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We report the existence of localized patterned states in dipolar Bose-Einstein condensates confined to a tubular
geometry. We first perform a bifurcation analysis to track their emergence in an effective one-dimensional
domain and find that localized states can become the ground state in suitable parameter regions. Their existence
for parameters featuring a supercritical superfluid-supersolid bifurcation shows that supercriticallity is not
sufficient to conclude that the phase transition is of second order; hence, density modulations can jump rather
than emerge gradually. Finally, we illustrate that localized states also exist in a three-dimensional domain.

DOI: 10.1103/13k1-rxmw

In 1938, it was found that at very low temperatures helium
can be superfluid, i.e., behave like a liquid without any vis-
cosity or shear [1,2]. About 30 years later, it was speculated
whether solids, i.e., states with discrete translational symme-
try, could display similar behavior [3–5]. Whereas this has
not yet been confirmed for helium, Bose-Einstein condensates
(BECs) emerged as an ideal platform for experiments on these
so-called supersolids, which were realized in 2017 by two ex-
perimental groups using supplemental light fields additionally
to a spatial trap in atomic BEC [6,7].

In contrast, dipolar BECs can form a supersolid phase
without the requirement of additional fields. There, the phase
is stabilized by beyond mean-field contributions [8–11] per-
mitting the realization of dipolar droplets, first observed in
Refs. [12,13], and supersolids, first observed in Refs. [14–16].
Subsequently, dipolar BECs became a unique experimental
setting for studying quantum fluctuations, pattern formation,
phase transitions, and supersolidity [12,14–25] accompa-
nied by theoretical advances [10,19,26–40]. The competition
between dipolar interactions, quantum fluctuations, and scat-
tering leads to intricate nonlinear dynamics and a rich phase
diagram [29,32,33,39]. In particular, the change from a super-
fluid to a supersolid can proceed via a first- or second-order
phase transition. A second-order phase transition has been
predicted to occur at a single point of the phase diagram for
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a two-dimensional (2D) infinite pancake geometry with 2D
symmetry breaking [29] and in an extended region for a three-
dimensional (3D) tubular geometry with one-dimensional
(1D) symmetry breaking [30,31,35,38,41].

In the context of BECs, the order of the phase transition
is usually concluded via complex time evolution and by com-
paring the energies of the converged states, thereby assuming
that the average local density is uniform across the domain.
Yet, in the context of colloidal crystallization, it has been
pointed out that there is a subtlety when exploring the order
of phase transitions in systems with conservation of particle
number [42–44], in particular in the thermodynamic limit.
Namely, when using an average density as control parameter,
the detection of a supercritical bifurcation is not sufficient to
conclude that the phase transition is of second order. Instead,
in the bifurcation analysis, one needs to probe the occurrence
of localized states, e.g., finite patterned patches embedded in
a uniform background, as they represent a direct signature of
the occurrence of a first-order phase transition. As we will
see in more detail, such states can exist even in the case of
a supercritical (primary) bifurcation between the uniform and
the patterned phase (and even become ground states) because
the local average density can be nonuniformly redistributed
across the domain. In other words, states of different mean
density may coexist if they have identical chemical potential
and grand potential [43,44].

Localized states represent a common phenomenon that can
be observed in various pattern forming system [42,45–49].
In the present BEC context [50,51], it refers to a configura-
tion where a finite patch of periodically spatially modulated
density (supersolid) resides in a background of uniform den-
sity (superfluid). In other words, when moving along a line
through the system one first finds a perfect superfluid that
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FIG. 1. Example of a stable localized state in a 3D dipolar BEC.
The dipoles are polarized along the y direction; the BEC is uncon-
fined in the z direction (axially) and tightly confined in the transverse
direction. This shows that even without trap in z direction, there exist
stable localized states that feature a modulated density in the central
region and a perfect superfluid sufficiently far from it. Therefore, the
local average density is unequally distributed across the domain. The
parameters are a density of n = 5250 µm−1 and a scattering length of
as = 91a0. Contours are given at 1% (light) and 75% (dark) of the
peak density. For ease of viewing, the z direction is compressed by a
factor of 0.75, while the x direction is shortened due to perspective
by a factor of 0.44.

then transitions via modulations of increasing amplitude into a
fully modulated supersolid or droplet crystal. Figure 1 shows
a numerically determined example of such a localized (sta-
tionary) state in a 3D dipolar BEC.

Although localized states were conjectured for BECs with
long-range interactions [50,51], a comprehensive bifurcation
analysis is to our knowledge yet to be presented for re-
alistic long-range systems like the here considered dipolar
BEC. For systems with soft-core interactions, coexistence has
been discussed [52] in 2D, and arrangements of crystalline
patches [53] as well as a front between the uniform and the
periodic state [54] have been obtained in a 3D setting by com-
plex time evolution, which replaces t → −it and renormalizes
the wave function after each propagation step.

Here, we perform such a bifurcation analysis by way of
numerical path continuation techniques [55,56] modifying the
package pde2path [55]. In contrast to complex time evolu-
tion, this allows us to trace not only stable but also metastable
and unstable uniform, periodic, and localized steady states
through parameter space. We employ this for an effective
1D model that incorporates the fully nonlocal nonlinearity on
domain sizes large enough to accommodate localized states.
As a result, we report that localized states do indeed exist in
dipolar BECs implying that the underlying phase transition is
of first order.

First, we completely analyze the effective 1D system: In
addition to analyzing the occurrence of localized states, we
discuss their relation to the double-tangent Maxwell construc-
tion of the first-order transition [57]; i.e., we identify two
states of different phase (and mean density) that have identical
grand potential per particle and identical chemical potential.
Second, we exemplarily show that localized states also exist
in fully 3D dipolar BECs. This is only numerically feasible in
a very restricted parameter range.

We consider an ensemble of N dipolar atoms of mass
m at zero temperature that interact via both collisions and
dipolar long-range interactions, characterized by as and add =
mμ0μ

2
m/12π h̄2, respectively, with μm being the magnetic

moment and μ0 the magnetic constant. For 164Dy, one has

m = 163.93 u. The dipolar interaction is described by

U (r) = 4π h̄2as

m
δ(r) + h̄2

m

3add

r3

(
1 − 3

y2

r2

)
. (1)

Here, we assume that the dipoles are oriented along the y
direction. External traps tightly confine the wave function ψ

into a tubular geometry, such that the dipoles have a side-by-
side orientation along the unconfined axial direction (z) and
are strongly confined in the transversal directions, i.e., the
polarization direction of the dipoles (y) and the remaining di-
rection (x). Assuming equal trapping frequencies ωx = ωy =
ω = 2π × 150 Hz, the trapping potential is V (r) = V (x, y) =
ω2(x2 + y2)/2. Furthermore, the wave function is normalized
to the total particle number N = ∫ |ψ |2d3r.

The energy per particle is given by

E

N
= 1

N

∫ [
h̄2

2m
|∇ψ |2 + V (r)|ψ |2

+ 1

2
|ψ |2

∫
U (r − r′)|ψ (r′)|2d3r′ + 2

5
γQF |ψ |5

]
d3r,

(2)

with γQF =128h̄2√π
√

as
5
/3m

∫ 1
0 du[1+(3u2−1)add/as]

5/2

[8]. To describe the dynamics, we employ the extended Gross-
Pitaevskii equation that corresponds to ih̄∂tψ = δE/δψ� with
Eq. (2).

We proceed by considering an effective 1D system with the
aim of establishing that localized states must be considered
when establishing the order of the phase transition: Following
Ref. [31], we assume a Gaussian profile in the transverse
directions that are then integrated out. More specifically,
we assume ψ (r, t ) = ψ‖(z)ψ⊥(x, y)e−itμ/h̄ with chemical po-
tential μ and ψ⊥(x, y) = e−(ηx2+y2/η)/2l2

/π l . It is useful to
introduce the mean density n̄ = N/L, where L denotes the
length of the tube. The 1D density is n(z) = ∫ |ψ |2dxdy,
which in case of the transverse Gaussian profile gives n(z) =
|ψ‖(z)|2. The parameters l and η that describe the trans-
verse profile should be adapted when aiming at quantitative
agreement. However, for localized states the optimal values
of these parameters depend on position as they vary be-
tween modulated region and the uniform background (cf.
Fig. 1). Therefore, we fix them as l = 1.1456 and η =
5.8077—corresponding to the optimal values at the primary
bifurcation (n̄ = n̄c) for as = 89a0. The effective model suc-
cessfully predicts qualitative features; however, it is not fully
quantitative as the actual transverse profile deviates from a
Gaussian [30,31,35]. Furthermore, fixing η and l extends the
region where the primary bifurcations are supercritical. The
integrating-out of the transverse dimensions yields an effec-
tive 1D interaction potential of the form Û (k) = h̄2

m
2
l2 (as +

add [ 3QeQEi(−Q)
η+1 − 1]), where Q = (

√
ηk2l2)/2 and Ei(x) is the

exponential integral function. Dimensional reduction and ex-
pansion of the quantum fluctuations [30,31] amount to γQF ≈
(h̄2/m)(256/15π )(a5/2

s /l3)[1 + (3a2
dd/2a2

s )].
The use of the resulting effective 1D model renders it

numerically tractable to perform a complete bifurcation anal-
ysis using path continuation. This facilitates a complete
understanding of the underlying physics. The results provide
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FIG. 2. Localized states in the effective 1D dipolar BEC model.
Panels (a), (b), and (c) show the bifurcation diagram in terms of the
contrast C, the mean energy per particle 
E/N , and the chemical
potential μ, respectively, as a function of the mean density n̄ − n̄c

including branches of uniform states (black, perfect superfluid), of
periodic states (blue, supersolid), and of localized states (red, coex-
istence). Solid (dotted) lines indicate linearly stable (unstable) states.
Profiles n(z) of the localized states marked i to vi in panel (a) are
depicted in the top rows. The presence of localized states indicates
that the superfluid-supersolid phase transition is of first order. Panel
(b) indicates that the energy of the localized state is lower (e.g.,
state iii) than the energy of the superfluid even at densities larger
than the critical one (n̄c, gray circle). Panel (c) clearly shows a
region of constant μ indicating that the localized states represent the
coexistence of different states, as further evidenced in panel (d) by
the crossing of two stable branches in the (
�/N, μ)-plane, where

�/N is the grand potential per particle. The corresponding states
are marked by filled circles in panel (a). The remaining parameters
are as = 89a0, l = 1.1456, and η = 5.8077.

a proof of principle that localized states exist and allow for a
discussion of their general properties. Below, also a fully 3D
localized state will be computed via complex time evolution.
Figure 2 provides the resulting bifurcation diagram for the
1D model, which includes branches of stable, metastable,
and unstable steady states for as = 89a0 as a function of the
mean density n̄ calculated for the domain size L = 26Lc with
512 grid points. Here, Lc is the modulation period. There
exist steady states that are uniform (i.e., uniform in z direc-
tion), periodically modulated, i.e., with discrete translational
symmetry, or localized. An upper bound for the associated
superfluid fraction can be found using the Leggett estima-
tor [5,58], which for the uniform state indicates a perfect
superfluid and for the modulated state decreases with increas-
ing modulation amplitude (not shown) [59].

Figure 2(a) presents the bifurcation diagram in terms
of the contrast C = (|ψ‖|2max − |ψ‖|2min)/(|ψ‖|2max + |ψ‖|2min)
as a function of the 1D mean density n̄ − n̄c, where n̄c =
6060.49 µm−1. For densities larger than n̄c, the uniform
density state is linearly stable due to the pattern-inhibiting
quantum fluctuations (black solid line). The primary bifur-
cation at n̄ = n̄c (gray circle) corresponds to a symmetry-

breaking supercritical pitchfork bifurcation. There, the super-
fluid state loses stability and a stable supersolid state featuring
periodic density modulations emerges (solid blue line).

As discussed in Refs. [31,35], in the tubular geometry for
assumed uniform local mean density, this phase transition can
be of either first or second order, depending on the param-
eter region. For very small domains no localized states can
develop, and in consequence, Fig. 2(a) would not contain the
red line, and indicate a second-order transition. However, this
does not apply for sufficiently large domains and, indeed, in
the thermodynamic limit. Then, localized states do exist (red
line, example profiles i to vi in top rows of Fig. 2) and can
even represent the ground state( see, e.g., states iii and iv).
The unstable part of the branch of localized states that repre-
sents critical nuclei bifurcates subcritically from the branch of
periodic states (that also become unstable), and continues first
toward higher densities while the contrast C increases. Then,
at a saddle-node bifurcation (state ii) that represents a point of
maximal density, the branch stabilizes and turns back toward
lower n̄. Shortly after, C reaches a plateau that continues
until another limiting saddle-node bifurcation at lower n̄ (state
v). As a result, there exist extended bistable regions—one
for n̄ > n̄c between uniform and localized states and another
one at lower n̄ between localized and regular periodic states.
Ultimately, after another unstable part, the branch of localized
states ends on the branch of periodic states, thereby stabilizing
them. Apart from the described bistable ranges, interestingly,
there exists a rather extended density range where the local-
ized states are the only stable states.

Consider now Fig. 2(b), which gives the energy difference

E = E − E0 between the various states and the perfectly
uniform superfluid. It is interesting that state iii is the energet-
ically most favored state even at a density that is larger than
n̄c where the primary bifurcation occurs (gray point). Hence,
upon decreasing the density from a large value and performing
complex time evolution, we first jump to state iii before reach-
ing the primary bifurcation. This is accompanied by a jump in
contrast as shown in Fig. 2(a) and, therefore, corresponds to
a first-order phase transition. Figure 2(c) shows the chemical
potential as a function of the density. It remains approximately
constant for localized states in the range where they are stable.
This is characteristic as the localized states roughly follow the
line of the double-tangent Maxwell construction [57]. This
applies even for finite systems, i.e., outside the thermody-
namic limit [43], thereby implying that the chemical potential
and the pressure (equal to the negative grand potential per
particle) are identical for the coexisting phases. To better
understand the origin of localized states, we furthermore
consider the grand potential per particle �/N = E/N − μ.
Usually, � is employed in BECs when considering finite
temperature effects [37,60,61]. However, here we consider the
case T = 0.

To thermodynamically identify coexisting phases, one
checks for crossings of the superfluid and periodic state
branches in the (μ,�/N )-plane [Fig. 2(d)]. Such a crossing
indeed exists and the resulting coexisting states are marked
by blue filled circles in Figs. 2(a), 2(c), and 2(d). The interval
of densities between these points is where localized states can
exist. The finite numerical domain results in a slightly smaller
existence region.
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FIG. 3. Three ground states (a)–(c) that are isolated with respect
to each other. The mean density of the modulated state [(b), blue]
features a slightly smaller mean density, as indicated by the gray
line. Removing the separating walls leads to a flux of density up
to an equilibrium (d), in this case (corresponding to state iv). The
ground state actually energetically prefers to retain a low-density
modulated region in the center and an uniform state far from center as
this is still energetically favorable as opposed to the uniform (black)
and periodic states (blue) [(e), dashed lines]. The energy differences
are exaggerated to dramatize the situation. The local energy of the
localized state is given as a red solid line.

We would like to gain further insight as to why such states
emerge. In a thought experiment visualized in Fig. 3, we
imagine two boxes that each contains a different ground state,
namely, a uniform (a) and a periodic state (b). The chosen
states can have different mean densities. Bringing the boxes
together and removing the boundaries between them, we let
the system relax to a new ground state, in a simulation via
complex time evolution. This leads to a flux such that finally
μ becomes globally uniform. Depending on the parameters,
the dynamics could crystallize the entire system, dampen out
all modulations, or only smoothen the transition between the
two states; i.e., the two states are pinned and form a localized
state that features a local mean density that is distributed in
a nonuniform fashion [cf. Fig. 3(d)]. In fact, such a con-
figuration with nonuniform local mean density can also be
energetically preferable. Consider the resulting localized state
in Fig. 3: At the center of the system, the state has lower local
mean density and energy per particle. In the outer parts, parti-
cle number and energy are higher. However, their combination
gives a total mean energy [red horizontal line in Fig. 3(e)] that
can be lower than the ones of the superfluid (black) and the
periodic (blue) states.

Whereas it has been established that one has to be careful
when drawing quantitative conclusions from the dimension-
ally reduced model [35], all of its qualitative predictions
previously held and the reduction only led to a slight defor-
mation of the phase diagram. For the sake of completeness,
next we illustrate that localized states indeed also exist in the
full 3D system by performing corresponding complex time
evolutions for the above presented dipolar BEC model.

With Fig. 4 we contextualize the state shown in Fig. 1.
The presented states are calculated with a transverse grid of
256 × 256 with Lx × Ly = 60 × 60 µm2. For localized states,
we chose Lz = 84 µm and Nz = 1792 and otherwise Nz = 128
with Lz 	 Lc (uniform) or Lz = 2Lc (pattern). Lc is optimized
by energy minimization. Again, the points of thermody-
namic coexistence (n̄coex periodic = 5237 µm−1, n̄coex superfluid =
5259 µm−1) limit the density range where localized states
can exist. Within this range—that is quite small in the 3D
case—we are able to identify a localized state at parameters

FIG. 4. Top row: Shown are example states for a 3D system with
n̄ = 5250 µm−1, namely, a localized state (left, red), a periodic state
(middle, blue), and a superfluid (right, black) with contours at 1%
(light) and 75% (dark) of the peak density. For ease of viewing
for the localized state (periodic and superfluid states), the z direc-
tion is compressed by a factor 0.75 [0.5]. Panel (a) displays the
contrast C as a function of the mean density for supersolid state
(blue), the superfluid state (black), a localized state (red dot), and
the points of thermodynamic coexistence (blue rimmed dots). The
gray dot indicates states at the energy crossing shown in panel (b).
Panel (c) depicts the Maxwell construction and gives the coexistence
points.

with a weakly subcritical primary bifurcation. Here, in the
region with a supercritical primary bifurcation, the front width
between patterned and uniform parts becomes too large for the
present computational means.

To conclude, we have shown that localized states exist in
dipolar BECs. This has a number of interesting implications
when exploring the thermodynamic limit and the order of
the superfluid-supersolid phase transition. First, it clarifies
that the qualification of a phase transition as first or second
order needs to be based either on a full bifurcation analysis
including localized states in large domains (possibly computa-
tionally prohibitive) or on a treatment that allows one to assess
the possibility of a Maxwell construction. Second, from the
perspective of superfluidity and supersolidity, localized states
are interesting as the wave function can feature a continu-
ous transition from a perfect superfluid to a supersolid and
ultimately possibly to insulating droplets in a single exper-
imental realization in a domain of sufficient size. Although
current experiments do not yet allow for the observation of
localized states due to limitations of the condensed atom
number, our predictions based on the effective 1D model show
that experimental setups that are by a factor of 2 larger than
the present ones (e.g., Ref. [23]) will be sufficiently large
for an observation of metastable localized states. About a
factor of 5 is needed to find them as the ground state and
therefore to obtain a clear signature of a first-order phase
transition. In this context, it will be interesting to explore
minimal finite BECs [62]—i.e., trapped in the z direction
as well—for realistic experimental parameters (limited par-
ticle number and sufficiently low density) that can support
localized states. Furthermore, exploring localized states at the
dimensional crossover [25] appears interesting. In addition,
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a comprehensive bifurcation analysis should be devoted to
the three-dimensional case once computational methods have
further advanced. Furthermore, it would be interesting to add
temperature fluctuations and explore their effect on localized
states in dipolar BECs [37,38] and localized states in molecu-
lar BECs and their experimental feasibility [63].

We acknowledge that parts of the calculations were per-
formed on the HPC cluster PALMA II of the University of
Münster partly funded by the DFG (INST 211/667-1).

The data that support the findings of this study are openly
available on [64].
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