and k; m(t, ) also have
been updated according to (36)-(40).

The rationale for the proposed mechanism is as follows: the
switching instants t,, o = 0,1, ..., occur whenever condition
(31) is satisfied. The reset condition in (33) is necessary when all
combinations in d; , have been visited and thus it is necessary to
start from the first one. The logic condition (35) circumvents the
chattering phenomena at the switching instants t,, as elaborated
in Remark 4.

The unique challenges of using logic-based mechanisms to
handle multiple unknown control directions for power-chained
form are elaborated in the following remarks:

Remark 3. A crucial challenge of the proposed logic-based
switching is that the exact value of the Lyapunov function V;,
(18) is unavailable (as it contains the unknown constants &; p, in

@, m= 06 m—@, m)- Therefore, the unavailable Lyapunov function
must be replaced by some estimate. To pursue this, the Lyapunov-
like function V;, (25) is proposed and designed in such a way
as to establish the boundedness of the closed-loop signals (cf.
appendix).

Remark 4. State-of-the-art logic-based mechanisms (Cui, Huang,
& Gao, 2020; Huang & Yu, 2018; Wu et al,, 2016) cannot for-
mally exclude chattering phenomena since they adopt ¢i(t,, t,) =
Vilts) = Vinp(ts) = V, n;(t; ). More precisely, the update phase
of Cui et al. (2020), Huang and Yu (2018) and Wu et al. (2016) is
designed as

if Mi(ty, t) <0,
then ty < t;
Vilty) < Vin(t;);
hi(t) < dio;

kim(ts) < kim(ts—1) + Cki s
end if

In view of the discussions in Ye (2005, Remark 2 and the analysis
after Eq. (35)), it is theoretically possible for such mechanisms
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to yield an increase Vi(t,) = T/},ni(ta) > Vi,n,—(fg_) + Kk =
li(ty, ty) + ki, which indicates that a4(t,,t) < 0, leading to a
new switching instant immediately after the previous one. This
is because updating h;(t) and k;, may result in instantaneous
changes in the tracking errors ¥; ,, according to (7)-(10), which
may lead to an increase of the value of the Lyapunov functions
(13), (18), and (20). This could make the inequality (31) hold
once more immediately after the previous time instant. To solve
such issue, we exclude chattering phenomena by proposing a new
dynamic threshold condition (35) at the switching instants, based
on selecting the maximum values of the Lyapunov-like function
before and after switching.

Remark 5. State-of-the-art logic-based designs for strict-
feedback systems (Cui et al., 2020; Huang & Yu, 2018; Wu et al,,
2016) rely on the fact that asymptotic tracking can be obtained
for this class of systems: there exists at least one d;,, 0 €
{0, 1,...,2"% — 1}, that leads to a vanishing tracking error. Un-
fortunately, it is well known in the literature that asymptotic
tracking is impossible in general for the class of nonlinear systems
(1) (Qian & Lin, 2002). Therefore, the switching logic cannot rely
on vanishing tracking errors. To overcome the above difficulty,
we propose a new monitor function ¢;(-), which is decreasing in-
between switching instants and possibly increasing at switching
instants. The role of ¢;(-) is crucial to closed-loop stability through
(23): £i(-) is used to monitor the upper bound of the designed
Lyapunov-like function V; ,, ag\shown in Fig. 1. The distinguishing
feature of ¢;(-) is to allow V;, to increase by a constant at
every switching instant. Notice that the finite-switching mech-
anism guarantees that ¢;(-) does not grow to infinity and thus
closed-loop stability can be obtained.

4.2. Main stability result

To analyze the stability of the closed-loop system, we consider
the global Lyapunov function

N

N
V=> Vi, and V= ZVi,ni (41)
i=1

i=1

Theorem 1. Under Assumptions 1-3, consider the closed-loop sys-
tem consisting of the nonlinear multi-agent dynamics (1) in power-
chained form and the logic-based switching control mechanism in
Algorithm 1. Then, there exist positive design parameters g; m, €im,
Yim» Bim, Ni.m, and ki, such that:

e All closed-loop signals are semi-globally ultimately uniformly
bounded and the prescribed performances of §; 1(t) are ensured,
i.e., the inequality gil(t) < &4(t) < E,,l(r), i=1,...,N,
holds. '

e Switching stops in finite time and w(t) converges to the com-
pact set

Q= { Al sox <

2 .y 2
5 12N Pim[(exp(l?i,l)—l)]
(VAN =1 2t ot

Nl—N(N — ‘I)N—l

_ I
where 01 = [(pi — Pi1 + 4)(Lioo(to,) + &) | P14 with o
being a sufficiently large integer.

Proof. See the Appendix.
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Q-3I I
(a) (b)
Fig. 2. Two different communication topologies.

5. Simulation results

To validate the effectiveness of the proposed control method,
two different communication topologies with one leader (labeled
by 0) and three follower agents are considered as represented by
the directed graph of Fig. 2. From Fig. 2-(a) and -(b), it can be
seen that the signal of the leader is only accessible to follower
1 and follower 2, respectively. The following parameter settings
are kept the same for both topologies. The leader output is y; =
6sin(0.5t) 4+ 6 sin(t) and the three follower agents are described
by the following dynamics:

X141 = 1.5c08(x1.1)x1.1 + 0.8x7 5.

Agent 1 { . 5
X12 = x1.18i0(x12) + (tanh(x1.1) + 1.2)us5.
%21 =125x21 4055, + 1‘5)(23,27

Agent 2 { . 2 . 2 5
%22 = 0.75x22x3 1 + (sin(x2,1)* + 0.75)u3.
%31 = 0.5(cos(x3,1) + x3 1) + 1.2x3 5,

Agent 3 { . . 5
%32 = x3.1510(x32) + (| cos(x3,1)| + 0.2)u3.

In our simulation, RBF NNs are used as linear-in-the-parameter
approximators to approximate |E;;(Z;j),i = 1,2,3,j = 1,2,
employing 64 nodes with centers evenly spaced in [—1.5, 1.5] x
[—1.5, 1.5]x[—1.5, 1.5]x[—1.5, 1.5] x[—1.5, 1.5]x[—1.5, 1.5] x
[—1.5, 1.5] x [—1.5, 1.5] x [—1.5, 1.5] and widths equal to 2. The
initial conditions are selected as: x1,1(0) = 0.75, x1,2(0) = —1.75,
%21(0) = 1.5, x22(0) = =15, x3.1(0) = 1.75, x32(0) = —1.2,
©1.1(0) = 6.5, ©15(0) = 7.5, ©,1(0) = 4, ©2,5(0) = 3, ©34(0) =
6.5, @3’2(0) =475, Zl,oo(O) = Ez,oo(o) = £3,00(0) =0.5, kl,l(O) =
]{2.1(0) = 1(3’](0) =6, k]yz(o) = k22(0) = k3.2(0) = 8. The design
parameters are chosen as: gk, ; = §k, = 1, 8kpy = Ckyy = Ckyy =
lksy = 1.5, €11 = €1p = €1 = €p =€31 =€ = 1,011 =
012 = 021 =022 =031 =032= L yi1 =91 =w1=1
V2=Y22=v32=04 B11=P21=031=08 f12=Pr2=
/33,2 = 625, 51’1 = 82,1 = 83’1 = 025, K1 = K = K3 = 03,
0 = 18,6, = 1.25,03 = 0.75, §¢; . = $op00 = G50 = 0.5,
Pii =Py =Py = 6011 =P =P =81 =k, =
Li=3hi1=hi1=1h1=4and p10 = P2.06 = P30 = 0.95.

The simulation results are shown in Figs. 3-8. Figs. 3-(a) and
5-(a) reveal that the tracking errors &; 1,1 = 1, 2, 3, under the two
topologies evolve within their respective bounds. Figs. 3-(b)—(c)
and 5-(b)-(c) show that the functions V;,, i = 1, 2, 3, under both
topologies are upper bounded by ¢;,i = 1, 2, 3, respectively. It can
be seen from Figs. 4 and 6 that switching for both topologies stops
in finite time and that the parameters k;j,i = 1,2, 3,j = 1, 2, are
updated synchronously with the control directions h;j, i =1, 2, 3,
j = 1,2. Figs. 7 and 8 show that the NN approximators can
achieve satisfactory approximation (see Fig. 3).

6. Conclusions

This work has proposed a logic-based switching mechanism
for distributed switching tracking control of nonlinear multi-
agent systems in power-chained form and with multiple un-
known control directions. A novel dynamic boundary function
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Fig. 8. Topology in Fig. 2-(b): evolution of |Ey1l, |Exzl, [E21l, |E22], Esl, |E32l, and their NN approximations [Ey1l, [Eval, [Exal, [Exzls [Esal, [Esal-

that is decreasing in-between switching instants and possibly
increasing at the switching instants has been devised. An inter-
esting problem to be investigated in the future is to combine
logic-based update of the control directions with logic-based
update of the parameters.

Appendix

Proof of Theorem 1. We provide the proof through two stages.
At stage 1, we show that the control goals of Theorem 1 are
guaranteed on the interval [0, +00) provided that the switching
stops in finite time. At stage 2, we show by contradiction that
indeed the switching stops in finite time.

Stage 1: Let [0, t;) be the maximum interval of the existence of
the closed-loop solution, o5 be the final switching index, and t,, <
t; be the time instant when the final switching occurs. Combining
(23), (26), (27), and the fact that there is only a finite number of
switchings, one can conclude that after the final switching (i.e. for
t > t,), it holds that £(ts,t) + ki > 0, t € [ts, ts), which
indicates that

Vin(t) < Ciltos, £) 4 ks £ € [toy, ts). (42)

Thus, i/\i,n,-(-), Uim and @,-,m(~), i=1...,.NNm = 1,...,n,
are bounded due to the boundedness of ¢;(-) and «; on the
interval [t t5). Furthermore, the virtual control laws o ,, m =

1,...,n—1,i = 1,...,N and the actual control law u;, i =
1,..., N are bounded on [t,,, t;) according to (8)-(10). Thus, x; m,
Oimm=1,...,n,i=1,...,N, are bounded on [t,,, t;) arising

from the fact that y,(-), ®; n, and @i,m(-) are bounded on [t,,, t).
According to Sontag (1998, Theorem 54, page. 476), no finite-time
escape phenomena occurs, and thus t; = +4o00. As a result, one
concludes that all closed-loop signals are bounded on the entire
time interval [0, +o00). Then, invoking (25) yields

1
_ljflloo 19511 < [(pi — pit + ) (lico(te,) + ki) [ PP
2%,

t

which, in combination with the definition of ¥; ;, gives
00 €Xp(Di.1) — pi
lim éi,l(t) f pl,oo P( 1,11 p:,oo
t—>+oo 1+ exp(i1)

After using a lower bound # (Hong & Pan, 1992) with
N—1

N = (%)T for omin (§ + %) it follows that

2 (% 1)*1)]2
N2 N — 12 SN Plool (011 -1)]°
( + ) Zi:l [1+exp(5i<1 )]2

leN(N _ ])N71

lim [lo(t)ll <
t——+00

We are now in a position to discuss the existence of a compact
set that makes the universal approximation ability valid, provided
that the switching stops in finite time. .

Consider the initial conditions ; ,,(0) and ®; ;,(0) > 0, fori =

1,....,N,m=1,...,n, satisfying V(}i’m(O), @,-,m(O)) < T, with

To = ZL h; with h; £ max,e.1,....05) its, t5) and consider the
compact set

20 = { (Xin(®): Bnl0)[V (i Orn) = 7 £ 2 0} (43)

where " = TO+Z§V:1 ki. According to Algorithm 1, (41), and (42),
h; is bounded provided that the switching stops in finite time, and
that the inequality

V(Xim(6), Opm()) < T, (44)

holds true for all t > 0 provided that V(}i’m(O), @i,m(O)) <
Ty holds true. Therefore, the existence of the compact set 2y
makes the universal approximation ability of the linear-in-the-
parameter approximation valid since all state variables involved
are retained in £2¢ all the time.
Stage 2: At this stage, by seeking a contradiction, we prove
that there indeed exist a finite number of switchings. Let us
first suppose that there exist an infinite number of switchings.
Therefore, there surely exists a 1sufficiently large t,, such that
Pig—
Vi,q/gi,q < (pi — Diq + 4)Ci,q77ipi+3
and such that

hi(t) = d; o, = [sign(yi1), .. .. sign(¥in)]" (45)

on [ts, toe1). Thus, ¢; = ¥igBig-q=1,...,n,i=1,...,N. It
follows from (43) that (22) becomes
nj
Vin < —GiVim + 8 as Y Aig=0, (46)
q=1

,i=1,...,Ng=1,...,n,

which, combined with (20) and the Gronwall inequality (Qian &
Lin, 2002), implies that

pi+3

1955:3 < [(Pi — Pim + 4)(Vin(0) + Ei/s‘i)]pi_pi’m+4 £V

|@lm| < \/zyi,m(vi,n,-(o) + Ei/gi) + @i,m = /_‘i,m (47)

holds on [t,, ts4q) fori = 1,...,N,m = 1,...,
follows from (11) that

n;. Thus, it

|@1m| < Vi,mff;ﬁm l1/1',m7i,m + )’i,mﬂi,m/_li,m £Tim (48)
holds on [ts, ts+1), Where Tim is the upper bound of Ff,i;’"
according to Zhao et al. (2016, Lemma 2), for i = 1,...,N,
m=1,...,n;

Recalling (20), (25), (46)-(48), we can obtain that

ni A
" O O:
Vin(t) < —ciVim + Ei + Z —

—— Yi,m
nj A n; 2
~ OimO;i GiO;
<—aVim t S+ ) o) S
m=1 yl,m m=1 yl,m
nj -~
O O: - .
+y M < —6iVin + &is (49)

Yi.m

m=1
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= - n Oimli n; i0i m A
where B = & + Y, Zolm 4 3o | SOnin

constant. Hence, we have ’V\i,ni(t) <

is a positive

g}', on [t*, t,+1), where t*

is the first time instant satisfying V\,-,,,i(t*) =

3 P
%}. Then, Vi, < 0
holds when ’V\,-,,,i > ﬂ The fact that /V\i,n,-(') strictly decreases on
the time interval [tgsl, t*) implies that no new switching occurs
on [ts, t*) and that t* < t4541.

When t € [t,, t*), we can guarantee 0 < 6; < g; by choosing
proper ¥ig, and Big, ¢ = 1, ..., n;, according to i = ¥igBiq, 4 =
1,...,n;,i = 1,...,N, which implies that V;,(t) sAIZi(t), on
[to, t*). When t € [t*, t;41), the condition £; oo(t) > %’ can be
satisfied via a sufficiently large o in view of (29) and (30). Hence,
it holds that V; 5, (t) < £i(to, t), VE € [t*, to41).

To summarize, we have that /V\,-,ni(t) < Litsg, t) < Lilts, t)+ki,
on [t,, tr,+1), which means that switching condition (31) can
never be satisfied on the time interval [t,,, t5+1). This contradicts
the assumption made in the beginning of stage 2. Thus, the proof
is completed. =
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