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Propositions

accompanying the dissertation

Learning with Spatial Biases
in Vision Models

by
Robert-Jan BRUINTJES

Inductive spatial biases in Al models trump spatial bias in data.

There is more scientific value in the results and methods of Deep
Learning competitions than in scientific deep learning literature.

Improving vision models by improving data efficiency, rather than
by adding more data, is the only way forward.

The better AI works, the less the public cares about how it works.

Although Al contributes to solving the climate crisis, it is also
becoming a significant cause of climate change.

Lasting progress in deep learning can only come from a marriage
of engineering and basic science.

Assessing PhD students in their collaborative skills will benefit
their career.

Without government regulation, Al will not improve the lives of
people on both sides of the wealth divide.

Stress induces searching for answers, rather than asking better
questions.

Eurovision televoting will more accurately capture musical prefer-
ence over political motivation if votes are limited to one vote per
country per person.

7 Pertains to this dissertation.

These propositions are regarded as opposable and defendable,
and have been approved as such by the promotors
Prof. dr. ir. M.].T. Reinders and Dr. J.C. van Gemert.



LEARNING WITH SPATIAL BIASES
IN VISION MODELS






LEARNING WITH SPATIAL BIASES
IN VISION MODELS

Dissertation

for the purpose of obtaining the degree of doctor
at Delft University of Technology
by the authority of the Rector Magnificus, prof. dr. ir. H. Bijl,
chair of the Board for Doctorates
to be defended publicly on
Wednesday 24 June 2026 at 12:30

by

Robert-Jan BRUINTJES



This dissertation has been approved by the promotors.

Composition of the doctoral committee:

Rector Magnificus, chairperson
Prof. dr. ir. M.J.T. Reinders, Delft University of Technology, promotor
Dr. ]J.C. van Gemert, Delft University of Technology, promotor

Independent members:
Prof. dr. G.C.H.E. de Croon,  Delft University of Technology

Prof. dr. C.G.M. Snoek, University of Amsterdam
Prof. dr. M. Loog, Radboud University Nijmegen
Prof. dr. ir. R.L. Lagendijk, Delft University of Technology
Dr. T.E.J. Mensink, Google Research

Ny O
e t University of
Technology Nederlandse Organisatie voor Wetenschappelijk Onderzoek

Keywords: computer vision, spatial biases, visual priors, kernel size, scale,
equivariance, data efficiency
Printed by: ProefschriftMaken.nl

Cover by: Robert-Jan Bruintjes

Copyright © 2026 by R. Bruintjes
ISBN 978-94-6518-343-5

An electronic copy of this dissertation is available at
https:/ /repository.tudelft.nl/.



CONTENTS

Summary ix
Samenvatting xi
1 Introduction 1
1.1 Inductivespatialbiases . . ... ... ... ... ... ... ... ... 3
12 Visionmodels . ... ... ... 5
1.3 Progress in inductive spatial biases . . . . ... ........ ... .. 9
14 Flexible inductivebias. . . . .. ... ... ... o oL 11
1.5 Organizationof thisthesis . ... ..................... 13
References . ... ... ... . ... ... 17

2 Data-Efficient Challenges in Visual Inductive Priors: A Retrospective 21

2.1 Introduction . ... ... ... .. ... ... e 22
22 RelatedWorks . . . . ... ... . . .. 22
23 Challenges . .. ... ... 24
24 Submissionandevaluation. . ... ... ... ... ... .. ...... 28
25 Methods ... ... .. . .. . 29
2.6 Results . ... ... . .. . 34
2.7 Conclusion . . . . ... ... e 35
References . . .. .. .. .. . e 37
Appendices . . . . ... 43
3 What Affects Learned Equivariance in Deep Image Recognition Mod-
els? 63
3.1 Introduction ... ... ... ... . .. ... 64
32 Related Works . . . .. ... ... . . . e 65
33 Method . ... ... . . . e 66
34 Experiments . ... ... ... ... 71
35 Conclusion . . . ... ottt 78
References . . .. . . . . . . . . e 79

4 Learning to Adapt to Position Bias in Vision Transformer Classifiers 83
41 Introduction ............. ... ... . ... . ... 84



vi Contents
42 Relatedwork ... ... ... .. ... .. 85
43 Position-SHAP . ... ... . .. . .. 88
44 Auto-PE .. ... . e 89
45 Experiments . . . ... ... ... 90
46 Conclusion . . .. ... ... . . e 95
References . . .. . . . . . . . . e 97
Appendices . . . . ... 101

5 Scale Learning in Scale-Equivariant Convolutional Networks 113
51 Introduction ... ... ... ... . .. ... e 114
52 RelatedWork . .. ... ... . .. . . ... 114
53 Method . ... ... . . . . . 115
54 Experiments . ... ... ... ... ... 119
55 Discussion . . . . ... ... 126
References . . . . .. . . . . . i e 129
Appendices . . . . ... 131

6 FlexConv: Continuous Kernel Convolutions with Differentiable Ker-
nel Sizes 133
6.1 Introduction ... .. ... ... . .. . ... . 134
6.2 Related Work . ... ... .. .. . . . ... 137
6.3 Method ... ... ... . .. e 138
6.4 Experiments . .. ... ..... ... ... ... 142
6.5 Discussion . . . ... ... .. ... e 148
6.6 Limitations . . . ... ... ... . ... .. e 149
6.7 Conclusion . . . . .. ... . .. e 150
References . . .. . .. . . . . . e 151
Appendices . . . . ... 155

7 Discussion 175
7.1 DPositionbias . . ... ... ... 176
72 Scalebias . . ... .. ... 177
7.3 Flexible inductivebias . . . . ... ... ... .. ... ... .. ... .. 177
74 Methods for data-deficient settings . . . . . ............... 178
7.5 Futureoutlook ... ... .. ... . . ... ... . 179
7.6 Finalwords ... ... ... ... ... 180
References . . .. .. .. . . . i e 181

Acknowledgments 183



Contents vii

List of Publications 187

Curriculum Vitae 189






SUMMARY

Much of the human experience is captured in the ever-increasing amounts of
data that we humans generate. This data is used to build Al models that aid
humans, e.g. by editing text, tracking traffic surrounding a self-driving car or
detecting cancer in MRI scans. Al models typically get better when adding more
training data. However, data cannot be sourced infinitely, and there are signs
we are already running out of data to add to Al datasets. This is a concern,
since Al models do not work well in settings where there is little data available
(data-deficient settings), including important settings such as medical applications
where gathering large datasets is costly and yields privacy concerns. We therefore
desire data-efficient Al models: models that need less data, while still doing well.

This thesis investigates how design choices of neural network architectures
(inductive biases) influence the data efficiency of vision models. In particular, we
investigate the effects of modeling spatial biases apparent in training datasets.
Such spatial biases are apparent through variability in positions and scales of
imaged objects in the training data.

Vision models differ in their approach to modeling position information. Con-
volutional Neural Networks (CNNs) encode translation invariance through
shared convolutional filters, enabling recognition of objects across positions with
minimal data. However, this inductive bias removes positional information,
which can hinder tasks requiring spatial reasoning. Vision Transformers (ViTs),
in contrast, lack built-in spatial priors and rely on explicit positional embeddings
to capture spatial structure, trading off data efficiency for global receptive fields.

Beyond position, scale variation presents a fundamental challenge: objects
appearing at different sizes require models to generalize its learned recognition
functions across scales. Conventional CNNs often learn separate representa-
tions for each scale, increasing data and compute demands. Scale-equivariant
architectures address this by sharing representations across scales, and adaptive
receptive field methods allow models to optimize kernel sizes for the observed
distribution of object scales, improving robustness and efficiency.

To reconcile the challenges of modeling both types of spatial dataset biases, this
thesis introduces flexible inductive biases: mechanisms that embed structural
priors while allowing the model to modulate their influence based on dataset
characteristics. Unlike fixed inductive biases, flexible inductive biases can be
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X Summary

activated when beneficial and suppressed when irrelevant, reducing the risk of
negative transfer and improving data-efficiency.

Overall, the thesis demonstrates that spatial biases should be modelled as
adaptive, dataset-dependent mechanisms rather than fixed architectural con-
straints. By systematically modeling position and scale biases in datasets and
enabling their flexible use, this work provides a principled framework for design-
ing data-efficient vision models that generalize robustly across diverse visual
domains.



SAMENVATTING

Een groot deel van de menselijke ervaring is vastgelegd in de steeds grotere
hoeveelheden data die wij mensen genereren. Deze data wordt gebruikt om
Al-modellen te bouwen die mensen ondersteunen, bijvoorbeeld bij het bewerken
van tekst, het in de gaten houden van omringend verkeer door een zelfrijdende
auto of het detecteren van kanker in MRI-scans. Doorgaans worden Al-modellen
beter wanneer er meer trainingsdata wordt toegevoegd. Echter, de hoeveelheid
data in de wereld is niet oneindig, en er zijn aanwijzingen dat de beschikbare
data voor Al-datasets al begint op te raken. Dit is zorgwekkend, aangezien
Al-modellen slecht presteren in situaties waarin weinig data beschikbaar is
(data-deficiénte settings), waaronder belangrijke toepassingen zoals medische
diagnostiek , waar het verzamelen van grote datasets kostbaar is en privacypro-
blemen met zich meebrengt. We streven daarom naar data-efficiénte Al-modellen:
modellen die minder data nodig hebben, maar toch goed presteren.

Dit proefschrift onderzoekt hoe ontwerpkeuzes van neurale netwerkarchitec-
turen (inductieve biases) de data-efficiéntie van visuele modellen beinvloeden. In
het bijzonder onderzoeken we de effecten van het modelleren van ruimtelijke
biases die aanwezig zijn in trainingsdatasets. Zulke ruimtelijke biases uiten zich
in variatie in de posities en schalen van geobserveerde objecten in de trainingsdata.

Visuele modellen verschillen in hoe ze positieinformatie modelleren. Con-
volutional Neural Networks (CNNs) zijn translatie-invariant door het gebruik
van gedeelde convolutionele filters, waardoor objecten op verschillende posities
kunnen worden herkend met minimale hoeveelheid data. Deze inductive bias
verwijdert echter ook positie-informatie, wat nadelig kan zijn voor taken die
ruimtelijk redeneren vereisen. Vision Transformers (ViTs) daarentegen hebben
geen ingebouwde ruimtelijke priors en vertrouwen op expliciete positionele
embeddings om ruimtelijke structuur vast te leggen, waarbij ze data-efficiéntie
inruilen voor globale receptive fields.

Naast positie vormt schaalvariatie een fundamentele uitdaging: objecten die
op verschillende groottes verschijnen vereisen dat modellen hun geleerde her-
kenningsfuncties over schalen heen generaliseren. Conventionele CNN'’s leren
vaak afzonderlijke representaties voor elke schaal, wat de noodzaak aan data
en rekenkracht vergroot. Schaal-equivariante architecturen pakken dit aan door
representaties over schalen te delen, en methoden met adaptieve receptive fields

xi
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stellen modellen in staat de kernelgroottes te optimaliseren voor de verdeling
van objectschalen in de data, wat de robuustheid en efficiéntie verbetert.

Om de uitdagingen van het modelleren van beide typen ruimtelijke data-
setbiases te verzoenen, introduceert dit proefschrift flexibele inductieve biases:
mechanismen die structurele priors inbedden, terwijl ze het model toestaan hun
invloed te moduleren op basis van de kenmerken van de dataset. In tegenstelling
tot vaste inductive biases kunnen flexibele inductive biases worden geactiveerd
wanneer ze voordelig zijn en onderdrukt wanneer ze irrelevant zijn, waardoor
het risico op negatieve transfer afneemt en de data-efficiéntie toeneemt.

Al met al toont dit proefschrift aan dat ruimtelijke biases het beste kunnen
worden gemodelleerd als adaptieve, dataset-afhankelijke mechanismen in plaats
van als vaste architecturale beperkingen. Door positie- en schaalbiases in datasets
systematisch te modelleren en hun flexibele inzet mogelijk te maken, biedt
dit werk een principieel kader voor het ontwerpen van data-efficiénte visuele
modellen die robuust generaliseren over diverse visuele domeinen.
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| data-deficient
regime

model quality
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P

data availability

Figure 1.1: Scaling laws for Deep Learning [1-3], simplified. The more data is available
to train Deep Learning models, the better they do. However, it is uncertain if
we can keep adding more data to make better models. Also, many important
applications (e.g. medical Al) live in the data-deficient regime: large amounts
of data are not available, or are too expensive and/or privacy-sensitive to
obtain.

NN

(a) Transfer learning (b) Data augmentation (c) Inductive bias

Figure 1.2: Strategies for training data-efficient vision models. Dashed arrows represent-
ing training the model on the indicated data. (a) Transfer learning builds
vision models on top of models trained on large similar datasets. (b) Data
augmentation makes copies of data by applying transformations, e.g. shifting,
selected based on prior knowledge about the task. (c) Using prior knowledge
we can change the design of vision models (the inductive bias) to be more
data-efficient.
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In the course of our daily, ever-more online, lives, humanity creates vast and
ever-increasing amounts of data. This data is used to build Artificial Intelligence
(AI) models, which are trained on large datasets of examples labeled with the
correct response: from each example in the training dataset, the model computes
how wrong its response was, and corrects itself. Al models typically get better
when adding more training data [1-3] (see Fig. 1.1).

However, data is not an infinite resource. While it may seem that every click,
picture, or recording could be harnessed to train Al, high-quality labeled data is
often costly and difficult to obtain. As it is, there are signs we are running out of
data to add to Al datasets [4]. This is a concern, since Al models do not work well
in settings where there is little data available (data-deficient settings), including
important settings such as medical applications [5-7] where data collection
involves expensive equipment, ethical considerations, or privacy restrictions.
We therefore desire data-efficient Al models: models that need less data, while
still doing well.

Researchers have developed several approaches to making Al models more
data-efficient (see Fig. 1.2). In transfer learning, a model is first trained on a
large dataset for a general task, such as recognizing objects in photographs. The
knowledge it acquires—patterns of shapes, textures, and structures—can then
be adapted to a new, often smaller dataset for a more specific task. However,
transfer learning only works well if the data the large model was trained on, is
similar to the data we train our model on [8]. Data augmentation is the process of
artificially creating more data, by using prior knowledge to modify images. For
example, by slightly shifting or mirroring the image one creates another image
with the same desired response. A third approach, termed inductive bias, is to
integrate prior knowledge about the data into the design of the vision model.
According to the bias-variance tradeoff [9], the more inductive bias we use, the
less data we need.

This thesis explores various techniques to improve applications of Al models in
data-deficient settings. Chapter 2 shows that data augmentation is quite effective
in data-deficient settings. Chapters 3 to 6 show that the prior knowledge used in
both data augmentation and inductive bias can be combined to make Al models
more data-efficient.

1.1 INDUCTIVE SPATIAL BIASES

Vision models are Al models that work with images. Applications are plentiful:
self-driving cars, automated radiology and crop monitoring are just a few exam-
ples. To power these applications, we train vision models on large datasets of
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Figure 1.3: The image formation model describes the relationship between the position
and size of objects in the 3D scene, and the position and scale of the objects in
the 2D image. Regardless of the position of the camera, the captured image
shows a red ball. Our AI model should be able to recognize the ball regardless
of its position and scale in the image.

b iR .0\ S ]

fish chicken shorts bird needle

Figure 1.4: Example images from the large dataset ImageNet [10] reflecting photography
bias: the object of interest is framed in the center position of the picture, and its
scale is chosen so that the object is entirely visible.
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images. Fig. 1.3 shows how cameras create these 2D images from 3D scenes. The
position of the camera determines the position and scale of objects in the image.
We show an example scene where the task is to recognize the type of object
("ball"). A vision model should recognize the ball regardless of the position and
scale of the object in the image. This is an example of prior knowledge that can
be implemented as inductive bias in a vision model: by designing the vision
model so that, no matter where or how large the red ball is, it gives the same
response, we do not need to train this model anymore on images with the same
ball in different positions or at different scales. This makes the model more
data-efficient: less data is needed to train a model that works just as well.

In the above example we assume that the position of the camera does not
matter to recognize the ball, as long as the ball is in the image. However, what if
certain camera positions happen much more than others, in a particular dataset?
One example of such a bias is photography bias: photographers tend to put the
object they are photographing in the center of the image [11, 12] (see Fig. 1.4). If
vision models trained on such biased images use this bias, they can work better.
For example, if there are multiple objects in the image, it is likely that the object
to be recognized is the one in the center. This bias therefore is reflected in the
position of the object in the image. Another example of bias may occur in the
scale of the object in the image: photographers are likely to use the right amount
of zoom to frame the object so that it fits the image. If the object is too large, it
cannot be seen entirely; if it is too small, it is hard to see.

This thesis asks: do vision models learn to use such dataset biases? Or else,
can we design them manually to use these biases to do better? This thesis is
concerned with detecting and exploiting the presence of dataset biases in vision
models. Specifically, we investigate spatial dataset biases: whether datasets contain
bias on the position and scale of objects. We investigate whether vision models
learn to use these spatial biases when they appear in the data, and how we can
make vision models more data-efficient by integrating spatial dataset biases in
their design as inductive biases.

1.2 VISION MODELS

Vision models process an input image to compute a response. In the common task
of image recognition, this response is a single number, which is the class number
of the object in the image. In the popular benchmark dataset ImageNet [10],
there are 1,000 classes, each assigned one class number called a label and each
represented by roughly 1,000 images in the dataset. For example, the class "soccer
ball" has label 805.
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Figure 1.5: Vision models. (a) The basic neural network connects all pixels. (b) Each con-
volution in a CNN applies a shifted kernel over the input image, to compute a
single pixel that is part of the input to the next layer. (c) ViT makes tokens out
of image patches. Position embeddings are added, and the result is passed to
a Transformer network.
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When training a vision model, for each image in the training dataset, the vision
model applies several learned functions to the pixels of the input image. These
functions are simple mathematical functions, such as multiplication with specific
learned values. The model then combines the outcomes of these functions to
compute a single class number as response. If it computes the wrong response,
the model learns by changing its functions a little bit to be more correct, before
it moves on to the next image. Given enough images and corresponding class
labels, as well as going through the dataset enough times, the model can learn to
respond with the right class label in many images.

One basic implementation of a vision model is a neural network. It makes
minimal assumptions about the structure of the image: it simply connects all
input pixels to the response through multiple layers of learnable functions. Each
layer of functions has as input the output of the previous layer. However, using a
basic neural network as a vision model requires a lot of data to train a good model.
This is because the model has to learn different functions for the same object
appearing in different positions in the image. In practice, basic neural networks
struggle to do well on vision tasks, such as image recognition, without access to
enormous datasets and large amounts of computing power. Therefore, it is often
necessary to infuse the neural network with design choices (i.e. inductive bias)
based on our prior knowledge of the data. An architecture is such a particular
neural network design. This thesis concerns two widely used architectures: the
Convolutional Neural Network and the Vision Transformer. We investigate how
they learn spatial biases, and how they can be changed to incorporate more
inductive spatial biases.

Convolutional Neural Network. The Convolutional Neural Network (CNN) [13]
is a neural network that consists mainly of layers of convolution operators. A
convolution only connects pixels in a local neighborhood: it applies a moving
kernel (a window) over the input image to compute values that are fed into
some other operations, before going into the next convolution operator (see
Fig. 1.5b). The kernel thereby computes a single function that is shared over all
image positions. Because it is shared over all image positions, the inductive bias
of the CNN architecture is based on the prior knowledge that the position of the
camera in the scene is arbitrary and does not affect the object itself. This makes
the CNN data-efficient [13]: instead of needing a hundred training images of
the object in a hundred different locations, a CNN only needs to learn from one
training sample to recognize the object in all locations.

The small "window" that the kernel creates on the input is called the receptive
field, analogous to the human receptive field, which is the area of the environment
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we can see in a glance. Vision models should have a large enough receptive field
to "see" the entire image at once, so that they can recognize objects in the entire
image. Basic neural networks have a global receptive field, since all inputs are
connected to all outputs. CNNs on the other hand have a global receptive field
if many convolutions with large enough kernel sizes are stacked in sequence.
Configuring the CNN to have the right receptive field for the task at hand is
therefore not trivial. In this thesis we propose a learnable kernel size method
that allows a CNN to learn the optimal receptive field from the training data,
removing the need for manual tuning of the receptive field (Chapter 6).

Vision Transformer. Transformers [14] are neural networks designed to work
with language as input. Transformers were popularized initially in natural lan-
guage processing, because they can efficiently process words in a sentence in
parallel, which makes them more efficient than other language models. The
Vision Transformer (ViT) [15] extends the Transformer to work with images. How-
ever, Transformers are difficult to train on images, because they lack inductive
spatial bias: they connect all pixels together, like the basic neural network. The
novelty of the Vision Transformer is to make patches of the image, then compress
each patch to a single high-dimensional pixel called a token and feed the much
smaller image into the Transformer, which connects all tokens (see Fig. 1.5c).
Because there are many fewer tokens than pixels in the original image, this
makes it feasible to connect all tokens. Notably, in contrast to the CNN, the
internal operations in the Transformer are not able to distinguish the positions of
tokens. Therefore, it is common practice to add to each token some information
on its position, through a learnable position embedding [14]. This difference in
processing of position information warrants comparing CNNs and ViTs when
studying how position information is processed.

CNNs and ViTs are compared and contrasted in many recent works [16-22].
Most of note is that CNNs achieve strong performance even in relatively data-
constrained regimes due to their inductive priors, whereas ViTs typically require
substantially larger training datasets to achieve competitive results. Especially
of importance to this thesis, is their differences in how they relate different parts
of the image together. The CNN connects only pixels in a local neighborhood in
each layer, while the ViT can relate objects far apart in the image in each layer.
Also, while CNNss intrinsically encode image topology through their convolu-
tional hierarchy, ViTs need positional embeddings to infer spatial relations. As
such, these architectures model spatial dataset biases differently, and adding
spatial inductive biases to them has to be done in a different way. Understanding
how to integrate spatial inductive biases effectively in both CNNs and ViTs is
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central to this thesis, as it directly impacts data-efficiency in vision tasks.

1.3 PROGRESS IN INDUCTIVE SPATIAL BIASES

In the following, we discuss this thesis” progress in integrating prior knowledge
on dataset bias w.r.t. position and scale into vision models.

Modeling position bias. A central question in the design of vision architectures
concerns the extent to which models should encode positional information.
When an object in a 3D scene moves in parallel to the image plane, this is
reflected by a translation (shift) of the object in the image. Classical convolutional
architectures (CNNSs) are built on the principle of translation invariance: they
compute the same response regardless of where the object of interest appears in
the image. This inductive bias makes the CNN data-efficient, because the model
only has to learn a single recognition function to detect the object anywhere
in the image. The counter-effect is that CNNs should not be able to know
the position of objects in the image. This makes sense for tasks like image
recognition, where the task is to assign a label to a single object in the image,
regardless of where in the image is it. However, it may hinder models in other
tasks where positional information is crucial, such as when localizing objects in

the image. However, CNNs are accidentally not perfectly translation invariant.

Factors such as boundary effects, striding, and pooling induce subtle positional
dependencies [23, 24]. Where some works argue this is undesirable and should
be fixed [23, 25], other works show that this unexpected ability may actually be
help the model recognize objects [24, 26, 27].

In contrast to CNNS, ViTs are perfectly translation invariant, at least when the
image is shifted by a multiple of patch size so that the patch edges line up. This
means that ViTs cannot know the position of patches in the image. This limits
the ViT’s ability to reason about spatial layout. Interestingly, the original ViT
paper [15] shows that, at least for ViTs, positions should be used by the model:
when the model is allowed to know the position of patches through a position
embedding, it does better, indicating that positional information is integral to
visual recognition.

Given these seemingly conflicting findings, the question is: should vision
models be able to know the position of objects of interest, or not? In Chapter 3
we show that some of the internal functions of vision models do not depend
on the position of objects in the image. However, in Chapter 4 we show that
whether the model uses the position of objects, depends on the spatial biases
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apparent in the data: if the dataset has e.g. a photography bias, then letting the
vision model know the position of objects helps the model do better. If however
the position of the objects in the dataset is truly arbitrary, i.e. there is no dataset
position bias, then prohibiting access to the position of objects helps the model
do better. For example, a vision model trained on satellite imagery does worse
when it learns to predict rivers always in the center of the image, as in fact they
can appear anywhere in the image.

Taken together, these findings emphasize the importance of aligning inductive
bias with the bias present in the training data. Rather than treating positional
bias as universally good or bad, we find that the utility of positional information
fundamentally depends on the data-generating process. By systematically an-
alyzing how CNNs and ViTs encode, ignore, or exploit positional information,
we provide new insights into the role of spatial inductive biases in achieving
data-efficient learning.

Modeling scale bias. Another important dimension of spatial variation in
images arises from changes in object scale. When the object of interest moves
perpendicular to the image plane, i.e. closer or farther away from the cam-
era, the scale of the object in the image becomes larger or smaller, respectively
(see Fig. 1.3). Vision models can learn to recognize objects appearing at vari-
ous scales in the image, but usually have to learn a different function for each
scale, which means the model needs to see an example for each scale, making it
data-inefficient.

In CNN:s, scale variation is not encoded in the architecture. A convolutional
filter detects patterns of a fixed spatial extent, determined by the kernel size.
As a consequence, CNNs often learn separate filters for the same feature at
different scales, which increases both the necessary parameter count and training
dataset size. In practice, data augmentation strategies such as image resizing and
cropping are commonly employed to expose models to multi-scale appearances.
While effective, such approaches are data-inefficient, as they rely on repeated
exposure to each scale.

To address this limitation, scale equivariant CNNs [28-30] extend the convo-
lution operator to detect objects at multiple scales at once, sharing the same
underlying recognition function. These architectures ensure that scaling an input
object causes a predictable scaling of the corresponding network response. This
inductive bias increases data-efficiency, since one scale-equivariant convolution
only needs to learn to recognize an object at one scale, in order to recognize
it at all other scales. However, the practical deployment of scale-equivariant
CNN s introduces new challenges. Scale equivariant CNNs only work well if
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their settings are tuned to the scale variance in the training data. Chapter 5
investigates how to learn automatically the right settings of scale equivariant
models to match the distribution of scales in the training dataset.

This thesis also addresses the tuning of regular CNNSs to scales apparent in the
dataset. The convolution, the core operation of the CNN, has a predetermined
kernel size. As discussed in Section 1.2, the kernel size determines the receptive
field of the network, and therefore what scale of object can be detected. Therefore,
using an appropriate kernel size is important to properly recognize objects
appearing at particular scales. Chapter 6 proposes a method to automatically
learn the kernel size during CNN training, allowing the model to optimize the
receptive field to the scales in the data.

Taken together, these contributions investigate scale variation as a central
dimension of inductive bias in vision models. By systematically analyzing how
models encode, ignore, or adapt to scale transformations, this thesis contributes
to a deeper understanding of the relationship between architectural design,
dataset statistics, and data efficiency.

1.4 FLEXIBLE INDUCTIVE BIAS

A central finding emerging from this thesis is that some datasets have less spatial
biases than others. For example, in Chapter 4, we find that on some datasets
an inductive position bias helps the model, while on others it does not. This
variability highlights a fundamental limitation of fixed inductive biases: by hard-
coding assumptions into the architecture, one risks introducing mismatches
between model design and the biases in the data. To deal with this variance, we
introduce the concept of flexible inductive biases: vision model operators with an
inductive bias which can learn to model a dataset bias, but can also learn not
to. Notably, these operators are designed to completely capture the learning
of a particular spatial bias, using separate (and often less) parameters from the
rest of the model parameters. This means the bias can be selectively learned or
suppressed without interfering with the broader representational capacity of the
model.

An example of a flexible inductive bias is the Auto-PE method of Chapter 4: it
modulates the magnitude of the position embeddings in a Vision Transformer,
making it directly and completely control how much dataset position bias a
Vision Transformer learns to use. This way, Auto-PE can learn to turn off the
position embeddings on datasets where using position bias does not help the
model, while it retains the position embeddings on datasets where it helps. Even
though ViT models without this flexible inductive bias can also learn to not use
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Table 1.1: Contributions of each chapter as they relate to (inductive) spatial biases. Each
chapter contributes methodology to either measure or add inductive bias in
vision models (last three columns). We distinguish between inductive bias
adding methods that fix the inductive bias in the method ("fixed inductive bias")
and those that allow for (un)learning the particular bias ("flexible inductive
bias"). These methodologies apply to either general spatial biases, position bias
or scale bias specifically (first three columns).

type of spatial bias measuring bias adding inductive bias
general  position  scale fixed flexible

Chapter 2:

VIPriors v ) ) ) v )
Chapter.B: ) Y } v . )
Equivariance

Chapter 4:

Position-SHAP v - Y v v
Chapter 5:

Scale Learning ) ) v ) v v
Chapter 6:

FlexConv ) ) v ) ) v

positional information, our models do better.

Chapters 5, 6 further extend this principle to scale-related biases. In Chapter 5,
we show that flexible inductive bias mechanisms can be applied to match the
empirical distribution of scales in the data. By parameterizing scale-equivariant
operations so that they adapt to the biases in the data, the model achieves better
alignment with real-world variability and demonstrates robustness to shifts in
scale distributions not seen during training. In Chapter 6, we apply flexibility to
the choice of receptive field, which is determined by choosing a fixed kernel size.
We introduce a method for learnable kernel sizes, enabling receptive fields to be
learned during training. Remarkably, the learned receptive fields converge to
values consistent with decades of manually engineered design heuristics, but
are obtained adaptively and with only a single training run.

From a conceptual perspective, flexible inductive biases occupy a middle
ground between fixed inductive priors and purely data-driven learning. Fixed
priors impose strong constraints that can reduce sample complexity but risk mis-
alignment with data that does not contain the assumed bias. Fully unconstrained
models, by contrast, avoid these risks but suffer from inefficiency, requiring
large training datasets to learn even simple invariances. Flexible inductive biases
reconcile these extremes: they embed structure into the architecture in a way
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that facilitates efficient learning when the bias is present, yet allow the model to
deactivate the bias when it is absent.

1.5 ORGANIZATION OF THIS THESIS

The remainder of this thesis is composed of the following original contributions:

Chapter 2

® Based on: R. Bruintjes, A. Lengyel, O. S. Kayhan, D. Zambrano, N. Tomen,
H. Jamali-Rad, and J. van Gemert. “Data-Efficient Challenges in Visual
Inductive Priors: A Retrospective”. In: arXiv preprint arXiv:2506.08612
(2025)
o Contribution of authors:
— R. Bruintjes: all aspects
— A. Lengyel: workshop organization, technical implementation
— 0. S. Kayhan: workshop organization, technical implementation

— D. Zambrano: workshop organization, technical implementation

— N. Témen: supervision and insights

H. Jamali-Rad: supervision and insights

— J. C. van Gemert: workshop organization, supervision and insights

This chapter investigates which Deep Learning methods benefit training mod-
els in a data-deficient setting. Over the course of four years, we organized the
"VIPriors: Visual Inductive Priors for Data-Efficient Deep Learning" workshop
series, featuring four editions of data-impaired challenges. These challenges
address the problem of training deep learning models for computer vision tasks
with limited data. Participants are limited to training models from scratch us-
ing a low number of training samples and are not allowed to use any form of
transfer learning. We aim to stimulate the development of novel approaches
that incorporate prior knowledge to improve the data efficiency of deep learning
models. Successful challenge entries make use of large model ensembles that
mix Transformers and CNNSs, as well as heavy data augmentation. Novel prior
knowledge-based methods contribute to success in some entries.
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Chapter 3

¢ Based on: R. Bruintjes, T. Motyka, and J. van Gemert. “What Affects Learned
Equivariance in Deep Image Recognition Models?” In: Proceedings of the
IEEE/CVF Conference on Computer Vision and Pattern Recognition (CVPR)
Workshops. June 2023, pp. 4839-4847

o Contribution of authors:
— R. Bruintjes: technical implementation, supervision and insights
— T. Motyka: technical implementation, insights

— J. C. van Gemert: supervision and insights

This chapter investigates how vision models learn equivariant functions with-
out inductive bias. Equivariance w.r.t. geometric transformations in neural
networks improves data efficiency, parameter efficiency and robustness to out-
of-domain perspective shifts. When equivariance is not designed into a neural
network, the network can still learn equivariant functions from the data. We
quantify this learned equivariance, by proposing an improved measure for
equivariance. We find evidence for a correlation between learned translation
equivariance and validation accuracy on ImageNet. We therefore investigate
what can increase the learned equivariance in neural networks, and find that
data augmentation, reduced model capacity and inductive bias in the form of
convolutions induce higher learned equivariance in neural networks.

Chapter 4

¢ Based on: R. Bruintjes and J. van Gemert. “Learning to Adapt to Position
Bias in Vision Transformer Classifiers”. In: arXiv preprint arXiv:2505.13137
(2025)

o Contribution of authors:
— R. Bruintjes: all aspects

— J. C. van Gemert: supervision and insights

This chapter investigates how Vision Transformers learn position bias. How
discriminative position information is for image classification depends on the
data. On the one hand, the camera position is arbitrary and objects can appear
anywhere in the image, arguing for translation invariance. At the same time,
position information is key for exploiting capture/center bias, and scene layout,
e.g.: the sky is up. We show that position bias, the level to which a dataset is
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more easily solved when positional information on input features is used, plays
a crucial role in the performance of Vision Transformers image classifiers. To
investigate, we propose Position-SHAP, a direct measure of position bias by
extending SHAP to work with position embeddings. We show various levels of
position bias in different datasets, and find that the optimal choice of position
embedding depends on the position bias apparent in the dataset. We therefore
propose Auto-PE, a single-parameter position embedding extension, which
allows the position embedding to modulate its norm, enabling the unlearning of
position information. Auto-PE combines with existing PEs to match or improve
accuracy on classification datasets.

Chapter 5

® Based on: M. Basting, R. Bruintjes, T. Wiedemer, M. Kiimmerer, M. Bethge,
and J. van Gemert. “Scale Learning in Scale-Equivariant Convolutional
Networks”. In: VISIGRAPP (2): VISAPP. 2024

o Contribution of authors:
— M. Basting: all aspects
— R. Bruintjes: technical implementation, supervision and insights

— J. C. van Gemert: supervision and insights

This chapter addresses scale bias. Objects can take up an arbitrary number
of pixels in an image: Objects come in different sizes, and, photographs of
these objects may be taken at various distances to the camera. These pixel
size variations are problematic for CNNSs, causing them to learn separate filters
for scaled variants of the same objects which prevents learning across scales.
This is addressed by scale-equivariant approaches that share features across a
set of pre-determined fixed internal scales. These works, however, give little
information about how to best choose the internal scales when the underlying
distribution of sizes, or scale distribution, in the dataset, is unknown. In this
work we investigate learning the internal scales distribution in scale-equivariant
CNNs, allowing them to adapt to unknown data scale distributions. We show
that our method can learn the internal scales on various data scale distributions
and can adapt the internal scales in current scale-equivariant approaches.

Chapter 6
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e Based on: D. W. Romero, R. Bruintjes, J. M. Tomczak, E. J. Bekkers, M.
Hoogendoorn, and . van Gemert. “FlexConv: Continuous Kernel Convo-
lutions With Differentiable Kernel Sizes”. In: The Tenth International Confer-
ence on Learning Representations, ICLR 2022, Virtual Event, April 25-29, 2022.
OpenReview.net, 2022. URL: https://openreview.net/forum?id=3jooF27-
0Wy

o Contribution of authors:

— D.W. Romero: all aspects

R. Bruintjes: all aspects

J. M. Tomczak: supervision and insights

E. ]J. Bekkers: supervision and insights
— M. Hoogendoorn: supervision and insights

— J. C. van Gemert: supervision and insights

This chapter addresses the kernel size of convolutions. When designing Convo-
lutional Neural Networks (CNNs), one must select the size of the convolutional
kernels before training. Recent works show CNNs benefit from different kernel
sizes at different layers, but exploring all possible combinations is unfeasible in
practice. A more efficient approach is to learn the kernel size during training.
However, existing works that learn the kernel size have a limited bandwidth.
These approaches scale kernels by dilation, and thus the detail they can describe
is limited. In this work, we propose FlexConv, a novel convolutional operation
with which high bandwidth convolutional kernels of learnable kernel size can
be learned at a fixed parameter cost. FlexNets model long-term dependencies
without the use of pooling, achieve state-of-the-art performance on several se-
quential datasets, outperform recent works with learned kernel sizes, and are
competitive with much deeper ResNets on image benchmark datasets. Addi-
tionally, FlexNets can be deployed at higher resolutions than those seen during
training. To avoid aliasing, we propose a novel kernel parameterization with
which the frequency of the kernels can be analytically controlled. Our novel
kernel parameterization shows higher descriptive power and faster convergence
speed than existing parameterizations. This leads to important improvements in
classification accuracy.

Other publications Additional papers published during the research that are
not integral to this thesis can be found in the List of publications on 187.
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DATA-EFFICIENT CHALLENGES IN VISUAL
INDUCTIVE PRIORS: A RETROSPECTIVE

Deep Learning requires large amounts of data to train models that work well. In data-
deficient settings, performance can be degraded. We investigate which Deep Learning
methods benefit training models in a data-deficient setting, by organizing the "VIPriors:
Visual Inductive Priors for Data-Efficient Deep Learning” workshop series, featuring
four editions of data-impaired challenges. These challenges address the problem of
training deep learning models for computer vision tasks with limited data. Participants
are limited to training models from scratch using a low number of training samples and
are not allowed to use any form of transfer learning. We aim to stimulate the development
of novel approaches that incorporate prior knowledge to improve the data efficiency of
deep learning models. Successful challenge entries make use of large model ensembles
that mix Transformers and CNNs, as well as heavy data augmentation. Novel prior
knowledge-based methods contribute to success in some entries.

This chapter has been published as:

R. Bruintjes, A. Lengyel, O. S. Kayhan, D. Zambrano, N. Tomen, H. Jamali-Rad, J. C. van Gemert.
“Data-Efficient Challenges in Visual Inductive Priors: A Retrospective”. In: arXiv:2506.08612 [cs.CV],
2025.

Code available at:
https:/ /github.com/VIPriors/vipriors-challenges-toolkit
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2.1 INTRODUCTION

Deep learning more and more depends on availability of large-scale training
datasets. However, the cost of collecting and labeling such datasets scales with
their size. Even if the issue of costly labeling can be avoided, training with large
unlabeled datasets still uses large amounts of energy, contributing to carbon
emissions [1, 2]. Furthermore, datasets and compute at such scale is limited to a
few powerful big tech companies. Additionally, data at such a scale may not be
available for some domains at all. The Visual Inductive Priors for Data-Efficient
Deep Learning workshop (VIPriors) therefore encourages research in learning
from small datasets, by way of combining the learning power of deep learning
with hard-won prior knowledge from specific domains.

The VIPriors workshop ran for four editions at ICCV and ECCV from 2020
to 2023. Aside from featuring a paper track, each workshop hosts multiple
challenges, where competitors train computer vision models on small training
datasets, challenging them to find competitive solutions without the large quanti-
ties of data that power state-of-the-art deep computer vision models. The chosen
tasks and datasets are tailored to be data-deficient and, where we are able to use
custom datasets, contain prior knowledge that competitors can incorporate in
their solutions. As far as we know, our VIPriors challenges are the only chal-
lenges that evaluate models in a data-deficient setting without allowing domain
adaptation methods.

In this work, we describe all four editions of the VIPriors challenges [3-6].
Over the course of four years of challenges, we organize challenges on five dis-
tinct computer vision tasks: image classification, object detection, segmentation,
action recognition and re-identification. For each task, we describe the challenge
setup over the years, the accumulated results of all challenges and the most
notable methods used by competitors.

We find that large model ensembles and heavy use of data augmentation are
important factors in successful entries. Successful entries also mix Transformer-
type architectures with CNN-type architectures in their ensembles. Even though
a secondary aim of our challenge is for novel prior knowledge-based methods
to be successful in a data-deficient setting, only a few such entries use prior
knowledge to success.

2.2 RELATED WORKS

Related tasks. Our data-deficient setting is a supervised training setting with
limited labeled samples available. There are other tasks that similarly aim to
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Figure 2.1: Comparing the winning entries in our challenges against those in correspond-
ing large-scale benchmarks. Performance on our data-deficient settings are
significantly worse, highlighting the need for research on data-deficient com-
puter vision. For details, see Section 2.6.

enable deep learning with little to no data. The category of n-shot learning tasks
is characterized by providing the learner with only »n training samples, where
n can be zero (zero-shot learning), one (one-shot learning) or a few samples
(few-shot learning) [7, 8]. To solve this problem, learners often have to resolve
to using additional information, for example by transfer learning from another
training distribution.

In contrast, in our challenges we provide more data than used in few-shot
learning, but much less than in common supervised training benchmarks. Where
n-shot learning tasks often require alternative learning or transfer methods to
perform, our data-deficient tasks can be approached with regular supervised
learning, though performance may not be optimal. Our challenges explore the
degree to which supervised learning struggles with this little amount of data
and to which extent prior knowledge can alleviate these problems.

Related datasets. Several ImageNet-derivatives exist for data-deficient image
classification. Mini-ImageNet [9] was proposed for evaluating few-shot methods
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and is intended to be harder than CIFAR-10 but easier than full ImageNet. It
contains 600 samples per class at full ImageNet image size. TinylmageNet [10]
was created by the organizers of the CS231n course at Stanford University to
serve as benchmark for a course project. It contains 500 samples per class,
downsampled to a resolution of 64 pixels squared. Other unnamed subsets of
ImageNet have also been proposed [11].

In a similar vein, we use subsampling of ImageNet to create small training
datasets for our image classification challenge. In particular, we only use 50
samples per class, and in contrast to TinylmageNet we do not downsample the
images.

As far as we know, our VIPriors challenges are the only challenges that eval-
uate models in a data-deficient setting without allowing domain adaptation
methods.

2.3 CHALLENGES

Throughout the course of four editions of challenges, we have hosted five differ-
ent computer vision tasks as challenges, with a varying number of tasks hosted
each year. Common cause between all challenges is that the number of training
samples are reduced to a small number. Where we adapt existing datasets we
choose random subsets of the available data. In other cases, we adapt private
datasets acquired through collaboration with industry, which are already so
small to be appropriate for the challenge.

We choose to use small training datasets to realistically reproduce the setting
of working in a data-deficient setting. Another goal of our challenges is to
encourage the solutions to use visual prior knowledge of each task. To this end,
we impose further rules to attempt to rule out usage of alternative methods that
alleviate data scarcity. These rules are [6]:

* Models shall be trained from scratch with only the given dataset.

® The usage of other data rather than the provided training data, such as
pre-training the models on other data and transfer learning methods, are
prohibited. It is however allowed to train with synthetic data generated
from the training data.
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2.3.1 IMAGE CLASSIFICATION

Image classification is a cornerstone task in computer vision for its practical
use and simple requirement of predicting only a single label. Architectures de-
signed for many other tasks use image classification networks as backbones [12-
15]. Innovations in image classification networks therefore have ripple effects
throughout the whole field of computer vision. Therefore, we include this task
in our challenges.

For the dataset we use a subset of ImageNet [16]. ImageNet has been the de
facto benchmark standard for image classification since its inception [17]. Models
trained on ImageNet, even with a reduced number of samples, transfer well to
other tasks and distributions [18]. This motivates us to use ImageNet for our
challenges, expecting that improvements in training models for a data-deficient
ImageNet will translate to other tasks.

Our subset of ImageNet is a random sample of fifty images from 1,000 classes
for training, validation and testing. This is more samples per class than for a
typical few-shot setting, but much less than for a typical supervised learning
setting. We evaluate models on top-1 accuracy.

This challenge ran from 2020 until 2022. We did not run this challenge for the
final edition in 2023, as we felt that competitor interest for challenges had shifted
from image classification to more applied tasks like object detection and instance
segmentation.

2.3.2 OBJECT DETECTION

Object detection is a widely applied task in computer vision. Its requirement
to predict bounding boxes has driven researchers to invent widely varying
architectures over the last decade, from ROI-based detectors [12, 13, 19] to YOLO-
like dense predictors [20] and recently Transformers such as DETR [21]. For its
widespread applied use, we include this task in our challenges.

We use the DelftBikes [22] dataset for our object detection challenge. The
datasets contains 10,000 images of bikes, photographed from the side (Fig. 2.2a).
Each image contains labels for 22 different bike parts that are annotated with
bounding box, class and object state labels. We evaluate models using the same
measure as used in the COCO benchmark [23]: Average Precision @ 0.50:0.95
(AP).

This dataset is larger than other datasets used in our challenges, but still much
smaller than other benchmark datasets for object detection such as COCO. We
use this dataset for the strong consistency in bike pose and location of bike parts,
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(a) DelftBikes (b) SynergySports Basketball

Figure 2.2: Example images from the a) DelftBikes and b) SynergySports Basketball
dataset.

which enables competitors to use prior knowledge in their solutions.
This challenge ran from 2021 until 2023. For the 2020 edition, we ran the same
challenge but used a subset of approximately 6,000 images from COCO [23].

2.3.3 SEGMENTATION

Segmentation is a similar task to object detection, with the difference that instead
of bounding boxes object instances are segmented by predicting pixel-wise
masks. As masks can capture object outlines more precisely than bounding
boxes, segmentation has become a popular benchmark in recent years [23]. We
therefore include a segmentation task in our challenges.

Within the group of segmentation tasks, we distinguish semantic segmentation,
where a single mask per category is predicted, and instance segmentation, where
a mask is predicted for each object instance in the image. For our challenge, we
use an instance segmentation dataset kindly provided by SynergySports!, who
collaborate with us on organizing this challenge. This dataset contains 18,232
still images taken from recordings of basketball games, where the objective is to
segment basketball players and the ball. See Fig. 2.2b for example images. We
evaluate models using Average Precision @ 0.50:0.95 (AP).

We use this custom dataset for the consistency in camera pose and object
appearances that enable competitors to use prior knowledge in their solutions.

This challenge ran from 2021 until 2023. For the 2020 edition, we instead

Ihttps:/ /synergysports.com
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hosted a semantic segmentation task, using a subset of Cityscapes [24] called
MiniCity. This subset consists of a train, validation and test set of 200, 100 and
200 images, respectively.

2.3.4 ACTION RECOGNITION

Video is the next frontier for computer vision. Action recognition is the task
of classifying actions in video clips. Many action recognition are deep, heavy
models that need to learn from a lot of data [25, 26]. We aim for our data-
deficient action recognition challenge to further research into less data-hungry
action recognition models.

To make a dataset for this challenge, we adapt the Kinetics400 dataset [27], the
de facto benchmark for action recognition, into Kinetics400VIPriors by taking a
subset. Our training set consists of approximately 100 clips per class (40,000 clips
total), while the validation and test sets contain about 25 and 50 clips per class,
respectively. For evaluation, we use the average classification accuracy across all
classes on the test set.

This challenge ran in 2021 and 2022. For the 2020 edition, we instead used the
UCF101 dataset [28], which in itself is already quite small. However, after the
results of the 2020 challenge we felt that the high accuracies achieved showed
that the competitors were not challenged enough with this dataset. After 2022,
we chose to not run this challenge for the final edition, as we wanted to focus
our efforts and this challenge did not receive as much interest from competitors
as the other challenges.

2.3.5 RE-IDENTIFICATION

Re-identification is the task of accurately retrieving the right person from an
unseen gallery of photos given an unseen query photo. Typically, models learn
to embed pictures of a training set of persons into vector embeddings to repre-
sent identities. At test time, the model is then presented with a query photo,
which needs to match one of the unseen gallery images by matching the vec-
tor embedding. Having access to enough training identities is important. We
therefore want to challenge competitors to achieve the same performance in a
data-deficient setting.

We collaborated with SynergySports on creating a new, small dataset for this
challenge. The provided dataset contains 954 identities and 18,232 images, taken
from frame sequences of recordings of basketball games, similar to the data
source for the Segmentation challenge (see Section 2.3.3 and Fig. 2.2b). The
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dataset is split in training and testing identities. For the validation and test sets,
each sequence is truncated to twenty frames, where the first frame is used as
query image, and the other frames are used as gallery images. We use top-1
accuracy to evaluate models.

We use this custom dataset for the unique poses and appearances of the
persons in it, namely players and referees in a basketball game. We expect that
the specific and consistent appearance of this dataset enables competitors to use
prior knowledge in their solutions.

This challenge only ran in 2021, where the winners of the challenge achieved
a very high score. Because this showed that this setting was not challenging
enough, we decided to not run this challenge again moving forward.

2.4 SUBMISSION AND EVALUATION

Our challenges are published on the VIPriors workshop website? and the Co-
daLab pla’cform3 [29], the latter of which also hosts the technical components of
each competition. We make all training and validation data, as well as tooling
and baseline models, available through CodaLab and a GitHub toolkit.*

To submit to the challenge, competitors are required to register with CodaLab,
generate their models predictions over the test set on their own hardware, and
upload these to CodaLab in a provided format. The CodaLab platform then
automatically computes the evaluation measures and composed online rankings.
The labels of the test set are withheld from competitors. As a measure to prevent
overfitting to the test set, we limit the number of times an entry can be evaluated
on the test set on CodaLab. We note some evidence suggesting that competitors
evade these evaluation limits by registering with multiple accounts. As we
cannot prove this, we do not address this.

At the time of each challenge closing, we compose official rankings by retaining
only qualifying entries. To qualify, an entry has to be accompanied by a tech
report, either published on the internet or submitted to the organizers by a given
later date. We use these reports to verify the validity of the entry, and to enable
our analysis of the methodology of each entry in the challenge reports. The final
rankings are then published at the time of the live workshop program on the
website and in the challenge report [3-6]. The full results over all editions of each

Zhttps:/ /vipriors.github.io
32020-2021: https:/ /competitions.codalab.org/,
2022-2023: https:/ /codalab.lisn.upsaclay.fr/
4https:/ /github.com/VIPriors /vipriors-challenges-toolkit
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Figure 2.3: Results of all challenges. Most challenges show improvement in the best
submissions year by year. Hybrid architectures are prevalent under well-
performing submissions. Each dot represents an entry in the final rankings.
The 2020 edition of the object detection, segmentation and action recognition
challenges used deprecated datasets with respect to the other years of the
same challenge. We indicate what type of architectures were used as well as
which entries used some novel methodology inspired by prior knowledge on
the task.

challenge, including details on the methodology used, are given in the appendix
(Tables 2..2 to 2..6). We visualize the results of all challenges in Fig. 2.3.

2.5 METHODS

Analysis of the methods used by competitors shows patterns within individual
challenges as well as patterns that generalize over all challenges. This section
discusses these patterns and what we can conclude from them.

Model ensembling. Fig. 2.4 shows that many successful entries use large
model ensembles. We speculate that the ease of use of model ensembling plays a
role in competitors choosing ensembles: many architectures and backbones are
available in various libraries, making it easy to plug in an extra model. Ensembles
may also cover a wider range of inductive priors than a single model, making
the ensemble more successful on a data-deficient task than a single model.

Architectures. As to the architectures used by competitors, our challenges
experienced the advent of Transformers firsthand. Fig. 2.3 shows that Transform-
ers start to see use in our challenges from 2021 onwards. We find that they are
initially only used sporadically as backbones to a CNN-type architecture, but
then increasingly as separate architectures, often combined with other inductive
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Figure 2.4: Results of selected challenges plotted against the number of distinct backbone
types used in each entry. Each challenge shows a correlation where larger
ensemble size correlates with better performance. Each dot represents an
entry in the final rankings. Lines represent regression model fits performed
by Seaborn [30]. We exclude the action recognition and re-identification chal-
lenges as they have too little entries to analyze.

priors such as CNN-type architectures in ensembles.

Data augmentation. Heavy use of data augmentation is apparent among
successful entries, as shown in Fig. 2.5. The particular data augmentations differ
per challenge, but the volume of augmentations is consistent. We expect data
augmentations are successful in our challenges because they are an easy way
to artificially increase the number of training samples in a way that uses prior
knowledge on the task at hand. As for the popularity of data augmentations, we
expect their ease of use may be a factor.

On prior knowledge in entries. Interestingly, we did not see as many novel
prior-based methods being implemented in successful entries as we had expected.
There are some cases where a novel method may have contributed to success, but
only in combination with other factors like ensembling and data augmentation.
We speculate that inventing a novel prior-based method is more strenuous on
competitors, making them instead choose easier to implement methods such as
ensembles and data augmentations.

Outside of novel methodological contributions, prior knowledge was used
through pre-existing prior-based methods. One notable example is the use of
BlurPool [31], which specifically enhances translation equivariance in CNNs. We
posit that the extensive use of data augmentation policies can also be counted as
a use of prior knowledge.
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Figure 2.5: Results of selected challenges plotted against the number of data augmen-
tations used in each entry. Each challenge shows a correlation where larger
number of augmentation methods correlates with better performance. Each
dot represents an entry in the final rankings. Lines represent regression model
fits performed by Seaborn [30]. We exclude the action recognition and re-
identification challenges as they have too little entries to analyze.

2.5.1 IMAGE CLASSIFICATION

In the entries of the image classification task, we note some specific trends. First
of all, we confirm that the general trends of large model ensembles and heavy
use of data augmentation hold for this task. Specifically, AutoAugment [32]
and CutMix [33] are consistently used by almost all competitors. Transformers
(specifically ConvNeXt [34]) appear in this task in 2022, and contribute to the top
three entries in that year. Popular methods to boost performance include label
smoothing and some form of extra training on hard or resized samples. Several
entries use alternative or additional loss functions such as focal loss and Arc-
Face [35] loss. Almost all entries use regular supervised training, with a couple
entries using some form of knowledge distillation without using additional data.
No entries introduce any novel prior-based methodology. However, winning
entries in 2021 and 2022 use BlurPool [31] to great success.

Winning teams and methods. Ma et al. from Xidian University are the
winners of this challenge, scoring a top-1 accuracy of 78.7. They ensemble of five
types of models, including both CNNs and Transformers. They apply various
data augmentations to make the data more diverse. Additionally, they apply
several optimization tricks, such as patching, hard fusion and random image

cropping.
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2.5.2 OBJECT DETECTION

In object detection, most entries use between two and four distinct backbone
types in ensembles. Again, there is strong evidence for the benefit of large
model ensembles. Many entries combine CNNs such as Cascade RCNN [14]
or YOLO [20] with Transformers such as Swin [36] and ConvNeXt [34]. YOLO
becomes the dominant architecture starting with version seven and eight of the
YOLO framework [37, 38]. Correspondingly, the data augmentations implemen-
tations coupled with YOLOVS are popular, as well as those implemented in the
Albumentations library [39]. Specific augmentations used often are AutoAug-
ment [32], Mosaic [40], MixUp [41] and some form of multi-scale augmentation.
Ensembles are combined with Soft NMS [42], Weighted Boxes Fusion [43] or
Model Soups [44] to combine predictions.

Overall, there are little entries that use novel prior-based methods. The excep-
tion is the 2023 edition, where the top two winning methods propose some novel
prior-based methods.

Winning teams and methods. Zhao et al. from the Vision Intelligence Depart-
ment of Meituan are the winners of this challenge, scoring an AP of 34.5. They
use a Cascade RCNN [14] with a ConvNeXtV2 backbone [45]. They contribute a
synthetic dataset created from horizontal and vertical recombinations of binary
pairs of samples, on which they pre-train. Furthermore, they retrain the model
on manually identified hard classes and apply SWA [46].

2.5.3 SEGMENTATION

For segmentation, the same patterns apply when it comes to the number of
models in ensembles and data augmentations. CutMix [33], MixUp [41], Ran-
dAugment [47], Moasic [40] and CopyPaste [48] are used by many entries,
with CopyPaste being unique to this task. RCNN-type architectures (Cascade
RCNN [14], Mask RCNN [13], then later on HTC [49]) dominate in this task.
Where Transformers are used, they are almost exclusively used as backbone
networks in an RCNN-type architecture. In the early editions of this challenge,
backbones used are mostly HRNet [50] and CBSwin-T [51], while by 2023 there
is a large variety of backbone networks, including anything from HTC, CBSwin,
Mask2Former [52], DETR [21], ViT-Adapter [53] to Mask RCNN with FPN [54].
The best entries use (a variant of) Stochastic Weight Averaging [55] to ensemble
multiple instances of the same model. Regular ensembling is also used through
Weighted Boxes Fusion and Model Soups.

Interestingly, each edition of this challenge was won by an entry proposing a
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novel prior-based method.

Winning teams and methods. Zhang et al. from Xidian University are the
winners of this challenge, scoring an AP of 59.0. They propose a novel method
called Orthogonal Uncertainty Representation (OUR), which broadens the geomet-
ric manifold [56] of underrepresented classes. Furthermore, they use multiple
backbones with a Mask RCNN [13] model and a Seesaw loss [57].

2.5.4 ACTION RECOGNITION

For the task of action recognition, we have less entries to analyze. It is therefore
hard to confirm the general trends on large model ensembles and heavy use of
data augmentations for this task. On KineticsVIPriors, only ensembles are used,
which combine two-stream methods with Transformer methods. Interestingly,
the data augmentations used are the same as for appearance-only tasks (namely
CutMix [33], MixUp [41], AutoAugment [32]). The only entry that makes video
versions of these augmentations places last in the 2020 edition of this challenge.
Outside of this entry, there are very little attempts to customize solutions to the
priors of this task.

Winning teams and methods. Dave et al. from the University of Central
Florida are the winners of this challenge with an average accuracy of 74%. They
propose to combine several state-of-the-art methods that have shown promising
results in data-deficient settings. They use convolutional (R3D [58] and I3D
[25]) as well as attention-based (MViT [59]) models. Self-supervised pre-training
(TCLR [60]) is applied to the convolutional methods, before they are fine-tuned
with both RGB and optical flow frames. The Transformer-type model (MViT) is
trained using only RGB frames.

2.5.5 RE-IDENTIFICATION

As this challenge ran only for one year, with only four qualifying entries in the
final ranking, we cannot draw any strong conclusions from this data. In fact, the
entries are very similar in chosen methodology, which could indicate that the
our sample of competitors is biased in some way. We do note that ensembles
used only contain ResNets [61] and ResNet derivates [62, 63]. The most popular
augmentation methods are Random Erasing [64], color jitter, random flipping
and AutoAugment [32]. All entries use at least triplet loss [65] and circle loss [66].
Re-ranking [67] is used in the top three out of four entries. None of the entries
use any form of novel prior-based methodology.
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Table 2.1: Statistics and winners of each challenge.

Qualified

Challenge Entries . Winning team Winning score
entries

Image classification 33 15 Tianzhi Ma, Zihan Gao, Wenxin He, Licheng Jiao 78.7
School of Artificial Intelligence, Xidian University.

Object detection 87 17 Jiawei Zhao, Xuede Li, Xingyue Chen, Junfeng Luo. 345
Vision Intelligence Department (VID), Meituan.

Segmentation 128 18 Junpei Zhang, Kexin Zhang, Rui Peng, Licheng Jiao, 59.0
Fang Liu, Lingling Li, Yuting Yang.
Xidian University, Xi’an, Shaanxi.

Action recognition 25 10 Ishan Dave, Naman Biyani, Brandon Clark, Rohit Gupta, 74

Yogesh Rawat and Mubarak Shah.
Center for Research in Computer Vision (CRCV),
University of Central Florida.

Re-identification 12 4 Cen Liu, Yunbo Peng, Yue Lin. 96.5
NetEase Games Al Lab.

Winning teams and methods. Liu et al. from NetEase Games Al Lab are
the winners of this challenge with a top-1 accuracy of 96.5%. They use online
difficult sample mining, in particular an algorithm similar to [68], so as to
remove the hard, occluded annotations. They divide occluded annotations into
partially and fully occluded annotations. Full occlusions are removed, while
data augmentation is applied to the partial occlusions to create more of them. In
this way, the robustness of the model is improved. Furthermore, they apply data
augmentation using Local Grayscale Transform (LGT) and Random Erasing [64].
In particular, LGT ensures that color similarities in the jersey do not lead to
problems. Furthermore, Liu et al. overrepresent IDs with less than twenty images
to ensure balance in the training set. They use a model ensemble containing 24
model instances. Finally, common re-identification post-processing methods are
applied: augmentation test, re-ranking [67] and query expansion [69].

2.6 RESULTS

Statistics on each challenge, as well as the overall winners, are given in Table 2.1.
The segmentation and object detection challenges were the most popular chal-
lenges by some margin. We note that, except for in the 2022 edition of the action
recognition challenge, the achieved results improve with every new edition, with
a significant margin. The fact that state-of-the-art solutions improve so much in
a year indicates that progress in computer vision still shows no signs of slowing
down.

Comparison to large-scale settings. We compare the winning entries in our
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challenges against the ranking leaders of comparable public large-scale bench-
marks. For image classification and action recognition, our data-deficient settings
are subsets of the same dataset used for a large-scale benchmark: ImageNet and
Kinetics-400, respectively. For the object detection and segmentation challenges
we used custom datasets from 2021 onward, while we used subsets of large-
scale public datasets in 2020: COCO and Cityscapes, respectively. We therefore
compare the winning entry in the 2020 edition of these challenges against the
ranking leader in the corresponding challenge in 2020. The only edition of
the re-identification challenge used a custom dataset and can therefore not be
compared to any public large-scale dataset.

Fig. 2.1 shows the comparisons. We find gaps of around fifteen percentage
points in all challenges. There are several possible explanations for these gaps.
They may be due to our challenges having less competitors and therefore less
competitive solutions. We do however expect that a large part of the gap is
due to the difficulty of deep learning in a data-deficient setting without using
additional data. We therefore posit that research into data-efficient deep learning
is still quite necessary.

2.7 CONCLUSION

Over the course of four years, we organize the VIPriors challenges, challenging
competitors to train computer vision models in a data-deficient setting. We
provide more samples than in few-shot learning, but much less than given in
large-scale benchmarks. Furthermore, networks had to be trained using only the
provided data.

The goal of our challenges is to push progress in data-efficient deep learning,
ideally by way of infusing prior knowledge into deep learning models. We can
conclude that our challenges show progress in data-deficient deep learning, as
winning entries improved in performance over the years. We also show that
more research into data-efficient deep learning is necessary, as the winning
entries in our data-deficient challenges score around 15 percentage points lower
than their counterparts in large-scale benchmarks.

We analyze the methodology of challenge entries to make conclusions about
successful methods for data-deficient deep learning. We find that winning entries
make heavy use of model ensembling and data augmentation. Furthermore,
mixing Transformers and CNNss is a recipe for success in our challenges.

As to our goal of encouraging the use of prior knowledge, we stimulate entries
to use prior-based methods by introducing a jury prize for the best prior-based
method per challenge. Whether or not the jury prize specifically contributes to
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competitor’s motivation, we can state that our challenges inspired some entries
to use (novel) prior-based methods, and that some of these entries performed
well in the challenges. Overall, however, methods not specifically designed
for data-deficient settings, such as model ensembling and data augmentation,
contributed most to success.

Limitations. Our challenges are specifically aimed at the setting of supervised
training with little data. We rule out using any additional data, and therefore
any transfer learning methods. An argument can be made that this is overly
restrictive with respect to real-world data-deficient settings, where additional
data may be available. A challenge that does not enforce this rule may be more
representative of all possible approaches in a data-deficient setting.

Compared to large-scale benchmarks, the number of competitors in our chal-
lenges was relatively small. This may affect the confidence we have in general
claims made based on the results of our challenges.

Finally, on the organizational side, there was some evidence that competitors
evaded the evaluation limits on CodaLab by registering with multiple accounts.
As we could not prove this, we did not address this.

Future work. Interestingly, we find that methods based on prior knowledge
played only a small role in our challenges. We wonder if this means that the
approach of integrating prior knowledge is truly not competitive with cheaply
implemented methods such as model ensembling, or if there is another rea-
son why these methods did not shine in our competition. Future work may
investigate the efficacy of prior knowledge in deep learning more concretely.

Furthermore, future workshops may organize similar challenges around prior-
based methods. We recommend devising an incentive through which prior-based
methods are explicitly encouraged. This can be an organizational incentive such
as our jury prize or an incentive integrated into the task measure, e.g. by scoring
entries by some direct measure of their data efficiency [70].

With our challenges, we solely addressed limits on data availability. A similar
concern is the energy cost of deep learning. Combining both concerns in a
single challenge may change what methods are successful. For example, model
ensembling is an effective way to improve performance with little effort but
places a significant extra cost on the energy used by the model.
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Table 2..2: Overview of challenge entries for image classification challenge. J indicates
jury prize. Bold-faced methods are contributions by the competitors. Due to
confusion around the competition deadline in 2021, entries marked with t were
awarded special rankings.

Image classification

Rank Team Architectures, backbones Data augmentation Methods Acc.
1(2022) Ma et al. SE+PyramidNet, ResNeSt200e, CutMix, Label smoothing, AdvProp, 78.7
ReXNet,EfficientNet-B8, AutoAugment [2], Random image cropping and patching
ConvNeXt-XL* [1] Stubborn Image (RICP), extra training on
Augmentation(SIA) stubborn images, hard fusion
2(2022) & Luetal. HorNet, ConvNeXt Automix [3] Cross-decoupled 77.9
J(2022) [1] knowledge distillation [4],
label smoothing
3(2022) Zuo et al. CoAtNet, TResNet, Resnet50, CutMix, Random erasing, Knowledge distillation 77.7
Resnext50, EdgeNeXt MixUp, AutoAugment between encoders
4(2022) Wang et al. ResNeSt, TResNet, SE-ResNet, AutoAugment, MixUp, CutMix, label smoothing, 76.8
ReXNet, ECA-NFNet, padding train on larger images,
ResNet-RS [5], data resampling
Inception-ResNet, RegNet,
EfficientNet, MixNet
5(2022) She et al. ResNeSt, Res2Net, Xception, AutoAugment, MixUp label smoothing, 754
DPN [6], train on larger images,
EfficientNet, SENet hard negative resampling
6(2022) Chen et al. ResNeSt, EfficientNet, ReXNet, AutoAugment, MixUp, label smoothing, 70.8
RegNetY CutMix, ColorJitter train on larger images,
Exponential Moving Average on
network parameters
1(2021) Sun et al. ResNeSt [7] AutoAugment [2], BlurPool [10], 75.5
MixUp [8], stochastic depth [11]
CutMix [9]
2(2021) J. Wangetal.  ResNeSt[7], AutoAugment [2], label smoothing [16], 75.2
TResNet [12], MixUp [8], DSB-Focalloss
RexNet [13], CutMix [9]
RegNet [14],
Inception-ResNet [15]
2(2021)t  Guoetal. EfficientNet-b5/b6 /b7 [17], AutoAugment [2], Contrastive Regularization, 74.3
DSK-ResNeXt101 [18] MixUp [8], Mean Teacher [22],
[19], CutMix [9], Symmetric Cross
ResNet-152 [20], random erasing [21] Entropy [23],
SEResNet-152 [19] label smoothing [16],
dropout [24]
3(2021) & T.Wangetal. ResNeSt-101/200 [7], HorizontalFlip, FiveCrop, TenCrop,  Iterative Partition-based 71.6
J(2021) SEResNeXt-101 [19] label smoothing [16] Invariant Risk Minimization
1(2020) [25] EfficientNet-b5, EfficientNet-b6, Cutmix Dual Selective Kernel based on 73.1
ResNeSt-101, ResNest-200, SK [26] with
DSK-ResNeXt50, DSK-ResNeXt101 anti-aliasing [10],
center loss [27],
tree supervision
loss inspired by [28]
2 (2020) [29] ResNest-101 [7], AutoAugment [2], combinations of cross-entropy loss 70.2
TresNet-XL [12], Cutmix [9] and triplet loss [31]
SEResNeXt-101 [30] as well as
ArcFace loss [32],
label smoothing [16]
2(2020) [33] MOCO v2 [34] (teacher), AutoAugment [2] label smoothing [35], 68.8
ResNeXt101 [19] (student) ten crops,
model ensembling
3(2020) [36] EfficientNet [17] Low Significant Bit swapping, focal cosine loss inspired by 67.3
RandAugment [37] focal [38] and
cosine [39] losses,
Exponential Moving Average,
dropout, drop connection,
Plurality voting ensemble
4 (2020) [40] EfficientNet [17] AutoAugment [2], model ensembling 66.4

MixUp [8]
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Table 2..3: Overview of challenge entries for object detection challenge. J indicates jury
prize. Bold-faced methods are contributions by the competitors. Due to con-
fusion around the competition deadline in 2021, entries marked with t were
awarded special rankings.

Object detection
N . AP AP
Rank Team Architectures, backbones  Data augmentation Methods (COCO)  (DelftBikes)
1(2023) Zhao et al. Cascade RCNN [41], Albumentations [44], FPN [45], 345
Swin T. [42], PhotoMetricDistortion, SWA [46],
ConvNeXt[1], MixUp [8], recombined synthetic dataset,
ConvNeXtV2 [43] Auto Augment V2 [2] retraining hard classes
2(2023)& Luetal. Scaled-YOLOv4 [47], Pre-training: random scaling, Model Soups [54], 333
J (2023) YOLOV7 [48], random flipping, color jitter; ~ Weighted Boxes Fusion
YOLOR [49], fine-tuning: [55),
CBNetv2 [50] Mosaic Augmentation Test-Time Augmentation
[511, [56],
Copy-Paste [52], Image Uncertainty Weighted
Mix-Up [8],
Cutout [53]
3(2023) Jing etal. YOLOV7 [57], Mosaic Augmentation Weighted Boxes Fusion 30.6
YOLOV8x-p2 [58], [51], 5],
YOLOv8x, YOLOv8x-p6, MixUp [8] Test-Time Augmentation
Cascade RCNN [41] 1561,
horizontal flip testing
4(2023) Wang et al. YOLOVS [58] Mosaic Augmentation SparK [59] pre-training, 30.4
511, Weighted Boxes Fusion
MixUp [8] [551,
Test-Time Augmentation
[561,
horizontal flip testing
5(2023)  Sunetal. YOLOVS [58] HSV, rotation, translation, GAM [60], cross-validation 29.4
scaling, shearing,
flipping,
Mosaic Augmentation
[51],
MixUp [8],
Copy-Paste [52]
6(2023) Team fha.ddd Faster RCNN [61], AutoAugment [2] 266
EfficientNet-V2 [62]
1(2022) Luetal. YOLOv4[51], Mosaic [51], Weighted Boxes Fusion 33.0
YOLOV7[57], MixUp [8], 1551,
YOLOR [63], CopyPaste [52] TTA,
CBNetv2 [50] Model Soups [54],
Image Uncertainty Weighted
2(2022) Xu et al. Cascade RCNN [41], AutoAugment [2], MoCoV3 [65], 329
Swin T. [42], random flip, MoBY [66],
ConvNext [1], multi-scale augmentations  Soft-NMS [67],
ResNext [19], [64] SSFPN[68],
FPN [45] non-maximum weighted
(NMW) [69]
3(2022) J. Zhao et al. Cascade RCNN [41], Albu, MixUp [8], SWA [70], 324
Swin T. [42], AutoAugment [2] Hard classes retraining,
Convnext [1], Soft-NMS [67],
FPN [45] pseudo labeling
4(2022) & P.Zhaoetal. Cascade RCNN [41], Mosaic [51], SimMIM [72], 309
] (2022) Swin T. [42], MixUp [8] GIOU loss [73],
Pyramid ViT [71] Soft-NMS [67]
1(2021) Luetal. YOLO 4-5 [51] Mosaic [51], Weighted Boxes Fusion 30.5
MixUp [8], [55]
random color-jittering
1(2021) +  Zhangetal. Cascade RCNN [41], Multi-scale augmentation TTA, MoCo v2 [76], 304
DCN [75] Soft-NMS [67],
Class-specific IoU thresholds
2(2021) Niu et al. Swin-T [42] Hierarchical labeling FPN [45], 304
Soft-NMS [67],
pseudo labeling
2(2021) t  Luoetal. Cascade RCNN [41], Albu, Top-Bottom Cut GCNet [77], 30.1
DCN [75] SimSiam [78],
Soft-NMS [67]
1 (2020) Shenetal.[79] Cascade-RCNN [41], Bbox-jitter, infuse global context features, 39.4
Res2Net-152 [80], GridMask [81], Weighted Boxes Fusion
SeNet154 [30], MixUp [8] [82]
ResNeSt-152 [7]
2(2020) Gu etal. [83] Cascade R-CNN [41], Albumentations [86], Libra R-CNN [89], 36.6
ResNet-D [84], AutoAugment [87], Guided Anchoring
FPN [45], DCNv2 [85] Stitchers [88], [90],
Mosaics-SC based on Generalized Attention
Mosaic [51] [91),
TSD [92],
model ensembling
3(2020) Luoetal [93]  Scratch Mask R-CNN [94],  Albumentations [86] Soft-NMS [67], 35.1

ResNet-101 [20]

extra weight on classification loss




46

2. Data-Efficient Challenges in Visual Inductive Priors: A Retrospective

Table 2..4: Overview of challenge entries for segmentation challenge. ] indicates jury prize.

Bold-faced methods are contributions by the competitors.

Segmentation
Rank Team Architectures, backbones  Data augmentation Methods (M‘;:‘Ii%‘fw) (Ba:::tgan)
1(2023)  Zhangetal. HITC [95], Geometric [99], Orthogonal Uncertainty 59.0
Mask RCNN [96], color space, Representation,
Swin [42], sharpness, noise injection, Weighted Boxes Fusion
ResNet [97], Copy-Paste [52] [55],
FPN [45], Seesaw loss [100],
CBNet [98] SWALP [101]
2(2023)  Luetal. HTC [102], Mosaic Augmentation GloU loss [106], 582
BEiTv2-L [103], 511, Soft NMS [67],
VT-Adapter [104], Copy-Paste [52], expert network with
Internimage [105] Mix-Up [8], SegFormer [107] and
random brightness, random contrast, ~ SeMask [108],
random saturation, random scale, Test-Time Augmentation
random flip, sharpen and overlay,  [56],
blur, Gaussian noise, grid-mask Model Soups [54],
random scaling by
Yunusov et al. [109]
3(029)  Liangetal.  Mask2Former [110], Copy-Paste [52], Weighted Boxes Fusion 552
YOLOX [111], rotation, mirroring, [55],
DETR [112] cropping, scaling, random brightness, Seesaw loss [100],
random saturation, random contrast,  SWA [113],
random color equality, sharpness, ~ Soft NMS [67]
random noise, random erasure,
local erasure
1(Q023)& Hsuetal  HIC[102], Players: RGB curve distortion; Basketball Court Detection, 509
] 2023) Mask Scoring RCNN  other objects: salt-and-pepper noise &  GroupNorm [115],
[114], brightness variations; SWA [113],
CB-SwinTransformer-  GridMask [81] Model Soups [54]
Base [42, 98]
102 [116] HTC [95], TS-DA, TS-IP [116] CBFPN [117] 53.1
CBSwin-T [117] Random scaling, cropping
2(2022)  Lengetal.  CBNetv2[117], AutoAugment [2], 506
Swin Transformer- ImgAug [118],
Large [42] Copy-Paste [119],
Horizontal Flip and
Multi-scale Training
2002)  Luetal HTC [95], MixUp [8], Mosaic CBEPN [117] 506
CBSwin-T [117] Task-Specific Copy-Paste Group Normalization [115]
ResNet [20] [109]
ConvNeXt [1] Color and geometric
Swinv2 [42] transformations
CBNetv2 [117]
3(02)  Zhangetal. HTC[95], Location-aware MixUp, Seesaw Loss [100] 198
CBSwinT [117] RandAugment [37], SWA [46], TTA
GridMask [81],
Random scaling,
CopyPaste [119],
Multi-scale augmentation
4(202)  Chengetal. HTC[95], RandAugment Mask Transfiner [120] 476
CBSwin-T [117] Copy-Paste [119]
GridMask
5002 & [121] ResNet [20] Random flip and scale jitter Sparse Instance Activation 340
1(2022) for Real-Time Instance
Segmentation [121]
12020) & [109] HTC [95], Location-aware MixUp 477
J 2021) CBSwin-T [117] 18],
RandAugment
[122],
GridMask [81],
Random scaling
2(021)  [123] Cascade R-CNN Random brightness, color jitter, Switchable atrous convs. 402
[124], saturation, sharpening, blurring, [125]
ResNet-101 [20] noise, pixel shuffle, pixelization, Group normalization [115]
filtering, hue transform
3(2021)  Chenetal.  CascadeMask-RCNN  HorizontalFlip, 366
[41], Random scale and crop
SCNet [126],
Swin [42]
4(2021)  Chen, Zheng ResNet-50 [20] Instaboost [127] Seesaw Loss [100], 185
Deformable Convolutions
[75]
1020 [128] HRNet [129] multi-scale CutMix 65.64
[9]
2(2020)  [130] HRNetv2 [129] Augmix [131] Object Contextual 65.61
Representations [132],
Online Hard Example
Mining [133],
Frequency Weighted ensemble
32020)  [134] HANet [135], edge-preserving loss, 644
ResNeSt [7] pasting augmented crops
of rare classes
4020)  [136] EfficientSeg using random hue, 580
MobileNetV3 blocks random brightness,
11371 non-uniform scaling,
random rotation,
random flipping
5000)  [138] UNet [139] CutMix Sprinkles based on 131

CutMix [9] and
Progressive Sprinkles [140]
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Table 2..5: Overview of challenge entries for action recognition challenge. ] indicates
jury prize. Bold-faced methods are contributions by the competitors. Due to
confusion around the competition deadline in 2021, entries marked with t were
awarded special rankings.

Action recognition

Rank Team Architectures, backbones  Data augmentation Methods (UCA;TOl) (KiniiCcC;ViP)
1(2022) Songetal. R(2+1)D [141], Random flipping, TenCrop Soft voting 71
SlowFast [142],
CSN [143],
X3D [144],
TANet [145],
Timesformer [146]
2(2022) He et al. SlowFast [142], AutoAugment Label smoothing 69
Timesformer [146], 2],
TIN [147], CutMix [9]
TPN [148], random flip, grayscale, jitter,
X3D [144], temporal aug., TenCrop,
Video Swin Transformers  test-time aug.
[149],
R(2+1)D [141],
DirecFormer [150].
3(2022) & Tanetal. TSN [151], MixUp [8], 59
] (2022) TANet [145], CutMix [9]
TPN [148], MoCo [153],
SlowFast [142], TVL-1[154]
CSN [143],
Video MAE [152]
1(2021) & Daveetal. R3D[155], TCLR[158] 74
J(2021) 13D[156],
MVIT[157]
1(2021) ¥  Wuetal. TPN[148], MixUp [8], 66
Slowfast (slow path) CutMix [9]
[142]
2(2021) Gaoetal.  Swin [159], 73
TPN [148],
X3D[144],
R2+1D[141],
TimesFormer[146],
Slowfast[142]
1 (2020) [160] 13D [156], random crops, 90.8
C3D [161], horizontal flipping,
R3D, R2+1D [141] frame skipping
2(2020) [162] modified C3D corner cropping, Temporal Central 88.3
[161] horizontal flip Difference Convolution,
Rank Pooling
[163]
3(2020) [93] SlowFast [142] center/random crop, TSM [164] 87.6
horizontal flip,
normal/reverse
video reproduction
4 (2020) [165] SlowFast-50 [142] RandAugment-T based on model ensembling 86.0

RandAugment

[371,

temporal extensions of
CutOut

[53],

MixUp [8],

CutMix [9],

random crop,

random horizontal flip
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Table 2..6: Overview of challenge entries for re-identification challenge. J indicates jury
prize. Bold-faced methods are contributions by the competitors.

Re-identification

Rank Team Architectures, backbones Data augmentation Methods Acc
1(2021) Liu et al. ResNet [20], Difficult sample mining Triplet loss 96.5
ResNetSt [7], [133], [166]
SE-ResNetXt [19] Random Erasing and circle loss
(24 models) [21], [167],
Local Grayscale Transform, — with augmentation test,
affine transformations, re-ranking [168],
pixel padding, random flip.  query expansion [169]
2(2021) & Chenetal.  ResNet-IBN [20], Video temporal mining, Cross-entropy and 96.4
J (2021) SE ResNet-IBN [30] Random Erasing triplet loss
(5 models) [21], [166],
pixel padding, random flip ~ with augmentation test,
re-ranking [168],
6x schedule [170].
3(2021) Qietal. ResNet-IBN [20], Random Erasing Cross-entropy and 94.2
230SNet on Stronger Baseline  [21], triplet loss
color jitter, random flip, [166],
AutoAugment re-ranking [168],
[2] query expansion [169]
4(2021) Zhengetal. ResNet-IBN [20] Random Erasing and Cross-entropy, 84.8

w/ spatial and
channel attention

Patch [21],

color jitter, random flip,
AutoAugment

[2]

triplet loss
[166]
and circle loss [167]
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WHAT AFFECTS LEARNED EQUIVARIANCE
IN DEEP IMAGE RECOGNITION MODELS?

Equivariance w.r.t. geometric transformations in neural networks improves data effi-
ciency, parameter efficiency and robustness to out-of-domain perspective shifts. When
equivariance is not designed into a neural network, the network can still learn equiv-
ariant functions from the data. We quantify this learned equivariance, by proposing an
improved measure for equivariance. We find evidence for a correlation between learned
translation equivariance and validation accuracy on ImageNet. We therefore investigate
what can increase the learned equivariance in neural networks, and find that data aug-
mentation, reduced model capacity and inductive bias in the form of convolutions induce
higher learned equivariance in neural networks.

This chapter has been published as:

R. Bruintjes, T. Motyka, J.C. van Gemert. “What Affects Learned Equivariance in Deep Image
Recognition Models?”. In: 2023 IEEE/CVF Conference on Computer Vision and Pattern Recognition
Workshops (CVPRW), 2023, pp. 4839-4847.
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3.1 INTRODUCTION

Equivariance in neural network features allows invariance to geometric trans-
formations [1, 2], making such networks more data efficient [3-5], parameter
efficient [2] and robust to out-of-distribution transformations [6-8].

Equivariance with respect to specific geometric transformations can be de-
signed into the neural network architecture [2, 9, 10]. However, even with careful
design, it may happen that the resulting architecture is not as equivariant as
intended [7, 11-13]. An example is the convolution operator in Convolutional
Neural Networks (CNNSs) for translation equivariance, which can be broken by
border effects [12, 13] or pooling [11]. On the other hand, even if neural networks
are not designed to be equivariant, they can still learn equivariance naturally.
Existing works demonstrate qualitative examples of learned equivariant features
[14-16]. However, how much equivariance is learned, and which factors affect
equivariance, are open questions.

In this work, we quantify learned equivariance in image recognition neural
networks that have and have not been explicitly designed for equivariance.
Where existing works [17-21] typically only measure equivariance at the output
of the network, we measure equivariance for all intermediate layers. To do so, we
deviate from existing measures of learned equivariance which are inconsistent
across network depths, and we design a consistent measure.

Using our measure for learned equivariance, we find evidence that learned
translation equivariance in intermediate features of neural networks correlates
with increased validation accuracy on ImageNet. We therefore investigate how
we can increase learned equivariance by changing how we train neural networks.
In particular, we find that 1) making the task equivariant does not increased
learned equivariance; 2) data augmentations designed for invariance indeed
increase learned equivariance, even in early and middle layers; 3) reducing model
capacity increases learned equivariance, suggesting that equivariant features
arise from a need to compress representations; 4) CNNs learn more translation
and rotation equivariance in intermediate features than the Vision Transformers
(ViTs).

We make the following contributions:

* We propose a new measure for learned equivariance that allows comparing
learned equivariance of features at different depths of the network.

* We show evidence for a positive correlation between learned translation
equivariance in intermediate features and validation accuracy on Ima-
geNet.
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Figure 3.1: Neural networks can learn features that are invariant or equivariant w.r.t. a
geometric transformation of the data, such as rotation. We measure learned
equivariance w.r.t. translation and rotation in neural networks.

* We test how several aspects of neural network training affect learned
equivariance. In summary, we find that data augmentation, reduced model
capacity and the inductive biases of CNNs positively affect learned equiv-
ariance.

3.2 RELATED WORKS

Neural networks can learn equivariant features from data [16, 22, 23]. Partic-
ularly inspiring is the work by Olah et al. [16], that demonstrates by precise
and meticulous manual investigations that learned equivariant features exist in
networks that were not designed to be equivariant. Inspired by this work, we
here investigate how to move beyond laborous manual qualitative investigations,
and instead offer a quantitative approach, by giving an automatic measure for
learned equivariance.
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A number of existing works measure equivariance in neural networks. Good-
fellow et al. [17] study models from the pre-Deep Learning era which have
since been superseded by the models we study. More recent works measure
equivariance in Convolutional Neural Networks, with KL divergence on class
probabilities [18], with Euclidean distance [19], or cosine similarity [20, 21] on
feature maps. In our work, we show that the cosine similarity is not appro-
priate for measuring equivariance in intermediate feature maps, and offer a
correlation-based measure.

Several works study how neural network hyperparameters and datasets affect
learned translation equivariance in the final output of the network. The kernel
and padding sizes of the architecture affect translation invariance [21], although
data augmentation might have a bigger effect on translation invariance than the
network architecture [19]. Similar conclusions about the importance of the data
were found by others [20, 24]. Here, we follow these investigations, and extend
them by analyzing the impact on the intermediate layers.

There are some works that study equivariant properties of intermediate fea-
tures. Recently, Moskalev et al. [25] proposed a method to detect invariance to
any learned Lie group for intermediate features. However, they do not study
equivariance, like we do. Other works study only the transformation group of
translations (Z?). Zhang [11] measures the translation equivariance by comput-
ing cosine similarity between feature maps to show how max pooling violates
the translation equivariance property. Kayhan et al. [12] and Islam et al. [13]
show that some padding methods disrupt the translation equivariance property
in CNNs. Ruderman et al. [26] measure the invariance of intermediate repre-
sentations using normalized cosine similarity to study the effect of pooling on
deformation stability. Where these works diagnose issues with designed equiv-
ariance and test for their effects, we consider learned equivariance in a more
general sense, including transformation groups not designed into the network,
such as rotations.

3.3 METHOD

Neural networks can learn to be equivariant in two ways: either by learning
invariant features or by learning equivariant groups of features, as shown in
Fig. 3.1. In this section we detail how we can measure the quantity of invariant
features and equivariant groups of features. We discuss which similarity measure
is appropriate for measurements of learned equivariance in features at different
depths of a neural network. Finally, we verify our measures using artificially
engineered equivariant CNNs.
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In the following we will refer to invariant features and equivariant groups
of features under the single predicate "learned equivariance", as invariance is a
special case of equivariance.

3.3.1 INVARIANT FEATURES

We derive a measure of learned equivariance from inspecting the definition of
equivariance [2] applied to a single neural network layer:

[(Tg(X)) = Tg(f(X)), G.1)

RcianXW [RCxHxW

where X € is an image or a feature map, f(X) € is the output
of a neural network operation with C output features and T is the application of
a transformation g from a transformation group G. For example, if G = Z?, then
g is a translation with a particular integer-valued (x, y) offset. If Ty is the identity
function for all g, the layer f is invariant w.r.t. transformation T:

f(T(X) = f(X. (3.2)

Without designing invariance to T into neural network layer f, each individual
feature in f(X) can learn to behave invariant or not invariant with respect to T.
We therefore define invariance for each feature c € C independently:

FTX))e=f(X)e. (3.3)

In Fig. 3.1 we show an example where T is a 90° rotation.
To measure a feature’s invariance w.r.t. g, we compute the similarity between
F(T(X)e and f(X)c:

Invariance(f, g) = S(F(T (X)), f(X)e), (3.4)

given a similarity function §: R®*W x R**W — 10, 1]. Given invariance measures
for each feature, we can average these measures for all features in a layer to
compute a layer’s invariance.

3.3.2 EQUIVARIANT FEATURES

A group of features Cg < C in a neural network layer is equivariant with respect
to a transformation group G if each feature ¢’ € Cg activates for a different
transformation g from the group. In other words, for a sample T, (X) transformed
with any transformation from the group, the group of feature maps f(X)cc,
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will have one feature ¢’ whose transformed feature map Ty (f (X)), matches
f(Tg(X)) e

f(Tg(X)e = Tg(f(X)e, 3c'€Cr. (3.5

In Fig. 3.1 we show an example where g is a 90° rotation.
To fit this with the definition of equivariance (Eq. 3.1) we define Tj:

F(Tg(X))recy = Tg(f (X)) e (3.6)

where T transforms with Tg and selects feature ¢’ that matches the transfor-
mation g. When this equation holds, the feature group Cg is equivariant w.r.t.
T.

To measure the equivariance of a feature ¢ we find the maximum similarity be-
tween f(T(x)) and Tg(f(x)) over all features c'eC, fora given transformation

8:

Equivariance(f;, g) = ICI;lEaC);(S(f(Tg(X))C, Te(f (X)) (3.7)

given a similarity function S: R?"*W x R®*W — [0,1]. Given equivariance mea-
sures for each feature, we can average these measures for all features in a layer
to compute a layer’s equivariance. Note that if a feature is invariant w.r.t. Ty, we
will measure an equivariance score that is at least as high as the invariance score.
As invariance is a special case of equivariance, this behavior of our measure is
intended.

3.3.3 MEASURING SIMILARITY

We need to choose a similarity measure S: R™W x RF*W — [0,1] with which to
compare feature maps to measure invariance and equivariance. In existing
works, cosine similarity is commonly used as a similarity measure used to
compute invariance or equivariance of the networks representations [11, 21, 24].
However, cosine similarity is sensitive to the mean values of its input vectors.
This behaviour is depicted in Fig. 3.2. As different layers in a neural network
have different mean activation values (see Fig. 3.3), this biases the similarity
measure.

We propose to use Pearson correlation [27] instead. Pearson correlation, also
called centered cosine similarity, is a similarity measure that does not suffer from
sensitivity to the mean of the inputs, as it computes the covariance of the inputs
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Figure 3.4: (left) Toy CNN for rotation invariance, designed to be perfectly invariant;
(right) We measure perfect invariance using our method.
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Figure 3.5: (left) Toy CNN for rotation equivariance, designed to be perfectly equivariant;
(right) We measure perfect equivariance using our method.

normalized by their standard deviations. It is the basis of many methods for
comparing network representations [28-30].

To motivate our choice, we visualize the difference between using cosine
similarity and correlation for measuring equivariance in the following example.
We train ResNet-44 [31] model on CIFAR-10 [32] dataset and compute invari-
ance w.r.t. to 90° rotation after each residual block. In Figure 3.3 we show the
qualitative comparison between the scores, computed using cosine similarity
and correlation, and the mean of the activations. Additionally, we compute a
correlation between the magnitude of the activations and equivariance scores
computed with cosine similarity (0.63) and correlation (0.11). Scores computed
using cosine similarity correlate visibly with the mean of the activation while,
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for the scores computed using correlation, this effect is less prevalent. In our
experiments, we therefore use correlation as a measure to quantify equivariance.

3.4 EXPERIMENTS

3.4.1 CONTROLLED EXPERIMENTS

To verify that our method captures equivariance, we apply it to two controlled
toy settings. We create two 3-layer CNNs with hand-crafted filters such that we
expect to measure perfect learned rotation invariance and equivariance respec-
tively. For the invariant model, we set all the filters to be rotationally symmetric,
using a 2D isotropic Gaussian function, and measure the invariance after each
layer (Fig. 3.4). For the equivariant model, we cut out corners of the filters
from the invariant model such that all the filters are rotations of one another
(Fig. 3.5). Our measure finds both models capture exactly the intended learned
equivariances, demonstrating the validity of our measure.

3.4.2 DOES LEARNED EQUIVARIANCE IMPROVE ACCURACY?

We study the relationship between the validation accuracy and the amount
of learned equivariance in large-scale seminal models. For each part of each
trained model we compute Spearman’s rank correlation between the amount of
invariance or equivariance and the ImageNet validation accuracy of the model.

We test four CNNs (EfficientNet-B6 & EfficientNet-B7 [33], ResNeXT-101 [34]
and Inception-V3 [35]) and two Vision Transformer variants (Vision Transformer
[36] and MLP-Mixer [37]). We measure invariance and equivariance for both
translation and rotation for 2000 images from the ImageNet validation set. We
do not train the models ourselves but instead use available checkpoints from
torchvison [38] or t imm [39]. Since the studied model families do not have the
same exact number of layers, we divide each model into depth-wise parts and
report the average equivariance measures over all layers in each part. Feature
maps from the beginning of the network until the global average pooling (GAP)
layer are uniformly partitioned into Early, Middle and Late parts. Pool captures
the feature maps directly after the GAP layer and Final is the feature map directly
before the softmax layer. We discriminate between the Pool part and the Final
part to identify what role in achieving equivariance the global pooling and final
classifier have.

Fig. 3.6 shows there is some correlation between translation equivariance in
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Figure 3.6: Spearman’s rank correlation between learned equivariance and ImageNet val-
idation accuracy. Translation equivariance in intermediate features correlates
with increased accuracy on ImageNet, while rotation equivariance does not.

Early and Middle layers and accuracy on ImageNet, while attaining almost perfect
correlation in the Final part. In contrast, for rotations there is little correlation
between the equivariance in the representation before global pooling and the
validation accuracy.

Even though the sample size (six models) for this correlation test is small,
we conclude that there is some evidence for the benefit of learning translation
equivariance in intermediate features of neural networks trained on ImageNet.
In the following we therefore study what can increase the learned equivariance
in such networks.

3.4.3 EQUIVARIANCE IN THE DATA

On tasks where invariant responses are beneficial to solve the task, e.g. trans-
lation invariance in image recognition, one may wonder how this invariance
is achieved. We study how learned equivariance in intermediate features is
affected by adding transformations to the data and therefore into the task. We
choose to study rotation transformations on CNNSs, as rotation equivariance is
not designed into CNNs. We study whether there is a difference if the task is
invariant or equivariant with respect to introduced transformations.

We train a 7-layer CNN taken from Cohen et al. [2], consisting of 7 layers of
3 x 3 convolutions, 20 channels in each layer, ReLU activation functions, batch
normalization, and max-pooling after layer 2, on 3 different datasets. We test
on three different datasets. The first dataset is MNIST6, which is the regular
MNIST [40] without {0,1,6,8} classes, to get rid of rotational transformations
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that these classes have. For example, digit 8 is very similar to its 180° rotation,
so, by default, this class would introduce some rotation invariance, which is
undesirable as we want to control for rotation invariance in this setting. Second
is the MINIST6-Rot-Inv where every digit in MNIST6 is randomly rotated by
r €{0°,90°,180°,270°} upfront. This dataset imposes invariance into the task as,
for every transformation, the predicted class should be the same. The last dataset,
MNIST6-Rot-Eg, is created in the same way as MNIST6-Rot-Inv, but now the
classes are made up of all combinations of digit number and rotation (e.g. class 2
is (digit0,180°)). This dataset imposes equivariance into the task. We compute in-
and equivariance of the trained model for 2000 images from the validation set.
We average the score over 90°,180°,270° rotations. Each experiment is repeated
three times using different random seed. We train for 100 epochs using Adam
with a batch size of 128 and a learning rate of 0.01, L2 regularization at 0.0005
and weight decay at epochs 25 and 50 with a factor of 10.0.

In Fig. 3.7 we show the learned rotation equivariance. Firstly, we observe that
the equivariance decreases with the depth, up to the final part after global aver-
age pooling (GAP), regardless of the task. For the tasks where the equivariance
or invariance is imposed in the task, we see an increase in the final part, which
suggests that GAP plays a significant role in achieving equivariance. Secondly,
we do not see any significant differences between MNIST6, MNIST6-Rot-Inv and
MNIST6-Rot-Egq, up to a later stage, which may indicate that early convolutional
layers learn features with some amount of rotation equivariance regardless of
the rotation invariance of the task. Finally, we observe that rotation equivariance
is much larger then rotation invariance in the early and middle layers, which
shows that CNNs do learn more rotated versions of the same feature in different
channel rather then learning invariant, symmetrical features in a single channel.
We conclude that introducing equivariance into the task does not significantly
affect the learned equivariance of intermediate features.

3.4.4 DATA AUGMENTATIONS

By duplicating input samples under some transformation, data augmentation
can induce invariance in the neural network. We study what the effect of data
augmentation is on learned equivariance in intermediate representations: does
data augmentation result in more invariant or equivariant intermediate features?
For example, we know that the random crops data augmentation method, which
essentially introduces random translations into the data, increases the model
performance and translation invariance at the last layer [19]. The question is
whether random crops increase the learned equivariance of intermediate features




74

3. What Affects Learned Equivariance in Deep Image Recognition...

1o Invariance 1o Equivariance
-®- MNIST6 GIoI:;aI éooli:ng ,' Global poolihgi /,‘
081 —®= MNIST6-Rot-Inv i 08| §z= i
-&- MNIST6-Rot-Eq . i
i/ X '
06 +1 06 #
[ N pd -
} ":\ _— H A==
04 :_;+ I,i 04 \‘!_\ ‘,/:’
O I -#- MNIST6 ®
N, \¢ I _4 1
02 \\\\ ~e o - l’,—/ 021 == MNIST6-Rot-Inv :
=87 -&- MNIST6-Rot-Eq
00— T T . 00— T T r r —r
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7

Figure 3.7: Learned rotation equivariance for rotation invariance/equivariance in the data.
Invariance or equivariance in the task does not induce learning more equiv-
ariant features up until the late part of the network. Also there is no visible
difference, up until the late part of the network, in the learned equivariance
between the invariant and equivariant tasks.
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Figure 3.8: Measuring learned translation equivariance for data augmentations. Random
crops and Rand Augment increase channel equivariance the most, while other
strategies have no discernible improvements.

as well. In this experiment we study how translation equivariance is affected by
different data augmentations.

We train ResNet-44 [31], adapted for CIFAR-10 [32], on the CIFAR-10 dataset
using one of the following augmentations: random crops, horizontal flips, Cut-
Mix [41], RandAugment [42]. In each experiment we compute equivariance of
the trained model over 2000 images from the validation set and average the score
over diagonal shifts from one to 16 pixels. Each experiment is repeated three
times by training the network different random seeds. We train for 200 epochs
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using SGD with a batch size of 128 and a learning rate of 0.1 and a momentum
of 0.9, L2 regularization at 0.0001 and weight decay at epochs 100 and 150 with a
factor of 10.0.

In principle we expect the in- and equivariance to be the same since translation
equivariance should be provided by the convolution. However, we include
equivariance in our experiments since there are works showing that the informa-
tion about location can be encoded in different channels [12, 13].

In Fig. 3.8 we show learned translation equivariance for the tested data aug-
mentations. Random crops and RandAugment increase the equivariance of
learned features in the Middle, Late and Final parts, while the other data augmen-
tation methods do not have any significant effect, with CutMix even having less
equivariance than the baseline in the Middle part. We complement the finding of
Kauderer-Abrams [19] by showing that random crops increase not only transla-
tion invariance but also translation equivariance in the intermediate layers. Also,
we do not see any difference between invariance and equivariance for any data
augmentation, which means that any equivariance learned is just invariance.

3.4.5 MODEL CAPACITY

We hypothesize that a smaller model in principle benefits from a more efficient
representation and hence may learn more equivariant features. We therefore
study whether model capacity influences learning translation equivariant rep-
resentations. We train WideResNet-40 (WRIN-40) [43] models, where we scale
the number of channels (the "width") in each layer by a factor s € {1,2,4,8}. We
train on the CIFAR-10 dataset and measure learned translation equivariance.
The hyperparameters used for training are the same as in the data augmentation
experiment of Section 3.4.4.

In Fig. 3.9 we show learned translation equivariance for different model ca-
pacities. We observe that the amount of translation equivariance is lower for
the wider models, even though the amount of invariance in the final part is the
same, which matches our hypothesis: an efficient representation learns to be
equivariant.

3.4.6 ARCHITECTURES

The architecture of a neural network determines which biases can be learned in
training. Vision Transformers (ViTs) [36] lack certain inductive biases present in
CNN s, which has been linked to their reduced data efficiency [44, 45]. We are
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Figure 3.9: Measuring learned translation equivariance for model capacity with channels
s. Smaller models learn more in- and equivariance, although the amount of in-
and equivariance in the end is similar.

interested to what extent the difference in inductive bias between CNNs and
Vision Transformers (ViTs) affects learned equivariance.

We test architectures as they were designed for the ImageNet dataset [46], to
faithfully represent their intended inductive bias. We use the same architectures
and pre-trained model weights as tested in Section 3.4.2: four CNNs (EfficientNet-
B6 & EfficientNet-B7 [33], ResNeXT-101 [34] and Inception-V3 [35]) and two
Vision Transformer variants (Vision Transformer [36] and MLP-Mixer [37]). We
measure both translation and rotation equivariance on trained models for 2000
images from the ImageNet validation set. We also use the same depth-wise
partitioning of feature maps into parts as used in Section 3.4.2. We measure trans-
lation equivariance over diagonal shifts of size 1 to 32 and rotation equivariance
for 90°, 180°, 270° rotations.

In Figure 3.10 we present the results for learned translation equivariance.
We can see that ViT and MLP-Mixer have less translation equivariance than
CNNs in Early and Middle layers. This is not unexpected, as convolutions
directly integrate translation equivariance, whereas Vision Transformers have
to learn position embeddings that are translation equivariant. This reduced
translation equivariance could be the reason for the poor data efficiency of ViT
and MLP-Mixer [36, 37] since translation equivariance improves data efficiency
[12]. Finally, we note that learned invariance and equivariance are identical
for the tested models, meaning that these networks do not learn to represent
different translations in different channels.

In Fig. 3.11 we present the results for learned rotation equivariance. We observe
that the ViT and MLP-Mixer have lower rotation equivariance than the CNNs
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Figure 3.10: Measuring learned translation equivariance for inductive biases. The CNN
variants exhibit more equivariance in the intermediate representation then
the Vision Transformer variants. Global pooling seems to play an important
role in achieving invariance.

—e= VIT -=- Eff. Net B7 -=+- Resnextl01l
~=-=  MLP-Mixer -=+- Eff. Net B6 -=+- Inception v3
10 10
- _-.
08 o 0814 P”/ 3
""" Rty -
N
06 061 & >
_____ - ~ e
| Sefuinle Dol T \\‘~‘
04 S~o 04
Sebee u§¢\\
| oS T RN S
02 S 02{ ®3~i Ow-cZ
—:::'—:’ \\\:'
~—~d ————
001+ — - . . 001+ — . - .
Early Middle Late Pool Final Early Middle Late Pool Final
Invariance Equivariance
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in intermediate features, while after the GAP layer the ViT exhibits the most
rotation equivariance out of all the models. Secondly, we note that early parts of
all networks learn equivariant features that are not invariant, more so than in
late parts of the networks. In contrast to the results for translation equivariance,
we see that models with low rotation equivariance throughout Early, Middle and
Late parts (ViT, Efficient-Net B6/B7) have the highest rotation equivariance in the
Final part, while the models with highest equivariance in Early, Middle and Late
parts (ResNeXT-101, Inception-v3) have the least equivariance in the Final part.
This shows that high learned equivariance in the final model representation does
not imply that intermediate representations are also highly equivariant.

3.5 CONCLUSION

We conduct a quantitative study on learned equivariance in intermediate features
of CNNs and Vision Transformers trained for image recognition, using an im-
proved measure of equivariance. We find evidence that translation equivariance
in intermediate representations correlates with ImageNet validation accuracy.
We show that data augmentations and reduced model capacity can increase
learned equivariance in intermediate features. Also, the CNNs we test learn
more translation and rotation equivariance in intermediate features than the ViTs
we test.

Limitations. Our method allows to measure equivariance w.r.t. affine transfor-
mations only. The reason for that is the transformation g with respect to which
we measure the equivariance has to be a map from and to an identical discrete
domain, e.g. feature maps. This restriction disqualifies continuous transforma-
tions such as rotations with any other resolution than 90 degrees, or scaling with
non-integer scaling factors.

Future work. Learned equivariance benefits image recognition models. How-
ever, applying equivariant priors usually adds additional cost in terms of mem-
ory or computation. Future work could study whether one can apply equivari-
ant priors selectively within a neural network, saving computing cost where
networks already learn to be equivariant. Additionally, we show that Vision
Transformers learn less translation equivariance than CNNs. Future work could
explore methods to increase translation invariance in Vision Transformers, to aid
in their data efficiency.
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LEARNING TO ADAPT TO POSITION BIAS IN
VISION TRANSFORMER CLASSIFIERS

How discriminative position information is for image classification depends on the data.
On the one hand, the camera position is arbitrary and objects can appear anywhere in
the image, arguing for translation invariance. At the same time, position information is
key for exploiting capture/center bias, and scene layout, e.g.: the sky is up. We show
that position bias, the level to which a dataset is more easily solved when positional
information on input features is used, plays a crucial role in the performance of Vision
Transformers image classifiers. To investigate, we propose Position-SHAP, a direct
measure of position bias by extending SHAP to work with position embeddings. We
show various levels of position bias in different datasets, and find that the optimal
choice of position embedding depends on the position bias apparent in the dataset. We
therefore propose Auto-PE, a single-parameter position embedding extension, which
allows the position embedding to modulate its norm, enabling the unlearning of position
information. Auto-PE combines with existing PEs to match or improve accuracy on
classification datasets.

This chapter has been published as:
R. Bruintjes and J. C. van Gemert. “Learning to Adapt to Position Bias in Vision Transformer
Classifiers”. In: arXiv:2505.13137 [cs.CV], 2025.

Code available at:
https:/ /github.com/rjbruin/position-shap
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4.1 INTRODUCTION

Vision Transformers [1] explicitly infuse their learned representations with infor-
mation on the position of features using position embeddings. This goes against
the long-held belief that, when trained specifically for image classification, the
learned representations of vision models like Convolutional Neural Networks
should be free of positional information (e.g. be translation invariant) [2-5].
However, adding position embeddings often improves the performance of Vi-
sion Transformers significantly in image classification [1, 6-10]. This raises the
questions how and why position information affects Vision Transformers. This
work investigates these questions.

We define position bias in datasets as the level to which knowing the spatial
position of objects of interest in the input images of the dataset helps the model
to learn to classify the data. An example of a particularly common source of
position bias is capture bias [11, 12], which occurs when the object of interest is
commonly framed in the center of the photograph. When multiple objects are
present, the model should learn to only classify the center object, and therefore
needs to use information on the position of input features (see Fig. 4.1). Other
position biases are even more overt, such as the bias apparent in the SVHN [13]
dataset, where the classification task is explicitly to only classify the center digit
in the image. There are also datasets that theoretically do not contain any position
bias, such as EuroSAT [14, 15], which is comprised of satellite imagery where
the camera position is independent of the content. We conclude that the level
of position bias in classification datasets varies, and hypothesize that the ability
of classification models to model this position bias affects the accuracy of these
models.

In this work, we explore the effects of varying position bias in classification
datasets on the accuracy of Vision Transformers. First, to know the level of
position bias in a dataset, we should measure it. However, no direct measurement
method exists to measure position bias. Therefore, we propose Position-SHAP
(P-SHAP), a direct measure of position bias learned by classification models.

Using P-SHAD, we measure position bias in models trained on several clas-
sification datasets and find that models trained on datasets with high position
bias do better when learning more position bias. Furthermore, we show that
using position-affecting augmentations (such as Rand Augment [16]) and transfer
learning affect the learned position bias.

Finally, we show that knowing the position bias of a dataset informs the op-
timal choice of position embedding method. Specifically, we find that models
trained on datasets with low position bias perform better without a position
embedding than with a learnable absolute position embedding (APE). We there-
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position bias - low to high ’
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A1 Rl

crop river highway lizard dog eagle
top-down, translation invariant capture/center bias task is to classify middle digit

Figure 4.1: In addition to appearance information, some classification datasets require
position information to be solved, and some do not. In EuroSAT, the object of
interest appears anywhere in the picture. In ImageNet, often but not always
the object of interest is centered in the frame ("capture bias"). In SVHN, the
task is explicitly to classify only the middle digit.

fore introduce a simple single-parameter extension to position embeddings that
learns to reduce the norm of the position embedding, called Auto-PE. Adding
Auto-PE to RoPE [17] position embeddings matches or improves performance
in all tested settings, without having to manually tune the method of position
embedding.

All code and experiments are made publicly available at https://github.com/
rjbruin/position-shap.

4.2 RELATED WORK

Vision Transformers and position embeddings. Vision Transformers [1] apply
transformers [18] to computer vision tasks. To make input images compatible
with transformers, images are divided into flattened patches, whose dimen-
sionalities are reduced by a linear mapping to match the hidden layers of the
transformer, before position embeddings (PEs) are added:

X = Patchify(X), X e RIW*C XP g RNpxUHpxWpxC) (4 1)
Y; = Linear(X}) +P;, ie Np,PeRNPD yepNr*D  (4.2)

where X is a single input image, H x W x C are the image dimensions, Np is
the number of patches, Hp x Wp are the spatial dimensions of the patches, X? are
the patches of the input sample, P is the position embedding, and Y is the input
to the first transformer block. Since transformers are permutation-invariant
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with respect to the patch dimension, learned representations cannot know their
position without PEs.

There are many different PE methods. We distinguish baseline methods,
introduced during the initial development of ViTs, from original contribution
methods, published in later years.

Baseline PEs. The Absolute Position Embedding (APE) [18] learns a one-
dimensional token for each input patch, which is initialized randomly. Several
alternative methods initialize the APE using a fixed function (e.g. sinusoid-
based [18]), and continue to either fine-tune the APE or keep it fixed during
training. Alternatively, Relative Position Embedding (RPE) [19] methods infuse
position information into the self-attention operation, by adding biases to the
attention scores dependent on the relative position of tokens.

Original contribution PEs. Learnable Fourier Features [20] generalize the
APE method initialized with sinusoidal features to multiple dimensions and
learn the frequencies of the wave functions end-to-end. CAPE [21] augments
APE embeddings to reduce absolute positional information of features, while
retaining relative positional information between features. iRPE [22] extends
the RPE method to allow for the bias term to be dependent on the input tokens,
and groups relative distances in the computation of this bias according to their
size. Rotary Position Embedding (RoPE) [17, 23] integrates into the attention
operation, like RPE, where it transforms incoming tokens to complex values by
reshaping, before rotating the complex-valued input tokens around the origin by
end-to-end learned angles, before transforming the tokens back to real values.
Because the works proposing these models show improved accuracy, we analyze
these PE methods for their effect on the position bias directly using P-SHAP.

Position bias. In the era before Vision Transformers, Convolutional Neural
Networks (CNNs) dominated computer vision tasks. CNNs are designed to
be translation invariant [24] so as to share gradients among translated input
features. As a result, they should not be able to model the position of input
features. However, border effects [2, 3] and improper subsampling [4, 5] allow
CNNi s to learn positional information. Several works aim to remove position
information by improving translation invariance in CNNs [3, 4, 25] and in
Vision Transformers [26], with improved performance as a result. However,
adding position embeddings to Vision Transformers, thereby enabling models to
learn positional information, improves performance as well. This work unifies
these findings by showing that position information benefits performance on
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classification datasets that contain position bias, but does not benefit performance
on datasets without position bias.

Related notions. Various works have explored notions similar to position bias,
coining terms such as "positional variation" [27], "structural learning" [28], "po-
sition difference" [7], "local processing" [7], or "token mixing" [29]. Some of
these works also perform measurements on these notions, such as on locality
(the distance between patch representations in the attention operation) [7, 9].
However, any measure of something other than position bias may be affected
by confounding factors. For example, using shifted pixels to measure change in
accuracy, as in Zhang [4], can show the effect of position bias but is confounded
by the effects of the patch size of the model, as shifting the image by a number of
pixels equal to the patch size will yield identical patches. We therefore propose a
direct measure of position bias, unaffected by confounding factors.

Testing performance. Some works perform perturbation analysis and measure
effects on accuracy [4, 30]. Other works show improved performance by em-
bedding inductive biases [8, 31-33] into models or using pretext tasks [34-36],
aiming to improve position bias. These results suggest position bias is important
and should be investigated. However, these works do not measure position bias
and can therefore not conclusively demonstrate that their improved results are
due to position bias.

Kernel SHAP and Vision Transformers. Our measure of position bias builds
on Kernel SHAP [37]. Kernel SHAP is a feature attribution method, which means
it assigns importance scores ("SHAP values") to each input feature in a single
input sample X of a neural network. Kernel SHAP assumes that the network
response f(X) can be approximated by a linear function g(X):

HWC
FX) = gX) = + Z_Z;dﬁ-‘jkxi K (4.3)
i

where ¢pX € RFTWCH! are the SHAP values that represent the impact of each input
feature in X, with ¢} representing the impact of all collected biases of the network.

Estimating SHAP values. The SHAP values ¢* are estimated for each sample
X by weighted linear regression. The loss function depends on the difference
between the actual network response f(X), and f applied to versions of X where
the values of all possible subsets of features are replaced with a background value,
to emulate removal of features. This background value is the mean value of the
feature in a so-called background dataset, which should have the same distribution
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as the sample, e.g.the training dataset. See Section 4.A for details.

Kernel SHAP for PEs. In this work we would like to use Kernel SHAP to
estimate SHAP values for PEs. However, the values of the PE are the same for all
samples in any background dataset, as they are a bias parameter and therefore
constant w.r.t. the input (see Eq. 4.2 where P does not depend on X). If the
background value is equal to the value of the feature, the Kernel SHAP loss is
zero valued, and the SHAP value cannot be estimated. Therefore, it is impossible
to estimate SHAP values for the PE using Kernel SHAP as is. However, in this
work, we propose Position-SHAP, an extension of Kernel SHAP that can attribute
SHAP values to position embeddings.

4.3 POSITION-SHAP

For Kernel SHAP to compute SHAP values for the PE, we need to choose a
suitable way to set the background value of the PE. To recap, for input features,
the appropriate background dataset has the same distribution as the input feature.
Our contribution is to consider each PE token P; € R? in the PE to be a sample
from a distribution of PE tokens learned by this model, and to consider the
set of all PE tokens P as the background dataset. In practice, we extend the
implementation of Kernel SHAP to include the PE as a feature by shuffling the
PE along the token dimension when computing background values.

We are now able to compute SHAP values for each element of the PE. However,
we would like to have a single SHAP value to represent the impact of the PE.
Fortunately, because g is a linear function, the SHAP value of a group of features
is the sum of the SHAP values of the individual features. We can therefore
compute a single SHAP value for the group of features.

Finally, Position-SHAP (P-SHAP) is defined as the ratio between the SHAP
value of the PE and the SHAP value of the PE and image together:

gX) =Py +Ppy P+Pry X (4.4)
oy
¢F+ oY

where ¢% is the SHAP value for the PE and ¢¥ is the SHAP value for the input
image.

We compute P-SHAP for individual samples. In our experiments, the P-SHAP
value of a model over a test set is taken as the average over the correctly classified

Position-SHAP(X) =

(4.5)
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samples in the test set. We note that Kernel SHAP (and therefore P-SHAP) has
quite a high compute cost. We discuss additional hyperparameters as well as
inference cost and consistency of P-SHAP in Section 4.E.

4.4 AUTO-PE

Inspired by our findings on the importance of position bias, we propose Auto-PE,
a simple single-parameter method that learns to reduce or increase the impact
of the position embedding by modulating the norm of the position embedding
using a learned weight y, before adding the position embedding to the patch
embeddings:

Y; = Linear(Xf) +yxP;. (4.6)
——
Auto-PE

Why is Auto-PE necessary? Could an APE-like method with learnable values
not just learn to decrease the norm of the PE by itself? We posit that it could, but
that Auto-PE learns this solution much more effectively, because it is a classic
example of an effective inductive bias: it captures the modulation of the PE norm
in a single parameter, making it easier for the model to learn the modulation.

Auto-PE can be applied to any APE-based method that adds the position
embedding to the patch embedding, by applying the gating to the computed
position embedding. We initialize y = 0.5 and optimize y end-to-end with a

learning rate of 1.0 x 10~!. We tuned these hyperparameters on the test sets of
EuroSAT and Flowers-102.

Auto-RoPE. We design a special case of Auto-PE for RoPE [17] by applying y
to the learned angles used in the complex-valued multiplication (i.e. rotation)
that RoPE applies in the attention operation. In this way, when y approaches
zero, the angles approach zero and rotation is reduced, reducing positional
information. We learn a single parameter y for each attention operator in the
network. See Section 4.B for details.
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Figure 4.2: CIFAR-10-Position toy dataset construction. Top row shows samples from
CIFAR-10, middle row shows the possible positions and their probabilities
for each class in CIFAR-10-Position, and bottom row shows samples from all
classes in CIFAR-10-Position.

4.5 EXPERIMENTS

4.5.1 CONTROLLED SETTING

We create a controlled setting to confirm that samples with known position
bias score higher P-SHAP than samples with known lack of position bias. To
this end we introduce the dataset CIFAR-10-Position (see Fig. 4.2). We rescale
each CIFAR-10 sample to 16 x 16 pixels and place it in a corner of a 32 x 32 pixel
frame. For classes that we designate to depend on position, we always place
the image in the same corner. For classes independent of position, we place the
image in a random corner. CIFAR-10-Position contains eight position-dependent
classes with samples Xp and eight position-independent classes with samples
Xnp. CIFAR-10-Position uses the same training and test split as the original
CIFAR-10 dataset.

Our hypothesis is that the samples X’* of the position-dependent classes
have a higher P-SHAP score than the samples X~ of the position-independent
classes. To test this, we train a Vision Transformer from scratch on CIFAR-10-
Position and measure P-SHAP over the test set. We use a non-parametric Mann-
Whitney U-test [38] with the null hypothesis that P-SHAPX"*) = P-SHAPX')
and the alternative hypothesis P-SHAPX'™) > P-SHAP(X'"). We find that the
p-value of this test is below 1%, indicating that P-SHAP can identify position-
dependent samples in a model with mixed position bias. Section 4.D analyses
the distribution of P-SHAP values within a dataset.
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Figure 4.3: Models trained from scratch on several classification datasets. Dashed lines
indicate best linear fit per dataset. (a) The higher the P-SHAP in the APE model,
the more performance is lost by removing the PE. (b) Position-affecting data
augmentations reduce P-SHAP with predictable effects on performance, while
using a class token increases P-SHAP with varying effects on performance.
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4.5.2 P-SHAP ON CLASSIFICATION DATASETS

To confirm that P-SHAP measures position bias in models trained on real-world
datasets, we measure P-SHAP on Vision Transformers trained on two datasets
chosen for their known position bias (EuroSAT and SVHN) as well as three
datasets with hypothesized capture bias (CIFAR-10, Oxford-Flowers-102 and
Imagenette). The training setting is detailed in Section 4.G. Notably, we use a
modified version of Rand Augment that does not apply any position-affecting
augmentations, and we use global average pooling instead of class tokens, to
benefit clean experimentation w.r.t. position bias.

Low position bias. EuroSAT [14, 15] (Fig. 4.1) is an image classification dataset
of satellite imagery. The classification label pertains to a feature of the landscape
in the picture, e.g.a river or a highway. The imagery is translation invariant
because the dataset lacks capture bias. Therefore, there is no position bias in the
dataset.

High position bias. SVHN [13] (Fig. 4.1) is an image classification dataset
consisting of pictures of house numbers. While house numbers often consist of
multiple digits, the images in this dataset are centered on a single digit to be
classified. Therefore the network needs to distinguish between middle and other
digits to learn to perform the task. Therefore, this dataset has high position bias.

Medium position bias: capture bias. CIFAR-10 [39], Oxford-Flowers-102 [40]
and Imagenette [41], a ten-class subset of Imagenet [42] (Fig. 4.1), all consist of
natural images taken by photographers and therefore suffer from capture bias.
This means that in some samples the object of interest will be in center of the
image. We therefore hypothesize that P-SHAP will measure medium levels of
position bias, i.e. between the levels measured for EuroSAT and SVHN.

Results. Fig. 4.3a shows P-SHAP measured over the test set against the gain in
test set accuracy compared to the baseline (APE) model. We find our hypotheses
about the level of position bias are confirmed: we find that EuroSAT benefits
from low P-SHAP, while SVHN benefits from high P-SHAP. Notably, EuroSAT
performs better without position embeddings, while SVHN performs much worse
without position embeddings. For the capture bias datasets, we find that all
three datasets learn medium-high P-SHAP, compared to the datasets with known
position bias. Correspondingly, we find that these datasets too lose performance
when removing the PE, though less than for the high position bias dataset. These
performance patterns match the known position bias of the datasets, showing
that position bias plays a crucial role in Vision Transformers.
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4.5.3 EFFECTS OF MODEL HYPERPARAMETERS

Position-affecting data augmentations. All our models are trained without data
augmentations that apply spatial transformations to the data. In this experiment,
we compare models trained with such augmentations to models without. Fig. 4.3b
shows that position-affecting augmentations reduce the learned P-SHAP, and
that datasets with medium to high P-SHAP lose performance with position-
affecting augmentations, while datasets with lower P-SHAP gain performance.
Notably, the Oxford-Flowers-102 dataset seems to be an outlier, where position
augmentation almost breaks the model entirely.

CLS token versus average pooling. All our models are trained with average
pooling instead of using a class token. Fig. 4.3b shows that using a class token
increases P-SHAP on some datasets, but performance changes unpredictably.

Transfer learning. We find pre-training checkpoints trained on ImageNet [42]
contain the roughly the same level of position bias as models trained from
scratch on Imagenette, implying that models trained on more data do not learn
less position bias. See Section 4.H for more details and results.

4.5.4 TUNING FOR POSITION BIAS

Given the above findings, we optimize the models trained on datasets with
known position bias using the settings that maximize alignment with the datasets
position bias. Table 4.1 shows the settings used in training as well as the results.
We find that using our recommended settings significantly improves perfor-
mance on the tested datasets with low and high position bias, while results are
mixed on datasets with medium position bias.

4.5.5 EVALUATING POSITION EMBEDDINGS

We hypothesize that the choice of position embedding is important to tune the
model to the position bias of the dataset. We compare the effects on P-SHAP of
using a variety of position embedding methods. We evaluate both baseline PEs
as well as original contribution PEs.

Results. Fig. 4.4 shows the results. For the baseline methods, a similar trend
as seen in the above experiments is notable: the higher the position bias in the
APE model, the better the performance for models that learn more position
bias. For the original contribution methods, no single overarching pattern in
the relationship between position bias and accuracy emerges. We discuss more
subtle patterns in Section 4.F. Crucially, RoPE improves results on all datasets
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Figure 4.4: Models with varying PEs trained from scratch on several classification datasets.
Dashed lines indicate best linear fit per dataset. (a) For baseline PE methods,
the higher the P-SHAP in the APE model, the more performance is lost by
removing the PE. (b) For original contribution PE methods, there is no clear
overarching trend.
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Table 4.1: Models trained from scratch to optimize for the datasets position bias. Our
"tuned" setting improves accuracy significantly on low and high position bias
settings we test. Scores in bold are the best in their row with a margin of one
standard deviation.

dataset default (APE)  tuned  settings of "tuned”
EuroSAT 90.7+0.2 924 +0.5 No PE, GAP, position-affecting augm.

CIFAR-10 765+0.6 762 +0.2 APE, CLS token, no position-affecting augm.
Flowers-102 129+14 60.7 + 24
Imagenette 791+12 724+14

SVHN 909 +04 94.8+0.6 APE, CLS token, no position-affecting augm.

RoPE may therefore obviate the need for a position bias-tuning PE method
such as Auto-PE. However, in Section 4.5.6 we show that RoPE can be further
improved using Auto-PE.

4.5.6 AUuTO-PE

We evaluate our proposed Auto-PE on the same datasets using the same training
settings as before (see Section 4.5.2). We apply Auto-PE to APE and RoPE,
the best performing baseline and original contribution PE respectively from
Section 4.5.5.

Results. Table 4.2 shows that, even though P-SHAP is only significantly
affected for some models, Auto-PE matches or outperforms the best performance
on all datasets. Notably, Auto-RoPE does not significantly affect P-SHAP in any
model, but still outperforms RoPE in CIFAR-10 and SVHN. An explanation can
be found in Fig. 4.1.2b in Section 4.1, which shows that Auto-PE enables RoPE to
learn larger angles, leading to more discrimination between relative positions in
RoPE attention. Section 4.1 also contains additional results and analysis

4.6 CONCLUSION

In this work, we use our proposed Position-SHAP measure to show that position
bias plays an important role in tuning Vision Transformers to good accuracy
in image classification. We find that the amount of position bias present in
the training dataset determines the optimal choice of position embedding, and
propose Auto-PE, which obviates the need for choosing a position embedding
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Table 4.2: Models trained from scratch with and without Auto-PE. Adding Auto-PE to
either APE or RoPE equals or improves best performance on all datasets.

APE RoPE
dataset APE Auto-APE (ours) RoPE Auto-RoPE (ours)
EuroSAT 90.7 + 0.2 91.8 £+ 0.3 93.4 + 0.6 93.5 + 0.3
CIFAR-10 774 + 0.7 772 +2.6 85.5 + 0.5 86.3 + 0.3
Flowers-102 58.6 + 1.4 59.2 + 1.0 58.8 + 0.6 57.7 +£0.7
Imagenette 75.7 + 0.7 76.5 + 0.5 773 +£2.2 77.7 + 1.3
SVHN 949 +0.4 943 + 0.1 973 +0.1 97.6 + 0.1

method.

Limitations. Position-SHAP extends Kernel SHAP, which is very slow on
models as small as the smallest Vision Transformers (see Section 4.E). In practice,
hyperparameter tuning the position embedding is therefore unfortunately still
more efficient than using P-SHAP. We do however see an opportunity to use
DeepLIFT [43] as the backbone of P-SHAP, which should make computing
P-SHAP more efficient than training multiple models. Unfortunately, there
is currently no implementation of DeepLIFT that is compatible with Vision
Transformers.

Future work. P-SHAP could be used to compare pre-trained checkpoints for
how appropriate they are for a specific downstream dataset, or even as backbone
network for another computer vision task. We hypothesize that backbones
with high learned position bias may perform better than backbones with less
position bias on tasks that rely on position information, such as object detection
or instance segmentation. We also anticipate that P-SHAP could be useful as
a sanity check for dataset creators, ensuring that the intended position bias is
indeed present, or that no position bias is accidentally infused into the data.
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APPENDICES

4.A ESTIMATING KERNEL SHAP VALUES

To estimate SHAP values ¢* for each sample X, an weighted linear regression
problem is solved. The samples in this problem are copies of X, each with
one combination of features removed from the sample. However, since neural
networks do not support samples with removed features, removal of a feature
is approximated by replacing it with a background value: the mean value of
the feature in a background dataset, which should have the same distribution as
the sample, e.g.the training dataset. The loss function optimized in the linear
regression problem minimizes the difference between the network response f(X')
on the modified sample X’ and g(X), as shown in Theorem 2 of Lundberg and
Lee [1], reproduced here in simplified form:

N (M-1)
e = (M choose X'|)[X'|(M —|X'|) 4.7)
L(fyg,ﬂ)z Z [f(xl)—g(x')]zn(X’), (48)
X'eRemoveFeatures(X)
(4.9)

where X € RWC, RemoveFeatures() creates one copy of X for all possible
combinations of features and replaces those features with the background values,
and |X'| is the number of non-removed features in X’'. For more details, we refer
to Lundberg and Lee [1].

4.B AUTO-ROPE

RoPE. RoPE [2, 3] is a relative position embedding method for Vision Trans-
formers. It rotates the output of the query-key product of the attention operator
in the complex domain, using (predefined but end-to-end finetuned) angles 6
multiplied by the relative distance m between the query and key token:
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§(Xm, Xn, M — 1) = Re[(Wy ) (Wi ) * €' "0 (4.10)

where g computes RoPE attention for input tokens x,, and x,, that are m—n
positions apart, by multiplying the query-key product with complex-valued
e!m=m8 \vhich amounts to rotation in the complex domain by a factor dependent
on (learnable) parameter 6 and the relative position difference m — n. This is
the computation of RoPE for a single combination of query and key tokens. For
more details, see Suo et al. [2] for the original RoPE formulation and Heo et al. [3]
for the Vision Transformer formulation.

The angles 0 are initialized as they are in the sinusoidal APE encoding [4], but
they are fine-tuned in an end-to-end manner during training. This fine-tuning
allows the model to "unlearn" the relative position embedding that RoPE applies,
by learning 8 = 0. The results in Section 4.5.5 suggest that RoPE is reasonably
successful in this. However, we proceed to implement Auto-RoPE and show in
Section 4.5.6 that further improvement is possible.

Auto-RoPE. We design a special case of Auto-PE for RoPE [3], implementing
the position embedding modulation of Auto-PE in RoPE by applying a learned
weight y to 6:

FaGm, m) = (Wyxp)e ™0 (4.11)
fe(n, 1) = (Wexy)e™, (4.12)
(4.13)

Auto-RoPE modulates the angle of rotation that RoPE applies. When y =0,
the effective angle of rotation 6’ = y8 = 0. We learn a single parameter y for each
attention operator in the network.

4.C VALIDITY OF KERNEL SHAP ON VIT

Leemann et al. [5] argue that model linearity is an incorrect assumption for Vision
Transformers (ViTs), and therefore Kernel SHAP should not be used on ViTs.
Their theoretical argument is based on the assumption that identical tokens can
exist in the input to the transformer model. This is indeed the case when using
ViTs on text, as the same word appearing more than once in a sentence will be
represented by identical tokens. However, because Vision Transformers take
linearly projected patches as input tokens to which further position embeddings
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are added, we argue the likelihood of encountering identical tokens is negligible.
Additionally, the empirical results in Leemann et al. [5] suggest that Kernel SHAP
performs well in non-synthetic datasets. We therefore argue that SHAP is a valid
feature attribution method for Vision Transformers, and use it in this sense in
our work.

4.D ANALYSIS OF P-SHAP VALUES OF INDIVIDUAL

SAMPLES
600 correct/uses pos.
correct/pos.
500 correct/no pos.
incorrect/pos.
. 400 incorrect/no pos.
]
§ 300
200
100
0

0.0 0.2 0.4 0.6 0.8 1.0
P-SHAP per sample

Figure 4.D.1: Histogram of CIFAR-10-Position validation samples, split by correct/in-
correct prediction and position in- or dependent. Samples independent
of position still use position embeddings to link neighboring patches, but
P-SHAP is on average higher in position-dependent samples.

Fig. 4.D.1 shows a histogram of P-SHAP values of all samples in the test set
for the experiment in Section 4.5.1, split by correctly and incorrectly classified
samples. This shows the test passes because the means of the distributions of the
correctly classified samples are clearly different, but still there is some overlap
between the distributions. In any model, we will measure some position bias
for every sample, since position embeddings are necessary to link neighboring
image patches regardless of their position. Still, we measure more position bias
for samples dependent on the position of the object of interest.
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Furthermore, there is a clear difference between the P-SHAP values of correctly
classified samples and incorrectly classified samples. To reduce noise in the P-
SHAP measurement, we only measure P-SHAP for correctly classified samples.

4.E EFFECTS OF P-SHAP HYPERPARAMETERS

P-SHAP variance. We run P-SHAP six times on the same trained model check-
point to compute the standard deviation induced from the randomness in P-
SHAP alone. This standard deviation is 0.0039 for a model that scores a mean
P-SHAP of 0.3854.

Batch size. We compute P-SHAP by taking half of the batch as background to
compute the P-SHAP values of the other half of the batch, and vice versa. The
size of the batch therefore has an effect on the P-SHAP estimate, as it determines
the size of the background dataset, which will be a better estimate of the true
background with more samples. In our experiments the default batch size is 32
samples. We conduct an experiment finding that a larger batch size increases
P-SHAP inference time notably without substantial effect on the variance in the
P-SHAP estimate.

Inference cost. P-SHAP is on average 5571 times slower than regular validation
inference: on CIFAR-10-Position, running the model once on the validation set
takes approx. eight seconds, while running P-SHAP takes on average 11 hours
and 12 minutes. We address this limitation further in Section 4.6.

4.F ANALYSIS OF P-SHAP ON ADVANCED PE
METHODS

We analyze the results of Section 4.5.5 in more detail. See Fig. 4.F.1 for a large
reproduction of Fig. 4.4b.

CAPE increases P-SHAP the most of all advanced PE methods, with strongly
varying effect on accuracy: it performs worse on ImageNette, but (on par with)
best on the other datasets. FF and RoPE do not increase P-SHAP significantly,
but do increase performance on almost all datasets. This indicates the inductive
bias of a PE can contribute to better performance in a different way than merely
increasing the learned position bias. Finally, iRPE at best does not improve
performance, and at worse reduces performance by a large margin. We do note
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Figure 4.F.1: Reproduction of Fig. 4.4b in Section 4.5.5: original contribution PE methods

that on EuroSAT, the dataset with the lowest position bias, the earlier observed
pattern that learning more position bias does not help, can be noted here as well.
Similarly, on SVHN, the dataset with the highest position bias, all methods learn
high position bias, though the slight performance differences we see cannot be
directly attributed to higher learned position bias. We conclude that the benefits
of advanced PE methods are not mainly in how they increase position bias,
but rather may be in the way in which they allow models to process positional
information.

4.G TRAINING DETAILS

Default setting (Sections 4.5.2 to 4.5.6). We adapt the setup of Gani et al. [6]:
we use ViT models [7] with 4px patch size, 192 dimensions in the hidden layer,
384 dimensions in the MLP, 12 heads and 9 layers, applying dropout with
magnitude 0.1, training from scratch while downsampling all datasets to 32px
image resolution. For data augmentations, we MixUp [8], CutMix [9], random
erasing [10] and RandAugment [11]. However, we exclude RandAugment
operations that affect the image spatially (e.g. rotation, scaling, shearing, etc.),
as we perform a separate experiment in Section 4.5.3 on to test the effects of
such data augmentations. We train all models for 400 epochs with batch size
512, using an Adam optimizer [12] with learning rate 1le—3 decayed using cosine
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annealing [13], and label smoothing with magnitude 0.1. The models using APE
position embedding are treated as the default models in our experiments, and
perform comparable to published results with similar model sizes [7]. We train
each model three times and average the results.

Transfer learning setting (Section 4.H). We use the same setup as in Sec-
tion 4.5.2, except we change the model to use the original ViT implementation [7]
of the ViT-Tiny/16 model, with pretrained weights as published on Hugging-
face [14]'. This model is larger than the model we used in previous experiments,
but the smallest ViT model that we could find and successfully fits to the down-
stream datasets, even training from scratch. We train each model only once, to
save compute.

4.H EFFECTS OF TRANSFER LEARNING

For transfer learning to be successful, the pre-trained model checkpoints should
either be free of any dataset-specific bias or this bias needs to match the down-
stream dataset. We test if P-SHAP is learned during pre-training by measuring
P-SHAP in the checkpoint. We then compare P-SHAP in models trained from
scratch and with transfer learning on the aforementioned datasets. The training
setting is detailed in Section 4.G.

Position bias in pre-trained model. We compute P-SHAP for the checkpoint
on a random subset of 43.1% of the ImageNet validation set. Fig. 4.H.1 shows
that this model scores a P-SHAP of = 0.2, which we consider to be a medium-
low amount of position bias. Interestingly, this score is not zero or even as low
as learned on the low position bias dataset EuroSAT, implying that ImageNet
pre-training does learn some position bias that is passed on to the downstream
models. Furthermore, the measured position bias roughly matches the measured
position bias of the related dataset Imagenette, which has only ten classes and
100x less samples. This implies that models trained on more data do not learn
less position bias.

Accuracy in downstream models. As expected, models using transfer learning
perform significantly better than models trained from scratch. Interestingly, the
higher the position bias, the bigger the gap in accuracy between fine-tuning and
training from scratch. This could indicate that position bias actually hinders
models trained from scratch more than those that are fine-tuned. We do note
that CIFAR-10 seems to be a slight outlier in this trend.

1Weights from htps:/ /huggingface.co/ WinKawaks /vit-tiny-patch16-224/ tree /main
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Figure 4.H.1: Results for models trained with and without pre-trained weights. Dash-dot
line indicates the P-SHAP of the pre-trained checkpoint. We find that trans-
fer learning affects position bias, slightly reducing it. Datasets with high
position bias lose more accuracy by leaving out fine-tuning than datasets
with low position bias.

Position bias in downstream models. Notably, position bias seems to be
slightly smaller in fine-tuned models than in models trained from scratch. We
speculate this could be because of the model needing to re-adjust its learned
position bias to the position bias of the downstream dataset, which may be
difficult, and lead to the model not being able to use position bias as well.

4.1 ANALYSIS OF AUTO-PE RESULTS

?? shows the results of Auto-PE plotted against position bias. Auto-PE does
not seem to significantly alter position bias in any consistent manner, compared
to models trained without Auto-PE. One exception is the Auto-APE model on
EuroSAT, which we know from Section 4.5.2 needs to unlearn the PE. This model
learns less position bias and improved accuracy, like when using no PE.

Fig. 4.1.2a shows the absolute value of learned y parameters in Auto-PE. We
note that learned values of y are sometimes negative, thereby inverting the values
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Table 4.1.1: Combining the tuning for position bias with Auto-PE: models trained from
scratch with and without Auto-PE, on the baseline and "tuned" setting from
Section 4.5.4. Combining our recommended "tuned" setting with Auto-PE
does not lead to further improved results. Scores in bold are the best in their
row with a margin of one standard deviation.

standard setting + Auto-PE + tuned + tuned + Auto-PE
dataset APE RoPE Auto-APE  Auto-RoPE  APE/No PE RoPE Auto-APE  Auto-RoPE

EuroSAT 90.8+03 922+02 920+0.7 923 +0.5 924+ 0.6 933+04 91.6+02 93.5+0.2
CIFAR-10 765+0.6 881+03 759+02 86.5+ 1.1 762+0.2 835+06 762+1.1 84.3+0.2
Flowers-102 129+14 134106 14.0+09 13.6 £ 0.5 60.7 + 2.4 58.7+14 594 +0.1 584 +1.9
Imagenette  79.1+12 81.7+10 795+15 80.9 £ 0.7 724+ 14 755+13 731+1.0 76.5+0.3

SVHN 909+04 934+11 906+03 86.3 £ 104 948 + 0.7 97.0+03 947+04 97.0 £ 0.2
. dataset

8 . ® CIFAR10
< ® FEuroSAT
< 6 Flowers-102
& ® Imagenette
é) 4 ® SVHN
% PE
2 (] & ® APE
g2 5 # Auto-APE
© + + B RoPE

0 ® @ = : @ Aiito-R6PE

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
P-SHAP

Figure 4.1.1: Results for Auto-PE. Dotted lines link models with and without Auto-PE.
Auto-PE matches or improves the baseline PE in performance by learning
the same or more dataset-appropriate position bias, as measured by P-SHAP.

of the PE. Since this should not have an effect on the position bias modeled, we
plot the absolute value of the y parameters. We note that Auto-PE nearly always
learns to reduce the norm of the PE, though this effect is larger on datasets with
low position bias.

Fig. 4.1.2b shows the effective rotation angles applied in Auto-RoPE attention,
after the angles 6 have been modulated by y. Notably, on EuroSAT, Auto-RoPE
reduces the effective angle, attenuating the position bias, while on SVHN the
effective angle is increased, increasing the position bias as well.

Additional results. Preliminary experiments showed that Auto-RoPE with y
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y dataset dataset
0 ® CIFAR-10 = 030 ® EuroSAT
3.5 ® EuroSAT g 025 ® SVHN ’
=30 Flowers-102 g PE
g @ Imagenette £020 @ Auto-RoPE
=25 ® SVHN = 015 M RoPE
T 20 PE s
k=1 7]
=1 4 Auto-APE <010
<15 @ Auto-RoPE 53] = .
1.0 .. % 005
<4
05 ot 2P 0.00
A
0.0 02 0.4 0.6 0.8 0.0 0.1 0.2 03 04 05
P-SHAP P-SHAP
(a) Sec. 4.5.6: Auto-PE: abs(y) (b) Sec. 4.5.6: Auto-RoPE learned angles
Figure 4.1.2: Learned values of (a) y of Auto-APE and Auto-RoPE and (b) angles of Auto- m

RoPE. Dotted lines link models with and without Auto-PE. Auto-PE nearly
always learns to reduce the norm of the PE, though this effect is larger
on datasets with low position bias. In Auto-RoPE, Auto-PE allows RoPE’s
learned angles to converge to larger values, though we do not measure higher
P-SHAP in these models. The y-values for Auto-RoPE are the mean value of
all y parameters in the network.

shared between all attention operators performed slightly worse. We therefore
did not consider this implementation in our work any further.
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SCALE LEARNING IN SCALE-EQUIVARIANT
CONVOLUTIONAL NETWORKS

Objects can take up an arbitrary number of pixels in an image: objects come in different
sizes, and, photographs of these objects may be taken at various distances to the camera.
These pixel size variations are problematic for CNNs, causing them to learn separate
filters for scaled variants of the same objects which prevents learning across scales.
This is addressed by scale-equivariant approaches that share features across a set of
pre-determined fixed internal scales. These works, however, give little information about
how to best choose the internal scales when the underlying distribution of sizes, or scale
distribution, in the dataset, is unknown. In this work we investigate learning the internal
scales distribution in scale-equivariant CNNs, allowing them to adapt to unknown data
scale distributions. We show that our method can learn the internal scales on various
data scale distributions and can adapt the internal scales in current scale-equivariant
approaches.

This chapter has been published as:

M. Basting, R. Bruintjes, T. Wiedemer, M. Kiimmerer, M. Bethge, ].C. van Gemert. “Scale Learning in
Scale-Equivariant Convolutional Networks”. In: Proceedings of the 19th International Joint Conference
on Computer Vision, Imaging and Computer Graphics Theory and Applications (VISIGRAPP 2024), 2024,
pp- 567-574.

Code available at:
https:/ /github.com/MBasting /Scale-Learning-in-Scale- Equivariant-Convolutional-Networks
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5.1 INTRODUCTION

Objects in images naturally occur at various scales. The scale, or size in terms of
pixels, of an object in an image can vary because of perspective effects stemming
from the distance to the camera or due to interclass variation. For example,
imagine a golf ball and a volleyball being classified as balls but varying in
size. Vanilla CNNs can learn differently-sized objects when presented with
large amounts of data. However, since the CNN has no internal notion of scale,
separate filters for differently scaled versions of the same objects are learned,
leading to significant redundancy in the learned features.

Scale-equivariant CNNs such as those proposed by Yuo et al. [1] and Sos-
novik et al. [2] share features across a fixed set of chosen internal scales which
increases parameter efficiency by removing the need to learn separate filters for
differently-sized objects. Yet, such scale-convolution approaches need tune the
internal scales as a hyper-parameter. Instead, here, we present a model that can
learn these internal scales.

In this paper, we present a model of the relationship between the internal
scales and the data scale distribution. We show empirically the parameters for
which this model is most accurate. Furthermore, we define a parameterization
of the internal scales and draw inspiration from NJet-Net [3] to learn the internal
scales. Our method provides a way to learn the internal scales without the need
for prior knowledge of the scale distribution of your data.

We have the following contributions:

1. We demonstrate that the best internal scales are related to the used data
scale distribution.

2. We derive an empirical model that shows approximately how we should
choose the internal scales when the data scale distribution is known.

3. We remove the need for prior knowledge about the data scale distribution
by making the internal scales learnable.

5.2 RELATED WORK

Scale spaces. Scale is naturally defined on a logarithmic axis [4, 5]. We base our
work on Gaussian scale-space theory and use theory on the logarithmic nature
of scale to define the internal scale tolerance model and in the parameterisation
of the internal scales.



5.3. Method 115

Pyramid Networks. Pyramid Networks use differently scaled versions of the
input image to share features across different scales. Popular pyramid net-
works include methods proposed by Farabet et al. [6], Marcos et al. [7] and
SI-ConvNets [8]. These methods are equivariant over fixed chosen scales and
require many expensive interpolation operations. Contrarily, our approach can
learn the scales without extensive use of interpolations.

Scale group convolutions. An alternative way to achieve scale-equivariance or
scale-invariance is through the use of group convolution [1, 2, 9-12]. Sosnovik et
al. [13] argue that the discretisation of the underlying continuous basis functions
leads to increased scale-equivariance error and therefore leads to worse perfor-
mance. Instead, they opt to use dilation for integer scale factors and directly
optimise basis functions for non-integer scales using the scale-equivariance error.
While all methods allow for non-integer scale factors, the scales over which the
network is equivariant are fixed and they provide little instructions on how to
best choose the internal scales.

Learnable Scale. Continuous kernel parameterisation forms the basis of meth-
ods that aim to learn the scale or scales of the dataset [3, 14-18]. The NJet-Net
[3] learned the scale of the dataset by making the o parameter of the Gaussian
derivative basis function learnable. We build on that work to learn multiple
internal scales simultaneously.

5.3 METHOD

In Fig. 5.1 we visualize the setting. Our method is equivariant to both trans-
lation and scale transformations. Like SESN [2], our method achieves scale-
equivariance through an inverse mapping of the kernel:

Lilfl*x =Ls[f *x¢1], Vf,s (5.1)

where L represents a scaling transformation by a factor s, « is a discretized con-
tinuous kernel parameterized by an inner scale. Thus, a scaled input convolved
with a kernel is the same as first convolving the original input with an inversely
scaled kernel and then applying the same scaling.

Due to the discrete nature of images, we need to approximate the equivari-
ance to translation and scaling by a discrete group. The translation group is
approximated by taking into account all discrete translations. The scaling group
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Trainable Scale Multi-Scale

Trainable Kernel
Parameters Weights
Internal Scales Dynamic Filter Basis
Opasis | ] w1
S1
w2
Generate
> S, ==
w3
S3
ISR - Wy

Figure 5.1: Dynamic Multi-Scale Kernel generation pipeline. Filter basis is parameterised
by a discrete set of scales which in turn are generated from learnable parame-
ters, controlling both the size of the first scale 0j,,;s and the range the internal
scales span (ISR). Linear combination of the Dynamic Filter Basis functions
with trainable weights form Multi-Scale Kernel.

is discretised by Ng scales with log-uniform spacing as follows:

S = [0pasis x ISR'FT for i in 0..Ns—1] (5.2)

where 045 is a learnable parameter that defines the smallest scale, and the
Internal Scale Range ISR defines the range between the largest and smallest scale.
The logarithmic spacing can be attributed to the logarithmic nature of the scale.

The kernels of the model consist of a weighted sum of basis functions that
are defined at each scale in the internal scales S. Following Sosnovik et al. [2],
we use a basis of 2D Hermite polynomials with a 2D Gaussian envelope. This
basis is pre-computed at the start of training for all pre-determined scales if
scale learning is disabled. Otherwise, the basis functions are recomputed at each
forward pass.

Scale-Convolution. Scale-convolution is a standard convolution extended by
incorporating an additional scale dimension [2]. Without taking into account
interscale interactions we define the following two types of scale convolutions:
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1. Conv T — H: In this scenario, the input of the scale-convolution is a tensor
without any scale-dimension, or |S'| = 1. The output, defined over the
internal scales S stems from the convolution of the input with scaled kernels
Ks-1 8.t s€S:

[fxrxl(s,0) = f()xxe1() (5.3)

where «; is a kernel scaled by s, *y is the scale convolution and * is a
standard convolution.

2. Conv H — H: The input is now defined over the internal scales S, the
resulting output at scale s is the convolution of the input at scale s with the
scaled kernel x-1:

[f*ux](s,0) = f(s,) %K1 () (5.4)

These methods are designed to adhere to the scale-equivariance equation high-
lighted in Eq. 5.1.

le—4 Log-uniform [1,2.0], ISRpy, = 2.00
T T T T
| 1 ! ! 1 | Sample PDF
! : : : : | Tolerance Hypothesis
2.5 A | 1 1 1 I | -=-- Internal Scales
| 1 1 1 H | —-- Data Scale Boundary
1 1 1 \ 1
T/
| I I I I |
2.0 A + T T T T T
VA
VAN N R
(A T R A
_ 1.5 | 1 1 1 1 ]
x 1 1 1 1 1 1
= T A
A
| 1 1 | | |
1.01 H 1 1 1 1 H
A
A
| 1 1 1 1 |
0.5 1 [ i
i I S R i
1 1 1 1 1 N
I 1 1 1 1 I
1 1 1 1 1 N
0.0 oy !
. S S S S S S . .
2-2 >-1 20 o1 22 23

Scale factor of original MNIST

Figure 5.2: Example of possible internal scale tolerance model for the log-uniform data
scale distribution over the range [0.6, 2.0] with ISRy, v fixed to 2 to reflect
internal scales choice in SESN [2] on MNIST-Scale.
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Internal Scale Tolerance Model. We define an empirical tolerance model to
estimate which internal scales to choose when the scale distribution is known.
The tolerance describes the region of data scales the kernel can generalize to.
Previous papers have shown that the generalization error to unseen scales fol-
lows an approximate log-normal distribution [8, 12]. Therefore, we use a normal
distribution on a logarithmic scale to model the tolerance for each kernel at a
certain internal scale. The log-normal distributions of each internal scale are then
combined into one mixture model. An example of a possible configuration can
be seen in Fig. 5.2.

The internal scale tolerance model has the following parameters:

1. Reference Internal Scale: defines the relationship between the position of
the internal scales and the data scales.

2. ISRyyp: range over which the internal scales are defined, this is the factor
between the largest and the smallest scale.

3. 7401 standard deviation of the underlying log-normal distribution that is
placed on each internal scale.

The reference scale and ISR are specific to each tolerance model of a data
scale distribution while 7, is independent of the data scale distribution and a
property of a kernel.

We make the assumption here that we do know the data scale distribution.
We extend the data scale distribution at the boundaries by a half-log-normal
distribution with ¢ = 0.4 to model the generalisation to unseen scales. The
Kullback-Leibler divergence [19] is used to fit the tolerance model on the data
scale sampling distributions.

Moving away from fixed Scale Groups. To make the scales of the network
learnable we move away from fixed multi-scale basis functions and make the
scales of the basis functions dynamic. The scales that parameterise the basis
functions are continuous and have a gradient with regard to the loss allowing
for direct optimisation. This allows us to simultaneously learn the kernel shape
and scales, see Fig. 5.1. Unlike SEUNET [16], we do not parameterise the scales
directly but parameterise the internal scales by o,s;s and the ISR using Eq. 5.5.
We observe that a value for the ISR lower or equal to 1 is unwanted as this
would result in kernels at the same scale or a subsequent scale smaller than the
base scale defined by o,5i5. We do not use a ReLU activation as this can lead to
a dead neuron and zero gradient. We parameterise the ISR using the following

formula:
ISR=1+y? (5.5)
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where y is the learnable parameter. We will only mention the ISR since it is
closely related to the learnable parameter and more intuitive to understand.

Various size basis functions lead to difficulties in choosing the best kernel size
before training. We use the method by Pintea et al. [3] to learn the size of the
kernel based on the ISR:

1=2k(0pasis x ISR)]+1 (5.6)

where k is a hyperparameter that determines the extent of the approximation
of the continuous basis functions. Thus, the kernel size used in convolution
is determined by the largest scale in the set of internal scales which is directly
parameterised by o p,sis and the ISR.

5.4 EXPERIMENTS

In Sections 5.4.1, 5.4.2, we use the simple architecture shown in Table 5.1 on
the commonly used MNIST-Scale dataset [8] with a logarithmically uniform
data scale distribution with a range of 1 to 2!*,222 and 23 corresponding to
2.83,4.76,and 8 scale factors of MNIST respectively. Section 5.A gives a complete
description of all datasets used in the experiments.

Table 5.1: CNN for Sections 5.4.1, 5.4.2 to show the impact of choosing the internal scales
and scale-learning.

Conv T — H, Hermite, Ng = 3, 16 filters

scale-projection

batch norm, relu

42 x 42 max pool

fully-connected, softmax

5.4.1 VALIDATION

Do internal scales really matter? We test our assumption that the Internal Scale
Range (ISR), the factor between the largest and smallest internal scale, influences
the performance. Furthermore, we compare the optimal ISRs we discovered
with the suggested values of the Internal Scale Tolerance model. The ISRs are
chosen on a logarithmic scale in the range of [1.5, 7.65].




120 5. Scale Learning in Scale-Equivariant Convolutional Networks

3.75 J—

X

Test Error

2.50

2.25

Scale Distribution
Log-uniform [1, 8]
Log-uniform [1, 2.83]
Log-uniform [1, 4.76]
Best

21 22

23

Figure 5.3: Impact on test error when varying Internal Scale Range (ISR) for different
log-uniform data scale distributions from 1 scale factor of MNIST to 2.83, 4.76
and 8 scale factors MNIST. The value of the Internal Scale Range (ISR) for the

best-performing model increases together with
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Figure 5.4: Test Error per data scale for multiple data scale distributions and values for
the Internal Scale Range (ISR). Models with narrow internal scales especially
deteriorate in performance in the large-scale region for wide distribution.
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The results in Fig. 5.3 indicate that smaller ISRs are better for narrow data scale
distributions, while larger ISRs perform better for wider data scale distributions.
Thus, for a log-uniform distribution that spans a small scale range narrow inter-
nal scales are preferred. Conversely, for a log-uniform distribution that spans a
large scale range, wide internal scales are preferred. Looking at the test error of
individual data scales in Fig. 5.4, we see that at the boundary regions of wide
scale distributions with narrow internal scales achieve significantly higher test
error than wider internal scales, indicating that the model cannot share features
across the whole data scale distribution. Narrow internal scales perform slightly
better than wider internal scales when evaluated on narrow distributions. This
statement aligns with results found in Fig. 5.3, which indicates less test error
variation between ISR values for the log-uniform distribution between 1 and
2.83.

The results of the combined optimization of the tolerant model and the three
sampling distributions can be found in Fig. 5.5. The optimization leads to
Tto1 = 0.459. The optimization fits ISR values approximately similar to the best
ISRs depicted in Fig. 5.3. Again, the ISR values follow an increasing pattern when
the data scale distribution gets wider. Additionally, Fig. 5.5 shows increasing
gaps in the tolerance hypothesis between internal scales for wide distributions.

Can we learn the internal scales? To test our scale-learning capabilities, we
evaluate our scale-learning on three log-uniform data scale distributions. The
ISR is parameterised according to Eq. 5.5 and the scale parameters are initialised
with 0p45is =2 and ISR = 3. The results of learning the ISR and o0,45;s compared
to the best-performing ISRs without scale learning enabled can be found in
Table 5.2. Apart from the narrowest scale distribution, the ISR values learned
increase when enlarging the range of the data scale distribution. Our scale
learning method gives comparable performance to the baselines while not using
hyperparameter optimisation to determine the best ISR.

5.4.2 MODEL CHOICES

How does initialization of the scales affect scale learning behavior? We
test the importance of the initialization of the internal scales by varying the
starting values of o p,s;s and ISR and report the classification error and variation
in learned scale parameters. We vary the oj4,;s between 1 and 4 and the ISR
between 1.5 and 6 in a logarithmic fashion.

Table 5.3 show the results for the log-uniform distributions between [1,2.83],
[1,4.76] and [1,8]. The results indicate that the learned op,;s and ISR values can
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Table 5.2:

Learned parameters for the Basis Min Scale 0j,,,;s and Internal Scale Range
(ISR) compared to the configuration of the best-performing model with fixed
internal scales on different ranges of the log-uniform data scale distribution.
Apart from the log-uniform distribution with boundaries [1,2.83], the learned
scale parameters 0p,,5;s and ISR follow a similar pattern as the manually found
scale parameters. The test error of our scale-learning method is also comparable
to the best-performing models with fixed scales.

Scale

Data Scale Distribution Obasis ISR Test Error

Learning

Log-uniform [1,2.83] 1.96 £0.081 3.390 + 0.545 2.291 + 0.067

X 2 2.34 2.239 + 0.060

Log-uniform [1,4.76] 2.001 + 0.063 3.321 +0.024 2.510 + 0.084

X 2 4.76 2.503 + 0.045

Log-uniform [1, 8.00] 1.943 + 0.064 4.196 + 0.159 2.872 + 0.070

X 2 5.35 2.805 £ 0.028

Log-uniform [1,2.83], ISRp,, = 2.89 Log-uniform [1,4.761, ISRy, = 4.32 Log-uniform [1,8.01, ISRy, = 6.32
le—4 le—4 le—4

Sah E e o 1\
1.5

1.00
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0.0 0.0 0.00
27t 20 2! 2?2 22 2 27t 2 2! 2?2 23 2 27t 20 2! 2?2 23 2
Scale factor of original MNIST Scale factor of original MNIST Scale factor of original MNIST

Figure 5.5: Results of combined optimization of tolerance hypothesis models and three

log-uniform data scale distributions. The blue dashed line indicates the pro-
posed internal scales, while the continuous blue line represents the tolerance
hypothesis for a specific data scale distribution. The red dashed lines indicate
the boundaries of the log-uniform distribution. The result of fitting the tol-
erance model results in increasing ISRy, similar to results best performing
ISRs found for each data scale distribution in Fig. 5.3.
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Table 5.3: Mean and standard deviation of learned scale parameters (0,55, ISR) and Test
Error for different initialization of o ,5;s and ISR for log-uniform data scale
distribution between [1,2.83],[1,4.76] and [1,8]. Learned o}, and ISR values
are highly dependent on the values they are initialized on. Initialization with
a large ISR for a wide data scale distribution leads to significantly lower test
error than initialization at a low ISR.

Init 0345, Init ISR Learned op,5;; Learned ISR Test Error

Data Scale Distribution: Log-uniform [1,2.83]

15 1.268 +0.061  2.609 +0.269 2.487 + 0.108
3.0 1236 +0.139  3.300 +0.082  2.357 + 0.024
6.0 1313 +0.102 4350 +0.396  2.309 + 0.021
15 1.810 + 0.057  2.405 + 0.167  2.260 + 0.025
3.0 1973 +0.079  3.635+0.647 2.368 + 0.055
6.0 1994 +0.012 5336 +0.283 2359 + 0.097
15 2778 £0.092 25210199 2421 + 0.050
3.0 2703 +0.081  3.817 +0.245 2.483 + 0.089
6.0 2.832£0.001 5211+0416 2.420 +0.124

Data Scale Distribution: Log-uniform [1, 4.76]

1.5 1.294 + 0.110  3.462 + 0.410 3.033 + 0.130
3.0 1.253 £+ 0.070  3.829 £ 0.126 2.762 + 0.087
6.0 1.331 £ 0.091 4.612 +£0.188 2.727 +0.101
1.5 1.931 £ 0.068 2932 +0.169 2.767 + 0.128
3.0 1.975 +£0.060  3.309 + 0.092 2.527 + 0.120
6.0 2.041 + 0.092 4.882 + 0.007 2.501 + 0.157
1.5 2515+ 0.038  3.093 +£0.157 2.648 + 0.073
3.0 2587 £0.040 3.638 £0.169 2575+ 0.070
6.0 2.803 £ 0.098  5.662 +£0.204 2.709 + 0.078
Data Scale Distribution: Log-uniform [1, 8.00]
1.5 1450 £ 0.130  3.767 +0.171  3.087 £ 0.173
3.0 1.275 + 0.076 4158 +£0.123 3.131 £ 0.179
6.0 1.331 £ 0.097 5423 +0.529 3.087 + 0.178
1.5 1.755 £+ 0.156  3.444 + 0.025 3.010 + 0.198
3.0 1.982 + 0.068  4.095 + 0.078 2.921 + 0.082
6.0 2.079 + 0.061 5.053 + 0.375 2.745 + 0.012
1.5 2.453 + 0.151 3.466 +0.216 2935 + 0.036
3.0 2.607 £ 0.078  4.401 +£0.343 2.803 + 0.085
6.0 2.655 +0.044 5268 £1.071 2957 +0.140
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be adapted to fit the data scale distribution but the initialization of the values has
a big impact on the learned scales and thus also the test error. Initialization with
a large ISR for a wide data scale distribution leads to significantly lower test error.
Fig. 5.6 shows the ISR over time during training, indicating the ISR stabilizes
after around 20 epochs while the best-performing model has a significantly larger
ISR.

How does parameterisation of learnable scales affect learnability? We test
the importance of our scale learning parameterisation method on the stability
and classification performance against other possible parameterisation methods.
We initialise all scale learning approaches with the internal scales: [2.0,3.47,6].
The parameterisation methods that we compare are:

1. Learning the first scale (0p4si5) and the ISR using the parameterisation
from Eq. 5.5 (Ours)

2. Learning the first scale (0p4s;5) and the individual spacings between subse-
quent scales

3. Learning the individual scales directly, based on Yang et al. [16] but without
defining intervals the internal scales adhere to.

Table 5.4 shows the parameterization methods, the classification error and
the variation in the learned internal scales. Unlike shown in Yang et al. [16],
directly learning the scales without constraints between the internal scales does
not lead to internal scales converging to the same value. The methods do not
vary significantly in performance for the log-uniform distribution between [1,
2.83] and [1, 4.76] but this changes when training on wider distributions. All
methods adjust the scales somewhat to account for the wider scale distribution
but our method of learning the Internal Scale Range (ISR) is more stable and
achieves significantly better test error.

5.4.3 COMPARING BASELINES

We compare our scale-learning ability against existing scale-equivariant baselines
by evaluating on the MNIST-Scale [8] dataset. We reuse the code provided in
DISCO [13] to compare our results to a baseline CNN and other methods that
take into account scale variations such as SI-ConvNet [8], SS-CNN [9], SiCNN
[20], SEVF [7], DSS [21], SESN [2] and DISCO [13]. All methods adopt the
same training strategy, apart from our scale learning method having a different
learning rate scheduler for its scale parameters.



5.4. Experiments

125

5.00

4.75
4.50
4.25
5 4.00
3.75
3.50

3.25

3.00

0 10 20 30
Epoch
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uniform distribution with boundaries [1,8]. After around 20 epochs, the
learnable ISR stabilizes while the value for the ISR of the best-performing

model is significantly larger.

Table 5.4: Mean and standard deviation of learned scales and Test Error of different
parameterizations for multiple log-uniform distributions with internal scales
initialized as [2.0, 3.46, 6.0]. Learning the ISR leads to more stable learned
internal scales and better performance for wide distributions further away from

the initialized scales.

Data Scale Distribution ~ Parameterization Scale 1 Scale 2 Scale 3 Test Error
Log-uniform [1,2.83]  Direct 1.965 + 0.047 3.500 + 0.193  6.235 + 0.497  2.321 + 0.095
Individual Spacing 1.967 + 0.079  3.591 + 0.329  6.930 + 1.374  2.285 + 0.038
ISR 1.960 + 0.081 3.608 + 0.435 6.672 +1.311 2.291 + 0.067
Log-uniform [1,4.76]  Direct 1.865 +0.046  3.357 £ 0.105 6.450 + 0.049 2.554 + 0.093
Individual Spacing ~ 1.996 + 0.013  3.626 + 0.158  6.830 + 0.167  2.565 + 0.061
ISR 2.001 + 0.063 3.647 +0.127 6.647 + 0.255 2.510 + 0.084
Log-uniform [1,8.00]  Direct 1.689 + 0.109 3.262 +0.107 6.997 £ 0.282  3.057 + 0.015
Individual Spacing ~ 1.902 + 0.085 3.648 + 0.165 8.093 +0.229 3.007 + 0.049
ISR 1.943 + 0.063 3.977 + 0.053 8.145 + 0.057 2.872 + 0.070
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We also compared our Internal Scale Range based parameterization with other
parameterizations such as: learning the individual spacings between internal
scales and learning the scales directly. Learning the scale directly is similar to
the approach taken by Yang et al. [16] but without defining intervals the internal
scales have to adhere to.

As can be seen from Table 5.5, the performance of the scale learning ap-
proaches are very comparable with SESN [2] without learnable scales. All three
scale-learning approaches achieve test error performance within one standard
deviation of SESN with fixed scales. The learned scales, found in Table 5.6, are
consistently more spread out than the default scales used in SESN especially
when scale data augmentation is used.

5.5 DISCUSSION

We have shown to be able to learn the internal scales, but the problem of choosing
the number of internal scales remains an issue. For wide scale distribution,
wide internal scales achieve the best performance. However, if the models
were truly scale-equivariant, the resulting test error would be similar to the
test error for the log-uniform data scale distribution between 1 and 2.83. More
specifically, if the spacing between the internal scales is too large the implied
scale-equivariance over the entire range of the internal scales does not hold up.
The model again needs to learn duplicate filters to cover the entire data scale
range. This hypothesis also matches up with our Internal Scale tolerance model
seen in Fig. 5.5, which shows dips in between internal scales. We expect that
increasing the number of internal scales restores the scale equivariance over the
entire scale group with the downside of reduced computational efficiency.

Another difficulty of learning the scales is the initialization of the internal
scales. We have found that the initialization of the internal scales has a large
impact on the learned scales and as a result the performance. However, we do
expect that this can be resolved by tuning the training procedure.

In addition, our method adds a significant computational overhead since it
has to reconstruct the dynamic filter basis functions on each step instead of being
able to reuse the fixed multi-scale basis. However, hyperparameter optimization
of the scale parameters would take significantly longer.

Learnable scales did not add significant gains for classification but for other
tasks with larger scale-variations the importance of choosing internal scales
becomes more important. We anticipate that the ability to learn the internal scales
is especially beneficial in more complicated scenarios with more complicated
data scale distributions, like a normal distribution. To learn the internal scales
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Table 5.5: Classification error of Vanilla CNN and other methods that take into account
scale variations in the data. The error is reported for runs with and without
data scale augmentation, the "+" denotes the use of data scale augmentation.
Learnable scale approaches perform on par with the non-learnable scale baseline

SESN [2].
Model MNIST-Scale  MNIST-Scale+  # Params.
CNN 2.02 +0.07 1.60 + 0.09 495k
SiCNN 2.02 +0.14 1.59 +£0.03 497k
SI-ConvNet 1.82 £ 0.11 1.59 +£0.10 495k
SEVF 2.12 +0.13 1.81 +£0.09 495k
DSS 1.97 £ 0.08 1.57 £ 0.09 475k
SS-CNN 1.84 £ 0.10 1.76 = 0.07 494k
SESN (Hermite) 1.68 + 0.06 1.42 £ 0.07 495k
DISCO 1.52 +£ 0.06 1.35 £ 0.05 495k
Ours (Learn ISR) 1.72 + 0.05 1.44 + 0.09 495k
Ours (Learn Spacings) 1.70 £ 0.10 1.50 + 0.08 495k
Ours (Learn Scales Directly) 1.74 + 0.06 1.50 + 0.08 495k

Table 5.6: Learned scale parameters of our model on MNIST-Scale compared to values
chosen in SESN [2]. The "+" denotes the use of data scale augmentation. The
learned scales of all scale learning methods are much wider than the initialized
scales in SESN [2] and DISCO [13], especially when scale data augmentation is

used.
Model Scale 1 Scale 2 Scale 3 Scale 4
SESN 15 1.89 2.38 3
DISCO 1.8 2.27 2.86 3.6
Ours (Learn ISR) 1.390 + 0.016  1.890 + 0.061 2.572 +0.164 3.503 + 0.338
Ours (Learn Spacing) 1.390 +£ 0.011  1.930 £ 0.099 2.614 +0.300 3.776 + 0.600
Ours (Learn Scales Directly) 1.375 £ 0.008 1.889 +0.054 2.383 +0.044 3.297 + 0.086
Ours (Learn ISR)+ 1.381 + 0.013  2.066 + 0.012  3.092 + 0.038  4.627 + 0.095
Ours (Learn Spacing)+ 1.373 £ 0.013  1.859 £ 0.069 2.847 +0.091 4.646 + 0.306
Ours (Learn Scales Directly)+ 1.360 + 0.014 1.741 £ 0.062 2.485 + 0.050 3.775 + 0.083
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for more advanced data scale distributions it might be essential to find a way to
additionally learn or adapt the number of internal scales based on a heuristic.
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APPENDICES

5.A DATASET DESCRIPTION

Dynamic Scale MNIST Dynamic Scale MNIST pads the original 28x28 images
from the MNIST dataset [1] to 168x168 pixels and then on initialisation of the
dataset, an independent scale for each sample is drawn from the chosen scale
distribution. Only scales e larger than 1 are sampled during training time to
prevent the influence of information loss which occurs when downsampling
the data. Since each digit is upsampled upon accessing no additional storage is
needed to use this dataset for various scale distributions. After initialisation the
dataset is normalised.

Additionally, this dataset can also be used to evaluate across a range of scales
by sampling each test digit individually on multiple scales. The scales to evaluate
are rounded to the nearest half-octave of 2. The number to evaluate is determined
by the range of octaves times 10. Thus for Fig. 5.4, 45 scales are sampled between
2795 and 232 in a logarithmic manner. The underlying MNIST dataset [1] is split
into 10k training samples, 5k validation samples, and 50k test samples and 3
different realisations are generated and fixed.

MNIST-Scale The images in the MNIST-Scale dataset are rescaled images of
the MINIST dataset [1]. The scales are sampled from a Uniform distribution in the
range of 0.3 - 1.0 of the original size and padded back to the original resolution of
28x28 pixels. The dataset is split into 10k training samples, 2k validation samples
and 50k test samples and 6 realisations are made.
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FLEXCONV: CONTINUOUS KERNEL
CONVOLUTIONS WITH DIFFERENTIABLE
KERNEL SIZES

When designing Convolutional Neural Networks (CNNs), one must select the size
of the convolutional kernels before training. Recent works show CNNs benefit from
different kernel sizes at different layers, but exploring all possible combinations is
unfeasible in practice. A more efficient approach is to learn the kernel size during
training. However, existing works that learn the kernel size have a limited bandwidth.
These approaches scale kernels by dilation, and thus the detail they can describe is
limited. In this work, we propose FlexConv, a novel convolutional operation with which
high bandwidth convolutional kernels of learnable kernel size can be learned at a fixed
parameter cost. FlexNets model long-term dependencies without the use of pooling,
achieve state-of-the-art performance on several sequential datasets, outperform recent
works with learned kernel sizes, and are competitive with much deeper ResNets on image
benchmark datasets. Additionally, FlexNets can be deployed at higher resolutions than
those seen during training. To avoid aliasing, we propose a novel kernel parameterization
with which the frequency of the kernels can be analytically controlled. Our novel kernel
parameterization shows higher descriptive power and faster convergence speed than
existing parameterizations. This leads to important improvements in classification
accuracy.

This chapter has been published as:

D.W. Romero, R. Bruintjes, ].M. Tomczak, E.J. Bekkers, M. Hoogendoorn, J.C. van Gemert. “FlexConv:
Continuous Kernel Convolutions with Differentiable Kernel Sizes”. In: Proceedings of the 10th
International Conference on Learning Representations (ICLR 2022), Apr. 2022.

Code available at:
https:/ /github.com /rjbruin/flexconv
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6.1 INTRODUCTION

The kernel size of a convolutional layer defines the region from which features
are computed, and is a crucial choice in their design. Commonly, small kernels
(up to 7px) are used almost exclusively and are combined with pooling to model
long term dependencies [1-4]. Recent works indicate, however, that CNNs
benefit from using convolutional kernels (i) of varying size at different layers [5,
6], and (ii) at the same resolution of the data [7-9]. Unfortunately, most CNNs
represent convolutional kernels as tensors of discrete weights and their size must
be fixed prior to training. This makes exploring different kernel sizes at different
layers difficult and time-consuming due to (i) the large search space, and (ii) the
large number of weights required to construct large kernels.

A more efficient way to tune different kernel sizes at different layers is to
learn them during training. Existing methods define a discrete weighted set of
basis functions, e.g., shifted Delta-Diracs (Fig. 6.2b, [10]) or Gaussian functions
(Fig. 6.2¢, [5, 11, 12]). During training they learn dilation factors over the basis
functions to increase the kernel size, which crucially limits the bandwidth of the
resulting kernels.

In this work, we present the Flexible Size Continuous Kernel Convolution (Flex-
Conv), a convolutional layer able to learn high bandwidth convolutional kernels
of varying size during training (Fig. 6.1). Instead of using discrete weights, we
provide a continuous parameterization of convolutional kernels via a small neural
network [9]. This parameterization allows us to model continuous functions of
arbitrary size with a fixed number of parameters. By multiplying the response of
the neural network with a Gaussian mask, the size of the kernel can be learned
during training (Fig. 6.2a). This allows us to produce detailed kernels of small
sizes (Section 6.1), and tune kernel sizes efficiently.

FlexConvs can be deployed at higher resolutions than those observed during
training, simply by using a more densely sampled grid of kernel indices. How-
ever, the high bandwidth of the kernel can lead FlexConv to learn kernels that
show aliasing at higher resolutions, if the kernel bandwidth exceeds the Nyquist
frequency. To solve this problem, we propose to parameterize convolutional
kernels as Multiplicative Anisotropic Gabor Networks (MAGNets). MAGNets are a
new class of Multiplicative Filter Networks [13] that allows us to analyze and
control the frequency spectrum of the generated kernels. We use this analysis to
regularize FlexConv against aliasing. With this regularization, FlexConvs can be
directly deployed at higher resolutions with minimal accuracy loss. Furthermore,
MAGNets provide higher descriptive power and faster convergence speed than
existing continuous kernel parameterizations [9, 14, 15]. This leads to important
improvements in classification accuracy (Section 6.4).
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Figure 6.1: The Flexible Size Continuous Kernel Convolution (FlexConv). FlexConv
defines convolutional kernels as the multiplication of a continuous con-
volutional kernel MLPY¥, with a Gaussian mask of local support Wgauss'
W(x,Y) = Wgauss (%, ¥; Omask) MLP¥(x,y). By learning the parameters of the
mask, the size of the convolutional kernel can be optimized during training.
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Figure 6.2: Existing approaches increase the size of convolutional kernels via (learnable)
parametric dilations, e.g., by deformation (b) or by Gaussian blur (c). However,
dilation limits the bandwidth of the dilated kernel and with it, the amount
of detail it can describe. Contrarily, FlexNets extend their kernels by passing
a larger vector of positions to the neural network parameterizing them. As
a result, FlexConvs are able to learn high bandwidth convolutional kernels of
varying size end-to-end (a).
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(a) Ground Truth (b) Reconstructions at varying degrees of localization

Figure 6.3: The importance of dynamic sizes in continuous kernel convolutions. Consider
a neural network predicting pixel values at each position. If the entire image
is considered, the network must use part of its capacity to learn to predict
zeros outside of the flower region, which in turn degrades the quality of
the approximation in the region of interest (b). Importantly, the better the
localization of the flower, the higher the approximation fidelity becomes.
FlexNets learn the size of their convolutional kernels at each layer during
training, and thus (i) use the capacity of the kernel efficiently, (ii) converge
faster to good approximations, and (iii) are faster in execution, via dynamic

cropping.

Our experiments show that CNNs with FlexConvs, coined FlexNets, achieve
state-of-the-art across several sequential datasets, match performance of recent
works with learnable kernel sizes with less compute, and are competitive with
much deeper ResNets [3] when applied on image benchmark datasets. Thanks
to the ability of FlexConvs to generalize across resolutions, FlexNets can be
efficiently trained at low-resolution to save compute, e.g., on 16 x 16 CIFAR
images, and be deployed on the original data resolution with marginal accuracy
loss, e.g., on 32 x 32 CIFAR images.

In summary, our contributions are:

e We introduce the Flexible Size Continuous Kernel Convolution (FlexConv), a
convolution operation able to learn high bandwidth convolutional kernels of
varying size end-to-end.

* Our proposed Multiplicative Anisotropic Gabor Networks (MAGNets) allow
for analytic control of the properties of the generated kernels. This prop-
erty allows us to construct analytic alias-free convolutional kernels that
generalize to higher resolutions, and to train FlexNets at low resolution
and deploy them at higher resolutions. Moreover, MAGNets show higher
descriptive power and faster convergence speed than existing kernel pa-
rameterizations.

® CNN architectures with FlexConvs (FlexNets) obtain state-of-the-art across
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several sequential datasets, and match recent works with learnable kernel
size on CIFAR-10 with less compute.

6.2 RELATED WORK

Adaptive kernel sizes. Loog and Lauze [16] regularize the scale of convolu-
tional kernels for filter learning. For image classification, adaptive kernel sizes
have been proposed via learnable pixel-wise offsets [10], learnable padding
operations [17], learnable dilated Gaussian functions [12, 18-20] and scalable
Gaussian derivative filters [5, 6, 21]. These approaches either dilate discrete
kernels (Fig. 6.2b), or use discrete weights on dilated basis functions (Fig. 6.2c).
Using dilation crucially limits the bandwidth of the resulting kernels. In contrast,
FlexConvs are able to construct high bandwidth convolutional kernels of varying
size with a fixed parameter count. Larger kernels are obtained simply by passing
more positions to the kernel network (Fig. 6.1).

Continuous kernel convolutions. Discrete convolutional kernel parameteriza-
tions assign an independent weight to each specific position in the kernel. Contin-
uous convolutional kernels, on the other hand, view convolutional kernels as con-
tinuous functions parameterized via a small neural network MLPY: RP — RNout*Nin
with D the data dimensionality. This defines a convolutional kernel for which
arbitrary input positions can be queried. Continuous kernels have primarily
been used to handle irregularly-sampled data locally, e.g., molecular data [14, 22]
and point-clouds [23-25].

Recently, Romero et al. [9] introduced the Continuous Kernel Convolution
(CKConv) as a tool to model long-term dependencies. CKConv uses a continuous
kernel parameterization to construct convolutional kernels as big as the input
signal with a constant parameter cost. Contrarily, FlexConvs jointly learn the
convolutional kernel as well as its size. This leads to important advantages in
terms of expressivity (Section 6.1), convergence speed and compute costs of the
operation.

Implicit neural representations. Parameterizing a convolutional kernel via a
neural network can be seen as learning an implicit neural representation of the
underlying convolutional kernel [9]. Implicit neural representations construct
continuous data representations by encoding data in the weights of a neural
network [13, 26, 27].
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We replace the SIREN [27] kernel parameterization used by Romero et al. [9] by
our Multiplicative Anisotropic Gabor Networks: a new class of Multiplicative Filter
Networks [13]. MFNs allow for analytic control of the resulting representations,
and allow us to construct analytic alias-free convolutional kernels. The higher
expressivity and convergence speed of MAGNets lead to accuracy improvements
in CNNs using them as kernel parameterization.

6.3 METHOD

In this section, we introduce our approach. First, we introduce FlexConv and
the Gaussian mask. Next, we introduce our Multiplicative Anisotropic Gabor
Networks (MAGNets) and provide a description of our regularization technique
used to control the spectral components of the generated kernel.

6.3.1 FLEXIBLE SIZE CONTINUOUS KERNEL CONVOLUTION
(FLEXCONV)

To learn the kernel size during training, FlexConvs define their convolutional
kernels vy as the product of the output of a neural network MLPY with a Gaussian
mask of local support. The neural network MLPY parametrizes the kernel, and
the Gaussian mask parametrizes its size (Fig. 6.1).

Anisotropic Gaussian mask. Let G(x; ux, 0%):=exp {- $032(x — ux)*} be a Gaus-
sian function parameterized by a mean-variance tuple (ux,0%). The anisotropic
Gaussian mask is defined as:

Weauss (X, V3 {1x, 0%, fy, 091 = G(x; x, 0) G(y; py, 05). 6.1)

By learning (ux,0%) and (uy,0%) independently, anisotropic non-centered win-
dows can be learned.

6.3.2 MULTIPLICATIVE ANISOTROPIC GABOR NETWORKS
(MAGNETS)

In this section, we formalize our proposed parameterization for the kernel MLPY'.
We start by introducing Multiplicative Filter Networks [13], and present our
MAGNets next.
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Multiplicative Filter Networks (MFNs). Recently, Fathony et al. [13] proposed
to construct implicit neural representations as the linear combination of expo-
nentially many basis functions g:

h® =g([x,y1;0V) g: R? — RNhid (6.2)
h? = (w(l)h(l—l) +b(l)) ‘g([x, y];e(l)) W € RNhid*Nhia 1D ¢ pNhia (6.3)
w(x,y) = WHORED 4 p® W) e gNNhid pL) ¢ gN (6.4)

where {§), W®, b¥} depict the learnable parameters of the bases and the
affine transformations, and N, Np;q depict the number of output and hidden chan-
nels, respectively. Depending on the selection of g, MFNs obtain approximations
comparable to those of SIRENs [27] with faster convergence rate. The most
successful instantiation of MNFs are the Multiplicative Gabor Network (MGN):
MEFENs constructed with isotropic Gabor functions as basis g (in Eq. 6.2):

)

o((x,71;00) = exp(_ YT [(x_”(z))z . (y_ﬂ(z))z]) Sin(W - 1,1 +b),  (6.5)
e(l)z{y(l) € RNhid’”(D € RNhid’w(gl) € RNhid Xz,bél) € RNhid}_ (6.6)

Note that, by setting N=Nyyut xNjn, an MFN can parameterize a convolutional ker-
nel with Nj, input and Ny output channels. Fathony ef al. [13] show that MFNs
are equivalent to a linear combination of exponentially many basis functions
g. This allows us to analytically derive properties of MFN representations, and
plays a crucial role in the derivation of alias-free MAGNets (Section 6.3.3).

Multiplicative Anisotropic Gabor Networks (MAGNets). Our MAGNet for-
mulation is based on the observation that isotropic Gabor functions, i.e., with
equal y for the horizontal and vertical directions, are undesirable as basis for
the construction of MFNs. Whenever a frequency is required along a certain
direction, an isotropic Gabor function automatically introduces that frequency in
both directions. As a result, other bases must counteract this frequency in the
direction where the frequency is not required, and thus the capacity of the MFN
is not used optimally [28].

Following the original formulation of the 2D Gabor functions [28], we alleviate
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this limitation by using anisotropic Gabor functions instead:

g(1x,y1;,0") = exp(— % [(yg)(x— pg)))2+ (yg{l) (y—yg)))z]) Sin(W{[x, 1 + b))

©6.7)
e(l):{,),;(l] € RNhid’Y(Yl) € [RNhid,ll;l) € RNhid»ﬂ(Yl) € [RNhid’w(gl) € RNhid ><2’b(gl) € RNhid}.
6.8)

The resulting Multiplicative Anisotropic Gabor Network (MAGNet) obtains bet-
ter control upon frequency components introduced to the approximation, and
demonstrates important improvements in terms of descriptive power and con-
vergence speed (Section 6.4).

MAGNet initialization. Fathony et al. [13] proposes to initialize MGNs by
drawing the size of the Gaussian envelopes, i.e., the y(” term, from a Gammal(a -
LL p) distribution at every layer [ € [1,..,L—1]. We observe however that this ini-
tialization does not provide much variability on the initial extension of the
Gaussian envelopes and in fact, most of them cover a large portion of the
space at initialization. To stimulate diversity, we initialize the {yg),yg)} terms
by a Gamma(al™!, §) distribution at the I-th layer. We observe that our pro-
posed initialization consistently leads to better accuracy than the initialization of
Fathony et al. [13] across all tasks considered. (Section 6.4).

6.3.3 ANALYTIC ALIAS-FREE MAGNETS

FlexConvs can be deployed at higher resolutions than those observed during
training, simply by sampling the underlying continuous representation of the
kernel more densely, and accounting for the change in sampling rate. Consider
a D-dimensional input signal f,o) with resolution r'). FlexConv learns a kernel
¥, that can be inferred at a higher resolution r® [9]:

e

D
(fr(Z) * Wr(z)) = (r(—z)) (fr(l) * 1[Ir(1)). (6.9)

Note however, that Eq. 6.9 holds approximately. This is due to aliasing artifacts
which can appear if the frequencies in the learned kernel surpass the Nyquist
criterion of the target resolution. Consequently, an anti-aliased parameterization
is vital to construct kernels that generalize well to high resolutions.
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Towards alias-free implicit neural representations. We observe that SIRENs
as well as unconstrained MFNs and MAGNets exhibit aliasing when deployed
on resolutions higher than the training resolution, which hurts performance of
the model. An example kernel with aliasing is shown in Fig. 6..8.

To combat aliasing, we would like to control the representation learned by
MAGNets. MAGNets —and MFNs in general- construct implicit neural repre-
sentations that can be seen as a linear combination of basis functions. This property
allows us to analytically derive and study the properties of the resulting neural
representation. Here, we use this property to derive the maximum frequency
of MAGNet-generated kernels, so as to regularize MAGNets against aliasing
during training. We analytically derive the maximum frequency of a MAGNet,
and penalize it whenever it exceeds the Nyquist frequency of the training reso-
lution. We note that analytic derivations are difficult for other implicit neural
representations, e.g., SIRENSs, due to stacked layer-wise nonlinearities.

Maximum frequency of MAGNets. The maximum frequency component of a
MAGNet is given by:

(D : 0] 0]
Weini ) Ocutmin{yy; , Yy}
+

max

j 27 27

) , (6.21)

L
+ _
JMAGNet = IZ fo(
=1

where L corresponds to the number of layers, ngl),]r;(”,yg) to the MAGNet pa-
rameters as defined in Eq. 6.8, and oy =2-stdev to the cut-off frequency of
the Gaussian envelopes in the Gabor filters. A formal treatment as well as the
derivations can be found in Section 6.A.1.

Effect of the FlexConv mask. The Gaussian mask used to localize the response
of the MAGNet also has an effect on the frequency spectrum. Hence, the maxi-
mum frequency of a FlexConv kernel is:

+ _ ot + : + _ O cut
1 FlexConv — h MAGNet + i Wgauss’ with f, Weauss — praio o7 (6.22)

max{ox,oy}2n’
Here, ox,0y correspond to the mask parameters (Eq. 6.1). Intuitively, multi-
plication with the mask blurs in the frequency domain, as it is equivalent to
convolution with the Fourier transform of the mask.

Aliasing regularization of FlexConv kernels. With the analytic derivation of

JilexCony We Penalize the generated kernels to have frequencies smaller or equal
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to their Nyquist frequency fuyq(k) via:

Laar = lmax{fil, conyr fiva 0} = g (BIZ, with fagq(h) =51 (6.25)

Here, k depicts the size of the FlexConv kernel before applying the Gaussian
mask, and is equal to the size of the input signal. In practice, we implement
Eq. 6.25 by regularizing the individual MAGNet layers, as is detailed in Sec-
tion 6.A.2. To verify our method, Fig. 6..8 (Section 6.A.1) shows that the frequency
components of FlexNet kernels are properly regularized for aliasing.

6.4 EXPERIMENTS
We evaluate FlexConv across classification tasks on sequential and image bench-
mark datasets, and validate the ability of MAGNets to approximate complex

functions. A complete description of the datasets used is given in Section 6.B.
Section 6.D.2 reports the parameters used in all our experiments.!

6.4.1 WHAT KIND OF FUNCTIONS CAN MAGNETS
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Figure 6.4: Left: Final MSE after fitting each model to Gabor filters of different frequencies.
N-Jets cannot fit high frequencies. Right: Kernels learned by each model.
SIREN and MAGNet can fit all targets. MAGNet-S: a small MAGNet of size
akin to N-Jets, still does well on the Gabor and AlexNet targets.

10ur code is publicly available at https:/ /github.com/rjbruin/flexconv.
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Bandwidth of methods with learnable sizes. First, we compare the bandwidth
of MAGNet against N-Jet [5] by optimizing each to fit simple targets: (i) Gabor
filters of known frequency, (ii) random noise and (iii) an a 11 x 11 AlexNet kernel
from the first layer [29]. Fig. 6.4 shows that, even with 9 orders of Gaussian
derivatives, N-Jets cannot fit high frequency signals in large kernels. Crucially,
N-Jet models require many Gaussian derivative orders to model high frequency
signals in large kernels: a hyperparameter which proportionally increases their
inference time and parameter count. MAGNets, on the other hand, accurately
model large high frequency signals. This allows FlexNets to learn large kernels
with high frequency components.

Expressivity of MLP parameterizations. Next, we compare the descriptive
power and convergence speed of MAGNets, Gabor MFNs, Fourier MFNs and
SIRENSs for image approximation. To this end, we fit the images in the Kodak
dataset [30] with each of these methods. Our results (Table 6.C.1) show that
MAGNets outperform all other methods, and converge faster to good approxi-
mations.

6.4.2 CLASSIFICATION TASKS

Network specifications. Here, we specify our networks for all our classification
experiments. We parameterize all our convolutional kernels as the superposition
of a 3-layer MAGNet and a learnable anisotropic Gaussian mask. We construct
two network instances for sequential and image datasets respectively: FlexTCNs
and FlexNets. Both are constructed by taking the structure of a baseline network
—TCN [33] or CIFARResNet [3]-, removing all internal pooling layers, and replac-
ing convolutional kernels by FlexConvs. The FlexNet architecture is shown in
Fig. 6.D.1 and varies only in the number of channels and blocks, e.g., FlexNet-16
has 7 blocks. Akin to Romero et al. [9] we utilize the Fourier theorem to speed up
convolutions with large kernels.

Mask initialization. We initialize the FlexConv masks to be small. Preliminary
experiments show this leads to better performance, faster execution, and faster
training convergence. For sequences, the mask center is initialized at the last
kernel position to prioritize the last information seen.

Time series and sequential data. First we evaluate FlexTCNs on sequential
classification datasets, for which long-term dependencies play an important
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Table 6.1: Test accuracy and ablation studies on sMNIST, pMNIST, sCIFAR10 and npCI-

FARI10.

MODEL SizE  SMNIST PMNIST SsCIFAR10 NPCIFAR10
DilRNN [31] 44K 98.0 96.1 - -
IndRNN [32] 83K 99.0 96.0 - -

TCN [33] 70K 99.0 97.2 - -
r-LSTM [34] 0.5M 98.4 95.2 72.2 -
Self-Att. [34] 0.5M 98.9 97.9 62.2 -

TrellisNet [35] 8M 99.20 98.13 73.42 -
URLSTM [36] - 99.28 96.96 71.00 -
URGRU + Zoneout [36] - 99.27 96.51 74.40 -
HiPPO [37] 0.5M - 98.30 - -
Lipschitz RNN [38] 158k 99.4 97.3 64.2 59.0
coRNN [39] 134K 99.4 97.3 - 59.0
UnICORNN [40] 135K - 98.4 - 62.4
pLMU [41] 165K - 98.49 - -
CKCNN-2 98K 99.31 98.00 62.25 60.5
CKCNN-2-Big M 99.32 98.54 63.74 62.2
CKTCNgoyrigr-2 105k 99.44 98.40 68.28 66.26
CKTCNGagor-2 106K 99.52 98.38 69.26 67.37
CKTCNMAGNET2 105K 99.55 98.57 74.58 67.52
FlexTCN-2 108k 99.60 98.61 78.99 67.11
FlexTCN-4 241K 99.60 98.72 80.26 67.42
FlexTCN-6 375K 99.62 98.63 80.82 69.87
FlexTCNgREN-6 343K 99.03 95.36 69.24 57.27
FlexTCNEgurier-6 370K 99.49 97.97 74.79 67.35
FleXTCNGapor-6 373K 99.50 98.37 78.36 67.56
FlexTCNMAGNet-6 375K 99.62 98.63 80.82 69.87

role. We validate our approach on intrinsic discrete data: sequential MNIST,
permuted MNIST [42], sequential CIFAR10 [31], noise-padded CIFAR10 [43], as well
as time-series data: CharacterTrajectories (CT) [44], SpeechCommands [45] with raw
waveform (SC_raw) and MFCC input representations (SC).

Our results are summarized in Tables 6.1, 6.2. FlexTCNs with two residual
blocks obtain state-of-the-art results on all tasks considered. In addition, depth
further improves performance. FlexTCN-6 improves the current state-of-the-
art on sCIFAR10 and npCIFAR10 by more than 6%. On the difficult SC_raw
dataset ~with sequences of length 16000—, FlexTCN-6 outperform the previous
state-of-the-art by 20.07%: a remarkable improvement.

Furthermore, we conduct ablation studies by changing the parameterization
of MLPY, and switching off the learnable kernel size ("CKTCNs") and considering
global kernel sizes instead. CKTCNs and FlexTCNs with MAGNet kernels out-
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Table 6.2: Test accuracy on CT, SC and SC_raw

MODEL SIZE CT SC SC_RAW
GRU-ODE 89K 96.2 44.8 ~10.0
GRU-At 89K 97.8 20.0 ~10.0
GRU-D 89K 95.9 23.9 ~10.0
ODE-RNN 89K 97.1 93.2 ~10.0
NCDE 89K 98.8 88.5 ~10.0
CKCNN 100K 99.53 95.27 71.66
CKTCNgourier - 95.65 74.90
CKTCNGapor - 96.66 78.10
CKTCNpMAGNet 105k 99.53  97.01 80.69
FlexTCN-2 1058k 99.53 97.10 88.03
FlexTCN-4 239k 99.53 97.73 90.45
FlexTCN-6 373K 99.53  97.67 91.73
FleXTCNgRgN-6 370K - 95.83 85.73
FlexTCNEqurier-6 342K - 97.62 91.02
FleXTCNGapor-6 373K - 97.35 91.50
FlexTCNpAGNet-6 373K - 97.67 91.73

Table 6.3: Results on CIFAR-10. Results from *original works and t single run.

MODEL SIZE CIFAR-10 TIME
Acc. (SEC/EPOCH)
CIFARResNet-44 0.66M 92.9% 22
DCN-g/! 0.47M  89.7 £0.3* -
N-Jet-CIFARResNet32 0.52Mm  92.3 +0.3* -
N-Jet-ALLCNN 1.07M 925+ 0.1* -
FlexNet-16 w/ conv. (k =3) 0.17M 895+ 0.3 41
FlexNet-16 w/ conv. (k =33) 200M 78.0+03 242
FlexNet-16 w/ N-Jet 0.70M 91.7+0.1 409
CKCNN-16 0.63M  72.1+0.2 68
CKCNNMAGNet-16 0.67M  86.8+0.6 102
FlexNetgrgn-16 0.63M  89.0+0.3 89
FlexNetGapor-16 0.67M 919 +0.2 161
FlexNetgapor-16 + anis. Gauss.  0.67M  92.0 £ 0.1 147
FlexNetgapor-16 + Gabor init. ~ 0.67M  92.0 £ 0.2 150

FlexNet-16 0.67M 922 +0.1 127
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perform corresponding models with all other kernel parameterizations: SIRENs
[27], MGNs and MFNs [13]. Moreover, we see a consistent improvement with
respect to CKCNNSs [9] by using learnable kernel sizes. This shows that both
MAGNets and learnable kernel sizes contribute to the performance of FlexTCNs.
Note that in 1D, MAGNets are equivalent to MGNs. However, MAGNets consis-
tently perform better than MGNs. This improvement in accuracy is a result of
our MAGNet initialization.

Image classification. Next, we evaluate FlexNets for image classification on
CIFAR-10 [46]. Additional experiments on Imagenet-32, MNIST and STL-10 can
be found in Section 6.C.

Table 6.3 shows our results on CIFAR-10. FlexNets are competitive with
pooling-based methods such as CIFARResNet [3] and outperform learnable
kernel size method DCNs [6]. In addition, we compare using N-Jet layers of
order three (as in [5]) in FlexNets against using MAGNet kernels. We observe
that N-Jet layers lead to worse performance, and are significantly slower than
FlexConv layers with MAGNet kernels. The low accuracy of N-Jet layers is likely
to be linked to the fact that FlexNets do not use pooling. Consequently, N-Jets
are forced to learn large kernels with high-frequencies, which we show N-Jets
struggle learning in Section 6.4.1.

To illustrate the effect of learning kernel sizes, we also compare FlexNets
against FlexNets with large and small discrete convolutional kernels (Table 6.3).
Using small kernel sizes is parameter efficient, but is not competitive with
FlexNets. Large discrete kernels on the other hand require a copious amount of
parameters and lead to significantly worse performance. These results indicate
that the best solution is somewhere in the middle and varying kernel sizes
can learn the optimal kernel size for the task at hand.

Similar to the sequential case, we conduct ablation studies on image data
with learnable, non-learnable kernel sizes and different kernel parameterizations.
Table 6.3 shows that FlexNets outperform CKCNNs with corresponding kernel
parameterizations. In addition, a clear difference in performance is apparent for
MAGNets with respect to other parameterizations. These results corroborate
that both MAGNets and FlexConvs contribute to the performance of FlexNets.
Moreover, Table 6.3 illustrates the effect of the two contributions of MAGNet
over MGN: anisotropic Gabor filters, and our improved initialization. Our
results in image data are in unison with our previous results for sequential
data (Tables 6.1, 6.2) and illustrate the value of the proposed improvements in
MAGNets.



6.4. Experiments 147
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Figure 6.5: Alias-free FlexNet-16 on CIFAR-10. We report change in accuracy between
source and target resolutions, directly after upsampling (left) and after fine-
tuning (right) (means over five runs).

Table 6.4: Alias-free FlexNets on CIFAR-10.

CIFAR-10 Acc.
16 px A1epx 32 px
CIFARResNet-44 0.66M 858+02 -31.6+1.3

FlexNet-16 w/ conv. (k=3) 0.17m 853 +02 -21.2+1.0
FlexNet-16 w/ conv. (k=33) 20.0M 67.7+0.6 -57.1+1.6

MODEL SIZE

FlexNet-16 w/ N-Jets 0.70M 864 +0.2 -55+13
CKCNN-1651REN 0.63M 459+1.0 -158+1.2
FlexNet-16gREN 0.63M 704+08 -50.0+16.9

FlexNet-16 w/o reg. 0.67M 864 +04 -344+14.3

FlexNet-16 w/ reg. fiincnet 0-67M  865+0.1  -3.8+2.0
FlexNet-16 w/ reg. fF+1exConv 0.67M 851+03 -33+03

6.4.3 ALIAS-FREE FLEXNETS

Regularizing the FlexConv mask. Though including fu—tgauss in the frequency
analysis of MAGNets is crucial for the accuracy of the derivation, including the
FlexConv mask in aliasing regularization is undesirable, as it steers the model
to learn large kernels in order to minimize the loss (see Eq. 6.25). However,
excluding the mask from regularization could compromise the ability of FlexNet
to generalize to higher resolutions. Here, we experiment with this trade-off.
Fig. 6.5 shows accuracy change between ten source and target resolution
combinations on CIFAR-10, both for including and excluding the FlexConv mask
in the aliasing regularization. We train at the source resolution for 100 epochs,
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before testing the model at the target resolution with the upsampling described
in Section 6.3.3. Next, we adjust fnyq(k) to the target resolution, and finetune
each model for 100 epochs at the target resolution.

We find that regularizing just fy, e Yields a trade-off. It increases the
accuracy difference between low and high resolution inference, but also increases
the fine-tune accuracy at the target resolution.We therefore choose to, by default,
regularize fy , oner ONLY-

Results of our alias-free FlexNet training on CIFAR-10 are in Table 6.4. We
observe that the performance of a FlexNet trained without aliasing regularization
largely breaks down when the dataset is upscaled. However, with our aliasing
regularization most of the performance is retained.

Comparatively, FlexNet retains more of the source resolution performance
than FlexNets with N-Jet layers, while baselines degrade drastically at the target
resolution. Fig. 6..8 shows the effect of aliasing regularization on the frequency
components of FlexConv.

Training at lower resolutions saves compute. We can train alias-free FlexNets
at lower resolutions. To verify that this saves compute, we time the first 32
batches of training a FlexNet-7 on CIFAR-10. We compare against training on
16 x 16 images (downsampled before training). On 16x16 images, each batch takes
179ms (+ 7ms). On 32x32 images, each batch takes 222ms (+ 9ms). Therefore,
we save 24% training time when training FlexNets alias-free at half the native
CIFAR-10 resolution.

6.5 DISCUSSION

Learned kernel sizes match conventional priors. Commonly, CNNs use archi-
tectures of small kernels and pooling layers. This allows convolutions to build a
progressively growing receptive field. With learnable kernel sizes, FlexNet could
learn a different prior over receptive fields, e.g., large kernels first, and small
kernels next. However, FlexNets learn to increase kernel sizes progressively
(Fig. 6.6), and match the network design that has been popular since AlexNet
[29].

Mask initialization as a prior for feature importance. The initial values of the
FlexConv mask can be used to prioritize information at particular input regions.
For instance, initializing the center of mask on the first element of sequential
FlexConvs can be used to prioritize information from the far past. This prior is
advantageous for tasks such as npCIFAR10. We observe that using this prior on
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npCIFAR10 leads to much faster convergence and better results (68.33% acc. w/
FlexTCN-2).

MAGNet regularization as prior induction. MAGNets allow for analytic
control of the properties of the resulting representations. We use this property
to generate alias-free kernels. However, other desiderata could be induced, e.g.,
smoothness, for the construction of implicit neural representations.

Benefits of cropping and the influence of PyTorch. Dynamic cropping adjust
the computational cost of the convolutions on the fly. For a signal of size M and
a cropped kernel size k, this incurs in savings from oM?”) to OMPKP) relative
to using global kernel sizes (O(M*) to O(M?k?) in 2D). We test this theoretical
speed up in a controlled environment for the Speech Commands and CIFAR-10
datasets. Cropping reduces the per-epoch run time by a factor of 11.8x and
5.5x for Speech Commands and CIFAR-10, respectively. Interestingly, however,
both run times become similar if the flag torch.backends.cudnn.benchmark is
activated, with global kernel sizes being sometimes faster. This is because this
flag tells PyTorch to optimize the convolution algorithms used under the hood,
and some of these CUDA algorithms seem to be faster than our masking strategy
on Python.

6.6 LIMITATIONS

Dynamic kernel sizes: computation and memory cost of convolutions with
large kernels. Performing convolutions with large convolutional kernels is
a compute-intensive operation. FlexConvs are initialized with small kernel
sizes and their inference cost is relatively small at the start of training. How-
ever, despite the cropping operations used to improve computational efficiency
(Fig. 6.1, Section 6.1, Table 6.3), the inference time may increase to up to double
as the learned masks increase in size. At the cost of more memory, convolutions
can be sped up by performing them in the frequency domain. However, we
observe that this does not bring gains for the image data considered because FFT
convolutions are faster only for very large convolutional kernels (in the order of
hundreds of pixels).

Remaining accuracy drop in alias-free FlexNets. Some drop in accuracy is still
observed when using alias-free FlexNets at a higher test resolutions (Table 6.4).
Although more evidence is needed, this may be caused by aliasing effects intro-
duced by ReLU [47], or changes in the activation statistics of the feature maps
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Depth

Figure 6.6: Learned FlexConv masks for FlexNets with 3, 5 and 7 residual blocks. FlexNets
learn very small kernels at shallow layers, which become larger as a function
of depth.

passed to global average pooling [48].

6.7 CONCLUSION

We propose FlexConv, a convolutional operation able to learn high bandwidth
convolutional kernels of varying size during training at a fixed parameter cost.
We demonstrate that FlexConvs are able to model long-term dependencies with-
out the need of pooling, and shallow pooling-free FlexNets achieve state-of-the-
art performance on several sequential datasets, match performance of recent
works with learned kernel sizes with less compute, and are competitive with
much deeper ResNets on image benchmark datasets. In addition, we show that
our alias-free convolutional kernels allow FlexNets to be deployed at higher
resolutions than seen during training with minimal precision loss.

Future work. MAGNets give control over the bandwidth of the kernel. We
anticipate that this control has more uses, such as fighting sub-sampling aliasing
[49-51]. With the ability to upscale FlexNets to different input image sizes
comes the possibility of transfer learning representations between previously
incompatible datasets, such as CIFAR-10 and Imagenet. In a similar vein, the
automatic adaptation of FlexConv to the kernel sizes required for the task at hand
may make it possible to generalize the FlexNet architecture across different tasks
and datasets. Neural Architecture Search [52] could see benefits from narrowing
the search space to exclude kernel size and pooling layers. In addition, we
envisage additional improvements from structural developments of FlexConvs
such as attentive FlexNets.
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APPENDICES

(a) MLPY output (b) g(1x, y1;0D) (© w(x,y) = (a) - (b) (d) After cropping

Figure 6..7: Example kernels, generated step by step. FlexConv samples a kernel from
MLPY (a), which is attenuated by an anistropic Gaussian envelope with
learned parameters 00 (b), creating (c) which is cropped to contain only
values of > 0.1 (d).

6.A ALIAS-FREE FLEXCONV REGULARIZATION

In this section we provide the complete derivation and analysis for our FlexConv
regularization against aliasing. First, we derive the analytic maximum frequency
component of a FlexConv kernel. Next, we compute the Nyquist frequency of a
FlexConv kernel, and subsequently show how to combine the previous results
into a regularization term to train alias-free FlexConvs.

6.A.1 ANALYZING THE FREQUENCY SPECTRUM OF FLEXCONV

In order to make FlexConv alias-free (Section 6.3.3), we need to compute the
maximum frequency component of the kernels generated by a MAGNet, so that
we can regularize it during training. In this section we analytically derive this
maximum frequency component from the parameters of the MAGNet.
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Recall that MAGNets generate a kernel y(x,y) through of a succession of
anisotropic Gabor filters and linear layers (Section 6.3.2, Egs. 6.2 to 6.7):

h® = g([x, y];B(l)) g: R2 — RNhid
h? = (w(l)h(l—l) +b(l)) -g([x, y];g(l)) WO ¢ RNnia*Nnia 15(D) ¢ pNnid
wx,y) = WD 4 p® WO ¢ RMouxNin) xNhia (L) ¢ (NoucxNin)

g(1x,11:6") = exp| - % [(r 2= )+ (12 (- )] sin (W, 31 + )

D_J3D c mNhid 4,0 c pNhid ;D) ¢ PNhid 1D ¢ pNhid W ¢ pNhid*2 1) ¢ pNhid
0 _{yX e RN,y e RNnia, (D € RN, 1 € i, Wil € @2 p(D € R }

To analyse the maximum frequency component fy , oo We analyse the fre-
quency components of the Gabor filters used in MAGNet, and retain their
maximum. We then plug the found frequency component into the analysis
of Fathony et al. [1] to show how the frequency responses of Gabor filters and
linear layers interact in MENs. Finally, we add the effect of the FlexConv Gaus-
sian mask to our analysis to obtain the maximum frequency component ot the
final FlexConv kernel f . .

Sine term in Gabor filters. In a Gabor filter, the sine term is multiplied with
a Gaussian envelope. The frequency (in radians) of a sine function of the form
Sin(w’[x, y] + b) is given by w. We divide by 27 to convert the frequency units
to Hertz, for compatibility with the rest of the analysis. For 2D inputs, the
maximum frequency component of the sine function correspond to the largest
frequency in the two input dimensions:

+ _ Ww;j

Jfsin = max o (6.10)
The sine terms in MAGNets have multiple output channels: Sin(Wy-[x, ] +b(gl)).

Effectively, we compute the sine term independently for each channel:

w P

+ i
Jsin,i = max—, — (6.11)
Gaussian term in Gabor filters. In a Gabor filter, a Gaussian envelope modu-
lates a sine term. Let us assume for now that the Gaussian envelope is isotropic,
rather than anisotropic as in MAGNets, and has single-channel output. By ap-
plying the convolution theorem, the sine term is equivalently convolved with
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the Fourier transform of the Gaussian envelope in the frequency domain. Since
the Fourier transform of a Gaussian envelope is another Gaussian envelope, the
application of a Gaussian envelope amounts to blurring with a Gaussian kernel
in the frequency domain. The size of the envelope in the Fourier domain o can
be derived from the standard deviation of the Guassian envelope in the spatial

domain o as follows:
1 1
OT0F = — = 0fp = . (6.12)
2 2o

Gaussian blurs induce impulse signals to have a long tail. Consequently, we
must define a cutoff point for this tail in terms of standard deviations to derive
the maximum added frequency induced by the blur. We describe the cutoff point
as ocyut € N. Typical choices for oy are known as the empirical, or the "68-95-99.7"
rule [2]. We choose a standard of two standard deviations, i.e., ¢y = 2, which
covers 95% of the mass of the Gaussian envelope.

For an isotropic Gabor filter with y = 0!, the maximum frequency of its
Gaussian envelope fg,, is:

Ocut _ OcutY

2n(or)"! T 2m (6.13)

+
fenv =

Anisotropic envelopes. Our analysis so far assumes an isotropic Gaussian
envelope in the Gabor filter. However, we need to account for the anisotropic
Gaussian envelopes in MAGNets. Anisotropic filters have not one but two y
parameters: {yx,yy}. The smallest of these will contribute most to f,,, as it will
blur the most, so it is sufficient to compute f,, only using the smallest of the
two y terms:

fe-'l—lv(YX'YY) = fetlv(min{YXrYY})- (6.14)

The other assumption we made before was to work with single-channel outputs.
MAGNets however use multi-channel outputs with independent Gaussian terms.
The maximum frequency of multi-channel Gaussian envelopes is given by:

OcutMin{yx ;,yv,i}
27

fe;v,i(YX’ YY) = fony (min{YX,irYY,i}) = , (6.15)

where the subscript i indexes the channels of the multi-channel Gaussian en-
velopes.

Maximum frequency component of anisotropic Gabor filters. Finally, the
maximum frequency component of the i-th channel of an anisotropic Gabor filter
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g is given by:

fgabor,i = fS4i—n,i (Wg) + fe;v,i rxry)

We i) Ocurmin LYY
_ (max gi,j ) 4 Teut {rx.i YY,z}‘
j 27 27

(6.16)

Fig. 6.A.1 illustrates the frequency spectrum of an example Gabor filter.

Maximum frequency component of a MAGNet. Fathony et al. [1] characterize
the expansion of each term of the isotropic Gabor layers in MFNs in the final MEN
output. In Eq. 25, Fathony et al. [1] demonstrate that the MFN representation
contains a set of sine frequencies w given by:

— L L-1 2 1
w= {stE.L) + sL,le.H D poy S w( ) +w( )} (6.17)

Here, the indexes i1, i, -+, i1 range over all possible indices of each hidden
unit of each layer of an MEN, and sp,---, s € {—1,+1} range over all 2L-1 possible
binary signs. In other words, Fathony et al. [1] demonstrate that the representa-
tion of an MFN at a particular layer contains an exponential combination of all
possible positive and negative combinations of the frequencies of the sine terms
in each hidden unit at each layer in the MFN up to the current layer.

The original analysis uses these terms to argue that MFNs model exponentially
many terms through a linear amount of layers. For our purpose of computing
the frequency response of the MAGNet generated kernel, we can plug our
derivation of the frequencies of the Gabor filter fgapor into @ to compute the
frequency spectrum of the generated kernel:

+ (L-1) 2) (e8]
fMAGNet {SLfGabOI iL +SL-1f, Gabor, lL1 Szf abor,lz fabor,il} (6.18)

As stated before, we are only interested in the maximum frequency in the fre-
quency spectrum. We can therefore simplify Eq. 6.18 in two ways. First, we sim-
plify over MAGNet layers by taking the maximum value of the spectrum, which
is the sum over all layers using only the positive binary signs in s (Eq. 6.19).
Next, we simplify over channel indices by retaining only the channel index
that results in the highest frequency (Eq. 6.20). The maximum frequency of a
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MAGNet is shown in Eq. 6.21:

+ _ +(L) +(L-1) +(2) +)
IMAGNet = {(+1)fGabor,iL + D feabori Tt D fGabori, T Gabor,il} (6.19)

_J @ +(@L-1 . +(2) + (1)
_{ Gabor, if, + Gabor, i1 oot Gabor, iy + Gabor,il}

+ _ +(0) +@L-) + 2 +(1)
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Effect of the Gaussian mask in the frequency components of a FlexConwv.
FlexConvs attenuate the MAGNet output with a Gaussian mask. The Gaussian
mask (Eq. 6.1) works analogously to the Gaussian envelope term in the Gabor
filter: it blurs the frequency components of the generated kernel with standard
deviation of. Therefore, we can reuse our derivation for the Gaussian envelope
of the Gabor filter (Eq. 6.15). The maximum frequency component of a FlexConv
kernel is given by:

+ _ ot +
f FlexConv — f MAGNet + f env

_f+ n Ucutmin{a;(l’o';(l} _ f+ + O cut
— JMAGNet 27 — JMAGNet maX{O'X,O'Y}ZT[
(D) : 0] ()
L o | Ocurminfyy’. ¥y}
il X, Y, g
=Y max| | max—22L | 4 Nl out . (6.22)
P j 27 27 max{oyx,oy}2n

Visualization of regularized kernels. Fig. 6..8 shows example kernels from
FlexNets trained with aliasing regularization. The frequency domain plots
confirm the accuracy of our frequency component regularization.
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6.A.2 REGULARIZING THE FREQUENCY RESPONSE OF
FLEXCONV

Nyquist frequency of a FlexConv kernel. Given the sampling rate f; of the
kernel, we can compute its Nyquist frequency fnyq as:

fva=3f ©23)

To compute the sampling rate, we note that the kernel coordinates input to our
MAGNet stretch over a [-1,1]” domain. For a kernel of length k, we therefore
sample one point in every f; = ! units.

Knowing the sampling rate in terms of the kernel size allows us to express the
Nyquist frequency in terms of the (pre-masked) kernel size:
1k-1 k-1

k=-——= . 6.24
fNyq( ) ) 4 ( )
Note that the kernel size in a FlexConv is initialized to be equal to the resolution
of the data, if it is odd. For even resolutions, it corresponds to the resolution of

the data plus one.

Constructing the regularization term. We train FlexConv with a regularization
term on the frequency response of the generated kernel to ensure that aliasing
effects do not distort the performance of the model when it is inferred at a higher
resolution. This section details the implementation of the regularization function.

From the parameters of each FlexConv module, we compute f . ., accord-
ing to Eq. 6.22. For the amount of standard deviations to use in determining
forw (Eq. 6.15) we use h = 2. From the kernel size k of the FlexConv module we
compute fyq(k) according to Eq. 6.24. We then apply an L2 regularizer over the
amount that fF+lexCor1V exceeds fNyq(k):

L = llmax{ fil, convs Nyq (0} = fuyq 0112 (6.25)
We weight Zyr by A = 0.1 when adding it to our loss function.
Improved implementation. Eq. 6.25 contains a sum over the L layers of the

MAGNet. In practice, we prefer to regularize each layer [ € L separately, so
that the gradients of the regularization of different layers are not dependent on
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each other. We therefore implement the anti-aliasing regularization by regular-
izing each MAGNet layer independently, and spreading the f7,, term from the
gaussian mask uniformly over all MAGNet layers:

12 (6.26)

v INyq())  fNyq(k)
fHFJz“maX{fl\T{AGNet,ﬁ%’ y]il }_ y]il

= + (1) fe_'r—lv fNyq(k) _fNyq(k) 2
_||max{nli?x(fGabor,il)+T’ L L [1=.

(6.27)

In the code, we refer to this method as the together method, versus the
summed method of Eq. 6.25. In preliminary experiments, we observed improved
performance of anti-aliasing training when using the together method. All of
our experiments anti-aliasing experiments therefore use the together setting.

6.B DATASET DESCRIPTION

6.B.1 IMAGE FITTING DATASETS

Kodak dataset. The Kodak dataset [3] consists of 24 natural images of size
768 x 512. This dataset is a popular benchmark used for compression and image
fitting methods.

6.B.2 SEQUENTIAL DATASETS

Sequential and Permuted MNIST. The sequential MNIST dataset (sMNIST)
[4] takes the 28x28 images from the original MNIST dataset [5], and presents
them as a sequence of 784 pixels. The goal of this task is to perform digit
classification given the representation of the last sequence element of a sequential
model. Consequently, good predictions require the model to preserve long-term
dependencies up to 784 steps in the past.

The permuted MNIST dataset (pMNIST) additionally changes the order of all
the SsMNIST sequences by a random permutation. Consequently, models can
no longer rely on local features to construct good feature representations. As a
result, the classification problem becomes more difficult, and the importance of
long-term dependencies more pronounced.

Sequential and Noise-Padded CIFAR10. The sequential CIFAR10 dataset
(sCIFAR10) [6] takes the 32x32 images from the original CIFAR10 dataset [7] and
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presents them as a sequence of 1,024 pixels. The goal of this task is to perform
image classification given the representation of the last sequence element of a
sequential model. This task is more difficult than sMNIST, as a larger memory
horizon is required to solve the task and more complex structures and intra-class
variations are present in the data [8].

The noise-padded CIFAR10 dataset (npCIFAR10) [9] flattens the images from
the original CIFAR10 dataset [7] along their rows to create a sequence of length 32,
and 96 channels (32 rows x 3 channels). Next, these sequences are concatenated
with 968 entries of noise to form the final sequences of length 1000. As for
sCIFAR10, the goal of the task is to perform image classification given the
representation of the last sequence element of a sequential model.

CharacterTrajectories. The CharacterTrajectories dataset is part of the UEA
time series classification archive [10]. It consists of 2858 time series of length 182
and 3 channels representing the x, y positions, and the tip force of a pen while
writing Latin alphabet characters in a single stroke. The goal is to classify out of
20 classes the written character using the time series data.

Speech Commands. The Speech Commands dataset [11] consists of 105,809
one-second audio recordings of 35 spoken words sampled at 16kHz. Following
[12], we extract 34975 recordings from ten spoken words to construct a balanced
classification problem. We refer to this dataset as SpeechCommands_raw, or
SC_raw for short. Furhtermore, we utilize the preprocessing steps of [12] and
extract mel-frequency cepstrum coefficients from the raw data. The resulting
dataset, abreviated SC, consists of time series of length 101, and 20 channels.

6.B.3 IMAGE BENCHMARK DATASETS

MNIST. The MNIST hadwritten digits datset [13] consists of 70,000 gray-scale
handwritten digits of size 28x28, divided into a training and test sets of 60,000
and 10,000 images, respectively. The goal of the task is to classify these digits as
one of the ten possible digits (0,1,..8,9).

CIFAR-10 The CIFAR-10 dataset [7] consists of 60,000 natural images from
10 classes of size 32x32, divided into training and test sets of 50,000 and 10,000
images, respectively.

STL-10. The STL-10 dataset [14] is a subset of the ImageNet dataset [15]
consisting of 5,000 natural images from 10 classes of size 96x96, divided into
trainint and test sets of 4,500 and 500 images, respectively.

ImageNet-k. The Imagenet-k [16] dataset is derived from the ImageNet dataset
[17] by downsampling all samples to a resolution k € [64,32,16,8]. The dataset
contains 1000 classes with 1,281,167 training samples and 50,000 validation
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samples.

6.C ADDITIONAL EXPERIMENTS

Table 6.C.1: Average PSNR for fitting of images in the Kodak dataset. Both our improved
initialization scheme, as well as the inclusion of anisotropic Gabor functions
lead to better reconstructions.

MODEL # PARAMS IMPROVED PSNR
INIT

SIREN 7.14K - 25.665

MFNEgourier 7.40K - 23.276

X 25.361

MFNgGabor 7.11K 25.606

X 25.791

MAGNet 7.36K 25.893

6.C.1 IMAGE CLASSIFICATION

CIFAR-10. Table 6.C.2 shows all results for our CIFAR-10 experiments, including
more ablations.

ImageNet-32. Results for the ImageNet-32 experiment are shown in Ta-
ble 6.C.3. FlexNets are slightly worse than CIFARResNet-32 [20] with slightly
less parameters. However, the results reported by [16] for Wide ResNets [21]
outperform FlexNets by a significant margin.

Alias-free ImageNet-32. We report results for alias-free FlexNets on ImageNet-
k[16] in Table 6.C 4, to verify the results of alias-free training at a larger scale. We
find that FlexConv and N-Jet both mostly retain classification accuracy between
source and target resolution, while CIFARResNet-32 degrades drastically.

MNIST and STL-10. We additionally report results on MNIST (Table 6.C.5)
and STL-10 (Table 6.C.6). We choose these dataset for the difference in image
sizes of the training data. On MNIST, though performance on MNIST is quite
saturated, we are competitive with state of the art methods. On STL-10 we are
significantly worse than the baseline CIFARResNet from Luo et al. [22], though
with significantly less parameters. We were not able to prepare a more relevant
baseline for this experiment.
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Table 6.C.2: Full results on CIFAR-10. We report results over three runs per setting.
CIFARResNet-44 w/ CKConv is a CIFARResNet-44 where all convolutional
layers are replaced with CKConvs with k = 3. CIFARResNet-44 w/ FlexConv
is a CIFARResNet-44 where all convolutional layers are replaced with Flex-
Conv with learned kernel size, except for the shortcut connections of the
strided convolutional layers, which are pointwise convolutions. *Results are
taken from the respective original works instead of reproduced. 1 Results are
from single run.

MODEL SIZE CIFAR-10
Acc.
DCN-g/i [18] 0.47M  89.7 +0.3*
N-Jet-CIFARResNet32 [19] 0.52M 923 +0.3*
N-Jet-ALLCNN [19] 1.07M 925+ 0.1*
CIFARResNet-44 [20] 0.66M 92.9%

CIFARResNet-44 [20] (our reproduction) 0.66M  90.9 + 0.2
CIFARResNet-44 w/ CKConv (k = 3) 2.58M  86.1 +£0.9

CIFARResNet-44 w/ FlexConv 258M 81.6+0.8
FlexNet-7 w/ conv. (k =3) 0.17M 89.5+03
FlexNet-7 w/ conv. (k =33) 200M 78.0+0.3

FlexNet-7 w/ N-Jet [19] 0.70M  91.7 £ 0.1
CKCNNGgReN-3 0.26M 72.4*
CKCNNEgoyrier-3 0.27Mm 83.8*
CKCNNGabor-3 0.28M 85.6*

CKCNNMAGNet-3 0.28M 86.2*
CKCNN-7 0.63M 71.7%
CKCNNEgourier-7 0.63M 84.6%
CKCNNGabor-7 0.67M 87.7%
CKCNNpAGNet-? 0.67M 85.9*
FlexNetSIREN-7 0.63M 88.9*
FlexNetpourier-7 0.66M 91.6*
FlexNetGapor-7 0.67M  92.0*
FlexNet-3 0.27M 904 +0.2
FlexNet-5 0.44M  91.0+05

FlexNet-7 0.67M 922 +0.1
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Table 6.C.3: Results on ImageNet-32. *Results are taken from the respective original works
instead of reproduced. t Results are from a single run.

IMAGENET-32

MODEL SIZE Top-1 Top-5
CIFARResNet-32 0.53M 2641 +0.13 49.37 +0.15
WRN-28-1 0.44Mm 32.03* 57.51%

FlexNet-5 0.44Mm 249 + 04 47.7 £ 0.6

Table 6.C.4: Results for alias-free FlexNets on CIFAR-10 and ImageNet-k. A denotes
difference in accuracy.

IMAGENET-K ToOP-1
k=16 Ak:lﬁ k=32

CIFARResNet-32 0.52m  16.1 +0.0 -11.6 + 04
FlexNet-5w/ N-Jets 0.46M 15.7 £0.1 -19+04
FlexNet-5 044M 149+0.1 -19+1.7

MODEL SIZE

Table 6.C.5: Results on MNIST. We train each model with three different seeds and report
mean and standard deviation. *Results are taken from the respective original
works instead of reproduced.  Results are from single run.

MNIST
Acc.

Efficient-CapsNet [23] 0.16Mm 99.8*%
Network in Network [24] N/A 99.6%
VGG-5 (results from [25]) 3.65M 99.7%

FlexNet-16 0.67M 99.7 £ 0.0

MODEL SIZE

6.D EXPERIMENTAL DETAILS

6.D.1 FLEXNET

We propose an image classification architecture named FlexNet (Fig. 6.D.1), con-
sisting of a stack of FlexConv blocks followed by a global average pooling layer
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Table 6.C.6: Results on STL-10. We train each model with three different seeds and report
mean and standard deviation. *Results are taken from [22].  Results are from
single run.

STL-10
Acc.

CIFARResNet-18  11.2M 81.0%
FlexNet-16 0.67M 68.6+0.7

MODEL SIZE

and a linear layer. FlexNets are named "FlexNet-L" where L indicates the amount
of layers in the architecture.

FlexBlock. Each FlexBlock consists of two FlexConvs with BatchNorm [26]
and dropout [27] (d = 0.2) as well as a residual connection. The width of a block
i is determined by scaling a base amount ¢ by progressively increasing factors:
ci =[c,cx1.5,cx1.5,¢x2.0,cx2.0](i). The default configuration of FlexNet uses
¢ =22. In FlexNet-N-Jet models, we scale ¢ to match the amount of parameters
of the FlexNet in the comparison.

FlexConv initialization. We initialize the FlexConv mask variances small, at
0%,0% =0.125. For initializing MAGNet, we initialize the Gaussian envelopes
as discussed in Section 6.3.2. We initialize the linear layer weights by the same
Gamma distribution as used for the enveloped, modulated by a scaling factor
of 25.6. We found that this value of the scaling factor, rather than a higher one,
helped in reducing the performance of alias-free models. We initialize the bias of
the linear layers by % (-, ).

CIFAR-10. In FlexNet-16 models for CIFAR-10 we use c = 24 to approximate
the parameter count of CIFARResNets in the experiment.

6.D.2 OPTIMIZATION

We use Adam [28] to optimize FlexNet. Unless otherwise specified, we use
a learning rate of 0.01 with a cosine annealing scheme [29] with five warmup
epochs. We use a different learning rate of 0.1x the regular learning rate for
the FlexConv Gaussian mask parameters. We do not use weight decay, unless
otherwise specified.

Kodak. We overfit on each image of the dataset for 20,000 iterations. To this
end, we use a learning rate of 0.01 without any learning rate scheme. We observe
that SIRENs diverge with this learning rate and thus, reduce the learning rate to
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0.001 for these models.

CIFAR-10. We train for 350 epochs with a batch size of 64. We use the data
augmentation from He et al. [20] when training CIFAR-10: a four pixel padding,
followed by a random 32 pixel crop and a random horizontal flip.

ImageNet-32. We train for 350 epochs with a batch size of 2048. We use the
same data augmentation as used for CIFAR-10. We do use a weight decay of
le—5 for ImageNet-32 training.

Sequential and Permuted MNIST. We train for 200 epochs with a batch size
of 64 and a learning rate of 0.01. We use a weight decay of le-5.

Sequential and Noise-Padded CIFAR-10. For sequential CIFAR-10, we train
for 200 epochs with a batch size of 64, a learning rate of 0.001 and a weight decay
of 1le—5. For noise-padded CIFAR-10, we train for 300 epochs with a batch size
of 32, a learning rate of 0.01 and no weight decay.

Speech Commands and CharTrajectories. We train for 300 epochs with a
batch size of 32 and a learning rate of 0.001. For CharTrajectories, we use a
weight decay of le-5.

6.D.3 ROTATED GAUSSIAN MASKS

MAGNets use anisotropic Gaussian terms in the Gabor filters, which yields im-
provements in descriptive power and convergence speed (Section 6.3.2). For the
same reason, we explore making the anisotropic FlexConv Gaussian mask steer-
able, by including an additional vector of learnable angle parameters ¢? € RNnid
that rotates the Gaussian masks. Although preliminary experiments show ro-
tated masks lead to slight additional improvements, the computational overhead
required to rotate the masks is large. Consequently, we do not consider rotated
Gaussian masks in our final experiments.
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Block 3 FlexConv 0 - 17x17 log10(FFT) Kernel sampled at 65x65

(a) No regularization, block 3 of 7.

Block 4 FlexConv 0 - 17x17 log10(FFT) Kernel sampled at 65x65

(b) Regularizing fi » oner Plock 4 of 7.

Block 4 FlexConv 0 - 17x17 log10(FFT) Kernel sampled at 65x65

log10(FFT)

o
-

r'

log10(FFT)

log10(FFT)

(c) Regularizing fF+1exConv’ block 4 of 7.

Figure 6..8: Example kernels from FlexNet-16 models trained (i) without regularization,
(ii) with aliasing regularization of i \ sner (iil) with aliasing regularization
of fF+1exCo - In the columns, from left to right: (i) original kernel at 33 x 33,
(ii) FFT otn the original kernel, (iii) kernel inferred at 65 x 65, to find aliasing
effects, (iiii) FFT of the 65 x 65 kernel, with the solid line showing the Nyquist
frequency of the 33 x 33 kernel, and the red dotted line showing the maximum
frequency component as computed by our analysis. For fF+1exConv the maxi-
mum frequency matches almost exactly with the Nyquist frequency, showing
that our aliasing regularization works. For fﬁ AGNet the maximum frequency
is slightly higher than the Nyquist frequency, as the FlexConv mask is not
included in the frequency term derivation. This is reflected in the slightly
worse resolution generalization results reported in Section 6.4.3. Furthermore,
some aliasing effects are still apparent for the aliasing regularized models, as
discussed in Section 6.6.
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N(2]0.0,0.1) N (2]0.0,0.1) sin(50.3z)

Figure 6.A.1: Decomposition of a Gabor filter and its frequency spectrum. Top row: a
decomposition of a Gabor filter (right) into its Gaussian term (left) and its
sine term (center). Bottom row: frequency responses for each respective
filter. The Fourier transform of a Gaussian envelope is a Gaussian envelope
(blue circles show o g for h = {1,2}). The Fourier transform of a sine pattern
is a collection of symmetrical impulse signals (red box shows the Nyquist
frequency). The Gaussian envelope blurs the frequency response of the sine
term (purple boxes show the frequency response for h = {1,2,3}).

h(z) = 51n(50 3x)
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Figure 6.D.1: FlexNet architecture. FlexNet-L consists of L FlexBlocks, where each
FlexBlock is a residual block of FlexConvs.
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This thesis explores how vision models learn to use spatial dataset biases, and
how we can improve the usage of spatial biases using (flexible) inductive biases
to benefit vision models. The previous chapters have shown that (i) inductive
biases make models better in data-deficient settings (Chapter 2), (ii) how to
measure to which degree vision models learn to use spatial biases (Chapters 3, 4)
and (iii) how to integrate flexible inductive spatial biases to improve models
(Chapters 5, 6). Several common themes arise that we discuss in the following.

7.1 POSITION BIAS

The translation invariance of Vision Transformers yields a unique framework
to analyze dataset position bias: as appearance information and position infor-
mation are cleanly separated between image tokens and position embeddings,
we are able to measure the usage of position bias in ViT models directly (Chap-
ter 4). We use this opportunity to answer the question whether vision models
should learn not to use dataset position bias (low model position bias, i.e. high
translation invariance) or whether they should (high model position bias). Our
findings indicate it depends strongly on the dataset.

For photographic datasets such as ImageNet [1], we find that vision models
learn low model position bias in intermediate representations (Chapter 3), but
high model position bias in the overall network response, which benefits ac-
curacy (Chapter 4). We hypothesize that early layers, which have been shown
to recognize mostly low-level object parts [2, 3], benefit from sharing pattern
recognition functions across positions, while later layers, which recognize objects
as a whole in a semantic context, benefit from knowing the position of the object.

Our analysis further identifies key network design and training factors that
modulate the extent of learned position bias. Chapters 3, 4 find that using data
augmentation decreases learned model position bias, and consequently hurts
performance on datasets with high position bias. Chapter 3 shows that the choice
of architecture matters: ViTs learn higher model position bias than CNNs. In ViTs,
the choice of position embedding also affects the learned model position bias
(Chapter 4). All these design choices matter when trying to optimize the training
of the vision model for a particular dataset position bias, so as to improve the
model.
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7.2 SCALE BIAS

Scale bias arises when the size of objects in an image varies systematically, either
due to changes in distance from the camera or the composition of the dataset. We
observe that scale equivariant methods are often not tuned very well to the scales
apparent in vision datasets (Chapter 5). We therefore add flexible inductive
bias that allows the model to fit to the scale distribution in the training dataset.
Similarly, in Chapter 6 we make CNNs learn their kernel sizes, allowing the
model to learn the appropriate receptive field for the scale distribution apparent
in the training data. We find that the receptive fields learned by these CNNs
match those of successful CNN designs [4, 5], indicating that architectures that
arose from collective tuning by the research field capture the right receptive field.

Beyond tuning receptive fields, we also explore generalization across scales
using the MAGNet parameterization of convolutional kernels. This approach
allows kernels to transfer across different scales with minimal performance loss.
Given the high cost of acquiring large labeled datasets, this is particularly valu-
able: a model pre-trained on a large-scale dataset can be efficiently adapted to a
new dataset with a distinct scale distribution, thereby improving performance
in data-limited settings. In this way, we contribute a method to make transfer
learning more widely usable to improve models in data-deficient settings.

Overall, these contributions emphasize the importance of adaptive scale mod-
eling in vision architectures. By enabling models to flexibly capture and exploit
scale distributions, we enhance both data efficiency and generalization, provid-
ing a framework for robust application of vision models across heterogeneous
datasets and diverse real-world scenarios.

7.3 FLEXIBLE INDUCTIVE BIAS

The concept of flexible inductive bias emerges as a unifying principle to adapt
vision models to the spatial biases in different datasets. Across several chapters,
we show the benefits of flexible inductive bias: in Chapter 4, we learn the degree
to which to use dataset position bias using the y parameter in Auto-PE; in
Chapter 5, we learn the extent of the scale range using the learnable y in ISR?; in
Chapter 6, we learn the receptive field of the FlexNet by learning the anisotropic
window size of the FlexConv. In each case, we show that making the network
adapt to apparent dataset spatial biases specifically using our introduced flexible
inductive bias, makes the model fit the training data better.

Hn retrospect, we could have been a bit more creative in our choice of parameter notation...
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We hypothesize that this effectiveness arises from isolating the learning of
spatial biases into a small set of dedicated parameters. By decoupling these
biases from the broader network parameters, the model can efficiently encode
positional or scale-related patterns without requiring complex coordination
across many layers, which would otherwise make bias learning less efficient and
more error-prone.

Despite these advantages, there are downsides to incorporating (flexible) in-
ductive spatial biases: they often incurs higher compute costs (Chapters 5, 6) [6—
9], and their design is sensitive to mistakes: if the inductive bias is not correct,
there is no performance advantage and only increased compute cost remains [10-
12]. Nevertheless, when carefully applied, flexible inductive biases provide
a principled and adaptable framework for improving data efficiency and ro-
bustness, enabling vision models to leverage spatial patterns without rigidly
constraining their representations.

7.4 METHODS FOR DATA-DEFICIENT SETTINGS

Data-deficient scenarios, such as those featured in our series of VIPriors chal-
lenges (Chapter 2), are a significant challenge for vision models: there is still a
15% gap in vision model performance between data-deficient and data-abundant
settings. In our challenge, easy to use methods such as model ensembling and
data augmentation are the most used methods to improve models, highlighting
the continued utility of simple, well-understood techniques in data-deficient
scenarios.

A central question is whether using prior knowledge, by way of inductive
bias, helps in these settings. The challenge encouraged participants to explore
the development of new inductive biases, which was recognized through a jury
prize for innovative contributions. Nevertheless, only a small fraction of submis-
sions proposed genuinely novel inductive biases. Among these, some achieved
notable performance improvements. However, it is important to consider po-
tential selection biases: participants are unlikely to submit methods that fail,
and the time and effort required to design and implement new inductive biases
may have deterred broader experimentation. In contrast, many participants
leveraged existing architectures, augmentation strategies, loss functions, and
other mechanisms that implicitly encode inductive biases, even if not formally
novel.

From these observations, we infer that while inductive biases can indeed en-
hance model performance in data-deficient settings, the development of new
biases entails substantial implementation costs. In practice, applying established
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methods with proven efficacy may offer a more efficient allocation of develop-
ment effort, particularly when immediate performance gains are the primary
objective. These findings underscore a pragmatic balance in data-limited con-
texts: leveraging existing inductive biases judiciously can provide meaningful
improvements, while the creation of new biases should be weighed against the
associated resource investment.

7.5 FUTURE OUTLOOK

Benchmarking data-efficiency. In our VIPriors challenges (Chapter 2) we mea-
sured performance in a data-deficient setting. This is different from measuring
data-efficiency directly, since the latter would measure the change in performance
when removing data. While data augmentations and model ensembles may
boost performance at any data scale, inductive biases theoretically have an ad-
vantage in data-efficiency [13]. Future challenges may incorporate proposed
measures of data-efficiency, such as those by Hoiem et al. [14] or based on the
work of Viering et al. [15], to better spotlight methods specifically addressing
data-efficiency. Furthermore, combining the benchmarking of data-efficiency
with compute-efficiency may counteract the success of inductive biases that are
prohibitively more expensive and therefore not feasible in practice.

New applications. Our proposed MAGNet parameterization of FlexConv op-
erators (Chapter 6) allows for the generalization of convolutions to unseen scales.
Training models with MAGNet kernels allows engineers to transfer a model
trained on a particular scale distribution, to another setting with a different
known scale distribution. For example, to detect small objects, one could train
a FlexNet with MAGNet kernels on large objects, and then change the scale of
the MAGNet kernels to work on small objects. This may make it easier to train
object detectors to work well on small objects, broadening the range of feasible
real-world applications.

Spatial biases in large datasets. Classical machine learning theory suggests
that inductive biases are useful for small datasets, but hinder models trained on
large datasets [13]. Even though we show that inductive spatial biases are useful
for vision models on current datasets, we wonder if incorporating inductive
spatial biases will still be beneficial when datasets get larger.

Our proposed P-SHAP and learned equivariance measures (Chapters 3, 4)
offer the tools to allow such analysis, though large-scale compute is necessary
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to carry out these experiments. We hypothesize that position bias and scale
bias are likely to persist in large datasets, as the mechanisms that generate these
dataset biases (e.g. photography bias) are likely retained at larger data scales.
Consequently, we hypothesize that using these dataset biases in vision models
will remain important, even when datasets become ever bigger.

Dataset biases in other modalities. As the integration of tech products in
society evolves, so does the modality of the datasets that vision models can be
trained on. Using video instead of images as a data source is an active area
of research. Furthermore, LLM-powered chatbots are increasingly replacing
traditional internet search, creating large datasets of personal conversations,
mixed with user-uploaded images and videos. As the abundance of data will
move to other modalities, so will the biases apparent in datasets. Consequently,
the design of model architectures and the incorporation of appropriate inductive
biases must adapt to the unique characteristics of these new data modalities.
Research into modality-specific inductive biases will be critical for developing
Al systems that are both data-efficient and robust.

7.6 FINAL WORDS

There are those who advocate against spending much time on inductive biases.
The "bitter lesson" of Richard Sutton [16] prescribes that we should just add
more data, not more inductive bias. However, data is finite and may become
scarce sooner rather than later [17-19]. Moreover, raw performance of vision
models, given as much data as possible, should not be our only goal: data-
deficient settings are real, plenty and important. This thesis shows that spatial
biases exist in the data that vision models are trained on, and that incorporating
inductive spatial biases improves the data-efficiency of vision models. Therefore,
we hypothesize that data-efficient vision models are the future of our field, and
the search for appropriate inductive biases will remain an important endeavor.
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