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ABSTRACT

Frequency Response Function (FRF) measurements are widely used in gravitational wave detectors, e.g., for the design of controllers, cal-
ibrating signals, and diagnosing problems with system dynamics. The aim of this paper is to present GraFIT: a toolbox that enables fast,
inexpensive, and accurate identification of FRF measurements for gravitational wave detectors compared to the commonly used approaches,
including common spectral analysis techniques. The toolbox builds upon recent developments in non-parametric system identification by
utilizing a local modeling technique, which is particularly effective in reducing the impact of transient effects. It is furthermore designed to
be user-friendly, handling systems of arbitrary input-output dimensions, and systems operating in a closed loop. The toolbox is validated
on two experimental case studies of the Virgo detector, illustrating more than a factor 3 reduction in the estimated standard deviation using
GraFIT for the same measurement times and comparable estimated standard deviations with up to ten times less data using GraFIT with
respect to the commonly used spectral analysis method. As a result, GraFIT can reduce commissioning time and detector downtime due to
noise injections, while also improving the overall quality of the measurements.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0275060
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I. INTRODUCTION

Frequency domain models are essential in Gravitational Wave
(GW) detectors, such as Virgo' and LIGO,” for a variety of purposes,
e.g., control design,”* calibration of signals,”* and obtaining noise
budgets for the sensitivity of the detector.”'’ Frequency Response
Function (FRF) measurements are commonly used to represent sys-
tem dynamics in the frequency domain because they are accurate,
user-friendly, and inexpensive to obtain (Ref. 11). Identifying an
FRF requires the user to choose the perturbation signal and the
identification method. Non-periodic perturbation signals (typically
filtered white noise) combined with the Spectral Analysis (SA)'"?
method have been the baseline for FRF identification in almost
all application domains, including the GW community. The SA

method can provide accurate estimates, but this requires averaging
over a sufficient number of data segments, improving the accuracy
at the expense of the frequency resolution. Essentially, if sufficient
measurement data are taken, sufficient accuracy can be obtained.

In the more recent literature, new methods for FRF identifica-
tion have been proposed,””'” among which is the Local Polynomial
Method (LPM).'® LPM has been developed to better address tran-
sient errors, resulting from dynamic transients or leakage effects, by
leveraging the observation that such errors exhibit smooth frequency
characteristics [Ref. 11, Appendix 6.(b)]. By explicitly estimating this
transient effect, the LPM effectively suppresses it in the output sig-
nal. The LPM models the transient in the frequency domain using
a polynomial function, a method later extended to rational models
in the Local Rational Method (LRM).!” Compared to the SA method
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which uses windowing,'® the LPM has shown significant improve-
ments in reducing leakage effects.'” The LPM has furthermore been
shown to be very effective for systems with large dynamic tran-
sients, such as thermal systems”’ and LRM for mechanical systems
with lightly damped resonant dynamics.”’ Finally, the local model-
ing approach has been shown to be very data-efficient,”"”” allowing
for shorter measurements times, which is of particular interest to
the GW community, where experimentation time may be scarce and
may go at the expense of observation time.

Although the identification of FRFs is standard in GW detec-
tors, the main goal of this paper is to obtain much more data-
efficient FRF models that have a better accuracy vs data size ratio.
In this paper, the Gravitational waves Advanced Frequency response
Identification Toolbox (GraFIT) is therefore presented, which uses
the LPM/LRM method to identify the FRFs for GW detectors. The
toolbox is validated on two experimental case studies of the Virgo
detector and is furthermore designed to be user-friendly as it is
tailored for direct use in the GW community, by implementing
recent developments from the control community in a GW-relevant
context.

This paper is organized as follows: In Sec. I, the application set-
ting is discussed to highlight the importance of FRF identification in
the operation of GW detectors. In Sec. I1], a recap of the pre-existing
approach for FRF identification in GW detectors is given and the
newly proposed local modeling method is introduced. Section IV
then presents the GraFIT toolbox, and the toolbox is compared to
the pre-existing method in Sec. V using two experimental case stud-
ies of the Virgo detector. Finally, conclusions on the work are given
in Sec. VI.

Il. APPLICATION DOMAINS

GW detectors, such as Virgo, are kilometer-scale interferom-
eters consisting of a vast number of optics to detect differences in
the arm lengths in the order of 1 x 10™*® m. FRF identification plays
an important role in various aspects of GW detectors; three of such
application domains are discussed next.

A. Suspension systems for optics

)

Suspension systems, such as the ones in Virgo,”” are critical to
minimizing the motion of the optics due to ground motion. These
suspensions use low-stiffness isolators to passively isolate ground
motion, reducing, for example, the mirror motion by over 15 orders
of magnitude above 10 Hz.”> To damp the typically lowly damped
modes and thus to minimize the Root-Mean-Square (RMS) motion,
feedback controllers are used. An FRF of the system is typically suf-
ficient for the design of these controllers, and identification methods
for obtaining these FRFs are therefore typically preferred over phys-
ical models since they are fast and inexpensive to obtain and less
prone to errors compared to physical models.

B. Relative mirror position control

Feedback control for the relative distances between the optics
is essential to achieve the required sensitivity of the detector.”*

ARTICLE pubs.aip.org/aip/rsi

Obtaining models for the control design by accurately simulating
the system dynamics is difficult since imperfections in the optics are
difficult to model and the system exhibits time-varying behavior.”
Instead, the FRF is measured by having a dedicated experiment,
where the optics are perturbed and the subsequent response is
measured. If this experiment is shorter than the timescale of the
time-varying behavior, the system can be approximated as a linear
time-invariant system. Since this experiment requires downtime of
the machine, an identification method that requires fewer data, while
maintaining similar accuracy to the classical identification method,
is preferred to minimize the downtime of the detector.

C. Noise budget

Noise budgets are used to identify the limiting disturbances at
each frequency for the detector sensitivity.”'’ To determine the con-
tribution of a disturbance, both a model of the disturbance and an
ERF of the coupling to the sensitivity are required. Identifying the
FREF is often preferred over modeling due to the complexity of the
system and the time-varying behavior. The quality of the noise pro-
jection heavily depends on the quality of the measured FRF, thus
requiring accurate FRFs.

Ill. METHODOLOGY

This section presents the methodology used in GraFIT and the
baseline method for obtaining FRFs in GW detectors. First, the iden-
tification problem is formalized, after which the baseline approach
is briefly revisited. Then, the local modeling approach as used in
GraFIT is presented, followed by a brief discussion on the different
approaches between the two methods.

A. Identification problem

Consider the basic identification problem as shown in Fig. 1.
The objective is to obtain the FRF of the dynamic system G using
the input signal 7(n) and the output signal y(n), which is perturbed
by the unknown disturbance v(n), with n=0,1,...,N—-1, and N
being the number of samples.

There are different possibilities for the perturbation signal
r(n), but here the standard approach for GW detectors is consid-
ered, where filtered white noise as external perturbation for r(n) is
used. The noisy output y(n) is measured, and the Discrete Fourier
Transform (DFT) of the input and output signals is computed
through

MRV 0

FIG. 1. Standard open-loop identification problem, where the goal is to identify G
using the input signal r(n) and the noisy output signal y(n), which is perturbed
by a disturbance v(n).
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N-1 _
M(k) = ﬁ > m(n)e ", (1)
n=0

with m = r,y,vand M(k) = R(k), Y(k), V(k) and

2nk
Wy = W’ (2)

where wy represents the frequency, with k € Z, y/,) indexing the
discrete frequencies obtained from an N-point DFT of real-valued
data. The following input-output relation is then obtained:

Y (k) = G(Q)R(k) + T(Q) + V(k), ©)

where Q = /™ represents the angular frequency, G(€) rep-
resents the dynamic response to a forced input R(k), and V (k)
represents the noise.

The additional term T'(Q);) represents transient effects result-
ing from the difference between the initial and final state of the
system. An intuitive interpretation of the transient term is given
in McKelvey and Guérin'” and Evers et al.,”® where the state-space
representation of a dynamic system is considered,

x(n+1) = Ax(n) + Br(n), @
y(n) = Cx(n) + Dr(n),
with x(n) € R™ representing the state of the system of dimension
nx. Applying the N-point DFT of (1)-(4) and subsequently elimi-
nating the state x(n) yield the following representations for G(Q)
and T(Q) in (3):

G() =D+ C(e™1-A) B 5)
and
T(Q) = C(’*1 - A) ™ (x(0) - x(N))el™, (6)

which shows that T(€)y) # 0 if the initial and final states of the sys-
tem are not equal. In practice, the two primary sources of a transient
term T(€)) are dynamic transients and leakage. Dynamic tran-
sients occur when the system begins from a non-zero initial state,
leading to a free (unforced) response of the system, which typi-
cally goes to zero. Leakage arises due to the data not being periodic
within the finite dataset of length N, which inherently results in
x(0) —x(N) # 0 and thus a non-zero transient term. Note that
while both dynamic transients and leakage produce a transient term
T(€y), dynamic transients are a system aspect, which depends on
the system dynamics and initial conditions, whereas leakage is an
artifact of the data processing method and thus not inherently a
system property.

The goal in this section is to obtain an estimate of the FRF
G(€) using minimal input and output data, (#n) and y(n), respec-
tively, which requires effectively handling both the transient effect
T(Q) and noise term V (k).

ARTICLE pubs.aip.org/aip/rsi

B. SA estimator

The most common approach, also in GWs, to obtain an esti-
mate of G(Q) is the SA method. The method obtains an estimate of
G(€) by splitting the data into P segments and computing

it Yi(k)Ri(k)
i Ri(k)Ri(k)’

where Y;(k)R;(k) and Ri(k)R;i(k) are the cross- and auto-power
spectral densities of the ith segment, respectively, with R;(k) rep-
resenting the complex conjugate of R;(k). By averaging over the
segments, the variance on the estimate due to the noise is reduced,
with more averages leading to a lower variance [see Pintelon and
Schoukens (Ref. 11, Sec. 2.6.2) for an expression of the bias and vari-
ance of the estimator]. To reduce the effect of the transient term
T(Qy), windowing (e.g., Von Hann)'® or detrending is typically
applied.

G () ~ (7)

C. Local model estimator

An illustration of the local modeling method is shown in Fig. 2.
The key concept is to estimate the output DFT Y (k) in a local fre-
quency window [ € Z[_y, w] of size 2W + 1 around the frequency
bin Qk, i.e.,

Y(k+1L0(k)) = G(Qusp O(k))R(k + 1) + T, O(K)),  (8)

by parameterizing the system dynamics G(();) and transient term
T(Cy) as rational models of frequency, i.e., G(Quyp, ©(k)) and
T(Qg41,O(k)), with = denoting that it is an estimate of the respec-
tive variable. The model parameters ®(k) are the estimated coef-
ficients of the models in this local frequency window, and they

103} ]

"

m/s
A\
o

o

Magnitude [
=)
N

1 1 . . . . |
00.55 0.6 0.65 0.7

. Frequency [Hz|

FIG. 2. lllustration of the local modeling method, where (O) represents
Y (k)/R(k), (£1) represents the local frequency window in which the model is
estimated, (=== represents the fit of the local model @(Qk+,, @(k)) on the
data, (O) represents the estimate of G(€Q) extracted from the fitted model,
and (9= represents estimates of G() for previous frequency bins €. The
local frequency window slides over the frequency grid to obtain a local model and
subsequent estimate of G(€) for each frequency Q.
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are obtained by minimizing the following Least-Squares (LS) cost
function:

1(®(k)) :l_ﬁ lY(k+1) =T (k+1 8(K)[". )

To find the FRE estimate G( (), the estimated model G(Qy,.;, ©(k))
is evaluated at the center point / = 0. The additional advantage of
also estimating T(Qy,;, ©(k)) is that this suppresses the transient
effects in the output DFT Y (k). This estimation approach is repeated
for each (), resulting in the local frequency window essentially slid-
ing over the frequency grid to obtain a local model and subsequent
estimate of G(()) for each frequency Q.

To fit a local model in the frequency window, both
G(Qui, ©(k)) and T(Qy,;, O(k)) are parameterized as rational
models of frequency. The local model for the system dynamics is
parameterized as

Ayl
Dk+l

G(Qps1,0(k)) = > (10)

where both Ay, and Dy, are polynomial functions of frequency
given by

L,

Ak+l = G(Qk) + Zai(k)li (11)
i=1
and
Ly )
Dy =1+ di(k)l. (12)

i=1

Similarly, the transient term is parameterized as

=~ —~ B
T(Qk+l)®(k)) = Dk+l > (13)
k+1
with
— Ly, .
Bk+l = T(Qk) + Z b,(k)ll (14)
i=1

Note that G(Qy,;) and T(Qk+,) are parameterized to have the same
denominator, since both G(Q) in (5) and T(y) in (6) share
the same poles and thus denominator of their transfer function
when they originate from the same dynamic system. The model
parameters are the coefficients of the polynomials, forming the
parameter vector ®(k) € C" given by

O(k) = [@a(k) ©p(k) Op(k)],

Oa(k) = [G(Q) ai(k) ... a (k)] )
®s(k) = [T(Qx) bi(K) b, (K)],
©p(k) = [di(k) di, (k)],

with ne = Ls + L, + L + 2 representing the number of parameters
in the local model.

The current formulation of Y(k+10(k)) in (8) yields a
parameterization in the cost function in (9), which is not linear in ©.

ARTICLE pubs.aip.org/aip/rsi

While there are several approaches to solving this LS problem, see
e.g., Voorhoeve et al.,’! the approach used here is the most straight-
forward and typically leads to satisfactory results. By substituting the
modeled output of (8) in (9) and weighting the cost function with
the denominator Dy, ;, a cost function is obtained that is linear in the
parameters O, i.e.,

w
J(O(k)) = > DY (k+1) = ApR(k + 1) + By (16)
I=—W

This cost function can be rewritten to the linear LS problem,

2
>

J(®(k)) = Zﬁ |Y(k+1)-® (k)K(k+1) (17)

with

K.(l) ®R(k+I)
K(k+1) = Ky() , (18)
—Kd(l) ® Y(k + l)

with ® denoting the Kronecker product and

Ki()=[11... lL“]T,
Ko =[11 ... 4], (19)
Ky =[1... 14]",

The solution to the linear LS in (17) is then given by
B(k) = argmin J1(B(k)) = Y (K (k) (Kw (K)KE (k) ™, (20)

with the output DFT Yy = [Y(k— W) ... Y(k+ W)]" and regres-
sor matrix Kw(k) = [K(k- W) ... K(k+ W)] evaluated over all
frequencies in the window W and - denoting the conjugated
transpose of a matrix.

D. SA vs LRM estimator

The SA and LRM estimators differ significantly in their
approach toward minimizing the effect of the additional noise and
transient term on the estimate of G(Q);).

Both the SA and LRM estimators use an averaging approach
to reduce the effect of the noise term V (k). The SA method does
this by splitting the data into segments, essentially obtaining multi-
ple estimates per frequency bin and averaging over them. The LRM
method instead uses a local frequency window of size 2W + 1 and
estimates the set of ng parameters by having at least as many fre-
quency bins in the window as parameters, where a larger window
than the number of parameters, i.e., 2W + 1 > ne, essentially allows
a form of averaging. While both methods effectively handle the noise
term, the downside of the SA method is that to obtain more seg-
ments, either longer datasets have to be measured or the data have to
be split into more segments, which reduces the frequency resolution
proportionally by the number of segments.

Rev. Sci. Instrum. 96, 104503 (2025); doi: 10.1063/5.0275060
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The approach toward minimizing the transient effect T(Qy)
is also fundamentally different. To minimize leakage effects, the
SA method uses windowing, while the LRM method explicitly esti-
mates T(€ ), which has been shown to be a more effective approach
toward handling leakage effects.!” Large dynamic transients are
also more effectively handled by the LRM method,”” as it cap-
tures the transient behavior in the estimated T'(Q)) term, while the
SA method ignores this effect. In essence, the SA method requires
approaches, such as windowing and detrending, which effectively
alter the data to reduce the transient effect, while the LRM method
explicitly estimates the transient effect and thus can distinguish
transient contributions from the system dynamics in the output.

IV. GraFIT

This section presents the GraFIT toolbox, which implements
the LRM method for FRF identification in GW detectors. First, the
GraFIT toolbox and its use are presented. Then, some extensions in
the toolbox are presented, such as indirect identification and uncer-
tainty estimation, and finally, a brief guide on parameter selection is
given.

A. GraFIT

GraFIT consists of a single function, written in both MATLAB
and Python, which performs FRF identification for systems oper-
ating in both open- and closed-loops and for arbitrary input and
output dimensions. The toolbox is specifically developed for the
identification approach commonly used in Virgo, where filtered
white noise is consecutively injected into each degree of freedom
of the system. The identification inside the toolbox is then per-
formed in a Single-Input Multiple-Output (SIMO) setting, where
the estimate of G(Q)) is directly computed from the input r(n)
to the n, output signals y(n) of the system. When performing
SIMO experiments, the total number of parameters estimated is
given by

ne =Lo+Ly+Lg-ny,+2, (21)

since n, denominator terms Dy are estimated. This SIMO approach
is repeated for the n, input signals r(n) of the system to find the
Multiple-Input Multiple-Output (MIMO) estimate of G(). In
Virgo, the noise is typically injected on the level of the error signal
when the system is operating in a closed-loop, but the toolbox can
also be used when the noise is injected on the level of the correction
signal, i.e., the signal going into G().

The example code here is all in MATLAB and the usage of the
function is shown in Listing 1.

LISTING 1. GraFIT usage.

[G,G_var,Gry,Gru,Gry_var ,Gru_var,Y_contr] =
GraFIT(r,y,u,W,freqIldentBand ,Fs,L)

For systems operating in an open-loop, the variable r is the per-
turbation signal and y is the measured output, with the variable u
left blank. An example code for open-loop identification for the first
case study of a Virgo system is shown in Listing 2. Note here that
the data must be stored as a three-dimensional matrix, with the data
points in the third dimension.

ARTICLE pubs.aip.org/aip/rsi
LISTING 2. Basic open-loop identification.
% Load data
% r =1 x nr x N matrix of the input signals
% y = mny x nr x N matrix of the output signals
% Frequencies to identify
freqldentBand = [0.04 10];
W = 12; 7 Size of frequency window is 2W+1
Fs = le4; 7 Sampling frequency
La = 2; % Order of plant numerator
Lb = 2; % Order of transient numerator
Ld = 4; % Order of plant & transient denominator
[G,G_var] = ...
GraFIT(r,y,[],W,freqldentBand ,Fs,[La Lb Ld]);

v(n)

u(n) y(n)
_>

FIG. 3. Standard closed-loop identification problem, where the goal is to identify G
using the input signal r(n) and noisy output signals y(n) and u(n).

For systems operating in a closed-loop, r is again the pertur-
bation signal and u and y are, respectively, chosen as the input and
output of the dynamic system G(Q)) to be identified, with n, repre-
senting the number of input signals to G(Q)); see Fig. 3. An example
code for indirect identification is shown in Listing 3.

LISTING 3. Basic indirect identification.
% Load data

% r =1 x nr x N matrix of the injected noise
% y = ny x nr x N matrix of the output of G
% u = nu x nr x N matrix of the input of G

% Frequencies to identify

freqIdentBand = [10 100];

W = 18; % Size of frequency window is 2W+1
Fs = 1le4; 7 Sampling frequency

La = 2; % Order of plant numerator
Lb = 2; % Order of transient numerator
Ld = 2; % Order of plant & transient denominator

[G,G_var,Gry,Gru,Gry_var ,Gru_var] = ...
GraFIT(r,y,u,W,freqldentBand ,Fs,[La Lb Ld]);

The argument freqIldentBand must be specified by the user, as it
restricts the identification to a given frequency band, thereby reduc-
ing unnecessary computational effort. In addition, the user has to
specify W and L, which affect the quality of the estimate.

B. Indirect identification

This section revisits the standard identification procedure for
systems operating in a closed-loop, as this is the approach imple-
mented in the toolbox. A more detailed overview of identifying
systems operating in a closed-loop is given by Evers et al.”’

Rev. Sci. Instrum. 96, 104503 (2025); doi: 10.1063/5.0275060
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In Fig. 3, the block diagram for a system operating in a closed-
loop is shown, and the goal is to obtain the FRF of G({) using
the perturbation signal r(n) and the noisy output signals y(n) and
u(n). Direct identification of G(Qy) through y(n) and u(n) leads to
a biased estimate,”” since u(n) and y(n) are correlated through the
feedback loop by v(n).

Instead, an unbiased estimate of G(();) is obtained by identify-
ing Grus given by

U(k) = K(Q) (I + G(Qi)K (%)) ™" R(K), (22)

=G (%)
and Gy, which is given by

Y(k) = G(QOK(Q)(I+ G(QO)K(%)) ™ R(K),  (23)

=Gy (%)
and then computing
G(%) = Gy (%) G (). (24)

The estimation of @ry and G, can be considered as an open-loop
identification problem of the closed-loop response, i.e., the standard
identification procedure between a perturbation signal and output
signal as presented in Sec. I1I can be applied, since the perturbation
signal r(n) is uncorrelated with the noise v(n) when (filtered) white
noise is used. The same derivation holds for MIMO systems, where
care has to be taken that matrix inversion and multiplication are
properly applied in (24) to avoid a biased estimate.”” The variance
of the FRF is furthermore directly dependent on the signal-to-noise
ratio of the perturbation signal r(n) with respect to the noise v(n)
in the signals u(n) and y(n), so an FRF with a low variance can only
be obtained when a sufficiently high signal-to-noise ratio is present
inu(n) and y(n).

C. Uncertainty estimation

To assess the quality of the estimated FRF, the variance of the
estimate is approximated by computing the residuals of the local
model estimate,

V(k) = Yy (k) - ©(k)Ky(k), (25)
and the estimated covariance of G is given by [Ref. 11, Eq. (7.21)]
cov(G()) = 8"S & cov(V(k)), (26)

with
H Hy-1]|In
S = Ky (KwKyy) [0’], (27)

with I, representing the identity matrix of size n,. To obtain
the variance of G using the indirect approach, the in-loop sig-
nals Y(k) and U(k) are combined into a single signal Z(k)
= [Y(k) U(k)]" and the estimated covariance of G is then obtained
by [Ref. 11, Eq. (7.50)]

cov(G) = (@;T ® [Iny - @])cov(@rz)(@;uT ® [Iny - @])H, (28)

ARTICLE pubs.aip.org/aip/rsi

where the frequency operator was left out for brevity purposes and
with I, representing the identity matrix of size n,. The covariance

matrix cov(G;,) is obtained from Eq. (26).

D. Parameter selection

The choice of the polynomial orders L depends on the system
dynamics. Based on current experience with multiple sets of GW
data, choosing the numerator orders L, = L, = 2 typically leads to
satisfactory results for GW detectors. For the denominator order, the
choice depends on whether the system has lightly damped resonant
dynamics, in which case a higher order up to L; =4 is recom-
mended. Without such dynamics, choosing L,; = 0 is often sufficient
but choosing a non-zero L; may yield marginally better results.
For W, the total frequency window size 2W + 1 needs to be larger
than the number of parameters to be estimated. Any additional
increase in W will typically lead to better parameter estimates and
thus a lower variance since there will be more data points to average
over. However, the critical consideration is the bias-variance trade-
off when selecting these parameters, which is inherent to the LRM
approach (Ref. 11, Sec. 7.2.6), as a higher W will typically lead to a
lower variance at the expense of an increased bias in the estimate.
In practice, lower model orders, such as the ones proposed here,
and a frequency window size, which yields a few additional points
to average over, typically already lead to satisfactory results. Using
this estimate as a baseline, then increasing the frequency window
size W, and comparing it to the original estimate can be helpful in
determining when significant bias starts to occur.

V. EXPERIMENTAL CASE STUDIES

In this section, GraFIT is compared to the SA method in
two of the three application domains from Sec. II to illustrate the
effectiveness of the toolbox. The metric for comparison is first intro-
duced, after which experimental results from two of the application
domains are presented.

A. Metric for comparison

For the experimental case studies, the standard deviations on
the estimates of the SA method and LRM are compared to assess
the quality of the estimators. The estimated standard deviation for
the LRM is computed using (26) for the open-loop case and using
(28) for the closed-loop case. The coherence function ¢ € Ry,
[Ref. 11, Eq. (2.47)] is commonly used for the SA method to assess
the FRF quality. Using Pintelon and Schoukens [Ref. 11, Eq. (2.50)],
the estimated standard deviation using ¢ is obtained for the SA
method.

To ensure a fair comparison, the same g is used for both
methods, where g represents the number of data points relative to
the number of parameters to be estimated, since more data points
per parameter leads to a lower standard deviation. The parameter
gy = P for the SA estimator, since only a single parameter per fre-
quency bin is estimated using P averages. For the LRM, g ,, is given
by [Ref. 11, Eq. (7.14)]

q=2W+1-ne, (29)

since there are 2W + 1 data points in the window and ng parameters
to be estimated for the local model in the window, with ne defined
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in (21). The parameters W for the LRM and P for the SA method are
therefore selected such that g; x\, = gg,-

B. Direct identification for a suspension system

The first application domain is the suspension system (see
Sec. I A), and the MultiSAS suspension® is used as an example sys-
tem. This system is used to suspend the auxiliary optics of Virgo,
such as photodiodes, for which the residual motion requirements
are much less stringent, but it uses the same working principle as
the suspensions for the main optics. Active control is applied on the
first isolation stage of the system to damp the suspension modes and
reduce the RMS motion. Three actuators and sensors are therefore
located between the first isolation stage and the ground to damp the
modes in the two horizontal translational directions (x and z) and
the modes around the vertical axis (t,).

To assess the coupling between the Degrees of Freedom (DoF)
and to design a controller for each DoF, the MIMO FRF of the
system is measured in an open-loop by consecutively injecting band-
pass filtered white noise in each DoF. The system is identified with
both the standard SA method and GraFIT using 300 s of data to
guarantee enough frequency resolution. For the SA method, P =7
segments [see (7)] are used to have some averaging while maintain-
ing enough frequency resolution. For GraFIT, a frequency window
size of W = 12 is used, and the orders of the polynomials are cho-
sen as Ly = L, =2 and L, = 4 due to the largely undamped modes.
This results in ne = 18 and g, \, = 7, which is equal to the number
of segments P in the SA estimate.

The resulting estimates for both methods and their estimated
standard deviations are shown in Fig. 4. The methods find almost
identical estimates, indicating similar bias levels, but GraFIT almost
consistently achieves roughly a factor 2-3 lower standard deviation
on the estimate with even larger standard deviation differences at the
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resonances. The reduced estimation error at the resonances provides
a better estimate of the eigenfrequency and damping of the modes,
which may be desirable for control design or estimating modal mod-
els.”” An advantage of GraFIT is that the frequency window size
W could be significantly increased to reduce the standard devia-
tion while maintaining the same frequency resolution, while for the
SA method, increasing the number of segments P would reduce
the frequency resolution proportionally to the number of segments.
However, the bias-variance trade-off as discussed in Sec. IV D has to
be considered when increasing W.

C. Indirect identification for an optical system

The second application domain is the longitudinal control of
the mirrors in the Advanced Virgo+ detector (see Sec. 11 B). The con-
trol system consists of five longitudinal DoFs, but only the DARM,
MICH, and SRCL DoFs’ will be considered here, where DARM
contains the GW signal and MICH and SRCL are two of the most
strongly coupled DoFs. The control loop uses error signals derived
from the photodiodes to actuate on the mirror positions, and the sys-
tem must operate in a closed-loop to identify the FRF. In each DoF,
bandpass filtered white noise is consecutively injected for 120 s. For
the SA method, P = 25 segments are used, a detrend of the signals
is performed by subtracting the DC component, and a Von Hann
window is applied to handle the leakage effects. These two meth-
ods form the basic approach for handling leakage effects in the GW
community, allowing a fair comparison to the LRM approach. For
GraFIT, a frequency window size of W = 18 is used and the orders
of the polynomials are chosen as Ls = L, = L; = 2 such that ng = 12
and gz, = 25. The indirect identification approach from Sec. IV B
is used to obtain an estimate of G.

In Fig. 5, the estimate of G for the SA method with 120 s of
data and GraFIT with 120 and 12 s of data is shown. The standard
deviations for both GraFIT estimates are also shown but not for the

FIG. 4. FRF G(Q) for the x, z, and t, degrees of freedom

| of the top stage of the MultiSAS using the SA estima-

tion (m=== ) and its standard deviation ( ) and GraFIT
(e ) @nd its standard deviation ( ). GraFIT obtains
almost consistently a factor 2 to 3 lower estimated stan-
dard deviation with even lower standard deviations at the

resonance peaks, while also having a factor P = 6 higher

T frequency resolution.
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SA method since they are not directly available. All three estimates
are roughly identical, indicating that they have similar bias levels.
Since the standard deviations are computed based on the residuals of
the local model estimate V(k) in (25) and since both the 120 and 12 s
datasets use the same number of neighboring frequency bins W to
estimate the same number of parameters ne, the standard deviations
are almost identical.

Input DARM

To have a more direct assessment of GraFIT compared to SA,
the estimate of Gy, is shown in Fig. 6 (similar results for G, have
been observed, and this plot has therefore been left out for brevity),
together with the estimated standard deviations for the three esti-
mates. GraFIT using both 120 and 12 s of data obtains almost
consistently a full order of magnitude lower estimated standard devi-
ation compared to the SA method with 120 s of data, while the bias
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is similar for all three estimates, illustrating that GraFIT achieves
superior estimation performance compared to the SA method. Fur-
thermore, it is also much more effective with fewer data, with GraFIT
obtaining significantly lower standard deviations with ten times
fewer data compared to the SA method. Next to the main benefit
of requiring less data, this potentially also has the additional benefit
of suffering less from non-stationary noise effects due to the reduced
measurement time.

One of the reasons for the substantially better estimate using
GraFIT is the handling of leakage effects, which are significant in
the DFT of U(k). In Fig. 7, the contributions of the input, transient,
and noise term to the DFT of u are shown, which have all been esti-
mated using GraFIT. The contribution of the transient term, which
identifies the leakage effect, is in almost every entry at least an order
higher than the input contribution. This leakage stems from the
specific structure of the signal u, the amplitude of which is orders
higher below 10 Hz and contains many pure harmonics, resulting in
a significant amount of leakage in the 10-100 Hz band due to the
difference between the initial and end states in (6). By directly esti-
mating the transient effect in GraFIT, rather than using windowing
as in the SA method, the leakage effects are substantially reduced,
leading to between a factor 3 and 10 lower estimated standard devi-
ations on the estimate of G, using GraFIT compared to the SA
method and therefore also an improved estimate of G.

VI. CONCLUSIONS

The main requirements for frequency response identification
in GW detectors are accuracy and minimal experimentation time.
In a representative suspension system of Virgo, GraFIT achieves at
least a factor 2-3 lower standard deviation across the identified fre-
quency range, with even lower standard deviations at the resonance
peaks, which provides better estimates for the eigenfrequency and

Frequency [Hz|

damping of the modes. In the longitudinal control system of
Advanced Virgo+, GraFIT obtains almost a full order of magnitude
lower standard deviation across the entire frequency range with 10
times less data than SA, illustrating that GraFIT is very effective in
using minimal data for the estimation. In addition, GraFIT accom-
modates the identification of systems with arbitrary input-output
dimensions and systems operating in a closed-loop, which signif-
icantly simplifies the identification procedure, at the expense of
increased computation time by a factor of a few. Since experimenta-
tion time on a GW detector is scarce and expensive, GraFIT provides
a valuable tool to be more efficient with experimentation time.

The toolbox is freely available under the MIT license at
https://github.com/MathynVanD/GraFIT.
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